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Abstract

Chemotherapy is a fundamental and commonly used form of cancer treatment, usually
done with the application of a chemotherapy agent to the infected individual. The chemother-
apy agent targets fast-growing cells including cancer cells as well as other fast-growing normal
cells such as those of the skin, hair and bone marrow, and hence may cause severe side ef-
fects to the body of the patient. To better understand the trade-offs between reducing cancer
cells and impacting normal cells, mathematical models have been used extensively to study the
effectiveness of chemotherapy treatments. In particular, Pinho et al. proposed an autonomous
dynamical system with time delays which modeled the interaction between the normal cells and
cancer cells with metastasis and used to study the effect of the metastasis. Based on the idea of
Pinho’s work, a nonautonomous dynamical system that models the interactions among cancer
cells, normal cells and the chemotherapy agent under time varying environmental conditions
was developed and studied by Xiaoying Han in 2017.

It is well justified in the existing literature that time delays often exist in chemotherapy
treatments, yet the effect of delays is not fully understood. For example, Pihno et al. conjec-
tured that time delays are critical for the global stability of the tumor-free equilibrium but did
not provide further evidence. To the best of our knowledge there are no solid results elaborat-
ing how time delays affect dynamics of chemotherapy models. The goal of this dissertation
is to investigate both analytically and numerically the effects of time delays and time-varying
environmental conditions on the stability of steady states of chemotherapy models.

To this end two mathematical models of chemotherapy cancer treatment are studied and
compared, one modeling the chemotherapy agent as the predator and the other modeling the
chemotherapy agent as the prey. In both models constant delay parameters are introduced to
incorporate the time lapsed from the instant the chemotherapy agent is injected to the moment
it starts to be effective. For each model, the existence and uniqueness of non-negative bounded

solutions are first established. Then both local and Lyapunov stability for all steady states are
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investigated. In particular, sufficient conditions dependent on the delay parameters under which
each steady state is asymptotically stable are constructed. Numerical simulations are presented
to illustrate the theoretical results.

Furthermore, another nonautonomous mathematical model of chemotherapy cancer treat-
ment with time-dependent infusion concentration of the chemotherapy agent is developed and
studied. In particular, a mutual inhibition type model is adopted to describe the interactions
between the chemotherapy agent and cells, in which the chemotherapy agent is modeled as the
prey being consumed by both cancer and normal cells, thereby reducing the population of both.
Properties of solutions and detailed dynamics of the nonautonomous system are investigated,
and conditions under which the treatment is successful or unsuccessful are established. It can
be shown both theoretically and numerically that with the same amount of chemotherapy agent
infused during the same period of time, a treatment with variable infusion may over perform a

treatment with constant infusion.
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Chapter 1

Introduction

Cancer is still one of the leading causes of death worldwide (see, e.g., [3, 6, 22]). Conventional
methods used in cancer treatment include chemotherapy, immunotherapy, radiotherapy and
surgery, etc. Chemotherapy is a well-known and commonly used method of cancer treatment,
that involves the application of a chemotherapy agent to the body of the infected individual
thereby attacking the cancerous cells. While being easily applicable, most of the chemotherapy
agents attack not only the cancer cells but also other fast-renewing tissues such as skin, bone-
marrow, gut, and other digestive epithelia (see, e.g., [1, 11, 26, 29]). This motivates both
theoretical and experimental studies to better understand the trade-offs between reducing cancer
cells and impacting healthy cells.

In particular, mathematical models have been used extensively to study the effectiveness
of chemotherapy treatments, from dynamical point of view, optimization point of view, and
compartmental point of view (see, e.g., [1, 2, 7, 12, 17, 20, 23, 24, 25, 26, 31]). Since the
chemotherapy agents and cells have negative effects on each others’ growth rates, their in-
teractions are of the mutual inhibition type [30]. In the context of chemotherapy treatments,
such interactions can be understood as a “predator-prey” type relation that the “predator” has a
negative growth rate by consuming the “prey”, as if the prey is poisoned. Thus, among various
mathematical models, the predator-prey type of systems with mutual negative effects have been
adopted to describe the interaction between the chemotherapy agent and cells. There are two
perspectives in modeling the chemotherapy treatment as a predator-prey system: the first type
is to model the chemotherapy agent as the “predator” that kills both normal and cancer cells
(see, e.g., [17, 26]), and the second type is to model the chemotherapy agent as the “prey” that

is consumed by both normal and cancer cells (see, e.g., [1, 30]).
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For the first type where the chemotherapy agent is considered as the predator, an au-
tonomous model of the interaction between the normal cells and tumor cells with metastasis
and time delays was studied in [26], and a nonautonomous model of interactions among tumor
cells, normal cells and the chemotherapy agent under time varying environmental conditions
was later developed and studied in [17]. It was demonstrated in [17] that treatments with
time-dependent infusion of the chemotherapy agent can be more effective than treatments with
constant infusion. Furthermore, it is well justified in the existing literature that time delays
often exist in chemotherapy treatments (see, e.g., [5], [20], [26], [27], [28]), yet the effect of
delays is not fully understood. For example, in [26] Pihno et al. conjectured that time delays
are critical for the global stability of the tumor-free equilibrium but did not provide further
evidence. To the best of our knowledge there are no solid results elaborating how time delays
affect dynamics of chemotherapy models.

In this dissertation, we investigate both analytically and numerically the effect of time
delays on stability of steady states of chemotherapy models. Moreover, we investigate detailed
dynamics of both autonomous and nonautonomous chemotherapy models of the second type,
in which the chemotherapy agent is modeled as a prey, and infused into the treatment site with

or without time-dependent infusion.



Chapter 2
Effects of Delays in Mathematical Models of Cancer Chemotherapy

In this chapter, we formulate and study in great details two chemotherapy models governed
by systems of delay differential equations. For each model, we first establish the existence and
uniqueness of nonnegative bounded solutions and classify all steady states. Then we investigate
both the local and global stability of every steady states. In particular, we construct sufficient
conditions dependent on the time delays under which the chemotherapy treatment is successful

or failed.

2.1 Model formulation

Predator-prey models have been used to model interactions between cells and the chemotherapy
agent. In particular, there are two perspectives: (1) modeling the chemotherapy agent as the
“predator” that kills both normal and cancer cells (see, e.g., [17], [26]), and (2) modeling the
chemotherapy agent as the “prey” that is consumed by both normal and cancer cells (see, e.g.,
[1], [30]). Both types of models will be studied and compared in this chapter.

The quantities of interest in all models are the concentration of the cancer cells, normal
cells, and the chemotherapy agent, at a single tumor site for treatment in the body. Let z(¢) be
the concentration of the cancer cells, y(t) be the concentration of the normal cells, and z(¢) be
the concentration of the chemotherapy agent, for any time ¢ > 0 at the treatment site. The site
is assumed to be spatially uniform, i.e., the concentrations are the same everywhere within the
tumor site.

In all models to be studied, both cancer and normal cells are assumed to follow logistic
growth (see, e.g., [1], [10], [17], [21], [26]), with per capita growth rates of 3; and (s, respec-

tively, and environmental carrying capacities x; and ko, respectively. Intraspecific competitions
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between the cancer and normal cells are also included (see, e.g., [9]), with competition coeffi-
cients d; and ds, respectively. The chemotherapy agent is assumed to be injected and flushed
out by a constant rate [, and the infusion concentration of the chemotherapy agent is assumed
to be a constant /.

Throughout this chapter the interaction between cells and the chemotherapy agent will
be modeled by an uptake function (or response function, or consumption function). Basic

assumptions on a general uptake function U : [0, 00) — [0, c0) include [32]
1. U(0)=0,U(x) > 0 forz > 0;
2. lim, o U(x) = Ly < 00;
3. U is continuously differentiable;

4. U is monotone increasing.

2.1.1 Chemotherapy agent as the predator

Let U;(z(t)) and Us(y(t)) be the uptake functions describing how the agent consumes the
cancer and the normal cells, respectively. Let a; and a; be the maximal consumption rate of the
cancer and normal cells, respectively. Then U;(x(t))z(t) represents the cancer concentration
consumed by the chemotherapy agent z at the rate o and thus the cancer concentration is
reduced by o Uy (x(t))z(t) at any time ¢. Similarly the normal cell concentration is reduced by
aUs(y(t))z(t) as a consumption by z at any time ¢.

The consumption of cancer and normal cells causes a loss, or a negative growth of z.
Let v, and 7, represent the effectiveness of the consumption of the cancer and normal cells,
respectively. Then the chemotherapy agent z is reducing at the rate y;ay Uy (z(t))z(t) due to
the consumption of cancer cells and at the rate voa2U; (2(t))z(t) due to the consumption of

normal cells. The dynamics of the chemotherapy treatment can be described by the following



system of ordinary differential equations (ODEs):

b = (U (L) + Bia(t) (1 — 22) — da(t)y(t),

K1

(ODE —1I) W — oz () Us(y(t)) + Boy(t)(1 — L) — Sox(t)y(t),

K2

| & = DI - Dz(t) - marz(t)Us(x(t)) — 12022(t)Ua(y(t))-

When the effect of the chemotherapy treatment is not instantaneous, time delays of lengths
71 and 75 can be introduced to represent the time lapsed from the injection of the chemother-
apy till the concentration of cancer and normal cells start to decrease, respectively. Cor-
respondingly, the terms describing the negative effect of chemotherapy agent on the cells
—oz(t)Uy(z(t)) and —anz(t)Us(y(t)) are modified to —ay z(t — 7 )Ui(x(t)) and —aaz(t —
To)Ua(y(t)), respectively. The above ODE model then becomes the following system of delay

differential equations (DDEs):

do = —ayz(t — m)Ui(2(t) + Bre(t)(1 — 22 — §,2(t)y(t),

K1

(DDE — 1) W — —agz(t — ) Us(y(t) + Bay(t) (1 — L2) — Spz(t)y(t),

K2

& — DI — Dz(t) — marz(OU (x(t)) — 1anz(t)Ua(y(t)).

Throughout this paper when explicit calculations are needed it is assumed that the uptake

functions U; and U; takes the Michaelis-Menten or Holling type-II form given by

x y
U1<x) - (91+33" UZ(y) = 92—1-3/’

where #; > 0 and 6, > 0 are the half saturation constants (see, e.g., [30]) for the cancer cells

and the normal cells, respectively.



2.1.2 Chemotherapy agent as the prey

When the chemotherapy agent is modeled as the prey and time delays are taken into account,

we adopt the DDE model proposed in [1]:

G = —az(t)Us(z(t — 1)) + Bia(t)(1 = 52) = Sz ()y(t),

K1

(DDE — II) W = Gy (t)Us(2(t — 1)) + Boy(t)(1 — L) — Spa(t)y(t),

| & = DI—Dz(t) = maaz()Us((t)) — 1bay(t)Us(2(1)),

where (1, (2, 01, 02, 1,72, 71 and T, still have the same meanings as in system (DDE-I). Here
Us(+) is the uptake function describing how the chemotherapy agent is consumed by the cells,

and is also assumed to take the Michaelis-Menten or Holling type-II form given by

z

Ug(Z) - 93 —|—27

where 63 > 0 is the half saturation constant of the chemotherapy agent. The parameters a;
and &, now represent the maximal consumption of the chemotherapy agent by the cancer and
normal cells, respectively. For the reader’s convenience, parameters in both models are sum-
marized in the table below.

Table 2.1: Description of parameters in the chemotherapy models

Parameter Description
D Injection rate of the chemotherapy agent
1 Injection concentration of the chemotherapy agent
d; ( =1,2) | Intraspecific competition coefficient for cancer/normal cells
B (7 =1,2) | Per capita growth rate of cancer/normal cells
x; (j = 1,2) | Environmental carrying capacity of cancer/normal cells
' 2) | Effectiveness of consumption of cancer/normal cells

,2) | Maximal consumption rate of cancer/normal cells by the agent
2) | Maximal consumption rate of the agent by cancer/normal cells

7; ( = 1,2) | Time elapsed from the injection of the agent to the instants
when cancer/normal cells start to decay (due to the treatment)




2.2 Basic properties of solutions

Assume that the DDE systems (DDE-I) and (DDE-II) are both subjective to the initial condi-

tions:
(x(t):xo(t)zx0>0, for— 7 <t <0,
IC) § y(®)=w(t)=y >0  for—7<t<0,
| 2(1) = 6(t) >0, for — 7 < ¢ < 0.

where

7 := max{7m, 2} >0

and ¢ is a continuous and nonnegative function on [—7, 0].

In this section we first show that both of the DDE systems (DDE-I) and (DDE-II) are biolog-
ically meaningful. To this end we prove that each of the systems has a unique global solution
which is non-negative and bounded. We then calculate the steady states of each system to be
further studied in later sections.

Throughout the rest of this paper, for n > 1 denote

RY = {(#1,...,2,) € R" 1 2y,..., 2, > 0} .

And for simplicity write

O(s) = (xo(s), yo(s), @(s)) for s € [—T,0].

