DyYNAMICS AND SYNTHESIS OF KINEMATIC CHAINS WITH IMPACT AND CLEARANCE

Except where reference is made to the work of others, the work described in this
dissertation is my own or was done in collaboration with my advisory committee.

Eleonor D. Stoenescu

Certificate of Approval:

George T. Flowers
Professor
Department of Mechanical Engineering

Dan B. Marghitu, Chair
Professor
Department of Mechanical Engineering

David G. Beale
Professor
Department of Mechanical Engineering

Amnon J. Meir
Professor
Department of Mathematics

Stephen L. McFarland

Dean

Graduate School



DYNAMICS AND SYNTHESIS OF KINEMATIC CHAINS WITH IMPACT AND CLEARANCE

Eleonor D. Stoenescu

A Dissertation
Submitted to
the Graduate Faculty of
Auburn University
in Partial Fulfillment of the
Requirements for the
Degree of

Doctor of Philosophy

Auburn, Alabama

May 13, 2005



VITA

Eleonor D. Stoenescu, son of Eleonor and Felicia Stoenescu, was born on January
15th, 1975, in Cisnadie, Romania. In 1993, he entered the University of Craiova, De-
partment of Mechanical Engineering, where he received his B.S. Diploma in 1998. He
received his M.S. Diploma from the same department in 1999. During 1999-2000 he
worked as an instructor at the Department of Electrical Engineering of the University of
Craiova. In August 2000 he joined the doctoral program of the Department of Mechanical

Engineering at Auburn University, Alabama.

iii
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Directed by Dan B. Marghitu

In this dissertation, the dynamics and synthesis of open and closed kinematic chains
with frictional impact and joint clearance is studied.

First, the impact between rigid bodies with friction is investigated. A new model
of impact with friction is presented. The coefficient of rolling friction is defined and the
moment of rolling friction is introduced to the impact equations. The influence of the
moment of rolling friction and the geometrical characteristics of the links on the energy
dissipated by friction during the impact is analyzed.

Next, the effect of prismatic joint inertia on the dynamics of kinematic chains is
analyzed. The effect of the prismatic joint inertia on the position of the application
point of the joint contact forces is investigated. The influence of the joint inertia on
the dynamic response of a spatial robot arm with feedback control is analyzed. Also,
the influence of the joint inertia on the dynamic parameters of a planar mechanism is
exemplified using inverse dynamics.

Furthermore, a planar rigid-link mechanism with rotating prismatic joint and clear-

ance is modeled. The influence of the clearance gap size, crank speed, friction, and

v



impact parameters on the dynamics of the system is analyzed. Nonlinear dynamics tools
are applied to analyze the data captured from the connecting rod of the mechanism.
Finally, a new structural synthesis of spatial mechanisms is developed based on the
system group classification. Spatial system groups of different families with one, two,
and three independent contours are presented. The advantage of the analysis of spatial
mechanisms based on the system group classification lies in its simplicity. The solution
of mechanisms can be obtained by composing the partial solutions of system groups.
For the previous models of impact with friction, the effect of the rolling friction was
neglected. In this dissertation, the moment of rolling friction is defined and introduced
to the impact equations. Prismatic joint inertia must be included for modeling high-
speed machine tools, manipulators, and robots. This problem is important, because in
some cases the moment of inertia of the prismatic joints is comparable to the moment
of inertia of the links and may significantly influence the dynamics of the system at high
speeds. Periodic motion is observed for the mechanism with rotating prismatic joint and
no clearance. The response of the mechanism with joint clearance is chaotic at relatively
high crank speeds. Also, a general method is presented in order to determine all the

configurations of complex spatial system groups and to automate the process.
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CHAPTER 1

INTRODUCTION

Consideration of dynamic modeling is an important part in the analysis, design and
control of mechanical systems such as mechanisms, manipulators, robots, etc. In general,
mechanical systems have several desirable features relative to the coupling contact forces
such as higher speed, improved mobility and stability, and reduced power consumption.
The dynamics of mechanical systems with frictional contacts and impacts has been de-
veloped and applied to many industrial applications. One of the important factors that
influence the dynamic stability and the performance of machines is joint clearance. In
the last years, many researchers have been studied the effects of the clearance on the
motion of mechanical systems.

In this dissertation the nonlinear dynamics of a mechanism with rotating prismatic
joint and clearance is investigated. Nonlinear dynamics tools were applied in order to
study the behavior of the mechanism. Frictional contacts and impacts and prismatic
joint inertia have been considered to model the mechanism.

In Chapter 2 a new model of rigid body impact with friction is presented. The
coefficient of rolling friction and the moment of rolling friction are introduced.

In Chapter 3 the influence of the prismatic joint inertia on the position of the
application point of the joint reaction forces and the effect on the dynamics and control

of open and closed kinematic chains is analyzed.



In Chapter 4 the nonlinear dynamics of a planar, rigid-link mechanism with pris-
matic joint clearance is investigated. The influence of the clearance gap size, crank speed,
friction and impact parameters on the nonlinear behavior of the system are analyzed.

In Chapter 5 a new structural synthesis of spatial mechanisms is studied based on
the system group classification. Structural synthesis of mechanisms with the specified
number of contours and joint types is necessary in order to systematize the creative
design process.

Finally, in Chapter 6, general conclusions are recorded. For mechanical systems
with no clearance, the motion is periodic. Chaotic motion is observed for mechanical

systems with joint clearance.



CHAPTER 2

IMPACT WITH MOMENT OF ROLLING FRICTION

The impact between rigid bodies and rough surfaces is studied. The rolling friction
moment and the coefficient of rolling friction are introduced, and an improved math-
ematical model of the planar impact with friction is presented. The influence of the
moment of rolling friction on the energy dissipated by friction during the impact is ana-
lyzed. For a simple pendulum, using the energetic coefficient of restitution, more energy
is dissipated for larger values of the coefficient of kinetic friction and contact radius, and
for smaller values of the length of the beam. For a double pendulum, using the kinematic
coefficient of restitution, in some cases one can obtain energetically inconsistent results.
If the moment of rolling friction is introduced, this problem can be solved for some values

of the coefficient of rolling friction.

2.1 Introduction

Newton [1] defines the coefficient of restitution e as a kinematic quantity that is used
to derive a relation between the normal impact velocities of approach and separation at
the contact point. Poisson [2] divides the collision period in two phases, compression
and restitution. Poisson defines e as a kinetic quantity that relates the normal impulses
at the contact point that occur during each phase. Routh [3] presented a graphical
method based on Poisson’s hypothesis [2] to treat collision problems. Later Whittaker [4]
expanded Newton’s method [1] considering the frictional impulse. Routh and Whittaker

presented different approaches in the treatment of motion on the tangential direction at



the point of contact. Routh solves for the slipping velocity during collision and introduces
the possibility of changes in slipping direction during contact. Considering Whittaker’s
method, slipping occurs when the ratio of the normal and tangential impulses are greater
that the coefficient of friction pu.

Kane and Levinson [5] observed that the classical solution of rigid body impact
problems using Newton’s theory produces energetically inconsistent results. Keller [6]
attributed this paradoxical behavior to slip reversals during collision subject to frictional
effects. The Newtonian approach ignores the changes in the direction of slip, leading to
the overestimation of the rebound velocity as a result of impact. Keller introduced a
revised formulation of rigid body collision equations based on Poisson’s hypothesis such
that impact never increases energy. Stronge [7, 8] divided the energy that is dissipated
during collision into two portions: dissipation due to frictional impulse and dissipation
due to normal impulse. He solved the impact with friction problem using an energetic
coefficient of restitution.

Brach [9, 10] has proposed a solution scheme based on revising Whittaker’s method
in order to avoid energy increases from resulting solutions. The approach treats the
tangential impulse as a constant fraction p of the normal impulse. Then energy loss is
examined to determine the appropriate value of u that can be used in the actual solution.
He has expanded his approach, to treat contacts that take place over finite areas and
introduced a moment coefficient e, to solve the collision problem. The same author [11]
has introduced a moment due to peeling at the trailing edge of the contact surface during

rolling in the equations of a planar impact of a sphere in the presence of adhesion.



Marghitu [12] presented some impact friction versus impact angle plots for slender
steel beams with semi-spherical ends impacting the hard surface of a massive concrete
object. Similar impact friction plots were reported by Stoianovici and Hurmuzlu [13] for
a slender beam impacting a half-space. The classical coefficient of restitution is found to
depend strongly on the orientation of the bar, and the impacts are divided into a series
of micro-impacts. Calsamiglia et al. [14] observed that the coefficient of friction for
disks impacting a massive surface is found to depend on the inclination angle. Osakue
and Rogers [15] presented an experimental study of friction during planar low-speed
oblique impacts. Johansson and Kalbring [16] developed a numerical algorithm where
the impenetrability condition and Coulomb’s law of friction were formulated as equations
in terms of velocities and impulses rather than displacements and forces.

Pfeiffer and Glocker [17] presented theoretical and applied aspects of the dynamics
of multiple unilateral contacts in multibody mechanical systems. Kinetic restitution
was considered for the normal direction as well as the tangential restitution effects.
The problem of rigid body collision with multiple contact points was also studied by
Marghitu and Hurmuzlu [18]. Hurmuzlu [19] introduced a new method to solve collision
problems of slender bars with massive external surfaces on a revised energetic coefficient
of restitution that resolves the effect of impact induced vibrations on the post-collision
velocities of the impacting bars. The impulse-based rigid-body as well as the alternative
compliance-based approaches have failed to produce valid solutions to the problem of
predicting the post-impact velocities in multi-impact systems. Ceanga and Hurmuzlu
[20] considered the impulse-momentum-based rigid-body approach and solved the non-

uniqueness difficulty by introducing a new constant called the impulse transmission ratio.



In the new algebraic rigid-body collision model presented in Chatterjee and Ruina
[21], it is possible to predict partially sliding disk collisions for suitable choices of the tan-
gential coefficient of restitution. Lankarani [22] presented a general formulation for the
analysis of impact problems with friction in both open- and closed-loop multibody me-
chanical systems. Newton’s coefficient of friction and Poisson’s coefficient of restitution
were used as known quantities.

For the previous models of impact with friction, the effect of the rolling friction was
neglected. In this paper, the moment of rolling friction is defined and introduced to
the impact equations. For the simple pendulum, the energetic coefficient of restitution
and the coefficient of rolling friction are used to model the impact. The influence of
the coefficient of kinetic friction and the geometrical characteristics (the impact angle,
the length and the contact radius of the beam) on the energy dissipated by friction
during impact is analyzed. For the double pendulum, using the kinematic coefficient
of restitution, in some cases one can obtain energetically inconsistent results. If the
moment of rolling friction is introduced, this problem can be solved for some values of

the coefficient of rolling friction.

2.2 Rolling friction

A homogeneous circular disk in motion on an inclined plane is shown in Fig. 2.1.
The fixed cartesian reference frame xOyz is chosen with the origin at O. The angle
between the axis Oz and the horizontal is «. The contact point between the disk and
the plane is B. The disk has the mass m, the radius r, and the center of mass at C. The

gravitational acceleration is g.



Figure 2.1: Homogeneous disk in motion on an inclined rough plane.



2.2.1 Pure rolling (no sliding)

The forces that act on the disk are the gravitational force G = —mgj at the point
C, the normal reaction force N of the plane and the friction force F; at the contact point
B. The rolling friction is considered negligible. The position vector r¢ of the center of
mass C of the disk is

rc =xcl-+rj. (2.1)

The velocity vector v of the center of mass C of the disk is

Vo =T0 =201+ 7) = Tol. (2.2)

Denoting ¢ = v, the velocity of the center of mass C' becomes

Ve =l (2.3)

Thus, the acceleration vector of ac of the center of mass C of the disk is

One can express the velocity vp of the contact point B as

vp=ve+wx CB=u+ (—wk) x (-1)) = (v —rw)1. (2.5)



In order to find the equation of motion for the disk, one can write the Newton’s equation

mac = Y F. (2.6)

The sum of the external forces can be written as

ZF:mg+Ff+N:(mgsina—Ff)l—i-(N—mgcosa)J, (2.7)

where Fy = —F1is the friction force, and N = N} is the reaction force of the plane on

the disk. From Egs. (2.4), (2.6), and (2.7) one can write the following equations

mv = mgsina — Fy, (2.8)

N = mgcos a. (2.9)

The following moment equation can be written for the disk with respect to its center of

mass C

Ica=) Mg, (2.10)
where I¢ is the mass moment of inertia with respect to the point C', « = w = —wk is
the angular acceleration, and w = —wk is the angular velocity of the disk. The sum of

the external moments can be written as

> Mg =CBxF = (-1j) x (—F1) = —rFyk. (2.11)
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From Egs. (2.10) and (2.11) one can write the following equation
I = rFy. (2.12)
For no sliding, the velocity vp is zero (vp = 0). Thus, from Eq. (2.5) one can write

w =wv/r and Eq. (2.12) becomes

b
Ie—5 = Fy. (2.13)

From Egs. (2.8) and (2.13) the following equation of motion can be derived
Ic . .
m+ — | ¥ = mgsina. (2.14)
r

A homogeneous disk is considered in our case and the mass moment of inertia with

2
,
respect to its center of mass is Ioc = m; Thus, Eq. (2.14) can be written as

2
0= ggsina. (2.15)

Condition for pure rolling

From Eq. (2.8) and Eq. (2.15) one can compute the friction force Fy as
Fy = —gsina. (2.16)
The condition for the disk of rolling without sliding on the plane is

Fy < iV, (2.17)
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where gy is the coefficient of kinetic friction. From Eq. (2.9), Eq. (2.16), and Eq. (2.17)
one can obtain

tan a < 3, (2.18)

or

a<®, (2.19)

where the sliding friction angle ® can be determined from the equation

tan ® = 3ug, where g = tan ¢. (2.20)

Eq. (2.19) represents the condition for rolling without sliding of the disk on the plane.
If the angle a of the plane is smaller than the sliding friction angle ®, the disk rolls on
the plane without sliding. If the angle « of the plane is greater than the sliding friction
angle @, the disk rolls and slides on the plane simultaneously.
Moment of rolling friction

Experimentally one can observe that if the angle a of the plane is small enough, the disk
does not move. The equilibrium conditions for the disk are v = 0, and w = 0. The
rolling is stopped by a rolling resistant moment My that balances the active moment
rEFy

My = rFy. (2.21)

The acceleration ¥ is zero and from Eq. (2.8) one can express the friction force as Fy =

G sin . Thus, one can write

My =rmgsina = rN tana. (2.22)
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If ag is the value of the angle o when the rolling starts, the moment M/ is called the

rolling friction moment and has the value

My = rN tan ag. (2.23)

The constant r tan g is denoted by s and represents the coefficient of rolling friction

s = rtanayg. (2.24)

The rolling friction moment My become

M; = sN. (2.25)

The rolling friction moment M} is proportional to the normal reaction N and has the

expression
w
M/ =—sN—. (2.26)
! wl
2.2.2 Rolling with moment of friction
In this case, Eq. (2.10) becomes
Iw=rF; —sN. (2.27)

From Eq. (2.8) and Eq. (2.27) one can write

2 2si —
0= g(sina —cosatanog)g = Sl?r,lij—sa()a(]) . (2.28)
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In this case, the rolling condition is

sin(a — ag) < 3sin(¢ — ap)

2.29
€os oy - cos ¢ ( )
or
tan a < tan ¢ + 2(tan ¢ — tan ). (2.30)
Eq. (2.30) can also be written as
a <o, (2.31)
where the angle ® can be obtained from
tan ® = tan ¢ + 2(tan ¢ — tan ayp). (2.32)

For the motion of the homogeneous disk on the plane of slope «a, the following three
cases are possible:

Case 1. a < o (Eq. (2.28)). The disk has no motion.

