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Abstract

Symmetry-adapted perturbation theory (SAPT) is a popular and versatile tool to compute

and decompose noncovalent interaction energies between molecules. The intramolecular SAPT

(ISAPT) variant provides a similar energy decomposition between two nonbonded fragments

of the same molecule, covalently connected by a third fragment. The presence of artificial

dipole moments at the interfragment boundary, as the atoms of A and B directly connected to

C are missing electrons on one of their hybrid orbitals, displays several issues for many frag-

mentation patterns (that is, specific assignments of atoms to the A/B/C subsystems), including

an artificially repulsive electrostatic energy (even when the fragments are hydrogen-bonded)

and very large and mutually cancelling induction and exchange-induction terms. The improved

ISAPT(SIAO1) approach reassigns one electron on a singly occupied link hybrid orbital from

C to each of A/B, providing reasonable values of all ISAPT corrections for all fragmentation

patterns, and a fast and systematic basis set convergence. An alternative approach to study

the SAPT/ISAPT interaction energy is established by singling out the noncovalent interaction

using the long-ranged part of the Coulomb potential based on the Gaussian or error-function

range separation. The long-ranged Coulomb potential is evaluated with either the entire inter-

molecular/interfragment interaction or only its attractive terms. The energy corrections from

range-separated SAPT/ISAPT are in reasonable agreement with complete SAPT/ISAPT data.

The best consistency is attained for the error-function separation applied to all interaction terms,

both attractive and repulsive. The range separation appears to be a potentially promising tech-

nique towards a fragmentation-free decomposition of intramolecular nonbonded energy.
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Chapter 1

Introduction - Motivation

The nature of weak noncovalent interactions between separate molecules and between non-

bonded fragments of the same molecule is critical for applications in many areas of chem-

istry, physics, materials science, and biology. In the exploration of noncovalent interactions,

Symmetry-Adapted Perturbation Theory (SAPT) [30, 32, 65, 66] has emerged as one of the

powerful frameworks that satisfies both qualitative and quantitative insight into the energy con-

tributions. The SAPT method decomposes the total interaction energy into fundamental con-

tributions such as electrostatics, exchange, induction, and dispersion. While SAPT is typically

applied to interactions between distinct molecules, its extension to intramolecular interactions,

known as Intramolecular SAPT (ISAPT) [49], offers a rigorous, first-principles approach for

analyzing noncovalent forces between fragments in a single molecular entity. The compu-

tational study of intramolecular interactions is important for accurately describing conforma-

tional preferences, intramolecular hydrogen bonding, and the folding behavior of biomolecules.

Although the ISAPT methodology is capable of providing physical insight into the interaction

energy, some of the predicted intramolecular energy contributions are unphysical in some frag-

mentation models. [49] In addition, the reliance on fragmentation in the ISAPT method gives

rise to the challenge of quantifying intramolecular interactions in an entire molecule. To en-

hance the performance of the ISAPT method, the issue that causes the unphysical energy values

has been resolved [39], and the range separation functions serve as a potential computational

tool to program an ISAPT algorithm without requiring fragmentation. [40]
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Chapter 2

Introduction - Methods

In quantum chemistry, the electronic structure theory describes the interaction and behavior of

electrons to predict the material properties and to understand the nature of chemical bonding.

[25, 26, 54, 58]For the atomic system of a single electron, the exact ground state energy can be

computed by solving the static time-independent Schrodinger equation. The challenge comes

with solving the exact energy of the many-electrons system because of the quantity and motion

of the nuclei and electrons.

Ĥ	 = E	 (2.1)

Ĥ =
��h2

2

NX
A=1

r2
A

MA

� �h2

2me

nX
i=1

r2
i +

e2

4��0

NX
A<B

ZAZB
rAB

+
e2

4��0

nX
i<j

1

rij
� e2

4��0

NX
A

nX
i

ZA
rAi

(2.2)

where the Hamiltonian operator Ĥ represents the total energy E of a system, including

the potential and kinetic energies of all particles, described by a wavefunction 	. The first two

terms of the Hamiltonian operator represent the kinetic energy of the N nuclei and n electrons,

where MA and me are the mass of the nucleus A and the electron respectively. The next two

terms are the potential energies that describe the repulsion of two nuclei A;B at distance rAB,

where ZA and ZB are the corresponding nuclear charge of A and B, and of two electrons ij at

distance rij . The final term is the electrostatic potential energy of the nuclei and electrons at

distance rAi.

