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Abstract

This dissertation is devoted to the study of chemotaxis systems with both linear diffusion
and porous-medium-type diffusion, logistic source terms, and consumption of a chemical
substance on RY. Chemotaxis systems are mathematical models describing the aggregation
of cells driven by their directed movement in response to gradients of chemicals in their
environment, which may act as attractants or repellents.

In the first part of this dissertation, we investigate a chemotaxis model with linear dif-
fusion. We study fundamental problems such as the local and global existence of classical
solutions with nonnegative initial data, which may be integrable or non-integrable. Under
suitable smallness assumptions on the product of the initial chemical concentration and the
chemotactic sensitivity, we prove the existence of a unique global classical solution. For
non-integrable initial data, we develop a novel weighted energy method to establish global
existence and boundedness. By introducing carefully chosen cut-off functions, we localize
LP-estimates uniformly in space. This approach extends known results for bounded domains
and is applicable to other chemotaxis systems. We also study the stability of strictly positive
solutions and the spreading behavior of solutions with compactly supported initial data. We
show that the chemical does not, in general, hinder the spreading of the species, and it does
not accelerate the spreading speed when the initial chemical concentration decays spatially
or in the chemorepellent case with small sensitivity. Numerical simulations further reveal a
phase transition in the sensitivity x: when the chemical is initially uniformly distributed in
space, acceleration occurs only when y exceeds a critical positive value.

In the second part, we study the local and global existence of weak solutions for the
porous-medium diffusion case. For general bounded, possibly non-integrable initial data, we
prove the existence of global weak solutions that remain uniformly bounded for all time. The
proof is based on local LP estimates, uniform in time, obtained through a new continuity-
type argument combined with Moser iteration to derive L* bounds. We also investigate
regularity and prove uniqueness of weak solutions for sufficiently smooth initial data under

suitable conditions on the diffusion exponent.
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Notation

Let N > 1.

o Let
B(r;x) == {y € RN : |z —y| < r}, and B, := B(r;0).

r

e Foranyt >0, let
Q, :==[0,1] x RN,

« By (] < C,, we mean that there exists a constant C' > 0 such that
¢, < CC.

Throughout this dissertation, C' may depend on the parameters in the model unless
otherwise specified. Whenever a constant is independent of certain quantities, we will

state this explicitly.

o« We define

Cb

unif

(RN) := {u € C(RN)

u is uniformly continuous on RY and sup |u(z)| < oo} )
zeRN

equipped with the norm

lulles &~y = lulo = sup |u(@)].
TERN

e We define

oFu
Ox; Oz; -+ Ox

unif

Cm b([RN) - {u < Cbnlf([RN>

i,

equipped with the norm

[l gme = lulloo + Z >

=1 1<%y,%9,...,0, <N

oFu
8$21 83312 ce 8.’172k

where m € N.

eCl (RN), k=1,2,....,m, 1 <iy,ig, ...



e For given 0 <v <1landm >1, let

u(z) —u(y)]

v,b
Cont(RY) i= ¢ u € CLy(RY) | sup ———== <00 o,
S ]
xFy
with norm
|uloo., = sup |u(z)|+ sup M’
zeRN m7y€[RN |x — y|
TFY
and
Comit " (RN) 1= Cm (RN ou CYPRNY 1 <o i i <N
unif =< U € unif( ) or. Oxr. -0, € unif( ), 1 <iiy,ig, ., i, <
1 (2] i

with norm

o™u

Ox; Oz; -+ O,

m,

[l = Nl gmegmy + D

1<iy ig,oniy, <N

Cl/,b (|RN)

unif

e For 0 <6 <1, let

C((t1:t2). Co(®Y)) = { () € C((t1,1:), o ®Y)) |

u(t) is locally Holder continuous in ¢ with exponent 6 }

10



Chapter 1

Introduction

1.1 Overview

Many microorganisms, including FEscherichia coli, exhibit coordinated movement at the col-
lective level by adjusting their motion in response to environmental stimuli. One of the most
important examples of such behavior is chemotaxis, in which cells move along gradients of
a chemical signal in their surrounding medium. Chemotaxis plays a fundamental role in a
variety of biological processes, including bacterial aggregation, immune cell migration, and
angiogenesis during embryonic development and tumor growth.

The recognition that signal-driven cell movement can generate complex spatial and tem-
poral patterns led to significant developments in mathematical biology, particularly following
the pioneering work of Keller and Segel in the 1970s [34, 35]. Their system of partial dif-
ferential equations (PDEs) provided a mathematical framework for describing chemotactic
aggregation. A general form of a Keller-Segel-type chemotaxis model for one species and one

chemical signal is given by

{@u =V - (D(u,v)Vu — x(u,0)Vv) + f(u,v), €, (1.1.1)

70,0 = Av + g(u,v) — h(u,v)v, x € .

In (1.1.1), the unknown function u = wu(t,x) denotes the population density, while v =
v(t, ) represents the concentration of the chemical signal. In addition to the standard
diffusive flux, directed movement toward regions of higher chemical concentration produces

a chemotactic flux, J_ = x(u,v) Vu, where x(u,v) is the chemotactic sensitivity to the

hemo
chemical gradient. The coefficient D(u,v) describes the diffusivity of the cells, and f(u,v)
models cell growth and death, whereas g(u,v) and h(u,v) represent the production and
degradation of the chemical signal, respectively. The parameter 7 is associated with the
diffusion rate of the chemical substance, biologically, 7 = 0 indicates that the chemical
substance diffuses much faster than the cells. Finally, the spatial domain Q ¢ RY (N > 1)

may be bounded or unbounded. For bounded domains, the system is typically studied with

11



homogeneous Neumann boundary conditions.

System (1.1.1) has become one of the most widely studied models in mathematical biol-
ogy for various choices of the functions D, x, f, g, and h. This is due both to its flexibility
in describing important biological phenomena, such as aggregation, pattern formation, and
population stabilization, and to the rich mathematical challenges it presents. Among the
central problems in the study of general chemotaxis systems are the global existence and
uniqueness of solutions, the prevention or occurrence of finite-time blow-up, boundedness
versus unboundedness, the formation of spatial patterns, the stability of equilibria and the
influence of chemotactic sensitivity on population density. A fundamental objective is there-
fore to determine how the interplay among diffusion, chemotactic movement, reaction terms,
and chemical dynamics shapes these qualitative properties.

There is a substantial body of work on various special cases of (1.1.1). A particularly
important class corresponds to the choices D(u,v) = mu™ ! with m > 1, x(u,v) = xu with
X € R, and f(u,v) = au — bu?, representing density-dependent diffusion, linear chemotactic
sensitivity, and logistic growth, respectively. When the chemical signal is produced by the
cells at rate pu and decays at rate A, this leads to the well-studied chemotaxis system with

linear signal production:

u, = Au™ — xV - (uVv) + u(a —bu), zx €€,
TV, = Av + pu — v, x €, (1.1.2)

u(0,z) = ug(x), v(0,z)=vy(z), =€,

and
u, = Au™ — xV - (uVv) +ula —bu), z €9,

0=Av+puu—Iv, x€, (1.1.3)
u(0,2) = uy(z), x €.

Here, x > 0 corresponds to the case in which the species is attracted toward regions of higher
chemical concentration (positive taxis), whereas x < 0 corresponds to the case in which the
species moves away from such regions (negative taxis). Moreover, (1.1.3) may be viewed as
the parabolic-elliptic reduction of (1.1.2), obtained by setting 7 = 0. Without the logistic
source i.e. when a = b = 0, systems such as (1.1.2) and (1.1.3) are often called minimal
chemotaxis systems.

In addition, the case m = 1 corresponds to linear diffusion, where one is typically in-
terested in the existence of global classical solutions, while the case m > 1, the diffusion

becomes degenerate of porous medium type, for which the natural question is often the
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existence of global weak solutions. Porous medium-type diffusion in chemotaxis models is
motivated by the fact that cell migration in biological tissues is often better described by
nonlinear diffusion, especially in densely populated regions where cell crowding and mechan-
ical stress become significant [64]. In this setting, degenerate diffusion plays an important
role in capturing key biological features that linear diffusion cannot reproduce. In particular,
the invasion of migrating cell populations is often characterized by a distinct moving bound-
ary (or sharp front). Such behavior is not consistent with linear diffusion, which typically
produces smooth profiles that become immediately positive everywhere. Let us present some
result on the existence and uniqueness of solution to (1.1.2) and (1.1.3).

We first recall some results for the regular diffusion case m = 1, in bounded smooth
domains Q@ C R¥. For the fully parabolic problem (1.1.2) supplemented with homogenous

Neumann boundary condition

ou  Ov

—=—=0 01. 1.1.4
an om0 TS ( )

e If a = b = 0, then finite-time blow-up does not occur when N = 1, whereas blow-up

may occur when N > 2; see, for example, [25, 48].

e If a,b > 0, then finite-time blow-up does not occur when N = 1,2; see [51, 50]. Thus,

in low dimensions, the logistic source prevents finite-time blow-up in a certain sense.

o Assume that a,b > 0 and 7 = 1. It is known that finite-time blow-up does not occur

provided
Nx|p

b
~ Ty

(1.1.5)
see [29, 74].

« More generally, assume that a,b > 0 and 7 > 0. It was proved in [29, Theorem 1.1]
(see also [79, Theorem 2.2] for the case 7 = 1) that finite-time blow-up does not occur

provided

y>max{1,5}

. Y1/~ 1
b > inf T(C’Y‘H:N) Ix|ie,

where 5’7 +1,v is a positive constant arising from the maximal regularity theory for
the corresponding parabolic equation. C,; y = 0 when N = 1,2 meaning finite-time

blow-up does not occur when N =1, 2.

For the parabolic-elliptic problem (1.1.3) + (1.1.4), the following results are known:

13



e If a =b =0, then finite-time blow-up does not occur when N = 1, while it may occur

when N > 2; see [24, 30, 48].
o Assume that a,b > 0, A\, u > 0. If

(N —2),

b I
> N XIL[/7

then classical solutions of (1.1.3) with positive initial data exist globally and remain
bounded; see [69, Theorem 2.5]. In particular, global existence is automatic when
N = 1,2. It remains open whether finite-time blow-up can be ruled out for every
b> 0.

For the porous-medium diffusion case m > 1, several results are available in both the
parabolic—parabolic ((1.1.2) with 7 = 1) and parabolic-elliptic (1.1.3) in bounded smooth
domain; see [7, 8, 44, 66, 72]. In the parabolic—parabolic case, [66] proved the existence of a
nonnegative weak solution when m > 2— %, and also for m < 2— % if the logistic coefficient
b is sufficiently large. This condition was later improved in [77] where the author established
existence of globally bounded weak solutions for m > ]\2,—_]:]2 On the other hand, in the
absence of the logistic source (a = b = 0), finite-time blow-up may occur when m < 2 — %;
see [75]. For the parabolic—elliptic case existence of a globally bounded weak solution was
established in [72] under the condition m > 2— %, with the large-b assumption again covering
the regime m < 2 — %, whereas [8] showed finite-time blow-up in the logistic-free case when
m < 2— % Altogether, these results indicate that sufficiently strong logistic damping,
together with stronger diffusion, can rule out blow-up and guarantee global boundedness.

There are fewer results for these models in the whole space RY. In the regular diffusion
case m = 1, and a,b > 0, global existence for (1.1.2) on RY was studied in [58], where
the authors proved existence of a unique globally bounded classical solutions under same
conditions (1.1.5) of the bounded-domain. They further investigated spreading properties in
[59]. See [55] for a study on global existence for (1.1.2) on RY with m = 1. See also [56, 57]
for a recent study of (1.1.2) and (1.1.3) on compact metric graph.

For the porous medium case m > 1, on the whole space RY the theory is more delicate.

Consider when a = b = 0 and initials are integrable and bounded.

e When 7 = 1: In [61], the author proved existence of global weak solution for m > 2.
This condition was latter improved Ishida and Yakota in [28], where the established
global existence of solution for m > 2—2/N. Miura and Sugiyama [47, Theorem 2.3(1)]

established the uniqueness of nonnegative weak solutions that are Holder continuous

14



up to the initial time for integrable initial data u, € C*(RY) and v, € C?**(RY).

Their argument is based on a vanishing-viscosity duality method.

e When 7 = 0: In [61], the author established existence of globally bounded weak
solution when m > 2 —2/N and for initials that are small enough in some sense when
1 <m <2—2/N. In [60], the author construct initial data for which solutions blow
up in finite time when 1 < m < 2 —2/N and N > 3. The works [33, 39, 63] used
the L'-contraction principle to establish uniqueness of weak solutions with integrable

initial data, under additional regularity assumptions on u, d,u, and Vu.

This dissertation is devoted to the study of system (1.1.1) with density-dependent diffu-
sion D(u,v) = mu™"! for m > 1, linear sensitivity x(u,v) = yu with y € R, logistic growth
f(u,v) = au — bu?, no chemical signal production g(u,v) = 0, and chemical consumption

h(u,v) = u, posed on RY. This leads to the following system:

u, = mV - (U™ IVu) — xV - (uVv) + u(a — bu), r€RN, t>0,
U, = Av — uv, zeRN, t>0, (1.1.6)

u(0,z) = ug(x), v(0,z)=vy(x), zeRN.
For the linear diffusion case m = 1, we studied (1.1.6) with initial data satisfying

ug(-) € C?

unif

(RY), () € Cois

unif

RY)  or () € LP(RY), wy(-) € WHP(RY),
(1.1.7)
for some p > 1. For the porous medium type diffusion (m > 1), we studied (1.1.6) with

initial data satisfying

up(-) € L¥(RY), wp() € Whe(RY)  or () € LP(RY), wy(-) € WHP(RY),
(1.1.8)
for some p > 1. Let us emphasize that our framework allows both u, and v, to be non-
integrable. This level of generality is important, as it lays the foundation for further studies,
including the large-time propagation behavior of chemotaxis models in the whole space R
(see [17, 22, 53, 54, 55]). There are relatively few studies of (1.1.6) in bounded domains.
To the best of our knowledge, there are no results on the global existence or asymptotic
behavior of solutions to (1.1.6) in RY.
In the rest of this chapter, we review existing results on (1.1.6) in bounded domains and
then present our results for the linear diffusion case on RY in Section 1.2. Section 1.3 is
devoted to a review of the porous medium diffusion case in bounded domains, together with

our contributions on R¥.
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1.2 Linear Diffusion (m =1)

In the first part of this dissertation, we studied the dynamical features of nonnegative classical

solutions to the following system:

u, = Au—xV - (uVv) + u(a — bu), zeRN, t>0,
v, = Av — uv, zeRYN, t>0, (1.2.1)

u(0,z) = ug(x), v(0,z)=1vy(x), z e RN,

with initial data satisfying (1.1.7). For comparison, consider the counterpart of (1.2.1)
on a bounded smooth domain 2, complemented with homogeneous Neumann boundary

conditions:

-

u, = Au—xV - (uVv) +ula—bu), x€Q, t>0,

TU, = Av — uw, reQ, t>0,
(1.2.2)
%:%:0, x eI, t>0,

L u(0,7) = uy(x), v(0,2) = vy(x), =€ Q.

Assume that a = b =0 and 7 =1, x > 0. It is proved in [65, Theorem 1.1] that there
exists a unique globally defined bounded classical solution of (1.2.2) with nonnegative initial
data (ug,vy) € (I/Vl’p(Q))2 for some p > N, provided that

1

S I (1.2.3)

0 < Jvolloe(y - x <
It is also proved in [78, Theorem 4.4] that any globally defined bounded positive classical
solution of (1.2.2) converges to (ﬁ fQ U, 0) as t — oo (see also [67] for the global existence
and convergence of weak solutions in the case N > 3). Very recently, Lankeit and Winkler
proved in [43] the existence of a global weak solution that becomes classical after some
finite time, without any additional condition. It remains open whether this weak solution is
unique.
Assume that a,b > 0, 7 =1, x > 0. It was proved in [71, Theorem 3.3] that there exists
a unique globally defined bounded classical solution of (1.2.2) with nonnegative initial data
(ug,vy) € (Wl’p(Q)>2 for some p > N, provided that (1.2.3) holds. It was also proved in
[42] that there exists a unique globally defined bounded classical solution with nonnegative
initial data (ug,vy) € C(Q) x C1(Q), provided that x|vg| Lo () is sufficiently small relative
to b (see [42, Theorem 1.1]), and that any positive bounded globally defined classical solution

converges to (%, O) as t — 0o (see [42, Theorem 1.2]). The reader is also referred to [44] for
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the global existence of unique classical solutions when N = 2.

Besides the additional difficulties caused by the unboundedness of the spatial domain, the
lack of a comparison principle for solutions also presents significant challenges. Establishing
global boundedness of solutions to (1.2.1) on R¥ for non-integrable initial data is highly
nontrivial. Unlike the bounded-domain setting, where LP-bounds of solutions can be propa-
gated via Gagliardo-Nirenberg inequalities and Moser iteration, solutions on RV may fail to
belong to LP(RN) for any 1 < p < oo, and even when they do, their norms may not remain
uniformly bounded in time. To overcome this difficulty on R", we developed a novel weighted
energy method to establish local LP-bounds for the solution for some p > max{1, %}, and
then showed that this implies the global existence and uniform boundedness of the solution.

We call (u,v) a nonnegative classical solution of (1.2.1) on [0,T) x RY if (u,v) €
01’2<(0,T) X [RN>, with w(t,z) > 0 and v(t,xz) > 0 for all (t,z) € (0,T) x RY, and if
(u,v) satisfies (1.2.1) in the classical sense for all (t,z) € [0,T) x RY. A global classical
solution of (1.2.1) is a classical solution on (0, 00) x R™. In the first part of this dissertation,

we prove, among other things, the following results:

Local existence. For any nonnegative initial data satisfying (1.1.7), there exists a unique
nonnegative local classical solution of (1.2.1) satisfying the prescribed initial condition

(see Proposition 3.1.1).

Global existence. If
X+ ol < max{b- Ci, Dry |,

where CF and D7 y are defined in Theorem 3.2.2, then the classical solution exists
for all time and remains bounded. Moreover, C'y; = oo when N = 1,2, which means
that in one and two dimensions we obtain a unique global bounded classical solution
without any smallness condition. Also, D} y = \/%, which is weaker than (1.2.3).

Hence [71, Theorem 3.3] is improved.