Case 2. ap < a < @ (Eq. (2.32)). The disk has pure rolling (no sliding) motion.

Case 3. a > ®. The disk has rolling and sliding motion simultaneously .

2.3 Impact with moment of rolling friction

2.3.1 Simple pendulum and energetic coefficient of restitution

The planar rigid pendulum with mass M and length L pivots around the frictionless
pin joint O, and the tip impacts an inelastic horizontal surface S at point C (Fig. 2.2).

The fixed cartesian reference frame xOyz is chosen. The inclination of the pendulum
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with respect to the vertical axis Oy is the angle 6. At the impact point C, the coefficients
of kinetic and static friction are pp and ps, the coefficient of rolling friction is s, and
the energetic coefficient of restitution is e,. The ratio ws/w, of the separation angular
speed ws = w(ts) and the approach angular speed ws = w(t,) at impact is calculated.
The kinetic energy of the pendulum is

1
T = §Iw‘w, (2.33)

where [ is the mass moment of inertia with respect to the joint O and w = wk is the
angular velocity of the pendulum.

The position of the contact point C' relative to the center of axis O can be expressed as
rc = —r1—y]j, (2.34)
where x = Lsinf and y = Lsin . Thus, the velocity of the point C is
Vo =w X 1. (2.35)

The differential of the impulse dp = dp; + dp,) at the contact point C' satisfies the

Amontons-Coulomb law

dpt — Mkdpna Ve -1 < 07
—prdpy, < dpy < prdpn, vo-1=0, (2.36)

dps = —ppdpn, vo 1> 0,
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Figure 2.2: Impact of a rigid simple pendulum with a rough horizontal surface.
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where p; is the tangential impulse and p,, is the normal impulse to the surface S at the
point C.

The impact equation for the pendulum can be written as

oT oT ove ow
- (=) ====. n — - My, 2.
<3w>ts (8w>ta ow (pex - poa) + Ow d (2.87)

where ¢, and ¢s are the approach and separation moments at the impact and My =
—spnﬁ is the rolling friction moment at the point C.
The slip reverses in the direction of the compression impulse p. simultaneously with the
transition from compression to restitution. From Eq. (2.53) one can obtain the angular
velocity w as a function of the normal impulse p, = p

- wp, 0 <p<pe,

wip) =4 I (2.38)

r— Uy — S
—7M[y (p—pe), Pe <p < Ds,

where p; is the separation impulse.
In order to have slip reversal, the following condition must be satisfied us < tan@.
Otherwise the pendulum sticks after compression (ws = 0).

The compression impulse p. can be calculated from j-ve(p.) =0 as

Tw,
= 2.39
Pe s S  y + (2:39)

The work of the normal impulse during compression W, (p.) is

(x4 Yy +5) o

Pc €T
Wh(pe) =/0 J-ve(p)dp = — Vi P (2.40)
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The work of the normal impulse during restitution W, (ps) — Wy (pc) is

Walps) = Walpe) = [y -voliip="EBIZD o,y o)

The energetic coefficient of restitution e, (Stronge [7]) can be written as

2 Wi(ps) = Wa(pe) = —pry —s (& _ 1>2 , (2.42)

Wn(pc) T+ pry + 8 \De

From Eq. (2.42) one can compute the separation impulse ps as

T+ +s
Ps = De (1 ey | RIS ) : (2.43)
T — gy —
The ratio of the angular velocities of separation w(ps) and approach w(0) becomes
ws _wps) _ Ty =5 (2.44)
we  w(0) T+ gy + s

. .. LW
For no rolling friction moment (s = 0) the ratio — becomes
Wa

1— i cot 8
Yo _ g |7 HECT (2.45)
Wy 1+ pgcotd

2.3.2 Double pendulum and kinematic coefficient of restitution

In Fig. 2.3, two uniform rigid rods 1 and 2 with lengths I; and Ls and masses
mq and me are joined at point B by a frictionless pin joint in order to form a planar
double pendulum. The end of the rod 1 pivots around a frictionless pin joint at O. The

free end of the rod 2 strikes a rough horizontal surface S at the point C'. The rods
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have the angles of inclination from axis Oy denoted by #; and 6> and angular speeds
of magnitudes w; = 91 and wy = ég, respectively. The fixed cartesian reference frame
xOyz is chosen. At the impact point C, the coefficients of kinetic and static friction
are up and pg, the coefficient of rolling friction is s, and the kinematic coefficient of
restitution is e. The separation angular speeds wy; and wsy are calculated with respect
to the approach angular speeds w,1 and wgo and the initial angles 619 and 6sy. Also, the
difference AT = Ts — T, of the kinetic energies of separation and approach Ts and T, at
the impact is computed. The positions of the center of masses C; and Cy of the rods 1

and 2 are

L L
rol = —71 sin f11 — 71 cos 6], (2.46)
. Ly . Ly
rc2 = _(Ll Sin 91 —|— 7 Sin 92)1 — (Ll COS 91 + ? COS 92).] (247)

The velocities of the center of masses C'y and Cy are
Vol = To1, and vog = Teo. (2.48)
The position of the contact point C' is
rco = —(Lysin6y + % sinf2)1 — (Lq cos b + % cos 03)]. (2.49)

The velocity of the contact point C'is vo = r¢.

The kinetic energies 77 and 75 of the rods 1 and 2 are

1
Ti = §(miv0i Vi + Icl-wi . wi), 7= 1, 2, (250)
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Figure 2.3: Impact of a rigid double pendulum with a rough horizontal surface.
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where I¢; is the mass moment of inertia with respect to the point C; and w; = w;k is
the angular velocity of the rod 7, for i =1, 2.

The kinetic energy T of the double pendulum is

T=1T+1T5. (251)

The differential of the impulse dp = dp;1 + dp,) at the contact point C satisfies the

Amontons-Coulomb law

dpy = pgdpn, vo-1<0,
—pkdpy < dpy < pdpn, vo-1=0, (2.52)

dp; = —pdpn, vo-1> 0,

where p; is the tangential impulse and p,, is the normal impulse to the surface S at the
point C'.

The impact equation for the rod ¢ can be written as

or orT aVC’ 8(.01 .
[ — —_— = — . . M , — 17 2’ 2
<0wi)t5 <8wi)ta 6(,%- (ptl Tp ']) + 8wi [t ( 53)

where ¢, and t; are the approach and separation moments at the impact and My =
w

—spnﬁ is the rolling friction moment at the point C.
w2

The velocities of approach and separation v, and v, of the point C' can be expressed

as

Voo = Vo(te), and ves = ve(ts). (2.54)
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In order to have slip reversal, the following condition must be satisfied ps < , other-

n

wise the rod 2 sticks after compression (veg -1 =0).
Using the kinematic coefficient of restitution e (Newton [1]) the following equation can

be written

e=——Cs'd (2.55)
VCa ]

From Egs. (2.53) and (4.107) one can compute the angular velocities of separation w;s
and wsg for the rods 1 and 2.

The kinetic energy dissipated by friction AT is

AT = T(t,) — T(ta), (2.56)

where T'(t,) and T'(t5) are the kinetic energies before and after the impact for the double

pendulum.

2.4 Results

2.4.1 Simple pendulum

In this section, results from computer simulations are presented. The rigid pendulum
impacting a rough horizontal surface is shown in Fig. 2.2. The energetic coefficient of
restitution is e, = 0.3. Figures 2.4, 2.5, and 2.6 illustrate the ratio of the separation
angular speed wg, the approach angular speed w,, and the coefficient e, as a function of
the angle 0 at the impact. The effect of the energy dissipated by friction at the impact
between the pendulum and the horizontal surface S is shown. At small values of the

angle 0 the contact sticks (ws = 0), if the coefficient of static friction is sufficiently large
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(s > tan®). Also, for small angles 6 the work done by the friction force F; is large in
comparison with the work done by the normal contact force F,.

In Fig. 2.4 the pendulum with the length L = 0.2 m and the contact radius r =
0.002 m is considered. The ratio (ws/w,)/ex, that characterizes the energy dissipated
by friction at the impact, is plotted as function of the angle 6 using different values of
the coefficient of kinetic friction pj. The results for no friction moment (M; = 0) are
represented with continuous line and the results for nonzero friction moment (My # 0)
are represented with dotted line. For larger values of uy, larger differences between the
ratios considering zero and nonzero friction moment My are observed. For example, for
0 = 1.044 rad and p; = 0.3 the difference of ratios is d;y = 0.010, and for 6 = 1.044 rad
and pp = 0.9 the difference of ratios is dyy = 0.025.

In Fig. 2.5 the length L of the pendulum is modified while all the other parameters
are kept constant. Less energy is dissipated by friction for larger values of L. For example,
for = 0.002 m, g = 0.3 = constant, and § = 1.044 rad, the ratio (ws/w,)/e. = 0.784
corresponds to L = 0.040 m and the ratio (ws/wg)/ex = 0.801 corresponds to L = 0.060
m.

A relation can also be established between the contact radius r of the pendulum and
the energy dissipated at impact (Fig. 2.6). Less energy is dissipated by friction for smaller
values of r. For example, for L = 0.200 m, pp = 0.5 = constant, and § = 1.044 rad, the
ratio (ws/wq)/e« = 0.729 corresponds to » = 0.001 m and the ratio (ws/wg)/e« = 0.706

corresponds to 7 = 0.004 m.
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Figure 2.4: The influence of the coefficient pj and the angle 6 on the ratio (ws/wg)/ex

for My =0 and My # 0.
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Figure 2.5: The influence of the length L and the angle 6 on the ratio (ws/w,)/ex for
My #0.
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Figure 2.6: The influence of the radius r and the angle 6 on the ratio (ws/w,)/ex for
My #0.
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2.4.2 Double pendulum

The rigid double pendulum impacting a rough horizontal surface is shown in Fig. 2.3.

For the rods 1 and 2, the following data are given: the masses m; = mo = 3 kg, the
lengths L1 = Ly = 2 m, the mass moments of inertia with respect to the axis Oz are
Ici = Ico = 1 kg m?, the inclination angles with respect to the axis Oy are #; = 20°
and #; = 30°, and the magnitudes of the angular speeds are w; = 1 rad/s and wy = 2
rad/s.
Figure 2.7 illustrates the energy variation AT as function of the coefficient e, for different
values of the coefficient s and constant coefficient of kinetic friction py = 0.3 = constant.
For s = 0 (no moment of rolling friction) and 0.45 < e < 0.65, the energy variation AT
is positive and a paradoxical increase of energy is observed. Using a moment of rolling
friction, negative energy variation AT is obtained and energetically consistent results
for s > 0.16 and 0.45 < e < 0.65. For example, for e = 0.55 and s = 0, it results
AT = 2.455 J, and for e = 0.55 and s = 0.16, it results AT = —1.783 J. For s = 0.08,
the energy variation AT is negative for 0.45 < e < 0.55 and positive for 0.55 < e < 0.65.
For example, for s = 0.08 and e = 0.5, it results AT = —0.779 J, and for s = 0.08 and
e = 0.6, it results AT = 0.926 J.

Figure 2.8 illustrates the energy variation AT as function of the coefficient puy,
for different values of the coeflicient s and constant kinematic coefficient of restitution
e = 0.5 = constant. For s = 0 (no moment of rolling friction) and 0.3 < pj < 0.4, the
energy variation AT is positive and a paradoxical increase of energy is observed. Using
a moment of rolling friction, negative energy variation AT is obtained and energetically

consistent results for s > 0.25 and 0.3 < ux < 0.4. For example, for u = 0.35 and s = 0,
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Figure 2.7: The influence of the coefficients s and e on the energy variation AT.
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it results AT = 1.538 J, and for pur = 0.35 and s = 0.25, it results AT = —2.354 J.
For s = 0.15, the energy variation AT is negative for 0.3 < i < 0.35 and positive for
0.35 < up < 0.4. For example, for s = 0.15 and g = 0.3, it results AT = —2.344 J, and
for s = 0.15 and ug = 0.4, it results AT = 3.037 J.

Using the kinematic coefficient of restitution e to model the impact, for no rolling
friction moment (My = 0), the energy variation AT is positive in the cases considered
above and paradoxical results are observed (Kane and Levinson [5]). Using a rolling
friction moment (M; # 0), the energy variation AT becomes negative for sufficiently

large values of s and energetically consistent results are obtained.

2.5 Conclusions

The results show the influence of the moment M on the energy dissipated by friction
during the impact for different values of the parameters 6, s, ug, e, L, and r. More
energy is dissipated during impact for larger values of s. For the simple pendulum, using
the rolling friction moment, the ratios of the separation angular speed, approach angular
speed, and the energetic coefficient of restitution are compared for a constant value of
i and different values of the length L and the radius r of the beam. For the double
pendulum, when the kinematic coefficient of restitution e is used to model the impact,
an energy increase is observed in some cases. One can partially solve this problem and
obtain energetically consistent results introducing the moment of rolling friction M; to
the impact equations. In order to validate the analytical results, experimental data are

needed.
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CHAPTER 3

EFFECT OF PRISMATIC JOINT INERTIA

The effect of prismatic joint inertia on dynamics of kinematic chains with friction
is investigated. The mathematical model of a planar kinematic chain consisting of a
prismatic joint sliding along a link that is connected to a revolute joint is developed.
The influence of the slider inertia on the position of the application point of the joint
forces is analyzed. The effect of the slider link inertia on the dynamic response of a spatial
robot arm with feedback control is analyzed using Kane’s formulation. Larger values of
the initial condition response characteristics are observed for larger values of the slider
link inertia. Also, the effect of the prismatic joint inertia on the dynamic parameters of
a planar mechanism is exemplified using inverse dynamics based on the Newton-Euler’s
method. Numerical results are obtained and compared for zero and larger values of the
prismatic joint inertia at different speeds. The numerical simulations reveal that the
effect of slider inertia may be negligible at low speeds, but becomes significant at high

speeds.

3.1 Introduction

The center of mass simplifies the translational motion of the body, but it gives no
information about the distribution of the mass on the body. The mass of the body rep-
resents the amount of matter contained in the body and the resistance of the body to

translational motion. The quantity that is dependent on how the mass is distributed and

30
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describes the resistance of the body to rotation is the mass moment of inertia. Consid-
eration of dynamic modeling is an important part in the analysis, design and control of
mechanical systems such as mechanisms, robots, manipulators, etc. In general, mechan-
ical systems have several desirable features relative to the coupling contact forces such
as higher speed, improved mobility and control, and reduced power consumption. The
dynamics of mechanical systems with frictional contacts has been developed and applied
to many industrial applications. Examples in this area include fingered grippers [23] and
manipulation systems [24]. The contact normal and tangential forces can be determined
if the contacts are known for systems with independent constraints [25]. The contact
forces cannot be uniquely determined when the constraints are not all independent. It
has been shown that the initial value problem has no solution or multiple solutions for
some initial conditions [26].