Theorem 2.1 Let ¢ : [—7,0] — R be continuous. Then the DDE systems (DDE-I) and
(DDE-II) under the initial condition (IC) each has a unique non-negative bounded global

solution.

Proof: The existence and uniqueness of a global non-negative bounded solution to the sys-
tem (DDE-II) was proved in [1], and the existence and uniqueness of a global non-negative
bounded solution to the system (DDE-I) can be proved by using the same computations. For

completeness we still present it below.



First since functions on the right hand side of (DDE-I) are continuous and differentiable
with respect to (z(t), y(t), z(t)), then by standard theory of delay ODEs (see, e.g., [14, 15, 16])
the system (DDE-I) has a unique local solution (z(¢; @), y(t; @), 2(t; ®)) := u(t; ®) on [—7, T
for some 7" > 0. Noticing that z/(¢)|,—o = 0, ¥/'(t)|,=0 = 0 and 2/(¢)|.—o = DI > 0, thus by
continuity and uniqueness of solutions u(t; @) € C*([—7, T],IR?3). We next show that the local
solution u(¢; @) is actually global.

In fact, since u(t; @) is non-negative on [—7, 77,

dz < 5196(1 — £), and % < 523/(1 - i)a

dt K1 K9

and by standard comparison theory, we get
0 < z(t) <max{wzg, k1}, 0<y(t) <max{yy,kra2}, Vte|[-7,T] (2.1)

Also, using the fact that z,y > Oand U; > 0, j = 1,2, we get

dz
— < DI — Dz(t
< DI- D(t)

which implies that

0<z2(t) <max{e,I} Vte[-7,T] where ¢= max ¢(s). (2.2)

s€[—1,0]

The inequalities 2.1 and 2.2 together show that the solution of system (DDE-I) is non-negative
and bounded for every ¢ > 0, since the upper bounds for x,y, z are independent of ¢. This
implies that system (DDE-I) has a unique bounded and non-negative global solution given any
non-negative initial condition. End of the proof.

There are four classes of steady state solutions to the DDE systems (DDE-I) and (DDE-
IT), namely: (i) the axial steady state £, = (0,0,7); (ii) the success steady state Fy =
(0,y*, 2*); (iii) the failure steady state Ey = (z*,0, z*); and (iv) the persistent steady state

E, = (z*,y*, 2*), with 2*, y*, 2* > 0. Our focus of this paper is to study stabilities of the



axial, success and failure steady states of each system (DDE-I) and (DDE-II). Same set of
techniques can also be employed to study stabilities of the persistent state with more complex

computations.

Lemma 2.2 The system (DDE-I) has one positive success steady state provided asl < (a6,

and has two positive success steady states provided

OéQI [_DQQ — Iig(D -+ ’72042)]

0< -
ﬁg 4KJQD<D + 720(2)

< 0y < min { (D + 72042)} (2.3)

ol
Ba’
The system (DDE-1) has one positive failure steady state provided a1 < 6,31; and has two

positive success steady states provided

051] _ [D91 — Hl(D -+ 71@1)]
I 4k1D(D + o)

0< (D + 71041)} (2.4)

< #; < min
' {ﬁl

Proof: Success steady states for system (DDE-I) are positive solutions to the algebraic system

e T Balre —y) =0
2.5)

DI — Dz — ayypgie: = 0

which can be reduced to the quadratic equation
(D + aom)y™® + [DOs — k2(D + )]y + koD (B anl — 02) =0

The above equation has one unique positive solution when asl — 6555, < 0, and has two
distinctive positive solutions when 2.3 is satisfied.
Similarly, failure steady states for system (DDE-I) are positive solutions to the algebraic

system

*eﬁf;f + Bi(ky —2%) =0

(2.6)
HlD(ﬁl_l(ll[ — 91) =0



which can be reduced to the quadratic equation
(D + anm)x*™ + [DOy — ka(D + cnm)|z” + s D(B ' and — 61) = 0

that has one unique positive solution when o1 — 6,5, < 0, and has two distinctive positive

solutions when 2.4 is satisfied. End of the proof.
Lemma 2.3 The system (DDE-II) has at least one success and one failure steady states.

Proof: More precisely, a preferred state satisfies

—agkoU(2%) 4 Ba(k2 —y*) =0
2.7

DI — Dz* — asyy*U(z*) =0
and a failure state satisfies

—a1k U (2%) + B1(ky —2*) =0
(2.8)
DI — Dz* — ayyz*U(z*) =0

Notice that equations 2.7 are equivalent to

Y = Ko (1 - %U(z*))

with z* satisfying the cubic equation
(Z*)S + 61(2*)2 + ClQZ* +as = 0

where

a; = 204‘0&2’%;;/2 — 06322,;; —
2

K272
D )

I, ay=0*—201+ab as = —6%1,

and hence have at least one positive solution since az < 0. Similarly, equations 2.8 also have at

least one positive solution. This complete the proof.
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2.3 Stability analysis

In this section we investigate the stability of steady states for systems (DDE-I) and (DDE-II),
respectively. In particular, we discuss the local stability as well as Lyapunov stability for each
steady state of systems (DDE-I) and (DDE-II).

Throughout this section, denote by w(t) = (z(t),y(t), z(t)) the state variable and u* =

(x*,y*, z*) a generic steady state.

2.3.1 Local stability

To investigate the local stability of (DDE-I), we linearize the system about u = u* to obtain

du
i Pu(t) + Qu(t — 1) + Ru(t — ),
where
Py —&z" 0 0 0 —puts 00 0
P=1| &y P, 0. Q=100 0 CR=100 —z2 |,
| —Giter ey D 00 0 | |00 0
with
0,z* 2x*
P = —a——+ 1— — 61y”,
1 1((91 t )2 b < ry ) 1Y
922* 2y*
P = —ay——+ 1— — O,
2 2(62 ) B2 ( s ) 2
x* y*
P; = —D—ma — Yox
3 Al 101+$* Y2 292+y*
Theorem 2.4 For the system (DDE-I)
(a) the axial steady state E, = (0,0, I) is locally asymptotically stable provided
I 1
B < 8L and g, < 222 (2.9)
0, 0y

11



(b) a success steady state E; = (0,y*, z*) is locally asymptotically stable provided

a1 z*

8 é +01y* (2.10)
1

Ky < 2y%; (2.11)

(c) afailure steady state E; = (x*,0, 2*) is locally asymptotically stable provided

By < 2 g 2.12)
02
k1 < 2z (2.13)
Proof: The characteristic equation reads
det[\[ — P — e Q — e R] = 0. (2.14)

(a) When z* = y* = 0 and z* = I, equation 2.14 becomes

(a5 (s ) D) =0,

which can be solved explicitly to obtain

I I
A=f-T5 A=fh-T A=-D.
0 02
All the above eigenvalues are negative under the assumption 2.9, and thus £, = (0,0,7) is

asymptotically stable.

(b) When z* = 0 equation 2.14 becomes

A — ﬁl + aélz + 513/* 0 0
* — _ 2y aoloz* agy* ATy =0
62?/ >\ /62( K2 ) + (02+y*)2 92+y* €
a1v12* a2v2022* azy2y*
01 (O2+y*)? A+ D+ O2+y*

12



where y* and 2* satisfies the equations in 2.5. The above equation is equivalent to

A— [+ Qéz + 6y =0 and p()\) +qe ™ =0,
1
where
p(\) = (A N M) : (A +D+ amy*)
Ko~ (0o +yr)? b2 +y* )’
g = _04572923/*2*
(O +y*)3

First observe that when 2.10 holds, one of the eigenvalues

a1 z*

)\:ﬁl— 91

Also, under the assumption 2.11, the roots of the polynomial p(\) satisfy

2y* Q62" Q2Y2y”
Al = 1-— - <0, N=-D-— <0
! B2( ) (92 + y*)2 2 0y + y*
Moreover when the assumption 2.11 holds, we have
ol 2* 2y” azYy”
O] = |G~ 0= 0| [P g
alrz"  agyay” _

(02 4 y*)? 0, + y*

It then follows from Corollary 4.10 of [16] that all roots of equation 2.14 have negative real

parts, and hence F; = (0, y*, z*) is asymptotically stable.

(c) When y* = 0 equation 2.14 becomes

o012 2z *
- A0-E) b
0 )\—ﬁg—l—a;j +521’*

a1y161z* azy20az*

(0142*)? (01+2*)?

13

a1z -1

01 +x*
0

aryiz*

A+ D+ 01+




where x* and z* satisfies the equations in 2.6. The above equation is equivalent to

A— By + Q;Z + 62 =0 and p(\)+qge " =0,
2

where

2z* o0, 2* oyt
- — B(1— _GiiE D
p()\) <)\ Bl( K1 ) + ((91 + x*)2> (A TE 01 + .’I?*) ’

. - —ady byt 2+
(91 + .T*)B

First observe that when 2.12 holds, one of the eigenvalues

Q2™

)\:ﬁg— 0, —52y*<0.

Also, under the assumption 2.13, the roots of the polynomial p(\) satisfy

2x* a6, 2* Tt
A= F1(1 — —— <0, M=-D- <0

1= Bl oy ) (6) + 2+)? 2 0, + x*

Moreover when the assumption 2.13 holds, we have
a0 z* 2x* ary

0) = - b1 -
|p( )l (91 + x*)Q 61( 1 ) 01 + x*

o101z 11T 1
((91 + .CE*)Z 6’1 + x*

It then follows from Corollary 4.10 of [16] that all roots of equation 2.14 have negative real
parts, and hence E; = (2*,0, 2*) is asymptotically stable. End of the proof.

To investigate the local stability of (DDE-II), we proceed by first linearizing the system

about ©u = u* to obtain

Y () + Qult — m1) + Rult — 7).

dt

(2.15)

14



where the coefficient matrices P, (), and R are calculated to be

P11 —(511’* 0

P = —09y” Py 0 |>

—041’71U3(Z*) —(XQ’YQU?)(Z*) Py

with
Py = —aqUs(2")+ f (1— - ) — 0y,
1
. 2y* .
Poy = —ouUs(2")+ 52| 1— - — 092",
2
P. D—( 4 ") &
= —D—(aivix Q —_—
33 1M 272Y (05 + )2
and ~ ) )
a1zt
00 —(931+Z*3”2 0 0 0
Q=100 0 , B=100 -2
00 0 0 0 0

The characteristic equation then reads
h(\, 71, 79) = det]A\] — P — e Q — e *™R] = 0.

Theorem 2.5 For the system (DDE-II) we have:

(i) the axial steady state (0,0, I) is asymptotically stable provided

B I B2 I
— < d —< :
aq 93+] an (0D)] 63+]’

(ii) a preferred steady state (0,y*, z*) is asymptotically stable provided

f1 < aUs(z") +01y" and

15
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(2.18)



2y° > Ko;

(iii) a failure steady state (z*,0, z*) is asymptotically stable provided

fa < agUs(2") + boa”

2" > K.

Proof: (i) When z* = y* = 0 and z* = I, the equation 2.16 becomes

()\+ ot —61)-(A+ o2l —62)-(A+D):0.

O3+ 1 O3+ 1

The three simple solutions to the characteristic equation 2.22 are

1 1
(0%} \ = 62 9

A=-D, =0 — - .
) /61 93—}—]’ 03+I

(2.19)

(2.20)

(2.21)

(2.22)

They are all negative when 3.12 holds, which implies immediately that the axial steady state

(0,0, I) is asymptotically stable.

(i1)) When z* = 0 the equation 2.16 becomes

A+ a1Us(2*) — B1 + hy* 0 0
det 51y* A + O[QUg(Z*) — 52 (1 — 2,32*) G_AD%
i alleg(z*) a2'72U3(Z*) A+ D+ z;igz?g) J

where y* and z* satisfy the equations 2.7.

Equation 2.23 is equivalent to

At oqUs(2") = Bi+ 0y = 0,

p(\) +qe ™ = 0,

16

(2.24)

(2.25)



where

_ ® o 2y” Yo a3
p(A) = (A+a2U3(z) B (1 /{2)) (/\+D+—(03+z*)2)’

% agy*eg
= —ayUs(2")———.
q 272Us( )(93+z*)2
First notice that when the assumption 3.13 holds, by 2.7 the solution to the equation 2.24

satisfies

A= —OéQUg(Z*) + ﬁg <1 — 2}3*) = —ﬂz + 52 + <@ — 5) y* < 0. (2.26)

2 R2

Then notice that the polynomial p(\) has two roots:

eyt asbs
(6 + 2)?

2 *
)\1 =-D < 0, /\2 = —agUg(Z*) + 62 (1 — i ) .

