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A random measure £ on a real interval I is known to be exchangeable iff suitably
reduced versions of the Palm distributions (); are independent of ¢t € I. In this
dissertation we prove a corresponding result where £ is a point process on I with
marks in some Borel space. For this case, the Palm distributions )s; depend on
parameters s € S and t € I, and we show that £ is exchangeable iff the reduced

versions of (), are independent of ¢.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and History

This dissertation deals with the relation between Palm measures and symmetry
properties of marked point processes. More precisely, we characterize the property
of exchangeability in terms of an invariance property of the Palm measures. In this
introduction, we will only discuss some of the basic notions and ideas in intuitive
terms. The precise definitions will be given in later sections.

The first studies of Palm measures date back to the work of Palm [25], Khinchin
([19], 1955), Kaplan (1955), Ryll-Nardzewski [28], Slivnyak [29], Matthes [22], and
Mecke [23]. Palm’s monograph ([25], 1943) deals with telephone traffic intensity vari-
ations. This marks the beginning of queuing theory, which was later to be developed
more systematically by Khinchin [19] and others. Palm theory was originally used to
develop tools for formulating and studying the basic relationships between time and
event averages in queuing theory, but its applications have been explored in other
subjects in recent work. Most studies in the literature deal with Palm distributions
in the stationary case, but very few treat the exchangeable case.

The research on exchangeability started with de Finetti ([8], 1930). The char-

acterization of infinite exchangeable sequences of random variables was established



by de Finetti ([9], 1937), and such sequences are also contractable, as noted by Ryll-
Nardzewski ([27], 1957). Hewitt and Savage ([12], 1955) extended the result to ran-
dom elements in a compact Hausdorff space, and they also proved the celebrated
Hewitt-Savage zero-one law in that paper. Bithlmann ([3], 1960) studied exchange-
able processes and showed that a process on R, is exchangeable iff it has conditional
i.i.d. increments. Exchangeable random measures on [0, 1] were characterized by
Kallenberg ([13], 1975), and the corresponding results for random measures on prod-
uct spaces S x Ry and S x [0, 1] were given by Kallenberg (1990). The fact that any
exchangeable, simple point process on [0, 1] is a mixed binomial process was noted
independently by Kallenberg (1973), Davidson ([7], 1974) and Matthes, Kerstan, and
Mecke (1974-82). The characterization of mixed Poisson processes by exchangeabil-
ity and stationarity with exchangeable spacing variables ([17], Proposition 1.28) was
proved by Nawrotzki (1962), Kallenberg (1975), Matthes (1978) and Freedman. For
more details on exchangeability, the reader may refer to the monographs of Aldous
([1], 1983) and Kallenberg ([17], 2005). The reader may also find more complete his-
torical and bibliographical remarks on exchangeability from Kallenberg ([17], 2005).

The adopted version of the celebrated result of Slivnyak (][29], 1962) states that
a point process is Poisson iff the associated reduced Palm distributions agree with
the original distribution of the process. Slivnyak’s work linked the notions of ex-
changeability with Palm measures. Later, some people proved extensions in various

direction. Papangelou ([26], 1974) characterized the mixed Poisson processes through



the invariance of their reduced Palm distributions. The characterization of mixed bi-
nomial processes appeared in Kallenberg (1972), and the version for general random
measures was proved by Kallenberg ([13], 1975). The extension amounts to char-
acterizing exchangeability of a random measure by the invariance of the associated
Palm measures. More precisely, a random measure £ is exchangeable iff the associ-
ated reduced Palm measures (), can be chosen to be independent of s. Inspired by
these previous characterizations, especially the result in Kallenberg ([13], 1975), we
characterize exchangeable marked point processes in terms of suitably defined Palm
distributions. In the main result of this dissertation, we prove that a marked point
process &, with o-finite intensity measure E{ admitting a factorization v ® A, is ex-
changeable iff the associated reduced Palm measures Q) ; can be chosen to depend
only on s € S. The factorization of the intensity measure E¢ is also necessary, due

to the translation invariance of F¢ when £ is exchangeable.

1.2 Organization

The basic notions used in this dissertation are defined in Chapter 2. Here, we
begin in Section 2.1 with definitions of different types of random measures, such as
general random measures, point processes, marked point processes. The dissertation
relates the notions of Palm measures and exchangeability, which are the main top-
ics of Sections 2.2 and 2.3, respectively. In those sections we will also make some

bibliographical comments on Palm measures. This is followed by some other crucial



definitions concerning Palm measures in Section 2.2, such as Campbell measures, re-
duced Palm distributions. In Section 2.3, a brief summary of the classical theory
of exchangeable point processes and random measures is presented. In particular,
Section 2.3 discusses the relations between different symmetries for random measures
and gives a unqiue representation of an exchangeable random measure. This section
also collects some characterization results for exchangeable simple point processes
and marked point processes.

In Chapter 3, we begin with a discussion of previously known results relevant
to this dissertation. Former results characterize the exchangeability of a few special
types of random measure and general random measures in terms of Palm measures,
where Palm measures )5 for general random measures on S are assumed to depend
only on s € S. The discussion in Section 3.2 in the setting without marks provides a
motivation for the main result of this dissertation, Theorem 3.4, dealing with marked
point processes, where the Palm measures depend on two parameters s € S'and t € I.

In Chapter 4 we prove some previously known results on this subject, in order
to provide some more details to the terse and technical proofs given in the references.
This makes this dissertation self-contained, and may help to explain some of the ideas
underlying the proof of our main result, Theorem 3.4, in Chapter 5.

Finally, the proof of our main result is given in Chapter 5. Since the proof is
quite complicated, we divide it into several steps, as follows: First we show that the
proof of Theorem 3.4 can be reduced to the case where the ”time scale” I is bounded,

the total mass of the marked point process ¢ is finite, and the projection of £ onto



the mark space is nonrandom. Then we provide an equivalence condition for the
exchangeability of £&. We complete the proof by using a connection between regular

condition probability and conditional reduced Palm distributions.

1.3 Notation

For convenience, we assume all random elements appearing in this dissertation to
be defined on some abstract probability space (€2, F, P) with associated expectation
operator /. For ease of reading, we list some symbols that will be used throughout

the dissertation:



Ot

3z
ud

d-dimensional Euclidean space

set of non-negative real numbers

set of integers in R or R

set of rational numbers in R or R,
o-finite state space of a point process or random measure &,
often S = R4

interval [0, 1] or R4

permutation (pi, pe, ...) of integers (1,2, ...)
sequence (&,,,&p,, -..), where ¢ is a sequence of random elements
and p is a permutation

A is defined by B

Borel o-field on R

class of o-finite measures on a Borel space S

class of locally finite counting measures on a Borel space S

Borel o-field on M(S)

¢ and n are conditionally independent given 7

transposition of a random measure &

restriction of random measure £ to a set B, i.e. 156(A) =&(BNA)

intensity of a random measure or Lebesgue measure on R
1p(t) = 6¢(B)
projection of a random measure £ on S x [ onto a set B

id(r) = x



CHAPTER 2

Basic NOTIONS
2.1 Random Measures and Point Processes

A random measure £ on a Borel state space S is defined as a o-finite kernel from
the basic probability space  to R?, i.e. £(w,-) is a measure on R? for any w € €.
Here the underlying probability space for the random measure is (2, F, P).

A point process is a random measure £ such that £B is integer-valued for every
bounded Borel set B € S, in which case, we have a representation for the point
process £ = Y .0, where 0,B = 1{r € B}. In particular, if £{s} < 1 for every

s € R? outside a P-null kernel, then the point process £ is said to be simple.

® @
® The size of any point is integer-valued
@ ® ®

Figure 2.1: Point Process

A Poisson process on S with intensity measure p € M(R,) is a point process &

on R, with independent increments such that ¢ B is Poisson with mean B whenever



uB < o0o. A Coz process & on space S is the point process whose distribution is Poisson
with a random underlying intensity measure. A point process £ on S is a Cox process
directed by some random measure 7 on S when, conditionally on 7, realizations of &
are those of a Poisson process £(+|n) on S with parameter measure . A Cox process,
also known as a doubly stochastic Poisson process, is a generalization of a Poisson
process. It was originally introduced by Cox ([5], 1955). For a Cox process on R,
taking n = pA for some random variable p > 0 and o-finite measure A turns the Cox
process to a mized Poisson process. We say that £ is a binomial process on [0, 1] based
on k € N if £ can be written as ngk dr; a.s. for some i.i.d. random variables 71,...,7%
with distribution U(0,1). A mized binomial process on [0, 1] is obtained by replacing
integer k& with an integer-valued random variable s independent of the 7;.

By a marked point process & (or, MPP for short) on I with marks in S we mean
a simple point process § such that {{S x {t}} < lforanyte [. If =345 is an
arbitrary point process on S, then a uniform or A-randomization of (8 is defined as a
point process on S x [0, 1] of the form § = 3, dg; -, where the 7; are i.i.d. U(0,1) and
independent of 3. An instance of such an exchangeable marked point process is given
in Figure 2.2, where the projections of marks onto [0, 1] are i.i.d. U(0,1). Since the
7; are also independent of 3, for any positive integer k& < £(S x [0,1]), the 7; sharing
the same f are also i.i.d. U(0,1).

Here, we may present some results based on stronger conditions on the prob-
ability space. Readers may refer to David Vere-Jones [6] for more details. For a

probability space (€2, F, P), let X be a locally compact, second countable Hausdorff



Figure 2.2: Exchangeable Point Process on S x [0, 1]

space (abbreviated as lcscH), and let d be the metric such that the space (X,d) is
Polish. We denote by B the ring of relatively compact subsets of X'. Let My be the
space of Radon measures endowed with the vague topology, in other words My is
the space of Borel nonnegative measures that are finite on B. The vague topology
is the topology induced by functions 7y, where m¢(p) = pf for any p € My and
f € Ck(X), the space of real-valued functions on X with compact support. Denote
by M(X) the space of random measures on (2, F, P) taking values on M y.

The finite-dimensional distributions of a random measure & are the family of

proper distribution functions

Ple(A) € Biyi =1, ..., k] (2.1)



for all finite families of bounded Borel sets A, ..., Ax, and Borel sets B; are chosen

from Ry, and k =1,2, ...

