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Concerning the growth of a polynomial and its derivative, the following in-

equalities are well known as Bernstein Inequalities.

‘Hgglp(@l < I‘nl@flp(Z)lR”, for R>1, (1)
llgl‘gflp’(ZH < fg'fgf\p(Z)ln, (2)
ﬁaX!p(z)! > I‘n|a>l<\p(2)|p”, for 0<p<L (3)
Z|=p zZ|l=

All the above inequalities are best possible and are of great importance both from
a theoretical point of view and for applications.

The thesis consists of three chapters. In Chapter 1, we provide a brief history
of these inequalities and provide the proof of the known fact that all three inequal-

ities above are equivalent in the sense that they can be derived from each other.



Also, this chapter contains proof of inequality (1), some of its generalizations, and
its sharpening when the polynomial does not have a zero at z = 0.

In Chapter 2, we study inequality (1) for polynomials having no zeros in
{z : |z| < 1}, and then for polynomials having no zeros inside the circle
{z:|z| = K}, K > 0, by providing proofs of several results known in this direction.
If p(2) is a polynomial of degree n then, as can be easily verified, the function
f(2) = p(e**) is an entire function of exponential type n, and thus the results for
entire functions of exponential type can be considered as generalizations of the
corresponding results for polynomials.

In Chapter 3 we study the generalizations for entire functions of exponential
type of inequality (1) and of some other inequalities studied in Chapter 2. Also in
this chapter, we provide a partially different proof of a well known result concerning
polynomials having no zeros inside the unit circle. Finally, the proof of a known

result that sharpens a well known result of R. P. Boas has been provided.
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CHAPTER 1

INTRODUCTION

We denote the set of real numbers by R and the field of complex numbers by
C. Any element of C can be thought of as a point in the complex plane. We define

the extended complex plane by C := C U {oo}. Then for any z € C, we denote a

polynomial by p(z) := Z a,z’ for a, € C unless otherwise noted. The derivative

v=0

of p(z) is denoted by p/(z), and we let M(p;r) := max |p(2)|.

|z|=r

If p is a polynomial of degree at most n, then the following inequalitites are

well known as Bernstein inequalities.

M(p;R) < M(p;1)R", for R>1 (1.1)
M(p1) < M(p;1)n (1.2)
M(p;p) = M(p;1)p", for 0<p<1. (1.3)

Each of the inequalities above is best possible, and each attains equality only
for polynomials of the form p(z) = M(p;1)e?z", v € R. Clearly, if p(z) =
M(p;1)e"2", v € R, then for R > 1,
M(pR) = max|M(p;1)e"2"|
= M(p;1)|e"|R"

= M(p;1)R".



M(';1) = max|p/(2)]

|z|=1

= r‘n&)l( |M (p; 1)e""nz""1

= M(p;1)n,

and finally, for 0 < p <1,

M(p;p) = max|M(p;1)e”2"|

|z|=p

= M(p;1)|e”|p"

= M(p;1)p".

The development of inequality (1.2), known as Bernstein’s inequality, actually
began with a question raised by the famous Russian chemist Mendeleev who was
studying the specific gravity of a solution as a function of the percentage of the
dissolved substance. There is some practical importance of this function. It is used
in testing beer and wine for alcoholic content, and it is also used in analyzing the
cooling system of an automobile for concentration of antifreeze. However, physical
chemists today do not seem to find it as interesting as Mendeleev did.

Mendeleev was able to approximate the curves which resulted from the func-
tions with successions of quadratic arcs, but the approximations contained corners
where the arcs joined. Naturally, he wished to know whether or not these corners

were caused by errors of measurement. For this he needed to know, for a quadratic



polynomial P(x) = pz*+qz+r where |P(x)| < 1 for —1 < z < 1, how large |P'(z)|

could be on —1 < x < 1. Mendeleev found that |P'(z)| < 4 and that this inequal-

ity is best possible since for P(z) = 1 — 222, we see that max. |P(z)| = 1, and
|P'(£1)| = | —4(%1)| = 4. Making use of this inequality, Mendeleev was convinced

that the corners did not occur due to errors of measurement, but were genuine.
As to how the bound for max|P’'(z)| for —1 < 2 < 1 in terms of max |P(z)| for
—1 < 2 < 1 helped Mendeleev to obtain an answer to this question about the
corners in the curve approximations, we refer the reader to the paper of R. P. Boas
[4, p. 165].

Mendeleev passed on his problem to the famous Russian mathematician A.
A. Markov who studied the problem for polynomials of degree n and proved the

following theorem, known as Markov’s theorem [12, p. 351].

Theorem 1.1. If p(z) := Zavx” is a real polynomial of degree n and |p(z)| < 1
v=0

n [—1,1], then |p/(z)] < n? for —1 < x < 1. This inequality is best possible and

equality results at only x = +1 when p(x) = T, (x) where T, (x) = cos (n arccos x)

1s a Chebyshev polynomial of degree n.

The Chebyshev polynomials T),(z) = cos(narccosz) are actually algebraic
polynomials, a fact which is not obvious. This is explained by Rahman and
Schmeisser [20, p. 23-24]. Define T,,(z) := cosnf on the interval [—1,1] where
6 := arccosx. So, T,,(x) = cos (narccos x), which gives Ty(z) = cos (0) = 1, which

implies Tp(x) = 1. Also, T (x) = cos (arccos ) = z, which implies T} (x) = =.



Next,

Ty(x) = cos(2arccosx)
= cos(20)
= 2cos’f —1

= 2cos?(arccosx) — 1

= 222 -1

which implies Ty(z) = 22? — 1. Also,

Ts3(x) = cos(3arccosx)
= cos (30)
= cos (20 +0)
= cos20cosf — sin20sinf
= (2cos*# — 1) cosf — 2sin 6 cos O sin §
= 2cos’f — cosf — 2sin® f cos
= 2c0s’ 0 — cosf — 2(1 — cos? ) cos 0
= 2c0s’f — cosf) —2cosf + 2cos’
= 4cos®# — 3cosf
= 4cos® (arccos ) — 3 cos (arccos z)

= 42° — 3z



which implies T3(z) = 42® — 3z. Also, note that cosnf = 2cosfcos(n —1)§ —

cos (n — 2)6. To verify this, consider

2cosfcos(n—1)0 —cos(n—2)0 = cos(f+ (n—1)8) + cos (6 — (n — 1))
—cos (n — 2)f
= cos (0 +nf —6)+cos (6 —nb+0)
—cos (n — 2)0
= cos (nf) + cos (20 — nd) — cos (n — 2)0
= cos (nf) + cos (—(n — 2)8) — cos (n — 2)0
= cos (nf) + cos (n — 2)0 — cos (n — 2)0

= cos(nbh).

Putting together the statements T,,(x) = cosnf where § = arccosx and cosnf =

2cosfcos (n — 1) — cos (n — 2)0, we get the recurrence relation

T (z) =221, 1(x) — T,—2(x), for n=2,3,...

from which follows the fact that 7),(z) = cosnf where § = arccosx are algebraic

polynomials of degree n. In fact, using the well known trigonometric identity

2cosnf = (2cosf)" —n(2cosh)" 2 + @(2 cos )"
n(n —4)(n —5) n—
— T5.3 (2cos0)" " +... ... (2)



where the last term is (—1)7%171(2 cosf) or (—1)2 -2 according to whether n is odd
or even, respectively, one can easily express T, (x) as an algebraic polynomial.
Around 1926, the Russian mathematician Serge Bernstein became interested
in the analogue of Markov’s Theorem for the unit disk in the complex plane instead
of the interval [—1,1]. He wished to know the maximum value of |P'(z)| for |z] <1
when P(z) is a polynomial of degree at most n with |P(z)] < 1 for |z| < 1. In

these connections the following inequality is known as Bernstein’s inequality.

Theorem 1.2. If p(z) = Z a,z" is a polynomial of degree at most n, then
v=0

I|n‘ax 1P/ (2)] < n1\n|ax \p(z)|.7 This result is best possible, and equality is attained
z|=1 z|=1

when p(z) = Az", A € C.

Bernstein proved the above inequality with 2n in place of n. For more details
we refer to the paper of Govil and Mohapatra [12, p. 351-352].

For the proof of inequality (1.1) we will need the maximum modulus principle
for unbounded domains. First, we will list the necessary terminology and state the
maximum modulus principal for bounded domains, all of which can be found, for
example, in the book of Rahman and Schmeisser [20, p. 1-2].

A subset ¢ of a topological space is connected if it cannot be expressed as the
union of two non-empty, disjoint sets O, O,, open in €. A region is a non-empty,
open, connected subset of C. A region () is simply connected if either ) = C or

C\Q is connected.



A set which is a region, or is obtained from a region 2 by subjoining some or
all of the boundary points of €2, is a domain. A region and its closure are both
domains.

An arc v in C is a continuous mapping of a closed, non-degenerate interval
[a, b] into C. The range of the mapping is a set of points which is called the trace
of v. By a point on an arc we will mean a point on its trace, and by a function on
an arc we will mean a function on its trace. The arc v is called a Jordan arc if the
mapping is one-to-one. If distinct points of [a,b) are mapped onto distinct points
of C and the image of b is the same as that of a, then 7 is said to be a simple, closed
curve or a Jordan curve. In other words, a Jordan curve is a homeomorphism in
C of the unit circle. The Jordan curve theorem says that the complement of the
trace of a Jordan curve v with respect to C has precisely two components. One
of these two components is bounded in the Euclidean metric if the trace of v lies
in C. That component is called the inside of v, while the other component is the
outside. A Jordan curve 7 : [a,b] — C is said to be positively oriented if the inside
of the curve lies on the left of the moving point ~(¢) as ¢ increases from a to b.

An arc v : [a,b] — C is said to be rectifiable if it has finite length. This means

n
that, for some finite number L, Z |v(t,) — v(t, — 1)] < L for every partition
{a=to<ty <--- <t, =0} =
An arc v : [a,b] — C is piecewise continuously differentiable if there exists a

partition {a =ty < t; < ... < t, = b} such that, in each of the intervals [t,_1, t,] for



v =1,...,n the functions Ry and I~ are continuously differentiable, having one-
sided derivatives at the end points, where R indicates the real part and & indicates
the imaginary part. An arc v : [a,b] — C is analytic if, about each point ¢y € (a,b),
the function ~y can be expanded in a power series () = co+c1(t—to)+. . ., (¢c1 # 0),
which converges in some interval | t — o |< 6.