R2

By using 2.7 again we have

No = =B, (1—y—*) + 6 (1— 2‘”*) - YL <o

Rg Rg Rg

In addition by the assumption 3.14 and 2.7,

*

523/— > [ — ﬁQy— = ayU;(2"),
K9 K9

and consequently

. 2y* Yoy crplls
0] = |aoUs(z*) = Bo(1— Dy 2L
1p(0)] aaUs(2") — B2 ( . )‘ ’ + 05 + )2
Y Y2y ol o Yeyraols
— I |\p 228 U .29 T2U3

It then follows from Corollary 4.10 of [16] that ReA < 0 for every root A of the equation 2.25,
and together with 2.26 we conclude that the steady state (0, y*, z*) satisfying 2.7 is asymptoti-

cally stable.

17



(ii1)) When y* = 0 the equation 2.16 becomes

A+ aUs(z*) — B (1 - 2;”1*) ozt e_’\“%
det 0 A+ O[2U3(Z*) — B + dox* 0 =0,
i alleg(z*) O‘Q’YQUS(Z*) A +D+ ’(yé:«*kzi)eg .
(2.27)
where z* and z* satisfy equations 2.8.
Equation 2.27 is equivalent to
A+ OégUg(Z*) — 52 + (5237* = O, (228)
p(A\) +qge ™ = 0, (2.29)
where
() (/\+ Us(z") — B (1 2””)) (A+D+ 7”3*0‘193)
= o 2") — — — ],
p 1U3 1 P (05 + 27)2
a1 2*05
= — Us(2") 7.
q a171Us(2") (03 + 2°)2
Under the assumption 3.15, using 2.8 we have the solution of equation 2.28 satisfies
A= —O{QUg(Z*) -+ 62 — 62$* < 0. (230)

Notice that the polynomial p()) has two roots,

_ o ls
(93 + Z*)Q

)\1:—D

R1

2 *
<0, X=-oqUs(z")+ 5 (1 - ) ,

where by using 2.8 again we have

Ay = —f (1—1:—*) + 5 (1— 2/::*) = —ﬂlx—* < 0.

R1 1 R1

18



By the assumption 3.16 and 2.8,

* *

x x
fr— > P — fi— = aqUs(2"),
K1 K1

and consequently

p(0) =

2x* *a 0
OllUg(Z*)—ﬁl (1—i>“D—{— V1T U3

K1 (03 + z*)?
z* Y12 003 o 1T anbs
_ D —_— > U‘ - _ = .
b K1 ’ + (93 + Z*)2 “ 5(2 ) (93 + Z*)2 |q‘

It then follows from Corollary 4.10 of [16] that ReA < 0 for every root A of the equation 2.29,
and together with 2.30 we conclude that the steady state (z*, 0, z*) satisfying 2.8 is asymptoti-

cally stable. The proof is complete.

2.3.2 Lyapunov stability

In this subsection we investigate Lyapunov stability for each steady state of systems (DDE-I)

and (DDE-II). Recall that for all ¢ > 0

x(t) < max{zg, k1), y(t) < max{y, Ko}, 2(t) < max{o,I}.

Throughout this subsection we restrict our attention to the the bounded and invariant region of
all solutions,

Q= {(z,y,2) €RY: 2 <ky, y<hy, 2<I}.

Theorem 2.6 below gives the sufficient conditions under which a success steady state
(0,y*, z*) of system (DDE-I) is asymptotically stable; Theorem 2.7 below gives the sufficient
conditions under which a failure steady state (z*, 0, z*) of system (DDE-I) is asymptotically
stable. Theorem 2.8 below gives the sufficient conditions under which a generic steady state

(x*, y*, z*) of system (DDE-II) is asymptotically stable.

19



Theorem 2.6 A success steady state (0, y*, z*) of system (DDE-I) is asymptotically stable pro-

vided
20
n < /8, 2.31)
Qi
2 1
< 2 , (2.32)
A2h2 1+l (D + gy + _algzll + —a207221>
g™
2 < Nyt 2.33
ﬁl 1Y +91+/§1, ( )
Ba { 1 01 209 22*
—= > —01,209 + —=(1
p max 202%2 + 9251, 2+ 0 ( +6’2+y*)
46 I aygyl
B I(D + oy + S 2202 )}, (2.34)
92 91 02
1 gy ) [ Gi6hfy  27.2"
— D I 2.35
1o (D nSl g ) (B0 22T, (235)
B b o o
K > 26, @D
20&2")/22* 52/12 0517102 1
) 2 1+—)). 2.36
+( v D60, ) (252 * Y ( +4’YQ) (2.36)

Proof: The proof is proceeded in three steps.

(i) Given any solution of (DDE-I) (z(¢), y(t), 2(t) € C*([-7, ), ), define

(0,500, 2(0) = ax(0) + (460 = v — 5 2 ) 4 Sate) = 7

where a > 0 and b > 0 will be determined later. Clearly V; (0, y*, z*) = 0 and V} (z(t), y(t), 2(t)) >
0 for any (z(t), y(t), z(t)) € C*([—7,00), Q\{(0, y*, z*)}. Differentiating V; (¢) along solutions
to system (DDE-I) gives

W = w0 (- a0 - - a0)

R e e e SR 0)

+(2(t) = 2") [DI = Dz(t) = mz(O)Ur(2(t) — 722()U2(y(1))],

20



which can be rewritten by using equations in 2.5 to be

d‘/l B % 61 % _alz(t—ﬁ)
ar ax (51 oy H1$ o1y —y*) 0, +

B9 agz(t — 7-2) g™ )
o[ 22 — Sox —
+(y Y )( ks (y Y ) 2 by +y Oy + "

+b(2 — 2%) (=D(2 = 2") = nzUi(z) — %22Us(y) + 122" U2(y")) -

Simplifying the above equation gives

% = —a%xz — i—j(y -y )P —b (D + le—zi + ;ffi) (z — 2*)?
+alBy = 819N+ G (= y7) — (ad o+ ey — ) — (s - )
-7 ia;)%i WG =) (), where 2.37)
mt) = —;O‘fxz@ —T) - O@g—;ywz(t — 7).

Noticing that z(t — 7;) = 2(¢ j; . s)ds for j = 1,2, then

acorz oy —y*)z aqqx /t / @y —y) /t /
t) = — — + Z'(s)ds + —= Z'(s)ds,
m(t) 0, +x Oy + vy h+az )i, ®) 02 +y t—7o (5)

and the equation 2.37 can be further simplified to

dV; Bi o (52 o2t )
—_— = t)—a—x" — | = — -y 01 + 6 *
dt 772< ) aﬁlx Ko (02 +y)(92 +y*) (y Y ) (CL 1 2) (y Yy )
. Qa2 Q12T Y2y 2
— 0y — —-b|D -
a(ﬁl H 91+$>x ( +€1+-’E+92+y)<z <)
x(z — 2") 572922’*) a(y —y*)(z — 2%)
—(aay + bayypz*) L — 1+ :
((IOéQ H172% ) 91 +x ( 92 + y* 92 +y
where
m(t) = 2 / " (s)ds 4 20 —Y) / " (s (2.38)
? ‘91+.’E t—m1 Q2+y t—To . '
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Using pq < 1p* + 14 for all the cross terms with z(y — y*), z(z — z*) and (y — y*)(z — 2*)

we get
d‘/l 2 *\2 *\2 * Qoz”
r < Kz +K2(y_y ) +K3(Z_Z ) +al B -0y — $+772(t)7 (2.39)
t 91 +x
where
K, — —a& n ady + 9y aas+ 5&1722*7
K1 2 260, + )
0+ 06 byals + 2)2*
K2:_&+a1+2+ (6%) ( (’}/22+ )Z)’
Ko 2 2(92 + y) 92 +y*
T | Y2l ace + boya2* o%) byl
Ky = —b(D+ + + + 1+ .
3 ( 91 +z 02 + y) 2((91 + .T}) 2(92 -+ y) ( ‘92 + y*
By using pg < £p* + 5¢* for 2/(s) and (y(t) — y*)2/(s) in 2.38, we have
acoT Lt e, oy —y)? 1 /t .
< gt 2 s+ WY ) Lo ds.  (2.40
nlt) < gy ot [ R S ey || P @i

(ii) The second step is to deal with the two positive integrals in 2.40. To this end, introduce

Va(t) = % /ti dr / t[z'(s)Fds—l—% /: dr / [ (s)]ds.

Then the derivative of V5(¢) along solutions to system (DDE-I) satisfies

d‘/g (t) 1 ’ 2 1 t / 2 1 ! / 2
=g OFm ) =5 [ FePas—g [ eras

and by the third equation of system (DDE-I):

dVa(t)
dt

2 *%\2
aapr - oa(y—y)
2(02 +y)

m(t) + <SEOP(m+m) +5 T. (2.41)

(01 + )

N —

Squaring the third equation of (DDE-I), applying pq < %pQ + %qQ for all the cross terms

with z(y —y*), #(z — 2*) and (y — y*)(» — 2*) and using the facts that 72— < land 34— < 1

22



we get

(1) < Kgz® + Ks(y —y*)* + Ko(z — 2°)?, (2.42)
where

I a1yl aeyel
Ky = —am | D+ aeye + 1 + 272 ,

0, 0, 0,

I oyl ooyl
Ks = —ayp D+ asys+ 1M i 272 ’

0 0, 0,

o o
K¢ = (D4 )’ +I1(D+ ap) ( ;% + ;72) )
1 2

(iii) Finally, let V' (¢) := Vi (t) + V4(t). Then the inequalities 2.39, 2.41 and 2.42 together gives

the time derivative of V/(¢) along solutions of system (DDE-I) to satisfy

av(t
% < Bya® + Boly — y*)’ + By(z — =) + Buz, (2.43)

where

1
Bl = Kl + —(7’1 + TQ)K4,

2
1 Q9T
By, = Ko+ — Ke+ —— 22
9 2+2(Tl+72) 5+2(82+y)’

1
Bg = Kg + 5(7’1 + TQ)K(;,

(0¥ 4 (0]
By = — 0y — .
4 a<51 1Y 01+x+2(6’1+x)T1>

The final step is to show that By, Bs, B3, By < 0 under assumptions of the theorem. First

notice that under assumptions 2.33 and 2.31,

e 2* Q9 (o7
— 0yt — < — —71 <0
fr—owy 91+x+2(01+x)ﬁ— 51+20171 ’
and hence
By < 0. (2.44)

23



To deal with B, and Bjs, pick a and b such that

a61+ba2’)/22*§@ and %-agb(l)—alwz . Qomez )

O +y K2 1 20, 2(02 + y*)

In particular, pick

BQ D0102 d b= 2@2
= — an = ——a.
Ko D510192 + 20[%*722’*7 91D
Then
BZ 2z* 1 1 (%))
By < -2 22 “Ksmo+ = [ Ky + =2
2 S 2H2+ +202 +92+y*) +2 572+2 5+92 T2,

and it follows from assumptions 2.31, 2.34 and 2.32 that

B2
B, < — 22 K. <0
2 4@+2 5+02 2

Also from the choice of a and b above and the assumptions 2.31 and 2.32 we have

Qg (6] 1

By < —a—/—+—/—+4- K
3 a291—|— 9 +2(7'1—|—7'2) 6
B2 Doy, 0y
< — |- + =K — K.
Ko 2(D519182 + 204%’722 ) (0D)] 6 + 2‘92 + ﬁl 6
Note that the assumption 2.35 implies that
D@zag 92 92
— —Kg > =K,
2(D(5101492 + 2@%’722*) (6] 6 (0D)] 6

and then by using assumption 2.34 we obtain

1 0 ) K,
B3<_(—+0_1ﬂ) 2K6+—2+ /BIKG 50 (1__6><0'
2

Finally, by assumptions 2.31 and 2.32

( B 01 a2 041042’722*)+52+041715292

2 91042/4,2

24
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I I I
+0417151 <D—|— a171 Q972 )

(07
(67) 7 + ‘91 + 92

Now noticing that assumption 2.34 implies

ary 04272]) Ba Oy
I(D+ayy+ + <= :
( 202 th 0 Ko 461 8172
and hence
1 /6 0 I I I
K, = - 02 i Y1 3202 n a1 81 (D + agys + a1 n QYo )
a 2 010&2/%2 Qg 91 92

202y,2* 09K a1y10 1
< <5l+ 2 ) ( 22 on 2(1+—)).
D60, 20, ye? 4o
Then assumption 2.36 immidiately implies that

B Q072"
B, = —— — +—— + K- | <O0. 2.47
! “( o + + 291 Toep T (2.47)

Summarizing the above, inserting inequalities 2.44, 2.45, 2.46 and 2.47 into 2.43 results
in
dV( )

5 <0 VeFEO yFy, 2L

and thus (0, y*, z*) is asymptotically stable. The proof is complete.
Following similar calculations we can obtain the parallel stability results for a failure

steady state as follows.