Proposition 2.1. The distribution of a random measure & on an lcscH space X s

totally determined by its finite-dimensional distributions.

10



2.2 Palm Measures

The definition of Palm measures requires a random measure £ on a measurable
space (9,S8), along with a random element 7 in a measurable space (T, 7), where ¢ is
also defined as a o-finite kernel from the basic probability space (2, F, P) to the space
S. Define the set of Palm distributions Qs of 7 with respect to ¢ as Radon-Nikodym
densities, given by

Elé(ds);n € A
Eg(ds)

Qs(A) = s€S, AcT, (2.2)

and regular version of Qs(A) is a measure in S for each s. In order to make sense of
this definition for every A, we need the intensity measure E€{ to be o-finite. In order
to ensure the existence of () as a probability kernel from S to T', we may also assume
the space T to be Borel. Rewriting the above equation of Palm distributions as a

disintegration, we get

Cf=E / F(s,me(ds) = / EE(ds) / fe0Qudt),  fz0,  (23)

where f is understood to be an arbitrary non-negative, measurable function on S'x T
Measure C'is the corresponding Campbell measure of the pair (£, 1) on SxT admitting
factorization C' = F£® @), where this product measure is defined in the sense of (2.3).

When € is a simple point process, the Palm distribution Qs of n with respect to

¢ is the conditional distribution of 7, given that £ has a unit mass (or point) at s. In

11



particular, if £ = d, for some random element ¢ in S, then @), reduces to a regular
conditional distribution P[n € -|o]. If E€ is not o-finite, then the denominator E¢
in (2.2) needs to be replaced by a o-finite supporting measure v of £ on S such that
vB=0iff £B =0 a.s. for every B € §. The supporting measure v is unique up to an
equivalence, in the sense of mutual absolute continuity. The (), are v-a.e. bounded
iff the intensity measure F¢ is o-finite, in which case we may choose v = F¢ and
normalize the @5 to be probability measures on 7' if we compare (2.2) with (2.3). If
2 itself is Borel, we may choose 71 to be the identity mapping on 2 (of course, Q@ =T
in this case), which makes @) a kernel from S to €2. Our main emphasis is on the case
when n = &, S is Borel, and E¢ is o-finite. In such a setting, () becomes a kernel
from S to M(S), in which case the @, are called the Palm measures of .

Similarly, we may also define the Palm measures (), of the random measure §
on a measurable space S x I by changing the S in (2.3) to S x I, where s € S, t € I.

When € is a point process on S and n = £, the Palm measures (), of £ are F¢-a.e.
confined to the set of measures p € N(S) with p{s} > 1 for s € S a.e. v. The reduced
Palm measures @, on N'(S) are obtained by subtracting a trivial unit mass (or point)

at s from the point process &, in which case, the formula of @), is given explicitly by

@B = [ Q) =Qduu-s.eB). ses. (2.4)
p—3s€

12



To justify this definition, we may introduce the reduced Campbell measure C" = C

on S x N(S), given by

C'f=E / f(s,€ — 6)€(ds), [ >0,

where f is an arbitrary non-negative, measurable function on S x N (S), and §,A =
14(s). A reduced Palm distribution @, of the simple point process { with o-finite
intensity measure F¢ is the conditional probability distribution of the simple point
process obtained by removing the point s from & given that £ has a unit mass at
s € S. Again, if ¢ is o-finite, then C’ also admits a disintegration ¢ = v ® @',
where v is the supporting measure of £, and the product measure is also defined in
the sense of (2.3). The measures Qs and @), are v-a.e. related by (2.4).

A comprehensive introduction to Palm measures is given by Daley [6], and basic
facts and results on Palm measures associated with stationary point processes are
offered in Chapter 1 of Baccelli [2]. Palm probabilities give us a way of calculating
probabilities of events conditioning on sets of measure zero.

Next result (David Vere-Jones [6], section 12.1) states that the Campbell Measure
of random measure £ uniquely determines the distribution of &, obviously, the converse

is also true.

Lemma 2.2. Let £ € M(X) be a random measure on an lcscH space X, and define
v(Ax B)=E[(A;¢ € B] (2.5)

13



for any measurable A C X and B C M(X). Then, v is a o-finite measure on

X x Bpxy and uniquely determines L£(£).

The following result shows how Palm measures can be described in terms of
ordinary conditional probabilities by introducing some auxiliary random element 7.
The result was first given by Kallenberg (2007) ([18], Proposition 4.1). Here we may
fill some details in the short proof given in this paper. For convenience, we write 15¢

for the restriction of £ to the set B, i.e. 15{(A) = (BN A).

Proposition 2.3. Let £ be a random measure on a Borel state space S. For any set
B € S with £€B < oo a.s. Consider a random element 1 in T such that the Campbell
measure C' of (&,n) is o-finite. If a random element T in S with T ¢ B whenever

¢EB =0, and

Plr €& = % a.s. on {£€B >0} . (2.6)

Then, the Palm measures Qs of n with respect to & having supporting measure v =

L(7) on B are given by

Q. (A) = E[¢B;n € Alr] a.s. on {1 € B}

forany A€ S

Proof: Taking expectation on both sides of (2.6), we have that on the set {{¢B >

0}
ElP[re-§n]]=P(re-)=FE/{B].

14



Write v = L(7) = P{7 € -}. Let us now check v ~ E¢{. Assume that E{B = 0 for
some B € S, then £B = 0 a.s., so P(T € B) = 0 by the assumption of proposition.

Similarly, if vB = 0, then

0 = P(reB)=P(reB,{B=0)+P(r € B,{B > 0)
— P(reB|¢B=0)P((B=0)+ P(r € BI¢tB > 0)P((B > 0)
— P(r€B|¢B=0)P((B =0)+ E[¢B/¢BIEB > 0] P(EB > 0)

— P(r € B|¢B=0)P(B =0)+ P(¢B > 0).

So, P(éB=0)=1—P((£B > 0) =1, which gives E¢B = 0. Hence v ~ E¢.

From the introduction part of Palm measure, we know that E¢ is a supporting
measure on B since {B < oo a.s., therefore v is also a supporting measure of ¢ on
B. Tosee C = v ® (@ on B with v, () as stated in the proposition, we shall apply
the disintegration theorem twice and use the definition of Campbell measure in the

calculations as follows. Let f > 0 be an arbitrary & ® 7-measurable function, then

15



on the set {{B > 0}

Clpf) = E /B f(s,mé(ds) = E {53- /B f<s,n>5gf>

= glep- [ fsnrt e islel| = BleB- Bl
= E[E[EB - f(r,n){n)]=EB- f(1,1)]

= E[F[B- f(r,n)|7];7 € B for 7 ¢ B when £B =0
= [ v [ 50,

which shows that the Q)5 are Palm measures (not necessary to be probability distri-
butions) of 7 associated with the supporting measure v of . The last step implies

Q-(dt) = E[{B;n € dt|7] a.s. on {7 € B}. U

16



2.3 Symmetries

We turn to the brief summary of classical theory of exchangeable random mea-
sures, in particular, the exchangeable point processes. The detailed discussions of
different types of symmetries including exchangeability are offered in the book of
Kallenberg [17].

A finite or infinite sequence of random elements £ = (&1, &, ...) in a measurable

space (5,S) is said to be exchangeable if

(ks weos ) = (€t wves Em) (2.7)

for any sequence ki,..., k,, of distinct elements in the index set of £&. We also say that
¢ is contractable if (2.7) holds whenever k; < --- < k,,. Note that any exchangeable
sequence is also contractable.

For a random measure £ on (0,00) or (0,1], it is exchangeable if the infinite or

finite sequence of random elements

(€(0,1/n],£(1/n,2/n], ...)

is exchangeable for any n € N.
Assume that {0} = 0 a.s. or £ (S x {0}) = 0 a.s. if £ is random measure on [ or
S x I, where I = [0,00) or [0, 1]. For convenience, we write g (-) = £(- x B) as the

projection of £ onto B € B([) if the random measure £ is on S x I. Let p denote a

17



permutation (pi, ps, ...) of the sequence (1,2, ...) such that only finitely many integers
of sequence (1,2,...) are rearranged, and L = ([, Is,...) be a sequence of disjoint
equal-length subintervals of I. Write L o p = (I, I,,,...) and { o L = (&1, €p,, -..)- A
random measure £ on S x I, where S is Borel and I = R, or [0, 1], is exchangeable
if ol 4 & o (L op) for any such permutation p and sequence L.

The celebrated de Finetti’s theorem ([9], 1937) states that the distribution of
an infinite exchangeable sequence of random variables is a mixture of distributions
of i.i.d. sequences. A further extension ([17], Theorem 1.1) of his result shows that
the distribution of an infinite sequence £ of random elements in a Borel space S is

exchangeable if ¢ is conditionally i.i.d. given some o-field F, i.e.
P¢ € [|F] =v™ as. (2.8)

for some random probability measure v on S ([17], section 1.1), which is a stronger
result than de Finetti’s. The counterpart of this extension result that a random
sequence & = (&,...,&,) in a Borel space S is exchangeable iff £ is conditionally
"urn’”, i.e.

Ple € BIF] = %Z Ip(Eop), BeS" (2.9)
V4

where F can be taken to be the o-field generated by 3 = >"7'_, d¢,, and the summation
extends over all permutations p = (pi, ..., pn) of {1,...,n}, and the {op = (&, ... &p,)
([17], section 1.2). Ryll-Nardzewski ([27]) proves that the exchangeability of an in-

finite sequence ¢ of random elements in a Borel measurable space S is equivalent to

18



the contractibility of £, and also equivalent to the condition that & is conditionally
i.i.d in the sense of (2.8).

There are three common notions of symmetries considered in this section, and
we gave a short introduction to one type of symmetry for random sequence, the ex-
changeability. Formulas (2.8) and (2.9) characterize the exchangeabilities for infinite
and finite random sequences. We turn to the other two symmetries for random mea-
sures by introducing some simple transformations on I = R or [0, 1], and give their
equivalence for random measures on / and product space S x I.