When a classical solution is globally defined in time and the initial datum is strictly
positive, it is important to understand whether the solution remains uniformly positive for
all future times, that is, whether inf, g~ u(t, ) stays bounded away from 0 as ¢ — oo, or
whether the solution eventually dies out. Moreover, when a positive entire solution is stable,
it is natural to study the asymptotic behavior of solutions arising from front-like or compactly

supported initial data. These questions are closely related to the persistence and stability of

a
B
spreading properties, for instance, the asymptotic spreading speed.

the constant steady state ( O), as well as to how the chemotactic sensitivity x influences

Observe that, in the absence of chemotaxis, that is, when y = 0, the dynamics of (1.2.1)

17



are governed by the reaction—diffusion equation
u, = Au+ u(a — bu), r € RN, (1.2.4)

Equation (1.2.4) is also known as the Fisher-KPP equation, due to the pioneering works
of Fisher [12] and Kolmogorov—Petrovsky—Piskunov [40] on traveling waves and take-over
properties. It is known that (1.2.4) admits traveling-wave solutions of the form wu(t,z) =
Pz - £ — ct), with & € V1, connecting the steady states ¢ and 0, that is, ¢(—o0) = £,
and ¢(oco) = 0, for every speed ¢ > 2+/a, and that no such traveling-wave solution exists for
¢ < 2y/a. The minimal wave speed ¢* := 2/a is also called the spreading speed of (1.2.4) in
the following sense: for any bounded u, € C'(RY;R*) with nonempty compact support, the

corresponding solution satisfies

lim sup
t—00 lz|<c’t

u(t,:z:)—%’:() Ve < 2v/a,

and
lim sup wu(t,z) =0 Ve > 2va

t—o0 |I|ZC”t

(see [3, 2]). Now, for the chemotaxis system (1.2.1) with front-like initial data, note that if

¢(x - £ — ct) is a traveling-wave solution of (1.2.4) connecting ¥ and 0, then

(u(t,z),v(t,2)) = ((x- & —ct), 0)

is a traveling-wave solution of (1.2.1) connecting (%, O) and (0, 0), since the v-equation admits
the trivial solution v = 0 and the chemotaxis term vanishes when Vv = 0. Consequently, we
focus on persistence and spreading speeds for compactly supported initial data. Our main

results include the following.

Stability of the constant steady state (%, 0). For every globally bounded nonnegative
classical solution with strictly positive initial data, the constant steady state (%, O) is
asymptotically stable (see Theorem 3.3.1).

Lower bound on spreading. For every globally bounded nonnegative classical solution

arising from compactly supported, nonnegative, and nontrivial initial data wu, one has

lim sup
t—oo \m|§ct

u(t,z) — %’ =0, lim sup v(t,z) =0, V0 <e<2Va.

t—o0 |£C‘§Ct

This is Theorem 3.3.2.
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This shows that chemotaxis does not slow down the propagation of the biological species
when the initial population distribution is nontrivial. Concerning possible speed-up, we
first prove that the chemical signal does not cause the population to spread infinitely fast.
Moreover, if the initial chemical distribution is spatially sparse, for instance, if v, € LP(RY)
for some p > 1 or vy, € Cy(RY), then it has no lasting effect on the spreading speed of the
population. The reason is that the chemical is gradually consumed and becomes negligible
in the long-time dynamics.

On the other hand, if v, remains significant as |z| — oo, then one expects that negative
chemotaxis should not accelerate spreading, whereas positive chemotaxis may enhance it.
This intuition is partially confirmed by the following result: for every globally bounded
nonnegative classical solution arising from compactly supported, nontrivial initial data u,),

the statements below hold.

Upper bound on spreading. There exists a constant ¢, = ¢}, (ug,vy) > 2+/a such that,

*

for every ¢ > ¢

up’
lim sup u(t,x) =0, lim sup |v(t,z) — V(t,x)| =0,
t—o0 \m|20t > t—o0 |$‘th’ ( ) ( )|

where V' denotes the solution of the heat equation 7V, = AV with initial condition

V(0,2) = vy(x). This is Theorem 3.3.3.

Existence of the spreading speed. If v, € Cy(RY) or v, € LP(RY) for some p > 1,
then chemotaxis neither slows down nor speeds up the rate of spread, in the sense
that ¢, = 2v/a. In addition, if 7 = 1, uy € C’i;l?f([RN), and v, € Cflfi‘f)"b(lRN) for
some o > 0, and if 1 — v, is nonnegative and compactly supported, then there exists
Xo > 0 such that for any —x, < x < 0, chemotaxis again neither slows down nor
speeds up the spreading speed. In particular, the spreading speed remains 24/a. This

is Theorem 3.3.4.

However, the case of chemoattractants (x > 0) is considerably more subtle. Numerical
simulations (see Section 3.3.5) suggest a phase-transition phenomenon: there exists a critical
threshold x* > 0 such that the spreading speed is unchanged for y < x*, but increases strictly

once x > x*. Establishing such a threshold rigorously remains a challenging open problem.
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1.3 Porous Medium Diffusion (m > 1)

The second part of this dissertation is devoted to the study of (1.1.6) in the case m > 1,

u, =mV - (U™ IVu) — xV - (uVo) +ula —bu), x€RN, t>0,
T, = Av — uw, zeRN, t>0, (1.3.1)

u(0,z) = uy(x), v(0,z)=vy(x), e RY.

with initial data satisfying (1.1.8). Here the diffusion is degenerate (porous-medium type),
and our focus is on the existence and uniqueness of globally bounded weak solutions. There

have been only a few studies of the corresponding problem even on bounded smooth domains
QCRY

,

u, = Au™ — xV - (uVv) +u(a—bu), x€Q, t>0,
v, = Av —uw, xre, t>0,
) (1.3.2)
(Vu™ — xuVv) - v =0, Vo-r=0, xz€dQ, t>0,

Lu(0,2) = ug(x), v(0,z) = vy(x), x € €.

Global existence of weak solutions to (1.1.2) has been studied, for example, in [26, 31, 32, 76]
for N = 3. In particular, it is shown in [31, Theorem 1.1] that, for N = 3, any m > 1, and
any nonnegative initial data u, € L (Q) N WH2(Q), v, € C%(Q), system (1.1.2) admits a
global weak solution that remains uniformly bounded for all time. For N > 3 in the case
a = b = 0, the existence of globally bounded weak solutions was established in [73] under
the condition
m > 2— M
2N

There are fewer results on uniqueness. For m > 9/8 and a = b = 0, uniqueness of
Hoélder-continuous weak solutions to (1.1.2) in dimension N = 3 was proved in [4] under
suitable regularity and integrability assumptions on the initial data.

Existing results for porous-medium-type chemotaxis models on unbounded domains typ-
ically treat only integrable initial data; see, for example, [60, 61, 62]. Moreover, global
existence results in both bounded and unbounded domains often require restrictions either
on the diffusion exponent m or on the spatial dimension N. To the best of our knowledge,
we establish for the first time global existence of weak solutions on unbounded domains for
non-integrable initial data, without any restrictions on m or N, thereby extending and im-
proving several results in the literature. We also prove uniqueness within the class of weak
solutions to (1.3.1) that are Hélder continuous up to the initial time, without imposing in-

tegrability conditions on the initial data, without restrictions on the spatial dimension, and
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without requiring any additional regularity of w,. Among other contributions, we obtain the

following results.

Global existence and regularity of weak solutions. For any m > 1, there exists a uni-
formly bounded nonnegative weak solution of (1.1.6) with initial data satisfying (1.1.8),
and this solution is locally Hélder continuous; see Theorem 4.1.2 and Remark 4.1.1(4)

for the integrable case.

Uniqueness of Holder-continuous weak solutions. Let u, € C*(RY) and v, € C***(RY).
If m € (1,3], then there exists a unique bounded nonnegative weak solution that is

uniformly Hoélder continuous up to the initial time; see Theorem 4.1.3.

The results presented in this dissertation appear in [19, 20, 21].
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Chapter 2

Preliminary

In this chapter, we present several preliminary lemmas and propositions that will be used
throughout the dissertation. These include basic properties of the analytic semigroup gener-
ated by A — 1 on C’S

boundary value problems, a useful exponentially decaying function, several lemmas concern-

(RY) and LP(RY), a maximal regularity lemma for parabolic initial-

ing estimate for the gradient of solutions to the second equation in (1.1.6) and certain special

Harnack inequalities.

2.1 The Analytic Semigroup Generated by A — I on
ct (RY)

unif

In this section, we present some basic properties of the analytic semigroup, denoted by T'(t),
generated by A — T on X := C®_(R"). Observe that

unif
(T(Hu)(x) = e (G( 1) *u)(z) = / e "Gz —y,t)u(y) dy
RN

for every u € X, t > 0, and # € RY, where G(t,z) is the heat kernel defined by

_ =2

G(t,z) = (4nt)" 2 e it . (2.1.1)

Let X“ = Dom(A®) be the fractional power spaces associated with A = I — A on X
(a € [0,00)). We have X0 = C? (RM) and X! = C*2(R"), together with the following

unif unif

continuous embedding:
xo c oM RNY i 0 < v < 2a (2.1.2)

unif

(see [23, Exercise 9]). Furthermore, for 0 < § < 1 and a > 0, there exists a constant C,,

22



such that
[ 49T (tul ey, ) < Cut e = gy e, (2.1.3)

uruf

for every u € C® (R™) and t > 0 (see [23, Theorem 1.4.3]).

unif

Lemma 2.1.1. (/55, Lemma 3.2]) For everyt > 0, the operator T'(t)V- has a unique bounded
N
extension on (C’smf( )) satisfying

1TV ull o <%t el g Vue (Co RN, viso0. (214)
2.2 The Analytic Semigroup Generated by A — I on
LP(RY)

In this section, we present some basic properties of the analytic semigroup, denoted by T),(t),
generated by A, :== A —1T on X, := L?(RY) (p > 1). We also have

T = (Gl @) = [ MGa-puwdy (221

for every u € X, 1 > 0, and z € RY, where G(t, ) is the heat kernel defined in (2.1.1).
It follows from the LP-L? estimates for the convolution product that there exists C, , > 0
(1 <p < q<o0)such that

(LN
||Tp(t)u||LQ(IRN) < Cpqt Ga)ze t”““Lp([RN): (2.2.2)
and
1l (1 1)N
||VTp(t>u||LQ(IRN) < Cp gt ? md%e t”u”m([RN)a (2.2.3)

for every u € LP(R™) and t > 0. Note that if u € LP(RY)NL>(RY), then T,(t)u € L>®(RY)
and
T P ¥ (2.2

Let X = Dom(Aj) be the fractional power spaces associated with A, =T — A on X,
(a € [0,00)). We have X§ = X, = LP(RY) and X} = W2?P(R"Y) (1 < p < 00), together
with the following continuous embeddings (see [23, Theorem 1.6.1)):

V|, Vv—|V . N
xo c o RNY i 0 <y < 20— = (2.2.5)
p
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1 1 1 (2a—1)
« 1, N : - _ -~ - 7
Xy CWHY(R™) 1fa>2andq>p N (2.2.6)
and ) L9
«
X cLYRN) if=>=—=, ¢g>p. 2.2.7
§CLIRY) > - (227)

Furthermore, for 0 < 4§ <1 and a > 0, there exists C,, , , > 0 such that

1

JAST, (ul o < Cpp gt 88 O uf ) for 1<p<q<too  (228)

for every u € LP(R™Y) and t > 0 (see [55, (2.12)]).

Lemma 2.2.1. (/55, Lemma 3.1]) Let p € [1,00) and let {T,(t)};~o be the semigroup in
(2.2.1) generated by A, on LP(RN). For every t > 0, the operator T,(t)V- has a unique

N
bounded extension on (LP(IRN)) satisfying
~ N
1T,V -l o) < Cpt 2 ull pogeny, Yu € (LPRY))™, V>0, (2.2.9)

where ép depends only on p and N. Furthermore, for every q € [p, 00|, we have T,t)V-ue
LY(RN) with

1_N/¢1

~ 1 N
IT,()V -l < Cp gt 2 25 d e ul gy, Vue (LP(RY)) T, VE>0,  (22.10)

where Cﬂpvq is a constant depending only on N, q, and p.

Now we state a maximal regularity lemma for a parabolic initial value problem, which

will be useful in controlling terms involving v in the system (1.1.6).

2.3 Maximal Regularity of a Parabolic Equation

In this section, we present a lemma on the maximal regularity for parabolic equations on

RY to be used in Chapter 3 and Chapter 4 to prove global existence of solutions to (1.1.6).

Lemma 2.3.1. Let v > 1 and let vy € WHY(RY) N L(RY). There exists C, n such that
for any T € (0,00), if g € L7((0,T), LY(RY)) and

U('? ) € Wl”y((oa T)a L’Y(RN» N Lﬂy((()? T)? WQW(RN))
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solves the following initial value problem,

(2.3.1)

TV, = Av—v + g, reRN, 0<t<T,
U(Oax) = UO(x>7 xr € [RNv

then
T
/ / er (Ju(t,2)]" + [Vo(t,z)|Y + |Av(t, 2)|7) dadt
0 /RN
<C .y {/0 / glt, @) dwdt + T (Jo ()], v,y + 1900 ()T, o )] . (232)
and for any t, € (0,T),
/ / 77 (lo(t, z)|Y + |Vo(t,2)|” + |Av(t,z)|Y) dxdt

. [/ / glt, )7 du dt + (T + 715 ")wo ()], RN] | (2.3.3)

Here C., y is the smallest positive constant such that the inequalities (2.3.2) and (2.3.3) hold.

Proof. First, we extend g to the whole of R by setting

. g(t,z), for zeRYN, te(0,T),
g(t,z) =

0, for zeRY, t>T.

By [46, Theorem 3.1], the initial value problem

0, =AT—0+§, xzeRY, 0<t< oo,
9(0,2) =0, zeRY,

has a unique solution

o(-,-) € WH7((0,00), LY (R™)) N L7((0, 00), W27 (RY)).
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t

Next, let = w(t, x) := e70(t, x), which solves

T, = Al +e-j, zeRY, 0<t< oo,
(2.3.4)

@(0,z) =0, =R,
We conclude that (2.3.4) has a unique solution in
Wh((0,00), L7(R™)) N L7((0, 00), W27 (R™)).

By the closed graph theorem, there exists C, . > 0, independent of T', such that for any
ty € 10,77,

T T
/ / % (\ﬁ(t, D)7 + Vit )| + \M(t,x)yv) dz dt < cw/ / eZ1g(t,2)[" da dt.
to RN to YRY

(2.3.5)
Next, let w := v — ¥, which satisfies
Tw,=Aw—w, zeRN te(0,7T),
L ©.1) (2.3.6)
w(0,z) = vy(z), =R

By classical results for the heat equation,
w(t,x) = e (G vy)(t/7, ),

where G is the heat kernel from (2.1.1). Since |VG(t, z)| < %G(t,x) and v, € WHY(RY),
there holds

Vuw(t,z) = / €_£G<t/7',l' —y)Vuy(y) dy
[RN

and

Aw(t,x) = / e TVG(t)T,x —1y) - Vuy(y) dy.
IRN

Then, by Young’s convolution inequality, there exists C, . > 0 such that for all ¢ > 0,

||'U)( )||L’y [RN + ||vw< )”L'y [RN + ||Aw( )”L’y [RN — 'y,'r Ne ||/UO<')||’IZV11’Y([RN)' (237)

This implies that

T
[ (ol + 1Vul + 180) dedt < €, o wTlooOlys oo
b JrN (R™)
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The above estimate and (2.3.5) with ¢, = 0 yield the conclusion of (2.3.2).
We next modify the bound on w in (2.3.7) to prove (2.3.3) when ¢, > 0. Note that for

ty > 0and t € (ty,T), we can find some absolute constant C' > 0 such that

|| C
< — < —
IVG(t,z)| < 5 G(t,z) < \/EG(%’ x),

and

|| CN C
< = < - — .
|G, (t,x)] < <2t + 2 G(t,x) < . G(t,x) + " G(2t,z)

Then, by Young’s convolution inequality, it is not hard to see that for all ¢ > 0

Weny + IVWE D gy + 1AW E I gy

lw(t,
" gl Nt t v
<cre ||a+ Ho(Z: +a+She(. ENOI.
[ n (T LR t (T >L1([RN) 0N Ly (RN
¥yt NT
< Cle~ [1 + (T)V] ||”0(')||Zw(ueN>'
(2.3.8)

Multiplying (2.3.8) by e and integrating over t € (t,,1") yield, for some absolute constant
C >0,

T
/ / eT (\wyv + | Vw|r + yAum> dx dt < CYN?Y (T + TVt(l)_“Y) RO
to RN
The above and (2.3.5) yield the existence of C, . > 0 such that

/T /N T (!v(t,x)h + [Volt, )| + |Av(t, x)p) do dt
[R (2.3.9)

T
<Coow [ [ Flottn)l dds €y (T8 O

In the following, we always assume that C, ;. y is the smallest positive constant such
= C, ;1 forall 7 > 0. Indeed, by a

that the inequality (2.3.2) holds. We claim that C .
scaling argument, one can consider ¥(t, z) := v(7t, x), which solves

T)t = A —17-1—9(7'75,@» T)(O,IL’) = 1p-
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Then applying (2.3.9) with 7 = 1, and with ¢,, T replaced by respectlvely, to ¥ yields
T
[7 ] (i + Voo + A6 ) de df
to  JRN
& T toy1
T P~ ~ -
=~ C’y,l,N/ / e'7t|g(7‘t,l‘)|’y dl’dt-ﬁ-C%LN(; + <?O) )”UO()”ZW([RN)
to  JRN
This, together with the variable change = 1mphes that
/ / |v ) + |Volt,2)[7 + | At sc)|’7> dz dt

1 ~t T t 1—
;ny,l,N[ /RNGT |g<t,1’)‘vd$ dt+07717N<; + (?O) )”1}0()”27@?1\])
0

This implies (2.3.3) with C, y = C, ; y- O

<

Now we state a useful exponential decay function

2.4 An Exponential Decay Function

In this section, we present a lemma establishing the existence of certain special exponentially
decaying functions that will be used in later chapters to handle the possible non-integrability
of solutions.

Take a decreasing smooth function f on R such that
f(ry=1 whenr <N and f(r)=2"1teN"1"" whenr> N +1.
For each fixed x € (0,1) and for some v € (0,1), define

() = (x) = f(yrlz]). (2.4.1)

Lemma 2.4.1. There exist dimensional constants C,~ > 0 such that for any k € (0,1), 9
from (2.4.1) satisfies, for all z € RV

0<d(z) <1, [VY(@)| < ki), |[D*(2)] < K?(a), (2.4.2)

P(x) < CY(y)  whenever |z —y| <k 1, (2.4.3)
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and

N /N Yayde<C, Y dz)<C. (2.4.4)

Proof. The proof of (2.4.2) and (2.4.3) follows by direct computation when v > 0 is

sufficiently small, depending only on N. Moreover, a direct computation yields

,@N/RN;zJ( )dw = Kk /f7|x| dm—F

is the surface area of an N-dimensional unit sphere and I' is the gamma function.

\ z

) f('yr)rN_l dr < C,
|R+

MIZ w

271'15]
()
Note that the collection of balls {By,.(2)|rz € Z™N} covers the whole space RY, and by

(2.4.3), for any z,

where

P(z) < CNy(z) ifz € B 1y(2).

Thus, it follows that for some dimensional constant C,

Next we present some estimate involving V.

2.5 Estimate for V.

In this section, we present several lemmas related to Vv in the second equation of (1.1.6).
The first proposition is particularly useful for proving global boundedness of solutions to
(1.1.6) in both the regular diffusion case (m = 1) and the porous medium diffusion case
(m > 1). More precisely, it asserts that if u is locally bounded in L? for some p > N, then

Vv is uniformly bounded.