Theorem 2.7 A failure steady state (x*,0, z*) of system (DDE-I) is asymptotically stable pro-

vided
20
T1 S _252?
aq
n < 2015 1
7 < . ,
MR ] 4l <D + a1y + a?jl + a107111>
a2t
2 < Ot ,
B2 2L + Oy + Fy
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B { 1 2001 2z*
— > 20, + 1
K1 fax 291 + ﬂQ’ Lt 0 ( * ‘91 + I*)
I I
+—5271I(D + a1 + f2)2 + o )}7
01 92 01
1 agyy i\ [ Gabhfy  27.2°
- > D I
4 ( _'_061714_ ( 02 * 91 )) Ck% + D ’
B dy  oq gyt
P > — - -
Ko 2 + 26’2 * QSD

202y, 2* k1 oyl 1
) : 1+—)).
i < 2t D66, 26 * Oy ( * 471)
Note that sufficient conditions for asymptotic stability of a persistent steady state £, = (z*, y*, 2*)
of system (DDE-I) can be constructed in a similar manner as above. The computations then
become tedious and omitted here.
We next investigate the stability of steady states for system (DDE-II). Instead of study-

ing success and failure steady states respectively, here we consider a generic steady state

(z*,y*, z*). For notice that any steady state (z*, y*, z*) of system (DDE-II) satisfies

*

ez Us(2*) + 51x*<1 — x—) T} (2.48)
K1

oy Us(=) + By (1= L) = dua'y” = 0, (2.49)
2

Dz* + y1é1x"Us(2") + 122y Us(2*) = DI. (2.50)

Theorem 2.8 A steady state (z*,y*, z*) of system (DDE-II) is asymptotically stable provided

0 1
no< o0 @5
2001 1 4y (G + o) (D + a4 gy + MR —“Zgj@)
0 1
o< P : : , (2.52)
200K (G + Go) <D + a1 + oy + P+ —%95'@)
61 20(1
— > 2(01+ 6 4 2.53
s 2(01 + 62) + Oé171+9+z*, ( )
. a o 1
N R N AN B L SR - - (2.54)
Ko 63 + z* K107 2 /flOél’)/lD
. . o Qi
D > a1y + asye + + , 2.55
171 272 2(03 + Z*) 2(93 + Z*) ( )
B Q11K QoY2K2
1 > 1 : 2.56
2:‘115{1’}/1 * 93D + 93D ( )
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Proof: The proof will be proceed in three steps.

(i) Given any solution of (DDE-II) (z(t),y(t), 2(t) € C'([—T, 00), Q) define

Vitele) (0, 20) = (200 - o = m 22 ) (400 -7 =y B2 et

where a, b > 0 will be determined later. Clearly V;(z*, y*, 2*) = 0 and V}(z(t),y(t), 2(t)) > 0
for any (z(t),y(t), 2(t)) € C*([—7,00), Q\{(z*, y*, 2*}). Differentiating V; (¢) along solutions
to system (DDE-II) and using 2.48 — 2.50 gives

% = (v—a%) [—&1U3(z(t - 7))+ b (1 - ?) - 61y(t)}

= 57) | ~aalaa(t - ) + 6 : M)~ st

+(z = 2") [DI = D=(t) — daamz(t)Us(2(t)) — Gamay(H)Us(2(1))] -

which can be simplified by using equations 2.48-2.50 to be

dV;
= R 2y oD P - G B ) )

—Gi (2 —a") (Us(2(t = 1)) = Us(2")) = Galy — y") (Us(2(t = 7)) = Us(27))

+(2 = 2%) (—umaUs(z) + aimiz*Us(27) — GoyayUs(2) + Gy Us(27)) -
Define the function g : R — R by
9(-) = Us(- + 2%) = Us(2").
Noticing that

—ab3x(z — 2* Qi 2 (1 — 2
_@1’)/1CUU3(Z)+OA(171I*U3<Z*) _ 17103 ( )_ 171 ( )’

(03 + Z)(‘gg + Z*) 93 + z*
R R . . —QoYb3y(z — 2* QY22 (y — y*
—0yayUs(2) + Gy Us(2") = (9321223(9(3 +Z*)) - 293_(”* )’
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the above equation becomes

dV;
T = _%(ﬂf - ")’ - %(3/ =) = (b1 + 0) (@ —a7)(y — ")
B a1 v1057 QoY203y 2
2(D+(93+z)(03+z*)+(93—|—Z)(93+Z*))<Z Z") (2.57)
20171 2* 209722"
g e =) = P =)z = ) ()
where
ui(t) = —dq(z —2)g(z(t —m) — 2°) — aoly — y")g(z(t — 1) — 27¥). (2.58)

For simplicity let Z(t — 7;) := z(t — 7;) — z*, then

o3t =) =90 — [ gD forj =12,

J

and equation 2.58 can be written as

p(t) = —ca(z — 2")g(2(t)) — da(y — y")g(2(1)) + p2(?), (2.59)
where
t t
wt) =asle—a) [ GEEs+asl—y) [ JEEDEs @60
t—71 t—To
Using g(2(t)) = % in 2.59 then inserting the resultant equation in 2.57 gives

dv * * * *
R L (S LR R R ey

dt - K1 B /'i_z

171037 QoY203y 2
2(D+ + -
( G5 +2)(0 + ) <93+z><93+z*>>(2 “)

N 2’712* 03 . .
o <93+Z*+<03+z>(93+z*>>'(“”_“@ Z")
A 2722/* 63 * *
a (y — - £,
oo (2t ) ) )
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Then use pg < $p? + 3¢ for all the cross terms with (z — z*)(y — y*), (z — 2*)(z — 2¥)

and (y — y*)(z — z*) to obtain

dV;
W Ao+ Aaly = 5+ sl — =7 + ), 261
where

B d ( 0 )
A = 2461456 21 + ,
! K1 (1 2)+ 2\ (03 + 2)(03 + 2¥)

32 Gy ( 05 )
Ay = 2 X546 9 ,
2 + ( 1+ 02) + o Y2 + 05 +2) (05 1 =)

Ay y1057 GoY20sy

A = =2 D
3 ( +(93+z)(93—|—z*)+(93—|—z)(«93—|—z*))

— (2 — (2 .
3 ( nt (93—|—z)(93+z*)) T ( 72t (93+z)(03+z*))

Noticing that

05 1
! =U! ) = < — forallw € R
g (w) s(w+2%) Grwr e S, or all w ,

and using pg < 1p* + 1¢* for (x — x*)2'(s) and (y(t) — y*)z'(s) in 2.60, we have

1 1 t 1
< _ il il
pa(t) < 50, Say (- x*)Pmy + 293041 /t_n[ 7 (s)]*ds + 50, ~Ga(y — y")’m

1 t
bt /t_ﬁ [2/(s)]2ds. (2.62)

(ii) The second step is to deal with the two positive integrals in 2.62. To this end, we introduce

Va(t 22—93 041/ dT/ ds+2—03 042/ dr/ s)]2ds.

Then the derivative of V5(¢) along solutions to system (DDE-II) satisfies

dVa(t) 1 "(1)]2
22 = i+ a(n+ )0 -

1 / (s)d
20, Ay tiﬁz s)]“ds
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b [ FeR
26 &g t_T2z s)]°ds,

and by equation 2.62 we have

dVa(t Lo / L «
,ug(t)—F dif() < 2—‘93(0614—062)(7'1 +7’2)[Z (t)]2+ 2_93 '&1(%-1’ )27'1
1 ,
—. — ). 2.
+263 Go(y —y* ) m (2.63)

Squaring the third equation of (DDE-II), applying pg < $p® + 3¢ for all the cross terms with
(z —2")(y —y"), (z —2")(z — 2") and (y — y*)(z — 2*); and using the facts that ;%— < 1, we
get

[2/()])° < Ag(x — %) + As(y — y)? + Ag(z — )2, (2.64)

where

A . N a1Y1K1 QiaYa Ko
Ay = (D + a1y + Qoys + + ) )

05 05
R . R a1v1K QoYK
As = oy (D + agy + Qo + 131 L z’gz 2) ;
3 3

~ ~ 2 ~ ~
d1v1K G9Yo K R ~ d1vK G9Yo K
A6 _ D—l— 171K + 272R2 + (Oq’h +CY2’72) D—l— 1Y1K1 i 27Y2K2 .
93 (93 93 (93

(iii) Finally, let V(¢) := Vi (t) + V(). Then the inequalities 2.61, 2.63 and 2.64 together gives

the time derivative of V' (¢) along solutions of system (DDE-II) to satisfy

dV (t
% < Bi(w =" + Bo(y — ') + Ba(z — "), (2.65)
where
Bi = A+ — (a1 +o)(m + ) A+ — -4
= — Qo) (T + T — T

1 1 293041 2)(T1 2)A4 293 171,
1 1

By = A2+2—03(d1+d2)(7'1+7'2)145+2—93'd27'2,
I . .

By = A3+g(a1+a2)(7'1+7_2)f16-
3

30



The last step is to show that By, By, B3 < 0 under assumptions of the theorem. First notice that

/81 1 OAél ( 93 )
B = 26+ + 2 (2
! P T R Ut s Ll 7 araps v sy

1 1
+2—‘93(d1 + OA[Q)(TI + 7—2)144 + 2—03 . 56171

B 1 . ay
T S .
Sy U R i e Ty

1 1
"‘2_93 (61 + (G + Go) Ay 71 + 2—93(@1 + G2) Ay,

and it follows from assumption 2.53, 2.51, and 2.52 that

1 . R 1 . .
B, < —lel + %, [ + (G + Go) Ay 71 + 2—93(041 + Q) Ay < 0. (2.66)

Second,

ﬁQ 1 d2 93
By, = —— 4+ —=(6;+6 — {2
2 Ii2+2(1+ 2) + 9 (724_(934—2)((93—1-2*))

1 1
+2—93(OAZ1 + dg)(ﬁ + Tg)Ag, + 2—93 . dg’i‘z

Bp 1 . >
_ P2 5ias 2
2Ko * 2( 1 02) + oy 2(03 + z¥)

1 1
+2—03(0Aé1 —+ @2)1457'1 + 2—03 [&2 + (@1 -+ dz)A5] T2,

and it follows from assumption 2.51 and 2.52 that

B 1 . Qg
By, < ——=4+-(6;+9 _
2 ST I R U Ty
—l—ﬂ'Al —i—ﬁlé?%.
4/'{1 ozlfle 2/?10&1’)/1
Thus, by assumption 2.54 we get
By < 0. (2.67)
Last,
@17183.% 56272939
By = 2D+ +
3 < (05 + 2) (03 + z*) (%+¢ﬂ%+zﬂ)
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A

aq

(2 T s )+%(2 + s >
2 T 05+ 2)(05 + 2) 2\ 05+ 2)(05 + 2

L.
‘l‘—(O./l + (12)(7'1 + TQ)AG
205

+

~

aq 4 d/g
(93 +Z*) 2(03+Z*)

S —-2D + @1”)/1 + 66272 + 9

1 1
"‘2_93(541 + Qo) A1 + 2—63((541 + Gi9) AgTa,

and using assumption 2.51 and 2.52 we get

aq n Q9

(93 —I— Z*> 2(93 + Z*)
11k QoY2k

Aﬁ1 -(D+ 1’711+ 2722>‘
a1kl 05 05

B3 S —2D + 661’71 + OACQ’YQ + 9

N 1
2
Applying condition 2.55 and 2.56 we obtain
B; < 0. (2.68)

The inequalities 2.66, 2.67 and 2.68 altogether ensure

av
%<0 forall © # x*, y £ y*, z # 27,

and thus (z*, y*, z*) is asymptotically stable. The proof is complete.

2.4 Numerical simulations

In this section we demonstrate the theoretical results obtained in previous sections. In partic-
ular, we are interested in the scenarios where the time delay changes the stability, i.e., for one
system with the same set of parameters a stable steady state becomes unstable with a change
in the delays, or vice versa. For each model, two sets of simulations with the same model
parameters but different delays are presented, in which a success steady state becomes failure,
and vice versa, due to the difference in the delay parameters.

For the simulations of system (DDE-I) the parameters in Table 2.2 are used. When 7y = 1
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Table 2.2: Model parameters used in simulating (DDE-I)

D aq Qi B B2 i1 72

50 | 23.486 | 0.0085 | 35 | 20 | 2.52073 | 0.34

I 51 52 K1 K9 91 92
32.5 | 0.095 0.1 240 | 125 18 20

and 7, = 3 the conditions in Theorem 2.7 are satisfied and the system thus approaches a failure
steady state asymptotically (see Fig. 2.1). On the other side, when 71 = 2 and 7, = 1 the
conditions in Theorem 2.6 are satisfied and thus the system approaches a success steady state

asymptotically (see Fig. 2.2).

250 Failure steady state of chemotherapy with constant delays for DDE-I
T T T T T T T T T

Cancer
Normal
Chemo Agents

Concentration

=
o
o

50

Figure 2.1: A stable failure steady state of system (DDE-I) with parameters in Table 2.2 and
delays 71 = 1 and 7 = 3.

