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In this dissertation we give complete solutions for the intersection problem of latin
squares with holes of size 2 and 3. For a pair of 2n x 2n latin squares with holes of size 2
to have k entries in common outside of the holes k € {0, 1, 2,...., x = 4n? - 4n} \ {x- 1, x
-2,x -3, x-5}. There is , however, an exception for the case of n = 8. For a pair of 3n
x 3n latin squares with holes of size 3 to have k entries in common outside of the holes k

€{0,1,2,.... x =902 -9n} \ {x-1,x-2,x-3,x-5}
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CHAPTER 1

INTRODUCTION

An n x n latin square (or latin square of order n) is an n x n array such that each of
the integers 1, 2, 3,...., n occurs exactly once in each row and column.

Example 1.1 (Two latin squares of order 4)
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Latin squares are like grains of sand on the beach. Marshall Hall Jr. [2] has shown that
there are at least n!-(n-1)!-(n-2)!....2!-1 distinct latin squares of order n; and B. Smetaniuk
[4] has shown that the number of distinct latin squares of order n is strictly increasing with
n. That is, if L(n) denotes the number of distinct n x n latin squares then L(n) < L(n +
1) for all n.

However, the focus of this dissertation is not on the number of latin squares of a given
order but on the number of entries a pair of n X n latin squares can have in common. For
example, the 4 x 4 latin squares in Example 1.1 have 9 entries in common.

In [1] Hung Lin Fu gave a complete solution of the intersection problem for latin squares.

Theorem 1.2 (H. L. Fu) There exists a pair of n x n latin squares having k entries



in common if and only if k € {0, 1, 2,....., n?} \ {n%?- 1, n%-2,1n?-3,n% -5} andn > 5.

There are, however, a few exceptions for n = 1, 2, 3, and 4. [

A quasigroup is a latin square with a headline and a sideline. For example if we add
a headline and a sideline to the latin squares in Example 1.1 we have the following two
quasigroups.

Example 1.3 (Two quasigroups of order 4)

o1 2 3 4 o1 2 3 4
11114 13]|2 1111234
2141321 214|321
312|143 313|142
4 1312|114 41214113

In this dissertation we will flip back and forth between latin squares and quasigroups without
warning, using whatever vernacular facilitates the discussion. Fu went on to solve the
intersection problem for idempotent latin squares. A latin square of order n is idempotent
provided cell (i,i) is occupied by the symbol i for all i € {1, 2, 3,...., n}.

Example 1.4 (Two idempotent latin squares of order 6)

11625 |3][4 11652 4]3
4121516113 51216111314
214131615 6143|512
51361421 31112141615
614|352 213141651
3(5(1]12]4]6 415111326




We can ask the same question for idemptotent latin squares as we asked for latin
squares: How many entries off of the main diagonal can a pair of idempotent latin squares
have in common? For example, the 6 x 6 idempotent latin squares I; and I» in
Example 1.4 have five entries in common off of the main diagonal (cells (1, 2), (3, 2),

(5, 3), (6, 2), and (6, 3)).

Theorem 1.5 (H. L. Fu) There exists a pair of n x n idempotent latin squares having
k entries in common off of the main diagonal if and only if k € {0, 1, 2,....., x = n? - n} \

x-1,x-2,x-3,x-5}and n > 6. There are a few exceptions forn =1, 3,4, and 5. H

The purpose of this dissertation is to generalize Fu’s results to latin squares with holes of
size two and three. The following definition is more easily described in terms of quasigroups.
Let H = {hy, ho, hs,......, hy} be a partition of {1, 2, 3,....... , n}. The subsets h; € H are
called holes. A quasigroup (Q,o0) based on {1, 2, 3,....., n} is said to be a quasigroup with
holes H provided (h;, o) is a subquasigroup of (Q,o) for every h; € H. If |hi| = |ha| = ........ =
|h¢| = h, then (Q,0) is said to be a quasigroup with holes of size h. Let H = {{1,2}, {3,4},
{5,6}}. The quasigroup (Q,o) given below is a quasigroup of order 6 with holes of size 2.

Example 1.6 (Quasigroup of order 6 with holes of size 2)
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The holes are {1, 2}, {3, 4}, and {5, 6}.

Since an idempotent quasigroup can be considered as a quasigroup with holes of size
1, we can consider quasigroups with holes of size h to be a generalization of idempotent
quasigroups. Hence, the intersection problem for quasigroups with holes of size two or three
is a natural generalization of the intersection problem for idempotent quasigroups. We can
now state the intersection problem for quasigroups with holes of size h: Determine the set
of all pairs (n,k) such that there exists a pair of quasigroups of order n with the same holes
of size h having k entries in common outside of the holes.
Example 1.7 (Two quasigroups of order 8 with holes of size 2 intersecting in 11 entries

outside of the holes)

o|1 2 3 4 5 6 7 8 o1 2 3 4 5 6 7 8
1111256 |7|8|3|4 1111256 |7|8|3|4
212116 |7 |8]3|4]5 212116781453
315 (8341|762 3181953142716
418|743 |2|1|5]|6 417181413 |1]2|6]|5
5| 714181251613 5143|7185 ]6|2]1
6143|7865 |2]1 6137|8165 4|2
7131611541278 716141215 |3]1|7]|38
816|512 |1 |3[4|8]|7 815161124387

In this dissertation we give a complete solution of the intersection problem for quasi-
groups with holes of size two as well as a complete solution of the intersection problem for
quasigroups with holes of size three. As mentioned earlier, we will use latin square and
quasigroup vernacular interchangeably. So in Example 1.7 if we erase the headlines and
sidelines we have a pair of latin squares of order 8 with holes of size 2 intersecting in 11

entries outside of the holes.



CHAPTER 2

NECESSARY CONDITIONS

In order to determine the necessary conditions for the complete solution of the intersec-
tion problem for latin squares with holes of size 2 and 3 we will need the following definition.
A trade of order n is a pair of partial latin squares of order n such that:

(1) the same cells are occupied, and

(2) the same symbols occur in each row or column

Example 2.1 (Trade of order 5)

214 412
51412 215]4
215 5| 2

Two (partial) latin squares are said to be disjoint provided they have no entries in common.
A disjoint trade is a trade where the partial latin squares comprising the trade are disjoint.
For example the trade in Example 2.1 is a disjoint trade.

It is important to note that if a pair of latin squares of order n have k entries in

common then the remaining partial latin squares are a disjoint trade.



