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DISSERTATION ABSTRACT
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Tung Nguyen
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80 Typed Pages

Directed by Georg Hetzer and Wenxian Shen

My dissertation research focuses on establishing the structural stability of the attractor

(A-stability) via Morse-Smale property for diffusive two-species competition systems

(

8tu:klAu+uf(x’u7v)a z € (),
0w = ko Av +vg(x,u,v), x €, (0.0.1)

Bu=Bv=0, xe¢c0d,

on a C'° bounded domain 2 C R", n > 1, with either Dirichlet or Neumann boundary
conditions. Here u(t,x), v(t,z) are the densities of two competing species, ki, ko are

diffusive constants and (f,g), f,g:Q xR xR — R (C? functions satisfying
(H1) f(2,0,0) >0, g(x,0,0) >0 Vz € Q,
(H2) Ouf(z,u,v), Ouf(x,u,v), Oug(x,u,v), Opg(x,u,v) <0, ¥ u,v>0, Vo € Q,
(H3) sup,eq, >0 limsup, o f(z,u,v) <0,

(H4) sup,cq ,>olimsup,_, g(z,u,v) < 0.



These hypotheses describe key features of competition models, and since u and v are the
densities of two species, we are only interested in nonnegative solutions (u,v). We therefore
consider (1.0.1) in the positive cone of some appropriate phase space. Our main result states
for the spatially one-dimensional case that if (0.0.1) is a Morse-Smale system on the positive
cone, it is structurally stable. We also establish that the set of functions (f,g) for which
(1.0.1) possess the Morse-Smale property, is open in the space of all pairs (f, g) satisfying
(H1)-(H4) under the topology of C?-convergence on compacta. Moreover, we show as a
sufficient condition that if all critical elements of (1.0.1) are hyperbolic with one-dimensional
unstable manifolds in case of equilibria (except 0) and two-dimensional unstable manifolds
in case of periodic orbits, then system (1.0.1) has the Morse-Smale property. These results
will have significant impact on the study of the asymptotic dynamics of various classes of
discretizations of (0.0.1).

The proof of the openness of the set of functions for which (1.0.1) is a Morse-Smale
system, is an adaption of an idea used in [23], to a positive cone setting. As for a sufficient
condition under which the system has the Morse-Smale property, we are able to prove the
transversality of unstable manifolds and local stable manifolds of critical elements under
the hypotheses mentioned before.

The proof of the main result is quite technically difficult because we have to work in a
positive cone setting. This proof can be broken down into a few main steps. First of all, since
the long-term features of the dynamics of (1.0.1) are determined by the global attractor,
which lies inside a sufficiently large ball, we can reduce (1.0.1) to a finite dimensional system
by means of Chow, Lu & Sell’s inertial manifold theorem (cf.[6]). Secondly, we prove that

the finite-dimensional system obtained in first step is also a Morse-Smale system. Thirdly,

vi



we establish the A-stability of the global attractor (in the positive cone) of the finite-
dimensional system. The proof is an adaption of the main idea of a corresponding result
in the monograph [13] by J. Hale, L. Magalhaes, & W.Olivia. As mentioned before, their
result does not apply to our problem because we work on a subset of the positive cone
which cannot be considered to be a Banach manifold imbedded in a Banach space, the
setting underlying the work of J. Hale, L. Magalhaes, & W.Olivia. Since the attractor of
the finite-dimensional system is the orthogonal projection of the global attractor of (1.0.1)
(in the positive cone) to the phase space of the finite-dimensional system, the final step
requires to derive the A-stability of the global attractor of (1.0.1) (in the positive cone)

from A-stability of the global attractor of finite-dimensional system.
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CHAPTER 1

INTRODUCTION

A fundamental goal of theoretical ecology is to understand how the interactions of
individual organisms with each other and with the environment affect the distribution and
structure of populations. One way to achieve this goal is to use mathematical models.
Among these models, reaction-diffusion models have received great attention from many
experts in the field such as Fisher (1939), Skellam (1951), Kierstead and Slobodkin (1953),
Fife (1979), Smoller (1982), Murray (1993), Grindrod (1996), Leung (1989), Hess (1991),
Pao (1992), Hassel (1994), Cantrell and Cosner (1996),....

The reaction part of such models is derived from Lotka-Volterra models which in turn
are frequently based on the logistic model of population growth. The latter was first sug-
gested by Verhulst (1838) to describe the growth of human populations and was later derived
independently by Pearl and Reed (1920) for modeling the population growth in the United
States. Logistic models are based on the assumption that the growth of a population is
determined by two factors, the reproduction rate (which is the difference of birth and death
rates of individuals) and the limitation of the habitat’s resources. The simplest logistic

model of population growth leads to the following equation

where u stands for the population density, r is the growth rate and C' (which is called
carrying capacity) represents the maximum number of individuals that can be sustained

by the resources of the habitat. It is obvious that over a long period of time, the size of



the population will approach C. The first model of interacting species were introduced by
Lotka (1925) and Volterra (1931). Derived from the logistic model of population growth, a

Lotka-Volterra competition model for two species has the form

= u(a; — biu — c1v),

0 = v(ag — bau — cov),

where u, v denotes the population densities of the two species. The extra terms cyuv,
bouv added to the logistic equation of each species represent the negative effect which one
species has on the other one due to competition for the habitat’s resource. This type of
model has also been studied thoroughly, and in general, the model predicts either compet-
itive exclusion (extinction of the weaker competitor or the initially disadvantaged species)
or stable coexistence of the two competing species. It appears that the predictions of the
model correspond to biologically realistic situations although some of its assumptions are
rather idealized, for example, the assumption of spatial homogeneity, the linear competition
between the two species, ... However, this model has drawn enormous amount of empiri-
cal and theoretical research since its introduction because of its great value for ecological
understanding,

In reality, individuals are not distributed homogeneously in their habitat and typically
interact with both the physical environment and other individuals in their neighborhood.
Therefore, there is the need for expanding Lotka-Volterra models by taking spatial depen-
dence into account. It is a natural first attempt to assume that migration occurs from regions
of higher population density towards regions of lower density, and Skellam (1951) has used

an random walk approach to argue that, in fact, the dispersal of a population should be



modeled by diffusion, which suggests the following extension of the above Lotka-Volterra

competition model

Ou = k1Au+ u(ay — bju — cqv), x € §,
0w = kaAv + v(ag — bou — cov), = € Q,

Bu=Bv=0, xe¢€df.

\

Here, Q@ C R™, n > 1, is a C* bounded domain and B stands for either Dirichlet or
Neumann boundary conditions which describe certain restrictions of the movement of the
two species at the boundary of the analyzed region. E.g., homogeneous Neumann boundary
conditions apply to isolated habitats with no migration through the boundary.

The long-term behavior of such systems is well understood. For example, a study by

Brown (1980) for the Neumann case showed that if

aico —cias >0 and bias — arby >0

then any solution with positive initial value converges over time to the spatially homogenous

positive solution

aicy —craz bras — arbs
bica — c1by” bica — c1bg

which means the two species coexist. On the other hand, if

aice —cias >0 but brag —aijbs <0



then solutions with positive initial value converges over time to the spatially homogenous

a
—. 0
<b1’ >

which predicts the extinction of species 2. Clearly, reproduction rates, carrying capacities

positive solution

and competition rates may also vary throughout the habitat and in time (seasonal effects).
This suggests to study more general reaction terms, space and possibly time dependent
ones. Many interesting results have been obtained addressing such issues, and we mention
Leung (1980), Pao (1981), Pao & Zhou (1982), Smith & Thieme (2001), Dancer & Zhang
(2002),...

The starting point of my Ph.D. research work was the simulation of the long-term
behavior of two competing species which populate overlapping, but different spatially het-
erogeneous habitats. How trustworthy are such findings considering that the issue is not
the approximation of a solution of an initial value problem on a finite time interval, but the
asymptotic behavior on an infinite time-interval. A paper [2] by S.M. Bruschi, A.N. Car-
valho and J.G. Ruas-Filho addresses this issue for one-dimensional parabolic equation. The
authors establish the dynamical equivalence of the flows on the attractor of the continuous

problem and the attractor of the spatially discretized problem, respectively.

There are quite a few obstacles to extending this result. The most significant one which
needs to be addressed first, is the question of structural attractor stability. In the case of a
parabolic equation this issue is linked to the concept of gradient system, but this concept
does not apply to parabolic systems in general, and in particular, not to systems under

consideration.



My thesis research therefore focuses on establishing this structural stability of the

attractor (A-stability) for two-species competition systems with diffusion

/

Ou = k1Au+ uf(x,u,v), x €L,
0w = koAv +vg(x,u,v), x €, (1.0.1)

Bu=Bv=0, xe€0d9Q,

on a C'*° bounded domain 2 C R™ with either Dirichlet or Neumann boundary conditions.
Here u(z,t), v(x,t) are the densities of two competing species, k;, kg are diffusion constants
(called dispersal rates in the ecological literature), and f, g are smooth functions on Q xRxR
satisfying certain properties preserving features of competition models. Ecologically, one is
only interested in nonnegative solutions (u,v).

It turns out that in order to understand the relationship between the dynamics of
(1.0.1) and of certain classes of discretizations for (1.0.1), it is essential to investigate the
structural stability of the global attractor of (1.0.1) on a positive cone. Obviously, one
cannot expect that numerical approximations reflect the asymptotic behavior of a solution
semi-flow, if the behavior is not “generically robust” against small perturbations.

The concept of structural stability was introduced by Andronov and Pontryagin (1937).
Since then, a systematic theory of structural stability for diffeomorphisms and vector fields
on manifolds has been well developed by M.M. Peixoto (1959), S. Smale (1967), D.V.
Asonov (1967), C.Pugh (1967), J. Moser (1969), J. Palis (1969), J. Palis & S. Smale (1970),
J.Robin (1971), C. Robinson (1976), S. T. Liao (1980), S. Newhouse (1980), J. Hale (1981),

R.Mané (1988), M. Hirsch (1990),... In 1984, the weaker notion of A—stability (attractor



stability) which is more suitable in the infinite-dimensional case and for the numerical issue
mentioned before, was introduced by J. Hale L. Magalhaes & W.Olivia in [13].

The concept of Morse-Smale structure emerges as a sufficient condition for structural
stability. Classically, Morse-Smale system refers to systems which have a finite number of
critical elements, all of which are hyperbolic and satisfy a transversality condition when
their stable and unstable manifolds intersect.

One of the celebrated results due to the J. Palis & S. Smale states that if a C"(r >
1) diffeomorphism on a compact C*° manifold without boundary is Morse-Smale, then it
is structurally stable. In [13], J. Hale L. Magalhaes & W.Olivia proved that any f €
KC"(B, B) which is Morse-Smale, is A-stable. Here, B is a Banach manifold imbedded in
a Banach space E and the choice of the classes KC" (B, B) depends on the problems under
consideration. Another important result in this context is due to Kennig Lu [22] who proved
the “structural stability on a neighborhood of the attractor” of scalar parabolic equations.

Typically, Morse-Smale systems have been defined in the context of (Banach) manifolds
with or without boundaries (see [26], [27], [24], [25],...), but positive cones do not fall into
these categories. Therefore we first need to modify the classical concepts of Morse-Smale
system and structural stability in such a way that they apply to positive cone settings.
Since we are only interested in positive solutions, we will consider nonlinearities in the set

of pairs (f,9), f,9:Q2 xR xR — R C? functions satisfying
(H1) f(z,0,0) >0, g(x,0,0) >0 Vz € Q,
(H2) 0uf(z,u,v), Opf(z,u,v), Oug(x,u,v), Oyg(z,u,v) <0V u,v>0, Vo € Q,

(H3) sup,cq, y>olimsup, o f(z,u,v) <0,



(H4) sup,cq >0 limsup,_, g(z,u,v) < 0.

Our main result states for the spatially one-dimensional case that if (1.0.1) is a Morse-
Smale system on a positive cone, it is structurally stable. We also provide the sufficient
condition under which the system has the Morse-Smale property. These results will have sig-
nificant impact on the study of the asymptotic dynamics of various classes of discretizations
of (1.0.1).

To obtain these results, we view (1.0.1) as an evolution equation on a suitable fractional
power space. Under the conditions imposed on the nonlinearities, we have global existence
of solutions and hence existence of a global attractor. Since the long-term features of the
dynamics of the system are determined by the global attractor, which lies inside a sufficiently
large ball, we first reduce (1.0.1) to a finite dimensional system by means of Chow, Lu &
Sell’s inertial manifold theorem [6]. Recall that an inertial manifold Z is a subset of the

phase space satisfying the following properties
1. 7 is a finite dimensional smooth manifold
2. 7 is invariant under the semi-flow generated by (1.0.1)
3. T is exponentially attracting solutions.

Next, we need to prove A-stability in the (finite dimensional) inertial manifold setting. The
proof adapts the main idea, J. Hale, L. Magalhaes, & W.Olivia used in [13]. As mentioned
before, their result cannot be applied to our problem because we work on a subset of the

positive cone and not on a Banach manifold which is imbedded in another Banach space.



After having established the structural stability of (1.0.1) in this dissertation, we intend
to investigate long-term aspects of various classes of numerical approximation schemes to
(1.0.1) in the future work.

Having solved one problem in mathematics leads usually to an array of new questions.
Let me just mention a few. Obviously, it will be an important task to address the same
questions as considered here for spatially higher dimensional cases. The key obstacle arises
from the fact that one cannot utilize C'-inertial manifolds as a reduction tool since they
rarely exist in higher dimensions.