Proposition 2.5.1. Let v(t,z) = v(t, z;uy,vy) be the solution of the v-equation in (1.2.1)

with vy € W12 that is, v solves

TV, = Av — uw, zeRY, t>0,
U(Oax> = UO('T)? x € [RN'
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If for some p > N and C| > 0,

sup / uP(t,x)dx < Cy, (2.5.1)
B(x071)

te[0,T],zoeRY

then there is a constant C' depending only on p, N, Cy, and |vy|ly1.0c Such that

sup [|[Vu(t, )| <C.
t€[0,T

In particular, when m =1 in (1.1.6) and

<u(t7 z), U(ta x)) = (u(ta T3 Ug, UO>7 U(t7 T3 Ug, UO))

is the classical solution of (1.1.6) on (0,7, (ug,vy)), if (2.5.1) holds on [0,T,,..(ug,vy)),

) max ? max

then the conclusion also holds on [0, T, (uy,vy)), that is,

I max

sup  [|[Vou(t, )]s < 0. (2.5.2)

tE[O’Tmax)

Proof. The result follows from [41, Theorem 3.1, Chapter V]. For completeness, we pro-
vide a more direct proof below.

Let 1) be as in Lemma 2.4.1, with some £ > 0 to be determined. First, note that

70, (V) = A(vy)) — vip + (v — 2V - Vih — vAY — uwvy))

and that vy € WHP(RY) 0 Wh°(RY) for any p > 1. Hence, for any p < ¢ < oo,

I(Vo(t, )Yl e < Mot )Vl e + [V (09)] L
< vt ) VY[ pe + HVe(Af”ﬁ(vo@b)HLq
Aq(q) As(q)

1 t
N
T Jo

Next, we estimate A;(q), A5(q), and A5(q) for ¢ = p or ¢ = co. Below, we write C, for a

t—s

VelA=-D= (m/J — 2V - Vi —vAyY — @Duv)

ds. (2.5.3)
La

As(q)

constant that may depend on C, p, and x, while C' is independent of x. Since v is uniformly
bounded,
Ai(p)<C, and A;(x)<Ck. (2.5.4)
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Next, it follows from (2.2.2), (2.2.4), and |vg[ 1.0 < C that
Ay(p) < CIV(vo)lr < C, and  Ay(oo) < C. (2.5.5)

Applying (2.2.3) with ¢ = p to As(p) yields

t t—s t_ 7%
As(p) < C’/ e T ( . S) [vip —2Vv - Vip — vAY — Yuv| 1 ds
0

b t—s\ 2
<00 [ e (0) 7 (luble + 190 Vil ) ds
0

W=

t . _
<C+C sup Juls, ol + O [ e () I(Tuts, Dl ds. (250
0

5€[0,T] T

Now, by (2.5.3), (2.5.4), (2.5.5), and (2.5.6), we have

[(Volt, )l < Cy +C sup Juls, )l + Cr sup [(Vols, )éle YO<t<T.
s€[0,T] 0<s<T

By (2.5.1), and by taking the supremum over ¢ € [0,7] and choosing x sufficiently small,

depending on C', we obtain
sup [[(Vu(t, )¢ < Cy. (2.5.7)
0<t<T

In the rest of the proof, we fix one such £ and may drop it from the notation of C,..

Finally, applying (2.2.3) with ¢ = 0o to A4(c0) yields that for p > N,

t i
Ag(0) < C’/ e~ (t S)
b T

¢ t—s t— 7%7%
<Co+0 [ e ()7 (vl + 190 Vil ) ds
0

N
2

’ [v) —2Vv - Vip — vAY — Yuvl|, ds

N
2

¢ t—s) (T — —3- P
<CtC sup fuls, ol + O [ e () (Tt )l s
0

5€[0,T] T

Since fB( 1) uP(t, ) dz < C, uniformly for all t € [0,T] and z, € RY by assumption, this
o,
and (2.5.7) imply that
As(oc0) < C  for some C = C(C}). (2.5.8)

By (2.5.3), (2.5.4), (2.5.5), and (2.5.8), there holds

[(Vot, )Yl <C Vie[0,T].
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Replacing 1 (-) by ¥ (- — x,) yields
I(Vo(t, V(- — o)L < C uniformly for all ¢ € [0, 7] and z, € RY.

This implies that
sup [Vo(t, )| < C,

0<t<T

where C' depends only on p, N, Cy, and |vy|y1... The proof is complete. ]

We now present a lemma that provide estimates for Vv. This estimate will be used in
Chapter 4 to derive local LP bounds for u in the porous medium diffusion case, specifically
in the proof of Theorem 4.1.1(1).

For any given x, € RY and r > 1, define

Zy g ( // TS (u+e)"(s,x)*(x —xo)drds and Z,.(t):= Slel[EN Zy 5y (D)
Lo
Lemma 2.5.1. For any firted 0 < 6 < 1 and " > r > 1, there ezist ¢, depending only on r

and N, and Cs depending only on C,r,r" and § such that for all k € (0,c,.) we have

// 7|VU|2”¢2 <6Z.(t)+Csx N Vte (0,7 (2.5.9)

Proof. First, note that

Jl v s ] S o
Qt Qt
<6 [[ e TP [ e Cpe
Qt Qt

(2.5.10)
Denoting 1, := w%, since v is bounded by |vy |, and ¥ is bounded by 1, we have

lo 15,7 < v llso ot < oty |- (2.5.11)

By the Gagliardo-Nirenberg inequality,

IV (0)llar S [y 21D (viy)7 < 1D (vipy)] -
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By [16, Theorem 9.11],

IV (01| < ID2 ()2 < [A@Y)]2 + vty |2 (2.5.12)
Next, note that
T(U¢1)t = A(le) + (_QVU -V, — UAwl - uvwl)
= A(vpy) —vipy + (V) — 2V - Vi — 0AY) —uvyy) .

Lemma 2.3.1 then yields

t
77‘/(1&—8) ,,,/ T'/ T/
[ e (18l + IV @a)Iy + v,
0

t /(t—s ’ 't ’
<C [ [ e oy - 2V, oduy w7 deds + Cte 7 gy
0 RN

t
'r/(tfs) ’ ’ ’
< Cllly ‘|‘C/ / e [K7[V(uy)|” + [uyy|" | dz ds,
0 YRN

where C only depends on 7" and N, and is independent of T'. Therefore, if x is sufficiently

small depending only on 7" and N, by property (2.4.4) in Lemma 2.4.1, we get

t , ! . /
— , ! - _rl=s)
[ (1l o) s [ o
0 0 YRN

which, combining with (2.5.10), (2.5.11) and (2.5.12), implies that

// _ 'r/(tfs)
e T
Qt
t—s)

In the following, we derive a connection between Z,,(t) and [ j;) i u” 1. Recall that
t

uwlr/a

Vol2ry? < CorN + 5// ey, (2.5.13)
Qt

the collection of balls {By wl(2) [ Kz € ZN} covers the whole space. Hence, by property
(2.4.3) of Lemma 2.4.1, and using that ¢(z — 2) = 1 when = € By, (2) by the definition of
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1, we have

J[ e X ue)
Q, kz€ZN 0

S ) Ul(z)
rkzeZN 0

< sup // e <t;s>uw(8,$)¢2(x—xo)dxds
Q4

zoeRN

N/n(z)
t
e

u” (s, 2)?(x — 2) dx ds

t
_r (t—s) ’
/ e / u” (s,x)dxds
B
/ _rllis)

BN/H(Z>

< Z.(b).

The lemma is thus proved by combinging this inequality with (2.5.13). O

The following lemma concerns the regularity of classical solutions to the linear diffusion
problem (1.2.1) and will be used repeatedly in the analysis of its asymptotic properties.
Although it follows essentially from Section 3.1, a detailed proof is provided in the appendix
of [21].

Lemma 2.5.2. (C1*%2"_houndedness) Suppose thatug € X andvy € X, and (u(t, z;ug, vy), v(t, ;5 ug,
is a globally defined bounded solution of (3.0.1). Then for any given 0 <v < 1,0< 6 < 1,
andty > 0, there is C > 0 depending on the system parameters, vy x , sup,. , [u(t, -5 ug, vo)llso
v, 0 and t, such that
[l e g 000xry < € (2.5.14)

where w(t, x) is any one of the following functions: u(t, x;uy, vy), Qgiu(t, x; ug, vy), Opu(t, 5 ug, vg),
8§i$ju(t,x;uo,vo), v(t, x; ug, vg), 0. v(t, w3 ug, ), Opu(l, T3, vg), oF 8§ixjv(t,x;u0,vo) for
1<4,5<N.

Moreover, if uy, € X; and vy € Cf;fi?’b([RN) for some o > 0, then (2.5.14) holds for
to = 0 with w being v(t, z;ugy, vg), Qgiv(t,x;uo,vo), O u(t, Ty ug,vy), or Qimjv(t,x;umvo)
for1 <i,j7<N.

2.6 Special Harnack inequality

In this section, we present two lemmas that will be used frequently in Chapter 3, Section 3.3,
in the study of the asymptotic behavior of classical solutions to the linear diffusion problem
(1.2.1). The first lemma is a local-in-time Harnack inequality, which can be viewed as
a slight generalization of [6, Theorem 1.2] and [18, Lemma 2.2], both of which concern
advection Fisher—-KPP equations. Unless otherwise stated, the constants C' may depend on

the parameters a, b, o, and 7, as well as on the dimension N.
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Lemma 2.6.1. For giveno > 0, uy € X andv, € X7, assume that (u(t, z;ug, vy), v(t, ;3 ug, vg))
is a globally defined bounded classical solution of (1.2.1). Then for any s, > 0, R > 0, and

p € (1,00), there ezists a constant C' = C(sg, R, p, X, [vol x,; [ull) such that if t > 1,

s € [0,s4], and |x —y| < R, then

u<t,x;u077)0) < C’u%(t+s,y;u0,vo) (261>

and

IVu(t, z;ugy, vy)| < Cu%(t,y;uo,vo). (2.6.2)
The constant C' is uniform as x — 0.

The proof is similar to the one of [18, Lemma 2.2] and can be found in the Appendix of

[21]. The following estimates on v can be obtained as a corollary of Lemma 2.6.1.

Lemma 2.6.2. Let (u(t, z;ug,vy), v(t, x;uy,vy)) be as in Lemma 2.6.1. For any e > 0 and
pE (17 OO); there are T<87 X ||UO”X1> >1 and C = C<€7p7 X HUOHle Hu”oo) > 0 such that

|Vu(t, z;uy,vy)| < €+ C’u%(t,x;uo,vo), Vt>T, r € RY (2.6.3)

and
|Av(t, z;uy,vy)| < €+ C’u%(t,x;uo,v()), Vt>T, r€RVN. (2.6.4)

The constants T, C are uniform as x — 0.

Proof. For simplicity of notations, we drop ug, v, from the notations of wu(t,x;ug,vy),
v(t, z;5ug, V).
First, note that, for any t > ¢; > 0 and = € R, we have

T N/2 Tlz—y|?
txy)=— TG (t d
U(,%) (47T(t—t)) /RNe U( 1ay> Y
N/2 r\zfyP
e = u(s, y)v(s,y) dyds
/ ( Ar(t — s)) /R

N/2 z—y)?
4(t—t1) t d
(47?25—15 ) /RNe Jo(ty,y) dy

N/2
/ / e TP uls, z + 2Vt — s2)v(s, x + 2Vt — s2) dz ds.
ty RN

(2.6.5)

Since u, v > 0, this with ¢; = 0 implies that |v|., < ||vgls- By Proposition 2.5.1, there
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is €' = C(|lvgl x,, |lul ) such that
v(t,x) + |[Vo(t,z)| <C Vt>0, z€RN. (2.6.6)
By Lemma 2.5.2, there is C = C(x; [l x,, lul~) > 0 such that
|Vo(t,z)| + |Av(t,z)| < C Vt>1, x € RN,
This yields that for any e > 0, there is T'(e, X, [vo x, , [u]o) such that

TN/2 _rle—yl? TN/2 _rlz—y?
VW/RNG Tty y) dy| = W/RNG T Vou(ty,y) dy

<e/3 Vi, >1, xRV,

TN/2 T\:cfy\z TN/2 77—‘173"2
A—/ e i v(ty,y)dy| = W/ e 1 Av(ty,y)dy
RN RN

<e/3 Vit >1, 2RV,

(2.6.7)

Moreover, (2.6.6) implies that there is R = R(e, T, [vg x,, [ulo) > 0 such that for all
t, <t<t,+Tand x € RY,

t N/2 )
/ (%) / el |V, u(s,x + 2Vt —sz)|v(s,z + 2Vt —sz)dzds| < %,
ty |z2|>R
t o\ N/2 e or
<_) e T u(s, x + 2Vt — 52) [V, u(s,z + 2Vt — s2)|dzds| < —,
tq 7T |z|>R 3
t N/2 1 ,
/ () /—/ e Tz Vuls,w+ 2VE— s 2) v(s,w + 2VE— 5 2) dzds| < <,
t T t—s |2|>R 3
¢ N/2 ,
/ (I> v/ / e u(s,z + 2Vt —s2) |2 V,o(s, 2 + 2Vt — s 2)| dzds gf.
b, 7 t=sJ >R 3
(2.6.8)
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Next, note that, for any ¢ > 14T, by (2.6.5) with t;, =t — T, we have

V ( ) V TN/2 / Tlz—y[? ( T )d
v(t, ) = V—r—"r—rs et v(it—-1,y
4rT)NZ [,

1 [t N/2
_ _/ (Z) / e—T|Z|2vxu(S7$+2\/t—SZ) v(s, x4+ 2Vt —sz)dzds
T T RN

1 [t N/2
_ _/ (Z) / e u(s, x4+ 2Vt — 52) V u(s, z + 2Vt — s 2) dz ds.
t—T RN

T 7r
(2.6.9)
By (2.6.6)-(2.6.9), we have

1 [t N/2
Vou(t,z)| <e+ —/ <Z> / e TV u(s, x4 2Vt — s 2)| (s, x + 2Vt — s 2) dz ds
TJir l2I<R

™

T s

1 [t N/2 B )
+—/ (Z) / e T u(s, 2 4 2Vt — 5 2) |V, u(s, 2 + 2Vt — 52)| dzds
T |2|<R
N/2 ,
set _/ / e TNV u(s, x4+ 2Vt — s 2)|dzds
l2|<R

N/2
—/ / e u(s, x + 2Vt — s 2) dz ds.
|z|I<R

This, together with 21/t — s|z| < 2v/T R for |2| < R and Lemma 2.6.1, implies that there
is C(e,p, %, T, Vol oos Ittlloo) > O such that

Vo(t,z)| < e+ Cul/P(t,z) Vt>1+T.

This proves (2.6.3).
Now, note that, for any t > 1+ T, by (2.6.5) with ¢, = ¢ —T, (2.6.7), and (2.6.8), we

have

T N/2 _ Tlz—y|* y|
Av(t <|A(— T ot—T,y)d
Aokt <A (177) / (e~ T.9)

_|_

t o \N/2
— eIl z V. u(s,x+2Vt—sz)|v(s,xr +2Vt—sz)dzds
[T (7‘(’) \/t—s * ( >] ( )

_|_

t N/2
[T (%) t—s_ el u(s,z+ 2Vt —sz) [z-va(s,a:—FQvt—sz)] dzds|.

This, together with (2.6.6), (2.6.7), (2.6.8) and Lemma 2.6.1 implies that there is C'(e, p, x, T, [|vg ] oo 2],
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0 such that
|Av(t,z)| < e+ CulP(t,x) Vt>1+T,

which proves (2.6.4).
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Chapter 3

The Chemotaxis System with Linear Diffusion

In this chapter, we consider the regular diffusion case, i.e.,

uy = Au—xV - (uVv) + u(a — bu), zeRY, t>0,
TV, = Av — uw, zeRN, t>0, (3.0.1)

u(0,x) = ug(z), v(0,z) = vy(z), z e RY,
with initial data (ug,v,) satisfying

(RY), () € Cors

up(+) € Cy et ®Y)or () € LP(RY),  vo() € WHP(RY)

nif

for p > 1. In Section 3.1, we establish local existence and uniqueness of classical solutions.
Section 3.2 is devoted to proving that the solution exists for all time and remains bounded
under suitable conditions on the initial data. Finally, Section 3.3 is devoted to the study of

the asymptotic properties of (3.0.1).

3.1 Local Existence of Classical solutions

In this section, we study the local existence and uniqueness of classical solutions of (3.0.1).

We have the following proposition on the local existence of classical solutions of (3.0.1).

(RN, there is T, =

(ug,vg) € (0,00] such that (3.0.1) has a unique classical solution (u(t, z;uy, vy), v(t, ;ug, vy))

Proposition 3.1.1. (1) For given uy € C° (RY) and v, € Cj;ﬁf
Tmax

on (0, T (ug,vy)) satisfying

? max

t—0+

lim <||u<t7 ';U’07U0>_U’0(')”00+H0<t7 ';UOJUO>_U0(')||OO+va(ta ';u07U0)_VUO('>”oo> = 07
(3
3

1.1)
u('? 5 Up, UO) € C([O’ Tmax)’ anifORN)) N Cl((oﬂ Tmax)7 anifURN))’ ( 12)
U(', " uO? UO) S C([()? Tmax)7 C&r’ll:f([RN» N Cl((()? Tmax)7 C&fﬁf(lRN))v (313>
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u('? g uO?”O)’ amlu(v g UO7U0)7 aimju(’ g u07U0)7 at“('? g uO’UO) € Ce((()?T )7 Oy,b ([RN))?

max unif
(3.1.4)
’U(-, 3 U UO)? awi'U(" 3 Ugs vO)? aa%iacjv<'7 3 Ugs vO)? 6t1}(-, 5 Ugs UO) € CG((Ov Tmax)a Cll;ﬁ?f(RN»
(3.1.5)

foralli,j=1,2,--,n,0<0 <1, and 0 <v K 1. Moreover, if T, . (ug,vy) < 0o, then

hmsup <”u(t7 " o UO)”oo + H’U(t, '; uOvvo)”oo + ”V’U(t, " U, vO)”oo) = o0. (316)
tﬁTmax(uOfUO)i
N _ .
If uy(x) > 0 and vy(x) > 0 for x € R™, then u(t, x;uy,vy) > 0 and v(t, x;ugy,vy) > 0 for
t €0, T (g, o)) and z € RY.

