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Abstract

 This dissertation is devoted to the study of chemotaxis systems with both linear diffusion 
and porous-medium-type diffusion, logistic source terms, and consumption of a chemical 
substance on ℝ𝑁 . Chemotaxis systems are mathematical models describing the aggregation 
of cells driven by their directed movement in response to gradients of chemicals in their 
environment, which may act as attractants or repellents.

In the first part of this dissertation, we investigate a chemotaxis model with linear dif-
fusion. We study fundamental problems such as the local and global existence of classical 
solutions with nonnegative initial data, which may be integrable or non-integrable. Under 
suitable smallness assumptions on the product of the initial chemical concentration and the 
chemotactic sensitivity, we prove the existence of a unique global classical solution. For 
non-integrable initial data, we develop a novel weighted energy method to establish global 
existence and boundedness. By introducing carefully chosen cut-off functions, we localize 
𝐿𝑝-estimates uniformly in space. This approach extends known results for bounded domains 
and is applicable to other chemotaxis systems. We also study the stability of strictly positive 
solutions and the spreading behavior of solutions with compactly supported initial data. We 
show that the chemical does not, in general, hinder the spreading of the species, and it does 
not accelerate the spreading speed when the initial chemical concentration decays spatially 
or in the chemorepellent case with small sensitivity. Numerical simulations further reveal a 
phase transition in the sensitivity 𝜒: when the chemical is initially uniformly distributed in 
space, acceleration occurs only when 𝜒 exceeds a critical positive value.

In the second part, we study the local and global existence of weak solutions for the 
porous-medium diffusion case. For general bounded, possibly non-integrable initial data, we 
prove the existence of global weak solutions that remain uniformly bounded for all time. The 
proof is based on local 𝐿𝑝 estimates, uniform in time, obtained through a new continuity-
type argument combined with Moser iteration to derive 𝐿∞ bounds. We also investigate 
regularity and prove uniqueness of weak solutions for sufficiently smooth initial data under 
suitable conditions on the diffusion exponent.
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Notation

Let 𝑁 ≥ 1.

• Let
𝐵(𝑟; 𝑥) ∶= {𝑦 ∈ ℝ𝑁 ∶ |𝑥 − 𝑦| < 𝑟}, and 𝐵𝑟 ∶= 𝐵(𝑟; 0).

• For any 𝑡 > 0, let
Ω𝑡 ∶= [0, 𝑡] × ℝ𝑁 .

• By 𝐶1 ≲ 𝐶2, we mean that there exists a constant 𝐶 > 0 such that

𝐶1 ≤ 𝐶 𝐶2.

Throughout this dissertation, 𝐶 may depend on the parameters in the model unless 
otherwise specified. Whenever a constant is independent of certain quantities, we will 
state this explicitly.

• We define

𝐶𝑏
unif(ℝ𝑁) ∶= {𝑢 ∈ 𝐶(ℝ𝑁) | 𝑢 is uniformly continuous on ℝ𝑁  and sup

𝑥∈ℝ𝑁
|𝑢(𝑥)| < ∞} ,

equipped with the norm

‖𝑢‖𝐶𝑏
unif(ℝ𝑁) ∶= ‖𝑢‖∞ = sup

𝑥∈ℝ𝑁
|𝑢(𝑥)|.

• We define

𝐶𝑚,𝑏
unif (ℝ𝑁) ∶= {𝑢 ∈ 𝐶𝑏

unif(ℝ𝑁) | 𝜕𝑘𝑢
𝜕𝑥𝑖1

𝜕𝑥𝑖2
⋯ 𝜕𝑥𝑖𝑘

∈ 𝐶𝑏
unif(ℝ𝑁), 𝑘 = 1, 2, … , 𝑚, 1 ≤ 𝑖1, 𝑖2, … , 𝑖𝑘 ≤ 𝑁} ,

equipped with the norm

‖𝑢‖𝐶𝑚,𝑏
unif

∶= ‖𝑢‖∞ +
𝑚

∑
𝑘=1

∑
1≤𝑖1,𝑖2,…,𝑖𝑘≤𝑁

‖ 𝜕𝑘𝑢
𝜕𝑥𝑖1

𝜕𝑥𝑖2
⋯ 𝜕𝑥𝑖𝑘

‖
∞

,

where 𝑚 ∈ ℕ.
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• For given 0 < 𝜈 < 1 and 𝑚 ≥ 1, let

𝐶𝜈,𝑏
unif(ℝ𝑁) ∶=

{


𝑢 ∈ 𝐶𝑏
unif(ℝ𝑁)

|




sup
𝑥,𝑦∈ℝ𝑁

𝑥≠𝑦

|𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦|𝜈

< ∞
}


,

with norm
‖𝑢‖∞,𝜈 ∶= sup

𝑥∈ℝ𝑁
|𝑢(𝑥)| + sup

𝑥,𝑦∈ℝ𝑁

𝑥≠𝑦

|𝑢(𝑥) − 𝑢(𝑦)|
|𝑥 − 𝑦|𝜈

,

and

𝐶𝑚,𝜈,𝑏
unif (ℝ𝑁) ∶= {𝑢 ∈ 𝐶𝑚,𝑏

unif (ℝ𝑁) | 𝜕𝑚𝑢
𝜕𝑥𝑖1

𝜕𝑥𝑖2
⋯ 𝜕𝑥𝑖𝑚

∈ 𝐶𝜈,𝑏
unif(ℝ𝑁), 1 ≤ 𝑖1, 𝑖2, … , 𝑖𝑚 ≤ 𝑁} ,

with norm

‖𝑢‖𝑚,𝜈,𝑏 ∶= ‖𝑢‖𝐶𝑚,𝑏
unif (ℝ𝑁) + ∑

1≤𝑖1,𝑖2,…,𝑖𝑚≤𝑁
‖ 𝜕𝑚𝑢
𝜕𝑥𝑖1

𝜕𝑥𝑖2
⋯ 𝜕𝑥𝑖𝑚

‖
𝐶𝜈,𝑏

unif(ℝ𝑁)

.

• For 0 < 𝜃 < 1, let

𝐶𝜃((𝑡1, 𝑡2), 𝐶𝜈,𝑏
unif(ℝ𝑁)) ∶= { 𝑢(⋅) ∈ 𝐶((𝑡1, 𝑡2), 𝐶𝜈,𝑏

unif(ℝ𝑁)) |

𝑢(𝑡) is locally Hölder continuous in 𝑡 with exponent 𝜃 }.
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Chapter 1

Introduction

1.1 Overview

Many microorganisms, including Escherichia coli, exhibit coordinated movement at the col-
lective level by adjusting their motion in response to environmental stimuli. One of the most 
important examples of such behavior is chemotaxis, in which cells move along gradients of 
a chemical signal in their surrounding medium. Chemotaxis plays a fundamental role in a 
variety of biological processes, including bacterial aggregation, immune cell migration, and 
angiogenesis during embryonic development and tumor growth.

The recognition that signal-driven cell movement can generate complex spatial and tem-
poral patterns led to significant developments in mathematical biology, particularly following 
the pioneering work of Keller and Segel in the 1970s [34, 35]. Their system of partial dif-
ferential equations (PDEs) provided a mathematical framework for describing chemotactic 
aggregation. A general form of a Keller-Segel-type chemotaxis model for one species and one 
chemical signal is given by

{


𝜕𝑡𝑢 = ∇ ⋅ (𝐷(𝑢, 𝑣)∇𝑢 − 𝜒(𝑢, 𝑣)∇𝑣) + 𝑓(𝑢, 𝑣), 𝑥 ∈ Ω,

𝜏𝜕𝑡𝑣 = Δ𝑣 + 𝑔(𝑢, 𝑣) − ℎ(𝑢, 𝑣)𝑣, 𝑥 ∈ Ω.
(1.1.1)

In (1.1.1), the unknown function 𝑢 = 𝑢(𝑡, 𝑥) denotes the population density, while 𝑣 =
𝑣(𝑡, 𝑥) represents the concentration of the chemical signal. In addition to the standard 
diffusive flux, directed movement toward regions of higher chemical concentration produces 
a chemotactic flux, 𝐽chemo = 𝜒(𝑢, 𝑣) ∇𝑣, where 𝜒(𝑢, 𝑣) is the chemotactic sensitivity to the 
chemical gradient. The coefficient 𝐷(𝑢, 𝑣) describes the diffusivity of the cells, and 𝑓(𝑢, 𝑣)
models cell growth and death, whereas 𝑔(𝑢, 𝑣) and ℎ(𝑢, 𝑣) represent the production and 
degradation of the chemical signal, respectively. The parameter 𝜏  is associated with the 
diffusion rate of the chemical substance, biologically, 𝜏 = 0 indicates that the chemical 
substance diffuses much faster than the cells. Finally, the spatial domain Ω ⊂ ℝ𝑁  (𝑁 ≥ 1) 
may be bounded or unbounded. For bounded domains, the system is typically studied with 
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homogeneous Neumann boundary conditions.
System (1.1.1) has become one of the most widely studied models in mathematical biol-

ogy for various choices of the functions 𝐷, 𝜒, 𝑓 , 𝑔, and ℎ. This is due both to its flexibility 
in describing important biological phenomena, such as aggregation, pattern formation, and 
population stabilization, and to the rich mathematical challenges it presents. Among the 
central problems in the study of general chemotaxis systems are the global existence and 
uniqueness of solutions, the prevention or occurrence of finite-time blow-up, boundedness 
versus unboundedness, the formation of spatial patterns, the stability of equilibria and the 
influence of chemotactic sensitivity on population density. A fundamental objective is there-
fore to determine how the interplay among diffusion, chemotactic movement, reaction terms, 
and chemical dynamics shapes these qualitative properties.

There is a substantial body of work on various special cases of (1.1.1). A particularly 
important class corresponds to the choices 𝐷(𝑢, 𝑣) = 𝑚𝑢𝑚−1 with 𝑚 ≥ 1, 𝜒(𝑢, 𝑣) = 𝜒𝑢 with 
𝜒 ∈ ℝ, and 𝑓(𝑢, 𝑣) = 𝑎𝑢 − 𝑏𝑢2, representing density-dependent diffusion, linear chemotactic 
sensitivity, and logistic growth, respectively. When the chemical signal is produced by the 
cells at rate 𝜇 and decays at rate 𝜆, this leads to the well-studied chemotaxis system with 
linear signal production:

{


𝑢𝑡 = Δ𝑢𝑚 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ Ω,

𝜏𝑣𝑡 = Δ𝑣 + 𝜇𝑢 − 𝜆𝑣, 𝑥 ∈ Ω,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ Ω,

(1.1.2)

and
{


𝑢𝑡 = Δ𝑢𝑚 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ Ω,

0 = Δ𝑣 + 𝜇𝑢 − 𝜆𝑣, 𝑥 ∈ Ω,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ Ω.

(1.1.3)

Here, 𝜒 > 0 corresponds to the case in which the species is attracted toward regions of higher 
chemical concentration (positive taxis), whereas 𝜒 < 0 corresponds to the case in which the 
species moves away from such regions (negative taxis). Moreover, (1.1.3) may be viewed as 
the parabolic-elliptic reduction of (1.1.2), obtained by setting 𝜏 = 0. Without the logistic 
source i.e. when 𝑎 = 𝑏 = 0, systems such as (1.1.2) and (1.1.3) are often called minimal 
chemotaxis systems.

In addition, the case 𝑚 = 1 corresponds to linear diffusion, where one is typically in-
terested in the existence of global classical solutions, while the case 𝑚 > 1, the diffusion 
becomes degenerate of porous medium type, for which the natural question is often the 
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existence of global weak solutions. Porous medium-type diffusion in chemotaxis models is 
motivated by the fact that cell migration in biological tissues is often better described by 
nonlinear diffusion, especially in densely populated regions where cell crowding and mechan-
ical stress become significant [64]. In this setting, degenerate diffusion plays an important 
role in capturing key biological features that linear diffusion cannot reproduce. In particular, 
the invasion of migrating cell populations is often characterized by a distinct moving bound-
ary (or sharp front). Such behavior is not consistent with linear diffusion, which typically 
produces smooth profiles that become immediately positive everywhere. Let us present some 
result on the existence and uniqueness of solution to (1.1.2) and (1.1.3).

We first recall some results for the regular diffusion case 𝑚 = 1, in bounded smooth 
domains Ω ⊂ ℝ𝑁 . For the fully parabolic problem (1.1.2) supplemented with homogenous 
Neumann boundary condition

𝜕𝑢
𝜕𝑛

= 𝜕𝑣
𝜕𝑛

= 0, 𝑥 ∈ 𝜕Ω. (1.1.4)

• If 𝑎 = 𝑏 = 0, then finite-time blow-up does not occur when 𝑁 = 1, whereas blow-up 
may occur when 𝑁 ≥ 2; see, for example, [25, 48].

• If 𝑎, 𝑏 > 0, then finite-time blow-up does not occur when 𝑁 = 1, 2; see [51, 50]. Thus, 
in low dimensions, the logistic source prevents finite-time blow-up in a certain sense.

• Assume that 𝑎, 𝑏 > 0 and 𝜏 = 1. It is known that finite-time blow-up does not occur 
provided

𝑏 > 𝑁|𝜒|𝜇
4

, (1.1.5)

see [29, 74].

• More generally, assume that 𝑎, 𝑏 > 0 and 𝜏 > 0. It was proved in [29, Theorem 1.1] 
(see also [79, Theorem 2.2] for the case 𝜏 = 1) that finite-time blow-up does not occur 
provided

𝑏 > inf
𝛾>max{1, 𝑁

2 }
(𝛾 − 1

𝛾
(𝐶𝛾+1,𝑁)

1
𝛾+1 )|𝜒|𝜇,

where 𝐶𝛾+1,𝑁  is a positive constant arising from the maximal regularity theory for 
the corresponding parabolic equation. 𝐶𝛾+1,𝑁 = 0 when 𝑁 = 1, 2 meaning finite-time 
blow-up does not occur when 𝑁 = 1, 2.

For the parabolic–elliptic problem (1.1.3) + (1.1.4), the following results are known:
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• If 𝑎 = 𝑏 = 0, then finite-time blow-up does not occur when 𝑁 = 1, while it may occur 
when 𝑁 ≥ 2; see [24, 30, 48].

• Assume that 𝑎, 𝑏 > 0, 𝜆, 𝜇 > 0. If

𝑏 >
(𝑁 − 2)+

𝑁
𝜒𝜇,

then classical solutions of (1.1.3) with positive initial data exist globally and remain 
bounded; see [69, Theorem 2.5]. In particular, global existence is automatic when 
𝑁 = 1, 2. It remains open whether finite-time blow-up can be ruled out for every 
𝑏 > 0.

For the porous-medium diffusion case 𝑚 > 1, several results are available in both the 
parabolic–parabolic ((1.1.2) with 𝜏 = 1) and parabolic–elliptic (1.1.3) in bounded smooth 
domain; see [7, 8, 44, 66, 72]. In the parabolic–parabolic case, [66] proved the existence of a 
nonnegative weak solution when 𝑚 > 2− 2

𝑁 , and also for 𝑚 ≤ 2− 2
𝑁  if the logistic coefficient 

𝑏 is sufficiently large. This condition was later improved in [77] where the author established 
existence of globally bounded weak solutions for 𝑚 > 2𝑁

𝑁+2 . On the other hand, in the 
absence of the logistic source (𝑎 = 𝑏 = 0), finite-time blow-up may occur when 𝑚 ≤ 2 − 2

𝑁 ; 
see [75]. For the parabolic–elliptic case existence of a globally bounded weak solution was 
established in [72] under the condition 𝑚 > 2− 2

𝑁 , with the large-𝑏 assumption again covering 
the regime 𝑚 ≤ 2 − 2

𝑁 , whereas [8] showed finite-time blow-up in the logistic-free case when 
𝑚 < 2 − 2

𝑁 . Altogether, these results indicate that sufficiently strong logistic damping, 
together with stronger diffusion, can rule out blow-up and guarantee global boundedness.

There are fewer results for these models in the whole space ℝ𝑁 . In the regular diffusion 
case 𝑚 = 1, and 𝑎, 𝑏 > 0, global existence for (1.1.2) on ℝ𝑁  was studied in [58], where 
the authors proved existence of a unique globally bounded classical solutions under same 
conditions (1.1.5) of the bounded-domain. They further investigated spreading properties in 
[59]. See [55] for a study on global existence for (1.1.2) on ℝ𝑁  with 𝑚 = 1. See also [56, 57] 
for a recent study of (1.1.2) and (1.1.3) on compact metric graph.

For the porous medium case 𝑚 > 1, on the whole space ℝ𝑁  the theory is more delicate. 
Consider when 𝑎 = 𝑏 = 0 and initials are integrable and bounded.

• When 𝜏 = 1: In [61], the author proved existence of global weak solution for 𝑚 ≥ 2. 
This condition was latter improved Ishida and Yakota in [28], where the established 
global existence of solution for 𝑚 > 2−2/𝑁 . Miura and Sugiyama [47, Theorem 2.3(1)] 
established the uniqueness of nonnegative weak solutions that are Hölder continuous 
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up to the initial time for integrable initial data 𝑢0 ∈ 𝐶𝛼(ℝ𝑁) and 𝑣0 ∈ 𝐶2+𝛼(ℝ𝑁). 
Their argument is based on a vanishing-viscosity duality method.

• When 𝜏 = 0: In [61], the author established existence of globally bounded weak 
solution when 𝑚 > 2 − 2/𝑁  and for initials that are small enough in some sense when 
1 < 𝑚 ≤ 2 − 2/𝑁 . In [60], the author construct initial data for which solutions blow 
up in finite time when 1 < 𝑚 < 2 − 2/𝑁  and 𝑁 ≥ 3. The works [33, 39, 63] used 
the 𝐿1-contraction principle to establish uniqueness of weak solutions with integrable 
initial data, under additional regularity assumptions on 𝑢, 𝜕𝑡𝑢, and ∇𝑢.

This dissertation is devoted to the study of system (1.1.1) with density-dependent diffu-
sion 𝐷(𝑢, 𝑣) = 𝑚𝑢𝑚−1 for 𝑚 ≥ 1, linear sensitivity 𝜒(𝑢, 𝑣) = 𝜒𝑢 with 𝜒 ∈ ℝ, logistic growth 
𝑓(𝑢, 𝑣) = 𝑎𝑢 − 𝑏𝑢2, no chemical signal production 𝑔(𝑢, 𝑣) = 0, and chemical consumption 
ℎ(𝑢, 𝑣) = 𝑢, posed on ℝ𝑁 . This leads to the following system:

{


𝑢𝑡 = 𝑚∇ ⋅ (𝑢𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .

(1.1.6)

For the linear diffusion case 𝑚 = 1, we studied (1.1.6) with initial data satisfying

𝑢0(⋅) ∈ 𝐶𝑏
unif(ℝ

𝑁), 𝑣0(⋅) ∈ 𝐶1,𝑏
unif(ℝ

𝑁) or 𝑢0(⋅) ∈ 𝐿𝑝(ℝ𝑁), 𝑣0(⋅) ∈ 𝑊 1,𝑝(ℝ𝑁),
(1.1.7)

for some 𝑝 > 1. For the porous medium type diffusion (𝑚 > 1), we studied (1.1.6) with 
initial data satisfying

𝑢0(⋅) ∈ 𝐿∞(ℝ𝑁), 𝑣0(⋅) ∈ 𝑊 1,∞(ℝ𝑁) or 𝑢0(⋅) ∈ 𝐿𝑝(ℝ𝑁), 𝑣0(⋅) ∈ 𝑊 1,𝑝(ℝ𝑁),
(1.1.8)

for some 𝑝 > 1. Let us emphasize that our framework allows both 𝑢0 and 𝑣0 to be non-
integrable. This level of generality is important, as it lays the foundation for further studies, 
including the large-time propagation behavior of chemotaxis models in the whole space ℝ𝑁

(see [17, 22, 53, 54, 55]). There are relatively few studies of (1.1.6) in bounded domains. 
To the best of our knowledge, there are no results on the global existence or asymptotic 
behavior of solutions to (1.1.6) in ℝ𝑁 .

In the rest of this chapter, we review existing results on (1.1.6) in bounded domains and 
then present our results for the linear diffusion case on ℝ𝑁  in Section 1.2. Section 1.3 is 
devoted to a review of the porous medium diffusion case in bounded domains, together with 
our contributions on ℝ𝑁 .
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1.2 Linear Diffusion (𝑚 = 1)

In the first part of this dissertation, we studied the dynamical features of nonnegative classical 
solutions to the following system:

{


𝑢𝑡 = Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 ,

(1.2.1)

with initial data satisfying (1.1.7). For comparison, consider the counterpart of (1.2.1) 
on a bounded smooth domain Ω, complemented with homogeneous Neumann boundary 
conditions:

{





𝑢𝑡 = Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ Ω, 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ Ω, 𝑡 > 0,
𝜕𝑢
𝜕𝑛 = 𝜕𝑣

𝜕𝑛 = 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ Ω.

(1.2.2)

Assume that 𝑎 = 𝑏 = 0 and 𝜏 = 1, 𝜒 > 0. It is proved in [65, Theorem 1.1] that there 
exists a unique globally defined bounded classical solution of (1.2.2) with nonnegative initial 
data (𝑢0, 𝑣0) ∈ (𝑊 1,𝑝(Ω))

2
 for some 𝑝 > 𝑁 , provided that

0 < ‖𝑣0‖𝐿∞(Ω) ⋅ 𝜒 < 1
6(𝑁 + 1)

. (1.2.3)

It is also proved in [78, Theorem 4.4] that any globally defined bounded positive classical 
solution of (1.2.2) converges to ( 1

|Ω| ∫
Ω

𝑢0, 0) as 𝑡 → ∞ (see also [67] for the global existence 
and convergence of weak solutions in the case 𝑁 ≥ 3). Very recently, Lankeit and Winkler 
proved in [43] the existence of a global weak solution that becomes classical after some 
finite time, without any additional condition. It remains open whether this weak solution is 
unique.

Assume that 𝑎, 𝑏 > 0, 𝜏 = 1, 𝜒 > 0. It was proved in [71, Theorem 3.3] that there exists 
a unique globally defined bounded classical solution of (1.2.2) with nonnegative initial data 
(𝑢0, 𝑣0) ∈ (𝑊 1,𝑝(Ω))

2
 for some 𝑝 > 𝑁 , provided that (1.2.3) holds. It was also proved in 

[42] that there exists a unique globally defined bounded classical solution with nonnegative 
initial data (𝑢0, 𝑣0) ∈ 𝐶(Ω̄) × 𝐶1(Ω̄), provided that 𝜒‖𝑣0‖𝐿∞(Ω) is sufficiently small relative 
to 𝑏 (see [42, Theorem 1.1]), and that any positive bounded globally defined classical solution 
converges to (𝑎

𝑏 , 0) as 𝑡 → ∞ (see [42, Theorem 1.2]). The reader is also referred to [44] for 
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the global existence of unique classical solutions when 𝑁 = 2.
Besides the additional difficulties caused by the unboundedness of the spatial domain, the 

lack of a comparison principle for solutions also presents significant challenges. Establishing 
global boundedness of solutions to (1.2.1) on ℝ𝑁  for non-integrable initial data is highly 
nontrivial. Unlike the bounded-domain setting, where 𝐿𝑝-bounds of solutions can be propa-
gated via Gagliardo–Nirenberg inequalities and Moser iteration, solutions on ℝ𝑁  may fail to 
belong to 𝐿𝑝(ℝ𝑁) for any 1 ≤ 𝑝 < ∞, and even when they do, their norms may not remain 
uniformly bounded in time. To overcome this difficulty on ℝ𝑁 , we developed a novel weighted 
energy method to establish local 𝐿𝑝-bounds for the solution for some 𝑝 > max{1, 𝑁

2 }, and 
then showed that this implies the global existence and uniform boundedness of the solution.

We call (𝑢, 𝑣) a nonnegative classical solution of (1.2.1) on [0, 𝑇 ) × ℝ𝑁  if (𝑢, 𝑣) ∈
𝐶1,2((0, 𝑇 ) × ℝ𝑁), with 𝑢(𝑡, 𝑥) ≥ 0 and 𝑣(𝑡, 𝑥) ≥ 0 for all (𝑡, 𝑥) ∈ (0, 𝑇 ) × ℝ𝑁 , and if 
(𝑢, 𝑣) satisfies (1.2.1) in the classical sense for all (𝑡, 𝑥) ∈ [0, 𝑇 ) × ℝ𝑁 . A global classical 
solution of (1.2.1) is a classical solution on (0, ∞)×ℝ𝑁 . In the first part of this dissertation, 
we prove, among other things, the following results:

Local existence. For any nonnegative initial data satisfying (1.1.7), there exists a unique 
nonnegative local classical solution of (1.2.1) satisfying the prescribed initial condition 
(see Proposition 3.1.1).

Global existence. If
|𝜒| ⋅ ‖𝑣0‖∞ < max {𝑏 ⋅ 𝐶∗

𝑁 , 𝐷∗
𝜏,𝑁},

where 𝐶∗
𝑁  and 𝐷∗

𝜏,𝑁  are defined in Theorem 3.2.2, then the classical solution exists 
for all time and remains bounded. Moreover, 𝐶∗

𝑁 = ∞ when 𝑁 = 1, 2, which means 
that in one and two dimensions we obtain a unique global bounded classical solution 
without any smallness condition. Also, 𝐷∗

1,𝑁 = √ 2
𝑁 , which is weaker than (1.2.3). 

Hence [71, Theorem 3.3] is improved.

When a classical solution is globally defined in time and the initial datum is strictly 
positive, it is important to understand whether the solution remains uniformly positive for 
all future times, that is, whether inf𝑥∈ℝ𝑁 𝑢(𝑡, 𝑥) stays bounded away from 0 as 𝑡 → ∞, or 
whether the solution eventually dies out. Moreover, when a positive entire solution is stable, 
it is natural to study the asymptotic behavior of solutions arising from front-like or compactly 
supported initial data. These questions are closely related to the persistence and stability of 
the constant steady state (𝑎

𝑏 , 0), as well as to how the chemotactic sensitivity 𝜒 influences 
spreading properties, for instance, the asymptotic spreading speed.

Observe that, in the absence of chemotaxis, that is, when 𝜒 = 0, the dynamics of (1.2.1) 
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are governed by the reaction–diffusion equation

𝑢𝑡 = Δ𝑢 + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 . (1.2.4)

Equation (1.2.4) is also known as the Fisher–KPP equation, due to the pioneering works 
of Fisher [12] and Kolmogorov–Petrovsky–Piskunov [40] on traveling waves and take-over 
properties. It is known that (1.2.4) admits traveling-wave solutions of the form 𝑢(𝑡, 𝑥) =
𝜙(𝑥 ⋅ 𝜉 − 𝑐𝑡), with 𝜉 ∈ 𝕊𝑁−1, connecting the steady states 𝑎

𝑏  and 0, that is, 𝜙(−∞) = 𝑎
𝑏 ,

and 𝜙(∞) = 0, for every speed 𝑐 ≥ 2
√

𝑎, and that no such traveling-wave solution exists for 
𝑐 < 2

√
𝑎. The minimal wave speed 𝑐∗ ∶= 2

√
𝑎 is also called the spreading speed of (1.2.4) in 

the following sense: for any bounded 𝑢0 ∈ 𝐶(ℝ𝑁 ; ℝ+) with nonempty compact support, the 
corresponding solution satisfies

lim
𝑡→∞

sup
|𝑥|≤𝑐′𝑡

|𝑢(𝑡, 𝑥) − 𝑎
𝑏

| = 0 ∀ 𝑐′ < 2
√

𝑎,

and
lim

𝑡→∞
sup

|𝑥|≥𝑐″𝑡
𝑢(𝑡, 𝑥) = 0 ∀ 𝑐″ > 2

√
𝑎

(see [3, 2]). Now, for the chemotaxis system (1.2.1) with front-like initial data, note that if 
𝜙(𝑥 ⋅ 𝜉 − 𝑐𝑡) is a traveling-wave solution of (1.2.4) connecting 𝑎

𝑏  and 0, then

(𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) = (𝜙(𝑥 ⋅ 𝜉 − 𝑐𝑡), 0)

is a traveling-wave solution of (1.2.1) connecting (𝑎
𝑏 , 0) and (0, 0), since the 𝑣-equation admits 

the trivial solution 𝑣 ≡ 0 and the chemotaxis term vanishes when ∇𝑣 ≡ 0. Consequently, we 
focus on persistence and spreading speeds for compactly supported initial data. Our main 
results include the following.

Stability of the constant steady state (𝑎
𝑏 , 0). For every globally bounded nonnegative 

classical solution with strictly positive initial data, the constant steady state (𝑎
𝑏 , 0) is 

asymptotically stable (see Theorem  3.3.1).

Lower bound on spreading. For every globally bounded nonnegative classical solution 
arising from compactly supported, nonnegative, and nontrivial initial data 𝑢0, one has

lim
𝑡→∞

sup
|𝑥|≤𝑐𝑡

|𝑢(𝑡, 𝑥) − 𝑎
𝑏

| = 0, lim
𝑡→∞

sup
|𝑥|≤𝑐𝑡

𝑣(𝑡, 𝑥) = 0, ∀ 0 < 𝑐 < 2
√

𝑎.

This is Theorem 3.3.2.
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This shows that chemotaxis does not slow down the propagation of the biological species 
when the initial population distribution is nontrivial. Concerning possible speed-up, we 
first prove that the chemical signal does not cause the population to spread infinitely fast. 
Moreover, if the initial chemical distribution is spatially sparse, for instance, if 𝑣0 ∈ 𝐿𝑝(ℝ𝑁)
for some 𝑝 ≥ 1 or 𝑣0 ∈ 𝐶0(ℝ𝑁), then it has no lasting effect on the spreading speed of the 
population. The reason is that the chemical is gradually consumed and becomes negligible 
in the long-time dynamics.

On the other hand, if 𝑣0 remains significant as |𝑥| → ∞, then one expects that negative 
chemotaxis should not accelerate spreading, whereas positive chemotaxis may enhance it. 
This intuition is partially confirmed by the following result: for every globally bounded 
nonnegative classical solution arising from compactly supported, nontrivial initial data 𝑢0, 
the statements below hold.

Upper bound on spreading. There exists a constant 𝑐∗
up = 𝑐∗

up(𝑢0, 𝑣0) ≥ 2
√

𝑎 such that, 
for every 𝑐 > 𝑐∗

up,

lim
𝑡→∞

sup
|𝑥|≥𝑐𝑡

𝑢(𝑡, 𝑥) = 0, lim
𝑡→∞

sup
|𝑥|≥𝑐𝑡

|𝑣(𝑡, 𝑥) − 𝑉 (𝑡, 𝑥)| = 0,

where 𝑉  denotes the solution of the heat equation 𝜏𝑉𝑡 = Δ𝑉  with initial condition 
𝑉 (0, 𝑥) = 𝑣0(𝑥). This is Theorem 3.3.3.

Existence of the spreading speed. If 𝑣0 ∈ 𝐶0(ℝ𝑁) or 𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1, 
then chemotaxis neither slows down nor speeds up the rate of spread, in the sense 
that 𝑐∗

up = 2
√

𝑎. In addition, if 𝜏 = 1, 𝑢0 ∈ 𝐶1,𝑏
unif(ℝ𝑁), and 𝑣0 ∈ 𝐶2+𝛼,𝑏

unif (ℝ𝑁) for 
some 𝛼 > 0, and if 1 − 𝑣0 is nonnegative and compactly supported, then there exists 
𝜒0 > 0 such that for any −𝜒0 < 𝜒 < 0, chemotaxis again neither slows down nor 
speeds up the spreading speed. In particular, the spreading speed remains 2

√
𝑎. This 

is Theorem 3.3.4.

However, the case of chemoattractants (𝜒 > 0) is considerably more subtle. Numerical 
simulations (see Section 3.3.5) suggest a phase-transition phenomenon: there exists a critical 
threshold 𝜒∗ > 0 such that the spreading speed is unchanged for 𝜒 < 𝜒∗, but increases strictly 
once 𝜒 > 𝜒∗. Establishing such a threshold rigorously remains a challenging open problem.
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1.3 Porous Medium Diffusion (𝑚 > 1)

The second part of this dissertation is devoted to the study of (1.1.6) in the case 𝑚 > 1,

{


𝑢𝑡 = 𝑚∇ ⋅ (𝑢𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .

(1.3.1)

with initial data satisfying (1.1.8). Here the diffusion is degenerate (porous-medium type), 
and our focus is on the existence and uniqueness of globally bounded weak solutions. There 
have been only a few studies of the corresponding problem even on bounded smooth domains 
Ω ⊂ ℝ𝑁

{





𝑢𝑡 = Δ𝑢𝑚 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ Ω, 𝑡 > 0,

𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ Ω, 𝑡 > 0,

(∇𝑢𝑚 − 𝜒𝑢∇𝑣) ⋅ 𝜈 = 0, ∇𝑣 ⋅ 𝜈 = 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ Ω.

(1.3.2)

Global existence of weak solutions to (1.1.2) has been studied, for example, in [26, 31, 32, 76] 
for 𝑁 = 3. In particular, it is shown in [31, Theorem 1.1] that, for 𝑁 = 3, any 𝑚 > 1, and 
any nonnegative initial data 𝑢0 ∈ 𝐿∞(Ω) ∩ 𝑊 1,2(Ω), 𝑣0 ∈ 𝐶2(Ω), system (1.1.2) admits a 
global weak solution that remains uniformly bounded for all time. For 𝑁 ≥ 3 in the case 
𝑎 = 𝑏 = 0, the existence of globally bounded weak solutions was established in [73] under 
the condition

𝑚 > 2 − 2 + 𝑁
2𝑁

.

There are fewer results on uniqueness. For 𝑚 > 9/8 and 𝑎 = 𝑏 = 0, uniqueness of 
Hölder-continuous weak solutions to (1.1.2) in dimension 𝑁 = 3 was proved in [4] under 
suitable regularity and integrability assumptions on the initial data.

Existing results for porous-medium-type chemotaxis models on unbounded domains typ-
ically treat only integrable initial data; see, for example, [60, 61, 62]. Moreover, global 
existence results in both bounded and unbounded domains often require restrictions either 
on the diffusion exponent 𝑚 or on the spatial dimension 𝑁 . To the best of our knowledge, 
we establish for the first time global existence of weak solutions on unbounded domains for 
non-integrable initial data, without any restrictions on 𝑚 or 𝑁 , thereby extending and im-
proving several results in the literature. We also prove uniqueness within the class of weak 
solutions to (1.3.1) that are Hölder continuous up to the initial time, without imposing in-
tegrability conditions on the initial data, without restrictions on the spatial dimension, and 

20



without requiring any additional regularity of 𝑢𝑡. Among other contributions, we obtain the 
following results.

Global existence and regularity of weak solutions. For any 𝑚 > 1, there exists a uni-
formly bounded nonnegative weak solution of (1.1.6) with initial data satisfying (1.1.8), 
and this solution is locally Hölder continuous; see Theorem 4.1.2 and Remark 4.1.1(4) 
for the integrable case.

Uniqueness of Hölder-continuous weak solutions. Let 𝑢0 ∈ 𝐶𝛼(ℝ𝑁) and 𝑣0 ∈ 𝐶2+𝛼(ℝ𝑁). 
If 𝑚 ∈ (1, 3], then there exists a unique bounded nonnegative weak solution that is 
uniformly Hölder continuous up to the initial time; see Theorem 4.1.3.

The results presented in this dissertation appear in [19, 20, 21].
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Chapter 2

Preliminary

In this chapter, we present several preliminary lemmas and propositions that will be used 
throughout the dissertation. These include basic properties of the analytic semigroup gener-
ated by Δ − 𝐼 on 𝐶𝑏

unif(ℝ𝑁) and 𝐿𝑝(ℝ𝑁), a maximal regularity lemma for parabolic initial-
boundary value problems, a useful exponentially decaying function, several lemmas concern-
ing estimate for the gradient of solutions to the second equation in (1.1.6) and certain special 
Harnack inequalities.

2.1 The Analytic Semigroup Generated by Δ − 𝐼 on 
𝐶𝑏

unif(ℝ
𝑁 )

In this section, we present some basic properties of the analytic semigroup, denoted by 𝑇 (𝑡), 
generated by Δ − 𝐼 on 𝑋 ∶= 𝐶𝑏

unif(ℝ
𝑁). Observe that

(𝑇 (𝑡)𝑢)(𝑥) = 𝑒−𝑡(𝐺(⋅, 𝑡) ∗ 𝑢)(𝑥) = ∫
ℝ𝑁

𝑒−𝑡𝐺(𝑥 − 𝑦, 𝑡)𝑢(𝑦) 𝑑𝑦

for every 𝑢 ∈ 𝑋, 𝑡 > 0, and 𝑥 ∈ ℝ𝑁 , where 𝐺(𝑡, 𝑥) is the heat kernel defined by

𝐺(𝑡, 𝑥) = (4𝜋𝑡)− 𝑁
2 𝑒− |𝑥|2

4𝑡 . (2.1.1)

Let 𝑋𝛼 = Dom(𝐴𝛼) be the fractional power spaces associated with 𝐴 = 𝐼 − Δ on 𝑋
(𝛼 ∈ [0, ∞)). We have 𝑋0 = 𝐶𝑏

unif(ℝ
𝑁) and 𝑋1 = 𝐶2,𝑏

unif(ℝ
𝑁), together with the following 

continuous embedding:

𝑋𝛼 ⊂ 𝐶⌊𝜈⌋,𝜈−⌊𝜈⌋,𝑏
unif (ℝ𝑁) if 0 ≤ 𝜈 < 2𝛼 (2.1.2)

(see [23, Exercise 9]). Furthermore, for 0 < 𝛿 < 1 and 𝛼 ≥ 0, there exists a constant 𝐶𝛼
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such that
‖𝐴𝛼𝑇 (𝑡)𝑢‖𝐶𝑏

unif(ℝ
𝑁) ≤ 𝐶𝛼𝑡−𝛼𝑒−(1−𝛿)𝑡‖𝑢‖𝐶𝑏

unif(ℝ
𝑁) (2.1.3)

for every 𝑢 ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑡 > 0 (see [23, Theorem 1.4.3]).

Lemma 2.1.1. ([55, Lemma 3.2]) For every 𝑡 > 0, the operator 𝑇 (𝑡)∇⋅ has a unique bounded 
extension on (𝐶𝑏

unif(ℝ
𝑁))

𝑁
 satisfying

‖𝑇 (𝑡)∇ ⋅ 𝑢‖𝐶𝑏
unif(ℝ

𝑁) ≤ 𝑁√
𝜋

𝑡− 1
2 𝑒−𝑡‖𝑢‖𝐶𝑏

unif(ℝ
𝑁) ∀ 𝑢 ∈ (𝐶𝑏

unif(ℝ
𝑁))

𝑁
, ∀ 𝑡 > 0. (2.1.4)

2.2 The Analytic Semigroup Generated by Δ − 𝐼 on 
𝐿𝑝(ℝ𝑁 )

In this section, we present some basic properties of the analytic semigroup, denoted by 𝑇𝑝(𝑡), 
generated by 𝐴𝑝 ∶= Δ − 𝐼 on 𝑋𝑝 ∶= 𝐿𝑝(ℝ𝑁) (𝑝 ≥ 1). We also have

(𝑇𝑝(𝑡)𝑢)(𝑥) = 𝑒−𝑡(𝐺(⋅, 𝑡) ∗ 𝑢)(𝑥) = ∫
ℝ𝑁

𝑒−𝑡𝐺(𝑥 − 𝑦, 𝑡)𝑢(𝑦) 𝑑𝑦 (2.2.1)

for every 𝑢 ∈ 𝑋𝑝, 𝑡 > 0, and 𝑥 ∈ ℝ𝑁 , where 𝐺(𝑡, 𝑥) is the heat kernel defined in (2.1.1). 
It follows from the 𝐿𝑝-𝐿𝑞 estimates for the convolution product that there exists 𝐶𝑝,𝑞 > 0
(1 ≤ 𝑝 < 𝑞 ≤ ∞) such that

‖𝑇𝑝(𝑡)𝑢‖𝐿𝑞(ℝ𝑁) ≤ 𝐶𝑝,𝑞𝑡−( 1
𝑝 − 1

𝑞 ) 𝑁
2 𝑒−𝑡‖𝑢‖𝐿𝑝(ℝ𝑁), (2.2.2)

and
‖∇𝑇𝑝(𝑡)𝑢‖𝐿𝑞(ℝ𝑁) ≤ 𝐶𝑝,𝑞𝑡− 1

2 −( 1
𝑝 − 1

𝑞 ) 𝑁
2 𝑒−𝑡‖𝑢‖𝐿𝑝(ℝ𝑁), (2.2.3)

for every 𝑢 ∈ 𝐿𝑝(ℝ𝑁) and 𝑡 > 0. Note that if 𝑢 ∈ 𝐿𝑝(ℝ𝑁)∩𝐿∞(ℝ𝑁), then 𝑇𝑝(𝑡)𝑢 ∈ 𝐿∞(ℝ𝑁)
and

‖𝑇𝑝(𝑡)𝑢‖𝐿∞(ℝ𝑁) ≤ 𝑒−𝑡‖𝑢‖𝐿∞(ℝ𝑁). (2.2.4)

Let 𝑋𝛼
𝑝 = Dom(𝐴𝛼

𝑝 ) be the fractional power spaces associated with 𝐴𝑝 = 𝐼 − Δ on 𝑋𝑝

(𝛼 ∈ [0, ∞)). We have 𝑋0
𝑝 = 𝑋𝑝 = 𝐿𝑝(ℝ𝑁) and 𝑋1

𝑝 = 𝑊 2,𝑝(ℝ𝑁) (1 ≤ 𝑝 < ∞), together 
with the following continuous embeddings (see [23, Theorem 1.6.1]):

𝑋𝛼
𝑝 ⊂ 𝐶⌊𝜈⌋,𝜈−⌊𝜈⌋,𝑏

unif (ℝ𝑁) if 0 ≤ 𝜈 < 2𝛼 − 𝑁
𝑝

, (2.2.5)
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𝑋𝛼
𝑝 ⊂ 𝑊 1,𝑞(ℝ𝑁) if 𝛼 > 1

2
and 1

𝑞
> 1

𝑝
− (2𝛼 − 1)

𝑁
, (2.2.6)

and
𝑋𝛼

𝑝 ⊂ 𝐿𝑞(ℝ𝑁) if 1
𝑞

> 1
𝑝

− 2𝛼
𝑁

, 𝑞 ≥ 𝑝. (2.2.7)

Furthermore, for 0 < 𝛿 < 1 and 𝛼 ≥ 0, there exists 𝐶𝛼,𝑝,𝑞 > 0 such that

‖𝐴𝛼
𝑝 𝑇𝑝(𝑡)𝑢‖𝐿𝑞 ≤ 𝐶𝛼,𝑝,𝑞𝑡−𝛼−( 1

𝑝 − 1
𝑞 ) 𝑁

2 𝑒−(1−𝛿)𝑡‖𝑢‖𝐿𝑝(ℝ𝑁) for 1 ≤ 𝑝 ≤ 𝑞 < +∞ (2.2.8)

for every 𝑢 ∈ 𝐿𝑝(ℝ𝑁) and 𝑡 > 0 (see [55, (2.12)]).

Lemma 2.2.1. ([55, Lemma 3.1]) Let 𝑝 ∈ [1, ∞) and let {𝑇𝑝(𝑡)}𝑡>0 be the semigroup in 
(2.2.1) generated by 𝐴𝑝 on 𝐿𝑝(ℝ𝑁). For every 𝑡 > 0, the operator 𝑇𝑝(𝑡)∇⋅ has a unique 
bounded extension on (𝐿𝑝(ℝ𝑁))

𝑁
 satisfying

‖𝑇𝑝(𝑡)∇ ⋅ 𝑢‖𝐿𝑝(ℝ𝑁) ≤ ̃𝐶𝑝𝑡− 1
2 𝑒−𝑡‖𝑢‖𝐿𝑝(ℝ𝑁) ∀ 𝑢 ∈ (𝐿𝑝(ℝ𝑁))

𝑁
, ∀ 𝑡 > 0, (2.2.9)

where ̃𝐶𝑝 depends only on 𝑝 and 𝑁 . Furthermore, for every 𝑞 ∈ [𝑝, ∞], we have 𝑇𝑝(𝑡)∇ ⋅ 𝑢 ∈
𝐿𝑞(ℝ𝑁) with

‖𝑇𝑝(𝑡)∇ ⋅ 𝑢‖𝐿𝑞 ≤ ̃𝐶𝑝,𝑞𝑡− 1
2 − 𝑁

2 ( 1
𝑝 − 1

𝑞 )𝑒−𝑡‖𝑢‖𝐿𝑝(ℝ𝑁) ∀ 𝑢 ∈ (𝐿𝑝(ℝ𝑁))
𝑁

, ∀ 𝑡 > 0, (2.2.10)

where ̃𝐶𝑝,𝑞 is a constant depending only on 𝑁 , 𝑞, and 𝑝.

Now we state a maximal regularity lemma for a parabolic initial value problem, which 
will be useful in controlling terms involving 𝑣 in the system (1.1.6).

2.3 Maximal Regularity of a Parabolic Equation

In this section, we present a lemma on the maximal regularity for parabolic equations on 
ℝ𝑁  to be used in Chapter  3 and Chapter  4 to prove global existence of solutions to (1.1.6).

Lemma 2.3.1. Let 𝛾 > 1 and let 𝑣0 ∈ 𝑊 1,𝛾(ℝ𝑁) ∩ 𝐿∞(ℝ𝑁). There exists 𝐶𝛾,𝑁  such that 
for any 𝑇 ∈ (0, ∞), if 𝑔 ∈ 𝐿𝛾((0, 𝑇 ), 𝐿𝛾(ℝ𝑁)) and

𝑣(⋅, ⋅) ∈ 𝑊 1,𝛾((0, 𝑇 ), 𝐿𝛾(ℝ𝑁)) ∩ 𝐿𝛾((0, 𝑇 ), 𝑊 2,𝛾(ℝ𝑁))
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solves the following initial value problem,

{


𝜏𝑣𝑡 = Δ𝑣 − 𝑣 + 𝑔, 𝑥 ∈ ℝ𝑁 , 0 < 𝑡 < 𝑇 ,

𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 ,
(2.3.1)

then

∫
𝑇

0
∫

ℝ𝑁
𝑒

𝛾𝑡
𝜏 (|𝑣(𝑡, 𝑥)|𝛾 + |∇𝑣(𝑡, 𝑥)|𝛾 + |Δ𝑣(𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑𝑡

≤ 𝐶𝛾,𝑁 [∫
𝑇

0
∫

ℝ𝑁
𝑒

𝛾𝑡
𝜏 |𝑔(𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑𝑡 + 𝑇 (‖𝑣0(⋅)‖𝛾

𝐿𝛾(ℝ𝑁) + ‖∇𝑣0(⋅)‖𝛾
𝐿𝛾(ℝ𝑁))] , (2.3.2)

and for any 𝑡0 ∈ (0, 𝑇 ),

∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 (|𝑣(𝑡, 𝑥)|𝛾 + |∇𝑣(𝑡, 𝑥)|𝛾 + |Δ𝑣(𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑𝑡

≤ 𝐶𝛾,𝑁 [∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 |𝑔(𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑𝑡 + (𝑇 + 𝜏𝛾𝑡1−𝛾

0 )‖𝑣0(⋅)‖𝛾
𝐿𝛾(ℝ𝑁)] . (2.3.3)

Here 𝐶𝛾,𝑁  is the smallest positive constant such that the inequalities (2.3.2) and (2.3.3) hold.

Proof. First, we extend 𝑔 to the whole of ℝ by setting

̃𝑔(𝑡, 𝑥) =
{


𝑔(𝑡, 𝑥), for 𝑥 ∈ ℝ𝑁 , 𝑡 ∈ (0, 𝑇 ),

0, for 𝑥 ∈ ℝ𝑁 , 𝑡 > 𝑇 .

By [46, Theorem 3.1], the initial value problem

{


𝜏 ̃𝑣𝑡 = Δ ̃𝑣 − ̃𝑣 + ̃𝑔, 𝑥 ∈ ℝ𝑁 , 0 < 𝑡 < ∞,

̃𝑣(0, 𝑥) = 0, 𝑥 ∈ ℝ𝑁 ,

has a unique solution

̃𝑣(⋅, ⋅) ∈ 𝑊 1,𝛾((0, ∞), 𝐿𝛾(ℝ𝑁)) ∩ 𝐿𝛾((0, ∞), 𝑊 2,𝛾(ℝ𝑁)).
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Next, let = 𝑤̃(𝑡, 𝑥) ∶= 𝑒 𝑡
𝜏 ̃𝑣(𝑡, 𝑥), which solves

{


𝜏𝑤̃𝑡 = Δ𝑤̃ + 𝑒 𝑡
𝜏 ̃𝑔, 𝑥 ∈ ℝ𝑁 , 0 < 𝑡 < ∞,

𝑤̃(0, 𝑥) = 0, 𝑥 ∈ ℝ𝑁 .
(2.3.4)

We conclude that (2.3.4) has a unique solution in

𝑊 1,𝛾((0, ∞), 𝐿𝛾(ℝ𝑁)) ∩ 𝐿𝛾((0, ∞), 𝑊 2,𝛾(ℝ𝑁)).

By the closed graph theorem, there exists 𝐶𝛾,𝜏 > 0, independent of 𝑇 , such that for any 
𝑡0 ∈ [0, 𝑇 ],

∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 (| ̃𝑣(𝑡, 𝑥)|𝛾 + |∇ ̃𝑣(𝑡, 𝑥)|𝛾 + |Δ ̃𝑣(𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑𝑡 ≤ 𝐶𝛾,𝜏 ∫

𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 |𝑔(𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑𝑡.

(2.3.5)
Next, let 𝑤 ∶= 𝑣 − ̃𝑣, which satisfies

{


𝜏𝑤𝑡 = Δ𝑤 − 𝑤, 𝑥 ∈ ℝ𝑁 , 𝑡 ∈ (0, 𝑇 ),

𝑤(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .
(2.3.6)

By classical results for the heat equation,

𝑤(𝑡, 𝑥) = 𝑒− 𝑡
𝜏 (𝐺 ∗ 𝑣0)(𝑡/𝜏, 𝑥),

where 𝐺 is the heat kernel from (2.1.1). Since |∇𝐺(𝑡, 𝑥)| ≤ |𝑥|
2𝑡 𝐺(𝑡, 𝑥) and 𝑣0 ∈ 𝑊 1,𝛾(ℝ𝑁), 

there holds
∇𝑤(𝑡, 𝑥) = ∫

ℝ𝑁
𝑒− 𝑡

𝜏 𝐺(𝑡/𝜏, 𝑥 − 𝑦)∇𝑣0(𝑦) 𝑑𝑦

and
Δ𝑤(𝑡, 𝑥) = ∫

ℝ𝑁
𝑒− 𝑡

𝜏 ∇𝐺(𝑡/𝜏, 𝑥 − 𝑦) ⋅ ∇𝑣0(𝑦) 𝑑𝑦.

Then, by Young’s convolution inequality, there exists 𝐶𝛾,𝜏,𝑁 > 0 such that for all 𝑡 > 0,

‖𝑤(𝑡, ⋅)‖𝛾
𝐿𝛾(ℝ𝑁) + ‖∇𝑤(𝑡, ⋅)‖𝛾

𝐿𝛾(ℝ𝑁) + ‖Δ𝑤(𝑡, ⋅)‖𝛾
𝐿𝛾(ℝ𝑁) ≤ 𝐶𝛾,𝜏,𝑁𝑒− 𝛾𝑡

𝜏 ‖𝑣0(⋅)‖𝛾
𝑊 1,𝛾(ℝ𝑁). (2.3.7)

This implies that

∫
𝑇

0
∫

ℝ𝑁
𝑒

𝛾𝑡
𝜏 (|𝑤|𝛾 + |∇𝑤|𝛾 + |Δ𝑤|𝛾) 𝑑𝑥 𝑑𝑡 ≤ 𝐶𝛾,𝜏,𝑁𝑇 ‖𝑣0(⋅)‖𝛾

𝑊 1,𝛾(ℝ𝑁).
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The above estimate and (2.3.5) with 𝑡0 = 0 yield the conclusion of (2.3.2).
We next modify the bound on 𝑤 in (2.3.7) to prove (2.3.3) when 𝑡0 > 0. Note that for 

𝑡0 > 0 and 𝑡 ∈ (𝑡0, 𝑇 ), we can find some absolute constant 𝐶 > 0 such that

|∇𝐺(𝑡, 𝑥)| ≤ |𝑥|
2𝑡

𝐺(𝑡, 𝑥) ≤ 𝐶√
𝑡
𝐺(2𝑡, 𝑥),

and
|𝐺𝑡(𝑡, 𝑥)| ≤ (𝑁

2𝑡
+ |𝑥|2

4𝑡2 ) 𝐺(𝑡, 𝑥) ≤ 𝐶𝑁
𝑡

𝐺(𝑡, 𝑥) + 𝐶
𝑡

𝐺(2𝑡, 𝑥).

Then, by Young’s convolution inequality, it is not hard to see that for all 𝑡 > 0,

‖𝑤(𝑡, ⋅)‖𝛾
𝐿𝛾(ℝ𝑁) + ‖∇𝑤(𝑡, ⋅)‖𝛾

𝐿𝛾(ℝ𝑁) + ‖Δ𝑤(𝑡, ⋅)‖𝛾
𝐿𝛾(ℝ𝑁)

≤ 𝐶𝛾𝑒− 𝛾𝑡
𝜏 [‖(1 + 𝜏

𝑡
)𝐺(2𝑡

𝜏
, ⋅)‖

𝛾

𝐿1(ℝ𝑁)
+ ‖(1 + 𝑁𝜏

𝑡
)𝐺( 𝑡

𝜏
, ⋅)‖

𝛾

𝐿1(ℝ𝑁)
] ‖𝑣0(⋅)‖𝛾

𝐿𝛾(ℝ𝑁)

≤ 𝐶𝛾𝑒− 𝛾𝑡
𝜏 [1 + (𝑁𝜏

𝑡
)

𝛾
] ‖𝑣0(⋅)‖𝛾

𝐿𝛾(ℝ𝑁).
(2.3.8)

Multiplying (2.3.8) by 𝑒
𝛾𝑡
𝜏  and integrating over 𝑡 ∈ (𝑡0, 𝑇 ) yield, for some absolute constant 

𝐶 > 0,

∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 (|𝑤|𝛾 + |∇𝑤|𝛾 + |Δ𝑤|𝛾) 𝑑𝑥 𝑑𝑡 ≤ 𝐶𝛾𝑁𝛾(𝑇 + 𝜏𝛾𝑡1−𝛾

0 )‖𝑣0(⋅)‖𝛾
𝐿𝛾(ℝ𝑁).

The above and (2.3.5) yield the existence of 𝐶𝛾,𝜏,𝑁 > 0 such that

∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 (|𝑣(𝑡, 𝑥)|𝛾 + |∇𝑣(𝑡, 𝑥)|𝛾 + |Δ𝑣(𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑𝑡

≤ 𝐶𝛾,𝜏,𝑁 ∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 |𝑔(𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑𝑡 + 𝐶𝛾,𝜏,𝑁(𝑇 + 𝜏𝛾𝑡1−𝛾

0 )‖𝑣0(⋅)‖𝛾
𝐿𝛾(ℝ𝑁).

(2.3.9)

In the following, we always assume that 𝐶𝛾,𝜏,𝑁  is the smallest positive constant such 
that the inequality (2.3.2) holds. We claim that 𝐶𝛾,𝜏,𝑁 = 𝐶𝛾,1,𝑁  for all 𝜏 > 0. Indeed, by a 
scaling argument, one can consider ̃𝑣(𝑡, 𝑥) ∶= 𝑣(𝜏𝑡, 𝑥), which solves

̃𝑣𝑡 = Δ ̃𝑣 − ̃𝑣 + 𝑔(𝜏𝑡, 𝑥), ̃𝑣(0, 𝑥) = 𝑣0.
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Then applying (2.3.9) with 𝜏 = 1, and with 𝑡0, 𝑇  replaced by 𝑡0
𝜏 , 𝑇

𝜏 , respectively, to ̃𝑣 yields

∫
𝑇
𝜏

𝑡0
𝜏

∫
ℝ𝑁

𝑒𝛾 ̃𝑡(| ̃𝑣( ̃𝑡, 𝑥)|𝛾 + |∇ ̃𝑣( ̃𝑡, 𝑥)|𝛾 + |Δ ̃𝑣( ̃𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑 ̃𝑡

≤ 𝐶𝛾,1,𝑁 ∫
𝑇
𝜏

𝑡0
𝜏

∫
ℝ𝑁

𝑒𝛾 ̃𝑡|𝑔(𝜏 ̃𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑 ̃𝑡 + 𝐶𝛾,1,𝑁(𝑇
𝜏

+ (𝑡0
𝜏

)
1−𝛾

)‖𝑣0(⋅)‖𝛾
𝐿𝛾(ℝ𝑁).

This, together with the variable change ̃𝑡 = 𝑡
𝜏 , implies that

1
𝜏

∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 (|𝑣(𝑡, 𝑥)|𝛾 + |∇𝑣(𝑡, 𝑥)|𝛾 + |Δ𝑣(𝑡, 𝑥)|𝛾) 𝑑𝑥 𝑑𝑡

≤ 1
𝜏

𝐶𝛾,1,𝑁 ∫
𝑇

𝑡0

∫
ℝ𝑁

𝑒
𝛾𝑡
𝜏 |𝑔(𝑡, 𝑥)|𝛾 𝑑𝑥 𝑑𝑡 + 𝐶𝛾,1,𝑁(𝑇

𝜏
+ (𝑡0

𝜏
)

1−𝛾
)‖𝑣0(⋅)‖𝛾

𝐿𝛾(ℝ𝑁).

This implies (2.3.3) with 𝐶𝛾,𝑁 = 𝐶𝛾,1,𝑁 . ∎

Now we state a useful exponential decay function

2.4 An Exponential Decay Function

In this section, we present a lemma establishing the existence of certain special exponentially 
decaying functions that will be used in later chapters to handle the possible non-integrability 
of solutions.

Take a decreasing smooth function 𝑓 on ℝ such that

𝑓(𝑟) = 1 when 𝑟 ≤ 𝑁  and 𝑓(𝑟) = 2−1𝑒𝑁+1−𝑟 when 𝑟 ≥ 𝑁 + 1.

For each fixed 𝜅 ∈ (0, 1) and for some 𝛾 ∈ (0, 1), define

𝜓(𝑥) ∶= 𝜓𝜅(𝑥) = 𝑓(𝛾𝜅|𝑥|). (2.4.1)

Lemma 2.4.1. There exist dimensional constants 𝐶, 𝛾 > 0 such that for any 𝜅 ∈ (0, 1), 𝜓
from (2.4.1) satisfies, for all 𝑥 ∈ ℝ𝑁 ,

0 < 𝜓(𝑥) ≤ 1, |∇𝜓(𝑥)| ≤ 𝜅 𝜓(𝑥), |𝐷2𝜓(𝑥)| ≤ 𝜅2 𝜓(𝑥), (2.4.2)

𝜓(𝑥) ≤ 𝐶𝜓(𝑦)  whenever |𝑥 − 𝑦| ≤ 𝜅−1, (2.4.3)
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and
𝜅𝑁 ∫

ℝ𝑁
𝜓(𝑥) 𝑑𝑥 ≤ 𝐶, ∑

𝜅𝑧∈ℤ𝑁

𝜓(𝑧) ≤ 𝐶. (2.4.4)

Proof. The proof of (2.4.2) and (2.4.3) follows by direct computation when 𝛾 > 0 is 
sufficiently small, depending only on 𝑁 . Moreover, a direct computation yields

𝜅𝑁 ∫
ℝ𝑁

𝜓(𝑥) 𝑑𝑥 = 𝜅𝑁 ∫
ℝ𝑁

𝑓(𝛾𝜅|𝑥|) 𝑑𝑥 = 2𝜋 𝑁
2

Γ(𝑁
2 )

∫
ℝ+

𝑓(𝛾𝑟)𝑟𝑁−1 𝑑𝑟 ≤ 𝐶,

where 2𝜋
𝑁
2

Γ( 𝑁
2 )  is the surface area of an 𝑁 -dimensional unit sphere and Γ is the gamma function. 

Note that the collection of balls {𝐵𝑁/𝜅(𝑧) | 𝜅𝑧 ∈ ℤ𝑁} covers the whole space ℝ𝑁 , and by 
(2.4.3), for any 𝑧,

𝜓(𝑧) ≤ 𝐶𝑁𝜓(𝑥) if 𝑥 ∈ 𝐵𝜅−1𝑁(𝑧).

Thus, it follows that for some dimensional constant 𝐶,

∑
𝜅𝑧∈ℤ𝑁

𝜓(𝑧) ≤ 𝐶𝜅𝑁 ∑
𝜅𝑧∈ℤ𝑁

∫
𝐵𝜅−1𝑁(𝑧)

𝜓(𝑥) 𝑑𝑥 ≤ 𝐶𝜅𝑁 ∫
ℝ𝑁

𝜓(𝑥) 𝑑𝑥.

∎

Next we present some estimate involving ∇𝑣.

2.5 Estimate for ∇𝑣.

In this section, we present several lemmas related to ∇𝑣 in the second equation of (1.1.6). 
The first proposition is particularly useful for proving global boundedness of solutions to 
(1.1.6) in both the regular diffusion case (𝑚 = 1) and the porous medium diffusion case 
(𝑚 > 1). More precisely, it asserts that if 𝑢 is locally bounded in 𝐿𝑝 for some 𝑝 > 𝑁 , then 
∇𝑣 is uniformly bounded.

Proposition 2.5.1. Let 𝑣(𝑡, 𝑥) = 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) be the solution of the 𝑣-equation in (1.2.1) 
with 𝑣0 ∈ 𝑊 1,∞, that is, 𝑣 solves

{


𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .
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If for some 𝑝 > 𝑁  and 𝐶1 > 0,

sup
𝑡∈[0,𝑇 ],𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥) 𝑑𝑥 ≤ 𝐶1, (2.5.1)

then there is a constant 𝐶 depending only on 𝑝, 𝑁 , 𝐶1, and ‖𝑣0‖𝑊 1,∞ such that

sup
𝑡∈[0,𝑇 ]

‖∇𝑣(𝑡, ⋅)‖∞ < 𝐶.