To simplify the Hamiltonian operator, the Born-Oppenheimer approximation is applied to

interpret the molecular dynamic. The approximation neglects the motion of the nuclei based
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on the fact that the nuclei are much more massive than the electrons, generating the electronic-

Hamiltonian with respect to the motion and interaction between the electrons and the static

nuclei in a many-body system.

2.1 Hartree-Fock theory

The Hartree-Fock (HF) method is a simplest approximate theory and a central starting point to

describe the N-body clamped-nuclei Schrodinger equation. The HF method determines a set

of spin orbitals, presented in the wavefunction 	, where all electrons can be best approximated

by a single Slater-determinant. [16, 17, 23, 61, 62]The following matrix represents the Slater-

determinant of N-electron x1���N constructed by the spin orbitals �1���N :

	 =
1p
N !

�������������

�1(x1) �2(x1) : : : �N(x1)

�1(x2) �2(x2) : : : �N(x2)

...

�1(xN) �2(xN) : : : �N(xN)

�������������
(2.3)

The Slater-determinant satisfies the anti symmetry of the wavefunction, as a consequence

to the Pauli-exclusive principle for fermions, by changing sign in the exchange of two electrons.

	(x1; x2) = �	(x2; x1) (2.4)

The HF method assumes that each electron interacts with the mean field created by all

other electrons in a closed-shell system and provides a mean of approximating wavefunction,

occupied orbitals, and their energy eigenvalues. The electronic-Hamiltonian can be rewritten

as a combination of one-electron operator ĥ and the potential energy operator.

ĥ =
�1

2
r2
i �

X
A

ZA
riA

(2.5)
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v(i; j) =
1

rij
(2.6)

where the ĥ operator involves the kinetic energy of the electron ith and the interaction of

electron ith with each nucleus. The potential operator accounts for the interaction of a pair of

electrons ij.

In order to make the HF equation numerically feasible, Roothaan developed a matrix ver-

sion using linear algebra to effectively calculate the HF orbitals and their eigen-energies. [55]

FC = SC� (2.7)

where F is the Fock matrix, C is the matrix of coefficients of molecular orbitals, S is the

overlap matrix of atomic orbitals basis, and � is the diagonal matrix of orbital energies.

The basis set is introduced to produce a self-consistent field (SCF) of the Fock matrix.

Molecular orbitals are expressed as a linear combination of a set of basis functions e� with

some coefficients C.

e�i =
X
�

C�ie�u (2.8)

The Fock matrix depends on the generated orbitals and the SCF cycles minimize the total

energy within a given basis function. The SCF protocol is performed by iterations until the

smallest value of energy is achieved, when it converges with the proposed threshold value.

2.2 Symmetry-Adapted Perturbation Theory

In the many-body approximations, Symmetry-Adapted Perturbation Theory (SAPT) is one of

the common methodology to describe the non-covalent intermolecular interaction using the

perturbation technique. [19, 30, 32, 51, 65, 66] The SAPT0 is the base level of SAPT in the
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perturbational series and is utilized in the thesis. [28, 29, 48]Typically, the interaction energy

between two isolated monomers can be calculated by a subtraction from the total energy of the

dimer, namely the supermolecular method.

Eint = EAB � EA � EB (2.9)

where EAB, EA, and EB are the approximate energies that can be computed separately

using any method in computational chemistry.

The supermolecular method has to fullfill the error cancellation, particularly needs to be

size consistent. For each term EAB, EA, and EB, the approximation to the exact ground state

energy has to be as small as possible, and EAB approaches EA + EB when the intersystem

separation increases.

The formalism of SAPT works under the Rayleigh-Schrodinger (RS) expansion that di-

rectly computes the interaction energy. In addition, the valuable insight into the components

of the intermolecular interaction energy, corresponding to the physical contribution of distinct

forces, is described as the perturbative expressions.

In the RS pertubational method, the clamped-nuclei Hamiltonian operator of a complex

AB is written as:

H = HA +HB + V (2.10)

where HA and HB are treated as the unperturbed zeroth-order Hamiltonian of two iso-

lated monomers A and B. V is the perturbational operator that represents the intermolecular

interaction of dimer AB.