Example 2.2 (A pair of 5 x 5 latin squares intersecting in 5 cells)

1213415 21415113
2131451 51213141
3141512 1(312|5]4
415|123 4151132
5111213 |4 311(4]12]5
Resulting disjoint trade
1 ({21345 214151113
2131415 5121314
3141512 1({312|5]4
213 312
5 21314 3 41215

Clearly a trade cannot have exactly one cell in a row or column of the trade. It is straight-
forward to see that it is impossible to choose 1, 2, 3, or 5 cells in an n x n grid without
one of the cells being the only cell in a row or column. It follows that a pair of n x n latin
squares cannot intersect in exactly n? - 1, n? - 2, n? - 3, or n? - 5 cells since the cells outside
of the intersection would form a disjoint trade consisting of 1, 2, 3, or 5 cells. We have the
following necessary condition for a pair of n x n latin squares to have k cells in common.

A necessary condition for a pair of n X n latin squares to have k cells in common
isk € {0, 1, 2,...., 02} \ {n?-1,n% -2 n?- 3, n%-5}. This can immediately be extended
to necessary conditions for a pair of latin squares with holes of size 2 or 3 as follows.

Let L and Ly be a pair of 2n x 2n latin squares with holes of size 2 having k

entries in common outside of the holes. If we fill in the holes we have a pair of latin squares



intersecting in k + 4n cells. Since the remaining cells are a disjoint trade we must have k
+4n € {0, 1, 2, 3,....., 4n2} \ {4n? - 1, 4n% - 2, 4n? - 3, 4n? - 5} so that k € {0, 1, 2,....,

x =4n? - 4n} \ {x-1,x-2,x-3, x-5}. A similar argument shows that k € {0, 1, 2,....,
x=9n?-9n} \ {x-1,x-2,x-3, x-5} for latin squares with holes of size 3. We have the
following necessary conditions for the intersection of latin squares with holes of size 2 and

3.

NECESSARY CONDITIONS

(1) A necessary condition for a pair of 2n x 2n latin squares with holes of size 2 to have
k entries in common outside of the holes is k € {0, 1, 2,...., x = 4n? - 4n} \ {x-1,x-2, x
-3,x -5}
(2) A necessary condition for a pair of 3n x 3n latin squares with holes of size 3 to have
k entries in common outside of the holes is k € {0, 1, 2,...., x = 9n? - 9n} \ {x- 1, x- 2,
x-3,x-5}

We will show that these necessary conditions are sufficient with a few

exceptions.



CHAPTER 3

AN EXCEPTION FOR N = &

A necessary condition for a pair of latin squares of order 8 with holes of size 2 to have

k entries in common is k € {0, 1, 2,....... , 48} \ {43, 45, 46, 47}. We will show in this section
that 41 is not possible for n = 8.

In order for a pair of latin squares of order 8 with holes of size 2 to intersect in
41 cells (outside of the holes) the two partial latin squares resulting from removing these
entries must form a disjoint trade consisting of 7 cells outside the holes.

A Dbit of reflection shows that such a trade must contain either 0, 2, or 3 entries in
each row and column and that, apart from being spread out a bit and the rows and columns
permuted, must look like Example 3.1.

Example 3.1 (Disjoint trade on 7 symbols)

X]lalb X|b|a
cl|lb| a alc|b
alc|X cla|X

We will show that such a trade cannot be placed in a pair of 8 x 8 partial latin squares

(with holes of size 2) outside of the holes.



Xlalb X|b]a
Ti=|c|b]| a To=1]a]c|b
alc|X c| a

If such a trade exists we can assume a = 1. Since a = 1 none of the cells of the

trade can lie in rows 1 or 2 or columns 1 or 2.



112X X[ X]|X[X|X 112 [ X XIX[X[X[X
2111 XXX | X[|X|X 2111 X XXX [|X|X
X]1X]13]4 X]1X]13]4
P1:XX43 PQ:XX43
XX 516 XX 516
XX 615 XX 615
XX 718 XX 718
XX 8|7 XX 817

Therefore all the cells of the trade must lie in the empty cells of P; and Ps.
There are a lot of cases to consider. We will look at one case here, the others being

similar. It suffices to show that T; cannot be placed in P;.

121 XX X|X]|X[X
211 XXX X[X|X
X|X]|3]4 c|lbf1l
X|X]413

XX 516

XX 615

XX 718
X | X 817

10



It is immediate that

c#1,3,4,5,6 and

b+£1,3,4,7,8
Therefore, ¢ € {2, 7, 8} and b € {2, 5, 6}. The only possiblility for placing the row
of Ty in Py is

112 [ X XIX[X[X[X
211X XXX |X|X
X|X]|3]4 clb|1l
X|X|413 1]c
XX 516

XX 6|5

XX 718
XX 817

(which forces ¢ = 2). But the placement of in Py forces row of T; to be placed
in cells (5, 7) and (5, 8) or cells (6, 7) and (6, 8). In either case b # 5 or 6 which forces
b = 2 = ¢; which of course is not possible.

There are lots of other cases which are handled similarly. The net result is that
a pair of latin squares of order 8 with holes of size 2 cannot intersect in 41 cells outside of
the holes.
Lemma 3.4 A necessary condition for a pair of 8 x 8 latin squares with holes of size 2 to
have k entries in common outside of the holes in k € {0, 1, 2,......... , 48} \ {41, 43, 45, 46,

A7} |

11



CHAPTER 4
THE INTERSECTION PROBLEM FOR LATIN SQUARES OF ORDER & WITH HOLES OF

SIZE 2

In this chapter a complete solution of the intersection problem for latin squares of order
8 with holes of size 2 is given. With the result of Chapter 3 in hand, the necessary condition
for a pair of latin squares of order 8 with holes of size 2 to have k entries in common is now
k e {0, 1, 2,....... A8} \ {41, 43, 45, 46, 47}. Using a Java program we found latin squares
Bi, Ba, Bs; Ly, Lo,.......... , Laq such that for each k € {0, 1, 2,...... , 48} \ {41, 43, 45, 46,
47} there is a B; and L; such that |B; (] L;j| = k. These intersections are given in tabular
form at the end of this chapter.

The following is a list of the latin squares B1, Ba, Bs; Ly, Lo,.......... , Lyg.