In particular, when 𝑚 = 1 in (1.1.6) and

(𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) = (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))

is the classical solution of  (1.1.6) on (0, 𝑇max(𝑢0, 𝑣0)), if  (2.5.1) holds on [0, 𝑇max(𝑢0, 𝑣0)), 
then the conclusion also holds on [0, 𝑇max(𝑢0, 𝑣0)), that is,

sup
𝑡∈[0,𝑇max)

‖∇𝑣(𝑡, ⋅)‖∞ < ∞. (2.5.2)

Proof. The result follows from [41, Theorem 3.1, Chapter V]. For completeness, we pro-
vide a more direct proof below.

Let 𝜓 be as in Lemma 2.4.1, with some 𝜅 > 0 to be determined. First, note that

𝜏𝜕𝑡(𝑣𝜓) = Δ(𝑣𝜓) − 𝑣𝜓 + (𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝑢𝑣𝜓)

and that 𝑣0𝜓 ∈ 𝑊 1,𝑝(ℝ𝑁) ∩ 𝑊 1,∞(ℝ𝑁) for any 𝑝 > 1. Hence, for any 𝑝 ≤ 𝑞 ≤ ∞,

‖(∇𝑣(𝑡, ⋅))𝜓‖𝐿𝑞 ≤ ‖𝑣(𝑡, ⋅)∇𝜓‖𝐿𝑞 + ‖∇(𝑣𝜓)‖𝐿𝑞

≤ ‖𝑣(𝑡, ⋅)∇𝜓‖𝐿𝑞⏟⏟⏟⏟⏟
𝐴1(𝑞)

+ ‖∇𝑒(Δ−𝐼) 𝑡
𝜏 (𝑣0𝜓)‖𝐿𝑞⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐴2(𝑞)

+ 1
𝜏

∫
𝑡

0
‖∇𝑒(Δ−𝐼) 𝑡−𝑠

𝜏 (𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝜓𝑢𝑣)‖
𝐿𝑞

𝑑𝑠
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐴3(𝑞)

. (2.5.3)

Next, we estimate 𝐴1(𝑞), 𝐴2(𝑞), and 𝐴3(𝑞) for 𝑞 = 𝑝 or 𝑞 = ∞. Below, we write 𝐶𝜅 for a 
constant that may depend on 𝐶, 𝑝, and 𝜅, while 𝐶 is independent of 𝜅. Since 𝑣 is uniformly 
bounded,

𝐴1(𝑝) ≤ 𝐶𝜅 and 𝐴1(∞) ≤ 𝐶𝜅. (2.5.4)
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Next, it follows from (2.2.2), (2.2.4), and ‖𝑣0‖𝑊 1,∞ ≤ 𝐶 that

𝐴2(𝑝) ≤ 𝐶‖∇(𝑣0𝜓)‖𝐿𝑝 ≤ 𝐶𝜅 and 𝐴2(∞) ≤ 𝐶. (2.5.5)

Applying (2.2.3) with 𝑞 = 𝑝 to 𝐴3(𝑝) yields

𝐴3(𝑝) ≤ 𝐶 ∫
𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2
‖𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝜓𝑢𝑣‖𝐿𝑝 𝑑𝑠

≤ 𝐶𝜅 + 𝐶 ∫
𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2
(‖𝑢𝜓‖𝐿𝑝 + ‖∇𝑣 ⋅ ∇𝜓‖𝐿𝑝) 𝑑𝑠

≤ 𝐶𝜅 + 𝐶 sup
𝑠∈[0,𝑇 ]

‖𝑢(𝑠, ⋅)𝜓‖𝐿𝑝 + 𝐶𝜅 ∫
𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2
‖(∇𝑣(𝑠, ⋅))𝜓‖𝐿𝑝 𝑑𝑠. (2.5.6)

Now, by (2.5.3), (2.5.4), (2.5.5), and (2.5.6), we have

‖(∇𝑣(𝑡, ⋅))𝜓‖𝐿𝑝 ≤ 𝐶𝜅 + 𝐶 sup
𝑠∈[0,𝑇 ]

‖𝑢(𝑠, ⋅)𝜓‖𝐿𝑝 + 𝐶𝜅 sup
0≤𝑠≤𝑇

‖(∇𝑣(𝑠, ⋅))𝜓‖𝐿𝑝 ∀ 0 ≤ 𝑡 ≤ 𝑇 .

By (2.5.1), and by taking the supremum over 𝑡 ∈ [0, 𝑇 ] and choosing 𝜅 sufficiently small, 
depending on 𝐶, we obtain

sup
0≤𝑡≤𝑇

‖(∇𝑣(𝑡, ⋅))𝜓‖𝐿𝑝 ≤ 𝐶𝜅. (2.5.7)

In the rest of the proof, we fix one such 𝜅 and may drop it from the notation of 𝐶𝜅.
Finally, applying (2.2.3) with 𝑞 = ∞ to 𝐴3(∞) yields that for 𝑝 > 𝑁 ,

𝐴3(∞) ≤ 𝐶 ∫
𝑡

0
𝑒− (𝑡−𝑠)

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 − 𝑁
2𝑝

‖𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝜓𝑢𝑣‖𝐿𝑝 𝑑𝑠

≤ 𝐶𝜅 + 𝐶 ∫
𝑡

0
𝑒− (𝑡−𝑠)

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 − 𝑁
2𝑝

(‖𝑢𝜓‖𝐿𝑝 + ‖∇𝑣 ⋅ ∇𝜓‖𝐿𝑝) 𝑑𝑠

≤ 𝐶𝜅 + 𝐶 sup
𝑠∈[0,𝑇 ]

‖𝑢(𝑠, ⋅)𝜓‖𝐿𝑝 + 𝐶𝜅 ∫
𝑡

0
𝑒− (𝑡−𝑠)

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 − 𝑁
2𝑝

‖(∇𝑣(𝑠, ⋅))𝜓‖𝐿𝑝 𝑑𝑠.

Since ∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥) 𝑑𝑥 ≤ 𝐶1 uniformly for all 𝑡 ∈ [0, 𝑇 ] and 𝑥0 ∈ ℝ𝑁  by assumption, this 
and (2.5.7) imply that

𝐴3(∞) ≤ 𝐶 for some 𝐶 = 𝐶(𝐶1). (2.5.8)

By (2.5.3), (2.5.4), (2.5.5), and (2.5.8), there holds

‖(∇𝑣(𝑡, ⋅))𝜓(⋅)‖𝐿∞ ≤ 𝐶 ∀ 𝑡 ∈ [0, 𝑇 ].
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Replacing 𝜓(⋅) by 𝜓(⋅ − 𝑥0) yields

‖(∇𝑣(𝑡, ⋅))𝜓(⋅ − 𝑥0)‖𝐿∞ ≤ 𝐶 uniformly for all 𝑡 ∈ [0, 𝑇 ] and 𝑥0 ∈ ℝ𝑁 .

This implies that
sup

0≤𝑡≤𝑇
‖∇𝑣(𝑡, ⋅)‖𝐿∞ ≤ 𝐶,

where 𝐶 depends only on 𝑝, 𝑁 , 𝐶1, and ‖𝑣0‖𝑊 1,∞ . The proof is complete. ∎

We now present a lemma that provide estimates for ∇𝑣. This estimate will be used in 
Chapter 4 to derive local 𝐿𝑝 bounds for 𝑢 in the porous medium diffusion case, specifically 
in the proof of Theorem 4.1.1(1).

For any given 𝑥0 ∈ ℝ𝑁  and 𝑟 > 1, define

𝑍𝑟,𝑥0
(𝑡) ∶= ∬

Ω𝑡

𝑒− 𝑟(𝑡−𝑠)
𝜏 (𝑢 + 𝜀)𝑟(𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 and 𝑍𝑟(𝑡) ∶= sup

𝑥0∈ℝ𝑁
𝑍𝑟,𝑥0

(𝑡).

Lemma 2.5.1. For any fixed 0 < 𝛿 < 1 and 𝑟′ > 𝑟 > 1, there exist 𝑐𝑟 depending only on 𝑟
and 𝑁 , and 𝐶𝛿 depending only on 𝐶, 𝑟, 𝑟′ and 𝛿 such that for all 𝜅 ∈ (0, 𝑐𝑟) we have

∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |∇𝑣|2𝑟𝜓2 ≤ 𝛿𝑍𝑟′(𝑡) + 𝐶𝛿 𝜅−𝑁 ∀ 𝑡 ∈ (0, 𝑇 ]. (2.5.9)

Proof. First, note that

∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |∇𝑣|2𝑟𝜓2 ≲ 𝛿 ∬

Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |∇𝑣|2𝑟′𝜓2 + 𝐶𝛿𝜅−𝑁

≲ 𝛿 ∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |∇(𝑣𝜓

1
𝑟′ )|2𝑟′ + 𝜅2𝑟′ ∬

Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 𝑣2𝑟′𝜓2 + 𝐶𝛿𝜅−𝑁

(2.5.10)

Denoting 𝜓1 ∶= 𝜓
1
𝑟′ , since 𝑣 is bounded by ‖𝑣0‖∞ and 𝜓 is bounded by 1, we have

‖𝑣𝜓1‖2
2𝑟′ ≤ ‖𝑣𝜓1‖∞‖𝑣𝜓1‖𝑟′ ≲ ‖𝑣𝜓1‖𝑟′ . (2.5.11)

By the Gagliardo-Nirenberg inequality,

‖∇(𝑣𝜓1)‖2𝑟′ ≲ ‖𝑣𝜓1‖
1
2∞‖𝐷2(𝑣𝜓1)‖

1
2
𝑟′ ≲ ‖𝐷2(𝑣𝜓1)‖

1
2
𝑟′ .
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By [16, Theorem 9.11],

‖∇(𝑣𝜓1)‖2𝑟′ ≲ ‖𝐷2(𝑣𝜓1)‖
1
2
𝑟′ ≲ ‖Δ(𝑣𝜓1)‖

1
2
𝑟′ + ‖𝑣𝜓1‖

1
2
𝑟′ . (2.5.12)

Next, note that

𝜏(𝑣𝜓1)𝑡 = Δ(𝑣𝜓1) + (−2∇𝑣 ⋅ ∇𝜓1 − 𝑣Δ𝜓1 − 𝑢𝑣𝜓1)

= Δ(𝑣𝜓1) − 𝑣𝜓1 + (𝑣𝜓1 − 2∇𝑣 ⋅ ∇𝜓1 − 𝑣Δ𝜓1 − 𝑢𝑣𝜓1) .

Lemma 2.3.1 then yields

∫
𝑡

0
𝑒− 𝑟′(𝑡−𝑠)

𝜏 (‖Δ(𝑣𝜓1)‖𝑟′

𝑟′ + ‖∇(𝑣𝜓1)‖𝑟′

𝑟′ + ‖𝑣𝜓1‖𝑟′

𝑟′)

≤ 𝐶 ∫
𝑡

0
∫

ℝ𝑁

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |𝑣𝜓1 − 2∇𝑣∇𝜓1 − 𝑣Δ𝜓1 − 𝑢𝑣𝜓1|𝑟′ 𝑑𝑥 𝑑𝑠 + 𝐶𝑡𝑒− 𝑟′𝑡

𝜏 ‖𝑣0𝜓1‖𝑟′

𝑊 1,𝑟′

≤ 𝐶‖𝜓‖1 + 𝐶 ∫
𝑡

0
∫

ℝ𝑁

𝑒− 𝑟′(𝑡−𝑠)
𝜏 [𝜅𝑟′ |∇(𝑣𝜓1)|𝑟′ + |𝑢𝜓1|𝑟′]𝑑𝑥 𝑑𝑠,

where 𝐶 only depends on 𝑟′ and 𝑁 , and is independent of 𝑇 . Therefore, if 𝜅 is sufficiently 
small depending only on 𝑟′ and 𝑁 , by property (2.4.4) in Lemma 2.4.1, we get

∫
𝑡

0
𝑒− 𝑟′(𝑡−𝑠)

𝜏 (‖Δ(𝑣𝜓1)‖𝑟′

𝑟′ + ‖𝑣𝜓1‖𝑟′

𝑟′) ≲ 𝜅−𝑁 + ∫
𝑡

0
∫

ℝ𝑁

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |𝑢𝜓1|𝑟′ ,

which, combining with (2.5.10), (2.5.11) and (2.5.12), implies that

∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 |∇𝑣|2𝑟𝜓2 ≲ 𝐶𝛿𝜅−𝑁 + 𝛿 ∬

Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 𝑢𝑟′𝜓. (2.5.13)

In the following, we derive a connection between 𝑍𝑟′(𝑡) and ∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 𝑢𝑟′𝜓. Recall that 

the collection of balls {𝐵𝑁/𝜅(𝑧) | 𝜅𝑧 ∈ ℤ𝑁} covers the whole space. Hence, by property 
(2.4.3) of Lemma 2.4.1, and using that 𝜓(𝑥 − 𝑧) = 1 when 𝑥 ∈ 𝐵𝑁/𝜅(𝑧) by the definition of 
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𝜓, we have

∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 𝑢𝑟′𝜓 ≲ ∑

𝜅𝑧∈ℤ𝑁

𝜓(𝑧) ∫
𝑡

0
𝑒− 𝑟′(𝑡−𝑠)

𝜏 ∫
𝐵𝑁/𝜅(𝑧)

𝑢𝑟′(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠

≲ ∑
𝜅𝑧∈ℤ𝑁

𝜓(𝑧) ∫
𝑡

0
𝑒− 𝑟′(𝑡−𝑠)

𝜏 ∫
𝐵𝑁/𝜅(𝑧)

𝑢𝑟′(𝑠, 𝑥)𝜓2(𝑥 − 𝑧) 𝑑𝑥 𝑑𝑠

≲ sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒− 𝑟′(𝑡−𝑠)
𝜏 𝑢𝑟′(𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠

≲ 𝑍𝑟′(𝑡).

The lemma is thus proved by combinging this inequality with (2.5.13). ∎

The following lemma concerns the regularity of classical solutions to the linear diffusion 
problem (1.2.1) and will be used repeatedly in the analysis of its asymptotic properties. 
Although it follows essentially from Section 3.1, a detailed proof is provided in the appendix 
of [21].

Lemma 2.5.2. (𝐶1+𝜃,2+𝜈-boundedness) Suppose that 𝑢0 ∈ 𝑋+ and 𝑣0 ∈ 𝑋+
1 , and (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))

is a globally defined bounded solution of  (3.0.1). Then for any given 0 < 𝜈 ≪ 1, 0 < 𝜃 ≪ 1, 
and 𝑡0 > 0, there is 𝐶 > 0 depending on the system parameters, ‖𝑣0‖𝑋1

, sup𝑡≥0 ‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖∞, 
𝜈, 𝜃 and 𝑡0 such that

‖𝑤‖𝐶𝜃,𝜈
unif([𝑡0,∞)×ℝ𝑁) ≤ 𝐶, (2.5.14)

where 𝑤(𝑡, 𝑥) is any one of the following functions: 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑡𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 

𝜕2
𝑥𝑖𝑥𝑗

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑡𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), or 𝜕2

𝑥𝑖𝑥𝑗
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) for 

1 ≤ 𝑖, 𝑗 ≤ 𝑁 .
Moreover, if 𝑢0 ∈ 𝑋+

1  and 𝑣0 ∈ 𝐶2+𝛼,𝑏
unif (ℝ𝑁) for some 𝛼 > 0, then (2.5.14) holds for 

𝑡0 = 0 with 𝑤 being 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), 𝜕𝑡𝑣(𝑡, 𝑥; 𝑢0, 𝑣0), or 𝜕2

𝑥𝑖𝑥𝑗
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)

for 1 ≤ 𝑖, 𝑗 ≤ 𝑁 .

2.6 Special Harnack inequality

In this section, we present two lemmas that will be used frequently in Chapter 3, Section 3.3, 
in the study of the asymptotic behavior of classical solutions to the linear diffusion problem 
(1.2.1). The first lemma is a local-in-time Harnack inequality, which can be viewed as 
a slight generalization of [6, Theorem 1.2] and [18, Lemma 2.2], both of which concern 
advection Fisher–KPP equations. Unless otherwise stated, the constants 𝐶 may depend on 
the parameters 𝑎, 𝑏, 𝜎, and 𝜏 , as well as on the dimension 𝑁 .
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Lemma 2.6.1. For given 𝜎 > 0, 𝑢0 ∈ 𝑋+ and 𝑣0 ∈ 𝑋+
1 , assume that (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))

is a globally defined bounded classical solution of  (1.2.1). Then for any 𝑠0 ≥ 0, 𝑅 > 0, and 
𝑝 ∈ (1, ∞), there exists a constant 𝐶 = 𝐶(𝑠0, 𝑅, 𝑝, 𝜒, ‖𝑣0‖𝑋1

, ‖𝑢‖∞) such that if 𝑡 ≥ 1, 
𝑠 ∈ [0, 𝑠0], and |𝑥 − 𝑦| ≤ 𝑅, then

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≤ 𝐶𝑢
1
𝑝 (𝑡 + 𝑠, 𝑦; 𝑢0, 𝑣0) (2.6.1)

and
|∇𝑢(𝑡, 𝑥; 𝑢0, 𝑣0)| ≤ 𝐶𝑢

1
𝑝 (𝑡, 𝑦; 𝑢0, 𝑣0). (2.6.2)

The constant 𝐶 is uniform as 𝜒 → 0.

The proof is similar to the one of [18, Lemma 2.2] and can be found in the Appendix of 
[21]. The following estimates on 𝑣 can be obtained as a corollary of Lemma 2.6.1.

Lemma 2.6.2. Let (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) be as in Lemma 2.6.1. For any 𝜀 > 0 and 
𝑝 ∈ (1, ∞), there are 𝑇 (𝜀, 𝜒, ‖𝑣0‖𝑋1

) ≥ 1 and 𝐶 = 𝐶(𝜀, 𝑝, 𝜒, ‖𝑣0‖𝑋1
, ‖𝑢‖∞) > 0 such that

|∇𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)| ≤ 𝜀 + 𝐶𝑢
1
𝑝 (𝑡, 𝑥; 𝑢0, 𝑣0), ∀ 𝑡 ≥ 𝑇 , 𝑥 ∈ ℝ𝑁 (2.6.3)

and
|Δ𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)| ≤ 𝜀 + 𝐶𝑢

1
𝑝 (𝑡, 𝑥; 𝑢0, 𝑣0), ∀ 𝑡 ≥ 𝑇 , 𝑥 ∈ ℝ𝑁 . (2.6.4)

The constants 𝑇 , 𝐶 are uniform as 𝜒 → 0.

Proof. For simplicity of notations, we drop 𝑢0, 𝑣0 from the notations of 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0).

First, note that, for any 𝑡 > 𝑡1 ≥ 0 and 𝑥 ∈ ℝ𝑁 , we have

𝑣(𝑡, 𝑥) = ( 𝜏
4𝜋(𝑡 − 𝑡1)

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑡1) 𝑣(𝑡1, 𝑦) 𝑑𝑦

− 1
𝜏

∫
𝑡

𝑡1

( 𝜏
4𝜋(𝑡 − 𝑠)

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠

= ( 𝜏
4𝜋(𝑡 − 𝑡1)

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑡1) 𝑣(𝑡1, 𝑦) 𝑑𝑦

− 1
𝜏

∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠.

(2.6.5)

Since 𝑢, 𝑣 ≥ 0, this with 𝑡1 = 0 implies that ‖𝑣‖∞ ≤ ‖𝑣0‖∞. By Proposition 2.5.1, there 
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is 𝐶 = 𝐶(‖𝑣0‖𝑋1
, ‖𝑢‖∞) such that

𝑣(𝑡, 𝑥) + |∇𝑣(𝑡, 𝑥)| ≤ 𝐶 ∀ 𝑡 ≥ 0, 𝑥 ∈ ℝ𝑁 . (2.6.6)

By Lemma 2.5.2, there is 𝐶 = 𝐶(𝜒, ‖𝑣0‖𝑋1
, ‖𝑢‖∞) > 0 such that

|∇𝑣(𝑡, 𝑥)| + |Δ𝑣(𝑡, 𝑥)| ≤ 𝐶 ∀ 𝑡 ≥ 1, 𝑥 ∈ ℝ𝑁 .

This yields that for any 𝜀 > 0, there is 𝑇 (𝜀, 𝜒, ‖𝑣0‖𝑋1
, ‖𝑢‖∞) such that

|∇ 𝜏𝑁/2

(4𝜋𝑇 )𝑁/2 ∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 𝑣(𝑡1, 𝑦) 𝑑𝑦| = | 𝜏𝑁/2

(4𝜋𝑇 )𝑁/2 ∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 ∇𝑣(𝑡1, 𝑦) 𝑑𝑦|

≤ 𝜀/3 ∀ 𝑡1 ≥ 1, 𝑥 ∈ ℝ𝑁 ,

|Δ 𝜏𝑁/2

(4𝜋𝑇 )𝑁/2 ∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 𝑣(𝑡1, 𝑦) 𝑑𝑦| = | 𝜏𝑁/2

(4𝜋𝑇 )𝑁/2 ∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 Δ𝑣(𝑡1, 𝑦) 𝑑𝑦|

≤ 𝜀/3 ∀ 𝑡1 ≥ 1, 𝑥 ∈ ℝ𝑁 .

(2.6.7)

Moreover, (2.6.6) implies that there is 𝑅 = 𝑅(𝜀, 𝑇 , ‖𝑣0‖𝑋1
, ‖𝑢‖∞) > 0 such that for all 

𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇  and 𝑥 ∈ ℝ𝑁 ,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|>𝑅

𝑒−𝜏|𝑧|2 |∇𝑥𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧)| 𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝜀𝜏
3

,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|>𝑅

𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) |∇𝑥𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧)| 𝑑𝑧 𝑑𝑠| ≤ 𝜀𝜏
3

,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2 1√

𝑡 − 𝑠
∫

|𝑧|>𝑅
𝑒−𝜏|𝑧|2 |𝑧 ⋅ ∇𝑥𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧)| 𝑣(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝜀

3
,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2 1√

𝑡 − 𝑠
∫

|𝑧|>𝑅
𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧) |𝑧 ⋅ ∇𝑥𝑣(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧)| 𝑑𝑧 𝑑𝑠| ≤ 𝜀

3
.

(2.6.8)
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Next, note that, for any 𝑡 ≥ 1 + 𝑇 , by (2.6.5) with 𝑡1 = 𝑡 − 𝑇 , we have

∇𝑣(𝑡, 𝑥) = ∇ 𝜏𝑁/2

(4𝜋𝑇 )𝑁/2 ∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 𝑣(𝑡 − 𝑇 , 𝑦) 𝑑𝑦

− 1
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

ℝ𝑁

𝑒−𝜏|𝑧|2∇𝑥𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

− 1
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

ℝ𝑁

𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ∇𝑥𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠.

(2.6.9)
By (2.6.6)–(2.6.9), we have

|∇𝑣(𝑡, 𝑥)| ≤ 𝜀 + 1
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

|𝑧|≤𝑅
𝑒−𝜏|𝑧|2 |∇𝑥𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧)| 𝑣(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

+ 1
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

|𝑧|≤𝑅
𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧) |∇𝑥𝑣(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧)| 𝑑𝑧 𝑑𝑠

≤ 𝜀 + 𝐶
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

|𝑧|≤𝑅
𝑒−𝜏|𝑧|2 |∇𝑥𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧)| 𝑑𝑧 𝑑𝑠

+ 𝐶
𝜏

∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2
∫

|𝑧|≤𝑅
𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2

√
𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠.

This, together with 2
√

𝑡 − 𝑠|𝑧| ≤ 2
√

𝑇 𝑅 for |𝑧| ≤ 𝑅 and Lemma 2.6.1, implies that there 
is 𝐶(𝜀, 𝑝, 𝜒, 𝑇 , ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that

|∇𝑣(𝑡, 𝑥)| ≤ 𝜀 + 𝐶𝑢1/𝑝(𝑡, 𝑥) ∀ 𝑡 ≥ 1 + 𝑇 .

This proves (2.6.3).
Now, note that, for any 𝑡 ≥ 1 + 𝑇 , by (2.6.5) with 𝑡1 = 𝑡 − 𝑇 , (2.6.7), and (2.6.8), we 

have

|Δ𝑣(𝑡, 𝑥)| ≤ |Δ ( 𝜏
4𝜋𝑇

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4𝑇 𝑣(𝑡 − 𝑇 , 𝑦) 𝑑𝑦|

+ |∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2 1√
𝑡 − 𝑠

∫
ℝ𝑁

𝑒−𝜏|𝑧|2 [𝑧 ⋅ ∇𝑥𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧)] 𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠|

+ |∫
𝑡

𝑡−𝑇
(𝜏

𝜋
)

𝑁/2 1√
𝑡 − 𝑠

∫
ℝ𝑁

𝑒−𝜏|𝑧|2𝑢(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) [𝑧 ⋅ ∇𝑥𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧)] 𝑑𝑧 𝑑𝑠| .

This, together with (2.6.6), (2.6.7), (2.6.8) and Lemma 2.6.1 implies that there is 𝐶(𝜀, 𝑝, 𝜒, 𝑇 , ‖𝑣0‖∞, ‖𝑢‖∞) >
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0 such that
|Δ𝑣(𝑡, 𝑥)| ≤ 𝜀 + 𝐶𝑢1/𝑝(𝑡, 𝑥) ∀ 𝑡 ≥ 1 + 𝑇 ,

which proves (2.6.4). ∎
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Chapter 3

The Chemotaxis System with Linear Diffusion

In this chapter, we consider the regular diffusion case, i.e.,

{


𝑢𝑡 = Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 ,

(3.0.1)

with initial data (𝑢0, 𝑣0) satisfying

𝑢0(⋅) ∈ 𝐶𝑏
unif(ℝ

𝑁), 𝑣0(⋅) ∈ 𝐶1,𝑏
unif(ℝ

𝑁) or 𝑢0(⋅) ∈ 𝐿𝑝(ℝ𝑁), 𝑣0(⋅) ∈ 𝑊 1,𝑝(ℝ𝑁)

for 𝑝 > 1. In Section 3.1, we establish local existence and uniqueness of classical solutions. 
Section 3.2 is devoted to proving that the solution exists for all time and remains bounded 
under suitable conditions on the initial data. Finally, Section 3.3 is devoted to the study of 
the asymptotic properties of (3.0.1).

3.1 Local Existence of Classical solutions

In this section, we study the local existence and uniqueness of classical solutions of (3.0.1). 
We have the following proposition on the local existence of classical solutions of (3.0.1).

Proposition 3.1.1. (1) For given 𝑢0 ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣0 ∈ 𝐶1,𝑏
unif(ℝ

𝑁), there is 𝑇max ∶=
𝑇max(𝑢0, 𝑣0) ∈ (0, ∞] such that (3.0.1) has a unique classical solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
on (0, 𝑇max(𝑢0, 𝑣0)) satisfying

lim
𝑡→0+

(‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)−𝑢0(⋅)‖∞ +‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)−𝑣0(⋅)‖∞ +‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)−∇𝑣0(⋅)‖∞) = 0,
(3.1.1)

𝑢(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶([0, 𝑇max), 𝐶𝑏
unif(ℝ

𝑁)) ∩ 𝐶1((0, 𝑇max), 𝐶𝑏
unif(ℝ

𝑁)), (3.1.2)

𝑣(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶([0, 𝑇max), 𝐶1,𝑏
unif(ℝ

𝑁)) ∩ 𝐶1((0, 𝑇max), 𝐶1,𝑏
unif(ℝ

𝑁)), (3.1.3)
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𝑢(⋅, ⋅; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑢(⋅, ⋅; 𝑢0, 𝑣0), 𝜕2

𝑥𝑖𝑥𝑗
𝑢(⋅, ⋅; 𝑢0, 𝑣0), 𝜕𝑡𝑢(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝜃((0, 𝑇max), 𝐶𝜈,𝑏

unif(ℝ
𝑁)),

(3.1.4)
𝑣(⋅, ⋅; 𝑢0, 𝑣0), 𝜕𝑥𝑖

𝑣(⋅, ⋅; 𝑢0, 𝑣0), 𝜕2
𝑥𝑖𝑥𝑗

𝑣(⋅, ⋅; 𝑢0, 𝑣0), 𝜕𝑡𝑣(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝜃((0, 𝑇max), 𝐶𝜈,𝑏
unif(ℝ

𝑁))
(3.1.5)

for all 𝑖, 𝑗 = 1, 2, ⋯ , 𝑛, 0 < 𝜃 ≪ 1, and 0 < 𝜈 ≪ 1. Moreover, if 𝑇max(𝑢0, 𝑣0) < ∞, then

lim sup
𝑡→𝑇max(𝑢0,𝑣0)−

(‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ + ‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ + ‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞) = ∞. (3.1.6)

If 𝑢0(𝑥) ≥ 0 and 𝑣0(𝑥) ≥ 0 for 𝑥 ∈ ℝ𝑁 , then 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 and 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 for 
𝑡 ∈ [0, 𝑇max(𝑢0, 𝑣0)) and 𝑥 ∈ ℝ𝑁 .

(2) Suppose that 𝑞 > 𝑁  and 𝑞 ≥ 2. For given 𝑢0 ∈ 𝐿𝑞(ℝ𝑁) and 𝑣0 ∈ 𝑊 1,𝑞(ℝ𝑁), there is 
𝑇max(𝑢0, 𝑣0) ∈ (0, ∞] such that (3.0.1) has a unique classical solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
on (0, 𝑇max(𝑢0, 𝑣0)) satisfying

lim
𝑡→0+

(‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)−𝑢0(⋅)‖𝐿𝑞 +‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)−𝑣0(⋅)‖𝐿𝑞 +‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)−∇𝑣0(⋅)‖𝐿𝑞) = 0,
(3.1.7)

𝑢(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶([0, 𝑇max), 𝐿𝑞(ℝ𝑁)) ∩ 𝐶((0, 𝑇max), 𝐶𝑏
unif(ℝ

𝑁)) ∩ 𝐶1((0, 𝑇max), 𝐶𝑏
unif(ℝ

𝑁)),
(3.1.8)

𝑣(⋅, ⋅; 𝑢0, 𝑣0) ∈ 𝐶([0, 𝑇max), 𝑊 1,𝑞(ℝ𝑁)) ∩ 𝐶((0, 𝑇max), 𝐶1,𝑏
unif(ℝ

𝑁)) ∩ 𝐶1((0, 𝑇max), 𝐶1,𝑏
unif(ℝ

𝑁)),
(3.1.9)

and (3.1.4)-(3.1.5). Moreover, if 𝑇max(𝑢0, 𝑣0) < ∞, then

lim sup
𝑡→𝑇max(𝑢0,𝑣0)−

(‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞 + ‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞 + ‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞) = ∞. (3.1.10)

If 𝑢0(𝑥) ≥ 0 and 𝑣0(𝑥) ≥ 0 for 𝑥 ∈ ℝ𝑁 , then 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 and 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 for 
𝑡 ∈ [0, 𝑇max(𝑢0, 𝑣0)) and 𝑥 ∈ ℝ𝑁 .

Outline of the proof of Proposition 3.1.1.  (1) We provide an outline of the proof of Proposition 
3.1.1(1) in the following five steps.

Step 1. In this step, we prove that (3.0.1) has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
on [0, 𝑇 ] satisfying (3.1.1) for some 𝑇 > 0, that is,

[0, 𝑇 ] ∋ 𝑡 ↦ (𝑢(𝑡, ⋅; 𝑢0, 𝑣0), 𝑣(𝑡, ⋅; 𝑢0, 𝑣0)) ∈ 𝐶𝑏
unif(ℝ

𝑁) × 𝐶1,𝑏
unif(ℝ

𝑁) is continuous,
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and

{


𝑢(𝑡, ⋅; 𝑢0, 𝑣0) = 𝑇 (𝑡)𝑢0 − 𝜒 ∫𝑡
0

𝑇 (𝑡 − 𝑠)∇ ⋅ (𝑢(𝑠, ⋅; 𝑢0, 𝑣0)∇𝑣(𝑠, ⋅; 𝑢0, 𝑣0)) 𝑑𝑠

+ ∫𝑡
0

𝑇 (𝑡 − 𝑠)𝑢(𝑠, ⋅; 𝑢0, 𝑣0)(1 + 𝑎 − 𝑏𝑢(𝑠, ⋅; 𝑢0, 𝑣0)) 𝑑𝑠,

𝑣(𝑡, ⋅; 𝑢0, 𝑣0) = 𝑇 ( 𝑡
𝜏 )𝑣0 + 1

𝜏 ∫𝑡
0

𝑇 ( 𝑡−𝑠
𝜏 )(1 − 𝑢(𝑠, ⋅; 𝑢0, 𝑣0))𝑣(𝑠, ⋅; 𝑢0, 𝑣0) 𝑑𝑠

(3.1.11)

for 𝑡 ∈ [0, 𝑇 ].

To this end, first, for given 𝑇 > 0 and 𝑅 > 0, let

𝒳𝑇 = 𝐶([0, 𝑇 ], 𝐶𝑏
unif(ℝ

𝑁)) × 𝐶([0, 𝑇 ], 𝐶1,𝑏
unif(ℝ

𝑁))

be equipped with the sup-norm, and let

𝒮𝑅,𝑇 = {(𝑢, 𝑣) ∈ 𝒳𝑇 ∶ sup
𝑠∈[0,𝑇 ]

‖𝑢(𝑠)‖𝐶𝑏
unif(ℝ

𝑁) ≤ 𝑅, sup
𝑠∈[0,𝑇 ]

‖𝑣(𝑠)‖𝐶1,𝑏
unif(ℝ

𝑁) ≤ 𝑅}.

Then 𝒮𝑅,𝑇  is a closed subset of 𝒳𝑇 . Define a map on 𝒮𝑅,𝑇  as follows:

Ψ(𝑢, 𝑣)(𝑡) = (
Ψ1(𝑢, 𝑣)(𝑡)
Ψ2(𝑢, 𝑣)(𝑡)

)

= (
𝑇 (𝑡)𝑢0 − 𝜒 ∫𝑡

0
𝑇 (𝑡 − 𝑠)∇ ⋅ (𝑢(𝑠)∇𝑣(𝑠)) 𝑑𝑠 + ∫𝑡

0
𝑇 (𝑡 − 𝑠)𝑢(𝑠)(1 + 𝑎 − 𝑏𝑢(𝑠)) 𝑑𝑠

𝑇 ( 𝑡
𝜏 )𝑣0 + 1

𝜏 ∫𝑡
0

𝑇 ( 𝑡−𝑠
𝜏 )(1 − 𝑢(𝑠))𝑣(𝑠) 𝑑𝑠

) .

Next, we show that Ψ is a well-defined map from 𝒮𝑅,𝑇  to 𝒳𝑇 . Moreover, for any given 
0 < 𝛽 < 1

2  and (𝑢, 𝑣) ∈ 𝒮𝑅,𝑇 , the maps

(0, 𝑇 ] ∋ 𝑡 ↦ Ψ1(𝑢, 𝑣)(𝑡) ∈ 𝑋𝛽 and (0, 𝑇 ] ∋ 𝑡 ↦ Ψ2(𝑢, 𝑣)(𝑡) ∈ 𝑋2𝛽

are locally Hölder continuous.
We then prove that for given

𝑅 > max{‖𝑢0‖𝐶𝑏
unif(ℝ

𝑁), ‖𝑣0‖𝐶1,𝑏
unif(ℝ

𝑁)},

there is 𝑇 ∶= 𝑇 (𝑅) > 0 such that the map Ψ maps 𝒮𝑅,𝑇  into itself and is a contraction. 
Hence Ψ has a unique fixed point (𝑢(⋅, ⋅; 𝑢0, 𝑣0), 𝑣(⋅, ⋅; 𝑢0, 𝑣0)) ∈ 𝒮𝑅,𝑇 , and therefore (3.0.1) 
has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) on [0, 𝑇 ] satisfying (3.1.1) for some 
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𝑇 > 0. Moreover,

(0, 𝑇 ] ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽 and (0, 𝑇 ] ∋ 𝑡 ↦ 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋2𝛽

are locally Hölder continuous for any 0 < 𝛽 < 1
2 .

Step 2. In this step, by the standard extension argument, we prove that there is 𝑇max =
𝑇max(𝑢0, 𝑣0) ∈ (0, ∞] such that (3.0.1) has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
satisfying (3.1.11) for 𝑡 ∈ [0, 𝑇max), and

(0, 𝑇max) ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽 and (0, 𝑇max) ∋ 𝑡 ↦ 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋2𝛽

are locally Hölder continuous for any 0 < 𝛽 < 1
2 . Moreover, if 𝑇max < ∞, then (3.1.6) holds.

Step 3. In this step, we prove that the mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) obtained 
in the above two steps is a classical solution of (3.0.1) satisfying (3.1.2)-(3.1.5).

To this end, first, fix any 𝑡1 ∈ (0, 𝑇max(𝑢0, 𝑣0)). By (2.1.2),

(−𝑡1, 𝑇max(𝑢0, 𝑣0) − 𝑡1) ∋ 𝑡 ↦ 𝑢(𝑡 + 𝑡1, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝜈,𝑏
unif(ℝ

𝑁)

is locally Hölder continuous for some 𝜈 > 0.
Next, consider the initial value problem

{


𝜏 𝜕
𝜕𝑡 ̃𝑣 = (Δ − 1) ̃𝑣 + (1 − 𝑢(𝑡 + 𝑡1, 𝑥; 𝑢0, 𝑣0)) ̃𝑣, 𝑥 ∈ ℝ𝑁 , 0 < 𝑡 < 𝑇max(𝑢0, 𝑣0) − 𝑡1,

̃𝑣(0, 𝑥) = 𝑣1(𝑥) ∶= 𝑣(𝑡1, 𝑥; 𝑢0, 𝑣0), 𝑥 ∈ ℝ𝑁 .
(3.1.12)

By [15, Theorem 11 and Theorem 16 in Chapter 1], (3.1.12) has a unique classical solution 
̃𝑣(𝑡, 𝑥) on (0, 𝑇max − 𝑡1) with lim𝑡→0+ ‖ ̃𝑣(𝑡, ⋅) − 𝑣1‖𝐶𝑏

unif(ℝ
𝑁) = 0. By a priori interior estimates 

for parabolic equations (see [15, Theorem 5]), we have

̃𝑣(⋅, ⋅) ∈ 𝐶1((0, 𝑇max − 𝑡1), 𝐶1,𝑏
unif(ℝ

𝑁)), (3.1.13)

and the mappings

𝑡 ↦ ̃𝑣(𝑡, ⋅) ∈ 𝐶𝜈,𝑏
unif(ℝ

𝑁), 𝑡 ↦ 𝜕 ̃𝑣
𝜕𝑥𝑖

(𝑡, ⋅) ∈ 𝐶𝜈,𝑏
unif(ℝ

𝑁), (3.1.14)

𝑡 ↦ 𝜕2 ̃𝑣
𝜕𝑥𝑖𝜕𝑥𝑗

(𝑡, ⋅) ∈ 𝐶𝜈,𝑏
unif(ℝ

𝑁), 𝑡 ↦ 𝜕 ̃𝑣
𝜕𝑡

(𝑡, ⋅) ∈ 𝐶𝜈,𝑏
unif(ℝ

𝑁) (3.1.15)

are locally Hölder continuous in 𝑡 ∈ (0, 𝑇max − 𝑡1) for 𝑖, 𝑗 = 1, 2, ⋯ , 𝑁  and 0 < 𝜈 ≪ 1. By 
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[23, Lemma 3.3.2], ̃𝑣 = ̃𝑣(𝑡, ⋅) is also a mild solution of (3.1.12) and therefore satisfies the 
following integral equation:

̃𝑣(𝑡, ⋅) = 𝑇 ( 𝑡
𝜏

)𝑣1 + 1
𝜏

∫
𝑡

0
𝑇 (𝑡 − 𝑠

𝜏
)(1 − 𝑢(𝑠 + 𝑡1, ⋅; 𝑢0, 𝑣0)) ̃𝑣(𝑠, ⋅) 𝑑𝑠 ∀ 𝑡 ∈ [0, 𝑇max − 𝑡1).

Note that for any 𝑡 ∈ [0, 𝑇max − 𝑡1),

𝑣(𝑡 + 𝑡1, ⋅; 𝑢0, 𝑣0) = 𝑇 ( 𝑡
𝜏

)𝑣1 + 1
𝜏

∫
𝑡

0
𝑇 (𝑡 − 𝑠

𝜏
)(1 − 𝑢(𝑠 + 𝑡1, ⋅; 𝑢0, 𝑣0))𝑣(𝑠 + 𝑡1, ⋅; 𝑢0, 𝑣0) 𝑑𝑠.

It is not difficult to prove that

𝑣(𝑡 + 𝑡1, ⋅; 𝑢0, 𝑣0) = ̃𝑣(𝑡, ⋅) for every 𝑡 ∈ [0, 𝑇max − 𝑡1).

Hence, by (3.1.14) and (3.1.15), the mappings

𝑡 ↦ ∇𝑣(𝑡 + 𝑡1, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝜈
unif(ℝ

𝑁), 𝑡 ↦ Δ𝑣(𝑡 + 𝑡1, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝜈
unif(ℝ

𝑁)

are locally Hölder continuous in 𝑡 ∈ (−𝑡1, 𝑇max − 𝑡1) for 0 < 𝜈 ≪ 1.
Now, consider the initial value problem

{


𝜕
𝜕𝑡 𝑢̃ = (Δ − 1)𝑢̃ + 𝐹(𝑡, 𝑥, 𝑢̃, ∇𝑢̃), 𝑥 ∈ ℝ𝑁 , 0 < 𝑡 < 𝑇max − 𝑡1,

𝑢̃(0, 𝑥) = 𝑢1(𝑥) ∶= 𝑢(𝑡1, 𝑥; 𝑢0, 𝑣0), 𝑥 ∈ ℝ𝑁 ,
(3.1.16)

where

𝐹(𝑡, 𝑥, 𝑢̃, ∇𝑢̃) = −𝜒∇𝑣(𝑡 + 𝑡1, 𝑥; 𝑢0, 𝑣0) ⋅ ∇𝑢̃

+ ( − 𝜒Δ𝑣(𝑡 + 𝑡1, 𝑥; 𝑢0, 𝑣0) + 1 + 𝑎 − 𝑏𝑢(𝑡 + 𝑡1, 𝑥; 𝑢0, 𝑣0))𝑢̃.

By similar arguments as above, (3.1.16) has a unique classical solution 𝑢̃(𝑡, 𝑥) on (0, 𝑇max−𝑡1)
with lim𝑡→0+ ‖𝑢̃(𝑡, ⋅) − 𝑢1‖𝐶𝑏

unif(ℝ
𝑁) = 0, and 𝑢̃(𝑡, ⋅) satisfies (3.1.13)-(3.1.15) with ̃𝑣 replaced 

by 𝑢̃. Moreover,
𝑢(𝑡, ⋅; 𝑢0, 𝑣0) = 𝑢̃(𝑡, ⋅) for 𝑡 ∈ [0, 𝑇max − 𝑡1).

Therefore, (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a classical solution of (3.0.1) satisfying (3.1.2)-(3.1.5).

Step 4. In this step, by the uniqueness of mild solutions of (3.0.1), we prove that (3.0.1) 
has a unique classical solution satisfying (3.1.2)-(3.1.5).
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Step 5. In this step, by the comparison principle for parabolic equations, we prove that

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 and 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 ∀ 𝑡 ∈ [0, 𝑇max(𝑢0, 𝑣0)), 𝑥 ∈ ℝ𝑁

provided that 𝑢0(𝑥), 𝑣0(𝑥) ≥ 0 for 𝑥 ∈ ℝ𝑁 . Proposition (3.1.1)(1) for (3.0.1) is thus proved.

(2) We provide an outline of the proof of Proposition 3.1.1(2) for (3.0.1) in the following five 
steps.

Step 1′ . In this step, we prove that (3.0.1) has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
on [0, 𝑇 ] satisfying (3.1.7) for some 𝑇 > 0, that is,

[0, 𝑇 ] ∋ 𝑡 ↦ (𝑢(𝑡, ⋅; 𝑢0, 𝑣0), 𝑣(𝑡, ⋅; 𝑢0, 𝑣0)) ∈ 𝐿𝑞(ℝ𝑁) × 𝑊 1,𝑞(ℝ𝑁) is continuous,

and

{


𝑢(𝑡, ⋅; 𝑢0, 𝑣0) = 𝑇𝑞(𝑡)𝑢0 − 𝜒 ∫𝑡
0

𝑇𝑞(𝑡 − 𝑠)∇ ⋅ (𝑢(𝑠, ⋅; 𝑢0, 𝑣0)∇𝑣(𝑠, ⋅; 𝑢0, 𝑣0)) 𝑑𝑠

+ ∫𝑡
0

𝑇𝑞(𝑡 − 𝑠)𝑢(𝑠, ⋅; 𝑢0, 𝑣0)(1 + 𝑎 − 𝑏𝑢(𝑠, ⋅; 𝑢0, 𝑣0)) 𝑑𝑠,

𝑣(𝑡, ⋅; 𝑢0, 𝑣0) = 𝑇𝑞( 𝑡
𝜏 )𝑣0 + 1

𝜏 ∫𝑡
0

𝑇𝑞( 𝑡−𝑠
𝜏 )(1 − 𝑢(𝑠, ⋅; 𝑢0, 𝑣0))𝑣(𝑠, ⋅; 𝑢0, 𝑣0) 𝑑𝑠

(3.1.17)

for 𝑡 ∈ [0, 𝑇 ].
To this end, as in Step 1 of the outline of the proof of Proposition 3.1.1(1), first, for given 

𝑇 > 0 and 𝑅 > 0, let

𝒳𝑞,𝑇 = 𝐶([0, 𝑇 ]; 𝐿𝑞(ℝ𝑁)) × 𝐶([0, 𝑇 ]; 𝑊 1,𝑞(ℝ𝑁))

be equipped with the sup-norm, and let

𝒮𝑞,𝑅,𝑇 = {(𝑢, 𝑣) ∈ 𝒳𝑞,𝑇 ∶ sup
𝑠∈[0,𝑇 ]

‖𝑢(𝑠)‖𝐿𝑞(ℝ𝑁) ≤ 𝑅, sup
𝑠∈[0,𝑇 ]

‖𝑣(𝑠)‖𝑊 1,𝑞(ℝ𝑁) ≤ 𝑅}.

Define Ψ𝑞 on 𝒮𝑞,𝑅,𝑇  by

Ψ𝑞(𝑢, 𝑣)(𝑡) = (
Ψ1,𝑞(𝑢, 𝑣)(𝑡)
Ψ2,𝑞(𝑢, 𝑣)(𝑡)

)

= (
𝑇𝑞(𝑡)𝑢0 − 𝜒 ∫𝑡

0
𝑇𝑞(𝑡 − 𝑠)∇ ⋅ (𝑢(𝑠)∇𝑣(𝑠)) 𝑑𝑠 + ∫𝑡

0
𝑇𝑞(𝑡 − 𝑠)𝑢(𝑠)(1 + 𝑎 − 𝑏𝑢(𝑠)) 𝑑𝑠

𝑇𝑞( 𝑡
𝜏 )𝑣0 + 1

𝜏 ∫𝑡
0

𝑇𝑞( 𝑡−𝑠
𝜏 )(1 − 𝑢(𝑠))𝑣(𝑠) 𝑑𝑠

) .

Next, we show that the map Ψ𝑞 is a well-defined map from 𝒮𝑞,𝑅,𝑇  to 𝒳𝑞,𝑇 . Moreover, for 
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any given 0 < 𝛽 < 1
2 − 𝑁

2𝑞 , 0 < 𝛾 < 1
2 , and (𝑢, 𝑣) ∈ 𝒮𝑞,𝑅,𝑇 , the maps

(0, 𝑇 ] ∋ 𝑡 ↦ Ψ1(𝑢, 𝑣)(𝑡) ∈ 𝑋𝛽 and (0, 𝑇 ] ∋ 𝑡 ↦ Ψ2(𝑢, 𝑣)(𝑡) ∈ 𝑋2𝛾

are locally Hölder continuous.
We then prove that for given

𝑅 > max{‖𝑢0‖𝐿𝑞(ℝ𝑁), ‖𝑣0‖𝑊 1,𝑞(ℝ𝑁)},

there is 𝑇 ∶= 𝑇 (𝑅) > 0 such that the map Ψ𝑞 maps 𝒮𝑞,𝑅,𝑇  into itself and is a contraction. 
Hence Ψ𝑞 has a unique fixed point (𝑢(⋅, ⋅; 𝑢0, 𝑣0), 𝑣(⋅, ⋅; 𝑢0, 𝑣0)) in 𝒮𝑞,𝑅,𝑇 , and therefore (3.0.1) 
has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) on [0, 𝑇 ] satisfying (3.1.7) for some 
𝑇 > 0. Moreover, the maps

(0, 𝑇 ] ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞 and (0, 𝑇 ] ∋ 𝑡 ↦ 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋2𝛾

𝑞

are locally Hölder continuous for any 0 < 𝛽 < 1
2 − 𝑁

2𝑞  and 0 < 𝛾 < 1
2 .

Step 2′ . In this step, by the standard extension argument, we prove that there is 𝑇max =
𝑇max(𝑢0, 𝑣0) ∈ (0, ∞] such that (3.0.1) has a unique mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
satisfying (3.1.17) for 𝑡 ∈ [0, 𝑇max), and the maps

(0, 𝑇max) ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞 and (0, 𝑇max) ∋ 𝑡 ↦ 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋2𝛾

𝑞

are locally Hölder continuous for any 0 < 𝛽 < 1
2 − 𝑁

2𝑞  and 0 < 𝛾 < 1
2 . Moreover, if 𝑇max < ∞, 

then (3.1.10) holds.

Step 3′ . In this step, using the fact that (0, 𝑇max(𝑢0, 𝑣0)) ∋ 𝑡 ↦ 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛾
𝑞  is 

locally Hölder continuous for any 0 < 𝛾 < 1, we prove that

(0, 𝑇max(𝑢0, 𝑣0)) ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞

is locally Hölder continuous for any 0 < 𝛽 < 1
2 . Then, by (2.2.5),

𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝐶1,𝑏
unif(ℝ

𝑁)

for all 𝑡 ∈ (0, 𝑇max(𝑢0, 𝑣0)).
To be a little more specific, by (2.2.5), for any 0 < 𝑡1 < 𝑡2 < 𝑇max(𝑢0, 𝑣0), the map

[𝑡1, 𝑡2] ∋ 𝑡 ↦ ∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝑏
unif(ℝ

𝑁)
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is Hölder continuous. Then for any 0 < 𝛽 < 1
2  and 0 < 𝛿 < 1, there is 𝐶 > 0 such that for 

any 𝑡 ∈ [𝑡1, 𝑡2], we have

‖𝐴𝛽𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞 ≤ ‖𝐴𝛽𝑇𝑞(𝑡 − 𝑡1)𝑢(𝑡1, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞

+ 𝜒 ∫
𝑡

𝑡1

‖𝐴𝛽𝑇𝑞(𝑡 − 𝑠)∇ ⋅ (𝑢(𝑠, ⋅; 𝑢0, 𝑣0)∇𝑣(𝑠, ⋅; 𝑢0, 𝑣0))‖𝐿𝑞 𝑑𝑠

+ ∫
𝑡

𝑡1

‖𝐴𝛽𝑇𝑞(𝑡 − 𝑠)𝑢(𝑠)(1 + 𝑎 − 𝑏𝑢(𝑠))‖𝐿𝑞 𝑑𝑠

≤ ‖𝐴𝛽𝑇𝑞(𝑡 − 𝑡1)𝑢(𝑡1, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞

+ 𝐶𝜒 max
𝑡1≤𝑡≤𝑡2

‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ ∫
𝑡

𝑡1

(𝑡 − 𝑠)−𝛽− 1
2 𝑒−(1−𝛿)(𝑡−𝑠)‖𝑢(𝑠, ⋅; 𝑢0, 𝑣0)‖𝐿𝑞 𝑑𝑠

+ 𝐶 ∫
𝑡

𝑡1

𝑒−(1−𝛿)(𝑡−𝑠)((𝑡 − 𝑠)−𝛽‖𝑢(𝑠)‖𝐿𝑞 + (𝑡 − 𝑠)−𝛽− 𝑁
2𝑞 ‖𝑢2(𝑠)‖𝐿

𝑞
2
) 𝑑𝑠.

This implies that for any 𝑡 ∈ (𝑡1, 𝑡2), 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞 , and hence for any 𝑡 ∈ (0, 𝑇max(𝑢0, 𝑣0)), 

𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞 . Moreover, we can prove that

(0, 𝑇max(𝑢0, 𝑣0)) ∋ 𝑡 ↦ 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝑋𝛽
𝑞

is locally Hölder continuous.

Step 4′ . In this step, we prove that (1.2.1) has a unique classical solution satisfying 
(3.1.7)-(3.1.9) and (3.1.4)-(3.1.5).

In fact, by Step 3′ , for any 𝑡1 ∈ (0, 𝑇max(𝑢0, 𝑣0)), we have

𝑢(𝑡1, ⋅; 𝑢0, 𝑣0) ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣(𝑡1, ⋅; 𝑢0, 𝑣0) ∈ 𝐶1,𝑏
unif(ℝ

𝑁).

Then by Proposition 3.1.1(1), the mild solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) obtained above 
is a classical solution of (3.0.1) satisfying (3.1.8)-(3.1.9) and (3.1.4)-(3.1.5). Note that a 
classical solution of (3.0.1) satisfying (3.1.7)-(3.1.9) and (3.1.4)-(3.1.5) is also a mild solution 
of (3.0.1) satisfying (3.1.7). Then, by the uniqueness of mild solutions of (3.0.1), the system 
(3.0.1) has a unique classical solution satisfying (3.1.7)-(3.1.9) and (3.1.4)-(3.1.5).

Step 5′ . In this step, by the comparison principle for parabolic equations, we prove that

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 and 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 0 ∀ 𝑡 ∈ [0, 𝑇max(𝑢0, 𝑣0)), 𝑥 ∈ ℝ𝑁

provided 𝑢0(𝑥) ≥ 0 and 𝑣0(𝑥) ≥ 0 for all 𝑥 ∈ ℝ𝑁 . Proposition 3.1.1(2) is thus proved. ∎
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3.2 Global Existence of a Classical Solution

In this section, we study the global existence of a classical solution of (3.0.1). We begin by 
stating the main theorems of this section.

Theorem 3.2.1. Let (𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) ∶= (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) be the solution of 
(3.0.1). We denote 𝑇max ∶= 𝑇max(𝑢0, 𝑣0). Assume that there is 𝑝 > max{1, 𝑁

2 } such that

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥) 𝑑𝑥 < ∞. (3.2.1)

Then 𝑇max = ∞ and
lim sup

𝑡→∞
‖𝑢(𝑡, ⋅)‖∞ < ∞.

Theorem 3.2.2. For given 𝑢0 ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣0 ∈ 𝐶1,𝑏
unif(ℝ

𝑁), or 𝑢0 ∈ 𝐿𝑞(ℝ𝑁) and 
𝑣0 ∈ 𝑊 1,𝑞(ℝ𝑁), with 𝑢0, 𝑣0 ≥ 0, assume that

|𝜒| ⋅ ‖𝑣0‖∞ < max {𝑏 ⋅ 𝐶∗
𝑁 , 𝐷∗

𝜏,𝑁}, (3.2.2)

where

𝐶∗
𝑁 ∶= sup

𝛾>max{1,𝑁/2}

𝛾
𝛾 − 1

(𝐶𝛾+1,𝑁)
− 1

𝛾+1
, (3.2.3)

𝐶𝛾+1,𝑁  is given in Lemma 2.3.1, and

𝐷∗
𝜏,𝑁 ∶=

{


2
𝜏𝑁∗ (2√ (𝜏∗)2

4 + 1
𝜏𝑁∗ + 𝑗|𝜏∗|)

−1
if √ (𝜏∗)2

4 + 1
𝜏𝑁∗ > −𝑗|𝜏∗|,

2
𝜏𝑁∗ (√ (𝜏∗)2

4 + 1
𝜏𝑁∗ )

−1
if √ (𝜏∗)2

4 + 1
𝜏𝑁∗ ≤ −𝑗|𝜏∗|.

(3.2.4)

with 𝑁 ∗ ∶= max{1, 𝑁
2 }, 𝜏∗ ∶= 1

𝜏 − 1, and 𝑗 ∶= Sign(𝜒𝜏∗) denoting the sign of 𝜒𝜏∗. Then 
the classical solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) of  (3.0.1) exists for all 𝑡 > 0, and both 
‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ and ‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ remain bounded as 𝑡 → ∞.

Theorem 3.2.1 states that a local 𝐿𝑝 bound for 𝑢 implies global existence of the solution. 
The proof is based on the following two propositions:

1. The first proposition shows that a local 𝐿𝑝 bound for 𝑢, for some 𝑝 > 𝑁
2 , yields a local 

𝑊 1,2𝑝 bound for 𝑣.

2. The second proposition shows, via an interpolation inequality, that a local 𝑊 1,2𝑝 bound 
for 𝑣, again for some 𝑝 > 𝑁

2 , yields a local 𝐿𝛾 bound for 𝑢 for some 𝛾 > 𝑁 . From this 
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local 𝐿𝛾 bound, Proposition 2.5.1 gives a uniform bound for ∇𝑣. Finally, combining 
this uniform gradient bound with a semigroup argument, we obtain the theorem.

On the other hand, Theorem 3.2.2 provides a condition under which the local 𝐿𝑝 norm 
of the solution remains bounded. All local estimates will be derived using the decay function 
𝜓 from Lemma 2.4.1.

We now state the two propositions mentioned above, which will be useful in proving 
Theorem 3.2.1. The first proposition shows that a local 𝐿𝑝 bound for 𝑢, for some 𝑝 > 𝑁

2 , 
yields a local 𝑊 1,2𝑝 bound for 𝑣.

Proposition 3.2.1. Let (𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) ∶= (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) be the solution of 
(3.0.1). We denote 𝑇max ∶= 𝑇max(𝑢0, 𝑣0). For given 𝑝 ≥ 1, assume that

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥) 𝑑𝑥 < ∞ and sup
𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

|∇𝑣0(𝑥)|𝑝 𝑑𝑥 < ∞. (3.2.5)

Then the following hold.

(1)
sup

𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁
∫

𝐵(𝑥0,1)
(𝑣𝑝(𝑡, 𝑥) + |∇𝑣(𝑡, 𝑥)|𝑝) 𝑑𝑥 < ∞. (3.2.6)

(2) In addition, if 𝑝 > 𝑁
4 , then

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑣2𝑝(𝑡, 𝑥) 𝑑𝑥 < ∞. (3.2.7)

(3) In addition, if 𝑝 > 𝑁
2  and sup𝑥0∈ℝ𝑁 ∫

𝐵(𝑥0,1)
|∇𝑣0(𝑥)|2𝑝 𝑑𝑥 < ∞, then

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

|∇𝑣(𝑡, 𝑥)|2𝑝 𝑑𝑥 < ∞. (3.2.8)

Proof of Proposition 3.2.1. First of all, we note that, to prove (3.2.6), (3.2.7), and (3.2.8), 
it suffices to prove

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
ℝ𝑁

(𝑣𝑝(𝑡, 𝑥)𝜓𝑝(𝑥 − 𝑥0) + |∇𝑣|𝑝(𝑡, 𝑥)𝜓𝑝(𝑥 − 𝑥0)) 𝑑𝑥 < ∞, (3.2.9)

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑣2𝑝(𝑡, 𝑥)𝜓2𝑝(𝑥 − 𝑥0) 𝑑𝑥 < ∞, (3.2.10)
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and
sup

𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁
∫

ℝ𝑁
|∇𝑣|2𝑝(𝑡, 𝑥)𝜓2𝑝(𝑥 − 𝑥0) 𝑑𝑥 < ∞, (3.2.11)

respectively, where 𝜓 is as in Lemma 2.4.1; the proof then follows by estimates similar to 
those in the proof of Proposition 2.5.1.

First, if (𝑢, 𝑣) is the solution of (3.0.1), then by the comparison principle,

‖𝑣(𝑡, ⋅)‖∞ ≤ ‖𝑣0‖∞ ∀ 𝑡 ∈ [0, 𝑇max).

Hence, for 𝑝 ≤ 𝑝′ and 𝑡 ∈ [0, 𝑇max),

‖𝑣(𝑡, ⋅)𝜓‖𝐿𝑝′ ≤ ‖𝑣0‖∞‖𝜓‖𝐿𝑝′ . (3.2.12)

Next, we note that

𝜏𝜕𝑡(𝑣𝜓) = Δ(𝑣𝜓) − 𝑣𝜓 + 𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝜓𝑢𝑣.

Hence

𝑣(𝑡, ⋅)𝜓 = 𝑒(Δ−𝐼) 𝑡
𝜏 𝑣0𝜓 + ∫

𝑡

0
𝑒(Δ−𝐼) 𝑡−𝑠

𝜏 (𝑣(𝑠, ⋅)𝜓 − 2∇𝑣(𝑠, ⋅) ⋅ ∇𝜓 − 𝑣(𝑠, ⋅)Δ𝜓 − 𝜓𝑢(𝑠, ⋅)𝑣(𝑠, ⋅)) 𝑑𝑠.

This gives

‖(∇𝑣(𝑡, ⋅))𝜓‖𝐿𝑝′ ≤ ‖𝑣(𝑡, ⋅)∇𝜓‖𝐿𝑝′ + ‖∇𝑒(Δ−𝐼) 𝑡
𝜏 (𝑣0𝜓)‖𝐿𝑝′

+ 1
𝜏

∫
𝑡

0
‖∇𝑒(Δ−𝐼) 𝑡−𝑠

𝜏 (𝑣𝜓 − 2∇𝑣 ⋅ ∇𝜓 − 𝑣Δ𝜓 − 𝜓𝑢𝑣)‖
𝐿𝑝′

𝑑𝑠.