For any a > 0, the reflection R, on I is defined by

A random measure £ on [ is said to be reflectable if £ o R 4 ¢ for every a € I. In

the case when ¢ is a simple point process. For any fixed 0 < a < b, the contraction

Coayp on I is defined by

¢, t<a

Cap(t) = § oo, t € (a,b]

t—b+a, t>b

\

Note that the effect of C,; is to remove the interval (a,b] and join the remaining

two disconnected intervals together. Similarly, we say a random measure £ on R, is

19



contractable if £ o C’a’; £ ¢ for any [a,b] C Ry, where o CJ; is obtained by sticking

Ljo,q€ and 111 (or 1,00)&) together, but a random measure £ on [0, 1] is said to be
contractable if £ o C L¢o C_ 4 whenever the lengths of intervals [a,b] and [c, d] are

equal. The transposition Ty, on I is defined for any 0 < a < b by

t+b—a, t<a
Ta,b(t) = t—a, t e (G,b] .

b, t>b

\

In other words, T,; switches the intervals [0,a] and (a,b], but the interval after b

remains the same. An example of such transposition is shown in the Figure 2.3.

e

OW

b-a

S
o> e

Figure 2.3: Transposition 7, ; operated on R

Informally, for any random measure § on I, { o T bl is a random measure on [
by switching two parts 1y & and 1(,¢. Intuitively, we may see from the definition
of T, that a marked point process { o T, , is obtained by switching two ”slices” of &
on S x [0,a], S x (a,b].

According to Theorem 1.15 in [17], the above three notions of symmetry defined

by reflection, contraction and transposition are equivalent for a random measure £ on

20



R, . Indeed, this theorem still holds for random measures on S x R, , where S is a
Borel space, but again, the notations o R, £ oC, ; and o7 - bl are defined under the
condition £(S x {0}) = 0 a.s. We say f is a A\-preserving function on [ if A = Ao f~1.
The next result summarizes the relations between the different symmetries quoted

from sections 1.4 and 1.5 in [17] for a random measure.

Lemma 2.4. (exchangeable random measures) Let £ be a random measure on I or
S x I, where I =R, and S is Borel. Then these conditions are equivalent:

(i) € is contractable,

(11) € is exchangeable,

(111) & is reflectable,

(iv) Eo f1 2 & for any \-preserving function f on I,
If instead I = [0, 1], then (i)<(ii)< (iii)< (v), and the exchangeability of £ is equiv-
alent to the condition

(v) & has a representation

E=a®@A+ ) B;®6, as.
j

for some i.i.d. U(0,1) random variables 11,2,... and an independent collection of
random measures o and [31,5s,... on S.

Furthermore, if £ is a simple point process on Ry with infinitely many points 71 <
Ty < -+, then (i)—(iv) are also equivalent to

(vi) € is stationary with exchangeable spacing variables 7, — Tr—1, k € N.

21



Of course, Lemma 2.4 also holds for marked point processes on S x R, or S x
[0,1] and simple point processes on R, or [0,1]. The following Lemma outlines the

exchangeability results in sections 1.4, 1.5 and 1.6 of [17] for simple point processes.

Lemma 2.5. (characterization of exchangeable simple and marked point processes)

(i) Let & be a simple point process on Ry or [0,1]. Then & is exchangeable iff it
18 a mized Poisson or mixed binomial process.

(ii) Let & be a marked point process on Ry with marks in Borel space S. Then &
1s exchangeable iff it is a Cox process directed by v @ X for some random measure v
on S, where X is Lebesque measure.

(i1i) Let & be a marked point process on S x [0,1], where mark space S is Borel.

Then & is exchangeable iff it is a A-randomization of 5 = £(- x [0, 1]).
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CHAPTER 3

PREVIOUS AND NEW RESULTS

3.1 Introduction

Section 3.2 starts with Slivnyak’s theorem stating that the only point process
whose associated Palm distributions are the same as the distribution of this point
process is Poisson, which characterizes the Poisson process in terms of Palm measures.
Kallenberg and Papangelou ([17], section 2.7) provide the condition with explicit
formula to characterize the exchangeable point processes, in which case, the reduced
Palm distributions turn out to be invariant, so it naturally gives arise to conjecturing if
there is also an invariance property of reduced Palm distributions for the exchangeable
marked point processes. This is the origin of the ideas about the main results of this

dissertation presented in Section 3.3.

3.2 Previously Known Results

Pure Poisson processes were first characterized in terms of the Palm distribu-
tions by Slivnyak ([29], 1962). The following Theorem 3.2 ([17], section 2.7) extends
Slivnyak’s classical result and shows that the distribution of a Poisson process with
a fixed point added to s is the Palm distribution of this Poisson process at s. The

converse is also true.
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Theorem 3.1. (Poisson criterion, Slivnyak 1962) Let & be a point process on a Borel

space S with reduced Palm distributions Q)',, s € S. Then & is a Poisson process iff

Q. = L(E) for E¢-a.e. s.

Theorem 3.1 is a simple special case of the following Theorem 3.2 that completely
characterizes the exchangeable point processes through reduced Palm measures, and
also gives the explicit formula for the reduced Palm distributions of such exchange-
able simple point processes. There are several different approaches of the proof in
literature, but here we may take the approach in [17], Section 2.7. In Section 4.1 we
also add a few more details to that proof.

Recall from Lemma 2.5 that the only exchangeable simple point processes on R
are mixed Poisson, whereas the only exchangeable simple point processes on [0, 1] are
mixed binomial processes. However this is not true for point processes.

Consider a mixed Poisson process € on S directed by pA for some random variable
p > 0 and o-finite measure A on a measurable space (5,S). Letting () = Fe '

denote the Laplace transform of p, we have

P{¢(B =0} = Ee "8 = p(\B), BeS.

Next let the measure A on S be such that 0 < AS < oo. If £ is a mixed binomial

process based on the probability measure A/AS and a Z,-valued random variable &,
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then the following formula holds.

Piep=0)=5(1-3g) —¢00),

where p(t) = E[1— (t/\S)]". The following result was obtained by Papangelou

(1974), Kallenberg (1975) ([17], section 2.7).

Theorem 3.2. (reduced Palm measures) Let & be a point process on a Borel space
S with reduced Palm measures Q., s € S. Then, £ is a mized Poisson or binomial
process iff Q. are independent of s. Moreover, L(§) = Po &t = M(\ p) iff Q. =

M\, —¢) for A-a.e. s.

A random measure £ on S may be decomposed into diffuse and atomic compo-
nents. Define & € S1(\, a, 3) if £ is symmetrically distributed associated with the
positive bounded measure A on S. Then the diffuse component equals {; = aA/AS,
and the atomic component of ¢ is given by > i 3;0-,, where the 3; are atom sizes at po-
sitions 7;, where the 7; are i.i.d. with the common distribution A/AS and § = Z]‘ 0, -
Note that since {z/a = A/AS, A is diffuse when a > 0.

Similarly, define £ € S (A, ,v) if £ is A-symmetric and has conditionally inde-
pendent increments directed by the pair (a, ), where the diffuse component of ¢ is
&; = a\ and atoms are given by a Cox process nll,a on S x (0, 00) directed by A@v.
The following Palm measure invariance result was extended to the general random

measures by Kallenberg ([13], 1975).
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Theorem 3.3. (invariant Palm measures) Let £ be a random measure on a Borel
space S with supporting measure A and associated reduced Palm measures Q. Then
Q, = Q' is a.e. independent of s iff £ is A\-symmetric, in which case even the reduced

Palm measure Q)" is A-symmetric, and X\ is diffuse unless & is a.s. degenerate.

A detailed proof of this result appears in [17], Section 2.7. See also Section 4.2

below.

3.3 Main Result

We are now ready to present the main result of this dissertation. Theorem 3.3
suggests the following result for characterizing the exchangeable marked point process
by using Palm measure invariance. Here A denotes the Lebesgue measure, and the

Palm measures ()5, for marked point processes are defined on page 12.

Theorem 3.4. Let & be a marked point process on Borel space S X I, where I = R
or [0,1]. Assume E{ = v ® X for some o-finite measure v on S. The following two
conditions are equivalent:

(i) & is exchangeable.

(ii) QS has a version that is independent of t.

Note that the first statement of Theorem 3.2 is the special case where the mark
space S is replaced by a single point. The following figure is displayed here for

elaborating the connection between Theorem 3.3 and our main result.
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S —— ® -

A random measure without the diffuse component

[

A marked point process with the same times as positions of
atoms of the above random measure. The "heights" of marks
are chosen to be equal to the sizes of atoms of the random
measure

The atomic part of a random measure may be coded by a point process in a
product space S x I, where the first component gives the location, and the second
component gives the size of an atom, which make it seemingly reasonable to give an
invariance result for Palm measures of an exchangeable marked point process. As the
above figure shows, for a random measure without the diffuse component, we may
think of its atom sizes as the marks in the mark space if this random measure turns
out to be a marked point process. The atom positions of such a random measure
play a role similar to the times of marks on time scale [ in the present case. The
first statement of Theorem 3.3 shows that the exchangeable random measure has
associated reduced Palm measures that are invariant only with respect to the atom
positions, which is the motivation behind Theorem 3.4. It naturally gives rise to
the extension of these results for random measures to marked point processes. The

intuition from Theorem 3.3 suggests that there is a strong connection between the
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exchangeability of a marked point process and the invariance of its associated reduced
Palm measures with respect to the times of marks. However, the definitions of Palm
measures and reduced Palm measures for random measures are different from those
for marked point processes since, unlike random measures, the Palm measures depend
on both mark space S and time scale I in the case of marked point processes. This
major difference explains why we need to impose some further conditions, such as
requiring F¢ to admit the stated factorization. Recall from Lemma 2.5 that a marked
point process on S x [0, 1] is exchangeable if and only if it is a A-randomization of
point process  on the mark space. Apparently this suggests the need of factoring
the intensity measure of an exchangeable marked point process on S x [0, 1] into a

product of measures on the mark space and the time scale.
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CHAPTER 4

PROOFS OF PrREvVIOUSLY KNOWN RESULTS

In this chapter, we show some technical proofs of the classical results shown in
section 3.3.2 basically following the ideas of proofs given by Kallenberg ([17], section
2.7). The main reasons for including the following technical proofs are to make this
dissertation self-contained and to explain some basic ideas that will be used again in
the proofs of the main results for this dissertation. Meanwhile, the proofs presented in
this chapter provide more details that will be helpful in the next chapter for proving

the main result, and also unify notations used later on.

4.1 Proof of Theorem 3.2

Here we may state Theorem 3.2 again to save time of turning pages back and

forth for readers.