(2) Suppose that ¢ > N and q > 2. For given uy, € LY(RY) and vy, € WH9(RY), there is
T, ax (Ug, V) € (0, 00] such that (3.0.1) has a unique classical solution (u(t, z;ug, vy), v(t, x; ug, vg))
on (0, T« (g, vy)) satisfying

? T max

i ( (e 5 g ) =g (N g+ ol 0, v5) = (Vo + [Vt 15 00) =T (e ) =0,

t—0+
(3.1.7)
u(, 5 g, vg) € O([0, Tpae)s LURY)) N C((0, Trpae)s Clnig(RY)) 1 CH(0, Trpae)s Ol (RY)),
(3.1.8)
U('v 5 U, ’U0> S C([Ov Tmax)? WLq([RN)) N C((Oa Tmax)? C&r’sf(lRN» N Cl((O, Tmax>’ C&r’lljf(lRN»a
(3.1.9)

and (3.1.4)-(3.1.5). Moreover, if T, . (ug,vy) < 00, then

lim sup (Hu(t, 5 Ug, Vo)l pa + [0(t; 5 ug, vo)| e + [Volt, ';u07UO)”L‘1> =o0. (3.1.10)

tg)Tmax (uO 7”0)7

If ug(z) > 0 and vy(x) > 0 for x € RY, then u(t, T3 ug,vg) > 0 and v(t, x;ug,vy) > 0 for
t €0, T (g, o)) and z € RY.

Outline of the proof of Proposition 3.1.1. (1) We provide an outline of the proof of Proposition
3.1.1(1) in the following five steps.

Step 1. In this step, we prove that (3.0.1) has a unique mild solution (u(t, z; u, vy), v(t, x; ug, vy))
on [0, T satisfying (3.1.1) for some T" > 0, that is,

[0,T] >t = (ult, -5 ug,vg), v(t, 5 ug, vg)) € CP (RN x CLY (RN) s continuous,

unif
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and

u(t, ;3 ug, vg) = T(t)ug — Xfot T(t—s)V - (u(s,5ug,v)Vu(s, 5 ug,vg)) ds
+ [T (= s)uls, -5 ug, vo) (1 4 a — bu(s, s ug, vy) ) ds, (3.1.11)
’U(t, 5 Ug, UO) = T(%)”O + %J(;t T(t_Ts)(l - U(S, 2] uO7UO>)U<Sa ) uO?“O) ds

for t € [0,T7.
To this end, first, for given 7' > 0 and R > 0, let

Xy = C([0,T], O (RY)) x C(10,T], Cpie(RY))

u unif

be equipped with the sup-norm, and let

Spr={(u,v) € Xy s sup [u(s)|es v <R, sup [o(s)|qre gn) < R}
s€[0,T und s€[0,T unif

Then Sy 1 is a closed subset of X'p. Define a map on S 1 as follows:

o= (G0)

_ (T(t)uo —X fot T(t—s)V - (u(s)Vu(s))ds + fot T(t—s)u(s)(1+a—bu(s)) ds)
T(L)vy + L [ T(52) (1 = u(s))o(s) ds '

Next, we show that ¥ is a well-defined map from S 1 to X'. Moreover, for any given
0 < <3 and (u,v) € g, the maps

(0,T] >t W, (u,v)(t) € XP and (0,T] >t Uy(u,v)(t) € X?8

are locally Holder continuous.

We then prove that for given

R > max{||u, ”Cﬁnif(ERN)a v Hciﬁ?f([RN)}’

there is 7' := T'(R) > 0 such that the map ¥ maps Sy r into itself and is a contraction.
Hence ¥ has a unique fixed point (u(-,;ug,v), v(, 5 ug,vg)) € Sg 1, and therefore (3.0.1)

has a unique mild solution (u(t, x; ug, vy), v(t, T;uy, vy)) on [0, T] satisfying (3.1.1) for some
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T > 0. Moreover,

(0, 7] 3t = ult,sug,vy) € XP and (0,T] >t v(t, 5 ug,vy) € X8

are locally Holder continuous for any 0 < 8 < %

Step 2. In this step, by the standard extension argument, we prove that there is T, ,, =
T

max

satisfying (3.1.11) for ¢ € [0,

(ug,vg) € (0,00] such that (3.0.1) has a unique mild solution (u(t, x; ug, vy), v(t, T;ugy, vy))
T, ax)s and

max

(0, T 0) Dt ult, sug,v) € XP and  (0,T,..) Dt v(t, 5 ugy,vy) € X8
are locally Holder continuous for any 0 < 8 < 5. Moreover, if T, < 0o, then (3.1.6) holds.

Step 3. In this step, we prove that the mild solution (u(t, z;ug, vy), v(t, x; ug, vy)) obtained

in the above two steps is a classical solution of (3.0.1) satisfying (3.1.2)-(3.1.5).

To this end, first, fix any t; € (0,7, (ug,vy)). By (2.1.2),

cov?

N
(=11, Thax (U, vg) —t1) D t = ul(t + 1y, 5 ug, vg) o (RT)

is locally Holder continuous for some v > 0.

(3.1.12)
By [15, Theorem 11 and Theorem 16 in Chapter 1], (3.1.12) has a unique classical solution
0(t,z) on (0,1, —t;) with lim, o, [0(¢,) — vy s &~y = 0. By a priori interior estimates

max
for parabolic equations (see [15, Theorem 5]), we have

Next, consider the initial value problem

T

Taﬁﬁz(A—l)T)—i—(1—u(t+t1,x;u0,v0)>%, reRN, 0<t<T,, (ugvy) —ty,

¢
0(0,2) = vy () :==v(ty, T3up,v0), T € RY.

5('7 ) € Cl<<07 Trna.x - tl)? Cﬁr’gf(lRN»a (3113)

and the mappings

~ v,b N v v,b N
t—=o(t,-) e CLp(RY), t— 3 (t,) € C (R, (3.1.14)
Ly
try O (t,) e CV2(RN), t aﬂ(t ) e CVb (RN (3.1.15)
axiaxj ’ unif ) ot unif T

are locally Holder continuous in ¢t € (0,7, —t;) for i,j =1,2,--,N and 0 < v < 1. By
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[23, Lemma 3.3.2], ¥ = 9(t,-) is also a mild solution of (3.1.12) and therefore satisfies the

following integral equation:

y t 1t t— »
o(t, ) :T<;>v1 + ;/ T( 7_S)(1—u(s+t1,-;u0,v0))v(s,-)d8 Vi€ [0, T —t1)
0

Note that for any ¢t € [0, T, — t1),

I max

t 1 (" (t—s
v(t+t1,~;u0,v0):T<;>v1—|—;/ T( )(1—u(s+t1,~;u0,vo)>v(s—l—t1,~;u0,vo)ds.
0

T

It is not difficult to prove that

v(t + tq, 5 ug,vy) = 0(t,-) for every t € [0, T, — t1)-

? T max

Hence, by (3.1.14) and (3.1.15), the mappings

ts Vot +ty, - uy,v9) € C¥ (RY), t= At +ty, - ug,v9) € C¥ (RY)

unif unif

are locally Holder continuous in t € (—t,, 7T, —t;) for 0 <v <« 1.

max

Now, consider the initial value problem

o ~ ~ ~ ~ N
su=((A—1lu+ F(t,z,u,Vu), xR, 0<t<T, . —t,
{815 (A—Da+F( ) ! (3.1.16)

(0, z) = uy (z) == u(ty, v;uy,vy), x€RY,
where

F(t,x,u,Vu) = —xVou(t +t,,x;uy,vy) - VU

+ (— XAV(t +tq, x5 uy,v9) +1+a— bu(t+t1,w;u0,v0)>ﬂ.

By similar arguments as above, (3.1.16) has a unique classical solution @(¢, z) on (0, T}, —t;)

with lim, o, |u(t,-) — u1||Cgn &) =0, and u(t, ) satisfies (3.1.13)-(3.1.15) with ¥ replaced

if
by @. Moreover,

U(t, " u07U0) = ﬂ@? ) for ¢ € [Ovaax - tl)'

Therefore, (u(t, z;ug, vy), v(t, T; ug, vy)) is a classical solution of (3.0.1) satisfying (3.1.2)-(3.1.5).

Step 4. In this step, by the uniqueness of mild solutions of (3.0.1), we prove that (3.0.1)
has a unique classical solution satisfying (3.1.2)-(3.1.5).
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Step 5. In this step, by the comparison principle for parabolic equations, we prove that

u(t, z3uq,v9) >0 and  v(t, z3ug,v9) >0 Vit e[0,T,.. (g, vp)), ©€RY

? T max

provided that uy(x), vy(z) > 0 for z € RY. Proposition (3.1.1)(1) for (3.0.1) is thus proved.

(2) We provide an outline of the proof of Proposition 3.1.1(2) for (3.0.1) in the following five
steps.

Step 1'. In this step, we prove that (3.0.1) has a unique mild solution (wu(t, z; ug, vg ), v(t, T3 ug, vy))
on [0, 7] satisfying (3.1.7) for some T" > 0, that is,

(0, 7] 3t = (u(t, - ug, vo), v(t, - ug, v)) € LI(RY) x WH4(RN) s continuous,
and

u(t, s ug, vy) = Tq(t)uo - Xfot Tq<t —8)V - (u(s, 5 ug, vg) Vo(s, - ug, vg)) ds
+ J: T,(t — s)u(s,;ug,vp) (1 + a — bu(s, -; ug, ’UO)) ds, (3.1.17)
t —s
v(t, -5 ug, vg) = Tq(%)”O + %J(; Tq(%)(l —u(s, Uoﬂ’o))”(S, i Ug, Vg) ds

for t € [0,T].
To this end, as in Step 1 of the outline of the proof of Proposition 3.1.1(1), first, for given
T >0and R > 0, let

X g = C([0,T] LURY)) x C([0,T); WHI(RY))
be equipped with the sup-norm, and let

SyrT = {(u,v) € Xor: sup ||u<s)”Lq(IRN) <R, sup ||v<8>||W1»Q(IRN) < R}.
5€[0,T] s€[0,T

Define W, on 8, p 1 by

:(Tq<t>uo—xf;Tq<t SV - (u(s)Ve(s)) ds + [ T, (¢ ><s><1+a—bu<s>>ds)
T, (L)og + L [ T,(52)(1 = u(s))u(s) ds |

Next, we show that the map ¥, is a well-defined map from &, p 1 to X', ;. Moreover, for

44



N

anygiven0<,3<%—z,

0<vy<3, and (u,v) €8, g, the maps
(0,T] 2t Wy (u,v)(t) € XP and (0,T] 3>t Uy(u,v)(t) € X

are locally Holder continuous.

We then prove that for given

R > max{||lug pawny, lvolwrawm) b

there is 7' := T'(R) > 0 such that the map ¥, maps &,  r into itself and is a contraction.
Hence ¥ has a unique fixed point (u(-, -;ug,vg), v(, 3 ug,vg)) in &, g 7, and therefore (3.0.1)
has a unique mild solution (u(t, z;ug, vy), v(t, x; ug, vy)) on [0, 1] satisfying (3.1.7) for some

T > 0. Moreover, the maps
(0, T] 2t ult,;ug,vy) € X{f and (0,7] 2t v(t,;uy,vy) € ngy

are locally Holder continuous for any 0 < 8 < % — 2—]\2 and 0 < vy < %

Step 2. In this step, by the standard extension argument, we prove that there is T, ,, =
T,

max

satisfying (3.1.17) for t € [0,T,,..), and the maps

max

(ug,vg) € (0,00] such that (3.0.1) has a unique mild solution (u(t, x; uy, vy), v(t, T;ugy, vy))

(0, Tax) D t > ult, 5 ug,v9) € XP and (0,7, )3t oty ug, vy) € X2

’ - max ? - max

are locally Holder continuous for any 0 < 3 < %_2% and 0 < v < % Moreover, it T .. < 00,
then (3.1.10) holds.

Step 3'. In this step, using the fact that (0,7 (ug,vg)) D t = v(t, 5 uy,vy) € Xy is

max

locally Holder continuous for any 0 < v < 1, we prove that

(OvT (u0700)) Sl u(ta ';uO7UO> € Xg

max

is locally Holder continuous for any 0 < 8 < 2. Then, by (2.2.5),

(lRN) and U(t, 5 Uos UO) < CLb (IRN)

unif

u(t, 5 ug,vy) € C

nif

for all t € (0, T, (ug,vp))-

max

To be a little more specific, by (2.2.5), for any 0 < t; < t, < T,

max

(ug,vg), the map

[t1,t5] 3t = Vo(t, 5 ug,v) € CF

unif

(R™)
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is Holder continuous. Then for any 0 < 8 < % and 0 < ¢ < 1, there is C' > 0 such that for
any t € [ty,t5], we have

||A6U( a'éUo»Uo)”Lq < ||ABT (t—ty)ulty, ';uOvUO)”Lq

Fx / JAPT, (t — $)V - (u(s, - gy v0) Vs, - gy vp))| o ds

/ JAPT, (¢ — s)u(s) (1 +a — bu(s)) | ds
31
< ||A6Tq(t —ty)u(ty, 5 ugs o) La

t
+ Cx  max IIVv(t,-;uO,vo)Iloo/ (t = 5) P2 e u(s, - ug, vp)| L ds
ty<t<t, A

1

t
* C/ e 009 (¢ — ) Pu(s)l o + (E— 5) 7 B u(9)] ) ds
t

1

This implies that for any ¢t € (¢1,t5), u(t, ;ugy,vy) € Xg, and hence for any t € (0,7, (ug, vg)),

u(t, 5 uy,vy) € Xg. Moreover, we can prove that

(0, Thnax (g, vg)) 2t = ult, 5 ug, vg) € Xff

? T max

is locally Holder continuous.
Step 4'. In this step, we prove that (1.2.1) has a unique classical solution satisfying
(3.1.7)-(3.1.9) and (3.1.4)-(3.L5).

In fact, by Step 3', for any ¢, € (0, T, (ug,v,)), we have

? T max

u(ty, 5 ug,vg) € Cbmf( ) and  v(ty, -3 ug,vg) € chl (RN)

unif

Then by Proposition 3.1.1(1), the mild solution (u(t, x; uy, vy), v(t, x; ugy, vy)) obtained above
is a classical solution of (3.0.1) satisfying (3.1.8)-(3.1.9) and (3.1.4)-(3.1.5). Note that a
classical solution of (3.0.1) satisfying (3.1.7)-(3.1.9) and (3.1.4)-(3.1.5) is also a mild solution
of (3.0.1) satisfying (3.1.7). Then, by the uniqueness of mild solutions of (3.0.1), the system
(3.0.1) has a unique classical solution satisfying (3.1.7)-(3.1.9) and (3.1.4)-(3.1.5).

Step 5. In this step, by the comparison principle for parabolic equations, we prove that
u(t, z;uy,v0) >0 and  v(t,z;uq,v9) >0 YVte[0,T,,. (upvp)), € RY

? max

provided uy(x) > 0 and vy(z) > 0 for all z € RY. Proposition 3.1.1(2) is thus proved.  [J
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3.2 Global Existence of a Classical Solution

In this section, we study the global existence of a classical solution of (3.0.1). We begin by

stating the main theorems of this section.

Theorem 3.2.1. Let (u(t,z),v(t,x)) = (u(t, z;uy,vy), v(t, x;uy,v)) be the solution of
(3.0.1). We denote T, = Tpay(tg,vy). Assume that there is p > max{1, 5} such that
te[()?Tmax)?mOGlRN

sup / uP(t,z)dr < oo. (3.2.1)
B(xo’l)

Then T« = 00 and

lim sup |Ju(t, )| o < oo.
t— 00

Theorem 3.2.2. For given u, € C® (RY) and v, € C’ir’gf([RN), or ug € LY(RY) and
vy € WHI(RN), with ug, vy > 0, assume that

Xl Jvolloe < max {b- Ci, D3 v}, (3.2.2)
where )
Ch= sup  —— ((J » N) " (3.2.3)
ysmax{L,N/2} Y — 1\ 70

C, i1 N 18 given in Lemma 2.3.1, and

-1
e e ) I R e
Dy = B (3.2.4)
)2 . )2 -
A (VA ) 0 e < i
with N* := max{1, %}, T = %— 1, and j := Sign(x7*) denoting the sign of x7*. Then
the classical solution (u(t,x;uy,vy), v(t, T;uy,vy)) of (3.0.1) exists for all t > 0, and both

[u(t, 5 ug, vo)llee and [Vu(t, ;ug, vg)|o remain bounded as t — oo.

oo

Theorem 3.2.1 states that a local LP bound for u implies global existence of the solution.

The proof is based on the following two propositions:

1. The first proposition shows that a local L? bound for u, for some p > %, yields a local

W1:2P hound for v.

2. The second proposition shows, via an interpolation inequality, that a local W12P bound

for v, again for some p > %, yields a local LY bound for w for some v > N. From this
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local L™ bound, Proposition 2.5.1 gives a uniform bound for Vv. Finally, combining

this uniform gradient bound with a semigroup argument, we obtain the theorem.

On the other hand, Theorem 3.2.2 provides a condition under which the local LP norm
of the solution remains bounded. All local estimates will be derived using the decay function
1 from Lemma 2.4.1.

We now state the two propositions mentioned above, which will be useful in proving
Theorem 3.2.1. The first proposition shows that a local LP? bound for u, for some p > %,

yields a local W1:2P bound for v.

Proposition 3.2.1. Let (u(t,z),v(t, x)) := (u(t,x;ug, vy), v(t, 5uy,vy)) be the solution of
(3.0.1). We denote T, := T, .x (g, vg). For given p > 1, assume that

max

sup / uP(t,x)dxr < oo and  sup / |Voy(2)|P de < oo.  (3.2.5)
B($071) B(anl)

t€[0,T o), €RY xo€RY

max

Then the following hold.

(1)
sup / (vp(t, x) + |Vv(t,m)|p) dr < oo. (3.2.6)
Bl(zg,1)

t€[0, Ty ), €RY

max )

(2) In addition, if p > %, then

sup v?P(t,x) dr < 0o. (3.2.7)
t€[0, Thax) 2o ERY YB(z,1)

(3) In addition, if p > & and SUp, N fB(%’l) Vg (x)|?P dx < oo, then

sup / |Vou(t, z)|?P dx < co. (3.2.8)
B($071)

t€[0, Tonax) Lo ERY

Proof of Proposition 3.2.1. First of all, we note that, to prove (3.2.6), (3.2.7), and (3.2.8),

it suffices to prove

sup /RN (vp(t, )PP (x — xo) + |Vl (t, z)YPP (x — x0)> dr < o0, (3.2.9)

t€[0,Tonr ), o R

ax)

sup / V2P (t, 2)p?P (x — x) dz < 00, (3.2.10)
IRN

t€[0,Tonr) o €RY

ax)
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and

sup / Vo2 (4, 2)62 (z — 3y) dar < o0, (3.2.11)
te[0,T,par ), o RN JRY

respectively, where 1) is as in Lemma 2.4.1; the proof then follows by estimates similar to
those in the proof of Proposition 2.5.1.
First, if (u,v) is the solution of (3.0.1), then by the comparison principle,

[t oo < llvolles V€10, Tina)-

? T max

Hence, for p < p’ and t € [0,T,,....),

? max

lot, )¢l e < lvollo ¥l e - (3.2.12)

Next, we note that

70, (V) = A(vy)) — vp + vip — 2V v - Vip — vAY — Yuv.

t

olt, ) = 3D [ eldD (s, ) 2Vl ) V= 0l )6~ duls, v, ) ) d.
0

This gives

[(Vot, )] < u(t, - vwnm/H\Ve“%(vowHLp

2

(A-D)=e vw—QVv Vi —vAy — wuv) ds.
Ly
Using (2.2.2), (2.2.3), and (2.4.2), we get
[(Vo(t, )Yl < Klvgloo ¥l Lo + Cpre =1V (1)
Cpp b t—s i (o)
2 qup Vel s [ e (20 g
T reo,t] 0 T
Cop st f%f(%f%)%
#5204 e+ s ) [ e s
T rel0,t] 0
(3.2.13)

Equation (3.2.7) follows by choosing p” = p in (3.2.13) and (3.2.12), then shifting in space
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and taking the supremum over z, € RY. Now, for p > % and p’ = 2p,

Then by the assumption, we get that there are constants C' > 0 independent of x and C>0
such that

||VU(t, ')1/}||L2P < é + Ck sup ”VU(Sa ')1/}||L2P Vite [Ovaax)' (3214)

s€0,t]

By choosing 0 < k < 1, it follows that for any 0 <t < T, ..,

(1 — Cli) sup  [|Vu(t, )| 20 < C.

te [O’Tmax)

The results then follow after shifting in space and taking the supremum over x, € RY. O

In the following proposition, we show that the W!2P estimate of v obtained from the

previous proposition can be used to improve the LP-norm of .