Two important issues in connection with the original ecological problem arise: How
does the size of the overlapping region of the two habitats affects coexistence and extinction.
Mathematically speaking, one is lead to a peculiar bifurcation problem for the steady state
system associated with (1.0.1). What is the impact of seasonal effects, a question, which in
the general case leads to systems similar to (1.0.1), but with time-dependent reaction terms

and on domains which vary in time.



2.1

CHAPTER 2

DEFINITIONS, NOTATIONS AND MAIN RESULTS

General Semiflows

Definition 2.1.1. (local semi-flow, semi-flow)

(1)

Let (Y,d) be a metric space. A map T: D(T) C Rt x Y — Y is said to be a local
semi-flow on Y if for each y € Y, there is 7(y) > 0 such that [0,7(y)) x {y} C D(T),
(t,y) € D(T) for any t > 7(y) (i.e. [0,7(y)) is the maximal interval of existence of the

local semi-flow with initial condition y at ¢ = 0), and the following hold,

(i) Ty = I1d,
(ii) Given y € Y, and t1,t2 > 0, if (t1 + t2,y) € D(T), then (t1,T1,(y)) € D(T) and
Tiy 4, (y) = Ty, 0 Ty (y),

(iii) Ty(z) is continuous in ¢,z for (¢,x) € D(T),

where T;(y) = T'(t,y). Furthermore, if for each y € Y, 7(y) = oo, then T is called a

semi-flow on Y.

Let T be a (local) semi-flow on Y and r € N. If Y is a Banach space and T satisfies

the following additional property

(iv) Ti(zx) is continuous in ¢, x together with Fréchet derivatives in 2 up through order

r for (t,z) € D(T),

then T is called a (local) C" semi-flow.



Definition 2.1.2. (hyperbolicity) Let (Y, d) be a metric space and T : D(T) C R*xY — Y

be a local semi-flow on Y.

(i) @ € Y is a fixed point if 7(a) = oo, Ty(a) = a for all ¢ > 0. A fixed point « of
the semi-flow T is said to be hyperbolic if the spectrum o(DT;(«)) of the Fréchet

derivative DTy(«) is disjoint from the unit circle of the complex plane for all ¢ > 0.

(ii)  C Y is a periodic solution of period o if for any p € o, 7(p) = 00, Ti4o(p) = Ti(p)
for all t > 0, and {T;(p)| t € [0,00)} = a. A periodic solution « of period o of the
semi-flow T is said to be hyperbolic if for any p € a, A = 1 is a simple eigenvalue
of DT,(p) and the spectrum set o(DT,(p)) \ {1} of the Fréchet derivative DT, (p) is

disjoint from the unit circle of the complex plane.

(iii) A critical element of the semi-flow T is either a fixed point or a periodic solution.

Definition 2.1.3. Let (Y, d) be a metric space and T : D(T) C R* xY — Y be a local semi-
flow on Y. We say that y € Y has a global backward extension with respect to T if there
exists a continuous function ¢ : (—oo, 7(y)) — Y such that p(0) = y and Ti(¢(s)) = p(s+t)
forall t > 0 and t + s < 7(y). If y has a global backward extension, we will write T_;(x)

for o(—t), t > 0. The set UTG( ©(7) is called the global orbit of y with respect to T.

—00,7(y))
Definition 2.1.4. (stable, local stable, unstable, local unstable manifolds)

Let (Y,d) be a metric space and T': D(T) C RT x Y — Y be a local semi-flow on Y.
The stable, local stable, unstable, local unstable manifolds at a hyperbolic critical element

a of the semi-flow 7', denoted by W*(a), WS (a), W* (), Wi (o) are defined as follows
Wéa)={zeY | 7(x) = o0, d(Ti(z),a) — 0 as t — oo},
W (o) ={x € W¥(a) | Ty(x) € B Vt > 0}, B is some neighborhood of «,

10



W4 ) ={z €Y | x has a global backward extension with respect to T’
and d(T_;(x),a) — 0 as t — oo},

Wit () ={zx € W"(a) | T_¢(x) € B Vt > 0}, B is some neighborhood of .

Definition 2.1.5. (Tubular family for flows) Let W be a finite dimensional Banach space

and r € N. Consider a C" semi-flow v : D(y) CRt x W — W on W.

(1)

Let a be a fixed point of 7. A tubular family of W*(«), denoted by I'*(a), is a
collection of disjoint C"-submanifolds (called leaves) of W, denoted by {T'; } or {I'; («)}
for clarity, indexed by y in an open neighborhood N of o in W*(«) with the following

properties

a. I'"(a) = U,en Iy is an open set of W containing W* (),

b. I'), = W*(a),
c. I'y intersects N transversally at y,

d. The map I'*(a) — N, I'j — y is continuous; the section s which sends z € Iy into
the tangent space of I'j at z is a continuous map from I'*(«) into the Grassmann

bundle over I'*(«).

Let « be a periodic orbit of 4 with period ¢ and S be a cross-section of a at p € a.
S is called invariant if v,(U) C S, where U is a neighborhood of p € S. Let k be
the restiction of v, to U, k :=v,, : U — S, and I'j, y € U be an invariant tubular
family of W*(p) (with respect to k). The tubular family of W#(«) is now defined by

[*(ve(y)) = w(Iy) for y € U and all ¢t > 0.

11



(3) A system of tubular families of v is a set of tubular families of fixed point(s) and
periodic orbit(s). It is compatible if given I';(a) N T (3) # 0 (where o, B are two

different critical elements of +), then one submanifold contains the other.

2.2 Semiflows Generated by Competition Models

Definition 2.2.1. Let 2 be a C*° bounded domain in R”, n > 1, and X C LP(Q2) (p > n)
be a fractional power space of —A : D(A) — LP(Q), see [15], satisfying X — C*(Q), where
D(A) = {u € H*P(Q)| Bu = 0 on 9Q}. Here, H*?(Q), p > 1 are the well-known Sobolev
spaces (cf.[1] ). Under the assumptions (H1)-(H4), (1.0.1) generates a (local) semi-flow on

X x X (cf. [15]), we denote it by II,

O:D(I) CRT x X x X - X xX

I (w0, vo) == I(t, uo, vo) = (u(t, -;uo,vo), v(t, ;u0,v0)), t € T(uo,vo),

where (u(t, -; ug, vo),v(t, ; ug, vo)) is the solution of (1.0.1) with

(U(O, 5 Uo, UO)? U(Oa 3 U0, UU)) = (Uo, UO)v

and [0,7(up,vp)) is the maximal interval of existence of solution of (1.0.1) with initial
condition (ug,vg) at t = 0. For clarity, we may write H{ 9 instead of II;.

As mentioned in Chapter 1, due to the nature of (1.0.1), we are only interested in
nonnegative solutions of (1.0.1). Therefore we introduce the positive cone X, x X of
X x X,

X+ x Xy ={(u,v) € X x X|u>0, v>0on Q}.

12



A solution (u(t,x),v(t,z)) is called nonnegative if (u(t,-),v(t,-)) € X4 x X4 for t €
[0, 7(u(-,0),v(-,0)). It can be proved that if (up,v9) € X4 x X4, then 7(up,v9) = o0
and IT;(up,v9) € X4 x Xy for all t > 0 (see Proposition 3.3.1). Hence II; (¢ > 0), restricted
to X4 x X, is a semi-flow.

The restriction to X1 x X of stable, local stable, unstable, and local unstable manifolds

of a critical element « of IT are denoted by
W' (@) = W (a) N (X5 x X2),

Wt (@) = Wit(a) N (X4 x X2),

loc
W (o) = W (a) N (X4 x X4),
Wit (a) = Wike(a) N (X4 x X5).

loc

Definition 2.2.2. (Global attractors and Non-wandering sets)

Let X and I1/9 be defined as in definition 2.2.1.

a. We define the global attractor of II/9, denoted by A (or A(f,g)), to be the set

{(u,v) € Xy x X1 | (u,v) has a bounded global orbit}.

b. An element (u,v) € A is called a non-wandering point if , for any neighborhood U of
(u,v) in A and any T' > 0, there exists to = to(U,T) > T and (@,0) € U such that
H{ Og (u,v) € U. The non-wandering set, denoted by Q(f, g), is the set of non-wandering

points.

13



Definition 2.2.3. (competition order) Given (ui,v1), (u2,v2) € X4 x X, we write

(ur,v1) <2 (ug,v2) if wy; <wg, vy <oy,

(u1,v1) <2 (ug.w2) if  (ur,vi) <2 (u2,v2), (u1,v1) # (u2,v2),
(ug,v1) <2 (ug,va) if  (ug —up, v —vg) € Int X4 x Int X .

Definition 2.2.4. A hyperbolic critical element v in X x X of (1.0.1) is called a source

if W5t (a) N A = a and a sink if W%"(a) = a, otherwise « is said to be a saddle.

Definition 2.2.5. (fundamental domains and fundamental neighborhoods)

Let o € X+ x X be a hyperbolic critical element of (1.0.1).

a. If a is not a sink , a fundamental domain for W}“"(a) is denoted by G**(«) and is

defined as G"*(a) = dB(a) for some open disk B(a) C W}“" () (that is B(a) is a
disk centered at « if « is a fixed point or a tubular neighborhood of « if « is a periodic

orbit). Any neighborhood N**(a) in A of G“"(a) such that N¥*(a) N W5t (a) =0

is called fundamental neighborhood for W4* ().

b. If a is not a source , a fundamental domain for W{ () is denoted by G*F () and is
defined as G*T(a) = 0B(a) NA for some open disk B(a) C WS (a) (that is B(a) is a
disk centered at « if « is a fixed point or a tubular neighborhood of « if « is a periodic
orbit). Any neighborhood N**(«) in A of G** () such that N (a) N W't (a) = 0

is called fundamental neighborhood for W5 («).

Definition 2.2.6. (Morse-Smale structure) We say (1.0.1) has Morse-Smale structure if
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a. the semi-flow IT|x +xXx, has a finite number of critical elements (i.e. fixed points or
periodic solutions), all of which are hyperbolic and their union coincides with the

non-wandering set Q(f, g),

b. if o, B are two critical elements of II;|x, xx, , their unstable manifolds are finite-
dimensional, and the global unstable manifold W** () and the local stable manifold
Wt (B) either do not intersect or they intersect transversally (i.e. x € W¥"(a) N

loc

Wt (3) implies T, W% (a) ® T,W:T(8) = X x X).

loc loc

Definition 2.2.7. Let
CP:={(f,9)] f,g: QxR xR — R C? functions, f,g satisfy (H1)-(H4)}.

We define a metric on CP, denoted by d¢p, as follows

pn((f.9).(F.2)) = 1(f.9) = (F.9) | ¢ (- v, - o)

o0

~ (pN((fvg)v(
d ) ’ ) =
er((h9: (F) =3 ovi ), (g

£9)
). (£.9)))

Definition 2.2.8. We define the Morse-Smale set as follows
MS :={(f,g9) € CP| (1.0.1) has Morse-Smale structure}.

Definition 2.2.9. (A-stability) Given (fy,g0) € CP. System (1.0.1) is A-stable if there
exists an gy > 0 such that for each (f,g) € CP, dep((f,9),(fo,90)) < €0, there exists a

homeomorphism
H: A(fo,90) — A(f,9)

15



which takes trajectories of A(fo, go) to trajectories of A(f,g) and preserves the sense of

direction in time.

2.3 Main Results

The following are the main results of the dissertation and are stated for the positive
cone setting.
Theorem A. The set MS (cf. Definition 2.2.8) is open (in CP).
Theorem B. Given (f,g) € CP. Assume all the critical elements of (1.0.1) are hyperbolic
and their union coincides with the non-wandering set Q(f, g). Furthermore, suppose that
the dimension of the unstable manifold of an equilibrium solution in X x X4 \ {(0,0)} is
at most one and the dimension of the unstable manifold of a periodic solution is at most

two, then (1.0.1) has the Morse-Smale structure.

Theorem C. Let Q = (0,1). If (fo,90) € MS, then (1.0.1) is A-stable.

16



CHAPTER 3

PRELIMINARY RESULTS
3.1 General Semiflows

Definition 3.1.1. Let (Y, d) be a complete metric space, A be a metric space and T* : R x
Y — Y be a continuous semi-flow for each A € A. The semi-flow T* is asymptotically smooth
if, for any nonempty, closed, bounded set B C Y for which T)(B) C B Vt > 0, there is a
compact set Jy(B) C B such that Jy(B) attracts B under T}, that is, d(T;(B), Jx(B)) — 0
as t — 0o. We say the family of semi-flows {T*}\cp, is collectively asymptotically smooth

if Uyea Ja(B) is compact.

Theorem 3.1.1. Let (Y,d) be a complete metric space, A be a metric space and T -

RxY —Y, t>0,is a semi-flow, for each A\ € A. Suppose that

(i) There is a bounded set B C Y independent of A such that B attracts points of Y

under T}, that is, d(T}(y), B) — 0 ast — oo, Yy € Y.
(ii) For any bounded set U, the set V' := [y U;> T)U is bounded,
(iii) The family of semi-flows is collectively asymptotically smooth.
Then the global attractor Ay of Ty is upper semicontinuous in A.
Proof. This is Theorem 3.5.3 in [12]. O

Lemma 3.1.2. (see [15]) Let A be a sectorial operator in a Banach space Y with Re 0(4) >

§>0and Y, Y (0 < a < < 1) denote the fractional power spaces of Y and f : Y — Y
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be locally Lipschitzian. Denoted by w(t; tg, wo) the unique solution of

W+ Aw = f(w), t > to, )

w(ty) = wp € Y

Then there exist constants C, Cy depending only on «, 3 such that

Jw(t; to,wo)|lys < C1(t — o)~ B~ em0=10)|jyg||ya+

Ch [ (¢ = 5) P3| f(w(s))lly ds, Vo <t < 7(to, wo),

where [tg, 7(t9, wo)) is the maximal interval of existence o solution of (3.1.1) with initial

condition wg at t = tg.