Theorem 3.2 Let £ be a point process on a Borel space S with reduced Palm mea-

sures Q., s € S. Then, £ is a mized Poisson or binomial process iff Q' are inde-
pendent of s. Moreover, L(§) = Po &t = M(\, p) iff QL = M\, —¢') for M-a.e.

S.
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First we need the following two auxiliary lemmas to prove Proposition 4.3 that
is important for proving equivalence between two equations in this Theorem. For ele-
mentary proofs of those lemmas and references, see Lemmas 12.2 and 12.4 in Kallen-
berg ([16], 2002). We start with the Lemma that characterizes Poisson processes by

their unique Laplace functionals.

Lemma 4.1. & is Poisson with intensity measure E& = X iff it has Laplace functional

Ee*/ =exp{-A1—-¢/)}, f > 0 measurable.

Next Lemma provides the Laplace functional for a mixed binomial process.

Lemma 4.2. If £ is a mized binomial process based on the probability measure \/\S
with 0 < AS < oo and an integer-valued random variable k, then & has Laplace
functional

Ee ¢/ =F ()\e*f/AS)H, f >0 measurable.

The following proposition gives the Laplace functional for an exchangeable simple

point process using the function ¢ defined in Section 3.2. (refer to [17], section 2.7)

Proposition 4.3. A point process £ is either mized Poisson or mized binomial iff it

has Laplace functional

Eet =p(A(1-¢)), f > 0 measurable, (4.1)
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where p, A\ in both mixed Poisson and mixed binomial cases are defined as in Section
3.2. Hence, by the uniqueness of Laplace functional, we may write L(§) = Po & =

M(X\, @), a function of ¢ and \.

Proof of Proposition 4.3 When £ is a mixed Poisson process directed by pA for
some random variable p > 0 and o-finite measure A on the measurable space (5,S),

then by Lemma 4.1, we have

Eet' =E[E[e¥p]] =E[Elexp{-pA1—eN}|p]] = (A1—-€T)) .

If £ is a mixed binomial process based on the probability measure A/AS with

0 < AS < o0 and a random variable x, then by Lemma 4.2, we obtain

EBe =FE X\ /AS) =E(1-X1—-e)/AS)" =p (M1 —e)) .

The distribution of the point process £ is uniquely determined by the Laplace
functional as in (4.1), so we may write the distribution of £ as a function of A, ¢, in
other words, £(£) = M (A, ¢) for some function M. O

Now we are ready to prove Theorem 3.2. This is a more detailed version of the
proof in Kallenberg (2005) (refer to [17], section 2.7).

Proof of Theorem 3.2: Assume that ¢ is a mixed Poisson or binomial process.
Proposition 4.3 shows that L£(§) = M(A, ) for some function M, in which case

Ee ¢ = ¢ ()\ (1 — e_f)) for any measurable f > 0. If £ is a mixed Poisson process
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directed by directed pA for some random variable p > 0 and o-finite measure A on
the measurable space (S,S), then \ is a supporting measure of £ for A ~ E¢ as an
observation from F¢ = Ep - \.

Fix a measurable function f > 0 on S with Af > 0 and a set B € § with
AB < 00. Then

Be 8788 = o (A (1 —e~F718)) |t >0

Taking derivatives with respect to ¢ on both sides, and by dominated convergence

theorem together with the equation

d t

= g(s,)A(ds) = / 9g(s, ))\(ds) if [g] < 2,A\B < oo, (4.2)
we have

E [—§B . e_gf_th} = ¢ ()\ (1 — e_f_ﬂB)) A (IBe_f_ﬂB) )
Let t = 0, then

E[(B-e¥]=—- (AN1-eT)) - A(1ge ™).

Let Qs denote the Palm measures of £ corresponding to the supporting measure

M. Note that

E[(B-e Y] :E/

B

e ¢(ds) = C(1ge ) = /

B

A(ds) / e Q,(dp).
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Therefore, we get

/e“st(d,u) /B Ads) =—¢' (A(1—e))- / e TN (ds) .

B

For any M-a.e. s € S, we have

[eriQun) == (1)) e,

because B is arbitrary, which implies

[erequan = [ eeiq.
— [erQun

-~/ (a=e),

where [ #/Q’(du) is the Laplace functional of £ corresponding to the reduced Palm
measures. To extend the result to an arbitrary measurable function f > 0, we simply

take non-negative measurable functions 0 < f,, T f. Note that —e=#/» T —e™#/ hence

A=) T (1-e))

by monotone convergence theorem.
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Comparing the following equation

[emiQudm =& (1= e )

with (4.1), we conclude that Q) = M (X, —¢') for Ad-a.e. s. In particular, @, = @' is
independent of s € S a.e. \.

Let us now prove the theorem in the converse direction. Choose the support-
ing measure A and the associated reduced Palm measures ), such that Q. = Q' is
independent of s € S.

First, assume that £S is bounded a.s. and P{{ # 0} > 0. Introduce a random

element 7 in S satisfying
Plr €€ =¢&/€S  as.on {£S > 0}. (4.3)

By the definition of Palm measures, for an arbitrary set B € S, we have

BEBiES =n] [, Qu{nS = n}A(ds)
nP{{S =n} nP{{S =n}

_ fB Qs {(M - 55)5 =n- 1} )\(dS)

B nP{{S =n}

QL {nS = n— 1} A(dy

B nP{{S =n}

Q@ {uS=n—11)B

B nP{{S =n}
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In particular, taking B = S implies 0 < AS < oo since £9 is a.s. bounded by
assumption.

If P{{&S =n} > 0 for some n € Z, then by Proposition 2.3

Pl¢—0, € BlES=n,T € ds]
— E[L{ES = n} - Ln(€ — 6,)|7 € ds] /P{ES = n}
- / L{ES = n} - Lp(st — 8.)Qu(dn)/PLES = n}

= QS[/L—(SS € B|:USZ n]v

which implies 71L¢g(& — d;) on the set {£S > 0} by the invariance of reduced Palm
measures. Since (4.4) shows that P[r € B|£S = n] is proportional to AB for a fixed

n € N, we get that
Plr € B|£S;€ —0,] = P[T € B|¢S] = AB/AS a.s.on {£S > 0}. (4.6)

J

~;» Where

Since ¢ is a point process and S is Borel, we may write £ = ngm
Y1, ...,V are listed by a suitable ordering and k = £S. In order to generate an ex-
changeable sequence 7, ..., 7, by permuting the sequence 7y, ..., 7., we may introduce

a sequence of independent integer-valued random variables 7y, ..., m, with (m;) 1L (&, k)

and 1 < m; <. The distributions of 7; are given by
Plm=j}y=7" 1<j<i, j€Z,, 1<i<k. (4.7)
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Define 71 = 7., and rearrange the remains {71, ..., 7} \ {7x.} by the same or-
dering as we used for ordering the set {vi,...,7}. Pick the m;_;-th element as 7.
Continue to pick the 7; recursively until the whole sequence 7, ..., 7, is constructed.
It is easy to see that the sequence 7y, ..., 7, is exchangeable as k = £ is given (a short
proof of this conclusion is given on page 49), which shows that (4.3) follows with 7
replaced by 7.

Note that £ = >, 0., = >, 0r. Then by (4.6) and independence of (m;), we

J<K

get

P[m € Blk;T2,...,7] = AB/AS a.s.on {k > 0}, (4.8)

which extends by the exchangeability of the sequence 7, ..., 7, for a given x to

Plr; € Blr; {11, ... 7o }\{7i}] = AB/AS as.on {xk > 0},1 <i < k. (4.9)

Equation (4.9) shows that the random elements (7;) are i.i.d. with distribution A/\S
a.s. on {§S > 0}, which means that { = >, d., is a mixed binomial process based on
the probability measure \/AS. It follows by Proposition 4.3 that £(§) = M (), ¢) for
some completely monotone function ¢(t) = E [1 — (¢/A\S)]" on the bounded interval
[0, AS].

Next, we consider the case when £S' is unbounded by borrowing the result ob-

tained from the previous argument for the bounded case. Choose some sequence of
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sets B, T S with ¢B,, < o a.s. for every n. By the previous argument, we see that

£(13n5> = M(an)\u Son)7 n €N

for some completely monotone functions ¢, (t) = E[1 — (t/AS)]*”" on bounded inter-
vals [0, AB,]. Fix an arbitrary measurable function f > 0 on S and put f, = 1, f.

Then f, T f. Note that

Ee ¢ = o(A1—e)), neN,

where ¢ on [0,\S) is obtained by the uniqueness of ¢, on the bounded intervals
[0, AB,]. Therefore, ¢ is unique since the extension of ¢, on the increasing intervals
[0, AB,,] to [0, \S) is unique.

Note that e¢/» and e~¢/ are bounded by 1, and ¢ is decreasing and continuous,
we get

Ee ™ = lim Ee 8" = lim p(A(1 —e ™)) = p(A(1 — ™)),

n—oo n—oo

where the first convergence is by dominated convergence and the second convergence
is due to monotone convergence and the continuity of .

Summarizing the previous arguments together with Theorem 12.4 in [16] (2002),
we conclude that £ is a mixed binomial process when £S5 is a.s. bounded or a mixed

Poisson process when &S is a.s. unbounded. 0
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4.2 Proof of Theorem 3.3

For convenience, we may again state Theorem 3.3 in the previous chapter.

Theorem 3.3 Let £ be a random measure on a Borel space S with supporting mea-
sure A and associated reduced Palm measures Q). Then Q' = Q' is a.e. independent
of s iff & is A-symmetric, in which case even the reduced Palm measure Q' is -

symmetric, and X is diffuse unless & is a.s. degenerate.

The following lemmas are required to reduce the proof of Theorem 3.3.

Lemma 4.4. Let £ be a random measure on a Borel space S with 0 < £S < o0 a.s.
If the associated reduced Palm measures Q' are a.e. independent of s, then for any

fized x > 0, the measures

Qs[(u{s}, p — p{s}) € -|uS € dz] (4.10)

are also a.e. independent of s.

Proof: Fix any measurable set B C S x M(S) and C € B(R. ), then

Qul(ilsy n—i{s}) € BipS € C1 = Qll(y,v) € BivS+yeCl.  (411)

We note that the right-hand side of (4.11) are a.e. independent of s since reduced

Palm measures ()} are a.e. independent of s. Write (4.10) as the Radon-Nikodym
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derivatives, i.e.