In cases of the N-body molecules, the calculation of the exact eigenfunction of the Hamil-

tonian is not practical. The simpler formulation of the monomer Hamiltonian is defined by

the sum of the operators of the Fock matrix and the intramonomer electron correlation as

5



HX = FX +WX , where X = A;B. Consequently, in SAPT methodology, the clamped-nuclei

Hamiltonian operator is expressed as below, where � and � are the perturbation expansion

coefficients of operators V and W respectively.

H = FA + FB + �V + �(WA +WB) (2.11)

At the level of SAPT0, the energy corrections are terminated at the second order of the RS

perturbation theory as the following expression:

E
(1)
RS = h	(0)

A 	
(0)
B jV j	

(0)
A 	

(0)
B i (2.12)

E
(2)
RS =

X
i 6=0

jh	(0)
A 	

(0)
B jV j	

(i)
A 	

(0)
B ij2

E
(0)
A � E

(i)
A

+
X
j 6=0

jh	(0)
A 	

(0)
B jV j	

(0)
A 	

(j)
B ij2

E
(0)
B � E

(j)
B

+
X
i;j 6=0

jh	(0)
A 	

(0)
B jV j	

(i)
A 	

(j)
B ij2

E
(0)
A + E

(0)
B � E

(i)
A � E

(j)
B

(2.13)

where 	
(0)
A �	

(0)
B are the product of the unperturbed wavefunction of monomers A and B.

E
(0)
A and E(0)

B are the corresponding zeroth-order energies. 	
(i)
A and 	

(j)
B are the excited eigen-

functions of monomers in the polarization expansion. E(i)
A and E(j)

B are the excited eigenvalues

of operators HA and HB respectively.

In the family of the energy corrections in SAPT0, the E(10)
RS represents the first-order elec-

trostatic energy E
(10)
elst . The first two terms of the E(20)

RS describe the second-order induction

energy E(20)
ind;B�>A and E(20)

ind;A�>B, and the last term of the E(20)
RS accounts for the second-order

dispersion energy E(20)
disp. The exchange corrections are generated by performing the symmetry

adaptation onto the operator of the perturbation interaction V̂ . The antisymmetrizer operator

Â enforces the product of the unperturbed wavefunction for monomers A and B to become

antisymmetric with respect to electron exchange between A and B.
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Â =
NA!NB!

(NA +NB)!
ÂNAÂNB(1 + P̂) (2.14)

where the operator P̂ =
P
i2A

P
j2B
P̂ij collects all single transpositions of electrons between

A and B.

In SAPT calculations, the above truncated antisymmetrizer operator Â, namely the sin-

gle exchange or S2-approximation, is more practical and less costly in the evaluation of the

exchange corrections. An important exception comes from the formation of the first-order

exchange energy E(10)
exch at the SAPT0 level of theory, where the non-approximated energy cor-

rection using the full (NA + NB)-electron antisymmetrizer Â and the S2-approximation are

introduced.

The following is the expression of the SAPT0 energy decomposition:

ESAPT0
int = E

(10)
elst + E

(10)
exch + E

(20)
ind;resp + E

(20)
exch�ind;resp + E

(20)
disp + E

(20)
exch�disp + �

(2)
HF (2.15)

In the denotation of the SAPT energy term, the digits in the superscript correspond to the

orders of the perturbations of the intermolecular interaction V̂ and the intramolecular electron

correlation Ŵ . In SAPT0, all energy corrections neglect the interaction of the later perturbation.

In a complex AB, the electrostatic energy describes the Coulombic attraction between

the charge distribution of isolated monomers A and B. At the short range of the intermocular

separation, the eletrostatic energy accounts for the effect of the charge penetration, resulting

from the overlap of the electron densities of monomers. The exchange energy represents the

repulsive force at the short-range interaction, following the Pauli-exclusive principle. The in-

duction energy is the response of the polarization of one monomer due to the electric field
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generated by the interacting monomer. The dispersion energy is the interaction of the simulta-

neous excitation, or the correlation of the fluctuation, of two electron densities. The exchange-

counterparts of the induction and dispersion energies adjust the overpolarization at the short-

range interaction. The �E(2)
HF term is an approximation for the third and higher-order induction

and exchange-induction contributions, as the result from the supermolecular HF calculation:

�E
(2)
HF = EHF

int � E
(10)
elst � E

(10)
exch � E

(20)
ind;resp � E

(20)
exch�ind;resp (2.16)

2.3 Intramolecular Symmetry-Adapted Perturbation Theory

In order to evaluate intramolecular interactions, the available methodologies [21,49,50] rely on

fragmentation. There are a few options to define and partition the interaction energy between

fragments A and B in the presence of central linker C. The most straightforward method is to

remove fragment C and cap the dangling bonds of fragments A and B with hydrogen atoms.