Proof. Using the variational representation of w, we have

t
w(t;to,wo) = €_A(t_t0)w0+/ e 70 f(w(s)) ds

to
t
APw(t;tg,w) = APe Aty 4 [ APe=AE3) f(w(s)) ds

to

t
lw(t; to, wo)llys < AP~ A0 ||y | A%wg |y +/ |APe= A=)y || f(w(s)) |y ds
to
< Oyt — to)—(ﬁ—a)e—5(t—to)Honya +

t
02/ (t — 5) P09 Fw(s))ly ds, Vo < t < T(to, wo).

to
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3.2 Single Species Equation

Consider the boundary value problem

ot = kAgp + ph(z, ) on €,
(3.2.1)

By =0 on 09.

on a C'° bounded domain  C R", n > 1, with either Dirichlet or Neumann boundary
conditions. Here op(z,t) is the density of certain species, k is diffusive constant, and h is a

C? function h : Q x R — R satisfying
(h1) A(z,0) > 0 Vz € Q,
(h2) 9, h(z,p) <0V ¢ >0, Vo € Q,
(h3) sup,cq limsup,_,, h(z, ) < 0.

Definition 3.2.1. Let £ := {h: Q@ x R — R C? function | h satisfy (h1)-(h3)}. We define

a metric on £, denoted by d, as following

dn(h,h) = ||h — BHCQ(QX[—N,N})’

Definition 3.2.2. Let X C LP(Q2) (p > n) be a fractional power space of —A : D(A) —
LP(R2), see [15], satisfying X < C!(Q), where D(A) = {p € H?*P(Q)| By = 0 on 9N}.

Under the assumptions (h1)-(h3), (3.2.1) generates a (local) semi-flow on X (cf. [15]), we
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denote it by 7,

7:D(T) CRT x X - X

me(o) :=7(t, p0) = @(t,100) for t€0,7(¢0)),

where ¢(t, -; pp) is the solution of (3.2.1) with ¢(0,-;0) = ¢ and [0, 7(¢p)) is the maximal

interval of existence of solution of (3.2.1) with initial condition ¢g) at ¢ = 0.

Proposition 3.2.1. For any ¢ € X, the solution m(¢p) of (3.2.1) with initial ¢ exists

and 7 (pp) € X4 for all t > 0.

Proof. For any M > 0, let 7;(M) be the solution of the following ODE

¢ = ph(p)

here h(p) = max,q h(z,¢). By (h1) and (h3),

h(0) >0, h(M) <0 for M > 1.

Therefore 7,(M) exists and 7¢(M) > 0 for all ¢t > 0.
For given ¢g € X, let My > 1 be such that ¢g(z) < My for all z € Q. Observe that

h(zx,p) < fz(go) Then by comparison principle for parabolic equations,

0 < (o) < (M)

for all t € [0,7(go)). Since 7 (M) exists for all t > 0, 7(pg) = oo.
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Proposition 3.2.2. There is a unique positive stationary solution " in C1(Q) N C?(Q)
of (3.2.1) which satisfies ||¢o(t,;0) — ¢"(-)||[x — 0 as t — oo for any ¢g € X4, o Z 0.

Moreover, if dz(hn,h) — 0 as n — oo, || — gohHCl(Q) — 0 as n — oo.

Proof. By (h3), there exist constants M" > 0 and § > 0 such that h(z,m) < —§ for
all z € Q and for all m > M". Clearly, 0 is a lower solution of (3.2.1) and M”" is an
upper solution of (3.2.1). By Theorem 3.4 in [29], (3.2.1) has a unique positive solution
o € C*(Q) N C%*(Q) and " < M". Since " € C*(Q) and h € C?(Q x R), the function
O"h(-, ") € LP(Q) for any p > 1. Therefore ¢ = (—=A + Id) " (" (-, o) + ") € H?P(Q)
for any p > 1. By the imbedding theorem in [1], we have ¢" € C*(Q).

Now, we will prove that if dz(hy, h) — 0 as n — oo, ||¢"» — "] — 0 as n — co. Since
dg(hn,h) — 0 as n — oo, there exists N such that ||h, — hllc(q o,nm41)) < /2, ¥n > N.
This and the fact that h(z,m) < —§ < 0 for all z € Q and for all m > M" imply
ho(z, MM 4 1) < —6/2 < 0 for all z € Q and for all n > N. By (h2), h,(z,m) <
ho(z, M? +1) < —6/2 < 0 for all 2 € Q, for all m > M" +1 and for all n > N. Let
M = max{M" + 1, MM ... M"}, we have h(z,m), hn(z,m) < 0 for all z € Q, for all
m > M and for all n > 1. From the fact that goh” < M"™ for all n > 1, we have goh" <M
for all n > 1. Hence, 0 < maxq ¢ ""h,((-, ") + ¢") < K for some K > 0. This and
P = (A -+ Td)~ (@ (- ) + ) € HPP(9) for all p > 1 imply ¢ |2y < C
for all n > 1 for some C' > 0 because (—A + Id)~! is a bounded linear operator. Therefore
there exists a subsequence {h,, } of {h,} such that " converges in C'(Q) to some ug
( since the imbedding H*?P — C'(Q) is compact). Hence —kA@ " = phnrh, (-, o)
converges to uph(-,up) in LP(Q) for all p > 1. Because —kA (with boundary condition)

is a closed operator on LP(Q), we have ug € D(—kA) and —kAg" " converges to —kAuy.
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Therefore, —kAug = ugh(-,up). Since ug € C*(Q), we have uph(-,ug) +ug € C*(Q). Hence
ug = (—kA + Id) " (uoh(-,up) + ug) € C*%(Q). This means ug is also a positive solution
of (3.2.1). By uniqueness of solution of (3.2.1), ug = ¢". Hence ¢ — gothl(Q) — 0 as

n — oo. OJ

3.3 Two Species Competition Systems

Proposition 3.3.1. For any ¢ > 0, we have II;(X; x {0}) C X4 x {0}, II,({0} x X}) C

{O} X X+ and Ht(X+ X X+) C X+ X X+.

Proof. Let m(up) be the solution of (3.2.1) with initial ugp € X4 and h(z,u) = f(z,u,0)
and m;(vg) be the solution of (3.2.1) with initial up € X and h(x,u) = ¢g(z,0,v). Then by

(H2) and comparison principle for parabolic equations, we have

0 < wu(t,;up,vo) < m(ug)

and

0< U(tu ‘;U(),’UQ) < ﬂ-t(UO)
for t € [0, 7(uo,v0)). By Proposition 3.2.1, 7(ug, vg) = oc. O
Proposition 3.3.2. If (uy,v1), (ug,v2) € X4 x X4 and (u1,v1) <2 (ug,v2), then

I (uy,v1) <o IIi(ug,ve) for any ¢ > 0.

Moreover, if (uj,vi) <o (u2,v2) and (ui,v1) € X4+ x {0}, (u2,v2) & {0} x X, then

Ht(ul,vl) <9 Ht(u2,v2) for all ¢t > 0.
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Proof. See [21].
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CHAPTER 4

MORSE-SMALE STRUCTURE AND A SUFFICIENT CONDITION
4.1 Morse-Smale Structure

In this section, we shall prove Theorem A, that is, the openness of Morse-Smale set

MS. We first show the upper semi-continuity of the global attractor .A.

Theorem 4.1.1. Given (fo,g90) € CP. The global attractor A(fo,go) of (1.0.1) is upper

semi-continuous (in X4 x Xy ).

Proof. First, we will prove there exists a neighborhood A of (f,g) in CP and a bounded set
B C X, x X, independent of (f,g) € A such that B attracts points of X, x X, under
Hgg for any (f,g) € A. Let ug, vo, @, ¥ be the unique positive solutions of (3.2.1) with
h = fo(-,-,0), go(-,0,), f(-,-,0), g(+,0,-) respectively. Repeating the argument used in

proving Proposition 3.2.2, we can find a constant M > 0 such that

luolle@y: llvolle@ys lle@y, [19lle@) < M, (4.1.1)

provided dep((f, ), (fo,90)) is sufficiently small. Let 9 > 0 be small enough so that

dep((f:9) (fo,90)) < o= [I(f,9) — (fo, 90)llc(@x(0.3M]x[0,3M]) xC(@x [0,3M]x[0,30]) < -

We then define

A:={(f,g) € CP| (4.1.1) holds and dep((f, 9), (fo,90)) < €0}-
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For any (u,v) € X4 x X4, (u,v) # (0,0), we have (0,v) <o (u,v) <2 (u,0). By lemma

3.3.2, we have
I1/9(0, v) <o T9(u,v) <o II{9(u,0), Vt >0, V(f,g) € A. (4.1.2)

Since H{g(u,O) — (@,0) and H{Q(O,v) — (0,7) in X x X — C(Q) x C(Q) as t — oo, there

exists £]9(u, v) > 1 such that
I (u, v) | ey x oy < 3M, 9t > % (u,v), Y(f,g) € A (4.1.3)
Applying lemma 3.1.2 with Y := LP(Q), Y* = Y# := X, we have

T2 (u, 0)l[xxx < Cre™"(u,v)|xxx (4.1.4)
t
+C /fg( )(t =) eI H g (119 (4, 0) | o ) x2o(e) d,
ty” (u,v
for all ¢ > t{;g(u, v), where
Hpg: X xX — LP(Q) xLP(Q)

(u,v)  +— [uf(.,u,v)+u,vg(.,u,v)+ v,

By (4.1.1), we have HHfg(Htfg(u,'U))HLP(Q)XLP(Q) < Kf090 some constant K09 depending

on (angO)‘ Hencea

/7 (u, o) xxx < Cre||(u,v)| | xxx

+Cy K o9 / (t —s)Pe=%) ds, Vi > t{;g(u,v),
0
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Since [;° (¢t — s)Pe=(t=5) ds < C3 for some constant C3, we then have

T (u,0)[|xxx < Cre t||(u,v)||xxx + CaCsK P09 Vi > t19(u,v),  (4.1.5)

Let B := {(u,v) € Xy x X¢| [|(u,v)||x, xx, <2C1 + CoC3K90}. By (4.1.5), B attracts
(u,v) under H{g for any (f,g) € A.

Next, we prove that for any bounded set U C X4 x X, the set U g)en Uio Hfg(U) is
bounded. Because U is bounded in X x X — C() x C(f), there exists a constant K > M

such that
(OaK) SQ H{g(uyv) §2 (K,O), Vt Z 07 V(u,v) € Uv \v/(fag) € A

Hence

1 H 1 (T (uy 0)) || Loqyx o () < LK, f,9), ¥t >0, ¥(u,v) € U. (4.1.6)

where L(K, f,g) is a constant depending on K, f, g. Using (4.1.6) and the fact that

dep((£,9), (fo,90)) < €0 = 1(f,9) = (for 90)llc2 (@ (0,10)x[0,K]) x 2@ 0,1] x[0,5]) < 2" €0,

we have

||Hfg(H{g(U,U))HLP(Q))(LP(Q) < [:(K, fo,90), YVt >0, Y(u,v) € U, Y(f,g) € A. (4.1.7)
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where L(K, fo,go) is a constant depending only on K, fo and go. Applying lemma 3.1.2

with Y := LP(Q), Y* = Y# := X, we have

T (u, 0) [ xxx < Cre!|(u,v) | xxx (4.1.8)

¢
+Ca [ (¢ 57 eI Hpy (0 0)) 0y s E >0,
0
From (4.1.7) and (4.1.8), we have
L9 (u, 0) x5 < Cre ™I, ) [ xxx + CoL(K, fo,go)/ (t—s)e =) ds  (4.1.9)
0

for all ¢ > 0, for all (u,v) € U and for all (f,g) € A. Because [} (t — s) e~ (=9) ds < C3,

we then have

HH{g(u, V)|lxxx < Cle_tH(u,v)HXXx —|—C’203I~/(K, fo,90), Yt >0, Y(u,v) € U, Y(f,g) € A.
(4.1.10)

It is clear from (4.1.10) that (J; ep U I/ (U) is bounded in X x X
Finally, we prove that the family of semigroups {H,{ 9.t >0}, (f,g) € Ais collectively

asymptotically smooth. Fix any (f,g) € A. For any bounded, closed set B C X} x X

for which II/9(B) c B, Vt > 0, we define J/9(B) = IIJ%(B) (the closure is taken in
X x X). Since B is closed, we have J/9(B) C B. We also have II/9(B) = II, (I, (B)) C
I/9(B) ¢ J/9(B), ¥t > 1. This means J/9(B) attracts B under II/%. Applying lemma

3.1.2 with Y := LP(Q), Y* := X, YF .= X, where X is another fractional power space of

27



A :D(A) C H>?(Q) — LP(Q) and 3 > « is chosen so that X < X is compact, we have

(w0l 55 < CreM(uv)llxxx (4.1.11)

1
+02/0 (1 — 5) e 9| H o (TT9 (u, v)) || oy Lo () d5-

Because B is a bounded set in X, x X, we can use same argument used for the bounded

set and get

~u

||Hfg(H{g(U»U))HLP(Q)pr(Q) < L(B, fo,90), Vt >0, Y(u,v) € B, V(f,g9) € A. (4.1.12)

where L(K, fo, go) is a constant depending only on B, fy and go. From (4.1.12) and (4.1.12),

we have
- 1
L9 (u, 0) || g5 < Cre 1 (u, ) || xxx + CzL(B7fo,go)/ (1—s5)Pe” 079 (4.1.13)
0

for all (u,v) € B and for all (f,g) € A. (4.1.13) and the compact imbedding X < X imply