The dynamics of elastic manipulators with prismatic joints has been investigated
by Kim [27] and Buffinton [28]. They examine the motion of a single beam moving
longitudinally over two distinct points. The equations of motion are formulated by
treating the beam’s supports as kinematical constraints imposed on an unrestrained
beam. Gordaninejad, Azhdari, and Chalhoub [29] examined the motion of a planar robot
arm consisting of one revolute and one prismatic joint. Benson and Talke [30] investigated
the dynamics of a magnetic recording slider of a rigid disk during its transition between
sliding and flying. The slider is modeled as a three degree-of-freedom system, capable of
lift, pitch, and roll. In addition to the load from the suspension arm and the impulsive

load arising from slider/disk collisions, they also considered the load due to inertia.
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Do and Yang [31] solved the inverse dynamics of the Stewart platform manipulator
[32] assuming the joints are frictionless and the moment of inertia of the legs has not
been updated as a function of configuration in the simulation algorithm for path tracking.
Ji [33] considered the question of leg inertia and studied its effect on the dynamics of
the Stuart platform. The dynamic and gravity effects as well as the viscous friction
at the joints were considered for the inverse dynamic formulation of the general Stuart
platform presented by Dasgupta and Mruthyunjaya [34]. Important research related to
the subject of the present paper has been done by Xi, Sinatra, and Han [35]. The authors
investigated the effect of leg inertia on dynamic parameters of sliding-leg hexapods.
The theory presented in this study can be applied to the dynamic modeling of parallel
manipulators with prismatic joints [36].

In the present paper, the effect of slider link mass moment of inertia on the dynamics
of mechanical systems with friction is investigated. The mathematical model of an open
kinematic chain is developed using Lagrange’s method for unconstrained and constrained
systems. Also, a controlled three-link planar robot arm is modeled by using Kane’s
method. A conventional feedback control [37] is used for the robot. The three-link
planar mechanism and the controlled three-link planar robot arm with prismatic joint
are presented as applications. The influence of the prismatic joint mass moment of inertia
on dynamic parameters as the application point of the joint contact forces, angular speed
of the links, actuator torques and forces is analyzed.

In general, the effect of prismatic joint inertia may be negligible at low speeds, but

becomes significant at high speeds. Hence, prismatic joint inertia must be included for
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modeling high-speed machine tools, manipulators, and robots. This problem is impor-
tant, because in some cases the moment of inertia of the prismatic joints is comparable
to the moment of inertia of the links and may significantly influence the dynamics of the

system at high speeds.

3.2 Mathematical background

The planar two-link mechanical system shown in Fig. 3.1 is considered. The carte-
sian reference frame xpOyp is chosen. The mobile reference frame xOy attached to the
link 1 is considered. The angle between the axis Ox and Oz is 0. For the links 1 and
2 the masses are m; and me, and the center of mass locations are designated by C; and
C5. The length of the link 1 is L. The distance OC5 is denoted by r. The coefficient of
friction between the links 1 and 2 is u. The gravitational acceleration g is considered.

The gravitational forces G; and Go that act on the links 1 and 2 are

G1 = —myg (sinbr+ cosf)), Go = —mag (sin b1+ cos b)) . (3.1)

The reaction force F12 and the friction force F 15 exerted by the link 1 to the link 2 can
be written as

Fio = N), Fpip = —puNsign(r)1 (3.2)

The reaction force Fa; and the friction force F r91 exerted by the link 1 to the link 2 are

Fo1 = —F12, Fpi2 = —Fyo. (3.3)
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Figure 3.1: a. Open kinematic chain with slider and friction; b. Force diagram for the
link 1; c. Force diagram for the link 2.
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3.2.1 Newton-Euler equations

The dynamic system presented above is considered (Fig. 3.1) and the equations of
motion are derived by using the Newton-Euler’s method.
The position rp of the point P is

rp =pi, (3.4)

where P is the application point of the reaction force N between the links 1 and 2.
The sum of the moments for the link 2 with respect to the center of mass C5 is zero
(Fig. 3.1.c)

(I‘p — I'CQ) X F12 — ICQOé =0. (3.5)
One can solve the linear equation Eq. (3.5) with respect to p

I, -
= —0. 3.6
p=rd (3.6)
The sum of the forces that act on the link 2 is zero (Fig. 3.1.c)
G2 +Fi2 +Fpo —maoag, = 0. (3.7)

One can project Eq. (3.7) on j direction and find the reaction force N

N = my(gcos 0 + 270 + rb). (3.8)
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One can project Eq. (3.7) on 1 direction
ma(gsin@ — rf* + i) + uNsign(i-) = 0. (3.9)
The sum of the moments for the link 1 with respect to the point O is zero (Fig. 3.1.b)
ro, X Gy +rp xFoy —Ic,,a =0. (3.10)
One can project Eq. (3.10) on k direction

1 .
6m1L1(390089+2L9) + Np=0. (3.11)

From Egs. (3.9) and (3.11) one can derive and solve the equations of motion with respect

to r and 6.

3.2.2 Lagrange equations (unconstrained system)

For the mechanical system shown in Fig. 3.1 the equations of motion for the uncon-
strained system are derived using Lagrange’s method. The polar coordinates ¢; = r and
g2 = 0 are chosen as generalized coordinates.

The positions r¢, and re, of the centers of mass Cj and C are

re, = —1, rg, =Tl (3.12)

po|
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The angular velocity w and angular acceleration « of the links 1 and 2 are

w =0k, a=0k. (3.13)

The velocities v, and v, of the points C7 and C5 can be expressed as

vo, =Trc, twXre, Vo, =Tc, + W X Irg,. (3.14)

The position rp of the point P is

rp = pi, (3.15)

where P is the application point of the reaction force Fis.

The sum of the moments for the link 2 with respect to Cs is zero (Fig. 3.1.c)

(rp —re,) X F1g — Io,a = 0. (3.16)

One can solve the linear equation Eq. (3.16) with respect to p

_[02 ..
— 24 3.17
p=rt (3.17)

The sum of the forces that act on the link 2 is zero

Gy +Fqo+ Ffi2 —moac, = 0. (3.18)
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One can project the constraint Eq. (3.18) on j direction and find the reaction force N
N = my(gcos 8 + 270 + rb). (3.19)

The Lagrange differential equations are

d (0T oT ,

where T is the total kinetic energy and @); is the generalized force corresponding to ¢;.

The kinetic energy T} for the link 1 is

1
T = ilow ‘W, (3.21)

where Ip is the mass moment of inertia of the link 1 with respect to the point O.

The kinetic energy T5 for the link 2 is

1 1
T, = gmave, Ve, + 5[(;20) ‘W, (3.22)

where I, is the mass moment of inertia of the link 2 with respect to the center of mass
Cs.
The total kinetic energy is

The velocity vp, and vp, of the point P attached to the links 1 and 2 can be written as

Vp =W XTp, Vp, =wXrp+Tp. (3.24)
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The relative velocity vp,, of the link 2 with respect to the link 1 is

Vpy =Vp, —Vp =Tp. (3.25)

The generalized force @); for the link i is

ove, ove ovp
;= -G 2.G L (F F
Q 9, 1+ o 2+ 94, (Fo1 + Fyo1) +
0

From Egs. (3.26), (3.25), and (3.3) one can write the generalized force Q; as

ovey ove, ovp,,
;= el el
¢ 9q; 1 9q; 2t 9q;

- (Fi2+Fy12), i =1,2. (3.27)

From Eq. (3.20) one can derive and solve the equations of motion with respect to ¢; and

q2-

3.2.3 Lagrange equations (constrained system)

For the mechanical system shown in Fig. 3.1 the equations of motion for the con-
strained system are derived using Lagrange’s method. The rod (link 1) and the slider
(link 2) are considered separately. The motion of the slider is expressed using the polar
coordinates r and 6. To express the motion of the rod the angle ¢ is introduced. One
can chose the generalized coordinates qg1 = r, g = 0, and g3 = ¢.

The constraint equation is

0—¢=0. (3.28)
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The Lagrange differential equations are

d (0T oT
—— |\ 5 ) — = i, .:1727 ) 2
dt (8@-) og; ! ’ (3:29)

where T is the total kinetic energy and @); is the generalized force corresponding to ¢;.

The kinetic energy T} for the link 1 is

1
T1 = 5[0&)1 c Wi, (3.30)

where w| = {bk.

The kinetic energy 15 for the link 2 is

1 1
Ty = 3M2Vey Ve, + §ICQw2 C w2, (3.31)

where wy = fk and ve, = o, + wa X ro,.
The total kinetic energy is

T=T +T. (3.32)

The velocity vp, of the point P attached to the link 1 can be written as
Vp =Ww1 XTrp, (333)

where rp, = p (cos ¢1 + sin ¢y).

The velocity vp, of the point P attached to the link 2 can be written as

Vp, = wa X I'p, + 1, (3.34)
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where rp, = p(cos 01+ sin ).

The generalized force @); for the link i is

ove, ove ovp
;= -G 2.G L (F F
Q 9, 1+ 94 2 + 94, (Fa1 + Fyo1) +
0
8";2 - (Fia+Fjia), i =1,2,3. (3.35)

The sum of the moments for the link 2 with respect to Cs is zero

(rp, —rcy) x Fi2 — Ig,a = 0, (3.36)

where ag = ok.

One can solve Eq. (3.36) and find p.

ICQ ..
= —=0. .
p=r-+ N (3.37)

From Eq. (3.29), for i = 3, one can find the reaction force N.
From Eq. (3.29), for i = 1,2, and by using the constraint Eq. (3.28), one can derive and

solve the equations of motion.

3.2.4 Kane equations

For the system shown in Fig. 3.1, equations of motion are derived by using Kane’s
method. There are two generalized speeds u; = 7 and ug = 9 corresponding to the
generalized coordinates r and 6. To find the value of the reaction force N one can

introduce the third generalized speed us on Oz-axis. Thus, from Eq. (3.25) one can
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write the relative velocity vp,, as

Vp,, =Tp+u3). (3.38)

From Egs. (3.24) and (3.38) the velocity vp, becomes

Vp, =Vp, +Vp,, =wXTrp+TIp+us). (339)

Furthermore, the velocity v, becomes

Ve, = w X re, + o, + us). (3.40)

The generalized forces ; associated to the generalized speeds u; can be computed as

8V01 6VC (9Vp
C_ .G 2. Gy F F
Q; Bu; 1+ o, + du; - (Fo1 + Fpo1) +
ov .
ap (F1o+F2), j=1,2,3. (3.41)
uj

One can use Eq. (3.3) and rewrite Eq. (3.41) as

Pl (Fiy+Fpo), 5=1,2,3. (3.42)

(—Ig,), j=1,2,3. (3.43)

3VC
Z 8u] m,a(j +Z
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One can write Kane’s equations associated to the generalized speeds u; as

Fi+Q;=0, j=1,2,3 (3.44)

From Eq.(3.44), for j = 3, one can find the reaction force N.
From Eq.(3.44), for j = 1,2, one can derive and solve the equations of motion with

respect to r and 6.

3.3 Kinematic chains

The basic theory presented in the previous section can be applied for the study of

open and closed kinematic chains with prismatic joints.

3.3.1 Open kinematic chains

The equations of motion for the three-link spatial robot arm with prismatic joint
(Fig. 3.2) are derived by using Kane’s method. The cartesian reference frame zoOyozo is
chosen. The mobile reference frame x;Oy;z; is attached to the link i, 2 = 1, 2. The robot
arm has three degrees of freedom, those are the angles q1, ¢2, and the distance g3. The
link 7 has length L;, mass m;, center of mass C;, and central inertia dyadic I, c,t=1,2,3.
The coefficient of friction between the links 2 and 3 is u. Friction is negligible for the
rotational joints. The gravitational acceleration g is considered. The initial conditions
at t = 0 are ¢1(0) = g9, 92(0) = g2, g3(0) = g30 m, and ¢1(0) = ¢2(0) = ¢3(0) = 0.
The feedback control is implemented using the actuator torques M.g; and M5 applied
to the rotational joints O and A and the actuator force F o3 acting to the translational

joint at A. The desired final state of the system is ¢1 = q1, g2 = g2, and g3 = g3;. The
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Figure 3.2: Three-link robot arm with prismatic joint.
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position r¢; of the center of mass Cj, i = 1,2, 3, is

Ly
re, = 7117
L
re, = L1y + ?212, (345)

ro, = L1y + g319.

The angular velocities and angular accelerations of the links 1 and 2 are

w1 = q1)1, o1 = G1)q, (3.46)

w2 = 17 + ¢2ka, g = G1); + Goko. (3.47)

The velocities v, and accelerations ac; of the points C;, © = 1,2, 3, can be expressed as

Ve, =T, twi X Toy, ac; = Vo, +wi X v, (3.48)

The gravitational forces G1, Go, and G3 that act on the links 1, 2 and 3 are

G1 = —mag,
G2 = —mag (sin g212 + cos q2J5) , (3.49)

G3 = —m3g (Sin q212 + cos CI2.]2) .

The reaction force Fo3 and the friction force Ff93 exerted by the link 2 to the link 3 can

be written as

Fo3 = NJg, Fypo3 = —puNsign(gs)1o. (3.50)
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The reaction force F3o and the friction force F y32 exerted by the link 1 to the link 2 are
F33 = —Fo3, Fp3p = —Fo3. (3.51)
The feedback control of the arm is realized using the actuator torques and forces

Meor = —[en1q1 + cr2(q1 — qup)),
. m
Me1o = —[c21G2 + ca2(q2 — q20)] + (72L2 + m3q3> gcosqo + NLjcosqgs +
+ [Feo3 — ulNsign(gs)] L1 sin ga,

Fro3 = —[c31G3 + c32(q3 — q3¢)] + magsin g2 + uNsign(gs), (3.52)

where c11, c12, 21, €29, €31, C32 are constants.

The position of the application point P of the reaction force Fog is
rp = Li11 + p1g, (3.53)

Ic
where p = g3 + N qo
The velocities vp, and vp, of the point P attached to the links 2 and 3 can be written

as

Vp, =Wy XIp, Vp, =Wy X TIp +1rp. (3.54)

The relative velocity vp,, between the links 3 and 2 is

Vp,, =Vp, —Vp, =Tp. (3.55)
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One can define the generalized speeds u; = ¢; corresponding to the generalized coordi-
nates ¢;, © = 1,2,3. To find the reaction force IV one can introduce the generalized speed

u4 on the direction Oxg in the expression of the relative velocity vp,,

Vp,, = rp+ Ug)o- (356)

Thus, the velocities vp, and v, become

Vp, = W2 X Tp+Tp+uylo,

Vi, = Wwa X Ioy + Foy + Uads. (3.57)

The generalized forces (Q; associated to the generalized speeds u; can be written as

ove, ove ove Ow;
ALC el .G .Gy 4+ 2 M,
Qj ou, + au, &2 + ;& + ou; o1+
8(w2 — wl) an23 .
———F— Mg + “(Foz3 4+ Fyo3 +Feo3), j=1,2,3. (3.58)
(9uj Uj

The generalized inertia forces F; can be written as

(=g ai), §=1,2,3. (3.59)
One can write Kane’s equations associated to the generalized speeds u; as

Fi+Q;=0, j=1,23 (3.60)
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From Eq. (4.120), for j = 4, one can find the reaction force N.
From Eq. (4.120), for j = 1,2, 3, one can derive and solve the equations of motion with

respect to the generalized co-ordinates q1, g2, and gs.