The approximation of the interaction energy between fragments A and B can be evaluated

using any available computational method, e.g. the standard SAPT variants to decompose

the intermolecular interactions. [45,46] However, the hydrogen-replacement approach requires

altering the molecular system and, if the linking fragment is small, artificial means to avoid

an overly pronounced repulsion between the capping hydrogens. Gonthier et al. introduced

two alternative fragmentations that preserve the geometric structure by localizing the occupied

orbitals on fragments A, B, and C and defining the zeroth-order wavefunctions. [21, 49, 50]

The first method [21] involves constructing a non-Hermitian zeroth-order Hamiltonian in

which the A{B interactions are removed following the Chemical Hamiltonian approach in-

troduced by Mayer. [42] These removed interactions are then brought back as the perturbation

that gives rise to the noncovalent intramolecular interaction. [50] The need for a non-Hermitian,

biorthogonal formalism makes the theory somewhat more complicated, and the resulting energy

decomposition the polarization corrections cannot be separated from their exchange counter-

parts (for example, the entire first-order energy is a single term), but the second-order energy
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includes an explicit delocalization (charge transfer) term in addition to the induction and dis-

persion ones.

The second method is an extension of SAPT, known as the Intramolecular Symmetry-

Adapted Perturbation Theory (ISAPT), which provides a simulation to compute the energy con-

tribution of the intramolecular non-covalent interaction occurring within a molecule. [49]Sim-

ilarly to the SAPT calculation, the ISAPT interaction energy comprises the contributions of

first-order electrostatic and exchange, and second-order induction and dispersion. The main

features of the ISAPT method rely on the molecular fragmentation, orbital localization, and

wavefunction embedding. The goal is to determine the non-interacting zeroth-order HF wave-

functions of two fragments, in a molecule, that contain the functional groups. The computa-

tional framework of the SAPT0 methodology can then be adapted to analyze the interaction

energy between those two fragments.

A crucial criteria of the ISAPT calculation is that the molecule of interest can be parti-

tioned into three subsystems A � C � B by cutting off two single � bonds; where A and B

are two fragments whose interaction energy calculation will be involved, and C is the fragment

that represents the central linker of fragments A and B. The identification of the fragments A,

B, and C is required in the ISAPT calculation input.

In a molecule, the standard HF-SCF calculation is a starting point to obtain the zeroth-

order HF wavefunction and occupied orbitals of the complete chemical system. The HF oc-

cupied orbitals are then localized and assigned to the fragments A, B, and C. The intrinsic

bond orbital (IBO), in Section 2.4, is utilized in the localization of the HF molecular occupied

orbitals. [34] The HF wavefunctions of fragments A and B are obtained by performing the HF

calculation for the substituted occupied orbitals of fragments A and B in the potential fields of

the linker C, respectively. The occupied orbitals of the fragmentsA andB of the HF embedded

wavefunctions are then involved in the energy calculation following the SAPT0 protocol.

An important drawback of the ISAPT method arises from the artificial dipole moment that

presents on the boundary of the interfragments A and B. [46, 49]In the molecular fragmen-

tation, the electrons of the linking IBOs of the A � C and B � C bonds are assigned to the

fragment C. The linking atoms on the boundary of the fragments A and B are thus missing
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one proton and one electron in the hybrid orbital in the direction of the linking IBOs, leading

to the incomplete electronic densities for those two fragments. In some fragmentation mod-

els of the polar systems that feature the hydrogen bonding, the issue results in the unphysical

quantification of the interaction energy components, including the strong repulsion of the first-

order electrostatic energy and the overestimation of the second-order induction and exchange

induction energies.