Us.g)ea 779(B) is a compact set in X x X. Hence, the family of semigroups e ¢ >

0}, (f,g) € A is collectively asymptotically smooth. By lemma 3.1.1, A(f,g) is upper

semi-continuous. O

Lemma 4.1.2. Let e € X x X be an critical point of (1.0.1). Let E%(e) and E*(e) denote for
the linear spaces spanned by eigenfunctions which correspond to eigenvalues with negative
and positive real parts of the linearization of (1.0.1) at e. Define E¥(e) = E%(e) N By (e)

and Ef(e) = E*(e)N By(e) where By (e) is a sufficiently small neighborhood of e (in X x X).
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Then there are two C' maps

o, : El(e) — Ei(e)

r

(u,v) +—  (k(u,v),l(u,v))
and
Dy: Ei(e) — El(e)
(u,v) +—  (m(u,v),n(u,v)).
such that the local unstable and stable manifolds of e, Wi (e) and Wi  (e), are the
graphs of ®; + e and ®3 + e respectively. Moreover, ®1(0) = 0, $2(0) =0, DP(0) = 0 and

DV(0) =0. Here, D®; and D®, are the Fretchet derivatives of ®; and ®s.
Proof. This is a corollary of theorem 6.1 in [31]. O

Lemma 4.1.3. Let e € X be a critical element of boundary value problem

o — k1Ap = pq(z, ), x €
(4.1.14)

Bv=0, x€d
where B is either Dirichlet or Neumann boundary condition, ¢ : Q@ x R — R is a C?-
function. Let O%(e) and O®(e) denote for the linear spaces spanned by eigenfunctions
which correspond to eigenvalues with negative and positive real parts of the linearization
of (4.1.14) at e. Define O}(e) = O"(e) N Qr(e) and O%(e) = O%(e) N Q(e) where Q,(e) is a

sufficiently small neighborhood of e (in X). Then there are two C' maps

hi: Of(e) — Oie)

¥ — Bl(@)
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and

hey: Op(e) — Op(e)

(u,0) > ha(p).
such that the local unstable and stable manifolds of e, Wys. (e) and Wi (e), are the
graphs of hy 4 e and hy + e respectively. Moreover, hyi(0) = 0, ho(0) = 0, Dhy(0) = 0 and

DiLQ (0) = 0. Here, DiLl and DINzg are the Fretchet derivatives of iLl and iLQ respectively.
Proof. This is a corollary of theorem 6.1 in [31]. O

Proposition 4.1.4. (representation of stable, unstable manifolds in positive cone)

Let e be an critical point of (1.0.1) on 9(X+ x X ). We have

Wt (e) = e + {(u,0) + (k(u,v), U, v)| (u,0) € BXe) N (X4 x X4)),

loc

WS+(6) =e+ {(u, U) + (m(u7v)7n(u7v))’ (uvv) S Eﬁ(e) N (X-‘r X X+)}7

loc
where B, E? and k,l,m,n are from lemma 4.1.2.
Proof. (1.0.1) has three fixed points on (X4 x X;): (0,0), (ug,0) and (0, vg).

Case 1: e = (0,0). By lemma 4.1.2 , we have

Wige(€) = {(u, v) + (k(u, v), l(u, v))| (u,v) € E;/(e)}.

We will prove

Wit(e) = Wi(e) N (X4 x Xy)

= {(w,0) + (k(u, 0), l(u, )] (u,v) € Ef(e) N (Xy x Xp)}.
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By lemma 4.1.3, we can write the unstable manifold at 0 of the semi-flow generated

by the boundary value problems

u — k1Au = uf(z,u,0), z €,

Bu=0, xe€0dQ.

and

vy — k1Av = vg(x,0,v), = € Q,
Bv =0, x¢€0dQ.

Wite(0) = {u+ ha(u)| w € U(0)} and Wi (0) = {v+ 1 (v)] v € V;(0)}.

For any u € U}*(0), we have (u+ hi(u),0) € W}t _(e). Therefore, there exists (@, ) €

E(e) such that (ua,?) + (k(@,0),l(a,0)) = (u+ hi(u),0). Hence

+ k(a,0) = u+ hy(u)

because (& — u,v) € E*(e), (h1(u) — k(a,0),—I(a,0)) € Ei(e) and Ef(e) N ES(e) =

(0,0). Hence l(u,0) = 0 for all w € U*(0). A similar argument yields k(0,v) = 0, Vv €
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V*(0). For (u,v) € E¥(e), put (&) = k(§u,v), 0 <& < 1. We have
1 1
k) = W(1) = %(0) = [ W(e)de = < / alk(éu,v)df) .
A similar argument yields

I, v) = (/01 82l(u,§v)d§> .

Therefore
(u,v) + (k(u,v),l(u,v)) = (uw(K(u,v) + 1), v(L(u,v) + 1))

where

1 1
K (u,v) —/0 O k(§u,v)d¢ and L(u,v) _/0 Al (u, Ev)dE.

By lemma 4.1.2, we have K (u,v), L(u,v) < 1 for u,v < 1. Therefore, we have

WEE(e) = Wike(e) N (X4 x Xy)

loc

= {('LL,’U) + (k(ua U)al(ua U))’ (U,’U) € E:f(e) N (X+ X X+)}
Case 2: e = (ug,0). By lemma 4.1.2 , we have

Wige(€) = {(u, v) + (k(u, v), U(u, v))| (u,v) € E;/(e)}.
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We will prove

Wit (e) = Wity(e) N (X4 x X7)

loc

= {(u,v) + (k(u, v), l(u, v))| (u,v) € E(e) N (X4 x Xy)}.

By lemma 4.1.3, we can write the unstable manifold at ug of the semi-flow generated

by the boundary value problem

u — k1Au = uf(x,u,0), z€Q,

Bu=0, xe€0dQ.

as

Wige(uo) = {u + hi(u)| u € Uy (uo)}-

For any u € U}*(ug), we have (u+ hi(u),0) € Wi _(e). Therefore, there exists (u,?) €

E"(e) such that (u,v) + (k(@,0),l(a,?)) = (u+ hi(u),0). Hence

i+ k(i 0) = u+ hy(u)

because (@ — u,v) € E*(e), (hi1(u) — k(u,v),—l(u,0)) € Ei(e) and E}(e) N Ei(e) =

(0,0). Hence [(u,0) = 0 for all v € U¥(up). For (u,v) € E}(e), put (&) =
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l(u,&v), 0 <& < 1. We have

l(u,v) = T(1) — T(0) = /01 U (€)de = (/01 82l(u,§v)d§> .

Therefore

(u,v) + (k(u,v),l(u,v)) = (u+ k(u,v),v(L(u,v) + 1))

where

1
L(u,v):/O Dol (u, Ev)dE.

By Lemma 4.1.2, we have L(u,v) < 1 for u — up,v < 1. Therefore, we have

WEE(e) = Wike(e) N (X4 x Xy)

loc

= {(u,v) + (k(u, v), l(u, )| (u,v) € E(e) N (X4 x Xy)}.

O]

Proposition 4.1.5. Given (fp,90) € CP. Let ¢ € X4 x X4 be a hyperbolic critical
element of {H{OQO, t > 0}. Then there exist a neighborhood O of ¢ in (X4 x X,) and a
neighborhood V(fo,g0) of (fo,90) (in CP) such that given (f, g) € V(fo,g0) there exists a

unique homeomorphism

p:=p(f,9):e0— pleg) = e €O

close to the inclusion i : e — (X4 x X, ) in the C%topology, and e € Xy x X, is a

hyperbolic critical element of {H{g, t > 0}. Moreover, the map (f,g) € V(fo,90) — p(f,9)
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is continuous, W""(e), Wt (e) depend continuously on (f,g) € V(fo,go) which yields

loc loc

dim W“T (e) = dim VVféj(eo) for all (f,9) € V(fo,90)-

loc

Proof. For any [ > 0, we define

R :CP — C*Qx[0,1] x[0,1]) x C*(Q2 x [0,1] x [0,1])

(f,9) = (fiaxjox[0.)> 90x[0,]x[0.0])-

It is clear that R; is a continuously linear map. By (H3) and (H4), there exist constants

K090 > 0 and 6§ > 0 such that

fo(z,m,n) < =68, go(z,m,n) < =4 for all z € Q, for all m, n > K/09%. (4.1.15)

Now, fix a neighborhood U( fo, g0) of (fo,go) in CP such that

1(fs9) — (f()?go)HCQ(QX[0,Kf090+1]><[O,Kf0g0+1])><02(ﬂ><[0,Kf090+1]X[O,KngO—i-lD <4/2. (4.1.16)

From (4.1.15) and (4.1.16), we have

f(x, KPo% 41, Kfodo 1), g(x, K109 41, K% 4 1) < —5/2, Vo € Q, Y(f,9) € U(fo, g0)-

By (H2), we then have

f(xama Tl) < _5/27 g(xama Tl) < _5/27 Vo € Q7 Vm,n > Kfogo + 17 v(fyg) € U(f[)ug())'
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Hence, all critical elements of {H{‘)go, t > 0} and {HiC 9.t > 0} take values inside the
contracting rectangle [0, K/09% +1] x [0, K /090 +-1]. Therefore, we can consider the restriction

of the semi-flows {H{OQO, t >0} and {H{g, t > 0} to the Banach manifold
{(u,v) € X x X| w(Q),v(Q) C (0, KSo% + 1)},

If e € int(X4 x X ), apply proposition 2.12 in [23] with B := {(u,v) € X x X| u(Q2),v(Q2) C
(0, K/090 4 1)} and F := C?(Q x [0, K090 4 1] x [0, K090 4 1]) x C?(Q x [0, K090 + 1] x
[0, K o9 + 1]); there exists a neighborhood O of ey in B and a neighborhood Q(fy, go) of

(fo, o) in F such that given (f,g) € Q(fo,go) there exists a unique homeomorphism

p:=p(f,g):e0— ple)=1e€O

close to the inclusion i : eg — B in the C%-topology and e is a hyperbolic critical element of
H{g. Since p is close to the inclusion i, e must be in B C int(X; x X;) and therefore p is
close to the inclusion i : eg — (X4 x X4). Put O = ON (X4 x X). Then e € O. Because
Wt (e) == Wt (e)N (X4 x X1) and W (e) depends continuously on (f, g) (by proposition
2.12 in [23]), W}“* (e) also depends continuously on (f,g). Similar reason implies W (e)
depends continuously on (f, g). Because R, , 41 is a continuous map, RI_(%COQOH(Q(fO, 90))
is an open neighborhood of (fy, go) in CP. Then V(fo, g0) := U(fo, 90) OR;(%cOgoJrl(Q(fo, 90))
is the desired neighborhood of (fy, go) in CP.

If e € (X4 x X4), Due to the conditions (H1)-(H4), we have three cases e = (0,0),

e = (up,0) and e = (0,v9) where ug, vy are the unique stationary solutions of (3.2.1)

with h(-,u) = fo(-,u,0) and h(-,v) = go(,0,v). Define p(0,0) = (0,0), p(ug,0) =
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(1,0), p(0,v9) = (0,0) where @, © are solutions of (3.2.1) with h(-,u) = f(-,u,0) and
h(-,v) = ¢(-,0,v). By proposition 3.2.2 and lemma 4.1.2, we have W?*(ug,0) and W?*(1,0)
are C! close. Hence, W{ (ug,0) and Wf (@, 0) are C! close. Similar argument yields the

conclusion for the (0,vg) and (0,0). O

Proposition 4.1.6. Given (fyp,g0) € CP. Let eg € X4 x Xy be a critical element (eq is
not a sink ) of {II/°% ¢ > 0} and N**(eg) be a fundamental neighborhood of W™ (eq).
Then there exists a neighborhood V(fo,g0) of (fo,g0) in CP and a neighborhood O of e
in X; x X such that N“"(eg) is also a fundamental neighborhood of W¥*(e), where
e := p(ep) is the unique hyperbolic critical element in O of {H{g, t >0}, (f,9) € V(fo,90)-
Here, p is the homeomorphism in proposition 4.1.5. Moreover, there exists a neighborhood

B of eq such that for any (f,g) € V(fo, go), we have B C Usso 9 (N“F(eq)) U WEE (e).

loc

Proof. 1f ey € int(X4 x X;), we use the same argument used in proposition 4.1.5 and
hence the result is direct from proposition 2.14 of [23]. We only need to consider the cases
eo € O(X4 x X4). By proposition 2.14 of [23], there exists a neighborhood V(fo, go) of
(fo,90) in CP and a neighborhood O of ¢y in X x X such that N%(eg) is also a funda-
mental neighborhood of W¥(e), e := p(ep), is the unique hyperbolic critical element in O
of {H{g, t >0}, (f,9) € V(fo,90). Here p is the homeomorphism in proposition 2.12
of [23]. By proposition 4.1.5, e is in X x X ;. Hence, e is the unique hyperbolic crit-
ical element in O := O N (X} x Xy) of {H{g, t > 0}, (f,9) € V(fo,90). It is also
obvious that N“T(eg) := N%(eg) N (X4 x X) is also a fundamental neighborhood of

Wh(e) N (X4 x Xy) = W¥H(e). Finally, we will prove the existence of B. By proposition
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2.14 of [23], there exists a neighborhood B of ey such that

B C | JT(N"(e0)) U Wi (e).
t>0

Therefore,

BN (Xs x Xy) C [ [JI90N"(e0)) N (X4 x X)) | UWEE (o).

loc
t>0

Due to the fact that X; x X is invariant under the semi-flow { H{ 9.t > 0}, it can be

verified that

TN (e0)) N (X x X4) = (TSN (e0) 1 (X4 x X4)) = [ TSV (o).
+>0 >0 >0

Let B:= BN (X4 x X4). Then we have

loc

B U Nu+ 60 ) Ws+( )