3.3.2 Closed kinematic chains

The three moving link planar mechanism shown in Fig. 3.3 is considered. The angle
between the link 1 and Oz-axis is the driver angle #;. A motor torque M,, is acting
on the link 1 while an external torque M, is applied on the link 3. The distance from
the center of mass C5 of the link 2 to the application point P of the reaction force Fbs3
between links 2 and 3 is d. The coefficient of friction between the links 2 and 3 is . The
link ¢ has the length L;, the mass m;, the center of mass C;, the mass moments of inertia
Ic,, the linear acceleration ac;, and the angular acceleration oy, for i = 1,2,3. The
gravitational force that acts on the link 7 is G; = —m;gJ, where g is the gravitational
acceleration. The distance d and the motor torque M,, can be computed using the

Newton-Euler’s equations. The Newton-Euler’s equations for the link 3 are

mzac, = Fo3 + Faz + Fro3 + G, (3.61)

Ic,a3 = C3C X Foz + C3P x Faz + M., (3.62)

where Fgs is the reaction force from the link 0 (the ground) on the link 3, and Fo3 =
F53(—sin 031 + cos f3)) is the reaction force from the link 2 on the link 3.

The friction force F yo3 has opposite direction to the relative translational velocity va3
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Figure 3.3: Three-link mechanism with prismatic joint.
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between the links 2 and 3

\'%
Fpo3 = — o iFy3. (3.63)
[vas]

The application point P(zp,yp) of the reaction force Fog is not known but it is located

on the sliding direction

yp

tanfy = ——— 3.64
anovs Tp — OA7 ( )
where 603 is the angle between the link 3 and the Oz-axis.
The Newton-Euler’s equations for the link 2 are
moac, = Fia + F32 + Fr3a + Go, (3.65)
ICQOQ = CQP X F32, (366)
where F12 is the reaction force from the link 1 on the link 2, F3s = —Fa3, and Fy3p =

—Ff23.
From Eqgs. (4.70), (4.71), (4.64), (3.64), (4.68), and (4.69) one can compute the reaction
forces Fo3, Fa3, Fi2, the friction force F o3, and the position of the point P(xp,yp).

The Newton-Euler’s equations for the link 1 are

miac, = Fo1 + For, (3.67)

IClal =C1Cy x Fo1 + C10 x Fog1 + M,,,, (3.68)

where Fg; is the reaction force from the link 0 (the ground) on the link 1, and Fo; =

—Fqo.
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From Egs. (4.66) and (4.67) one can compute the reaction force Fy; and the motor torque

M,,.

3.4 Results

3.4.1 Open kinematic chain

In this section, results from computer simulations are presented. Numerical data
captured from the three-link spatial robot arm shown in Fig. 3.2 is analyzed. The
lengths of the links 1 and 2 are L1 = Ly = 0.1 m. The masses of the links 1, 2, and 3
are m; = my = 1 kg, and m3 = 0.2 kg. The mass moments of inertia of the links 1,
2, and 3 are Ic,, = 0, Icyy = Io,. = 0.01 kg m?, Ic,, = 0, Io,, = Iy, = 0.01 kg m?,
Ioyy = Icyy = 0, and Ig,, = Ic,. The coefficient of friction between the links 2 and 3 is
p = 0.5. The gravitational acceleration is g = 9.807 m/s?. The initial conditions at ¢ = 0
are q1(0) = w/6 rad, ¢2(0) = 7/4 rad, ¢3(0) = 0.01 m, and ¢1(0) = ¢2(0) = ¢3(0) = 0.
The feedback control is implemented using the constants ¢i1; = ¢12 = 10, ¢a1 = ¢c92 = 0.1,
and c3;1 = c32 = 1. The desired final state of the system is Qif = Q25 = /3 rad,
and g3y = 0.1 m. The initial conditions response of the co-ordinate ga(t) for Icy = 0,
I, = 0.05 kg m?, I, = 0.1 kg m?, and I¢, = 0.15 kg m? is illustrated in Fig. 3.4.a-d.

One can define the error e;(t) = ¢;(t) — gis for the co-ordinate ¢;, i = 1,2,3. The
maximum overshoot €;,,,, = max |e;(t)| and the settling time t5; (e;(t) < e;, for t > ts,),
can be computed for i = 1,2, 3, where ¢;, is a constant. The maximum overshoot €24,
and the settling time ts, are computed for different values of Ic,, where ey, = 1073
(Table 1). For Ic, = 0, the maximum overshoot is approximately zero (2,4, ~ 0) and

the settling time is t,, = 4.83 s. Larger values of ea,,,, and ts, are observed for larger
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values of I¢, for the same control parameters values. For example, for Ic, = 1 kg m?,
the maximum overshoot is e2,,,, = 0.049 and the settling time is t;, = 12.66 s.

Similar results can be obtained for the generalized co-ordinates ¢; and ¢s.

Ics[kgm? | 0 [0.05| 0.1 | 0.15
€2maz ~0 | 0.02 | 0.049 | 0.068
tsy [S] 4.83 | 7.42 | 12.66 | 18.45

Table 3.1: The maximum overshoot eg,,,, and the settling time ¢, computed for different
values of I¢;.

3.4.2 Closed kinematic chain

Simulation results captured from the planar three-link mechanism shown in Fig. 3.3
are presented. The cartesian reference frame xoOvyo is considered. The masses of the
links 1, 2, and 3 are m; = 0.5 kg, my = 0.2 kg, and m3 = 0.8 kg, respectively. The
lengths of the links 1 and 3 are L1 = 0.5 m and L3 = 0.8 m. The distance between the
points O and A is OA = 0.2 m. The mass moments of inertia for the links 1 and 3 are
I, = 0.01 kg m? and I, = 0.042 kg m?. An external torque M, = 500 Nm is applied
on the link 3. The angle #; = 7/3 is chosen for the simulations. The gravitational
acceleration is g = 9.807 m/s2.

Figures 3.5 and 3.6 illustrate the distance d and the torque M,, plotted for different
values of the mass moment of inertia /¢, and angular speeds w; = 91, while the coeflicient
of friction is p = 0.5=constant. The distance d is zero (d = 0) for I, = 0. In Fig. 3.5
larger values of d are observed for larger values of I, and w;. For example, for w; = 20
rad/s and Ic, = 0.004 kg m? it results d = 0.0009 m, and for w; = 20 rad/s and

Ic, = 0.008 kg m? it results d = 0.0019 m. Also, for I, = 0.006 kg m? and w; = 10
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rad/s it results d = 0.0003 m, and for I, = 0.006 kg m? and w; = 30 rad/s it results
d = 0.0037 m. Simultaneously, smaller values of M,, are observed for larger values of
Ic, and w; (Fig. 3.6). For example, for w; = 20 rad/s and I¢, = 0.004 kg m? it results
M,, = 725.145 Nm, and for w; = 20 rad/s and I, = 0.008 kg m? it results M,,, = 723.158
Nm. Also, for I, = 0.006 kg m? and w; = 10 rad/s it results M,, = 789.958 Nm, and
for Ic, = 0.006 kg m? and wy = 30 rad/s it results M,, = 614.474 Nm. The distance d
increases and significantly modifies the value of the torque M, for relatively high values

of the angular velocity w;.

3.5 Conclusions

The effect of prismatic joint inertia on the dynamic parameters of planar kinematic
chains is presented. The application point of the slider contact forces changes its position
for different values of the slider inertia. The effect of the slider inertia may be negligible
at low speeds but becomes significant at relatively high speeds. Dynamic response char-
acteristics of a planar robot arm are compared for different values of the slider inertia.
The maximum overshoot may be negligible for small values of the mass moment of iner-
tia and for some control parameters. Larger values of the maximum overshoot and the
settling time are observed for larger values of the mass moment of inertia for the same
control parameters. Experimental data are needed in order to validate the analytical

results.
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Figure 3.5: The influence of the mass moment of inertia I, and angular speed w; on

the distance d.
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Figure 3.6: The influence of the mass moment of inertia Ic, and angular speed w; on
the motor torque M,,.



CHAPTER 4

RIGID BODY CONTACT AND IMPACT

In this study a planar rigid-link mechanism with a rotating slider joint and clearance
is investigated. The influence of the clearance gap size, crank speed, friction and impact
parameters on the nonlinear behavior of the system are analyzed. Periodic response is
observed for zero clearance and also at low crank speeds and low values of the coefficient
of restitution for the mechanism with clearance. Chaotic motion is observed for relatively
high crank speeds. The sliding joint with clearance is modelled using a kinematic coeffi-
cient of friction and a coefficient of restitution. Nonlinear dynamics tools are applied to
analyze the simulation data captured from the connecting rod of the mechanism. The
largest Lyapunov exponent is used as an index for studying the stability of the system

and a diagnostic tool.

4.1 Introduction

One of the important factors that influence the dynamic stability and the perfor-
mance of mechanisms is the joint clearance. In the last years, many researchers have been
studied the effects of the clearance on the motion of mechanical systems. Farahanchi
and Shaw [38] considered the model of a planar, rigid-link mechanism with clearance at
the slider joint. They observed that the response of the system appears to be chaotic,
although periodic motion become more common as dissipation effects are increased.

Abarbanel et al. [39, 40, 41] developed dynamic tools for analyzing observed chaotic

57
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data. Nonlinear dynamic tools were presented by Nayfeh and Balachadran [42]. Re-
lated papers in the field of chaotic motion in mechanical systems are those of Kapitaniak
[43], and Ott et al. [44]. Deck and Dubowski [45] studied the problems encountered
in predicting the dynamic response of machines with clearance connections. Recent re-
search has contributed to the development of simulation methods for specific multibody
systems. Gilmore and Cipra [46] discussed a simulation method for planar dynamical
mechanical systems with changing topologies. The information provided by the rigid
bodies’ boundary descriptions was used to automatically predict and detect impacts.
Conti et al. [47] described a unified method to predict the contact changes due to kine-
matics. Contact and friction constraints were used by Pfeiffer [48] to study the stick-slip
phenomena. The first trials to model impacts with friction can be found in Brach [49],
and Wang and Mason [50]. Brach [49] considered only single collisions and formulates
the impact equations using Newton’s law. Wang and Mason [50] applied a time-scaling
method and solve the impact equations by using Poisson’s Law and Coulomb’s law for a
single contact. Jean and Moreau [51] reformulated Newton’s law in an unilateral manner
for multiple impacts with friction. In this work, the models of rigid and flexible body
impacts described by Marghitu et al. [52, 53, 54] were used. In a closely related paper,
Marghitu and Stoenescu [55] developed a dynamic analysis of children gait.

In this section, the dynamic analysis of a planar rigid-link mechanism with prismatic
joint and clearance is investigated [56, 57]. Periodic motion is observed for the system
with no clearance. The response of the system with clearance is chaotic at relatively

high crank speeds and low values of the coefficient of restitution.
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4.2 R-RTR mechanism

In this section, the planar R-RTR mechanism shown in Fig. 4.1 is considered. A fixed
reference frame x Ayz is chosen. The lengths of the links are L; = 0.001 m, Ly = 0.470 m,
and L3 = 0.047 m. The links 1 and 2 are rectangular prisms with the depth d = 0.001 m
and height h = 0.01 m. The link 3 has the height A3 = 0.02 m, and the depth d3 = 0.05
m. The mass density of the links is p = 7850 Kg/ m?®. The center of mass locations of the
links ¢ = 1, 2, 3 are designated by Gi(z¢;,yq,;,0). The initial conditions 0;(0) = 7/6
rad and w; (0) = 6;(0) = 0 rad/s are given.

Generalized coordinates

The number of degrees of freedom for the mechanism can be computed using the relation

M = 3n — 2¢c5 — ¢4,

where n is the number of moving links, c¢5 is the number of pin joints or slider joints
with one degree of freedom, and ¢4 is the number of pin joints or slider joints with two
degrees of freedom.

In our case, n =3, ¢5 =4 (A(R), B(R), C(T), C(R)), ¢4 =0, and the mechanism
has one degree of freedom (M = 1). One can choose the angle ¢i(t) = 601(t) as the
generalized coordinate.

Kinematics

a. Position vectors

The position vector rg, of the center of the mass G is

reg, = rg,1 + YaGiJ, (41)
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D

Figure 4.1: Rigid body diagram for the R-RTR mechanism with rotating prismatic joint.
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where g, and yg, are the coordinates of Gy

Ly Ly

TG = 5 COSqL, Y, = sin ¢ . (4.2)

The position vector rg, of the center of the mass G is
IGy, = TGl + Yaals (43)
where z¢, and yg, are the coordinates of G

L L
xq, = L1cosqr + 72 cos b2, ya, = Lising + 72 sin o, (4.4)

Lqsinq
Licosq — AC”

The position vector rqg, of the center of the mass G3 is

where 05 = arctan

rg, = ACL (4.5)

b. Velocity vectors

The velocity vector v, is the derivative with respect to time of the position vector rg,

va, = I"Gl = ij11 + yGlJv (46)

where

. L. . . L.
Te, = —5 q1singy, Ja, = 5 qLeosq. (4.7)
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The velocity vector v, is the derivative with respect to time of the position vector rg,

VG, =Tay, = 26,1+ U600 (4.8)

where

. S 2,5 .

g, = —L1g1sing — —-02sin 0y,
2 .2 (4.9)

YG, = L1gqicosq + 7202 cos 0.

The velocity vector vg, is zero

va, = 0. (4.10)

c. Acceleration vectors
The acceleration vector ag, is the double derivative with respect to time of the position

vector rg,

ag, =g, = ¥c1+ 9a,)s (4.11)

where
G, =~ ising b 47 cos q1
=7 -5 ¢
' 2 2 ’ (4.12)
.. Ll .. Ll .2 .
g, = 7(11 Cosq1 — 7611 simdqi.-

The acceleration vector ag, is the double derivative with respect to time of the position

vector rg,

ag, =Ta, = ZG,1+ J65J (4'13)

where

Lo . Lo -
Faq, = —L1G1singy — L1G3 cos q1 — 7292 sin Oy — 7263 cos 09, (410

Lo Lo
jJ'GZ = Ligicosq — qu% sinq, + 7292 cos 0y — 7293 sin 6y.
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The acceleration vector of ag, is zero

ag, = 0. (4.15)

d. Angular velocity vectors

The angular velocity vectors of the links 1, 2, and 3 are

w = q1k7
(4.16)
W9y = W3 — (921{.
e. Angular acceleration vectors
The angular acceleration vectors of the links 1, 2, and 3 are
o = (jlk7
(4.17)

a9 = (g3 — égk.

Force analysis
a. Masses

The masses of the links 1, 2 and 3 are

mi = lehd,
mo = pLth,

m3 = M3q — M3p,

where msq, = pL3h3d3, msp = pLghd.
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b. Gravitational forces

The gravitational forces of the link 1, 2, and 3 are

G = —mug),
G3 = —ma3g).

c. Mass moments of inertia

The mass moment of inertia of the link 1 with respect to the center of mass (G7 is

Ig, = % (£3+n2).

The mass moment of inertia of the link 2 with respect to the center of mass G is

Ig, = % (Lg +h2) .