2.3.1 Splitting of Intrinsic Atomic Orbitals

In order to overcome the issue of the artificial dipole moment in the ISAPT calculations, in

the thesis, the method of the Splitting of Intrinsic Atomic Orbitals (SIAO) is introduced by

performing the reassignment of the electrons in the link IBOs of the bonds A� C and B � C,

where the electrons in the link IBOs are equally assigned between A=B and C. [39]The hybrid

orbitals �x and �y, serving as the atomic orbitals in the linking IBOs, of the linking atoms at the

interfragments A and B, respectively, are identified by projecting the link IBOs of the bonds

A�C and B �C onto the occupied IAOs space of the corresponding fragments. The missing

electrons on the linking atoms at the interfragment boundaries of fragmentsA andB are placed

into the corresponding hybrid orbitals �x and �y. The augmented densities of the fragments A

and B, in the presence of the reassigned hybrid orbitals �x and �y, are generated by the HF

calculations of the modified embedding potentials of the fragments A and B. The occupied

space of the fragment A is reoptimized in an embedding excluding �y and the occupied space

of the fragment B is reoptimized in an embedding excluding �x. The link orbitals �x and �y

are enforced orthogonalization to the augmented space of the corresponding fragments A and

B.

In the evaluation of the reassigned link spin-orbital �x=�y, the formulations of the first-

and second-order exchange energy corrections are regenerated in cases of the spin-up and spin-

down electrons. Ideally, the �x � �y interaction would be analyzed as “spin-free”as possible,

imposing a random relative orientation of the two spins. The singly occupied spin-orbital �x=�y

can be expressed in the state of half spin-up j "i and half spin-down j #i that gives rise to two

10



possible spin couplings between two spin-orbitals �x and �y, including the parallel h jjxj jjy i

and perpendicular h ?x j ?y i spins in the following expressions:

 jjx =
1p
2
�x(j "i+ j #i) (2.17)

 jjy =
1p
2
�y(j "i+ j #i) (2.18)

 ?x =
1p
2
�x(j "i+ j #i) (2.19)

 ?y =
1p
2
�y(j "i � j #i) (2.20)

h jjxj jjy i = h�xj�yi (2.21)

h ?x j ?y i = 0 (2.22)

In the augmented occupied IAOs spaces of the fragments A and B, the single electron

transposition accounts for the pairwise interactions of two sets of occupied orbitals that involve

�x and the IAOs space of fragment A, and �y and the IAOs space of fragment B. In the case of

the perpendicular spin, the contribution of the interaction of �x and �y is zero. Consequently,

the exchange corrections in the S2-approximation are the average of the exchange energies in

terms of the parallel and perpendicular spins.

2.3.2 Range Separation of the Interaction Potential in SAPT and ISAPT methods

The recent developments of the ISAPT methods rely on the scheme of molecular fragmenta-

tion, in which the occupied orbitals of the fragment linker C are excluded from the energy

calculations. [39, 49]In addition, the interaction energy within the fragment A=B is neglected

in the ISAPT methods. In the motivation for the full description of the non-covalent interaction
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energy in a molecule, the range separation of the interaction potential is one of the possi-

ble methods to construct an ISAPT algorithm that is independent of fragmentation. In range

separation methods, in the thesis, the Gaussian and error functions are used to separate the

perturbation operator V̂ into parts of long- and short-range potentials. [1, 9, 31, 40, 47, 52, 67]

The range separation is a versatile computational tool that is commonly applied in den-

sity functionals incorporating long-range Hartree–Fock (HF) exchange to avoid some common

issues such as excessive electron delocalization and the resulting overstabilization of charge-

transfer states. [31,38,67] They are also useful in the context of SAPT(DFT) to avoid an explicit

asymptotic correction. [22, 35, 69] On the other hand, density functionals with short-range HF

exchange only improve the computational efficiency for periodic systems. [27] Another appli-

cation of the range separation technique occurs in the regularized SAPT method, addressing

the challenges associated with the divergence of the perturbation series [2, 52, 53] as well as

allowing a decomposition of induction energy into polarization and charge-transfer contribu-

tions. [47]

1

r
= vl(r) + vs(r) (2.23)

vgaul (r) =
1� e��r2

r
(2.24)

vgaus (r) =
e��r

2

r
(2.25)

verfl (r) =
erf(!r)

r
(2.26)

verfs (r) =
1� erf(!r)

r
(2.27)
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where
1

r
is the Coulomb potential of the perturbation operator V̂ that can be rewritten as

the combination of the long-range vl(r) and short-range vs(r) potentials. vgaul (r) and vgaus (r)

are the Gaussian function splitting with the separation parameter �. verfl (r) and verfs (r) are the

error function splitting with the separation parameter !.