Using (2.2.2), (2.2.3), and (2.4.2), we get

‖(∇𝑣(𝑡, ⋅))𝜓‖𝐿𝑝′ ≤ 𝜅‖𝑣0‖∞‖𝜓‖𝐿𝑝′ + 𝐶𝑝′𝑒− 𝑡
𝜏 ‖∇(𝑣0𝜓)‖𝐿𝑝′

+ 2𝜅
𝐶𝑝,𝑝′

𝜏
sup

𝑟∈[0,𝑡]
‖(∇𝑣(𝑟, ⋅))𝜓‖𝐿𝑝 ∫

𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 −( 1
𝑝 − 1

𝑝′ ) 𝑁
2 𝑑𝑠

+
𝐶𝑝,𝑝′

𝜏
‖𝑣0‖∞((1 + 𝜅)‖𝜓‖𝐿𝑝 + sup

𝑟∈[0,𝑡]
‖𝑢(𝑟, ⋅)𝜓‖𝐿𝑝) ∫

𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 −( 1
𝑝 − 1

𝑝′ ) 𝑁
2 𝑑𝑠.

(3.2.13)
Equation (3.2.7) follows by choosing 𝑝′ = 𝑝 in (3.2.13) and (3.2.12), then shifting in space 
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and taking the supremum over 𝑥0 ∈ ℝ𝑁 . Now, for 𝑝 > 𝑁
2  and 𝑝′ = 2𝑝,

∫
𝑡

0
𝑒− 𝑡−𝑠

𝜏 (𝑡 − 𝑠
𝜏

)
− 1

2 −( 1
𝑝 − 1

𝑝′ ) 𝑁
2 𝑑𝑠 < ∞.

Then by the assumption, we get that there are constants 𝐶 > 0 independent of 𝜅 and ̃𝐶 > 0
such that

‖∇𝑣(𝑡, ⋅)𝜓‖𝐿2𝑝 ≤ ̃𝐶 + 𝐶𝜅 sup
𝑠∈[0,𝑡]

‖∇𝑣(𝑠, ⋅)𝜓‖𝐿2𝑝 ∀ 𝑡 ∈ [0, 𝑇max). (3.2.14)

By choosing 0 < 𝜅 ≪ 1, it follows that for any 0 ≤ 𝑡 < 𝑇max,

(1 − 𝐶𝜅) sup
𝑡∈[0,𝑇max)

‖∇𝑣(𝑡, ⋅)𝜓‖𝐿2𝑝 ≤ ̃𝐶.

The results then follow after shifting in space and taking the supremum over 𝑥0 ∈ ℝ𝑁 . ∎

In the following proposition, we show that the 𝑊 1,2𝑝 estimate of 𝑣 obtained from the 
previous proposition can be used to improve the 𝐿𝑝-norm of 𝑢.

Proposition 3.2.2. Let (𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) ∶= (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) be the solution of 
(3.0.1). We denote 𝑇max ∶= 𝑇max(𝑢0, 𝑣0). Assume that there is 𝑝 > max{1, 𝑁

2 } such that

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥) 𝑑𝑥 < ∞ and sup
𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

(𝑢2𝑝
0 (𝑥) + |∇𝑣0(𝑥)|2𝑝) 𝑑𝑥 < ∞.

(3.2.15)
Then there is 𝛾 > 𝑁  such that

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝛾(𝑡, 𝑥) 𝑑𝑥 < ∞. (3.2.16)

Proof of Proposition 3.2.2. First of all, note that if 𝑝 > 𝑁 , then there is nothing to 
prove. When 𝑁 = 1, the condition 𝑝 > max{1, 𝑁

2 } implies that 𝑝 > 1 = 𝑁 . Therefore, in 
the following, we assume that

𝑁 ≥ 2 and 𝑁
2

< 𝑝 ≤ 𝑁.

Let 𝜓 be as in Lemma 2.4.1. Then 𝑢0 ∈ 𝐿𝛾(𝐵(𝑥0, 1)) for any 𝑥0 ∈ ℝ𝑁  and 𝛾 > 𝑁 , and to 
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prove (3.2.16), it suffices to prove

sup
𝑡∈[0,𝑇max),𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢𝛾(𝑡, 𝑥; 𝑢0, 𝑣0)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 < ∞ (3.2.17)

for some 𝛾 > 𝑁 . If no confusion occurs, for given 𝑥0 ∈ ℝ𝑁 , we put

∫
ℝ𝑁

𝑢𝛾𝜓2 𝑑𝑥 = ∫
ℝ𝑁

𝑢𝛾(𝑡, 𝑥; 𝑢0, 𝑣0)𝜓2(𝑥 − 𝑥0)𝑑𝑥.

Fix 𝛾 ∈ ( max{𝑁, 2𝑝(𝑝−1)
𝑁 }, 2𝑝). Multiplying the 𝑢-equation by 𝑢𝛾−1𝜓2 and integrating both 

sides gives

1
𝛾

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝛾𝜓2 = ∫
ℝ𝑁

𝑢𝛾−1𝜓2𝑢𝑡

= ∫
ℝ𝑁

𝑢𝛾−1𝜓2Δ𝑢 − ∫
ℝ𝑁

𝑢𝛾−1𝜓2∇ ⋅ (𝜒𝑢∇𝑣) + 𝑎 ∫
ℝ𝑁

𝑢𝛾𝜓2 − 𝑏 ∫
ℝ𝑁

𝑢𝛾+1𝜓2

= − (𝛾 − 1) ∫
ℝ𝑁

𝑢𝛾−2𝜓2|∇𝑢|2
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐼1

− ∫
ℝ𝑁

𝑢𝛾−1∇𝜓2 ⋅ ∇𝑢
⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐼2

+ 𝜒(𝛾 − 1) ∫
ℝ𝑁

𝑢𝛾−1𝜓2∇𝑢 ⋅ ∇𝑣
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐼3

+ 𝜒 ∫
ℝ𝑁

𝑢𝛾∇𝑣 ⋅ ∇𝜓2

⏟⏟⏟⏟⏟⏟⏟
𝐼4

+ 𝑎 ∫
ℝ𝑁

𝑢𝛾𝜓2 − 𝑏 ∫
ℝ𝑁

𝑢𝛾+1𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼5

.

Now we estimate each term in the above identity. In the following, 𝐶 denotes a universal 
constant independent of 𝜅 and 𝑡, but it may depend on other parameters such as 𝜒, 𝑎, and 
𝑏. By Young’s inequality and (2.4.2) in Lemma 2.4.1, we have the following estimate for 
0 < 𝜅, 𝛿 < 1:

𝐼2 ≤ 𝜅 ∫
ℝ𝑁

𝑢𝛾−1|∇𝑢|𝜓2 ≤ 𝛾 − 1
4

∫
ℝ𝑁

𝑢𝛾−2|∇𝑢|2𝜓2 + 𝐶𝜅2 ∫
ℝ𝑁

𝑢𝛾𝜓2

≤ 𝛾 − 1
4

𝐼1 + 𝛿 ∫
ℝ𝑁

𝑢𝛾+1𝜓2 + 𝐶𝛿𝜅−𝑁 , (3.2.18)
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where we used (2.4.4) in the last inequality. Similarly,

𝐼3 ≤ 𝛾 − 1
4

∫
ℝ𝑁

𝑢𝛾−2|∇𝑢|2𝜓2 + 𝐶 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2, (3.2.19)

𝐼4 ≤ 2|𝜒|𝜅 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|𝜓2

≤ 𝐶𝜅 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2 + 𝐶𝜅 ∫
ℝ𝑁

𝑢𝛾𝜓2

≤ 𝐶𝜅 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2 + 𝐶𝜅 ∫
ℝ𝑁

𝑢𝛾+1𝜓2 + 𝐶𝜅−𝑁 . (3.2.20)

Again by Young’s inequality and (2.4.4),

𝐼5 + ∫
ℝ𝑁

𝑢𝛾𝜓2 ≤ −(𝑏 − 𝛿) ∫
ℝ𝑁

𝑢𝛾+1𝜓2 + 𝐶𝛿𝜅−𝑁 . (3.2.21)

Combining (3.2.18)-(3.2.21) gives

1
𝛾

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝛾𝜓2 + ∫
ℝ𝑁

𝑢𝛾𝜓2 ≤ −𝛾 − 1
2

∫
ℝ𝑁

𝑢𝛾−2|∇𝑢|2𝜓2 − (𝑏 − 2𝛿 − 𝐶𝜅) ∫
ℝ𝑁

𝑢𝛾+1𝜓2

+ 𝐶 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2 + 𝐶𝛿𝜅−𝑁 . (3.2.22)

By Hölder’s inequality, we have

∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2 ≤ ( ∫
ℝ𝑁

𝑢
𝛾𝑝

𝑝−1 𝜓
𝛼𝑝
𝑝−1 )

𝑝−1
𝑝

( ∫
ℝ𝑁

|∇𝑣|2𝑝𝜓𝛽𝑝)
1
𝑝
, (3.2.23)

for any 𝛼, 𝛽 > 0 with 𝛼 + 𝛽 = 2. In the following, we estimate ( ∫
ℝ𝑁 𝑢

𝛾𝑝
𝑝−1 𝜓

𝛼𝑝
𝑝−1 )

𝑝−1
𝑝

. Note 

that the collection of balls {𝐵𝑁/𝜅(𝑧) | 𝜅𝑧 ∈ ℤ𝑁} covers the whole space. Then using (2.4.3), 
we have

( ∫
ℝ𝑁

𝑢
𝛾𝑝

𝑝−1 𝜓
𝛼𝑝
𝑝−1 )

𝑝−1
𝑝

≲ ∑
𝜅𝑧∈ℤ

( ∫
𝐵𝑁/𝜅(𝑧)

𝑢
𝛾𝑝

𝑝−1 𝜓
𝛼𝑝
𝑝−1 (𝑥) 𝑑𝑥)

𝑝−1
𝑝

≲ ∑
𝜅𝑧∈ℤ

𝜓𝛼(𝑧)( ∫
𝐵𝑁/𝜅(𝑧)

𝑢
𝛾𝑝

𝑝−1 (𝑥) 𝑑𝑥)
𝑝−1

𝑝 .
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Let 𝑅𝜅 ∶= 𝐵𝑁/𝜅(𝑧). Now we estimate ( ∫
𝑅𝜅

𝑢
𝛾𝑝

𝑝−1 )
𝑝−1

𝑝 . To this end, let

𝜃 ∶= 𝑁𝛾 − 𝑁𝑝 + 𝑁
𝑁𝛾 − 𝑁𝑝 + 2𝑝

.

Note that 𝛾 > 𝑁 ≥ 𝑝. Thus, it can be verified directly that

𝑝 − 1
2𝑝

= 𝜃(1
2

− 1
𝑁

) + (1 − 𝜃) 𝛾
2𝑝

and 𝑝 − 1
𝑝

< 𝜃 < 1.

By the Gagliardo–Nirenberg inequality (see [49, Theorem 1]), and a change of variable, there 
is 𝐶 > 0 independent of 𝜅 such that

( ∫
𝑅𝜅

𝑢
𝛾𝑝

𝑝−1 𝑑𝑥)
𝑝−1

𝑝
= ‖𝑢

𝛾
2 ‖2

𝐿
2𝑝

𝑝−1 (𝑅𝜅)
≤ 𝐶( ∫

𝑅𝜅

|∇(𝑢𝛾/2)|2 𝑑𝑥)
𝜃
( ∫

𝑅𝜅

𝑢𝑝)
(1−𝜃)𝛾

𝑝
+ 𝐶( ∫

𝑅𝜅

𝑢𝑝)
𝛾/𝑝

.

This together with the assumption (3.2.5) implies that there is 𝐶2 > 0 such that

( ∫
𝑅𝜅

𝑢
𝛾𝑝

𝑝−1 𝑑𝑥)
𝑝−1

𝑝
≤ 𝐶2( ∫

𝑅𝜅

|∇(𝑢𝛾/2)|2 𝑑𝑥)
𝜃

+ 𝐶2.

Take 𝛼 = 𝜃+2
𝜃+1 > 1. Then 𝛽 = 𝜃

𝜃+1  and 𝛼 + 𝛽 = 2. Using that 𝜓(𝑥 − 𝑧) = 1 when 
𝑥 ∈ 𝐵𝑁/𝜅(𝑧) = 𝑅𝜅, the above inequality together with Young’s inequality gives

( ∫
ℝ𝑁

𝑢
𝛾𝑝

𝑝−1 𝜓
𝛼𝑝
𝑝−1 )

𝑝−1
𝑝

≲ ∑
𝜅𝑧∈ℤ

𝜓𝛼(𝑧)[( ∫
𝑅𝜅

|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑧) 𝑑𝑥)
𝜃

+ 𝐶2]

≲ 𝛿 sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝐶𝛿[ ∑
𝜅𝑧∈ℤ

𝜓𝛼(𝑧)]
1

1−𝜃 + 𝐶2 ∑
𝜅𝑧∈ℤ

𝜓𝛼(𝑧)

≲ 𝛿 sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝐶𝛿. (3.2.24)

The last inequality holds since 𝛼 > 1 and properties (2.4.2), (2.4.4) in Lemma 2.4.1. Since 
𝑢(𝑡, ⋅) ∈ 𝐿𝑝

𝑙𝑜𝑐 for 𝑁
2 < 𝑝 < 𝑁 , by Proposition 3.2.1 (3), we can find a constant 𝐶 > 0 such 

that

( ∫
ℝ𝑁

|∇𝑣|2𝑝𝜓𝛽𝑝)
1
𝑝

≤ 𝐶.
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Hence, using this together with (3.2.24) and (3.2.23) gives

𝐶 ∫
ℝ𝑁

𝑢𝛾|∇𝑣|2𝜓2 ≲ [𝛿 sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝐶𝛿]( ∫
ℝ𝑁

|∇𝑣|2𝑝𝜓𝛽𝑝)
1
𝑝

≲ 𝛿 sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝐶𝛿. (3.2.25)

Note that
∫

ℝ𝑁
𝑢𝛾−2|∇𝑢|2𝜓2 = 4

𝛾2 ∫
ℝ𝑁

|∇(𝑢𝛾/2)|2𝜓2.

By (3.2.22), (3.2.23), and (3.2.25), we have

1
𝛾

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝛾𝜓2 + ∫
ℝ𝑁

𝑢𝛾𝜓2 ≲ −2(𝛾 − 1)
𝛾2 ∫

ℝ𝑁
𝜓2|∇(𝑢

𝛾
2 )|2 + 𝛿 sup

𝑥0∈ℝ𝑁
∫

ℝ𝑁
|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥

− (𝑏 − 2𝛿 − 𝐶𝜅) ∫
ℝ𝑁

𝑢𝛾+1𝜓2 + 𝐶𝛿𝜅−𝑁 . (3.2.26)

Multiplying both sides by 𝑒𝛾𝑡 and then integrating in time gives

∫
ℝ𝑁

𝑢𝛾𝜓2(𝑥 − 𝑥0) 𝑑𝑥 ≲ ∫
ℝ𝑁

𝑢(0, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 − 2(𝛾 − 1)
𝛾

∬
Ω𝑡

𝑒−𝛾(𝑡−𝑠)𝜓2(𝑥 − 𝑥0)|∇(𝑢
𝛾
2 )|2 𝑑𝑥 𝑑𝑠

+ 𝛿𝛾 sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒−𝛾(𝑡−𝑠)|∇(𝑢𝛾/2)|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 + 𝐶𝛿𝜅−𝑁

− (𝑏 − 2𝛿 − 𝐶𝜅)𝛾 ∬
Ω𝑡

𝑒−𝛾(𝑡−𝑠)𝑢𝛾+1𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠.

Taking the supremum over 𝑥0 ∈ ℝ𝑁 , together with the regularity of the initial data, gives

sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢𝛾(𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 ≲ −(2(𝛾 − 1)
𝛾

− 𝛿𝛾) sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒−𝛾(𝑡−𝑠)|∇𝑢
𝛾
2 |2𝜓2(𝑥 − 𝑥0)

− (𝑏 − 2𝛿 − 𝐶𝜅)𝛾 sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒−𝛾(𝑡−𝑠)𝑢𝛾+1𝜓2(𝑥 − 𝑥0) + 𝐶𝛿𝜅−𝑁 .

Choose 0 < 𝜅 < 𝛿 ≪ 1 such that

2(𝛾 − 1)
𝛾2 − 𝛿 > 0 and 𝑏 − 2𝛿 − 𝐶𝜅 > 0.

Then
sup

𝑡∈[0,𝑇max(𝑢0,𝑣0)),𝑥0∈ℝ𝑁
∫

ℝ𝑁
𝑢𝛾(𝑡, 𝑥; 𝑢0, 𝑣0)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 < ∞,
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that is, (3.2.17) holds, and hence (3.2.16) holds. ∎

The above proposition together with Proposition 2.5.1 implies that ∇𝑣 is uniformly 
bounded. Now we combines these propositions to establish that Theorem  3.2.1.

Proof of Theorem 3.2.1. By Proposition 3.1.1, we have

𝑢(𝑡, ⋅) ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣(𝑡, ⋅) ∈ 𝐶1,𝑏
unif(ℝ

𝑁)

for any 𝑡 ∈ (0, 𝑇max). Without loss of generality, we assume that 𝑢0 ∈ 𝐶𝑏
unif(ℝ

𝑁) and 
𝑣0 ∈ 𝐶1,𝑏

unif(ℝ
𝑁).

Next, by (3.2.1), Propositions 3.2.1-3.2.2, and Proposition 2.5.1,

sup
𝑡∈[0,𝑇max)

‖∇𝑣(𝑡, ⋅)‖∞ < ∞. (3.2.27)

Recall that

𝑢(𝑡, ⋅) = 𝑒(Δ−𝐼)𝑡𝑢0 − 𝜒 ∫
𝑡

0
𝑒(Δ−𝐼)(𝑡−𝑠)∇ ⋅ (𝑢(𝑠, ⋅)∇𝑣(𝑠, ⋅)) 𝑑𝑠

+ ∫
𝑡

0
𝑒(Δ−𝐼)(𝑡−𝑠)𝑢(𝑠, ⋅)(1 + 𝑎 − 𝑏𝑢(𝑠, ⋅)) 𝑑𝑠 (3.2.28)

for 𝑡 ∈ [0, 𝑇max). Note that there is 𝑀 > 0 such that

𝑢(𝑠, 𝑥)(1 + 𝑎 − 𝑏𝑢(𝑠, 𝑥)) ≤ 𝑀 ∀ 𝑠 ∈ [0, 𝑇max), 𝑥 ∈ ℝ𝑁 .

Hence,

0 ≤ 𝑢(𝑡, ⋅) ≤ 𝑒(Δ−𝐼)𝑡𝑢0 − 𝜒 ∫
𝑡

0
𝑒(Δ−𝐼)(𝑡−𝑠)∇ ⋅ (𝑢(𝑠, ⋅)∇𝑣(𝑠, ⋅)) 𝑑𝑠 + ∫

𝑡

0
𝑒(Δ−𝐼)(𝑡−𝑠)𝑀 𝑑𝑠

and then

‖𝑢(𝑡, ⋅)‖∞ ≤ ‖𝑒(Δ−𝐼)𝑡𝑢0‖∞⏟⏟⏟⏟⏟
𝐼0(𝑡)

+ |𝜒| ∫
𝑡

0
‖𝑒(Δ−𝐼)(𝑡−𝑠)∇ ⋅ (𝑢(𝑠, ⋅)∇𝑣(𝑠, ⋅))‖∞ 𝑑𝑠

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼1(𝑡)

+ ∫
𝑡

0
‖𝑒(Δ−𝐼)(𝑡−𝑠)𝑀‖∞ 𝑑𝑠

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼2(𝑡)

. (3.2.29)
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It is immediate that

𝐼0(𝑡) ≤ ‖𝑢0‖∞, 𝐼2(𝑡) ≤ 𝑀 ∀ 𝑡 ∈ [0, 𝑇max).

As for 𝐼1(𝑡), by Lemma 2.1.1, we have

𝐼1(𝑡) ≤ 𝑁|𝜒|√
𝜋

sup
𝑟∈[0,𝑇max)

‖∇𝑣(𝑟, ⋅)‖∞ ∫
𝑡

0
𝑒−(𝑡−𝑠)(𝑡 − 𝑠)− 1

2 ‖𝑢(𝑠, ⋅)‖∞ 𝑑𝑠 ∀ 𝑡 ∈ [0, 𝑇max).

It then follows from (3.2.29) and (3.2.27) that

‖𝑢(𝑡, ⋅)‖∞ ≤ ‖𝑢0‖∞ + 𝑀 + 𝐶 ∫
𝑡

0
𝑒−(𝑡−𝑠)(𝑡 − 𝑠)− 1

2 ‖𝑢(𝑠, ⋅)‖∞ 𝑑𝑠 (3.2.30)

for all 𝑡 ∈ [0, 𝑇max). This, together with the generalized Gronwall inequality, implies that

‖𝑢(𝑡, ⋅)‖∞ ≤ 𝐶(‖𝑢0‖∞ + 𝑀) ∫
𝑡

0
𝑒−(𝑡−𝑠)(𝑡 − 𝑠)− 1

2 𝑑𝑠 ∀ 𝑡 ∈ [0, 𝑇max),

which yields
sup

𝑡∈[0,𝑇max)
‖𝑢(𝑡, ⋅)‖∞ < ∞

and then 𝑇max = ∞. The theorem is thus proved. ∎

We now present the proof of Theorem 3.2.2, which provides a sufficient condition ensuring 
a local 𝐿𝑝 bound for 𝑢. By the previous theorem, this in turn implies global existence of 
the solution. First of all, for given 𝑢0 ∈ 𝐶𝑏

unif(ℝ
𝑁) and 𝑣0 ∈ 𝐶1,𝑏

unif(ℝ
𝑁), or 𝑢0 ∈ 𝐿𝑝(ℝ𝑁) and 

𝑣0 ∈ 𝑊 1,𝑝(ℝ𝑁), Proposition 3.1.1 implies that for any 𝑡 ∈ (0, 𝑇max(𝑢0, 𝑣0)), 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) ∈
𝐶𝑏

unif(ℝ
𝑁) and 𝑣(𝑡, ⋅; 𝑢0, 𝑣0) ∈ 𝐶1,𝑏

unif(ℝ
𝑁). It therefore suffices to prove the theorem in the 

case where 𝑢0 ∈ 𝐶𝑏
unif(ℝ

𝑁) and 𝑣0 ∈ 𝐶1,𝑏
unif(ℝ

𝑁).
Next, assume that 𝑢0 ∈ 𝐶𝑏

unif(ℝ
𝑁) and 𝑣0 ∈ 𝐶1,𝑏

unif(ℝ
𝑁). By Theorem 3.2.2, it suffices to 

prove that there exists some 𝑝 > max{1, 𝑁
2 } such that

sup
𝑡∈[0,𝑇max(𝑢0,𝑣0)),𝑥0∈ℝ𝑁

∫
𝐵(𝑥0,1)

𝑢𝑝(𝑡, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥 < ∞ (3.2.31)

provided that

|𝜒| ⋅ ‖𝑣0‖∞ < 𝑏 ⋅ sup
𝛾>max{1,𝑁/2}

𝛾
𝛾 − 1

(𝐶𝛾+1,𝑁)
− 1

𝛾+1
(3.2.32)
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or
|𝜒| ⋅ ‖𝑣0‖∞ < 𝐷∗

𝜏,𝑁 . (3.2.33)

Let 𝜓 be as in Lemma 2.4.1 and satisfy (2.4.2) for some 𝜅 > 0. To prove (3.2.31), it suffices 
to prove

sup
𝑡∈[0,𝑇max(𝑢0,𝑣0)),𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢𝑝(𝑡, 𝑥; 𝑢0, 𝑣0)𝜓(𝑥 − 𝑥0) 𝑑𝑥 < ∞. (3.2.34)

If no confusion occurs, for given 𝑥0 ∈ ℝ𝑁 , we write

∫
ℝ𝑁

𝑢𝑝𝜓 𝑑𝑥 = ∫
ℝ𝑁

𝑢𝑝(𝑡, 𝑥; 𝑢0, 𝑣0)𝜓(𝑥 − 𝑥0) 𝑑𝑥.

We prove (3.2.34) in two steps. The first step covers the case where (3.2.32) holds, while the 
second step deals with the case where (3.2.33) holds.

Step 1: Proof of Theorem 3.2.2 when (3.2.32) holds. Note that (3.2.32) is equivalent to

𝑏 > ( inf
𝛾>max{1, 𝑁

2 }

𝛾 − 1
𝛾

(𝐶𝛾+1,𝑁)
1

𝛾+1 )|𝜒|‖𝑣0‖∞.

Hence, we assume this and prove (3.2.34).
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First, by the 𝑢 equation and Young’s inequality, for any 𝑝 > 1 we have

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜓 = −(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 − ∫
ℝ𝑁

𝑢𝑝−1∇𝑢 ⋅ ∇𝜓

+ 𝜒(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−1∇𝑢 ⋅ (∇𝑣)𝜓 + 𝜒 ∫
ℝ𝑁

𝑢𝑝∇𝑣 ⋅ ∇𝜓 + 𝑎 ∫
ℝ𝑁

𝑢𝑝𝜓 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+1𝜓

≤ −(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 + 𝜅
2

∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 + 𝜅
2

∫
ℝ𝑁

𝑢𝑝𝜓

+ 𝜒(𝑝 − 1)
𝑝

∫
ℝ𝑁

∇(𝑢𝑝) ⋅ (∇𝑣)𝜓 + |𝜒|𝜅𝑝
𝑝 + 1

∫
ℝ𝑁

𝑢𝑝+1𝜓 + |𝜒|𝜅
𝑝 + 1

∫
ℝ𝑁

|∇𝑣|𝑝+1𝜓

+ 𝑎 ∫
ℝ𝑁

𝑢𝑝𝜓 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+1𝜓

= −(𝑝 − 1 − 𝜅
2

) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 − 𝜒(𝑝 − 1)
𝑝

∫
ℝ𝑁

𝑢𝑝(Δ𝑣)𝜓 − 𝜒(𝑝 − 1)
𝑝

∫
ℝ𝑁

𝑢𝑝∇𝑣 ⋅ ∇𝜓

+ |𝜒|𝜅
𝑝 + 1

∫
ℝ𝑁

|∇𝑣|𝑝+1𝜓 + (𝑎 + 𝜅
2

) ∫
ℝ𝑁

𝑢𝑝𝜓 − (𝑏 − |𝜒|𝜅𝑝
𝑝 + 1

) ∫
ℝ𝑁

𝑢𝑝+1𝜓

≤ −(𝑝 − 1 − 𝜅
2

) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 + |𝜒|(𝑝 − 1)
𝑝

∫
ℝ𝑁

𝑢𝑝|Δ𝑣|𝜓 − 𝑝 + 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜓

+ ( |𝜒|𝜅
𝑝 + 1

+ |𝜒|𝜅(𝑝 − 1)
𝑝(𝑝 + 1)

) ∫
ℝ𝑁

|∇𝑣|𝑝+1𝜓 + (𝑎 + 𝜅
2

+ 𝑝 + 1
𝜏𝑝

) ∫
ℝ𝑁

𝑢𝑝𝜓

− (𝑏 − |𝜒|𝜅𝑝
𝑝 + 1

− |𝜒|𝜅(𝑝 − 1)
𝑝 + 1

) ∫
ℝ𝑁

𝑢𝑝+1𝜓.

Let 𝑟 > 0 be determined later. By Young’s inequality again, we have

|𝜒|(𝑝 − 1)
𝑝

∫
ℝ𝑁

𝑢𝑝|Δ𝑣|𝜓 ≤ 𝑟 ∫
ℝ𝑁

𝑢𝑝+1𝜓 + 1
𝑝

(𝑝 − 1
𝑝 + 1

)
𝑝+1

⏟⏟⏟⏟⏟
𝐴𝑝

𝑟−𝑝|𝜒|𝑝+1 ∫
ℝ𝑁

|Δ𝑣|𝑝+1𝜓,

and for any 𝛿 > 0,

∫
ℝ𝑁

[𝑎 + 𝜅
2

+ 𝑝 + 1
𝜏𝑝

]𝑢𝑝𝜓 ≤ 𝛿 ∫
ℝ𝑁

𝑢𝑝+1𝜓 + 1
𝑝 + 1

[𝑝 + 1
𝑝

𝛿]
−𝑝

[𝑎 + 𝜅
2

+ 𝑝 + 1
𝜏𝑝

]
𝑝+1

∫
ℝ𝑁

𝜓
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐶𝛿𝜅−𝑁

.
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We then have

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜓 + 𝑝 + 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜓 ≤ −(𝑝 − 1 − 𝜅
2

) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜓 + 𝐴𝑝𝑟−𝑝|𝜒|𝑝+1 ∫
ℝ𝑁

|Δ𝑣|𝑝+1𝜓

+ ( |𝜒|𝜅
𝑝 + 1

+ |𝜒|𝜅(𝑝 − 1)
𝑝(𝑝 + 1)

) ∫
ℝ𝑁

|∇𝑣|𝑝+1𝜓

− (𝑏 − |𝜒|𝜅𝑝
𝑝 + 1

− |𝜒|𝜅(𝑝 − 1)
𝑝 + 1

− 𝑟 − 𝛿) ∫
ℝ𝑁

𝑢𝑝+1𝜓 + 𝐶𝛿𝜅−𝑁 .

Here the term 𝑝+1
𝜏𝑝 ∫

ℝ𝑁 𝑢𝑝𝜓 𝑑𝑥 on the left-hand side will be used to obtain uniform-in-time 
bounds. This implies that for any 0 < 𝑡0 < 𝑡 < 𝑇max,

∫
ℝ𝑁

𝑢𝑝(𝑡, ⋅)𝜓 𝑑𝑥 ≤ 𝑒
(𝑝+1)(𝑡0−𝑡)

𝜏 ∫
ℝ𝑁

𝑢𝑝(𝑡0, ⋅)𝜓 𝑑𝑥 + 𝑝 ∫
𝑡

𝑡0

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑓(𝑠) 𝑑𝑠, (3.2.35)

where

𝑓(𝑠) ∶= 𝐴𝑝𝑟−𝑝|𝜒|𝑝+1 ∫
ℝ𝑁

|Δ𝑣(𝑠, ⋅)|𝑝+1𝜓 𝑑𝑥 + ( |𝜒|𝜅
𝑝 + 1

+ |𝜒|𝜅(𝑝 − 1)
𝑝(𝑝 + 1)

) ∫
ℝ𝑁

|∇𝑣(𝑠, ⋅)|𝑝+1𝜓 𝑑𝑥

− (𝑏 − |𝜒|𝜅𝑝
𝑝 + 1

− |𝜒|𝜅(𝑝 − 1)
𝑝 + 1

− 𝑟 − 𝛿) ∫
ℝ𝑁

𝑢𝑝+1(𝑠, ⋅)𝜓 𝑑𝑥 + 𝐶𝛿𝜅−𝑁 . (3.2.36)

Let 𝜓1 ∶= 𝜓
1

𝑝+1 . Then 𝑣𝜓1 solves

𝜏(𝑣𝜓1)𝑡 = Δ(𝑣𝜓1) − 𝑣𝜓1 + (𝑣𝜓1 − 2∇𝑣 ⋅ ∇𝜓1 + 𝑣Δ𝜓1 − 𝑢𝑣𝜓1) .

By Lemma 2.3.1 with 𝛾 ∶= 𝑝 + 1, we have

∫
𝑡

𝑡0

𝑒
(𝑝+1)𝑠

𝜏 ∫
ℝ𝑁

((𝑣(𝑠, 𝑥)𝜓𝑝+1
1 + |∇(𝑣(𝑠, 𝑥)𝜓1|𝑝+1 + |Δ(𝑣(𝑠, 𝑥)𝜓1|𝑝+1) 𝑑𝑥 𝑑𝑠

≤ 𝐶𝑝+1,𝑁 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 (𝑣𝜓1 − 2∇𝑣 ⋅ ∇𝜓1 + 𝑣Δ𝜓1 − 𝑢𝑣𝜓1)
𝑝+1

(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠

+ 𝐶𝑝+1,𝑁(𝑡 + 𝜏𝑝+1𝑡−𝑝
0 )‖𝑣0(⋅)𝜓1‖𝑝+1

𝐿𝑝+1(ℝ𝑁).

(3.2.37)

Note that

∫
ℝ𝑁

(|∇𝑣|𝜓1)𝑝+1 ≤ ∫
ℝ𝑁

(|∇(𝑣𝜓1)| + 𝑣|∇𝜓1|)
𝑝+1

≤ ∫
ℝ𝑁

(|∇(𝑣𝜓1)| + 𝜅
𝑝+1𝑣𝜓1)

𝑝+1
,
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and

∫
ℝ𝑁

|Δ𝑣𝜓1|𝑝+1 ≤ ∫
ℝ𝑁

(|Δ(𝑣𝜓1)| + 2|∇𝑣||∇𝜓1| + 𝑣|Δ𝜓1|)
𝑝+1

≤ ∫
ℝ𝑁

[|Δ(𝑣𝜓1)| + 2𝜅
𝑝 + 1

|∇𝑣|𝜓1 + ( 𝑝𝜅2

(𝑝 + 1)2 + 𝜅
𝑝 + 1

)𝑣𝜓1]
𝑝+1

.

Then for any 𝛿 > 0, by choosing 0 < 𝜅 ≪ 1, we have

∫
ℝ𝑁

(|∇𝑣|𝜓1)𝑝+1 ≤ (1 + 𝛿) ∫
ℝ𝑁

|∇(𝑣𝜓1)|𝑝+1 + 𝛿
2

∫
ℝ𝑁

(𝑣𝜓1)𝑝+1,

∫
ℝ𝑁

(|Δ𝑣|𝜓1)𝑝+1 ≤ (1 + 𝛿) ∫
ℝ𝑁

|Δ(𝑣𝜓1)|𝑝+1 + 𝛿 ∫
ℝ𝑁

(|∇𝑣|𝜓1)𝑝+1 + 𝛿
2

∫
ℝ𝑁

(𝑣𝜓1)𝑝+1, (3.2.38)

and

∫
ℝ𝑁

(𝑣𝜓1 − 2∇𝑣 ⋅ ∇𝜓1 + 𝑣Δ𝜓1 − 𝑢𝑣𝜓1)
𝑝+1

(𝑠, 𝑥) 𝑑𝑥

≤ (1 + 𝛿) ∫
ℝ𝑁

(𝑣𝜓1)𝑝+1 + 𝛿 ∫
ℝ𝑁

(|∇𝑣|𝜓1)𝑝+1 + (‖𝑣0‖𝑝+1
∞ + 𝛿) ∫

ℝ𝑁
(𝑢𝜓1)𝑝+1. (3.2.39)

Using (3.2.38) yields

∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 ((𝑣𝜓1)𝑝+1 + (|∇𝑣|𝜓1)𝑝+1 + (|Δ𝑣|𝜓1)𝑝+1)(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠

≤ (1 + 𝛿)2 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 ((𝑣𝜓1)𝑝+1 + |∇(𝑣𝜓1)|𝑝+1 + |Δ(𝑣𝜓1)|𝑝+1)(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠.

By (3.2.37) and (3.2.39), the above is

≤ (1 + 𝛿)2𝐶𝑝+1,𝑁 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 (𝑣𝜓1 − 2∇𝑣 ⋅ ∇𝜓1 + 𝑣Δ𝜓1 − 𝑢𝑣𝜓1)
𝑝+1

(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠

+ (1 + 𝛿)2𝐶𝑝+1,𝑁(𝑡 + 𝜏𝑝+1𝑡−𝑝
0 )‖𝑣0(⋅)𝜓1‖𝑝+1

𝐿𝑝+1(ℝ𝑁)

≤ (1 + 𝛿)2𝐶𝑝+1,𝑁 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 ((1 + 𝛿)(𝑣𝜓1)𝑝+1 + 𝛿(|∇𝑣|𝜓1)𝑝+1 + (‖𝑣0‖𝑝+1
∞ + 𝛿)(𝑢𝜓1)𝑝+1) 𝑑𝑥 𝑑𝑠

+ (1 + 𝛿)2𝐶𝑝+1,𝑁(𝑡 + 𝜏𝑝+1𝑡−𝑝
0 )‖𝑣0(⋅)𝜓1‖𝑝+1

𝐿𝑝+1(ℝ𝑁).
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Recall that 𝜓𝑝+1
1 = 𝜓. This implies that

∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 (|∇𝑣|𝑝+1𝜓 + |Δ𝑣|𝑝+1𝜓) 𝑑𝑥 𝑑𝑠

≤ (1 + 𝛿)2𝐶𝑝+1,𝑁 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 (𝛿|∇𝑣|𝑝+1𝜓 + (‖𝑣0‖𝑝+1
∞ + 𝛿)𝑢𝑝+1𝜓) 𝑑𝑥 𝑑𝑠 + 𝐶∗

1(𝑡),

where

𝐶∗
1(𝑡) ∶=(1 + 𝛿)3𝐶𝑝+1,𝑁‖𝑣0‖𝑝+1

∞ ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 𝜓 𝑑𝑥 𝑑𝑠

+ (1 + 𝛿)2𝐶𝑝+1,𝑁(𝑡 + 𝜏𝑝+1𝑡−𝑝
0 )‖𝑣0(⋅)𝜓1‖𝑝+1

𝐿𝑝+1(ℝ𝑁). (3.2.40)

Now by taking 𝛿 sufficiently small so that (1 + 𝛿)2𝛿𝐶𝑝+1,𝑁 ≤ 1
2 , we obtain

∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 |∇𝑣|𝑝+1𝜓 𝑑𝑥 𝑑𝑠 ≤ 2𝐶∗
2 ∫

𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠 + 2𝐶∗
1(𝑡),

where
𝐶∗

2 ∶= (1 + 𝛿)2𝐶𝑝+1,𝑁(‖𝑣0‖𝑝+1
∞ + 𝛿).

We also get

∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 |Δ𝑣|𝑝+1𝜓 𝑑𝑥 𝑑𝑠 ≤ 𝐶∗
2 ∫

𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)𝑠

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠 + 𝐶∗
1(𝑡). (3.2.41)

Choose 0 < 𝜅 ≪ 1 such that

|𝜒|𝜅
𝑝 + 1

+ |𝜒|𝜅(𝑝 − 1)
𝑝(𝑝 + 1)

< 𝛿 and |𝜒|𝜅𝑝
𝑝 + 1

+ |𝜒|𝜅(𝑝 − 1)
𝑝 + 1

< 𝛿.
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Then it follows from (3.2.35), (3.2.36), and (3.2.41) that

∫
ℝ𝑁

𝑢𝑝(𝑡, 𝑥)𝜓 𝑑𝑥

≤ 𝑒
(𝑝+1)(𝑡0−𝑡)

𝜏 ∫
ℝ𝑁

𝑢𝑝(𝑡0, 𝑥)𝜓 𝑑𝑥 + 𝑝𝐴𝑝𝑟−𝑝|𝜒|𝑝+1 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 |Δ𝑣|𝑝+1𝜓 𝑑𝑥 𝑑𝑠

+ 𝑝𝛿 ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 |∇𝑣|𝑝+1𝜓 𝑑𝑥 𝑑𝑠 − 𝑝(𝑏 − 𝑟 − 2𝛿) ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠

+ 𝐶𝛿𝜅−𝑁𝑝 ∫
𝑡

𝑡0

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑑𝑠

≤ ∫
ℝ𝑁

𝑢𝑝(𝑡0, ⋅)𝜓 𝑑𝑥 + (𝑝𝐴𝑝𝑟−𝑝|𝜒|𝑝+1 + 2𝑝𝛿) [𝐶∗
2 ∫

𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠 + 𝑒− (𝑝+1)𝑡
𝜏 𝐶∗

1(𝑡)]

− 𝑝(𝑏 − 𝑟 − 2𝛿) ∫
𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠 + 𝐶𝛿𝜅−𝑁𝑝𝜏
𝑝 + 1

≤ −𝑝(𝑏 − 𝑟 − 4𝛿 − 𝐴𝑝𝑟−𝑝|𝜒|𝑝+1𝐶∗
2) ∫

𝑡

𝑡0

∫
ℝ𝑁

𝑒
(𝑝+1)(𝑠−𝑡)

𝜏 𝑢𝑝+1𝜓 𝑑𝑥 𝑑𝑠 + 𝐶∗
3(𝑡),

(3.2.42)
where

𝐶∗
3(𝑡) ∶= 𝐶𝛿𝜅−𝑁𝑝𝜏

𝑝 + 1
+ (𝑝𝐴𝑝𝑟−𝑝|𝜒|𝑝+1 + 2𝑝𝛿) 𝑒− (𝑝+1)𝑡

𝜏 𝐶∗
1(𝑡) + ‖𝑢(𝑡0, ⋅)𝜓1/𝑝‖𝑝

𝐿𝑝
.

A direct computation yields 𝐶∗
1(𝑡) ≤ 𝐶𝑒

(𝑝+1)𝑡
𝜏 +𝐶(𝑡+𝜏𝑝+1𝑡−𝑝

0 ) by (3.2.40), for some 𝐶 > 0. It 
is then clear that 𝐶∗

3(𝑡) is uniformly bounded for all 𝑡 ≥ 𝑡0, depending on 𝑟, 𝑡0, 𝑝, 𝜏 , 𝜒, 𝛿, 𝑢(𝑡0), 
and ‖𝑣0‖∞.

Now note that
|𝐶∗

2 − 𝐶𝑝+1,𝑁‖𝑣0‖𝑝+1
∞ | = 𝑂(𝛿),

and

min
𝑟>0

(𝐴𝑝𝑟−𝑝|𝜒|𝑝+1𝐶𝑝+1,𝑁‖𝑣0‖𝑝+1
∞ + 𝑟) = (1 + 1

𝑝
)𝐴

1
𝑝+1
𝑝 (𝑝 𝐶𝑝+1,𝑁)

1
𝑝+1 |𝜒| ‖𝑣0‖∞.

So, in view of the condition

𝑏 > [ inf
𝑝>max{1, 𝑁

2 }
(1 + 1

𝑝
)𝐴

1
𝑝+1
𝑝 (𝑝 𝐶𝑝+1,𝑁)

1
𝑝+1 ]|𝜒|‖𝑣0‖∞,

62



there are 𝑟 > 0 and 𝑝 > max{1, 𝑁
2 } such that

𝑏 > 𝑟 + 𝐴𝑝𝑟−𝑝|𝜒|𝑝+1𝐶𝑝+1,𝑁‖𝑣0‖𝑝+1
∞ .

Fix such 𝑟 > 0 and 𝑝 > max{1, 𝑁
2 }. Then by selecting 𝛿 ≪ 1, we obtain

𝑏 − 𝑟 − 4𝛿 − 𝐴𝑝𝑟−𝑝|𝜒|𝑝+1𝐶∗
2 ≥ 0.

Then by (3.2.42),
sup

𝑡∈[𝑡0,𝑇max),𝑥0∈ℝ𝑁
∫

ℝ𝑁
𝑢𝑝(𝑡, 𝑥)𝜓(𝑥 − 𝑥0) 𝑑𝑥 < ∞.

This implies that (3.2.34) holds provided that (3.2.32) holds.
Step 2. In this step, we assume that |𝜒| ⋅ ‖𝑣0‖∞ < 𝐷∗

𝜏,𝑁  and prove (3.2.34).

To this end, define 𝜑(𝑠) ∶= 𝑒𝜎𝑠2 for 0 ≤ 𝑠 ≤ ‖𝑣0‖∞, where 𝜎 > 0 is to be determined 
later. Recall that 𝑁 ∗ = max{1, 𝑁

2 }, 𝜏∗ = 1
𝜏 − 1, and 𝑗 = Sign(𝜒𝜏∗). Due to the condition, 

we can choose a 𝑝 > max{1, 𝑁
2 } such that

|𝜒| ⋅ ‖𝑣0‖∞ <
{


2
𝜏𝑝(2𝛼+𝑗|𝜏∗|) if 𝛼 > −𝑗|𝜏∗|,

2
𝜏𝑝𝛼 if 𝛼 ≤ −𝑗|𝜏∗|,

(3.2.43)

where 𝛼 ∶= √ (𝜏∗)2

4 + 1
𝜏𝑝 .

Also let 𝜓 be as in Lemma 2.4.1 and satisfy (2.4.2) for some 𝜅 > 0. To prove (3.2.34), it 
suffices to prove

sup
𝑡∈[0,𝑇max(𝑢0,𝑣0)),𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢𝑝(𝑡, 𝑥; 𝑢0, 𝑣0)𝜑(𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))𝜓(𝑥 − 𝑥0) 𝑑𝑥 < ∞. (3.2.44)

We now prove (3.2.44). If no confusion occurs, for given 𝑥0 ∈ ℝ𝑁 , we write

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 𝑑𝑥 = ∫
ℝ𝑁

𝑢𝑝(𝑡, 𝑥; 𝑢0, 𝑣0)𝜑(𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))𝜓(𝑥 − 𝑥0) 𝑑𝑥.
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Observe that

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓

= ∫
ℝ𝑁

𝑢𝑡𝑢𝑝−1𝜑(𝑣)𝜓 + 1
𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′(𝑣)𝜓𝑣𝑡

= ∫
ℝ𝑁

(Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑎𝑢 − 𝑏𝑢2)𝑢𝑝−1𝜑(𝑣)𝜓 + 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′(𝑣)(Δ𝑣 − 𝑢𝑣)𝜓

= −(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜑(𝑣)𝜓 − ∫
ℝ𝑁

𝜑′(𝑣)𝑢𝑝−1∇𝑢 ⋅ (∇𝑣)𝜓 − ∫
ℝ𝑁

𝑢𝑝−1∇𝑢 ⋅ (∇𝜓)𝜑(𝑣)

+ 𝜒(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−1𝜑(𝑣)∇𝑢 ⋅ (∇𝑣)𝜓 + 𝜒 ∫
ℝ𝑁

𝑢𝑝|∇𝑣|2𝜑′(𝑣)𝜓 + 𝜒 ∫
ℝ𝑛

𝑢𝑝𝜑(𝑣)∇𝑣 ⋅ ∇𝜓

+ ∫
ℝ𝑁

(𝑎𝑢𝑝 − 𝑏𝑢𝑝+1)𝜑(𝑣)𝜓 − 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′′(𝑣)|∇𝑣|2𝜓 − 1
𝜏

∫
ℝ𝑁

𝑢𝑝−1𝜑′(𝑣)∇𝑢 ⋅ (∇𝑣)𝜓

− 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′(𝑣)∇𝑣 ⋅ ∇𝜓 − 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝+1𝑣𝜑′(𝑣)𝜓.

Since 𝑣 ≥ 0, 𝜑′(𝑠) = 2𝜎𝑠𝜑(𝑠) ≥ 0 for all 𝑠 ≥ 0, and 𝜓 > 0, we have

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓

≤ −(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜑(𝑣)𝜓 − ∫
ℝ𝑁

(2𝜎𝑣 + 2𝜎
𝜏

𝑣 − 𝜒(𝑝 − 1))𝜑(𝑣)𝑢𝑝−1∇𝑢 ⋅ (∇𝑣)𝜓

+ 𝜒 ∫
ℝ𝑁

𝑢𝑝|∇𝑣|2𝜑′(𝑣)𝜓 + ∫
ℝ𝑁

(𝑎𝑢𝑝 − 𝑏𝑢𝑝+1)𝜑(𝑣)𝜓 − 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′′(𝑣)|∇𝑣|2𝜓

− ∫
ℝ𝑁

𝑢𝑝−1𝜑(𝑣)∇𝑢 ⋅ ∇𝜓 + ∫
ℝ𝑁

(𝜒 − 2𝜎𝑣
𝜏𝑝

)𝑢𝑝𝜑(𝑣)∇𝑣 ⋅ ∇𝜓.

By Young’s inequality, we have for any 𝛿, 𝛿′ ∈ (0, 1),

− ∫
ℝ𝑁

(2𝜎𝑣 + 2𝜎
𝜏

𝑣 − 𝜒(𝑝 − 1))𝜑(𝑣)𝑢𝑝−1∇𝑢 ⋅ (∇𝑣)𝜓

≤ (1 − 𝛿)(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2𝜑(𝑣)|∇𝑢|2𝜓 + ∫
ℝ𝑁

(2𝜎𝑣 + 2𝜎
𝜏 𝑣 − 𝜒(𝑝 − 1))

2

4(𝑝 − 1)(1 − 𝛿)
𝑢𝑝𝜑(𝑣)|∇𝑣|2𝜓,

− ∫
ℝ𝑁

𝑢𝑝−1𝜑(𝑣)∇𝑢 ⋅ ∇𝜓 ≤ 𝛿(𝑝 − 1) ∫
ℝ𝑁

𝑢𝑝−2|∇𝑢|2𝜑(𝑣)𝜓 + 𝜅2

4𝛿(𝑝 − 1)
∫

ℝ𝑁
𝑢𝑝𝜑(𝑣)𝜓,
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and

∫
ℝ𝑁

(𝜒 − 2𝜎𝑣
𝜏𝑝

)𝑢𝑝𝜑(𝑣)∇𝑣 ⋅ ∇𝜓 ≤ 𝛿′ ∫
ℝ𝑁

𝑢𝑝|∇𝑣|2𝜑(𝑣)𝜓 + 𝜅2

4𝛿′ ∫
ℝ𝑁

(𝜒 − 2𝜎𝑣
𝜏𝑝

)
2
𝑢𝑝𝜑(𝑣)𝜓.

Then we have

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓

≤ ∫
ℝ𝑁

[
(2𝜎𝑣 + 2𝜎

𝜏 𝑣 − 𝜒(𝑝 − 1))
2

4(𝑝 − 1)(1 − 𝛿)
+ 𝛿′]𝑢𝑝𝜑(𝑣)|∇𝑣|2𝜓

+ 𝜒 ∫
ℝ𝑁

𝑢𝑝|∇𝑣|2𝜑′(𝑣)𝜓 − 1
𝜏𝑝

∫
ℝ𝑁

𝑢𝑝𝜑′′(𝑣)|∇𝑣|2𝜓 + ∫
ℝ𝑁

(𝑎𝑢𝑝 − 𝑏𝑢𝑝+1)𝜑(𝑣)𝜓

+ [ 𝜅2

4𝛿(𝑝 − 1)
+ (𝜒 − 2𝜎𝑣

𝜏𝑝
)

2 𝜅2

4𝛿′ ] ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓

= ∫
ℝ𝑁

[
(2𝜎𝑣 + 2𝜎

𝜏 𝑣 − 𝜒(𝑝 − 1))
2

4(𝑝 − 1)(1 − 𝛿)
+ 𝛿′ + 2𝜎𝜒𝑣 − 1

𝜏𝑝
(2𝜎 + 4𝜎2𝑣2)]𝑢𝑝𝜑(𝑣)|∇𝑣|2𝜓

+ ∫
ℝ𝑁

(𝑎𝑢𝑝 − 𝑏𝑢𝑝+1)𝜑(𝑣)𝜓 + ∫
ℝ𝑁

[ 𝜅2

4𝛿(𝑝 − 1)
+ (𝜒 − 2𝜎𝑣

𝜏𝑝
)

2 𝜅2

4𝛿′ ]𝑢𝑝𝜑(𝑣)𝜓. (3.2.45)

We claim that, if (3.2.43) holds, then with 𝜎 defined in (3.2.48) and (3.2.51) below, we 
have for all 𝑣 ∈ [0, ‖𝑣0‖∞],

(2𝜎𝑣 + 2𝜎
𝜏 𝑣 − 𝜒(𝑝 − 1))

2

4(𝑝 − 1)
+ 2𝜎𝜒𝑣 − 1

𝜏𝑝
(2𝜎 + 4𝜎2𝑣2) < 0. (3.2.46)

Indeed, (3.2.46) is equivalent to

𝐴𝜎2𝑣2 + 𝐵 < 𝐶𝜎 + 𝐷𝜎𝑣, (3.2.47)

where

𝐴 ∶= (𝜏∗)2

𝑝 − 1
+ 4

𝜏𝑝(𝑝 − 1)
> 0, 𝐵 ∶= 𝜒2(𝑝 − 1)

4
> 0, 𝐶 ∶= 2

𝜏𝑝
> 0, 𝐷 ∶= −𝜒𝜏∗.

First, assume 𝐷 <
√

𝐴𝐵. In this case we take

𝜎 ∶=
√

𝐵(2
√

𝐴𝐵 − 𝐷)/(𝐶
√

𝐴). (3.2.48)

65



In order to have (3.2.47) valid, since it is a convex quadratic form of 𝑣, it suffices to have 
(3.2.47) for 𝑣 = ‖𝑣0‖∞ and for 𝑣 = 0. When 𝑣 = 0, it suffices to have

𝐵 ≤
√

𝐵(2
√

𝐴𝐵 − 𝐷)/
√

𝐴 which is the same as 2
√

𝐴𝐵 > 𝐷,

which is certainly true since 𝐷 ≤
√

𝐴𝐵. When 𝑣 = ‖𝑣0‖∞, (3.2.47) becomes
√

𝐴𝐵(2
√

𝐴𝐵 − 𝐷)
𝐶

‖𝑣0‖2
∞ − 𝐷‖𝑣0‖∞ + 𝐶(−

√
𝐴𝐵 + 𝐷)

2
√

𝐴𝐵 − 𝐷
< 0. (3.2.49)

Note that 𝐴𝐵 = |𝜒|2𝛼2 and 𝐷 = −𝑗|𝜒||𝜏∗| with 𝑗 = Sign(𝜒𝜏∗). Thus (3.2.49) reduces to

|𝜒|‖𝑣0‖∞ < 1
𝜏𝑝

(
−𝑗|𝜏∗| + √|𝜏∗|2 + 4𝛼2 + 4𝑗𝛼|𝜏∗|

2𝛼2 + 𝛼𝑗|𝜏∗|
) = 2

𝜏𝑝(2𝛼 + 𝑗|𝜏∗|)
. (3.2.50)

Next, assume that 𝐷 ≥
√

𝐴𝐵, take 𝛿″ > 0, and

𝜎 ∶= 𝐵/𝐶 + 𝛿″ >
√

𝐵(2
√

𝐴𝐵 − 𝐷)/(𝐶
√

𝐴). (3.2.51)

Therefore (3.2.47) holds when 𝑣 = 0. When 𝑣 = ‖𝑣0‖∞, since 𝐷 ≥
√

𝐴𝐵, after taking 𝛿″

sufficiently small,

𝐴𝜎2‖𝑣0‖2
∞ + 𝐵 < 𝐷𝜎‖𝑣0‖∞ + 𝐶𝜎 ⟸ ‖𝑣0‖∞ < 𝐶√

𝐴𝐵
⟺ |𝜒|‖𝑣0‖∞ < 2

𝜏𝑝𝛼
.

This and (3.2.50) reduce to (3.2.43). Overall, we have proved the claim (3.2.46).

Now by choosing 0 < 𝛿, 𝛿′ ≪ 1 and using (3.2.45), we then have

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 ≤ ∫
ℝ𝑁

(𝑎𝑢𝑝 − 𝑏𝑢𝑝+1)𝜑(𝑣)𝜓 + ∫
ℝ𝑁

( 𝜅2

4𝛿(𝑝 − 1)
+ (𝜒 − 2𝜎𝑣

𝜏𝑝
)

2 𝜅2

4𝛿′ )𝑢𝑝𝜑(𝑣)𝜓

≤ 𝑀 ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+1𝜑(𝑣)𝜓,

(3.2.52)
where

𝑀 = max
0≤𝑣≤‖𝑣0‖∞

(𝑎 + 𝜅2

4𝛿(𝑝 − 1)
+ (𝜒 − 2𝜎𝑣

𝜏𝑝
)

2 𝜅2

4𝛿′ ).
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Note that

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 = ∫
ℝ𝑁

𝑢𝑝𝜑
𝑝

𝑝+1 (𝑣)𝜓
𝑝

𝑝+1 ⋅ 𝜑
1

𝑝+1 (𝑣)𝜓
1

𝑝+1

≤ ( ∫
ℝ𝑁

𝑢𝑝+1𝜑(𝑣)𝜓)
𝑝

𝑝+1
( ∫

ℝ𝑁
𝜑(𝑣)𝜓)

1
𝑝+1

.

This and 𝜑(𝑣) ≤ 𝑒𝜎‖𝑣0‖2
∞ , with 𝜎 defined in (3.2.48) and (3.2.51), imply that

−𝑏 ∫
ℝ𝑁

𝑢𝑝+1𝜑(𝑣)𝜓 ≤ −𝑏( ∫
ℝ𝑁

𝜑(𝑣)𝜓)
− 1

𝑝
( ∫

ℝ𝑁
𝑢𝑝𝜑(𝑣)𝜓)

𝑝+1
𝑝

≤ −𝑏𝐾𝑝( ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓)
𝑝+1

𝑝
,

where
𝐾𝑝 ∶= (𝑒𝜎‖𝑣0‖2

∞ ∫
ℝ𝑁

𝜓)
− 1

𝑝 .

This together with (3.2.52) implies that

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 ≤ 𝑀 ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 − 𝑏𝐾𝑝( ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓)
𝑝+1

𝑝
.

By the comparison principle for ODEs, we have

∫
ℝ𝑁

𝑢𝑝𝜓 ≤ ∫
ℝ𝑁

𝑢𝑝𝜑(𝑣)𝜓 ≤ max [∫
ℝ𝑁

𝑢𝑝
0𝜑(𝑣0)𝜓, ( 𝑀

𝑏𝐾𝑝
)

𝑝
] .

Note that 𝑀  and 𝐾𝑝 are independent of 𝑥0 ∈ ℝ𝑁 . Hence (3.2.44) holds, and the theorem is 
thus proved. ∎

Remark 3.2.1. It follows from Theorem 3.2.2 that the classical solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) to (3.0.1) exists globally when |𝜒| is sufficiently small. Moreover, from its 
proof, we have that sup𝑡≥0 ‖𝑢(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ stays uniformly finite for all small |𝜒|. Due to 
this, it follows that the constant 𝐶 in (2.5.14) is uniform for all |𝜒| sufficiently small as well.

3.3 Asymptotic Behavior of Solution

This section is devoted to the study of the asymptotic behavior of globally defined bounded 
classical solutions of (3.0.1) for different kinds of initial data, namely, strictly positive initial 
data and compactly supported initial data. First, we introduce the following definitions.

Let
𝑋 ∶= 𝐶𝑏

unif(ℝ𝑁) and 𝑋1 ∶= 𝐶1,𝑏
unif(ℝ𝑁).
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We also set

𝑋+ ∶= {𝑢 ∈ 𝑋 | 𝑢 ≥ 0}, 𝑋+
𝑐 ∶= {𝑢 ∈ 𝑋+ | supp(𝑢) ≠ ∅, supp(𝑢) is compact}.

We write 𝑋+
1 ∶= 𝑋1 ∩𝑋+. Finally, we use 𝐶2+𝛼,𝑏

unif (ℝ𝑁) to denote all 𝑢 ∈ 𝑋1 such that 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

are uniformly bounded and 𝛼-Hölder continuous for 𝑖, 𝑗 = 1, 2, … , 𝑁 , and use the notation

𝐶0(ℝ𝑁) ∶= {𝑢 ∈ 𝐶(ℝ𝑁) | lim
|𝑥|→∞

𝑢(𝑥) = 0} .

For given (𝑢0, 𝑣0) ∈ 𝑋+ × 𝑋+
1 , assuming that (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) exists for all 

𝑡 > 0, let
𝑆low(𝑢0, 𝑣0) ∶= {𝑐 | 𝑐 > 0, lim inf

𝑡→∞
inf

|𝑥|≤𝑐𝑡
𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) > 0}

and
𝑆up(𝑢0, 𝑣0) ∶= {𝑐 | 𝑐 > 0, lim sup

𝑡→∞
sup

|𝑥|≥𝑐𝑡
𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) = 0}.

We define
𝑐∗
low(𝑢0, 𝑣0) ∶= sup{𝑐 | 𝑐 ∈ 𝑆low(𝑢0, 𝑣0)}

and
𝑐∗
up(𝑢0, 𝑣0) ∶= inf{𝑐 | 𝑐 ∈ 𝑆up(𝑢0, 𝑣0)},

where 𝑐∗
low(𝑢0, 𝑣0) = 0 if 𝑆low(𝑢0, 𝑣0) = ∅ and 𝑐∗

up(𝑢0, 𝑣0) = ∞ if 𝑆up(𝑢0, 𝑣0) = ∅. By the 
definition of 𝑐∗

low(𝑢0, 𝑣0) and 𝑐∗
up(𝑢0, 𝑣0), if 𝑐∗

low(𝑢0, 𝑣0) > 0, then

lim inf
𝑡→∞

inf
|𝑥|≤𝑐′𝑡

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) > 0 ∀ 0 < 𝑐′ < 𝑐∗
low(𝑢0, 𝑣0),

and if 𝑐∗
up(𝑢0, 𝑣0) < ∞, then

lim
𝑡→∞

sup
|𝑥|≥𝑐″𝑡

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) = 0 ∀ 𝑐″ > 𝑐∗
up(𝑢0, 𝑣0).

If 𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0), then 𝑐∗(𝑢0, 𝑣0) ∶= 𝑐∗
low(𝑢0, 𝑣0) is called the spreading speed 

of the solution (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)). It is well known that when 𝜒 = 0, we have 
𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0) = 2
√

𝑎 for any 𝑢0 ∈ 𝑋+
𝑐  and 𝑣0 ∈ 𝑋+

1  (see [3, 2]).
Many interesting questions arise when 𝜒 ≠ 0. For example, whether 𝑐∗

low(𝑢0, 𝑣0) is 
positive and 𝑐∗

up(𝑢0, 𝑣0) is finite; whether 𝑐∗
low(𝑢0, 𝑣0) ≥ 2

√
𝑎, in other words, whether the 

chemotaxis does not slow down the population’s spreading; whether 𝑐∗
up(𝑢0, 𝑣0) ≤ 2

√
𝑎, 

that is, whether the chemotaxis does not speed up the population’s spreading; whether 
𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0), that is, the population has a single spreading speed; in the case 
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𝑐∗
low(𝑢0, 𝑣0) > 0, whether 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) converges to 𝑎

𝑏  in the region |𝑥| < 𝑐𝑡 for any 0 < 𝑐 <
𝑐∗
low(𝑢0, 𝑣0), which is strongly related to the stability of the constant equilibrium (𝑎

𝑏 , 0); and 
how 𝜒 affects the spreading properties; etc. The goal of this section is to answer some of 
these questions. Now we present our main results of this section

Our first main results in on asymptotic stability of the constant solutions for strictly 
positive initials

Theorem 3.3.1  (Convergence to constant equilibrium). Suppose that 𝑢0 ∈ 𝑋+ and 𝑣0 ∈
𝑋+

1 , and (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally defined bounded classical solution of 
(3.0.1). If inf𝑥∈ℝ𝑁 𝑢0(𝑥) > 0, then

lim
𝑡→∞

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) = 𝑎
𝑏

, lim
𝑡→∞

𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) = 0 uniformly in 𝑥 ∈ ℝ𝑁 .