Now that we have established the required terminology we will state the Max-

imum Modulus Principle [20, Theorem 1.6.11].

Theorem 1.3. Let f be analytic in a region Q (not necessarily bounded). Then

| f(2) | cannot have a local maximum in Q2 unless f is constant in €.

Rahman and Schmeisser also give another formulation of essentially the same

theorem which we state now.

Theorem 1.4. Let f be analytic in a bounded region €2, and continuous in the
closure Q. Suppose, in addition, that |f(z)| < M for all z on the boundary of .
Then the same inequality holds for all z € Q. Moreover, |f(z)| = M for some

z €, only if f is a constant.

This theorem can be extended for unbounded domains. We state it as follows,

and for the proof, we refer to Rahman and Schmeisser [20, Corollary 1.6.13].

Theorem 1.5. Let z = z(t), a <t < [ define a Jordan curve I' with its trace in
C, and denote the inside of T' by 2. Also, let ¢ be a function which is analytic in

C\{T'UQ} and continuous on C\Q such that | p(z) |< 1 for all z € T'. Suppose, in



addition, that p(z) tends to a finite limit | as z tends to infinity, and set p(c0) = 1.

Then |p(2)] < 1 for all z in C\{T'UQ} unless ¢ is a constant.

Let f(z) and g(z) be polynomials such that the degree of f(z) is n and the
degree of g(z) is m, where n < m. Furthermore, suppose that g(z) has all its zeros

in the closure of the inside of a Jordan curve, 7, in C, and that |f(2)| < |g(2)| on

7. If we take ¢(z) = M, then ¢(z) is analytic in C\{the closure of the inside of

9(2)

v} and is continuous on C\{the inside of v}. We can make the statement about
continuity because if g(z) has a zero at a point z on v, then in view of the inequality
|f(2)] < lg(2)], f(2) also has a zero at z;. This means that the factors of f(z) and

g(z) that make g(z) equal to zero on 7 will cancel, and ¢(z) is thus continuous on
|

f(2)l

7. Also, since |f(z)] < |g(z)| on v, we know that ¢(z) = < 1 on 7. Next

 g(2)l

note that since the degree of f(z) is less than or equal to the degree of g(z), then

o(z) = /) tends to a finite limit [ as z tends to infinity. We have now shown

9(2)

that our assumptions satisfy the hypothesis of Theorem 1.5. Thus, we get that

_ /)

~ and the outside of 7. We will now state the preceeding information as a theorem

< 1 for all z in C\{v U the inside of v}, that is, | f(z)| < |g(z)| on

which is given in Rahman and Schmeisser [20, Theorem 1.3.6].

Theorem 1.6. Let f and g be polynomials with the degree of f less than or equal
to the degree of g, and let v be a Jordan curve in C. Suppose that g has all of
its zeros in the closure of the inside of v and that |f(2)| < |g(z)| on v. Then
|f(2)] < lg(2)| on the outside of v. Moreover, equality is attained at a point of the

outside of v if and only if f(2) = eg(z) for some 6 € R.

9



We will now give a proof for inequality (1.1). For this, let p(z) = Z a,z" be
v=0
a polynomial of degree at most n. We will now apply Theorem 1.6, and for this

we take f(z) = ]\429((]?1)7 g(z) = 2", and for v the circle |z| = 1. Then clearly, the
p(2)]

hypothesis of Theorem 1.6 is satisfied and therefore T < M(p; 1), for |z| > 1,
z n

Ip(Re

i0
that is, Tﬂ < M(p;1), for R > 1, 0 < 0 < 27 implying that |p(Re®)| <

M(p; 1)R™, for R > 1, 0 < 0 < 27 which is equivalent to glz:né Ip(2)] < M(p; 1)R",
for R > 1, that is, M(p; R) < M(p;1)R", for R > 1, and thus we have proved
inequality (1.1). O

Note that, by inequality (1.1), if M(p;1) = 1, then M(p; R) < R" with
equality only for p(z) = A\z", where || = 1.

Now we prove that inequality (1.1) implies inequality (1.3), and for this we

consider the function P(z) = p(pz), for 0 < p < 1, which is a polynomial of degree

1
at most n. Let R = — > 1, and therefore we get
P
M(P;R) = max |P(Re")|
0<f<2m

— R 10
o Ip(pRe™)]|

_ 0
= Dax Ip(e”)]

= max|p(z)]

= M(p;1),

10



which implies

M(p;1) = M(P;R)

< M(P;1)R", by inequality (1.1)
= max |P(c")] (—)

0<6<2m P
— max |p(pe)]—
0<6<2m pn

1
= M(p;p)—,
pn

and which clearly is equivalent to M(p;1) < M(p; p)pin, that is, M(p;p) >
M (p; 1)p"™ which is inequality (1.3). O

In order to prove that inequality (1.3) implies inequality (1.1) we consider the
function P(z) = p(Rz) for R > 1, and we let p = % which is clearly less than or

equal to one. Then,

M(P;p) = max |[P(pe”)|

0<o<2m

_ 0
= max |p(pRe”)|

_ 10
= hax Ip(e”)]

= max|p(z)]

= M(p;1).

11



So,

M(p;1) = M(P;p)
> M(P;1)p" by inequality (1.3)
oo 1
_ A
= 55 POl

1
_ 0y
= nax Ip(Re™)| o

1
= M(p; R)ﬁ

which implies M(p;1) > M(p; R)%, that is, M(p; R) < M(p;1)R"™ which is
inequality (1.1). O
Hence, we have proved that inequality (1.1) is equivalent to inequality (1.3).

Govil, Qazi, and Rahman [13, p. 453] mention that another proof for in-
equality (1.1) is equivalent to inequality (1.3) can be obtained by observing that
p is a polynomial of degree at most n if and only if ¢(z) := 2"p(1/Z) is, and that
M(q;r) ="M (p; %) for 0 < r < oo.

It is well known that inequality (1.1) implies inequality (1.2). This fact was
observed by Bernstein [13, p. 453] himself. However, for the sake of completeness

we provide the proof.

Let A € C such that |A| > 1. If |z] > 1, then

p(2) =AM (p; 1)2"| > [AM(p;1)z"| — |p(2)]

> (ANM(p;1)|2"| — M(p;1)|2"| by inequality (1.1).

12



= (Al=DM(p; 1)]z"]

which is clearly greater than zero, and so |p(z) — AM(p;1)z"| > 0, for |z| > 1,
implying that p(z) — AM (p; 1)2" has all its roots in |z| < 1. By the Gauss-Lucas
Theorem, p'(z) — AnM (p;1)2z"! also has all its roots in |z| < 1. So, if [N > 1,

then
p'(2) = AM(p; )nz""t #0, for|z| > 1. (1.4)

So, |p'(2)] < M(p;1)n|z|"~! for |z| = R > 1. To see this, suppose otherwise. Then

there would exist a point zy, |z| > 1, such that [p'(z)| > M(p; 1)n|z|" . Take

P'(20)

A= ———F
M (p; l)nzg_1

Then we see that

p’(zo) — AM (p; 1)7126171 = p’(zo) -

p'(20)
M (p; 1)nzy ™

hand side of (1.4) vanishes at zy where |zy| > 1, which contradicts (1.4). Hence,

Thus, we have taken \ = where |A| > 1, and shown that the left

P(:) < MLz, forls] = R> 1.

The inequality (1.2) is a special case of the above inequality when |z| = 1. O

13



It is also true that inequality (1.2) implies inequality (1.1). Govil, Qazi, and
Rahman proved this [13, p. 453-454], and we give their proof below.

Let p(z) # M(p;1)e"z", for all v € R. Consider M(p'; 1) for the polynomial
p(pz), where 0 < p < 1. Then we see that

M(p1) = max P (p2)|

= max lpp’(pz)| by the chain rule
z|=1

> plp'(pz)|.

Note that

M(p;1)n = max [p(pz)In

= maxp(2)n
z|=p

= M(p;p)n.

So, by inequality (1.2), M (p’;1) < M(p;1)n, which implies p|p'(pz)| < M (p; p)n.

For any given R > 1, let M(p; R) = |p(Re'?)| where 0 < ¢ < 27. Then

M(p;R) = |p(e'?) + p(Re'®) — p(e')]

14



R
Now, let ¢(R) = M (p; 1) + / E]\4(19; p)dp. Then, by the Fundamental Theorem
1 P

of Calculus ¢'(r) = %M (p; R), which implies that

LoR) = M)
< 1\4(29;1)+/1 %M(p;p)dp

= ¢(R)

Thus, we have that %(ﬁ'(R) < ¢(R), which is equivalent to ¢'(R) — % (R) <0.

So, we can now see that

d . _ —n —n—1
LSRR} = RTG(R) R ()

IA
o

for R > 1, and R™"¢(R) is a decreasing function of R for R > 1. In particular,
M(p;R) < ¢(R) < ¢(1)R" = M(p;1)R", which implies M(p; R) < M(p;1)R".
Thus we have shown that inequality (1.2) implies inequality (1.1). H
Hence, we have shown that inequality (1.1) and inequality (1.2) are equivalent,
and we now see that inequalities (1.1), (1.2), and (1.3) are all equivalent.

Since the equality in inequality (1.1) holds when the polynomial p(z) has all

its zeros at z = 0, if we exclude polynomials that have zeros at z = 0, we should

15



be able to improve upon the bound in (1.1). This fact was observed by Frappier,

Rahman, and Ruscheweyh [8, p. 70], who proved

Theorem 1.7. Let p(z) be a polynomial of degree at mostn, n > 2, then for R > 1
M(p;R) < R"M(p;1) — [p(0)] (R* — R"®).

The coefficient of |p(0)| is the best possible for each R.