Proposition 3.2.2. Let (u(t,z),v(t,x)) := (u(t,x;ug, vy), v(t, ;5uy,vy)) be the solution of
(3.0.1). We denote T, = Ty (tg,vy). Assume that there is p > max{1, 5} such that

sup / uP(t,x)dr < oo and  sup / (ueP () + |V, (2)|?) da < oc.
t€[0, Trnax) @0 €RY YB(z(,1) 2o €R™N VB(z,1)
(3.2.15)

Then there is v > N such that

sup / u¥(t,z) dr < co. (3.2.16)

tE[OaTrnax)axoeRN B(m071)
Proof of Proposition 3.2.2. First of all, note that if p > N, then there is nothing to

prove. When N = 1, the condition p > max{1, %} implies that p > 1 = N. Therefore, in

the following, we assume that
N
N >2 and E<p§N.

Let 1 be as in Lemma 2.4.1. Then u, € LY (B(x,1)) for any z, € RY and v > N, and to
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prove (3.2.16), it suffices to prove

sup / u (t, 23 ug, o)V (x — xy) dr < 00 (3.2.17)
IRN

t€[07Tmax)7xO€[RN

for some v > N. If no confusion occurs, for given x, € RY, we put
/ up? dx = / u (t, 23 ug, o)V (x — 2y da.
RY RY

Fix v € (max{N , %*1)}, 2p>. Multiplying the u-equation by Y142 and integrating both

sides gives

1d

- w2 = w2
’ydt RN w /RN ¢ k

:/ u7_1¢2Au—/ u7_1¢2V-(Xqu)+a/ u7¢2—b/ uTle)?
RN RN RN RN

=—(y—1) / u 2% |Vul? — / urIVY? - Vu+ x(y —1) / w12V - Vo
RY RY RN
Il 12 I3

+X/ uWVv-V¢2+a/ u%ﬁ—b/ w2 .
RY RN BN

I Iy

Now we estimate each term in the above identity. In the following, C' denotes a universal
constant independent of k and ¢, but it may depend on other parameters such as x, a, and
b. By Young’s inequality and (2.4.2) in Lemma 2.4.1, we have the following estimate for
0<k,0<1:

—1
I, < m/ u " Vuly? < L/ u72|Vu]21/12+C/12/ w2
RN 4 gy R

N

—1
<7 I I+ 5/ uYttp? + Os™, (3.2.18)
[RN

o1



where we used (2.4.4) in the last inequality. Similarly,

—1
I; < 7—/ 2| Vul?9)? +C’/ uY |Vo|?4?, (3.2.19)
4 [RN [RN

L <2 | w|Voly?
[RN
< Cli/ uY|Vol?9? + CR/ uY1p?
RY RN
< Cm/ uwY |Vol?9? + Cm/ uttyp? + Ox~N. (3.2.20)
RY RN
Again by Young’s inequality and (2.4.4),
I +/ up? < —(b— 5)/ uY? + CsN, (3.2.21)
RN RN

Combining (3.2.18)-(3.2.21) gives

1d —1
—— uY? +/ wp? < —L/ w2 |Vul?9? — (b— 25 — CFL)/ urtle)?
’}/dt RN RN 2 RN RN
+ C/ uY |[Vol?9? + Csr . (3.2.22)
RN
By Hoélder’s inequality, we have
p=1 1
/ u |Vl 2y? < (/ uzﬁ) ’ (/ |Vv|2p¢ﬁp>”, (3.2.23)
RN RN RN
p—1

for any «, 8 > 0 with a + 8 = 2. In the following, we estimate (J[;%N uij—pll/ﬂ?—pl> " . Note
that the collection of balls {By . (2) | k2 € Z™} covers the whole space. Then using (2.4.3),

we have

Kkz€Z N/N(z)
< Z wo‘(z)< ur'(z) dac)T
kz€”Z BN/R(z)
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p—1
Let R, := By, (2). Now we estimate (fR u%> ? . To this end, let

~ Ny—Np+N
~ Ny—Np+2p

Note that v > N > p. Thus, it can be verified directly that

p—1 1) g p—1
A 1—60)-- and —— <@<1.
5 ( N + ( )Zp an 5 <0<

By the Gagliardo—Nirenberg inequality (see [49, Theorem 1]), and a change of variable, there
is C' > 0 independent of x such that

(1-6)y

Yp % ¥ 2 0 p /P
([ et ol ) ([ )7 e [ )"
R, LP 1 (R,) R, R, R,

This together with the assumption (3.2.5) implies that there is Cy > 0 such that

=1 0
(/ ur't dac) < 6'2(/ ‘V(u’ym)‘zdx) + C,.
R, R,
Take o = g*—% > 1. Then 8 = 0+—1 and a + 8 = 2. Using that ¥(z — 2) = 1 when
T € By /K( z) = R, , the above inequality together with Young’s inequality gives
p ap 0
(/ w-lwp-l) < T w0 [ menpe—sa) v
RY K2€Z
< J sup / IV (u)/?)] ¢2(:I:—ac0)da:+05[ Z Y (z ]1_9 + C, Z Y™ (2)
xRN Kz€Z Kz€EL
<5 sup / V(W) (z — 3) dz + Cs. (3.2.24)
xRN JRN

The last inequality holds since o > 1 and properties (2.4.2), (2.4.4) in Lemma 2.4.1. Since
u(t,-) € LY for % < p < N, by Proposition 3.2.1 (3), we can find a constant C' > 0 such

loc
that )
(/ |Vv|2p¢ﬁp>p < C.
|RN
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Hence, using this together with (3.2.24) and (3.2.23) gives

S =

C’/ u? |V ¢2< d sup / |V (u/?)]2 ¢2(x—x0)dx+05]</ |vv|2p¢ﬁp>
[RN

zo€RY RN

< 4§ sup / |V (u/?) |22 (2 — xy) da + Cj. (3.2.25)

zoeRY JRN

Note that 4
/ WVl = / V(W) Py
RN 72 RN

By (3.2.22), (3.2.23), and (3.2.25), we have

1 o
_%/ uw2+/ Wt < — /wQ\v D+ sup / V()P4 (@ — o) da
g RN RN ToeR™ R
—(b=29-0) [ a4 O (3:220)
IRN

Multiplying both sides by €7 and then integrating in time gives

/RNuW/ﬂ(x—mo)dxg/ w0, )02 (i — ) d — 20— // 2 2 — ) V(o) drds

RN

+ 6 sup // V=9V (u/2)|29% (x — xy) dx ds + Cs™N

xo€RN

—(b—20 — Cr)y // e 1=y 12 (2 — 1) da ds.
Q,

Taking the supremum over z, € RY, together with the regularity of the initial data, gives

2(y—1) _57 sup // e(t—s |Vu2|2¢2(:13—1‘0)

v o erN

sup / w0t 0)2 (o — ) do < — (20—
|RN

xo€RN

—(b—26 — Ck)y sup e”tsuwl@DQz—x + Csr™N
0 1

Tq erN

Choose 0 < K < § <« 1 such that

2(y—1
(7—2)—5>0 and b—20—Ck > 0.
Y
Then
sup / uw (t, 25 ug, vy) Y2 (x — ) do < 00,
t€[07Tmax(UOvUO))7$OE[RN RN
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that is, (3.2.17) holds, and hence (3.2.16) holds. H

The above proposition together with Proposition 2.5.1 implies that Vv is uniformly

bounded. Now we combines these propositions to establish that Theorem 3.2.1.

Proof of Theorem 3.2.1. By Proposition 3.1.1, we have

u(t,”) € C® (RY) and w(t,-) e CL?

unif

(R™)

for any ¢ € (0, Tpay)- Without loss of generality, we assume that u, € C° (RY) and
vy € Coae(RY).
Next, by (3.2.1), Propositions 3.2.1-3.2.2, and Proposition 2.5.1,
sup [|[Vou(t, )| < 0. (3.2.27)
te[0,Thax
Recall that
t
U(t, ) = e(Ail)tUO - X/ e(Ail)(tis)v ' (u<37 ')VU(S, )) ds
0
t
+ / A=D1y (s, (1 + a — bu(s, -)) ds (3.2.28)
0

for t € [0,7,,,)- Note that there is M > 0 such that

max

u(s,z)(14+a—bu(s,z)) <M Vsel0,T,.,) xecRY.

’ max

Hence,
t t
0<ult,) < el iy —x / eBTDIZIT - (uls, ) Vu(s, ) ds + / e(A=D=5) 1 ds
0 0
and then

t
lu(t, ) oo < leA=Dtug, + le/ letA=DE=)V - (u(s, ) Vo(s, )| ds
Io(t) 9
0

I (t)

t
+/ JetA=DE=sI M| ds. (3.2.29)
0

I(t)
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It is immediate that

I(t) < Jugler  L(t) <M V€ [0,Tpy).

max

As for I, (t), by Lemma 2.1.1, we have

N t
R0 < A sy Vel [ = uts e ds V€10 T
VT rel0, T) 0

It then follows from (3.2.29) and (3.2.27) that
t 1
Jult, Moo < lugloe + M + C/ et — 5) 72 lu(s, ) ds (3.2.30)
0

for all t € [0, T,

max

). This, together with the generalized Gronwall inequality, implies that

t
futt, Moo < € (ol +31) [t =5y ds Yt [0,Ty)
0

which yields

sup Hu<t7 )”oo <
tE[O7TmaX)

and then T, = 0o. The theorem is thus proved. [

We now present the proof of Theorem 3.2.2, which provides a sufficient condition ensuring
a local LP bound for u. By the previous theorem, this in turn implies global existence of
the solution. First of all, for given uy € C® (RY) and v, € C’ir’gf([RN), or uy € LP(RY) and
vy € WHP(RY), Proposition 3.1.1 implies that for any ¢ € (0, T, (ug, vg)), w(t, 5 ug, vy) €

Ot A(RNY and v(t, - ug,vy) € C’i;fi’f([RN ). It therefore suffices to prove the theorem in the
(RY).

case where u, € C° (R"Y) and v, € cLb
(RY) and v, € CL2(RY). By Theorem 3.2.2, it suffices to

nif unif
unif

Next, assume that u, € C?

unif

prove that there exists some p > max{1, 5’} such that

sup / uP (t, x5 ug,vy) do < 00 (3.2.31)
B(anl)

te[O>Tmax(uO7UO))7mOE[RN

provided that

_1

Y !
X - volloe < b P =1 <07+1,N) (3.2.32)
y>maxil,

o6



or

X[ - [vollee < D7 n- (3.2.33)

Let 9 be as in Lemma 2.4.1 and satisfy (2.4.2) for some x > 0. To prove (3.2.31), it suffices

to prove

sup / uP (t, x;uy, vo)Y(x — xy) doe < co. (3.2.34)
))am()ElRN [RN

te[ovaax(anvO

If no confusion occurs, for given z, € RY, we write

/upwdx:/ uP (t, x; ug, vy)Y(x — ) d.
RN RN

We prove (3.2.34) in two steps. The first step covers the case where (3.2.32) holds, while the
second step deals with the case where (3.2.33) holds.

Step 1: Proof of Theorem 3.2.2 when (3.2.32) holds. Note that (3.2.32) is equivalent to

: y—1 T
o> (_int I () Wl

y>max{1,%}

Hence, we assume this and prove (3.2.34).
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First, by the u equation and Young’s inequality, for any p > 1 we have

1d u’%ﬂz—(p—l)/ up2|Vu|2¢—/ uP~IVu - Vi
pdt RN RN RN
+X(p—1)/ up_1Vu'(Vv)¢+X/ upVU~V¢—|—a/ upl/J—b/
RN RN RN RN
<—(p-1) / N I / g
RN 2 Jgn 2

L xe=l) / V() VU)¢+|X|p/ Pl I~ /\v Py

up+1,¢

+1

+a/ upw—b/ uPtle)
RN rRY
R 2 x(p—1)
:—<p—1——> uP2|Vul?¢ — uP (A uPVo - Vi)
2 RY RN b RN

=h |wp+1w+(a+2> /RNu%—(b— ]'j‘ff) / iy

—1 —|—1
IRN p IRN P JgN

uP

<
K K(p +1
+<|X| +|X| / Vol + (a+ 2 +p—)/ uPap
p+1  plp 2 P 7 Jgw

B (b_ foz; _ |X|p(+ : )) /RN WP,

Let r > 0 be determined later. By Young’s inequality again, we have

—1 1 —1 1
WEZD [ wriaogy <v [ wro e (B e [ oo,
Yo RN RN P p+ 1 RN

and for any 0 > 0,

[ o+ s+ 2 wv s [ v [ a5 22

o8



We then have

1d 1
p¢+]i uPr) < _<p_1_f)/ uP=2 |Vl + A,r p|X|p+1/ | Av|PHep
pdt p [RN 2 [RN
x|k Ix|k(p /
+ Volptt
<p+1 pp+1) Vol
IXlkp  Ix|r(p — / _
o b _5 p+1 C N
(b= v p+1 - )[RNU v+ Con

Here the term p“ f ~ UPdz on the left-hand side will be used to obtain uniform-in-time

bounds. This 1mphes that for any 0 <ty <t < T,

max?

t
/ up(t,~)wd.r§ewro)/ uP (ty, )Y dx +p/ ewf(s) ds, (3.2.35)
RN RN t

0

where

)= Aot [ duts e de s (5 DB [ gyt da
RY RN

IX|kp  [x|k(p—1) )/ pil N
(b P i1 r—39 RNU (s, )dx + Csr™. (3.2.36)

Let ¢, := wﬁ. Then v1); solves
T(vhy); = A(vyhy) — vy + (v — 2V - Vo, + vAY; —uvyy).
By Lemma 2.3.1 with v := p + 1, we have
/ / (s, )+ V(s ) P [A (s, )0y ) dads

+1)s p+1
< Cp+1,N/ /N e% (U@Dl —2Vv - Vip; + vAyp, — uszl) (s,x)dz ds (3.2.37)

+ G w (4 77716 ug () I

Lrti( IRN
Note that
[ aveter < [ (1901 +olvin])™
RN RN
p+1
/ V(viy)] p+1v¢1> )
IRN
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and

p+1
[ s < [ (18 |+2|wnw1|+vmwlr)
RN RN

2
DK K p+1
< + ( + )v } .
/RN (p + 1)2 p+ 1 wl

Then for any § > 0, by choosing 0 < k¥ < 1, we have

[ et <o) [ [weepprn 43 [ e,
RN RN

[RN

/ (|Avly)P*t < (1+6) / INCA / (1Velu)? + 5 / (v P, (3.2.38)
|RN

RN RN RN

and
p+1
/ <vw1 —2Vv -V +vAY; — uv¢1> (s,z)dx
IRN
<(+8) [ (oo 45 [ Vol (ol +6) [ (ot (3230
RN RN RN

Using (3.2.38) yields

t
/ / e () ([Tl )P o+ (Aly)P*) (s, ) dar ds
to

(1+9) / L (0 5 19+ 1)) 0, 0) .
By (3.2.37) and (3.2.39), the above is

+1)s ptl
< (1+0)%Cpyy N/ / e m,bl —2Vv - Vi, + vAyY, — um/)1> (s,x)dxds

(L 672G,y (b -+ 77 1 g (i[5, o

t
<(1462C, N / / e (14 6) (0 )P+ 6(Tulpn )P + (ool + 6)(upy P da ds
ty RN

+ (14 6)°Cp e (E+ 7787 oo (V1

Lrti( [RN
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Recall that ¢¥*' = 4. This implies that

t .
(p+1)s
/ / “ (
to YRY

t
<82 Cp [ [ (S1T0 0wl + a1 ) dads + G o),
to YRY

VolPly + |Av|p+1¢) dxds

where

(p+1)s

t
C(0) =1+ 8yl [ [ e vdaas
to YRN
+ (14 0)2Cpq n(t+ 7Pt ) ug ()b, ||12§1([RN). (3.2.40)

Now by taking ¢ sufficiently small so that (1 + 5)250p+171\, < %, we obtain

¢ t
/ / " Vo iy de ds < 205/ / " ur iy da ds + 205 (),
t, RN to RN

where
C3 = (14 0)°Cpyy n(lvolBH +9).
We also get
¢ (p+1)s ¢ (p+1)s
/ / e Av!“l?bda:dsg(?;‘/ / e = uPTpdrds + Ci(t). (3.2.41)
to RN to RN

Choose 0 < k « 1 such that

—1 —1
Ix|s | Ix|k(p )<5 and lefprrlxlfi(p )

< 0.
p+1 p(p+1) p+1 p+1

61



Then it follows from (3.2.35), (3.2.36), and (3.2.41) that

/ uP(t, z ) dx
[RN

(p+1)(tg—t)

t
<™ [ g opde +pp it [ S A g dads
RN ty YRY

t t )
+ps / / . (p+1)(s—t) p(b e 25) / / . (p1s—t) WP da ds
to RN to RN

t
_ (p+1)(s—t)
+ Csk Np/ e -+ ds
t

0

< [ttty da+ (pA PN+ 200)
[RN

C’;‘/ / e<p4+1)7(57t)up+11/)dxds+e e Ci(t)
IRN

t

to
(b—T—Q(S // +1)Stup+1@[)dxd8+c pT
p+1

g—p(b—f—45—Apr—p|x|p+105 / / oyl da ds + C3(8),
to YRV
(3.2.42)

where

CsNpr
p+1

(p+

C5(t) = + (pA,r P |XPH A+ 2p8) e T O () + [y, -) e

(p+1)t

A direct computation yields C;(t) < Ce = +C(t+7P"1¢,7) by (3.2.40), for some C > 0. It
is then clear that C(¢) is uniformly bounded for all t > ¢, depending on 7, ¢y, p, 7, X, 6, u(ty),

and [vg oo
Now note that

‘C* p+1 NHUOHPJrl‘ = 0(6),

and

1\ L L
min (AP |x[PLC, .y wlvo|Zt +7) = (1+5)A5+l (pChrrn)” Xl ol

r>0

So, in view of the condition

o> [t (142 ) A5 (0 Cy) 7 Wl

p>max{1,5}
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there are r > 0 and p > max{1, £} such that
b>r+ Ay P|x[PTC, . ylvelB T
Fix such r > 0 and p > max{1, %} Then by selecting § < 1, we obtain
b—r—46 — Apr*p|x|p+1C§ > 0.