N |0 | =] W] O] Ot

GO N W] ]S

—lw|lo|lolw]owo] |~

N |0 |~ |R, ]I N | W

N |+~ S| | |~ )| W]
(ool ICN I BGURN BN NCRN BN e I G B BTSN

DI RO~ W] |

R I N | ]| W]k ]C]| O

ot |l WS ||~ N

0 |IN|IN|=R]OV]O W

N oo |R, W O] Ot

(=200 ENOVRN B B B BB IS0 N NOR
(G200 N> BEGURE BTSN B B e o B i B )
Wk ||| ND ]~ ]0 |3
SN B SR G O e B BN B BV e o)
WIS N+~ | N |+~

z
w
[\v}
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Ly

Bs

L3

Lo

Ls

Ly

13



L7

L

Lo

Lg

L1

L1o

14



Li3

Lio

Lis

Lig

Li7

Lig

15



Lig

Lisg

Loy

Lo

Log

Lo

16



Los

Loy

Loz

Log

Loag

Log

17



L3

L3o

L33

L3o

L3s

L34

18



L37

L3¢

L3g

L3s

L

Lo

19



Ly3

Lyo

Las

20



k| B;NL; | k| BiNL; | k | BiNL;

0 | By L | 17| BN Lis | 34 | Bo N Lss

1 B4 ﬂ Lo 18 | By ﬂ L19 35 | By ﬂ L36

2 B; ﬂ L3 19 | By ﬂ Log | 36 | By ﬂ Lay

3 | By Ly | 20| By N Lot | 37 | B3 Lss

4 B4 m L5 21 | By ﬂ Loo | 38 | By m L39

5 B, ﬂ Lg 22 | By m Log | 39 | Bo m Lyo

6 | By L7 | 23| By Las | 40 | By N Ly

7 | Bi(VLs | 24 | By [ Los | 41

8 B4 ﬂ Lg 25 | By ﬂ L26 42 | By ﬂ Lyo

9 | By Ly | 26 | By N Lar | 43

10 | By O\ Ly | 27 | By N Los | 44 | Bo () Lus

11 | By ﬂ Lo | 28 | By ﬂ L29 45

12 | By (\Lis | 29 | By () Lo | 46

13 | By (VL1 | 30 | By () Lay | 47

14 | By Ly | 31 | By Laz | 48 | By (| Lu

15 | By m Lig | 32 | Bo ﬂ Lss

16 B1 m L17 33 B1 m L34

Lemma 4.1 The spectrum for 8 x 8 latin squares with holes of size 2 having k entries in

common outside of the holes is {0, 1, 2,......, 48} \ {41, 43, 45, 46, 47}. |

21



CHAPTER 5
THE INTERSECTION PROBLEM FOR LATIN SQUARES OF ORDER 10 wiTH HOLES OF

SIZE 2

In this chapter a complete solution of the intersection problem for latin squares of order
10 with holes of size 2 is given. As stated, the necessary condition for a pair of latin squares
of order 10 with holes of size 2 to have k entries in common is k € {0, 1, 2,....... ,80} \ {75,
77,78, 79}. Using a Java program and manual techniques we found latin squares By, Bo;
Ly, Loy, , L7g, L7z such that for each k € {0, 1, 2,......, 80} \ {75, 77, 78, 79} there is

a B; and L; such that |B; () L;j| = k. These are given in tabular form at the end of this

chapter.
The following is a list of the latin squares B1, Ba, Bs; Ly, Lo,.......... , L7g, Ly:
1121563491078
2111654 13([10]/9]8]7
7181314110191 [5]6]2
911014 3| 785|621
8191 7|10(5|6]2]1]4]3
1017191865312 |1]4
31411019 (2|1]7]|8]|5]|6
41612191087 ]|3]5
51312118 7(6[4]9]10
6158 7(1[2]4]3]10]9
B,

22
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k| BiNL; | k| BNOL | k| BNL; | kx| BNL; | k| B;NL;
0| By Ly | 17| By Lis | 34 | By Lss | 51 | Bo ) Lsz | 68 | Ba N Leo
1| Bi(\Ly | 18| BaN\ L | 35| Ba N\ Lss | 52 | Ba (Y Lss | 69 | Ba () Lo
2 | By Ls | 19| By (N Lao | 36 | By (N Lar | 53 | By (N Lss | 70 | By ) Loy
3 | By Ly |20 | By (Lot | 37 | By Lss | 54 | Bo N\ Lss | 71 | By () Lz
4 | By Ls |21 | By Loz | 38 | By Lso | 55| Bo(\ Lsg | 72 | B2 () Lrs
5| BiNLe | 22| By Las | 39 | By Lao | 56 | Bo N\ Ls7 | 73 | By () Lna
6 | By Ly | 23| BN\ Lo |40 | By(\ Ly |57 | Bo N\ Lss | 74 | By () Lzs
7 | BiNLs | 24 | BoN\Los | 41 | By Laz | 58 | By (\ Lso | 75

8 | Bt Lo | 25| Ba (Lo | 42 | By Las | 59 | Bo N Leo | 76 | B2 () Lre
9 | By Liw | 26 | By (N Loz | 43 | By (N Las | 60 | By (\ Ley | 77

10 | By (L1t | 27 | Bo N Los | 44 | B\ Lus | 61 | By () Lez | 78

11 | By L1z | 28 | Bo N\ Lag | 45 | Bo (\ Lug | 62 | B () Les | 79

12 | By Lis | 29 | Bo N\ Lso | 46 | Bo (Y Laz | 63 | By (Y Les | 80 | By () Lrr
13 | By N\ L | 30 | Bo N\ Lsy | 47 | B () Lus | 64 | By () Les

14 | By Lis | 31 | Bo N\ Laz | 48 | Bo N\ Lag | 65 | By () Les

15 | By Lig | 32 | Bo N\ Lss | 49 | Bo () Lso | 66 | By () Ler

16 | By L7 | 33 | Bo(\ Laa | 50 | Bo (Y Ls1 | 67 | By () Les

Lemma 5.1 The spectrum for 10 x 10 latin squares with holes of size 2 having k entries

in common outside of the holes is {0, 1, 2,

...... , 80} \ {75, 77, 78, 79}.
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CHAPTER 6
THE COMPLETE SOLUTION OF THE INTERSECTION PROBLEM FOR LATIN SQUARES

WITH HOLES OF SIZE 2

To begin with there is nothing to prove for n = 2 and 4. For n = 6 it is immediate
that the possible intersection numbers are {0, 4, 8, 12, 16, 20, 24}.
Now let Ay, By, C1, and Dy be any idempotent latin squares of order n > 6 and

let T be the latin square

Let T; be the latin square defined by the generalized direct product

A1 X {1} B1 X {2}

Cl X {2} D1 X {1}

Then T is a latin square of order 2n with holes H = {hy, ho,......; h,}, h; = {(i, 1), (i, 2)},

of size 2.
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Example 6.1 (Generalized direct product of order 12)