Other similar inequalities are discussed in a paper by Frappier and Rahman
(7, p. 932, 934]. However, rather than looking at the maximum modulus of a
complex polynomial on a circle, they look at the maximum modulus on an elipse.
We will state some of the generalizations given by them but will not state the
proofs which can be found in their paper [7, p. 932, 934].
Let R > 1 and denote by £g the elipse
22 y?
Z=x+y: (R+R*1)2 + (Rinl)z =1,.
2 2

Theorem 1.8. If P, is a polynomial of degree at most n such that

max |P,(z)| <1, then max |P,(z)| < R".
—1<a<1 2€€R

This inequality can be further refined as seen in the next theorem.

Theorem 1.9. If P, is a polynomial of degree at most n such that

54 \/1_73"—2.

1
< < -R"
max |P,(x)| <1, then Izré%;(|Pn(z)| < 2R + 1

—1<z<1

Again, this inequality can be improved.

16



Theorem 1.10. If P, is a polynomial of degree at most n such that

1 11
< n n—2 n—4
—Ilrg;}él |Pn(l‘)| ]_, then Izré%;( ]Pn(z)| < —2 (R + R ) + —4 R .

The purpose of this thesis is to further study inequality (1.1) by looking at
its generalizations and extensions. We will first examine (1.1) under the condition
that the polynomial, p, has no zeros inside the unit circle, then under the condition
that p has no zeros inside a disk of prescribed radius, and finally we will look at

the generalization of (1.1) in terms of entire functions of exponential type.
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CHAPTER 2
REsuULTS INVOLVING POLYNOMIALS WITH NO ZEROS INSIDE A DISK OF

PRESCRIBED RADIUS

Recall from Chapter 1 the following theorem.

Theorem 2.1. If p(2) is a polynomial of degree n such that M(p;1) = 1, then

M(p; R) < R", R > 1 with equality only for p(z) = \z", where |\| = 1.

Ankeny and Rivlin [1, p. 849] show that this upper bound can be made smaller
if we restrict ourselves to polynomials of degree n which have no zeros inside the

unit circle. They state and prove the following theorem.

Theorem 2.2. If p(z) is a polynomial of degree n such that M(p;1) =1 and p(2)

mn

has no zeros inside the unit circle, then for R > 1, M(p; R) <
A+ pz”
2

with equality

only for p(z) = where |A| = |pu| = 1.

To prove Theorem 2.2, Ankeny and Rivlin [1, p. 849] use the following con-

jecture of Erddés which was proved by Lax [16, p. 509-513].

Theorem 2.3. If p(z) is a polynomial of degree n such that M(p;1) =1 and p(2)
n

has no zeros inside the unit circle, then M(p';1) < 5

The proof that Ankeny and Rivlin give for Theorem 2.2 is stated below.
+ pz

n

A .
Suppose that p(z) is not of the form . By Theorem 2.3, [p/(e”)| < g,

/
0 <0 <27 Take P(z) = @ Then M(P;1) <1, and P(z) is clearly not of the
2

18



At gt P(:)

form . Hence, by Theorem 2.1 when applied to P(z) = which is of

g )
degree n — 1, we get

M(P;r) = R p’('rﬂew) <"l for r>1,
implying

]p’(rew)\ < gr"_l, for r>1, 0<60<2n7.
Now,

R
p(R) —p(e)| = | [ et
1

R
< / ey (re®)|dr
1

R
< 2/ r"dr
2/

R -1
e
Hence,
e ]

< ol

- 2

_ R"—1+2

_ e

R+

_ mel
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At pR”

Finally, if p(z) = 5 |A| = || = 1, then for R > 1,
‘ )\_+_IuRn€im9
MRy = o |5
1+ R
= 5

O
Another proof for Theorem 2.2, which does not depend on the conjecture of
Erdos, is given by K. K. Dewan [6, p. 291-293]. This proof is stated below.

Let p(z) be a polynomial of degree n such that M(p;1) =1, and let

q(z) = 2"(p(1/Z)). Then for |z| =1,

gl = [e”llp(e?)]
= |p(e”)]

= Ip(2)]-

So, |q(2)| = |p(2)| for |z[ = 1. Since p(z) # 0 for [z| < 1, then |q(2)] < [p(z)|
1

for |z| < 1. If we replace z with —, we see that [p(z)| < |g(2)| for |z| > 1. In
z

particular, |p(z)| < |q(2)| for |z2] = R > 1. Now, consider P(z) = p(z) — A, for

A€ C, |A| > 1. Then P(z) # 0 for |z| < 1 and so

Q(z) = 2"(P(1/2))

20



[P(2)] = p(z) = Al

= |e“llp(e”) = Al

= [e"p(e”®) — Al
—  |ep(e®) — N
= lq(z) = A"

= [Q(z)],

ie., |P(z)| = |Q(2)] for |z| = 1, it follows that |P(z)| < |Q(z)| for |z| > 1. In
, [P(2)] = | ,

particular, |P(2)| < |Q(z)] for |z| = R > 1. This implies that

[P(z)] = Ip(2z) = Al
< Q)
= q(z) = Az"|

= A" —q(2)|, for |z|]=R>1.

This gives us

p) = Al < p(z) = Al < [A" —q(2)], for ||=R>1.
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Next, if we choose an argument of A such that [A\z" — q(2)| = |AR" — |q(2)],

|z| = R > 1, then we obtain
p(2)| = [Al < [AIR" —q(2)], for |z|=R>1,

which is equivalent to
p(2)|+19(2)] < |A[(1+R"), for |z|=R>1.

Now, if we take the limit as |A| goes to one, we see that
p(2)[+la(z)] < 1+R", for |z[=R>1,

and if we combine this with [p(z)| < |¢(2)| for |z] = R > 1, we get
2|p(z)] < 1+ R", forevery z on |z|] =R >1,

that is
Q‘Izrfz:i?p(z)’ < 1+R", for R>1,

implying

1 mn
M(p;R) < +2R, for R>1,

and that Theorem 2.2 is proved. O
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Since the equality in Theorem 2.2 holds only for the polynomials p(z) =
A+ pz”

M(p, 1
—(57 )> it should be possible to improve upon the bound in Theorem 2.2 if we

exclude this class of polynomials, and this was done by Govil [11, p. 80].

, |A| = |¢| = 1, that is for polynomials such that |coefficient of z"| =

Theorem 2.4. If p(z) = Zavz” is a polynomial of degree n, having no zeros in
v=0

|z| < 1, then for R > 1, we have

v < (T 1)

2
b ef) (B0, (1 (201
2| pl 121l +2[an] Il +2lan| /)
where || p ||= Tn|ax Ip(2)|.  This inequality becomes equality for the polynomial
z|=1

p(2) = (A +p2"), |\l = |pl.

R—1)M(p;1
Now, if we let x = ( ) M(p; ), then the expression in the curly brackets
M (p; 1) + 2|ay|
is {x — In(1 + z)} which is positive since In(1 + z) < z for > 0. Also, since it
M (p; 1)

is well known that |a,| < — (for example see [10, p. 625]), Theorem 2.4 is
surely an improvement over Theorem 2.2 [11, p. 80].
Next, we will discuss polynomials which have no zeros in |z| < K, K > 1. If

p(z) has no zeros in |z| < 1, then as stated in Theorems 2.2 and 2.3, we have

1
M(p:R) < M(p1) 5 for R>1 (2.1)

M(p'i1) < M(p;1)
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In case 0 < p < 1, then we have

M(p;p) > M(p;1) (#) - (2.3)

Inequality (2.3) was proved by Rivlin [13, p. 454], and it attains equality for
polynomials of the form p(z) = c(z +€7)", ¢ € C, ¢ # 0, v € R. To check the

equality, let p(z) = c(z + 7)), c € C, ¢ # 0, v € R and consider

M(p;p) = max|p(z)|

|z|=p

= max|c(z +e7)"|
|z[=p

— 0 y\n
omax |c(pe” + e

= ef(p+1)"
Also, consider the right hand side,

M (p;1) (#)n = ﬁa>f|p (Hp)

1
= max| z+e”"[( i
|z|=1 2

v

_ n (LEP
= le(e”+ e >
1+p\"
= N [ —E
el (F52)
= lel(1+p)".

1 " .
Thus, M (p;p) = M(p; 1) <¥) when p(z) =c(z+e")", c€C,c#£0,v€R.
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Also note that, unlike inequalities (1.1), (1.2), and (1.3), which have been
shown to be equivalent, the inequalities (2.1), (2.2), and (2.3) are not equivalent.
However, (2.1) can be obtained from (2.2).

R. P. Boas proposed the problem of finding inequalities similar to inequalities
(2.1) and (2.2) but for polynomials having no zeros in |z| < K, K > 0. It was not
possible for him to propose an extension of inequality (2.3) because it did not exist
at the time. This proposed problem has been studied extensively by many prople,
and we wish to present some results related to it in this chapter. Specifically, we
wish to present a result of Rahman and Schmeisser [10, p. 624] and some results
of Govil, Qazi, and Rahman [13, p. 456-458].

In this direction, we first state an extension of inequality (2.1) which is a
special case of a result of Govil and Rahman [15, Theorem 1] (also see Rahman

and Schmeisser [20, Theorem 4.23]).

Theorem 2.5. If p(z) is a polynomial of degree n having no zeros in |z| < K,

L) M)

K > 1, then for 1 < R < K?, M(p; R) < (1+K

This result is sharp, with equality holding for p(z) = (2 + K)". To see that
equality holds for the mentioned polynomial consider first the left hand side of the

inequality.

M(p;R) = ﬁ§§|(2+K)”I
= max |[(Re” + K)"|
0<o<2rm

= (R+K)".
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Looking at the right hand side, we see that

(R+K)nM(p;1) _ <R+K)nmax|(z+K)n|

1+ K 1+ K |z|=1
R+ K " 0 n
= (HK) o035, (€7 + K"
R+ K\"
= 1+ K)"
(T 10+ sy
= (R+K)"

Thus, we see that equality holds for p(z) = (2 + K)". However, this result holds
only in the range 1 < R < K2.

While working on extending this range to R > K2, Govil, Qazi, and Rahman
[13, p. 456] proved a similar theorem but with a sharper bound which we state
now.