In the SAPT and ISAPT/SIAO1 energy calculations, the long-ranged Coulomb potentials,

including the attractive one-electron and repulsive two-electron integrals, are used to evaluate

the asymptotic behavior and the consistency of the interaction energy terms when the separa-

tion parameter increases. In SAPT energy corrections, the long-ranged potential is more im-

portant in the description of the intermolecular interaction between two monomers. The range-

separated one-electron integrals are computed in the McMurchie-Davidson recursion scheme,

in Section 2.5, in terms of the Gaussian and error functions. [43]

2.4 Intrinsic Bond Orbital and Intrinsic Atomic Orbital Localizations

In the space of a molecular orbital, the intrinsic atomic orbital (IAO) describes the polarized

AO centered on a given atom. [34]. The polarized AOs basis contains a set of the minimal and

valence AOs that exactly express the occupied MOs of the HF-SCF wavefunction. The minimal

basis set is a set of basis functions that incorporates only the occupied orbitals in the electronic

configuration of an atom.

The intrinsic bond orbital (IBO) is constructed as a linear combination of the intrinsic

hybrid orbitals (IHOs), which are the IAOs pointing at the bond direction.

L =
atomsX
A

occX
i

[nA(i)]4 (2.28)

where nA is the number of electrons of the occupied orbitals located on atom A.
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2.5 McMurchie-Davidson recursion for Gaussian integrals

In the McMurchie-Davidson recursion, the one-electron integral relies on expanding the prod-

ucts of two Cartesian basis functions into one-center Hermite Gaussians. [43,44,73]The s-type

nuclear attraction integral is a starting point for the angular momentum recursion relation.

The Cartesian Gaussian function is an atomic Gaussian-type-orbital (GTO) basis function

centered on the atomic nucleus.

Gijk;� = xiyjzke��r2

(2.29)

where r is the length of the position vector of an electron pointing from the nucleus. � is

the exponential parameter that determines the size of the orbital. L = i + j + k is the angular

momentum of the atomic orbital.

In the molecular space, the two-center s-type Gaussian function at two positions of the

nuclei is expressed as the product of two s-type GTOs. The generated one-center Cartesian

Gaussian function at the position P = (Px; Py; Pz) is expressed as follows:

�P(r) = �A(r)�B(r) = e
�αβ
α+β

(A�B)2

e�(�+�)(r�P)2

(2.30)

P =
�A + �B

� + �
(2.31)

where � and � are the exponents of the GTOs centered on the nuclei A and B, respectively.

The one-center Hermite Gaussians in the expansion of two-center product GTOs at the

center P with exponent p = � + � has the following expression:

�tuv(r; p;P) = (
@

@Px
)t(

@

@Py
)u(

@

@Pz
)vexp(�p(r�P)2) (2.32)
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where t; u; v are the order of Hermite Gaussian derivatives and the sum t+u+v represents

the angular momentum of the product of two Cartesian Gaussian basis functions.

The nuclear-attraction integral of the Coulomb potential with the location of each atomic

nucleus C = (Cx;Cy; Cz) for a Hermite Gaussian is expressed as follows:

V Coul
tuv =

Z
�tuv(r; p;P)

1

r�C
dr =

2�

p
(
@

@Px
)t(

@

@Py
)u(

@

@Pz
)v(�2p)nFn(pR2

PC) (2.33)

where RPC is the length of the position vector ~PC. Fn(x) is the Boys function of order n

that is defined in Eq. 2.34. The s-type integral has the zero order of the Boys function and zero

values of (t; u; v).

Fn(x) =

Z 1

0

u2nexp(�xu2)du (2.34)

The nuclear-attraction s-type integrals using the potentials of the short-range Gaussian and

long-range error functions with the range separation parameter � for a Hermite Gaussian are

derived as follows:

V Gau
000 =

2�

p+ �
exp(

�p�
p+ �

R2
PC)F0(

p2

p+ �
R2

PC) (2.35)

V Erf
000 =

2�

p
(

�2

p+ �2
)1=2F0(

p�2

p+ �2
R2

PC) (2.36)

The angular recursion formulas over t; u; v of the nuclear attraction integrals are written

in Ref. [40] in Eqs. 21-23 for Gaussian function and in Eqs. 29-31 for error function.
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Chapter 3

Overcoming Artificial Multipoles in Intramolecular Symmetry-Adapted Perturbation Theory

This chapter was published as Luu, D.; Patkowski, K. JPCA (2023).