The result implies that there are no other positive stationary solutions (𝑢(𝑥), 𝑣(𝑥)) of 
(3.0.1) with inf𝑥∈ℝ𝑁 𝑢(𝑥) > 0 rather than (𝑎

𝑏 , 0).
Our second main result provides a lower bound of the spatial spreading speeds of solutions 

to (3.0.1) with general non-negative initial data 𝑢0.

Theorem 3.3.2  (Lower bound of spreading speeds). Suppose that 𝑢0 ∈ 𝑋+ and 𝑣0 ∈ 𝑋+
1 , 

and (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally defined bounded classical solution of  (3.0.1). 
If supp(𝑢0) = cl{𝑥 ∈ ℝ𝑁 | 𝑢0(𝑥) > 0} is nonempty, then the following hold.

(1) 𝑐∗
low(𝑢0, 𝑣0) ≥ 2

√
𝑎, or equivalently,

lim inf
𝑡→∞

inf
|𝑥|≤𝑐′𝑡

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) > 0 ∀ 0 < 𝑐′ < 2
√

𝑎. (3.3.1)

(2)
lim

𝑡→∞
sup

|𝑥|≤𝑐′𝑡
|𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) − 𝑎

𝑏
| = 0 ∀ 0 < 𝑐′ < 𝑐∗

low(𝑢0, 𝑣0), (3.3.2)

and
lim

𝑡→∞
sup

|𝑥|≤𝑐′𝑡
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) = 0 ∀ 0 < 𝑐′ < 𝑐∗

low(𝑢0, 𝑣0). (3.3.3)

As it is mentioned in the above, when 𝜒 = 0, 𝑐∗
low(𝑢0, 𝑣0) = 2

√
𝑎 for any 𝑢0 ∈ 𝑋+

𝑐

and 𝑣0 ∈ 𝑋+
1  (in this case, 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) is independent of 𝑣0). Note that, when 𝜒 < 0, 

the chemical substance is a chemorepellent, and when 𝜒 > 0, the chemical substance is 
a chemoattractant. Theorem 3.3.2 reveals an important biological observation: chemical 
substance does not slow down the propagation of the biological species with nonzero initial 
distribution even when the chemical substance is a chemorepellent.

69



The following theorem is on upper bound of the spatial spreading speeds of solutions to 
(3.0.1) with compactly supported 𝑢0.

Theorem 3.3.3  (Upper bound of spreading speeds). Suppose that 𝑢0 ∈ 𝑋+
𝑐  and 𝑣0 ∈ 𝑋+

1 , 
and (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally defined bounded classical solution of  (3.0.1). 
Then we have

(1) 𝑐∗
up(𝑢0, 𝑣0) < ∞. Moreover, for any 𝑐″ > 𝑐∗

up(𝑢0, 𝑣0), there is 𝑀 > 0 such that

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≤ 𝑀𝑒−
√

𝑎(|𝑥|−𝑐″𝑡) ∀ 𝑡 > 0, 𝑥 ∈ ℝ𝑁 . (3.3.4)

(2) There exist 𝐶, 𝛾 > 0 depending on 𝑐″ − 𝑐∗
up(𝑢0, 𝑣0) such that

sup
|𝑥|≥𝑐″𝑡

|𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) − 𝑉 (𝑡, 𝑥; 𝑣0)| ≤ 𝐶𝑒−𝛾𝑡 ∀ 𝑡 > 0, 𝑐″ > 𝑐∗
up(𝑢0, 𝑣0),

where 𝑉 (𝑡, 𝑥) ∶= 𝑉 (𝑡, 𝑥; 𝑣0) is the solution of

{


𝜏𝑉𝑡 = Δ𝑉 , (𝑥, 𝑡) ∈ ℝ𝑁 × (0, ∞),

𝑉 (0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .
(3.3.5)

Theorem 3.3.3 implies that the chemical substance does not drive the biological species 
spreads infinitely fast. We point out that the methods developed in the proofs of Theorems 
3.3.2 and 3.3.3 can be applied to the study of the asymptotic dynamics of the following 
modified chemotaxis model for 𝜎 > 0 ((3.0.1) corresponds to the case when 𝜎 = 1),

{


𝑢𝑡 = Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢𝜎), (𝑡, 𝑥) ∈ [0, ∞) × ℝ𝑁 ,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, (𝑡, 𝑥) ∈ [0, ∞) × ℝ𝑁 .
(3.3.6)

Theorem 3.3.2 and Theorem 3.3.3 with 𝑎
𝑏  being replaced by (𝑎

𝑏 )
1
𝜎  hold for globally defined 

bounded positive classical solutions of (3.3.6).
Our last two theorems discuss various sufficient conditions for the existence of spreading 

speed of globally defined bounded classical solutions of (3.0.1) and (3.3.6).

Theorem 3.3.4  (Existence of spreading speeds). Suppose that 𝑢0 ∈ 𝑋+
𝑐  and 𝑣0 ∈ 𝑋+

1 , and 
(𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally defined bounded classical solution of  (3.0.1).

(1) If 𝑣0 ∈ 𝐶0(ℝ𝑁) or 𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1, then

𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0) = 2
√

𝑎.
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(2) Further assume 𝜏 = 1, and that 𝑢0 ∈ 𝑋+
1 , 𝑣0 ∈ 𝐶2+𝛼,𝑏

unif (ℝ𝑁) for some 𝛼 > 0, and 
1 − 𝑣0 ∈ 𝑋+

𝑐 . Then there exists 𝜒0 > 0 such that for any −𝜒0 < 𝜒 < 0, we have

𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0) = 2
√

𝑎.

Theorem 3.3.5. Suppose that (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally defined bounded 
classical solution of  (3.3.6). Assume that 𝜏 = 1, 𝜎 ∈ (0, 1), 1 − 𝑣0, 𝑢0 ∈ 𝑋+

𝑐 ∩ 𝑋1, and 
𝑣0 ∈ 𝐶2+𝛼,𝑏

unif (ℝ𝑁) for some 𝛼 > 0. Then there exists 𝜒0 > 0 such that if |𝜒| < 𝜒0, the 
conclusion of Theorem 3.3.4(2) holds the same.

The rest of this section is organized as follows. In Subsection 3.3.1, we study the conver-
gence to the steady state. Subsection 3.3.2 is devoted to the lower bound of spreading and 
the proof of Theorem 3.3.2. In Subsection 3.3.3, we establish the upper bound of spreading 
and prove Theorem 3.3.3. Subsection 3.3.4 concerns the existence of spreading, where we 
prove Theorem 3.3.4 and Theorem 3.3.5. Finally, Subsection 3.3.5 is devoted to numerical 
simulations on ℝ.

3.3.1 Convergence to the constant equilibrium

In this subsection, we prove the convergence of globally defined bounded solutions with 
strictly positive initial data to the constant solution (𝑎

𝑏 , 0) and prove Theorem  3.3.1.

Proof of Theorem 3.3.1. For any fixed 𝜀 ∈ (0, 𝑎
|𝜒|), by Lemma 2.6.2, there are 𝑇 =

𝑇 (𝜀, ‖𝑣0‖∞) ≥ 1 and 𝐶 = 𝐶(𝜀, 𝜒) > 0 such that for any 𝑡 ≥ 𝑇 , we have

𝑢𝑡 ≥ Δ𝑢 − 𝜒∇𝑢 ⋅ ∇𝑣 − |𝜒|𝑢(𝜀 + 𝐶𝑢1/2) + 𝑎𝑢 − 𝑏𝑢2.

We first claim that
𝛿𝑇 ∶= inf

𝑥∈ℝ𝑁
𝑢(𝑇 , 𝑥; 𝑢0, 𝑣0) > 0.

It follows from Proposition 3.1.1 that 𝑢(𝑡, ⋅; 𝑢0, 𝑣0) is uniformly continuous in 𝐿∞-norm 
as 𝑡 → 0. Since inf𝑥∈ℝ𝑁 𝑢0(𝑥) > 0, there is 0 < 𝑡1 < 𝑇  such that

𝛿1 ∶= inf
𝑥∈ℝ𝑁

𝑢(𝑡1, 𝑥; 𝑢0, 𝑣0) > 0.

It follows from Lemma 2.5.2 that

𝑀 ∶= max { sup
𝑡∈[𝑡1,𝑇 ], 𝑥∈ℝ𝑁

|Δ𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)|, sup
𝑡1≤𝑡≤𝑇 , 𝑥∈ℝ𝑁

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0)} < ∞.
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We then have

{


𝑢𝑡 ≥ Δ𝑢 − 𝜒∇𝑣 ⋅ ∇𝑢 − |𝜒|𝑀𝑢 + 𝑎𝑢 − 𝑏𝑀𝑢, 𝑡1 < 𝑡 < 𝑇 , 𝑥 ∈ ℝ𝑁 ,

𝑢(𝑡1, 𝑥) ≥ 𝛿1, 𝑥 ∈ ℝ𝑁 .

Note that 𝑢 is a classical solution, and |∇𝑢| and |∇𝑣| are uniformly bounded and continuous 
on [𝑡1, 𝑇 ] × ℝ𝑁 . Thus, by viewing ∇𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) as a given function, the comparison 
principle for parabolic equations (see e.g., [52, Proposition 52.10]) yields

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 𝑒(−|𝜒|𝑀+𝑎−𝑏𝑀)(𝑡−𝑡1)𝛿1 ∀ 𝑡1 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ ℝ𝑁 .

This implies that 𝛿𝑇 ≥ 𝑒(−|𝜒|𝑀+𝑎−𝑏𝑀)(𝑇 −𝑡1)𝛿1 > 0. The claim then follows.
Next, let 𝑢(𝑡) be the solution to the ODE

{


𝑢𝑡 = −|𝜒|𝑢(𝜀 + 𝐶𝑢1/2) + 𝑢(𝑎 − 𝑏𝑢),

𝑢(𝑇 ) = 𝛿𝑇 .
(3.3.7)

Note that −|𝜒|𝜀 + 𝑎 > 0. Hence 𝑢 = 0 is an unstable solution of (3.3.7), and there exists 
𝜀0 > 0 such that

𝑢(𝑡; 𝛿𝑇 ) ≥ 𝜀0, ∀ 𝑡 > 𝑇 .

Then, by the comparison principle, we have

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ 𝑢(𝑡; 𝛿𝑇 ) ≥ 𝜀0, ∀ 𝑡 ≥ 𝑇 . (3.3.8)

This shows that 𝜏𝑣𝑡 ≤ Δ𝑣 − 𝜀0𝑣 for all 𝑡 ≥ 𝑇 . Thus, by comparing 𝑣 with ̄𝑣(𝑡) which solves 
the ODE 𝜏 ̄𝑣𝑡 = −𝜀0 ̄𝑣 with ̄𝑣(𝑇 ) = ‖𝑣(𝑇 , ⋅; 𝑢0, 𝑣0)‖∞ ≤ ‖𝑣0‖∞, we obtain

0 ≤ 𝑣(𝑡, 𝑥) ≤ ̄𝑣(𝑡) ≤ ‖𝑣0‖∞𝑒− 𝜀0
𝜏 (𝑡−𝑇 ), ∀𝑡 ≥ 𝑇 .

In particular, we proved

lim
𝑡→∞

𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) = 0 uniformly in 𝑥 ∈ ℝ𝑁 . (3.3.9)

Now, we prove that

lim
𝑡→∞

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) = 𝑎/𝑏 uniformly in 𝑥 ∈ ℝ𝑁 . (3.3.10)

Suppose for contradiction that there exist 𝛿0 > 0, a sequence 𝑡𝑛 → ∞, and 𝑥𝑛 ∈ ℝ𝑁  such 
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that
|𝑢(𝑡𝑛, 𝑥𝑛; 𝑢0, 𝑣0) − 𝑎

𝑏
| > 𝛿0. (3.3.11)

Define

𝑢𝑛(𝑡, 𝑥) ∶= 𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0) and 𝑣𝑛(𝑡, 𝑥) = 𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝑡 ≥ −𝑡𝑛.

By (3.3.9),

lim
𝑛→∞

𝑣𝑛(𝑡, 𝑥) = 0 locally uniformly in 𝑡 ∈ ℝ, and uniformly in 𝑥 ∈ ℝ𝑁 . (3.3.12)

By Lemma 2.5.2, for any bounded subset 𝐼 ⊂ ℝ, there is 𝑛0 ≥ 1 such that {𝑤𝑛(𝑡, 𝑥)}𝑛≥𝑛0
 is 

uniformly bounded and equi-continuous on 𝐼 × ℝ𝑁 , where

𝑤𝑛(𝑡, 𝑥) = 𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝜕𝑡𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0),

𝜕2
𝑥𝑖𝑥𝑗

𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝜕𝑥𝑖
𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0),

𝜕𝑡𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0), 𝜕2
𝑥𝑖𝑥𝑗

𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0),

for 1 ≤ 𝑖, 𝑗 ≤ 𝑁 . Then, by Arzelà–Ascoli theorem, and (3.3.12), there is a subsequence 
(𝑢𝑛𝑗

, 𝑣𝑛𝑗
) and a smooth function 𝑢̃(𝑡, 𝑥) such that

lim
𝑗→∞

𝑢𝑛𝑗
(𝑡, 𝑥) = 𝑢̃(𝑡, 𝑥), lim

𝑗→∞
𝑣𝑛𝑗

(𝑡, 𝑥) = 0 ∀ 𝑡 ∈ ℝ, 𝑥 ∈ ℝ𝑁 . (3.3.13)

Due to the uniform regularity, 𝜕𝑡𝑢𝑛𝑗
 converges and the limit is equal to 𝜕𝑡𝑢̃. Similarly, and 

after applying a diagonal argument, we can assume that 𝐷𝑢𝑛𝑗
, 𝐷2𝑢𝑛𝑗

, 𝐷𝑣𝑛𝑗
 and 𝐷2𝑣𝑛𝑗

converge to 𝐷𝑢̃, 𝐷2𝑢̃, 0 and 0, respectively. Therefore, 𝑢̃ satisfies

𝑢̃𝑡 = Δ𝑢̃ + 𝑎𝑢̃ − 𝑏𝑢̃2, 𝑡 ∈ ℝ, 𝑥 ∈ ℝ𝑁 .

By (3.3.8) and the global boundedness of (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)), there exists 𝐾 > 𝜀0

such that
0 < 𝜀0 ≤ 𝑢̃(𝑡, 𝑥) ≤ 𝐾, ∀ 𝑡 ∈ ℝ, 𝑥 ∈ ℝ𝑁 .

Set 𝑢0 ∶= inf(𝑡,𝑥)∈ℝ𝑁+1 𝑢̃ and 𝑢0 ∶= sup(𝑡,𝑥)∈ℝ𝑁+1 𝑢̃. For every 𝑡0 ∈ ℝ, let 𝑢(⋅; 𝑡0) and 𝑢(⋅; 𝑡0)
be the solutions of

{


𝑑
𝑑𝑡𝑢 = 𝑢(𝑎 − 𝑏𝑢), 𝑡 > 𝑡0,

𝑢(𝑡0; 𝑡0) = 𝑢0,
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and
{


𝑑
𝑑𝑡𝑢 = 𝑢(𝑎 − 𝑏𝑢), 𝑡 > 𝑡0,

𝑢(𝑡0; 𝑡0) = 𝑢0,

respectively. Then for every 𝑡0 ∈ ℝ,

lim
𝑡→∞

𝑢(𝑡; 𝑡0) = lim
𝑡→∞

𝑢(𝑡; 𝑡0) = 𝑎
𝑏

. (3.3.14)

Since 0 < 𝑢0 ≤ 𝑢̃(𝑡, 𝑥) ≤ 𝑢0 for every (𝑡, 𝑥) ∈ ℝ𝑁+1, we obtain that

𝑢(𝑡 − 𝑡0; 0) = 𝑢(𝑡; 𝑡0) ≤ 𝑢̃(𝑡, 𝑥) ≤ 𝑢(𝑡; 𝑡0) = 𝑢(𝑡 − 𝑡0; 0) ∀ 𝑥 ∈ ℝ𝑁 , 𝑡 ≥ 𝑡0.

Taking limit as 𝑡0 → −∞ on both sides and using (3.3.14) imply

𝑢̃(𝑡, 𝑥) ≡ 𝑎/𝑏,

which contradicts with (3.3.11). Therefore, (3.3.10) holds, and Theorem 3.3.1 is proved. ∎

3.3.2 Lower bound of spreading speeds and proof of Theorem 
3.3.2

In this subsection, we study the lower bounds of spreading speeds and prove Theorem 3.3.2. 
Throughout this subsection, we fix (𝑢0, 𝑣0) ∈ 𝑋+×𝑋+

1  and assume that (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0))
is a globally defined, bounded, and nonnegative classical solution of (3.0.1). We will often 
suppress the dependence of constants on 𝑎, 𝑏, 𝜏 , and 𝑁 .

The first part of Theorem 3.3.2(1) is proved by a nontrivial modification of the arguments 
in [59, Theorem 1.2(1)], which studied the chemotaxis system with linear signal production

{


𝑢𝑡 = Δ𝑢 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑣 + 𝑢, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0.

In our setting, however, nontrivial modifications are required because of the differences 
between the two systems. The key idea is to show that, for any given 0 < 𝑐′ < 2

√
𝑎, the 

quantity 𝑢(𝑡, 𝑥 + 𝑐𝜉𝑡; 𝑢0, 𝑣0) is bounded away from zero uniformly for 0 < 𝑐 < 𝑐′, 𝜉 ∈ 𝕊𝑁−1, 
and |𝑥| ≤ 𝑙 for some 𝑙 > 0, whenever 𝑡 ≫ 1; see Lemmas 3.3.1, 3.3.2, and 3.3.3. In the 
proof, we use special Harnack inequalities for bounded solutions of (3.0.1), established in 
Lemmas 2.6.1 and 2.6.2. In addition, our approach employs the principal eigenvalue and 
eigenfunction of a suitable linearized operator for 𝑢, together with the comparison principle 
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for parabolic equations.
Let us fix any

0 < 𝑐′ < 2
√

𝑎 and 0 < 𝛿0 < min {1, 2
√

𝑎 − 𝑐′, (𝑎1/4(2𝑁)−1)𝑁} . (3.3.15)

Since 2
√

𝑎 − 𝛿0 > 𝑐′, for any 𝑅 > 0,

inf
|𝑥|≤𝑐′𝑡

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≥ inf
−2

√
𝑎+𝛿0≤𝑐≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

( inf
|𝑥|≤𝑅

𝑢(𝑡, 𝑥 + 𝑐𝑡𝜉; 𝑢0, 𝑣0)) .

To prove Theorem 3.3.2(1) (i.e. (3.3.1)), it then suffices to prove that there is 𝑅0 > 0 such 
that

lim inf
𝑡→∞

inf
−2

√
𝑎+𝛿0≤𝑐≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

( inf
|𝑥|≤𝑅0

𝑢(𝑡, 𝑥 + 𝑐𝑡𝜉; 𝑢0, 𝑣0)) > 0. (3.3.16)

For any 𝜉 ∈ 𝕊𝑁−1 and 𝑐 ∈ ℝ, let 𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ∶= 𝑢(𝑡, 𝑥 + 𝑐𝑡𝜉; 𝑢0, 𝑣0) and ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐) ∶=
𝑣(𝑡, 𝑥 + 𝑐𝑡𝜉; 𝑢0, 𝑣0). Then (𝑢̃(𝑡, 𝑥; 𝜉, 𝑐), ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)) satisfies

{


𝑢̃𝑡 = Δ𝑢̃ + 𝑐𝜉 ⋅ ∇𝑢̃ − 𝜒∇ ⋅ (𝑢̃∇ ̃𝑣) + 𝑢̃(𝑎 − 𝑏𝑢̃), 𝑥 ∈ ℝ𝑁 ,

𝜏 ̃𝑣𝑡 = Δ ̃𝑣 + 𝜏𝑐𝜉 ⋅ ∇ ̃𝑣 − 𝑢̃ ̃𝑣, 𝑥 ∈ ℝ𝑁 .
(3.3.17)

To prove (3.3.16), it is equivalent to prove that, for any fixed 0 < 𝑐′ < 2
√

𝑎 and 0 < 𝛿0 <
2
√

𝑎 − 𝑐′, there is 𝑅0 > 0 such that

lim inf
𝑡→∞

inf
−2

√
𝑎+𝛿0≤𝑐≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

( inf
|𝑥|≤𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐)) > 0. (3.3.18)

To do so, we first prove some lemmas.
For any 0 < 𝜀 < 1, let

𝑇𝜀 ∶= 1
𝜀

, 𝑅𝜀 ∶= 2𝜀−(1/2+1/𝑁) ≥ 2. (3.3.19)

Our first lemma shows that if supremum of 𝑢̃ is small for 𝑥 in a ball of radius 2𝑅 and 𝑡
within a small time interval, then both ∇ ̃𝑣 and Δ ̃𝑣 are small for 𝑥 in a ball of radius 𝑅 and 
𝑡 within a smaller time interval.

Lemma 3.3.1. There exists 𝑀̃ = 𝑀̃(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that for any 0 < 𝜀 < 1, 
𝜉 ∈ 𝕊𝑁−1, 𝑐 ∈ ℝ, and 1 < 𝑡1 < 𝑡1 + 𝑇𝜀 < 𝑡2 ≤ ∞, if

sup
𝑥∈𝐵2𝑅𝜀

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≤ 𝜀, ∀ 𝑡1 ≤ 𝑡 < 𝑡2, (3.3.20)
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then
sup

𝑥∈𝐵𝑅𝜀

|∇ ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)| ≤ 𝑀̃𝜀1/2 ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 < 𝑡2, (3.3.21)

and
sup

𝑥∈𝐵𝑅𝜀

|Δ ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)| ≤ 𝑀̃𝜀1/4 ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 < 𝑡2. (3.3.22)

Proof of Lemma  3.3.1. First, we prove (3.3.21). If no confusion occurs, we may drop 
𝜉, 𝑐 in the notations of 𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) and ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐). By the definition of ̃𝑣(𝑡, 𝑥), we have for 
𝑡 > 𝑡1,

̃𝑣(𝑡, 𝑥) = 𝑣(𝑡, 𝑥 + 𝑐𝑡𝜉) = ( 𝜏
4𝜋(𝑡 − 𝑡1)

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥+𝑐𝑡𝜉−𝑦|2
4(𝑡−𝑡1) 𝑣(𝑡1, 𝑦) 𝑑𝑦

− 1
𝜏

∫
𝑡

𝑡1

( 𝜏
4𝜋(𝑡 − 𝑠)

)
𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥+𝑐𝑡𝜉−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠.

Writing 𝑧 = 𝑦−𝑥−𝑐𝑡𝜉
2

√
𝑡−𝑡1

, this implies that

∇ ̃𝑣(𝑡, 𝑥) = − (𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑧𝜏√
𝑡 − 𝑡1

𝑒−𝜏|𝑧|2 ̃𝑣(𝑡1, 𝑥 + 2𝑧√𝑡 − 𝑡1) 𝑑𝑧

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2𝑧
√

𝑡 − 𝑠) ̃𝑣(𝑠, 𝑥 + 2𝑧
√

𝑡 − 𝑠) 𝑑𝑧 𝑑𝑠

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2𝑧
√

𝑡 − 𝑠) ̃𝑣(𝑠, 𝑥 + 2𝑧
√

𝑡 − 𝑠) 𝑑𝑧 𝑑𝑠.

(3.3.23)

In the following, we estimate each term in (3.3.23).
Note that ( 𝜏

𝜋)𝑁/2 ∫
ℝ𝑁 |𝑧|𝑒−𝜏|𝑧|2 𝑑𝑧 ≤ 𝐶1𝜏−1/2 for some 𝐶1 > 0, which is because

(𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

|𝑧|𝑒−𝜏|𝑧|2 𝑑𝑧 = (𝜏
𝜋

)
𝑁/2

∫
∞

0
∫

𝜕𝐵(0,𝑟)
𝑟𝑒−𝜏𝑟2 𝑑𝑆(𝑧) 𝑑𝑟

= (𝜏
𝜋

)
𝑁/2

∫
∞

0

2𝜋 𝑁
2

Γ(𝑁
2 )

𝑟𝑁𝑒−𝜏𝑟2 𝑑𝑟

= (𝜏
𝜋

)
𝑁/2 𝜋 𝑁

2

𝜏𝑁/2+1/2 Γ(𝑁
2 )

∫
∞

0
𝑅 𝑁−1

2 𝑒−𝑅 𝑑𝑅

=
Γ(𝑁+1

2 )
𝜏1/2Γ(𝑁

2 )
.
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Thus, for the first integral in (3.3.23) we have for all 𝑡 ≥ 𝑡1 + 𝑇𝜀 and 𝑥 ∈ ℝ𝑁 ,

|(𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑧𝜏√
𝑡 − 𝑡1

𝑒−𝜏|𝑧|2 ̃𝑣(𝑡1, 𝑥 + 2𝑧√𝑡 − 𝑡1) 𝑑𝑧| ≤ 𝐶1𝜏 1
2 𝜀1

2 ‖𝑣0‖∞. (3.3.24)

For the second integral in (3.3.23), using (3.3.20), we have for any 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ min{𝑡1 +
2𝑇𝜀, 𝑡2},

∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

|𝑧|√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

≤ 𝐶1𝜏− 1
2 ‖𝑣0‖∞[ sup

𝑠∈(𝑡1,𝑡),
𝑦∈𝐵(𝑥,𝑅𝜀)

𝑢̃(𝑠, 𝑦)] ∫
𝑡

𝑡1

1√
𝑡 − 𝑠

𝑑𝑠

≤ 2
√

2 𝐶1𝜏− 1
2 𝜀1

2 ‖𝑣0‖∞‖𝑢‖∞ ∀ |𝑥| ≤ 𝑅𝜀. (3.3.25)

Then, choose a 𝐶2 = 𝐶2(𝑁) > 0 such that 𝑒−|𝜏1/2𝑧|2 ≤ 𝐶2|𝜏1/2𝑧|−2𝑁−1 for |𝑧| ≥ 𝑅𝜀
2

√
𝑇 𝜀

=
𝜀−1/𝑁 . With this and similarly as before, we obtain for 𝑡1 + 𝑇𝜀 < 𝑡 < min{𝑡1 + 2𝑇𝜀, 𝑡2}:

∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

|𝑧|√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

≤ 𝐶2 (𝜏
𝜋

)
𝑁/2

‖𝑢‖∞‖𝑣0‖∞ ∫
𝑡

𝑡1

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝜏−𝑁− 1
2 |𝑧|−2𝑁

√
𝑡 − 𝑠

𝑑𝑧 𝑑𝑠

≤ 𝐶2𝜏 −1−𝑁
2 ‖𝑢‖∞‖𝑣0‖∞√𝑇𝜀 (

2√𝑇𝜀
𝑅𝜀

)
𝑁

≤ 𝐶𝜀1
2 𝜏 −1−𝑁

2 ‖𝑢‖∞‖𝑣0‖∞. (3.3.26)

Combining (3.3.23)–(3.3.26), there is 𝑀̃ = 𝑀̃(𝑁, 𝜏, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that

|∇ ̃𝑣(𝑡, 𝑥)| ≤ 𝑀̃𝜀1/2, ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ min{𝑡1 + 2𝑇𝜀, 𝑡2}, |𝑥| ≤ 𝑅𝜀.

Identical argument with 𝑡3 ∈ [𝑡1, 𝑡2) in place of 𝑡1 yields the same estimate for 𝑡3 + 𝑇𝜀 <
𝑡 ≤ min{𝑡3 + 2𝑇𝜀, 𝑡2}. Therefore, we conclude that there is 𝑀̃ = 𝑀̃(𝑁, 𝜏, ‖𝑣0‖∞, ‖𝑢‖∞) > 0
such that

|∇ ̃𝑣(𝑡, 𝑥)| ≤ 𝑀̃𝜀1/2, ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ 𝑡2, |𝑥| ≤ 𝑅𝜀.

(3.3.21) then follows.

77



Next, we prove (3.3.22). By (3.3.23), we have

Δ ̃𝑣(𝑡, 𝑥) = − (𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑧𝜏√
𝑡 − 𝑡1

𝑒−𝜏|𝑧|2 ⋅ ∇ ̃𝑣(𝑡1, 𝑥 + 2𝑧√𝑡 − 𝑡1) 𝑑𝑧

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 ⋅ ∇𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ⋅ ∇ ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 ⋅ ∇𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

− ∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ⋅ ∇ ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠

(3.3.27)

for all 𝑡 ≥ 𝑡1 and 𝑥 ∈ ℝ𝑁 . In the following, we estimate each term in (3.3.27).
First, since (3.3.20) and 𝑡1 ≥ 1, by Lemma 2.6.1 (with 𝑠0, 𝑅, 𝑝 in the lemma being 0, 1, 4

3), 
there is 𝐶0 = 𝐶0(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 independent of 𝜀 such that

|∇𝑢̃(𝑡, 𝑥)| ≤ 𝐶0 𝑢̃(𝑡, 𝑥)3
4 ≤ 𝐶0 𝜀3

4 ∀ 𝑡1 ≤ 𝑡 < 𝑡2, |𝑥| ≤ 2𝑅𝜀. (3.3.28)

Notice that ∇ ̃𝑣(𝑡, 𝑥) is uniformly bounded for 𝑡 ≥ 1 by the classical parabolic regularity 
theory. So, similarly as done in (3.3.24), there is 𝐶 = 𝐶(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that

|(𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑧√
𝑡 − 𝑡1

𝑒−𝜏|𝑧|2 ⋅ ∇ ̃𝑣(𝑡1, 𝑥 + 2𝑧√𝑡 − 𝑡1) 𝑑𝑧| ≤ 𝐶𝜀1
2 ∀ 𝑡 ≥ 𝑡1 + 𝑇𝜀, 𝑥 ∈ ℝ𝑁 .

(3.3.29)
By (3.3.28) and the arguments of (3.3.25), there is 𝐶 = 𝐶(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that 
for 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ min{𝑡2, 𝑡1 + 2𝑇𝜀} and |𝑥| ≤ 𝑅𝜀,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 ⋅ ∇𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝐶𝜀1
4

and

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤ 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ⋅ ∇ ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝐶𝜀1
2 .
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By (3.3.28) and the arguments of (3.3.26), there is 𝐶 = 𝐶(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that 
for 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ min{𝑡2, 𝑡1 + 2𝑇𝜀} and |𝑥| ≤ 𝑅𝜀,

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 ⋅ ∇𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝐶𝜀1
4

and

|∫
𝑡

𝑡1

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|> 𝑅𝜀

2√𝑇𝜀

𝑧√
𝑡 − 𝑠

𝑒−𝜏|𝑧|2 𝑢̃(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) ⋅ ∇ ̃𝑣(𝑠, 𝑥 + 2
√

𝑡 − 𝑠 𝑧) 𝑑𝑧 𝑑𝑠| ≤ 𝐶𝜀1
2 .

(3.3.30)
By (3.3.27) and (3.3.29)–(3.3.30), there is 𝑀̃ = 𝑀̃(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0 such that

|Δ ̃𝑣(𝑡, 𝑥)| ≤ 𝑀̃𝜀1/4, ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ min{𝑡1 + 2𝑇𝜀, 𝑡2}, |𝑥| ≤ 𝑅𝜀.

After replacing 𝑡1 by any 𝑡3 ∈ [𝑡1, 𝑡2), we can get the estimate for 𝑡3 + 𝑇𝜀 < 𝑡 ≤
min{𝑡3 + 2𝑇𝜀, 𝑡2}. Therefore, we conclude that there exists 𝑀̃ = 𝑀̃(𝜒, ‖𝑣0‖∞, ‖𝑢‖∞) > 0
such that

|Δ ̃𝑣(𝑡, 𝑥)| ≤ 𝑀̃𝜀1/4, ∀ 𝑡1 + 𝑇𝜀 ≤ 𝑡 ≤ 𝑡2, |𝑥| ≤ 𝑅𝜀.

This proves (3.3.22). ∎

Our second lemma shows that if we can bound 𝑢̃ below at some given time 𝑡0 in a ball 
𝐵2𝑅, then we can bound it below up to some time 𝑡1 > 𝑡0 in this ball.

Lemma 3.3.2. Fix 0 < 𝜀 < 1. For any 𝜂 > 0, there is 𝛿𝜂 > 0 such that for any 𝜉 ∈ 𝕊𝑁−1, 
any 𝑐 ∈ [−2

√
𝑎, 2

√
𝑎], and any 𝑡0 ≥ 2, if

sup
𝑥∈𝐵2𝑅𝜀

𝑢̃(𝑡0, 𝑥; 𝜉, 𝑐) ≥ 𝜂,

then
inf

𝑥∈𝐵2𝑅𝜀

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝛿𝜂, ∀ 𝑡0 ≤ 𝑡 ≤ 𝑡0 + 𝑇𝜀 + 1.

Proof of Lemma  3.3.2. Suppose for contradiction that there exist 𝜂0 > 0, 𝜉𝑛 ∈ 𝕊𝑁−1, 
−2

√
𝑎 ≤ 𝑐𝑛 ≤ 2

√
𝑎, 𝑡0𝑛 ≥ 2, 𝑥𝑛, 𝑦𝑛 ∈ 𝐵2𝑅, and 𝑡𝑛 ∈ [𝑡0𝑛, 𝑡0𝑛 + 𝑇𝜀 + 1] such that

lim
𝑛→∞

𝑢̃(𝑡0𝑛, 𝑥𝑛; 𝜉𝑛, 𝑐𝑛) ≥ 𝜂0, (3.3.31)
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and
lim

𝑛→∞
𝑢̃(𝑡𝑛, 𝑦𝑛; 𝜉𝑛, 𝑐𝑛) = 0. (3.3.32)

Let 𝑢̃𝑛(𝑡, 𝑥) = 𝑢̃(𝑡 + 𝑡0𝑛 − 1, 𝑥 + 𝑥𝑛; 𝜉𝑛, 𝑐𝑛), ̃𝑣𝑛(𝑡, 𝑥) = ̃𝑣(𝑡 + 𝑡0𝑛 − 1, 𝑥 + 𝑥𝑛; 𝜉𝑛, 𝑐𝑛). Since 
𝑥𝑛, 𝑦𝑛 and 𝑡𝑛 − 𝑡0𝑛 + 1 are bounded sequences, without loss of generality, we may assume 
that

𝜉𝑛 → 𝜉∗, 𝑐𝑛 → 𝑐∗, 𝑥𝑛 → 𝑥∗, 𝑦𝑛 → 𝑦∗, 𝑡𝑛 − 𝑡0𝑛 + 1 → 𝑡∗ ≥ 1  as 𝑛 → ∞,

for some 𝜉∗ ∈ 𝕊𝑁−1, −2
√

𝑎 ≤ 𝑐∗ ≤ 2
√

𝑎, 𝑥∗, 𝑦∗ ∈ 𝐵2𝑅 and 𝑡∗ ∈ [1, 𝑇𝜀 + 2]. By Lemma 
2.5.2 and Arzelà–Ascoli theorem, after passing to a subsequence, we can assume that there 
is (𝑢∗(𝑡, 𝑥), 𝑣∗(𝑡, 𝑥)) such that

(𝑢̃𝑛(𝑡, 𝑥), ̃𝑣𝑛(𝑡, 𝑥)) → (𝑢∗(𝑡, 𝑥), 𝑣∗(𝑡, 𝑥))  as 𝑛 → ∞

locally uniformly in (𝑡, 𝑥) ∈ [0, ∞) × ℝ𝑁 , and (𝑢∗, 𝑣∗) is a solution of (3.3.17) with 𝜉 and 𝑐
being replaced by 𝜉∗ and 𝑐∗ for 𝑡 ≥ 0. By (3.3.31),

𝑢∗(1, 0) ≥ 𝜂0.

It then follows from Lemma 2.6.1 that 𝑢∗(𝑡∗, ⋅) > 0 in 𝐵4𝑅, which contradicts with 𝑢∗(𝑡∗, 𝑦∗−
𝑥∗) = 0 by (3.3.32). The lemma is thus proved. ∎

To proceed, since (2
√

𝑎 − 𝛿0)2 + 𝛿0
√

𝑎 < 4𝑎, take ̄𝑎 ∈ (0, 𝑎) such that

4 ̄𝑎 − 𝑐2 ≥ 𝛿0
√

𝑎 for any 𝑐 ∈ [−2
√

𝑎 + 𝛿0, 2
√

𝑎 − 𝛿0]. (3.3.33)

For 𝜉 ∈ 𝕊𝑁−1, let 𝜆(𝑐, ̄𝑎) be the principal eigenvalue of

{


Δ𝜙 + 𝑐𝜉 ⋅ ∇𝜙 + ̄𝑎𝜙 = 𝜆𝜙, 𝑥 ∈ 𝐵𝑅0
,

𝜙(𝑥) = 0, 𝑥 ∈ 𝜕𝐵𝑅0
,

and 𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) be the corresponding positive eigenfunction with ‖𝜙(⋅; 𝜉, 𝑐, ̄𝑎)‖∞ = 1. By 
symmetry, 𝜆(𝑐, 𝑎̄) is independent of 𝜉. We claim that there are 𝑅0, 𝜆0 > 0 such that

𝜆(𝑐, ̄𝑎) ≥ 𝜆0 > 0 ∀ 𝑐 ∈ [−2
√

𝑎 + 𝛿0, 2
√

𝑎 − 𝛿0], 𝜉 ∈ 𝕊𝑁−1. (3.3.34)
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The proof for the claim is easy. Indeed, let

𝑙0 = 𝑙0(𝛿0) ∶= 2𝜋
√

𝑁 (𝛿0
√

𝑎)− 1
2 , 𝑅0 ∶=

√
𝑁𝑙0, (3.3.35)

and set
𝐷𝑙0

∶= {𝑥 ∈ ℝ𝑁 | |𝑥𝑖| < 𝑙0 for 𝑖 = 1, 2, ⋯ ⋅ 𝑁}.

Then it is direct to check that for 𝜉 ∈ 𝕊𝑁−1, we have

𝜆̃(𝑐, ̄𝑎) ∶= ̄𝑎 − 𝑐2

4
− 𝑁𝜋2

4𝑙20
and ̃𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∶= 𝑒− 𝑐

2 𝜉⋅𝑥
𝑁

∏
𝑖=1

cos ( 𝜋
2𝑙0

𝑥𝑖)

satisfy
{


Δ ̃𝜙 + 𝑐𝜉 ⋅ ∇ ̃𝜙 + ̄𝑎 ̃𝜙 = 𝜆̃ ̃𝜙, 𝑥 ∈ 𝐷𝑙0
,

̃𝜙(𝑥) = 0, 𝑥 ∈ 𝜕𝐷𝑙0
,

and
𝜆0 ∶= 𝜆̃(2

√
𝑎 − 𝛿0, ̄𝑎) = min

−2
√

𝑎+𝛿0≤𝑐≤2
√

𝑎−𝛿0

𝜆̃(𝑐, ̄𝑎) > 0.

Since 𝐷𝑙0
⊆ 𝐵𝑅0

, the domain monotonicity for the Dirichlet principal eigenvalues yields the 
claim (3.3.34).

The next lemma shows that if the supremum of 𝑢̃ is small on some interval (𝑡1, 𝑡2) ⊂
(2, ∞), we can obtain a lower bound for 𝑢̃ on that interval.

Lemma 3.3.3. Recall the notations of  (3.3.19) and 𝛿0 from (3.3.15). There is 𝜀1 > 0
such that for any 0 < 𝜂 ≤ 𝜀1, there is 𝛿𝜂 > 0 such that for any 𝜉 ∈ 𝕊𝑁−1, any 𝑐 ∈
[−2

√
𝑎 + 𝛿0, 2

√
𝑎 − 𝛿0], and any 𝑡1, 𝑡2 with 2 ≤ 𝑡1 < 𝑡2 ≤ ∞, if

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡1, 𝑥; 𝜉, 𝑐) = 𝜂, sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≤ 𝜂, ∀ 𝑡1 < 𝑡 < 𝑡2, (3.3.36)

then
inf

𝑥∈𝐵𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ ̃𝛿𝜂 ∀ 𝑡1 < 𝑡 < 𝑡2.

Proof of Lemma  3.3.3. First of all, we give a construction of 𝜀1. Let 𝑎̄ from (3.3.33) and 
set

𝑇0 ∶= max {1, 𝜆−1
0 ln 4} . (3.3.37)
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Note that 𝑢∗(𝑡, 𝑥; 𝜉, 𝑐) ∶= 𝑒𝜆(𝑐,𝑎̄)𝑡𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) is the solution of

{


𝑢𝑡 = Δ𝑢 + 𝑐𝜉 ⋅ ∇𝑢 + ̄𝑎𝑢, 𝑥 ∈ 𝐵𝑅0
, 𝑡 > 0,

𝑢(𝑡, 𝑥) = 0, 𝑥 ∈ 𝜕𝐵𝑅0
, 𝑡 > 0,

𝑢(0, 𝑥) = 𝜙(𝑥; 𝜉, 𝑐, ̄𝑎), 𝑥 ∈ 𝐵𝑅0
.

(3.3.38)

It follows from (3.3.37) and (3.3.34) that

𝑢∗(𝑇0, 𝑥; 𝜉, 𝑐) ≥ 4𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∀ 𝑥 ∈ 𝐵𝑅0
, 𝑐 ∈ [−2

√
𝑎 − 𝛿0, 2

√
𝑎 − 𝛿0], 𝜉 ∈ 𝕊𝑁−1. (3.3.39)

For a given 𝐶1 function 𝑞(𝑡, 𝑥), consider

{


𝑢𝑡 = Δ𝑢 + 𝑐𝜉 ⋅ ∇𝑢 + ∇𝑞 ⋅ ∇𝑢 + ̄𝑎𝑢, 𝑥 ∈ 𝐵𝑅0
, 𝑡 > 0,

𝑢(𝑡, 𝑥) = 0, 𝑥 ∈ 𝜕𝐵𝑅0
, 𝑡 > 0,

𝑢(0, 𝑥) = 𝜙(𝑥; 𝜉, 𝑐, ̄𝑎), 𝑥 ∈ 𝐵𝑅0
,

(3.3.40)

where 𝑅0 is given in (3.3.35). Let 𝑢𝑞(𝑡, 𝑥; 𝜉, 𝑐, 𝜙) be the solution of (3.3.40). We claim that 
there is 𝜀2 > 0 such that for any 𝐶1-function 𝑞(𝑡, 𝑥), if

‖∇𝑞‖∞ ∶= ‖∇𝑞‖𝐶([0,𝑇0]×𝐵𝑅0) < |𝜒|𝑀̃𝜀2 with 𝑀̃  from Lemma 3.3.1,

then

𝑢𝑞(𝑇0, 𝑥; 𝜉, 𝑐, 𝜙) ≥ 2𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∀ 𝑥 ∈ 𝐵𝑅0
, 𝑐 ∈ [−2

√
𝑎 + 𝛿0, 2

√
𝑎 − 𝛿0], 𝜉 ∈ 𝕊𝑁−1.

(3.3.41)
In fact, recall that 𝑢∗ is a classical solution of (3.3.38), 𝑢∗(𝑡, 𝑥) > 0 for 𝑡 > 0 and 

𝑥 ∈ 𝐵𝑅0
, and 𝑢∗(𝑡, 𝑥) = 0 for 𝑡 > 0 and 𝑥 ∈ 𝜕𝐵𝑅0

. By [14, Theorem 2] and the continuity 
of 𝜕𝑢∗(𝑇0,𝑥,𝜉,𝑐)

𝜕𝜈  in 𝑥 ∈ 𝜕𝐵𝑅0
, |𝑐| ≤ 2

√
𝑎 − 𝛿0, and 𝜉 ∈ 𝕊𝑁−1, there holds

inf
𝑥∈𝜕𝐵𝑅0,|𝑐|≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

𝜕𝑢∗(𝑇0, 𝑥; 𝜉, 𝑐)
𝜕𝜈

< 0 (3.3.42)

where 𝜕/𝜕𝜈 denotes the outer normal derivative. By [23, Theorem 3.4.1],

lim
‖∇𝑞‖∞→0

‖𝑢𝑞(𝑇0, ⋅; 𝜉, 𝑐, 𝜙) − 𝑢∗(𝑇0, ⋅; 𝜉, 𝑐)‖𝐶1(𝐵̄𝑅0) = 0 (3.3.43)
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uniformly in 𝑐 ∈ [−2
√

𝑎 − 𝛿0, 2
√

𝑎 + 𝛿0] and 𝜉 ∈ 𝕊𝑁−1. Note that

𝜕𝑢∗(𝑇0, 𝑥; 𝜉, 𝑐)
𝜕𝜈

= 1
𝑅0

∇𝑢∗(𝑡, 𝑥; 𝜉, 𝑐) ⋅ 𝑥, ∀ 𝑥 ∈ 𝜕𝐵𝑅0
.

Thus, by (3.3.42) and (3.3.43), there is 𝑟1 > 0 such that

inf
𝑥∈𝐵𝑅0∖𝐵𝑅0−𝑟1,|𝑐|≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

∇𝑢∗(𝑇0, 𝑥; 𝜉, 𝑐) ⋅ 𝑥 < 0. (3.3.44)

While, away from the boundary, we have

inf
𝑥∈𝐵𝑅0−𝑟1,|𝑐|≤2

√
𝑎−𝛿0,𝜉∈𝕊𝑁−1

𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) > 0.

Then, by (3.3.39), (3.3.43) and (3.3.44), there is 𝜀2 > 0 such that for any 𝐶1 function 𝑞
satisfying that

‖∇𝑞‖𝐶([0,𝑇0]×𝐵̄𝑅0) < |𝜒|𝑀̃𝜀2,

we have for all |𝑐| ≤ 2
√

𝑎 − 𝛿0 and 𝜉 ∈ 𝕊𝑁−1,

𝑢𝑞(𝑇0, 𝑥; 𝜉, 𝑐, 𝜙) ≥ 2𝜙(𝑥; 𝜉, 𝑐, ̄𝑎),  in 𝐵𝑅0−𝑟1
, (3.3.45)

and for all 𝑥 ∈ 𝐵𝑅0
∖ 𝐵𝑅0−𝑟1

,

−∇𝑢𝑞(𝑇0, 𝑥; 𝜉, 𝑐, 𝜙) ⋅ 𝑥 ≥ −1
2

∇𝑢∗(𝑇0, 𝑥; 𝑐, 𝜉) ⋅ 𝑥.

This, together with (3.3.39), yields for 𝑥 ∈ 𝐵𝑅0
∖ 𝐵𝑅0−𝑟1

,

𝑢𝑞(𝑇0, 𝑥; 𝜉, 𝑐, 𝜙) = − (𝑅0
|𝑥|

− 1) ∫
1

0
∇𝑢𝑞(𝑇0, 𝑠𝑥 + (1 − 𝑠)𝑅0𝑥/|𝑥|; 𝜉, 𝑐, 𝜙) ⋅ 𝑥 𝑑𝑠

≥ −1
2

(𝑅0
|𝑥|

− 1) ∫
1

0
∇𝑢∗(𝑇0, 𝑠𝑥 + (1 − 𝑠)𝑅0𝑥/|𝑥|; 𝜉, 𝑐) ⋅ 𝑥 𝑑𝑠

= 1
2

𝑢∗(𝑇0, 𝑥; 𝜉, 𝑐) ≥ 2𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∀ |𝑐| ≤ 2
√

𝑎 − 𝛿0, 𝜉 ∈ 𝕊𝑁−1.
(3.3.46)

The claim (3.3.41) then follows from (3.3.45) and (3.3.46).
Finally, we let

𝜀1 = min
{


1
2

, (𝜀2)2 , ( 𝑎 − ̄𝑎
|𝜒|𝑀̃ + 𝑏

)
4

, ( 2
𝑅0

)
2𝑁

2+𝑁 }


.
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Recall 𝑅𝜀1
= 2𝜀− 2+𝑁

2𝑁
1  and so 𝑅𝜀1

≥ 𝑅0.
Next, we prove that the lemma holds with the above 𝜀1. By the assumption (3.3.36) and 

Lemma 3.3.2, there is 𝛿1 = 𝛿1(𝜂) > 0 such that

inf
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝛿1, ∀ 𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇𝜀1
+ 1, |𝑐| ≤ 2

√
𝑎 − 𝛿0, 𝜉 ∈ 𝕊𝑁−1.

Thus, the proof is finished if 𝑡2 ≤ 𝑡1 + 𝑇𝜀1
+ 1.

In the following, we assume that 𝑡2 > 𝑡1 + 𝑇𝜀1
+ 1. By the assumption and Lemma 3.3.1, 

we have

|∇ ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)| ≤ 𝑀̃𝜀
1
2
1 and |Δ ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)| ≤ 𝑀̃𝜀

1
4
1 ∀ 𝑡1 + 𝑇𝜀1

≤ 𝑡 < 𝑡2, 𝑥 ∈ 𝐵𝑅𝜀1
.

By the definition of 𝜀1, for any 𝜂 ≤ 𝜀1, we have

𝑎 − |𝜒|𝑀̃𝜀
1
4
1 − 𝑏𝜂 ≥ 𝑎 − (|𝜒|𝑀̃ + 𝑏) 𝜀

1
4
1 ≥ ̄𝑎.

This implies that

𝑢̃𝑡 ≥ Δ𝑢̃ + 𝑐𝜉 ⋅ ∇𝑢̃ − 𝜒∇ ⋅ (𝑢̃∇ ̃𝑣) + 𝑎𝑢̃ − 𝑏𝜂𝑢̃

≥ Δ𝑢̃ + 𝑐𝜉 ⋅ ∇𝑢̃ − 𝜒∇𝑢̃ ⋅ ∇ ̃𝑣 + ̄𝑎𝑢̃, ∀ 𝑡1 + 𝑇𝜀1
+ 1 ≤ 𝑡 < 𝑡2, 𝑥 ∈ 𝐵𝑅𝜀1

.

Also using that 𝑢̃(𝑡1 + 𝑇𝜀1
+ 1, 𝑥; 𝜉, 𝑐) ≥ 𝛿1 ≥ 𝛿1𝑢𝑞(0, 𝑥; 𝜉, 𝑐, 𝜙) and that 𝑢̃ is non-negative 

in the whole domain, it follows from the comparison principle that

𝑢̃(𝑡1 + 𝑇𝜀1
+ 1 + 𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝛿1𝑢𝑞(𝑡, 𝑥; 𝜉, 𝑐, 𝜙), 0 ≤ 𝑡 < 𝑡2 − 𝑡1 − 𝑇𝜀1

− 1, 𝑥 ∈ 𝐵𝑅0
,

where 𝑞(𝑡, 𝑥) = −𝜒 ̃𝑣(𝑡 + 𝑡1 + 𝑇𝜀1
+ 1, 𝑥; 𝜉, 𝑐).

Let 𝑛0 ≥ 0 be such that

𝑡1 + 𝑇𝜀1
+ 1 + 𝑛0𝑇0 < 𝑡2 and 𝑡1 + 𝑇𝜀1

+ 1 + (𝑛0 + 1)𝑇0 ≥ 𝑡2.

Since
|∇𝑞(𝑡, 𝑥)| = |𝜒||∇ ̃𝑣(𝑡, 𝑥; 𝜉, 𝑐)| ≤ |𝜒|𝑀̃𝜀

1
2
1 ≤ |𝜒|𝑀̃𝜀2,

by (3.3.41), we get

𝑢̃(𝑡1 + 𝑇𝜀1
+ 1 + 𝑘𝑇0, 𝑥; 𝜉, 𝑐) ≥ 𝛿1𝑢𝑞(𝑘𝑇0, 𝑥; 𝜉, 𝑐, 𝜙)

≥ 2𝑘𝛿1𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∀ 𝑥 ∈ 𝐵𝑅0
, 𝑘 = 1, 2, ⋯ , 𝑛0.

84



Applying Lemma 3.3.2 implies that there is 0 < ̃𝛿𝜂 ≤ 𝛿1 such that for any −2
√

𝑎 + 𝛿0 ≤ 𝑐 ≤
2
√

𝑎 − 𝛿0, any 𝜉 ∈ 𝕊𝑁−1,

inf
𝑥∈𝐵𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ ̃𝛿𝜂 ∀ 𝑡1 ≤ 𝑡 < 𝑡2.

∎

Now, we prove Theorem 3.3.2(1).

Proof of Theorem 3.3.2(1). As it is pointed out in the above, to prove Theorem 3.3.2(1), 
it suffices to prove (3.3.18).

Let 𝜀0, 𝑇0, 𝑅0, 𝜀1, 𝑇𝜀1
 be as in the above. Let

𝛿∗ ∶= inf {𝑢̃(𝑇𝜀1
+ 1, 𝑥; 𝜉, 𝑐) | 𝑥 ∈ 𝐵𝑅0

, 𝜉 ∈ 𝕊𝑁−1, |𝑐| ≤ 2
√

𝑎 − 𝛿0} .

Since 𝑢0(𝑥) ≥ 0 has nonempty support, by Lemma 2.6.1, 𝛿∗ > 0. Let

𝑘∗ ∶= inf{𝑘 ∈ ℤ+ | 2𝑘𝛿∗ ≥ 𝜀1} and 𝑇∗ ∶= 𝑇𝜀1
+ 1 + 𝑘∗𝑇0.

We claim that there is a 𝛿 > 0 independent of 𝑐 and 𝜉 such that,

inf
𝑥∈𝐵𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝛿 ∀𝑡 > 𝑇∗. (3.3.47)

Case 1:  Suppose that for any 𝑡 ≥ 𝑇𝜀1
≥ 2,

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝜀1. (3.3.48)

In this case, by applying Lemma 3.3.2 repeatedly, we get

inf
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝛿𝜀1
∀ 𝑡 ≥ 𝑇𝜀1

.

Hence, (3.3.47) holds with 𝛿 = 𝛿𝜀1
.

Case 2: Suppose that there exists 𝑡 > 𝑇𝜀1
 such that (3.3.48) is not true. Then the set 

{𝑡 > 𝑇𝜀1
| sup𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) < 𝜀1} is non-empty, and the set is open by continuity. This 
means we can write it as union of some disjoint open intervals, i.e.,

{𝑡 > 𝑇𝜀1
∶ sup

𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) < 𝜀1} = ⋃
𝑖∈𝐼

(𝑡𝑖, 𝑠𝑖),  for some 𝑡𝑖, 𝑠𝑖 ∈ [𝑇𝜀1
, ∞), 𝑡𝑖 < 𝑠𝑖 < 𝑡𝑖+1.
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Case 2.1: Suppose that 𝑡𝑖 > 𝑇𝜀1
 for all 𝑖. Then

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡𝑖, 𝑥; 𝜉, 𝑐) = 𝜀1, sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) < 𝜀1, ∀ 𝑡𝑖 < 𝑡 < 𝑠𝑖.

Then by Lemma 3.3.3, there exists a ̃𝛿𝜀1
> 0 independent of 𝜉 and 𝑐 such that

inf
𝑥∈𝐵𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ ̃𝛿𝜀1
∀ 𝑡𝑖 ≤ 𝑡 < 𝑠𝑖.

For any 𝑡 > 𝑇∗ and 𝑡 ∉ ⋂𝑖∈𝐼(𝑡𝑖, 𝑠𝑖), we have

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) ≥ 𝜀1.

Then Lemma 3.3.2 yields

inf
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑠, 𝑥; 𝜉, 𝑐) ≥ 𝛿𝜀1
∀ 𝑡 ≤ 𝑠 ≤ 𝑡 + 𝑇𝜀1

+ 1.

Hence (3.3.47) holds with 𝛿 = min{𝛿𝜀1
, ̃𝛿𝜀1

}.

Case 2.2: There is 𝑖0 such that 𝑡𝑖0
= 𝑇𝜀1

. Note that

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐) < 𝜀1, ∀ 𝑡𝑖0
< 𝑡 < 𝑠𝑖0

. (3.3.49)

We claim that 𝑠𝑖0
≤ 𝑇∗. In fact, assuming 𝑠𝑖0

> 𝑇∗, by the definition of 𝛿∗,

inf
𝑥∈𝐵𝑅0

𝑢̃(𝑇𝜀1
+ 1, 𝑥; 𝜉, 𝑐) ≥ 𝛿∗.

By comparing 𝑢̃(𝑇𝜀1
+ 1 + ⋅, ⋅; 𝜉, 𝑐) with 𝛿∗𝑢𝑞(⋅, ⋅; 𝜉, 𝑐, 𝜙) in [0, 𝑘∗𝑇0] × 𝐵𝑅0

, with 𝑢𝑞 from 
Lemma 3.3.3, we get

𝑢̃(𝑇𝜀1
+ 1 + 𝑘𝑇0, 𝑥; 𝜉, 𝑐) ≥ 2𝑘𝛿∗𝜙(𝑥; 𝜉, 𝑐, ̄𝑎) ∀ 𝑥 ∈ 𝐵𝑅0

for 𝑘 = 0, 1, 2, ⋯ , 𝑘∗. In particular, this implies that

sup
𝑥∈𝐵2𝑅𝜀1

𝑢̃(𝑇∗, 𝑥; 𝜉, 𝑐) ≥ sup
𝑥∈𝐵𝑅0

𝑢̃(𝑇𝜀1
+ 1 + 𝑘𝑇0, 𝑥; 𝜉, 𝑐) ≥ 𝜀1,

which contradicts with (3.3.49), and hence 𝑠𝑖0
≤ 𝑇∗.
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Overall, we conclude that for all 𝑡 ≥ 𝑇∗,

inf
𝜉∈𝕊𝑁−1, |𝑐|≤2

√
𝑎−𝛿0

( inf
|𝑥|≤𝑅0

𝑢̃(𝑡, 𝑥; 𝜉, 𝑐)) ≥ min{𝛿𝜀1
, ̃𝛿𝜀1

}.

Theorem 3.3.2(1) is thus proved. ∎

In the following, we prove Theorem 3.3.2(2).

Proof of Theorem 3.3.2(2). We first prove (3.3.2). Suppose for contradiction that there 
are 0 < 𝑐1 < 𝑐∗

low(𝑢0, 𝑣0), 𝛿 > 0 and {(𝑡𝑛, 𝑥𝑛)} ⊂ ℝ𝑁+1 such that 𝑡𝑛 → ∞, |𝑥𝑛| ≤ 𝑐1𝑡𝑛, and

|𝑢(𝑡𝑛, 𝑥𝑛) − 𝑎
𝑏

| ≥ 𝛿, ∀ 𝑛 ≥ 1. (3.3.50)

Consider

𝑢𝑛(𝑡, 𝑥) = 𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛) and 𝑣𝑛(𝑡, 𝑥) = 𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛) ∀ 𝑡 ≥ −𝑡𝑛, 𝑥 ∈ ℝ𝑁 .

By Lemma 2.5.2, there is a (𝑢̂, ̂𝑣) ∈ 𝐶2,1(ℝ × ℝ𝑁) and a subsequence {(𝑢𝑛𝑘
, 𝑣𝑛𝑘

)} of 
{(𝑢𝑛, 𝑣𝑛)} such that

lim
𝑘→∞

(𝑢𝑛𝑘
(𝑡, 𝑥), 𝑣𝑛𝑘

(𝑡, 𝑥)) = (𝑢̂(𝑡, 𝑥), ̂𝑣(𝑡, 𝑥)) locally uniformly in ℝ × ℝ𝑁 .

Moreover, (𝑢̂(𝑡, 𝑥), ̂𝑣(𝑡, 𝑥)) is an entire solution of (3.0.1).

Choose 𝑐′ such that 𝑐1 < 𝑐′ < 𝑐∗
low(𝑢0, 𝑣0). Then, for every 𝑥 ∈ ℝ𝑁  and 𝑡 ∈ ℝ, let us 

select 𝑘 such that 𝑡𝑛𝑘
≥ |𝑥|−𝑐′𝑡

𝑐′−𝑐1
. This yields

|𝑥 + 𝑥𝑛𝑘
| ≤ |𝑥| + 𝑐1𝑡𝑛𝑘

≤ 𝑐′(𝑡𝑛𝑘
+ 𝑡)

which then implies that

𝑢̂(𝑡, 𝑥) = lim
𝑘→∞

𝑢(𝑡 + 𝑡𝑛𝑘
, 𝑥 + 𝑥𝑛𝑘

) ≥ lim inf
𝑠→∞

inf
|𝑦|≤𝑐′𝑠

𝑢(𝑠, 𝑦) ∀ (𝑡, 𝑥) ∈ ℝ × ℝ𝑁 .

By (3.3.1),
inf

(𝑡,𝑥)∈ℝ×ℝ𝑁
𝑢̂(𝑡, 𝑥) ≥ lim inf

𝑠→∞
inf

|𝑦|≤𝑐′𝑠
𝑢(𝑠, 𝑦) =∶ 𝜀0 > 0. (3.3.51)

Similarly to the proof of Proposition 3.3.1, since (𝑢̂(𝑡, 𝑥), ̂𝑣(𝑡, 𝑥)) is an entire solution of 
(3.0.1), we get 𝜏 ̂𝑣𝑡 ≤ Δ ̂𝑣 − 𝜀0 ̂𝑣, which implies

0 ≤ ̂𝑣(𝑡, 𝑥) ≤ ‖ ̂𝑣(−𝑇 , ⋅)‖∞𝑒− 𝜀0
𝜏 (𝑡+𝑇 ) ≤ sup

𝑠∈ℝ
‖ ̂𝑣(𝑠, ⋅)‖∞𝑒− 𝜀0

𝜏 (𝑡+𝑇 ) ∀𝑡 ≥ −𝑇 .
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Letting 𝑇 → ∞ yields
̂𝑣(𝑡, 𝑥) ≡ 0.

Then, 𝑢̂(𝑡, 𝑥) satisfies
𝑢̂𝑡 = Δ𝑢̂ + 𝑢̂(𝑎 − 𝑏𝑢̂), ∀𝑡 ∈ ℝ.

Using (3.3.51) (also see the proof for (3.3.10)), we get

𝑢̂(𝑡, 𝑥) ≡ 𝑎
𝑏

.

However, this contradicts with (3.3.50). Hence, (3.3.2) holds.