Theorem 2.6. Let p(z) = Za,,z” # 0 for |z| < K, where K > 1, and let
v=0

Kal. Then M(p; R) < (

nag
1<R< K’

R? 4+ 2|\|RK + K?

A=\K):=
(K) 1+ 2[\K + K?

n/2
) s

Before giving the proof of this theorem, we will show how it generalizes and
sharpens Theorem (2.5) due to Govil and Rahman [15, Theorem 1]|. For this, we

show that in general

R? 4+ 2A|RK + K2\ ™? _ (R+EY
1+ 2[\K + K? - \1+K) "’
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which is equivalent to showing

R? 4+ 2|\|RK + K* R+ K\’
1+ 2[\K + K? - \1+K )"’

that is,

(R*+2]ARK + K*)(1+ K)* < (142[M\K+ K*)(R+ K)?,
that is,

2R*K + 2|A|RK + 2|\|RK® + 2K* < 2RK +2|M\|R*K + 2|\ K® + 2RK?,
which is equivalent to

(AN =1D(R-1)(K*-R) <0

R? 4+ 2|\RK + K*\"? < (BHEN"
i

1+ 2\K + K2 =\1+K
and only if [A\| < 1. We now show that |[A| < 1, and for this we use the following

which clearly holds if |A| < 1. Hence, (

theorem of Rahman and Stankiewicz [21, Theorem 2’, p. 180].

n

Theorem 2.7. Let p,(z) = H(l —2,2) be a polynomial of degree n not vanishing
v=1

in 2| < 1 and let p,(0) = pj(0) = ... = pi(0) = 0. If p(2) = {pa(2)}* =

Zbk,ezk, where € = 1 or e = —1, then |b | < %, (+1<k<2041) and

n=0

n n
|bat+2,1] < m(nJr [=1), |bara, 1] < m@“r“r 1).
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First, note that p(z) = Za,,z” # 0 for |z] < K, where K > 1 is equivalent
v=0

to p(Kz) =>""_,a,K"z" # 0 for |z| < 1. Also note that

n

p(K2) :Za,,K”z” —aoi%K”z”.
v=0 0

v=0

n
a
Now consider Z —~ K"2" which is a polynomial of the desired form since

a
v=0 0
n

W v v # 0 in |z| < 1. Then, by Theorem 2.7, if we take ¢ = 1 and [ = 0, we
Qo
v=0

K
see k = 1and |by 1| = «

nag

< n which implies Jai] < n Hence, |A\| =
lao] — K

Unfortunately, Theorem 2.6, although best possible, still only deals with the

<1

(llK
Qo

case where 1 < R < K? and says nothing where R > K?2. However, now that we

have |\| = K o < 1, then from the inequality in Theorem 2.6 it follows that
nag
K2+ 2]\ K? + K2\
M(p; K M(p;1
T4+ 2A+1 \™?
= (K2 M(p;1
(K7 (1+21A|K+K2) (p; 1)
2+ 2|\ /2
= K" M(p;1
(1+2|)\|K+K2) (p:1)
n/2
242 (K|2])
= K" M(p; 1)
142 (K |2 ]) K+ K2
n/2
2(1+ K| 2])
= K" M(p; 1)
14 2| K2 + K?
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n/2
2<1+K n-@)
= K" M(p; 1)
14+ K2 (2] 4+ 1)
V2, [1+ K |2
= K" M(p;1)
\/1+K2<2;710 +1)
KvV2\[1+ K |2

= M(p;1)

\/1+(2 o +1>K2
Kvav2 )"
1+(2+K)K> Mp:1)

2K "
= ([——5) M®1
<1+2K+K2> ;1)

IN

This gives us

M(p;K) < (Kz—fJnM(p;n.

Now, let px(z) := p(Kz). Then, px(z) = Zav(Kz)” # 0 for |z| < 1, and

v=0

. _ _ 0
M{pxi1) = max|p(Kz)| = max [p(KeT)]

= max[p(z)]

= M(p; K).
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R
So, if R > K, then if we write R = SK where S := 17 > 1, we may apply (2.1) to

Pk, and using the previous estimate for M (p; K') we have

M(p; R) = max |p(Rei9)|

0<0<2m
(5 () )

= max |p(SKe")|

0<6<27

= max
0<6<27

= max|p(Kz
ma [p(K )|

= M(pi;5)
< (557) M. vy e
= (Sn+1) M(p; K)

n

2
< (Sn2 1) (;fl)nM(psl% by (2.4)

= 274(S" + 1)2"m]\/[(p; 1)

ol DR
= Tarrp M@

() )R
= 11K M(p;1), for R> K

 2VYR"+ KM

which gives

2"-1(R" 4 K™)

M(p;R) < A1 K) M(p; 1).

(2.5)
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R’I’L+Kﬂ

Hence, f R>K 6t M(ps R) < 2" ————
ence, for any , We ge (s R) < (1+ K)"

M (p; 1), which reduces to

(2.1) when K = 1. Since for large values of K,

(1+ K)»

2n—1 I
14+ Kn»

M(p;1) ~ 2" M(p;1) as K — oo,

the bound (2.5) does not give a very satisfactory bound because for large values of
n, the factor 2"~! may become very large and thus, the factor 27! in the previous
estimate is out of place [13, p. 456]. The following result of Govil, Qazi, and

Rahman [13, Theorem 2] provides an estimate which does not have a factor 2"~1.

n

Theorem 2.8. Let p(z) := Zavz” #0 for |z] < K, where K > 1. Then,
v=0

M(p; R) M(p;1), for R> K>

R" K" (R—K?)/(R+K?)
< —
<3 ()

We will prove Theorem 2.8 later. However, we can now note that for R = K2,

M (p; R)

K2n K" (K2-K?%)/(K?+K?)
( ) M(p; 1)

<
- K" \K"+1

n— K" ’
= K? 2<K”+1) M(p; 1)

= K"M(p;1),

and likewise, by Theorem 2.6, for R = K?,

K4 3 2\ n/2
+2])\|K —i—K) M( ;1)

M(p:R) <
(b R) < (1+2WK+K2
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K2+ 2[\|K +1\""”
= (K" M (p; 1
(K) <1+2|/\|K+K2 (p: 1)

= K"M(p;1).

Thus, for R = K?, Theorem 2.8 reduces to Theorem 2.6.
Kn )(RKQ)/(RH(Q)

Kn+1
and 1, and so, for R > K?2, the right hand side of the inequality in Theorem 2.8 is

Note that for R > K2, the quantity ( lies between 0

mn

R
strictly less than ﬁM(p; 1).
In fact, Govil, Qazi, and Rahman [13, Remark 1] show that for R > K? not

only

< 1

Fon O\ (R-E2)/(RE?)
(Kn + 1)

but

K" (R—K?)/(R+K?) P R— K2 1
Kn+1 R+ K? Kr+1)°

This will in fact imply that for R > K?2,

R"+ K" 1 2 R
M (p; — | M(p; 1 . — K" M(p;1

and to see this, note that by Theorem 2.8

wo g\ (BK/(REK?)
<R—( ) M(p;1), R> K?

32



R R-K?\ 1
—(1- M(p; 1 K?
<Kn( (R+K2> K”+1> (p:1), B>
R" R R - K?
(L - : M(p;1
(K" Kn(Kn+ 1) R+K2) (pi1)

[R"(K™ + 1)(R+ K?) — R"(R — K?

_[RET DR R RR-K]

i K"K+ 1)(R+ K?)

-RnKn—l—Rn R+K2 —Rn+1—|—RnK2

- | i My 1)

I Kr(K"+1)(R+ K?)

_ [R"'K"+ R"K™? + R + R"K? — "' + R"K? M(p: 1)

- Kn(K"+ 1)(R + K2) B

) Rn+1Kn—2_|_RnKn+2Rn

Kn(K" +1)(R+ K?)

'Rn+1Kn—2+RnKn+2Rn

= — o | M(p;1)
| K" 2(Kn+1)(R + K?)

=K

| 21651

_ 'RnJrlanQ +RnKn _i_RKanZ +K2n + 2RM — RKanQ - K2n:| M(p 1)
i (K™ + 1)(K™2)(R + K?) ’
_ '(RnKn72+K2n72)(R+K2) _|_2Rn _K2n2(R+K2):| M(p 1)
i (K™ + 1)(K"2)(R+ K?) ’
_ '(R“+K”)K"2(R+K2)+2R"—K"(K”2)(R+K2)] M(p:1)
I (K™ + 1)(K"2)(R+ K?) ’
R*+ K" 1 2 R" .
T Khr1 TR {Kn2'R+K2 - K H M(p;1).

Next, we state an extension of (2.3) to polynomials not vanishing in |z| < K,

for K > 1, due to Govil, Qazi, and Rahman [13, Theorem 3].

Theorem 2.9. Let p(z) := Zavz” # 0 for |z| < K, where K > 1, and let
v=0

A= AK) = BN phen M(pip) > (

nagp

K%+ 2K|\p + p?
K24+ 2K\ +1

n/2
> M(p; 1), where

33



Note that the right hand side of the inequality in Theorem 2.9 is a decreasing

function of |A|. To see this, take x = |A| and consider

d [ K%+ 2Kpx + p> (K? + 2Kz 4+ 1)(2Kp) — (K* 4+ 2K pr + p*)(2K)
%(KHQ}@H) (K2 + 2Kz +1)?
2K(K?p+2Kpx +p— K? — 2K px — p?)
(K2 +2Kz+1)?
2K (K?p+p— K* = p?)
(K2 + 2Kz +1)?
2K[K*(p— 1) — p(p — 1)]
(K2 42Kz + 1)?
2K (p— 1)(K2 — p)
(K2 +2Kx+1)?

which is less than or equal to zero since K > 0, p < 1, p < K?, and the denominator

is obviously greater than zero. Thus for any n,

K2 4+ 2K[Np+ p*\™? ey
K2+ 2K\ +1 1+ K

and therefore, Theorem 2.9 is an improvement of the result that if p(z) is a
polynomial of degree n, p(z) # 0 for |z| < K, K > 1, then for 0 < p < 1,

K\" :
M(p,p) > (T i K) M (p; 1), where the bound is attained if p(z) := c(ze®® + K)™,

ceC,c#0, 8 €R. To see this, consider

M(pip) = max |p(pe”)|

— 0 i3 n
omax |e(pe”e” + K)"|

= fe(p+ K"
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=

+

=

) kel +

=
=

_ + " iB\n
B (K+1) ogﬁgnlc([(j% )l

_ (BN
— (K—f—l) M(p;1), for ceC, ¢#0, fe€R.

s

Now, we will state a complement to Theorem 2.9 which is also proved by
Govil, Qazi, and Rahman [13, Theorem 4]. This theorem will be needed to prove
Theorem 2.6.