B, =

D; =

Ay

Cq
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Then

1,1(6,1]2,1(5,1]3,1(4,1]1,2]6,2|5,2(2,2(4,2(3,2
4,12,115,1]6,1[1,1]3,1]5,2|2,2]6,2(1,2|3,2[4,2
2,1(4,1|3,1|1,1|6,1|5,1|6,2(4,2|3,2]5,2]1,2]2,2
51(3,106,14,1[2,1]1,1]3,2|1,2[2,2]4,2]6,2|5,2
6,11,1/4,1(3,1]5,1]2,1|2,2|3,2[4,2]6,2|5,2| 1,2
3,115,1|1,1]2,1[4,1{6,1]4,2|5,2[1,2]|3,2]2,2]6,2
1.2[5,2]6,2[2,2]3,2[4,2]1,1]5.1]2,1]6,13,1]4,1
6,212,2[5,2]1,2(4,2(3.2|5,1]2,1]6,1|1,1|4,1|3,1
52(4,213,216,2(2,2(1,2]6,1|4,1|3,1|2,1]1,1]5,1
3,211,2(2,2]4,.2]6,2]5.2|3,1|1,1[5,1]4,1]6,1|2,1
4,216,2(1,2]3,2|5.2[2,22,1|6,1]4,1[3,1]5,1]1,1
2,2(3,2/4,2]5,2[1,2]6,2]4,1]3,1[1,1]5,1|2,1]6,1

Ty

Note the cells of size 2 are {(i, 1), (i, 2)},i =1, 2, 3, 4, 5, 6.
Now let Ay, As, By, By, Cq, Co, D1, and Dy be idempotent latin squares of order

n > 6 and let

A1 X {1} B1 X {2}

Cl X {2} D1 X {1}
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AQ X {1}

B2 X {2}

To

Cg X {2}

D2 X {1}

be the generalized direct products of order 2n constructed from the above latin squares and

T. Then T; and T9 are latin squares of order 2n with holes H = {hy, ho,...., h,},

h; = {(i, 1), (i, 2)}, of size 2.

To keep from endlessly saying ”outside of the holes” (and this includes holes of size

1; i.e., idempotent latin squares) it is understood that ”intersection” means ”intersection

outside of the holes.”

If |A1 ﬂ AQ‘ =X, |B1 ﬂ B2| =Yy, ‘Cl ﬂ CQ’ = z, and ’D1 ﬂ Dg’ = w, then ’Tl ﬂ Tg’

=xXx+y+z+ w.
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Example 6.2 (Two 12 x 12 latin squares intersecting in 40 cells)

By =

Do

A,

Cy
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Then

L1]e,1]2,1]5,1]3,1]4,1]1.2[4,2]2,2]5.2]6,2]3,2

4,112,1]5,1(6,1]1,1]3,1]6,2|2,25.2[1,2]3,2]4,2
5104,1(3,1[1,1]6,1]2,1]4,2[1,2]3,26.,2[2,2]5.2
3,1(1,1(6,1]4,1|2,1|5,1]5,2[3,2]6,2]4,2|1,2]2,2
6,1(3,114,1|2,15,1]1,1]2,2]6,2]4,2]3,2]5,2]1,2
2,1(5,1(1,13,1[4,1{6,1]3.,2[5,2]1,2|2,2[4,2|6,2
1.2]5.2]2,2]3.2]6,2]4,2]1.1[5,1]2,1]3,1]6,1[4,1
5.2[2,216.2|14,2(1,2(3.2]5.1|2,1]6,1|1,1[4,1]3,1
6,2[4,2[3.2]2.2[1,2]5.2]6,1[4,1]3,1|2,1[1,1]5,1
2,216,2(5,2]4,213,2|1,2]2,1[6,1]5,1]4,1|3,1|1,1
4,213.2[1,2]6,2|5,2[2,213,1|1,1]4,1[6,1]5,1]2,1
3.2(1,214,25.2[2,2]6,2]4,1[3,1]1,1]5,1[2,16,1

Ty

If Ay, By, Cyq, and Dy, are as in Example 6.1: [A; () Ag| = 8, |B1 () Ba| = 13,

|C1 ) C2| = 10, and |Dy () D2| = 9; so that |T; () T2| = 8 + 13 + 10 + 9 = 40.

Lemma 6.3 If 2n > 12, there exists a pair of 2n x 2n latin squares with holes of
size 2 intersecting in k entries if and only if k € {0, 1, 2,....., x = 4n? - 4n} \ {x -1, x - 2,

X -3, x- 5} [ ]
Proof. Ifk € {0,1,2,....,x=4n%-4n} \ {x-1,x-2, x-3, x-5}, we can always

write k = x + v + z + w, where each of x, y, z, and w belongs to {0, 1, 2,......, x = n? - n}

\{x-1,x-2,x-3,x-5} [
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Theorem 6.4 The spectrum for pairs of latin squares with holes of size 2 inter-
secting in k entries is:

(i) (6, k), k € {0, 4, 8, 12, 16, 20, 24},

(ii) (8, k), k € {0, 1, 2,......, 48} \ {41, 43, 45, 46, 47}, and

(iii) (2n, k), 2n > 10 and k € {0, 1, 2,....... ,x=4n?-4n} \ {x-1,x-2,x-3,x-5}.
|

Proof. The comments at the beginning of this chapter plus Lemmas 4.1, 5.1, and 6.3.
|
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CHAPTER 7
THE INTERSECTION PROBLEM FOR LATIN SQUARES OF ORDER 12 wWITH HOLES OF

S1ZE 3

In this chapter a complete solution of the intersection problem for latin squares of order
12 with holes of size 3 in given. The necessary condition for a pair of latin squares of order
12 with holes of size 3 to have k entries in common is k € {0, 1, 2,....... ,108} \ {103, 105,
106, 107}. Using a Java program and manual techniques we found latin squares Bj, Ba,
Bs; Ly, Lo,.......... , Lzg, L7z such that for each k € {0, 1, 2,......, 108} \ {103, 105, 106, 107}
there is a B; and L; such that |B; () L;j| = k. These are given in tabular form at the end

of this chapter.

The following is a list of the latin squares B1, Ba, Bs; Ly, Lo,.......... , Lio4, L1os:
1132|789 ]|10|11])1214]5]6
3218|7104 |12|11]15]61]9
2111319 110)111]12|4|5|6|7]|S8
7112|1114 16 |5 1]10]3|8([9]2
12111865 [4|3]|2|1019]1]7
109 (125 (46|11 12| 7]8]3
516 |10)11111211 17198324
11106 (12213198 7]1]4]5
65410111218 7]19]2]3]1
918|713 [2]5(6]4(10]12]11
814193 |1 |7]2(5]6/(12]1110
41715121986 (3]1(11]10(12

B
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k| BNL; | k| BNL, | x| BNL; | k| BAOL | kK | BiOL;

