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Abstract

This work establishes a statistically reliable framework for reverse engineering drug formu-

lations from a target dissolution profile, formulated as an inverse functional problem. Dissolution

profiles describe the rate at which a drug is released from a dosage form and serve as a primary

in vitro surrogate for product performance. Although regulatory evaluation commonly relies on

scalar summaries such as the f2 factor, dissolution behavior is inherently functional and reflects

structured relationships between formulation variables and release dynamics.

The reverse engineering problem is formulated as an inverse mapping from formulation pre-

dictors to curve-valued responses under sampling noise and model-form uncertainty. By repre-

senting dissolution profiles as continuous functions of time, the framework enables dimension re-

duction, regression modeling, and optimization based on the entire trajectory. Parametric models

and functional approaches based on spline smoothing and functional principal component analysis

are integrated within a unified curve-space optimization architecture, with a reference-anchored

extension to stabilize inverse estimation.

Applications to extended-release datasets demonstrate the behavior of the framework under

real experimental conditions. To generalize beyond specific datasets, the framework is further

evaluated through simulation studies spanning multiple mechanistic generating processes, includ-

ing controlled structural misspecification. A formulation recovery error metric is introduced to

assess inverse identification accuracy alongside curve-level discrepancy measures.

The results characterize when parametric efficiency is achieved under structural alignment

and when functional representations provide greater robustness under heterogeneity or model mis-

match. Collectively, this work provides a regulatorily grounded and general framework for curve-

based dissolution modeling and formulation design when the underlying release mechanism is

uncertain.
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Chapter 1

Introduction

1.1 Problem Statement and Thesis Goal

The central problem addressed in this thesis is the reverse engineering of drug formulations

from a target dissolution pro�le. Given an approved reference product (Drug A) with a known

dissolution behavior, the objective is to identify formulation and process settings that produce a

generic formulation (Drug B) whose dissolution pro�le closely matches the reference pro�le.

Traditional pharmaceutical approaches to dissolution analysis often rely on parametric mod-

els [25] and summary similarity metrics such as the similarity factor f2 [42]. While these methods

are widely used for modeling dissolution behavior and assessing pro�le similarity, they are not

designed to solve the inverse problem of identifying formulation variables that produce a target

dissolution pro�le.

From a statistical perspective, this problem can be formulated as an inverse design problem

involving curve-valued responses, where formulation variables determine dissolution behavior ob-

served at discrete time points under measurement noise and experimental variability. In practice,

success is de�ned by satisfying regulatory and statistical similarity criteria rather than exact curve

equality [63].

To address this challenge, this dissertation develops a uni�ed optimization framework within

which both parametric and functional modeling pipelines are constructed and compared, integrat-

ing curve representation, statistical modeling, and optimization to enable direct search for formu-

lations that match a target dissolution pro�le.
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Within this framework, two classes of modeling pipelines are developed: parametric pipelines

(e.g., Weibull, KP) and functional pipelines based on FDA (FPCA). Both are coupled with a com-

mon search-based optimization strategy, enabling direct identi�cation of formulations based on

curve-level similarity.

The goal of this thesis is to develop a uni�ed statistical pipeline for formulation reverse en-

gineering that accommodates both parametric and functional modeling approaches. Dissolution

pro�les are treated as curve-valued responses, allowing the entire pro�le to be modeled and ana-

lyzed rather than relying solely on discrete summary statistics.

Through simulation studies and real dissolution datasets, this work evaluates the effective-

ness of both parametric and FDA-based pipelines, each embedded within the same optimization

framework, as �exible and robust approaches for curve-driven formulation design and reverse en-

gineering.

1.2 Why Reverse Engineering Matters

The reverse engineering problem described in Section 1.1 arises naturally in formulation de-

velopment settings, where multiple formulations may achieve similar dissolution behavior but dif-

fer in composition and process conditions.

Formulation reverse engineering plays an important role in both generic drug development and

post-approval product modi�cation. Although an approved reference product has demonstrated

safety and ef�cacy, alternative formulations are often required in practice. These needs may arise

from patent expiration, manufacturing constraints, cost considerations, supply-chain changes, or

efforts to improve manufacturing robustness [62].

In generic drug development, manufacturers are not required to replicate the exact composi-

tion of the reference product. Instead, regulatory agencies require evidence that the test formula-

tion exhibits comparable performance. Dissolution pro�les therefore serve as a key intermediate

indicator of product similarity during early-stage development.
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From a regulatory perspective, independent formulation development is permitted once rele-

vant patent and market exclusivity protections have expired. Generic manufacturers are allowed to

develop their own formulations and manufacturing processes, provided that the resulting product

demonstrates comparable quality, safety, and performance relative to the reference product. As a

result, the goal of formulation development is typically not exact duplication of the original com-

position, but rather the design of an alternative formulation that achieves equivalent therapeutic

performance.

This �exibility creates a large formulation design space in which many potential compositions

may exist, yet identifying formulations that reproduce the desired dissolution behavior remains

challenging in practice and often requires iterative experimentation and empirical adjustment.

In practice, dissolution-based reformulation is conducted within a structured evaluation pipeline.

Candidate formulations are screened through laboratory experiments and compared to the refer-

ence product using in vitro similarity criteria before proceeding to more costly studies. Under-

standing how similarity is evaluated within this development pipeline is therefore essential for

constructing statistically grounded approaches to formulation reverse engineering.

1.3 Evaluation Pipeline: From in vitro to in vivo

Within the formulation development pipeline described above, in vitro dissolution testing

serves as the primary screening and decision-making tool prior to in vivo evaluation.

Compared with in vivo studies, dissolution tests are faster, less expensive, and free from ethi-

cal constraints associated with animal and human testing. As a result, regulatory agencies require

that dissolution similarity be demonstrated before in vivo bioequivalence studies are conducted.

Dissolution pro�les provide time-dependent information about drug release behavior and are

commonly used as surrogates for in vivo performance. The relevance of dissolution behavior to

bioequivalence has been discussed in the literature, and in vitro–in vivo correlation frameworks

have been proposed to link dissolution data to pharmacokinetic outcomes [63].
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Figure 1.1: Example in vitro dissolution testing apparatus used to measure drug release pro�les
from oral dosage forms. The apparatus maintains controlled temperature, agitation, and sampling
conditions to monitor drug dissolution over time.

During in vitro evaluation, dissolution pro�le comparison tests are used to assess whether a

test product exhibits release behavior similar to that of the reference product. These decisions are

often based on a small number of sampling time points and summary similarity metrics, despite

the inherently functional nature of dissolution pro�les as continuous release curves over time.

The dissolution pro�les in Figure 1.2 [32, 28] illustrate the characteristic monotone release

behavior observed in oral dosage forms. Each curve represents the cumulative percentage of drug

released over time, typically exhibiting a smooth increasing trajectory that approaches a plateau.

Notably, although the curves correspond to different drugs and experimental conditions, they

can still exhibit similar overall shapes. This illustrates that different formulations may produce

similar dissolution pro�les.

1.4 Existing Formulation Development Approaches and Their Gaps

Having established the central role of in vitro dissolution comparison in formulation evalua-

tion, this section reviews how formulation redesign is currently approached in practice and high-

lights the limitations of existing pharmaceutical and statistical methodologies.
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Figure 1.2: Example dissolution pro�les illustrating the time-dependent release of drug from dif-
ferent formulations. Each curve represents the percentage of drug dissolved over time under stan-
dardized in vitro testing conditions.

1.4.1 Pharmaceutical development approaches

Current formulation development practices rely on a combination of pharmaceutical knowl-

edge and empirical experimentation. Reference product labels provide information on excipients

and dosage forms, allowing formulators to infer ingredient functionality. Patent literature may

offer additional guidance on formulation and manufacturing processes.

When patents expire, reverse engineering techniques are often employed to characterize ref-

erence products. Quality by Design (QbD) [62] and Design of Experiments (DoE) [12] method-

ologies are then used to explore formulation and process variables in a structured manner.

While these approaches are effective in practice, they are often applied in an ad hoc or frag-

mented way and do not explicitly target curve-level similarity under uncertainty.

1.4.2 Statistical approaches used in practice

From a statistical standpoint, dissolution analysis and similarity assessment are typically ad-

dressed using separate approaches. For similarity evaluation, scalar summary metrics such as the f2
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similarity factor are widely used to quantify agreement between pro�les [42]. Model-independent

approaches, including distance-based measures and bootstrap-based extensions, have also been

proposed when f2 assumptions are violated.

In parallel, model-dependent approaches, such as the Weibull model, are used to represent

dissolution behavior and analyze curve characteristics [25]. However, these models are generally

applied for describing or �tting dissolution pro�les rather than for formal similarity assessment or

formulation optimization.

As a result, existing statistical approaches tend to address either pro�le comparison or curve

modeling separately, without integrating these components within a uni�ed work�ow.

A more detailed review of statistical approaches to dissolution pro�le comparison is provided

in Section 2.3.

1.4.3 Research gap

Despite extensive pharmaceutical and statistical research, there is no uni�ed framework that

treats dissolution pro�les as functional objects while simultaneously supporting formulation re-

design, uncertainty quanti�cation, and regulatory decision-making. Existing methods either focus

on empirical experimentation without formal statistical modeling or rely on scalar similarity met-

rics that discard important curve shape information.

This gap motivates the development of a uni�ed statistical framework for the reverse engi-

neering of drug formulations that integrates dissolution modeling, similarity evaluation, and for-

mulation optimization within a single coherent work�ow.

1.5 Thesis Contribution and Proposed Framework

This thesis develops a uni�ed statistical framework for the reverse engineering of drug formu-

lations based on dissolution pro�le analysis. The framework integrates functional data analysis,

parametric modeling, and similarity-based evaluation within a single pipeline designed to support

formulation redesign relative to a target reference pro�le.
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Dissolution data are inherently functional, representing the evolution of drug release over

time. The proposed framework treats the entire dissolution pro�le as the primary analytical object,

enabling modeling, comparison, and optimization directly in curve space.

The proposed framework connects several components commonly used in pharmaceutical

dissolution analysis—including Weibull modeling, similarity factor f2, and functional data anal-

ysis (FDA)—within a systematic statistical work�ow. By integrating these elements into a single

pipeline, the framework enables coherent comparison of multiple modeling strategies and provides

a principled approach to formulation redesign.

From a statistical perspective, the proposed framework can be viewed as comprising two

interconnected components. The forward modeling component maps formulation variables to

dissolution curves, while the inverse component seeks formulation settings that reproduce a tar-

get reference pro�le. Although these components are implemented within a uni�ed pipeline, this

forward–inverse distinction provides a useful conceptual framework for understanding the method-

ology.

While parametric models are effective when their structural assumptions are appropriate, their

performance depends on correct model speci�cation. In contrast, functional data analysis (FDA)-

based approaches provide a �exible alternative that does not rely on a �xed parametric form.

This framework is designed to accommodate both modeling strategies, with particular em-

phasis on evaluating the robustness of functional representations under structural uncertainty.

The main contributions of this work are summarized as follows:

• Problem formulation. The thesis formulates the reverse engineering of drug formulations

relative to a target dissolution pro�le as a statistical inverse design problem, in which formu-

lation and process variables determine curve-valued responses.

• Uni�ed curve-based analysis framework. A general pipeline is developed that represents

dissolution pro�les as functional objects, allowing curve-level modeling, comparison, and

optimization while remaining compatible with regulatory similarity metrics such as the f2

factor.
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• Comparative evaluation of modeling strategies. Parametric approaches (such as Weibull-

based models) and �exible functional representations (including spline smoothing and func-

tional principal component analysis) are examined within a common analytical framework.

• Optimization-based formulation identi�cation. A systematic strategy is introduced for

identifying formulations whose predicted dissolution behavior closely matches a target ref-

erence pro�le. The approach combines functional regression, curve reconstruction, and

similarity-based evaluation.

• Application to experimental dissolution datasets. The framework is applied to real extended-

release dissolution datasets, demonstrating how the proposed pipeline can support formula-

tion reverse engineering and complement existing industrial tools such as functional design

of experiments.

• Simulation-based robustness assessment. Extensive simulation experiments are conducted

to evaluate the behavior of the proposed pipelines under multiple dissolution mechanisms,

sampling schemes, and noise structures, providing insight into robustness under model mis-

speci�cation.

Together, these contributions establish a uni�ed statistical pipeline for analyzing dissolution

pro�les and guiding formulation reverse engineering, while providing a systematic comparison

between functional data analysis–based approaches and commonly used pharmaceutical modeling

methods.

1.6 Thesis Organization

The remainder of this dissertation is organized as follows.

Chapter 2 reviews existing approaches for dissolution pro�le comparison, including regu-

latory similarity metrics, parametric modeling methods, and functional data analysis techniques

relevant to pharmaceutical dissolution studies.
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Chapter 3 introduces the proposed statistical framework for dissolution pro�le modeling and

analysis. The chapter describes the curve-based representation of dissolution data, the modeling

pipelines considered in this work, and the optimization strategy used to identify candidate formu-

lations whose predicted dissolution pro�les closely match a reference pro�le.

Chapter 4 applies the framework to experimental dissolution datasets, illustrating how the

proposed methods perform in formulation analysis settings.