Qs[(pfs}, u — p{s}) € -;uS € dx]
Qs{pS € dz} '

Qs [(p{s}, n— p{s}) € -|uS € dx] = (4.12)

Then from (4.11) we see that (4.10) are a.e. independent of s if we take C' = {x} and
B =8 x M(S). O

Next proposition shows that some properties of a random measure £ such as
exchangeability hold locally so as to reduce the proof of Theorem 3.3 by assuming

the total mass of the random measure £ to be finite.

Proposition 4.5. Let £ be a random measure on a Borel space S with o-finite in-
tensity measure E& and Palm distributions Q. If B, T S, then

(i) € is exchangeable iff 1, is exchangeable for every n € N.

(1) lim,, an) = Qs for a.e. s, where an) are the Palm distribution associated with

the random measure 1p, &.

Proof: The proof is very similar to that of Lemma 5.6. Readers may refer to
page 64 of this dissertation for details. 0J

Let us now prove Theorem 3.3 by some reduction.

Proof of Theorem 3.3: To prove the first assertion, it suffices to just consider the
restrictions of £ to the sets B € § with {B < oo a.s. by Proposition 4.5. So, we may

henceforth assume £S5 < oo a.s.
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Assume that Q) = @ are a.e. independent of s. Let 7 be the random variable

with conditional distribution

Plr €[] =¢&/£S on {£S > 0}, (4.13)

and set (n,¢) = (§{7},£ — £{7}d,). By Proposition 2.3, we get that any = > 0 and

se S

P(n,Q) € -[£S € dx, T € ds] (4.14)
= P[(&{7},& — &{7}0,) € -|£S € dx, T € ds] (4.15)

= Qs[(u{s}, p — p{s}ds) € -|uS € dz].

Since @, = Q' are a.e. independent of s, the right-hand side of (4.14) is independent

of s by Lemma 4.4, which gives the conditional independence

Tlles(n,¢) on {£S > 0}. (4.16)

Therefore, we have

Plr € [¢S,n,(] = Plr € ¢S] = E[¢/eS|eS) (4.17)

= E[¢|£S]/€S a.s.on {£S > 0}.
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Recall that the atom sizes 3; of random measure £ can be given by the point process
0= Zj d3,. Also note that 3 is a measurable function of (n,(). So, combining the
following equation

Plr € [¢,0] = Pl € -[¢]

with

Plr € -|¢5,n,¢, 8] = P[r € -[€5],

we may henceforth assume § to be non-random. A detailed proof of the sufficiency
of similar reduction is given on page 51.
Let A\ be the supporting measure of £&. To see that ¢ is A-symmetric, we may

note that for any B € S and A € B(R.),

E[B:¢S € A =(LQAM9€AMM$

= [ Qe+ uS € A

= Q{(z,p);z+pS € A}AB

by the assumption that @), = Q' are a.e. independent of s € S. In particular, taking
B =S5. gives
E[(B; &S € A|/E[£S;¢6S € Al = AB/)S.

So,

E[E[¢B¢S]; €S € A] = E[¢B; €S € A = E[¢S;€S € AJAB/AS (4.18)
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shows that E[(B|(S] = €S - AB/AS a.s. since A is arbitrary. Comparing it with

(4.17), we get

Plr € -|£S,&{1}, £ — {7} d;] = P[r € -|£S] = A\/AS as.on {{S >0} (4.19)

By the same means of generating a random permutation as the previous proof on page
35 shows, positions of the atoms are enumerated in exchangeable order when atom
sizes at those positions are the same, therefore, we obtain a sequence of positions
T1,To,... of the atoms of sizes 31,05s,...
Let n be the number of distinct atom sizes and write 3 as the i-th smallest atom
size. Construct a random variable @ independent of &, 7 such that
B BB

P(w:i)zé—s.

Write jo, = min{j : {{r;} = 6¥}. Define 7 = 7;_. Let us now show that such 7 sat-
isfies the condition P[T € -|¢{] = £/£S a.s. on {£S > 0} by the following calculations.

By the exchangeability of atom positions corresponding to the same atom size, we
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have a.s.

1
Aw=ilE] = . Plric Aw=1
Plre A, w =il 507 je{kﬂz;}:m} 1 € A, =i[¢]

__b Y Elfr e A} Hm =i}

B(6%) je{k:e{m}=5"}
1 .
D) >, MHmedr Plo=i

je{k:g{rc}=5"}
1
=5 2 meAPle=i
je{k:&{r}=5"}

= Y gl eAyss,

Je{k:é{m}=p"}

hence,

Pr € Al¢] :ZP[TGA,w:i|§]

-y Y gifneayes
i=1 je{k:{{m}=p"}
= EA/ES,

which shows that the constructed 7 satisfies the condition P[r € -[{] = £/£S a.s. on

{£€S > 0}.
On the set {n = Bk}, (4.19) together with the exchangeability of {7; : {7} = Ok, € N}
implies

P[Tke|§{Tk};§_§{7—k}5ma7—j7]7&]{7]:/\/)\S a.8.
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by a similar argument as in the previous proof on page 35, which shows that 71,7,...
are i.i.d. with distribution A/AS. It proves that £ is A-symmetric. Here, X is diffuse

unless ¢ is a.s. degenerate, since otherwise, say A{t} > 0 for some ¢, then we have
P(ri=m)>P(nn=tn=t) = ()\{t})2 > 0,

a contradiction to the fact that the 7; are distinct.

Conversely, suppose that & is A-symmetric, and A is diffuse unless £ is a.s. de-
generate. Again by Proposition 4.5, it is enough to consider the restrictions of £ on
the sets B € S with 0 < AB < 00, so we may assume that £ € S;(), o, 3) with
0 < AS < o0. As before, we may also assume that 5 = ). 3, and « are non-random.
Note that the A-symmetry implies E[|£S] = (£S) - A/AS a.s. Fix an arbitrary mea-

surable set B € S, by calculations similar to (4.18) we obtain that

/B Q. {15 € -} A(ds)
— B¢B;¢S € | = EB[EBI¢S]; €S € |

= E[£S;ES € -]AB/AS,
which shows that for a.e. s € S,
Qs {uS € -} = E[£S;£S € -] /AS. (4.20)

Hence, Q{uS € -} are a.e. independent of s.
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Next, we may construct a random variable 7 satisfying P[r € -[¢] = £/£S a.s. and
T1les(n, €) so that (4.14) holds and gives the invariance property for Palm measures,
here n = {7} and ¢ = £ — £{7}J, as before.

By the assumption that £ is A-symmetric, £ has an a.s. representation

A
f = OJE + Zj:ﬂj&—j, (421)

for some i.i.d. random elements 7y,75,... with distribution A/AS and independent of

avﬁhﬁ?)""

Choose n to be independent of 7,75,... with distribution

Pin=0}= ,g%
and
P{n=p} = —ﬁ(ﬁg)s' Bk

Let jp = min{j: &{r;} = B} for £ > 1. Choose 7 = 7, if n = B as k > 1, and
set 7 to be an independent random variable with distribution A/AS if n = 0. Let

Tj1>Tjros-- denote the positions of atoms with ji = jr1 < jr2 < --- such that

S{Tjk,l} = g{Tjk,Q} == ﬂk
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For any measurable A € § and k > 1, letting &’ = j, for convenience, we have

P[T S Aﬂ? = Bk’f]
= Pr € An=Bylgl = P75, € A= ul¢]

_p [Tjk/,z € A= ﬁk/l&] .

= @ ZP [Tjk,,n € An= ﬁk"f}
n=1
1

= 555 2 i, € AP = Bl

_— ?—g Z 1{Tjk’,n E A}
n=1
= %21{@ — G} 1{r € A}
i=1
by A-symmetry of &.

The calculations for verifying P[r € -|¢] = £/£S a.s. are as follows: For any

measurable A € S, by A-symmetry of £ we have

PlreAlg] = PlreAn=0g+Y P[reAn=p]

j=1

_a M 3 A Y
- G TG e A=)
1

AA
bl v > B 6, (A)| = EAJES.
k=1

Note that 2 = Ux—1(n = Bx)U(n = 0) and recall that £S is fixed at the beginning

of the proof. Then, on the set (n = () for some k£ > 1, by the independence of ) and
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T1,To,... we have

Plre n, ¢l = Plre [¢,n= 05l
= Pl € |7i,1 # Ji;n = Brl

= P{7, €} =X/AS as.

Similarly, since 7 is defined to be independent of ¢ with distribution A/AS and ¢ = ¢

on the set (n = 0), we have

Plre n,{=Plre {n=0=Plre n=0]=A/AS as.

on the set (n = 0). Therefore, 71l ¢g(n, () with 7 satisfying (4.13), so (4.14) shows

that the conditional distributions

Qs[(n{s}, 1 — pn{s}d,)|nS], ses (4.22)

are a.e. independent of s. Combining it with (4.20), we have @), = @' are a.e.
independent of s.
The 7 constructed above is assumed to be independent of £, so on the set (n = 0)

we have

PlCe-n=Ple-n=0=P{{€ }. (4.23)
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Similarly, on the set (n = ;) for some k > 1, we get

PC € -[n] = P[§ — Bidj, € -In = B] = P{{ = Budy, € -} (4.24)

Note that the A-symmetry of { also implies that £ — (0;, is A-symmetric because
of (4.21), the representation of A-symmetric random measures. This together with
(4.23) and (4.24) implies ( is conditionally A\-symmetric given 7, hence (7, () is also
A-symmetric. Then we see from (4.14) that the conditional distributions in (4.22) are

also A-symmetric. This together with (4.20) implies that @)’ is A\-symmetric. OJ
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CHAPTER 5

PROOF OF MAIN THEOREM

5.1 Some Auxiliary Results

The most important results for proving Theorem 3.4 are Propositions 5.4 and
5.5. In Proposition 5.4 we will establish an equivalence result for connecting the
exchangeability of a marked point process on S x [0, 1] with some independence result
by introducing a so-called average random variable 7 in [0,1]. One assumption of
Proposition 5.5 is the average property of this 7 introduced in Proposition 5.4. This
equivalence result together with Proposition 5.5 are very handy when dealing with the
Palm distributions through a simple calculation of regular conditional probabilities.