Then by (3.2.42),
sup / uP (t, x)p(x — xy) dx < oo.
t€[ty, Toax)sTo€RY RN
This implies that (3.2.34) holds provided that (3.2.32) holds.
Step 2. In this step, we assume that [x| - [voll < Dj n and prove (3.2.34).

To this end, define p(s) := €7 for 0 < s < |vg|, Where o > 0 is to be determined
later. Recall that N* = max{1, %}, ™ = % — 1, and j = Sign(x7*). Due to the condition,

we can choose a p > max{1, £} such that

2 . -
W if Oé>—j|7' |,

X! lvolloo < (3.2.43)

— if OéS—j|T*‘,

Tp&

— J)? 1
where o := 7 +Tp.

Also let ¢ be as in Lemma 2.4.1 and satisfy (2.4.2) for some xk > 0. To prove (3.2.34), it

suffices to prove

sup / uP (t, x; ug, vo)p(v(t, 55Uy, v) ) Y(T — x4) dr < oo. (3.2.44)
[RN

t€[0,Typax (0,v0)), o ERY

We now prove (3.2.44). If no confusion occurs, for given x, € RY, we write

/ oy dr = / WPt 25 1, v ) (0t 2 g, v) (& — ) dt.
RN RN
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Observe that

1d
bt uPo(v)Y
IRN
1
- 41\] utup*1g0<v)¢ + }; 4}\7 upgp’ (U>¢Ut

= / (Au — xV - (uVv) + au — bu?)uP~Lp(v)h + L / uPo’ (v)(Av — uv)p
RN D JRN

- 1) / uP 2|Vl p(0)) — / o (V)P V- (Vop — / PV (Vi) (o)
RN RN

[RN

xp—1) / WP p(0) V- (Vo) + X / WP Vo2 (0)) + x / WP p(v) Vo - Vi
RN RN R™

1 /7 1 —1
[ = e [ e v = [ e @vu (o

1 1
—— | uP¢’'(v)Vu- Vi — —/ uP Lo’ (v)Y.
™D RN P RN

Since v > 0, ¢’(s) = 20sp(s) > 0 for all s > 0, and ¥ > 0, we have

1d

pdi fs uPp(v)
<o) [ wrvure— [ (300 20— xip- 1)t va- (o

1
x [ arviPe @ [ (e b tpwu - = [ o @Ivele
RY RY rRY
1 20
— [ uwP"p(v)Vu - Vi + (x — —)upgo(v)Vv - V1.
RN RN P
By Young’s inequality, we have for any 4,4 € (0,1),
20 1
— (201} + pChe X(p— 1))90(v)up Vu- (Vo)
RN

(201} + 2% — x(p— 1))2
Ap—1)(1—=9)

<1-8)p—1) / uPp(0)| Vo2,

[RN

WP 20(0) [Vl + /

RN

_ PLo()Vu - Vi < 6(p—1 PVl
/RNu () Vu- Vi < 8(p >/RN“ Vel e+ =D L
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and

9 ° 20v\?
/ <X—ﬂ)uw<v>w.wg5'/ up|Vv|2w<v>w+”—,/ (x— U”) W p(v)p.
RN D RN 40" Jgw P
Then we have

1d
pdt RN

200+ 2% — x(p—1) ;
< /[< T ) + 8 |urp() Vol

wx [ Vel u == [ e Voo [ (aw - betpe
|RN [RN N

R
2 2 .2
i+ (= 5) d] [ o

uPp(v)1

2
(20v+27"v—x(p—1)> 1 2,2 2
:/RN [ D9 +4 +2axv—5(20+40 v )]ul’(p(v)|Vv| Y

# [ o —btigones [ g+ (= ) w249

We claim that, if (3.2.43) holds, then with o defined in (3.2.48) and (3.2.51) below, we

have for all v € [0, |vy| ]

2
<20v + 220 — x(p— 1))

1
+ 20xv — — (20 + 40%v?) < 0. 3.2.46
4(p—1) 'm( ) ( )
Indeed, (3.2.46) is equivalent to
Ac*v? + B < Co + Dov, (3.2.47)
where
*\2 4 2 -1 2
A::<T> + > 0, B:—X<p )>O7 C:=—2>0, D:=—x1"
p—1 7p(p—1) 4 P

First, assume D < v AB. In this case we take

o :=VB(2VAB — D)/(CVA). (3.2.48)
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In order to have (3.2.47) valid, since it is a convex quadratic form of v, it suffices to have
(3.2.47) for v = |vyl|o, and for v = 0. When v = 0, it suffices to have

B < VB(2VAB— D)/VA which is the same as 2VAB > D,

which is certainly true since D < vV AB. When v = |vg] », (3.2.47) becomes

VAB(2VAB—D), ., C(—v/AB + D)
lvollze — Dlvolloe + <0. (3.2.49)
C 2V AB — D
Note that AB = |x|?a? and D = —j|x||7*| with j = Sign(x7*). Thus (3.2.49) reduces to
L (=il + T2 + 4a2 + 4jal ] 2
<L _ . 3.2.50
IXlllvolos ™ ( 202 + aj|T| (20 + j|7*)) ( )

Next, assume that D > v AB, take §” > 0, and
o:=B/C+ " >VB(2VAB—D)/(CVA). (3.2.51)

Therefore (3.2.47) holds when v = 0. When v = |Jvy] ., since D > Vv AB, after taking ¢”

sufficiently small,

o<

C 2
Ac?|vgl, + B < Dofvglae + Co <= [1g] 00 < ——=—= <= IX]Ivo]loo < —-

VAB TP
This and (3.2.50) reduce to (3.2.43). Overall, we have proved the claim (3.2.46).

Now by choosing 0 < §,0” <« 1 and using (3.2.45), we then have

1d /€2 20 2 /4,2
pii |, e s /RNmup—buP“)w(v)w / (=g + (x=22) 55 )wetww
<M p —b ptl
< /RNu o(v)Y /RNU p(v)Y,
(3.2.52)
where

Y ( n K2 n ( 201})2 K2 )
= max Qa —_— _— .
0<v<[vg | oo 46(p—1) X0 )
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Note that

/u%(”)w:/ wP QP (0)p7T - T ()T
RY R

N

<( [, u,,%(vw)p%< / o).

This and (v) < e?lYol% | with ¢ defined in (3.2.48) and (3.2.51), imply that

b [t [ o)

where

p+1 p+1

( / wel) " < bk ( / wolw) "
K, = (el /RN @*?

This together with (3.2.52) implies that

=

p+1
p

LA ooy < M /R urelo)g = bk, </R

vt ], wp()y)

By the comparison principle for ODEs, we have

/RNupwé/RNupso(vWSmax {/RNUISSO(%W, <%>p]_

Note that M and K, are independent of x, € RY. Hence (3.2.44) holds, and the theorem is
thus proved. O

Remark 3.2.1. It follows from Theorem 3.2.2 that the classical solution (u(t,z;ug,vg),
v(t, x5 ug,vy)) to (3.0.1) exists globally when |x| is sufficiently small. Moreover, from its

stays uniformly finite for all small |x|. Due to

proof, we have that sup,_ |u(t, -5 ug, vg)| oo

this, it follows that the constant C' in (2.5.14) is uniform for all |x| sufficiently small as well.

3.3 Asymptotic Behavior of Solution

This section is devoted to the study of the asymptotic behavior of globally defined bounded
classical solutions of (3.0.1) for different kinds of initial data, namely, strictly positive initial
data and compactly supported initial data. First, we introduce the following definitions.
Let
X :=Cb

unif

(RN) and X, := CL2(RN).

unif
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We also set

Xt i={ue X|u>0}, X&:= {u € X1 |supp(u) # 0, supp(u) is cornpact}.

We write X; := X; N X". Finally, we use C’i;ri?’b([RN) to denote all u € X such that 818?81;4
iOL;
are uniformly bounded and a-Hoélder continuous for 4,5 = 1,2, ..., N, and use the notation

Cy(RN) = {u € C(RY)| lim_u(x) = o}.
T|—0o0
For given (ug,v,) € X x X7, assuming that (u(t, z; ug, vy), v(t, 54, v,)) exists for all
t >0, let
Siow (Ug, V) = {c]c >0, litminf inf wu(t, z;uy,vy) > 0}

—00  |z|<ct

and
Sup(tig; vg) = {c|e >0, limsup sup u(t, r;ugy,vy) = 0}.
t—oo  |z|>ct
We define
Clow (Uo, Vo) = sup{c|c € Soy (ug, vg)}
and

Cop (U, vg) = inf{c|c € Sy (ug, vy},

where cj (ug,vg) = 0 if Sy, (ug, vg) = 0 and ¢, (ug, v) = 00 if Sy, (ug,ve) = 0. By the

definition of ¢f | (ug,vg) and ¢y, (ug, vy), if cp, (ug, vg) > 0, then

liminf inf w(t, z;uy,v5) >0 VO < <¢f, (U, vp),
t—oo |z|<c't

and if ¢}, (ug,vg) < 0o, then

tlgglo lzﬁ:g/tu(t,x;uo,vo) =0 V" > cp,(ug,vg)-
If ¢, (ug,vg) = cup(ug,vg), then c*(ug,vy) = cf, (ug,vy) is called the spreading speed
of the solution (u(t, z;ug,vy), v(t, x;uy,vy)). It is well known that when x = 0, we have
o (U0, Vo) = € (g, vg) = 2¢/a for any uy € X and vy € X7 (see [3, 2]).

Many interesting questions arise when y # 0. For example, whether ¢} (ug,v,) is
positive and ¢, (ug, vg) is finite; whether ¢ (ug,vy) > 2v/a, in other words, whether the
chemotaxis does not slow down the population’s spreading; whether cflp(uo,vo) < 2v/a,
that is, whether the chemotaxis does not speed up the population’s spreading; whether

Clow (U0, Vo) = Cip(Ug,Vg), that is, the population has a single spreading speed; in the case
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Cow (g, V) > 0, whether u(t, z;u4,v,) converges to ¢ in the region |z| < ct for any 0 < ¢ <
o« (Ug, o), which is strongly related to the stability of the constant equilibrium (%, 0); and
how x affects the spreading properties; etc. The goal of this section is to answer some of
these questions. Now we present our main results of this section

Our first main results in on asymptotic stability of the constant solutions for strictly

positive initials

Theorem 3.3.1 (Convergence to constant equilibrium). Suppose that uy € X and v, €
X1, and (u(t, z;ug,vy), v(t, 25 ug,vy)) is a globally defined bounded classical solution of
(3.0.1). Ifinf g~ ug(x) > 0, then

tliglo u(t, T3 ug, vg) = 5 tliglo v(t, x;up,vp) =0  uniformly in z € RY.

The result implies that there are no other positive stationary solutions (u(x),v(x)) of

(3.0.1) with inf, g~ u(2) > 0 rather than (¢,0).
Our second main result provides a lower bound of the spatial spreading speeds of solutions

to (3.0.1) with general non-negative initial data w,,.

Theorem 3.3.2 (Lower bound of spreading speeds). Suppose that uy € X and v, € X7,
and (u(t, z;ug, vy), v(t, T3 uq,vy)) is a globally defined bounded classical solution of (3.0.1).
If supp(ug) = cl{z € RN |ug(x) > 0} is nonempty, then the following hold.

(1) ¢ (ug,vg) = 2v/a, or equivalently,

liminf inf w(t,x;uy,v5) >0 V0 < <2va. (3.3.1)

t—oo |z|<ct

(2)

lim sup
t—o0 |x|§c’t

u(t, T ug, v) — %‘ =0 V0<c <, (ug,vg), (3.3.2)

and
tlg& |xs‘1<116)/tv(t,x;u0,vo) =0 VO0<c <cf,(ug,vp)- (3.3.3)
As it is mentioned in the above, when x = 0, ¢ (ug,vy) = 2y/a for any u, € X}
and vy, € X (in this case, u(t,x;uy,vy) is independent of v,). Note that, when x < 0,
the chemical substance is a chemorepellent, and when y > 0, the chemical substance is
a chemoattractant. Theorem 3.3.2 reveals an important biological observation: chemical
substance does not slow down the propagation of the biological species with nonzero initial

distribution even when the chemical substance is a chemorepellent.
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The following theorem is on upper bound of the spatial spreading speeds of solutions to

(3.0.1) with compactly supported .

Theorem 3.3.3 (Upper bound of spreading speeds). Suppose that u, € X} and v, € X7,
and (u(t, z;ug, vg), v(t, T3 uq,vy)) is a globally defined bounded classical solution of (3.0.1).
Then we have

(1) cplug,vg) < 0o. Moreover, for any c” > cy,(ug,vy), there is M >0 such that

w(t, z;ug,v9) < MeValzl=¢"t) ¢ >0 zeRN, (3.3.4)

(2) There exist C,y > 0 depending on ¢” — ¢}, (ug, vy) such that

sup |v(t, z;ug,v) — V(t, z509)| < Ce™ ™ Vi >0, ¢ > ¢ (ug, vp),
lx|>c”t

where V(t,x) := V(t,x;vy) is the solution of

{Tvt = AV, (z,t) € RN x (0, 00), 325

V(0,2) = vy(x), xRN,

Theorem 3.3.3 implies that the chemical substance does not drive the biological species
spreads infinitely fast. We point out that the methods developed in the proofs of Theorems
3.3.2 and 3.3.3 can be applied to the study of the asymptotic dynamics of the following

modified chemotaxis model for o > 0 ((3.0.1) corresponds to the case when o = 1),

{“t = Au—xV - (uVv) +ula—bu?),  (t,x) € [0,00) x RY, (3.3.6)

T, = Av — uv, (t,z) € [0,00) x RV,

Theorem 3.3.2 and Theorem 3.3.3 with ¢ being replaced by (%)% hold for globally defined
bounded positive classical solutions of (3.3.6).

Our last two theorems discuss various sufficient conditions for the existence of spreading
speed of globally defined bounded classical solutions of (3.0.1) and (3.3.6).

Theorem 3.3.4 (Existence of spreading speeds). Suppose that uy € X and vy € X", and
(u(t, x; ug, vg), v(t, x;uy,vy)) is a globally defined bounded classical solution of (3.0.1).

(1) If vy € Co(RY) or vy € LP(RY) for some p > 1, then

o (g, V) = ¢t (g, vg) = 2V/a.
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(2) Further assume 7 = 1, and that uy, € X, vy € CcAtoed

unif

(RN) for some a > 0, and
1 —wvy € XJ. Then there exists xo > 0 such that for any —x, < x < 0, we have

o (g, v9) = ¢t (g, vg) = 2V/a.

Theorem 3.3.5. Suppose that (u(t,z;ugy,vy), v(t, T;uq,vy)) is a globally defined bounded
classical solution of (3.3.6). Assume that 7 =1, 0 € (0,1), 1 — vy, uy € X; N X,, and
vy € C’f;{i?’b([RN) for some a > 0. Then there exists x, > 0 such that if |x| < xq, the

conclusion of Theorem 3.3.4(2) holds the same.

The rest of this section is organized as follows. In Subsection 3.3.1, we study the conver-
gence to the steady state. Subsection 3.3.2 is devoted to the lower bound of spreading and
the proof of Theorem 3.3.2. In Subsection 3.3.3, we establish the upper bound of spreading
and prove Theorem 3.3.3. Subsection 3.3.4 concerns the existence of spreading, where we
prove Theorem 3.3.4 and Theorem 3.3.5. Finally, Subsection 3.3.5 is devoted to numerical

simulations on R.

3.3.1 Convergence to the constant equilibrium

In this subsection, we prove the convergence of globally defined bounded solutions with

strictly positive initial data to the constant solution (%, 0) and prove Theorem 3.3.1.

Proof of Theorem 3.5.1. For any fixed ¢ € (O,ﬁ), by Lemma 2.6.2, there are T =
T(e,||vgllee) = 1 and C' = C(e, x) > 0 such that for any ¢ > T', we have

w, > Au— xVu - Vo — |x|u(e + Cu/?) 4 au — bu?.

We first claim that

op = xlelﬂl?f;\’ u(T, x;ug,vy) > 0.

It follows from Proposition 3.1.1 that w(t, -; ug, vy) is uniformly continuous in L°°-norm
as t — 0. Since inf, cgnv ug(x) > 0, there is 0 < ¢; < T such that

0y = inf u(ty,x;ug,vy) > 0.
zeRN

It follows from Lemma 2.5.2 that

M := max{ sup |Av(t, z;ug, vy)|, sup u(t,:c;uo,vo)} < 0.
telt,,T], zeRN t,<t<T,xzeRN

71



We then have

{utzAuva-VuxMu+aubMu, t, <t<T, z€RY,

u(ty,z) > 9y, r € RN,

Note that u is a classical solution, and |Vu| and |Vv| are uniformly bounded and continuous
on [t;,T] x RNV. Thus, by viewing Vu(t,z;ug,vy) as a given function, the comparison

principle for parabolic equations (see e.g., [52, Proposition 52.10]) yields
u(t, x;uy, vy) > elTIXIMta=bM)t=t)5 vt <t < T, xecRV,

This implies that 6 > e(~XIM+a=bM)(T=t1)§ ~ (. The claim then follows.
Next, let u(t) be the solution to the ODE

{gt = —Ixlule + Cu'?) + u(a — bu), (3.3.7)

u(T) = op.

Note that —|x|e +a > 0. Hence u = 0 is an unstable solution of (3.3.7), and there exists
€p > 0 such that
u(t; 6p) > €, vVi>T.

Then, by the comparison principle, we have
u(t, T3 ug, vg) = u(t; 0p) > e, VE>T. (3.3.8)

This shows that v, < Av —¢gqv for all t > T'. Thus, by comparing v with v(¢) which solves
the ODE 7v, = —e,v with v(T") = ||o(T, -; ug, Vo) | o < [|V0lls, We obtain

0 <o(t,z) <B(t) < [vglae™ 7T, VE>T.

In particular, we proved

tlim v(t, T3 uy,vy) = 0 uniformly in x € RV, (3.3.9)
—00
Now, we prove that
tlim u(t, x;uq,v9) = a/b uniformly in z € RV. (3.3.10)
—00

Suppose for contradiction that there exist d, > 0, a sequence t,, — oo, and z,, € RY such
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that
lult,, z,; g, vg) — %| > 4. (3.3.11)

Define
u, (t,x) :=u(t+t,,r+x,;uy,v) and v, (t,x) =v(t+1t,,x+z,;u9,v), t>—t,.
By (3.3.9),

lim v, (t,2) =0 locally uniformly int € R, and uniformly inx € RY. (3.3.12)

n—oo

By Lemma 2.5.2, for any bounded subset I C R, there is ng > 1 such that {w,, (t,2)},>,, is

uniformly bounded and equi-continuous on I x RN, where

w, (t,x) = ult + 1,0+ x,;U9,00), Op ul(t+1,,T+x,;5u9,00), Oult +1,,2+,;uq,00),
Ogimju(t+tn,x+xn;u0,v0), Ot + 1, T+ 25U, V), Op V(E+t,, T + 25U, V),

ou(t+t,,x+x,;uy, ), (ﬁﬂjv(t +t,, x4 T, U9, 0),

for 1 < 4,5 < N. Then, by Arzela-Ascoli theorem, and (3.3.12), there is a subsequence

(unj,vnj) and a smooth function @(¢, z) such that

lim u, (t,r)=4a(t,z), limwv, (t,z)=0 VteR, zeRN. (3.3.13)
Jj—0o0 J j—o0 J
Due to the uniform regularity, (9tunj converges and the limit is equal to 0,4. Similarly, and
after applying a diagonal argument, we can assume that Dunj7 D2unj, Dvnj and D?v,,

J
converge to D@, D%, 0 and 0, respectively. Therefore, @ satisfies

i, = A+ ali — b, teR,zeRVN.