Theorem 2.10. Let p(z) = Zavz” # 0 for |z| < K, where K € (0,1}, and
v=0

Kay K? + 2|\ Kp + p? n/2
let \ = NK) := ——. Then, M(p;p) > M(p; 1
e (K) s en, M(p;p) > <K¢+%MK44_ (p; 1), for
0<p< K2
. . p+ K\"
For any n, this inequality can be replaced by M (p;p) > K1 M(p; 1),

for 0 < p < K2, where the bound is attained if p(z) := ¢(ze?® + K)", c € C, ¢ # 0,
g eR.

In order to prove theorems 2.6, 2.8, 2.9, and 2.10, we will need two additional
lemmas which we state now. Lemma 2.1 is an extension of (2.3) and is due to Qazi
[19, p. 340, Corollary 1] (also see [18, p. 444, Theorem 1.7.6]). Lemma 2.2 is due
to Govil, Qazi, and Rahman [13, p. 458].

Lemma 2.1. Let p(z) := iavz” #01in D(0;1):={2€ C: |z| <1} and let X :=
v=0

1+ 2|X|p1 + p}
14 2|A[p2 + p3

N Then we have M(p; p1) > (
nag

n/2
) M(p;p2), 0 < p1 < pp < 1.
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Lemma 2.2. Let p be a polynomial of degree at most n such that p(z) # 0 in
g n
D(0;4) :=={z € C: |z| < £} for some £ > 0. Then M(p;p) > (%) M(p; 1),
0 < p < min{1, ?}.
This lemma is also an extension of (2.3). The proof, due to Govil, Qazi, and

Rahman [13, p. 458], we state below.

Let z, = r,e% and z = pe? for 0 < 0, < 27, 0 < 0 < 27. Then,

2
Z— Zy

e — 2z,
_ (2 —2)(Z— %)

(e =z - F)

_ el £ |zl — 227

14|22 — 2Reifz,

B |p€i9|2 + |rv€i6v|2 _ 23?(pewﬁe_i9”)

T L e P — 2R(ere )

PP+ 2 = 2R[pr,(cos § + isinf)(cos O, — isinb,)]

1472 — 2R[Fy(cos @ + isin ) (cos B, — isinb,)]

_p* i — 2R[pr,(cos O cos 0, + sin @ sin 0, + i(cos b, sin — cos Osin b,))]
1472 — 2R[Fy(cos f cos O, + sin §sin 6, + i(cos 0, sin § — cos §sin ,))]
_ p* + 12— 2pr,(cosf cos 6, + sin O sin d,)

1472 —2r,(cosfcos, +sinfsinb,)

v

_pP i —2pr,cos (0 —6,)

1472 —2r,cos (0 —0,)

PP 2pry 412 — 2pr, — 2pry cos (0 — 6,)
142,472 —2r, — 2r,cos (0 —0,)
~ (p+70)* = 2pry(1 + cos (6 —6,))
(14 7y)2 —2r,(1 4+ cos (6 —6,))

o (et
“\l+r,
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where the inequality holds only if (1 — p)(r2 — p) > 0. To see that the inequality

holds under this condition, consider

(p+r) =201 +cos(0—6.) _ (p+r)’
(1+7r,)2=2r,(1+cos(@—6,) — \1+4r,/) "’

which is equivalent to

(p+70)*(1 +1,)% = 2pry (1 + cos (6 — 6,))(1 +r,)?

> (14+7,)%(p+7y)* —2r,(14cos (0 — 6,))(p +1,)°.

This gives us

—p(L+71,)* = —(p+r)%
that is

—p(L+7,)° + (p+71,)° > 0.
Thus, we have

ro—p—pry+pt >0,
which we can rewrite as

(1=p)ry—p) = 0,
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since (1 — p)(r2 —p) =12 —p— pr2+ p* Thus, if r, > ¢, then

?_ZU > P"‘Tv
e —z | — 141,
14

> %, if 0<p<min{l,??}

xz

because ('i T

) is a nondecreasing function of x. Hence, if the polynomial p(z) :=
p(pe”)

p+L\"
> -
p(e?) _(1+f) ’

for —r <0 <, if 0 < p < min{l,¢}. Consequently, if , is such that |p(e?0)| =

m
amH(z — 2y), @y # 0, has no zeros in |z] < £, £ > 0, then
v=1

M (p; 1), then

) ) AN
Z90 > 7,90 p+
Ip(pe™)| > |p(e )|(—1+£>

p+\"
= M(Pﬂ)(m) ,

if 0 < p < min{l1, ¢?}, which clearly gives M (p; p) > <i—iﬁ>m M(p;1). ]
Theorem 2.10 is needed to prove Theorem 2.6. Thus, we will now state the
proof for Theorem 2.10 as it is given by Govil, Qazi, and Rahman [13, p. 459].
Let pi(2) :=p(Kz) =ay+ a1 Kz + ...+ a,K"z". Since p(z) # 0 in |z| < K,
we have that pg(z) # 0 for |z| < 1. Thus, Lemma 2.1 may be applied to pg,
taking p; = % and py = K to obtain

M(p;p) = M(pm%)

o o /
1+2A% (K)2

> M K
- <1—|—2|)\‘K+K2 (P K)
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1+ 2[\pK ! + p? K2\ "/?
= M ‘K
K=2(K? + 2|\pK + p*)\™*
K?+2\Kp+p*\"?
n/2
2|\ K
( 1++2\’>\A\|Ki;’§ ) K"K"M(p;1) for 0<p <min{l,¢*}

K244
1+/¢
K2+ 2\ Kp+ p*\"?

M(p: 1 d

the proof of Theorem 2.10 is complete. O]

since M (pr; K) = M(p; K?) and M (p; K?) > ( ) M(p;1) > K"M(p; 1)

by Lemma 2.2. Hence, we have M (p;p) > (

Next, we will state the proof given by Govil, Qazi, and Rahman [13, p. 459]
for Theorem 2.6.

First, let 1 < R < K. Since p(z) # 0 for |z| < K, the polynomial pg(z) :=

p(Kz) = ZavK”z” # 0 for |z| < 1. Besides, M(pk;p2) = M(p;R) and

v=0

1 R
M (pg;p1) = M(p;1) where p; = 174 and py = T Since R € (1, K], we see

that 0 < p; < p2 < 1, and from the inequality in Lemma 2.1 we obtain

M(p;1) = M(pk;p1)
( L+ 2M\K+ K2
1+ 2[A\RK~! 4+ R2K 2
B ( L+ 2NK 14+ K2
1+ 2[A\RK-! + R2K 2

n/2
) M(px;pa), for 1< R<K

n/2
> M(p;R), for 1< R<K
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which is equivalent to the inequality in Theorem 2.6 for 1 < R < K, and thus
Theorem 2.6 is established for 1 < R < K.

K K
Now let K < R < K?. Then pgr(z) := p(Rz) # 0 for |z| < = Since 7 <1
1 K? K 1
and 0 < Tz we may apply Theorem 2.10 to pg with 7 instead of K and p = =

to obtain

K2 K n/2

K2 Lo\ 41 1

M(pr;1) < (Kz T 2> M(pR;E)
r2Ng s+ (R)

which is equivalent to

K? + 2|\ KR+ R?
K2+ 2N K +1

M(p;R) < ( )H/ZM(p;l)

which is Theorem 2.6 for K < R < K?, and thus Theorem 2.6 is completely
proved. O]

Now we prove Theorem 2.8. The proof here is again due to Govil, Qazi, and
Rahman [13, p. 460].

Without loss of generality, we may assume that p is of degree n, and that
M (p;1) = 1. From the inequality in Theorem 2.6, it follows that

4 3 2\ /2

< (Kl j22||;|‘f[((++f([§ ) M(p; 1)

K2 4+ 2\ K + 1\
= |K? M (p; 1
[ <K2+2|)\|K+1 (p:1)

= K"M(p;1)

M (p; K?)

= K", since M(p;a)=1.
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So, M(p; K?) < K". Hence, if g(2) := p(K?2) = ag + K?a12 + K'a2® + ... +
K?"a,z", then on |z| = 1, |g(2)| = |g(e?)| = |p(K2%?)| < M(p; K?) < K", which
implies |g(z)| < K™ for |z| = 1. Besides, since p(z) # 0 in |z| < K, we have that

1
g(z) = p(K?z) # 0 in |K?z| < K, which implies that g(z) # 0 in |2] < T If we

set
G(z) = K "2"g(1/2)
= K" (ag+ K’ai(1/2) + ...+ K*a,(1/2)")
= K "ag"+ K "a:" '+ ...+ K"a,
then

G(z)| = [G(”)]
= |[K"e™g(1/e=)]
= |K"g(e?)]
= K "[g(e”)]
= K™"g(z)|, [+]=1
< K™(K™)

= 1.
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1
So, |G(z)| < 1 for |z| = 1. Also, since g(z) # 0 for |z| < 173 this implies that

1
< 7 implying that G(z) # 0 for |z| > K, which gives us

G(z) =0 for |z| < K. Thus, G(z) has all its zeros in the closed disk |z| < K.