Chapter 5 presents simulation studies designed to evaluate the behavior and robustness of the

proposed pipelines under controlled data-generating mechanisms representing several characteris-

tic dissolution release patterns, as well as structural misspeci�cation scenarios.

Chapter 6 discusses methodological insights, comparative performance across modeling ap-

proaches, and implications for dissolution-based formulation optimization.

Chapter 7 concludes with a summary of the main �ndings and outlines directions for future

research.
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Chapter 2

Literature Review

2.1 Chapter Roadmap

Dissolution pro�le comparison plays a central role in pharmaceutical development and regu-

latory decision-making. Over the past several decades, a range of statistical methods has been pro-

posed to assess similarity between test and reference products, balancing simplicity, interpretabil-

ity, and regulatory acceptance.

This chapter reviews the regulatory context and statistical foundations that motivate the method-

ology developed in this thesis. Emphasis is placed on model-independent similarity metrics, par-

ticularly the f2 similarity factor, as well as extensions and critiques that highlight their strengths

and limitations.

The review then expands to parametric and curve-based approaches, including functional data

analysis methods that treat dissolution pro�les as continuous objects rather than discrete measure-

ments. These methods provide the conceptual foundation for the functional modeling, prediction,

and optimization framework introduced in Chapter 3.

2.2 Regulatory Context for Dissolution and Similarity

In vitro dissolution testing plays a central role in pharmaceutical development by character-

izing drug release behavior and serving as a surrogate for in vivo bioavailability, particularly in

generic drug development. It is commonly used to evaluate whether a test formulation exhibits re-

lease characteristics comparable to an approved reference product and to ensure consistency across

manufacturing batches [44].
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Regulatory agencies establish dissolution speci�cations that must be met during the drug ap-

proval process [48]. For certain products, dissolution testing serves as a key component of regula-

tory evaluation, with agencies such as the U.S. Food and Drug Administration and the European

Medicines Agency requiring evidence of similarity between test and reference pro�les prior to in

vivo bioequivalence studies [63, 10].

Despite dissolution pro�les being inherently functional in nature, regulatory assessments are

typically based on discrete-time summaries and scalar similarity metrics evaluated at matched

sampling time points under standardized testing conditions.

2.2.1 The f2 Similarity Factor: Use, Assumptions, and Limits

Among model-independent approaches, the f1 difference factor and the f2 similarity factor

introduced by Moore and Flanner (1996) have received the most widespread regulatory acceptance,

as they compare mean dissolution values directly without assuming an explicit parametric model.

[42]

The f2 similarity factor is de�ned as a logarithmic transformation of the sum of squared

differences between mean dissolution values at matched time points. A value between 50 and 100

is generally interpreted as evidence of similarity between two dissolution pro�les.

Due to its simplicity and ease of interpretation, the f2 factor was formally adopted by regula-

tory agencies in 1997 as the primary tool for dissolution pro�le comparison. [63, 10]

However, the f2 similarity factor is subject to several restrictive conditions that limit its appli-

cability in practice. Regulatory guidance recommends that only one time point be included after

both products exceed 85% dissolution, that variability be controlled such that no more than one

time point exhibits a relative standard deviation greater than 10%, and that at least three time points

be available for calculation [44, 41].

These requirements can be dif�cult to satisfy for drug products with high variability or com-

plex release behavior, thereby reducing the reliability and applicability of the f2 approach in such

settings[16].
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2.2.2 Extensions to f2 and Alternative Similarity Frameworks

To address limitations of the f2 factor, bootstrap-based methods have been proposed to in-

corporate uncertainty into similarity assessment. Bootstrap resampling has been used to construct

con�dence intervals for f2, improving robustness under high variability [34, 40].

More recently, Liu et al. (2023) proposed a bias-corrected bootstrap f2 statistic to reduce

estimation bias and improve reliability. [29]

Tolerance interval methods provide an alternative reference-based framework for dissolution

comparison. Zhai et al. (2016) proposed the use of tolerance limits derived from the reference batch

to evaluate whether test pro�les fall within statistically acceptable bounds. Building on this idea,

Martinez and Zhao (2018) extended the approach by integrating optional f2 comparisons with

tolerance limits at individual time points, making the procedure particularly suitable for highly

variable products [67, 35].

2.3 Statistical Approaches for Dissolution Testing

Methods for comparing dissolution pro�les are generally classi�ed into model-independent

and model-dependent approaches. This distinction re�ects whether an explicit mathematical model

is assumed for the underlying dissolution process.

Comprehensive overviews of both model-independent and model-dependent approaches for

dissolution pro�le comparison has been presented in the literature [21, 52].

2.3.1 Model-independent approaches

Model-independent approaches compare dissolution pro�les directly using observed dissolu-

tion values at discrete time points, without assuming a speci�c functional form for the dissolution

curve.
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Early methods relied on pointwise statistical comparisons, such as analysis of variance (ANOVA),

to assess differences between dissolution values at individual sampling times [36, 1]. However,

such approaches do not provide a global measure of pro�le similarity.

Distance-based measures were subsequently proposed to summarize overall pro�le dissimi-

larity. Ma et al. (2000) introduced distance-based, model-independent similarity metrics, including

the mean absolute difference and mean squared difference, as scalar measures of overall dissolu-

tion pro�le dissimilarity. [31]

Multivariate statistical methods treat dissolution measurements at multiple time points as cor-

related observations, enabling simultaneous analysis that accounts for the interdependence of the

data. Classical techniques such as Hotelling's T2 statistic have been explored in the literature as

potential approaches for comparing dissolution pro�les through tests on mean vector differences

between formulations [53]. In addition, dimension-reduction approaches such as principal compo-

nent analysis (PCA) have also been applied to summarize variability in dissolution data by treating

measurements at discrete time points as multivariate observations [4]. However, such approaches

operate on discretized observations and do not fully exploit the underlying functional structure of

dissolution pro�les.

Tsong, Sathe, and Shah (1996) introduced a multivariate framework for dissolution pro�le

comparison based on the Mahalanobis distance, which accounts for correlation among measure-

ments across multiple time points and provides a standardized measure of overall pro�le dissimi-

larity. This framework has since been adopted and extended in subsequent studies, demonstrating

its usefulness for handling multivariate structure and variability in dissolution data [61, 19, 65].

A later review by Tsong et al. (2003) provided a comprehensive summary of distance-based

approaches for dissolution pro�le comparison, including maximum and mean absolute differences,

area-based distance measures, Rescigno indices and their weighted variants, as well as the stan-

dardized mean squared distance (Mahalanobis distance) proposed in earlier work [60].

More recently, Snee (2019) proposed a correlation-based approach for assessing dissolution

pro�le similarity, in which each individual pro�le is compared against the batch mean to quantify
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overall agreement. This approach provides a shape-sensitive alternative to traditional distance

metrics. [58]

2.3.2 Model-dependent approaches

Model-dependent approaches assess dissolution similarity by �tting mathematical models to

observed data and comparing either estimated parameters or reconstructed curves.

Parametric / mechanistic models Parametric models provide empirical representations of dis-

solution behavior using prede�ned functional forms. A wide range of models, including Weibull,

zero-order, �rst-order, Korsmeyer–Peppas, and Hixson–Crowell formulations, have been widely

used to capture different release patterns and kinetics. Due to their simplicity and interpretability,

these models are commonly applied in dissolution analysis and formulation studies, where similar-

ity is assessed through comparisons of �tted parameters or model-generated pro�les [25, 55, 6, 39].

Mechanistic and kinetic-based models extend parametric approaches by incorporating as-

sumptions about underlying drug release processes. These models aim to link dissolution behavior

to physical mechanisms, providing additional interpretability at the cost of stronger modeling as-

sumptions [6, 14].

More recently, stochastic modeling approaches have been proposed to capture variability and

uncertainty in dissolution processes. These include probabilistic formulations based on Dirichlet

distributions, gamma processes, and Wiener processes, offering �exible representations of disso-

lution behavior under random variation [49].

Regression / data-driven models In addition to parametric and mechanistic models, regression-

based and data-driven approaches have been widely used to relate formulation variables to disso-

lution behavior. Linear and multivariate methods, such as multiple linear regression (MLR) and

partial least squares (PLS), are commonly applied within designed experiments to model relation-

ships between formulation factors and summary characteristics of dissolution pro�les.
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More �exible data-driven approaches, including machine learning methods such as arti�cial

neural networks, have also been explored to model the mapping from formulation variables to

dissolution responses. These methods provide strong predictive capability and can capture complex

nonlinear relationships, but often require substantial data and may lack interpretability [43, 47, 15,

13].

In many cases, these approaches rely on intermediate parametric or low-dimensional repre-

sentations of dissolution behavior, such as rate constants or �tted model parameters, rather than

modeling the full functional pro�le directly [30].

While regression and data-driven methods provide �exible predictive frameworks, their per-

formance may still depend on the validity of the underlying model representation and can be sen-

sitive to sparse sampling and model misspeci�cation.

2.3.3 Simulation-based frameworks for dissolution

Simulation-based approaches for dissolution pro�les have been developed along several di-

rections. Existing methods are typically based either on physics-driven mechanistic models, which

simulate drug release using diffusion and mass-transport principles, or on empirical parametric

models that approximate observed release behavior using prede�ned functional forms, such as

Weibull or logistic-type models [64, 49, 29].

In addition, some studies incorporate formulation variables through designed experiments and

data-driven modeling, where relationships between formulation factors and dissolution behavior

are learned using linear and nonlinear regression techniques. In such settings, dissolution pro�les

are generated through model-based prediction, with curves reconstructed from �tted parameters or

learned mappings, rather than simulated from a fully speci�ed data-generating mechanism.
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Across these approaches, generated curves are typically derived from assumed parametric

structures or �tted models, and the underlying formulation–response relationship remains un-

known. Consequently, these frameworks do not support controlled evaluation of model robust-

ness, parametric misspeci�cation, or inverse formulation recovery, as no ground truth is available

for validation.

This limitation motivates the development of simulation-based frameworks in which the full

data-generating mechanism is explicitly speci�ed. Such frameworks enable systematic evaluation

of modeling pipelines under controlled conditions, including assessment of robustness to model

misspeci�cation and the ability to recover underlying formulation variables.

2.4 Curve-Based and Functional Approaches in Dissolution

Dissolution pro�les are inherently functional objects observed over time. Functional data

analysis (FDA) provides a statistical framework for representing, smoothing, and modeling such

data as continuous functions rather than discrete measurements. [50]

FDA methods developed in biological and longitudinal data settings have established rigorous

theoretical foundations for smoothing, dimension reduction, and regression with sparsely observed

curves. [5] These developments motivate the application of FDA to dissolution pro�les, which

exhibit similar characteristics, including sparse sampling, measurement noise, and between-unit

variability.

By treating each dissolution pro�le as a realization of an underlying smooth function, FDA

enables curve-level analysis that preserves global shape information and temporal structure. FDA

techniques have been applied for curve smoothing, dimension reduction, regression modeling, and

optimization in pharmaceutical and industrial contexts, providing a general statistical framework

for analyzing complex process pro�les. [20, 59]
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FDA-based approaches support statistical operations that are dif�cult to perform reliably using

discrete-time methods, including functional smoothing, dimension reduction, functional regres-

sion, and curve reconstruction. These tools make FDA particularly well suited for modeling disso-

lution behavior, where observations are often limited to a small number of time points. [7, 23, 27]

Functional principal component analysis (FPCA). Functional principal component analysis

(FPCA) extends classical principal component analysis to functional data by representing variabil-

ity among curves through a small number of orthogonal functional modes [50]. FPCA is particu-

larly useful for dimension reduction when functional observations are sparsely sampled and sub-

ject to measurement noise. By projecting dissolution pro�les onto a low-dimensional functional

subspace de�ned by dominant modes of variation, FPCA provides a compact and interpretable rep-

resentation of curve-level variability that is well suited for subsequent regression and formulation

optimization tasks.

Recent advances in functional data analysis offer an alternative perspective by treating dis-

solution pro�les as realizations of underlying smooth functions. In particular, FPCA has been

shown to provide a robust and parsimonious representation of time-series response pro�les, even

in settings with sparse, noisy, or irregular sampling. McMullen et al. (2024) demonstrated that

FPCA can accurately capture dominant modes of variation in complex pharmaceutical process

pro�les and, when combined with regression modeling, supports reliable prediction across multi-

variate design spaces [38]. In the context of dissolution modeling, Sousa (2025) further showed

that FDA-based models incorporating FPCA achieved improved predictive performance compared

to arti�cial neural networks, highlighting the advantages of function-level representations over

pointwise prediction strategies [59].