By (3.3.8) and the global boundedness of (u(t, z;ug, vy), v(t, x;ug, vy)), there exists K > ¢
such that
0<egy<at,z) <K, VteR, reRN.

Set u, = inf, ;) gy @ and u, = SUD , ,cpnin u. For every t, € R, let u(-;t,) and u(-;t,)

be the solutions of

{d—ﬂ(aba), t> 1,
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and

respectively. Then for every ¢, € R,

lim wu(t;t,) = tlim u(t;ty) = (3.3.14)
— 00

t—o0

7
Since 0 < u, < U(t,x) <7, for every (t,x) € RN*!, we obtain that
u(t —t:0) = u(t;ty) < (t,x) <ultity) = u(t—ty;0) Yz RN, t > ¢,
Taking limit as ¢, — —oo on both sides and using (3.3.14) imply
u(t,x) = a/b,

which contradicts with (3.3.11). Therefore, (3.3.10) holds, and Theorem 3.3.1 is proved. [

3.3.2 Lower bound of spreading speeds and proof of Theorem
3.3.2

In this subsection, we study the lower bounds of spreading speeds and prove Theorem 3.3.2.
Throughout this subsection, we fix (ug, vy) € X x X and assume that (u(t, z;ug, vy), v(t, T; ug, vg))
is a globally defined, bounded, and nonnegative classical solution of (3.0.1). We will often
suppress the dependence of constants on a, b, 7, and N.

The first part of Theorem 3.3.2(1) is proved by a nontrivial modification of the arguments

in [59, Theorem 1.2(1)], which studied the chemotaxis system with linear signal production

{utAuXv-(qu)—l—u(abu), r€RN, t>0,

v, = Av— v+ u, reRY t>0.

In our setting, however, nontrivial modifications are required because of the differences
between the two systems. The key idea is to show that, for any given 0 < ¢’ < 2+/a, the
quantity u(t, z + c&t; ugy, vy) is bounded away from zero uniformly for 0 < ¢ < ¢/, ¢ € SVN-1,
and |z| < [ for some [ > 0, whenever ¢t > 1; see Lemmas 3.3.1, 3.3.2, and 3.3.3. In the
proof, we use special Harnack inequalities for bounded solutions of (3.0.1), established in
Lemmas 2.6.1 and 2.6.2. In addition, our approach employs the principal eigenvalue and

eigenfunction of a suitable linearized operator for u, together with the comparison principle
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for parabolic equations.

Let us fix any
0<c <2ya and 0<d, <min{l,2\a—c,(a"*@2N)HN}. (3.3.15)
Since 2v/a — §y > ¢’, for any R > 0,

inf wu(t, z;ug,vy) > inf (infut,a:—l—ct;u,v )
z|<c't ( 0:%0) —2\/atsy<e<2y/a—3,,SN-1 \|z|<R ( & o, o)
To prove Theorem 3.3.2(1) (i.e. (3.3.1)), it then suffices to prove that there is Ry, > 0 such
that

lim inf inf ( inf u(t,x+ct§;u0,vo)> > 0. (3.3.16)
t=00 —2/a+d;<c<2ya—8,,6€5N 1 \|z[<R,

For any ¢ € SV~1 and ¢ € R, let 4(t,z;&,¢) = u(t,r + ct&ugy, vy) and o(t, x5 €, ¢) =
v(t, z + ct&ug, vg). Then (u(t, z;€,¢), 0(t, x; €, ¢)) satisfies

U, = A+ c€-Va—xV - (aVD) + a(a — b)), x € RN,
{t £+ Vi = XV - (AV) + fi{a — bil (3317

70, = AU+ 1§ - VU — U, xz € RN,

To prove (3.3.16), it is equivalent to prove that, for any fixed 0 < ¢’ < 2y/a and 0 < ¢, <
2y/a — ¢, there is Ry > 0 such that

lim inf inf ( inf w(t,z;&, c)) > 0. (3.3.18)
t—=0o0 —2./a+5,<c<2v/a—6,,£€5V-1 \|z|<R,
To do so, we first prove some lemmas.
For any 0 < e < 1, let
1
T :=-, R_:=21/2U/N) >0 (3.3.19)
€

Our first lemma shows that if supremum of @ is small for z in a ball of radius 2R and ¢
within a small time interval, then both Vo and A% are small for x in a ball of radius R and

t within a smaller time interval.

Lemma 3.3.1. There exists M = M(x, |vo|lo, [tus) > 0 such that for any 0 < & < 1,
EeSN L ceR andl <ty <t;+T. <ty <oo,if

sup a(t,z;&,¢) <e, Vi; <t <ty (3.3.20)

ZE€By R,
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then

sup |Vo(t,z; &, ¢)| < Mell? Vi, +T. <t <ty (3.3.21)
zE€BR,

and
sup |AD(t, ;& ¢)| < Mel/* Vi, +T. <t <t,. (3.3.22)
zE€BR,

Proof of Lemma 3.3.1. First, we prove (3.3.21). If no confusion occurs, we may drop

&, ¢ in the notations of u(t,x; &, c) and 0(t, x; €, ¢). By the definition of (¢, x), we have for
t> 1y,

T N/2 _ Tlztcté y\2
Ot x) = v(t, x + ctf) = (m) / e T oty y)dy
1 RN

]_ t T N/2 T\erctffy\z
- - T At dy ds.
T[1 <47T(t 3)) /RNe u(s,y)u(s,y) dy ds

Writing z = £-2=¢%¢  this implies that

PN =
T N/2 T 2
Vit x :_<_) e TGt 7 + 220/t — 1) dz
( ) T v H ( 1 1)
tr\N/2 z 2
—/ <—) / e T (s, x 4+ 22Vt — 8)0(s, x + 22Vt — s) dzds
e A
¢ T N/2 z 2 ~
— / <_> / —— e T a(s, 2 + 22Vt — 8) (s, x + 22Vt — 5) dz ds.
w0 By VE=S

(3.3.23)

In the following, we estimate each term in (3.3.23).
Note that (%)N/2 Jow |z|le 12" dz < C 7712 for some € > 0, which is because

Il
—
R
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Thus, for the first integral in (3.3.23) we have for all t > ¢, + T and = € RY,

e TGty + 220/t — 1) dz| < C177€3 |vg - (3.3.24)

N/2/
N [RN \/t_tl

For the second integral in (3.3.23), using (3.3.20), we have for any ¢; + 7. < t < min{t; +

2T, 15},

/t (Z>N/2/ e e T (s, x + 2Vt — 5 2)0(s, x + 2Vt — s 2) dz ds
A T |2]< B Vt—s

t
~ 1
scf%nvouoo[ sup ii(s,y)] [ ds
) t

SE(ty,1), ) Vit—s
yeB(x,R,)
< 2/30 et fugl ol Vel < R.. (3:3.25)

1/2

Then, choose a Cy = Cy(N) > 0 such that e I7#" < C,|71/22|2N~1 for |z] > Zf =

e~1/N_ With this and similarly as before, we obtain for ¢, + T. <t < min{t; + 2T.,t,}:

b\ N/2 | | 2
— e T (s, x4+ 2Vt — + 2Vt —sz)dzd
l (ﬁ) /|> . \/m u(s,x s2)0(s,x sz)dzds

N——|Z| —2N
G (D)™ hulelvolo / / s
z\> - S
—1-N 2\/T 1 —1-N
<Gy ||u||oouvo||oo\/Tg< R ) < Cetr T Julslvole:  (33.26)
g

Combining (3.3.23)~(3.3.26), there is M = M (N, 7, |vg|los, |u]o;) > 0 such that
IVo(t,z)| < MeY2, Vi, + T, <t <min{t, +27T.,t,}, |z| < R..

Identical argument with ¢5 € [t;,1,) in place of ¢; yields the same estimate for t5 + 7. <
t < min{ts +27_,t,}. Therefore, we conclude that there is M = M(N, T, [volloos 1] oo) >0
such that

IVo(t,z)| < Mel/2, Vi, +T. <t <ty |z|] <R..

(3.3.21) then follows.
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Next, we prove (3.3.22). By (3.3.23), we have

T ZT 2
5 —_ (L I vy —
Av(t, x) (W /N He Vo(ty,z + 22/t —t,)dz
/ a—— -Va(s,z + 2Vt —s2)0(s,x + 2Vt —sz)dzds
|z

! BN
¢ T N/2 2~ ~
— (—) / e T (s, + 2Vt —52) - Vi(s, 2 + 2Vt — s2) dzds
p T ‘Z§25% t—s
_/ <_> / el -Vau(s,z + 2Vt —s2)0(s,x + 2Vt —sz)dzds
™ Re t—s
ty \z\>2\/T—€
t o\ NJ2 ~
_/ <—) / e T P U(s,x + 2Vt —s2) - Vi(s,z 4+ 2Vt — s 2) dzds
n T et VESS

(3.3.27)

for all t > ¢, and x € RY. In the following, we estimate each term in (3.3.27).
First, since (3.3.20) and t; > 1, by Lemma 2.6.1 (with sy, R, p in the lemma being 0, 1, g)
there is Cy = Cy(X, [Vollaos [¢llae) > 0 independent of € such that

3

IVii(t,z)| < Cyii(t, )t < Cyes Vi, <t <ty |z| <2R,. (3.3.28)

Notice that Vo(t,z) is uniformly bounded for ¢ > 1 by the classical parabolic regularity
theory. So, similarly as done in (3.3.24), there is C' = C(x;, ||vg] oos [/ ) > 0 such that

T N/2 z P ~ 1
(;> /RN N . V(t,x + 22/t —t,)dz| < Ce2 Vt>t, +T., v € RN,
(3.3.29)

By (3.3.28) and the arguments of (3.3.25), there is C' = C(x, [|vglsos |¢] o) > 0 such that
for t; + T. <t < min{ty,t; +27.} and |z| < R,

t N/2 1
/ (Z> / /—Z it -Vi(s, x4+ 2Vt —52)0(s,x + 2Vt — sz)dzds| < Cex
t ™ |z|<2\/7 t—s

1

and

t N/2
/ (Z) / z _e*T|z|2ﬂ(s,x—|—2\/t—sz).V{)(S,x_FQ t—SZ)dzds ché.
T |2l < g Vt—s %
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By (3.3.28) and the arguments of (3.3.26), there is C' = C(x;, [|vg]ao, |%ls) > 0 such that
for t; + T, <t <min{t,,t; +27.} and |z| < R_,

T R. \t—s

Ve

t N/2 V
/ (Z> / =l Vs, x4+ 2VE— 5 2)0(s, 3 + 2V — 5 2) dzds| < Ce'
t 2[>3

and

t N/2
/ (Z> / V : e Gi(s, 2 + 2Vt — 5 2) - Vil(s,z + 2V — s 2) dzds| < Ce?.
t T |Z|>2R\/7’%€ t—s

(3.3.30)

By (3.3.27) and (3.3.29)—(3.3.30), there is M = M (x, |vo| o || ) > 0 such that
IAG(t, )| < MeY4, Vi, + T, <t <min{t, +271.,t,}, |z| < R..

After replacing t; by any t; € [t;,t;), we can get the estimate for ¢ + 7. < t <
min{ts + 27.,t,}. Therefore, we conclude that there exists M = M (x, [vo]lo, |ulo) > 0
such that

|AB(L,2)| < MeV4, Vi, +T, <t <ty |z| <R..

This proves (3.3.22). O

Our second lemma shows that if we can bound @ below at some given time ¢, in a ball

By g, then we can bound it below up to some time ¢; > ¢, in this ball.

Lemma 3.3.2. Fiz 0 <e <1. For anyn > 0, there is 6, > 0 such that for any § € gh-1
any ¢ € [—2+/a,2+/a], and any t, > 2, if

sup U(ty, x5 €,¢) >,
z€By R,
then
inf a(t,xz;&¢c) >4

z€ByR,

by Vg <t<ty+T.+1.

Proof of Lemma 3.3.2. Suppose for contradiction that there exist 7, > 0, £, € SN,

—2y/a <e¢, <2y/a, ty, > 2, x,,y, € Bop, and t, € [ty,, to, + 1. + 1] such that

Hm @(ty,,, €50, Cn) = Moo (3.3.31)

n—oo
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and

lim (t,,, y,; &, ¢n) = 0. (3.3.32)

n—oo
Let @, (t,x) = u(t +ty, — L,z + z,;€,,¢,), U, (t,x) =0(t +t,, — 1,z +x,;&,,¢,). Since
x,,Y, and t, —t,, + 1 are bounded sequences, without loss of generality, we may assume
that
& — &, ¢,—c, z,—2, y,—y, t,—ts,+1—=t">1 as n — 00,

n

for some ¢* € SN —2\/a < ¢* < 2v/a, v*,y* € Byy and t* € [1,T. + 2]. By Lemma
2.5.2 and Arzela—Ascoli theorem, after passing to a subsequence, we can assume that there
is (u*(t,z),v*(t,z)) such that

(a,(t,x),v,(t,z)) — (u*(t,x),v*(t,x)) asn — oo

locally uniformly in (¢,2) € [0,00) x RY, and (u*,v*) is a solution of (3.3.17) with £ and ¢
being replaced by £* and ¢* for ¢ > 0. By (3.3.31),

U*(l,O) Z Mo-

It then follows from Lemma 2.6.1 that w*(¢*,-) > 0 in B, p, which contradicts with u* (t*, y*—
x*) =0 by (3.3.32). The lemma is thus proved. O

To proceed, since (2v/a — §,)? + dgv/a < 4a, take a € (0,a) such that
4a —c? > 6yy/a forany c € [—2va+ §y,2va — 5. (3.3.33)
For ¢ € SV~ let A(c,a) be the principal eigenvalue of

{A¢+05-V¢+a¢—)\gb, z € B,

o(x) =0, r € 0Bg,,
and ¢(z;€,c,a) be the corresponding positive eigenfunction with |¢(+;&,¢,a)| = 1. By
symmetry, A(c,a) is independent of £&. We claim that there are R, A, > 0 such that
Me,a) > Xy >0 Ve e [—2va+6y,2va—4), £ SN L. (3.3.34)
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The proof for the claim is easy. Indeed, let

and set

D, ={ze RN | |a;| <1y for i =1,2,--- N}.

Then it is direct to check that for £ € S¥~!, we have

e, a) i=a— é — N—7T2 and  ¢(x;&,c,a) == e 257 ﬁcos -
) T 4 4l(2) 136y &y T 1 ZZO 7
satisfy
A+ ct-Vé+ap = Ao, reD,
d(z) =0, z€0D,
and

Ag 1= A2va — dp,a) = 2\F+5H§22f 5 X, a) > 0.
—2y/a+0y<c<L2/a—6

Since D, C Bp,_, the domain monotonicity for the Dirichlet principal eigenvalues yields the
claim (3.3.34).
The next lemma shows that if the supremum of % is small on some interval (t;,t,) C

(2,00), we can obtain a lower bound for 4 on that interval.

Lemma 3.3.3. Recall the notations of (3.3.19) and 6, from (3.3.15). There is e, > 0
such that for any 0 < n < &y, there is 0, > 0 such that for any § € SN any ¢ €
[—2v/a + 0y, 2\/a — dy], and any t,ty with 2 <t; <ty < oo, if

sup  U(ty,x;€,¢) =m, sup a(t,x;&c) <m, Vi <t <ty (3.3.36)
;lceBzRE1 :lcEBQRE1
then
mei%ioﬂ(t’x;é’(:)Z(s” Vi, <t <ty
Proof of Lemma 3.3.35. First of all, we give a construction of €;. Let a from (3.3.33) and
set

Ty == max {1, \;' In4}. (3.3.37)
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Note that u*(t, z; &, ¢) := eMeDg(a; €, ¢, a) is the solution of

u, = Au+ c€ - Vu + au, x € Bg , >0,
u(t,z) =0, v €0Bp , t>0, (3.3.38)
u(O,x) =d)(x;f,c,c_z), xEBRO-

It follows from (3.3.37) and (3.3.34) that
u* (T, z;€,¢) > 4¢(x;€,¢c,a) Vax € By, c€ [—2v/a — g, 2v/a — 3y, € € SVL. (3.3.39)
For a given C' function ¢(¢, z), consider

u, = Au+c€-Vu+ Vg - Vu+ au, x € Bp,, t >0,
u(t,z) =0, x €08y, t >0, (3.3.40)
u(0,z) = ¢p(x;€, ¢, a), x € By,

where R, is given in (3.3.35). Let u,(t, x;&, ¢, ¢) be the solution of (3.3.40). We claim that
there is g, > 0 such that for any C'-function q(t, z), if

1V4lo0 = IV alcxo, 1)) < |x|Me, with M from Lemma 3.3.1,
then

uy(Ty, w;6,¢,0) > 2¢(x;€,¢c,a) Ya € By, c€ [—2v/a + 6y, 2v/a — 6,), € € N1
(3.3.41)
In fact, recall that u* is a classical solution of (3.3.38), u*(¢t,x) > 0 for ¢ > 0 and
z € B, and u*(t,x) = 0 for t > 0 and = € 0Bp . By [14, Theorem 2] and the continuity
of W inx € 0Bp,, |c| < 2v/a— 0y, and € SN=1 there holds

f ou* (T, 3 €, ¢)
z€OBR ,|c|<2y/a—6y,6€SN -1 ov
Ry 0

<0 (3.3.42)
where 0/0v denotes the outer normal derivative. By [23, Theorem 3.4.1],

||Vqﬁg,l%0 ”uq< 0: 7385 ¢, 0) — u (T, ’5’6)”01(31%0) ( )
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uniformly in ¢ € [-2/a — §y,2v/a + d] and & € SV~L. Note that

aU*(Tm x; 57 C)
ov R,

Thus, by (3.3.42) and (3.3.43), there is 7; > 0 such that

inf Vu*(Ty,z;€,¢) -z < 0.

IGBRQ\BRole ’lc‘£2\/57507£€SN71

While, away from the boundary, we have

inf o(x; €, c,a) > 0.

:I:GBR07T1 ,|C|§2\/E*50,§€SN71

1
= —Vu*(t,x;€,c)-x, Vzxe OBp, .