G(z) # 0 for

Since M(p;1) = 1, that is ﬁax Ip(z)| = 1, it follows from an inequality of
z|=1

Visser [23] that |ag| + |an| < 1‘rn|ax Ip(2)| = 1. So,
z|=1

lao| + |an| < 1. (2.6)
Hence, writing p(z) = a, | [(z — 2,), where |2,| > K for 1 < v < n, and % =
an
v=1
|21||2z2| - - - |zn|, We see that % > K", implying that |ag] > K"|a,|. So, from
an

(2.4) we have that 1 > |ag| + |an| > K™|a,| + |an| = |a,|(K™ + 1), implying that

la,| < , which implies that

1
Kr+1
Kn

= |K"a,| = |K"a,| < .
GO0)] = K@ = | K"a,| <

(2.7)
To complete the proof, we will rely heavily on the use of Poisson’s integral
formula [22, p. 124], and for the sake of completeness we state it below.

Theorem 2.11. Let f(z) be analytic in a region including the cirlce |z| < R, and

let u(r,8) be its real part. Then for 0 <r < R,

1 2 R2 _ T2
0) = — do.
u(r,f) 27 /0 R2?2 — 2Rrcos (6 — ¢) + rQu(R’ ¢)de
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Now, let us suppose that G(z) # 0 for |z| < 1. Then applying Poisson’s

integral formula to Log |G(z)|, which is real , we obtain

, 1 [7 1—1r2 :
Log |G(re?)| = — Log |G(e'?)|d¢, for 0 < 1.

Since |G(z)] < 1 for |z| = 1, we have Log |G(¢*)| < 0. So, we conclude that for

0 <r <1 we have

4 1 1-— 1 T :
Log|G(re'?)| < %%/_ Log |G(e™)|d¢
1-— 1 [7 .
— g [ el
1—r
= 1+rLOg|G(O)‘,

1 [7 -
since Log |G(0)] = %/ Log |G(e")|d¢. So, we have that

G(2)| < [GO) VI for 0 < 2] <1,

which, when combined with (2.7) gives

IG(2)] < |G(0)|31=D/0HzD

Kn (1=[2)/(1+]z])
<K”+1) , for 0<z] < 1.

Therefore,

for 0<|z| <1. (2.8)

Y

Km (1=120)/(1+]z])
G(z)| <
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Next we will show that (2.8) remains true even if G has some zeros in |z| < 1,

say K?/z1,...,K?/Z,. In such a case,
m
a _
90l ool ol el 2 (Tl ) B
|6Ln| pn=1

which implies that |ag| > |a,|K"™™ H |2,|, and from Visser’s inequality, it follows

pn=1
that
L > Jao| + |an]
> an K" ] 12l + lan]
pn=1
= |ay| <1+Kn—mH|z#|>,
pn=1
which implies that
1
|an| S m )
I
pn=1
and that
KTL
GO)] =|K"an| < a— (2.9)
1+ K ]
pn=1
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Let

So,

col = ool (2 )

IN

K" ~(Z
m H(ﬁ;) , by (2.9)
L+ K [ ] lzul =

p=1

m
K2 H |Zu’
pn=1

1+ Knm H |2,

p=1

Y

giving us

m
K2 H |Zu’
pn=1

1 +Kn7mH ‘Zu‘.

pn=1

IG*(0)] <
(2.10)
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Now,

(7 K%y — 2
sl (2 5%)

"z K%z -z
= |G e o)
Ol |
p=1
o K26t —
= GO || |=5—5| for |s]=1
}:[1 Z,ef — K?
m —i0 )
B zpe ¥ — K
- eI ] |2
p=11"H
= |G(2)]

Since |G(z)| < 1 on |z| = 1, then |G*(2)| < 1 for |z| =1 and G* # 0 for |z] < 1.

Now, by Poisson’s integral formula,

, 1 [7 1 —r*2 ,
L G* 0y — _— L G* i d
o8 G (re")| = 5o | e gy Los G ()ldo,

for 0 < r* < 1. Since |G*(z)| < 1 on |z| = 1, then for 0 < ¢ < 27, we have

Log |G*(€*)| < 0. Thus, for 0 < r* < 1,

do.

*( % 1 14+r9(1 —1r* 1 g . idy
Loglc" )| < T L [ Logorn(e)

_ (1—r*).i/7f Log|G*(ei¢*)|d¢*

(T+7) 27 J_,
1—r*

= Log |G*(0
T LoglGT )],
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that is, |G*(2)| < |G*(0)|A~FN/O+D for 0 < |2| < 1, which when combined with

(2.10) gives
(1=[2D)/(A+l=])

m
Ko H |2,
pn=1

1+ Kn—m ﬁ EA

p=1

|G ()]

IA

, for |z| < 1.

Hence,

(1=[2[)/(1+]z])

m K_QZ —1 Kn_2m1_[1|zu|
G(2) H (ZZ“ 3 )' < i , for |z] <1,

L+ Km=m H |24l

p=1

which implies that

(1=[20)/(1+]z])

m
Knom H |2,

m K?
— £ ==
G| < = [1| ] forlzl <1
51
14+ Kn—m H |Z,u| =11 zu
pn=1
m (1=12D)/(+|z])
Kn—QmH ‘ZM‘ N o
< e ‘Z“‘ , for |z| < 1.
T 1:[1 <|Z falel+1
1+ K= I |2l 2
p=1
Setting ¢, | K>  for 1 <y < 'm we see that for |z| < 1, we have

G(Z)| S d}(tlat%"wtm)
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where

W(ty,ta, ... ty)

To see this, observe that

m
Ko H |2,]
pn=1

K" (1=[z))/(1+]z[) m

2] +t,
ty -ty t,, + Kntm

#‘Z|+1

) (aie51)

p=1

_ KnK—2m
m m 1 m
1+ K= ] |zl H— 1+K"mH|zM|]
pn=1 n=1 ’ pn=1
_ KnK—Qm
H_ 4+ Knm
’Zu‘
1
;U':1 |ZM|
= — 2
H o +Kn+m
p=1 ’ZN‘
Kn
- K2 K2 + Kntm
[z1] 22| IZmI
o ty -ty t,, + Kntm’
1 - ||+t
Setting A = d A, = (K™ A-lD/+D) l2l+
etting Kntm 4ty <ty t,, an = ) H tulz] +1

for 1 < v < m, we have

Wty ta, ..o ty)

(tl.t2...tm_|_Kn+m

w=1,p#v

m

I1

p=1

K" |z| +t,

tulz| +1

)(1ZI)/(1+| z[)

(81:7%%)
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A AG-D/e (L
tz|+1)°

and, for v € {1,...,m}, we obtain the partial derivatives

oY A A1)/ () (tolzl+1) = (2] + 4)l7|
ot, Y (t,)z] +1)2

) 2+t (=2 2 ( ty - t,,lt,,+1~~~tm)
e+ 1 (14 ) (Kmtm 4ty t,)?
— A NN/ 22 T =) 1 -1
(t |z| +1)2
Y R Sl N = R T LS R
oz 1 1+|z| (K™tm 4ty ty,)?

_ gaatensaen (L 120
(to|z| + 1)
lz| +t, 1—|z| 22|

—A, - : (K™ by et R 2 (fy oty atyg -

tlz|+1 14|z

2
— A, AO-IED/AHzD (1—]2)
(tu]z] +1)?

|Z‘ +t, 1-— ’Z‘ 2|z]—2-2|2| (tl .. .tm)
—A, - . K™m oty ooty,) R
tylz] +1 1+‘Z|( ' )

2
= A a0-lbasn =12
(t |2 + 1)

2]+t 2| =2 ([t
_Au Kn+m_'_t tm 1+[z]
tu]z| +1 1—|—|z|< )

2
— A, AO-IED/AH:D (1—1z[%)
(tu]2] +1)?

IR 2 Sl 1 Tyt
Dbl T T [ NET et t,

| 2

— A AO=lD/Qh A2 T IEL T (1—1]2)
(t |2 + 1)

—A, - 2ty L=l g (fbn )
Bzl +1 1+\Z| ty

49



So, for v € {1,...,m}, the partial derivatives

00 _ 4 pa-tensarin (=120

ot, (t,|z] +1)2
I R el Y- R
tlz|+1 1+ |z t,

are positive if and only if

WD > el 40 () (o).

Kn+m_|_t1...

which is true since t, < 1 for 1 < p < m and K > 1. Hence, ¢(t1,...,t,) <
K" (1=12])/(1+|z])
1,....1) = [ ——
YL, 1) <K”+m+1>

has some zeros in the open disk |z| < 1.

for |z| < 1, and so (2.8) holds even if G

From (2.8) we therefore conclude that for 0 < |z] <1,

R K\ (D /(D
—p| =] <
Kn z Kr4+1

which is equivalent to

K2 K" K" (1=|2)/(1+]z])
‘p(—)' < —( > , for 0< 2| <1

Z |z|m \ K™+ 1

which implies that

Ip(Q)] < , for |¢| > K?,

K\ SRR/ eR?)
K (Kn + 1)

20



which is equivalent to the inequality in Theorem 2.8, and the proof of Theorem
2.8 is thus complete. O
Finally, we state the proof of Theorem 2.9 which is also given by Govil, Qazi,
and Rahman [13, p. 462].
Let pr(2) = p(Kz) :=ap+ Kayz+ ...+ K"a,2". Then pg(z) # 0 for |z| < 1.

1
Applying Lemma 2.1 to px taking p, := % and py 1= 7o e obtain

M(p;p) = M(pk;p)

n/2
L+2)558 oy + pf
> - M (px; p2)
L+2 |55 p2 + p3
n/2
1+2A2 + &
= | |If If M(p;1), for 0<p<1
1+2’)‘|?+F
K2+ 2\|pK + p*\"*
= M(p;1), for 0 <p<1
<K2+2|>\|K+1 (p7 )7 or —p_ )
which is the inequality in Theorem 2.9, and thus proves Theorem 2.9. O
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CHAPTER 3

REsSULTS INVOLVING ENTIRE FUNCTIONS OF EXPONENTIAL TYPE

In this chapter we will study entire functions or exponential type, that is, entire
functions with some growth restriction. To begin, we will state some definitions
concerning entire functions and entire functions of exponential type which can
be found, for example, in the book by Levin [17, p. 1-3], (see also Boas [5, p.
8-12]). An entire function is a function of a complex variable analytic in the
entire plane and consequently represented by an everywhere convergent power
series f(z) = ag + a1z + ax2® + -+ + a,2".... These functions form a natural
generalization of the polynomials, and are close to polynomials in their properties.