For the cases e = (0,0), e = (ug,0) and e = (0,vy) where ugy, vy are the unique stationary
solutions of (3.2.1) with h(-,u) = fo(-,u,0) and h(-,v) = go(-,0,v), the conclusion is clear
from the C! closeness of the local stable, unstable manifolds of (ug,0) and (@,0) as well as

the local stable, unstable manifolds of (0,v) and (0, 9). O

Proposition 4.1.7. The set of all critical hyperbolic elements of (1.0.1) in X} x X, has

a partial order structure <3 defined by e; <3 ey iff W% (eq) N Wlf;g(q) # 0.
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Proof. Firstly, we have e <3 e because W"*(e) N W' (e) = {e}. Second, suppose e; <3 e3,

loc

es <3 e; and e; # eg. Since W¥"(e3) N I/Vlfjg(el) # 0 (e <3 e2), we have W¥(e3) N
W (e1) # 0. By proposition 3.4 of [23], there is a submanifold of W"(e2) e-C! close to
B(e1) N W (e1) (e is small enough and B(e1) is an appropriate open neighborhood of e;).
Since W¥F(e1) N Wt (e2) # 0 (e2 <3 1), we can choose p € B(e1) N W% (e1) such that

loc

I, (p) € Wik (ea) for some ty > 0. Then for ¢ € W*(e2) (¢ # e2) close enough to p, we
must have Iy, (q) € W (e2) (because of transversality). So, ¢ € W"(ez) NW{ (e2) which
is a contradiction. This implies e; = es. Thirdly, suppose e; <3 e2 and ey <3 e3. Using
the similar argument as above, we have W%"(e3) N Wt (e1) # 0 which means e; <3 es.

loc

Therefore, <3 is partial order. ]

Definition 4.1.1. Let Crit(f,g) denote the set of all critical elements in X, x X, of
(1.0.1). For ey, e, € Crit(f,g), e1 # en, the sequence e; <3 ez <3 ... <3 e, (if exists)
is called a chain from e; to e, of length n — 1. We also write beh(ejle,) = n — 1 if the

maximum length of chains from e; to e, is equal to n — 1.

Proposition 4.1.8. Let (fo,g0) € CP. Then there exist a neighborhood V.C X1 x X4 of

the attractor A(fo, go) such that if dep((fo,90),(f,9)) is small enough, we have

Q(f,9) NV = p(Crit(fo, go) N V),

where p is the homeomorphism in proposition (4.1.5).

Proof. We construct V' by induction. Let ep, be any sink of Crit(fo, go) and e; := p(eo,)
where p is the homeomorphism in proposition (4.1.5). We have e; € Crit(f, g) and ey,, €;

are close. Because eq,, e; are close, there exists a neighborhood Vy(eo,) C W} .(eo,) such that
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ei € Vo(eo;) C Wi (e;) where By, )(fo,90) is a sufficiently small neighborhood of (fo, g0)
in CP. Put Vj := |, Vo(eo,) and ro := min;{r(ep,)}. We then have p(Crit(fo,g0) N Vo) C
Q(f,9) N Vy. In the other hand, if 2’ € Q(f,g) N Vy, then 2’ € Vj and 2’ € Crit(f,g).
Since 2z’ € Vp, there exists e; := p(eo,), eo, € Crit(fo,go) N Vo, such that =’ € W _(e;).
Because ' € Q(f,g), 2/ must be e;. Therefore, 2’ € p(Crit(fo,go) N Vp). This implies
Q(f,9) N Vo = p(Crit(fo, go) N Vo) for all (f,g) € Br,(fo,90)-

Now, suppose we have constructed Vi, ri corresponding to critical elements of H{ g

whose behaviors with respect to sinks are < k, that is,

Q(fv g) N Vk’ = p(Cth(f()?gO) N Vk‘): (f7g) € BTk(f07g())'

Let exy1 € Crit(fo, go) be a saddle of H{g whose behavior with respect to sinks is less than
or equal k+ 1. For each z € G¥"(eg11), we have Hgg(m) — e for some e € Crit(fo, go) N Vi.
Therefore, there exists ¢, > 0 such that H{f (x) € Vi. Let O, C Vi be a neighborhood
of H{f(m) (in Vg). Then U(z) := Hfgtz((’)) is a neighborhood of z in X; x X;. O can
be chosen small enough such that U(z) N W5 (ex41) = 0. Since G**(eg11) is compact,
there exists {x;}] such that G**(ep1) C Ui U(x;). Then N"F(exy1) = Uj—, Ulzy)
is a fundamental neighborhood of W**(exy1). Put t(ept1) = max{ty;}7. Then for any
x € N (egy1), we have II;(z) € Vj, for some ¢ < t(exy1). By proposition 4.1.6, there exist
a neighborhood B, )(fo,g0) of (fo,90) in C and a neighborhood B(ext1) of epyq such

that for any (f,g) € By(e,,,)(fo, 90), we have

Blegs1) C Wit (€hn) U [Ursol L (N"(eg11))| (4.1.17)

loc
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where €}, := p(exs1), p is the homeomorphism in proposition 4.1.5. Define By :=

U B(ek+1), Tk+1 = min{rg, min{r(egs1)}}, txr1 = max{t(exs1)} and
Vir1 = Vp U (UOStStk-‘—lH{gif(Vk)) U Bg1-
We will prove for any (f,g) € By, (fo.90),

Qf, 9) N Vi1 = p(Crit(fo, go) N Vis1).

First, we prove p(Crit(fo,g0) N Vit1) C Qf,9) N Vi1, If &' € p(Crit(fo, go) N Vit1), then
/

¥ = p(x), = € Crit(fo,g0) N Vit1. Because x € Crit(fo,g0), we have 2’ € Crit(f,g) C

Q(f,g) by proposition (4.1.5). Since

(7Tit(fb,go)[q [V%IJ (LJogtgtk+1IIi%(L%))] = (7Tit(fb,go)fw Vi,

we have

Crit(fo, go) N Vi1 = (Crit(fo, go) N Vi) U (Crit(fo,go) N Bit1) -

If x € Crit(fo, go) N Vi, then from the induction assumption, we have 2’ € Q(f,g) N Vi C

Q(f,9) N Viyr. If 2 € Crit(fo,g0) N By then x € Crit(fo,go) N B for some ep1 €

€41
Crit(fo,g0). By (4.1.17), we then have z € W (e} ;) U [UtZOHfZ(N“JF(ekH))] Since
x is a critical element, it can not be in UtZOHi%(N“ﬂekH)). Therefore, z € Wit (€] ).

Because p(z) is a critical element of {H{g, t > 0}, p(x) must be €}, € Vi41 which implies

' = p(x) € Crit(f,g) N Viir1. So, we have p(Crit(fo,g0) N Vit1) C Q(f,9) N Vit1.
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Now we prove Q(f, g) N Vir1 C p(Crit(fo,g0) N Vir1). If 2" € Q(f,g) N Vi1, then 2’ €
Va1 =V U <U0<t§tk+lﬂfgt(vk)) U Bjy1. If 2’ € Vi, then by the induction assumption, we
have 2’ € p(Crit(fo, 90) Vi) C p(Crit(fo,90) N Viki1). So, we only need to consider the case
' eu <Uo<t§tk+1HJi%(Vk)) U Byy1. Since 2’ € Q(f,g), ' can not be in U0<t§tk+1ﬂi%(vk)-
Hence, 2’ € By, which means 2’ € B(egy1) for some ey € Crit(fo, go). By (4.1.17),
must be e;., ;. This implies Q(f,g) N Vi1 C p(f, 9)(Crit(fo,g0) N Viy1). This completes

the induction procedure. Finally we reach the sources and obtain a neighborhood V' of

A(fo, go) satisfying Q(f,g) NV = p(Crit(fo, g0) N V) provided dep((fo,90), (f,g)) is small

enough. O
Now, we are ready to prove theorem A.
Theorem 4.1.9. The Morse-Smale set MS is open (in CP).

Proof. For (fo,g0) € CP,let V be the neighborhood of A( fy, go) in proposition (4.1.8). Since
the map (fo,90) — A(fo, go) is upper semicontinuous (theorem 4.1.1), we have A(f,g) C V
for all (f,g) € V(fo,90), where V(fo,g0) is a sufficiently small neighborhood of (fy, go) in

CP. Applying proposition (4.1.8), we have

Q(f,9) = Q(f,9) NV = p[Crit(fo, go) N V] = p(Crit(fo,g90)) C Crit(f,g).

But Crit(f,g) C Q(f, g). Hence Crit(f,g) = Q(f,g). So the map

p : Crit(fo, go) — Crit(f, g)
is bijective. This implies the openness of MS (in CP). O
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4.2 A Sufficient Condition

In this section, we shall prove theorem B.

Theorem 4.2.1. If all the critical elements of (1.0.1) are hyperbolic (in Xy x X ) and
the dimension of the unstable manifold of any fixed point in X x X4 \ {(0,0)} is at most
one and the dimension of the unstable manifold of a periodic solution is at most two, then

(1.0.1) has Morse-Smale structure.

Proof. Case 1: Let e, ¢’ € X x X be two fixed points of (1.0.1) with e # (0,0). Suppose
that 3 8 € W¥F(e) NWE(€/). Since B € W¥T(e), there exist tg > 0 and & € W"¥ (e) such
that 8 = II;,(§). Let w(€) be the normalized (in X x X) principle eigenfunction of the
linearization problem of system (1.0.1) at € # (0,0). By the Krein-Rutman theorem (cf.

[16]), we have w(€) >3 (0,0). By lemma 4.1.2, we have either

. £E—e -
lim — = w(e 4.2.1
¢—e, cewn(@), [[€ — €|l xxx (€) ( )
or
im S @) (4.2.2)

¢—e, cewu(@) ||€ — €llxxx

Applying (4.2.1) for € = e, there exists £ € W} _(e) such that

§—e=¢—elxxx (w(e) + O(Hé_e”XXX)> > (0,0). (4.2.3)
1€ — ellxxx
This implies
I (§) — Mi(e) = I (§) — e >2 (0,0), V't > 0. (4.2.4)
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Since 8 € W (e/), we have

loc

I;(¢) — € (in X x X) as t — oo. (4.2.5)

Letting ¢ — oo in (4.2.4) and using (4.2.5), we have ¢/ >3 e. By proposition 3.3.2, we have
II;(€¢') > Ii(e), ¥t > 0 but this means ¢’ >>5 e. Now, suppose W4T (') # {¢’}. Applying

(4.2.2) for € := €, there exists n € W (€') such that

_
0-¢ =l -l (i) + D) < 00 a2
7 — €llxxx
This implies
y(n) — I (e") = My(n) — €’ <2 (0,0), V¢ >0. (4.2.7)

Since €' 9 e, we can choose ¢ and 7 closed enough to e and €’ (respectively) such that
e Ky & Ky m Ko €. This and TI;(§) — € (in X x X) ast — oo imply II;(n) — € (in
C(Q) x C(2)) as t — oo. This and the fact that the w-limit set of 7 is relative compact in
X x X implies IT;(n) — €' (in X x X) as t — co. Hence n € W**(¢’) which contradicts to
the fact n € W*T(e’). Therefore W"T(¢’) = {e’}. This implies W;! (¢/) = X x X. Then, it
is clear that we have TzW*"(e) & TyWE(e/) = X x X.

Case 2: Let e # (0,0) be an fixed point, €' be a periodic orbit with period ¢ and
suppose that 3 8 € W4 (e)N W2t (/). Using the same argument as in the first part of case

loc

1, there exists £ € W“ (e) such that 8 = II;,(¢) and

IL(&) >z e, V t > 0. (4.2.8)
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Since 8 € W (e/), we have

loc

I;(¢) — € (in X x X) as t — oo. (4.2.9)

Let pp € €’ be a limit point of {II;(¢), ¢t > 0}. We have an increasing sequence ¢, — 00
as n — oo such that Iy, (§) — po. From (4.2.8), we have II; (§) >9 e, V¢t > 0. Let
n — 0o, we have py >3 e. By proposition 3.3.2, we have I, (pg) >2 I1,(e) which is pg >2 e
Now, suppose W"T(e’) # {e’}. This means W4 (¢’) is two-dimensional, DII,(pg) has one
eigenvalue with real part greater than 1. By Krein-Rutman theorem, this eigenvalue has a

strongly positive eigenfunction w(pg). Let
W ={ne X x X| liminf dyxx(I%(n),e) > 0}.
n—oo

Then we have

lim S s Y (4.2.10)
[In—pollx x x—0, neW ”77 _pOHXxX
This implies
o —DPol|XxX
n—po = [|n — pollxxx (-w(po) - (U [ )> <5 (0,0). (4.2.11)
|7 — pollxxx

Since py >2 e, we can choose £ and 7 closed enough to e and py (respectively) such that
e K9 & Ko n <Kg po. Thus, I, (§) <2 Iy, (n) <2 IL;, (po). The set {II;, (po)} is compact.
So there exists a subsequence t,, } of {t,} and p1 € ¢’ such that II;, (po) — p1 as n — oco.
If po # p1, then we have pg <9 p1. Again, by proposition 3.3.2, we have py <9 p1. By

theorem 2.3 in [32], this can not happen. Therefore, p; = pg. Then we have I, (n) — po

45



as n — oo which is a contradiction to the fact n € W. Hence, W¥"(¢') = {¢’}. This implies

Wt (e/) = X x X. Then, it is clear that we have TzW"*(e) ® TgWl(e') = X x X.

loc loc

Case 3: Let e be a periodic orbit with period o, €’ be an equilibrium and suppose that
3 8€ W' (e) N WSk (¢'). Since B € W¥*(e), there exist pj € e and £ € W' (e) such that
B =11;,(§) and pj <2 & Since II(§) — €’ as t — oo, we have pf <y €. By proposition
3.3.2, we have pj <3 ¢/. Now, suppose W"*(¢') # {¢’}. Applying (4.2.2) for € := ¢/, there

exists n € W _(¢) such that

)
n— eI _ Hn _ GIHXXX (_w(e/) + 0(||77 6/ ||X><X)> <9 (4212)
7 — €[l xxx
This implies
() — (') = Ty (n) — €’ <2 (0,0), V¢ > 0. (4.2.13)

Since p§ < €', we can choose £ and 7 closed enough to ¢’ and pjy (respectively) such that
£ <o m <o €. This and I1;(§) — €’ ast — oo in X x X imply II;(n) — €' (in C(Q) x C(Q2))
as n — o0o. This and the fact that the w-limit set of 7 is relative compact in X x X imply
I;, (n) — po (in X x X) as n — oo. This is a contradiction to the fact n € W4T (¢).
Therefore W**(¢') = {¢’}. This implies W! (¢/) = X x X. Then, it is clear that we have
TaWut(e) @ TpWt(e) = X x X.