The ISAPT is a computational method that provides the decomposition of the noncovalent

intramolecular interactions within a molecule, including electrostatic, exchange, induction, and

dispersion effects. The development of the ISAPT methodology depends on the strategy of

molecular fragmentation, orbitals assignment, and wavefunction embedding. [49] If a molecule

can be partitioned into three species A�C�B, where A�C and B�C are covalently single

bonds, the interaction energy between A and B in the presence of C can be quantified using

the SAPT procedure. The HF wavefunctions for A and B are obtained by solving the HF

equations for each fragment embedded in the HF potential of linker C. The product of the A

and B wavefunctions obtained in this way can then be used as the zeroth-order wavefunction

for a standard SAPT expansion. In the default ISAPT protocol, the doubly occupied IBOs

describing the interfragment bonds are treated as part of the linker C that the spurious dipoles

are created at the interfragment boundaries of A and B. For example, the fragmentation is

performed for the propane molecule to calculate the noncovalent interaction between two CH3–

groups connected by the –CH2– linker. Then, each of the fragments A and B features a central

carbon atom, with its nuclear charge reduced by one to maintain zero net charges on A and

B, and three hydrogen atoms located along the directions of three sp3 hybrid orbitals. The

fourth hybrid orbital in the tetrahedral symmetry of the linking carbon atom is missing, such a

fragment has a substantial dipole moment, and the interaction between these spurious dipoles

on A and B dominate the SAPT electrostatic contribution. The electrostatic energy is observed

in strong repulsion in the molecular models that favor the hydrogen bond interaction. A solution

is proposed to overcome the issue of the spurious dipoles by reassigning the doubly occupied
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interfragment IBOs, together with the corresponding +1 nuclear charges, to fragments A and

B or equally shared between A=B and C.

The improved ISAPT variants involve SAOn and SIAOn, where n = 0, 1, 2 indicating the

iteration of the HF-SCF relaxation on the modified embedding potential of the fragments A

and B. [39] The two algorithms differ from the space of projection for the identification of

link IHOs. In the SAOn variants, the occupied space is spanned by the AO basis functions

centered on fragments A=B, while in the SIAOn variants, the occupied space is spanned by the

intrinsic atomic orbitals [34] centered on fragments A=B. The improved ISAPT variants are

implemented in the Psi4 software package. [63] The one iteration toward self-consistency, as in

the SAO1 and SIAO1 methods, is entirely sufficient for the evaluation of the interaction energy.

Both ISAPT(SAO1) and ISAPT(SIAO1) resolve the issue with artificial dipole moments on the

linking atoms. The ISAPT(SAO1) has a somewhat larger reduction in the magnitude of the

fragment dipole moments in systems with entirely nonpolar fragments, e.g. Table 3.1, see

Table S160 in the Supporting Information of Ref. [39] for other systems.

In the ISAPT(SAO1) and ISAPT(SIAO1) calculations, all energy contributions exhibit

physically meaningful values for all fragmentation schemes, e.g. Fig. 3.1 for the P244 model

of the 2,4-pentanediol molecule and Fig. 3.2 for the C73 and C7B24 models of the linear and

branch heptane molecules, see the Supporting Information of Ref. [39] for all fragmentation

models. In particular, the electrostatic energy is corrected into strong attraction for intramolec-

ular hydrogen-bonded systems (Fig. 3.1) and weak attraction (due to charge penetration effect)

for nonpolar fragments (Fig. 3.2). The induction and exchange-induction energies are not

nearly as large as in the original ISAPT(C) variant, which makes their sum more meaning-

ful. The first-order exchange energy typically becomes less repulsive, and the dispersion and

exchange-dispersion contributions are in good agreement with the original ISAPT(C) method.

ISAPT(SIAO1) is the best variant for calculating and interpreting intramolecular interactions

that shows remarkable consistency between basis sets due to a much smaller overlap between

the link IHOs, e.g. Figs. 3.1-3.3. In the spin couplings of the first-order exchange correction,
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the parallel and perpendicular values from the ISAPT(SIAO1) are highly consistent for all sys-

tems studied in Fig. 3.3. The average of the parallel and perpendicular spin-coupling values is

chosen as the total exchange contribution.