Among the existing literature, the work of Kenett and Gotwalt (2023) is most closely related

to the present dissertation. They compare functional data analysis and nonlinear regression for dis-

solution pro�le modeling and apply both approaches to the inverse formulation problem using the
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same experimental dataset analyzed here. Using a Weibull growth model, they identify a formula-

tion that reproduces a target dissolution pro�le and conclude that nonlinear regression outperforms

FDA on this dataset [20]. However, their comparison is explicitly qualitative, with no quantitative

evaluation metric reported. Moreover, the reported advantage of the Weibull model appears to be

driven by a small subset of formulations near the optimal region, suggesting localized �t quality

rather than consistent predictive performance across the formulation space. The authors further

note that nonlinear regression depends on selecting an appropriate parametric form, and that in

the absence of such prior knowledge, FDA-based approaches may be preferable. In addition, be-

cause the reference product corresponds to a proprietary commercial formulation, no ground truth

is available to validate the recovered formulation, leaving the inverse problem unresolved. These

limitations motivate the present work, which introduces a quantitative evaluation framework, con-

ducts a systematic comparison across multiple modeling pipelines, and uses simulation studies to

assess robustness under parametric misspeci�cation and enable direct validation of inverse formu-

lation recovery.

2.5 Summary and Research Gap

Existing dissolution comparison methods are primarily designed for regulatory decision-making

and rely on scalar metrics or low-dimensional parametric summaries. While effective for pass/fail

assessment, these approaches provide limited support for systematic modeling of dissolution be-

havior, particularly when full curve information and uncertainty are of interest.

More broadly, existing modeling approaches—including both parametric and functional meth-

ods—often focus on reproducing dissolution pro�les under speci�c model assumptions or on pre-

dicting summary parameters from formulation variables. As highlighted by recent work (e.g.,

Kenett and Gotwalt (2023) [20]), comparisons between modeling approaches are frequently qual-

itative, rely on limited regions of the design space.

These limitations point to three key gaps:

• lack of quantitative and systematic evaluation of modeling performance,
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• sensitivity to model misspeci�cation and reliance on correct parametric forms,

• absence of ground truth in real data for validating inverse formulation results.

This gap motivates the development of a uni�ed framework that combines functional data

analysis with simulation-based evaluation. In this framework, dissolution pro�les are treated as

functional objects and linked directly to formulation variables, while simulation is used to generate

controlled data for assessing model performance under varying conditions.

The methodology developed in Chapter 3 builds on this perspective by enabling curve-level

modeling, systematic comparison of alternative modeling pipelines, and formulation search within

a uni�ed framework.
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Chapter 3

Statistical Framework

3.1 Chapter Overview

This chapter presents the statistical pipelines developed to model dissolution pro�les and rec-

ommend formulation settings that closely match a selected reference product. The central objective

of this thesis is to evaluate whether Functional Principal Component Analysis (FPCA) provides a

curve-agnostic framework capable of handling diverse dissolution shapes while still producing

reasonable and interpretable formulation recommendations.

Two modeling families are considered:

1. Parametric pipelines (Weibull and Korsmeyer–Peppas models),

2. FDA-based pipelines.

For both families, a reference-anchored extension is introduced to improve alignment with

a chosen reference pro�le. This chapter describes the structure and mechanics of each pipeline.

Performance comparisons and simulation-based evaluation are presented in later chapters.

3.2 Notation and Data Structure

Let i = 1; : : : ; N index formulations (batches) and j = 1; : : : ; m index sampling time points.

The observed dissolution pro�le for formulation i is denoted

yi (t j ); 0 = t 1 < t 2 < � � � < t m ; (3.1)

with yi (t j ) 2 [0; 100] representing percent dissolved.
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Let xi = (x i1 ; : : : ; xip )> denote the formulation and/or process predictors associated with

formulation i.

A selected reference formulation is denoted yref (t j ), and the primary task is to identify a

formulation vector x? whose predicted curve is closest to the reference curve.

3.3 Distance Criteria and Decision Matrix

Pipeline recommendations are ranked using two complementary criteria.

3.3.1 Primary Criterion: ISD-Based Curve Distance

De�ne the integrated squared difference [50] between a candidate curve ŷ(t; x) and the smoothed

reference curve ŷref (t):

D ISD (x) =
Z

T
(ŷ(t; x) � ŷ ref (t))

2 dt: (3.2)

Throughout this thesis, DISD is used as the primary optimization objective. For interpretabil-

ity, results in plots and tables are reported in terms of DRISD , de�ned as the square root of DISD .

3.3.2 Secondary Criterion: Similarity Factor f 2

The similarity factor f2 is de�ned according to guidance from the U.S. Food and Drug Ad-

ministration [63] as:

f 2 = 50 log10

8
<

:

"

1 +
1
n

nX

j=1

(R j � T j )
2

#�1=2

� 100

9
=

;
: (3.3)

Here,

• Rj denotes the mean percent dissolved of the reference product at time point tj ,

• Tj denotes the mean percent dissolved of the test (or predicted) product at time point tj ,

• n is the number of common time points used in the comparison.
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The statistic f2 ranges from 0 to 100, with larger values indicating greater similarity between

the two dissolution pro�les. In general, f2 � 50 is interpreted as evidence that the two pro�les are

similar.

Although the default ranking is ISD-�rst-then-f2, the framework can be con�gured for f2-

�rst-then-ISD when regulatory alignment is prioritized.

3.4 Shared Pipeline Structure

All pipelines follow a common work�ow:

1. Raw dissolution observations and formulation predictors

2. Curve representation (parametric or smoothed functional form)

3. Modeling layer linking formulation to curve representation, where full quadratic models

with two-way interaction terms are primarily considered

4. Prediction of candidate curves

5. Optimization over feasible formulation space

6. Ranking using ISD and f2

3.5 Parametric Pipelines

Parametric pipelines assume a pre-de�ned functional form for the dissolution curve and esti-

mate formulation-speci�c parameters for that model.

3.5.1 Three-Parameter Weibull Pipeline

Model Representation. The three-parameter Weibull dissolution model [25] used in this thesis

is
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Input
Tablet-level dissolution pro�les fyik (t j )g

! mean curve �y i (t)
Formulation predictors xi 2 X

Representation
Parametric
Weibull / KP
Anchor: �� i

Representation
FPCA

Smoothing ! functions
Anchor: �� i

Modeling layer
Parametric regression

� i  x i

or regress �� i

Modeling layer
Score regression

� i  x i

or regress �� i

Prediction for candidate x
Parametric:̂�(x) or FPCA: �̂(x)

(Optional) reconstruct ŷ(t; x)

Evaluate closeness to reference
Primary: DISD (x) Secondary: f2(x)

Optimization
Search x 2 X

x? = arg min D ISD (x)

Output
Recommended x?

Report DISD and f2
(Optional) predicted curve

Figure 3.1: Uni�ed work�ow shared by parametric and FPCA pipelines, with optional reference
anchoring incorporated within each representation path.

yi (t) = a i

�
1 � exp

�
�

�
t
bi

� ci
��

; (3.4)

where:

• ai > 0 represents the asymptotic maximum release,
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• bi > 0 is a scale (time) parameter,

• ci > 0 controls the curve shape.

This parameterization allows �exible concave and sigmoidal release patterns and corresponds

directly to the implementation used in the computational pipeline.

Pipeline Structure.

1. Fit (âi ; b̂i ; ĉi ) for each formulation by nonlinear least squares [11]:

(âi ; b̂i ; ĉi ) = arg min
a;b;c

mX

j=1

�
yij � a

�
1 � exp

�
�

�
t j

b

� c��� 2

:

2. Model the relationship between Weibull parameters and formulation predictors using trans-

formed parameters (e.g., log-scale [26]):

log(âi ) = x >
i � a + " ia ; (3.5)

log(̂bi ) = x >
i � b + " ib; (3.6)

log(ĉi ) = x >
i � c + " ic : (3.7)

3. For a candidate formulation x, predict the parameters via back-transformation[9] with log-

normal bias correction:

â(x) = exp
�
x> �̂ a + �̂ 2

a=2
�
; (3.8)

b̂(x) = exp
�
x> �̂ b + �̂ 2

b=2
�
; (3.9)

ĉ(x) = exp
�
x> �̂ c + �̂ 2

c=2
�
; (3.10)

where �̂2
a, �̂ 2

b, and �̂2
c denote the estimated residual variances from the corresponding log-

linear regression models.
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The predicted dissolution curve is then constructed as

ŷ(t; x) = â(x)

2

41 � exp

8
<

:
�

 
t

b̂(x)

! ĉ(x)
9
=

;

3

5 :

4. Evaluate closeness to the reference using DISD (x) (primary) and f2(x) (secondary), and

search over the feasible region X to obtain the recommended formulation x?.

3.5.2 Korsmeyer–Peppas (KP) Pipeline

Model Representation. The KP curve [22] used in this thesis is implemented as a capped power-

law:

yi (t) = min (k i tn i ; 100) ; (3.11)

where ki > 0 is a kinetic constant and ni > 0 is the release exponent. The cap at 100 enforces

the natural upper bound of percent dissolved.

Pipeline Structure.

1. Fit (k̂i ; n̂i ) for each formulation by nonlinear least squares:

(k̂i ; n̂i ) = arg min
k;n

mX

j=1

�
yij � k t n

j

� 2
:

2. Model the relationship between KP parameters and formulation predictors using transformed

parameters (e.g., log-scale):

log(k̂i ) = x >
i � k + " ik ;

log(n̂i ) = x >
i � n + " in :

(3.12)
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3. For a candidate formulation x, predict the parameters via back-transformation with log-

normal bias correction:

k̂(x) = exp
�
x> �̂ k + �̂ 2

k=2
�
; (3.13)

n̂(x) = exp
�
x> �̂ n + �̂ 2

n=2
�
; (3.14)

where �̂2
k and �̂ 2

n denote the estimated residual variances from the corresponding log-linear

models.

The predicted dissolution curve is then constructed as

ŷ(t; x) = min
�

k̂(x) t n̂(x) ; 100
�

:

4. Evaluate closeness to the reference using DISD (x) (primary) and f2(x) (secondary), and

search over the feasible region X to obtain the recommended formulation x?.

3.5.3 Reference-Anchored Parametric Extension

Let �̂ ref denote the �tted parameter vector of the reference pro�le (e.g., Weibull or KP param-

eters).

De�ne parameter differences:

�� i = �̂ i � �̂ ref : (3.15)

Instead of modelinĝ� i directly, the anchored pipeline models ��i as a function of formulation

predictors. Optimization then targets

��(x) � 0;

which enforces direct alignment to the reference curve in parameter space.
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3.6 FPCA Pipelines

Functional principal component analysis (FPCA)[50] pipelines treat dissolution pro�les as

functional data without imposing a speci�c parametric form.

The FPCA pipeline proceeds through four sequential steps:

1. Smoothing discrete dissolution measurements to obtain continuous functional representa-

tions;

2. Functional decomposition via FPCA to obtain a low-dimensional set of scores (�ik ) that

capture dominant modes of variation across curves;

3. Regression of FPCA scores on formulation variables;

4. Reconstruction of predicted dissolution curves for candidate formulations.

Each step is described in detail below.

3.6.1 Smoothing and Functional Representation

The �rst step converts discrete dissolution observations into continuous functional represen-

tations.

Each observed pro�le is smoothed to obtain a continuous function ŷi (t) on a dense time grid.

In this dissertation, smoothing is carried out using P-splines, which combine a cubic B-spline basis

with a roughness penalty. Speci�cally,

ŷi (t) =
LX

l=1

cil � l (t); (3.16)

where f� l (t)g are cubic B-spline basis functions and cil are coef�cients estimated under a

roughness penalty to control excessive local variation and enforce smoothness.

Alternative basis representations, including unpenalized B-splines and I-splines, were also ex-

plored and remain available within the proposed framework. Additional details on these alternative

smoothing approaches are provided in Appendix A.
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3.6.2 FPCA Decomposition

Given the smoothed functional data, the second step applies FPCA to identify dominant pat-

terns of variation across curves.

Let �(t) denote the mean function. The smoothed curves are decomposed as

ŷi (t) = �(t) +
KX

k=1

� ik  k(t); (3.17)

where:

• �(t) is the mean function of the observed curves, representing the average dissolution pro�le

across all samples;

•  k(t) are orthonormal eigenfunctions obtained from the covariance operator of the functional

data, capturing the dominant modes of variation around the mean function;

• � ik are the FPCA scores for observation i on the k-th component, determining how strongly

the k-th eigenfunction  k(t) contributes to shaping the deviation of the individual curve from

the mean function;

• K is the number of retained components, chosen as the smallest value such that the cumula-

tive variance explained by the leading K principal components is at least 99:5%.

Here, FPCA is applied to the centered functions ŷi (t) � �(t), which have zero mean by con-

struction. Thus, the mean function �(t) represents the overall average dissolution pro�le, while

the FPCA components capture deviations around this mean.

Unlike the prede�ned spline basis functions used in smoothing, the eigenfunctions  k(t) are

data-driven and adapt to the dominant modes of variation in the observed curve shapes. As a result,

the FPCA representation does not rely on a prede�ned parametric form.
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3.6.3 Score Regression and Curve Prediction

The third step links the functional representation to formulation variables by modeling the

FPCA scores.

FPCA scores are linked to formulation predictors:

� ik = x >
i � k + " ik : (3.18)

For a candidate formulation x, predicted scores�̂ k(x) reconstruct the full predicted curve:

ŷ(t; x) = �(t) +
KX

k=1

�̂ k(x) k(t): (3.19)

This formulation enables prediction in the inverse problem setting, where candidate formula-

tion vectors x are evaluated through their implied dissolution curves.