Case 4: Let e, ¢ be periodic orbits with periods o, ¢’ respectively. Suppose that
38 € Wut(e) N Wil (€/). Since 3 € WU (e), there exist pfj € e and & € W} (e) such
that § = IL,(§) and pfj <2 & Let pg € € be a limit point of {IL;(§), ¢ > 0}. We have

an increasing sequence t, — oo as n — oo such that II;, (§) — po. Hence, py >2 pj.

Now, suppose W¥T(e’) # {e’}. This means W¥*(¢’) is two-dimensional, DII,(pg) has one
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eigenvalue with real part greater than 1. By Krein-Rutman theorem, this eigenvalue has a

strongly positive eigenfunction w(pyp). Let
W ={ne X x X| liminf dxxx(2(n),e) > 0}.
n—oo

Then we have

lim TR (o). (4.2.14)
In=pollxxx—0, n€W |1 — poll x x x
This implies
o — Pol| X xX
n—po = [N — pollxxx (w(po) + Uln = pollx« )> <3 (0,0). (4.2.15)
7 — pollxxx

Since po >2 p§, we can choose £ and 7 closed enough to pf and py (respectively) such that
€ <9 n <2 po. Thus, II;, (§) <2 I, (n) <2 I, (po). The set {II;, (po)} is compact. So
there exists a subsequence t,, } of {t,} and p1 € ¢’ such that II;, (po) — p1 as n — oo.
If po # p1, then we have pg <9 p;. Again, by proposition 3.3.2, we have py <9 p1. By
theorem 2.3 in [32], this can not happen. Therefore, p; = pg. Then we have I, (n) — po
as n — oo which is a contradiction to the fact n € W. Hence, W¥*(¢’) = {e’}. This implies
Wik (e') = X x X. Then, it is clear that we have TgW4"(e) @ TzW il (e') = X x X.

loc loc

Case 5: Suppose 3 3 € W¥(0,0) N WSk (e), e # (0,0). If W¥(e) = {e}, then the
transverality is clear. Suppose W¥"(e) # {e}. Let w(e) be the principle eigenfunction of
the linearization problem of system (1.0.1) at € # (0,0). We have w(e) >2 (0,0). Since
T.W*T(e) and TgW** (e) are close if 8 € W*! (e), we have TzW*T (e)@span{w(B)} = X x X

with w(B) is close to w(e). Let n € Wi (0,0) such that IIy,(n) = B for some ¢y > 0. The

linearization of (1.0.1) at (0, 0) is decoupled and we have two positive eigenfunctions w* and
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wv.

The linear space spanned by {w", w"} is in the tangent space T(O,O)W“JF(O, 0). Since
n is close to (0,0), TgW"*(0,0) and T W"*(0,0) are close. We can chose a strongly
positive vector w(n) in the linear space spanned by {w", w"} so that I, (w(n)) = w(B).
Since 7 is close to (0,0), TgW"*(0,0) and T 0 W**(0,0) are close. Hence TgW"*(0,0) =

span{w(B)}. So, we have TgW**(e) ® TzW"(0,0))} = X x X. O
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CHAPTER 5

A-STABILITY VIA MORSE-SMALE STRUCTURE
5.1 Reduction to inertial manifold

We consider (1.0.1) for the one-dimensional case 2 = (0,1).

up = kquge +uf(z,u,v), x € (0,1),
v = kovg, +vg(x,u,v), x € (0,1), (5.1.1)

Bu = Bv =0.

Let

Aq: D(Al)CLQ(Q) — L2(Q)

(u,v) —  —kiug, + u,

Ay: D(A) C I2(Q) — LA(Q)

(u,v) = —kovge + v,

A= (Al,Ag), D(A) = D(Al) X D(Al)

where D(A;) = D(A2) = {p € H**(Q)| By = 0}, B is either Neumann or Dirichlet

boundary condition. It is easy to see that the the fractional power spaces generated by Ai/ 2

and A;/ % are same Hilbert space with different inner products <A}/ 2-, A

1 >L2(Q)><L2(Q) and
(A7 3%

>L2(Q)xL2(Q)’ respectively. For simplicity, we denote both by X. The inner
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A2, 412,

product in X x X is then (-, @), = <Ai/2-,Ai/2. o T Ay

>L2(Q)><L2(Q) < >L2(Q)xL2(Q)’

It is implicitly understood that || - ||x = ||Ai/2 N2y and || - [|x = HAé/2 “||z2(q) depending
on whether - is the first or second component of (u,v). The normalized (in L?(2) x L?(Q))
eigenfunctions of A + Id which correspond to the eigenvalues {\¥ = 1 + k;(im)?, A =
1+ ko(jm)?| 4,7 € NU{0} } are w¥(x) = (v2cos(inz),0), w?(z) = (0,v2cos(jrr)), i,j €
NU{0} if B is the Neumann boundary condition and are wl(z) = (v/2sin(irx),0), w?(x) =
(0,+/2sin(jrz)), i,j € N if B is Dirichlet boundary condition. We arrange the eigenvalues
as an increasing sequence A\; < Ay < ... < Ay < An41 < .... Let Wi be the linear space
spanned by the {\;}) and W5 be the orthogonal complement of Wy in L?(Q) x L?(Q).
Let vag(u, v) = [uf(-,u,v) + u,vg(-,u,v) + v|. Clearly, ﬁfg X x X — HY2(Q) x HY2(Q).
Moreover, if B is the Dirichlet boundary condition, then ﬁfg : X x X — X x X because
B(F(u,v)) = 0. If B is the Neumann boundary condition, it is well-known that X =
H'2(Q). Note that D(—A + Id) is dense in H?(£2) under the norm induced by the inner
product (-, ) 120y = (A% ®) 2«2 T (9 2@)xr2()- Therefore, we can

consider ﬁfg : X x X — X x X in both cases.

Lemma 5.1.1. Let (f,g) € CP. Assume (u,v) > 0, (u,v) € D(A) and ||(u,v)||xxx > R.

If R is large enough, then there exists my > 0 (depending on R and (f, g)) such that

<A(u,v) - ng(u,v), (u,v)>L2(Q)XL2(Q) > 2my.
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Proof. We have

<A(u, v) — Fyq(u,v), (u, U)>L2(Q)><L2(Q)
— <_k1ua:x - uf('auav)7u>L2(Q) + <_k21}mc - Ug('a u?”)a’U)L?(Q)

:/[k:lui—u2f(-,u,v)]d:n+/[k'gvi—UQQ(-,u,v)]d:v
0 Q

= (kl/ui da:—i—k:g/vi da:) —/uzf(‘,u,v) dm—/vQQ(',u,v) dzx.
Q Q Q Q

On the other hand, we have

9 _ 12 ,1/2 1/2 0 41/2
H(uav)HXXX - <A1 U’Al u>L2(Q)+<A2 U7A2 U>L2(Q)

= (A1, u) o) + (A20,0) 12(q)

= k1/u§ dm—l—kg/vf:dx—l—(/quaﬁ—i-/dex)
Q Q Q Q

— b [t [ 2wz (5:12)
Q Q

Therefore

<A(’LL, U) — ﬁfg(u7 /U)? (U, U)>L2(Q)><L2(Q)

> 0,0 B — 0 0) By — [ w2 Cou0) do = [ gl o). (5.9
From (H3) and (H4) there exists a positive constant Ry such that

f(G u,v) < —=1/2 forall v>0, z€(0,1), u> Ry,
(5.1.4)

g(,u,v) < =1/2 forall u>0, z€(0,1), v > Ry.

o1



Let

MO = max{ sup f(-,u,v), sup g('vua U)}
{0<u<Ro}N{v>0} {0<v<Ro}n{u0}

My exists and finite because of (H1) and (H2). Choose R sufficiently large so that
Lo 2 2
2m0 = §R — RO — 2M[)RO > 0.
From (5.1.3) and (5.1.4), we have

<A(U, ’U) - ﬁfg(“? ’U), (u7 U)>L2(Q)><L2(Q)

1 1

> S0 Bex = 10 Beysre — [ w760 do— [ w0 )da
Q Q

1 1

> _R?— = i B
> B = Sl )22 ) x 20 /{u>Ro}

_/ w?f (-, u,v) d _/ v’g(-,u,0) d
{0<u<Ro} {0sv<Ro}

LR = L0 +1/ u? d“l/ v e
5 WLz @x2@ T g oo 2 J{w>Ro}

—/ wf(-,u,v) de —/ v2g(-u,v) dx
{0<u<Ro} {0<v<Ro}

u2f(-,u,v) dx —/ UQQ(-,U,U) dx

{v>Ro}

Y

1 1 1
= §R2 — / [u2f(-,u,v) + §u2]dac — / [vzg(-, u,v) + §v2]dm
{OSU<R0} {0§’U<R0}
1
> 5R? — R} — 2My R} = 2my.

O]

Fix (fo,90) € CP. Since A(fo, go) is compact (in X x X), there exists R > 0 such

that A(fo,90) C {(u,v) € X4 x X4| [[(u,v)]|xxx < R}. By theorem 4.1.1, A(fo,g0) is
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upper semi-continuous in X x X. Hence

A(f,9) € {(u,v) € X x Xy | [[(w, v)llxxx < R}, (5.1.5)

provided dep((f, ), (fo,90)) is small enough. From now on, we fix R > 0 such that (5.1.5)
holds and lemma 5.1.1 is true for (fo, go). We define a C*° function ¢ : [0, 00| x [0, co] — [0, 1]

with the following properties

¢ =1on[0,R] x [0, R],
© =0 on {(s1,s2) € R?| max{sy,s2} > 2R},
SUPs, >0 los; (51,82)]] <1, V52 >0,

SUPs,>0 s (51, 82)[ <1, V51 >0.

Let Fyg(u,v) = o(||lul x, Hv||X)ﬁfg(u, v). Since f,g are C? functions, Fy, has the following

properties

1. F: X x X — X x X is bounded in C'! norm. Note that the bound depends on (f, g),

2. F(u,v) = F(u,v) for all ||(u,v)||xxx < R,
3. F(u,v) =0 for all ||(u,v)||xxx > 2R.
Therefore, rather than studying system (5.1.1), we can study the modified one
ut = k1ugs + SD(HUHX, HUH)()uf(l',u, U)? YIS (07 1)7

vy = kovge + SO(HUHXa ||v||X)vg(:r:,u,v), T € (07 1)a (516)

Bu=Bv=0.
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For simplicity, we will sometimes write F' instead of Fy,. Let © = (u,v), we can rewrite
system (5.1.6) as

O, + AO = F(), © € D(A). (5.1.7)

Lemma 5.1.2. Given (fo,g90) € CP and gy > 0. Define

A= {(f,9) € CP| dep((f,9),(fo,90)) < €0}

Then there exists positive constants My, M7 depending on ¢y, fp, go such that

| Frg(u,v)||xxx < Mo, V(u,v) € X x X, Y(f,g) €A, (5.1.8)

| DFtg(uo,v0)(&,m)|lxxx < Mil[(€,m)||xxx, ¥ (uo,v0), (§,m) € X x X, Y(f,g) €A,
(5.1.9)

and

Supp Frg C {(u,v) € X x X : [[(u,v)]|xxx < 2R}, V(f,g) € A. (5.1.10)

Proof. 1t is clear from the definition of Fy, that

Supp Frg C{(u,v) € X x X = [[(u,v)|lxxx < 2R}, V(f,9) € A.

For (5.1.8) and (5.1.9), the existence of the constant My and M is guaranteed by (5.1.2)

and the fact that

{(w,0) € X x X| |, 0)llxx < 2R} € {(u,0) € X x X| (0, ) @iy < 2RCY,
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where C' is the embedding constant X < C(Q). Therefore , we can choose a sufficiently

small neighborhood A of (fy, go) such that

1(f,9) = (fo, 90)llc2(@x[~2rC 2RC)* [—~2RC,2RC)) < 1. V(f,9) € A.

O]

Lemma 5.1.3. (Gap condition) Let Ko = 16M%, K; = 4M; where M, is the positive

constant in proposition 5.1.2. Then there exists N € N such that
An > Ky and )\N+1 — AN > 2K;.