0| BaO\Li |21 By (Lo |42 | By Las | 63| Bo\Les | 84 | Bo () Lss
1| Bi(\Ly | 22| BaN\Los | 43 | Bo\Laa | 64 | B Lgs | 85 | Bz () Lsg
2 | By Ls |23 | BoN\Lasa | 44 | Bo(\ Lus | 65 | Bo (\ Les | 86 | Bz () Lsr
3 | By Ly |24 | By Las | 45 | By (N Lag | 66 | By () Ler | 87 | By () Lss
4 | By Ls |25 | By Lo | 46 | By (N Lar | 67 | Ba N\ Les | 88 | Bz () Lso
5| By Le | 26 | By (Y Lar | 47 | Bo (N Las | 68 | By () Leo | 89 | By (N Loo
6 | By Ly | 27 | By Las | 48 | By (N Lag | 69 | By N\ Lo | 90 | By Loy
7 | By Ls | 28 | Bo(\Lao | 49 | By Lso | 70 | By (N L1 | 91 | By () Log
8 | BtNLo |29 | BaLso | 50 | By (\Lst | 71 | By (N Lr2 | 92 | By () Los
9 | By Liw | 30 | By(\Lat | 51 [ Bo (N Lsz | 72 | By Lrs | 93 | By () Los
10 | B\ Ly | 31 | Bo\Lsz | 52 | Bo(\Lss | 73 | Bo (N Lzs | 94 | By () Los
11 | By Lz |32 | Ba\Lss | 53 | Ba(\Lsa | 74 | By Lzs | 95 | By () Log
12| By L | 33| Bo\Lsa | 54 | Bs(\Lss | 75 | Bo (N Lzs | 96 | By () Lor
13 | By L | 34| BaN\Lss | 55 | Bo N\ Lsg | 76 | Bo (N L7z | 97 | By () Los
14 | By L | 35 | B\ Lss | 56 | B (\Ls7 | 77 | Bo (N Lzs | 98 | By () Log
15| By L | 36 | Ba N\ Lsr | 57 | Ba (N Lss | 78 | Ba N Lzo | 99 | B2 N Ligo
16 | Bo (L7 | 37 | B\ Las | 58 | Bo (N Lso | 79 | Bo () Lso | 100 | By () Loy
17 | Bo N\ Lis | 38 | Bo (Lo | 59 | Bo (N Leo | 80 | By () Lsy | 101 | By ) Loz
18 | B\ Lo | 39 | Bo\ Lao | 60 | By (N Le1 | 81 | By () Lsz | 102 | Ba N Luos
19 | By Lao | 40 | B (Y Las | 61 | By (N Lz | 82 | By () Lss | 104 | Ba N Lioa
20 | By VLot | 41 | By (\Laz | 62 | By (N Les | 83 | By () Lss | 108 | Ba ) Lios
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Lemma 7.1 The spectrum for 12 x 12 latin squares with holes of size 3 having k entries

in common outside of the holes is {0, 1, 2,......, 108} \ {103, 105, 106, 107}. |
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CHAPTER 8
THE INTERSECTION PROBLEM FOR LATIN SQUARES OF ORDER 15 WITH HOLES OF

S1ZE 3

In this chapter a complete solution of the intersection problem for latin squares of order
15 with holes of size 3 is given. The necessary condition for a pair of latin squares of order
12 with holes of size 3 to have k entries in common is k € {0, 1, 2,....... ,180} \ {175, 177,
178, 179}. In [1], Hung Lin Fu constructed a pair of 7 x 7 latin squares A and B as shown
below having k entries in common outside of the filled in cells for all k € {0, 2, 4,....., 22,

24, 25, 26, 28, 29, 32}.

11312 11312
31211 31211
21113 211713
A= 4 B= 4
) 5
6 6
7 7

In what follows if L is a latin square of the form A or B we will denote by L x {i} the latin
square obtained from L by replacing each of the symbols 4, 5, 6, and 7 with the ordered
pairs (4, i), (5, 1), (6, 1), and (7, i). Further, let A(i, j) be any 4 x 4 idempotent latin square
based on 4, 5, 6, and 7 and denote by A(i, j) x {i} the latin square obtained from A(i, j)

by replacing each of the symbols 4, 5, 6, and 7 with the ordered pairs (4, i), (5, i), (6, i),
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and (7,1). Let Ly, Lo, and L3 be any three 7 x 7 latin squares as defined above and denote

by F the 15 x 15 latin square defined as follows:

1[3]2
3121
21113
4 4 4
5 5 5
6 6 6
Lix{1} | 7 [A(12)x{3}| 7 [A(1,3)x{2}| 7
F = 4 4 4
5 5 5
6 6 6
A(2,1)x{3}| 7| Lox{2} | 7 |A(2,3)x{1}| 7
4 4 4
5 5 5
6 6 6
AB)x{2}| 7 [AB2)x{1}| T | Lgx{3} |7

where A(1,2), A(1,3), A(2,1), A(2,3), A(3,1), and A(3,2) are any 4 x 4 idempotent latin
squares based on 4, 5, 6, and 7. Then F is a 15 x 15 latin square with holes of size 3:
11,2, 8} {(41), (42), 43)}, {5.1), (5:2), 3} {(6.1), (6.2), (6.3)}, {(T.1), (7.2), (T3)}.
If F1 and Fo are any two such 15 x 15 latin squares as defined above we have
the following freedom: |Ly (| L'y = x1, |Le () L'2] = %o, |Ls () L's| = x3, [(A(1,2)x
{31) N (A(L2)x{3D] = xa, [(ALI)x {2}) N A L3)x{21)] = x5, [(AR1)x {3}) N
(A'(2,1)x{31)] = X6, [(A(2:3)x {1}) () (A'(2:3)x {11)] = x7, [(A(3,1)x {2) () (A"(3,1)x{2))]
= xs, [(A(3,2)x {1}) N (A'(3,2)x{1})| = x9 where x1, x2, and x3 € {0, 2, 4,......

25, 26, 28, 29, 32} and xy,...., xg € {0, 12}.
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Example 8.1 (15 x 15 latin squares F; and Fg with holes of size 3, |F1 [ F2| = 68)

Ly

Ly =

Ly =
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A(1,3) =

A(2,1) =

A(2,3) =

A(12) =

A1,3) =

A(2,1) =

A(2,3) =
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A(3,2)

G| | O | =

[=200 BN BEGA RN BN |

= O | 3| ot

N || =] D

[SATN BN B RN @ I TSN

Y=~ | O |

= O [ 3| ot

S|l e |lo

A(3,1) =

U | O | =

(=200 BN BN BN |

= O | 3| Ot

N | OB~ D

A(32) =

S| O | &>

L N I 2 B @)

(20 BT B e

N [+ O | Ot

7.1

4,1

5,1

6,1

6,2

7,2

4,2

5,2

7,3

6,3

4,3

5,3

6,1

7.1

4,1

5,1

7.2

6,2

5,2

4,2

6,3

7,3

5,3

4,3

5,1

6,1

7.1

4,1

5,2

4,2

7,2

6,2

5,3

4,3

7,3

6,3

5,1

6,1

7.1

4,1

1,1

3,1

2,1

4,3

6,3

7,3

5,3

4,2

6,2

7.2

5,2

6,1

7.1

4,1

2,1

5,1

1,1

3,1

7.3

5,3

4,3

6,3

7,2

5,2

5,2

6,2

7.1

4,1

95,1

3,1

2,1

6,1

1,1

5,3

7.3

6,3

4,3

5,2

7.2

6,2

4,2

4,1

5,1

6,1

1,1

3,1

2,1

7,1

6,3

4,3

5,3

7.3
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4,2

5,2

7,2

5,2

7,2

6,2

4,3

7,1

5,1

6,1

4,2

3,3

1,3

2,3

4,1
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7,2

5,2

4,2

6,2

7,2
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5,3
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4,1