Next, we prove (3.3.3). We also prove it by contradiction. Assume for contradiction that 
there are 0 < 𝑐1 < 𝑐∗

low(𝑢0, 𝑣0), 𝛿 > 0 and {(𝑡𝑛, 𝑥𝑛)} ⊂ ℝ𝑁+1 such that 𝑡𝑛 → ∞, |𝑥𝑛| ≤ 𝑐1𝑡𝑛, 
and

𝑣(𝑡𝑛, 𝑥𝑛) ≥ 𝛿, ∀ 𝑛 ≥ 1. (3.3.52)

Let

𝑢𝑛(𝑡, 𝑥) = 𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛), and 𝑣𝑛(𝑡, 𝑥) = 𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛) ∀ 𝑡 ≥ −𝑡𝑛, 𝑥 ∈ ℝ𝑁 .

Then, similarly as done in the above, there is a function (𝑢̃, ̃𝑣) ∈ 𝐶2,1(ℝ × ℝ𝑁) and a 
subsequence {(𝑢𝑛𝑘

, 𝑣𝑛𝑘
)} of {(𝑢𝑛, 𝑣𝑛)} such that

lim
𝑘→∞

(𝑢𝑛𝑘
(𝑡, 𝑥), 𝑣𝑛𝑘

(𝑡, 𝑥)) = (𝑢̃(𝑡, 𝑥), ̃𝑣(𝑡, 𝑥)) locally uniformly in ℝ × ℝ𝑁 ,

and, moreover,
𝑢̃(𝑡, 𝑥) ≡ 𝑎

𝑏
and ̃𝑣(𝑡, 𝑥) ≡ 0.

However, this contradicts with (3.3.52), and so we proved (3.3.3). ∎

3.3.3 Upper bound of spreading speeds and proof of Theorem 
3.3.3

In this subsection, we provide an upper bound for the spreading speed and prove Theo-
rem 3.3.3. Theorem 3.3.3(1) is proved by the application of special Harnack inequalities for 
bounded solutions of (3.0.1) established in Lemmas 2.6.1 and 2.6.2. The exponential decay 
property (3.3.4) for 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) and the representation of 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) via the Duhamel’s 
principle are the key ingredients in the proof of Theorem 3.3.3(2). Throughout the subsec-
tion, we fix (𝑢0, 𝑣0) ∈ 𝑋+

𝑐 ×𝑋+
1 , and suppose that (𝑢(𝑡, 𝑥; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)) is a globally 
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defined bounded classical solution of (3.0.1).

Proof of Theorem 3.3.3(1). Let us drop 𝑢0, 𝑣0 from the notations of 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) and 
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0). We first prove that there is 𝑐1 > 0 such that

lim
𝑡→∞

sup
|𝑥|≥𝑐1𝑡

𝑢(𝑡, 𝑥) = 0. (3.3.53)

This will imply that
𝑐∗
up(𝑢0, 𝑣0) ≤ 𝑐1 < ∞.

To prove (3.3.53), we first claim that there are 𝑡0 > 0 and 𝑀0 > 0 such that

𝑢(𝑡, 𝑥) ≤ 𝑀0𝑒−
√

𝑎|𝑥| ∀ 0 ≤ 𝑡 ≤ 𝑡0, 𝑥 ∈ ℝ𝑁 . (3.3.54)

In fact, let 𝑢̃(𝑡, 𝑥) = 𝑒√𝑎(1+|𝑥|2)𝑢(𝑡, 𝑥) and ̃𝑣(𝑡, 𝑥) = 𝑣(𝑡, 𝑥). Writing ℎ ∶= 𝑒√𝑎(1+|𝑥|2), we 
have

ℎ∇𝑢 = ∇𝑢̃ − (ℎ−1∇ℎ)𝑢̃,

ℎΔ𝑢 = Δ𝑢̃ − (ℎ−1Δℎ) 𝑢̃ + 2|ℎ−1∇ℎ|2𝑢̃ − 2ℎ−1∇ℎ ⋅ ∇𝑢̃

= Δ𝑢̃ + (ℎ−1Δℎ) 𝑢̃ − 2∇(𝑢̃ℎ−1∇ℎ).

Thus, (𝑢̃(𝑡, 𝑥), ̃𝑣(𝑡, 𝑥)) is a global classical solution of

{





𝑢̃𝑡 = Δ𝑢̃ − 𝜒∇ ⋅ (𝑢̃∇ ̃𝑣) + 𝑢̃(𝑎 − 𝑏ℎ−1𝑢̃)

+ (ℎ−1Δℎ) 𝑢̃ − 2∇(𝑢̃ℎ−1∇ℎ) + 𝜒𝑢̃ℎ−1∇ℎ ⋅ ∇ ̃𝑣, in (0, ∞) × ℝ𝑁 ,

𝜏 ̃𝑣𝑡 = Δ ̃𝑣 − ℎ−1𝑢̃ ̃𝑣, in (0, ∞) × ℝ𝑁 ,

𝑢̃(0, 𝑥) = ℎ(𝑥)𝑢0(𝑥), ̃𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .

Note that 𝑢̃(0, ⋅) has compact support, and ℎ−1, ℎ−1∇ℎ and ℎ−1Δℎ are uniformly bounded. 
By the arguments of local existence of solutions of (3.0.1) in the proof of Proposition 3.1.1, 
there is ̃𝑇max ∈ (0, ∞] such that the classical solution (𝑢̃, ̃𝑣) is unique in (0, ̃𝑇max) and it 
satisfies for any 𝑡0 ∈ (0, ̃𝑇max),

𝑀0 = sup
𝑡∈[0,𝑡0],𝑥∈ℝ𝑁

𝑢̃(𝑡, 𝑥) < ∞.

89



This implies that

𝑢(𝑡, 𝑥) = 𝑒−√𝑎(1+|𝑥|2)𝑢̃(𝑡, 𝑥) ≤ 𝑀0𝑒−
√

𝑎|𝑥|, ∀ 𝑡 ∈ [0, 𝑡0], 𝑥 ∈ ℝ𝑁 ,

which yields that (3.3.54) holds.
Fix a 𝑡0 > 0 such that (3.3.54) holds. By Lemma 2.5.2, we have

𝐴 ∶= sup
𝑡≥𝑡0

(‖∇𝑣(𝑡)‖∞ + ‖Δ𝑣(𝑡)‖∞) < ∞.

Then, for some 𝑐1 > 0 to be determined and for each 𝜉 ∈ 𝕊𝑁−1, let

𝑢𝜉(𝑡, 𝑥) ∶= 𝑀0𝑒−
√

𝑎(𝑥⋅𝜉−𝑐1𝑡). (3.3.55)

It is direct to see that

𝜕𝑡𝑢𝜉 − Δ𝑢𝜉 + 𝜒∇ ⋅ (𝑢𝜉∇𝑣) − 𝑎𝑢𝜉 + 𝑏𝑢2
𝜉

≥ 𝑐1
√

𝑎𝑢𝜉 − 𝑎𝑢𝜉 − |𝜒|𝐴(
√

𝑎 + 1)𝑢𝜉 − 𝑎𝑢𝜉

= (𝑐1
√

𝑎 − 2𝑎 − |𝜒|𝐴(
√

𝑎 + 1))𝑢𝜉.

Let us pick 𝑐1 ∶= 2
√

𝑎 + |𝜒|𝐴(1 + 1/
√

𝑎), and thus 𝑢𝜉 is a supersolution to the equation 
satisfied by 𝑢. By (3.3.54),

𝑢(𝑡0, 𝑥) ≤ 𝑀0𝑒−
√

𝑎𝑥⋅𝜉 for all 𝜉 ∈ 𝕊𝑁−1.

It then follows from the comparison principle that 𝑢 ≤ 𝑢𝜉 in [𝑡0, ∞) × ℝ𝑁  for all 𝜉 ∈ 𝕊𝑁−1. 
We obtain

𝑢(𝑡, 𝑥) ≤ min
𝜉∈𝕊𝑁−1

𝑢𝜉(𝑡, 𝑥) = 𝑀1𝑒−
√

𝑎(|𝑥|−𝑐1𝑡) ∀ 𝑡 > 𝑡0, 𝑥 ∈ ℝ𝑁 . (3.3.56)

This implies (3.3.53) with 𝑐1 = 2
√

𝑎 + |𝜒|𝐴(1 + 1/
√

𝑎).
Next, we prove (3.3.4). Fix a 𝑐2 > 𝑐∗

up(𝑢0, 𝑣0) ≥ 𝑐∗
low(𝑢0, 𝑣0) ≥ 2

√
𝑎. Let 𝛿 ∈ (0, 1) and 

𝜀 ∈ (0, 𝛿) to be determined. In view of the definition of 𝑐∗
up(𝑢0, 𝑣0), there is 𝑇𝜀 > 0 such that

𝑢(𝑡, 𝑥) ≤ 𝜀, ∀ 𝑡 ≥ 𝑇𝜀, |𝑥| ≥ 𝑐2𝑡.

Then, by Lemma 2.6.2, there is 𝐶𝛿 > 0 such that

|∇𝑣(𝑡, 𝑥)|, |Δ𝑣(𝑡, 𝑥)| ≤ 𝛿 + 𝐶𝛿𝑢(𝑡, 𝑥)1
2 ≤ 𝛿 + 𝐶𝛿𝜀1

2 ∀ 𝑡 ≥ 𝑇𝜀, |𝑥| ≥ 𝑐2𝑡. (3.3.57)
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Let 𝑤𝜉 be defined similarly as in (3.3.55), that is 𝑤𝜉(𝑡, 𝑥) ∶= 𝑀2𝑒−
√

𝑎(𝑥⋅𝜉−𝑐2𝑡), but with 
𝑀2 given by

𝑀2 ∶= max {𝑀1 exp(
√

𝑎𝑇𝜀(𝑐1 − 𝑐2)), ‖𝑢‖∞} . (3.3.58)

By (3.3.57) and direct computations, in the region {𝑡 ≥ 𝑇𝜀, |𝑥| ≥ 𝑐2𝑡}, we have

𝜕𝑡𝑤𝜉 − Δ𝑤𝜉 + 𝜒∇ ⋅ (𝑤𝜉∇𝑣) − 𝑎𝑤𝜉 + 𝑏𝑤2
𝜉

≥ (𝑐2
√

𝑎 − 2𝑎 − |𝜒|(𝛿 + 𝐶𝛿
√

𝜀)) (
√

𝑎 + 1) 𝑤𝜉.

To have the above ≥ 0 (then 𝑤𝜉 is a supersolution), we need

𝑐2 ≥ 2
√

𝑎 + |𝜒|(𝛿 + 𝐶𝛿
√

𝜀)(1 + 1/
√

𝑎). (3.3.59)

Since 𝑐2 >
√

2𝑎, we can now fix 𝛿 ∈ (0, 1) and then 𝜀 ∈ (0, 𝛿) to be sufficiently small such 
that (3.3.59) holds.

To use the comparison principle to conclude with 𝑤𝜉 ≥ 𝑢 for all 𝑡 ≥ 𝑇𝜀, |𝑥| ≥ 𝑐2𝑡, it 
remains to show that 𝑤𝜉(𝑇𝜀, 𝑥) ≥ 𝑢(𝑇𝜀, 𝑥) and |𝑥| ≥ 𝑐2𝑇𝜀, and 𝑤𝜉(𝑡, 𝑥) ≥ 𝑢(𝑡, 𝑥) with 𝑡 ≥ 𝑇𝜀

and |𝑥| = 𝑐2𝑡. Indeed, it follows from (3.3.56) and (3.3.58) that on the bottom boundary,

𝑢(𝑇𝜀, 𝑥) ≤ 𝑀1𝑒
√

𝑎𝑐1𝑇𝜀𝑒−
√

𝑎|𝑥| ≤ 𝑀2𝑒
√

𝑎𝑐2𝑇𝜀𝑒−
√

𝑎𝑥⋅𝜉.

On the lateral boundary of |𝑥| = 𝑐2𝑡, we have

𝑢(𝑡, 𝑥) ≤ ‖𝑢‖∞ ≤ 𝑀2 ≤ 𝑤𝜉(𝑡, 𝑥).

Overall, we can conclude that for all 𝜉 ∈ 𝕊𝑁−1,

𝑢(𝑡, 𝑥) ≤ 𝑀2𝑒−
√

𝑎(|𝑥|−𝑐2𝑡) ∀ 𝑡 ≥ 𝑇𝜀, |𝑥| ≥ 𝑐2𝑡.

This, together with (3.3.54) and (3.3.56), finishes the proof of (3.3.4). ∎

Now we give the proof of Theorem 3.3.3(2)

Proof of Theorem 3.3.3(2). Since 𝑉  is the solution to (3.3.5), we have

𝑣(𝑡, 𝑥) = 𝑉 (𝑡, 𝑥) − 1
𝜏

∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠.

Because 𝑢, 𝑣 ≥ 0, it is direct to see that 𝑣 ≤ 𝑉 , and so to prove the conclusion it suffices to 
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estimate the following from above

∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2

∫
ℝ𝑁

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠.

Fix 𝑐″ > 𝑐∗
up(𝑢0, 𝑣0) and fix 𝑥 such that |𝑥| ≥ 𝑐″𝑡, and take 𝑐1 ∶= 1

2(𝑐″ + 𝑐∗
up(𝑢0, 𝑣0)) (so 

𝑐″ > 𝑐1 > 𝑐∗
up(𝑢0, 𝑣0)). We decompose the double integral into two terms

∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2

∫
|𝑦|≥𝑐1𝑠

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠

+ ∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2

∫
|𝑦|≤𝑐1𝑠

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠 ∶= 𝑌 + + 𝑌 −.

(3.3.60)

First, we estimate 𝑌 −. Since 𝑢, 𝑣 are uniformly bounded,

𝑌 − ≤ 𝐶 (𝜏
𝜋

)
𝑁/2

∫
𝑡

0
(4(𝑡 − 𝑠))−𝑁/2 ∫

|𝑦|≤𝑐1𝑠
𝑒− 𝜏|𝑥−𝑦|2

4(𝑡−𝑠) 𝑑𝑦 𝑑𝑠

= 𝐶 (𝜏
𝜋

)
𝑁/2

∫
𝑡

0
∫

|𝑧|≤ 𝑐1𝑠
√4(𝑡−𝑠)

𝑒−𝜏| 𝑥
√4(𝑡−𝑠) −𝑧|

2

𝑑𝑧 𝑑𝑠.

Using that |𝑎 − 𝑧|2 ≥ (|𝑎| − |𝑧|)2, |𝑥| ≥ 𝑐″𝑡 and 𝑐″ > 𝑐1, we get

𝜏−𝑁/2𝑌 − ≤ 𝐶 ∫
𝑡

0
∫

|𝑧|≤ 𝑐1𝑠
√4(𝑡−𝑠)

𝑒−𝜏( |𝑥|
√4(𝑡−𝑠) −|𝑧|)

2

𝑑𝑧 𝑑𝑠

≤ 𝐶 ∫
𝑡

0
∫

|𝑧|≤ 𝑐1𝑠
√4(𝑡−𝑠)

𝑒−𝜏( 𝑐″𝑡−𝑐1𝑠
√4(𝑡−𝑠) )

2

𝑑𝑧 𝑑𝑠

≤ 𝐶 ∫
𝑡

0
𝑠𝑁(𝑡 − 𝑠)− 𝑁

2 𝑒−𝜏 ((𝑐″−𝑐1)𝑡+𝑐1(𝑡−𝑠))
2

4(𝑡−𝑠) 𝑑𝑠

≤ 𝐶 ∫
𝑡

0
𝑠𝑁(𝑡 − 𝑠)− 𝑁

2 𝑒−𝜏 (𝑐″−𝑐1)2𝑡2
4(𝑡−𝑠) 𝑑𝑠.

Note that there exist 𝐶, 𝛾 > 0 such that for all 𝑠 ∈ (0, 𝑡),

𝜏− 𝑁
2 (𝑡 − 𝑠)− 𝑁

2 𝑒−𝜏 (𝑐″−𝑐1)2𝑡2
4(𝑡−𝑠) ≤ 𝐶𝑒− 2𝜏𝛾𝑡2

𝑡−𝑠 and (𝜏𝑠)𝑁 ≤ 𝐶𝑒𝛾𝜏𝑠 ≤ 𝐶𝑒
𝛾𝜏𝑡2
𝑡−𝑠 .

Thus we get

𝑌 − ≤ 𝐶 ∫
𝑡

0
𝑒− 𝛾𝜏𝑡2

𝑡−𝑠 𝑑𝑠 ≤ 𝐶 ∫
𝑡

0
𝑒−𝛾𝜏𝑡 𝑑𝑠 = 𝐶𝑡𝑒−𝛾𝜏𝑡 (3.3.61)
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which converges to 0 as 𝑡 → ∞.
Next, we estimate 𝑌 +. By Theorem 3.3.3(1), there exist 𝐶 ≥ 1 and 𝛿(=

√
𝑎) > 0 such 

that
𝑢(𝑠, 𝑦) ≤ 𝐶𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗

up)𝑠/2)  for |𝑦| ≥ 𝑐1𝑠.

Thus, also using that 𝑣 is uniformly bounded, we obtain

𝑌 + = ∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2
∫

|𝑦|≥𝑐1𝑠
𝑒− 𝜏|𝑥−𝑦|2

4(𝑡−𝑠) 𝑢(𝑠, 𝑦)𝑣(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠

≤ 𝐶 ∫
𝑡

0
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2
∫

|𝑦|≥𝑐1𝑠
𝑒− 𝜏|𝑥−𝑦|2

4(𝑡−𝑠) 𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗
up)𝑠/2) 𝑑𝑦 𝑑𝑠

≤ 𝐶 ∬
(𝑠≥ 𝑡

2  or |𝑦|≥ 𝑐″𝑡
2 )∩𝐷

( 𝜏
4𝜋(𝑡 − 𝑠)

)
𝑁/2

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗

up)𝑠/2) 𝑑𝑦 𝑑𝑠

+ 𝐶 ∬
(𝑠≤ 𝑡

2  and |𝑦|≤ 𝑐″𝑡
2 )∩𝐷

( 𝜏
4𝜋(𝑡 − 𝑠)

)
𝑁/2

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗

up)𝑠/2) 𝑑𝑦 𝑑𝑠

=∶ 𝑌 +
1 + 𝑌 +

2 ,

where 𝐷 ∶= {(𝑠, 𝑦) | 𝑠 ∈ (0, 𝑡), |𝑦| ≥ 𝑐1𝑠}. We first show that 𝑌 +
1  is small. If 𝑠 ≥ 𝑡

2 , since 
𝑐1 > 𝑐∗

up, then in 𝐷 we have for some 𝛾 > 0,

𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗
up)𝑠/2) ≤ 𝑒−𝛿(𝑐1−𝑐∗

up)𝑠/2 ≤ 𝑒−𝛾𝑡.

If |𝑦| ≥ 𝑐″𝑡
2 , also using that |𝑦| ≥ 𝑐1𝑠 and 𝑐1 > 𝑐∗

up, there is 𝛾 > 0 such that

𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗
up)𝑠/2) ≤ 𝑒−𝛿(|𝑦|− 𝑐1+𝑐∗up

2𝑐1
|𝑦|) ≤ 𝑒−𝛾𝑡.

Applying these into the definition of 𝑌 +
1  yields

𝑌 +
1 ≤ 𝐶𝑒−𝛾𝑡 ∬

(𝑠≥ 𝑡
2  or |𝑦|≥ 𝑐″𝑡

2 )∩𝐷
( 𝜏

4𝜋(𝑡 − 𝑠)
)

𝑁/2
𝑒− 𝜏|𝑥−𝑦|2

4(𝑡−𝑠) 𝑑𝑦 𝑑𝑠

≤ 𝐶𝑒−𝛾𝑡 ∫
𝑡

0
∫

ℝ𝑁

( 𝜏
4𝜋(𝑡 − 𝑠)

)
𝑁/2

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑑𝑦 𝑑𝑠 ≤ 𝐶𝑡𝑒−𝛾𝑡.

(3.3.62)
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Now we estimate 𝑌 +
2 . Recall that 𝑐1 = 1

2(𝑐″ + 𝑐∗
up), so

𝑌 +
2 = 𝐶 ∫

𝑡/2

0
∫

𝑐1𝑠≤|𝑦|≤ 𝑐″𝑡
2

( 𝜏
4(𝑡 − 𝑠)

)
𝑁/2

𝑒− 𝜏|𝑥−𝑦|2
4(𝑡−𝑠) 𝑒−𝛿(|𝑦|−(𝑐1+𝑐∗

up)𝑠/2) 𝑑𝑦 𝑑𝑠

≤ 𝐶𝜏 𝑁
2 ∫

𝑡/2

0
∫

𝑐1𝑠
√4(𝑡−𝑠) ≤|𝑧|≤ 𝑐″𝑡

2√4(𝑡−𝑠)

𝑒−𝜏( |𝑥|
√4(𝑡−𝑠) −|𝑧|)

2

𝑑𝑧 𝑑𝑠.

Using |𝑥| ≥ 𝑐″𝑡 and |𝑧| ≤ 𝑐″𝑡
2√4(𝑡−𝑠)  yields |𝑥|

√4(𝑡−𝑠) − |𝑧| ≥ 𝑐″𝑡
2√4(𝑡−𝑠) . We get that for some 

𝐶, 𝛾 > 0,

𝑌 +
2 ≤ 𝐶𝜏 𝑁

2 ∫
𝑡/2

0
∫

𝑐1𝑠
√4(𝑡−𝑠) ≤|𝑧|≤ 𝑐″𝑡

2√4(𝑡−𝑠)

𝑒−𝜏( 𝑐″𝑡
2√4(𝑡−𝑠) )

2

𝑑𝑧 𝑑𝑠

≤ 𝐶𝜏 𝑁
2 ∫

𝑡/2

0
∫

|𝑧|≤ 𝑐″√
𝑡

2
√

2

𝑒−𝜏(𝑐″√
𝑡/4)2

𝑑𝑧 𝑑𝑠 ≤ 𝐶𝜏 𝑁
2 𝑡1+ 𝑁

2 𝑒−𝛾𝜏𝑡.
(3.3.63)

Overall, plugging (3.3.61), (3.3.62) and (3.3.63) into (3.3.60), it follows that

sup
|𝑥|≥𝑐′𝑡

|𝑣(𝑡, 𝑥) − 𝑉 (𝑡, 𝑥)| ≤ 𝐶𝑡𝑒−𝛾𝜏𝑡 + 𝐶𝑡𝑒−𝛾𝑡 + 𝐶𝜏 𝑁
2 𝑡1+ 𝑁

2 𝑒−𝛾𝜏𝑡 → 0  as 𝑡 → ∞.

We conclude the proof. ∎

3.3.4 Existence of spreading speeds

In this subsection, we prove the existence of spreading speeds under certain natural conditions 
on 𝑣0 and prove Theorems 3.3.4 and 3.3.5. Throughout this subsection, we assume that (𝑢, 𝑣)
is a classical solution to (3.3.6) for all time with initial data (𝑢0, 𝑣0) satisfying the conditions 
stated in the Theorems. We start by proving some important Lemmas that would be useful 
in proving Theorems 3.3.4.

Lemma 3.3.4. Under the assumptions of Theorem 3.3.4, assume that 𝑣0 ∈ 𝐶0(ℝ𝑁) or 
𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1. Then

lim
𝑡→∞

‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ = 0, lim
𝑡→∞

‖∇𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ = 0, lim
𝑡→∞

‖Δ𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ = 0.
(3.3.64)

Proof of Lemma  3.3.4. We divide the proof into two steps.

Step 1. In this step, we prove the lemma for the case 𝑣0 ∈ 𝐶0(ℝ𝑁).
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First, note that, for any 𝜀 > 0, there is 𝑅(𝜀) > 0 such that

(𝜏
𝜋

)
𝑁/2

∫
|𝑧|>𝑅(𝜀)

𝑒−𝜏|𝑧|2‖𝑣0‖∞ 𝑑𝑧 < 𝜀,

and
|𝑣0(𝑦)| < 𝜀 for all |𝑦| ≥ 𝑅(𝜀).

Note also that

|𝑥 + 2
√

𝑡𝑧| ≥ 𝑅(𝜀) for all |𝑥| ≥ 2
√

𝑡𝑅(𝜀) + 𝑅(𝜀), |𝑧| ≤ 𝑅(𝜀).

Hence, for any 𝑡 > 0 and |𝑥| > 2
√

𝑡𝑅(𝜀) + 𝑅(𝜀),

𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) ≤ (𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑒−𝜏|𝑧|2𝑣0(𝑥 + 2
√

𝑡𝑧) 𝑑𝑧

≤ (𝜏
𝜋

)
𝑁/2

∫
|𝑧|>𝑅(𝜀)

𝑒−𝜏|𝑧|2‖𝑣0‖∞ 𝑑𝑧 + (𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤𝑅(𝜀)

𝑒−𝜏|𝑧|2𝑣0(𝑥 + 2
√

𝑡𝑧) 𝑑𝑧

≤ 𝜀 + 𝜀(𝜏
𝜋

)
𝑁/2

∫
|𝑧|≤𝑅(𝜀)

𝑒−𝜏|𝑧|2 𝑑𝑧. (3.3.65)

Next, by Theorem 3.3.2(2), we have

lim sup
𝑡→∞

sup
|𝑥|≤𝑐𝑡

𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) = 0 ∀ 0 < 𝑐 < 𝑐∗ ∶= 2
√

𝑎.

Therefore, for any 𝜀 > 0, there is 𝑇 (𝜀) > 0 such that

2
√

𝑡𝑅(𝜀) + 𝑅(𝜀) <
√

𝑎𝑡 ∀ 𝑡 ≥ 𝑇 (𝜀)

and
𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) < 𝜀 ∀ 𝑡 > 𝑇 (𝜀), |𝑥| ≤

√
𝑎𝑡. (3.3.66)

By (3.3.65)–(3.3.66),

𝑣(𝑡, 𝑥; 𝑢0, 𝑣0) < (1 + (𝜏
𝜋

)
𝑁/2

∫
ℝ𝑁

𝑒−𝜏|𝑧|2 𝑑𝑧) 𝜀 ∀ 𝑡 > 𝑇 (𝜀).

This implies that
lim

𝑡→∞
‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ = 0.
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Now, we assume for contradiction that there are 𝜀0 > 0, 𝑡𝑛 → ∞, and 𝑥𝑛 ∈ ℝ𝑁  such that

|∇𝑣(𝑡𝑛, 𝑥𝑛; 𝑢0, 𝑣0)| + |Δ𝑣(𝑡𝑛, 𝑥𝑛; 𝑢0, 𝑣0)| ≥ 𝜀0 ∀ 𝑛 ≥ 1. (3.3.67)

For 𝑡 ≥ −𝑡𝑛 and 𝑥 ∈ ℝ𝑁 , consider

𝑢𝑛(𝑡, 𝑥) = 𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0) and 𝑣𝑛(𝑡, 𝑥) = 𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0).

By the arguments for (3.3.13) and the statement below it, without loss of generality, we may 
assume that

∇𝑣𝑛(𝑡, 𝑥) → 0, Δ𝑣𝑛(𝑡, 𝑥) → 0 as 𝑛 → ∞,

locally uniformly in (𝑡, 𝑥) ∈ ℝ × ℝ𝑁 . In particular,

|∇𝑣𝑛(0, 0)| + |Δ𝑣𝑛(0, 0)| = |∇𝑣(𝑡𝑛, 𝑥𝑛)| + |Δ𝑣(𝑡𝑛, 𝑥𝑛)| → 0 as 𝑛 → ∞,

which contradicts with (3.3.67). Hence, we proved (3.3.64) for the case when 𝑣0 ∈ 𝐶0(ℝ𝑁).

Step 2. In this step, we prove the theorem for the case 𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1.

If 𝑣0 ≡ 0, nothing needs to be proved. In the following, we assume that 𝑣0 ≢ 0. Note 
that

𝜏
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑣𝑝(𝑡, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥 = −(𝑝−1) ∫
ℝ𝑁

𝑣𝑝−2|∇𝑣|2 𝑑𝑥−∫
ℝ𝑁

𝑢𝑣𝑝 𝑑𝑥 ≤ 0 ∀ 𝑡 > 0. (3.3.68)

Hence, ∫
ℝ𝑁 𝑣𝑝(𝑡, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥 is non-increasing as 𝑡 increases. We claim that

lim
𝑡→∞

‖𝑣(𝑡, ⋅; 𝑢0, 𝑣0)‖∞ = 0.

In fact, assume this is not true and then there are 𝜀0 > 0, 𝑡𝑛 strictly increasing to ∞, and 
𝑥𝑛 ∈ ℝ𝑁  such that

𝑣(𝑡𝑛, 𝑥𝑛; 𝑢0, 𝑣0) ≥ 𝜀0. (3.3.69)

By the similar arguments of (3.3.13) again, we may assume that there are 𝑢∗(𝑡, 𝑥) and 𝑣∗(𝑡, 𝑥)
such that

lim
𝑛→∞

𝑢(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0) = 𝑢∗(𝑡, 𝑥), lim
𝑛→∞

𝑣(𝑡 + 𝑡𝑛, 𝑥 + 𝑥𝑛; 𝑢0, 𝑣0) = 𝑣∗(𝑡, 𝑥)

locally uniformly in 𝑡 ∈ ℝ and 𝑥 ∈ ℝ𝑁 , and 𝑣∗(𝑡, 𝑥) satisfies

𝜏𝑣∗
𝑡 = Δ𝑣∗ − 𝑢∗𝑣∗, 𝑡 ∈ ℝ, 𝑥 ∈ ℝ𝑁 .
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Notice that 𝑣 is bounded above by the solution to the heat equation with initial data 𝑣0. 
Then, by the dominated convergence theorem and the monotonicity of ∫

ℝ𝑁 𝑣𝑝(𝑡, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥, 
we have

∫
ℝ𝑁

(𝑣∗(𝑡, 𝑥))𝑝 𝑑𝑥 = lim
𝑛→∞

∫
ℝ𝑁

𝑣𝑝(𝑡 + 𝑡𝑛, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥 ≤ ∫
ℝ𝑁

𝑣𝑝
0(𝑥) 𝑑𝑥 ∀ 𝑡 ∈ ℝ. (3.3.70)

On the other hand, for any 𝑚 ≥ 1, there is 𝑚′ ≥ 𝑚 such that 𝑡𝑚 + 𝑡𝑛 ≤ 𝑡𝑛+𝑚′ for all 
𝑛 = 1, 2, ⋯. Then by (3.3.68) and (3.3.70),

∫
ℝ𝑁

(𝑣∗(𝑡𝑚, 𝑥))𝑝 𝑑𝑥 = lim
𝑛→∞

∫
ℝ𝑁

𝑣𝑝(𝑡𝑚 + 𝑡𝑛, 𝑥; 𝑢0, 𝑣0) 𝑑𝑥

≥ lim
𝑛→∞

∫
ℝ𝑁

𝑣𝑝(𝑡𝑛+𝑚′ , 𝑥; 𝑢0, 𝑣0) 𝑑𝑥 = ∫
ℝ𝑁

(𝑣∗(0, 𝑥))𝑝 𝑑𝑥.

This implies that

∫
ℝ𝑁

(𝑣∗(0, 𝑥))𝑝 𝑑𝑥 ≤ ∫
ℝ𝑁

(𝑣∗(𝑡𝑚, 𝑥))𝑝 𝑑𝑥 ∀ 𝑚 = 1, 2, ⋯ . (3.3.71)

By (3.3.68) with 𝑣 and 𝑢 being replaced by 𝑣∗ and 𝑢∗, respectively, we have that ∫
ℝ𝑁 (𝑣∗(𝑡, 𝑥))𝑝 𝑑𝑥

is non-increasing. This, together with (3.3.71), yields that

∫
ℝ𝑁

(𝑣∗(𝑡, 𝑥))𝑝 𝑑𝑥 = ∫
ℝ𝑁

(𝑣∗(0, 𝑥))𝑝 𝑑𝑥 ∀ 𝑡 > 0.

By (3.3.68) with 𝑣 and 𝑢 being replaced by 𝑣∗ and 𝑢∗ again, we find

0 = 𝜏
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

(𝑣∗(𝑡, 𝑥))𝑝 𝑑𝑥 = −(𝑝 − 1) ∫
ℝ𝑁

(𝑣∗)𝑝−2|∇𝑣∗|2 𝑑𝑥 − ∫
ℝ𝑁

𝑢∗(𝑣∗)𝑝 𝑑𝑥.

Thus, we must have 𝑣∗(𝑡, 𝑥) ≡ constant, and since ∫
ℝ𝑁 (𝑣∗(𝑡, 𝑥))𝑝 𝑑𝑥 < ∞, we have 𝑣∗(𝑡, 𝑥) ≡

0. This clearly contradicts with (3.3.69). Hence, the claim holds. By the arguments in Step 
1, (3.3.64) holds for the case when 𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1. ∎

We briefly recall viscosity solutions. We refer readers to [9] for more details. This notion 
of solutions, as well as the comparison principle, will be one of the main tools we use in 
proving Theorem 3.3.5.

Consider the following parabolic type equation:

𝑢𝑡 + 𝐹(𝑡, 𝑥, 𝑢, ∇𝑢, 𝐷2𝑢) = 0. (3.3.72)
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Let 𝒮𝑁  denote the set of 𝑁 × 𝑁  symmetric matrices with the spectral norm. We say that 
𝐹  is uniformly elliptic if there exists Λ > 0 such that for any positive semi-definite matrix 
𝑃 ∈ 𝒮𝑁 , and any (𝑡, 𝑥, 𝑢, 𝑝, 𝑋) ∈ [0, ∞) × ℝ𝑁 × ℝ × ℝ𝑁 × 𝒮𝑁 ,

Λ Tr(𝑃 ) ≤ 𝐹(𝑡, 𝑥, 𝑢, 𝑝, 𝑋) − 𝐹(𝑡, 𝑥, 𝑢, 𝑝, 𝑋 + 𝑃 ).

We assume 𝐹  to be continuous and uniformly elliptic.
Now we recall the definition of viscosity solutions. Let Ω ⊆ ℝ𝑁  be open and 𝑇 > 0.

(i) We say that an upper semicontinuous (resp. lower semicontinuous) function 𝑢 ∶ (0, 𝑇 )×
Ω → ℝ is a (viscosity) subsolution (resp. (viscosity) supersolution) to (3.3.72) if the 
following holds: for any smooth function 𝜙 on (0, 𝑇 ) × Ω such that 𝑢 − 𝜙 has a local 
maximum (resp. minimum) at (𝑡0, 𝑥0) ∈ (0, 𝑇 ) × Ω, we have

𝜕𝑡𝜙(𝑡0, 𝑥0) + 𝐹(𝑡0, 𝑥0, 𝑢(𝑡0, 𝑥0), ∇𝜙(𝑡0, 𝑥0), 𝐷2𝜙(𝑡0, 𝑥0)) ≤ 0

(resp. 𝜕𝑡𝜙(𝑡0, 𝑥0) + 𝐹(𝑡0, 𝑥0, 𝑢(𝑡0, 𝑥0), ∇𝜙(𝑡0, 𝑥0), 𝐷2𝜙(𝑡0, 𝑥0)) ≥ 0) .

(ii) We say that a continuous function 𝑢 ∶ (0, 𝑇 ) × Ω → ℝ is a (viscosity) solution to 
(3.3.72) if it is both a subsolution and a supersolution.

It is easy to see that a classical solution is a viscosity solution. For the purpose of the paper, 
we take

𝐹(𝑡, 𝑥, 𝑢, ∇𝑢, 𝐷2𝑢) = −Δ𝑢 + 𝑓(𝑡, 𝑥) ⋅ ∇𝑢 + 𝑔(𝑡, 𝑥, 𝑢) (3.3.73)

where 𝑓, 𝑔 are uniformly continuous and bounded functions. It is easy to check that the 
operator satisfies condition (3.14) in [9]. Consequently, we have the following comparison 
principle.

Lemma 3.3.5. Let 𝑇 > 0 and let 𝐹  be given in (3.3.73). Let

𝑢+ ∶ (0, 𝑇 ) × ℝ𝑁 → ℝ and 𝑢− ∶ (0, 𝑇 ) × ℝ𝑁 → ℝ

be, respectively, a supersolution and a subsolution to (3.3.72). If

𝑢+(0, ⋅) ≥ 𝑢−(0, ⋅) and inf
𝑡∈(0,𝑇 )

lim inf
|𝑥|→∞

(𝑢+(𝑡, 𝑥) − 𝑢−(𝑡, 𝑥)) ≥ 0,

then
𝑢+(𝑡, 𝑥) ≥ 𝑢−(𝑡, 𝑥) for all (𝑡, 𝑥) ∈ (0, 𝑇 ) × ℝ𝑁 .
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We refer readers to Sections 5D and 8 of [9] for the proof and for more general cases. 
Next we prove a series of Lemmas that would be used in establishing existence of spreading 
when |𝜒| ≪ 1 and when 𝑣0 is not small for large |𝑥|. We focus on the case that 𝜏 = 1, and 
we consider (3.3.6) with 𝜎 ∈ (0, 1]. To prove Theorem 3.3.4(2) and Theorem 3.3.5, we make 
the following change of variable,

𝜁 ∶= 1 − 𝑣.

Then (𝑢, 𝜁) satisfies

{


𝑢𝑡 = Δ𝑢 + 𝜒∇ ⋅ (𝑢∇𝜁) + 𝑢(𝑎 − 𝑏𝑢𝜎), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜁𝑡 = Δ𝜁 + 𝑢(1 − 𝜁), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0

with initial data 𝑢0 and 𝜁0 ∶= 1 − 𝑣0. We will estimate 𝑤 ∶= 𝜁𝑝/𝑢 for some 𝑝 > 1.

To this end, we first discuss the inf- and sup-convolution technique. For 𝑇 > 0, suppose 
𝜌1, 𝜌2 ∈ 𝐶∞((0, 𝑇 ) × ℝ𝑁) and let 𝑟(𝑡) ∈ 𝐶∞((0, 𝑇 )) be non-negative. Define

𝜌(𝑡, 𝑥) ∶= sup
𝑦∈𝐵(𝑥,𝑟(𝑡))

𝜌1(𝑡, 𝑦), 𝜌(𝑡, 𝑥) ∶= inf
𝑦∈𝐵(𝑥,𝑟(𝑡))

𝜌2(𝑡, 𝑦). (3.3.74)

Then 𝜌 and 𝜌 are Lipschitz continuous. Let 𝑦1,𝑡 = 𝑦1,𝑡(𝑥) ∈ 𝐵(𝑥, 𝑟(𝑡)) be such that 𝜌(⋅, 𝑡) =
𝜌1(𝑡, 𝑦1,𝑡(⋅)). Then the following holds:

(Δ𝜌)(𝑡, 𝑥) ≥ (Δ𝜌1)(𝑡, 𝑦1,𝑡(𝑥)), (∇𝜌)(𝑡, 𝑥) = (∇𝜌1)(𝑡, 𝑦1,𝑡(𝑥)) (3.3.75)

and
(𝜕𝑡𝜌)(𝑡, 𝑥) = (𝜕𝑡𝜌1)(𝑡, 𝑦1,𝑡(𝑥)) + 𝑟′(𝑡)|∇𝜌1|(𝑡, 𝑦1,𝑡(𝑥)). (3.3.76)

The first inequality in (3.3.75) needs to be understood in the viscosity sense. The proof can 
be found in Lemmas 5.2, 5.3 [38] and Lemma 5.4 [37] for a more general case. Similarly, 
assuming 𝑦2,𝑡 = 𝑦2,𝑡(𝑥) ∈ 𝐵(𝑥, 𝑟(𝑡)) to satisfy that 𝜌(⋅, 𝑡) = 𝜌2(𝑡, 𝑦2,𝑡(⋅)), we have

(Δ𝜌)(𝑡, 𝑥) ≤ (Δ𝜌2)(𝑡, 𝑦2,𝑡(𝑥)), (∇𝜌)(𝑡, 𝑥) = (∇𝜌2)(𝑡, 𝑦2,𝑡(𝑥)),

and
(𝜕𝑡𝜌)(𝑡, 𝑥) = (𝜕𝑡𝜌2)(𝑡, 𝑦2,𝑡(𝑥)) − 𝑟′(𝑡)|∇𝜌2|(𝑡, 𝑦2,𝑡(𝑥)).

Let us specify the selection of parameters. For given 𝑟0 > 0, set 𝜌1 to be the unique 
solution to

𝜕𝑡𝜌1 = Δ𝜌1, 𝜌1(0, 𝑥) = inf
𝑦∈𝐵(𝑥,𝑟0)

𝑢0(𝑦), ∀ 𝑥 ∈ ℝ𝑁 ,
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and 𝜌2 the unique solution to

𝜕𝑡𝜌2 = Δ𝜌2, 𝜌2(0, 𝑥) = sup
𝑦∈𝐵(𝑥,𝑟0)

𝑢0(𝑦), ∀ 𝑥 ∈ ℝ𝑁 .

Then, let 𝜌 and 𝜌 be defined in (3.3.74) with 𝑟(𝑡) ∶= 𝑟0(1 − 𝑡/(4𝛽)) for some 𝛽 ∈ (0, 1]. The 
construction immediately yields that

𝜌(0, 𝑥) = sup
𝑦∈𝐵(𝑥,𝑟0)

inf
𝑦′∈𝐵(𝑦,𝑟0)

𝑢0(𝑦′) ≤ 𝑢0(𝑥) ≤ inf
𝑦∈𝐵(𝑥,𝑟0)

sup
𝑦′∈𝐵(𝑦,𝑟0)

𝑢0(𝑦′) = 𝜌(0, 𝑥). (3.3.77)

It follows from (3.3.75) and (3.3.76) that

𝜌𝑡 ≤ Δ𝜌 − (4𝛽)−1𝑟0|∇𝜌| for (𝑡, 𝑥) ∈ [0, 4𝛽) × ℝ𝑁 . (3.3.78)

Similarly, we have

𝜌
𝑡

≥ Δ𝜌 + (4𝛽)−1𝑟0|∇𝜌| for (𝑡, 𝑥) ∈ [0, 4𝛽) × ℝ𝑁 . (3.3.79)

Let us comment that here and below, inequalities involving derivatives of sup- or inf-
convolutions are understood in the viscosity sense. So (3.3.78)–(3.3.77) and the comparison 
principle yield that 𝜌 ≤ 𝜌 in [0, 4𝛽) × ℝ𝑁 .

By the assumption, if 𝑟0 > 0 is sufficiently small depending on 𝑢0, we have that 𝜌𝑖(0, 𝑥) ≢
0 with 𝑖 = 1, 2. We fix one such 𝑟0 ∈ (0, 1). We claim that for any 𝑝 > 1 there exists 
𝐶 = 𝐶(𝑝) > 0 such that

𝜌(𝑡, 𝑥)𝑝 ≤ 𝐶𝜌(𝑡, 𝑥) ∀ (𝑡, 𝑥) ∈ [𝛽, 2𝛽] × ℝ𝑁 . (3.3.80)

Let 𝑅 ≥ 1 be such that 𝑢0(⋅) is supported inside 𝐵𝑅. Then 𝜌𝑖(0, ⋅) with 𝑖 = 1, 2 are 
supported in 𝐵𝑅+1. Note that

𝜌𝑖(𝑡, 𝑥) ∶= (4𝜋𝑡)−𝑁/2 ∫
ℝ𝑁

𝑒− |𝑥−𝑦|2
4𝑡 𝜌𝑖(0, 𝑦) 𝑑𝑦,

and when |𝑥| ≥ 𝐿𝑅 for 𝐿 ≥ 4 and |𝑦| ≤ 𝑅 + 1, we have

𝑒− |𝑥|2(1+2/𝐿)2
4𝑡 ≤ 𝑒− |𝑥−𝑦|2

4𝑡 ≤ 𝑒− |𝑥|2(1−2/𝐿)2
4𝑡 .
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This implies that for 𝑡 ∈ [𝛽, 2𝛽], we have

𝜌1(𝑡, 𝑥) ≥ (4𝜋𝑡)− 𝑁
2 𝑒− |𝑥|2(1+2/𝐿)2

4𝑡 ∫
|𝑦|≤𝑅+1

𝜌1(0, 𝑦) 𝑑𝑦

and
𝜌2(𝑡, 𝑥)𝑝 ≤ (4𝜋𝑡)− 𝑁𝑝

2 𝑒− 𝑝|𝑥|2(1−2/𝐿)2
4𝑡 ( ∫

|𝑦|≤𝑅+1
𝜌2(0, 𝑦) 𝑑𝑦)

𝑝
.

Thus, by picking 𝐿 ≫ 1 such that 𝑝 ≥ (𝐿+2
𝐿−2)2, we get for all |𝑥| ≥ 𝐿𝑅 and 𝑡 ∈ [𝛽, 2𝛽] that

𝜌2(𝑡, 𝑥)𝑝 ≤ 𝐶𝑒− |𝑥|2(1+2/𝐿)2
4𝑡 ( ∫

|𝑦|≤𝑅+1
𝜌2(0, 𝑦) 𝑑𝑦)

𝑝

≤ 𝐶𝑒− |𝑥|2(1+2/𝐿)2
4𝑡 ∫

|𝑦|≤𝑅+1
𝜌1(0, 𝑦) 𝑑𝑦 ≤ 𝐶 inf

𝑦∈𝐵(𝑥,𝑟)
𝜌1(𝑡, 𝑥).

If |𝑥| ≤ 𝐿𝑅, since 𝜌𝑖 are strictly positive, the same holds with possibly a larger 𝐶 in the 
compact set [𝛽, 2𝛽] × 𝐵(0, 𝐿𝑅). Overall, we can find 𝐶 > 0 such that for 𝑡 ∈ [𝛽, 2𝛽],

𝜌(𝑡, 𝑥)𝑝 = inf
𝑦∈𝐵(𝑥,𝑟(𝑡))

𝜌2(𝑡, 𝑦)𝑝 ≤ 𝐶 sup
𝑦∈𝐵(𝑥,𝑟(𝑡))

𝜌1(𝑡, 𝑦) = 𝐶𝜌(𝑡, 𝑥)

which yields (3.3.80).
Similarly, since 𝜁(0, ⋅) is compactly supported, the same argument yields that

̂𝜁(𝑡, 𝑥)𝑝 ≤ 𝐶𝜌(𝑡, 𝑥)  for (𝑡, 𝑥) ∈ [𝛽, 2𝛽] × ℝ𝑁 , (3.3.81)

where ̂𝜁 is the unique solution to the heat equation with initial data 𝜁0.

Below we use 𝜌 and 𝜌 to show that 𝜁𝑝 ≲ 𝑢 in a positive finite time interval. In the proof, 
we need to estimate 𝑢 from above. So, as a by-product, we also obtain that 𝑢𝑝 ≲ 𝜁 in the 
short time.

Since 𝑢0 ∈ 𝑋+
1  and 𝑣0 ∈ 𝑋+

1 ∩ 𝐶2+𝛼,𝑏
unif (ℝ𝑁), by Lemma 2.5.2 and Remark 3.2.1, there 

exist 𝜒1 ∈ (0, 1) and 𝐴 = 𝐴(‖𝑣0‖𝑋1
, ‖𝑢0‖∞) > 0 such that as long as |𝜒| ≤ 𝜒1, we have

sup
𝑡≥0

(‖∇𝜁(𝑡, ⋅)‖∞ + ‖Δ𝜁(𝑡, ⋅)‖∞) = sup
𝑡≥0

(‖∇𝑣(𝑡, ⋅)‖∞ + ‖Δ𝑣(𝑡, ⋅)‖∞) ≤ 𝐴. (3.3.82)

Lemma 3.3.6. Assume |𝜒| ≤ 𝜒1. There exists 𝛽 ∈ (0, 1] such that for any 𝑝 > 1 we can 
find 𝐿 ≥ 4 such that for all (𝑡, 𝑥) ∈ [𝛽, 2𝛽] × ℝ𝑁  we have

𝜁(𝑡, 𝑥)𝑝 ≤ 𝐿𝑢(𝑡, 𝑥) and 𝑢(𝑡, 𝑥)𝑝 ≤ 𝐿𝜁(𝑡, 𝑥).
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Proof of Lemma 3.3.6. Take 𝐴 and 𝑟0 as above, and let

𝛽 = min{1, 𝑟0/(4𝐴)}. (3.3.83)

Let 𝜌 and 𝜌 be defined as above in [0, 4𝛽) × ℝ𝑁 . Let 𝜑(𝑡, 𝑥) ∶= 𝑒𝑀𝑡𝜌(𝑡, 𝑥) for some 
𝑀 > 0 to be determined. Then, by (3.3.79),

𝜑
𝑡

− Δ𝜑 ≥ 𝑀𝜑 + (4𝛽)−1𝑟0|∇𝜑|.

It follows that

𝜑
𝑡

− Δ𝜑 − 𝜒∇ ⋅ (𝜑∇𝜁) − 𝜑(𝑎 − 𝑏𝜑𝜎) ≥ 𝑀𝜑 + ((4𝛽)−1𝑟0 − 𝐴|𝜒|)|∇𝜑| − 𝐴𝜒𝜑 − 𝑎𝜑,

and so, using (3.3.83) and taking 𝑀 ≥ 𝐴+𝑎 ≥ 𝐴|𝜒|+𝑎, 𝜑 is a supersolution to the equation 
satisfied by 𝑢. Also recall (3.3.77), the comparison principle yields 𝜑 ≥ 𝑢.

On the other hand, let 𝜑(𝑡, 𝑥) ∶= 𝑒−𝑀𝑡𝜌(𝑡, 𝑥) and we view −(𝑎 − 𝑏𝑢𝜎) as a function of 
(𝑡, 𝑥) that is bounded from above by 𝐶 > 0. Using (3.3.78), we have

𝜑𝑡 − Δ𝜑 − 𝜒∇ ⋅ (𝜑∇𝜁) − 𝜑(𝑎 − 𝑏𝑢𝜎) ≤ −𝑀𝜑 − ((4𝛽)−1𝑟0 − 𝐴|𝜒|)|∇𝜑| + 𝐴|𝜒|𝜑 + 𝐶𝜑 ≤ 0,

after further assuming 𝑀 ≥ 𝐴 + 𝐶 ≥ 𝐴|𝜒| + 𝐶. Then 𝜑 is a subsolution to the above linear 
equation and the comparison principle yields 𝜑 ≤ 𝑢. Overall, we obtain for all 𝑡 ∈ [0, 2𝛽],

𝑒−2𝑀𝜌(𝑡, 𝑥) ≤ 𝑢(𝑡, 𝑥) ≤ 𝑒2𝑀𝜌(𝑡, 𝑥). (3.3.84)

Now we estimate 𝜁. Let us start with the upper bound. Recall that ̂𝜁 is defined as the 
solution to the heat equation with initial data 𝜁0. We claim that 𝜁 ≤ ̂𝜁 + 𝑡𝑒2𝑀𝜌 =∶ 𝜁 in 
[0, 2𝛽] × ℝ𝑁 . This is because 𝜁(0, ⋅) = ̂𝜁(0, ⋅) = 𝜁(0, ⋅) and, by (3.3.79) and (3.3.84),

𝜁
𝑡

− Δ𝜁 ≥ 𝑒2𝑀𝜌 ≥ 𝑢,

and 𝜁 satisfies 𝜁𝑡 − Δ𝜁 = 𝑢(1 − 𝜁) ≤ 𝑢.
For the lower bound, take

𝜁(𝑡, 𝑥) ∶= 𝛼𝑡𝜌(𝑡, 𝑥) with 𝛼 ∈ (0, 2−1𝑒−2𝑀).

Then 𝜁(0, ⋅) ≡ 0 ≤ 𝜁0. Let us fix 𝛼 > 0 to be sufficiently small such that 𝜁(𝑡, ⋅) ≤ 1
2  for 
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𝑡 ∈ [0, 2𝛽]. Within the time interval, by (3.3.78), (3.3.84) and 𝛼 < 𝑒−2𝑀/2, we get

𝜁𝑡 − Δ𝜁 ≤ 𝛼𝜌 ≤ 2−1𝑢 ≤ 𝑢(1 − 𝜁).

Therefore, the comparison principle yields 𝜁(𝑡, ⋅) ≥ 𝜁 for (𝑡, 𝑥) ∈ [0, 2𝛽] × ℝ𝑁 . Overall, we 
obtain for (𝑡, 𝑥) ∈ [0, 2𝛽] × ℝ𝑁 ,

𝑡𝛼𝜌(𝑡, 𝑥) ≤ 𝜁(𝑡, 𝑥) ≤ ̂𝜁(𝑡, 𝑥) + 𝑡𝑒2𝑀𝜌(𝑡, 𝑥),

which, combining with (3.3.80) and (3.3.81), yields

𝐶−1𝜌(𝑡, 𝑥)𝑝 ≤ 𝜁(𝑡, 𝑥)𝑝 ≤ 𝐶𝜌(𝑡, 𝑥) ∀(𝑡, 𝑥) ∈ [𝛽, 2𝛽] × ℝ𝑁 ,  for some 𝐶 > 1.

Finally, since (3.3.80) and (3.3.84) imply

𝐶−1𝜌(𝑡, 𝑥)𝑝 ≤ 𝑢(𝑡, 𝑥)𝑝 ≤ 𝐶𝜌(𝑡, 𝑥) ∀(𝑡, 𝑥) ∈ [𝛽, 2𝛽] × ℝ𝑁 ,  for some 𝐶 > 1,

the conclusion follows immediately. ∎

Below we prove that 𝜁𝑝 ≲ 𝑢 for all 𝑡 ≥ 𝛽.

Lemma 3.3.7. Let 𝛽, 𝐿 = 𝐿(𝛽, 𝑝) from Lemma 3.3.6 with some 𝑝 > 1, and let 𝜒1, 𝐴 from 
(3.3.82). If |𝜒| ≤ min{ 𝑎

2𝐴 , 𝜒1} and −𝜒 ≤ 𝑝 − 1, then for all (𝑡, 𝑥) ∈ [𝛽, ∞) × ℝ𝑁 ,

𝜁(𝑡, 𝑥)𝑝 ≤ 𝑀𝑢(𝑡, 𝑥) where 𝑀 ∶= max {𝐿, 4𝑝/𝑎, 2(4𝑏/𝑎)1/𝜎} . (3.3.85)

Proof of Lemma 3.3.7. Let us consider 𝑤 ∶= 𝜁𝑝

𝑢 , which is well-defined and ≤ 𝐿 at least 
for 𝑡 ∈ [𝛽, 2𝛽] by Lemma 3.3.6. Since the solutions are smooth for all positive times, it 
suffices to prove a priori estimate that 𝑤 stays uniformly bounded for all 𝑡 ≥ 𝛽.
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By direct computation,

∇𝑤 = ∇ (𝜁𝑝

𝑢
) = 𝑢∇(𝜁𝑝) − 𝜁𝑝∇𝑢

𝑢2 ,

Δ𝑤 = Δ (𝜁𝑝

𝑢
) = 𝑢Δ(𝜁𝑝) − 𝜁𝑝Δ𝑢

𝑢2 − 2∇𝑢(𝑢∇(𝜁𝑝) − 𝜁𝑝∇𝑢)
𝑢3

= 𝑝𝑢𝜁𝑝−1Δ𝜁 − 𝜁𝑝Δ𝑢
𝑢2 + 𝑝(𝑝 − 1)𝑤|∇𝜁|2

𝜁2 − 2∇𝑢 ⋅ ∇𝑤
𝑢

,

𝜁𝑝∇ ⋅ (𝑢∇𝜁)
𝑢2 = 𝜁𝑝Δ𝜁

𝑢
+ 𝜁𝑝∇𝑢 ⋅ ∇𝜁 − 𝑢∇(𝜁𝑝) ⋅ ∇𝜁

𝑢2 + 𝑢∇(𝜁𝑝) ⋅ ∇𝜁
𝑢2

= 𝑤Δ𝜁 − ∇𝑤 ⋅ ∇𝜁 + 𝑝𝑤|∇𝜁|2

𝜁
,

and
𝜁𝑝(𝑎 − 𝑏𝑢𝜎) − 𝑝𝑢𝜁𝑝−1(1 − 𝜁)

𝑢
= 𝑎𝑤 − 𝑏𝑢𝜎𝑤 − 𝑝𝜁𝑝−1(1 − 𝜁).

Also by the equations, we have

𝑤𝑡 = 𝜁𝑝
𝑡 𝑢 − 𝜁𝑝𝑢𝑡

𝑢2 = 𝑝𝑢𝜁𝑝−1(Δ𝜁 + 𝑢(1 − 𝜁)) − 𝜁𝑝(Δ𝑢 + 𝜒∇ ⋅ (𝑢∇𝜁) + 𝑢(𝑎 − 𝑏𝑢𝜎))
𝑢2

= 𝑝𝑢𝜁𝑝−1Δ𝜁 − 𝜁𝑝Δ𝑢
𝑢2 − 𝜒𝜁𝑝∇ ⋅ (𝑢∇𝜁)

𝑢2 − 𝜁𝑝(𝑎 − 𝑏𝑢𝜎) − 𝑝𝜁𝑝−1𝑢(1 − 𝜁)
𝑢

.

Putting these together, we obtain that 𝑤 satisfies

𝑤𝑡 = Δ𝑤 + 2∇𝑢 ⋅ ∇𝑤
𝑢

− 𝑝(𝑝 − 1)𝑤|∇𝜁|2

𝜁2 − 𝜒 (𝑤Δ𝜁 − ∇𝜁 ⋅ ∇𝑤 + 𝑝𝑤|∇𝜁|2

𝜁
)

− (𝑎 − 𝑏𝑢𝜎)𝑤 + 𝑝𝜁𝑝−1(1 − 𝜁).

Due to |𝜒Δ𝜁| ≤ 𝑎
2  and −𝜒 ≤ 𝑝 − 1 by the assumption, and 𝜁 ∈ [0, 1], we get

𝑤𝑡 ≤ Δ𝑤 + 2∇𝑢 ⋅ ∇𝑤
𝑢

− 𝜒∇𝜁 ⋅ ∇𝑤 − (𝑎
2

− 𝑏𝑢𝜎) 𝑤 + 𝑝. (3.3.86)

Note that if 𝑏𝑢𝜎 ≥ 𝑎
4 , we have 𝑢 ≥ ( 𝑎

4𝑏)1/𝜎 =∶ 𝑐∗ and 𝑤 = 𝜁𝑝

𝑢 ≤ 1
𝑐∗

, and otherwise, we 
have (𝑎

2 − 𝑏𝑢𝜎) ≥ 𝑎
4 . Therefore,

(𝑎
2

− 𝑏𝑢𝜎) 𝑤 ≥ 𝑎𝑤
4

− 𝑏𝑢𝜎𝑤Ψ(𝑤),

where Ψ is Lipschitz continuous and satisfies Ψ(𝑤) ∈ [1{𝑤≤1/𝑐∗}, 1{𝑤≤2/𝑐∗}] with 1 denoting 
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the characteristic function. We deduce from (3.3.86) that

𝑤𝑡 ≤ Δ𝑤 + 2∇𝑢 ⋅ ∇𝑤
𝑢

− 𝜒∇𝜁 ⋅ ∇𝑤 − 𝑎𝑤
4

+ 𝑏𝑢𝜎𝑤Ψ(𝑤) + 𝑝.

Recall that 𝑤(𝛽, ⋅) ≤ 𝐿 by Lemma 3.3.6 and 𝑢 is uniformly finite. We can compare 𝑤 with 
the solution to the following ODE (𝑧 = 𝑧(𝑡))

𝑑
𝑑𝑡

𝑧 = −𝑎𝑧
4

+ 𝑏‖𝑢‖𝜎
∞𝑧Ψ(𝑧) + 𝑝, 𝑧(𝛽) = 𝐿,

to get for all 𝑥 ∈ ℝ𝑁  and 𝑡 ≥ 𝛽,

𝑤(𝑡, 𝑥) ≤ 𝑧(𝑡) ≤ max {𝐿, 4𝑝/𝑎, 2/𝑐∗} = 𝑀.

which implies (3.3.85). ∎

After obtaining the estimate 𝜁𝑝 ≤ 𝑀𝑢, we are able to bound |∇𝜁| and |𝐷2𝜁| in terms of 
𝑢.

Lemma 3.3.8. Assume |𝜒| ≤ 𝜒1. For any 𝑝′ > 1, there exists 𝐶 = 𝐶(𝑝′) > 0 such that the 
following holds. For all (𝑡, 𝑥) ∈ [1, ∞) × ℝ𝑁  we have

|∇𝑢(𝑡, 𝑥)| ≤ 𝐶𝑢(𝑡, 𝑥)
1

𝑝′ .

Under the assumptions of Lemma 3.3.7 and for 𝑝, 𝑀 from the lemma, we have for all 
(𝑡, 𝑥) ∈ [3, ∞) × ℝ𝑁 ,

|∇𝜁(𝑡, 𝑥)|, |𝐷2𝜁(𝑡, 𝑥)| ≤ 𝐶𝑀
1
𝑝 𝑢(𝑡, 𝑥)

1
𝑝′𝑝 .

Proof of Lemma 3.3.8. Since |𝜒| ≤ 𝜒1, the first claim follows from Lemma 2.6.1.
The estimate for |∇𝜁| follows similarly. Indeed, by the equation of 𝜁, the local 𝐿𝑞-

parabolic estimates (see for e.g., [45, Theorem 7.22]) yield for 𝑡 ≥ 2 and any 𝑥 ∈ ℝ𝑁 ,

‖𝐷2𝜁‖𝐿𝑁+3([𝑡− 1
2 ,𝑡]×𝐵(𝑥, 1

2 )) ≤ 𝐶 (‖𝑢(1 − 𝜁)‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + ‖𝜁‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)))

≤ 𝐶 (‖𝑢‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + ‖𝜁‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1))) .

The anisotropic Sobolev embedding ([11, Lemma A3]) yields for any (𝑡, 𝑥) ∈ [2, ∞) × ℝ𝑁 ,

|∇𝜁(𝑡, 𝑥)| ≤ 𝐶 (‖𝑢‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + ‖𝜁‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1))) . (3.3.87)
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Since 𝑡 ≥ 2, applying (3.3.85) and Lemma 2.6.1 (with 𝑅 = 1, 𝑠0 ∈ [0, 1] and 𝑝 = 𝑝′), we get 
for some 𝐶 = 𝐶(𝑝′),

|∇𝜁(𝑡, 𝑥)| ≤ 𝐶 (‖𝑢‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + 𝑀
1
𝑝 ‖𝑢

1
𝑝 ‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1))) ≤ 𝐶𝑀

1
𝑝 𝑢(𝑡, 𝑥)

1
𝑝′𝑝 .