Proof. Since the eigenvalues of A can be rearranged as a strictly increasing sequence con-
verging to oo, we always have Ay > Kj. Because Ay11 — Ay = O(N), it is clear that

AN+l — An > 2K, if N is sufficiently large. O

Proposition 5.1.4. Given (fy,go) € CP. Let A be defined as in proposition 5.1.2. Choose a
natural number N such that the gap condition in lemma 5.1.3 holds. Let W := Wy. Then,
for each (f,g) € A, there exists a C! map &7, : W — W N (X x X), &, = (®%,. %,)

with the following properties
(i) Supp ®fy C {(u,v) € X x X = [[(u,v)[|xxx < 2R}, V(f,9) € A,

. -1/ . s
(i) |Prg(w)l|xxx < Lo, Yw € W, Y(f,g9) € A where Ly = ]\ggjv:f (Mp is the positive

constant in proposition 5.1.2),

(iii) The manifold Zy, :=Graph ®y, is invariant under the flow generated by (5.1.7) and

attracts all solutions of (5.1.7) exponentially,
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(iv) [[D®sg(w)|lzowxxx) < L1, Yw € W, ¥(f,g) € A, where L < M (M s the

AN+1—AN

positive constant proposition 5.1.2),
(v) @4, DPy, are continuous in (f, g).

Proof. Apply theorem 2.1 in [27] with « = = 1/2, k =1, Cy = My, C; = M;. For

simplicity, we will write ®;, as ® when no confusion should arises. O

From now on, let W be the linear space defined in proposition 5.1.4 with N chosen

large enough such that

L§ = | Epagollo Lo < mo, (R+|[F]l,)LoL1 < mo/2 (5.1.11)

where [|[Froglly = suppyexxx [[F(u,v)|[xxx. Let P be the orthogonal projection of
L3(Q) x L*(2) to W and Q = Id — P. By applying P and Q to (5.1.7), we obtain the

system

wy + Aw = (P o F)(w + wb), (5.1.12)

wi + Awt = (Q o F)(w +wh), we W. (5.1.13)

By proposition 5.1.4, we can write (5.1.12) as

we + Aw = (P o F)(w + ®(w)), w e W. (5.1.14)

Lemma 5.1.5. Given (fo,g0) € CP. Let

I'r={weW|||lw+ Psg(w)|xxx =R, w+ P(w) > 0}.
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Then

(Aw — (P o Fyg0)(w + @ 0 (w)), V(w))LQ(Q)XLQ(Q) >mg >0, Yw € I'p, (5.1.15)

where v(w) is the outer normal vector at w and mg (depending on fy, go) is the positive

constant defined in proposition 5.1.1.

Proof. For simplicity, we will write ®, F instead of ® 4., Flq4,- By lemma 5.1.1, we have

(A(w + @(w)) = F(w + @(w)), w + ®(w)) 12(0)x 12(02) = 20, Yw € T'g. (5.1.16)

On the other hand, we have

(A(w + @(w)) = Fw + (w)), w + ®(w)) 12(0)x 12(02)
= (Aw + A®(w) — (P o F)(w + ®(w)) — (Q o F)(w + ®(w)), w + P(w)) 120y x 12()
= (Aw — (Po F)(w + ®(w)), w) 12(0)x 12(0)

+(AD(w) — (Q 0 F)(w + D(w)), D(w)) 12(y 2y Yo € W.
Therefore,

(Aw — (P o F)(w + ®(w)), w) 120y« 12() (5.1.17)
> 2mo — (A®(w) — (Q o F)(w + ®(w)), P(w)) r2(0)x 12()

= 2mo — (A®(w), ®(w)) 2y x12(0) T (@ © F)(w + ©(w)), D(w)) 12(0)x 12(02)

> 2mg — H‘I’(w)’@{xx —[[(Q o F)(w + q’(w))”B(Q)xB(Q)H‘I’(w)HB(Q)xL?(Q)

> 2mo — |®(w) X x — 1F(w + ()| 220 x 22(0) |2 (W) || 1200 x £2(00)» Y € TR
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Using property (i) in proposition 5.1.4 and (5.1.11), we have

(Aw = (P o F)(w + ®(w)), w) [2(0)x 12(0)

> 2mo — | @(w) |5 x = [1Fllo 1P (w) | xxx

> 2mg — L2 — | F||,Lo > mo, Yw € Tx. (5.1.18)
Define
H:W — R
p = (D2(w)(p), ®(w)) xx -
It is clear that H is a continous linear functional on (W, || - ||xxx). By the Riesz represen-

tation (cf. [37]), there exists w* € W such that (w*,w) = H(w), Yw € W and

[w* | xxx = 1H| zowr) < [1D2(w)]| zew,x xx) |P(w) || xxx < LoL1 < 1, (5.1.19)

where Ly, L are constants in proposition (5.1.4). The outer normal vector v(w) at w € I'g

then has the representation v(w) = 2w + 2w*. Therefore,

(Aw — (P o F)(w + ®(w)), v(w))r20)xr2(0)
= (Aw — (Po F)(w + ®(w)), 2w + 20") 12(q) x 12(0)
= (Aw — (P o F)(w + ®(w)), 2w) 12(0yx r2(02)

(Aw — (Po F)(w + ®(w)), 2w") p2(q)x12(0) » YW € I'r. (5.1.20)
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From (5.1.18) and (5.1.20), we have

(Aw — (P o F)(w + ®(w)), v(w))2)xr2(0)
> 2mo — 2[|Aw| L2y x L2 (@)W | L2 () x L2 (0)
=2|[(P o F)(w + ®(w))| z2()x 2 1w | L2 () x L2 (02)
> 2mo — 2[|Aw|| 2 ) 2 1w [ L2 (@) x L2 (0) (5.1.21)

=2||F'll lw* | 2 (@) x L2 (2), Yw € TR

We have [|[Awl|r2Q)xr2() = \/Ziv N2 for w € Wy, w = Ziv ciw;. If w e I'p, we have

wxxx < |Jw+ ®w)|xxx = R But ||w]xxx = />.Y 2\;. Therefore,
|Aw| 20w 2y < Y ANENEN < V/Ax R (5.1.22)
From (5.1.11), (5.1.19), (5.1.21) and (5.1.22), we have
{(Aw = (P o F)(w + ®(w)), v(w))2(q)xr2(0) = 2mo — 2(R + [|Fll) LoL1 = mo.

O

Lemma 5.1.6. Given (fo,g0) € CP andeg > 0. If dep((f, 9), (fo,90)), (f,g) € CP, is small

enough so that || Ffg — Frygllxxx < % where C' is the constant from the embedding

X — C(Q). Then

(Aw — (P o Fyg)(w + q)fogo(w)),V(w)>L2(Q)XL2(Q) >mo/2 >0, Yw € I'g, (5.1.23)
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where v(w) is the outer normal vector at w.

Proof. We have

(Aw — (P o Frg)(w + @ g, g0 (w)), V(u)))LQ(Q)XLQ(Q) (5.1.24)
= (Aw — (Po Ffogo)(w + Py (w)), V(w)>L2(Q)><L2(Q)

+ (P o Frg)(w + @ o9 (w)) — (P o Fpogy)(w + P90 (w)), V(w)>L2(Q)><L2(Q) , Yw e W.

From (5.1.15) and (5.1.24), we have

(Aw — (P o Fyg)(w + @ fog0(w)), V(W) 120y 12(02)

> mo + (P o Fig)(w + @fyg,(w)) = (P 0 Froge ) (w + @ fog0 (W), (W) 1200y 120

> mo — |[(Frg — Frogo) (W + P fog0 (W) | L2(0) x L2 () 1V (W) | 2 () x L2 (02)

>mo — | Frg — Frogollo Cllwll 2y xr2() + 210" | 22(0)x 22(2))

m
> mo — |[Frg = Fogolly (2R +2C) = mo — =2 = my/2, Yw € T,
O
Let Wr = {w € W| [[w + @ g0 (w)|lxxx < R, w+ Ppqo(w) > 0}. The boundary of
Wg (in W) includes I'g, T'};, and I'}; where

Bi={weW|u-+ @?Ogo(u,v) >0, v+ ‘b’}ogo(u, v) =0},

o= {we Wlu+ @Y, (u,0) =0, v+ 0% (u,v) >0},

60



Proposition 5.1.7. Given (fy, go) € CP. Let A(fo, go) be a sufficiently small neighborhood

of (fo,90) in CP. The semi-flows {H{gw, t >0}, (f,9) € A(fo,90) are invariant on Whg.

Proof. Clearly, the semi-flows {H{g‘w, t > 0}, (f,9) € A(fo,90) are invariant on I'},, I'%.

On I'g, by lemma 5.1.6 guarantees inward flows. O

Proposition 5.1.8. If (f,g) € MS then (5.1.14) has Morse Smale property (in Wg).

Proof. For simplicity, we write Z and II; for 7y, and H{ 9. Let eg € X x X be a critical
element of (5.1.7). By applying P to (5.1.7), we have P(ep) is a critical element of (5.1.14)
in Wg. Now, let w € Wg be a critical element of (5.1.14). Because Z is invariant under
the semi-flow {II;, ¢t > 0}, we have II;(w(0) + ®(w(0))) € Z, Vt > 0. Therefore, there exists
w(t), t > 0 such that IT;(w(0)+®(w(0))) = w(t)+P(w(t)),Vt > 0. Since II;(w(0)+P(w(0))
is the solution of (5.1.7) with initial w(0) + ®(w(0)), P(II;(w(0) + ®(w(0)))) = P(w(t) +
®(w(t))) = w(t) is a solution of (5.1.14) with initial w(0). Because of unique solvability
of (5.1.14), we have w = w. Hence, w + ®(w) € X4 x X, is a critical element of (5.1.7).
Therefore, if (f,g) € MS, then (5.1.14) has finitely many critical elements in Wg. Next,
suppose wy € Wk is a critical element of (5.1.14), we have wg + ®(wp) € X4 x X4 is a
critical element of (5.1.7). Let Iﬁ; =T N{(u,v) € Xy x X4| |[(u,v)]|xxx < R} and Py,
be the restriction of the orthogonal projection P to Zﬁ;- Clearly, Py, is a homeomorphism
from Iﬁ;‘ to Wgr and v = Pggoll; o Pf_g1 Vt > 0 on Wg, where {;, t > 0} is the semi-
flows generated by (5.1.14). Therefore, (Dv;)(w) = (Pyq 0 DII; 0 Pfgl)(w) which implies
that X is an eigenvalue of (Dv;)(w) with eigenfunction ¢ if and only if it is an eigenvalue
of DII;(w + ®(w)) with eigenfunction ¢ + ®(p). Since (f,g9) € MS, wy + ®(wp) is a
hyperbolic critical element of (5.1.7). Hence, wy is a hyperbolic critical element of (5.1.14).

Finally, we prove the transversal intersection of stable and unstable manifolds of critical
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elements (in Wg) of (5.1.14). Given two critical elements w;, wy of (5.1.14). Suppose
W(wy) N W (w2) # @ where W¥(w;), W _(ws) are unstable and local stable manifolds
of wy; and we. Let e; = w; + ®(w;), i = 1,2. Clearly, W“(wl) ={w e W|w+ ®(w) €
WUt (e1)}. Let B € W¥(wy) N W (wa). We now prove TsW¥(wy) @ TaWi, (wa) = W.
Since n = B+ ®(8) € W (e1) N W5 (ez), we have T,W""(e1) & T,W*F(e2) = X x X
(because (f,g) € MS). By the invariant foliation theory in [5], there exists a unique C' leaf
J with codimension N which passes through n and is transversal to the inertial manifold
Z. Let W* := {w + ®(w)| w € W*(wg)}. Then we have that T, Wt (e2) = T,W** & T,,J .
Hence W"+(e;) is transversal to W** and the dimension of T,,W** (e;) &T,,W** is N. Since
|2l zowwinxxx) < 1, the map w — w + ®(w) is a diffeomorphism from W to Z and
it maps W¥(w;) to W4t (e1), W*(wsz) to W5*. Hence, W*(wy) is transversal to W*(ws)

because T, W" " (e1) @ T, W**. O

5.2 Tubular Family Theorem

Lemma 5.2.1. Given an ordered chain o) <3 ag <3 ... <3 a,. Let G*(c,) be a funda-
mental domain of W"(«,,) and W*(«;), 1 < i < n, be the stable manifold of a;. Then we
have

oW () NG (an) € | W) NG (am).

2<i<n—1
Proof. Let x € OW?*(a1) N G"*(ay,). There exists a sequence {z;} C W¥(a1), z; — =
as j — oo. We also have HH{g(xj) - H{g(x)H < HH{gHij — z|| for any t > 0. Notice
that IT/?(z;) € W*(ay) for all j and for all ¢ > 0. Thus, for any given £ > 0, IT/%(z) €
B.(W*(ay)) for all t > 0. Suppose H{g(aj) — (3, then B must be one of the a;, 2 <7 < n—1.
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Theorem 5.2.2. ( Tubular family Theorem) Let (f,g) € MS. There exists a compatible,
invariant system of tubular families {I'"*}, each I'* being a tubular family of W*(«;), where
fg

«; is a critical element of 'ytf 9 where /7 is the flow introduced in the proof of proposition

(5.1.8).