2,3

5,2

3,3

1,3

7,2

5,1

4,2

6,2

7.2

5,2

4,2

7.1

4,1

6,3

5,1

1,3

2,3

6,2

3,3

5,2

7.2

6,1

4,2

6,2

4,2

5,2

5,1

6,1

4,1

7.3

3,3

1,3

2,3

7.2

6,2

4,2

5,2

7.1

5,3

6,3

7.3

4,2

7.2

5,2

6,2

4,1

7.1

95,1

6,1
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1,3

2,3
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4,3

7.3

6,3

6,2

5,2

7.2

4,2

6,1

5,1

7.1
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4,3

5,3

5,2

6,2

4,2

7,2

95,1

6,1

4,1

7,1

3,3

2,3

1,3

7.3
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51|7,116,1)4,1(3,1|1,1]|2,1]4,3[7.3(5.3]6,34,2]6,2(7.2|5.,2
4,116,1|7,12,1(5,1(3,1|1,1]6,3|5.3[7.3[4.3]7,2|5,2|5.,2|6,2
7.15,1(4,1|1,1(2,1]6,1|3,117.3[4.3(6,3]|5,3]5.,2(7.2[6.2|4,2
6,114,1(5,1|3,1(1,1]|2,1|7,1]5,3[6.3(4,3]|7,3]6,2]4,2(5.2|7.2
5216,27.2]4,3(7.1|5,1]6,1]4,2(1,3(2,3]3,3]4,1(7.2[5.2|6,2
4,2|7,216,216,1(5,3(7.1|4,1]2,3|5.2[3.3[1.3]6,2|5,1|7.,2|4,2
7,215,24,2|7.1|4,1|6,3]|5,1]1,3[3,3(6,2]|2,3]7.2]4,2(6.1|5.,2
6,2|14,2(5,2|5,1(6,1|4,1|7,313.3]2,3[1,3|7,2]5,2]6,2|4,2[7.1
5,3(6,3(7,3]4.2[7,2|5.2]6,2]4,1]6,1|7,1]5,1|4,3]|1,3[3,3]2,3

Fo

6,37.3(4,316,2(5,2|7,2]4,2]7,1]5,1|4,1]6,1]2,3]|5,3[1,3]3,3

7,314,3(5,3]7,2[4,2(6,25,2|5,1|7.1|6,1[4,1]3,3|2,3]6,3]1,3

4,315,316,3]5,2[6,2|14,2|7.2]6,1]4,1|5,1|7,1|1,3]|3,3[2,3]| 7,3

This construction produces latin squares F; and Fo with holes {1, 2, 3}, {(4,1),(4,2),(4,3)},
{(5,1),(5,2),(5,3)}, {(6,1),(6,2),(6,3)}, and {(7,1),(7,2),(7,3)} such that |[F; (| Fo| = k for
all k €{0, 2, 4,......... , 168}

The missing intersection numbers are {1, 3, 169, 170, 171, 172, 173, 174, 176, 180}.
Using a Java program and manual techniques we found latin squares By, Bo; Ly, Lo,.......... ,
Loy, Lig such that for each k € {1, 3, 169, 170, 171, 172, 173, 174, 176, 180} there is a B;
and L; such that |B; () L;j| = k. These are given in tabular form.

The following is a list of the latin squares By, Bo; Ly, Lo,.......... , L1o:
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NNlo|lo|Z|S|a|w|—|om| |-l |T |2
A1V | w|S|w|lolo|la|~|~]oo|<=|Y|I|R
Sloe|f]lo|Z|lo|~]|m|ca|w| (=[R2 F
LI3 I |ov|o|~|laloe|=x |28 =]w0]|w
bl ICT BCTN BN B (I SSR -CB B IRV BRI Bl IS IEV-S I ')
CTN T BECH B IS R R IRV VSR RS IO B I3 I S N
o| 2[R |TF[B|lo|~|lao|~|w|la|S|a|d
w| | DT[] -|]o|R|a|~]|x|G
| w|lo| R [B| -]l |[T DS~
o | S~ |F|lo || [B|n]| —|o|x ||
o |~ [Slo|lw|[x|RT[D|8 |l |»
~|loflo|dt|lolwv|@ |2 (ST~
N|= || D DT RS [Z ||| ]|~
n|laf=]o| =[2G |2 (B |[J o[l |o| =
I BN R RN =T i B s BN BT CCT IEV-RN RS/ ()

B
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NNlo|lo|Z|S|a|w|ow|~|~]lo|<=|I |28
il ROV [RV-R BN N - V=N ISV (NI BC'o IRV B S R B faC
Sloe|(f]lo|Z|lo|~|a|ow|F|~|w|[R|R]F
LI3 I |ov|o|—~laloe| =D S]]~
bl ICT BCTN BN B (I SSR -AB B IRV Bl Bl IS IR =R %)
CTN T BECH B IS R R IRV VSR RS IO B I S I ')
=30 I BRI RN B QTN "SR I SR BN B IR R IO IS Y
w s | D[R oo =[RS |~
| w|lo| R [B|~]|lo|lo|J|—|n|a|Z2|S
o |S( || t|lo ||| |[B[T]|ow |~
[ =S |lo|lw|=+ R |8|~lo|a]|xw|DT
~lo|lo|t|lolwv ||| T ] —~|x|om
N || IR(S( 2o w]|w]|o]| =]
n|laf=]o| =[2G |2 (J|eo|L|la|w| =D
I BN R N =T i B BCH IEV-T B T B BN oY

Bo
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o |Vl |la|Z[S]|—]|w|o||~|lo|T |28
w|Z |V |S | w|ca|o|~|~]oo|<=|Y|I|R
ANlSfo]lo|laoB|on]|~|a|w| (=[R2 F
S|l =l |lalo| S| ~]w0]|w
CTN T BRI B S NI BV (YR AN SR ROV Bl NS IS I ')
LI3 I | ov| = |a|fo[x|w|S D T]o|~]|o
+|lo |3 |B3 BT~ ]|~
Tl | |F[B]|lo|lolo|n|a|[B]~]o|Z
ol |w|B|IB[D|ao| ||~ |T|]|T]Z]|»
oSl |lowv|8 TS8R —[o|on|a|D
Sl |t|lo|B]| 2 [(J|lo|on|[—~=[8 |2«
o|l~|lo|lo|lwv x|SR ]|om|—~
n|la[= ]S [B] T[S |ow|lo|la|w]| |~
B 2 IR o T I S Bl I CCTN B I (V-3 BRI IOV [V
N | =[] G|~ | R[] |L[T|o]| ]|