The classical investigations of Borel, Hadamard, and Lindelof dealt with the
connection between the growth of an entire function and the distribution of its
zeros. The rate of growth of a polynomial as the independent variable goes to
infinity is determined, of course, by its degree. On the other hand, the number of
roots of a polynomial is equal to its degree. Thus, the more roots a polynomial
has, the greater is its growth. This connection between the set of zeros of the
function and its growth can be generalized to arbitrary entire functions.

It is well known, and follows trivially from the maximum modulus principle,
that M (f;r) := max|f(z)| is an increasing function of r. Also, it is clear that this

|z|=r

function is continuous, and to see this let r; < r5 and let 0 < 6y < 27 be such that
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| f(re®)| = M(f;rs). Then

0 < M(f;r2)— M(f;r1)
= [f(r26™)| — M(f;r1)
< | f(rae™)| = | f (™)

for 7y — ry < §. since the function |f(re?)| as a function of r, is continuous.

The rate of growth of the function M (f;r) is an important property for the
behaviour of an entire function. We first show that for an entire function not
a polynomial, M(f;r) grows faster than any positive power of r. The following
result, given by Levin [17, p. 2], shows that if a function f does not grow faster

than any positive power of r, then f is a polynomial.

M(f;
Theorem 3.1. If there exists a positive integer n such that lim inf M < 00,
r—00 rm

then f(z) is a polynomial of degree at most n.

We now state the proof of Theorem 3.1 which is also given by Levin [17, p.

M .
2]. Let n = N be a positive integer such that lim inf# < oo. If f(2) =

r—00 r

ap+arz+-+anzN +ay 2N+ and Py(2) = ag+ a1z + - - +anz?, then

the function

#(z) = [f(2) = Pn(2)]"

aN_HZNJrl + aN+22N+2 +...

ZN+1

93



2
= AaN+1 T ant2Z2 +an432” + -

is entire and tends uniformly to zero on some sequence of circles |z| = r, where
r, — 00. To see that ¢(z) tends uniformly to zero on some sequence of circles

|z| = r,, where r,, — oo, first consider

|Pn(z)] = lap+arz+---+ aNzN]

< laol + laal[2] + lazl|2*[ + - + lan]]2"],

which implies that

f|n|aX|PN(Z)! < ag| + |ar|r + Jag|r? + - - + |an |
zl=r

< (N+1)M(f;r)

because from Cauchy’s Inequality [22, p. 84], |a,|r™ < M(f;r) for all n. Now

consider

max [f(z) = Pn(2)] < max £ (2)] + max | Pn(2)]

< M(fir)+ (N +1)M(f;r)

= (N4+2)M(f;r).
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M(f;r)

Since lim inf —— < oo implies that M(f;r) < Lr™ on a sequence {r,} — oo
T

T—00

and for some constant L. So,

max ()] = max]lf(z) = ()=
(N +2)LrN
 (N+2)L
N r

which approaches zero as r approaches infinity, and thus ¢(z) tends uniformly to
zero on some sequence of circles |z| = r,. Thus, it follows from the maximum
modulus principle that ¢(z) = 0. In other words, f(z) = Pn(z). Hence, f(2) is a
polynomial because Py(z) is a polynomial. O

So, in order to estimate the growth of entire functions which are not polyno-
mials, we must choose comparison functions that grow faster than powers of r. We
choose comparison functions of the form e’"k, where k > 0.

An entire function f(z) is said to be a function of finite order if there exists
a positive constant k such that the inequality r‘?&)r(\ f(z)] < e is valid for all
sufficiently large values of r where r > ro(k). The greatest lower bound of such

numbers k is called the order of the entire function f(z). So, if p is the order of

the entire function f(z), and if € is an arbitrary positive number, then

e < M(fir) < (3.1)
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where the inequality on the right is satisfied for all sufficiently large values of r,
and the inequality on the left holds for some sequence {r,} of values of r, tending

to infinity. From condition (3.1) we define the order p of the function to be

, log log M (f;r)
p = limsup .
r—o0 logr

For functions of a given order, a more precise characterization of the growth
is given by the type of the function. By the type 7 of an entire function f(z) of

order p we mean the greatest lower bound of positive numbers A for which

M(f;r) < ' (3.2)

for all sufficiently large values of r. From condition (3.2) we define the type 7 of

the function to be

If 7 =0, the function f(z) is said to be of minimal type, if 0 < 7 < 0o of normal
type, and if 7 = co of maximal type.

We shall say that the function fy(z) is of larger growth than the function f;(2)
if the order of f5(z) is greater than the order off;(z), or if the orders are equal and
the type of fo(2) is larger than the type of fi(z2).

Also note that the order of the sum of two functions is not greater than the

larger of the orders of the two summands, and if the orders of the summands and
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of the sum are all equal, then the type of the sum is not greater than the larger
of the types of the two summands. If one of the two functions is of larger growth
than the other, then the sum has the same order and type as the function of larger
growth.

The rate of growth of an entire function f in different directions can be spec-

ified by the Phragmén-Lindeldf indicator function of f defined as

i0
he(6) = limsupw, for 0<r<oo and 0<6 <27 .

T—00

So, the type of an entire function f is equal to the maximum of the indicator
function of f.

According to a fundamental property of the indicator function, if h(6;) < hy
and hy(6) < hy, where @ < 60; < 6, < and 0 < 6, — 6y < , then [5, Theorem
5.1.2]

hl sin (92 — 0) + h,z sin (9 — 91)

ht(0) <
f(> - Sin(02—91) ’

for 91 SHSQQ

By an entire function of exponential type 7, we will mean an entire function
of order less than one and of any type 7 > 0 or an entire function of order one and
of type at most 7. For an entire function f of exponential type, hy(f) < oo for all

6, and unless hf(0) = —oo, the function hy is continuous (see [5, Theorem 5.4.1]).
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Furthermore, we have [5, Theorem 5.4.4]

hf<9—g)+hf<0+g) > 0, for 0<6<2m.

In this chapter we will be mainly concerned with entire functions of exponen-
tial type having no zeros in a half-plane. Our results will include generalizations
of the Bernstein type inequalities discussed in chapters one and two. Most of the
results that we will be discussing here are given in a recent paper of Govil, Qazi,
and Rahman [14].

It is known [5, Theorem 7.8.1] that if w is an entire function of exponential

type such that w(z) # 0 for 3z < 0 and h,(a) < h,(—a) for some a € (0, 7), then

lw(2)| < |w(z)] for Iz >0, (3.3)
and so
ho(a) < hy(—a) for 0 <a<m. (3.4)

Hence the following result given in a paper of Govil, Qazi, and Rahman [14, Lemma

A] holds.

Theorem 3.2. Let w be an entire function of exponential type having no zeros
in the open lower half-plane. Then (3.3) holds if and only if h,(a) < hy,(—a)
for some a € (0, 7). Thus, h,(a) < h,(—a) for every a € (0,7), if and only if

hy(a) < hy(—a) for some a € (0, ).

o8



If f is analytic and of exponential type in the upper half-plane such that

|f(z)] < M on the real axis, and hy (g) < a, then [5, Theorem 6.2.4],
f(z)] < Me™* for Sz >0.

From this it follows that if f is an entire function of exponential type 7 such that

|f(x)] < M on the real axis, then for z € C,
[f(2)] < M2, (3.5)

In particular, we get
Theorem 3.3. If f is an entire function of exponential type T such that |f(x)| < M

on the real azis, then |f(2)| = |f(x +iy)| < Me™ for —0co < x < o0 and y < 0.

This result, known as Bernstein’s Inequality for functions of exponential type,
is mentioned for example, in Govil, Qazi, and Rahman [14, p, 898] and is best

possible. Equality holds for f(z) = A\e™* where A € C. To see this, consider

fR)] = [flz+iy)l

. ’)\eir(x+iy)|

_ ’)\eiTxHef‘ry’

= |\e™!, because y <0

= s @)
—oo<r<0o0

= M
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The above result, Bernstein’s Inequality for functions of exponential type,

generalizes the result that if p(z) is a polynomial of degree at most n, then

M(p;R) < M(p;1)R", for R>1 (3.6)

which we have discussed in Chapter 1. This result is best possible.
We will now show that inequality (3.5) generalizes inequality (3.6). If p(z) is
a polynomial of degree n, then as is easy to see, the function f(z) = p(e'*) is an

entire function of exponential type n. Thus,

sup |f(z+iy)l = sup [p(e"TY)]
—oo<r <00 —00<x <00
< sup |f(x)]e"¥, for y <0 by Theorem 3.3
—oo<x <0

which implies that

sup |p(e ¥e™)| < sup |p(e”)|e"V, for y < 0.

—oo<r<o0 —oo<r<oo

Now, take R = e™¥ which is greater than or equal to one because y < 0. So we

have that y = —In R. Thus, "%l = (e‘i‘”)n = (elnR)n = R", and we have that

max[p(z)] < max|p(z)le"

= r‘rﬁ}l(]p(z)]R", for R>1.
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Hence, inequality (3.5) yields M (p; R) < M (p;1)R"™, which is inequality (3.6), for
polynomials of degree at most n and R > 1.
If the polynomial p(z) has no zeros in the unit circle, then we have seen in

Chapter 2 (see inequality (2.1)) that inequality (3.6) can be replaced by

"yl
Mp:R) < Mp12Z ; Cfor R>1. (3.7)

As we know, the above inequality which is due to Ankeney and Riviln [1, p. 849]
A+ p”

is best possible with equality holding for p(z) = where |A| = |u| = 1. The

following result of Boas [14, Theorem A| generalizes the above result.