The mass moment of inertia of the link 3 with respect to the center of mass G is

m3q
12

(23 +13) - % (23 +h?).

Ig, =

d. Motor torque

The motor torque acts on the link 1

M,, = Mk. (4.19)
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L
wo
In our case, My =1 Nm, and wy = 4 rad/s (Fig. 4.2).

For a D.C. electric motor, M = M, < ), where My and wqg are given in catalogues.

4.2.1 Newton-Euler’s method

In this section the equation of motion for the mechanism is solved by using Newton-
Fuler’s formulation. There are three rigid bodies in the system and one can write the
Newton-Euler equations for each link.

a. Link 1

The Newton-Euler equations for the link 1 are (see Fig. 4.3.a)
miag, = Fo1 + Fo1 + Gy, (4.20)

Ig,oq = G1A x Fo1 + G1B x Fy1 + M,,,, (4.21)

where Fgp is the joint reaction of the ground 0 on the link 1 at the point A, and Fg; is

the joint reaction of the link 2 on the link 1 at the point B

Fo1 = Foi.1 + Foiy), (4.22)

Fo1 = Fo1.1+ Foyy).

b. Link 2

The Newton-Euler equations for the link 2 are (see Fig. 4.3.b)

meag, = Fi2 + F32 + Go, (4.23)
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Figure 4.2: The variation of the driver motor torque with respect to the angular speed
for the R-RTR mechanism.
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Figure 4.3: Rigid body diagram for the R-RTR mechanism.
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IG2a2 = G2B X Fi2 + GoP x Fjo, (424)

where Fi5 is the joint reaction of the link 1 on the link 2 at the point B and Fso is the
joint reaction of the link 3 on the link 2 at the point P

Fi2 = —Fa1, (4.25)

F32 = F3o,1+ F32).
The application point P(zp,yp) of the reaction force Fso is not known but it is located

on the sliding direction

yp

tanfy = ——— 4.26
anuvsa Ip — AC7 ( )
where xp, yp are the coordinates of the point P.
The reaction force Fg3g is perpendicular to the sliding direction BD
Fs2 - BD = 0. (4.27)
c. Link 3
The Newton-Euler equations for the link 3 are (see Fig. 4.3.c)
msag,; = F23 + F03 + G3 =0, (428)
IG3a3 =CP x F23, (429)
where
Fo3 = —Fao,
(4.30)

Fo3 = Foze1+ Fozy).
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There are ten scalar equations with ten unknowns. From the Eqgs. (4.39), (4.40), (4.44),
(4.45), (4.26), (4.42), and (4.47) one can find the unknown joint reaction forces Fpiz,
Fory, Fo1a, Foty, F32z, F32y, Fo3s, Fo3y, and the coordinates xp and yp of the point P.
Knowing the reaction forces and the position vector rp as functions of ¢ (t), ¢1(t), and

¢1(t), one can derive the equation of motion for the mechanism from Eq. (4.48).

4.2.2 Lagrange’s method

In this section the equation of motion for the mechanism is solved using Lagrange’s
formulation. The Lagrange differential equation for the mechanism with one degree of

freedom is

d <8T) oT _o (431)

dt \oq1)  dq1
where T is the total kinetic energy of the system, and @ is the generalized force.

The kinetic energy T for the link 1 is

1 1
T = 3MIVG, * VG + Jleiwr - wr. (4.32)
The kinetic energy T5 for the link 2 is
1 1
T = §m2vG2 “VGy T 51G2w2 - Wwo. (4.33)
The kinetic energy T3 for the link 3 is
1
T3 = —IGSwg * W3. (4.34)

2
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The total kinetic energy is

3
T=>T.
i=1
The generalized force @); for the link ¢ is
org,
Qi = o

The generalized force @), for the motor is

Qm:%Mm:MO(l_q_l>
41 wo

The total generalized force @ for the mechanism is

3
org, Oowq
£G4 ot
= 9a ¢

3

i=1

For the link 1 some calculations are given

1 1 .
T = §(IG1 + ZL%ml)Q%-
0Ty 1 .
a0 (e, + ZL%ml)QL
or 1 .
8;1 = —§L1(smq11 + cos q1)).
o argl

1
- (—=m1gy) = —=migL cos qi.

1 5

e

-M,,.

(4.35)

(4.36)

(4.37)

(4.38)
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From Eqgs. (4.31), (4.35), and (4.38) one can derive and solve the equation of motion for
the mechanism.

Remark: Lagrange’s method does not require the calculation of the joint forces.

4.3 R-RTR mechanism with friction

The mechanism described in Section 4.2 is considered. The coefficient of kinetic
friction is pg = 0.4. The mechanism has one degree of freedom. One can chose the angle

q1(t) = 0(t) as the generalized coordinate for the system.

4.3.1 Newton-Euler’s method

The equation of motion for the mechanism is solved using Newton-Euler’s formu-
lation. There are three rigid bodies in the system and one can write the Newton-Euler
equations for each link.

a. Link 1

The Newton-Euler equations for the link 1 are (see Fig. 4.3.a)

miag, = Foir +Fo + Gy, (4.39)

IGlal = G1A X Fo1 + G1B x Fo1 + M,,,, (440)
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where Fg is the joint reaction of the ground 0 on the link 1 at the point A, and Fo; is

the joint reaction of the link 2 on the link 1 at the point B

Fo1 = Fo1e1+ Foy),

(4.41)
Fo1 = Fo1.1 + Fo1y).
b. Link 2
The reaction force Fgs is perpendicular to the sliding direction BD
Fs2 - BD = 0. (4.42)
The friction force Fy,, that acts on the link 2 is
ve
Fro,=Fp=——" 5. (4.43)
|V02 ’
The Newton-Euler equations for the link 2 are (see Fig. 4.3.b)
moag, = Fi2 + F32 + Ga + Fy,,, (4.44)
Ig,00 = GoB x Fi3 + GoP x F3o, (4.45)

where F15 is the joint reaction of the link 1 on the link 2 at the point B and F3o is the
joint reaction of the link 3 on the link 2 at the point P

Fi2 = —Fa1, (4.46)

F3o = F3o,1+ F32,).
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c. Link 3

The Newton-Euler equations for the link 3 are (see Fig. 4.3.c)

mzag; = Fo3 +Foz3 + Gz — Fp,,, (4.47)
IG30t3 = CP x Fa3, (448)
where
Fo3 = —F3o,
(4.49)

Fo3 = Fo3z1 + Fo3y)-

There are eight scalar equations with eight unknowns. From the Eqs. (4.39), (4.40),
(4.44), (4.42), and (4.47) one can find the unknown joint reaction forces Fyi,, Foiy, Fo1z,
Fo1y, F32q, F32y, Fosz, Fo3y-

Knowing the reaction forces as functions of qi(t), ¢i1(t), and ¢;(t), one can derive the

equation of motion for the mechanism from Eq. (4.45).

4.3.2 Kane’s method

The equation of motion for the mechanism is solved using Kane’s formulation.

The total kinetic energy is

T=>T, (4.50)

where T; is the kinetic energy of the link <.
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Generalized speeds

One can chose the generalized speed

w = g (4.51)

The velocity vector of the point Cy located on the link 2 can be written as

Vo, = V@, + w2 X GoC, (4.52)

where GoC =r¢ —rg,.
In order to take in consideration the reaction force N between the links 2 and 3 one can

introduce a new generalized speed us in the expression of the relative velocity vector

V3,
Vs = Vo, — Vo + U2€2,, (4.53)
. Lysing )
where ey, = —sinfs1 + cosfy) and 0y = arctan—q. Thus, one can write
Licosqn — AC
VG; = VO3 = —U2€2qp.

Generalized forces

The reaction force F3o of the link 3 on the link 2 is

F32 =N = Ne2n. (454)

The reaction force Fao3 of the link 3 on the link 2 is

Fo3 = —F3 = —N. (4.55)
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The friction force Fy,, that acts on the link 2 is

— VCQ
’VC2

Fp,=F;= ’,ukN. (4.56)
The friction force Fy,, that acts on the link 3 is

Ff23 = _Ff32 = _Ff' (4'57)

The generalized forces ); associated to the generalized speeds uj, for j=1,2, can be

computed as

3
(9VG. 8Vc aVC 8w1

;= LGy 2. (N+F 8 (-N-F — - M,,. 4.58

=1
Generalized inertia forces
The forces F ]?k can be written as
ova 3 ow;
Fr = R (=g o). 4.59
J ; auj ( mZan) + P 8uj ( Gzal) ( )

Kane’s equations

One can write two Kane equations associated to the generalized speeds u; and uo

Ff+Q;=0,j=12 (4.60)

From Egs. (4.113) and (4.120) one can find the the reaction force N and the equation

of motion for the mechanism.
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One can write the angle 05 as

T Q1
O = — — = 4.61
2 2 2 ) ( )
the vector es,, as

€9, = — COs Ly 1 sin q—lj, (4.62)

2 2

and the reaction force N between the links 2 and 3 as

. Q1

N = mggsin 5 (4.63)

4.3.3 Kineto-static analysis

In this section, the mechanism with no clearance (one degree of freedom) is con-
sidered (Fig. 4.1). Friction forces act at the rotational and translational joints. The
equation of motion is known and the reaction forces are computed. A Newtonian ap-
proach is used, that is, the method of consecutive approximations.

For the translational joint between the links ¢ and j, the friction force F;; acts on
the link 4 at the contact surface and is proportional to the coefficient of friction p. The
force Fr;; has opposite direction to the relative translational velocity v;; between the
links 4 and j
Vij

_ Y g 4.64
|V'LJ‘M Jt ( )

Frji=
where v;; = v; — v;.
The friction forces induce a moment M;; that acts at the rotational joint between the

links 7 and j. The moment M¢; is proportional to the coefficient of friction y, the radius

r of the joint, and has opposite sense to the relative angular velocity w;; between the
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links ¢ and j

iji = fsign (wij) ,LLT’f‘ij', (465)

where wij = W; — w]'.

The Newton-Euler equations for the link 1 are (see Fig. 4.3.a)

miac, = Fo1 + Fa1 + Gy, (4.66)

Icla =C{A X Fy +CB x Fo; + Mfgl. (467)

The Newton-Euler equations for the link 2 are (see Fig. 4.3.b)

moac, = Fi2 + F33 + Go + F 30, (4.68)

ICZCMQ =C9B x Fi9 + CQQ x F39 + Mflg, (469)

where F12 = —Fgl and Mf12 = —Mfgl.

The Newton-Euler equations for the link 3 are (see Fig. 4.3.c)

0="Fa3 + Fo3 + G3 + Fyo3, (4.70)

I03a3 =CQ x Foz + Mf03, (4.71)

where F23 = —F32, and Ff23 = —Ff32.

The application point Q(z¢g,yqg) of the reaction force Fs35 is not known but it is located
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on the sliding direction

_ Y
tan gy = g — AC" (4.72)

Lqsing
Licosqy — AC’

The method of consecutive approximations consists of the following steps:

where tan gs = and g, yg are the coordinates of the point Q).

1. Initially, the friction forces and moments are considered zero. From Egs. (4.66),
(4.67), (4.68), (4.69), (4.70), (4.71), and (4.72) one can calculate the unknown joint
reaction forces Foiz, Foiy, Fo1z, Foiy, 322, F32y, Fo3s, Fo3y, and the coordinates xg and
YQ-

2. Using the values of the reaction forces computed at the step 1, one can calculate
the friction force Fr3p and the friction moments Myoy, Myoz from Eqgs. (4.64) and
(4.65).

3. Using the value of the friction forces and moments computed at the step 2, one
can recalculate the reaction forces from Egs. (4.66), (4.67), (4.68), (4.69), (4.70), (4.71),
and (4.72).

4. Using the new values of the reaction forces computed at the step 3, one can
recalculate the friction forces and moments from Eqs. (4.64) and (4.65).

5. Step 3 and step 4 are repeated until

k k+1
Fyj — Iy ’<5

for all reaction forces F;;. The error e € R" is known a priori, and FZ’;, F;;"H are the

magnitudes of the reaction forces Fj; at two consecutive approximations.
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The method converges after a finite number of steps and the reaction forces with

frictions are calculated.

4.4 R-RTR mechanism with friction and clearance

In order to study the effects of clearances on the motion of a connecting rod in a
slider crank mechanism, a simplified model is used, shown in Fig. 4.1. The following
basic assumptions are considered. (i) All components are rigid. (ii) All motions occur in
a fixed plane. (iii) A motor with a variable torque is used to crank the mechanism. (iv)
The clearances for the slider are symmetrically placed about the nominal slider path,
that is, without clearance, and have a fixed magnitude. (v) The impacts between the
connecting rod and slider are instantaneous and are modelled using a constant coefficient

of restitution, a coefficient of friction, and a moment coefficient.

4.4.1 Equations of motion

Various methods are used to derive the equations of motion for the mechanism. It
is assumed that during the impacts the system position does not change, because the
impact time is very small. It is also assumed that the effect of finite forces is neglected
during the impact. When two bodies impact against each other, an unknown impulsive
force acts between them. The friction between the impact bodies introduces an tangent
impact force. Formulation of rigid body collision problems are based on two physical laws,
Coulomb’s law of dry friction and balance of momentum. To solve the impact equations,
additional relations are obtained using a coefficient of restitution and a coefficient of

friction.



80

Figure 4.4 shows a planar slider joint where the backlash has been made very large
in order to make it clearly visible. Figure 4.5 illustrates a possible geometry for the slider
joint with clearance and the possible cases consist of: a) No contact (Fig. 4.5.a).

b) Contact or impact on a single point (Fig. 4.5.b).

¢) Contact or impact on two opposed points (Fig. 4.5.c).

d) Contact or impact on two points on the same side (Fig. 4.5.d).

The conditions for switching from one case to a different one depend on the positions
of the links and the reaction forces at the contact points.

One can consider three lines (L, L, and L) defined on the link 2, and four points (M,
N, P, and Q) defined on the link 3 (see Fig. 4.1).
The equations corresponding to the line L, can be expressed as a function of the coordi-

nates of the links 1 and 2 as
Line L: y — maox — ng = 0,

where mo = tan 6, is the slope and ny = L sin 67 — mg cos 61 is the displacement of the
line L.

The equations corresponding to the lines L, and L; can be written as

Line L,: Y — MeT — Ng =0,
Line Ly: y—mpr —ny =0,
12 l2
where m, = my = mo are the slopes and n, = ng — , My = Na + are the
2 cos by 2 cos By

displacements of the lines L, and L.
The coordinates of the points M, N, P, () can be expressed as functions of the coordi-

nates of the link 3 as
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Figure 4.4: Model of the R-RTR mechanism with rotating prismatic joint and clearance.
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Figure 4.5: Geometry of the slider joint with clearance for: a. no contact; b. contact
or impact on a single point; c. contact or impact on two points on the same side; d.
contact or impact on two opposed points.
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Point P: xp = x¢c + rcosfs, yp = yo + rsinfbs,
Point Q: zg = x¢ + rcos(f3 — 030), yo = yc + rsin(fz — bs0),
Point M:xp = z¢ + rcos(03 — O30 + ), yp = yo + rsin(f3 — O30 + 7),

Point N: xy = x¢ + rcos(fs + ), yn = yo + rsin(fs + ),

where ¢ = AC, yo = 0 are the coordinates of the point C, r = /L3 + (I2 + ¢)?/2 is

L
the rotation radius of the link 3, and 639 = 2 arctan ; j is the angle /MCN.
2 C

Using the expressions above, one can set the position conditions corresponding to the
four cases shown in Fig. 4.2 as following:
Case a) No conditions are necessary.