Ly
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ol |G| |a|lZ[~|d|w|~]lo|<=|T |2
Alw[D]on oS |la|—|lo|o||(=|R]|F|R
o | V[T |||~ =[R2 F
NI |8 | o= TD]w]| =]
G IOCT B BRI I S (- RV IRV BN Bl IR B B 'R I%-3 BN
bl ICT BCT BN oS BV (YN Y- SR ROV Bl NS IR =R
Tl |loe| IR [Q|-]|lolo|lw]|n|[=[D]|2|«
< | Dl |R|Yd[FT|o|~-|lo|R]|ca|lo|Z|—~]|xm
wlo[x || [B|lo|lo|~|n|T|la|l—~ |2
Sl~|lo|dt|lo|lwv|B]|R [T |~ |Td|a|d
~| S| ol |t|[o|FD (B =[R2
w|lo(rc|lo|lw|s ||| |L[B|x]|om|—~
ol B N RC B I I Bl N B-T BN 'R I S V- B
N[ || Do | R[S |ao|w|[T]|=|8|©
n|laf=]oo|S[~]8 T2 |8 B[] |w

Lo
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LI3 I |ov|o|~|laloe|=x |28 =]w0]|w
bl ICT BCTN BN B (I SSR -CB B IRV BRI Bl IS IEV-S I ')
CTN T BECH B IS R R IRV VSR RS IO B I3 I S N
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w| | DT[] -|]o|R|a|~]|x|G
| w|lo| R [B| -]l |[T DS~
o | S~ |F|lo || [B|n]| —|o|x ||
o |~ [Slo|lwv|[x|R)T[B|lo|lal—=]|D |2 »
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CTN T BECH B IS R R IRV VSR RS IO B I3 I S N
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w| | DT[] -|]o|R|a|~]|x|G
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o|C (|||l |FH L[V~ ||
o |~ [Slo|lw|[x|RT[D|8 |l |»
~|loflo|dt|lolwv|@ |2 (ST [B|n]|a|—~
N|= || D DT RS [Z ||| ]|~
n|laf=]o| =[2G |2 (B |[J o[l |o| =
I BN R RN =T i B s BN BT CCT IEV-RN RS/ ()

Ls

139



NNlo|lo|Z|S|a|w|—|om| |-l |T |2
A1V | w|S|w|lolo|la|~|~]oo|<=|Y|I|R
Sloe|f]lo|Z|lo|~]|m|ca|w| (=[R2 F
LI3 I |ov|o|~|laloe|=x |28 =]w0]|w
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Lemma 8.1 The spectrum for 15 x 15 latin squares with holes of size 3 having k entries

in common outside of the holes is {0, 1, 2,......, 180} \ {175, 177, 178, 179}. |
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CHAPTER 9
THE COMPLETE SOLUTION OF THE INTERSECTION PROBLEM FOR LATIN SQUARES

WITH HOLES OF SIZE 3

To begin with there is nothing to prove for n = 3 and 6. For n = 9 it is immediate

that the intersection numbers are all 3k where k € {0, 1, 2,....... , 17, 18}.

Now let A, By, Cy, Dy, E1, F1, G1, Hy, I; be any idempotent latin squares of

order n > 6 and let T be the latin square

11312
T=|3[2]|1
21113

Let T; be the latin square defined by the generalized direct product

A1 X {1} B1 X {3} Cl X {2}

T1 = D1 X {3} E1 X {2} F1 X {1}
G1 X {2} H1 X {1} Il X {3}
Then T is a latin square of order 3n with holes H = {hj, ho,......, h,}, h; = {(i,1), (i,2),

(1,3)}, of size 3.
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Example 9.1 (Generalized direct Product of order 18)

B =

D =

F, =

A=

C =

E, =

147



H;y

Gy

I
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Then

1,1]6,1(2,1]5,1]3,1]4,1]1,316,3|5,3|2,3]4,3(3,3]1.2|5.2|6,2|2,2|3.,2|4,2

4,1]2,115,1]6,1(1,13,1]5,3]2,3]6.3[1.3|3.3|4,3]6,2]2.2]5.2[1,2|4,2|3,2

2,114,1{3,111,1(6,1|5,1]6,3]4,3|3.315.3|1.3]|2,3]5.,2|4,2|3.2|6,2]|2,2|1,2

5103,116,1|4,1(2,1|1,1]3,3]1,3[2,3]4.36,3]5,3]3.2|1,2[2.2|4,2]6,2|5,2

6,1|1,14,1(3,1]5,1[2,1]2,3|3.3]4.3[6.3]5.3[1,3]4,2]6,2[1,2(3,2]5,2]2,2

3,1|5,1|1,1(2,1(4,1]6,1]4,3|5,3]|1,3[3,3|2,3]6,3]2.,2|3,2[4.2|5,2| 1,2]6,2

1,3(5.3(2,316,313,3]4.311.2]6,2|5,2|2,2|3.2]4,2|1.16,1]5,1]2,1{3,1[4,1

5312,316,3[1,3(4,3]3,3]5,2]2.216.2[3,2|1,2|4,2]5.1|2,1|6,1|3,1]|4,1|1,1

6,314,313,312,3(1,3]5,3]4,2|5.2|3.2|1,2|6,2|2,24.,1[5,1]3,1|1,1]6,1|2,1

T
3.3[1.3]5,3]4.3[6.3]2.316.2[3.2[1.2]42]2.2[5.26.1[3,1]2.1]41[1.1]5.1

2,316,314,313,3]5,3|1,3]2.2[1,2]4,2]6,2]5,2|3,2| 2.1 [4,1|1,1]6,1]5,1]3,1
4,313,3(1,3]5,3(2,316,313.2[4,2]2.2(5,2|1,2|6,2]3,1|1,1|4,1]5,1[2,1]6,1
1,2(3,216,2(5,2|4,2[2,2]1,1]5,1|2,1]6,13,1]4,1]1,3]6,3[5,3|2,3[3,34,3
3,212.2[4,2]1,2]6,2|5,2)4,1]2,1]6,1|5,1|1,1[3,1]5,3|2,3]6,3|3,3(4,3]1,3
52(1,213,216,2(2,2|14,2|5,1|4,1|3,1|2,1]6,1[1,1]4,3[5,3]3,3]|1,3|6,3|2,3
2,216,2(5,2[4,2]1,2|3.2]6,1|3,1|1,1|4,1]|2,1|5,1]6,3[3,3|1,3]4,3[2,3]5.3
6,214,2(2,2(3,2]5,2|1,2|3,1]6,1]4,1|1,1]5,1|2,1]2,3[1,3|4,3|6,3]5,3]3.3
4,215.2(1,2|2,2[3,216,22,1|1,1|5,1(3,1]|4,1|6,1]3,3(4,3|2,3|5,3|1,3]6,3