Table 3.1: Length of HF dipole moments (in a.u.) of fragments A and B computed with the
ISAPT variants of (original) C, SAO1, and SIAO1 on bases aDZ, aTZ, and aQZ.

Conf Basis ABC
Fragment A Fragment B

C SAO1 SIAO1 C SAO1 SIAO1

C7B24
aDZ 0:045 0:799 0:091 0:385 0:799 0:091 0:385
aTZ 0:044 0:800 0:178 0:384 0:800 0:177 0:384
aQZ 0:044 0:800 0:100 0:384 0:800 0:100 0:384

Figure 3.1: ISAPT energy components in 2,4-pentanediol (P242 fragmentation pattern) com-
puted using the aXZ bases (X=D, T, Q) and three link assignments: (original) C, SAO1, and
SIAO1.
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Figure 3.2: Comparison of the ISAPT0 energy components between n-heptane (C73, colored
bars) and its branched isomer, 2,4-dimethylpentane (C7B24, empty bars) computed with the
(original) C, SAO1, and SIAO1 variants using the aXZ bases (X=D, T, Q).

Figure 3.3: ISAPT exchange energy E(10)
exch from parallel (PAR), perpendicular (PERP), and av-

erage (AVG) spin couplings in models P244, P142, C73, and C7B24. The values are computed
with SAO1 (empty bars) and SIAO1 (colored bars) in the aXZ bases, X=D,T,Q.
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ABSTRACT: Intramolecular symmetry-adapted perturbation
theory (ISAPT) is a method to compute and decompose the
noncovalent interaction energy between two molecular fragments
A and B covalently connected via a linker C. However, the existing
ISAPT algorithm displays several issues for many fragmentation
patterns (that is, specific assignments of atoms to the A/B/C
subsystems), including an artificially repulsive electrostatic energy
(even when the fragments are hydrogen-bonded) and very large
and mutually cancelling induction and exchange-induction terms.
We attribute those issues to the presence of artificial dipole
moments at the interfragment boundary, as the atoms of A and B
directly connected to C are missing electrons on one of their
hybrid orbitals. Therefore, we propose several new partitioning
algorithms which reassign one electron, on a singly occupied link hybrid orbital, from C to each of A/B. Once the contributions from
these link orbitals are added to fragment density matrices, the computation of ISAPT electrostatic, induction, and dispersion energies
proceeds exactly as normal, and the exchange energy expressions need only minor modifications. Among the link partitioning
algorithms introduced, the so-called ISAPT(SIAO1) approach (in which the link orbital is obtained by a projection onto the intrinsic
atomic orbitals (IAOs) of a given fragment followed by orthogonalization to this fragment’s occupied space) leads to reasonable
values of all ISAPT corrections for all fragmentation patterns, and exhibits a fast and systematic basis set convergence. This
improvement is made possible by a significant reduction in magnitude (even though not a complete elimination) of the unphysical
dipole moments at the interfragment boundaries. We demonstrate the utility of the improved ISAPT partitioning by examining
intramolecular interactions in several pentanediol isomers, examples of linear and branched alkanes, and the open and closed
conformations of a family of N-arylimide molecular torsion balances.

■ INTRODUCTION
Weak noncovalent interactions are ubiquitous in nature as they
occur both between separate molecules and between non-
bonded fragments of the same molecule. As a result, the
knowledge and understanding of these interactions is
indispensable in many areas of chemistry, physics, materials
science, and biology. When the energy of a weak interaction is
computed using quantum chemistry, it is highly desirable to
use a computational protocol that is both quantitative and
conceptual, that is, it provides an accurate overall value and its
meaningful decomposition into individual terms that can be
separately interpreted and understood. There are many
approaches that satisfy one of these conditions but only very
few methods can do both; among the latter, symmetry-adapted
perturbation theory (SAPT)1,2 is a particularly attractive
choice thanks to its many robust variants and e0cient
computer implementations. The interaction energy in SAPT

is decomposed into four major contributions: electrostatics
(Coulomb interaction of unperturbed molecular charge
densities, including charge penetration), exchange (the short-
range repulsion stemming from the Pauli exclusion principle),
induction (the polarization of one molecule by the interacting
partner), and dispersion (the correlation between instanta-
neous charge density fluctuations). For example, at the lowest
(qualitatively accurate) SAPT0 level of theory, the interaction
energy is approximated as a sum of the following corrections,
grouped together to account for the four major contributions:
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