Case b) Point P is on the line L,
Yyp — Magxp — ng ~ 0. (4.73)
Case c¢) Point P is on the line L, and point N is on the line L,

yp — Mgxp — Ng ~ 0,

yn —mprn — ny ~ 0. (4.74)
Case d) Points P and @ are on the line L,

Yp — Maxp — ng = 0,

YQ — Mg — Ng ~ 0. (4.75)
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Impacts can occur when the joint is in either case b), ¢) or d). The impact conditions
depend on the relative linear velocities of the contact points. For example, in case b),

one can write the following impact condition

Vg, — Vp, = 0. (4.76)

where vip and v’ are the normal velocities to the collision surface of the contact point
P between the links 2 and 3.
The contact conditions also depend on the reaction forces between the links at the contact

points. For example, in case b), the force condition can be written as

n — NP, ~0. (4.77)

where N5, and N, are the reaction forces between the links 2 and 3 at the contact
point P.

The motion of the contact point during the impact can be described by one of the
following two cases:

1. The contact point is slipping along surface while interacting with it in the normal
direction. Since contact is maintained and slipping occurs, the normal and tangential
components of the contact forces can be represented for dry friction as F; = — g Fi,.

2. The contact point is not slipping along but interacting with it in the normal

direction. The tangential velocity v; of the contact point is v; = 0 subject to |F;/Fy,| < ps.



85

4.4.2 Simulation algorithm

The simulation algorithm for the mechanism automatically determines when a change
in the topology occurs and reformulate the equations of motion to reflect the changes in
the system topology. The equations of motion depend on the contact and impact condi-
tions. Sets of nonlinear equations are solved for contact and sets of linear equations are
solved for impact.

The algorithm consisting of the following steps was written:

Step 1) Set up the input data, those are, the masses, the mass moments of inertia,
the dimensions of the links, and the coordinates of the mechanism.

Step 2) Set up the initial conditions: the initial coordinates, velocities and acceler-
ations of the links. Also, set up the initial time, the final time, and the step integration
time.

Step 3) Verify the position contact conditions (4.73), (4.75), and (4.74). If case a)
then go to step 4). If case b) then go to step 5). If case c) then go to step 6). If case d)
then go to step 7).

Step 4) Solve the equations of motion for no contact and go to step 8).

Step 5) Verify the impact condition. If impact is detected then solve the equation
of motion for impact on a single point and go to step 8). If no impact is detected then
verify the force contact condition. If case a) then go to step 4). If case b) then integrate
the equation of motion for contact on a single point and go to step 8).

Step 6) Verify the impact conditions. If impact is detected then solve the equation
of motion for impact on two points on the same side and go to step 8). If no impact is

detected then verify the force contact condition. If case a) then go to step 4). If case b)
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then go to step 5). If case c) then integrate the equation of motion for contact on two
points on the same side and go to step 8).

Step 7) Verify the impact conditions. If impact is detected then solve the equation
of motion for impact on two opposed points and go to step 8). If no impact is detected
then verify the force contact condition. If case a) then go to step 4). If case b) then go
to step 5). If case d) then integrate the equation of motion for contact on two opposed
points and go to step 8).

Step 8) Increment the integration time with the step integration time. If the inte-
gration time is less than the final time then go to step 3).

Step 9) Export the output data for analyzing.

Next, the equations of motion for the previous cases are derived.

4.4.3 No contact

In this section, the mechanism with two degrees of freedom is considered (Fig. 4.6).
One can choose the generalized coordinates q; = 61 and g2 = 0. The equation of motion

is derived using the Lagrange’s method

d(aT) or O, i=1,2 (4.78)

dt \og;) ~ dgi

where T is the kinetic energy, ¢; is the generalized coordinate, @); is the generalized force

associated with the coordinate ¢;. The kinetic energy T3 for the link 1 is

1 1
T = §m1VG1 “vVG, + QIlel T Wi, (4.79)
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D

Figure 4.6: Rigid body diagram for the R-RTR mechanism with prismatic joint and
clearance in the case of no contact.
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where w1 = ¢1k.

The kinetic energy T5 for the link 2 is

1 1
5 = §m2VG2 “V@G, + §IG2W2 T wa, (4.80)

where wy = ¢ok.
The kinetic energy T is

T=T,+1s. (4.81)

One can write the generalized force Q)1 as

1
Ql = — <§m1 + m2> ng COSq1. (4.82)

One can write the generalized force Q2 as

1
Q2 = —5malagcosg. (4.83)

From Egs. (4.78), (4.81), and (4.82), one can write

mq L? . 1 ..
< 1 Lt moL? + IG2> g1 + §m2L1L2 (g2 cos(q2 — q1) —

1

q§ sin(qa — q1)] = —L1 (§m1 + m2> gcosqi. (4.84)

From Egs. (4.78), (4.81), and (4.83), one can write

molL2 . 1 . 9 .
< 24 24 IG2> Go + §m2L1L2 {q1 cos(q2 — q1) + ¢ sin(go — QI)} =
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1
= —§L2m2g COS g2. (485)

Equations (4.84) and (4.85) are used and the equation of motion is derived.

4.4.4 Contact on a single point

In this case, the mechanism has two degrees of freedom (Fig. 4.7.a). One can chose
the generalized coordinates q1 = 6; and ¢ = 6». Kane’s equations are used and the

equation of motion is derived. The kinetic energy T is
T=T1+15+1T5. (4.86)

One can find the position vector rp of the contact point P(xp,yp) solving the system

of equations

tan gz = %, (xc —xp)? + (yo —yp)* =12 (4.87)

The angular velocity and acceleration vectors ws and a3 of the link 3 are

w3 = égk, a3 = égk, (488)

yp
xp — AC’

One can chose the generalized speeds u; and us

where f3 = arctan

ur = ¢1, U2 = qo. (4.89)
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D

Figure 4.7: Geometry of the mechanism for: a. contact or impact on a single point; b.
contact or impact on two opposed points; c. contact or impact on two points on the
same side.
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In order to take in consideration the reaction force Np between the links 2 and 3 acting

at the point P one can introduce a new generalized speed ug in the expression of the

relative velocity vp,,

Vp,; = Vp, — Vpy + Uz€2p,

where vp, = vg, + w2 X (rp —rg,) and vp, = w3 X (rp —re).

The reaction force Np of the link 3 on the link 2 is
N P = N, P€on.

The friction force Fy, that acts on the link 2 at the point P is

vp

F, =P
f ’VP‘M]{:

P

The generalized forces Q;, for j = 1,2,3, can be computed as

3 8VGi G, 8Vp2 Owq
— Ou; ! Ou;

8Vp3
ou;

Qj = (NP+FfP)

8’&]'
The generalized inertia forces F’ ;‘, for j = 1,2,3, can be written as

awz

0
Z 8‘;6; —m;ag,) +Z —Ig, o).

(= NP—FfP)+—'Mm'

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

One can write three Kane equations associated to the generalized speeds u;, for j = 1,2,3

Fj*—i—Qj:O.

(4.95)
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From Eqs. (4.113) and (4.120) one can find the equation of motion for the mechanism

and the reaction force N.

4.4.5 Impact on a single point

Next, the mechanism with three generalized coordinates is considered (Fig. 4.7.a).
One can choose g3 = 03 as the third generalized coordinate. To derive the equation of

motion for the impact, an integrated form of the Lagrange’s equations is used

(“)T) <8T> .
—_— — - = Pi) 1 = 1’2’3 496
(8% t 94/ 4, (4.96)

where T is the kinetic energy, ¢; is the velocity associated with the generalized coordinate
¢, P; is the generalized impulse associated with the coordinate ¢;, and t,, ts are the times
of approach and separation for the impact.

The kinetic energy T3 for the link 3 is

1 1 .
T3 = 5—703‘03 Tw3 = §IG3Q?2,7 (4.97)
where w3 = ¢sk.
The kinetic energy T is
T=T1+15+1T5. (4.98)

One can write the left hand sides of Eq. (4.96) as

3T> <8T) (9T/ .
—_— —_ - = - N 1 = ]_7 27 3 499
(8%’ ts 9q; ta 04 G4i=Q—w; ( )
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where w; = w;(t,) = ¢i(t,) and Q; = w;(ts) = qi(ts) are the angular velocities associated
with the coordinates g; before and after the impact.

One can express the position vector rp of the impact point P(xp, yp) solving the system
of equations

tangy = ——, tangy = ——. (4.100)
x

The velocity vector of the impact point P is vp = rp.

The generalized impulses (right-hand sides of Eq. (4.96)) can be written as

ov
P ==L (F,esn + Fiey), i =1,2,3 (4.101)
9q;
where eg, = —singo1 + cos o) and ey = cos go1 + sin go) are the unit vectors normal

and tangential to the contact surface, and F,,, F; are the normal and the tangential
components of the impulse momentum F'.

For the link 1, one can write

my L2 1
( 1 L mol? + IG1> (1 —wi) + §m2L1L2(Q2 —wy)

cos(qg —q1) = Pr. (4.102)

For the link 2 one can write

maoL3 1
( 1 2 + IG2> (QQ — WQ) + §m2L1LQ(Ql — wl) COS(QQ — q1) =D. (4.103)

For the link 3 one can write

IG3 (Qg — wg) = P3. (4104)
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The velocities vp, and vp, of the contact points P and P3 located on the links 2 and 3

can be expressed as

vp, = Vvp + g2k X BP,

Vp, = (jgk X CP, (4.105)

where vp = rp is the linear velocity of the joint B, and CP =rp — ACh1.

One can write the velocity of approach v, and separation v, for the impact as

Vo =vVp,(ta) — vy (ta), Vs = vp,(ts) — vy (ts). (4.106)
From the definition of the coefficient of restitution e, one can write

6= (4.107)

where vy, = V4 - €2, and vs, = V; - €9, are the projections of the linear velocities of
approach and separation v, and v, on the normal direction es,.

The tangential component v, of the velocity of separation vector vy can be expressed
as

Vst = (Vs - egr)ey. (4.108)

There are two cases of impact with friction at the point P:

1. No slipping. The following condition must be satisfied

‘5 < ps. (4.109)

Fy
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In this case, the velocity vector vy is zero

Ve = 0. (4.110)

From Egs. (4.102), (4.103), (4.104), (4.107), and (4.110) one can find the unknown
variables F),, F}, and €;, 1 =1,2,3.

2. Slipping. The following condition must be satisfied

> s, (4.111)

In this case, the following relation can be written

A%
Fres, = _ﬁﬂk |l (4.112)
S

From Eqs. (4.102), (4.103), (4.104), (4.107), and (4.112) one can find the unknown

variables F),, F}, and €;, 1 =1,2,3.

4.4.6 Contact on two opposed points

In this case, the mechanism has one degree of freedom. One can chose g1 = 01 as
the generalized coordinate (Fig. 4.7.b). Kane’s equations are used and the equation of
motion is derived.

One can chose the generalized speed
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One can write the position vector ry of the contact point N(zx,yn) as
ry =rp + 2rey. (4.114)

There are two contact points between the link 2 and the link 3, those are P and N. In
order to take in consideration the reaction forces Np and Ny acting at the points P and
N one can introduce the generalized speeds uo and w3 in the expressions of the relative

velocities vp,, and vy,
Vpy, =Vp, —Vp, + ugeoy,, VN3 = VN, — VN, + useo,, (4.115)

where vp, = vg, +wo X (rp—rg,), Vo, = w3 X (rp—re), VN, = Vg, + w2 X (ry —ra,),
and VN3 = w3 X (I‘N — rc).

The reaction forces Np and N of the link 3 on the link 2 at the points P and N are
NP == Npegn, NN = NNegn. (4116)

The friction forces Fy, and Fy, that act on the link 2 at the points P and N are

vp VN
Fpp=—r—melNp, Fpy =~

N 4117
P Vel Vv ( )

vy

The generalized forces @, for j = 1,2, 3, can be computed as

3
ovg, ovp. ovp,
= LGy 2 (Np+F .(-Np—F
Q; 2, + D, (Np+Fyp,) + ou (-Np —Fy,)
vy ovn Ow
(NN +F 2. (~Ny-F LM, 4.118
gu; NN FFp) + 5  (CNy = Fr) + 50 (4.118)
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The generalized inertia forces F7', for j = 1,2,3, can be written as

3 3
ova, Oow;
Z'(_n“aGJ'+

F = (~Ig,a). (4.119)
K3

—1 an

One can write three Kane equations associated to the generalized speeds u;, for j = 1,2,3
FP+Q; =0. (4.120)

From Egs. (4.113) and (4.120) one can find the equation of motion for the mechanism

and the reaction forces Np and Ny.

4.4.7 Impact on two opposed points

In this case, the mechanism has three generalized coordinates (Fig. 4.7.b). The link
2 impacts the link 3 simultaneously in two points, those are P(zp,yp) and N(xzx,yn).
One can express the position vectors rp and ry of the impact points P(zp,yp) and

N(xzn,yn) solving the system of equations
Y —Y

tan gz = , (2o —2)* + (yo —y)? =1 (4.121)
IR — X

The velocity vectors of the impact points P and N are vp =1p and vy = I'y.

The generalized impulses can be written as

aVN
9q;

_»8Vp
04

P; - (Frnean + Friea) + - (Frinean + Frnea), i =1,2,3, (4.122)
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where Fr,, Fr; and Frr,, Frp are the normal and the tangential components of the im-
pulse momenta F7 and Fjy.
The velocities vy, and vy, of the contact points No and N3 located on the links 2 and

3 can be expressed as

VN, = VB + Gok x BN, vy, = 63k x CN, (4.123)

where CN =ry — ACh.
One can write the velocities of approach vy, v, and separation vy, vyrs for the impact

points P and N as

Vie =Vp,(ta) — Ve (ta), Vira = VN, (ta) — Vg (ta),

Vis = Vp,(ts) —vp,(ts), Virs = Vv, (ts) — Vg (ts). (4.124)

From the definition of the coefficient of restitution e, one can write

o — _ VUIsn o — _ VIiIsn (4125)

) M
Ulan Ullan

where Vrgn = Vig - €20, Visn = VIs - €2n, Ullan = Viia " €2n, and Vrre, = Vs - €2p.
The tangential components vy and vy of the velocity of separation vectors vis and

Vvirs can be expressed as

Vist = (Vis - €at)ear, Virse = (Virs - €at)ea. (4.126)

There are two cases of impact with friction:
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1. No slipping. The following two conditions must be satisfied

Fry

FITL

Frr
Frm

< ps and < s (4.127)

In this case, the velocity vectors v and v are zero
Vist = V][Ist = 0. (4.128)

From Egs. (4.102), (4.103), (4.125), and (4.128) one can find the unknown variables FJ,,,
Fri, Frin, Fri, and Q4,1 =1,2,3.