The following Lemma provides a construction of an exchangeable sequence of
random variables by picking integers 1, ..., n one by one at random. This exchangeable
sequence is used in Proposition 5.4 to generate an exchangeable sequence of times with

the same mark for a marked point process.

Lemma 5.1. Let my,...,m, be independent random elements such that P(m; = j) =
i1, where 1 < j < i < n. Define 71 = m,,, and let 75 be the m,_-st smallest integer
in the remaining set {1,....n}\{m}. Continue recursively to construct the sequence

(T1y ..oy Tn). Then (11, ...,T,) is an exchangeable permutation of (1,...,n).

Proof: We use induction. Fix a positive integer £ < n — 1 and assume that

the sequence (1q,...,7) is exchangeable. For any distinct integers aq,...,a; € [1,n],
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2 <k <n-1, we define A = {w : (n(w) =aq,...,(w) =ar)} C Q. Note that
m1(A),...,m(A) are fixed integers due to the construction of the sequence (7i, ..., %),
ie. (11 =ay,....,7x = ag) is equivalent to B = (m = ny, ..., mx = ny) for some integers
Ny M.

Define by,...,b,_x to be the integers in the set {1,...,n}\{aq, ..., ax} listed in in-
creasing order. Since 7,1 is independent of random elements ..., 7, for any positive

integer ¢ < n — k, we see from the exchangeability of the sequence (7, ..., 7,) that

Pty = b1 = aq, ..., 7, = a) = P 141 = b;|A] P(A)

w = P(mp1 = 1) (n ;!k)! — [n — <:!+ 1)]!’

It follows by induction that (7, ...,7,) is an exchangeable sequence. 0

We continue with an elementary result about the existence of probability kernels.

Lemma 5.2. Let & be a random element in a Borel space (S,S), and 3 be a random
element in a Borel space T. Then there exists a reqular conditional distribution of &
with respect to some o-field F generated by 3. Furthermore, if v is such a probability
kernel from T to S satisfying ju (8,-) = P[§ € -|f] a.s., then po f~1 is also a reqular
conditional distribution of f(&) with respect to F for any measurable function f : S —

S.
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Proof: The existence of p is clear from Theorem 6.3 in [16]. For any measurable

set A € S, we have

PIf(¢) € AlB] = Pl¢ € F(A)|8] = no(fA) as.

This completes the proof. O
If two random elements £, 3 are related by 5 = h(&) for some measurable function
h, then by saying 3 is invariant under f we mean h = h o f for some transformation

function f on £. The following Lemma 5.3 helps reduce the proof of Proposition 5.4.

Lemma 5.3. Fiz two measurable Borel spaces (S,S) and (T,T). Let & be a random
measure on S, and 1 be random elements in T. Let 3 be a {-measurable random
element in a Borel space (U,U). Let p be a probability kernel satisfying pg [(§,n) € -] =
P((&,n) € -|B] a.s. Let f be a measurable transformation on S such that 3 remains
wnvariant under f. Then,

(1) Fiz two measurable sets A € S, B € T. For an arbitrary L(/3)-a.e. b, we have
il € B¢ € Al = E |€pgc AIB=b] as,

where the random variable £5 = P [ € B|€] a.s.

(ii) € and n are conditionally independent given [ iff
o Em = (on™) @ (o™
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for an arbitrary L(3)-a.e. b, where pyo(&, 1)~ denotes the joint probability distribution

of (£,m) under probability measure pu.

(iii) f is L(£)-preserving iff [ is uy o EL-preserving for L(3)-a.e. b.

Proof: (i) Since 3 is £&-measurable, by the assumption P [ € B|¢] = &5 a.s, we

have, for any measurable C' € U,

/bcub[UEB;§€A]P{5€db}
Elugne B;¢ e Al; 3 € C]
=PheB;{eApel]
:E[éB;geA,ﬁeC]
~ [ EBlimccap=sream

beC
:/ Eub[fg;geA]P{ﬁedb},
beC

which shows that, for an £(3)-a.e. b,
pln€ Big € Al = E |&pig € Alp =b).

(ii) Assume that ¢ and 7 are conditionally independent given (3, then we have

pa{(&m) € Ax B}y = Pl(&n) € Ax B|f] = ps{§ € A} - pg{n e B} as.
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for any measurable sets A € S, B € 7. Since S and T are Borel, there exits a

measure-determing class {A; x B;}32, of (S x T, S x T) satisfying

P () [us{(&mn) € Aix B} = ps{€ € Ai} - pg{n € B;j}] = 1. (5.1)

ij=1

Write C' = {b e U;upo(&,n) ' = (mon )@ (mpo&™1)}, and note that P(3 € C) = 1

from (5.1). Then, for £(5)-a.e. b, we have
oo (E;m)~h = (uon™) @ (upo &™) (5.2)
Conversely, if (5.2) holds for £(3)-a.e. b, then
oo (E;m)~ = (mon ™) @ (uo&™h) as.

which shows that £ and n are conditionally independent given /.
(iii) Assume f is £(&)-preserving. Write 8 = h(§) since [ is a measurable function

of £. Since (4 is invariant under f, we get
E£ f(€) = (& (€)= (F(), h(F(€) = (F(), h(€)),
and it implies

Pl¢ € A|f] = P[f(§) € Al(ho f)()] = P [¢ € f1AIB] as., (5.3)
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Therefore, f is yp o & -preserving for £(3)-a.e. b by a measure-determing class argu-
ment as in the proof of (ii).

Conversely, if f is o0& 1-preserving for £(/3)-a.e. b, then (5.3) holds by reversing
the previous argument. Hence, f is £(§)-preserving by taking expectation on both

sides of (5.3). O

5.2 Exchangeability of MPP

Let us first state the following Proposition that plays a crucial role in the proof
of our main result. In particular, it provides a condition equivalent to exchangeability
for marked point processes on S x [0, 1] in terms of a pair of random elements. This
pair connects regular conditional probabilities with conditional Palm distributions in

the sense of Proposition 5.5.

Proposition 5.4. Let & be a marked point process on a Borel space S x I with
(S xI) < oo as., where I = [0,1]. Let (o,7) be a random element in S x I such

that

Plio,7) €1€) = /6(S x I) a5, on {€ £0}. (5.4)
Then, & is A-symmetric iff T LW ezo (0,€ — 0q,r) with distribution A.

To make this long proof easier to read, we prove the proposition in three steps.
The proof is organized as follows:
Proof:  Step 1: Here we consider the special case when ( is non-random and

prove that A\-symmetry of £ implies 7 1L¢o (0,& — 657)-
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We may assume that § = 3,y ds,. Here N = 3(5) is a constant since § is
non-random. Since {£ # 0} = {N > 0}, and £(S x I) < oo a.s. by assumption, we
henceforth assume that N > 0 and ¢ is bounded. Recall that a A-symmetric £ has
an a.s. representation £ = > <N 03, 7; for some i.i.d. random variables 71, 73, ... with
distribution A.

To construct a pair (o', 7') satisfying the condition

Plo’,7') € -[g] =¢/E(S x 1) as.,

we choose a random variable ¢’ independent of 7y,7,... with distribution 3/N. Note
that £ = ). 0, -, is a function of (71, 72, ...) since the ; are non-random. Then o’ 1L&.

Define i, ; to be the j-th smallest number in the index set {i > 1; 5; = 0’}. Simi-
larly, let iy ; be the j-th smallest number in the set {i > 1; 3; = (i }. For convenience,
write 7;, | = 7,1 and my = B(fk). Define 7' = 7,/ ;.

The exchangeability of 7, 7, ... implies

d
(Tpys eoos Tpw ) = (T1, -0y TN, (5.5)

for any permutation (pi, ..., px) of 1,..., N. For any sets A € [0,1]", B ¢ N(S) and

C C N (S x I), since the (; are non-random, (5.5) implies

P {(Tpl, s Tpw ) € A; ZgigN(S” € B}

= P{(Tl,...,TN) € A;ZlgigNéTi € B}-
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Therefore,

Pl(Tpyy s Tpy) € A€ € C]
= P[(Tpy, s Tpy) € 4; ZlgigN(sﬁ”i’T”i e (]

= P71, ) €AY Opr €C]

= P[(11,...,7n) € A, € € C],

which gives

P[(Tplﬁ "'77_PN) S |€] = P[(7_17"'7TN) € ’5] a.s.

Thus, for any positive integer £ < N and an arbitrary interval A C [0, 1], we have
Pl € Al] = Pln.2 € AlE].
Note that o’ 1L¢ implies o’ 1L (7y.1, T2). Therefore, for any C C N(S x I), we get

Plre1 € A0 = Bi|§] = Plmea € A, 0" = B|§]  aus.
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Hence, we get

Plr' € A0’ = B¢
= Plre1 € A, 0’ = B¢
=Pl €A, 0 = Bl¢] = -
= PTim, € A, 0" = Bi|¢]
=m' Y Pl € Ao’ = Gl
=t B[S Ll - 1o = e
=t Y La(na) - Plo’ = i)
—m; ! Zigmku(m) - Plo’ = B}

=my ' E({ B} x A) -my /N =

Then for any measurable B x C' C S x I, we have
Pl(o’, 7)€ Bx C|{] =&(B x C)/&(S x I) as.

By a monotone-class argument, we get

Pl(o’, ) € €] = £/6(S x 1) aus.,

which proves that the constructed pair (¢o’, 7’) satisfies condition (5.4).

27

E{Bk} x A)
T

(5.6)



By the exchangeability of the i.i.d. sequence (7y 1, Tk.2, ..., Tkm, ) and the condition

o' 1Ly 1, for any measurable M C M(S x I), A C I, we have
/ _ I —
P{r' € A} = ka{a = Bpy Tt € A} = MA,
and so

P{g_ 60’,7—’ S M,T’ c A}
=3 P{¢—0sn, €My €A}

= P{Tl,l S A}ka {f - 6ﬂkﬂ'k,1 € M}

= P{f—(sg/ﬂ-/ S M}P{’T’ € A},

where the first step is due to the fact that § —dg, -, , and 73, are independent. Since

o’ is a measurable function of 8 and & — d,/ -, where § is non-random, we have

Plr' e 0", = by = Plr' €8, o 7]
— P[T/ € "5 — 50-/,7-/]

= A

Therefore 7/ 1L (0", & — o7 ) with distribution A. Note that the joint distribution of

(¢,0',7") is determined by (5.6). Likewise, (5.4) determines the joint distribution of
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(&,0,7), and so (&,0',7") 4 (¢,0,7). Hence, the independence 71 (0,& — d,.,) also
holds since the independence only depends on the joint distribution of (¢, o, 7).