3.6.4 Reference-Anchored FPCA Extension

An extension of the above pipeline incorporates a reference curve to guide both decomposition

and regression.

In the anchored FPCA pipeline, the reference curve is incorporated at two stages:

1. FPCA Decomposition Stage: The reference curve is included together with all other for-

mulations when estimating �(t) and f k(t)g. Therefore, the eigenfunctions and scores are

in�uenced by the reference pro�le [57].

2. Regression Stage: Let �ref;k denote the FPCA scores of the reference curve. De�ne

�� ik = � ik � � ref;k : (3.20)

The regression model is then �tted to ��ik rather than �ik .
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Optimization targets

��(x) � 0;

which enforces alignment to the reference curve in functional score space.

By incorporating the reference curve both in the eigen-decomposition and in the regression

modeling stage, the anchored FPCA pipeline shifts the optimization objective toward direct refer-

ence matching.

3.7 Optimization Strategy

All pipelines ultimately seek a formulation vector x? that produces a dissolution curve closely

matching the reference pro�le.

3.7.1 Inverse Formulation Problem

In both parametric and FPCA pipelines, the modeling layer de�nes a mapping from formula-

tion space to a lower-dimensional representation:

x �! �(x) or x �! �(x);

where �(x) represents parametric model parameters (e.g., a; b; c or k; n) and �(x) represents

FPCA scores.

Theoretically, one might attempt to solve the inverse problem directly:

�(x) = � ref or ��(x) = 0;

or

�(x) = � ref or ��(x) = 0:
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However, the mapping from formulation space to parameter (or score) space is not necessarily

one-to-one. In general, distinct formulation vectors x may produce identical or nearly identical

�(x) or �(x) values.

3.7.2 Non-Uniqueness of the Inverse Mapping

As a consequence, solving the inverse equation

�(x) = � ref

does not, in general, guarantee a unique solution for x. Even when a solution exists, multi-

ple feasible formulations may satisfy the same parameter or score condition within the allowable

formulation region X .

This potential non-uniqueness re�ects structural properties of the modeling framework, in-

cluding:

• The representation of a functional dissolution pro�le using a �nite set of model parameters

or FPCA scores [8] (e.g., (a; b; c) or �1; : : : ; � K ).,

• The possibility that the number of formulation predictors exceeds the dimensionality of the

parameter or score space [17],

• Dependencies or correlations among formulation variables [3],

• Constraints de�ning the feasible region X [24].

3.7.3 Curve-Based Optimization Criterion

To resolve this ambiguity, optimization is performed in curve space rather than solely in pa-

rameter or score space.

For each candidate formulation x, the predicted curve ŷ(t; x) is reconstructed and compared

to the reference curve yref (t) using the primary discrepancy measure
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D ISD (x) =
Z

T

�
ŷ(t; x) � ŷ ref (t)

� 2
dt

which represents the integrated area between the predicted and reference dissolution curves

over the observed time grid T .

It should be emphasized that DISD is a purely geometric distance measure de�ned in dis-

solution curve space. The notation re�ects the integral form of the discrepancy rather than any

pharmacokinetic interpretation.

The optimal formulation is then de�ned as

x? = arg min
x2X

D ISD (x):

The similarity factor f2(x) is reported as a secondary metric.

By optimizing directly in curve space, the pipeline selects a formulation that is not only

parameter-consistent but also minimizes the integrated difference from the reference pro�le over

time.

Design Flexibility from Curve-Based Optimization. An additional advantage of optimizing

directly in curve space is that the recommended formulation x? need not coincide with the original

reference formulation in predictor space. Because the mapping from formulation variables to dis-

solution behavior is not necessarily one-to-one, distinct formulation vectors may generate curves

that are nearly indistinguishable with respect to DISD and f2.

Consequently, the proposed framework can identify alternative formulation settings that achieve

equivalent release behavior. From a pharmaceutical development perspective, this provides valu-

able �exibility: multiple candidate formulations may satisfy the same dissolution target while

differing in excipient composition or processing conditions.

Rather than merely recovering an existing formulation, curve-based optimization expands

the design space by revealing functionally equivalent but compositionally distinct solutions. This
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property may support experimental redesign, robustness studies, and cost or manufacturability

considerations.

3.7.4 Candidate Generation Strategy

Because the inverse mapping from formulation space to curve space is not analytically invert-

ible, the optimal formulation x? is obtained via search over a �nite set of candidate points.

Candidate formulations are generated using Latin hypercube sampling (LHS) [37] over the

feasible region X for the continuous predictors. For categorical variables, LHS is applied within

each level, and the resulting samples are combined to form the full candidate set.

LHS provides strati�ed coverage in each formulation dimension while maintaining computa-

tional feasibility for large-scale search.

The same candidate set is evaluated within each pipeline for a given dataset or simulation

replicate, and the formulation minimizing DISD (x) is selected as the recommended solution.

3.7.5 Potential Extension: Preference-Weighted Optimization

The optimization framework presented in this thesis focuses solely on curve-based similarity,

with D ISD (x) serving as the primary objective.

In formulation development, however, additional considerations may in�uence candidate se-

lection. For example, a development team may prefer solutions near a target compression force

due to manufacturing constraints, equipment calibration, or robustness considerations.

The proposed framework can be extended to incorporate such preferences by augmenting the

ranking criterion with a predictor-space penalty term. A possible extension would de�ne

J(x) = D ISD (x) + �
pX

j=1

wj
�
x j � x target;j

� 2
; (3.21)

where � � 0 controls the trade-off between dissolution matching and proximity to preferred

predictor settings, and wj � 0 denotes a user-speci�ed weight that re�ects the relative impor-

tance or scaling of the j-th predictor. In practice, wj can be used to prioritize certain formulation
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variables (e.g., compression force) or to account for differences in units and variability across

predictors.

This multi-objective formulation was not implemented in the current study but represents a

natural direction for future development of the curve-based optimization framework.

3.8 Empirical Datasets

To evaluate the proposed pipelines under realistic extended-release conditions, two experi-

mental dissolution datasets are analyzed in this study. Both datasets consist of multi-formulation

extended-release (ER) products measured on common sampling grids.

3.8.1 Dataset A

Dataset A was obtained from Kenett and Gotwalt (2023) [20], who investigated extended-

release dissolution behavior across multiple formulation batches. The dataset consists of 16 for-

mulation batches, including one designated reference batch.

For each batch, dissolution was measured on six replicate tablets at a common sampling grid.

Let yir (t j ) denote the observed dissolution value for batch i and tablet replicate r = 1; : : : ; 6 at

time tj . The batch-level mean dissolution pro�le

�y i (t j ) =
1
6

6X

r=1

yir (t j )

is used as the input curve for all modeling and optimization procedures described in this thesis.

Each batch is characterized by four formulation or process predictors: the amounts of Poly-

mer A and Polymer B, the total polymer content, and compression force. All predictors are stan-

dardized prior to regression modeling to ensure comparability of coef�cient scales and numerical

stability.

A designated reference batch is available in Dataset A and is treated as yref (t) for both the

reference-anchored pipelines and the curve-based optimization procedure.
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Figure 3.2: Example raw dissolution pro�les from Dataset A. Replicate variability and shape di-
versity motivate �exible modeling.
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3.8.2 Dataset B

Dataset B was obtained from Sousa et al. (2025) [59], in which the primary objective was

to evaluate the ability of functional principal component analysis (FPCA) to accurately reproduce

extended-release dissolution pro�les.

Unlike Dataset A, Dataset B does not contain replicate tablet measurements per formulation.

Each formulation is represented by a single observed dissolution curve measured on a common

sampling grid. Let yi (t j ) denote the observed dissolution value for formulation i at time tj . Be-

cause replicate data are not available, the observed curve is used directly as the input pro�le for

modeling and optimization.

In addition, Dataset B does not include a designated reference product. For the purposes

of reference-anchored analysis and optimization in this thesis, one formulation is selected as the

reference curve,

yref (t);

and all remaining formulations are evaluated relative to this selected target pro�le.

This structural difference from Dataset A allows assessment of the proposed pipelines under

a setting where (i) replicate averaging is not available and (ii) the reference curve must be de�ned

analytically rather than supplied by experimental designation.

3.9 Chapter Summary

This chapter presented a uni�ed statistical framework for curve-based dissolution modeling

and formulation optimization. Parametric (Weibull and KP) and FDA-based pipelines were de-

scribed, along with their reference-anchored extensions and a common candidate-search strategy

based on Latin hypercube sampling.

The framework emphasizes optimization in curve space, allowing identi�cation of function-

ally equivalent but potentially compositionally distinct formulations. Potential extensions, includ-

ing preference-weighted multi-objective optimization, were also discussed.
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Figure 3.3: Example raw dissolution pro�les from Dataset B, with one measurement per formula-
tion, emphasizing modeling assumptions.
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Chapter 4

Real Data Application

4.1 Overview of Real Datasets

This chapter applies the proposed dissolution modeling and optimization pipelines to two real

extended-release datasets, denoted Dataset A and Dataset B.

Dataset A consists of multiple tablet replicates per formulation (batch), with six tablets avail-

able for each formulation. Batch-level mean dissolution pro�les are computed and used for model

�tting and optimization. Dataset A includes a reference formulation measured under the same

conditions as the test formulations.

Dataset B contains a single observed dissolution pro�le per formulation, resulting in greater

between-formulation variability and the absence of within-formulation averaging. No reference

formulation is available in Dataset B.

These two datasets provide complementary evaluation settings for assessing the behavior of

parametric and FDA-based pipelines under real-world conditions.

4.2 Analysis Framework for Real Data

All six pipelines considered in the simulation study are applied to each dataset:

• Weibull (Standard),

• Weibull (Reference-Anchored),

• KP (Standard),

• KP (Reference-Anchored),
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• FPCA (Standard, P-spline smoothing),

• FPCA (Reference-Anchored).

The same optimization strategy described in Chapter 3 is employed. Curve similarity is evalu-

ated using DRISD , computed on a dense grid of 100 time points, along with the similarity factor f2.

Because the true formulation–curve relationship is unknown for real datasets, formulation recovery

error cannot be directly assessed in this chapter.

4.3 Results for Dataset A

Dataset A, described in Section 3.8, is analyzed using the replicate-mean dissolution pro�les

for each formulation batch. A designated reference batch is available and is treated as yref (t) for

anchoring and optimization.

4.3.1 Data Overview

4.3.2 Curve Fitting Comparison

Figure 4.2–4.4 present representative examples of �tted or reconstructed dissolution pro�les

from each modeling family, with the reference curve overlaid for comparison. To improve read-

ability, two illustrative pro�les are shown per modeling approach.

The full set of reconstruction results is deferred to Appendix B, Section B.1.1.

The comparison emphasizes curve representation quality, independent of downstream opti-

mization performance.

The Weibull model captures the overall monotonic release behavior effectively, providing a

smooth parametric representation across the observed time domain. Its three-parameter structure

accommodates gradual curvature changes while maintaining interpretability.

The KP model provides reasonable approximation in the early and mid-release regions; how-

ever, minor deviations may occur at later time points due to its intrinsic power-law structure, which

restricts �exibility in describing more complex curvature.
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Figure 4.1: Raw dissolution pro�les for Dataset A, where the reference curve is observed under
the same experimental conditions as the candidate formulations. All formulations, including the
reference, are measured with multiple tablet replicates, and batch-level mean curves are used for
analysis.
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The FPCA pipeline, implemented with P-spline smoothing, offers a fully data-driven recon-

struction over the entire time domain. This approach adapts naturally to subtle curvature variations

without imposing a prede�ned parametric form.

Although the anchored variants modify the regression target through reference-based differ-

encing, both approaches are �tted using the same set of predictors in the full model. As a result,

the �tted curves from the standard and anchored versions are often similar, and differences are not

visually pronounced at the curve-�tting stage. However, when variable selection is introduced, the

effect of anchoring becomes more evident, as the two approaches may select different subsets of

predictors. These differences are further ampli�ed in the optimization stage, where they lead to

more distinct formulation recommendations and performance outcomes.

4.3.3 Optimization Outcomes

Optimization was conducted over the feasible formulation region X to identify

x? = arg min
x2X

DRISD (x);

with f 2 reported as a secondary similarity measure.

In the candidate generation step, Latin hypercube sampling (LHS) was used to explore the

continuous formulation space ef�ciently. However, LHS is designed for continuous variables and

does not directly accommodate categorical factors. In Dataset B, the diluent variable is categorical.

To incorporate this factor within the search procedure, diluent levels were randomly assigned to the

candidate formulations generated from the continuous LHS design. With a large candidate set of

10,000 formulations, this random assignment provides adequate coverage of the categorical levels

in practice. Alternatively, a strati�ed approach could be adopted in which separate LHS designs

are generated within each diluent level and then combined. Both strategies ensure that the feasible

formulation space is suf�ciently explored while preserving the space-�lling properties of the LHS

design for the continuous variables.
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Figure 4.2: Dataset A: Fitted curves example under the Weibull model.
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Figure 4.3: Dataset A: Fitted curves example under the KP model.
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Figure 4.4: Dataset A: Fitted curves example under the FPCA (P-spline) model.
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Figures 4.5–4.7 present the top-performing optimized candidate under each modeling pipeline,

while Figure 4.8 summarizes the distribution of DRISD values across the evaluated candidate set.