2. Slipping. One of the following conditions must be satisfied
Frnt

> s or‘—
Frin

Fit

. 4.12
. > (4.129)

In this case, the following two relations can be written

VIIst
VIIst’

A%
Frieg, = —Auk |Frnl, Frieo, = —
|[Vrst] |

ik | P (4.130)

From Eqgs. (4.102), (4.103), 4.125), and (4.130) one can find the unknown variables Fp,,,

Fri, Frin, Fri, and 5,1 =1,2,3.

4.4.8 Contact or impact on two points on the same side

Considering the endpoints, the line contact is kinematically equivalent to two point
contact along a line segment [46]. Thus, this case is similar to the case c) for contact or

impact on two opposite points (Fig. 4.7.c).
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4.5 Working Model and Mathematica simulations

For this section, the mechanism shown in Fig. 4.6 is considered. The numerical
results obtained solving the equation of motion for the mechanism using Mathematica
and data captured from the Working Model simulation are compared.

In order to compare the results, the initial conditions used in Mathematica are used
as input data in Working Model. For example, one can set up the variable torque M
of the motor in the “Properties” window from “Window” menu by choosing the motor
type “Torque” and introducing the value M = My(1—w/wy), where My, wp are constant
and w is the rotational velocity of the driver link (see Fig. 4.8). The graph of the torque
M can be visualized by selecting the command “Torque transmitted” from “Measure”
menu.

Data from Working Model graphs can be exported choosing the command “Ex-

» from “File” menu. The data is exported in a plain text file for the desired

port...
interval of time and accuracy. This way, the data can be imported and analyzed using
various tools. In this case, the simulated data for the motor torque M is exported from
Working Model and imported in a Mathematica program. To import a file in a Mathe-
matica program, one can use the command Import["file", "format"] which imports
data in the specified file format from a file and converts it to a Mathematica expression.
For example, if the Working Model exported file name is torque.dta, the command
to import the file in Mathematica can be Import["torque.dta", "Table"]. Also, the
motor torque M can be computed solving the equation of motion using Mathematica. In

our case, the Lagrange method was used. For a given interval of time, the torque M is

computed using Mathematica (M.), and captured from the Working Model simulation
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Figure 4.8: Working Model simulation of the driver motor torque for the double pendu-
lum.
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(My). The graphs of the torques M. and M, are compared in Fig. 4.9. The error err(t)

between the numerical data M.(t) and M(t) at the time ¢ can be computed as

err(t) = |M.(t) — M(t)|.

rel

re - can be calculated as

The relative maximal error err

maXycry. ¢+, €rr(t
err, = te[?\;g] ) - 100,

where [t;, tf] is the time interval used for the analysis.
In our case, the value of the relative maximal error is computed with the Mathematica

program shown in Appendix A as err’® = 4.5%.

4.6 Results

In this section, results from computer simulations are presented using analysis tools.
In Fig. 4.4 the mechanism with slider clearance is shown. The masses of the links are
m1 = 0.008 kg, mo = 0.038 kg, and mg = 0.015 kg. The mass moments of inertia for the
links are I, = 6.733 x 1079 Kg m?, I, = 6.925 x 107* Kg m3, and I, = 2.220 x 1076
Kg m3. The lengths of links are L;=0.1 m, Lo=0.47 m, and L3 = 0.047 m. The nominal
width of the slider (link 3) is I3 = 0.025 m. The distance between the pin joints A and
C is AC = 0.28 m. The kinetic coefficient of friction ui=0.3, the static coefficient of
friction p15=0.35, and the coefficient of restitution e = 0.4 are used. These values are

constant through the investigation. The analysis is performed for different values of the
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Figure 4.9: Comparison of simulation results obtained using Mathematica and Working
Model.
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clearance ¢, varying the nominal angular velocity of the link 1, wjg. The torque of the
motor acting at joint A is chosen as M,,, = My(1 — w; /wip), where My =1 Nm.

Figure 4.10.a shows the vertical trajectory for the center of mass Gg of the link 2,
Y, in the state space for zero clearance (¢=0 mm). On the three-dimensional graphic,
the coordinate of the position yg, (t) is plotted along the coordinate yg, (t +7T') and the
coordinate yg, (t +27"), where T' = 3 is the time lag. The trajectory is a closed loop and
the motion is periodic. In this case, the largest Lyapunov exponent is A = 0 and all the
other exponents are less than zero, that is, a periodic orbit.

Figure 4.10.b shows the vertical trajectory vy, in the state space for nonzero clear-
ance ¢c=1 mm, and wig = 200 rpm. The curve is not closed, that is, an unstable orbit.
The largest Lyapunov exponent calculated is positive, denoting the chaotic behavior of
the system.

Next the largest Lyapunov exponent is computed for a set of simulation results for
different values of the nominal angular velocity of the crank: w19=50 rpm, w1p=100 rpm,
w10=150 rpm, and w1¢p=200 rpm. Figure 4.11 shows the results for the clearances: ¢=0.5
mm (Fig. 4.11.a), c=1 mm (Fig. 4.11.b), and ¢=1.5 mm (Fig. 4.11.c). For constant
clearance (c=constant), and for larger values of the nominal angular velocity wig one
can obtain larger values of the Lyapunov exponent A. For ¢=0.5 mm, wip=>50 rpm, it
results A=20.54, and for ¢=0.5 mm, w19=200 rpm, it results A=26.55. Also, for constant
nominal angular velocity (wjgp=constant), and for larger values of the clearance ¢ one
can obtain larger values of the Lyapunov exponent A. For wi9=100 rpm, ¢=0.5 mm, it

results A=24.66, and for w1p=100 rpm, ¢c=1.5 mm, it results A=28.90.
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Figure 4.10: Trajectory of the vertical coordinate yg, in the state space for: a. zero
clearance (¢ = 0 mm); b. nonzero clearance (¢ = 1 mm).
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Figure 4.11: Largest Lyapunov exponent computed for a set of values of the nominal
angular velocity wig and for the clearances: a. ¢ = 0.5 mm; b. ¢ =1 mm; c. ¢ = 1.5
mm.



107

4.7 Conclusions

The dynamic analysis of a planar mechanism with clearance at the sliding joint is
presented. The mathematical model shows that either of four possible contact modes
can occur during motion, and the conditions for switching from one case to another.
Either contacts or impacts are detected at the contact points between the connecting
rod and the slider.

The results present the influence of the slider clearance and the crank speed on
the stability of the system. The Lyapunov exponents are computed for the simulated
data and used as a diagnostic tool. For the mechanism with no clearance, the motion
is periodic. Chaotic motion is observed for the mechanism with slider clearance. The
largest Lyapunov exponents are compared for different crank speeds at different values
of the clearance. For a constant value of the clearance, larger Lyapunov exponents

correspond to higher crank speeds.



CHAPTER 5

STRUCTURAL SYNTHESIS OF SPATIAL MECHANISMS

A new structural synthesis of spatial mechanisms is studied based on the system
group classification. New spatial system groups of different families with one, two, and
three independent contours are presented. Several structure configurations of system
groups with the same number of independent contours can be obtained for a given fam-
ily. The advantage of the analysis of spatial mechanisms based on the system group
classification lies in its simplicity. The solution of mechanisms can be obtained by com-

posing the partial solutions of system groups.

5.1 Introduction

Structural synthesis of mechanisms with the specified number of contours and joint
types is necessary in order to systematize the creative design process. The structural
synthesis of mechanisms was accomplished using the graph theory [58, 59]. Tsai [60]
applied the graph theory, combinatorial analysis, and computer algorithms to systemat-
ically enumerate all possible mechanism topologies having same degrees of freedom and
joint types. Belfiore and Pennestri [61] elaborated a method for automatically drawing
kinematic chains with specified number of contours using the graph theory. Sen and
Mruthynjaya [62] studied the singularities in the workspace of planar closed-loop manip-
ulators. The singularities are determined using the centers of rotation for closed kine-
matic chains with two degrees of freedom. A classification of Assur groups with multiple

joints is presented by Jinkui and Weiqing [63]. Designers also generated collections of
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mechanisms classified according to their functional characteristics[64]. Using the theory
of symmetric groups, Tuttle and Peterson [65] generated planar linkages by contraction
and expansion on a base structure. Huang and Huang [66] described a computer-aided
method to generate planar kinematic chains using the approach of contracted link ad-
jacency matrix. The methodology developed by Chiou and Kota [67] systematically
generates alternate mechanism concepts using symbolic matrices and constraint vectors
representing a library of mechanisms building blocks. Rao and Deshmukh [68] presented
a method to generate distinct kinematic chains that does not require the test of iso-
morphism. Shen, Ting and Yang [69] offers a general and versatile method to identify
the possible configurations up to twenty-nine types of basic kinematic chains contain-
ing up to four independent contours. A method of computer-aided structure synthesis
of multi-loop three-dimensional kinematic chains was presented by Shujun [70]. Struc-
tural synthesis of planar and spatial mechanisms with bars was studied by Popescu and
Ungureanu [71].

Given the required inputs to any single or multiple degree of freedom mechanism,
the mechanism can always be decomposed into system groups. The advantage of the
system group classification lies in the fact that the global solution can be obtained by
composing the partial solutions. Using subroutines for the system groups the spatial
mechanisms can be analyzed in a systematic way. The purpose of this article is to offer
a general method to determine all the configurations of complex spatial system groups
and to automate the process. Spatial mechanisms can always be decomposed into system
groups. The solution of mechanisms can be obtained by composing the partial solutions

of system groups.
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5.2 Degree of freedom and family

The number of independent coordinates that uniquely determine the relative po-
sition of two links connected by a joint is called the degree of freedom of the joint.
Alternatively, the term joint class is introduced. A joint is called of the j-th class if it
diminishes the relative motion of a rigid linked bodies by j degrees of freedom (i.e., j
scalar constraint conditions correspond to the given kinematic pair). It follows that such
a joint has (67) independent coordinates.

The family f of a mechanism is the number of degrees of freedom that are eliminated
from all the links of the system. A free body in space has six degrees of freedom. A
system of family f consisting of n movable links has (6 — f)n degrees of freedom. Each
joint of class j diminishes the freedom of motion of the system by (j — f) degrees of
freedom. Denoting the number of joints of class k& as ¢, it follows that the number of

degrees of freedom M of a particular system is

5

M=(-Hn- > G- e (5.1

Jj=f+1

In the literature this is referred to as the Dobrovolski formula.
For the general case of planar mechanisms, mechanisms of family f = 3, the number

of degrees of freedom M is calculated as

5
M =3n— Z(j—3)cj = 3n — 2¢5 — ¢y, (5.2)
j=4

where n is the number of moving links, ¢5 is the number of full joints, and ¢4 is the

number of half joints. The most common types of planar and spatial joints are shown
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in Fig. 5.1. Two planar joints of the class 5 (one degree of freedom joints) are shown, a
slider joint in Fig. 5.1.a and a pin joint in Fig. 5.1.b. Figure 5.1.c represents a cylindrical
joint of the class 4 (two degrees of freedom joints). A spherical joint of the class 3 (three
degree of freedom joints) is shown in Fig. 5.1.d.

Of special interest are the kinematic chains which do not change their degree of
freedom after being connected to an arbitrary system. Kinematic chains defined this
way are called system groups. A structurally new system can be created connecting
them to or disconnecting them from a given system. For the case of planar systems,
from Eq. (5.2) one can obtain

3n —2c5 =0, (5.3)

according to which the number of system group links n is always even. The simplest
fundamental kinematic chain is the binary group with two links (n = 2) and three full
joints (c¢5 = 3). This binary group is called dyad.

The cartesian reference frame xOyz is chosen for the mechanical systems (Fig.5. 2).
The rotations about the axis are represented by R and the translations along the axis

are represented by T

5.3 Independent contours

A contour or loop is a configuration described by a polygon consisting of links
connected by joints. The presence of loops can be used to determine the type of kinematic
chains. Closed kinematic chains have one ore more loops so that each link and each joint

is contained in at least one loop. A closed kinematic chain has no open attachment points.
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Figure 5.1: Types of joints: a. Slider joint (class 5); b. Pin joint (class 5); ¢. Cylindrical
joint (class 4); d. Spherical joint (class 3).
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Figure 5.2: The cartesian spatial reference frame zOyz.
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An open kinematic chain contains no loops. Mixed kinematic chains are a combination
of closed and open kinematic chains.

A contour with at least one link that is not included in any other contour of the chain
is called independent contour. The number of independent contours IV of a kinematic
chain can be computed as

N =c—n, (5.4)

where c¢ is the number of joints, and n is the number of moving links.

Planar kinematic chains are presented in Fig.5. 3. The kinematic chain shown in
Fig. 5.3.a has two moving links 1 and 2 (n = 2), three joints (¢ = 3), and one independent
contour (N = ¢ —n =3 —2 =1). This kinematic chain is a dyad. In Fig. 5.3.b, a new
kinematic chain is obtained by connecting the free joint of the link 1 to the ground (link
0). In this case, the number of independent contours is also N =c¢—n =3 -2 = 1.
The kinematic chain shown in Fig. 5.3.c has three moving links 1, 2, and 3 (n = 3), four
joints (¢ = 4), and one independent contour (N =c¢—n =4 —3 =1). A closed chain
with three moving links 1, 2, and 3 (n = 3), and one fixed link 0, connected by four
joints (¢ = 4) is shown in Fig. 5.3.d. This is a four-bar mechanism. In order to find the
number of independent contours, only the of moving links are considered. Thus, there
is one independent contour (N = ¢ —n =4 —3 = 1). The kinematic chain presented
in Fig. 5.3.e has four moving links 1, 2, 3, and 4 (n = 4), and six joints (¢ = 6). There
are three contours: 1-2-3, 1-2-4, and 3-2-4. Only two contours are independent contours
(N=6-4=2).

Spatial kinematic chains are depicted in Fig. 5.4. The kinematic chain shown in

Fig. 5.4.a has five links 1, 2, 3, 4, and 5 (n = 5), six joints (¢ = 6), and one independent
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Figure 5.3: Planar kinematic chains.
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contour (N =c¢—n =6—>5=1). For the spatial kinematic chain shown in Fig. 5.4.b,
there are six links 1, 2, 3, 4, 5, and 6 (n = 6), eight joints (¢ = 8), and three contours
1-2-3-4-5, 1-2-3-6, and 5-4-3-6. In this case, two of the contours are independent contours

(N=c—n=8-6=2).

5.4 Spatial system groups

One can determine the system groups for spatial mechanisms by analogy to the
system groups for the planar mechanisms. The system groups have the degree of freedom
M = 0. All possible system groups can be determined for each family of chains.