Step 2: Here we prove the converse assertion. Assume that 71 (0,& — J, ) with
distribution A conditionally on {{ # 0}. We may again assume that £ is bounded and
non-zero and [ is non-random as before.

Fix a positive integer k < N. Let 77 < --- < T,’f% be the times with a common
mark 3,. Consider a sequence of independent random elements 7¥,..., ank that are

independent of ¢ with distributions
P{rf=j}=i" 1<j<i<my;ijeN. (5.7)

Choose 73,1 to be the 7T ,-th smallest time among 77 L Tfjlk. Then let 73,9 be the

ank -st smallest time in the remaining set {7F;i # ﬂﬁlk} Continue to construct the

sequence (7y ;)i recursively. By Lemma 5.1 the constructed sequence (7y;)i<m, 18

exchangeable. Construct sequences (7;) for all other k in the same way. Since the

space S x [ is Borel, we may write { = >,y 0o, , by choosing

=0 if Z mn 1<z<zn s

and

T, =Tr; i o;=0randi=j+ g T
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Define ¢’ to be a random variable independent of £ and all the random elements
(Wf) with distribution 3/N as before. Let 7" = 7,,;. By computations similar to
those proving (5.6), we see that the pair (¢o’,7’) satisfies the same relation. Write
7" o T = 73, for convenience. Then 7% o @ and «}, are uniquely determined by each
other.

Fix an arbitrary measurable set A C [ and an integer £ < N. By Lemma 6.2

in Kallenberg [16], we see that the assumption 7/ 1L (0/, £ — o ,+) with distribution A

implies

AN = P[T/ S A|0J,€ — 50177—/]
- P[Tk oT € AlO', = ﬁk?é - 6ﬂk,7'k07~l':|

= Plr" o7 € Al — 05, 1kox] a.s. on (o) = B),

where the last step is due to the fact that ¢’ is a measurable function of £ — 6,/
and the non-random (3. Note that (7;);<ny\(7* o ) and (71';) \7k, are enough to
determine § — dg, ko7, i.€., they contain complete information about § — d3, ko, by
the construction of the sequences (7;) and (m%). Therefore, by the independence of

the random elements 7T§», we have

A = _F)[’T]C oT - |§ - 6ﬁk,’rko7~r]
= P[P o7 € |(1:)i<n \(TF 0 7); (7;) \ank]

= Plmga € |(1)\7k1] as. on (o' = G).

60



This, together with the exchangeability of the sequence (7x;) with a common mark
position f, implies that the times (74;)x,; are i.i.d. with the common distribution
A a.s. Hence, if any pair (o,7) satisfies both (5.4) and 71 (0,& — d,.), then the
A-symmetry of £ follows. This completes the proof for the case of non-random .

Step 3: We now consider the case for a general 5. By Lemma 5.3 (i), we get

E,, (£/€S) = w[(o,7) € -[§] as.

for £(B)-a.e. b, where 1 in Lemma 5.3 is replaced by the pair (o,7). Combining
Lemma 5.2 with Lemma 5.3 (i)-(ii), we get 71L(0,§ — 0,,-) with distribution A if and
only if

My © (Ta 0-75 - 50,7’)71 = (Mb o 7__1) X (Hb o (0-76 - 50,7’)71) .

for £(3)-a.e. b. By Proposition 5.3 (iii), we see that £ is Ad-symmetric iff y 0 71 is
invariant under an arbitrary transposition 1.4 for £(3)-a.e. b, where ¢,d € QL N 1.
Therefore, for £(5)-a.e. b, the assumption 71l (0,§ — d,,) with distribution A, the
A-symmetry of £, and equation (5.4) all remain true simultaneously under probability
measures P and p;,. This shows that the proof for non-random £, using p, is enough
to prove the general case by a change of probability measures. 0

In many cases, the direct calculations of Palm distributions can be difficult. The
following result gives a way of using regular conditional probabilities to do calculations

involving Palm distributions.
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Proposition 5.5. Let & be a marked point process on a Borel space S x I with Palm
distribution Qs¢, where (s,t) € S x I and k = (S x I) < 0o a.s. Let the random

element (o,7) in S X I have the conditional distribution

Pl(o,7) €1 =€/&(S x 1) a.s. on {rx >0},

Then for any measurable function f >0, n € N, we have a.s. on {k > 0}

E[f(£.0,7)[6(S x T) = n] = / F (41,0, 7) Qo ldptlu(S x I) = 1]

Proof: We may assume £(S x I) > 0 without loss of generality. Let v = F¢
be the supporting measure associated with the probability kernel @) from S x I to

N (S x I). By Proposition 7.26 in FMP[16], the following formula

Qs [dp; p(S x I) = n]
Qs {u(S x I) =n}
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has a version of probability kernel, say ¢, from (S x I) x N to N(S x I). Then, for

any non-negative product measurable function f, we have

Ef(& 0,7)]=EE[f(&0,7)[¢]
_ E/f(g,s,t)P[(a, 1) € dsdtle]

— B [ f(6.5.) - €ldsan/s(5 x 1
— [vtdsary [ s ) Quldn)uls < 1
N(SxI)

— [ vldsdt) Sk Qui (S x 1) = 1] [ fu5.0)@u (S x 1) = .

keN

Writing 7 (k) = k™ 'Qs4 [u(S X I) = k|, qssx(dp) = Qsildp|u(S x I) = k], we get
‘C{(U7 7_)7 5(5 X I)7 5} =V ® Ts,t ® QS,t,ka

and so,

L{(o,7), (S *xI)} =vQ@rsy

since q is a probability kernel. Thus, it follows that

Elf(&0,7);6(S xI)=mn,(0,7) € dsdt]
= v(dsdt) - rs4(n) / f,8,0)qs .0 (dp)

= /f(u,s,t)Qs,t[dulu(S x I)=n]-PE(SxI)=n,(0,7) € dsdt],
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which shows

BU(€ o r)l6(S x D) =l = [ f1.0.7)Qurlduli(S x 1) =] s

5.3 Proof of Theorem 3.4

Let us recall our main result of this dissertation, Theorem 3.4 on page 26. Here,

A denotes Lebesgue measure as before.

Theorem 3.4 Let £ be a marked point process on Borel space S x I, where I = R,
or [0,1]. Assume EE = v ® X\ for some o-finite measure v on S. The following two
conditions are equivalent:

(1) € is exchangeable.

(i) Q. has a version that is independent of t.

Our plan is to prove the statement in the special case when I = [0, 1], and & is
a.s. bounded and non-zero. We may need the following auxiliary results to show that

it is enough to reduce the proof of Theorem 3.4 in this special case.
Lemma 5.6. It is enough to prove Theorem 3.4 in the case when I = [0,1].

Proof: Write I,, = [0,n]. Assume that Theorem 3.4 holds when I = I;. Then,
for every n € N, Theorem 3.4 also holds for I,, by changing every 1 in [0, 1] to n in

the proof for the case when [ = I;.
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Let I = R,. Write &, for the restriction of £ on S x I, i.e. &, = 1gxz,£.

Assume F¢ = v ® A. Then, for any n € N, E¢,, also admits such factorization
since £ = &, on S x I,,. Likewise, if F§, = v ® A for every n, then F§{ = v ® ) since,
for any A x B C S xR, we get E§(A X B) = E¢,(Ax B) = vA - AB for some
sufficiently large n.

Assume that ¢ is exchangeable (or A-symmetric). Define ¢,, by

bt = Loxr,pt, €N (S xI).

Fix an arbitrary n € N. For any a,b € I,,, we have Ty, = ¢, . Thus

Ta,bgn = dap (Spnf) = Pn (Ta,bg) i ‘Pnf = gna

which shows that &, is also exchangeable.

Assume that &, is exchangeable for each n. Let D be the class of measurable
sets A C N(S x I) satisfying P{¢ € A} = P{T,,{ € A} for any [a,b] C Q. Let
By, Bs,... be a semi-ring generating o-algebra Bar(sxr). Also let C be the class of
consisting of sets

Cr=B,NN(S x I,), i,neN.
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Clearly 2 € D. For any [a,b] C Q, if A, B € D with A C B, then

P{¢eB\A} = P{¢eB}—P{cec A
— P{T,,6 € B} — P{I,,£ € A}

= P{T,,§£ € B\A}.

If Ay, Ay, ... € D with A, T A, then A € D by the continuity of probability measures.

This shows that D is a A-system. If Ci"', C* € C, then
G NCY? = (BiNBj) NN (S X Iyan,) €C,
which shows that C is a m-system. For any C}' € C, the assumption 75 &, < ¢ implies
P{EeC'y = P{& € 7'} = P{T.p6n € C7'} = P{T0p§ € O},

which shows that C C D. Therefore, we see that Bysxr) = 0 (C) = D by a standard
monotone-class theorem. Together with the previous result, this shows that the A-
symmetry of &, for any n implies the A-symmetry of £&. This proves that £ is -
symmetric iff &, is A-symmetric for each n.