For the simulations of system (DDE-II) the parameters in Table 2.3 are used. When

Table 2.3: Model parameters used in simulating (DDE-IT)

D | & %) Br| B2 | M|
2 | 1.2763 | 3 21213

4
I |6 52 K1 | R2 th 92
4 1 2 2 519|111

71 = 0.000344538 and 75 = 0.000345331 the conditions in Theorem 2.8 with y* = 0 are

satisfied and the system thus approaches a failure steady state asymptotically (see Fig. 2.3).
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140 Success steady state of chemotherapy with constant delays for DDE-I
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Figure 2.2: A stable success steady state of system (DDE-I) with parameters in Table 2.2 and
delaysm =2and = 1.

On the other side, when 7; = 11 and 7, = 15 the conditions in Theorem 2.8 with z* = 0 are

satisfied and thus the system approaches a success steady state asymptotically (see Fig. 2.4).

2.5 Closing remarks

Two mathematical models of chemotherapy treatments with time delays are formulated and
studied, one treats the chemotherapy agent as the predator (system (DDE-I)), and the other
treats the chemotherapy agent as the prey (system (DDE-II)). For each model, we showed
the existence, uniqueness, non-negativeness and boundedness of a global solution. We also
investigated the stability for different type of steady states. Particular interests are given to
success steady states (all cancer cells are cleared while normal cells remains), and failure steady
states (all normal cells die out while cancer cells remains).

Sufficient conditions for the stability of success and failure steady states are constructed
for system (DDE-I), and for the stability of a generic steady states are constructed for system

(DDE-II). Note that sufficient conditions for the stability of a generic steady state for system
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Figure 2.3: A stable failure steady state of system (DDE-II) with parameters in Table 2.3 and
delays 7 = 0.000344538 and 5 = 0.000345331.

Concentration
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Success Steady State of DDE-2
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Normal
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Time

Figure 2.4: A stable success steady state of system (DDE-II) with parameters in Table 2.3 and
delays 7y = 1land 75 = 15.
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(DDE-I) can also be constructed, following more technical computations, but are omitted to
avoid redundancy of the presentation.

The parameters chosen for the numerical simulations are assumed to satisfy the basic as-
sumptions a; > ap and 1 > [, i.e., the cancer cells grow at a faster rate than the normal cells
and the chemotherapy treatment is more efficient for the cancer cells than the normal cells.
While the order of magnitudes of model parameters used in different systems appear different,
noticing that the systems under consideration are both dimensionless and thus the parameters
are chosen mainly to serve for the purpose of illustrating the theoretical results other than mak-
ing perfect biological sense. Provided empirical values of the model parameters, and through
extensive numerical experiments, parameters with biological units satisfying assumptions in

our main theorems (after non-dimensionalization) can be constructed.
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Chapter 3

Stability Analysis of a Chemotherapy Model with or without Delays

In this chapter, we consider the special case of system (DDE-II) by letting oy = ay = «
and 6; = 02 = ¢ (i.e., the killing rate of the chemotherapy agent on both cells as well as the
intraspecific competition coefficient between cancer and normal cells are same). The resulting

system of delay differential equations (DDEs) describing dynamics of chemotherapy reads

T = UG- + a0 (1-20) aston, G
Y UGt — ) + a0 (1 - 22 a0, 52)
% — DI = Da(t) — ama()U(+(t)) — avay(O)U (=(2)). (3.3)

In the absence of time delay, the above system 3.1-3.3 results in the following system of ordi-

nary differential equations (ODEs) describing dynamics of chemotherapy as

B~ a0 + b0 (1- D) st G
dz(/i_(? = —ay(U(2(1)) + Bay(t) (1 - %?) — dx(t)y(t), (-5
dz(tt) — DI —Dz(t) — amz(t)U(2(t) — aray(t)U(2(1)). (3.6)

The aim is to investigate the stability of each meaningful steady state of the chemotherapy
model without time delay, and compare with its analog model with delay. Note that we already

proved existence, uniqueness, boundedness and positiveness of solution as well as local and
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Lyapunov stability of the above DDEs system 3.1-3.3 in the previous chapter. We will just go

ahead with the comparison of the model with and without time delays.

3.1 Stability analysis

In this section we investigate the stability of the axial, preferred and failure states for the system
3.4-3.6 and then compare with its analog model with delay. Throughout this section denote by
u* = (z*,y*, 2*) a generic steady state solution of the system 3.4 — 3.6.

3.1.1 Absence of time delay

The Jacobian matrix of system 3.4 — 3.6 at the generic steady state u* = (z*, y*, 2*) is

J11 —51'* —%
J = —Su* J. __aby"
Yy 22 (z*+0)2 )

—anU(z*) —aynU(z*) Js3

where

2 *
Ju = —aU(Z")+ 5 (1— ° ) — 0y”,
K1
. 2y” .
Jyo = —aU(z)+Bg(1— >—5$,
K2
af . .
J3z = —D—m(%fﬂ + Y2y").

Theorem 3.1 For the linearization of system 3.4 — 3.6,

(i) the axial steady state (0,0, I) is asymptotically stable provided

B I B 1

a<9+[ a<9+l; 3.7
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(ii) a preferred steady state (0,y*, z*) is asymptotically stable provided

51<OJU

Bs > 2aU(z%);

(z*) + 6y*,and

(iii) a failure steady state (z*,0, z*) is asymptotically stable provided

B < aU(Z")+ d0x", and

f1 > 2aU(z").

Proof: (i) When z* = y* = 0 and z* = I, the Jacobian matrix is reduced to

with eigenvalues

A

[ ol
—51 T 5
J = 0
—’71%
al
= —— )\ =

0
al
~oi1 + 3

al
2541

al
0+ 1

which are all negative under the assumption 3.7.

(i) When z* = 0 and y* and z* satisfy equation 2.7, the Jacobian matrix is reduced to

| 1 — aU(z*) — oy*

_ B, Y
ByL

—ayU(2")

39

-D

—’_627

0

\; = —D,

__afy"
(Z*+9)2

D — ay20y*

(= +0)°

(3.8)

(3.9)

(3.10)

(3.11)



The first eigenvalue of the above matrix is

)\1:61—O{U(Z*)—5y*<0

under the assumption 3.8. The other two eigenvalues of the above matrix coincide with the

eigenvalues of the submatrix

_BQZ_; - (;tiyg)z
B =
—anpU(z") —D — &2l
First notice that
Y a0y
Te(B)= -85~ —-—D — ——— < 0.
( ) 52 K9 (Z* + 9)2

In addition, by using aU(z*) = B2 (1 — y*/k2), we have

@2 OWQ@ o 2ol

by the assumption 3.9. Therefore all eigenvalues of .J are negative, which implies the asymp-

totic stability of the preferred state (0, y*, z*).

(1i1) When y* = 0 and 2* and z* satisfy equation 2.8, the Jacobian matrix is reduced to

B1 % * afz*
—a® —oz T 10)?
J = 0 Po — alU(z*) — dz* 0
| —anU()  —awU(z)  —D- gtz

The first eigenvalue of the above matrix is

Alzﬁg—aU(Z*)—5ZE*<0
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under the assumption 3.10. The other two eigenvalues of the above matrix coincide with the

eigenvalues of the submatrix

z* abx
_Bln_l - (z*+0)2
B —
—anU(z*) —D — (O‘ng’)
First notice that
x* avy10y*
Tr(B)= -6i——-D— —— <.
"(B) b K1 (z* +6)?

In addition, by using aU(z*) = f; (1 — y* /K1), we have

51 Oé’h@ o a2yl

by the assumption 3.11. Therefore all eigenvalues of .J are negative, which implies the asymp-

totic stability of the failure state (z*, 0, z*). The proof is complete.

Remark 1 Assumptions 3.7 are both sufficient and necessary conditions for the asymptotic
stability of the axial steady state. Assumptions 3.8 and 3.9 are sufficient conditions for the
asymptotic stability of the preferred steady state, but the assumption 3.8 is also a necessary
condition for the asymptotic stability of the preferred steady state. Similarly, assumptions 3.10
and 3.11 are sufficient conditions for the asymptotic stability of the failure steady state, but the
assumption 3.10 is also a necessary condition for the asymptotic stability of the failure steady

State.

Notice that assumption 3.7 is equivalent to

I I
a>max{ﬁ19+ ,526+ }

Thus part (i) of Theorem 3.1 indicates that when the killing rate of the chemotherapy agent
is higher than a certain threshold (dependent of the largest growth rate of cells, the input con-
centration of the chemotherapy agent, and the half saturation constant), then both normal and

cancer cells will be cleared.
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The assumptions 3.8 and 3.9 together are equivalent to

51—(59* 52
U S

Thus part (i1) of Theorem 3.1 indicates that when the killing rate of the chemotherapy agent

B1—dy*

1s well controlled between U

and 2U’6EQZ*) , the treatment will be successful. This implicitly
requires the steady state to satisfy 5y > 2(/5; — dy*), which essentially put a restriction on the

growth rates of cancer and normal cells. Similarly part (iii) of Theorem 3.1 indicates that when

Bo—bz*
U(z*)

the killing rate of the chemotherapy agent lies between and 2U/6E1 , the treatment will

=%)
fail. This also implicitly requires the steady state to satisfy 3; > 2(3; — dz*).

Notice that the conditions in parts (i1) and (iii) depend on the magnitude of each specific
steady state. For example, a preferred steady state with smaller quantity of normal cells is
easier to achieve than a preferred steady state with larger quantity of normal cells, and a failure

steady state with smaller quantity of cancer cells is easier to achieve than a failure steady state

with larger quantity of cancer cells.

3.1.2 Constant time delay

Local stabilities of steady states of system (DDE-II) were discussed in theorem 3.2 of chapter
2. Here we state the corresponding results for the system 3.1 — 3.3 without proof since it is a

special case.

Theorem 3.2 For the system 3.1 — 3.3 we have:

(i) the axial steady state (0,0, I) is asymptotically stable provided

ﬁl I 62 1 .
a<9+I and a<6+[’ (3.12)

(ii) a preferred steady state (0,y*, z*) is asymptotically stable provided

fr < aU(z")+dy* and (3.13)
2" = kg (3.14)
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(iii) a failure steady state (z*,0, z*) is asymptotically stable provided

Po < aU(z")+ ox" (3.15)

2r* > K. (3.16)

Remark 2 Assumptions 3.12 are both sufficient and necessary conditions for the asymptotic
stability of the axial steady state. Assumptions 3.13 and 3.14 are sufficient conditions for the
asymptotic stability of the preferred steady state, but the assumption 3.13 is also a necessary
condition for the asymptotic stability of the preferred steady state. Similarly, assumptions 3.15
and 3.11 are sufficient conditions for the asymptotic stability of the failure steady state, but the
assumption 3.16 is also a necessary condition for the asymptotic stability of the failure steady

state.

Part (i) of Theorem 3.2 has the same interpretation as part (i) of Theorem 3.1. Since the
conditions imposed are necessary and sufficient conditions, we obtain an important information
that the stability of the axial steady state is not affected by the time delay of the treatment.

Assumptions 3.13 and 3.8, and assumptions 3.15 and 3.10 are the same, respectively.
Therefore these specific necessary conditions for the stability of preferred and failure steady
states are also not affected by the time delay. Also, by using the relation y* = ky(1 —
aU(z*)/B2) when z* = 0 and 2* = k1(1 — aU(z*)/B1) when y* = 0, assumptions 3.14
and 3.16 are also the same as assumptions 3.9 and 3.11 for the no delay case, respectively.

To further interpret these assumptions, we rewrite 3.13 as

K1(B1 — B2) > (B1 — K1d)” (3.17)

and rewrite 3.15 as

Ko(f1 — Ba) < (K2d — Ba)y". (3.18)

Then parts (i1) and (iii) of Theorem 3.2 provide two interpretations depending on the strength

of inter-specific competitions. When the inter-specific competition is strong, in the sense that
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d > Ko/Ps and 0 > k1 /1, then assumptions 3.17 and 3.14 can be combined to be

* K2(B1 — B2) ko
== 3.19
and assumptions 3.18 and 3.16 can be combined to be
* k1(Ba — B1) K1
—_—, 7. 2
T >max{ Y (3.20)

One special case of 3.19 happens when cancer cells grow slower than normal cells, i.e., 51 <
(2, then the treatment will be successful as long as y* is more than half of the environmental
carrying capacity of normal cells. Similarly one special case of 3.20 when cancer cells grow
faster than normal cells, i.e., 5; > [, then the treatment will be a failure as long as z* is more
than half of the environmental carrying capacity of cancer cells.