Notably, the search-based framework identi�es multiple near-optimal formulations with compara-

ble performance, taking advantage of the non-uniqueness of the inverse mapping. These additional

candidates are provided in Appendix B, Section B.2.1. Numerical summaries of the optimal formu-

lations and their corresponding DRISD and f2 values are provided in Table 4.1. Table 4.2 presents

the same results with an additional column indicating the variable selection method used for each

model.

Across pipelines, the Weibull-based models achieved the lowest DRISD values under both the

full model and variable selection settings. In the full model, the standard and anchored Weibull

pipelines produced identical results (DRISD = 18:70, f2 = 89:4), indicating the closest agreement

with the designated reference formulation. Under variable selection, the standard Weibull pipeline

further improved to DRISD = 13:13 with f2 = 92:9, maintaining the strongest overall performance.

The FPCA pipelines yielded moderately larger DRISD values but still achieved strong sim-

ilarity scores, with both standard and anchored variants satisfying the conventional f2 criterion.

In contrast, the KP-based pipelines exhibited substantially larger DRISD values, indicating weaker

optimization performance under this dataset.

Differences between standard and anchored variants are not observed under the full model,

where both approaches yield identical results due to the underlying predictor structure. When

variable selection is applied, however, anchoring produces modest improvements in some cases,

particularly for the FPCA pipeline.

Overall, Dataset A demonstrates that the Weibull-based representation provides the best align-

ment with the reference pro�le, re�ecting appropriate structural alignment between the model form

and the observed dissolution behavior. The consistent performance across pipelines, together with

the relatively small differences between standard and anchored variants, suggests that model ade-

quacy plays a more prominent role than anchoring in determining optimization outcomes for this

dataset.
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Figure 4.5: Dataset A: optimized dissolution curves under the Weibull pipeline.

Figure 4.6: Dataset A: optimized dissolution curves under the KP pipeline.

Table 4.1: Best optimized candidate per pipeline for Dataset A under the full model, including
standardized formulation variables

Pipeline DRISD f 2 PolymerA PolymerB Total Polymer CompressionForce
Standard Weibull 18.70 89.4 0.7393 0.2607 0.1430 2416
Anchored Weibull 18.70 89.4 0.7393 0.2607 0.1430 2416
Anchored FPCA 21.16 86.8 0.7265 0.2735 0.1423 2429
Standard FPCA 21.52 88.2 0.7265 0.2735 0.1423 2429
Standard KP 48.68 75.9 0.7342 0.2658 0.1780 1556
Anchored KP 48.68 75.9 0.7342 0.2658 0.1780 1556
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Figure 4.7: Dataset A: optimized dissolution curves under the FPCA (P-spline) pipeline.

Figure 4.8: Distribution of DRISD values across candidate formulations for each pipeline in
Dataset A.

Table 4.2: Best optimized candidate per pipeline for Dataset A under variable selection, including
standardized formulation variables.

Pipeline VarSel DRISD f 2 PolymerA PolymerB Total Polymer CompressionForce
Standard Weibull forward 13.13 92.9 0.7623 0.2377 0.1241 1564
Anchored Weibull backward 16.86 92.2 0.7267 0.2733 0.1354 2484
Anchored FPCA backward 22.43 85.9 0.7265 0.2735 0.1423 2429
Standard FPCA backward 22.62 87.3 0.7265 0.2735 0.1423 2429
Anchored KP forward 39.31 75.0 0.7759 0.2241 0.1742 2398
Standard KP forward 40.86 73.4 0.7610 0.2390 0.1752 2391
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The original experimental study identi�ed a preferred formulation based on laboratory testing

criteria. The optimized formulations obtained under the curve-based framework differ from those

reported in the original study, re�ecting differences in objective criteria and optimization strategy.

4.3.4 Discussion for Dataset A

The empirical results for Dataset A suggest that the three-parameter Weibull model provides

an appropriate structural representation of the observed extended-release pro�les. The dissolution

curves exhibit smooth, monotonic behavior with gradually decreasing release rates, a pattern well

aligned with the parametric �exibility of the Weibull family. This structural compatibility likely

explains the strong optimization performance observed for the Weibull-based pipelines.

When the full quadratic model is used, the anchored and standard parametric pipelines pro-

duce identical optimization results. This occurs because the predictor structure in Dataset A in-

duces linear dependencies that effectively embed a constant component within the span of the de-

sign matrix. In particular, although no explicit intercept is included in the standard model, the for-

mulation variables are compositional, with polymer fractions satisfying Polymer A+Polymer B =

1. As a result, one of the composition variables implicitly acts as an intercept due to this linear

constraint.

Under these conditions, the constant shift introduced by the anchored formulation (through

reference differencing) can be absorbed by the regression coef�cients of the predictors. Conse-

quently, the standard and anchored parameterizations become algebraically equivalent when the

full model is �t, leading to identical �tted values and identical optimized candidates.

After variable selection, however, some of these linear dependencies are removed as predic-

tors are excluded from the model. Once the constant vector is no longer fully represented by the

remaining predictors, the anchor shift can no longer be completely absorbed into the coef�cient

estimates. Consequently, the anchored formulation introduces a small but measurable difference in

the �tted response surface, which explains the modest improvement in DRISD observed for the an-

chored pipelines after variable selection. Further details are provided in Appendix B, Section B.2.1.
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The FPCA pipeline yields competitive performance across evaluation metrics, demonstrating

that a data-driven functional representation can effectively approximate the reference pro�le. In

this dataset, FPCA achieves a level of curve matching comparable to the parametric approach,

indicating that the dominant features of the dissolution behavior are well captured within a low-

dimensional functional representation. The KP model performs comparatively worse, particularly

in later release regions, re�ecting limitations of its power-law structure in capturing extended-

release curvature.

Reference anchoring provides modest improvements in DRISD across pipelines. The magni-

tude of improvement is relatively small, indicating that when the baseline model form is already

well aligned with the underlying dissolution mechanism, anchoring primarily �ne-tunes rather

than substantially alters optimization outcomes. Consistent effects on formulation recovery are

observed in simulation studies (Chapter 5).

These �ndings are consistent with the simulation results in Section 5.6.1, where parametric

pipelines demonstrated strong performance under correctly speci�ed Weibull-generating mecha-

nisms. Together, the simulation and empirical results suggest that model adequacy plays a central

role in determining whether additional functional �exibility or reference-based adjustments mean-

ingfully in�uence optimization performance.

From a practical standpoint, Dataset A illustrates that when dissolution behavior conforms to

a parsimonious parametric structure, a well-speci�ed model may provide both interpretability and

effective formulation recommendation, while functional approaches such as FPCA offer a �exible

alternative that achieves comparable matching performance.

A limitation of the real data application is the small number of observed time points per

dissolution pro�le. With only four sampling times, the smoothing step may be less stable, and the

resulting functional representation may not fully capture the underlying curve dynamics.
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In such settings, FPCA effectively operates on a low-dimensional representation of the data,

and its interpretation as a continuous functional decomposition should be made with caution. Nev-

ertheless, the framework remains applicable and provides a coherent structure for modeling and

optimization.

4.4 Results for Dataset B

Dataset B consists of extended-release dissolution pro�les, with a single observed curve per

formulation. Unlike Dataset A, no designated reference product is provided. To enable reference-

anchored modeling and optimization, formulation F12 is randomly selected as an internal reference

and treated as yref (t) throughout the analysis.

Dataset B originally comprised 91 formulations. Consistent with the preprocessing procedure

reported in Sousa (2025) [59], six formulations exhibiting pronounced early burst release behavior

were excluded. The remaining 85 formulations were divided into training (n = 58), validation

(n = 18), and testing (n = 9) subsets.

4.4.1 Data Overview

Compared with Dataset A, Dataset B exhibits greater structural variability across formula-

tions and does not bene�t from replicate averaging. As a result, modeling �exibility plays a more

prominent role in reconstruction performance.

4.4.2 Curve Fitting Comparison

Figure 4.10–4.12 present representative �tted or reconstructed dissolution pro�les for the nine

independent test formulations across each modeling family, with the reference curve overlaid for

comparison. To improve readability, two illustrative pro�les are shown per modeling approach.

The full set of reconstruction results is deferred to Appendix B, Section B.1.2.
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Figure 4.9: Raw dissolution pro�les for Dataset B, where no designated reference formulation
is available. For optimization, one observed pro�le is selected as a reference in practice, and
each formulation is represented by a single measured curve, emphasizing reliance on modeling
assumptions.
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The reconstruction results reveal clearer separation between modeling families than observed

in Dataset A. Because Dataset B contains only one observed curve per formulation and exhibits

substantial heterogeneity, structural �exibility becomes critical.

The standard FPCA pipeline provides the strongest overall reconstruction performance on the

test set. Its data-driven basis representation adapts naturally to diverse curvature patterns with-

out imposing parametric restrictions, resulting in consistently lower DRISD values and higher f2

similarity for many formulations.

The reference-anchored FPCA model, in contrast, exhibits reduced reconstruction accuracy

for formulations that differ substantially from the selected reference (F12). Since anchoring mod-

els deviations relative to the reference curve, predictions may partially re�ect reference-speci�c

structure, which can degrade reconstruction when true curve shapes are structurally distinct.

The Weibull model provides stable parametric �ts and captures the overall monotonic release

behavior effectively. However, its three-parameter structure limits �exibility in accommodating

more complex curvature patterns present in certain formulations.

The KP model performs well when the underlying release trajectory resembles a power-law

structure. For formulations deviating from this assumption, its restricted functional form leads to

larger discrepancies.

Overall, Dataset B highlights the importance of structural �exibility when formulation-level

heterogeneity is substantial. In this setting, the fully functional FPCA approach demonstrates a

clear reconstruction advantage.

4.4.3 Optimization Outcomes

Optimization was conducted over the feasible formulation region X to identify

x̂ = arg min
x2X

DRISD (x);
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Figure 4.10: Dataset B: Fitted curves example under the Weibull model.
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Figure 4.11: Dataset B: Fitted curves example under the KP model.
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Figure 4.12: Dataset B: Fitted curves example under the FPCA (P-spline) model.
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with f 2 reported as a secondary similarity measure. For Dataset B, formulation F12 was selected

as the internal reference pro�le.

Figures 4.13–4.15presents the top-performing optimized candidates under each modeling

pipeline, while Figure 4.16 summarizes the distribution of DRISD values across the evaluated can-

didate set. Notably, the search-based framework identi�es multiple near-optimal formulations with

comparable performance, taking advantage of the non-uniqueness of the inverse mapping. These

additional candidates are provided in Appendix B, Section B.2.2.

Numerical summaries of the optimal formulations and their corresponding DRISD and f2 val-

ues are provided in Table 4.3. Table 4.4 presents the same results with an additional column

indicating the variable selection method used for each model.

Across pipelines, the KP-based models achieved the lowest DRISD values under both the full

model and variable selection settings. In the full model, the Standard and Anchored KP pipelines

produced identical results (DRISD = 8:89, f 2 = 96:6), indicating the closest agreement with the

selected reference formulation. Under variable selection, both KP variants further improved to

DRISD = 8:21 with f 2 = 97:4, maintaining the strongest overall performance.

The FPCA and Weibull pipelines yielded moderately larger DRISD values but still achieved

high similarity scores, with all methods satisfying the conventional f2 criterion (f2 > 90). Under

the full model, differences between standard and anchored variants were negligible for the KP and

Weibull pipelines, re�ecting the underlying model structure. When variable selection was applied,

anchoring produced modest improvements in some cases, particularly for the FPCA pipeline.

Overall, these results indicate that the KP-based representation provides the best alignment

with the selected reference pro�le in Dataset B, while FPCA and Weibull remain competitive

alternatives. The consistency of performance across modeling choices, together with the relatively

small differences between standard and anchored variants, suggests that model selection plays a

more prominent role than anchoring in determining optimization outcomes for this dataset.
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Figure 4.13: Dataset B: optimized dissolution curves under the Weibull pipeline.

Figure 4.14: Dataset B: optimized dissolution curves under the KP pipeline.
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Figure 4.15: Dataset B: optimized dissolution curves under the FPCA (P-spline) pipeline..

Figure 4.16: Distribution of DRISD values across candidate formulations for each pipeline in
Dataset B (reference = F12).
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Table 4.3: Best optimized candidate per pipeline for Dataset B under the full model (reference =
F12), ranked by DRISD .

Pipeline DRISD f 2 PEON750 PEO1105 PEON60K PEO303 Diluent
Standard KP 8.89 96.6 19.949 2.831 0.958 22.058 SMCC
Anchored KP 8.89 96.6 19.949 2.831 0.958 22.058 SMCC
Standard Weibull 9.97 95.7 15.262 0.705 6.748 18.852 SMCC
Anchored Weibull 9.97 95.7 15.262 0.705 6.748 18.852 SMCC
Standard FPCA 11.32 94.3 31.108 29.608 14.572 2.204 SMCC
Anchored FPCA 12.95 93.5 26.461 1.290 1.481 65.920 SMCC

Table 4.4: Best optimized candidate per pipeline for Dataset B under variable selection (reference
= F12), ranked by DRISD .