Write Qs and ant) for the Palm distributions of the marked point processes &
and &,, respectively. Let C”, C;l be the reduced Campbell measures associated with &
and &,, respectively. Assume that the reduced Palm distribution ng;)/ has a version

independent of ¢ for any n € N. Note that Q)s; = Qg? on N (S x I,). For any bounded
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measurable function f >0 on S x Ry x N (S x Ry), we have

Cl (1S><In></\/(S><In)f) = /S , Eé (dS dt) / f (S7 t; H— 53,1‘) Qs,t (d,u>

N(SxIy,)

_ / B, (ds dt) / F st —050) QY (@ndp)
SxIp

N(SxIy)

_ / Fe, (dsdt) / £ (5,6, 11— 8,0) Quo (dps)
SxR4

N(SxI,)

By dominated convergence, we get

/ BE (ds dt) / F (5,11 = 602) Qs ()
SxRy

N(SxR})
= (C'f«(C (1S><InXN(S><In)f)

= / E&, (dsdt) / f (st —0d50) Qs (dp)
SxR4

N(SxIy,)

- / BE (ds dt) / F (51610 — B00) Quo ().
SxR4

N(SXR+)

We conclude that @Q’,, has a version independent of ¢ since f is arbitrary.
Conversely, assume that @ ; has a version independent of ¢. For any measurable

f>0on S x I, x N(S x I,), we obtain

/ B¢, (ds dt) / st p—06,0) QL) (dp)
SxIp

N(SxIy)

— / B¢ (ds dt) / f (st onpt — 0s4) Qse (dpr)
Sx Iy

N(SxIy)

= / Eg (dS dt) / f (37 t, Pt — 5570> QS,O (d#)
Sx I,

N(SxIy)

- / E¢, (dsdt)/ F (5.t 10— 040) QU (dps) |
SxiIn

N(SxIy)
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which shows that Qg?/ has a version independent of ¢ for any n € N. This proves
that the Palm-measure invariance property holds for £ and all £, simultaneously.
Write (%) for the statement E§ = v®@ \. Statements (i) and (i7) refer to those in
Theorem 3.4. For an arbitrary n € N, also write (%), (¢), and (i), for the versions
of statements (%), (i) and (i7) with £ replaced by &,. By previous discussions, if

statements (%) and (i) hold for any n € N, then (%), and (i), also hold, which

implies that (iz), holds. So does (i7). Likewise, statements (%) and (i) imply (7).
This shows that it is enough to prove Theorem 3.4 in the case when I = [0, 1]. U

The next lemma shows another reduction of the proof of our main theorem.

Lemma 5.7. Let I = [0,1]. Assume that Theorem 3.4 holds in the special case

when £(S x I) < oo a.s. Then it is enough to prove Theorem 3.4 in this special case.

Proof: Since S is Borel, we can choose S,, T S with (S, x I) < oo a.s. For
convenience, let 1g, ;& denote the restriction of £ to the set S,, x I.

Since £ = 1g,x;& on S, x I, the intensity measure F (1g, 7€) admits the same
factorization v ® A on S, x I. If F(lg,«x/§) = v ® X on any S,, X I, then for any
measurable A x B C S x I, there exists an n € N such that A C S,, and so
E¢(AXx B) = E(1s,x1&) (Ax B) = vA - AB. Thus, E{ = v @ X iff E(1g,«7£) also
admits such factorization on S,, x I for any n € N.

Next, we show that £ is A-symmetric if and only if 1g, «7€ is A-symmetric for any

n € N.
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Assume that £ is A-symmetric. Then T} ;¢ £ ¢ for any [a,b] C I. For any n € N,

define a surjective mapping p,, by

DPnt = ISHXI,U, MGN(SXI)

Note that p, T, = T}, pp,. Hence,

d
png = pnTa,bf = Ta,bpnga

which gives the A\-symmetry of 1g ;¢ since [a, b] is an arbitrary interval.

Assume that p,& is A-symmetric for any n € N. By a similar argument as in the
proof of Lemma 5.6, we conclude that the A-symmetry of p,& for any n implies the
A-symmetry of £. This proves that £ is A-symmetric iff 1g ;& is A-symmetric for any
n € N.

Write (#) for the following equivalence statement

@', has a version independent of ¢

& Qg?/ has a version independent of ¢.

By changing ¢,, and S x I, in the proof of the statement (f) in Lemma 5.6 to p,, and
S, x I, respectively, we see that the statement (#) in the current lemma is also true.
Therefore, it is enough to prove Theorem 3.4 in the case when £ (S X I) < 0o a.s. by

the same argument as in the last paragraph of the proof for Lemma 5.6. ([l
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We also need the following result to reduce the proof of Theorem 3.4 to the case

when ¢ is non-zero.

Lemma 5.8. Let [ = [0,1]. Assume that Theorem 3.4 holds in the special case when

(S xI)#0 a.s. Then it is enough to prove Theorem 3.4 in this special case.

Proof: 1f P(€ = 0) = p € [0,1), then by transfer theorem we may find a
marked point process n on S x I satisfying P(n € -) = P[§ € | # 0]. Since
En=(1-p) "E¢=(1—p) 'v®A even En admits such factorization.

Assume that & is A-symmetric. Then for any transposition T, , and A C N'(Sx 1),

P{neT, A} = PlEeT, Al£+#0]=P[T.,£€ AlT,p€ # 0]

= PlEeAlE£0]=P{ne A},

where the second equality holds since {7, ;¢ # 0} = {€ # 0}. So, the A-symmetry of

¢ implies the A-symmetry of 1. Furthermore, if 1 is A-symmetric, then

P{T.,é€-} = (1-pP{Tme-}+pl{0e-}
= (I1-p)P{ne-}+pl{0e}

= P{{e}.

Therefore, ¢ is A-symmetric iff 1 is A-symmetric.
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Write (s,t) = u. By simple calculations, we get

Elé(ds x dt); £ € A Elé(du); € € A
Qua(4) = [g(Eg(ds ><> ;t) - [f(Egzdi) ]
El¢(du); € € A; € # 0]
El¢(du), & # 0]
El¢(du); & € Al # 0]
ot
(

E[¢(du)[€ # 0]
[n(du);n € A
En(du)

This shows that the Palm distributions are the same for ¢ and n. Thus, it is enough
to further assume ¢ is non-zero a.s. ([l

Let us now prove Theorem 3.4 in some special case.

Proof of Theorem 3.4: By Lemmas 5.6, 5.7 and 5.8, we may henceforth assume
that 7 =[0,1] and 0 < £(S x I) < oo a.s.

Let Q be a canonical space, i.e. Q@ = S x I x N (S x I). Assume that £ is \-
symmetric. Define (o, 7) to be the pair of random variables satisfying P[(o, T) € |¢] =
€ a.s., where £ = £/£(S x I). By Proposition 5.4 we have 71L(0,& — ,.,) due to the
A-symmetry of &. Hence, 71L(0,& — 8, -, (S x 1)) with distribution A since £(S x I) is
a measurable function of £ — 0, .. Fix an arbitrary measurable set M C N (S x I) and
let f be a measurable function on 2 satisfying f(z,y, 2) = 1._5, ,(M). By Proposition

5.5 we get, for any (s,t) € S x [

Ple — 6, € M|E(S x I) =n, (0,7) € dsdi] (5.8)

— Quili— 8,0 € M|p(S x I) = n] as. (5.9)
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Combining (5.8) with the condition 71l (0,& — 0,.-,&(S x I)), we have

Ple 6, € M|E(S x I) =n, (0,7) € dsdi]

= PIE — b0 € MIE(S X 1) = n,0 € ds],

which is a.e. independent of ¢. Then the right-hand side of (5.8) is also a.e. indepen-
dent of ¢ for any measurable set M. Therefore, the expressions Q[ — 054 € |u(S x I) = n]
are a.e. independent of ¢.

Since £ is a A-symmetric marked point process on the Borel space S x I, we may
write £ = >0 0g,r, and G =&(- x I) =" | 0, where the 7; are i.i.d. U(0,1) and
independent of marks (,0,,... For any measurable set A € § and B C [0, 1], by the

independence between 7; and (3;, we have

E¢(Ax B) = EZ UpeAreB)= Z P(B; € A)P(1; € B)

= AB-ZM (8; € A) = AB - EB(A) = vA - AB,

which shows that the intensity measure of the A\-symmetric marked point process &

on S x I has a version of factorization v @ \.

72



Fix an arbitrary n € N. For any measurable sets A € S, B C [0, 1], by the

definition of Palm distributions and the A-symmetry of &, we have

Qst {(A X I)=n}v® \dsdt)
AxB

= E{(A x B);{(Ax I) =n]
= E[E[{(A x B)|§(Ax );§(A x I) =n]
= E[\B-&(Ax I);€(A x I) = n

= AB-nP[{(A x I)=n].
Since B is arbitrary, for a A-a.e. t, we have

/A Qui{i(A x I) = n}u(ds) = nP{E(A x T) = n}. (5.10)

Hence, Qs {1t(AXI) = n}is a.e. independent of ¢ for any n. Since Q [yt — 054 € -|pu(S % I) = n]
is a.e. independent of ¢, we conclude that Qf , = Qs {1t — 05 € -} is a.e. independent
of t by Lemma 4.4, i.e., @, is independent of ¢ a.e. \.

Conversely, suppose that @, is independent of ¢ a.e. A\, and E{ = v ® A for some

measure v. Define (o, 7) as in Proposition 5.4 (see page 59) satisfying

Pllo,7) €l = €/eS s,
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Then, Proposition 5.5 shows that, for any (s,t) € S x I, (5.8) also holds for an

arbitrary measurable set M C N (S x I), and so,

P[¢—0,,€ (S *xI)=mn,(0,T) € dsdt] (5.11)

= QL [ue u(Sx1)=n—1] as. (5.12)

Clearly the right-hand side of (5.11) is independent of ¢ by assumption. So is the
left-hand side, which implies

i — g7

{(SXI),U5

To show that & is A-symmetric, we just need to establish the independence
Tl (0,6 — 65,) with distribution A, in order to apply Proposition 5.4. Note that
€ (S x I) is a measurable function of £ — 4, -, it is enough to prove 7L (o,£(S x 1))
with distribution A, and so, the independence 71l (0, & — d,) follows by chain rule

(Proposition 6.6, [16]). By the definition of Palm distributions and the assumption
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E¢ =v ® A, for any measurable sets A € S and B C [0, 1], and any n € N, we have

Plr e Bloe A &S x I)=n)]

_ Plo,7) € Ax BIE(S x I) = n]

~ Ploe AJE(S x I) =n]

_ E[P[(0,7) € A x BIEJI¢(S x I) = n]

Plo € AIE(S x I) = n]

E[§(A X B);&(S x I) =n)|
ElE(A X I);£(S x I)=n]

B S Qstli(S x I) = n] - E¢(ds x dt)

T [ @ualu(S x I) = n] - E€(ds x dt)

_ Jp Mat) [, Qolu(S x I) = n —1]v(ds)

JiAdt) [, Quolu(S x I) = n — 1]v(ds)
= \B.

Therefore, 71L(0,& (S x I)). This completes the proof of theorem for the case when

I=10,1]. O
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