On the other hand, when the inter-specific competition is weak, in the sense that § < k2/ 2

and § < K1/, then assumptions 3.17 and 3.14 can be combined to be

Rg

ka2 /‘62(52 - 51)
2

<y < ,
52—/125

which may only happen when 3, > 3 and % > 1/2. When the inter-specific competition
is negligible, this implies that the normal cells need to grow at least twice as fast as the can-
cer cells do for a possible successful treatment. Similarly assumptions 3.18 and 3.16 can be

combined to be
R1

R k1(B1 — Ba)
2

51 — K10 ’

which may only happen when /3; > (3, and % > 1/2. When the inter-specific competition

<z*<

is negligible, this implies that the cancer cells need to grow at least twice as fast as the normal

cells do for a possible failed treatment.
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3.2 Numerical simulations

In this section we include some numerical results with parameters satisfying the conditions
constructed in the previous section.
3.2.1 Axial steady state

The first set of parameters simulated satisfy the sufficient and necessary conditions for the axial

steady state (0,0, I). In particular, the parameters are chosen as

T T2 D I « d 0 &5} R1 | N Ba Ko 2

3 2 4 4 8 1 1 2 5 3 1 9 2

that satisfy the assumptions in 3.7. The initial conditions are set to be xo = 5, yo = 3, ¢(t) = 4
for t € [—3,0]. Evolution of the concentrations of normal and cancer cells, and the chemother-
apy agent is illustrated in Figure 3.1. It can be clearly seen that concentration of both normal

and cancer cells tend to 0 as time goes on.

Axial steady state of chemotherapy with constant delays

Cancer |
4.5 Normal
Chemo Agent
4
3.5 1 1
c
S 3 i
IS
% 2.5 1
o
5
o 2 i
1.5 1
l - -
il \\¥ |
0 1 1 1
0 0.5 1 1.5 2 2.5 3

Time

Figure 3.1: Chemotherapy with delays approaching the axial steady state.

To closer examine the effect of delays, we compare the concentration of cancer and normal

cells of the above example with the special case when 7 = 79 = 0, shown in Fig. 3.2. Though
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Figure 3.2: Comparison of normal and cancer cells of chemotherapy with/without delays

concentrations of both cancer and normal approach zero, with or without delays, differences in
cell concentrations between the cases with delays and the cases without delays can be clearly
seen. In this particular example, the chemotherapy treatment approaches the axial steady state

faster with the presence of delays.

3.2.2 Preferred steady state

The second set of parameters simulated satisfy the sufficient and necessary conditions for a

preferred steady state (0, y*, z*). In particular, the parameters are chosen as

1 T2 D I o o 0 B K1 | "N B K2 V2

3 2 4 4 3 1 1 2 5 3 3 9 2

There is only one real positive solution to the equations 2.7, y* = 5.2422 and z* = 0.7168, that
satisfy the assumptions 3.8 and 3.9.

Evolution of the concentrations of normal and cancer cells, and the chemotherapy agent
is illustrated in Figure 3.3, where it can be seen that the concentration of cancer cells tends
to 0 while the concentration of normal cells tends to y* = 5.2422. The treatment is hence
successful. It is also interesting to see that although the cancer cells become vanish soon, it
takes a much longer time for the normal cells to recover to their steady state.

Similarly we compare the concentration of cancer and normal cells of the above example
with the special case when 7, = 75 = 0 in Fig. 3.4, where differences in cell concentrations

for the cases with delays and the cases without delays can be clearly seen. In this particular
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Preferred steady state of chemotherapy with constant delays
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Figure 3.3: Chemotherapy with delays approaching a preferred steady state.

example, the cancer cells are removed slightly faster when there are delays, whereas the normal
cells recover much faster when there are no delays.
3.2.3 Failure steady state

The third set of parameters simulated satisfy the sufficient and necessary conditions for a pre-

ferred steady state (z*, 0, z*). In particular, the parameters are chosen as

T T2 D I « J 0 &5} R1 | N Ba Ko 2
3 2 4 4 2 2 1 3 5 2 2 9 3

There is only one (real and positive) preferred steady state x* = 2.728, y* = 0, z* = 2.14, and
it satisfies the assumptions 3.10 and 3.11.

Evolution of the concentrations of normal and cancer cells, and the chemotherapy agent is
illustrated in Figure 3.5, where it can be seen that the concentration of normal cells tends to 0

while the concentration of cancer cells tends to z* = 2.728.
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Evolution of cancer cells with/without delays Evolution of normal cells with/without delays
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Figure 3.4: Comparison of normal and cancer cells of chemotherapy with/without delays

Failure steady state of chemotherapy with constant delays
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Figure 3.5: Chemotherapy with delays approaching a failure steady state.

A comparison between the concentration of cancer and normal cells of the above example
and the special case when 7, = 75 = 0 is shown in Fig. 3.6. The difference in cancer cells for
the cases with or without delays is clearly seen, whereas the difference in normal cells for the

cases with or without delays is not detectible.

3.3 Closing remarks

We constructed sufficient and necessary conditions for the stability of the axial steady state
(0,0, I'), which are indifferent for the system with or without delay. We also constructed suffi-

cient conditions for the stability of the preferred and failure steady states, respectively, which
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Evolution of cancer cells with/without delays Evolution of normal cells with/without delays
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Figure 3.6: Comparison of normal and cancer cells of chemotherapy with/without delays

turned out to coincide. The indifference of stability conditions is mainly due to the special
bounded structure of the consumption function U, that mitigate the effect of delays. However,
we cannot conclude that the time delay does not affect the stability of non-axial steady states.
In fact, the numerical experiments presented above clearly show the difference in dynamics of
the chemotherapy model with or without delays. Further numerical experiments indicated that
stability of preferred or failure steady states that do not satisfy conditions 3.14 or 3.16, respec-
tively, could be affected by the delay. In other words, a stable preferred state with y* < kg/2
or a stable failure state with z* < k1/2 when there are no delays, can become unstable with
delays, and vice versa. In the previous chapter, conditions on the magnitudes of delays had
been established for stability of various states by constructing appropriate Lyapunov functions,

which provided more insights in the effect of delays for chemotherapy treatments.
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Chapter 4

A Mathematical Model of Chemotherapy with Variable Infusion

In this chapter, we developed and studied a nonautonomous mathematical model of chemother-
apy cancer treatment with time-dependent infusion concentration of the chemotherapy agent.
In particular, a mutual inhibition type model is adopted to describe the interactions between the
chemotherapy agent and cells, in which the chemotherapy agent is modeled as the prey being
consumed by both cancer and normal cells, thereby reducing the population of both. We first
established properties of solutions and detailed dynamics of the nonautonomous system, and
then conditions under which the treatment is successful or unsuccessful are established. More-
over, we showed both theoretically and numerically that with the same amount of chemother-
apy agent infused during the same period of time, a treatment with variable infusion may over

perform a treatment with constant infusion.

4.1 Mathematical model

The model to be developed and studied is based on the system 3.4-3.5 developed and studied in
the previous chapter, but with time-dependent infusion due to the natural (temporal or random)

fluctuation of environments or human control, and few modifications.

4.1.1 Model formulation

Consider a single site where the cells are treated, e.g., a tumor, with fixed volume V. It is
assumed that all cells, as well as the chemotherapy agent, are spatially uniform within the site,
i.e., their concentrations do not depend on the location. At any time ¢ denote by Ny (t), Ny(t)

and C'(t) be the concentration of cancer cells, normal cells, and the chemotherapy agent at the
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treatment site, respectively. Let F},, = F,,; = F' be the blood flows brought into and coming out
from the tumor site at any time. The novelty and focus of this work is that the chemotherapy is
assumed to be infused with blood flow at time-dependent concentration. More precisely, denote
by I(t) the concentration of the chemotherapy agent in the blood flowing into the site, where
I(t) is a continuous, positive and bounded function that varies with time deterministically or
randomly.

Using the idea of [30], the negative effect of the chemotherapy agent on the growth of cells
is modeled by a “kill rate” /;(C') (j = 1,2 for cancer and normal cells, respectively), and the
chemotherapy agent is regarded as the “prey” being consumed by both types of cells at rates
proportional to the kill rates. In addition, assume that the normal and cancer cells both fol-
low a logistic growth [10, 17, 21, 26] and have Lotka-Volterra type intra-specific competitions
between them [9]. These leads to the following nonautonomous system of ODEs describing

dynamics of chemotherapy

MO g oM 0N (1 . &> — Ay N, Ny, 4.1
dt K1

ANy (t N,

% = —E(C)Ns + bao(1 - FD — N, N, 4.2)

dc(t CF  I()F

O~ ke - nraen, - S+ 108 (43)

Note that the key difference between the model above and autonomous models in the litera-
ture is that the input concentration [ is time-dependent. In addition, the difference between
the model above and the nonautonomous model studied in [17] lies in that the killing rates /;
and K are functions of C' instead of functions of N; and N,. More precisely, the functions
—r1 K1 (C)Ny and —ry K5(C') Ny can be regarded as the interactions that create a positive feed-
back on both variables in the mutual inhibition relation between the chemotherapy agents and
the cells.

Meanings and units of parameters by, by, K1, Ko, 71, T2, di and dy are listed in Table 4.1

below.
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Table 4.1: Description of parameters in the nonautonomous chemotherapy model

Parameter Description

b1 (1/time) Per capita growth rate of cancer cells

ba (1/time) Per capita growth rate of normal cells

K1 (mass/vol) Environmental carrying capacity of cancer cells
Ko (mass/vol) Environmental carrying capacity of normal cells

dy (vol/time-mass) | Intraspecific competition coefficient of cancer on normal cells
ds (vol/time-mass) | Intraspecific competition coefficient of normal on cancer cells
r1 (1) Consumption effectiveness of cancer cells on the agent
ro (1) Consumption effectiveness of normal cells on the agent

Throughout this chapter we adopt the Michaelis-Menten formulation of the killing rates [30]:

e

KJ(C) - k}-mlf n 07
J

J=12

where K7 is the maximum Killing rate of the chemotherapy agent on the cells, and k;“‘lf is
the concentration of cells corresponding to K;(C') = K}"** /2, which is usually referred to as
the half saturation rate. Note that /X }”‘” 1s a rate, and has units 1/time and k:;mlf has units of

concentration.

4.1.2 Non-dimensionalization

For the convenience of mathematical analysis, we first non-dimensionalize the system 4.1 — 4.3

by setting
Ni(t) = Ni -a(t), Nolt) = N3 -y(t), C)=C"-2(t), t=1"-1,
with
*:ﬂ *:ﬂ C* = hatf 4 phatlf t*:K
Lo VKpest T2 Y Kes ! 2 F’
Still denoting # by ¢, the ODEs 4.1 — 4.3 now become the following system
dz(t) x(t)z(t)
= —a (1 — yx(t)) — 1 (t)y(t 4.4
o 0o T BT = () s (Oy(r), (44)
dy(t) y(t)=(t)
— —Qg———~ t)(1 — t)) — 0o (t)y(t 4.5
i ) + Bay() (L — 72y (t)) — b2z (t)y(2), (4.5)

52



d=(t) _ _z@®)z(t)  y(®)=(1)
dt 91 + Z(t) 02 + Z(t)

— 2(t) + pult), (4.6)

where the parameters

v % k;zal I k';-ml f

L Lgme g Vg N T g N i 19 (47
& FoI ) BJ P Vi Vij;nasz’ J k?alf‘i‘kgalf? orJj T ( )

_ dlk?galf _ ko{Lalf M(t) _ ](t)
TQKSMM" ) 2 TIK{na:c ’ kimlf + k;uzlf '

01

(4.8)

are all dimensionless. Moreover, notice that C* has the unit of concentration, and both N} and

1
time

volume
time

N5 have the unit of (concentration - )/ (volume - ) = concentration. Thus the new

unknowns x(t), y(t), z(¢) are all dimensionless.

4.1.3 Assumptions

By the physical meanings of parameters listed in Table 4.1, all dimensionless parameters de-
fined in 4.7 are positive. The parameters d; and J, defined in 4.8 are non-negative and in the
special case of no intra-specific competition they can take the value zero. In addition, by the
definitions of #; and 65, 6, + 6, = 1. Moreover, the cancer cells are assumed to grow faster
than normal cells, i.e., b; > b, and thus 3; > (5. Furthermore, since the chemotherapy agent
should be more effective killing cancer cells than killing normal cells, K{*** > K3"** and

consequently, a3 > . In summary, it is assumed throughout this paper that
(A0) ay > az >0, 01> P2 >0,71,72 > 0,601,602 > 0with ) + 605 =1, 01,02 > 0;

(A1) the input concentration is bounded and varies continuously with respect to time, i.e., /()

is a continuous and bounded function with

0 < ptr < p(t) <pp forallt € R.
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4.2 Properties of solutions

In this section, we first investigate basic properties of solutions to the system 4.4 — 4.6 including
existence, uniqueness, boundedness and non-negativeness of the solution. We then provide a
basic introduction on concept and theory of nonautonomous dynamical systems required in the

sequel.

4.2.1 Basic properties of solutions

In this subsection we prove that system 4.4 — 4.6 has a unique global solution under the initial
condition

l’(to) =1z > 0, y(t0> =Yy > 0, Z(to) =29 2> 0. 4.9)

Moreover, we will prove that the solution is non-negative and bounded for all time ¢ > ¢,. For

convenience, write u(t) := (z(t), y(t), z2(t)) and ug = (o, Yo, 20)-

Lemma 4.1 The ODE system 4.4 — 4.6 with initial condition 4.9 has a unique bounded solution

u(t; to, ug) € C*([to, 0o], RY).