Note that the cells of size 3 are {(i,1), (i,2), (i,3)},1i=1, 2, 3, 4, 5, 6.
Now let Ay, Ag, By, Bo, Cy, Co, Dy, Do, Eq, Eg, Fy, Fo, G1, Go, Hy, Hp, Iy, and

Io be idempotent latin squares of order n > 6 and let
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Ay x {1} | By x {3} | €1 x {2}
Ty = | Dy x {3} | By x {2} | Fy x {1}
Gy x {2} | Hy x {1} | I x {3}
Ay x {1} | By x {3} | Cy x {2}
Ty= | Dy x {3} | By x {2} | Fy x {1}
Gy x {2} | Hy x {1} | I x {3}

be the generalized direct products of order 3n constructed from the above latin squares and

T. Then T; and Ty are latin squares of order 3n with holes H = {hy, hs,...., h, }, h; = {(i,1),

(1,2), (i,3)}, of size 3.

If |A; ) Az| = x1, [B1 ) B2| = x2, [C1 () Ca| = x3, D1 () D2| = x4, [E1 [ E2| =

x5, [F1 () F2| = x6, |G1 [ G2| = x7, |[H;y (] Ho| = xg, and |I; ) I2| = xg, then [Ty (] Ty

=X1 + X9 + X3 + X4 + X5 + Xg + X7 + Xg + Xg.
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Example 9.2 (Two 18 x 18 latin squares intersecting in 69 cells)

By =

Dy =

Fy =

Ay =

Cy =

Ey =
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Hy

Go

I
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Then

Ts

1,1

6,1

5,1

2,1

3,1

4,1

1,3

4,3

2,3

6,3

3,3

5,3

1,2

6,2

2,2

5,2

3,2

4,2

5,1

2,1

1,1

6,1

4,1

3,1

5,3

2,3

4,3

3,3

6,3

1,3

4,2

2,2

5,2

1,2

6,2

3,2

2,1

4,1

3,1

5,1

6,1

1,1

6,3

5,3

3,3

1,3

4,3

2.3

5,2

4,2

3,2

6,2

1,2

2,2

3,1

1,1

6,1

4,1

2,1

5,1

2.3

6,3

5,3

43

1,3

3,3

3,2

1,2

6,2

4,2

2,2

5,2

6,1

3,1

4,1

1,1

5,1

2,1

3,3

1,3

6,3

2.3

5,3

43

6,2

3,2

4,2

2,2

5,2

1,2

4,1

5,1

2,1

3,1

1,1

6,1

43

3,3

1,3

5,3

2.3

6,3

2,2

5,2

1,2

3,2

4,2

6,2

1,3

43

2,3

5,3

6,3

3,3

1,2

4,2

2,2

6,2

3,2

5,2

1,1

5,1

2,1

3,1

6,1

4,1

6,3

2,3

5,3

1,3

3,3

43

4,2

2,2

5,2

1,2

6,2

3,2

5,1

2,1

6,1

1,1

4,1

3,1

43

1,3

3,3

6,3

2,3

5,3

6,2

1,2

3,2

5,2

2,2

4,2

6,1

4,1

3,1

2,1

1,1

5,1

5,3

3,3

6,3

43

1,3

2,3

5,2

3,2

6,2

4,2

1,2

2,2

2,1

6,1

5,1

4,1

3,1

1,1

2,3

6,3

43

3,3

5,3

1,3

2,2

6,2

4,2

3,2

5,2

1,2

3,1

1,1

4,1

6,1

5,1

2,1

3,3

9,3

1,3

2,3

43

6,3

3,2

5,2

1,2

2,2

4,2

6,2

4,1

3,1

1,1

5,1

2,1

6,1

1,2

6,2

5,2

2,2

3,2

4,2

1,1

6,1

5,1

2,1

4,1

3,1

1,3

6,3

2,3

9,3

3,3

4,3

5,2

2,2

6,2

3,2

4,2

1,2

5,1

2,1

1,1

6,1

3,1

4,1

4,3

2,3

9,3

6,3

1,3

3,3

4,2

5,2

3,2

1,2

6,2

2,2

2,1

4,1

3,1

5,1

6,1

1,1

2,3

4,3

3,3

1,3

6,3

9,3

6,2

3,2

1,2

4,2

2,2

5,2

3,1

1,1

6,1

4,1

2,1

5,1

9,3

3,3

6,3

4,3

2,3

1,3

2,2

1,2

4,2

6,2

5,2

3,2

6,1

3,1

4,1

1,1

5,1

2,1

6,3

1,3

4,3

3,3

9,3

2,3

3,2

4,2

2,2

5,2

1,2

6,2

4,1

5,1

2,1

3,1

1,1

6,1

3,3

9,3

1,3

2,3

4,3

6,3
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If A17 A27 Bla B2a 017 CQ, D17 D27 El) EQ, F17 F27 G17 GQ; Hla H2> Il) and 12 are as in
Examples 9.1 and 9.2: ‘Al ﬂ A2| = 13, ‘Bl m B2| = 6, |Cl ﬂ CQ| = 12, ‘Dl ﬂ D2| = 10,
[E1 ) Eof =3, [F1 () F2o| =6, [G1 ) G| =0, [Hi (] Ho| =9, and |I; () Iz| = 10; so that

Ty N To| =13 +6+12+10+3+6+ 0+ 9 + 10 = 69.

Lemma 9.3 If 3n > 18, there exists a pair of 3n x 3n latin squares with holes of size
3 intersecting in k entries if and only if k € {0, 1, 2,....., x = 9n? - 9n} \ {x- 1, x-2, x - 3,

X -5} [ |

Proof. Ifke€{0,1,2,...,x=92-9n}\ {x-1,x-2 x-3, x-5}, we can always
write k = x1 + X2 + X3 + x4 + X5 + X6 + X7 + X3 + X9, where each x; belongs to {0, 1,

2y x=n2-1n}\ {x-1,x-2,x-3,x-5}. n

Theorem 9.4 The spectrum for pairs of latin squares with holes of size 3 intersecting
in k entries is:
(i) (9, 3k), k € {0, 1, 2,....... , 17,18 } and

11 31’1, k 5 311 > 12 an k € 9 17 2,......., X = n- - n X - 1, X - 2, X - 3, X - 5 .
.

Proof. The comments at the beginning of this chapter plus Lemmas 7.1, 8.1, and 9.3.
[ |
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