For the last claim, note that 𝑞 ∶= ∇𝜁 satisfies

𝑞𝑡 − Δ𝑞 + 𝑢𝑞 = (∇𝑢)(1 − 𝜁).

So Theorem 7.22 in [45], (3.3.85) and (3.3.87) yield for 𝑡 ∈ [3, ∞),

‖𝐷2𝑞‖𝐿𝑁+3([𝑡− 1
2 ,𝑡]×𝐵(𝑥, 1

2 )) ≤ 𝐶 (‖∇𝑢‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + ‖𝑞‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)))

≤ 𝐶 (‖∇𝑢‖𝐿𝑁+3([𝑡−1,𝑡]×𝐵(𝑥,1)) + ‖𝑢‖𝐿𝑁+3([𝑡−2,𝑡]×𝐵(𝑥,2)) + 𝑀
1
𝑝 ‖𝑢

1
𝑝 ‖𝐿𝑁+3([𝑡−2,𝑡]×𝐵(𝑥,2))) .

Again by the anisotropic Sobolev embedding and Lemma 2.6.1, there exists 𝐶 = 𝐶(𝑝′) such 
that for 𝑡 ∈ [3, ∞),

|𝐷2𝜁(𝑡, 𝑥)| ≤ 𝐶‖𝐷2𝑞‖𝐿𝑁+3([𝑡− 1
2 ,𝑡]×𝐵(𝑥, 1

2 )) ≤ 𝐶𝑀
1
𝑝 𝑢(𝑡, 𝑥)

1
𝑝′𝑝 .

∎

We now prove Theorem 3.3.4(1) using Lemma  3.3.4.

Proof of Theorem 3.3.4(1). First, by Lemma 3.3.4 for any fixed 𝜀 > 0, there exists a 
𝑇𝜀 > 1 such that

|∇𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)| ≤ 𝜀, |Δ𝑣(𝑡, 𝑥; 𝑢0, 𝑣0)| ≤ 𝜀 ∀ 𝑡 ≥ 𝑇𝜀, 𝑥 ∈ ℝ𝑁 . (3.3.88)

Next, take 𝑐 ∶= 2
√

𝑎 + |𝜒|𝜀(1 + 1/
√

𝑎). The rest of the proof is similar to the one of 
Theorem 3.3.3(1). Indeed, let 𝑐1 = 2

√
𝑎 + |𝜒|𝐴(1 + 1/

√
𝑎) and 𝑀1 from (3.3.55), and for 

any 𝜉 ∈ 𝕊𝑁−1, define
𝑢𝜉(𝑡, 𝑥) ∶= 𝑀1𝑒−

√
𝑎(𝑥⋅𝜉−𝑐(𝑡−𝑇𝜀)−𝑐1𝑇𝜀).

Then, by (3.3.88), for all 𝑡 ≥ 𝑇𝜀 and 𝑥 ∈ ℝ𝑁 ,

𝜕𝑡𝑢𝜉 = 𝑐
√

𝑎𝑢𝜉 = (2𝑎 + |𝜒|𝜀(
√

𝑎 + 1))𝑢𝜉 ≥ Δ𝑢𝜉 − 𝜒∇ ⋅ (𝑢𝜉∇𝑣) + 𝑎𝑢𝜉 − 𝑏𝑢2
𝜉 .
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At 𝑡 = 𝑇𝜀, using (3.3.56), we have

𝑢(𝑇𝜀, 𝑥; 𝑢0, 𝑣0) ≤ 𝑀1𝑒−
√

𝑎(𝑥⋅𝜉−𝑐1𝑇𝜀) = 𝑢𝜉(𝑇𝜀, 𝑥) ∀ 𝑥 ∈ ℝ𝑁  and 𝜉 ∈ 𝕊𝑁−1.

Thus it follows from the comparison principle that

𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) ≤ 𝑢𝜉(𝑡, 𝑥) ∀ 𝑥 ∈ ℝ𝑁 , 𝑡 ≥ 𝑇𝜀 and 𝜉 ∈ 𝕊𝑁−1.

This implies that
𝑐∗
up(𝑢0, 𝑣0) ≤ 2

√
𝑎 + |𝜒|𝜀(1 + 1/

√
𝑎) ∀ 𝜀 > 0.

Passing 𝜀 → 0 and applying Theorem 3.3.2(1) show

𝑐∗
low(𝑢0, 𝑣0) = 𝑐∗

up(𝑢0, 𝑣0) = 2
√

𝑎.

∎

Next, we prove Theorem 3.3.4(2) and we recall that here 𝜎 = 1 and 𝜒 < 0. We would 
use Lemma  3.3.6–Lemma 3.3.8 to establish Theorem 3.3.4(2) and Theorem  3.3.5

Proof of Theorem 3.3.4(2). First, let

𝑤 = 𝑢 − 𝜒
2

|∇𝜁|2.

Note that
∇𝜁 ⋅ ∇(Δ𝜁) = 1

2
Δ|∇𝜁|2 − |𝐷2𝜁|2.

Then 𝑤 satisfies

𝑤𝑡 = Δ𝑤 + 𝜒𝑢Δ𝜁 + 𝜒|𝐷2𝜁|2 + 𝜒𝜁∇𝑢 ⋅ ∇𝜁 + 𝜒𝑢|∇𝜁|2 + 𝑢(𝑎 − 𝑏𝑢).

Write 𝜒̃ = −𝜒 > 0, and by Young’s inequality we get

𝑤𝑡 = Δ𝑤 − 𝜒̃𝑢Δ𝜁 − 𝜒̃|𝐷2𝜁|2 − 𝜒̃𝜁∇𝑢 ⋅ ∇𝜁 − 𝜒̃𝑢|∇𝜁|2 + 𝑢(𝑎 − 𝑏𝑢)

≤ Δ𝑤 + 𝑁𝜒̃
4

𝑢2 − 𝜒̃𝜁∇𝑢 ⋅ ∇𝜁 − 𝜒̃𝑢|∇𝜁|2 + 𝑎𝑤 − 𝑎𝜒̃
2

|∇𝜁|2 − 𝑏𝑢2

≤ Δ𝑤 + 𝑁𝜒̃
4

𝑢2 + 𝜒̃
2𝑎

𝜁2|∇𝑢|2 − 𝜒̃𝑢|∇𝜁|2 + 𝑎𝑤 − 𝑏𝑢2.

By the assumptions in Theorem 3.3.4(2) and Lemmas 3.3.7 and 3.3.8, there are 𝐶 > 0
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and 𝜒2 ∈ (0, 𝜒1) such that if |𝜒| ≤ 𝜒2,

|∇𝑢| ≤ 𝐶𝑢1
2 and 𝜁 ≤ 𝐶𝑢1

2  in [1, ∞) × ℝ𝑁 .

With these, 𝑤 satisfies

𝑤𝑡 ≤ Δ𝑤 + 𝑁𝜒̃
4

𝑢2 + 𝐶𝜒̃
2𝑎

𝑢2 + 𝑎𝑤 − 𝑏𝑢2.

which implies that if 𝜒̃ ≤ 𝜒3 ∶= 2𝑎𝑏
𝑎𝑁+2𝐶 , then

𝑤𝑡 ≤ Δ𝑤 + 𝑎𝑤 − 𝑏
2

𝑤2.

This shows that the spreading speed of 𝑢 is 𝑐∗ = 2
√

𝑎 when 0 < −𝜒 ≤ 𝜒0 ∶= min{𝜒2, 𝜒3}.
∎

Finally, we prove Theorem 3.3.5. Here we consider the case of 𝜎 ∈ (0, 1), while allowing 
𝜒 > 0.

Proof of Theorem 3.3.5. Since 𝜎 < 1, it follows from the assumptions in Theorem 3.3.5 
and Lemma 3.3.8 that there exist 𝐶 > 0 and 𝜒2 ∈ (0, 𝜒1) such that as long as |𝜒| ≤ 𝜒2,

|∇𝑢|, |∇𝜁| ≤ 𝐶𝑢1+𝜎
2 and |𝐷2𝜁| ≤ 𝐶𝑢𝜎  in [3, ∞) × ℝ𝑁 .

Hence, from the equation, we get for 𝑡 ≥ 3,

𝑢𝑡 = Δ𝑢 + 𝜒∇𝑢 ⋅ ∇𝜁 + 𝜒𝑢Δ𝜁 + 𝑢(𝑎 − 𝑏𝑢𝜎)

≤ Δ𝑢 + 𝑎𝑢 − 𝑏𝑢1+𝜎 + 𝐶|𝜒|𝑢1+𝜎 ≤ Δ𝑢 + 𝑎𝑢,

provided that |𝜒| ≤ 𝜒0 ∶= min{𝜒2, 𝑏
𝐶 }. This implies that the spreading speed of 𝑢 is 

𝑐∗ = 2
√

𝑎. ∎

3.3.5 Numerical simulations and biological indications

In this subsection, we present the numerical experiments that explore the influence of chemo-
taxis on the spread of the biological species in (3.0.1) when 𝑁 = 1 and 𝑎 = 𝑏 = 1. The 
equation becomes

{


𝑢𝑡 = 𝑢𝑥𝑥 − 𝜒(𝑢𝑣𝑥)𝑥 + 𝑢(1 − 𝑢), 𝑥 ∈ ℝ,

𝜏𝑣𝑡 = 𝑣𝑥𝑥 − 𝑢𝑣, 𝑥 ∈ ℝ.
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For given 𝑢0 ∈ 𝑋+ and 𝑣0 ∈ 𝑋+
1 , in order to see the behavior of 𝑢(𝑡, 𝑥; 𝑢0, 𝑣0) near (𝑡, 𝑐𝑡), 

we consider
(𝑢̃(𝑡, 𝑥), ̃𝑣(𝑡, 𝑥)) ∶= (𝑢(𝑡, 𝑥 + 𝑐𝑡; 𝑢0, 𝑣0), 𝑣(𝑡, 𝑥 + 𝑐𝑡; 𝑢0, 𝑣0)),

which solves
{


𝑢̃𝑡 = 𝑢̃𝑥𝑥 + 𝑐𝑢̃𝑥 − 𝜒(𝑢̃ ̃𝑣𝑥)𝑥 + 𝑢̃(1 − 𝑢̃), 𝑥 ∈ ℝ,

𝜏 ̃𝑣𝑡 = ̃𝑣𝑥𝑥 + 𝑐𝜏 ̃𝑣𝑥 − 𝑢̃ ̃𝑣, 𝑥 ∈ ℝ,

𝑢̃(0, 𝑥) = 𝑢0(𝑥), ̃𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ.

(3.3.89)

For the numerical simulations, we use the following cut-off system of (3.3.89) on (−𝐿, 𝐿),

{


𝑢̃𝑡 = 𝑢̃𝑥𝑥 + 𝑐𝑢̃𝑥 − 𝜒(𝑢̃ ̃𝑣𝑥)𝑥 + 𝑢̃(1 − 𝑢̃), 𝑥 ∈ (−𝐿, 𝐿),

𝜏 ̃𝑣𝑡 = ̃𝑣𝑥𝑥 + 𝑐𝜏 ̃𝑣𝑥 − 𝑢̃ ̃𝑣, 𝑥 ∈ (−𝐿, 𝐿),

𝑢̃(0, 𝑥) = 𝑢0(𝑥), ̃𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ (−𝐿, 𝐿).

(3.3.90)

complemented with the following boundary conditions:

𝑢̃(𝑡, ±𝐿) = 0, 𝜕 ̃𝑣
𝜕𝑥

(𝑡, ±𝐿) = 0. (3.3.91)

If 𝜒 = 0, it suffices to solve for the following Fisher-KPP equation with convection,

{


𝑢̃𝑡 = 𝑢̃𝑥𝑥 + 𝑐𝑢̃𝑥 + 𝑢̃(1 − 𝑢̃), −𝐿 < 𝑥 < 𝐿,

𝑢̃(0, 𝑥) = 𝑢0, 𝑢̃(𝑡, −𝐿) = 𝑢̃(𝑡, 𝐿) = 0.
(3.3.92)

Following from the arguments of [13, Theorem 2.2], we have the following dichotomy 
about the asymptotic dynamics of (3.3.92): for fixed 𝑐 ∈ ℝ and 𝐿 > 0, either 𝑢̃(𝑡, 𝑥) → 0
as 𝑡 → ∞ uniformly in 𝑥 ∈ [−𝐿, 𝐿] for any 𝑢0 ∈ 𝐶([−𝐿, 𝐿]) and 𝑢0 > 0, or (3.3.92) has a 
unique positive stationary solution 𝑢∗(𝑥) and 𝑢(𝑡, 𝑥) → 𝑢∗(𝑥) as 𝑡 → ∞ uniformly for all 
𝑥 ∈ [−𝐿, 𝐿] and 𝑢0 ∈ 𝐶([−𝐿, 𝐿]) with 𝑢0 > 0. The former occurs when 𝜆(𝑐, 𝐿) ≤ 0 and the 
latter occurs when 𝜆(𝑐, 𝐿) > 0, where 𝜆(𝑐, 𝐿) is the principal eigenvalue of

{


𝑢̃𝑥𝑥 + 𝑐𝑢̃𝑥 + 𝑢̃ = 𝜆𝑢, −𝐿 < 𝑥 < 𝐿,

𝑢̃(−𝐿) = 𝑢̃(𝐿) = 0.

One can check that if 𝑐 > 2 and 𝐿 ≫ 1, we have 𝜆(𝑐, 𝐿) < 0; and when 0 < 𝑐 < 2, we have 
𝜆(𝑐, 𝐿) > 0 if 𝐿 ≫ 1. Thus, this confirms that the spreading speed for Fisher-KPP is 2

√
𝑎, 

which is 2 here.
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When 𝜒 ≠ 0, if for some 𝑐 > 2 and sufficiently large 𝐿 we have 𝑢̃(𝑡, 𝑥)↛0 as 𝑡 → ∞, 
then we may conclude that chemotaxis speeds up the spreading of the species. Section 3.3.4 
already shows that no speed-up occurs when the initial chemical concentration is not present 
everywhere. Therefore, we focus on the case where the chemical is initially distributed 
throughout the domain. To this end, we choose the following initial functions 𝑢0 and 𝑣0:

𝑢0(𝑥) =

{


0, 𝑥 ≤ −1,

𝑒
1

𝑥2−1 , 𝑥 ∈ (−1, 1),

0, 𝑥 ≥ 1,

𝑣0(𝑥) = 1, (3.3.93)

and take 𝐿 = 20. We compute the numerical solution of (3.3.90)+(3.3.91) with this initials 
(3.3.93) using the finite difference method. All the numerical simulations were implemented 
using the Python programming language.

We start by defining the scheme for (3.3.90) and (3.3.91) as follows: We divide the space 
interval [−𝐿, 𝐿] into 𝑀  subintervals with equal length and divide the time interval [0, 𝑇 ]
into 𝑁  subintervals with equal length. Then the space step size is ℎ = 2𝐿

𝑀  and the time 
step size is 𝜏∗ = 𝑇

𝑁 . For simplicity, we denote the approximate value of 𝑢̃(𝑡𝑗, 𝑥𝑖), ̃𝑣(𝑡𝑗, 𝑥𝑖) by 
𝑢̃(𝑗, 𝑖), ̃𝑣(𝑗, 𝑖) respectively, with 𝑡𝑗 = (𝑗 − 1)𝜏∗, 1 ≤ 𝑗 ≤ 𝑁 + 1 and 𝑥𝑖 = −𝐿 + (𝑖 − 1)ℎ, 1 ≤
𝑖 ≤ 𝑀 + 1.

Using the central approximation for the spatial derivatives ̃𝑣𝑥𝑥(𝑡𝑗, 𝑥𝑖), ̃𝑣𝑥(𝑡𝑗, 𝑥𝑖) and 
𝑢̃𝑥𝑥(𝑡𝑗, 𝑥𝑖), 𝑢̃𝑥(𝑡𝑗, 𝑥𝑖):

̃𝑣𝑥(𝑡𝑗, 𝑥𝑖) ≈ ̃𝑣(𝑗, 𝑖 + 1) − ̃𝑣(𝑗, 𝑖 − 1)
2ℎ

,

̃𝑣𝑥𝑥(𝑡𝑗, 𝑥𝑖) ≈ ̃𝑣(𝑗, 𝑖 − 1) − 2 ̃𝑣(𝑗, 𝑖) + ̃𝑣(𝑗, 𝑖 + 1)
ℎ2 ,

𝑢̃𝑥(𝑡𝑗, 𝑥𝑖) ≈ 𝑢̃(𝑗, 𝑖 + 1) − 𝑢̃(𝑗, 𝑖 − 1)
2ℎ

,

𝑢̃𝑥𝑥(𝑡𝑗, 𝑥𝑖) ≈ 𝑢̃(𝑗, 𝑖 − 1) − 2𝑢̃(𝑗, 𝑖) + 𝑢̃(𝑗, 𝑖 + 1)
ℎ2 .

The forward approximation of the time derivative yields

̃𝑣𝑡(𝑡𝑗, 𝑥𝑖) ≈ ̃𝑣(𝑗 + 1, 𝑖) − ̃𝑣(𝑗, 𝑖)
𝜏∗ ,

𝑢̃𝑡(𝑡𝑗, 𝑥𝑖) ≈ 𝑢̃(𝑗 + 1, 𝑖) − 𝑢̃(𝑗, 𝑖)
𝜏∗ .
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By the boundary conditions in (3.3.91), we set

𝑢̃(𝑗, 1) = 𝑢̃(𝑗, 𝑀 + 1) = 0. (3.3.94)

Using the forward approximation for the Neumann boundary condition at −𝐿 and backward 
approximation at 𝐿, we get

𝜕 ̃𝑣
𝜕𝑥

(𝑡𝑗, 𝑥1) ≈ ̃𝑣(𝑗, 2) − ̃𝑣(𝑗, 1)
ℎ

= 0, 𝜕 ̃𝑣
𝜕𝑥

(𝑡𝑗, 𝑥𝑀+1) ≈ ̃𝑣(𝑗, 𝑀 + 1) − ̃𝑣(𝑗, 𝑀)
ℎ

= 0,

and hence, we set
̃𝑣(𝑗, 2) = ̃𝑣(𝑗, 1), ̃𝑣(𝑗, 𝑀 + 1) = ̃𝑣(𝑗, 𝑀). (3.3.95)

The equation (3.3.90) can thus be discretized as: for 1 ≤ 𝑗 ≤ 𝑁 , 2 ≤ 𝑖 ≤ 𝑀 ,

𝑢̃(𝑗 + 1, 𝑖) − 𝑢̃(𝑗, 𝑖)
𝜏∗ = 𝑢̃(𝑗, 𝑖 − 1) − 2𝑢̃(𝑗, 𝑖) + 𝑢̃(𝑗, 𝑖 + 1)

ℎ2

+ (𝑐 − 𝜒 ̃𝑣(𝑗, 𝑖 + 1) − ̃𝑣(𝑗, 𝑖 − 1)
2ℎ

) 𝑢̃(𝑗, 𝑖 + 1) − 𝑢̃(𝑗, 𝑖 − 1)
2ℎ

− 𝜒𝑢̃(𝑗, 𝑖) ̃𝑣(𝑗, 𝑖 − 1) − 2 ̃𝑣(𝑗, 𝑖) + ̃𝑣(𝑗, 𝑖 + 1)
ℎ2 + 𝑢̃(𝑗, 𝑖)(1 − 𝑢̃(𝑗, 𝑖)),

and

𝜏 ̃𝑣(𝑗 + 1, 𝑖) − ̃𝑣(𝑗, 𝑖)
𝜏∗ = ̃𝑣(𝑗, 𝑖 − 1) − 2 ̃𝑣(𝑗, 𝑖) + ̃𝑣(𝑗, 𝑖 + 1)

ℎ2 + 𝑐𝜏 ̃𝑣(𝑗, 𝑖 + 1) − ̃𝑣(𝑗, 𝑖 − 1)
2ℎ

− 𝑢̃(𝑗, 𝑖) ̃𝑣(𝑗, 𝑖).

Simplifying and reordering the two equations, we get for 1 ≤ 𝑗 ≤ 𝑁 , 2 ≤ 𝑖 ≤ 𝑀 ,

𝑢̃(𝑗 + 1, 𝑖) = 𝑢̃(𝑗, 𝑖) [1 + 𝜏∗ − 2𝜏∗

ℎ2 − 𝜏∗𝜒
ℎ2 ( ̃𝑣(𝑗, 𝑖 − 1) − 2 ̃𝑣(𝑗, 𝑖) + ̃𝑣(𝑗, 𝑖 + 1))]

+ 𝑢̃(𝑗, 𝑖 − 1) [ 𝜏∗

ℎ2 − 𝜏∗

2ℎ
(𝑐 − 𝜒 ̃𝑣(𝑗, 𝑖 + 1) − ̃𝑣(𝑗, 𝑖 − 1)

2ℎ
)]

+ 𝑢̃(𝑗, 𝑖 + 1) [ 𝜏∗

ℎ2 + 𝜏∗

2ℎ
(𝑐 − 𝜒 ̃𝑣(𝑗, 𝑖 + 1) − ̃𝑣(𝑗, 𝑖 − 1)

2ℎ
)] − 𝜏∗𝑢̃(𝑗, 𝑖)2,

(3.3.96)
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and

̃𝑣(𝑗 + 1, 𝑖) = ̃𝑣(𝑗, 𝑖) (1 − 𝜏∗

𝜏
𝑢̃(𝑗, 𝑖) − 2𝜏∗

𝜏ℎ2 )

+ ̃𝑣(𝑗, 𝑖 − 1) ( 𝜏∗

𝜏ℎ2 − 𝑐𝜏∗

2ℎ
) + ̃𝑣(𝑗, 𝑖 + 1) ( 𝜏∗

𝜏ℎ2 + 𝑐𝜏∗

2ℎ
) . (3.3.97)

We use (3.3.94), (3.3.95), (3.3.96) and (3.3.97) in implementing the scheme in Python. 
We apply the same space step size ℎ = 0.1 and the same time step size 𝜏∗ = 0.002. In all 
the simulations we take 𝐿 = 20 and 𝑇 = 500.

We run the simulations for 𝜏 = 0.5, 1, and 4, and present two-dimensional plots of 
the solution 𝑢. Since 𝑢̃ and ̃𝑣 exhibit opposite asymptotic behavior - namely, when 𝑢̃(𝑡, 𝑥)
remains positive, ̃𝑣(𝑡, 𝑥) → 0 as 𝑡 → ∞, whereas when 𝑢̃(𝑡, 𝑥) → 0, ̃𝑣(𝑡, 𝑥) remains positive 
as 𝑡 → ∞, we do not include the graphs of the 𝑣-component, since its behavior can be 
inferred from that of 𝑢.

For each figure in the next three subsections, panels (𝑎), (𝑏), and (𝑐) correspond to 
𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4, respectively. Each plot shows the solution at times 𝑡 = 0, 5, 10, 
20, and 500. We present the results for 𝑐 = 1, 2.01, and 3, and in each case for 𝜒 = 1.9, 5, 
and 10 in the following subsections.

Results of the simulations for 𝑐 = 1

For 𝑐 = 1, the solution remains positive for all values of 𝜏  and for each of the values 𝜒 = 1.9, 
5, and 10. This is consistent with Theorem 3.3.2. The corresponding simulation results are 
shown below.

(a) 𝜏 = 0.5, 𝜒 = 1.9 (b) 𝜏 = 1, 𝜒 = 1.9 (c) 𝜏 = 4, 𝜒 = 1.9

Figure 3.1: Two-dimensional plots of the numerical solution 𝑢 for 𝜒 = 1.9 and 𝑐 = 1, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.
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(a) 𝜏 = 0.5, 𝜒 = 5 (b) 𝜏 = 1, 𝜒 = 5 (c) 𝜏 = 4, 𝜒 = 5

Figure 3.2: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 1 with 𝜒 = 5, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.

(a) 𝜏 = 0.5, 𝜒 = 10 (b) 𝜏 = 1, 𝜒 = 10 (c) 𝜏 = 4, 𝜒 = 10

Figure 3.3: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 1 with 𝜒 = 10, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.

Results of the simulations for 𝑐 = 2.01

The simulation results indicate that the diffusion rate of 𝑣 influences the spreading speed. 
More precisely, as 𝜏  increases, the solution 𝑢 tends to approach zero more rapidly, and the 
interval of spreading speeds becomes smaller. In addition, for larger values of 𝜒, 𝑢̃(𝑡, 𝑥)
remains positive as 𝑡 → ∞ for all values of 𝜏 = 0.5, 1, and 4, suggesting the possibility of 
speed-up in the large-𝜒 regime; see, for example, Figure 3.6. In contrast, when 𝜒 = 1.9, 
𝑢̃(𝑡, 𝑥) tends to zero for 𝜏 = 1 and 4, indicating that speed-up may fail to occur when 𝜒 is 
small and 𝜏 ≥ 1.

Furthermore, when 𝜏 = 1, panel (𝑏) in Figures 3.4–3.6 suggests the existence of a critical 
value 𝜒∗, with 𝜒∗ ≤ 1.9, such that chemotaxis does not appear to accelerate the spreading 
rate for 𝜒 < 𝜒∗, whereas it appears to enhance the spreading for 𝜒 > 𝜒∗.
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(a) 𝜏 = 0.5, 𝜒 = 1.9 (b) 𝜏 = 1, 𝜒 = 1.9 (c) 𝜏 = 4, 𝜒 = 1.9

Figure 3.4: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 2.01 with 𝜒 = 1.9, 
shown for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at times 𝑡 = 0, 5, 20, and 500.

(a) 𝜏 = 0.5, 𝜒 = 5 (b) 𝜏 = 1, 𝜒 = 5 (c) 𝜏 = 4, 𝜒 = 5

Figure 3.5: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 2.01 with 𝜒 = 5, 
shown for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at times 𝑡 = 0, 5, 20, and 500.

(a) 𝜏 = 0.5, 𝜒 = 10 (b) 𝜏 = 1, 𝜒 = 10 (c) 𝜏 = 4, 𝜒 = 10

Figure 3.6: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 2.01 with 𝜒 = 10, 
shown for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at times 𝑡 = 0, 5, 20, and 500.

Results of the simulations for 𝑐 = 3

We carry out the simulations for 𝑐 = 3 with 𝜏 = 0.5, 1, and 4. In all cases, the results show 
that the solution approaches zero as time becomes large, for each of the three values of 𝜏
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and each of the values 𝜒 = 1.9, 5, and 10. This also supports the fact that 𝑐∗
up < ∞.

(a) 𝜏 = 0.5, 𝜒 = 1.9 (b) 𝜏 = 1, 𝜒 = 1.9 (c) 𝜏 = 4, 𝜒 = 1.9

Figure 3.7: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 3 with 𝜒 = 1.9, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.

(a) 𝜏 = 0.5, 𝜒 = 5 (b) 𝜏 = 1, 𝜒 = 5 (c) 𝜏 = 4, 𝜒 = 5

Figure 3.8: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 3 with 𝜒 = 5, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.

(a) 𝜏 = 0.5, 𝜒 = 10 (b) 𝜏 = 1, 𝜒 = 10 (c) 𝜏 = 4, 𝜒 = 10

Figure 3.9: Two-dimensional plots of the numerical solution 𝑢 for 𝑐 = 3 with 𝜒 = 10, shown 
for 𝜏 = 0.5, 𝜏 = 1, and 𝜏 = 4 at selected times.

See section  6 in [21] for more simulation results. We make the following remark on the 
experiments
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Remark 3.3.1. In the numerical experiments above, we used the same spatial step size 
ℎ = 0.1 and the same time step size 𝜏∗ = 0.002, since they satisfy the numerical stability 
condition 𝜏∗/ℎ2 < 0.5. We do not provide an accuracy analysis of the simulations in this 
paper. However, to assess the reliability of the numerical results, we also used different values 
of ℎ and 𝜏∗ to simulate the spreading speed of the chemotaxis system on ℝ. More precisely, 
we repeated the above experiments with ℎ = 0.1 and 𝜏∗ = 0.002, 0.004, and with 𝜏∗ = 0.002
and ℎ = 0.2. The observed outcomes were similar for the different values of ℎ and 𝜏∗.
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Chapter 4

The Chemotaxis System with Porous Medium 
Diffusion

In this chapter we studied the porous medium diffusion case. Specifically, we study the 
following system:

{


𝑢𝑡 = Δ𝑢𝑚 − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 .

(4.0.1)

Here, 𝑚 > 1 and 𝜏 > 0. Since the diffusion coefficient 𝑚𝑢𝑚−1 is degenerate, our main 
interest is in the existence and uniqueness of globally bounded weak solutions to (4.0.1). We 
consider (4.0.1) with initial data satisfying

𝑢0(⋅) ∈ 𝐿∞(ℝ𝑁), 𝑣0(⋅) ∈ 𝑊 1,∞(ℝ𝑁).

(See Remark 4.1.1(4) for the case where the initial data satisfy 𝑢0(⋅) ∈ 𝐿𝑝(ℝ𝑁) and 𝑣0(⋅) ∈
𝑊 1,𝑝(ℝ𝑁) for some 𝑝 > 1.) We first establish the existence of global weak solutions to 
(4.0.1). A standard approach in the literature (see, for example, [70]) is to approximate the 
porous medium equation by a family of nondegenerate parabolic equations and then pass to 
the limit. For 𝜀 > 0, our strategy is to first prove the global existence of classical solutions 
to the perturbed system

{


𝑢𝑡 = 𝑚∇ ⋅ ((𝜀 + 𝑢)𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝜏𝑣𝑡 = Δ𝑣 − 𝑢𝑣, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑣(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 ,

(4.0.2)

and then pass to the limit as 𝜀 → 0 to obtain a global weak solution of the degenerate 
problem (4.0.1). We refer to (4.0.2) as the perturbed problem associated with (4.0.1).

The study of (4.0.1) with non-integrable initial data is highly nontrivial. To explain the 
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difficulty, let us recall the standard energy argument for deriving 𝐿𝑝 bounds in the case 
where the domain Ω is bounded. In that setting, one can multiply the first equation in the 
perturbed problem (4.0.2) by 𝑢𝑝 and integrate over Ω to obtain

1
𝑝 + 1

𝑑
𝑑𝑡

∫
Ω

𝑢𝑝+1 ≤ −𝑚𝑝 ∫
Ω

𝑢𝑝+𝑚−2|∇𝑢|2 + |𝜒| ∫
Ω

𝑢𝑝|∇𝑢||∇𝑣| + 𝑎 ∫
Ω

𝑢𝑝+1 − 𝑏 ∫
Ω

𝑢𝑝+2.

From this, one can derive that for some 𝐶 > 0 independent of 𝑢 and 𝑣,

∫
Ω

𝑢𝑝+1(𝑡, 𝑥) + 𝑚𝑝
2

∫
𝑡

0
∫

Ω
𝑢𝑝+𝑚−2|∇𝑢|2 + 𝑏

2
∫

𝑡

0
∫

Ω
𝑢𝑝+2(𝑠, 𝑥)

≤ ∫
Ω

𝑢𝑝+1(0, 𝑥) + 𝐶 ∫
𝑡

0
∫

Ω
|∇𝑣|

2(𝑝+2)
𝑚 + 𝐶 ∫

𝑡

0
∫

Ω
𝑢(𝑠, 𝑥).

(4.0.3)

After treating the 𝑣-equation carefully, the right-hand side can be bounded by the left-hand 
side, together with the space-time 𝐿1-norm of 𝑢 and a constant. This then yields the desired 
𝐿𝑝 estimate for 𝑢, and the proof proceeds by means of a Grönwall-type inequality. We refer 
the reader to [31] for more details.

In our setting, however, the solutions may be non-integrable over the whole space, so one 
cannot directly work with global 𝐿𝑝 norms. This makes it necessary to localize the problem 
in space. A natural first attempt is to localize the equation by multiplying the 𝑢-equation by 
𝑢𝑝𝜓, where 𝜓 is a suitable cut-off function, as we did in the linear diffusion case in Chapter 
3. However, this produces an additional term of the form

∬
(0,𝑇 )×ℝ𝑁

𝑢𝑝+𝑚−1|∇𝑢| |∇𝜓| 𝑑𝑥 𝑑𝑡,

which can be estimated by

∬
(0,𝑇 )×ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓 𝑑𝑥 𝑑𝑡 + ∬
(0,𝑇 )×ℝ𝑁

𝑢𝑝+𝑚 |∇𝜓|2

𝜓
𝑑𝑥 𝑑𝑡.

Although the second term involves only zeroth-order derivatives of 𝑢, the exponent of 𝑢
increases with 𝑚. In particular, when 𝑚 > 2, this exponent is at least 𝑝 + 2. As a result, 
it is difficult to control this term directly using only the diffusion term and the logistic term 
on the left-hand side of (4.0.3). This difficulty does not arise in Chapter  3 (Linear diffusion 
case 𝑚 = 1). Consequently, the classical argument based on Grönwall-type inequalities no 
longer applies in the present setting. To overcome this difficulty, we use the decay function 
𝜓 from Lemma 2.4.1 to derive an inequality of the form (4.2.19). This inequality plays a 
crucial role in the analysis, as it allows us to fully exploit all the favorable effects in the 
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problem, namely the diffusion term, the logistic term, and the regularity of the initial data; 
see Subsection 4.2.2. The overall strategy is close in spirit to a continuity-type argument 
and, to the best of our knowledge, is new in the study of chemotaxis models.

Our second main contribution in this chapter is to show that the resulting weak solution is 
in fact unique under a suitable condition on 𝑚, provided that the initial data satisfy 𝑢0 ∈ 𝐶𝛼

and 𝑣0 ∈ 𝐶2+𝛼. The proof of uniqueness is based on a duality argument, inspired by the 
approaches in [36, Theorem 3.4] and [70, Theorem 6.5], and suitably adapted to the present 
chemotaxis–porous medium setting. In addition, to handle the possible non-integrability of 
the initial data, we again make essential use of the exponentially decaying function 𝜓.

In the next Section 4.1, we introduce definition of weak solution and state our main 
result. Section 4.2, is devoted to establishing local 𝐿𝑝-estimates for the perturbed problem 
and proving part (1) of Theorem 4.1.1. In Section 4.3, we complete the proof of Theorem 
4.1.1 by establishing part (2). Section 4.4 is concerned with the global well-posedness of 
weak and classical solutions to system (4.0.2), where we establish Proposition 4.1.1 and 
Theorem 4.1.2. Finally, Section 4.5 is devoted to proving the uniqueness of weak solutions, 
as stated in Theorem 4.1.3.

4.1 Definitions and Main Results

In this section, we introduce the definitions of weak solutions to (4.0.2) for 𝜀 ≥ 0 and classical 
solutions to (4.0.2) for 𝜀 > 0, and we state the main results of this part.

Definition 4.1.1. Let 𝑚 > 1 and 𝑇 > 0, and let 𝑢0 ∈ 𝐿∞(ℝ𝑁) and 𝑣0 ∈ 𝑊 1,∞(ℝ𝑁). A 
pair (𝑢, 𝑣) of non-negative functions defined in [0, 𝑇 )×ℝ𝑁  is called a weak solution of  (4.0.2) 
on [0, 𝑇 ) if

(1) 𝑢 ∈ 𝐿2(0, 𝑇 ; 𝐿2
loc(ℝ𝑁)), (𝜀 + 𝑢)𝑚−1∇𝑢 ∈ 𝐿2(0, 𝑇 ; 𝐿2

loc(ℝ𝑁));

(2) 𝑣 ∈ 𝐿∞(0, 𝑇 ; 𝐻1
loc(ℝ𝑁)), 𝑢∇𝑣 ∈ 𝐿2(0, 𝑇 ; 𝐿2

loc(ℝ𝑁));

(3) For any continuously differentiable function 𝜑 with compact support in [0, 𝑇 )×ℝ𝑁 , we 
have

∫
𝑇

0
∫

ℝ𝑁

𝑢𝜑𝑡 𝑑𝑥 𝑑𝑡 + ∫
ℝ𝑁

𝑢0(𝑥)𝜑(0, 𝑥) 𝑑𝑥

= ∫
𝑇

0
∫

ℝ𝑁

(𝑚(𝜀 + 𝑢)𝑚−1∇𝑢 ⋅ ∇𝜑 − 𝜒𝑢∇𝑣 ⋅ ∇𝜑 − 𝑎𝑢𝜑 + 𝑏𝑢2𝜑) 𝑑𝑥 𝑑𝑡
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and

∫
𝑇

0
∫

ℝ𝑁

𝜏𝑣𝜑𝑡 𝑑𝑥 𝑑𝑡 + ∫
ℝ𝑁

𝜏𝑣0(𝑥)𝜑(0, 𝑥) 𝑑𝑥 = ∫
𝑇

0
∫

ℝ𝑁

[∇𝑣 ⋅ ∇𝜑 + 𝑢𝑣𝜑] 𝑑𝑥 𝑑𝑡.

In the following, we say 𝑣 ∈ 𝐶1+𝛼/2,2+𝛼 if 𝑣 is 𝐶1+𝛼/2 in time and 𝐶2+𝛼 in space; and 
𝑢 ∈ 𝐶𝛼([0, 𝑇 ) × ℝ𝑁) ∩ 𝐶1+𝛼/2,2+𝛼((0, 𝑇 ) × ℝ𝑁) if 𝑢 is Hölder continuous in both time and 
space up to the initial time, and 𝑢 is 𝐶1+𝛼/2 in time and 𝐶2+𝛼 in space for positive time.

Definition 4.1.2. Let 𝑢0 be uniformly 𝐶1+𝛼 and 𝑣0 be uniformly 𝐶2+𝛼. A pair (𝑢, 𝑣) of 
non-negative functions defined in [0, 𝑇 ) × ℝ𝑁  is called a classical solution of  (4.0.2) with 
𝜀 > 0 on [0, 𝑇 ) if

(1) 𝑣 is uniformly 𝐶1+𝛼/2,2+𝛼 and 𝑢 is uniformly in 𝐶𝛼([0, 𝑇 )×ℝ𝑁)∩𝐶1+𝛼/2,2+𝛼((0, 𝑇 )×
ℝ𝑁);

(2) 𝑢(0, ⋅) = 𝑢0, 𝑣(0, ⋅) = 𝑣0, and (4.0.2) is satisfied in the classical sense in (0, 𝑇 ) × ℝ𝑁 .

Our first main result is on a priori estimates of classical solutions of (4.0.2), which are 
stated in the following theorem. We denote Ω𝑇 ∶= [0, 𝑇 ] × ℝ𝑁 .

Theorem 4.1.1  (A priori estimate). Let 𝜀 ∈ (0, 1), 𝑎, 𝑏, 𝜏 > 0, 𝜒 ∈ ℝ, 𝑚 > 1 and 𝑇 > 0, 
and let 𝑢0 ∈ 𝐿∞(ℝ𝑁) and 𝑣0 ∈ 𝑊 1,∞(ℝ𝑁) such that 𝑢0, 𝑣0 ≥ 0. Suppose that (𝑢𝜀, 𝑣𝜀)
is a weak solution to (4.0.2) with initial data (𝑢0, 𝑣0), and they satisfy the equation in the 
classical sense for positive times. Then

(1) (𝐿𝑝
loc a priori estimate). For any 𝑝 ≥ 𝑚 and 𝑡 ∈ [0, 𝑇 ],

𝑢𝜀(𝑡, ⋅) ∈ 𝐿𝑝+1
loc (ℝ𝑁), 𝑒− (𝑝+2)𝑇

2𝜏 (𝜀+𝑢𝜀)𝑝+𝑚−2
2 ∇𝑢𝜀 ∈ 𝐿2

loc(Ω𝑇 ), 𝑣𝜀 ∈ 𝐿∞(Ω𝑇 )∩𝑊 1,∞(Ω𝑇 )

with a bound depending only on 𝑚, |𝜒|, 𝑎, 𝑏, 𝜏 , 𝑁, 𝑝, ‖𝑢0‖∞, ‖𝑣0‖𝑊 1,∞ and the diameter 
of the local spatial domain (but independent of 𝑇 ).

(2) (𝐿∞ a priori estimate) There exists 𝐶 depending only on 𝑚, |𝜒|, 𝑎, 𝑏, 𝑁, 𝑝, ‖𝑢0‖∞, 
‖𝑣0‖𝑊 1,∞ (but independent of 𝑇 ) such that

‖∇𝑣𝜀‖𝐿∞(Ω𝑇 ), ‖𝑢𝜀‖𝐿∞(Ω𝑇 ) ≤ 𝐶.
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(3) (Hölder continuity) Let 𝐶 > 0 from (2). Then there exists 𝛼 ∈ (0, 1) depending only 
on 𝑚, 𝐶, and for any 𝜏 ′ > 0 there exists 𝐶′ > 0 depending only on 𝑚, |𝜒|, 𝑎, 𝑏, 𝑁, 𝜏, 𝜏 ′

and 𝐶 (independent of 𝜀) such that

‖𝑢𝜀‖𝐶𝛼((𝜏′,∞)×ℝ𝑁) ≤ 𝐶′.

If, in addition, 𝑢𝜀(0, ⋅) is Hölder continuous on ℝ𝑁 , then 𝑢𝜀(⋅, ⋅) is Hölder continuous 
on (0, ∞) × ℝ𝑁  with a bound depending also on the Hölder norm of 𝑢𝜀(0, ⋅).

As a corollary of these a priori estimates, we obtain the following proposition on the 
global existence and boundedness of classical solutions of the perturbed problem (4.0.2) 
with 𝜀 ∈ (0, 1).

Proposition 4.1.1  (Classical solutions of equation (3.2)). Under the assumptions of Theo-
rem 4.1.1, further assume that 𝑢0 is uniformly 𝐶1+𝛼, and 𝑣0 is uniformly 𝐶2+𝛼. Then for 
each 𝜀 ∈ (0, 1), there exists a unique global classical solution (𝑢𝜀, 𝑣𝜀) of  (4.0.2) with initial 
condition 𝑢0, 𝑣0. Moreover, the regularity properties presented in Theorem 4.1.1 hold the 
same.

Next, we state our main results concerning the global existence and boundedness of weak 
solutions to (4.0.1).

Theorem 4.1.2  (Weak solutions of (4.0.1)). Under the assumptions of Theorem 4.1.1, 
there is a non-negative weak solution (𝑢, 𝑣) of  (4.0.1) with initial data (𝑢0, 𝑣0) such that the 
regularity properties presented in Theorem 4.1.1 hold the same for (𝑢, 𝑣). In addition, if 
𝑢0 is uniformly Hölder continuous, then 𝑢 is uniformly Hölder continuous in [0, ∞) × ℝ𝑁 . 
Furthermore, if 𝑣0 ∈ 𝐶2,𝛼, then 𝑣 is uniformly 𝐶1+𝛼/2,2+𝛼 in [0, ∞) × ℝ𝑁 .

Our final main result is about the uniqueness of weak solutions to (4.0.1).

Theorem 4.1.3  (Uniqueness of weak solutions of (4.0.1)). Let 𝑎, 𝑏 > 0, 𝑢0 ∈ 𝐶𝛼(ℝ𝑁), and 
𝑣0 ∈ 𝐶2+𝛼(ℝ𝑁). Suppose that there are two weak solutions (𝑢𝑖, 𝑣𝑖) with 𝑖 = 1, 2 to (4.0.1) 
such that 𝑢𝑖 is uniformly Hölder continuous in Ω𝑇  and 𝑣𝑖 is uniformly 𝐶2 in Ω𝑇 . Then if 
𝑚 ∈ (1, 3], we have 𝑢1 = 𝑢2 and 𝑣1 = 𝑣2 in Ω𝑇 .

Remark 4.1.1. Several remarks are in order concerning our results.

(1) (Bounded domains). Our methods of establishing global solutions extend to bounded 
domains and, importantly, remove both the dimensional restriction and any condition 
on 𝑚 when 𝑎, 𝑏 > 0. When 𝑎 = 𝑏 = 0, the existence of weak solutions to (4.0.1) can 
still be obtained in a similar manner provided 𝑚 > 2.
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(2) (Hölder continuity). Uniform Hölder continuity estimates for 𝑢𝜀 (the solutions to 
(1.1.2)) follow from the regularity theory for degenerate diffusion equations with advec-
tion and source terms; see [5, Theorem 1.3 and Theorem 1.9]. We also refer the reader 
to [27, 36, 39].

(3) (Uniqueness). Although the case 𝑎 = 𝑏 = 0 is not the focus of this paper, we note 
that under the same assumptions on solutions as in Theorem 4.1.3, the uniqueness 
conclusion also holds for 𝑎 = 𝑏 = 0 and all 𝑚 > 1. The proof requires only minor 
modifications.

(4) (Integrable data on ℝ𝑁). In the special case where 𝑢0 ∈ 𝐿1 ∩ 𝐿∞ and 𝑣0 ∈ 𝐿1 ∩ 𝑊 1,∞, 
the existence of a global weak solution to (4.0.2) can be established more easily. In 
fact, one may simply take the cut-off function to be 1, and many of the more delicate 
estimates become unnecessary. However, on unbounded domains, the potential growth 
of the 𝐿1 norm over time makes it trickier to obtain uniform-in-time 𝐿∞ bounds. 
Nevertheless, our argument fully covers this case.

4.2 𝐿𝑝
loc a Priori Estimate and the Proof of Theorem 4.1.1(1)

In this section, we shall give 𝐿𝑝+1
loc (ℝ𝑁) a priori estimates of solutions of the perturbed 

problem (4.0.2) on any finite time interval [0, 𝑇 ], and prove Theorem 4.1.1(1).
Let 0 < 𝜀 < 1 and 0 < 𝜅 < 1, and take 𝑝 such that

𝑝 ≥ 𝑚. (4.2.1)

Throughout this section, the constants 𝑐 ∈ (0, 1) and 𝐶 ≥ 1 only depend on 𝑚, 𝜒, 𝑎, 𝑏, 𝜏 , 𝑁, 𝑝, 
‖𝑣0‖𝑊 1,∞ and ‖𝑢0‖𝐿∞ , and they may be different at different places, unless otherwise stated. 
When we say that a constant depends on 𝐶, we mean that it might depend on 𝑚, 𝜒, 𝑎, 𝑏, 𝜏 , 𝑁 , 
‖𝑣0‖𝑊 1,∞ and ‖𝑢0‖𝐿∞ . We emphasize that the constants 𝑐, 𝐶 will always be independent of 
𝜀, 𝜅, and 𝑇 .

Recall that for 𝑡 > 0,
Ω𝑡 ∶= [0, 𝑡] × ℝ𝑁 .

Suppose that (𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥)) solve the perturbed problem (4.0.2) with 𝜀 ∈ (0, 1) for 𝑡 ∈
(0, 𝑇 ] in the classical sense and let 𝜓 be from Lemma 2.4.1 with parameter 𝜅. For any given 
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𝑥0 ∈ ℝ𝑁  and 𝑟 > 1, recall that

𝑍𝑟,𝑥0
(𝑡) ∶= ∬

Ω𝑡

𝑒− 𝑟(𝑡−𝑠)
𝜏 (𝑢 + 𝜀)𝑟(𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 and 𝑍𝑟(𝑡) ∶= sup

𝑥0∈ℝ𝑁
𝑍𝑟,𝑥0

(𝑡).

First we state a useful lemma.

Lemma 4.2.1. Assume that 𝑁 ≥ 3 and let 2∗ ∶= 2𝑁
𝑁−2 > 2 be the Sobolev conjugate exponent 

of 2. Then there exists a dimensional constant 𝐶 such that for any 𝛿, 𝜅 > 0 and 𝑟 > 1 we 
have

𝜅2 ∫
ℝ𝑁

𝑢2𝑟𝜓2 ≤ 𝛿‖∇(𝑢𝑟𝜓)‖2
2 + 𝐶𝜅2+2𝜃𝑟𝛿−𝜃𝑟 [∫

ℝ𝑁

𝑢𝑟+1𝜓𝑞𝑟 𝑑𝑥]
2/𝑞𝑟

,

where 𝑢 = 𝑢(𝑥) is any function such that 𝑢𝑟 is locally uniformly finite in 𝑊 1,2-space, and 𝜓
is from Lemma 2.4.1, and

𝑞𝑟 ∶= 𝑟 + 1
𝑟

∈ (1, 2) and 𝜃𝑟 ∶= 𝑁(𝑟 − 1)
2(𝑟 + 1)

> 0.

In fact, one could replace 𝑢𝜓 with a single function 𝑢̃ and assume 𝑢̃𝑟 ∈ 𝑊 1,2 ∩ 𝐿𝑟+1
𝑟 , 

without imposing separate assumptions on 𝑢𝑟 and 𝜓. However, we choose to state the lemma 
in its current form for future applicability.

Proof of Lemma 4.2.1. Note that 𝑢𝑟𝜓 ∈ 𝑊 1,2(ℝ𝑁). Then by the Gagliardo–Nirenberg–Sobolev 
inequality, there is a dimensional constant 𝐶 such that for any 𝑟 > 1,

‖𝑢𝑟𝜓‖2∗ ≤ 𝐶‖∇(𝑢𝑟𝜓)‖2. (4.2.2)

By the interpolation inequality of 𝐿𝑝 spaces, we have

‖𝑢𝑟𝜓‖2 ≤ ‖𝑢𝑟𝜓‖1−𝜗
𝑞𝑟

‖𝑢𝑟𝜓‖𝜗
2∗ .

Here direct computation yields

𝑞𝑟 ∶= 𝑟 + 1
𝑟

∈ (1, 2), 𝜗 ∶= 2∗(2 − 𝑞𝑟)
2(2∗ − 𝑞𝑟)

= 𝑁(𝑟 − 1)
𝑟(𝑁 + 2) − 𝑁 + 2

∈ (0, 1),

and so

2 + 2𝜃𝑟 ∶= 2
1 − 𝜗

= 𝑟(𝑁 + 2) − 𝑁 + 2
𝑟 + 1

and so 𝜃𝑟 = 𝑁(𝑟 − 1)
2(𝑟 + 1)

> 0.
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Hence, by Young’s inequality and (4.2.2), for any 𝛿,

𝜅2 ∫
ℝ𝑁

𝑢2𝑟𝜓2 ≤ 𝛿
𝐶

‖𝑢𝑟𝜓‖2
2∗ + 𝐶 𝜗

1−𝜗 𝜅 2
1−𝜗 𝛿− 𝜗

1−𝜗 ‖𝑢𝑟𝜓‖2
𝑞𝑟

≤ 𝛿‖∇(𝑢𝑟𝜓)‖2
2 + 𝐶𝜅2+2𝜃𝑟𝛿−𝜃𝑟 [∫

ℝ𝑁

𝑢𝑟+1𝜓𝑞𝑟 𝑑𝑥]
2/𝑞𝑟

,

where 𝐶 = 𝐶 𝜗
1−𝜗 . The lemma is thus proved. ∎

Now, we proceed to prove local 𝐿𝑝+1 estimate for 𝑢. We recall that the constants 𝑐 and 
𝐶 below might depend on the data (𝑚, 𝑁 , etc.) and 𝑝, but are independent of 𝜀, 𝜅 and 𝑇 . 
Multiplying the first equation of (4.0.2) by (𝑢 + 𝜀)𝑝 𝜓2 and integrating over ℝ𝑁  yields

1
𝑝 + 1

𝑑
𝑑𝑡

∫
ℝ𝑁

(𝑢 + 𝜀)𝑝+1𝜓2 𝑑𝑥

= ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝𝜓2∇ ⋅ [𝑚(𝑢 + 𝜀)𝑚−1∇𝑢 − 𝜒𝑢∇𝑣] + (𝑢 + 𝜀)𝑝𝜓2(𝑎𝑢 − 𝑏𝑢2)

≤ −𝑐 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝+𝑚−2|∇𝑢|2𝜓2 + 𝐶 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝+𝑚−1|∇𝑢||∇𝜓2|

+ 𝐶 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝−1𝑢|∇𝑢||∇𝑣| 𝜓2 + 𝐶 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝𝑢|∇𝑣||∇𝜓2| + ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝(𝑎𝑢 − 𝑏𝑢2)𝜓2

≤ − 𝑐 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑚+𝑝−2|∇𝑢|2𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
−𝐼1

+ 𝐶𝜅 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝+𝑚−1|∇𝑢|𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜅𝐼2

+ 𝐶 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝|∇𝑢||∇𝑣| 𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼3

+ 𝐶𝜅 ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝+1|∇𝑣|𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜅𝐼4

+ ∫
ℝ𝑁

(𝑢 + 𝜀)𝑝(𝑎𝑢 − 𝑏𝑢2)𝜓2

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼5

,

(4.2.3)

where, in the second inequality, we used that |∇𝜓| ≤ 𝜅𝜓.
To prove Theorem 4.1.1(1), it is essential to provide proper estimates for 𝐼1, 𝐼2, 𝐼3, 𝐼4, 

and 𝐼5. We point out that 𝐼1 and 𝐼2 depend on 𝑚, and we will estimate them differently for 
the case 1 < 𝑚 ≤ 2 and 𝑚 > 2. In the following, we will first estimate 𝐼3, 𝐼4 and 𝐼5.

First, we estimate 𝐼3(𝑡). For simplicity of notation, let us write

𝑢+ ∶= 𝑢 + 𝜀 ≥ 𝜀.
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Since ∇𝑢 = ∇𝑢+, by Young’s inequality, for any 0 < 𝛿 < 1,

𝐼3(𝑡) ≤ 𝐶 ∫
ℝ𝑁

𝑢𝑝
+|∇𝑢+||∇𝑣|𝜓2 𝑑𝑥

≤ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 𝑑𝑥 + 𝐶𝛿−1 ∫

ℝ𝑁

𝑢𝑝+2−𝑚
+ |∇𝑣|2𝜓2 𝑑𝑥

≤ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 𝑑𝑥 + 𝛿 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 𝑑𝑥 + 𝐶𝛿 ∫

ℝ𝑁

|∇𝑣|
2(𝑝+2)

𝑚 𝜓2 𝑑𝑥, (4.2.4)

where we used that 𝑝 + 2 − 𝑚 > 0 by (4.2.1).
Next, we consider 𝜅𝐼4(𝑡). By Young’s inequality,

𝜅𝐼4(𝑡) ≲ 𝜅 ∫
ℝ𝑁

𝑢𝑝+1
+ |∇𝑣|𝜓2 𝑑𝑥 ≲ 𝜅 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 𝑑𝑥 + 𝜅 ∫

ℝ𝑁

|∇𝑣|𝑝+2𝜓2 𝑑𝑥. (4.2.5)

Finally, since 𝜀 ∈ (0, 1), there exist 𝑐, 𝐶 > 0 depending only on 𝑎, 𝑏 and 𝑝 such that

𝑎𝑢 − 𝑏𝑢2 ≤ (𝑎 + 2𝑏𝜀)(𝑢 + 𝜀) − 𝑏(𝑢 + 𝜀)2 ≤ − 𝑝 + 2
𝜏(𝑝 + 1)

𝑢+ − 𝑐𝑢2
+ + 𝐶.

By Lemma 2.4.1, it is clear that

𝐼5 ≤ − 𝑝 + 2
𝜏(𝑝 + 1)

∫
ℝ𝑁

𝑢𝑝+1
+ 𝜓2 𝑑𝑥 − 𝑐 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 𝑑𝑥 + 𝐶𝜅−𝑁 . (4.2.6)

Here the term 𝑝+2
𝜏(𝑝+1) ∫

ℝ𝑁 𝑢𝑝+1
+ 𝜓2 𝑑𝑥 on the right-hand side will be used to obtain uniform-

in-time bounds. Next, we estimate 𝐼2 and prove Theorem 4.1.1(1) for the cases 1 < 𝑚 ≤ 2
and 𝑚 > 2 in Subsections 4.2.1 and 4.2.2, respectively.

4.2.1 Proof of Theorem 4.1.1 (1) for the case 1 < 𝑚 ≤ 2

In this subsection, we consider the case of 1 < 𝑚 ≤ 2, and prove Theorem 4.1.1(1). This 
case is much simpler than the case when 𝑚 > 2, which is because for 𝑚 ≤ 2, the logistic 
term is strong enough to bound the integral of 𝑢𝑝+𝑚.

Proof of Theorem 4.1.1(1) for the case 1 < 𝑚 ≤ 2. Let 𝑝 ≥ 𝑚. We begin by estimating 
𝜅𝐼2. Since

𝑝 + 𝑚 ≤ 𝑝 + 2 for 1 < 𝑚 ≤ 2,

we have
𝑢𝑝+𝑚

+ 𝜓2 ≲ 𝑢𝑝+2
+ 𝜓2 + 𝜓2.
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By Young’s inequality, we have for any 𝛿 ∈ (0, 1) and 0 < 𝜅 < 𝛿,

𝜅𝐼2 = 𝐶𝜅 ∫
ℝ𝑁

𝑢𝑝+𝑚−1
+ |∇𝑢+|𝜓2

≲ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 + 𝛿−1𝜅2 ∫

ℝ𝑁

𝑢𝑝+𝑚
+ 𝜓2

≲ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 𝑑𝑥 + 𝛿 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 𝑑𝑥 + 𝐶𝛿𝜅−𝑁 , (4.2.7)

where in the last inequality, we also used Lemma 2.4.1.
After taking 𝛿 to be sufficiently small (then 𝜅 < 𝛿 is also small), by (4.2.3), (4.2.4), 

(4.2.5), (4.2.6) and (4.2.7), we have

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝+1
+ 𝜓2 𝑑𝑥 ≤ −𝑐 ∫

ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 − 𝑐 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 − 𝑝 + 2

𝜏
∫

ℝ𝑁

𝑢𝑝+1
+ 𝜓2

+ 𝐶𝛿 ∫
ℝ𝑁

|∇𝑣|
2(𝑝+2)

𝑚 𝜓2 + 𝜅 ∫
ℝ𝑁

|∇𝑣|𝑝+2𝜓2 + 𝐶𝛿𝜅−𝑁 .

Multiplying 𝑒
(𝑝+2)𝑡

𝜏  to both sides and integrating in time, this implies that

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝑐 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2 𝑑𝑥 𝑑𝑠

+ 𝑐 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2 𝑑𝑥 𝑑𝑠

≤ ∫
ℝ𝑁

𝑢𝑝+1
+ (0, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝐶𝛿 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 |∇𝑣|

2(𝑝+2)
𝑚 𝜓2 𝑑𝑥 𝑑𝑠

+ 𝜅 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 |∇𝑣|𝑝+2𝜓2 𝑑𝑥 𝑑𝑠 + 𝐶𝛿𝜅−𝑁 , (4.2.8)

where 𝐶𝛿 is independent of 𝑡.
Next, recall that

𝑍𝑝+2(𝑡) = sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ (𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠.

Applying Lemma 2.5.1 with 𝑟 = 𝑝+2
𝑚  and 𝑟′ = 𝑝 + 2 > 𝑟 (for 𝑚 > 1) yields

𝐶𝛿 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 |∇𝑣|

2(𝑝+2)
𝑚 𝜓2 𝑑𝑥 𝑑𝑠 ≲ 𝛿𝑍𝑝+2(𝑡) + 𝐶𝛿 𝜅−𝑁 . (4.2.9)
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Similarly, applying Lemma 2.5.1 with 𝑟 = 𝑝+2
2  and 𝑟′ = 𝑝 + 2 yields

𝜅 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 |∇𝑣|𝑝+2𝜓2 𝑑𝑥 𝑑𝑠 ≲ 𝜅𝛿𝑍𝑝+2(𝑡) + 𝐶𝛿 𝜅1−𝑁 . (4.2.10)

By (4.2.8), (4.2.9), and (4.2.10), we have

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝑐 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2 𝑑𝑥 𝑑𝑠

+ 𝑐 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2 𝑑𝑥 𝑑𝑠

≲ ∫
ℝ𝑁

𝑢𝑝+1
+ (0, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 2𝛿𝑍𝑝+2(𝑡) + 𝐶𝛿 𝜅−𝑁 .

Since 𝑢+(0, 𝑥) = 𝑢0(𝑥) + 𝜀 (𝜀 ∈ (0, 1)) is uniformly bounded, by Lemma 2.4.1,

∫
ℝ𝑁

𝑢𝑝+1
+ (0, 𝑥)𝜓2(𝑥) 𝑑𝑥 ≤ 𝐶𝜅−𝑁 .

Then we fix 𝛿 ∶= 𝑐/4 to get

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝑐 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2 𝑑𝑥 𝑑𝑠

+ 𝑐 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2 𝑑𝑥 𝑑𝑠 ≤ 𝐶𝜅−𝑁 + 𝑐
2

𝑍𝑝+2(𝑡). (4.2.11)

Now, by shifting the space variable, we can replace 𝜓(𝑥) by 𝜓(𝑥 − 𝑥0) in (4.2.11), and 
obtain

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝑐 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠

+ 𝑐 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 ≤ 𝐶𝜅−𝑁 + 𝑐
2

𝑍𝑝+2(𝑡).

After taking supremum over 𝑥0, this implies that

sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + 𝑐𝑍𝑝+2(𝑡)

+ 𝑐 sup
𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 ≤ 𝐶𝜅−𝑁 ,

where 0 < 𝜅 < 𝑐
4 , and the constants 𝑐, 𝐶 are independent of 𝜅 and 𝑡. Hence, recalling 
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𝑢+ = 𝑢 + 𝜀, we get for all 𝑝 ≥ 𝑚,

𝑢(𝑡, ⋅) ∈ 𝐿𝑝+1
loc (ℝ𝑁), 𝑒− (𝑝+2)𝑇

2𝜏 (𝜀 + 𝑢)𝑝+𝑚−2
2 ∇𝑢 ∈ 𝐿2

loc(Ω𝑇 ),

and
sup

𝑡∈[0,𝑇 ],𝑥0∈ℝ𝑁
∫

ℝ𝑁

𝑢𝑝+2(𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 ≲ 𝜅−𝑁 .

The bounds only depend on 𝑚, |𝜒|, 𝑎, 𝑏, 𝜏 , 𝑁, 𝑝, ‖𝑢0‖∞, ‖𝑣0‖𝑊 1,∞ and the diameter of the 
local spatial domain (but independent of 𝑇 ).

Finally, since 𝑝 ≥ 𝑚 can be arbitrary, picking 𝑝 = 𝑁 + 1 ≥ 2 ≥ 𝑚 yields that 𝑢(𝑡, ⋅) is 
locally uniformly finite in 𝐿𝑁+2(ℝ𝑁). Then Proposition 2.5.1 implies that

sup
𝑡∈[0,𝑇 ],𝑥∈ℝ𝑁

|∇𝑣(𝑡, 𝑥)| ≲ 𝜅−𝑁 .