Proof: First it is straightforward to rewrite 4.4 — 4.6 as the following ODE on RR3,

du(t
% = Lu(t) +y(u(t),t), (4.10)
with
R —aq gfizgg — Bima®(t) — oz (t)y(t)
L= B2 o Y= e éﬂiﬁg — Boyay?(t) — G (t)y(t)
z(t)z(t) (t)=(t)
L —1 | T 01+2(t) gz-‘rz(t) + 'u(t)

Since p(t) is both continuous and bounded, function ~ is continuous in ¢ and locally Lipschitz
in uw. It then follows immediately from the classical theory of ODEs (see, e.g., [13]), that

equation 4.10 has a unique local solution wu(t; to, ug) € C*([to, T], R?).
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Notice that

dz dy dz
= =0, 2| =0 —| =
dt lz=0 ’ dt y=0 ’ dt l2=0

(u(t) > pim > 0,

i.e., the positive quadrant R? is positively invariant for w. Therefore by continuity of solutions,
any solution trajectory that starts from ug € Ri at ¢ty will stay nonnegative for all ¢ > %, i.e.,
’Ll,(t7 to, UO) € Cl([to, T], Ri_)

As a direct consequence, components of the solution w(t; ¢y, ug) satisfy

L <hr-me), L<hyl-mm), T<un a0 @i
It then follows immediately that
0 < (t) <max{zy,1/m}, 0<y(t) <max{yo, 1/72}, Vi>to (4.12)
Moreover, by using Assumption (A1) we have
% < par — 2(1),
which implies that
0 <z(t) <max{zo,pup}, tE€ [to,o0). (4.13)

The inequalities 4.12 and 4.13 and the existence of local solutions, together imply that given
any initial condition uy = (o, Yo, 20) € Rf’r the equation 4.10 has a unique solution defined for

all ¢ > t; and remains in the bounded region

Q ::{(:c,y,z) € R® : x<max {zy, 1/7},y < max {yo, 1/72}, 2 < max {zo, s} }

The proof is complete.
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4.2.2 Preliminaries on nonautonomous dynamical systems

In this subsection we provide introductory material of nonautonomous dynamical systems (see,
e.g., [4, 8, 18, 19]) required in the sequel. In particular, we will introduce the process formu-
lation of nonatuonomous dynamical systems and concepts and theory on pullback and forward
attractors. Denote by

R2 :={(t,to) eR*: t >t} .

Definition 1 A process ¢ on space R? is a family of mappings
ot to,) RIS RY  (ttg) €RE,

which satisfies
(i) initial value property: p(tg,to, u) = u for all w € R% and any t, € R;

(ii) two-parameter semigroup property: for all v € R and (t5,t,), (t1,ty) € R it holds

@(tz, tOv ’U,) =@ (t27 tlv Sﬁ(tl, th U)) )

(iii) continuity property: the mapping (t,to, w) — @(t, 1o, ) is continuous on R% x R4,

Definition 2 Let ¢ be a process on R%. A family D = {D(t) : t € R} of nonempty subsets of

R? is said to @-positively invariant if ¢ (t,ty, D(ty)) C D(t) for all (t,t,) € R%.

Definition 3 Let  be a process on R%. A p-invariant family A = {A(t) : t € R} of nonempty
compact subsets of R% is called a forward attractor of o if it forward attracts all families B =

B(t) : t € RY of nonempty bounded subsets of R?, i.e.
{B() }of pty fRY e,

dist (¢(t,t0, B(to)), A(t)) = 0 ast — oo (to fixed),
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and is called a pullback attractor of  if it pullback attracts all families B = {B(t) : t € R} of

nonempty bounded subsets of RY, i.e.,
dist (p(t, to, B(to)), A(t)) = 0 asty — —oo (t fixed).
The existence of a pullback attractor follows from that of a pullback absorbing family,

which is usually more easily determined.

Definition 4 A family A = {A(t) : t € R} of nonempty compact subsets of R is called a pull-
back absorbing family for a process ¢ if for each T € R and every family B = {B(t) : t € R}

of nonempty bounded subsets of RY there exists some T = T(1,B) € R* such that
o (1,tg, B(to)) € A(1) forallty € Rwithto <1 —T.

The proof of the following proposition is well known, see e.g., [19].

Proposition 4.2 Suppose that a process o on R? has a p-positively invariant pullback absorb-
ing family A = {A(t) : t € R} of nonempty compact subsets of R%. Then @ has a unique global

pullback attractor A = {A(t) : t € R} with its component sets determined by

At) = ﬂ o (t,to, A(to)) foreacht € R.

to<t

If A is not p-positively invariant, then

At) = ﬂ U ¢ (t,to, A(to)) foreacht € R.

s>0 to<t—s

4.3 Dynamics of the nonautonomous chemotherapy model

First of all, due to the existence and uniqueness of a global solution to the system 4.4 — 4.6, we

can define a process {¢(t, tO)}(t,to)eRzz by

o(t,to,uo) = w(t;to, ug), YV ug€ R, (4.14)
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where u(t; to, o) is the solution of 4.4 — 4.6 with the initial condition w(t) = wo. Moreover, it
is straightforward to check that the process defined above is continuous and hence all concepts
and theory introduced in the subsection 4.2.2 can be applied. In what follows, we first establish
the existence of a pullback attractor, and then investigate detailed structures of the attractor and

provide their biological insights.

4.3.1 Existence of pullback attractors

In this subsection we first construct a positive invariant absorbing set for the process {( (¢, t0) } (1,10)er2

defined in 4.14, stated in the Lemma below.

Lemma 4.3 The process {(t, to) }1>t, has a positive invariant absorbing set

2 2 0,0 "
A:{(x>y,2)€Ri:a:§—7y< 1U2717214

<=, <2<y V. (4.15)
" Y2 40171 + O272) + 2601027172 MM}

Proof: First, solving the differential inequalities of x(¢) and y(¢) in 4.11 with x(t,) = xo and

y(to) = yo gives

Zo

=) < zoy1 + (1 — y1m0)e~Frlt=to)” =t @10
wlt) < Yoz + (1 — Z(;yo)e‘ﬁ“t‘to)’ =t 17

Therefore for any ¢ > 0 there exists 77 () > 0 such that
ng(t)S%—i—&?, 0§y(t)§%+€, for t —tg > Ti(e). (4.18)

Next, solving the differential inequality of z(¢) in 4.11 with z () = 2, gives

¢
2(t) < zpe ™' + / p(s)e’tds < zoe~ 7t 4 J3Y; (1 — e*(t*tO)) . Vit >ty, (4.19)

to

which implies that for any £ > 0 there exists 75(¢) > 0 such that

2(t) < par+e for t —ty > Ta(e). (4.20)
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On the other side, using 4.18, equation 4.6 and ﬁ < % for j = 1,2, we have for any € > 0
J J

dz 1.1 1,1
— > —=—(—4+e)+—(—Fe)+1|2(t)+pult), Vt—ty>Ti(e
T2 (9t g+ 1) 0+l 0> 1)

and consequently there exists 75(¢) > T} (¢) such that

A1) > zoe—<911(A,11+6)+912(v12+€)+1)(t—t0)+/tu(s)e(gll(711+6)+912(W12+6)+1)(s—t)d8
to

o
> (1—e), Vt—to>Ty(e). (4.21)
g e+ e+l

Summarizing the above, for any 0 < € < 1 define

pim(1—¢)
> 11 1,1

1 1
AEZ{(w,yjz)ERi:w<7+€,y<7+6 <z<,uM—i—5}.
1

Then for any bounded family B = {B(t) : t :€ R} there exists T'(¢, B) > 0 such that
gﬁ(t,to,B(to)) - A€7 Vit—ty> T<€>,

i.e, A. is an absorbing set for the process {¢(t, %)} 4)crz- In particular, picking ¢ =
min{1/v1,1/792,1/2, uar}, then A, can be simplified to the set A in 4.15.

It remains to show that A is positive invariant. In fact by using 4.16 we have

_Zo — i’ €T G O7 i
x(t;to,up) < ¢ O €1 71] V>t
@ _ 2 12
o = 20 < 55 %0 € (55 5]
Thus
I(t7 to, ’LLO) < 2/’}/1 for all uy € A, Vit>t. 4.22)
Similarly it follows from 4.17 that
y(t, to, ’U,()) < 2/’}/2 for allug € A, Vit>t. (4.23)
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Next, by using 4.19, for any zo < 2u,y,

2(tto, wo) < par + (20 — par)e” 410 < 2p. (4.24)
Then using 4.22, 4.23 and the ODE 4.6 we obtain
dz(t) 2z 2z
> —— - — —2(t t
dt - ")/1(91‘1'2 72(92+Z Z()+M()

V
|
/‘\
_I_
+
—
N——
2
+
=
3

01710272 4m

>
Then for any zy > T3 6o72 126, 27172

_2 2 _ m
Z(t;to,’u,o) Z <ZO — 3 ,Um2 ) 6_<v191+W292+1)(t tO) + } M -
Y161 + Y202 +1 Y161 + Y262 +1
> -5 +
- 2 2 2 2
27191+7202+1 7101+72_62+1
10272 10m

= , forallug € A, Vit>t. (4.25)
4(0171 + 0272) + 201027172 0 0

Summarizing 4.22-4.25, u(t; ty,up) € A for any uy € A, i.e., A is positively invariant. The
proof is complete.

The following theorem follows directly from Proposition 4.2.

Theorem 4.4 Assume that assumptions (A0) and (A1) hold. Then the process {p(t,t0) }(1.10)er2
generated by the solution of system 4.4 — 4.6 has a pullback attractor A = {A(t) : t € R}

inside the nonnegative quadrant R?,..

Remark 3 Notice that the estimations 4.18 - 4.25 hold both forwardly and pullback, i.e., for t
fixed witht — oo, as well as for t fixed with to — —oo. The set A is both a pullback absorbing
set and a forward absorbing set. Although this does not necessarily ensures the existence of
a forward attractor (see, e.g., [8]), it can still be used to investigate forward dynamics of the

system.
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4.3.2 Detailed dynamics within the attractor

Theorem 4.4 provides the existence of a pullback attractor for the process {¢(,%0)} ¢ ¢)er2
defined by the solution of system 4.4 — 4.6. In fact, since A is (-positively invariant, the

component subsets of the attractor .4 are defined by

A(t) = ﬂ o(t,to,A), foreacht e R.

to<t

In this subsection we investigate detailed structure of .4, with both mathematical and biological

interpretations.
Theorem 4.5 Assume that

Zm

< 4.26
Bl aq 61 + Zm7 ( )
Zm
< . 4.27
Bo %) Oy + 2, ( )
with
Hm
PR , (4.28)
Y161 + ’72492 +2

Then the pullback attractor A has a singleton component subset

A(t) = {(0,0,2*(t))} for all t € R, where

Proof: First note that Ccll—f +—o = 0. Then for any = > 0, using the lower bound of z in 4.25, we

have
z Zm
> .
91+Z - 91+Zm

It then follows immediately from the assumption 4.26 that

dz(t)
dt

Zm
01 + Zm

< 37(-0(1 + 61) < 07
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da(t)

5~ Is negative definite. Thus the = component of all trajectories in the nonnegative

1.e.,
quadrant R? approaches 0 asymptotically. Similarly, the y component of all trajectories in
the nonnegative quadrant R? all approaches 0 asymptotically provided asz,, > (2, which is

equivalent to the assumption 4.27.

With z(t) = 0 and y(t) = 0, the equation 4.6 becomes

dz(t)
= —2(t t
" = —a(t) + (),
which can be solved to get
t
2(titg, ug) =  ze 7Y —|—/ w(s)e”=9ds
to

t
o / u(s)e=9ds as ty — —oo.

The proof is complete.

Remark 4 The singleton trajectory z*(t) is obtained by fixing zo and letting t, approach —oo.
Notice that the chemotherapy agent does not exists until the treatment starts, thus zy = 0 for
to < 0 and p(t) = 0 fort < to. While it seems that z*(t) then depends on the starting time t,

it is in fact a function of t dependent on the definition of 1(t) which is given.
Theorem 4.6 Assume that 4.26 holds and

20
By > g + 72 (4.29)
1

Then the pullback attractor contains points inside the strictly positive subspace {(x,y,z) €

R} 2z =0,y >0,z >0}

Proof: We look at the derivative of y(¢) at any € < 1/7,. Using Lemma 4.3

dy(t
% . = —042502 . + Boe(1 — 72e) — doex
2/JM 2
> —g———— — — 09— | .
5( 04262 + 2 + B2 — Bagys 2%)
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26>

In particular picking ¢ < , then under the assumption 4.29,

Bava2(O2+2pnr)
3 (1 - ) > 200 pr 20,
S YRR
which implies that d?é—gt) > 0. Thus y(t) € [e,2/79] for all t > t, and the attractor contains

y=e
points inside {(xz,y, z) € R} : z =0,y > ¢,z > 0}. The proof is complete.