Proof. Define Ly = {« | a is a sink}, L1 = {«a | beh(Bla) =1, B € L1},

Ly ={a | beh(a|B) =k, B € L1}. For each a € Ly, define I'* = W*(«). In this proof,
I'* denotes a tubular family of e

Assume that I'* has been constructed for all a € Uyc;<p_y Li- We will construct
I'*, o € Ly. Let a € Li be a periodic orbit, p € «, G%(p) be the fundamental do-
main of W (p) and 8 € Ly_1, W*(a) \WS.(8) # 0. From lemma 5.2.1, we have
G"(p)OW*(B) = 0. Here, the boundary is relative with respect to W*(3). Now we
apply lemma 2.5 in [27] with C = G¥(p), W = W¥(p), Uy = 0, U = Uz = TP n N¥%(p)
(N*(p) is a properly chosen fundamental neighborhood of W} .(p)), we get a continuous
retraction rg : Us — W%(p) which satisfies (i), (i4), (i) of lemma 2.5 in [27]. Since I'’ are

mutually separated, we can define r;_; = | That is,

L wu ws 0B
BELy_1, ()N loc(ﬁ)#

i1 ( U %) A N*(p) — W*(p)

BEL_1, WY (a)NWS (B)#0

loc

Next , we will extend r,_1 to U{EL e (€40 I'€. Let
k—2> @

loc

€€ Ly, W*(a) [\ Wise(§) # 0
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From lemma 2.1.5, we have

W () N G¥(p) C U W*(8) NG (p) C U 70 N“(p)

(B)#0 BELp_1,WH¥(a)NWS (B)#D

BEL_1,WH(a)NWS S e

loc

Applying lemma 2.5 in [27] with C = G¥(p), W = W¥(p), ro = 14—1, U = U = TP N N%(p),
8 u : : : u
Sl 1 W)W (850 '’ N N*%(p), we get a continuous retraction r¢ : Ug — W*¥(p)

Up=U l

which satisfies (i), (i7), (i7¢) of lemma 2.5 in [27]. Define ry_o = U&L Wi (oz0 6
k—1> a

loc

that is,
Th_o: ( U YN N%(p) — W¥(p).
&ELk_QV Wu(a)ﬁWlsoc<§)#@
Continuing this process through Ly_3, Ly_4,..., L1, we have a continuous retraction r :

N*(p) — W"(p). Now, let N be an open neighborhood of p € avin W*(p) with ON = G*(p).
For each y € N there is a unique z,, and a unique ¢,, € G"(p) such that y = ’y{%xy (xy). We
define T} = 'yf‘izy (r~Y(z,)) and Ty = W*(p). Then {T}}yen is a invariant tubular family

of W*(p) under k = &(,.)|, (7 is the period of o). The tubular family of W*(«) is now

defined as in definition (2.1.5). O

5.3 A-stability

We shall prove Theorem C in this section.

Theorem 5.3.1. Let (fo,90) € CP. The semi-flows {%fogo‘w , t > 0} is A-stable (the
R
notion of 4; was introduced in the proof of proposition 5.1.8).

Proof. Let ps be a critical element of {’y{ Ogo‘w , t > 0} with behavior < 1 with respect
R

to sources. Consider source p; such that beh(pi|p2) = 1. Put p; = p(p;) where p =

o(f,9), (f,g) € CP, is the homeomorphism in Proposition (4.1.5). Since W*%(p;) is C! close
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to W*(py) on compact sets, W¥(p;) N G*(p1) is compact, there exists a diffeomorphism
hy © WU(p1) N G3(p2) — W¥(p2) N Wi.(p2), ha is close to the identity map. For any
ye W (p1)N I/Vlfm(pg), there exists a unique positive ( or negative) time 7 = 7(y) such that
~19(y) € W(p1) N G%(py). Therefore we can extend hy to W¥(p1) N W*(py) by using the
flows

ha =519 0 hy 0 709 W (p1) N W (p2) — W (p1) N W* (p2).

We do the same for all other sources p; of which beh(pi|p2) = 1. Then we can extend ho
to Ay, N W*(ps) where Ajy,. is the attractor of {,YZO!]O‘WR’ t > 0}. Note that A, =
P(A(fo,90)). Repeat the same procedure for other ps with behavior < 1 with respect to
the sources to extend hg to Ubeh(p\sources)zl(A?va NW3(p)).

The next step is to consider p3 with behavior < 2. For the sources of behavior 1
with respect to ps, the procedure is similar to the one we just use above. Let p; be
a source with beh(pi|ps) = 2. There exists at least a sequence p3 <3 py <3 pj such
that beh(pi|p2) =beh(pa|ps) = 1. Since beh(pa|ps) = 1, we can define a diffeomorphism
hs on W¥(pa) N G*(p3) similarly to the way we define ho. The existence of compatible
system of unstable foliations guarantees that W"(p;) intersects W _(p3). For each leaf of
W¥(p1) N G*(p3) which is near W*(ps) N G*(p3), there corresponds a unique point y €
W(p1) N W (p2) near py such that v, (y) belongs to that leaf for some ¢y > 0. We index
these leaves as J,, y € W¥(p1) "W (p2). Since J,, is near W*(p2) N G*(p3), there exists a
diffeomorphism i, : J, — W”(pQ) N V[/lf)c (p3). The same happens for the perturbed system,
so we also have a diffeomorphism iy, () : Thy(y) — W(pa) ﬂI/T/If)C (p3). Both iy and iy, are

close to identity map. The composition map i:z;w = i;;(y) ohso iy is a diffeomorphism from

Ty t0 Thy(y)- Using 337@,, y e Wh(p)N Wlf)c(pg), we can extend h to a small neighborhood
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U of W¥(py) N G*(p3) in (W“(pl) U I/T/“(pg)) N G*(p3) as follows

h3(z) = hay(x), = € J,.

To extend hs to (W“(pl) U W“(pg)) nGs (p3), we apply the Isotopy Extension Theorem
(cf. [13]). Let N be the relative boundary in (W“(pl) U W“(pg)) N G*(p3) of a small
neighborhood U; C U in the domain of hg, M = fy{ﬁi?e)(<ﬁ/“(p1) U Wu(p2)> NG*(p3) \ Us),
where Uy C Uy. Since W*(p1) N G*(p3) and W*(f2) N WS (p3) are C! close, there exists
a diffeomorsphism d which maps W"(p1) N G*(p3) to W%(p2) N W (p3). Let j = d~'o

h : N — M. Applying the Isotopy Extension Theorem for j, we obtain an extension

¢ : M — M of j such that ¢, = j, ¢(z) = z for all z outside a neighborhood V'

of j(N). Let hg = do . Define hs(z) = i:L;;(a:) if z € U and hs(x) = }57,3(.1:) it z €
[(W“(pl) U W“(pl)) nGs (pg)} \U;. Then hs is an extension of hg to (W“(pl) U W“(pl)) N
G*(p3), hs : (W“(pl) U W“(pl)) N G*(ps) — (W”(m) U W“(pl)) N Wi (p3). Using again
the flows to extend hg to (W“(pl) U W“(pg)) N W*(p3). For other possible sequence(s)
p3 <3 pa <3 P1, we repeat the same procedure to extend hgz to A?,VR Nws (p3). The last step
shows the full induction procedure. Because there are only finitely many critical elements,

the induction is completed when we reach the sinks. Since Uy,_cit. elementA()J/\}R nNws (p) =

Ay, and (A}, N We(p;)) N (AP, N W*(p;)) =0, i # j, we can define

b Ay (f.9) — Ay (.9

by h = hy U ha UhgU.... The final step is to check the continuity of h. For any x €

.A?/VR(f, g), there exists p; such that = € A?/VR N W#(p;). Notice that it is sufficient to
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prove the continuity of A at those xz € A?/VR N Wlsoc(pi). If p; is a source or a sink, the
continuity is trivial because A?/VR N V[/foc(pl) is either p; or A?/VR. Assume p; is a saddle.
Let z,, — x, x, € J (pi). We have h(z,,) € j}z(mn)(p’i). By a property of tubular families,
I (xn)(p;) converges to Jp! ) (p). Therefore the set of accumulation points of {h(z,)}
is contained in W _(ph) N T () (pi) = {hi(z)}. Since the set of accumulation points of
{h(zy)} has only one single element h;(x), h(x,) must converge to h;(z) = h(x). Thus h is

continuous. Hence A is a homeomorphism. O
Theorem 5.3.2. If (fy,90) € MS, then {H{OQO, t >0} is A-stable.

Proof. Let h : A?/VR — Ay, be the homeomorphism in theorem 5.3.1. Define H = Pf_g1 oho
Pf,g0- Then H : A(fo,90) — A(f,g) is a homeomorphism taking trajectories of A(fo,go)

to trajectories of A(f, g) and preserves the sense of direction in time. O

67



[1]

2]

BIBLIOGRAPHY

Adams, R., Sobolev Spaces, Pure and applied mathematics 65, Academic Press,
(1975).

Bruschi, S.M., Carvalho, A.N. & Ruas-Filho, J.G., The dynamics of a one-dimensional
parabolic problem versus the dynamics of its discretization, Journal of Differential
Equations 168, 67-92 (2000).

Cantrell, R. and Cosner, C., Spatial Ecology via Reaction-Diffusion Equations, Wiley
Series in Mathematical and Computational Biology, (2003).

Carvalho, A.N. & Pereira, A.L., A scalar parabolic equation whose asymptotic behav-
ior is dictated by a system of ordinary differential equations, J. Differential Equations
112 (1994), 81-130.

Chow, S., Lin, X. and Lu, K., Smooth invariant foliations in infinite dimensional
spaces, J. Differential Equations 94 (1991), 266-291.

Chow, S., Lu, K. and Sell, G., Smoothness of Inertial Manifolds, Journal of Mathe-
matics Analysis and Applications 169 (1992), 283-312.

Cosner, C. & Lazer, A.C., Stable coexistence states in the Volterra-Lotka competition
model with diffusion, STAM J. Appl. Math. 44, 1112-1132.

Dancer, E.N.; On the existence and uniqueness of positive solutions for competing
species models with diffusion, Transactions of the American Mathematical Society
326 (1991), 829-859.

Dancer, E.N. & Zhang, Z., Dynamics of Lotka-Volterra competition systems with
large diffusion, Journal of Differential Equations 182 (2002), 470-489.

Engler, H. & Hetzer, G., Convergence to equilibria for a class of reaction-diffusion
systems, Osaka J. Math. 29 (1992), 471-481.

Evans, Lawrence C., Partial Differential Equations, Graduate Studies in Mathematics,
19, American Mathmatical Society, (1991).

Hale, J.K., Asymtotic Behaviour Of Dissipative Systems, American Mathematical
Society, (1988).

Hale, J., Magalhées L. & Oliva, W.M., An Introduction to Infinite Dimensional Dy-
namical Systems-Geometric Theory, (1984).

68



Hale, J.K. & Waltman, P., Persistence in infinite-dimensional systems, SIAM J. Math.
Anal. 20 (1989), 388-395.

Henry, D., Geometric Theory of Semilinear Parabolic Equations, Lecture Note in
Mathematics, 840, Springer-Verlag, 1981.

Hess, P., Periodic Parabolic Boundary Value Problems and Positivity, Pitman Re-
search Notes in Mathematics, 247, 1991

Hess, P. & Lazer, A., On an abstract competition model and applications, Nonlinear
Anal. 16 (1991), 917-940.

Hetzer, G. & Shen, W., Convergence in almost periodic competition diffusion systems,
J. Math. Anal. Appl. 262 (2001), 307-338.

Hetzer, G. & Shen, W., Uniform persistence, coexistence, and extinction in almost
periodic/nonautonomous competition diffusion systems, SIAM J. Math. Anal. 34
(2002), 204-227.

Hirsch, M.W., Stability and convergence in strongly monotone dynamical systems, J.
Reine Angew. Math. 383 (1988), 1-58.

Hirsch, M.W. & Smith, H.L, Monotone Dynamical Systems. An Introduction To The
Theory Of Competitive And Cooperative Systems, Mathematical Surveys and Mono-
graphs, 41, 1995.

Lu, K., Structural Stability for Scalar Parabolic Equations, Journal of Differential
Fquations 114, 253-271, 1994.

Oliva, W.M., Morse-Smale Semiflows, Openness and A-stability , Fields Institute
Communications 31 (2002).

Pacifio, M.J., Structural stability of vector fields on 3-manifolds with boundary, J. of
Diff. Equ. 54, 346-372, 1984.

Pacifio, M.J. & Labarca, L., Stability of Morse-Smale vector fields on manifolds with
boundary, Topology 29, 57-81, 1990.

Palis, J., On Morse-Smale dynamical systems, Topology 8, 385-405, 1969.

Palis, J. & Smale, S., Structural stability theorems, Global Analysis, Proc.Symp. Pure
Math. 14, 223-231, 1970.

Pao, C.V., Coexistence and stability of a competition-diffusion system in population
dynamics, J. Math. Anal. Appl. 83(1981), 54-76.

Pao, C.V., Nonlinear Parabolic and Elliptic Equations, Plenum Press, 1992.

69



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Pao, C.V. & Zhou, L. , Asymptotic behavior of a competition-diffusion system in
population dynamics, Nonlinear Anal. 6 (1982), 1163-1184.

Ruelle, D., Elements of Differentiable Dynamics and Bifurcation Theory, Academic
Press, Inc., 1989.

Smith, H.L., Monotone Dynamical Systems: An Introduction to the Theory of Com-
petitive and Cooperative Systems , American Mathematical Society, 1995.

Takéc, P., Asymptotic behavior of discrete semigroups of sublinear, strongly increas-
ing mappings with applications to biology, Nonlinear Analysis 14 (1990), 35-42.

Takac, P., Domains of attraction of generic w-limit sets for strongly monotone semi-
flows, Z. Anal. Anwendungen 10 (1991), 275-317.

Takéac, P., Domains of attraction of generic w-limit sets for strongly discrete-time
semigroups, J. Reine Angew. Math. 423 (1992), 101-173.

Takac, P., Discrete monotone dynamics and time-periodic competition between two
species, Differential and Integral Equations 10 (1997), 547-576.

Zeidler, E., Nonlinear Functional Analysis and its Applications I, Springer-Verlag,
1986.

Zhao, X.-Q., Uniform persistence and periodic coexistence states in infinite-
dimensional periodic semi-flows with applications, Canad. Appl. Math. Quart. 3
(1995), 473-495.

70