This together with the fact that ‖𝑣‖∞ < ∞ implies that 𝑣 ∈ 𝐿∞(Ω𝑇 ) ∩ 𝑊 1,∞(Ω𝑇 ) with a 
bound independent of 𝑇 . ∎

4.2.2 Proof of Theorem 4.1.1 (1) for the case 𝑚 > 2

In this subsection, we consider the case when 𝑚 > 2. Note that the estimate (4.2.7) for 𝜅𝐼2

only holds when 1 < 𝑚 ≤ 2, and when 𝑚 > 2, we are not able to bound this term by the 
logistic term and the diffusion term. Therefore, we will estimate both 𝐼1 and 𝜅𝐼2 differently, 
and a continuity argument will play an important role at the end.

We remark that the argument below actually works for the case of 𝑚 ∈ (1, 2] as well. We 
treated the case 𝑚 ≤ 2 separately in the previous subsection as it allows a simpler proof.

Proof of Theorem 4.1.1(1) for the case 𝑚 > 2. Let 𝑝 ≥ 𝑚 and recall that 𝑢+ = 𝑢 + 𝜀. 
We start with the following notations: For any given 𝑥0 ∈ ℝ𝑁  and 𝑟 > 1, define

𝑋𝑟,𝑥0
(𝑡) = ∫

ℝ𝑁

𝑢𝑟
+(𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥, 𝑋𝑟(𝑡) = sup

𝑥0∈ℝ𝑁
𝑋𝑟,𝑥0

(𝑡),

and 𝑌𝑟(𝑡) ∶= sup
𝑠∈[0,𝑡]

𝑋𝑟(𝑠). (4.2.12)

The proof is divided into two cases.

Case 1. We assume 𝑁 ≥ 3. First, we will make a better use of the term 𝐼1 as follows:

𝐼1 ≳ ∫
ℝ𝑁

|∇(𝑢
𝑝+𝑚

2
+ )|2𝜓2 ≥ 𝑐 ∫

ℝ𝑁

|∇(𝑢
𝑝+𝑚

2
+ 𝜓)|2 − 𝐶𝜅2 ∫

ℝ𝑁

𝑢𝑝+𝑚
+ 𝜓2. (4.2.13)
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Applying Lemma 4.2.1 with 𝑟 being replaced by 𝑝+𝑚
2  (here we need 𝑁 ≥ 3), we have

𝜅2 ∫
ℝ𝑁

𝑢𝑝+𝑚
+ 𝜓2 ≤ 𝛿‖∇(𝑢

𝑝+𝑚
2

+ 𝜓)‖2
2 + 𝐶𝛿𝜅2+𝜃∗ [∫

ℝ𝑁

𝑢
𝑝+𝑚

2 +1
+ 𝜓𝑞∗ 𝑑𝑥]

2/𝑞∗

, (4.2.14)

where
𝑞∗ ∶= 𝑝 + 𝑚 + 2

𝑝 + 𝑚
∈ (1, 2), 𝑎𝑛𝑑 𝜃∗ ∶= 𝑁(𝑝 + 𝑚 − 2)

𝑝 + 𝑚 + 2
> 0. (4.2.15)

Similarly as done before, using the properties of 𝜓 from Lemma 2.4.1, we have

∫
ℝ𝑁

𝑢
𝑝+𝑚

2 +1
+ (𝑠, 𝑥)𝜓𝑞∗(𝑥) 𝑑𝑥 ≲ ∑

𝜅𝑧∈ℤ𝑁

𝜓𝑞∗(𝑧) ∫
𝐵𝑁/𝜅(𝑧)

𝑢
𝑝+𝑚

2 +1
+ (𝑠, 𝑥)𝜓2(𝑥 − 𝑧) 𝑑𝑥

≲ sup
𝑥0∈ℝ𝑁

∫
ℝ𝑁

𝑢
𝑝+𝑚

2 +1
+ (𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥.

Since 𝑝+𝑚
2 + 1 ≤ 𝑝 + 1, by (4.2.1), 𝑢

𝑝+𝑚
2 +1

+ ≤ 𝑢𝑝+1
+ + 1. By Lemma 2.4.1 again,

∫
ℝ𝑁

𝑢
𝑝+𝑚

2 +1
+ (𝑠, 𝑥)𝜓𝑞∗(𝑥) 𝑑𝑥 ≲ sup

𝑥0∈ℝ𝑁
∫

ℝ𝑁

𝑢𝑝+1
+ (𝑠, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 + ∫

ℝ𝑁

𝜓2(𝑥 − 𝑥0) 𝑑𝑥

≲ 𝑋𝑝+1(𝑠) + 𝜅−𝑁 .

It follows from (4.2.14) that

𝜅2 ∫
ℝ𝑁

𝑢𝑝+𝑚
+ 𝜓2 ≤ 𝛿‖∇(𝑢

𝑝+𝑚
2

+ 𝜓)‖2
2 + 𝐶𝛿𝜅2+𝜃∗𝑋𝑝+1(𝑠)2/𝑞∗ + 𝐶𝜅2+𝜃∗−2𝑁/𝑞∗ . (4.2.16)

After taking this 𝛿 > 0 to be small, (4.2.13) and (4.2.16) yield

1
2

𝐼1 ≥ 𝑐‖∇(𝑢
𝑝+𝑚

2
+ 𝜓)‖2

2 − 𝐶𝜅2+𝜃∗𝑋𝑝+1(𝑠)2/𝑞∗ − 𝐶𝜅2+𝜃∗−2𝑁/𝑞∗ . (4.2.17)

Next, we bound 𝐼2. By Young’s inequality and (4.2.16), we have for any 𝛿 ∈ (0, 1),

𝜅𝐼2 ≤ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 + 𝐶𝛿−1𝜅2 ∫

ℝ𝑁

𝑢𝑝+𝑚
+ 𝜓2

≤ 𝛿 ∫
ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 𝑑𝑥 + 𝛿‖∇(𝑢

𝑝+𝑚
2

+ 𝜓)‖2
2

+ 𝐶𝛿𝜅2+𝜃∗𝑋𝑝+1(𝑠)2/𝑞∗ + 𝐶𝛿𝜅2+𝜃∗−2𝑁/𝑞∗ . (4.2.18)

By (4.2.3), (4.2.4), (4.2.5), (4.2.6), (4.2.17) and (4.2.18), we have for any 0 < 𝛿 < 1
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sufficiently small depending only on 𝐶, any 𝑡 ∈ [0, 𝑇 ], and any 0 < 𝜅 < 𝛿, there holds

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝+1
+ 𝜓2 𝑑𝑥 ≤ −𝑐 ∫

ℝ𝑁

𝑢𝑝+𝑚−2
+ |∇𝑢+|2𝜓2 − 𝑐 ∫

ℝ𝑁

𝑢𝑝+2
+ 𝜓2 − 𝑝 + 2

𝜏
∫

ℝ𝑁

𝑢𝑝+1
+ 𝜓2

+ 𝐶𝛿 ∫
ℝ𝑁

|∇𝑣|
2(𝑝+2)

𝑚 𝜓2 + 𝜅 ∫
ℝ𝑁

|∇𝑣|𝑝+2𝜓2 + 𝐶𝜅−𝑁

+ 𝐶𝛿𝜅2+𝜃∗𝑋𝑝+1(𝑠)2/𝑞∗ + 𝐶𝛿𝜅2+𝜃∗−2𝑁/𝑞∗ .

This together with (4.2.9) and (4.2.10) implies that

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝑐 ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2 𝑑𝑥 𝑑𝑠 + 𝑐 ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2 𝑑𝑥 𝑑𝑠

≤ ∫
ℝ𝑁

𝑢𝑝+1
+ (0, 𝑥)𝜓2 𝑑𝑥 + 𝛿𝑍𝑝+2(𝑡) + 𝐶𝛿𝜅−𝑁 + 𝐶𝛿𝜅2+𝜃∗𝑌𝑝+1(𝑡)2/𝑞∗ + 𝐶𝛿𝜅2+𝜃∗−2𝑁/𝑞∗ ,

where the constants 𝑐, 𝐶𝛿 are independent of 𝜅 and 𝑡. Using that 𝑢+(0, ⋅) = 𝑢0(𝑥) + 𝜀 is 
uniformly bounded, Lemma 2.4.1, and fixing 𝛿 > 0 to be sufficiently small, we get

∫
ℝ𝑁

𝑢𝑝+1
+ (𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 + ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2 𝑑𝑥 𝑑𝑠 + ∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+2

+ 𝜓2 𝑑𝑥 𝑑𝑠

≲ 𝛿𝑍𝑝+2(𝑡) + 𝜅2+𝜃∗𝑌𝑝+1(𝑡)2/𝑞∗ + 𝜅2+𝜃∗−2𝑁/𝑞∗ + 𝜅−𝑁 .

Hence, for 𝑥0 = 0, since 𝑌𝑝+1(⋅) is non-decreasing,

𝑋𝑝+1,𝑥0
(𝑡) + ∬

Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 + 𝑍𝑝+2,𝑥0
(𝑡)

≲ 𝛿𝑍𝑝+2(𝑡) + 𝜅2+𝜃∗𝑌𝑝+1(𝑡0)2/𝑞∗ + 𝜅2+𝜃∗−2𝑁/𝑞∗ + 𝜅−𝑁

for 𝑡0 ∈ (0, 𝑇 ] and 𝑡 ∈ [0, 𝑡0]. After shifting in space, the same estimate holds for general 
𝑥0 ∈ ℝ𝑁 . Taking supremum in 𝑥0 and 𝑡 ∈ [0, 𝑡0] for any 𝑡0 ∈ [0, 𝑇 ], we get

𝑌𝑝+1(𝑡0) + 𝑍𝑝+2(𝑡0) + sup
𝑡∈[0,𝑡0],𝑥0∈ℝ𝑁

∬
Ω𝑡

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠

≲ 𝜅2+𝜃∗𝑌𝑝+1(𝑡0)2/𝑞∗ + 𝜅2+𝜃∗−2𝑁/𝑞∗ + 𝜅−𝑁 .

Recall (4.2.15) and then

2/𝑞∗ = 2(𝑝 + 𝑚)
𝑝 + 𝑚 + 2

and 2 + 𝜃∗−2𝑁/𝑞∗ = 2 + 𝑁(𝑝 + 𝑚 − 2)
𝑝 + 𝑚 + 2

− 2𝑁(𝑝 + 𝑚)
𝑝 + 𝑚 + 2

= 2 − 𝑁.
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Therefore, there exists 𝐶0 > 0 independent of 𝑡0 such that for all 𝜅 sufficiently small,

𝑌𝑝+1(𝑡0) + sup
𝑥0∈ℝ𝑁

∬
Ω𝑡0

𝑒− (𝑝+2)(𝑡0−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠

≤ 𝐶0𝜅2+ 𝑁(𝑝+𝑚−2)
𝑝+𝑚+2 [𝑌𝑝+1(𝑡0)]

2(𝑝+𝑚)
𝑝+𝑚+2 + 𝐶0𝜅−𝑁 . (4.2.19)

By further taking 𝐶0 to be large enough if necessary, we can assume

𝑌𝑝+1(0) = 𝑋𝑝+1(0) ≤ 𝐶0𝜅−𝑁 .

We claim that, if 0 < 𝜅 < 1 is sufficiently small,

𝑌𝑝+1(𝑇 ) ≤ 2𝐶0𝜅−𝑁 . (4.2.20)

In fact, assume for contradiction that there is 𝑡0 ∈ [0, 𝑇 ] such that

𝑌𝑝+1(𝑡0) = 2𝐶0𝜅−𝑁 .

By (4.2.19),

2𝐶0𝜅−𝑁 ≤ 𝐶0𝜅2+ 𝑁(𝑝+𝑚−2)
𝑝+𝑚+2 (2𝐶0𝜅−𝑁)

2(𝑝+𝑚)
𝑝+𝑚+2 + 𝐶0𝜅−𝑁

= 𝐶0(2𝐶0)
2(𝑝+𝑚)
𝑝+𝑚+2 𝜅2−𝑁 + 𝐶0𝜅−𝑁 .

This implies that
1 ≤ (2𝐶0)

2(𝑝+𝑚)
𝑝+𝑚+2 𝜅2,

which is impossible if 𝜅 was chosen to be 1
2(2𝐶0)− 𝑝+𝑚

𝑝+𝑚+2 . Therefore, the claim (4.2.20) holds.
By (4.2.19), we also have

sup
𝑥0∈ℝ𝑁

∬
Ω𝑇

𝑒− (𝑝+2)(𝑡−𝑠)
𝜏 𝑢𝑝+𝑚−2

+ |∇𝑢+|2𝜓2(𝑥 − 𝑥0) 𝑑𝑥 𝑑𝑠 ≤ 𝐶0(2𝐶0)
2(𝑝+𝑚)
𝑝+𝑚+2 𝜅2−𝑁 + 𝐶0𝜅−𝑁 .

The results yield that for any 𝑝 ≥ 𝑚, 𝑢(𝑡, ⋅) is locally uniformly finite in 𝐿𝑝+1(ℝ𝑁) space 
for each 𝑡 ∈ [0, 𝑇 ], and 𝑒− (𝑝+2)𝑇

2𝜏 (𝑢 + 𝜀)𝑝+𝑚−2
2 ∇𝑢 is locally uniformly bounded in 𝐿2(Ω𝑇 ). 

Furthermore, after picking 𝑝 = max{𝑚, 𝑁}, we obtain locally uniform boundedness of 𝑢(𝑡, ⋅)
in 𝐿𝑁+1(ℝ𝑁). By Proposition 2.5.1, ∇𝑣 is uniformly finite in 𝐿∞(Ω𝑇 ). Moreover, the 
bounds of 𝑢(𝑡, ⋅) ∈ 𝐿𝑝+1

loc (ℝ𝑁) and 𝑣 ∈ 𝐿∞(Ω𝑇 ) ∩ 𝑊 1,∞(Ω𝑇 ) are independent of 𝑇 . This 
proves Theorem 4.1.1(1) for the case when 𝑚 > 2 and 𝑁 ≥ 3.
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Case 2. 𝑁 = 1, 2. For any 𝑡 ≥ 0 and 𝑥 ∈ ℝ𝑁 , let ̃𝑥 = (𝑥, 𝑥𝑁+1, 𝑥𝑁+2) ∈ ℝ𝑁+2 and

𝑢̃(𝑡, ̃𝑥) = 𝑢(𝑡, 𝑥), ̃𝑣(𝑡, ̃𝑥) = 𝑣(𝑡, 𝑥).

Then (𝑢̃(𝑡, ̃𝑥), ̃𝑣(𝑡, ̃𝑥)) is a solution of (4.0.2) with 𝑁  being replaced by 𝑁 + 2 with extended 
initial data (𝑢̃0, ̃𝑣0). The conclusion for the case 𝑁 = 1, 2 thus follows from the case 𝑁 ≥
3. ∎

Remark 4.2.1. Suppose that ∇𝑣 is a given 𝐿∞ vector field, and 𝑢 solves

𝑢𝑡 = 𝑚∇ ⋅ ((𝜀 + 𝑢)𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢) in [0, 𝑇 ] × ℝ𝑁 ,

with bounded initial data. Then for any 𝑝 ≥ 𝑚, 𝑢 is locally uniformly finite in 𝐿𝑝 with a 
bound independent of 𝜀 and 𝑇 , and 𝑒− (𝑝+2)𝑇

2𝜏 (𝜀 + 𝑢)𝑝+𝑚−2
2 ∇𝑢 is locally uniformly bounded in 

𝐿2(Ω𝑇 ). Moreover, the bounds depend only on 𝑚, |𝜒|, 𝑎, 𝑏, 𝑁, 𝑝, ‖𝑢0‖∞, ‖∇𝑣‖𝐿∞ and the 
diameter of the local spatial domain.

The proof is almost identical to the one of Theorem 4.1.1(1) and it is actually simpler. 
The only difference is that, in this case, we can replace (2.5.9) by

∬
Ω𝑡

|∇𝑣|2𝑟𝜓2 ≤ 𝐶𝑟 𝜅−𝑁

with 𝐶𝑟 depending on 𝑟 and ‖∇𝑣‖𝐿∞ .

4.3 𝐿∞ a Priori Estimate for the Perturbed Problem 
and Proof of Theorem 4.1.1(2)

In this section, we provide 𝐿∞ a priori estimates (independent of 𝜀 ∈ (0, 1) and 𝑇 ) for 
solutions (𝑢, 𝑣) of (4.0.2) and prove Theorem 4.1.1(2). It follows from the last part of the 
proof of Theorem 4.1.1(1) that it suffices to consider the case 𝑁 ≥ 3. By Theorem 4.1.1(1), 
𝑢(𝑡, ⋅) is locally uniformly bounded in 𝐿𝑝 for all 𝑡, although the bound depends on 𝑝. Unlike 
in Section 3.2 of Chapter 3, there is no integral representation for 𝑢 as in (3.2.28), and 
semigroup estimates are therefore not helpful. Here, we apply Moser’s iteration method to 
upgrade this estimate to an 𝐿∞-bound valid for all times.

In the following, we assume 𝑁 ≥ 3, and fix 𝑇 > 0 and

𝑝0 ∶= max{𝑁 + 1, 𝑚 + 1}.
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By Theorem 4.1.1(1), there exists 𝐾0 depending on 𝑝0 (independent of 𝑇  and 𝜀) such that

sup
𝑡∈[0,𝑇 ],𝑥0∈ℝ𝑁

‖𝑢(𝑡, ⋅)‖𝐿𝑝0(𝐵1(𝑥0)) ≤ 𝐾0. (4.3.1)

Since 𝑝0 > 𝑁 , by Proposition 2.5.1, there exists 𝐾1 depending only on 𝑝0, 𝑁 , ‖𝑣0‖𝑊 1,∞ and 
𝐾0 such that

‖∇𝑣(𝑡, ⋅)‖∞ ≤ 𝐾1 ∀ 0 ≤ 𝑡 ≤ 𝑇 .

Let 𝜓 be from Lemma 2.4.1 with a fixed parameter 𝜅 ∈ (0, 1). Multiplying the first 
equation in (4.0.2) by 𝑢𝑝𝜓2 and integrating it over ℝ𝑁  with 𝑝 ≥ 𝑚, we get

1
𝑝 + 1

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝+1𝜓2 𝑑𝑥 + 1
𝑝 + 1

∫
ℝ𝑁

𝑢𝑝+1𝜓2 𝑑𝑥

= ∫
ℝ𝑁

𝑢𝑝𝜓2∇ ⋅ [𝑚(𝑢 + 𝜀)𝑚−1∇𝑢 − 𝜒𝑢∇𝑣] 𝑑𝑥 + ∫
ℝ𝑁

(𝑎 + 1
𝑝 + 1

)𝑢𝑝+1𝜓2 𝑑𝑥 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+2𝜓2 𝑑𝑥

= −𝑚𝑝 ∫
ℝ𝑁

𝑢𝑝−1𝜓2(𝑢 + 𝜀)𝑚−1|∇𝑢|2 𝑑𝑥 + (−𝑚 ∫
ℝ𝑁

𝑢𝑝(𝑢 + 𝜀)𝑚−1∇𝑢 ⋅ ∇𝜓2 𝑑𝑥)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐽1

+ (𝜒𝑝 ∫
ℝ𝑁

𝑢𝑝𝜓2∇𝑣 ⋅ ∇𝑢 𝑑𝑥)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐽2

+ (𝜒 ∫
ℝ𝑁

𝑢𝑝+1∇𝑣 ⋅ ∇𝜓2 𝑑𝑥 + ∫
ℝ𝑁

(𝑎 + 1
𝑝 + 1

)𝑢𝑝+1𝜓2 𝑑𝑥 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+2𝜓2 𝑑𝑥)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐽3

.

(4.3.2)

Unlike in the previous Section 4.2, throughout this section, the general constants 𝑐, 𝐶, 𝐶′ ≥ 1
only depend on 𝑚, 𝜒, 𝑎, 𝑏, 𝜏 , 𝑁, 𝐾0, 𝐾1, ‖𝑣0‖𝑊 1,∞ and ‖𝑢0‖𝐿∞ , and they are likely to be 
different from one line to another. Let us emphasize that these general constants can depend 
on 𝑝0 in this section, but they are absolutely independent of 𝜀, 𝜅, 𝑇 , and 𝑝.

We start by providing fine estimates for 𝐽1, 𝐽2 and 𝐽3. First, using that |∇𝜓| ≲ 𝜅𝜓, 
direct computation yields

𝐽1 ≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝−1𝜓2(𝑢 + 𝜀)𝑚−1|∇𝑢|2 𝑑𝑥 + 4𝜅2𝑚
𝑝

∫
ℝ𝑁

𝑢𝑝+1(𝑢 + 𝜀)𝑚−1𝜓2 𝑑𝑥

≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝−1𝜓2(𝑢 + 𝜀)𝑚−1|∇𝑢|2 𝑑𝑥 + 𝐶𝜅2

𝑝
∫

ℝ𝑁

(𝑢𝑝+𝑚 + 1)𝜓2 𝑑𝑥,

where in the second inequality we used that

𝑢𝑝+1(𝑢 + 𝜀)𝑚−1 ≤ 2𝑚−1𝑢𝑝+𝑚 + 2𝑚−1𝑢𝑝+1 ≤ 2𝑚𝑢𝑝+𝑚 + 2𝑚−1,
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and 𝐶 is independent of 𝜀, 𝜅 and 𝑝. Then using (2.4.2) and (2.4.4) from Lemma 2.4.1 yields

𝐽1 ≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝−1𝜓2(𝑢 + 𝜀)𝑚−1|∇𝑢|2 𝑑𝑥 + 𝐶𝜅2

𝑝
∫

ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥 + 𝐶𝜅2−𝑁

𝑝

≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝜅2

𝑝
∫

ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥 + 𝐶𝜅2−𝑁

𝑝
. (4.3.3)

For 𝐽2, since |∇𝑣| ≤ 𝐶 and 𝑝 ≥ 𝑚 − 2, we have

𝐽2 ≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝑝 ∫
ℝ𝑁

𝑢𝑝+2−𝑚𝜓2 𝑑𝑥

≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝑝 ∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥 + 𝐶𝑝𝜅−𝑁 , (4.3.4)

where we used (2.4.2) and (2.4.4) again. Since |∇𝑣| ≤ 𝐶, 𝑚 > 1 and 𝜅 < 1,

𝐽3 ≤ 𝐶 ∫
ℝ𝑁

𝑢𝑝+1𝜓2 𝑑𝑥 − 𝑏 ∫
ℝ𝑁

𝑢𝑝+2𝜓2 𝑑𝑥 ≤ 𝐶 ∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥 + 𝐶𝜅−𝑁 . (4.3.5)

Let us comment that here we did not use the assumption that 𝑏 > 0. By (4.3.3)–(4.3.5), we 
have

𝐽1 + 𝐽2 + 𝐽3 ≤ 𝑚𝑝
2

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶1𝑝 ∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥 + 𝐶𝑝𝜅−𝑁 , (4.3.6)

where 𝐶1 and 𝐶 are general constants independent of 𝑝 and 𝜅.
Next, we provide fine estimates for ∫

ℝ𝑁 𝑢𝑝+𝑚𝜓2. Let

𝜃 ∶= 𝑁(𝑝 + 𝑚 − 2)
2(𝑝 + 𝑚 + 2)

and 𝑞 ∶= 𝑝 + 𝑚 + 2
𝑝 + 𝑚

.

It follows from Lemma 4.2.1 with 𝑟 = 𝑝+𝑚
2  that there is a dimensional constant 𝐶 > 0 such 

that

∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 ≤ 𝛿 ‖∇(𝑢𝑝+𝑚
2 𝜓)‖

2

2
+ 𝐶𝛿−𝜃 [∫

ℝ𝑁

𝑢𝑝+𝑚+2
2 𝜓𝑞 𝑑𝑥]

2/𝑞

.

Using the properties of 𝜓, direct computation yields

‖∇(𝑢𝑝+𝑚
2 𝜓)‖

2

2
≤ 𝐶𝑝2 ∫

ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝜅2 ∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 𝑑𝑥.
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We pick 𝛿 ∶= 𝑐/𝑝2 and 𝜅 ∶= 𝑐 with 𝑐 sufficiently small depending on 𝐶1 from (4.3.6) to get

𝐶1𝑝 ∫
ℝ𝑁

𝑢𝑝+𝑚𝜓2 ≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝑝1+2𝜃 [∫
ℝ𝑁

𝑢𝑝+𝑚+2
2 𝜓𝑞 𝑑𝑥]

2/𝑞

.

Then, let us bound ∫
ℝ𝑁 𝑢𝑝+𝑚+2

2 𝜓𝑞 𝑑𝑥. Using Lemma 2.4.1 and that 𝑞 ∈ (1, 2), there is a 
dimensional constant 𝐶 > 0 such that for any 𝑡 ∈ [0, 𝑇 ] and 𝑥0 ∈ ℝ𝑁 ,

∫
ℝ𝑁

𝑢𝑝+𝑚+2
2 (𝑡, 𝑥)𝜓𝑞(𝑥) 𝑑𝑥 ≤ ∫

ℝ𝑁

𝑢𝑝+𝑚+2
2 (𝑡, 𝑥)𝜓(𝑥) 𝑑𝑥

≤ 𝐶 ∑
𝜅𝑧∈ℤ𝑁

∫
𝐵𝑁/𝜅(𝑧)

𝑢𝑝+𝑚+2
2 (𝑡, 𝑥)𝜓(𝑥 − 𝑥0) 𝑑𝑥

≤ 𝐶 ∑
𝜅𝑧∈ℤ𝑁

𝜓(𝑧 − 𝑥0) ∫
𝐵𝑁/𝜅(𝑧)

𝑢𝑝+𝑚+2
2 (𝑡, 𝑥)𝜓2(𝑥 − 𝑧) 𝑑𝑥

≤ 𝐶𝑌𝑝+𝑚+2
2

(𝑡) ∑
𝜅𝑧∈ℤ𝑁

𝜓(𝑧 − 𝑥0) ≤ 𝐶𝑌𝑝+𝑚+2
2

(𝑡),

where we used the notation (4.2.12). This implies that

𝐶1𝑝 ∫
ℝ𝑁

𝑢𝑝+𝑚(𝑡, ⋅)𝜓2(⋅) 𝑑𝑥 ≤ 𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝑝1+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞. (4.3.7)

It follows from (4.3.6) and (4.3.7) that

𝐽1 + 𝐽2 + 𝐽3 ≤ 3𝑚𝑝
4

∫
ℝ𝑁

𝑢𝑝+𝑚−2|∇𝑢|2𝜓2 𝑑𝑥 + 𝐶𝑝1+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞 + 𝐶𝑝𝜅−𝑁 . (4.3.8)

Now we would use this estimate in the next subsection in order to proof Theorem 4.1.1(2).

4.3.1 Proof of Theorem  4.1.1(2)

The proof of Theorem 4.1.1(2) follows from the following proposition.

Proposition 4.3.1. Suppose that ∇𝑣 is a given 𝐿∞ vector field, and 𝑢 solves

𝑢𝑡 = 𝑚∇ ⋅ ((𝜀 + 𝑢)𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢) in [0, 𝑇 ] × ℝ𝑁 ,

with bounded initial data, and 𝑢 satisfies (4.3.1). Then 𝑢 is uniformly bounded in [0, 𝑇 ]×ℝ𝑁

with the bound depending on general constants, but independent of 𝜀 and 𝑇 . Moreover, for 
any 𝑀 > ‖𝑢0‖∞, there exists 𝑇 > 0 such that ‖𝑢‖∞ ≤ 𝑀 in [0, 𝑇 ] × ℝ𝑁 .
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Proof of Proposition 4.3.1. First of all, by (4.3.2) and (4.3.8), there holds

1
𝑝 + 1

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑢𝑝+1𝜓2 𝑑𝑥 + 1
𝑝 + 1

∫
ℝ𝑁

𝑢𝑝+1𝜓2 𝑑𝑥 ≤ 𝐶𝑝1+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞 + 𝐶𝑝𝜅−𝑁 ,

where

𝜃 = 𝑁(𝑝 + 𝑚 − 2)
2(𝑝 + 𝑚 + 2)

∈ (𝑐𝑁, 𝑁)  for some 𝑐 ∈ (0, 1) and 𝑞 = 𝑝 + 𝑚 + 2
𝑝 + 𝑚

.

Multiplying the above inequality on both sides by 𝑒𝑡, and integrating in time give

∫
ℝ𝑁

𝑢𝑝+1(𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥

≤ 𝑒−𝑡 ∫
ℝ𝑁

𝑢𝑝+1(0, 𝑥)𝜓2(𝑥) 𝑑𝑥 + ∫
𝑡

0
𝑒−(𝑡−𝑠)(𝐶𝑝2+2𝜃𝑌𝑝+𝑚+2

2
(𝑡)2/𝑞 + 𝐶𝑝2𝜅−𝑁) 𝑑𝑠

≤ ∫
ℝ𝑁

𝑢𝑝+1(0, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝐶𝑝2+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞 + 𝐶𝑝2𝜅−𝑁 ,

where we used that 𝑌𝑝(⋅) is non-decreasing in time by its definition. This implies that for 
𝑡 ∈ [0, 𝑇 ],

∫
ℝ𝑁

𝑢𝑝+1(𝑡, 𝑥)𝜓2(𝑥) 𝑑𝑥 ≤ ∫
ℝ𝑁

𝑢𝑝+1(0, 𝑥)𝜓2(𝑥) 𝑑𝑥 + 𝐶𝑝2+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞 + 𝐶𝑝2𝜅−𝑁 .

Since 𝑢(0, ⋅) is uniformly bounded, by shifting the space variable, we get for any 𝑥0 ∈ ℝ𝑁 ,

∫
ℝ𝑁

𝑢𝑝+1(𝑡, 𝑥)𝜓2(𝑥 − 𝑥0) 𝑑𝑥 ≤ max {𝐶𝑝2+2𝜃𝑌𝑝+𝑚+2
2

(𝑡)2/𝑞, (𝐶𝜅)𝑝} ,

where 𝐶𝜅 depends on general constants and 𝜅. After taking supremum over 𝑥0 and 𝑡, we 
get for 𝑡 ∈ [0, 𝑇 ],

𝑌𝑝+1(𝑡) ≤ max {𝐶𝑝2+2𝜃 [𝑌𝑝+𝑚+2
2

(𝑡)]
2(𝑝+𝑚)
𝑝+𝑚+2 , (𝐶𝜅)𝑝} . (4.3.9)

Since 𝜃 ≤ 𝑁 , if denoting

𝑊𝑟(𝑡) ∶= max {𝑌𝑟(𝑡)1
𝑟 , 𝐶𝜅}
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for some 𝐶𝜅 depending only on general constants and 𝜅, we get

𝑊𝑝+1(𝑡) ≤ max {𝐶
1

𝑝+1 𝑝
2+2𝜃
𝑝+1 [𝑌𝑝+𝑚+2

2
(𝑡)]

2
𝑝+𝑚+2 ⋅ 𝑝+𝑚

𝑝+1 , (𝐶𝜅)
𝑝

𝑝+1 }

≤ 𝐶
1

𝑝+1 𝑝
2+2𝑁
𝑝+1 [𝑊𝑝+𝑚+2

2
(𝑡)]

𝑝+𝑚
𝑝+1 . (4.3.10)

Now, define 𝑟0 ∶= 𝑝0 and, iteratively,

𝑟𝑛 ∶= 2𝑟𝑛−1 − 𝑚 − 1  for 𝑛 ≥ 1.

It is easy to get
𝑟𝑛 = 2𝑛(𝑝0 − 𝑚 − 1) + 𝑚 + 1.

Then (4.3.10) becomes

𝑊𝑟𝑛
(𝑡) ≤ 𝐶

1
𝑟𝑛 (𝑟𝑛)

2+2𝑁
𝑟𝑛 [𝑊𝑟𝑛−1

(𝑡)]
𝑟𝑛+𝑚−1

𝑟𝑛 ,

and then by iteration,

𝑊𝑟𝑛
(𝑡) ≤ 𝐶

1
𝑟𝑛

+ 1
𝑟𝑛−1

(1+ 𝑚−1
𝑟𝑛

)(𝑟𝑛)
2+2𝑁

𝑟𝑛 (𝑟𝑛−1)
2+2𝑁
𝑟𝑛−1

(1+ 𝑚−1
𝑟𝑛

) [𝑊𝑟𝑛−2
(𝑡)]

(1+ 𝑚−1
𝑟𝑛−1

)(1+ 𝑚−1
𝑟𝑛

)

≤ … ≤ exp(
𝑛

∑
𝑗=1

𝛽𝑗+1

𝑟𝑗
)[

𝑛
∏
𝑗=1

(𝑟𝑗)
2+2𝑁

𝑟𝑗
𝛽𝑗+1] [𝑊𝑟0

(𝑡)]
𝛽1 (4.3.11)

where 𝛽𝑛+1 ∶= 1, and for 𝑗 = 1, … , 𝑛,

𝛽𝑗 ∶= (1 + 𝑚 − 1
𝑟𝑛

) … (1 + 𝑚 − 1
𝑟𝑗

).

Since 𝑝0 > 𝑚 + 1, 𝐶−12𝑛 ≤ 𝑟𝑛 ≤ 𝐶2𝑛 for some 𝐶 > 1. Consequently, 𝛽𝑗 ∈ [1, 𝐶] for 
some general constant 𝐶 > 1 independent of 𝑗 and 𝑛, and so

𝑛
∑
𝑗=1

𝛽𝑗+1

𝑟𝑗
≤ 𝐶,

ln
𝑛

∏
𝑗=1

(𝑟𝑗)
2+2𝑁

𝑟𝑗
𝛽𝑗+1 =

∞
∑
𝑗=1

(2 + 2𝑁)𝛽𝑗+1

𝑟𝑗
ln 𝑟𝑗 ≤ 𝐶

∞
∑
𝑗=1

𝑗2−𝑗 < ∞.

Hence ∏𝑛
𝑗=1(𝑟𝑗)

2+2𝑁
𝑟𝑗

𝛽𝑗+1 ≤ 𝐶 for some 𝐶 > 0 uniformly for all 𝑛. Finally, since 𝑊𝑟0
(𝑡) =

𝑊𝑝0
(𝑡) ≤ 𝐶𝜅 by (4.3.1), we obtain from (4.3.11) that there exists 𝐶𝜅 depending only on 𝐶
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and 𝜅 such that

𝑊𝑟𝑛
(𝑡) ≤ 𝐶𝜅 and then sup

𝑥0∈ℝ𝑁
[∫

𝐵𝑁/𝜅(𝑥0)
𝑢𝑟𝑛(𝑡, 𝑥) 𝑑𝑥]

1/𝑟𝑛

≤ 𝐶𝜅.

After passing 𝑛 → ∞, this implies that there is 𝐶 independent of 𝜀 such that

‖𝑢(⋅, ⋅)‖𝐿∞([0,𝑇 ]×ℝ𝑁) ≤ 𝐶.

Finally, the last claim is clear from the proof. This is because when 𝑇 ≤ 1, the constants 
𝐶 and (𝐶𝜅)𝑝 in (4.3.9) can be replaced by, respectively, 𝐶′𝑇  and 𝐶′

𝜅(𝑝2𝑇 + ‖𝑢0‖𝑝
∞) for some 

𝐶′, 𝐶′
𝜅 independent of 𝑇 ∈ (0, 1]. ∎

In the next subsection, we give the proof of Theorem 4.1.1(3).

4.3.2 Proof of Theorem  4.1.1(3)

In this subsection, we proof uniform Hölder continuity of the perturbed problem.

Proof of Theorem 4.1.1(3). We denote 𝑧(𝑡, 𝑥) ∶= (𝑢𝜀(𝑡, 𝑥)+𝜀)𝑚 and ̃𝑉 (𝑡, 𝑥) ∶= ∇𝑣𝜀(𝑡, 𝑥). 
Then 𝑧 ≥ 𝜀𝑚 satisfies the equation

(𝑧 1
𝑚 )𝑡 = Δ𝑧 − 𝜒∇ ⋅ ((𝑧 1

𝑚 − 𝜀) ̃𝑉 ) + 𝑎(𝑧1/𝑚 − 𝜀) − 𝑏(𝑧1/𝑚 − 𝜀)2, 𝑥 ∈ ℝ𝑁 , 𝑡 > 0. (4.3.12)

Note that by Theorem 4.1.1(2), there exists 𝐶 > 0, independent of 𝜀, such that

‖𝑧‖∞, ‖ ̃𝑉 ‖∞ ≤ 𝐶.

Hence, it follows from the proof of [5, Theorem 1.3 and Theorem 1.9] that there exist 
𝛼 = 𝛼(𝑚, 𝐶) ∈ (0, 1), and 𝐶′ > 0 depending only on 𝑚, 𝑁, 𝑎, 𝑏, |𝜒|, 𝜏 ′ and 𝐶 such that for 
any 𝑥0 ∈ ℝ𝑁  and 𝑡0 ≥ 0,

‖𝑧‖𝐶𝛼((𝑡0+𝜏′,𝑡0+2𝜏′)×𝐵1(𝑥0)) ≤ 𝐶′.

If, in addition, 𝑧(𝑡0, ⋅) is Hölder continuous in 𝐵2(𝑥0), then 𝑧(⋅, ⋅) is Hölder continuous in 
(𝑡0, 𝑡0 + 1) × 𝐵1(𝑥0) with a bound depending only on 𝑚, 𝑁, 𝑎, 𝑏, |𝜒|, 𝑁  and the Hölder norm 
of 𝑧(𝑡0, ⋅).

We note that although the framework in [5] does not exactly cover equation (4.3.12) with 
𝜀 > 0, since it considers the drift term ∇ ⋅ (𝑧1/𝑚 ̃𝑉 ) rather than ∇ ⋅ ((𝑧1/𝑚 − 𝜀) ̃𝑉 ) (and thus 
covers the case 𝜀 = 0), the conclusions of their theorems remain valid. Indeed, the same 
proofs apply without modification.
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Finally, it is clear that the Hölder continuity property of 𝑧 yields the Hölder continuity 
property of 𝑢𝜀, and the norms are independent of 𝜀.

∎

4.4 Global Existence of Weak Solution and Proof of 
Theorem  4.1.2

In this section, we first study the global well-posedness of weak/classical solutions of (4.0.2) 
with 𝜀 > 0 and prove Proposition 4.1.1 in Subsection 4.4.1. Then we pass 𝜀 → 0 and prove 
Theorem 4.1.2 in Subsection 4.4.2.

4.4.1 Proof of Proposition  4.1.1

In this subsection, we prove Proposition 4.1.1. We do so by means of the following strategy. 
First, we establish the existence of a unique weak solution on an initial interval [0, 𝑇 ] via the 
Banach fixed-point theorem. Next, we extend this solution to a maximal interval [0, 𝑇max). 
Then we show that the solution is a classical solution. Finally, applying the previously 
derived a priori estimates, we demonstrate that 𝑇max = ∞.

Recall that, in the case that 𝑚 = 1 (Chapter 3, Section 3.2), the local existence of 
a unique classical solution was achieved via semigroup approach. Indeed, we showed, via 
Banach fixed point theorem, the existence of a unique mild solution satisfying

{


𝑢(𝑡, ⋅) = 𝑒(Δ−𝐼)𝑡𝑢0 − 𝜒 ∫𝑡
0

𝑒(Δ−𝐼)(𝑡−𝑠)∇ ⋅ (𝑢∇𝑣) 𝑑𝑠 + ∫𝑡
0

𝑒(Δ−𝐼)(𝑡−𝑠)𝑢(𝑠, ⋅)(𝑎 + 1 − 𝑏𝑢(𝑠, ⋅)) 𝑑𝑠,

𝑣(𝑡, ⋅) = 𝑒(Δ−𝐼) 𝑡
𝜏 𝑣0 + 1

𝜏 ∫𝑡
0

𝑒(Δ−𝐼) (𝑡−𝑠)
𝜏 𝑣(𝑠, ⋅)(1 − 𝑢(𝑠, ⋅)) 𝑑𝑠,

on some small interval [0, 𝑇 ]. However, when 𝑚 > 1, a semigroup representation is not 
available. In the literature on chemotaxis models with nonlinear diffusion, the local well-
posedness of solutions to the perturbed problem is typically established using the theory 
of quasilinear parabolic equations (see, e.g., [1, 41]). However, these arguments are often 
presented without full details. For completeness, we provide a detailed proof of the local 
well-posedness of solutions to (4.0.2).

First of all, for given 𝑇 > 0 and 𝑝 > 𝑚 + 1, let

𝒳𝑝(𝑇 ) ∶= {𝑢 ∈ 𝐶([0, 𝑇 ], 𝐿𝑝
loc(ℝ𝑁))},
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equipped with the norm

‖𝑢‖𝒳𝑝(𝑇 ) ∶= 1
|𝐵1|

sup
0≤𝑡≤𝑇 , 𝑥0∈ℝ𝑁

‖𝑢(𝑡, ⋅)‖𝐿𝑝(𝐵1(𝑥0)).

Then 𝒳𝑝(𝑇 ) with the norm is a Banach space. Moreover, if 𝑢 ∈ 𝐿∞, then ‖𝑢‖∞ ≥ ‖𝑢‖𝒳𝑝(𝑇 ). 
For any 𝑀 > ‖𝑢0‖∞, let

𝒵𝑝(𝑇 , 𝑀) = {𝑢 ∈ 𝒳𝑝(𝑇 ) | 𝑢(0, ⋅) = 𝑢0, 𝑢 ≥ 0, ‖𝑢‖𝒳𝑝(𝑇 ) ≤ 𝑀}.

It is clear that 𝒵𝑝(𝑇 , 𝑀) is a closed subset of 𝒳𝑝(𝑇 ).
The next lemma will be used to define the contraction mapping.

Lemma 4.4.1. Assume that 𝑢0 is uniformly 𝐶1+𝛼, and 𝑣0 is uniformly 𝐶2+𝛼, 𝑀 > ‖𝑢0‖∞, 
𝑇 ≥ 1, and 𝑝 > max{𝑁, 𝑚 + 1}. For 𝑖 = 1, 2 and any given 𝑢̃𝑖 ∈ 𝒵𝑝(𝑇 , 𝑀) such that 𝑢̃𝑖 is 
uniformly Hölder continuous in space and time, let 𝑣𝑖 be the classical solution to

{


𝜏(𝑣𝑖)𝑡 = Δ𝑣𝑖 − 𝑢̃𝑖(𝑡, 𝑥)𝑣𝑖, (𝑡, 𝑥) ∈ Ω𝑇 ,

𝑣𝑖(0, 𝑥) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑁 ,

and let 𝑢𝑖 be a classical solution to

{


(𝑢𝑖)𝑡 = 𝑚∇ ⋅ ((𝜀 + 𝑢𝑖)𝑚−1∇𝑢𝑖) − 𝜒∇ ⋅ (𝑢𝑖∇𝑣𝑖) + 𝑢𝑖(𝑎 − 𝑏𝑢𝑖), (𝑡, 𝑥) ∈ Ω𝑇 ,

𝑢𝑖(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ ℝ𝑁 .

Then there exists 𝑇1 ∈ (0, 1] depending only on 𝜀, 𝑀, 𝐶, ‖𝑢0‖𝐶1+𝛼 and ‖𝑣0‖𝐶2+𝛼 such that

‖𝑢1 − 𝑢2‖𝒳𝑝(𝑇1) ≤ 1
2

‖𝑢̃1 − 𝑢̃2‖𝒳𝑝(𝑇1).

Proof of Lemma 4.4.1. Since 𝑢̃𝑖 is 𝐶𝛼, by [41, Theorem 8.1, Chapter V], 𝑣𝑖(⋅, ⋅) is uni-
formly 𝐶1+ 𝛼

2 ,2+𝛼 in Ω𝑇  with norm depending on the Hölder norm of 𝑢̃𝑖 and ‖𝑣0‖𝐶2,𝛼 , and 
then 𝑢𝑖 is locally uniformly 𝐶1+ 𝛼

2 ,2+𝛼 in the interior of Ω𝑇 . By Proposition 2.5.1, since 
𝑢̃𝑖 ∈ 𝒵𝑝(𝑇 , 𝑀) with 𝑝 > 𝑁  is uniformly bounded, there exists 𝐾1 depending only on 
‖𝑣0‖𝑊 1,∞ and 𝑀  such that

|∇𝑣𝑖(⋅, ⋅)| ≤ 𝐾1  in Ω𝑇 . (4.4.1)

By Proposition 4.3.1, there is 𝐾̃ depending only on general constants and 𝐾1 such that

‖𝑢𝑖(⋅, ⋅)‖∞ ≤ 𝐾̃ in Ω𝑇 . (4.4.2)
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Let 𝜓 be from Lemma 2.4.1 with parameter 𝜅 = 1. It suffices to bound

∫
ℝ𝑁

|𝑢1(𝑡, 𝑥) − 𝑢2(𝑡, 𝑥)|𝑝𝜓 𝑑𝑥.

Let 𝑧 = 𝑢1 − 𝑢2, then it satisfies

𝑧𝑡 = ∇ ⋅ [𝑚(𝑢1 + 𝜀)𝑚−1∇𝑧 + 𝑚∇𝑢2((𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1)] − 𝜒∇ ⋅ (𝑧∇𝑣1)

+ 𝜒∇ ⋅ (𝑢2∇(𝑣2 − 𝑣1)) + 𝑎𝑧 − 𝑏𝑧(𝑢1 + 𝑢2) (4.4.3)

in the classical sense. For some 𝑝 ≥ 𝑚 + 1 an even integer, multiplying (4.4.3) by 𝑧𝑝−1𝜓 and 
integrating it over ℝ𝑁  yields

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑧𝑝𝜓 = −𝑚(𝑝 − 1) ∫
ℝ𝑁

𝑧𝑝−2|∇𝑧|2(𝑢1 + 𝜀)𝑚−1𝜓 − 𝑚 ∫
ℝ𝑁

𝑧𝑝−1(𝑢1 + 𝜀)𝑚−1(∇𝑧 ⋅ ∇𝜓)

− 𝑚(𝑝 − 1) ∫
ℝ𝑁

𝑧𝑝−2((𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1)(∇𝑧 ⋅ ∇𝑢2)𝜓

− 𝑚 ∫
ℝ𝑁

𝑧𝑝−1((𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1)(∇𝑢2 ⋅ ∇𝜓)

+ 𝜒(𝑝 − 1) ∫
ℝ𝑁

𝑧𝑝−1(∇𝑧 ⋅ ∇𝑣1)𝜓 + 𝜒 ∫
ℝ𝑁

𝑧𝑝(∇𝑣1 ⋅ ∇𝜓)

− 𝜒(𝑝 − 1) ∫
ℝ𝑁

𝑢2𝑧𝑝−2(∇𝑧 ⋅ ∇(𝑣2 − 𝑣1))𝜓 − 𝜒 ∫
ℝ𝑁

𝑢2𝑧𝑝−1(∇(𝑣2 − 𝑣1) ⋅ ∇𝜓)

+ ∫
ℝ𝑁

(𝑎𝑧𝑝 − 𝑏𝑧𝑝(𝑢1 + 𝑢2))𝜓.

It follows from (2.5.13) in Lemma  2.5.1 that 𝐷2𝑣𝑖 is bounded in 𝐿𝑝
loc for each 𝑝 ≥ 1

(uniformly in space by shifting and locally uniformly in time). Also, recall (4.4.1), (4.4.2), 
and that 𝑢𝑖(0, ⋅) = 𝑢0(⋅) is uniformly 𝐶1+𝛼 and 𝑣𝑖 is uniformly bounded in 𝑊 1,∞. By the 
second part of [41, Theorem 3.1, Chapter V], we get |∇𝑢𝑖| ≤ 𝐾2 for all 𝑡 ∈ [0, 1] for some 
𝐾2 > 0 depending only on the general constants, 𝜀, 𝑀 , ‖𝑢0‖𝐶1+𝛼 and ‖𝑣0‖𝐶2+𝛼 . Hence, using 
these bounds and |∇𝜓| ≤ 𝜓 and 0 ≤ 𝑢𝑖 ≤ 𝑀 , we obtain for some 𝐶 > 0 depending only on 
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the general constants, 𝜀, 𝑀, 𝑝, ‖𝑢0‖𝐶1+𝛼 and ‖𝑣0‖𝐶2+𝛼 such that for 𝑡 ∈ [0, 1],

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑧𝑝𝜓 ≤ −𝑚(𝑝 − 1)
2

∫
ℝ𝑁

𝑧𝑝−2|∇𝑧|2(𝑢1 + 𝜀)𝑚−1𝜓 + 𝐶 ∫
ℝ𝑁

𝑧𝑝𝜓

+ 𝐶 ∫
ℝ𝑁

𝑧𝑝−2 |(𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1|2

(𝑢1 + 𝜀)𝑚−1 𝜓

+ 𝐶 ∫
ℝ𝑁

𝑧𝑝−1|(𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1|𝜓

+ 𝐶 ∫
ℝ𝑁

𝑧𝑝−2|∇𝑧||∇(𝑣2 − 𝑣1)|𝜓 + 𝐶 ∫
ℝ𝑁

|𝑧𝑝−1||∇(𝑣2 − 𝑣1)|𝜓

+ 𝐶 ∫
ℝ𝑁

𝑧𝑝−1|∇𝑧|𝜓 + ∫
ℝ𝑁

(𝑎𝑧𝑝 − 𝑏𝑧𝑝(𝑢1 + 𝑢2))𝜓, (4.4.4)

where we also applied Young’s inequality. Direct computation yields that there is 𝐶𝜀 de-
pending on 𝜀, 𝑚, 𝑀  such that

|(𝑢1 + 𝜀)𝑚−1 − (𝑢2 + 𝜀)𝑚−1| ≤ 𝐶𝜀|𝑢1 − 𝑢2| = 𝐶𝜀|𝑧|.

Since 𝑝 is even, 𝑧𝑝 and 𝑧𝑝−2 are non-negative. By Young’s inequality again, we have for any 
𝛿 > 0,

𝑧𝑝−2|∇𝑧||∇(𝑣2 − 𝑣1)| ≤ 𝛿𝑧𝑝−2|∇𝑧|2𝜀𝑚−1 + 𝐶𝛿,𝜀|∇(𝑣2 − 𝑣1)|2𝑧𝑝−2

≤ 𝛿𝑧𝑝−2|∇𝑧|2(𝑢1 + 𝜀)𝑚−1 + 𝐶𝛿,𝜀|∇(𝑣2 − 𝑣1)|𝑝 + 𝐶𝛿,𝜀𝑧𝑝,

and, similarly,

|𝑧|𝑝−1|∇(𝑣2 − 𝑣1)| + |𝑧|𝑝−1|∇𝑧| ≤ 𝛿𝑧𝑝−2|∇𝑧|2(𝑢1 + 𝜀)𝑚−1 + 𝐶𝛿,𝜀𝑧𝑝 + 𝐶|∇(𝑣2 − 𝑣1)|𝑝.

Fixing 𝛿 > 0 to be sufficiently small and plugging these into (4.4.4) yield

1
𝑝

𝑑
𝑑𝑡

∫
ℝ𝑁

𝑧𝑝𝜓 ≤ 𝐶𝜀 ∫
ℝ𝑁

𝑧𝑝𝜓 + 𝐶𝜀 ∫
ℝ𝑁

|∇(𝑣2 − 𝑣1)|𝑝𝜓.

This implies that for all 𝑡 ∈ [0, 1],

‖(𝑧𝜓1)(𝑡, ⋅)‖𝑝
𝐿𝑝 ≤ 𝐶𝜀𝑡 sup

0<𝑠<𝑡
‖(∇(𝑣2 − 𝑣1)𝜓1)(𝑠, ⋅)‖𝑝

𝐿𝑝 , (4.4.5)

where 𝜓1 ∶= 𝜓1/𝑝 and the constant 𝐶𝜀 only depends on 𝐶, 𝜀, 𝑀, 𝑝, ‖𝑢0‖𝐶1+𝛼 and ‖𝑣0‖𝐶2+𝛼 . 
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Now, note that 𝑣𝑖𝜓1 solves the equation

𝜏(𝑣𝑖𝜓1)𝑡 = Δ(𝑣𝑖𝜓1) − [𝑢̃𝑖𝑣𝑖𝜓1 + 2∇𝑣𝑖 ⋅ ∇𝜓1 + 𝑣𝑖Δ𝜓1].

Then, denoting 𝑤 ∶= (𝑣2 − 𝑣1)𝜓1 and recalling 𝑇𝑝 from Section 2.2, we get

𝑤(𝑡, ⋅) = 𝑇𝑝( 𝑡
𝜏

)𝑤0 + ∫
𝑡

0
𝑇𝑝(𝑡 − 𝑠

𝜏
)[𝑤 − (𝑢̃2 − 𝑢̃1)𝑣2𝜓1 − 𝑢̃1𝑤

− 2∇(𝑣2 − 𝑣1) ⋅ ∇𝜓1 − (𝑣2 − 𝑣1)Δ𝜓1]𝑑𝑠.

Since |∇𝜓| ≤ 𝜓, we have |∇𝜓1| ≤ 𝜓1. In view of (2.2.2) and by Grönwall’s inequality, we 
get for some 𝐶 and for all 𝑡 ∈ [0, 1],

‖𝑤(𝑡, ⋅)‖𝐿𝑝 ≤ 𝐶 ∫
𝑡

0
‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)𝜓1‖𝐿𝑝 𝑑𝑠 + 𝐶 ∫

𝑡

0
‖𝑤(𝑠, ⋅)‖𝐿𝑝 𝑑𝑠 + 𝐶 ∫

𝑡

0
‖∇(𝑣2 − 𝑣1)(𝑠, ⋅)𝜓1‖𝐿𝑝 𝑑𝑠

≤ 𝐶𝑡 sup
𝑠∈[0,𝑡]

[‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)𝜓1‖𝐿𝑝 + ‖𝑤(𝑠, ⋅)‖𝐿𝑝 + ‖∇(𝑣2 − 𝑣1)(𝑠, ⋅)𝜓1‖𝐿𝑝],

(4.4.6)

where we also used that |𝑣2| ≤ ‖𝑣0‖∞ and |𝑢̃1| ≤ 𝑀 . Similarly, by (2.2.3), for 𝑡 ∈ [0, 1] we 
have

‖∇𝑤(𝑡, ⋅)‖𝐿𝑝 ≤ 𝐶 ∫
𝑡

0
(𝑡 − 𝑠)− 1

2 𝑒− 𝑝(𝑡−𝑠)
𝜏 ‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)𝜓1‖𝐿𝑝 𝑑𝑠

+ 𝐶 ∫
𝑡

0
(𝑡 − 𝑠)− 1

2 𝑒− 𝑝(𝑡−𝑠)
𝜏 [‖𝑤(𝑠, ⋅)‖𝐿𝑝 + ‖∇(𝑣2 − 𝑣1)(𝑠, ⋅)𝜓1‖𝐿𝑝] 𝑑𝑠

≤ 𝐶𝑡1
2 sup

𝑠∈[0,𝑡]
[‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)𝜓1‖𝐿𝑝 + ‖𝑤(𝑠, ⋅)‖𝐿𝑝 + ‖∇(𝑣2 − 𝑣1)(𝑠, ⋅)𝜓1‖𝐿𝑝].

(4.4.7)

Then (4.4.6) and (4.4.7) yield that for all 𝑡 ∈ (0, 1] sufficiently small,

‖∇(𝑣2 − 𝑣1)(𝑡, ⋅)𝜓1‖𝐿𝑝 ≤ 𝐶(‖𝑤(𝑡, ⋅)‖𝐿𝑝 + ‖∇𝑤(𝑡, ⋅)‖𝐿𝑝) ≤ 𝐶𝑡1
2 sup

0<𝑠<𝑡
‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)𝜓1‖𝐿𝑝 .

By (4.4.5), we have

‖𝑧(𝑡, ⋅)𝜓1‖𝑝
𝐿𝑝 ≤ 𝐶𝑡1+ 𝑝

2 sup
0<𝑠<𝑡

‖(𝑢̃1(𝑠) − 𝑢̃2(𝑠))𝜓1‖𝑝
𝐿𝑝 .

Thus, if 𝑇1 ≤ 1 is sufficiently small, depending on the general constants, 𝜀, 𝑀 , 𝑝, ‖𝑢0‖𝐶1+𝛼 , 
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and ‖𝑣0‖𝐶2+𝛼 , then for all 𝑡 ∈ [0, 𝑇1] we conclude that

sup
𝑥0∈ℝ𝑁

‖(𝑢1 − 𝑢2)(𝑡, ⋅)‖𝐿𝑝(𝐵1(𝑥0)) ≤ 1
2

sup
𝑥0∈ℝ𝑁

𝑠∈[0,𝑇1]

‖(𝑢̃1 − 𝑢̃2)(𝑠, ⋅)‖𝐿𝑝(𝐵1(𝑥0)).

∎

It follows from Lemma 4.4.1 that, given 𝑢̃ ∈ 𝒵𝑝(𝑇1, 𝑀) with 𝑢̃ Hölder continuous, we can 
uniquely determine a function 𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀). In the next lemma, we remove the Hölder 
continuity assumption and conclude that the mapping is a contraction on 𝒵𝑝(𝑇1, 𝑀).

Lemma 4.4.2. For any 𝑀 > ‖𝑢0‖∞ and 𝑝 > 𝑁 , there exists 𝑇1 = 𝑇1(𝑀) ∈ (0, 𝑇 ] such that 
for any 𝑢̃ ∈ 𝒵𝑝(𝑇 , 𝑀), there exist 𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀) and a bounded function 𝑣 such that they 
are weak solutions to

𝑢𝑡 = 𝑚∇ ⋅ ((𝜀 + 𝑢)𝑚−1∇𝑢) − 𝜒∇ ⋅ (𝑢∇𝑣) + 𝑢(𝑎 − 𝑏𝑢), 𝑢(𝑥, 0) = 𝑢0 (4.4.8)

and
𝜏𝑣𝑡 = Δ𝑣 − 𝑢̃𝑣, 𝑣(𝑥, 0) = 𝑣0, (4.4.9)

respectively, on [0, 𝑇1]. Moreover, there exists a mapping ℒ ∶ 𝒵𝑝(𝑇1, 𝑀) → 𝒵𝑝(𝑇1, 𝑀) such 
that ℒ(𝑢̃) = 𝑢, where 𝑢 is a weak solution of  (4.4.8) on [0, 𝑇1], and it is a contraction on 
𝒵𝑝(𝑇1, 𝑀). Lastly, if 𝑢̃ is uniformly Hölder continuous, then 𝑢 and 𝑣 are classical solutions 
to (4.4.8) and (4.4.9), respectively.

Proof of Lemma 4.4.2. First of all, we prove that for any 𝑢̃ ∈ 𝒵𝑝(𝑇 , 𝑀), there exist 
𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀) and a bounded function 𝑣 such that they are weak solutions to (4.4.8) and 
(4.4.9) on [0, 𝑇1]. To this end, we take 𝑢̃𝛿 ∈ 𝒵𝑝(𝑇 , 𝑀) such that 𝑢̃𝛿 is uniformly Hölder 
continuous in space and time, and ‖𝑢̃𝛿 − 𝑢̃‖𝒳𝑝(𝑇 ) → 0 as 𝛿 → 0. Then take 𝑣𝛿 and 𝑢𝛿 as 𝑣𝑖

and 𝑢𝑖 from Lemma 4.4.1, respectively, with 𝑢̃𝛿 in place of 𝑢̃𝑖. It follows from (4.4.1) that 
for some 𝐾1 depending only on ‖𝑣0‖𝐶1 , ‖𝑢̃𝛿‖𝒳𝑝(𝑇 ) and 𝑀  such that

|∇𝑣𝛿(⋅, ⋅)| ≤ 𝐾1  in Ω𝑇 .

Since 𝑀 > ‖𝑢0‖∞, by Remark 4.2.1 and Proposition 4.3.1, there exists 𝑇1 depending on 𝑀
but independent of 𝛿 and 𝜀 such that

‖𝑢𝛿‖𝐿∞(Ω𝑇1) ≤ 𝑀, (4.4.10)
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and, for some 𝐶 independent of 𝛿, 𝜀 ∈ (0, 1),

sup
𝑥0∈ℝ𝑁

∬
[0,𝑇1]×𝐵1(𝑥0)

(𝜀 + 𝑢𝛿)2𝑚−2|∇𝑢𝛿|2 𝑑𝑥 𝑑𝑡 ≤ 𝐶.