For the family f = 0, for system groups, from Egs. (5.1) and (5.4) the mobility is

M =6n — 5c5 —4cqy — 3c3 — 2c9 — ¢ = 0, (5.5)

and the number of moving links is

From Egs. (5.5) and (5.6) one can express the number of joints of class 5 as

c5 = 6N — 5c1 — 4eo — 3c3 — 2¢y, (5.7)

and the number of moving links as

n=-—N-4c]+co+c3+cqg+cs. (5.8)
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5

Figure 5.4: Spatial kinematic chains.
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For the family f =1, ¢; = 0 and it results

c5 =5N —4cyg —3c3 —2¢4, n=—N +co +c3+ ¢4 + cs5. (5.9)

For the family f =2, ¢; =0, c2 = 0 and it results

cs =4N —3c3 —2¢4, n=—N +c3+c4 +cs. (5.10)

For the family f =3, ¢; =0, co =0, ¢g =0 and it results

cs = 3N —2¢c4, n=—N + ¢4 + cs. (5.11)

For the family f =4, ¢c1 =0, co =0, c3 =0, ¢4 =0 and it results

s =2N, n=—N +cs. (5.12)

Using the above conditions, all the possible solutions for spatial system groups can be
determined. The number of joints c1, co, ,cs, and ¢4 are cycled from 0 to w, where w
is a positive integer, for system groups with one or more independent contours (N > 1).
The number of joints ¢; and the number of moving links n are computed for each system
group. An acceptable solution has to verify the conditions n > 0 and ¢5 > 0. In Table 1,
the number of possible solutions is presented for some values of w between 0 and 40
and for kinematic chains with one contour (N = 1), two contours (N = 2), and three
contours (N = 3). For N = 1 and w > 3, there are 23 possible solutions. For N = 2,

there are 85 solutions for w > 6, and for N = 3 there are 220 solutions for w > 9.
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5.4.1 System groups with one independent contour

The combinations of spatial system groups with one independent contour (N = 1)
are presented in Table 2. The number of joints ¢1, ca, c3, and ¢4 are cycled from 0 to
3, and the number of joints ¢ and the number of moving links n are computed. System
groups from Table 2 are exemplified next for each of the families f =0, 1, 2, 3, and 4.

For the family f = 0, four system groups are illustrated in Fig. 5.5. The values c5
and n are computed from Eqgs. (5.7) and (5.8), respectively. A spatial system group with
no joints of class 1, 2, 3, and 4 (¢; = ¢ = ¢3 = ¢4 = 0) is shown in Fig. 5.5.a. The system
group has six joints of class 5 (c5 = 6(1) = 6), and five moving links (n = =1+ 6 = 5).
A system group with one joint of class 4 (¢4 = 1) and no joints of class 1, 2, and 3
(c1 = ¢ = ¢3 = 0) is shown in Fig. 5.5.b. The system group has four joints of class 5
(¢c5 = 6(1) —2(1) = 4), and four moving links (n = =1+ 144 = 4). A system group
with two joints of class 4 (¢4 = 2) and no joints of class 1, 2, and 3 (¢; = ca =c3 =10) is
shown in Fig. 5.5.c. The system group has two joints of class 5 (¢5 = 6(1) — 2(2) = 2),
and four moving links (n = -1+ 2+ 2 = 3). A system group with one joint of class 3
(c3 = 1) and no joints of class 1, 2, and 4 (¢; = ¢ = ¢4 = 0) is shown in Fig. 5.5.d. The
system group has three joints of class 5 (¢5 = 6(1) — 3(1) = 3), and three moving links
(n=-1+1+4+3=23).

The spatial mechanism presented in Fig. 5.6 is built from the system group shown in
Fig. 5.5.b. The mechanism has one degree of freedom (M = 6n—5c5—4cs—3c3—2co—c1 =
6(5) —5(5) — 4(1) = 1). The driver link is the link 5. The relative linear velocities are

symbolized by v;; and the relative angular velocities are symbolized by w;;, where 7 and j
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N

Table 5.1: The number of configurations of system groups with one, two and three
independent contours (N =1, 2, and 3)
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Table 5.2: The configurations of system groups with one independent contour (N = 1)
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Figure 5.5: System groups with one independent contour (N = 1) of the family f = 0.
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are the numbered links. Only one relative velocity is represented on the reference frame
in order to show that the respective motion exists.

For the family f = 1, three systems groups are depicted in Fig. 5.7. The values c5
and n are computed from Eq. (5.9). The missing translations and rotations with respect
to the axis of the reference frame xOyz are specified further on for each system group.
A spatial system group with no joints of class 1, 2, 3, and 4 (¢ = co = ¢c3 =c4 =0) is
shown in Fig. 5.7.a. The system group has five joints of class 5 (¢5 = 5(1) = 5), and four
moving links (n = =145 = 4). There are no rotations R, for the links. A system group
with no joints of class 1, 2, and 3 (¢; = ¢a = ¢3 = 0) and one joint of class 4 (¢4 = 1) is
shown in Fig. 5.7.b. The system group has three joints of class 5 (c5 = 5(1) —2(1) = 3),
and three moving links (n = —14 143 = 4). There are no translations T, for the links.
A system group with one joint of class 3 (c3 = 1) and no joints of class 1, 2, and 4
(c1 = cg = ¢4 = 0) is shown in Fig. 5.7.c. The system group has two joints of class 5
(¢5 = 5(1)—3(1) = 2), and two moving links (n = —1+43 = 2). There are no translations
T, for the links.

For the family f = 2, four system groups are presented in Fig. 5.8. The values cj
and n are computed from Eq. (5.10). Two spatial system groups with no joints of class
1, 2, 3,and 4 (¢; = ¢a = ¢3 = ¢4 = 0) are shown in Figs. 8.a and 8.b. The system groups
have four joints of class 5 (¢5 = 4(1) = 4), and three moving links (n = —1+4 = 3). For
the system group in Fig. 5.8.a, there are no translations 7}, and no rotations R, for the
links. For the system group in Fig. 5.8.b, there are no translations T}, and no rotations
R, for the links. A system group with no joints of class 1, 2, and 3 (¢; = c2 = ¢3 = 0)

and one joint of class 4 (¢4 = 1) is shown in Fig. 5.8.c. The system group has two joints
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Figure 5.6: Spatial mechanism with one independent contour and a system group of the
family f = 0.
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Figure 5.7: System groups with one independent contour (N = 1) of the family f = 1.
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of class 5 (¢5 = 4(1) — 2(1) = 2), and two moving links (n = —1 + 14 2 = 2). There
are no translations 7, and no rotations R, for the links. A system group with one joint
of class 3 (c3 = 1) and no joints of class 1, 2, and 4 (¢; = ¢2 = ¢4 = 0) is shown in
Fig. 5.8.d. The system group has one joints of class 5 (¢c5 = 4(1) — 3(1) = 1), and one
moving link (n = —1+ 141 =1). There are no translations 7, and 7 for the links.

The spatial mechanism presented in Fig. 5.9 is built from the system group shown
in Fig. 5.8.b. The mechanism has one degree of freedom (M = 4n — 3¢5 — 2¢4 — ¢c3 =
4(4) — 3(5) = 1). The link 4 is the driver link.

For the family f = 3, three system groups are presented in Fig. 5.10. The values cj
and n are computed from Eq. (5.11). Three system groups with no joints of class 1, 2, 3,
and 4 (¢; = ca = ¢3 = ¢4 = 0) are shown in Fig. 5.10. The system groups have three
joints of class 5 (¢5 = 3(1) = 3), and two moving links (n = —1 + 3 = 2). There are no
translations 7', and no rotations 17, and R, for the system group in Fig. 5.10.a. There are
no translations T, and no rotations R, and R, for the system group in Fig. 5.10.b. There
are no translations T, and no rotations R, and R, for the system group in Fig. 5.10.c.

For the family f = 4, two planar system groups with no joints of class 1, 2, 3, and
4 (c1 = ¢g = c3 = ¢4 = 0) are shown in Fig. 5.11. The values ¢5 and n are computed
from Eq. (5.12). for each system group, there are two joints of class 5 (c5 = 2(1) = 2),
and one moving link (n = —1+ 2 = 1). Also, there are two planar translations for the

links and thus the family of the systems is f =6 — 2 = 4.
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Figure 5.8: System groups with one independent contour (N = 1) of the family f = 2.



127

Figure 5.9: Spatial mechanism with one independent contour and a system group of the
family f = 2.
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Figure 5.10: System groups with one independent contour (N = 1) of the family f = 3.
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Figure 5.11: System groups with one independent contour (N = 1) of the family f = 4.
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5.4.2 System groups with two independent contours

Spatial system groups with two independent contours (N = 2) are presented. The
number of joints c1, co, c3, and ¢4 are cycled, and the number of joints c¢5 and the number
of moving links n are computed. Examples of system groups with N = 2 are described
next for each of the families f =1, 2, 3, and 4.

For the family f = 1, a system group is depicted in Fig. 5.12. The system group
has no joints of class 1, 2, 3, and 4 (¢; = ¢2 = ¢3 = ¢4 = 0). There are ten joints of class
5 (c5 = 5(2) = 10), and eight moving links (n = —2+ 10 = 8). There are no translations
T, for the links.

For the family f = 2, two system groups are illustrated in Fig. 5.13. A system group
with no joints of class 1, 2 and 3 (¢; = ¢z = ¢3 = 0) and one joint of class 4 (¢4 = 1) is
shown in Fig. 5.13.a. The system group has six joints of class 5 (¢5 = 4(2) — 2(1) = 6),
and five moving links (n = —2+1+6 = 5). There are no translations 7, and no rotations
R, for the links. A system group with no joints of class 1 and 2 (¢; = ¢o = 0), one joint
of class 3 (c3 = 1), and one joint of class 4 (¢4 = 1) is shown in Fig. 5.13.b. The system
group has three joints of class 5 (c5 = 4(2) — 3(1) — 2(1) = 3), and three moving links
(n=—-2+4+141+ 3 =3). There are no translations 7, and T, for the links.

For the family f = 3, three system groups are presented in Fig. 5.14. A system
group with no joints of class 1, 2, 3, and 4 (¢; = ¢3 = ¢3 = ¢4 = 0) is shown in
Fig. 5.14.a. The system group has six joints of class 5 (¢5 = 3(2) = 6), and four moving
links (n = —2 4+ 6 = 4). There are no translations T, Ty, and T for the links. A
spatial system group and a planar system group with no joints of class 1, 2 and 3

(c1 = c2 = ¢3 = 0) and one joint of class 4 (¢4 = 1) are shown in Fig. 5.14.b and Fig.14.c,
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Figure 5.12: System group with two independent contours (N = 2) of the family f = 1.
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Figure 5.13: System groups with two independent contours (N = 2) of the family f = 2.
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respectively. The system groups have four joints of class 5 (c; = 3(2) — 2(1) = 4), and
three moving links (n = —2+ 1 + 4 = 3). There are no translations T,, 7T, and no
rotations R, for the spatial system in Fig. 5.14.b.

For the family f = 4, a planar system group with no joints of class 1, 2, 3, and 4
(c1 = c2 = ¢3 = ¢4 = 0) is shown in Fig. 5.15. The system group has four joints of class
5 (c5 = 2(2) = 4), and two moving links (n = -2+ 4 = 2).

The spatial mechanism shown in Fig. 5.16 contains a system group of the family
f =0¢that has e = c2 = 0, c3 = 1, ca = 2, 5 = 6(2) — 3(1) — 2(2) = 5, and
n=-24+1+24+5=6. The mechanism has two degrees of freedom M = 6n — 5c5 —

dey — 3cg —2c2 — ¢l = 6(8) — 5(7) —4(2) — 3(1) = 2. The links 7 and 8 are driver links.

5.4.3 System groups with three independent contours

Spatial system groups with three independent contours (N = 3) are presented. The
number of joints c1, c2, cs3, and ¢4 are cycled and the number of joints ¢ and the number
of moving links n are computed. System groups with N = 3 are exemplified next for
each of the families f = 2, 3, and 4.

For the family f = 2, a spatial system group with no joints of class 1 and 2 (¢; =
co = 0), one joint of class 3 (¢35 = 1), and one joint of class 4 (¢4 = 1) is shown in
Fig. 5.17. The system group has seven joints of class 5 (¢5 = 4(3) — 3(1) — 2(1) = 7),
and six moving links (n = =3+ 1+ 14 7 = 6). There are no translations T, and T, for
the links.

For the family f = 3, a planar system group with no joints of class 1, 2, and 3

(c1 = ca = ¢3 = 0) and one joint of class 4 (¢4 = 1) is depicted in Fig. 5.18. The
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Figure 5.14: System groups with two independent contours (N = 2) of the family f = 3.
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Figure 5.15: System group with two independent contours (N = 2) of the family f = 4.
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Figure 5.16: Spatial mechanism with two independent contours and a system group of
the family f = 0.
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Figure 5.17: System group with three independent contours (N = 3) of the family f = 2.
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system group has seven joints of class 5 (¢5 = 3(3) — 2(1) = 7), and five moving links
(n=-3+14+7=05).

For the family f = 4, a planar system group with no joints of class 1, 2, 3, and 4
(c1 = cg = ¢3 = ¢4 = 0) is shown in Fig. 5.19. The system group has six joints of class 5
(c5 = 2(3) = 6), and three moving links (n = —3+ 6 = 3).

The spatial mechanism presented in Fig. 5.20 contains a system group of the family
f =0 that has ¢ = co = 0, ¢c3 = 3, ¢4 = 4, ¢c5 = 6(3) —3(3) — 2(4) = 1, and
n=-34+34441=5. The mechanism has three degrees of freedom M = 6n — 5c; —

4ey —3e3 —2c9 —cl = 6(8) —5(4) —4(4) — 3(3) = 3. The links 6, 7 and 8 are driver links.

5.5 Conclusions

The method of computer-aided structural synthesis of spatial mechanisms presented
in this paper is based essentially on system group formation using the number of inde-
pendent contours and joints as inputs. The number of joints of different classes are cycled
for different families and several structures of spatial system groups with one, two, or
more independent contours are obtained. For a given family, different configurations of
system groups with the same number of independent contours can be obtained. Spatial

mechanisms can be structured based on spatial system groups.
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Figure 5.18: System group with three independent contours (N = 3) of the family f = 3.
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Figure 5.19: System group with three independent contours (N = 3) of the family f = 4.
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Figure 5.20: Spatial mechanism with three independent contours and a system group of
the family f = 0.



CHAPTER 6

DISCUSSIONS AND CONCLUSIONS

In this dissertation the nonlinear dynamics of a mechanical system with joint clear-
ance is investigated. Modeling this system leads to modeling contacts and impacts that
occur between the links and the joints. Also, at high speeds, the joint moment of inertia
may significantly influence the behavior of the system.

In Chapter 2, the influence of the moment of rolling friction on the energy dissipated
by friction during the impact for different values of the geometrical parameters of the links
is analyzed. More energy is dissipated during impact for larger values of the coefficient
of rolling friction. An energy increase is observed in some cases when the kinematic
coefficient of restitution is used to model the impact. One can partially solve this problem
and obtain energetically consistent results introducing the moment of rolling friction to
the impact equations.

In Chapter 3, the effect of joint inertia on the dynamics of kinematic chains is
presented. The application point of the joint contact forces changes its position for
different values of the slider inertia. Dynamic response characteristics of a planar robot
arm are compared for different values of the prismatic joint inertia.

In Chapter 4, the influence of the prismatic joint clearance and the crank speed
on the stability of mechanisms is studied. The Lyapunov exponents are computed for
simulated data and used as a diagnostic tool. The largest Lyapunov exponents are

compared for different crank speeds at different values of the clearance.
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In Chapter 5, a computer-aided structural synthesis of spatial mechanisms is pre-
sented. The method is based essentially on system group formation using the number
of independent contours and joints as inputs. For each family, the number of joints are
cycled and several structures of spatial system groups are obtained. The solution of a
spatial mechanism can be obtained by composing the partial solutions of the system
groups.

Future work includes experimental approaches of dynamics and control of robotic
arms with joint clearance. The influence of the clearance at joints and the effect of joint

inertia on the control parameters of the systems should be investigated.
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