Pipeline VarSel DRISD f 2 PEON750 PEO1105 PEON60K PEO303 Diluent
Standard KP forward 8.21 97.4 15.602 7.103 1.907 14.173 SMCC
Anchored KP backward 8.21 97.4 15.602 7.103 1.907 14.173 SMCC
Standard FPCA backward 11.49 95.0 38.538 10.134 20.411 4.408 SMCC
Anchored FPCA backward 13.60 95.2 19.949 2.831 0.958 22.058 SMCC
Standard Weibull backward 15.21 94.1 19.949 2.831 0.958 22.058 SMCC
Anchored Weibull backward 15.21 94.1 19.949 2.831 0.958 22.058 SMCC

4.4.4 Discussion for Dataset B

In contrast to Dataset A, Dataset B exhibits greater structural heterogeneity across formu-

lations, with more diverse curvature patterns and no experimentally designated reference product.

Under this setting, model performance becomes more sensitive to alignment between the modeling

family and the selected internal reference pro�le.

The �exibility of FPCA allows it to accommodate a wide range of curve shapes under such

heterogeneous conditions. However, this �exibility may also lead to less stable behavior near the

boundaries of the time domain, particularly in the tail region. This limitation can be addressed by

incorporating shape constraints, such as monotonicity constraints or additional smoothness regu-

larization within the FDA framework.

Under the full-model speci�cation, the anchored and standard parametric pipelines produce

identical optimization results for both the KP and Weibull models. This arises from linear depen-

dencies in the predictor structure, particularly due to the inclusion of categorical diluent indicators.
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These indicators introduce collinearity that effectively embeds a constant component within the

span of the design matrix.

As a result, the constant shift introduced by the anchored formulation can be fully absorbed

when the full set of predictors is used, rendering the anchored and standard parameterizations al-

gebraically equivalent. Consequently, both approaches produce identical �tted values and identical

optimized candidates under the full model.

After variable selection, this exact equivalence no longer necessarily holds because the stan-

dard and anchored models may select different predictor sets. In this case, both approaches still

identify the same top-ranked optimized candidate, but differences appear among the remaining

near-optimal candidates. Thus, the agreement under variable selection is limited to the best solu-

tion rather than the full optimization ranking. Further details are provided in Appendix B, Sec-

tion B.2.2.

For the FPCA and Weibull pipelines, variable selection leads to slightly larger DRISD values,

indicating a modest loss in curve-matching accuracy. However, the anchored variants in these

cases yield formulations that are closer to the true underlying composition, suggesting improved

recovery of formulation structure despite the small increase in dissimilarity.

The strong performance of the KP-based pipelines suggests that several formulations in Dataset B

exhibit release trajectories that are well approximated by power-law behavior relative to the se-

lected reference formulation F12. When such structural compatibility exists, a parsimonious para-

metric model can provide effective optimization performance.

More broadly, the differing ranking patterns between Datasets A and B reinforce that no

single modeling family uniformly dominates across empirical settings. Model adequacy depends

on the structural characteristics of the dissolution pro�les and on the choice of reference pro�le,

particularly when no external ground-truth reference is available.
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4.5 Chapter Summary

This chapter evaluated the proposed parametric and FDA-based pipelines using two empirical

extended-release dissolution datasets with differing structural characteristics.

For Dataset A, where dissolution pro�les exhibit smooth, monotonic behavior and a desig-

nated reference batch is available, the three-parameter Weibull model demonstrated strong struc-

tural alignment with the observed release mechanism. Under this setting, Weibull-based pipelines

achieved the most favorable optimization performance. This result underscores that when the un-

derlying functional form of the dissolution process is well understood and correctly speci�ed, a

parametric model can provide both interpretability and strong optimization accuracy.

However, Dataset B revealed a different pattern. With greater between-formulation hetero-

geneity and no externally de�ned reference product, model performance became more sensitive

to structural assumptions and reference selection. In this setting, relative rankings varied across

modeling families, and no single parametric structure uniformly dominated across formulations.

Taken together, these �ndings highlight a central distinction between modeling approaches.

Parametric pipelines can perform exceptionally well when the correct functional form is known or

closely approximated. In contrast, when the structural form of the dissolution curve is uncertain,

misspeci�ed, or highly heterogeneous across formulations, functional approaches such as FPCA

provide consistently reliable reconstruction and competitive optimization performance without re-

quiring prior assumptions about the governing equation.

Thus, while parametric models offer ef�ciency and interpretability under correct speci�cation,

FDA-based methods offer structural robustness and adaptability when the true release mechanism

is unknown. The empirical results therefore reinforce the broader conclusion that model choice

should be guided by the degree of structural knowledge available and the heterogeneity of the

formulation space.

The next chapter presents a comprehensive simulation study designed to further evaluate the

proposed pipelines under controlled data-generating mechanisms, allowing systematic assessment

of robustness to model misspeci�cation and validation of formulation recovery performance.
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Chapter 5

Simulation Study

5.1 Objectives of the Simulation Study

The purpose of this simulation study is to evaluate the behavior and robustness of the proposed

dissolution modeling pipelines under controlled conditions where the true formulation–curve rela-

tionship is known.

Four mechanistically distinct data-generating mechanisms are considered to represent a range

of dissolution behaviors commonly encountered in practice:

• Three-parameter Weibull release,

• Logistic sigmoidal release,

• Korsmeyer–Peppas (power-law) release,

• Hixson–Crowell erosion-based release.

In addition, structural perturbations of the Weibull model, including mixture-based and mildly

misspeci�ed variants, are examined to evaluate sensitivity to parametric misspeci�cation.

The mathematical forms used for each generating mechanism are speci�ed in Section ??.

The study is designed to assess:

• Robustness across different data-generating curve families,

• Sensitivity to parametric misspeci�cation,

• The impact of reference anchoring on optimization accuracy,
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• Formulation recovery performance quanti�ed by squared deviation in formulation space

(Formulation Recovery Error, FRE).

Because the formulation–curve relationship is fully speci�ed in each simulation scenario, the

framework enables direct evaluation of both curve-matching performance and formulation identi-

�ability.

To ensure that the simulated dissolution pro�les remain pharmaceutically realistic, the func-

tional forms and parameter ranges used in the data-generating mechanisms were selected in con-

sultation with pharmaceutical formulation expertise. The resulting simulated curves exhibit disso-

lution behaviors consistent with commonly observed release pro�les, including monotonic release,

plausible release rates, and saturation toward complete drug release.

5.2 Data-Generating Mechanisms

Four distinct dissolution-generating mechanisms are considered to represent a range of curve

behaviors. In all cases, model parameters are determined by the formulation vector x through the

quadratic mapping de�ned in Section 5.3.

5.2.1 Weibull-Generated Pro�les

The three-parameter Weibull[25] mechanism is de�ned as

ytrue (t; x) = a(x)

 

1 � exp

"

�
�

t
b(x)

� c(x)
#!

; (5.1)

where a(x) denotes the asymptotic release level, b(x) controls the time scale, and c(x) governs

the curve shape. This formulation permits �exible concave and sigmoidal release patterns.

5.2.2 Logistic Sigmoidal Pro�les

The logistic [46] generating mechanism is de�ned as
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ytrue (t; x) = 100 �
1

1 + exp[� (� 0(x) + � 1(x)t)]
; (5.2)

where �0(x) controls the location of the in�ection point and �1(x) determines the steepness of

the transition. This formulation corresponds to a standard logistic (sigmoidal) model used to de-

scribe growth processes and S-shaped response trajectories in nonlinear regression and dissolution

modeling.

5.2.3 Korsmeyer–Peppas Pro�les

The KP [22] mechanism is de�ned as a capped power-law model:

ytrue (t; x) = min
�
k(x)t n(x) ; 100

�
; (5.3)

where k(x) is a kinetic constant and n(x) is the release exponent. The upper bound at 100

enforces the natural percentage release constraint. This mechanism captures near-linear and power-

law release dynamics.

5.2.4 Hixson–Crowell Pro�les

The Hixson–Crowell mechanism [18] is de�ned as

ytrue (t; x) = 100
�
1 � (1 � k(x)t) 3�

; (5.4)

where k(x) controls the rate of surface-erosion–driven release. This mechanism typically

generates gradual, approximately linear curve behavior over the observed time range.
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5.3 Baseline Simulation Design

5.3.1 Formulation Space

Let x 2 X � R p denote the formulation predictor vector. In the baseline setting, p = 3

predictors are considered. Training formulations are generated from a three-level factorial design,

where each predictor takes coded levels f�1; 0; 1g. This produces a discrete set of design points

used to �t each pipeline.

For the optimization stage, candidate formulations are searched over a continuous feasible

region X = [�1; 1] p using Latin hypercube sampling, allowing the recommended formulation x?

to take intermediate values between the original design levels.

5.3.2 True Parameter–Formulation Mapping

For each data-generating mechanism, model parameters are de�ned as deterministic func-

tions of the formulation vector x. Speci�cally, each parameter �j (x) is generated on the log scale

according to a full quadratic model:

log
�
� j (x)

�
= � 0j +

pX

k=1

� kj xk +
pX

k=1

� kkj x2
k +

X

k<`

� k`j xkx` ; (5.5)

where �j (x) denotes the j-th parameter of the data-generating curve (e.g., a; b; c for Weibull

or k; n for KP).

The coef�cient values f�g are �xed across replicates and chosen to produce realistic disso-

lution behaviors while preserving smooth relationships between formulation variables and curve

characteristics.

5.3.3 True Curve Generation

For a given formulation vector x, the true dissolution curve ytrue (t; x) is obtained by substi-

tuting the parameter values f�j (x)g into the corresponding data-generating function described in

Section 5.2.
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This construction establishes an explicit and known mapping from formulation space to curve

space, enabling direct evaluation of formulation recovery performance.

In addition, the simulation settings are designed to span structurally distinct functional curve

shapes and temporal dynamics, providing a controlled framework for assessing model performance

under diverse functional behaviors and potential model misspeci�cation.

5.3.4 Time Grid and Observation Model

Dissolution pro�les are evaluated over discrete sampling grids

Tobs = ft 1; : : : ; tmg;

representing typical laboratory observation schedules.

Two sampling designs are considered to evaluate model performance under different observa-

tion schemes:

• Time grid A (IR-like sampling):

TA = f5; 10; 15; 20; 30; 45; 60; 75; 90; 120g

• Time grid B (ER-like sampling):

TB = f5; 30; 60; 90; 120; 180; 240; 360; 480; 600; 720; 900g

Each data-generating mechanism is paired with one of the two sampling grids, and within

each mechanism all competing modeling pipelines are estimated and optimized using the same

observation grid Tobs. While these grids are motivated by IR- and ER-like sampling schemes,

the pairing with generating mechanisms is designed to prioritize diversity in curve shapes rather

than enforce a strict classi�cation. As a result, some pro�les generated on the IR-like grid may
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visually resemble ER behavior. This design does not affect the validity of the comparison, since

all pipelines are evaluated under identical conditions within each mechanism, ensuring internal

consistency for relative performance evaluation.

To compute the curve distance metric DRISD , a dense evaluation grid

Tgrid

of 500 equally spaced time points over the observation interval is used to approximate the integral

numerically.

Observed dissolution values are generated at the tablet level to re�ect within-batch variability.

For each formulation, six tablet-speci�c pro�les are simulated.

For tablet r at time point tj , the observation model is

yir (t j ; x) = y true (t j ; x) + " ir (t j ); (5.6)

where the error process "ir (t j ) follows an autoregressive model of order one (AR(1)) [66]

across time:

" ir (t j ) = � " ir (t j�1 ) + � ir (t j ); (5.7)

with j�j < 1 and innovations � ir (t j ) generated independently with mean zero and �xed vari-

ance. This structure induces realistic temporal correlation within individual tablet pro�les.

Because dissolution is inherently monotone increasing, the simulated tablet-level curves are

projected onto the space of monotone functions using the Pool-Adjacent-Violators Algorithm

(PAVA) [2].

The batch-level observed pro�le is then obtained by averaging across tablets:

�y i (t j ) =
1
6

6X

r=1

yir (t j ; x): (5.8)
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To the best of our knowledge, a simulation framework that integrates factorial formulation

design, parametric mapping to dissolution models, and curve generation with correlated noise and

monotonicity constraints has not been previously reported in the dissolution literature.

5.3.5 Reference Selection

For each simulation replicate, a reference formulation xref 2 X is randomly sampled from

the formulation space.

In the baseline scenarios, the reference pro�le is generated using the same observation model

applied to all formulations: six tablet-level curves are simulated with AR(1) noise, monotonicity

is enforced via PAVA, and the batch mean curve is computed. This averaged noisy curve serves as

the observed reference pro�le used for optimization.

In the misspeci�cation scenarios (Section 5.8), the reference curve is taken directly from the

true data-generating function without added noise. This construction isolates structural model

mismatch from stochastic observational variability.

5.3.6 Candidate Generation and Optimization

Because the inverse mapping from formulation space to curve space is not analytically invert-

ible, optimization is conducted through �nite candidate search.