Next, passing 𝛿 → 0 along a subsequence, we can find 𝑣 ∈ 𝐿∞(0, 𝑇1; 𝑊 1,∞(ℝ𝑁)) and 
𝑢 ∈ 𝐿∞(Ω𝑇1

) ∩ 𝐿2((0, 𝑇1); 𝑊 1,2
loc (ℝ𝑁)) such that

𝑣𝛿 ⇀ 𝑣, ∇𝑣𝛿 ⇀ ∇𝑣, 𝑢𝛿 ⇀ 𝑢  in 𝐿𝑝
loc(Ω𝑇1

) for all 𝑝 ≥ 1;

(𝜀 + 𝑢𝛿)𝑚−1∇𝑢𝛿 ⇀ (𝜀 + 𝑢)𝑚−1∇𝑢  in 𝐿2
loc(Ω𝑇1

).
(4.4.11)

It is clear that 𝑣 is a weak solution of (4.4.9) on [0, 𝑇1]. We claim that 𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀) and 
𝑢 is a weak solution of (4.4.8). In fact, by (4.4.10)

‖𝑢‖𝐿∞(Ω𝑇1) ≤ 𝑀,

and there exists a uniformly bounded vector field 𝑔 in Ω𝑇1
 such that

𝑢𝛿∇𝑣𝛿 ⇀ 𝑔  in 𝐿𝑝
loc(Ω𝑇1

) for all 𝑝 ≥ 1. (4.4.12)

We have from equation (4.4.1) that ∇𝑣𝛿 is uniformly finite independent of 𝛿 (and also 
𝜀), Theorem 4.1.1(3) yields that 𝑢𝛿 is uniformly Hölder continuous in [𝑡1, 𝑡2] × ℝ𝑁  with 
0 < 𝑡1 < 𝑡2 ≤ 𝑇1, and the Hölder norm is independent of 𝛿, 𝜀 ∈ (0, 1). Therefore, after 
passing 𝛿 → 0 along a subsequence, we actually obtain that 𝑢𝛿 → 𝑢 pointwise locally 
uniformly in (0, 𝑇1] × ℝ𝑁 . This and the weak convergence of ∇𝑣𝛿 → ∇𝑣 yield that

𝑔 = 𝑢∇𝑣. (4.4.13)

By the 𝑢𝛿-equation (also see the computations of (4.3.2)), 𝑢𝛿(𝑡, ⋅) is continuous in 𝑡 in the 
space of 𝐿𝑝

loc(ℝ𝑁). Furthermore, by the pointwise convergence of 𝑢𝛿 → 𝑢, the boundedness of 
𝑢𝛿 (see (4.4.10)), and the dominated convergence theorem, we have that for each 𝑡 ∈ [0, 𝑇1], 
𝑢𝛿(𝑡, ⋅) → 𝑢(𝑡, ⋅) in 𝐿𝑝

loc(ℝ𝑁). These together imply

𝑢 ∈ 𝒳𝑝(𝑇1). (4.4.14)

By (4.4.11)–(4.4.14), 𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀) and 𝑢 is a weak solution of (4.4.8) on [0, 𝑇1]. With-
out loss of generality, we may assume that 𝑇1 satisfies the conclusion in Lemma 4.4.1. In 
the following, we show that there exists a mapping ℒ ∶ 𝒵𝑝(𝑇1, 𝑀) → 𝒵𝑝(𝑇1, 𝑀) such 
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that ℒ(𝑢̃) = 𝑢, where 𝑢 is a weak solution of (4.4.8) on [0, 𝑇1], and it is a contraction 
on 𝒵𝑝(𝑇1, 𝑀). Suppose that along another sequence of 𝛿′ → 0 (or we have different ap-
proximations of 𝑢̃𝛿′ → 𝑢̃), for some 𝑢′ ∈ 𝒵𝑝(𝑇1, 𝑀) we have 𝑢𝛿′ → 𝑢′ in 𝐿𝑝

loc(Ω𝑇1
) and 

𝑢𝛿′(𝑡, ⋅) → 𝑢′(𝑡, ⋅) in 𝐿𝑝
loc(ℝ𝑁) for each 𝑡 ∈ [0, 𝑇1]. It follows from Lemma 4.4.1 that

‖𝑢𝛿′ − 𝑢𝛿‖𝒳𝑝(𝑇1) ≤ 1
2

‖𝑢̃𝛿′ − 𝑢̃𝛿‖𝒳𝑝(𝑇1).

Passing 𝛿 and 𝛿′ to 0 yields that 𝑢 = 𝑢′. Hence the weak solution 𝑢 to (4.4.8) on [0, 𝑇1]
obtained via the above approximation process is unique. This allows us to define the mapping 
ℒ ∶ 𝒵𝑝(𝑇1, 𝑀) → 𝒵𝑝(𝑇1, 𝑀), where ℒ(𝑢̃) = 𝑢 and 𝑢 is the weak solution of (4.4.8) from 
the above approximation process. Moreover, Lemma 4.4.1 shows that this mapping ℒ is a 
contraction on 𝒵𝑝(𝑇1, 𝑀). Finally, if 𝑢̃ is uniformly Hölder continuous, we can take 𝑢̃𝛿 = 𝑢̃. 
Hence, it follows from the previous proof that 𝑣 = 𝑣𝛿 is uniformly 𝐶1+ 𝛼

2 ,2+𝛼 in Ω𝑇 . The 
classical parabolic regularity results then yield that 𝑢 = 𝑢𝛿 is locally uniformly 𝐶1+ 𝛼

2 ,2+𝛼 in 
the interior of Ω𝑇 . So, they are classical solutions. ∎

Remark 4.4.1. In the proof of  (4.4.13), we invoke Theorem 4.1.1(3) to show that 𝑢𝛿 → 𝑢
as 𝛿 → 0 along a subsequence almost everywhere (in fact, pointwise) in (0, 𝑇1] × ℝ𝑁 . There 
is an alternative argument of proving this fact without using Theorem 4.1.1(3). We refer 
readers to [31, 61, 68] for more details. Indeed, by multiplying the 𝑢𝛿-equation by 𝑢𝑚

𝛿 𝜁 with 
𝜁 ∈ 𝐶∞

0 (𝐵1), we get

1
𝑚 + 1

∫
ℝ𝑁

(𝑢𝑚+1
𝛿 )𝑡𝜁 𝑑𝑥 = − ∫

ℝ𝑁

∇(𝑢𝑚
𝛿 𝜁) ⋅ [𝑚(𝑢𝛿 + 𝜀)𝑚−1∇𝑢𝛿 − 𝜒𝑢𝛿∇𝑣] + 𝑢𝑚

𝛿 𝜁(𝑎𝑢𝛿 − 𝑏𝑢2
𝛿).

By Young’s inequality and Theorem 4.1.1, we obtain

|∫
𝐵1

(𝑢𝑚+1
𝛿 )𝑡𝜁| ≤ 𝐶 [1 + ∫

𝐵1

(𝑢𝛿 + 𝜀)2𝑚−2|∇𝑢𝛿(𝑡, 𝑥)|2 𝑑𝑥 + ‖𝑢𝛿‖2𝑚
2𝑚 + ‖𝑢𝛿‖𝑚+2

𝑚+2] ‖𝜁‖𝑊 1,∞
0 (𝐵1)

≤ 𝐶‖𝜁‖𝑊 1,∞
0 (𝐵1).

This implies that 𝜕𝑡(𝑢𝑚+1
𝛿 ) restricted to (0, 𝑇1) × 𝐵1 is bounded under the norm of

𝐿1((0, 𝑇1); (𝑊 1,∞
0 (𝐵1))∗) =∶ 𝐿1((0, 𝑇1); 𝑋1).

Since (𝜀 + 𝑢𝛿)𝑚−1∇𝑢𝛿 is locally uniformly bounded in 𝐿2(Ω𝑇 ) and 𝑢𝛿 is uniformly bounded, 
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𝑢𝑚+1
𝛿  restricted to (0, 𝑇1) × 𝐵1 is in the space

𝐿2((0, 𝑇1); 𝑊 1,2(𝐵1)) =∶ 𝐿2((0, 𝑇1); 𝑋0).

Let 𝑞 ∈ (1, 2𝑁
𝑁−2) and 𝑋 ∶= 𝐿𝑞(𝐵1). Then

𝑋0 = 𝑊 1,2(𝐵1) ⊆ 𝑋 ⊆ (𝐿∞(𝐵1))∗ ⊆ (𝑊 1,∞
0 (𝐵1))∗ = 𝑋1,

and the embedding of 𝑋 ⊆ 𝑋1 is continuous. By Rellich–Kondrachov embedding theorem, 
𝑋0 is compactly embedded in 𝑋. By Aubin–Lions compactness lemma, we have that, along 
a subsequence of 𝛿 → 0, 𝑢𝑚+1

𝛿  converges in the space 𝐿2((0, 𝑇1); 𝐿𝑞(𝐵1)). This yields that 
𝑢𝛿 → 𝑢 as 𝛿 → 0 along a subsequence a.e. in [0, 𝑇1] × 𝐵1, which, after shifting, proves the 
claim.

We now prove Proposition 4.1.1.

Proof of Proposition 4.1.1. First, fix 𝜀 > 0 and any 𝑀 > ‖𝑢0‖∞. Consider the mapping 
from Lemma 4.4.2:

𝑢̃ ∈ 𝒵𝑝(𝑇1, 𝑀) ↦ ℒ(𝑢̃) = 𝑢(⋅, ⋅) ∈ 𝒵𝑝(𝑇1, 𝑀).

By Lemmas 4.4.1 and 4.4.2, if 𝑇1 ≤ 1 is picked to be sufficiently small, then the mapping is 
a contraction. By Banach fixed point theorem, there is a unique 𝑢 ∈ 𝒵𝑝(𝑇1, 𝑀) such that

ℒ(𝑢) = 𝑢.

By Lemmas 4.4.1 and 4.4.2 again, we obtain a weak solution (𝑢𝜀, 𝑣𝜀) to (4.0.2) in the time 
interval [0, 𝑇1].

Next, we claim that (𝑢𝜀, 𝑣𝜀) is a classical solution of (4.0.2) on (0, 𝑇1]. In fact, recall that 
𝑢0 is uniformly Hölder continuous, and 𝑣0 is uniformly 𝐶2+𝛼. Let 𝑣𝛿

𝜀 be uniformly smooth 
(depending on 𝛿), and for some 𝑝 > 𝑁 ,

∇𝑣𝛿
𝜀 → ∇𝑣𝜀  as 𝛿 → 0 in 𝐿𝑝

loc(Ω𝑇1
).

Then let 𝑢𝛿
𝜀 solve (4.4.8) with 𝑣𝛿

𝜀 in place of 𝑣, in the classical sense. Since 𝜀 > 0, the 
classical parabolic theory yields that 𝑢𝛿

𝜀 converges to 𝑢𝜀 as 𝛿 → 0 in 𝐿𝑝
loc(Ω𝑇1

). Since ∇𝑣𝜀 is 
uniformly bounded, ∇𝑣𝛿

𝜀 can be chosen to be uniformly bounded independently of 𝜀 and 𝛿. 
Hence, Theorem 4.1.1(3) implies that 𝑢𝛿

𝜀 is uniformly Hölder continuous in Ω𝑇1
 with a bound 

independent of 𝜀 and 𝛿, which in turn implies that 𝑢𝜀 is also uniformly Hölder continuous 
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independently of 𝜀. Thus, in view of Definition 4.1.2, the claim follows from the second part 
of Lemma 4.4.2.

Now, we show that (4.0.2) has a unique classical solution on (0, 𝑇1]. To this end, suppose 
that (𝑢′

𝜀, 𝑣′
𝜀) is another pair of classical solutions of (4.0.2) with initial condition 𝑢0, 𝑣0. Since 

𝑢𝜀 and 𝑢′
𝜀 are uniformly Hölder continuous in [0, 𝑇1], by the second part of Lemma 4.4.2,

ℒ(𝑢𝜀) = 𝑢𝜀 and ℒ(𝑢′
𝜀) = 𝑢′

𝜀.

Therefore, by Lemma 4.4.1, for any 𝑀 > ‖𝑢0‖∞, there exists 0 < ̃𝑇1 ≤ 𝑇1 such that 
𝑢𝜀, 𝑢′

𝜀 ∈ 𝒵𝑝( ̃𝑇1, 𝑀) and

‖𝑢𝜀 − 𝑢′
𝜀‖𝒳𝑝( ̃𝑇1) ≤ 1

2
‖𝑢𝜀 − 𝑢′

𝜀‖𝒳𝑝( ̃𝑇1).

This implies that 𝑢𝜀 = 𝑢′
𝜀 in [0, ̃𝑇1] × ℝ𝑁 . Since both 𝑢𝜀 and 𝑢′

𝜀 are uniformly bounded, by 
iteration, we actually get that 𝑢𝜀 = 𝑢′

𝜀 in [0, 𝑇1] × ℝ𝑁 , which proves the uniqueness.
Finally, by standard extension arguments, we can extend the solution (𝑢𝜀, 𝑣𝜀) of (4.0.2) 

on [0, 𝑇1] to a maximal interval (0, 𝑇max). Moreover, if 𝑇max < ∞, then

lim sup
𝑡→𝑇max−

‖𝑢𝜀(𝑡, ⋅)‖𝐶1+𝛼 = ∞ or lim sup
𝑡→𝑇max−

‖𝑣𝜀(𝑡, ⋅)‖𝐶2+𝛼 = ∞. (4.4.15)

However, Theorem 4.1.1 implies

sup
𝑡∈[0,𝑇max)

‖𝑢𝜀(𝑡, ⋅)‖𝐿∞ < ∞, and sup
𝑡∈[0,𝑇max)

‖∇𝑣𝜀(𝑡, ⋅)‖𝐿∞ < ∞.

By Theorem 4.1.1(3) again, 𝑢𝜀 is uniformly Hölder continuous on [0, 𝑇max). In view of 
Lemma 4.4.2, we have

lim
𝑡→𝑇max−

[‖𝑢𝜀(𝑡, ⋅)‖𝐶1+𝛼 + ‖𝑣𝜀(𝑡, ⋅)‖𝐶2+𝛼] < ∞,

which implies that (4.4.15) cannot occur. Consequently, 𝑇max = ∞, and this completes the 
proof of Proposition 4.1.1. ∎

Now we proof Theorem 4.1.2 in the next section.

4.4.2 Proof of Theorem  4.1.2

In this subsection, we prove the existence of a globally bounded weak solution to (4.0.1) by 
means of approximation through solutions of the perturbed system (4.0.2), together with 
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the a priori estimates in Theorem 4.1.1.

Proof of Theorem 4.1.2. First, let 𝜂 ∈ 𝐶∞
𝑐 (ℝ𝑁) be non-negative with unit total mass. 

For any 𝜀 ∈ (0, 1), define 𝜂𝜀(𝑥) = 𝜀−𝑁𝜂(𝜀−1𝑥), and let

𝑢0,𝜀 = 𝑢0 ∗ 𝜂𝜀 and 𝑣0,𝜀 = 𝑣0 ∗ 𝜂𝜀.

Consequently, for any 𝑝 ≥ 1, we have

‖𝑣0,𝜀 − 𝑣0‖𝐿𝑝
loc

, ‖∇𝑣0,𝜀 − ∇𝑣0‖𝐿𝑝
loc

, ‖𝑢0,𝜀 − 𝑢0‖𝐿𝑝
loc

→ 0  as 𝜀 → 0.

Moreover, 𝑢0,𝜀 ∈ 𝐿∞(ℝ𝑁), 𝑣0,𝜀 ∈ 𝑊 1,∞, and

‖𝑢0,𝜀‖∞ ≤ ‖𝑢0‖∞, ‖𝑣0,𝜀‖𝑊 1,∞ ≤ ‖𝑣0‖𝑊 1,∞ .

Let (𝑢𝜀, 𝑣𝜀) be from Proposition 4.1.1 with 𝑢0 and 𝑣0 being replaced by 𝑢0,𝜀 and 𝑣0,𝜀, 
respectively. For any 𝑇 > 0, by Theorem 4.1.1 and Proposition 4.1.1, there exists 𝐶 inde-
pendent of 𝜀 and 𝑇 > 0 such that

‖𝑢𝜀‖𝐿∞(Ω𝑇 ) ≤ 𝐶, |∇𝑣𝜀(⋅, ⋅)| ≤ 𝐶  in Ω𝑇 . (4.4.16)

and a 𝐶′ independent of 𝜀 such that

sup
𝑥0∈ℝ𝑁

∬
[0,𝑇 ]×𝐵1(𝑥0)

|∇(𝜀 + 𝑢𝜀)𝑚(𝑡, 𝑥)|2 𝑑𝑥 𝑑𝑡 ≤ 𝐶′,

Also, we know that 𝑣𝜀 are uniformly bounded. Therefore, after passing 𝜀 → 0 along a 
subsequence, we can find 𝑣 ∈ 𝐿∞(0, 𝑇 ; 𝑊 1,∞(ℝ𝑁)) and 𝑢 ∈ 𝐿∞(Ω𝑇 ) such that

𝑣𝜀 ⇀ 𝑣, ∇𝑣𝜀 ⇀ ∇𝑣, 𝑢𝜀 ⇀ 𝑢  in 𝐿𝑝
loc(Ω𝑇 ) for all 𝑝 ≥ 1,

(𝜀 + 𝑢𝜀)𝑚−1∇𝑢𝜀 ⇀ 𝑢𝑚−1∇𝑢  in 𝐿2
loc(Ω𝑇 ).

(4.4.17)

Moreover, similarly as before, there is a uniformly bounded vector field 𝑔 in Ω𝑇  such that

𝑢𝜀∇𝑣𝜀 ⇀ 𝑔  in 𝐿𝑝
loc(Ω𝑇 ) for all 𝑝 ≥ 1.

Now, we show that 𝑔 = 𝑢∇𝑣. As ∇𝑣𝜀 is uniformly finite independent of 𝜀, Theo-
rem 4.1.1(3) yields that 𝑢𝜀 is uniformly Hölder continuous in [𝜏∗, ∞)×ℝ𝑁  with fixed 𝜏∗ > 0, 
and the Hölder norm is independent of 𝜀 ∈ (0, 1). This shows that 𝑢𝜀 → 𝑢 pointwise locally 
uniformly in (0, ∞) × ℝ𝑁 , and it follows that 𝑔 = 𝑢∇𝑣. We comment that this fact can 
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also be obtained by the argument in Remark 4.4.1 without invoking Theorem 4.1.1(3). Fi-
nally, due to (4.4.16) and (4.4.17), (𝑢, 𝑣) is a global weak solution, and they stay uniformly 
bounded for all time.

The convergence of (𝑢𝜀, 𝑣𝜀) to (𝑢, 𝑣) in (4.4.17), together with Theorem 4.1.1, implies 
that the regularity properties stated in the theorem hold equally for (𝑢, 𝑣). Moreover, if 
𝑢0 is uniformly Hölder continuous, then 𝑢0,𝜀 are uniformly Hölder continuous with bounds 
independent of 𝜀. In this case, Theorem 4.1.1(3) implies that 𝑢𝜀, and so 𝑢, are uniformly 
Hölder continuous on [0, ∞) × ℝ𝑁 , with constants independent of 𝜀. Next, assume further 
that 𝑣0 ∈ 𝐶2,𝛼(ℝ𝑁), so that 𝑣0,𝜀 are uniformly bounded in 𝐶2,𝛼. Since 𝑢𝜀 is uniformly Hölder 
continuous, classical parabolic regularity theory implies that 𝑣𝜀, and hence 𝑣, are uniformly 
bounded in 𝐶1+𝛼/2,2+𝛼 on the whole domain, with constants independent of 𝜀 > 0. ∎

4.5 Uniqueness of Weak Solutions and Proof of Theo-
rem  4.1.3

In this section, we give the prove of Theorem 4.1.3. In doing so, we apply a duality method 
similar to that used in [36, Theorem 3.4] and [70, Theorem 6.5]. It should be pointed out 
that, in those works, the method is applied to a single PDE, whereas our problem (4.0.1) is 
a coupled system, and so we need to carefully handle the interaction between 𝑢 and 𝑣 when 
applying the duality argument. Moreover, the weak solutions of (4.0.1) considered in this 
paper may not be integrable on ℝ𝑁 . We need to handle the non-integrability issue.

In the following, we outline our strategy to prove Theorem 4.1.3 in Subsection 4.5.1, 
present an estimates for the adjoint equation in Subsection 4.5.2, and prove Theorem 4.1.3.

4.5.1 Outline of the proof of Theorem  4.1.3

Let (𝑢𝑖, 𝑣𝑖), 𝑖 = 1, 2 be two bounded weak solutions of (4.0.1) with initials 𝑢0 ∈ 𝐶𝛼(ℝ𝑁) and 
𝑣0 ∈ 𝐶2+𝛼(ℝ𝑁) such that for any 𝑇 > 0, 𝑢𝑖 ∈ 𝐶𝛼([0, 𝑇 ]×ℝ𝑁), and 𝑣𝑖 ∈ 𝐶1+𝛼/2,2+𝛼([0, 𝑇 ]×
ℝ𝑁).

We define
𝑢̄ ∶= 𝑢2 − 𝑢1, ̄𝑣 ∶= 𝑣2 − 𝑣1, and 𝑢̃ ∶= 𝑢2 + 𝑢1. (4.5.1)

The goal is to show 𝑢̄ = 0 and ̄𝑣 = 0 via a duality method. The key point is to establish 
the following two inequalities: for a fixed small 𝑇 > 0 and any smooth nonnegative function 
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𝜉(𝑡, 𝑥) compactly supported in [0, 𝑇 ] × ℝ𝑁 , we have

∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜉 𝜓 ≲ (∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2))

1
2

, (4.5.2)

and
∫

ℝ𝑁
̄𝑣2(𝑡)𝜓2 + ∫

𝑡

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2 ≲ ∫

𝑡

0
∫

ℝ𝑁
̄𝑣2𝜓2, ∀ 0 ≤ 𝑡 ≤ 𝑇 , (4.5.3)

where 𝜓 is as in Lemma 2.4.1. Then applying Grönwall’s inequality to (4.5.3) implies that 
̄𝑣(𝑡, 𝑥) = 0 for all 𝑡 ∈ [0, 𝑇 ] and 𝑥 ∈ ℝ𝑁 , which together with (4.5.2) implies 𝑢̄(𝑡, 𝑥) = 0.

In the following, let us roughly describe the duality method. First, set

𝑈(𝑡, 𝑥) ∶= 𝑢̄(𝑡, 𝑥) 𝜓(𝑥), 𝑎∗(𝑡, 𝑥) ∶= (𝑢𝑚
2 − 𝑢𝑚

1
𝑢2 − 𝑢1

) (𝑡, 𝑥). (4.5.4)

Using the equation for 𝑢, we obtain

𝑈𝑡 = Δ(𝑎∗𝑈) − 2∇ ⋅ (𝑎∗𝑈 ∇𝜓
𝜓

) + 𝑎∗𝑈 Δ𝜓
𝜓

− 𝜒∇ ⋅ (𝑈∇𝑣2) + 𝜒𝑈 ∇𝑣2 ⋅ ∇𝜓
𝜓

+ 𝑎𝑈 − 𝑏𝑢̃ 𝑈 − 𝜒𝜓 ∇ ⋅ (𝑢1∇ ̄𝑣). (4.5.5)

Next, let 𝜀′ > 0, for some 𝑇 > 0 and 𝜉(𝑡, 𝑥) ≥ 0 as above, consider the following 
adjoint-type equation associated with (4.5.5):

{


𝜙𝑡 + 𝑎𝜀′Δ𝜙 + 𝑔𝜀′ ⋅ ∇𝜙 + 𝑓𝜀′𝜙 + 𝜉 = 0,

𝜙(𝑇 , 𝑥) = 0,
(4.5.6)

where

𝑔𝜀′ ∶= 2𝑎𝜀′ ∇𝜓
𝜓

+ 𝜒∇𝑣2, 𝑓𝜀′ ∶= 𝑎 − 𝑏𝑢̃ + 𝑎𝜀′ Δ𝜓
𝜓

+ 𝜒∇𝑣2 ⋅ ∇𝜓
𝜓

. (4.5.7)

Here 𝑎𝜀′ is a smooth approximation of 𝑎∗ with 𝑎𝜀′ ≥ max{𝜀′, 𝑎∗}; 𝜓 is given in Lemma 2.4.1 
with some 𝜅 > 0 to be chosen. By the regularity of solutions and smoothness of 𝜓, both 𝑔𝜀′

and 𝑓𝜀′ are bounded on [0, 𝑇 ] × ℝ𝑁 . Since 𝜓 and 𝑎𝜀′ are smooth, 𝑣2 is 𝐶2 and 𝑢̃ is Hölder 
continuous; thus, by [41, Theorem 8.1, Chapter V], (4.5.6) admits a classical solution 𝜙.

The main idea is to use 𝜙𝜓 as a test function in the weak formulation to derive (4.5.2). 
A main difficulty is controlling the regularity of the auxiliary function 𝜙. In particular, the 
argument relies on estimating the 𝑊 2,2 norm of 𝜙 in terms of the 𝑊 1,2 norm of 𝜉, which is 
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crucial for the duality method. This estimate is proved in Lemma 4.5.1, which is also where 
the condition 𝑚 ≤ 3 is required.

Finally, since ̄𝑣 𝑣2 𝜓 can be approximated by smooth compactly supported functions on 
[0, 𝑇 ] × ℝ𝑁 , we apply (4.5.2) with 𝜉 = ̄𝑣 𝑣2 𝜓 to obtain (4.5.3).

4.5.2 Estimates for the adjoint equation

Let 𝜉 be a smooth function that is compactly supported in [0, 𝑇 ] × ℝ𝑁  and for any 𝜀′ > 0, 
let 𝑎𝜀′ = 𝑎𝜀′(𝑡, 𝑥) be a smooth function satisfying that

max{𝜀′, 𝑎∗} ≤ 𝑎𝜀′ ≤ max
𝑖=1,2

{𝑚(‖𝑢𝑖‖∞ + 1)𝑚−1} =∶ 𝐾 (4.5.8)

with 𝑎∗ from (4.5.4). We will select a more specific 𝑎𝜀′ later in the proof of Theorem 4.1.3.
We claim that

𝑎∗ ≥ 𝑐∗ 𝑢̃𝑚−1, where 𝑐∗ = min {1, 𝑚
2𝑚−1 } . (4.5.9)

Indeed, the inequality holds trivially if 𝑢1 = 𝑢2. Otherwise, suppose 𝑢2 > 𝑢1, and note that

𝑎∗ = 𝑚
𝑢2 − 𝑢1

∫
𝑢2

𝑢1

𝑢𝑚−1 𝑑𝑢.

If 𝑚 ≥ 2, since the map 𝑡 ↦ 𝑡𝑚−1 is convex, and by the Hermite–Hadamard inequality,

1
𝑢2 − 𝑢1

∫
𝑢2

𝑢1

𝑢𝑚−1 𝑑𝑢 ≥ (𝑢1 + 𝑢2
2

)
𝑚−1

= 21−𝑚𝑢̃𝑚−1,

which yields the claim. If 𝑚 ∈ (1, 2], for 𝑟 ∶= 𝑢1/𝑢2, we have

𝑎∗

(𝑢1 + 𝑢2)𝑚−1 = 1 − 𝑟𝑚

1 − 𝑟
1

(1 + 𝑟)𝑚−1 ≥ 1,

as 𝑟 ↦ 1−𝑟𝑚

1−𝑟
1

(1+𝑟)𝑚−1  is an increasing function of 𝑟 ∈ (0, 1]. The claim follows.

Let 𝜓 be as in Lemma 2.4.1 with some parameter 𝜅 > 0, and 𝜙𝜀′,𝜉 solve (4.5.6). We 
prove the following estimate.

Lemma 4.5.1. Fix any 𝜅 ∈ (0, 1
2). Assume that 𝑚, 𝑎, 𝑏 satisfy that 𝑎, 𝑏 > 0 and 1 < 𝑚 ≤ 3. 

For any 𝛿 ∈ (0, 1
8), there exists 𝑇 ∗ = 𝑇 ∗(𝛿) > 0 such that, for every 𝑇 ∈ (0, 𝑇 ∗] and 
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𝜀′ ∈ (0, 1), if 𝜙 = 𝜙𝜀′,𝜉 is the solution to (4.5.6) on [0, 𝑇 ] × ℝ𝑁 , then the following holds:

∫
𝑇

𝑡
∫

ℝ𝑁

𝑎𝜀′ |Δ𝜙𝜀′,𝜉|2 + ∫
𝑇

𝑡
∫

ℝ𝑁

|∇𝜙𝜀′,𝜉|2 + ∫
𝑇

𝑡
∫

ℝ𝑁

|𝜙𝜀′,𝜉|2 ≤ 𝛿( ∫
𝑇

𝑡
∫

ℝ𝑁

|𝜉|2 + ∫
𝑇

𝑡
∫

ℝ𝑁

|∇𝜉|2)

for every 𝑡 ∈ [0, 𝑇 ].

Proof of Lemma 4.5.1. We divide the proof into three steps. In the following, unless 
otherwise specified, we denote 𝜙𝜀′,𝜉 by 𝜙, and 𝑔𝜀′ , 𝑓𝜀′ by 𝑔, 𝑓 , respectively.
Step 1. In this step, we prove the following estimate for ∫

ℝ𝑁 𝜙(𝑡, 𝑥)2 𝑑𝑥:

∫
ℝ𝑁

𝜙(𝑡, 𝑥)2 𝑑𝑥 ≤ 𝛿 ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜉|2 + ‖𝑔‖∞ ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + 𝐶𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2,

(4.5.10)

where
𝐶𝛿 ∶= (𝐾 + 1)/𝛿 + ‖𝑔‖∞ + 2‖𝑓‖∞. (4.5.11)

To this end, multiplying (4.5.6) by 𝜙 and then integrating in space and time, we have

1
2

∫
𝑇

𝑡
∫

ℝ𝑁

𝑑
𝑑𝑡

𝜙2 𝑑𝑥 𝑑𝑠 = − ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′𝜙Δ𝜙 + 𝜙𝑔 ⋅ ∇𝜙 + 𝑓𝜙2 + 𝜙𝜉 𝑑𝑥 𝑑𝑠.

This together with Young’s inequality implies that

∫
ℝ𝑁

𝜙(𝑡, 𝑥)2 𝑑𝑥 ≤ 𝛿 ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2 + ∫

𝑇

𝑡
∫

ℝ𝑁

1
𝛿

‖𝑎𝜀′‖∞|𝜙|2 + ‖𝑔‖∞ ∫
𝑇

𝑡
∫

ℝ𝑁
(|∇𝜙|2 + |𝜙|2)

+ 2 ∫
𝑇

𝑡
∫

ℝ𝑁
‖𝑓‖∞|𝜙|2 + 1

𝛿
∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙(𝑠)|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
𝜉2

≤ 𝛿 ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜉|2 + ‖𝑔‖∞ ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2

+ 𝐶𝛿 ∫
𝑇

𝑡
∫

ℝ𝑁
|𝜙|2,

where 𝐶𝛿 is given in (4.5.11). Hence (4.5.10) holds.
Step 2. In this step, we establish an estimate for ∫𝑇

𝑡
∫
ℝ𝑁 𝑎𝜀′ |Δ𝜙|2𝜂 for some 𝜂 = 𝜂(𝑡). To 

be more precise, denote

𝑀 ∶= ‖𝑣2‖𝐶2 and 𝐶∗ ∶= 2𝐶1𝑀|𝜒| + (4𝐾 + 2)/𝛿 + 4𝑎 + 8|𝜒|𝑀 + 2‖𝑔‖∞ + 2,

where 𝐶1 is a dimensional constant to be determined. Since 𝑢𝑖 are uniformly Hölder contin-
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uous, 𝑣𝑖 are uniformly 𝐶2 and 𝑀  is well defined. Also, set 𝜂 = 𝜂(𝑡) ∶= 1 + 𝐶∗𝑡. It is clear 
that

𝜂𝑡 = 𝐶∗ and 1 ≤ 𝜂 ≤ 2, for 𝑡 ∈ [0, 1/𝐶∗]. (4.5.12)

We establish the following estimate:

(1 − 3𝛿) ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2𝜂

≤ (−𝐶∗
2

+ 𝐶1𝑀|𝜒| + 2𝐾 + 1
𝛿

+ 2𝑎 + 4|𝜒|𝑀) ∫
𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜉|2

+ (𝐾
𝛿

+ 4|𝜒|𝑀 + 𝑏2‖𝑢̃‖3−𝑚
∞

𝑐∗𝛿
) ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2, (4.5.13)

where 𝑐∗ = min{1, 𝑚
2𝑚−1 }.

To this end, first, multiplying (4.5.6) by (Δ𝜙)𝜂 and then integrating in time and space 
yields that, for any 𝑇 ∈ (0, 1/𝐶∗] and 𝑡 ∈ [0, 𝑇 ],

∫
𝑇

𝑡
∫

ℝ𝑁
(Δ𝜙)𝜂𝜙𝑡 + 𝑎𝜀′ |Δ𝜙|2𝜂 + 𝑔 ⋅ ∇𝜙(Δ𝜙)𝜂 + 𝑓𝜙(Δ𝜙)𝜂 + 𝜉(Δ𝜙)𝜂 = 0.

This implies that

∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2𝜂 = ∫

𝑇

𝑡
∫

ℝ𝑁
(∇𝜙 ⋅ ∇𝜙𝑡)𝜂 − ∫

𝑇

𝑡
∫

ℝ𝑁
𝑔 ⋅ ∇𝜙(Δ𝜙)𝜂

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑓𝜙(Δ𝜙)𝜂 + ∫

𝑇

𝑡
∫

ℝ𝑁
(∇𝜙 ⋅ ∇𝜉)𝜂. (4.5.14)

Next, we estimate each term on the right-hand side of (4.5.14). For the first and last 
terms, using (4.5.12), we have

∫
𝑇

𝑡
∫

ℝ𝑁
(∇𝜙 ⋅ ∇𝜙𝑡)𝜂 = 1

2
∫

𝑇

𝑡
∫

ℝ𝑁
𝜂 𝑑

𝑑𝑡
|∇𝜙|2

= −1
2

∫
ℝ𝑁

𝜂(𝑡)|∇𝜙(𝑡, 𝑥)|2 𝑑𝑥 − 1
2

∫
𝑇

𝑡
∫

ℝ𝑁
𝜂𝑡|∇𝜙|2

≤ −𝐶∗
2

∫
𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2, (4.5.15)

and
∫

𝑇

𝑡
∫

ℝ𝑁
(∇𝜙 ⋅ ∇𝜉)𝜂 ≤ 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜉|2 + 1

𝛿
∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2. (4.5.16)
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To estimate the second term on the right-hand side of (4.5.14), denote 𝑔1 ∶= 𝜒∇𝑣2 and 
𝑔2 ∶= 2𝑎𝜀′ ∇𝜓

𝜓 , and then 𝑔 = 𝑔1 + 𝑔2. By direct computation,

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑔1 ⋅ ∇𝜙(Δ𝜙)𝜂 = ∫

𝑇

𝑡
∫

ℝ𝑁
∑
𝑖,𝑗

𝜙𝑥𝑗
(𝜕𝑗𝑔𝑖

1)𝜙𝑥𝑖
𝜂 + ∫

𝑇

𝑡
∫

ℝ𝑁
∑
𝑖,𝑗

𝑔𝑖
1𝜙𝑥𝑖𝑥𝑗

𝜙𝑥𝑗
𝜂

= ∫
𝑇

𝑡
∫

ℝ𝑁
(∇𝜙)𝑇 𝐷𝑔1(∇𝜙)𝜂 + 1

2
∫

𝑇

𝑡
∫

ℝ𝑁
∑
𝑖,𝑗

𝑔𝑖
1𝜕𝑖(𝜙2

𝑥𝑗
)𝜂

≤ ∫
𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2|𝐷𝑔1|𝜂 + 1

2
∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2|∇ ⋅ 𝑔1|𝜂.

Recall that
|𝐷𝑔1| = |𝜒||𝐷2𝑣2| ≤ |𝜒|𝑀.

Hence, there is 𝐶1 depending only on 𝑁  such that

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑔1 ⋅ ∇𝜙(Δ𝜙)𝜂 ≤ 𝐶1𝑀|𝜒| ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2. (4.5.17)

By Young’s inequality and using Lemma 2.4.1, |𝑎𝜀′ | ≤ 𝐾, 𝜅 < 1 and 𝜂 ≤ 2, we get

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑔2 ⋅ ∇𝜙(Δ𝜙)𝜂 = − ∫

𝑇

𝑡
∫

ℝ𝑁
2𝑎𝜀′ ∇𝜓

𝜓
⋅ ∇𝜙(Δ𝜙)𝜂

≤ 𝛿 ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2𝜂 + 2𝐾

𝛿
∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2. (4.5.18)

Combining (4.5.17) and (4.5.18), we have

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑔 ⋅ ∇𝜙(Δ𝜙)𝜂 ≤ 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2𝜂 + (𝐶1𝑀|𝜒| + 2𝐾

𝛿
) ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2. (4.5.19)

Now, we estimate the third term on the right-hand side of (4.5.14). Recall that 𝑓 = 𝑓𝜀′

is defined in (4.5.7). In the case when 𝑚 ∈ (1, 3], by Young’s inequality, we have

− ∫
𝑇

𝑡
∫

ℝ𝑁
(𝑎 − 𝑏𝑢̃)𝜙(Δ𝜙)𝜂 = 𝑎 ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2𝜂 + 𝑏 ∫

𝑇

𝑡
∫

ℝ𝑁
𝑢̃𝜙(Δ𝜙)𝜂

≤ 2𝑎 ∫
𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + 𝛿𝑐∗

2
∫

𝑇

𝑡
∫

ℝ𝑁
𝑢̃𝑚−1|Δ𝜙|2𝜂 + 𝑏2

2𝑐∗𝛿
∫

𝑇

𝑡
∫

ℝ𝑁
𝑢̃3−𝑚|𝜙|2𝜂,

where 𝑐∗ = min{1, 𝑚
2𝑚−1 }. It follows from (4.5.9) that 𝑎𝜀′ ≥ max{𝜀′, 𝑎∗} ≥ 𝑐∗𝑢̃𝑚−1. Hence, 
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also using that 𝜂 ≤ 2,

− ∫
𝑇

𝑡
∫

ℝ𝑁
(𝑎 − 𝑏𝑢̃)𝜙(Δ𝜙)𝜂 ≤ 2𝑎 ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2 + 𝑏2‖𝑢̃‖3−𝑚

∞
𝑐∗𝛿

∫
𝑇

𝑡
∫

ℝ𝑁
|𝜙|2.

(4.5.20)

By Young’s inequality, Lemma 2.4.1, 𝜂 ≤ 2 and 𝑎𝜀′ ≤ 𝐾, there holds

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ Δ𝜓

𝜓
𝜙(Δ𝜙)𝜂 ≤ 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2𝜂 + 𝐾

𝛿
∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2. (4.5.21)

By Lemma 2.4.1, ‖𝑣2‖𝐶2 ≤ 𝑀  and 𝜂 ≤ 2,

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝜒∇𝑣2 ⋅ ∇𝜓

𝜓
𝜙(Δ𝜙)𝜂

≤ ∫
𝑇

𝑡
∫

ℝ𝑁
𝜙∇𝜙 ⋅ ∇ (𝜒∇𝑣2 ⋅ ∇𝜓

𝜓
) 𝜂 + |𝜒|‖∇𝑣2‖∞ ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2𝜂

≤ 4|𝜒|𝑀 ∫
𝑇

𝑡
∫

ℝ𝑁
(|∇𝜙|2 + |𝜙|2). (4.5.22)

Combining (4.5.20), (4.5.21) and (4.5.22), we get the following estimate for the third term 
in (4.5.14),

− ∫
𝑇

𝑡
∫

ℝ𝑁
𝑓𝜙(Δ𝜙)𝜂 ≤ 2𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2 + (2𝑎 + 4|𝜒|𝑀) ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2

+ (𝐾
𝛿

+ 4|𝜒|𝑀 + 𝑏2‖𝑢̃‖3−𝑚
∞

𝑐∗𝛿
) ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2. (4.5.23)

The inequality (4.5.13) then follows from (4.5.14), (4.5.15), (4.5.16), (4.5.19), and (4.5.23).

Step 3. In this step, we prove the inequality stated in the lemma.
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First, adding up (4.5.10) and (4.5.13), we obtain

∫
ℝ𝑁

|𝜙(𝑡, 𝑥)|2 𝑑𝑥 + ∫
𝑇

𝑡
∫

ℝ𝑁
|𝜙|2 + ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + (1 − 4𝛿) ∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2

≤ (−𝐶∗
2

+ 𝐶1𝑀|𝜒| + 2𝐾 + 1
𝛿

+ 2𝑎 + 4|𝜒|𝑀 + ‖𝑔‖∞ + 1) ∫
𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2

+ (𝐶𝛿 + 𝐾
𝛿

+ 4|𝜒|𝑀 + 𝑏2‖𝑢̃‖3−𝑚
∞

𝑐∗𝛿
+ 1) ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2)

≤ 𝐶′
𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
|𝜙|2 + 𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2), (4.5.24)

where, in the last inequality, we used the definition of 𝐶∗ and

𝐶′
𝛿 ∶= 𝐶𝛿 + 𝐾

𝛿
+ 4|𝜒|𝑀 + 𝑏2‖𝑢̃‖3−𝑚

∞
𝑐∗𝛿

+ 1.

Next, fix 𝛿 ∈ (0, 1
8), and let

𝑇 ∗ ∶= min{1/𝐶∗, 1/(2𝐶′
𝛿)}.

Assume that 𝑇 ∈ (0, 𝑇 ∗]. For any 𝑡 ∈ [0, 𝑇 ], choose 𝑡1 ∈ [𝑡, 𝑇 ] such that

∫
ℝ𝑁

|𝜙(𝑡1, 𝑥)|2𝑑𝑥 = max {∫
ℝ𝑁

|𝜙(𝑠, 𝑥)|2𝑑𝑥 ∶ 𝑠 ∈ [𝑡, 𝑇 ]} .

It follows from (4.5.24) with 𝑡 = 𝑡1 and 𝐶′
𝛿𝑇 ≤ 1

2  that

∫
ℝ𝑁

|𝜙(𝑡1, 𝑥)|2 𝑑𝑥 ≤ 𝐶′
𝛿 ∫

𝑇

𝑡1

∫
ℝ𝑁

|𝜙|2 + 𝛿 ∫
𝑇

𝑡1

∫
ℝ𝑁

(|𝜉|2 + |∇𝜉|2)

≤ 1
2

∫
ℝ𝑁

|𝜙(𝑡1, 𝑥)|2 𝑑𝑥 + 𝛿 ∫
𝑇

𝑡1

∫
ℝ𝑁

(|𝜉|2 + |∇𝜉|2).

This implies that for any 𝑡 ∈ [0, 𝑇 ],

∫
𝑇

𝑡
∫

ℝ𝑁
|𝜙(𝑡, 𝑥)|2 ≤ 𝑇 ∫

ℝ𝑁
|𝜙(𝑡1, 𝑥)|2 ≤ 2𝛿𝑇 ∗ ∫

𝑇

𝑡
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2).
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Using (4.5.24) again, this and 𝛿 ≤ 1/8 yield

∫
ℝ𝑁

|𝜙(𝑡, 𝑥)|2 𝑑𝑥 + ∫
𝑇

𝑡
∫

ℝ𝑁
|𝜙|2 + ∫

𝑇

𝑡
∫

ℝ𝑁
|∇𝜙|2 + 1

2
∫

𝑇

𝑡
∫

ℝ𝑁
𝑎𝜀′ |Δ𝜙|2

≤ (2𝛿𝑇 ∗𝐶′
𝛿 + 𝛿) ∫

𝑇

𝑡
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2) ≤ 2𝛿 ∫

𝑇

𝑡
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2).

This completes the proof of the lemma. ∎

The next corollary is an immediate consequence of Lemmas 2.4.1 and 4.5.1, combined 
with the following computation:

|∇(𝜙𝜓)|2 = |∇𝜙 𝜓 + 𝜙∇𝜓|2 ≤ 2(|∇𝜙|2𝜓2 + 𝜙2𝜓2),

|Δ(𝜙𝜓)|2 = |Δ𝜙 𝜓 + 2∇𝜙∇𝜓 + 𝜙Δ𝜓|2 ≤ 8(|Δ𝜙|2 + |∇𝜙|2 + |𝜙|2)𝜓2.

Corollary 4.5.1. Under the condition of Lemma 4.5.1, for any 𝛿, there exists 𝑇 ∗ > 0 such 
that for all 𝑇 ∈ [0, 𝑇 ∗] we have

∫
𝑇

0
∫

ℝ𝑁

|∇(𝜙𝜓)|2

𝜓2 ≤ 𝛿 ∫
𝑇

0
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2),

∫
𝑇

0
∫

ℝ𝑁

𝑎𝜀′

𝜓2 |Δ(𝜙𝜓)|2 ≤ 𝛿 ∫
𝑇

0
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2).

Now we give the proof of Theorem 4.1.3.

Proof of Theorem 4.1.3. Let (𝑢𝑖, 𝑣𝑖), 𝑖 = 1, 2 be two weak solutions to (4.0.1) with initial 
data (𝑢0, 𝑣0) such that 𝑢𝑖 are uniformly bounded and Hölder continuous and 𝑣𝑖 are uniformly 
𝐶2. Then let 𝛿 ∈ (0, 1

8) and 𝑇 ∗ = 𝑇 ∗(𝛿) be as in Lemma 4.5.1. It is sufficient to prove 
𝑢1 = 𝑢2 and 𝑣1 = 𝑣2 for 𝑡 ∈ [0, 𝑇 ∗], since the general uniqueness then follows by iteration. 
As mentioned earlier in Subsection 4.5.1, the key is to establish (4.5.2) and (4.5.3).

Step 1. In this step, we show that (4.5.2) holds up to time 𝑇 ∗ (see (4.5.28)). Let us start 
with choosing 𝑎𝜀′ carefully. For any 𝜀′ ∈ (0, 1), let 𝑎𝜀′ satisfy

max{𝜀′, 𝑎∗} ≤ 𝑎𝜀′ < 𝐾 and ∫
𝑇 ∗

0
∫

ℝ𝑁
|𝑎∗ − 𝑎𝜀′ |2𝑢̄2𝜓2 ≤ 𝐶1𝜏2, (4.5.25)

where
𝐶1 ∶= ∫

𝑇 ∗

0
𝑢̄2𝜓2 + 1,
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and 𝐾 and 𝑢̄ are defined in (4.5.8) and (4.5.1), respectively. To see the existence of such 𝑎𝜀′ , 
we first extend the function 𝑎∗(𝑡, 𝑥) + 𝜀′ to 𝑡 ∈ [0, ∞) by

𝑎𝜀′,∗(𝑡, 𝑥) ∶= 𝑎∗(max{0, min{𝑇 ∗, 𝑡}}, 𝑥) + 𝜀′.

Thus, it is clear that

∫
𝑇 ∗

0
∫

ℝ𝑁
|𝑎∗ − 𝑎𝜀′,∗|𝑢̄2𝜓2 ≤ (𝐶1 − 1)𝜀′2.

Then, let 𝜂 ∈ 𝐶∞
𝑐 (ℝ𝑁+1) be non-negative with compact support and unit total mass, and 

set
𝑎𝜀′,𝜖(𝑡, 𝑥) ∶= 1

𝜖𝑁+1 ∫
ℝ

∫
ℝ𝑁

𝜂(1
𝜖
(𝑡 − 𝑠), 1

𝜖
(𝑥 − 𝑦))𝑎𝜀′,∗(𝑠, 𝑦) 𝑑𝑦 𝑑𝑠.

Since 𝑎𝜀′,∗ is uniformly continuous on ℝ × ℝ𝑁 ,

lim
𝜖→0

𝑎𝜀′,𝜖 = 𝑎𝜀′,∗ uniformly on ℝ × ℝ𝑁 .

Hence, after taking 𝜖 > 0 sufficiently small, 𝑎𝜀′(𝑡, 𝑥) ∶= 𝑎𝜀′,𝜖 satisfies the requirement 
(4.5.25).

Next, let 𝜙 = 𝜙𝜀′,𝜉 be the solution of (4.5.6) with some parameters 𝜅 ∈ (0, 1
2) and 

𝜀′ ∈ (0, 1) and 𝑇 ∈ (0, 𝑇 ∗]. Using 𝜙𝜓 as the test function in the equations of 𝑢𝑖 for 𝑖 = 1, 2, 
and taking the difference of these two equations, we obtain

− ∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜙𝑡𝜓 = − ∫
𝑇

0
∫

ℝ𝑁

∇(𝜙𝜓) ⋅ ∇(𝑢𝑚
2 − 𝑢𝑚

1 ) + ∫
𝑇

0
∫

ℝ𝑁

𝜒𝑢2∇(𝜙𝜓) ⋅ ∇𝑣2 − 𝜒𝑢1∇(𝜙𝜓) ⋅ ∇𝑣1

+ ∫
𝑇

0
∫

ℝ𝑁

𝑎𝑢̄ 𝜙𝜓 − 𝑏(𝑢2
2 − 𝑢2

1)𝜙𝜓

= ∫
𝑇

0
∫

ℝ𝑁

[Δ(𝜙𝜓) 𝑎∗𝑢̄ + 𝜒𝑢̄ ∇𝑣2 ⋅ ∇(𝜙𝜓) + 𝜒𝑢1∇ ̄𝑣 ⋅ ∇(𝜙𝜓) + (𝑎 − 𝑏𝑢̃)𝑢̄ 𝜙𝜓].

(4.5.26)

Now, multiplying equation (4.5.6) by 𝜓 gives

𝜙𝑡𝜓 + 𝑎𝜀′(Δ𝜙)𝜓 + 𝜒(∇𝑣2 ⋅ ∇𝜙)𝜓 + 2𝑎𝜀′∇𝜙 ⋅ ∇𝜓

+ (𝑎 − 𝑏𝑢̃)𝜓𝜙 + 𝑎𝜀′(Δ𝜓)𝜙 + 𝜒∇𝑣2 ⋅ (∇𝜓)𝜙 + 𝜉𝜓 = 0,

which implies that

𝜙𝑡𝜓 + 𝑎𝜀′Δ(𝜙𝜓) + 𝜒∇𝑣2 ⋅ ∇(𝜙𝜓) + (𝑎 − 𝑏𝑢̃)𝜓𝜙 + 𝜉𝜓 = 0.
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Multiplying this equation by 𝑢̄ and integrating in space and time yield

0 = ∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜙𝑡𝜓 + ∫
𝑇

0
∫

ℝ𝑁

[Δ(𝜙𝜓) 𝑎𝜀′ 𝑢̄ + 𝜒𝑢̄ ∇𝑣2 ⋅ ∇(𝜙𝜓) + (𝑎 − 𝑏𝑢̃)𝑢̄ 𝜙𝜓 + 𝑢̄𝜉𝜓].

(4.5.27)

Finally, subtracting (4.5.26) from (4.5.27), we obtain

∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜉𝜓 = ∫
𝑇

0
∫

ℝ𝑁
(𝑎∗ − 𝑎𝜀′)𝑢̄ Δ(𝜙𝜓) + ∫

𝑇

0
∫

ℝ𝑁
𝜒𝑢1∇ ̄𝑣 ⋅ ∇(𝜙𝜓)

≤ (∫
𝑇

0
∫

ℝ𝑁

|𝑎∗ − 𝑎𝜀′ |2

𝑎𝜀′ |𝑢̄|2𝜓2)
1/2

(∫
𝑇

0
∫

ℝ𝑁

𝑎𝜀′

𝜓2 |Δ(𝜙𝜓)|2)
1/2

+ |𝜒|‖𝑢1‖∞ (∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁

|∇(𝜙𝜓)|2

𝜓2 )

1
2

≤ (𝜀′)−1/2 (∫
𝑇

0
∫

ℝ𝑁

|𝑎∗ − 𝑎𝜀′ |2|𝑢̄|2𝜓2)
1/2

(∫
𝑇

0
∫

ℝ𝑁

𝑎𝜀′

𝜓2 |Δ(𝜙𝜓)|2)
1/2

+ |𝜒|‖𝑢1‖∞ (∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁

|∇(𝜙𝜓)|2

𝜓2 )

1
2

,

where we also used Hölder’s inequality to get the second inequality and the fact that 𝑎𝜀′ ≥ 𝜀′

in the last inequality. By Corollary 4.5.1 and (4.5.25), we have for some 𝐶 depending only 
on |𝜒| and ‖𝑢1‖∞,

∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜉𝜓 ≤ 𝐶(𝐾𝐶1𝛿)1
2 (𝜀′)1

2 (∫
𝑇

0
∫

ℝ𝑁

(|𝜉|2 + |∇𝜉|2))
1/2

+ 𝐶𝛿 1
2 (∫

𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2))

1
2

.

Letting 𝜀′ → 0 yields

∫
𝑇

0
∫

ℝ𝑁

𝑢̄ 𝜉𝜓 ≤ 𝐶𝛿 1
2 (∫

𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁
(|𝜉|2 + |∇𝜉|2))

1
2

. (4.5.28)

Step 2. In this step, we prove (4.5.3). First, by the equations satisfied by 𝑣𝑖, we get

𝜏 ̄𝑣𝑡 = Δ ̄𝑣 − 𝑢1 ̄𝑣 − 𝑢̄𝑣2, ̄𝑣(0, 𝑥) = 0.
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Multiplying the above equation by ̄𝑣𝜓2 and integrating in space and time yield for any 
𝑇 ∈ [0, 𝑇 ∗],

𝜏
2

∫
ℝ𝑁

̄𝑣2(𝑇 , 𝑥)𝜓2(𝑥) 𝑑𝑥 + ∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2

≤ ∫
𝑇

0
∫

ℝ𝑁
̄𝑣|∇ ̄𝑣| |∇(𝜓2)| − ∫

𝑇

0
∫

ℝ𝑁
𝑢1 ̄𝑣2𝜓2 − ∫

𝑇

0
∫

ℝ𝑁
𝑢̄ ̄𝑣𝑣2𝜓2

≤ ∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2|∇𝜓|2 + ∫

𝑇

0
∫

ℝ𝑁
̄𝑣2𝜓2 − ∫

𝑇

0
∫

ℝ𝑁
𝑢̄ ̄𝑣𝑣2𝜓2. (4.5.29)

Next, since ̄𝑣𝑣2𝜓 and ∇( ̄𝑣𝑣2𝜓) decay exponentially in space, there is a sequence {𝜉𝑛} of 
smooth, compactly supported functions such that

∫
𝑇

0
∫

ℝ𝑁
|𝜉𝑛 + ̄𝑣𝑣2𝜓|2 + |∇𝜉𝑛 + ∇( ̄𝑣𝑣2𝜓)|2 → 0 as 𝑛 → ∞.

Hence, (4.5.28) holds for 𝜉 = − ̄𝑣𝑣2𝜓, which implies that

− ∫
𝑇

0
∫

ℝ𝑁

𝑢̄ ̄𝑣𝑣2𝜓2 ≤ 𝐶𝛿 1
2 (∫

𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2)

1
2

(∫
𝑇

0
∫

ℝ𝑁
| ̄𝑣𝑣2𝜓|2 + |∇( ̄𝑣𝑣2𝜓)|2)

1
2

≤ 1
4

∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2 + 𝐶2𝛿 ∫

𝑇

0
∫

ℝ𝑁
(| ̄𝑣𝑣2𝜓|2 + |∇( ̄𝑣𝑣2𝜓)|2).

Since |∇𝜓| ≤ 𝜅𝜓 by Lemma 2.4.1 and 𝑣2 ∈ 𝐶2, there exists 𝐶2 depending only on 𝐶 and 
‖𝑣2‖𝐶1 such that

− ∫
𝑇

0
∫

ℝ𝑁

𝑢̄ ̄𝑣𝑣2𝜓2 ≤ (1
4

+ 𝐶2𝛿) ∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2 + 𝐶2𝛿 ∫

𝑇

0
∫

ℝ𝑁
| ̄𝑣|2𝜓2.

Now, by Lemma 2.4.1 again and taking 𝛿 = 1
4𝐶2

, substituting this inequality into (4.5.29) 
gives

𝜏
2

∫
ℝ𝑁

̄𝑣2(𝑇 , 𝑥)𝜓2(𝑥) 𝑑𝑥 + ∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2

≤ (𝜅2 + 1
2 + 𝐶2𝛿) ∫

𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2 + (1 + 𝐶2𝛿) ∫

𝑇

0
∫

ℝ𝑁
̄𝑣2𝜓2

≤ ∫
𝑇

0
∫

ℝ𝑁
|∇ ̄𝑣|2𝜓2 + 2 ∫

𝑇

0
∫

ℝ𝑁
̄𝑣2𝜓2,
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where, in the second inequality, we used that 𝜅2 ≤ 1/4 and 𝐶2𝛿 = 1
4 . We obtain

∫
ℝ𝑁

̄𝑣2(𝑇 , 𝑥)𝜓2(𝑥) 𝑑𝑥 ≤ 4
𝜏

∫
𝑇

0
∫

ℝ𝑁
̄𝑣2𝜓2. (4.5.30)

Finally, since (4.5.30) holds for all 𝑇 ∈ [0, 𝑇 ∗], Grönwall’s inequality and ̄𝑣(0, ⋅) = 0 yield 
̄𝑣(𝑇 , ⋅) = 0 for any 𝑇 ∈ [0, 𝑇 ∗]. We then have that 𝑢̄ = 0 on [0, 𝑇 ∗] from (4.5.28). Therefore 

𝑢1 = 𝑢2 and 𝑣1 = 𝑣2 on [0, 𝑇 ∗]. Uniqueness on any interval [0, ∞) follows by iteration.
∎
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Chapter 5

Remarks and Future Work

In this chapter, we summarize the main results of this dissertation and discuss current and 
future directions in the study of chemotaxis systems on ℝ𝑁 .

This dissertation studies a class of chemotaxis models on the whole space ℝ𝑁  with logis-
tic source, chemical consumption, and either linear or porous-medium diffusion; see (1.1.6). 
In the first part of this dissertation (Chapter 3), we focused on the linear diffusion case 
(3.0.1). Specifically, in Section 3.2, we developed tools for proving global existence when the 
initial data are not necessarily integrable. This setting is substantially more delicate than 
the bounded-domain case, because standard tools such as global 𝐿𝑝-estimates, Gagliardo–
Nirenberg inequalities, and classical Moser iteration do not directly apply when solutions 
fail to belong to 𝐿𝑝(ℝ𝑁). To overcome this difficulty, we developed a new weighted energy 
method based on spatially localized estimates of the form ‖𝑢(𝑡, ⋅)𝜓‖𝐿𝑝(ℝ𝑁), where 𝜓 is a 
carefully chosen cut-off function. This method allows us to localize 𝐿𝑝-control uniformly in 
space and derive global-in-time bounds without the aid of boundary conditions. Using this 
approach, we proved the global existence and uniqueness of bounded nonnegative classical 
solutions for both integrable and non-integrable initial data under a sharp smallness condi-
tion involving the chemotactic sensitivity and the size of the initial chemical distribution. 
Moreover, in low dimensions 𝑁 = 1, 2, we showed that bounded global classical solutions 
exist without any smallness assumption. It remains open whether global existence can be 
established without any smallness condition in higher dimensions.

In Section 3.3 of Chapter 3, we studied the asymptotic behavior of solutions for various 
types of initial data, including strictly positive initial data and compactly supported initial 
functions. We also investigated the effect of chemotactic sensitivity on the population dy-
namics. For strictly positive initial data, we proved that the constant steady state (𝑎/𝑏, 0)
is asymptotically stable, provided the solution remains globally bounded. In particular, this 
shows that there are no other positive stationary solutions. For compactly supported initial 
data, we studied the rate of spatial propagation in Subsection 3.3.2 through Subsection 3.3.4. 
One might expect that chemorepulsion (𝜒 < 0) slows down spreading, while chemoattrac-
tion (𝜒 > 0) accelerates it. Our results show that the situation is subtler. We proved 
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that chemotaxis does not slow down the spreading speed of the population. In particular, 
when the initial chemical distribution is sufficiently sparse at infinity, for example when 
𝑣0 ∈ 𝐿𝑝(ℝ𝑁) for some 𝑝 ≥ 1 or 𝑣0 ∈ 𝐶0(ℝ𝑁), chemotaxis neither slows down nor speeds up 
the asymptotic spreading rate. Thus, in this setting, the spreading speed coincides with the 
Fisher–KPP speed 2

√
𝑎. We also showed that solutions do not spread infinitely fast, and 

we established upper bounds on the propagation speed for general initial data. When 𝑣0

remains significant at spatial infinity, the influence of chemotaxis becomes more delicate. In 
the chemorepulsive case 𝜒 < 0, we proved that for sufficiently small |𝜒|, the spreading speed 
remains unchanged. In contrast, the numerical simulations in Subsection 3.3.5 indicate that 
for the chemoattractant case 𝜒 > 0, there may exist a threshold 𝜒∗ > 0 above which the 
spreading speed increases strictly. This phase transition phenomenon remains open at the 
theoretical level.

The second part of this dissertation (Chapter 4) focuses on the porous medium diffusion 
case (4.0.1). We study, for the first time, a chemotaxis system with porous medium diffusion 
on ℝ𝑁  for initial data satisfying (1.1.8), which are not necessarily integrable. Motivated 
by the linear diffusion case, we proved the global existence of bounded weak solutions by 
using the weighted energy method to show that boundedness of the local 𝐿𝑝-norms for 
the perturbed problem yields boundedness of the 𝐿∞-norm of the solution through Moser 
iteration. In particular, we established the existence of globally bounded weak solutions 
without imposing any smallness condition on the initial data or the chemotactic sensitivity. 
This shows that porous medium diffusion, which is often more realistic in applications, helps 
prevent finite-time blow-up. A particularly significant difficulty arises when 𝑚 > 2. In that 
case, localizing the equation produces an additional term of the form

∬ 𝑢𝑝+𝑚−1|∇𝑢||∇𝜓| 𝑑𝑥 𝑑𝑡,

which leads to a higher-order zero-derivative term whose exponent in 𝑢 is at least 𝑝 +
2. Classical Grönwall-type arguments are therefore no longer sufficient. We resolved this 
difficulty by combining the diffusion effect, the logistic damping, and the regularity of the 
initial data in a continuity framework. This idea is one of the main technical innovations of 
the dissertation.

From the perspective of porous medium equations, Hölder continuity appears to be the 
optimal regularity for weak solutions to (4.0.1), since the well-known fundamental solutions 
(Barenblatt solutions) are only Lipschitz continuous. In Section 4.5, we then established 
uniqueness in the class of weak solutions that are Hölder continuous up to the initial time, 
assuming 𝑢0 ∈ 𝐶𝛼(ℝ𝑁) and 𝑣0 ∈ 𝐶2+𝛼(ℝ𝑁), for 1 < 𝑚 ≤ 3, using a duality argument. It 
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remains open whether uniqueness holds for 𝑚 > 3.
This dissertation opens several natural directions for future work. One important di-

rection is the study of the long-time behavior of weak solutions to (4.0.1) when 𝑚 > 1. 
For strictly positive initial data, we expect that the solution will asymptotically converge 
to (𝑎/𝑏, 0), since classical solutions exist in this case. For compactly supported initial data, 
the problem becomes even more interesting because porous-medium diffusion leads to finite-
speed propagation and the formation of a free boundary. Without chemotaxis, a key feature 
of the degenerate Fisher–KPP type problem

𝑢𝑡 = Δ𝑢𝑚 + 𝑢(𝑎 − 𝑏𝑢)

is finite-speed propagation: if the initial function is compactly supported, the solution 𝑢(⋅, 𝑡)
remains compactly supported for all 𝑡 > 0. Consequently, solutions of this equation develop 
a free boundary separating the positivity region of 𝑢 from the region where 𝑢 = 0. In [10], 
the authors proved that for 𝑚 > 1, solutions with compactly supported data propagate 
outward with a finite speed 𝑐∗ and that the invasion front exhibits a universal logarithmic 
delay, while the solution behind the front converges to the equilibrium 𝑢 = 𝑎/𝑏. Building on 
this, we would like to study precisely the large-time behavior of the free boundary in (4.0.1) 
and investigate the effect of chemotactic sensitivity on the spreading speed.
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