Theorem 3.4. Let f be an entire function of exponential type T such that | f(z)| <
M, on the real axis. Furthermore, let f(z) # 0 for Sz > 0, and suppose that

hy (g) = 0. Then

el 11
2 7

1f(2)] < for y:=32<0. (3.8)

To see how inequality (3.8) generalizes inequality (3.7) first note that for

n

p(z) = Za,,z” # 0 for |z| < 1, the function f(z) := p(e”*) # 0 for Iz > 0.
v=0

Also, the type 7 of f(z) = p(e?*) which is an entire function of exponential type, is

equal to n, and, since |ag| = |p(0)] # 0, it is clear that hy (g) = 0. Furthermore,

|f(z)] < M on the real axis if |p(z)| < M on the unit circle. So, we have

sup |f(z+iy)] = sup |p(e'™W)

—oo<r<o0 —oo<r<o0
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el 41

< sup |f(x)] 5 for y <0 by Theorem 3.4,
—oo<r <0
which implies that
) , nlyl 4 1
s ple e < sp (eIt for y <o
—oo<r<o0 —oo<r<o0

Take R = e™¥ which is greater or equal to one if y < 0. Then y = —In R, which

implies that el = (e‘y|)n = (elnR)n = R". Thus,

eyl 1
max < max
max |p(z)] < max |p(z)|—
" 4+1
— max |p(z );(R ; ) for R> 1.

|2|=1

R"+1
Hence, inequality (3.8) yields M (p; R) < M (p; 1)T+’ which is inequality (3.7),

for polynomials with no zeros inside the unit circle and R > 1.
Aziz and Dawood [2, p. 307] sharpened inequality (3.7) for the case in which

the polynomial p has no zeros on the unit circle. We state their result below.

Theorem 3.5. Let p be a polynomial of degree at most n having no zeros inside

the unit circle, then for R > 1,

|21=1

M) < (5 maxlpta)l - (5 ) minlote)) 39

Equality holds for p(z) = az" + B where |5 > |a].
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For the proof of Theorem 3.5 we need the following theorem given by Aziz

and Dawood [2, Theorem 2].

Theorem 3.6. If P(z) is a polynomial of degree n which does not vanish in the

disk |z| < 1, then

max |P'(z)] < ﬁ{max|P(z)|—mm|P(z)|}.

|z|=1 = 2 | |z=t |z]=1

This result is best possible and equality holds for the polynomial P(z) = az" + (3,

where |G| > |a|.

The proof that we give is partly different from a proof given by Aziz and

Dawood [2, p. 309-310]. We give this proof now. Let M = max|P(z)| and

|z[=1

m = ‘m|in |P(2)|]. Then m < |P(z)| for |z| = 1. Since all the zeros of P(z) lie in
zl=1

|z| > 1, therefore, for every complex number « such that |o| < 1, it follows (by
Rouche’s theorem for m > 0) that the polynomial F'(z) = P(z) — am does not
vanish in |z| < 1.

If we define Q(z) := 2"P(1/Z) and G(z) := 2"F(1/Z), then G(z) has no zeros

F

in |2 > 1. This implies that é)
F(z) o
B < 1 for |z| > 1. Thus, |F(2)| < |G(2)| for |z| > 1, which implies that

z

for every « such that |a| > 1, the function F(z) — aG(z) # 0 in |z| > 1, that

is analytic in |z| > 1, which implies that

is, F(z) — aG(z) has all its zeros in |z| < 1. So, by the Gauss-Lucas Theorem

F'(z) — aG'(z) has all its zeros in |z| < 1, which implies that |F'(z)| < |a||G'(2)]

63



for |[z| > 1. On making a — 1 we get |F'(z)| < |G'(2)| for |z| > 1, which in
particular gives us |F'(e?)| < |G'(e?)| where 0 < § < 27.

Now recall that F(z) = P(z) — am and consider

G(z) = 2"F(1/2)
= Z"P(1/Z) —amz"

= Q(z) —amz".

This implies that G'(z) = Q'(z) — anmz""1. So, we have that

P2 = [F'(2)|
< |G'(2)|, for |z|>1

= |Q(2) —anmz""!|, for |z| >1.

We can choose the argument of a such that

|Q'(2) —anm2"""| = [Q'(2)] - |alnm, for |z =1

where the right hand side is non-negative since |Q'(2)| > |a|nm. Making |a| — 1,

we have that

|P'(z)] < |Q(2)]—nm on |z|=1. (3.10)
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It is well known (see Govil and Rahman [15, p. 511]) that
[P'(2)| +1Q'(2)] < Mn.
Putting this together with inequality (3.10) we get
|P'(z)| + |P'(z)| + nm < Mn,
which implies that
2|P'(z)] < Mn —mn,
giving us

Hence, I‘nlax |P'(z)] < =(M — m), and Theorem 3.6 is proved. O
z|=1

|3

We will now use Theorem 3.6 to prove Theorem 3.5. This proof is given by

Aziz and Dawood [2, p. 310-311]. Let M = max |P(z)| and m = min |P(z)|. Since

|z|=1 z|=1

P(z) is a polynomial of degree n which does not vanish in |z| < 1, therefore, by
Theorem 3.6 we have

n

Pl < .

(M —m), for |z|=1.
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Now, P’(z) is a polynomial of degree n — 1; therefore, it follows from inequality

(3.6) that for all » > 1 and 0 < 6 < 27,

|P/(T’€i6)| S ﬁax |Pl(ei9)|rn—1
z|l=1
gr”_l(M —m).

IN

Also, for each 6 where 0 < 0 < 2,
P(Re?) — P(e) = / e P'(te)dt.
1
This gives
|P(Re®) — P(e")| < / | P! (te)|dt
1

M— R
M —m) 5 m)/ nt" dt
1

IN

= SR )M - m),

for each 6 where 0 < 0 < 27 and R > 1. Hence

—_

[P(Re™)| < [P(e”)] + 5(R" = 1)(M —m)

1
2M+MR”—M+—mR"+m
2 2 2
M+ MR" —m(R"—-1)

- > 2
~ M(R"+1) m(R"-1)
N 2 2
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for each 6 where 0 < 6 < 2m and R > 1. Thus, we have that

R"+1 R —1
P(2)| < M —
T?i‘?-%'(z”—(z) <2>m

for R > 1. Hence, Theorem 3.5 is proved. O]

As Theorem 3.4 is a generalization of inequality (3.7), one would like to obtain
a generalization of Theorem 3.5 for entire functions of exponential type, and this is

done by Govil, Qazi, and Rahman [14, Theorem 2.1]. We state their result below.

Theorem 3.7. Let f be an entire function of exponential type T such that (i)
f(z) # 0 for all z in the open upper half-plane, (ii) 0 < p < |f(z)| < M for all

v € R, (iii) hy (g) — 0. Then

e < M("'y;“)—u(ew"l)7 for yi= 9z <0.

2

The bound is attained for functions of the form

M , M—u ...
= je“’“ + —Melﬁe”z, for a €R, G eR.

J2) = :

As we have seen, the proof of Theorem 3.5 depends on the proof of Theorem
3.6. So, in order to prove Theorem 3.7 (which is a sharpening of Theorem 3.4),
one should first obtain a generalization of Theorem 3.6. This is done by Govil,

Qazi, and Rahman [14, Theorem 2.2], and we state their result below.
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Theorem 3.8. Let f be an entire function of exponential type T such that (i)
f(z) # 0 for all z in the open upper half-plane, (i) 0 < p < |f(x)| < M for all
x € R, (i) hy <g> = 0. Then

M—p

@) <=

T, for xR
The bound is attained for functions of the form

M M- o,
= jew‘ + —'uewe”z, for a€R, [eR.

f) == ;

The proof of Theorem 3.8 depends on the following definitions and lemmas.

An entire function w of exponential type having no zeros for y := Sz < 0
and satisfying one of the conditions (3.3) or (3.4) is said to belong to the class
P. An additive homogeneous operator B[f(z)] which carries entire functions of
exponential type into entire functions of exponential type and leaves the class P
invriant is called a B-operator. An operator B is said to be additive if B[f + ¢g| =

B[f] + Blg], and homogeneous if Blcf] = cB[f].

Lemma 3.1. Let n > 0. The operator 1, which carries the function w into the

function w(z — in) is a B-operator.
The following lemma can be found, for example, in Boas [5, Theorem 11.7.5].
Lemma 3.2. Differentiation is a B-operator.

The next lemma can also be found, for example, in Boas [5, Theorem 11.7.2].
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Lemma 3.3. Let Q be an entire function of class B and of order 1 type o. Fur-

thermore, let w be an entire function of exponential type T < o such that

lw(z)] < |Qx)|, for zeR.

Then, for any B-operator B, we have

Blwl(z)] < [BQ)(x)], for xR

The final lemma is given by Govil, Qazi, and Rahman [14, Theorem 1.1] which

we state below.

Lemma 3.4. Let f be an entire function of exponential type having no zeros in
the closed upper half-plane H, and suppose that |f(z)| > p > 0 on the real awis.

Furthermore, let hy <g> =a. Then,

|f(z+iy)| > pe®, for y>0, z€R

except for f(z) := ce % where c € C and |c| = p.

Lemma 3.4 is of interest in itself because it can be seen as a minimum modulus
principle for entire functions of exponential type not vanishing in a half-plane. It
is in fact, for the proof of Lemma 3.4 that Govil, Qazi, and Rahman [14, Theorem
1.1] needed lemmas 3.1, 3.2, and 3.3, and finally, using Lemma 3.4, they proved

Theorem 3.8.
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We omit the proof of Theorem 3.8 as it is too technical. However, we will use
Theorem 3.8 to prove Theorem 3.7 which is a generalization of Theorem 3.5. We
state the proof of Theorem 3.7 below.

Since f’ is also an entire function of exponential type 7, it follows from The-

orem 3.8 in conjunction with Theorem 3.3 that

M —
5 Mre”, for x€eR, t>0.

|[f'(z—dt)] <

Hence, for any y > 0,

fla—iy)| < /(@) + /Oy|f’(x+it)|dt

Y AT
< M+/ M7"eﬂtdt
0 2

M —
= M+ — Plev —1)

2M + Me™ — M — pe™ +

2
M+ Me™ + p — pe™
2

ev+1 ey —1
- M _
(57) -+ (%),

which is equivalent to

el 11 el — 1
1f(2)] < M( 5 >—M( 5 ), for y <0

which is the desired result. Thus, Theorem 3.7 is proved. O
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