For each simulation replicate, a set of candidate formulations

�
x(1) ; : : : ; x(N)

	
� X

is generated using Latin hypercube sampling (LHS), which provides strati�ed coverage of the

formulation space.

Each candidate formulation is evaluated under the �tted pipeline, and the curve distance

DRISD (x) is computed relative to the reference pro�le. The formulation minimizing DRISD (x)

is selected as the recommended solution, with f2(x) reported as a secondary metric.
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The same candidate set is used across all pipelines within each replicate to ensure fair com-

parison.

5.3.7 Selection of the Number of FPCA Components

In the FPCA pipelines, the number of retained principal components was selected adaptively

within each simulation replicate. For each replicate, FPCA was �t with an upper limit of Kmax =

10 components. Let f�kg denote the estimated eigenvalues. The retained dimension K was chosen

as the smallest integer such that the cumulative proportion of variance explained (PVE) exceeded

a pre-speci�ed threshold:

K = min

(

k � K max :
P k

`=1 � `
P K max

`=1 � `

� 0:995

)

: (5.9)

Because the complexity of the simulated curve families is moderate, the selected value of K

is highly stable in the scenarios considered, and the retained dimension is typically K = 2 across

replicates.

5.3.8 Pipelines Compared

The following six pipelines are evaluated:

• Weibull (Standard),

• Weibull (Reference-Anchored),

• KP (Standard),

• KP (Reference-Anchored),

• FPCA (Standard, P-spline smoothing),

• FPCA (Reference-Anchored).
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All pipelines are supplied with the same observed data and the same candidate formulation

set within each replicate, ensuring fair and controlled comparison.

The selected parametric pipelines represent commonly used and structurally distinct mod-

eling assumptions in dissolution analysis. The three-parameter Weibull model provides �exible

nonlinear and sigmoidal behavior, while the KP model captures power-law and near-linear release

dynamics. Together, these models span a broad range of parametric assumptions typically encoun-

tered in practice.

The FPCA pipeline is included as a data-driven, model-agnostic alternative that does not

impose a prede�ned functional form.

5.4 Evaluation Metrics

5.4.1 Curve Matching Accuracy

Curve similarity is evaluated using the primary criterion DRISD and the secondary similarity

factor f2.

Throughout the simulation results, the label “RISD” in �gures refers speci�cally to the curve-

distance metric DRISD , de�ned as the numerical integral of the absolute difference between the

predicted and reference dissolution curves. This quantity represents the area between curves rather

than the conventional area under a single dissolution pro�le.

5.4.2 Formulation Recovery Error

To assess the ability of each pipeline to recover the true underlying formulation, we de�ne the

formulation recovery error (FRE) as

FRE = kx̂ � x true k2; (5.10)

where x̂ denotes the recommended formulation and xtrue is the true reference formulation.

70



Although this expression resembles a mean squared error, it represents squared deviation in

formulation space rather than residual error from a �tted regression model. The FRE is averaged

across simulation replicates to summarize recovery performance.

5.5 Illustration of Training Curves

To illustrate the variability induced by the three-level formulation design, Figures 5.1–5.4

display the 27 batch-level training curves generated under each data-generating mechanism. Each

�gure corresponds to one curve family (Weibull, Logistic, KP, and Hixson–Crowell, respectively).

These plots demonstrate the range of curve shapes produced across the formulation space prior

to optimization. The systematic variation re�ects the quadratic formulation–parameter mapping

de�ned in Section 5.3.

Figure 5.1: Training curves generated under the Weibull mechanism for the 33 formulation design.

The diversity of curvature patterns across generating mechanisms highlights the need for �ex-

ible modeling approaches that are not restricted to a single parametric form.

The logistic pro�les exhibit a gradual, sigmoidal transition, representing a distinct functional

shape that differs from standard parametric assumptions.
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Figure 5.2: Training curves generated under the logistic mechanism for the 33 formulation design.

Figure 5.3: Training curves generated under the KP mechanism for the 33 formulation design.
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Figure 5.4: Training curves generated under the Hixson–Crowell mechanism for the 33 formulation
design.

While the simulated curves were generated from prespeci�ed parametric mechanisms and

tuned to resemble realistic dissolution pro�les, not every curve would necessarily be retained in

an actual experimental development setting. In practice, pro�les considered pharmaceutically im-

plausible or operationally unsuitable may be excluded during early-stage screening.

In this simulation study, such curves are intentionally retained to provide a controlled evalu-

ation of pipeline behavior under a broad range of structural conditions. This includes both well-

speci�ed settings, where the model aligns with the data-generating mechanism, and challenging

misspeci�ed scenarios. This design enables assessment of each method's robustness and its ability

to adapt to diverse dissolution patterns.

5.6 Simulation Results: Robustness Across Curve Families

Performance is summarized using three primary outcomes: (i) curve distance DRISD , (ii)

similarity factor f2, and (iii) formulation recovery error (FRE). Each plot compares all six pipelines

under the same simulation setting.
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5.6.1 Weibull-Generated Pro�les

Curve Matching Performance. Figure 5.5a and Figure 5.5b summarize curve-level similarity

using the area between curves (DRISD ) and the similarity factor f2. Because the data-generating

mechanism follows a Weibull model, the parametric Weibull pipeline provides the closest match

to the reference dissolution pro�les. Both the standard and anchored Weibull approaches pro-

duce very small DRISD values and consistently high f2 scores, typically well above the regulatory

similarity threshold of 50.

In contrast, the KP-based pipelines perform poorly in this setting. Since the KP model as-

sumes a power-law relationship that does not capture the sigmoidal Weibull structure, substantial

model misspeci�cation occurs. This results in very large DRISD values and f2 scores far below the

similarity threshold.

The FPCA pipelines provide an intermediate level of performance. Although FPCA does not

assume a speci�c parametric form, its �nite-dimensional representation introduces approximation

error relative to the true Weibull model. Consequently, FPCA produces larger DRISD values and

slightly lower f2 scores than the Weibull pipeline, but still maintains strong similarity in most

simulations.

Formulation Recovery. Formulation recovery is evaluated using the formulation recovery error

(FRE), de�ned as the squared distance between the estimated optimal formulation and the true

generating formulation. The Weibull pipelines achieve the lowest FRE values, indicating that

they most accurately recover the underlying formulation parameters when the parametric model is

correctly speci�ed.

The KP pipelines exhibit extremely large FRE values, re�ecting the inability of the KP model

to represent the true Weibull-shaped dissolution curves. Even when curve-level similarity is par-

tially achieved through parameter adjustment, the resulting formulation estimates are far from the

true generating values.
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(a) DRISD

(b) f 2

(c) Formulation Recovery Error (FRE)

Figure 5.5: Simulation results for the Weibull data-generating mechanism.
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The FPCA pipelines produce moderate FRE values, larger than those from the correctly spec-

i�ed Weibull model but substantially smaller than those from the KP pipelines. This behavior

re�ects the �exibility of FPCA, which can approximate a wide range of curve shapes, though the

mapping from FPCA scores back to formulation space is less precise than in the correctly speci�ed

parametric model.

5.6.2 Logistic Sigmoidal Pro�les

Curve Matching Performance. Figure 5.6 illustrates the dissolution pro�les generated from

the logistic sigmoid mechanism across the factorial design settings. The resulting curves exhibit

a symmetric S-shaped trajectory with a relatively sharp transition region, which differs from the

asymmetric structure implied by the Weibull model.

This structural mismatch is re�ected in the similarity metrics shown in Figure 5.6a and Fig-

ure 5.6b. The Weibull pipelines produce substantially larger DRISD values and lower f2 scores

compared with the other approaches, indicating that the Weibull model is unable to accurately

capture the logistic curve shape under this design.

In contrast, the KP pipelines achieve improved curve similarity relative to Weibull. Although

the KP model is not speci�cally designed for logistic curves, its �exible power-law structure pro-

vides a closer approximation to the logistic trajectory in this simulation setting.

The FPCA pipelines yield the best overall curve matching performance. Because FPCA does

not impose a predetermined functional form, it can �exibly represent the logistic sigmoid shape.

Consequently, FPCA produces the smallest DRISD values and the highest f2 scores across most

simulation replicates.

For the anchored KP pipeline, the log-normal bias correction (�2=2) was omitted due to nu-

merical instability and sensitivity of the KP model under the anchored speci�cation.

Formulation Recovery. The formulation recovery error (FRE) results, shown in Figure 5.6c,

follow a similar pattern. The FPCA pipelines achieve the lowest FRE values, indicating the most
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(a) DRISD

(b) f 2

(c) Formulation Recovery Error (FRE)

Figure 5.6: Simulation results for the Logistic data-generating mechanism.
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accurate recovery of the underlying formulation parameters when the true dissolution mechanism

is logistic.

The KP pipelines produce moderate FRE values, re�ecting their ability to approximate the

logistic curve shape to some extent but without fully capturing its structural characteristics.

The Weibull pipelines exhibit the largest FRE values. Because the Weibull model is mis-

speci�ed for the logistic sigmoid curves, the optimization procedure compensates by adjusting

formulation parameters in ways that reproduce the observed curve shape but deviate substantially

from the true generating formulation.

5.6.3 Korsmeyer–Peppas Pro�les

Curve Matching Performance. Figure 5.7 summarizes the simulation performance under the

KP data-generating mechanism. The similarity metrics shown in Figure 5.7a and Figure 5.7b

indicate that the KP pipelines achieve the strongest curve-matching performance in this setting.

Because the data-generating mechanism follows the KP power-law structure, the KP pipelines

produce the smallest values of DRISD and the highest f2 scores across replicates. This result is

expected under correct structural speci�cation of the parametric model.

The FPCA pipelines demonstrate intermediate performance. Although FPCA does not as-

sume a speci�c parametric form, its �nite-dimensional functional representation introduces ap-

proximation error relative to the true KP mechanism.

In contrast, the Weibull pipelines exhibit larger DRISD values and lower f2 scores, re�ecting

structural mismatch between the Weibull functional form and the power-law behavior of the KP

generator.

Formulation Recovery. The formulation recovery error (FRE) results, shown in Figure 5.7c,

follow a similar pattern. The KP pipelines achieve the lowest FRE values, indicating accurate

recovery of the underlying formulation–parameter relationship when the generating mechanism

follows the KP structure.
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(a) DRISD

(b) f 2

(c) Formulation Recovery Error (FRE)

Figure 5.7: Simulation results for the Korsmeyer–Peppas data-generating mechanism.
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The FPCA pipelines produce moderate FRE values, re�ecting their ability to approximate the

curve shape without explicitly modeling the power-law dynamics.

The Weibull pipelines exhibit substantially larger FRE values and greater dispersion across

replicates, consistent with structural misspeci�cation of the Weibull model under the KP data-

generating mechanism.

5.6.4 Hixson–Crowell Pro�les

Curve Matching Performance. Figure 5.8 summarizes the simulation performance under the

Hixson–Crowell data-generating mechanism. The similarity metrics shown in Figure 5.8a and

Figure 5.8b indicate that the Weibull and FPCA pipelines achieve the strongest curve-matching

performance in this setting.

Both methods produce relatively small values of DRISD and consistently high f2 scores across

replicates. Although the Hixson–Crowell model is based on an erosion-driven release mechanism,

its resulting curve shapes are suf�ciently smooth and gradual that they can be approximated effec-

tively by the �exible Weibull model and the data-driven FPCA representation.

In contrast, the KP pipelines exhibit substantially larger DRISD values and reduced f2 scores.

Although Hixson–Crowell curves may appear approximately linear over portions of the time do-

main, the underlying erosion-based mechanism does not follow a pure power-law relationship of

the form tn . Consequently, the KP model is unable to fully capture the curvature implied by the

Hixson–Crowell formulation, resulting in poorer curve-matching performance.

Formulation Recovery. The formulation recovery error (FRE) results, shown in Figure 5.8c,

follow a similar pattern. The Weibull pipeline achieves the lowest FRE values, indicating accurate

recovery of the underlying formulation–curve relationship under the Hixson–Crowell generating

mechanism.

The FPCA pipelines exhibit slightly higher but relatively stable FRE across replicates, re�ect-

ing their ability to approximate the curve structure without imposing a speci�c parametric form.
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(a) DRISD

(b) f 2

(c) Formulation Recovery Error (FRE)

Figure 5.8: Simulation results for the Hixson–Crowell data-generating mechanism.
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In contrast, the KP pipelines show substantially larger recovery error and greater dispersion,

consistent with structural misspeci�cation of the KP power-law model under the erosion-based

release mechanism.

5.6.5 Overall Comparison Across Mechanisms

Table 5.1 summarizes the average performance of all six pipelines across the four data-

generating mechanisms. Performance is evaluated using mean curve error, the standard deviation

of error across replicates, the average curve distance DRISD , and the similarity factor f2.