Theorem 4.7 Assume that 4.27 holds and

26
P> ar + 71 (4.30)
2

Then the pullback attractor contains points inside the strictly positive subspace {(x,y,z) €

R? 2z >0,y =0,z > 0}

Proof: We look at the derivative of () at any € < 1/+;. Using Lemma 4.3

dz(t) z
= — 1— -0
a | _ 041591 e + B1e(1 — me) — diey
2pp 2
> - — — 01— .
3 < aq 01 + 2iinr + p1 — Biem 172>
In particular picking ¢ < Wil?mw)’ then under the assumption 4.30,
3 (1 ) > 200 fipg 20,
—€ —_— + —,
! = 01+ 2upm e

dﬁgf) > 0. Thus x(t) € [e,2/v] for all t > ¢, and the attractor contains

r=&

points inside {(z,y,z) € R3 : 2z >,y =0,z > 0}. The proof is complete.

which implies that

4.3.3 Biological interpretations

Theorem 4.5 says that all cancer cells will die out if the assumption 4.26 is satisfied and all
normal cells will die out if the assumption 4.27 is satisfied. The assumption 4.26 is equivalent

to by < K{"*ry, and the assumption 4.27 is equivalent to by < K3"**ry where r; and r5 can be

63



thought of as a portion of the maximal killing rate on the cancer and normal cells, respectively.
More importantly r; and r, depend on the minimum infusion concentration min, I(t).

Theorem 4.6 provides sufficient conditions for a successful treatment, i.e., all cancer cells
are killed but normal cells still remain. The assumption 4.29 is equivalent to by > KJ"** +
2dyk1, which means that the per capital birth rate of normal cells has to be large enough to
cover the maximal killing rate of the chemotherapy agent on the normal cells and twice the
intra-specific competition created by all cancer cells carried by the environment. In the special
case where dy = 0, this reduces to by > K5 only.

Theorem 4.7 provides sufficient condition for a failed treatment, i.e., all normal cells are
killed but cancer cells are remaining. The assumption 4.30 is equivalent to by > K" + 2d; ko,
which means that the per capital birth rate of cancer cells is even larger than the maximal killing
rate of the chemotherapy agent on the cancer cells and twice the intra-specific competition
created by all normal cells carried by the environment. In the special case where d; = 0, this
reduces to b; > K7 only.

It is implied by the theoretical results above that the success or failure of a chemotherapy
treatment is mostly determined by the relations between the per capita growth rate of cells,
the maximum Kkilling rate, 1.e., effectiveness of the chemotherapy agent on cells. The carrying
capacity of cells also affect the results, but according to the strength of intra-specific competi-
tions.

However, it is worth mentioning that after a closer look at the computations in the proof

of Theorem 4.6, the assumption 4.29 can be weakened to

2pnr 209
> ap—t 4 22
b 2(92 + 20 M

which is equivalent to

2 maXg>y, [(t)

by > KmazR2 + 2dyky  with Ry = .
? kRl 9 maxysy, I(t)
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This means that for the normal cells to remain while all cancer cells are cleared, the per capita
growth rate of normal cells does not really need to be much larger than the maximum killing
rate of the agent on the normal cells. In fact, it only needs to be faster than a percentage R, of
the maximum killing rate on the normal cells, which is determined by the relation between the
maximum input concentration of the chemotherapy agent and the half saturation concentration
of the consumption function of normal cells.

Similarly, for the cancer cells to remain while all normal cells die, the per capita growth
rate of cancer cells does not really need to be much larger than the maximum killing rate of
the agent on the cancer cells. In fact, it only needs to be faster than a percentage R?; of the
maximum killing rate on the cancer cells, which is determined by the relation between the
maximum input concentration of the chemotherapy agent and the half saturation concentration
of the consumption function of cancer cells.

These bring in the effect of control on the input concentration (), as well as a major

difference between nonautonomous and autonomous models.

4.3.4 Comparison to the autonomous counterpart

For comparison purpose, we analyze the autonomous counterpart of the system 4.4 — 4.6, in
which p(t) = fi. In particular, we exam the sufficient conditions for a successful treatment and
a failure treatment and compare to the nonautonomous results. For reader’s convenience, we

state the autonomous system below.

dx(t) (t)2(t)

= —a——x Ty + frz(t) (1 — ma(t)) — 6ix(t)y(t), (4.31)
WO~ o020 % By (1) (1 — 2y 1)) — Ba(t)u (1), (4.32)
() 20 y()=(0) A
AT Rt i DT 3
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Note that all computations in Lemma 4.3 still hold for the above system, and hence we can also

focus our attention on the positive invariant set

A 2 2 0.6 ~
A:{<I7y7Z>GRiZ$§—,yS 19271724

2 < <2l @34
T Yo 46171 + O272) + 2016027172 M}

Recall that a major difference between autonomous and nonautonomous systems is that
solutions of autonomous systems depend only on the time elapsed, ¢ — t;, while solutions of
nonautonomous sytems depend on both ¢y and ¢. In general, nonautonomous systems do not
possess constant equilibria as autonomous systems do. But there may exist entire trajectories of
nonautonomous systems which can be regarded as the time-dependent counterpart of equilibria
for autonomous systems. For example, (0,0, /1) is one equilibrium for the autonomous system
4.31 —4.33 that is asymptotically stable under the assumptions 4.26 and 4.27, while (0, 0, z*(t))
is an entire trajectory of the nonautonomous system 4.4 — 4.6 that attracts all other solutions
under the assumptions 4.26 and 4.27.

Our main aim next is to investigate the situation that the nonautonomous system 4.4 — 4.6
approaches a successful treatment with (t), while the autonomous system 4.31 — 4.33 with

= Tito ftf p(t)dt approaches a fail treatment. To that end, consider a “failure” steady state

E;:= (2*,0,2*) with 2%, z* > 0, satisfying

xr*z* xr*z*
+ 1" (1 —y2*) =0, —
191+x* /81 ( ’yl ) 91+Z*

— 2+ a=0. (4.35)

Setting Z(t) = z(t) — x* and Z(t) = z(t) — z*, then Z(¢) and Z(¢) satisfy the ODEs

dz(t F ¥z ~ * ~ *
dEﬁ> = —o TR0 4 6y (3(t) + ) (1 — i (E(t) + 27)), (4.36)
dg t z z* ~ * ~
(t ) = ——y(tég (?(Jtr) ) _ (Z(t) + 2*) + [ 4.37)

Theorem 4.8 The “failure” steady state Ey for system 4.31 — 4.33 is asymptotically stable

provided

2]
)
Oy + 2

Ba < an (4.38)
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12 (nz* 4 2*)? (62*)%(0s + 2,)

0+ 107 > B = fimat + Tows— Bolla s )" (4.39)
where
T A0 +9915§Z)112g919wm' (4.40)
Proof: First, by using 4.32 and the lower bound of z in 4.34 we have
y% = 4 <—oz2§ e + By — Boyay — 523;)
< ¢ <—a2€2j_z + 62) . (4.41)

Then by using 4.35 and 4.36 we have

~dj a1z ~ ~ % ~, ~ Kk * * ~ ~,
P = ——— (4 i0") + fii(1 — mz) + fiFa (1 — mat) — frnati® — diayd
dt 91+Z
12 x| ~2 * ~ 4 z" %~
< — ) 2° — o’ — — 01 yYT. 4.42
= (51 ¥z fimn ) 1 (91—1—2 91+z*) 1Ty ( )

Next, by using 4.35 and 4.37 we have

= *
_dz T Tz 2

Zdt - _(91—|—ZZ 91+ZZ_Z (Z +’u)
= — ’ 2*Z
B 91+Z 01+ = 91—1—2
< _2_ ") s 4.4
< - (W W*)w @)

Now define V (2, %, 2) = 2y* + 13?4+ 122 Then V(%,2) > 0 for all z,%,Z # 0 and
by 4.41 — 4.43, the derivative of V' (z, Z, Z) along solutions of the system 4.31 — 4.36 — 4.37

satisfies

dVv . - - .~
P < (-04292;[ + ﬁz) Y+ (51 - 91+Zl — Bz’ ) I — 72— hatyx

*

* z z x z* e
~onw'd (5 - i) — (a8 — o) 75 (4.44)
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Notice that

—ozx*i( A )_( z T >z*£—— 01 (arx* + 2*) o
! 0, +z 0+ = 0, +z 0+ 2 (020 )T

in which
01(ary* + 2%) < ot + 2*
(01 + Z)(Ql + Z*) - 01 .

Hence there exist p, g > 0 such that

dV Zl p 2 011.1'*+Z*q ~9
< = St 2 B Tt M
w = (g rmrow ) (e M) 5
12 B DT A o D F A A W
+ - — xr + + e
(51 0 + 2 Pn 2p 2q6, )

In particular, pick p and ¢ such that

5:1:*£:a i
! 2 292+Zl

Then it follows directly from assumptions 4.38 and 4.39 that

dv a1z (62*)% (02 + 2)) (arz* + 2%)%\ _,
— < - - "+ + 7% < 0.
dt — (51 0, + z Aim 4(0[221 — 52(92 + Zl)) 49%
The proof is complete.

Following similar computations, we have the following stability result for a “successful”

steady state E; := (0, y*, z*) with y*, 2* > 0.

Theorem 4.9 The “successful” steady state L for system 4.31 — 4.33 is asymptotically stable

provided

Z]
)
0, + 2

5 < o (4.45)

(0y*)*(6h + =)
4arz — Bi(br + 2))

92 (qoy* + 2*)? .
- > By +
0+ 2 102 Ba — Bay2y

(4.46)

where z; is defined as in 4.40.
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The assumption [y < og#izl in Theorem 4.8 basically ensures that all normal cells die out for

the autonomous system 4.31 — 4.33. Recall for the nonautnomous systems 4.4 — 4.6 that the

assumption for all normal cells to die out is 5y < ay 921";m. It is important to note that z,, < z;

as defined in 4.28 and 4.40, respectively. Therefore intuitively when 3, belongs the interval

Zm
g—
02 + Zm

2
)
02 + 2

< B2 < g

the normal cells may survive for the nonautonomous case while dying out for the autonomous

case. However, the sufficient condition for the cancer cells to die out in the nonautonomous

system, 31 < aq g+~ automatically ensures the the assumption £ < O‘lﬁizl for the cancer
cells to die out in the autonomous system. Nevertheless a successful treatment resulted from
the nonautonomous system 4.4 — 4.6 and an axial steady state for the autonomous system 4.31
—4.33 can be easily constructed. Moreover, all assumptions constructed are sufficient but not
necessary conditions, so the scenarios of successful treatment in the nonautonomous case and

failed treatment in the autonomous case cannot be theoretically excluded. In fact, extensive

numerical simulations reveal that such cases do exist.

4.3.5 Numerical simulations

To illustrate the theoretical results above, we pick one set of parameters that satisfy assumptions
4.45 and 4.46 resulting a “failure” treatment in the autonomous system, and assumptions 4.26

and 4.29 resulting a “success” treatment in the nonautonomous system. In particular, we pick

- ;MMa M(t)zﬂ +MM+MM o sin 220 ¢

7
5 5 b keZ,

=

with

=2, py =6, k=2 T =100.

All parameters are chosen to be strictly positive and satisfy the assumptions (A0) and (A1),

shown in the table below.
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Figures 4.1 and 4.2 show the numerical simulations of chemotherapy with the same pa-
rameters shown in the above table, but with time-dependent and constant infusion, respectively.
The two simulations have the same amount of chemotherapy agent infused between the start-
ing time 0 and ending time 100. It is clearly observed that with the time-dependent infusion
the amount of cancer cells approaches zero near time 20, with the amount of normal cells re-
main positive until time 100. On the other hand with the constant infusion the normal cells
approaches zero slightly after time 30, whereas the amount of cancer cells approaches a pos-

itive constant close to 3 as time evolves. These demonstrate our conjecture that with the

Time-dependent infusion

Cancer
Normal
5L Chemo Agents 4

Concentration

0 20 40 60 80 100
Time

Figure 4.1: Chemotherapy with time-dependent infusion p(t) = 4 4 2sin 0.04¢, resulting a
successful treatment where all cancer cells are removed and normal cells remain.

same amount of chemotherapy agent, infused during the same period of time, a treatment with

time-dependent infusion can over perform a treatment with constant infusion.

4.4  Closing remarks

We have developed and studied a nonautonomous mathematical model of chemotherapy cancer
treatment with time-dependent infusion concentration of the chemotherapy agent. We have

discussed properties of solutions and detailed dynamics of the nonautonomous system, and
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conditions under which the treatment is successful or unsuccessful are established. We have
shown both theoretically and numerically that with the same amount of chemotherapy agent
infused during the same period of time, a treatment with variable infusion may over perform a

treatment with constant infusion.
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Constant infusion

Cancer
MNarmal
Chemo Agents.

Concentration
w

0 10 20 30 40 50 60 70 80 90 100
Time

Figure 4.2: Chemotherapy with time-dependent infusion fi = 4, resulting a failed treatment
where all normal cells are removed and cancer cells remain.
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