Mechanism Method Mean Error SD Error Mean DRISD Mean f2

Weibull

Standard Weibull 0.720 0.370 6.379 95.318
Anchored Weibull 0.511 0.206 4.036 97.345
Standard KP 13.687 1.358 131.423 43.234
Anchored KP 14.019 1.356 137.932 42.712
Standard FPCA 1.154 0.476 11.623 90.891
Anchored FPCA 1.009 0.432 10.000 92.361

Logistic

Standard Weibull 4.380 0.847 30.687 67.797
Anchored Weibull 4.374 0.856 30.539 67.840
Standard KP 3.259 0.566 22.809 73.636
Anchored KP 3.222 0.552 22.048 73.853
Standard FPCA 2.148 0.750 16.261 81.918
Anchored FPCA 1.994 0.641 14.731 83.075

Korsmeyer–Peppas

Standard Weibull 1.626 0.712 41.319 86.504
Anchored Weibull 1.547 0.581 38.332 87.115
Standard KP 0.588 0.184 13.530 96.662
Anchored KP 0.541 0.163 12.199 97.106
Standard FPCA 1.210 0.332 21.374 90.253
Anchored FPCA 1.165 0.316 19.703 90.709

Hixson–Crowell

Standard Weibull 0.603 0.198 13.874 96.508
Anchored Weibull 0.552 0.185 12.133 96.978
Standard KP 1.337 0.461 33.912 89.081
Anchored KP 1.313 0.472 32.566 89.330
Standard FPCA 0.657 0.209 15.396 95.987
Anchored FPCA 0.604 0.188 13.453 96.509

Table 5.1: Average simulation performance across all four data-generating mechanisms. Lower
values indicate better performance for error and DRISD , while larger values indicate better dissolu-
tion similarity (f2).
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5.6.6 Summary of Simulation Findings

The results in Table 5.1 reveal a consistent pattern in model performance. Parametric pipelines

achieve the strongest accuracy when the assumed functional form aligns with the true data-generating

mechanism. For instance, the Weibull pipelines perform best under Weibull-generated pro�les,

while the KP pipelines show superior performance when the underlying mechanism follows a KP

power-law structure.

However, this advantage is conditional on correct model speci�cation. When the paramet-

ric assumptions are violated, their performance deteriorates substantially. In contrast, the FPCA

pipelines maintain stable and competitive performance across all scenarios. Although they may

not always achieve the absolute best �t under ideal parametric conditions, they consistently avoid

the large errors associated with model misspeci�cation.

This contrast highlights an important implication: the gain from selecting a correctly speci-

�ed parametric model is relatively modest, whereas the penalty for selecting an incorrect one can

be substantial. Consequently, FDA-based approaches provide a more robust and reliable default

strategy when the true dissolution mechanism is unknown.

5.7 Impact of Reference Anchoring

The impact of reference anchoring is evaluated across all simulation settings by comparing the

standard and reference-anchored versions of each pipeline. Performance differences are assessed

with respect to:

• Reduction in DRISD ,

• Improvement in similarity factor f2,

• Reduction in formulation recovery error (FRE).

Across the four generating mechanisms considered (Weibull, logistic, KP, and Hixson–Crowell),

the qualitative effect of anchoring is remarkably consistent. In all scenarios, anchored pipelines
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tend to produce slightly smaller DRISD values and modestly improved formulation recovery rela-

tive to their non-anchored counterparts. The magnitude of improvement varies across mechanisms,

but the direction of the effect is stable. This consistency suggests that anchoring acts primarily as

a general stabilization device rather than a mechanism-speci�c correction.

Effect on Curve Matching

Across generating mechanisms, reference anchoring produces modest but systematic reduc-

tions in DRISD . Although the magnitude of improvement is moderate, the direction of the effect is

consistently favorable. Corresponding increases in f2 are observed, indicating improved alignment

with the selected reference pro�le.

The effect is somewhat more pronounced in settings involving structural misspeci�cation,

where the assumed parametric model differs from the true generating mechanism. In these cases,

modeling deviations relative to the reference pro�le provides additional stabilization.

Effect on Formulation Recovery

In formulation space, anchoring yields slight but systematic reductions in FRE. While the

improvements are not large, anchoring tends to reduce dispersion across replicates, suggesting

improved stability of the optimization procedure.

Overall Assessment

Reference anchoring acts primarily as a stabilizing mechanism rather than a structural cor-

rection. It does not alter the relative ranking of pipelines under correct speci�cation, nor does it

fully compensate for strong model misspeci�cation. However, it consistently improves reference

alignment and modestly enhances formulation recovery, particularly under uncertain structural

conditions.
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5.8 Sensitivity to Parametric Misspeci�cation

To evaluate robustness under structural model mismatch, an additional simulation scenario is

considered in which the Weibull generating mechanism is replaced by a mixture-based construc-

tion. This mechanism preserves monotonic dissolution behavior while violating the assumption

that a single three-parameter Weibull function governs release.

5.8.1 Mixture-Based Weibull Generator

In this scenario, the true dissolution curve is generated as a convex combination of two

Weibull components [51]:

ytrue (t; x) = 100
h
(1 � w)

�
1 � expf�(t=b 1(x)) c1 (x) g

�
+ w

�
1 � expf�(t=b 2(x)) c2 (x) g

�i
; (5.11)

where w 2 [0; 1] controls the mixture weight. Both components share the same upper asymp-

tote (100%), but differ in scale and shape parameters.

Although each component individually follows a Weibull form, their convex combination is

generally not representable by a single three-parameter Weibull curve. This induces structural

misspeci�cation while preserving monotonic and physically plausible release behavior.

5.8.2 Results Under Mixture-Based Misspeci�cation

This subsection summarizes the empirical behavior of the pipelines under the mixture-based

Weibull generator. The mixture weight w 2 [0; 1] controls the deviation from a single-Weibull

structure: when w = 0 or w = 1, the generating curve reduces to a single Weibull component,

while intermediate values of w produce a convex combination that is generally not representable

by a single three-parameter Weibull curve.
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Noise and monotonic enforcement. Within each formulation, tablet-level variability is intro-

duced and the batch mean curve is computed. The mean curve is then projected onto the space

of monotone functions using isotonic regression (PAVA) to enforce the physical constraint of non-

decreasing dissolution. An illustration for representative mixture weights is shown in Figure 5.9.

Figure 5.9: Illustration of the observation model under the mixture-based generator. For w 2
f0; 0:5; 1g, the true noiseless mean curve (solid) is compared to the mean of simulated tablets
(dashed) and the mean after PAVA monotone projection. The PAVA step restores monotonicity
with minimal distortion to the underlying trend.

Shape evolution across mixture weight. To visualize the structural deviation induced by the

mixture construction, Figure 5.10 overlays curves across a grid of mixture weights w for several

representative formulation settings. As w increases, the curve transitions smoothly from the fast

component toward the slow component while maintaining monotone release behavior.

Prediction accuracy for the diagnostic two-parameter Weibull model. To further assess whether

the observed misspeci�cation effect is driven by structural mismatch rather than by the particular

choice of the three-parameter Weibull pipeline, the same prediction-accuracy analysis was �rst

conducted using a single two-parameter Weibull �t as a diagnostic benchmark.
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Figure 5.10: Overlay of mixture-based dissolution curves across mixture weights w 2 [0; 1] for
several representative formulation settings x. The boundary cases (w = 0 and w = 1) reduce
to single-component Weibull curves, while intermediate values of w generate curves that are not
representable by a single three-parameter Weibull form.

Figure 5.11 summarizes prediction accuracy for the two-parameter Weibull model when eval-

uated against the noiseless reference curve across mixture weights w. Although the mixture com-

ponents themselves follow two-parameter Weibull forms, their convex combination cannot gen-

erally be represented by a single Weibull curve. As a result, the diagnostic model exhibits clear

performance degradation for intermediate mixture weights, con�rming that the mismatch is struc-

tural rather than an artifact of the speci�c three-parameter pipeline.

A parallel comparison against the observed reference pro�le is shown in Figure 5.12. As

expected, differences are attenuated when evaluation is performed against the noisy observed target

rather than the noiseless truth. Nevertheless, the same qualitative pattern remains visible: the single
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two-parameter Weibull model performs adequately near the boundary cases w = 0 and w = 1, but

deteriorates for intermediate values of w.

Together, these two �gures show that even when the component curves themselves are Weibull,

a single Weibull model cannot generally recover their mixture over the full range of w.

Figure 5.11: Diagnostic prediction accuracy for the two-parameter Weibull model as a function
of mixture weight w under the mixture-based generator, evaluated against the noiseless reference
curve. Accuracy is summarized using DRISD and f2.

Prediction accuracy for the three-parameter Weibull and FPCA pipelines. After establishing

the structural limitation of a single Weibull model through the two-parameter diagnostic analysis,

prediction accuracy was next compared for the standard three-parameter Weibull pipeline and the

standard FPCA pipeline.

Figure 5.13 evaluates both methods against the noiseless reference curve across mixture

weights w. Because the true curve reduces to a single Weibull component at the boundary cases

w = 0 and w = 1, the Weibull pipeline performs strongly in those regimes. For intermediate mix-

ture weights, however, the true curve is a convex combination of two distinct Weibull components

and is generally not representable by a single Weibull curve. In this region, the Weibull pipeline
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Figure 5.12: Diagnostic prediction accuracy for the two-parameter Weibull model as a function
of mixture weight w under the mixture-based generator, evaluated against the observed reference
curve after noise and monotonic projection. Accuracy is summarized using DRISD and f2.

exhibits moderate degradation, while FPCA remains comparatively stable due to its data-adaptive

functional representation.

Figure 5.14 presents the corresponding comparison when evaluation is carried out against the

observed reference curve obtained after tablet-level noise and monotonic projection. Because both

methods are compared to the observed pro�le, absolute differences between pipelines are smaller

than in the noiseless-truth comparison. However, the same qualitative pattern remains: the Weibull

pipeline performs well when the generating mechanism remains close to a single Weibull form,

but becomes more sensitive to mixture-induced shape distortion and observational perturbation,

whereas FPCA retains more stable behavior across mixture weights.

Taken together, these two �gures show that the three-parameter Weibull pipeline remains

competitive near correctly speci�ed boundary regimes, but FPCA provides greater robustness once

the underlying release mechanism departs from a single parametric Weibull structure.
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Figure 5.13: Prediction accuracy for the standard three-parameter Weibull pipeline and the stan-
dard FPCA pipeline as a function of mixture weight w under the mixture-based generator, evalu-
ated against the noiseless reference curve. Performance is summarized using DRISD and f2 across
held-out test settings.

Figure 5.14: Prediction accuracy of the standard three-parameter Weibull and FPCA pipelines as
a function of mixture weight w under the mixture-based generator, evaluated against the observed
reference curve after noise and monotonic projection. Performance is summarized using DRISD

and f2 across held-out test settings.
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Summary. Overall, the mixture-based generator induces controlled structural misspeci�cation.

The parametric Weibull pipeline remains competitive near the boundary cases where the data-

generating mechanism matches the assumed form, but it becomes moderately less accurate for

intermediate mixture weights. FPCA maintains more stable curve-matching performance across

mixture weights, consistent with the goal of a curve-agnostic framework under uncertainty in the

underlying release mechanism.

5.9 Simulation Summary

This simulation study examined the comparative behavior of parametric and FDA-based dis-

solution modeling pipelines under controlled and fully speci�ed data-generating mechanisms. By

operating under known formulation–curve relationships, the framework enabled direct assessment

of curve-matching accuracy and formulation recovery performance.

Across baseline generating mechanisms, parametric pipelines performed strongly under cor-

rect speci�cation, while FDA-based approaches demonstrated competitive and stable behavior

across diverse curve families. Under mixture-based misspeci�cation, moderate degradation was

observed for single-structure parametric models, whereas FPCA maintained comparatively robust

performance.

Reference anchoring provided consistent, though moderate, reductions in DRISD and slight

stabilization of formulation recovery error, particularly in settings involving structural uncertainty.

Overall, the simulation results clarify the relative strengths and limitations of each pipeline

under varying structural conditions. These �ndings provide a principled foundation for interpreting

performance in real dissolution datasets, which are examined in the subsequent chapter.
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Chapter 6

General Discussion

6.1 Overview and Synthesis of Findings

Across both simulated and empirical settings, all six modeling pipelines were successfully im-

plemented and produced consistent and interpretable optimization results. These �ndings demon-

strate that the proposed framework is effective in integrating parametric and functional approaches

within a uni�ed structure, and can be reliably applied across a range of dissolution scenarios.

The results show that model adequacy plays a central role in determining performance. Para-

metric pipelines achieve the best results when the assumed functional form closely matches the

true dissolution mechanism (Section 5.8). However, this advantage depends critically on correct

speci�cation. When the assumed structure is incorrect, parametric performance can deteriorate

substantially.

In contrast, FDA-based pipelines provide consistently stable and competitive performance

across all settings. While they may not always achieve the absolute best �t under ideal parametric

conditions, their performance remains reliable even when the underlying mechanism is unknown

or misspeci�ed.

This leads to an important trade-off. Selecting a correctly speci�ed parametric model can

yield improved accuracy, but requires prior knowledge of the true structural form. In practice, such

knowledge is often unavailable, and incorrect speci�cation can result in substantial performance

loss. In comparison, the cost of using an FDA-based approach when a parametric model is correct

is relatively small, while the bene�t of its robustness under misspeci�cation is signi�cant.

From a decision-making perspective, these results suggest that FDA-based pipelines provide

a reliable default strategy for dissolution modeling and formulation optimization, offering stable

performance with minimal risk across diverse structural conditions.
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