(3.3.44)

Then, by (3.3.39), (3.3.43) and (3.3.44), there is £, > 0 such that for any C! function ¢

satisfying that
IValleqo,ryx i, < IxIMes,

we have for all |¢| < 2v/a — §, and & € SV,

uy(Ty,236,0,0) > 20036, ¢,a),  in By,
and for all x € By \ Bp _,,

—Vu,(Ty, z;§,¢,¢) - x > —%Vu*(TO,x;c, §) - .
This, together with (3.3.39), yields for z € Bg \ Bg _, .

L
|z

Uq(TO,l‘;f,C,qb) = (

1
2_% (ﬂ_ )/ Vu'(Ty, sz + (1 = s)Ryx/|z[; &, ¢) - 2 ds
0

2

The claim (3.3.41) then follows from (3.3.45) and (3.3.46).
Finally, we let

4 2N
. 1 ( )2 a—a (2 )2+N
£ =min< —, (& y | ————— , | = .
' 277\ XN + b Ry
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) [ Tualtosa b (0= Ry el 6.c.0) -ads
0

(3.3.45)

=L@y ) 2 20(56,6,8) VI <2/a— 5, €SV

(3.3.46)



Recall R, = 261_% and so R, > Ry.
Next, we prove that the lemma holds with the above ;. By the assumption (3.3.36) and

Lemma 3.3.2, there is 6; = d;(n) > 0 such that

inf u(t,z;6,¢) 26y, Vi <t<t+T, +1, lc| < 2v/a —6,, £ €SN L.

xeBzRel

Thus, the proof is finished if ¢, < ¢, + T, + 1.
In the following, we assume that ¢, > ¢, +7. +1. By the assumption and Lemma 3.3.1,

we have

~ 1 ~ 1
[Vi(t,z;€,c)] < Mep  and  |AD(t, 258, ¢)| < Mef Vi, +T1, <t <ty x€Bp_.
1

By the definition of €, for any n < e;, we have

~ 1 ~ 1
a—|x|Mef —bn>a— (XM +b)ef > a.

This implies that

u, > Au+c€-Vu—xV - (uVo) + au — bnu
€1

Also using that @ty + 71, +1,2;§,¢) > §; > 01u, (0,25, ¢, ¢) and that % is non-negative
in the whole domain, it follows from the comparison principle that

ﬂ(t1+T€1+1+t,x;§,c)251uq(t,x;§,c,¢), 0§t<t2—t1—T€1—1, 'IGBR(),

where q(t,z) = —x0(t +t; + T, +1,2:¢,¢).
Let ng > 0 be such that

ty+ T, +14+ngTy <ty and t; +T. + 1+ (ng+1)Ty >t,.

Since
~ 1 ~
Vq(t,z)| = |x||VO(t,z; &, ¢)| < |x|Mep < |x|Mey,

by (3.3.41), we get

Uty + T, + 14 kT, ;€ ¢) > 6yu, (KT, 23, ¢, )
22k61¢(:1;;£7c7a) VZI?EBRO, ]{,‘:1727...,77/0.
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Applying Lemma 3.3.2 implies that there is 0 < gn < 0, such that for any —2v/a+ 9, < ¢ <
2y/a — dy, any £ € SNL

~

inf @(t,z;€c) =05, Vi, <t<t,.

z€Bpg,

Now, we prove Theorem 3.3.2(1).

Proof of Theorem 3.3.2(1). As it is pointed out in the above, to prove Theorem 3.3.2(1),
it suffices to prove (3.3.18).
Let &g, T, Ry, €1, 1T, be as in the above. Let

e [ : N-1
5* '_Hlf{u(Tsl+17x7£76)’$€BR07 568 9 |C|§2\/5_50}
Since ug(z) > 0 has nonempty support, by Lemma 2.6.1, §, > 0. Let

k,:=inf{k € 7" |250, > &)} and T, :=T. +1+ kT

We claim that there is a § > 0 independent of ¢ and & such that,

inf @(t,x;€,¢) >4 vt >T,. (3.3.47)

z€Bpg,

Case 1: Suppose that for any t > T, =2,

sup u(t,z;&,¢c) > e4. (3.3.48)

IEBQR61

In this case, by applying Lemma 3.3.2 repeatedly, we get

inf  a(t,z;&,¢) >0
IGBQRgl

V> T, .

€1

Hence, (3.3.47) holds with § =4, .

Case 2: Suppose that there exists ¢ > T, such that (3.3.48) is not true. Then the set
{t>T, | supmeBQRa1 u(t,z; &, ¢) < &1} is non-empty, and the set is open by continuity. This

means we can write it as union of some disjoint open intervals, i.e.,

{t >T, - esl;lp u(t,x; &, c) < 51} = U(ti,si), for some t;,s; € [T, ,00), t; <s; <t;.q.
TEL2Re el
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Case 2.1: Suppose that ¢, > T for all i. Then

sup  w(t;,x;€,¢) =¢e;, sup a(t,z;&,c) <eq, Vit <t<s,.
I€B2R51 :L‘GBQREl

Then by Lemma 3.3.3, there exists a 551 > (0 independent of £ and ¢ such that

inf a(t,x;&,¢) > 5::1 Vit <t<s,.

zeBpg,

For any ¢t > T, and t ¢ ﬂiel(ti’ s;), we have

sup u(t,z; & ¢c) > ey.
IEBQR61

Then Lemma 3.3.2 yields

inf  u(s,z; ¢, c) >0, Vi<s<t+T, +1

IEBQR61

Hence (3.3.47) holds with § = min{é,_,d__}.
Case 2.2: There is i, such that ¢; =T . Note that

sup u(t,z; & c) < eq, Vit <t<s. (3.3.49)

?
mEBQREI

We claim that s; <T,. In fact, assuming s; > T, by the definition of 4,,

inf (T, +1,2;§,¢) > 4,.

meBRO

By comparing (T, + 1+ -,§,¢) with d,u,(-,5§, ¢, ¢) in [0, k,Ty] % Bp,, with u, from

Lemma 3.3.3, we get
ﬂ(Tsl +1+kTva;£ac> > 2k5*¢<w;€7c76> \V/.CL'EBRO
for k=0,1,2,---, k,. In particular, this implies that

sup ﬂ(T*,x,é,c) 2 sup ﬂ(Tsl + 1 + kTO,CE;f,C> 2 €15

xEBQRel z€Bp,

which contradicts with (3.3.49), and hence s; <T..
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Overall, we conclude that for all t > T,

inf inf @(t,2:&,¢)) > min{d. .5 ).
€ESN717‘13§2\/5_60 <IIH<1R0 u( x f C)) = mln{ € 61}
Theorem 3.3.2(1) is thus proved. O

In the following, we prove Theorem 3.3.2(2).

Proof of Theorem 3.3.2(2). We first prove (3.3.2). Suppose for contradiction that there
are 0 < ¢; < ¢, (ug,vy), 6 >0 and {(t,,z,)} C RNV such that ¢, — oo, |x,| < ¢;t,,, and

‘u(t x )—%‘ >0, Vn>1. (3.3.50)

ni»rn

Consider
u,(t,z) =u(t+t,,r+z,) and v, (t,x)=v(t+t,v+x,) Vt>—t, xRV

By Lemma 2.5.2, there is a (4,7) € C%'(R x RY) and a subsequence {(up, v, )} of
{(u,,,v,,)} such that

lim (u, (t,2),v,, (t,2)) = (a(t,z),0(t,x)) locally uniformly in R x RN,

k—o0

Moreover, (u(t,x),v(t,x)) is an entire solution of (3.0.1).

Choose ¢’ such that ¢; < ¢’ < ¢ (ug,vy). Then, for every x € RY and t € R, let us
select k such that ¢, > 2=t This yields
k Cq

c’'—

o+, | < o[+ et,, <, +1)
which then implies that

a(t,r) = lim u(t+t, ,x+x, ) >liminf inf u(s,y) V(t,z)€RxRY.
k—oo k k 5§—00 ‘y‘gc’,s
By (3.3.1),
inf  a(t,z) > liminf inf wu(s,y) =:¢, > 0. (3.3.51)

(t,z)eRXRN 5700 |y|<c’s

Similarly to the proof of Proposition 3.3.1, since (u(t,x),9(t,z)) is an entire solution of

(3.0.1), we get 70, < A0 — 40, which implies

0 <d(t,2) < |3(=T,)|e™ 7D < sup |3(s, )| 7 &7 VE> T
seR
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Letting T" — oo yields
o(t,x) = 0.

Then, u(t, x) satisfies
u, = Au+u(a—bdbu), VteR.

Using (3.3.51) (also see the proof for (3.3.10)), we get

u(t,z) =

Sal RS

However, this contradicts with (3.3.50). Hence, (3.3.2) holds.

Next, we prove (3.3.3). We also prove it by contradiction. Assume for contradiction that
there are 0 < ¢; < ¢, (ug,v), 6 > 0and {(¢,,,x,)} C RV such that t,, — oo, |z,,| < ¢1t,,,
and

v(t,,x,) >0, ¥Yn>1. (3.3.52)

n»rn

Let

u,(t,z) =ult+t,,r+x,), and v,(t,x)=v(t+t,,x+z,) Vt>—t xRV

n

Then, similarly as done in the above, there is a function (#,7) € C*'(R x RY) and a

subsequence {(u,, ,v, )} of {(u,,v,)} such that

lim (u,, (t,7),v, (t,2)) = (4(t,z),0(t z)) locally uniformly in R x RY,

k—oo

and, moreover,

u(t,x) = and o(t,x) =0.

a
b
However, this contradicts with (3.3.52), and so we proved (3.3.3). O

3.3.3 Upper bound of spreading speeds and proof of Theorem
3.3.3

In this subsection, we provide an upper bound for the spreading speed and prove Theo-
rem 3.3.3. Theorem 3.3.3(1) is proved by the application of special Harnack inequalities for
bounded solutions of (3.0.1) established in Lemmas 2.6.1 and 2.6.2. The exponential decay
property (3.3.4) for u(t, z;ugy, vy) and the representation of v(t, z; ug, vy) via the Duhamel’s
principle are the key ingredients in the proof of Theorem 3.3.3(2). Throughout the subsec-

tion, we fix (ug,vy) € X} x X, and suppose that (u(t, x;ug, vy), v(t, z;ug, vy)) is a globally
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defined bounded classical solution of (3.0.1).

Proof of Theorem 3.53.53(1). Let us drop ug, vy from the notations of u(t, x;ug,v,) and
v(t, T3 ug, vy). We first prove that there is ¢; > 0 such that

lim sup wu(t,x) =0. (3.3.53)

t—oo ‘:E|cht

This will imply that

Clﬁp(umUO) < ¢ < 0.

To prove (3.3.53), we first claim that there are t, > 0 and M, > 0 such that
u(t,z) < Mge Velrl vo<t<t, zecRN, (3.3.54)

In fact, let a(t,z) = eVoH=zPly(t ) and o(t,z) = v(t,z). Writing h := eVeIH2P) e

have

hVu = Vi — (b tVh)i,
hAu = At — (h'Ah) @+ 2|h"*Vh|*@ — 2 VL - Vi
= At + (h™1AR) @ — 2V (ih "1 Vh).

Thus, (u(t,z),0(t,x)) is a global classical solution of

(i, = Ali— XV - (V%) + Gi(a — bh~1@)
+ (hYAh) @ — 2V (@h™*Vh) + xah'Vh - Vo,  in (0,00) x RV,
70, = AD — h~ a0, in (0,00) x RV,

La(0,2) = h(z)ug(z), o(0,2) = vy(x), r € RV,

Note that (0, -) has compact support, and h~, h~'Vh and h~! Ah are uniformly bounded.
By the arguments of local existence of solutions of (3.0.1) in the proof of Proposition 3.1.1,
there is T’

max

satisfies for any ¢, € (0 T ),

’ T max

€ (0,00] such that the classical solution (%,?) is unique in (O,Tmax) and it

M,= sup u(t,z) < oc.
te[0,ty],z€RN
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This implies that
u(t,x) = e VeIt o) < Mye Vel®l, vt e[0,t,], z € RY,

which yields that (3.3.54) holds.
Fix a t, > 0 such that (3.3.54) holds. By Lemma 2.5.2, we have

A = sup ([|[Vu(t) | + [Av(t)].) < oo
t>to

Then, for some ¢; > 0 to be determined and for each ¢ € SV~1 let
ue(t, z) := Mye vValws—et), (3.3.55)
It is direct to see that

Oyug — Aug + XV - (ug Vo) — aug + bu?
> ¢;vVaug — aug — |x|A(Va + 1)ug — aug
— (e1v/a — 20 — [xJA(a+ 1)ug.

Let us pick ¢; := 2v/a + [x|A(1 + 1/v/a), and thus u; is a supersolution to the equation
satisfied by u. By (3.3.54),

u(ty, ) < Mye Vo€ for all € € SV,

It then follows from the comparison principle that u < u, in [tg,00) x RN for all £ € SV—L.
We obtain

u(t,z) < min wu(t,x) = MeVelzl=at) vt >t o e RV, (3.3.56)

£esN-1

This implies (3.3.53) with ¢; = 2y/a + |x|A(1 + 1/v/a).
Next, we prove (3.3.4). Fix a ¢y > ¢ (ug,vg) > ¢ (ug, Vo) > 2¢/a. Let § € (0,1) and
e € (0,6) to be determined. In view of the definition of ¢y, (ug,vy), there is T, > 0 such that

u(t,x) <e, Vt>T., |z|> cot.
Then, by Lemma 2.6.2, there is C5 > 0 such that

IVu(t, z)], |[Av(t,z)| <8+ Csu(t,z)z2 <5+ Csez Vi>T., |z| > eyt (3.3.57)
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Let w; be defined similarly as in (3.3.55), that is we(t,x) := M,e vVelzé=et) hut with
M, given by
M, := max { M, exp(v/aT.(c; —c3)), [uloo} - (3.3.58)

By (3.3.57) and direct computations, in the region {t > T, |z| > cyt}, we have

dywe — Awe + XV - (0 Vv) — awg 4 bwg

> (ev/a— 20— [\|(3 + C5v/3) (Va+1) w.
To have the above > 0 (then w; is a supersolution), we need
ey > 2v/a+ |x|(6 + Csv/e) (1 + 1/v/a). (3.3.59)

Since ¢, > v/2a, we can now fix § € (0,1) and then e € (0,8) to be sufficiently small such
that (3.3.59) holds.

To use the comparison principle to conclude with w, > w for all t > T, x| > ct, it
remains to show that we (7., z) > u(T,, ) and |z| > ¢, T, and we(t, z) > u(t, z) with t > T,
and |z| = ¢yt. Indeed, it follows from (3.3.56) and (3.3.58) that on the bottom boundary,

w(T., z) < MyevearTee=vValel < M evacaTe g=vawg,
On the lateral boundary of |x| = cyt, we have
u(t, ) < lullo, < M,y < wé(t,x).
Overall, we can conclude that for all £ € SV—1,
u(t,z) < Mye vVellzl=et) ¢ > T x| > et

This, together with (3.3.54) and (3.3.56), finishes the proof of (3.3.4). O
Now we give the proof of Theorem 3.3.3(2)

Proof of Theorem 3.5.3(2). Since V is the solution to (3.3.5), we have

T t—s

o(t,z) = Vt,z) — - /0 t (ﬁ) v /R ) e (s, y)o(s, y) dy ds.

Because u,v > 0, it is direct to see that v < V', and so to prove the conclusion it suffices to
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estimate the following from above

¢ T N/2 lo—y|2
T e = u(s, y)v(s,y) dyds.
/0 (47r(t —5) ) /RN

Fix ¢” > ¢}, (ug, vg) and fix z such that [z > "¢, and take ¢; := (" + Cap(Uo,Vg)) (8O

c” > ¢y > i, (ug,vp)). We decompose the double integral into two terms

' T N/ rlz—y)?
/ (47T(t - s)) / e *Tu(s, y)u(s, y) dy ds
O s (3.3.60)

2

t T N7z ey
- ) dyds ==Y +Y".
+[ (4ﬁ<t_8>> / e u(s,y)v(s,y) dyds +

ly|<eys

First, we estimate Y. Since wu, v are uniformly bounded,

N/2 [t rz—y|2
Y*§C’<Z> /(4(t—s)) N/Q/ = dyds

ly|<ecqs

N/2 ‘ ‘
/ / Vit dzds.
B Sy re=n

= VA(t—s)

Using that |a — z|? > (|a| — |2])?, |z| > ¢t and ¢” > ¢;, we get

2
N2y~ <C// (A=) gz ds
ClS

c "t cls)z
<C/ / Vit ) dzds
|2]<—L2

_4t9

((c —cq)tteq(t— s))z

< C/ N(t—s)"2e " A=) ds
0
N (C”*Cl)2 2
SC/ sN(t—s)"2e 7 a9 ds.
0
Note that there exist C',y > 0 such that for all s € (0,1),

(c’/7c1)2t2

_ple —ep)t? 2712 2
(t—s) %e T 4{t-s) < Ce~ tjz and (TS)N < Ce’™s < C’evtjs ‘

w\z

T

Thus we get
t t
Y- < C/ e s ds < C/ e 1t ds = Cte 7™ (3.3.61)
0 0
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which converges to 0 as t — co.
Next, we estimate Y. By Theorem 3.3.3(1), there exist C > 1 and (= v/a) > 0 such
that
u(s,y) < Ce dlyl=(lertew)s/2) for |y| > ¢;s.

Thus, also using that v is uniformly bounded, we obtain

! T N/ oy
Y+ :/ (m> / e 1T u(s,y)u(s,y) dyds
0 |

y|>cqs

¢ T N2 rlz—y?
<C / (_) / ¢ T e=3(ly=(ertein)s/2) gy s
o \dm(t—s) lyl>c,s

T\ e
<C // <_> ¢ AT o= 8(lyl=(ertein)s/2) dy s
t g |y|> c”t 47T(t - S)

2

T N/2 ayp? .
+ C’ \/] <—> e_ 4(t—s) 676(‘y‘7(cl+cup>s/2) dy ds
(s<4 and fyl<<ytynp VAT(E—$)

RS

where D := {(s,y) |s € (0,¢),|y| > ¢;s}. We first show that Y;" is small. If s > £ since

c; > ¢, then in D we have for some v > 0,

up’

—0(lyl—(ertelp)s/2) < gdle1—cip)s/2 < ot

> ¢y there is v > 0 such that

cl+c*u
—8(lyl—(erteip)s/2) < e—é(lyl— 2clp|y|) < e,

Applying these into the definition of Y;" yields

T NP2 s u?
Y < Ce“’t// <—> e At dyds
{ or fyl>=gtnp AT 5)

N/2 T‘m 2
< Ce~ 7’5// pPT— i e 4t dyds < Cte ?.
w(t—s)

l\)

(3.3.62)
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Now we estimate Y, . Recall that ¢; = 3(¢” + Cap)s SO

t/2
weel |
c s<\y\<

t/2
<Cr2 / / e_T<v eI ‘) dzds.
0 °LF <2<

N/2
¢ AT 0yl ~(ertein)s/2) gy s
e \A(t— 8)

't
4(t—s) 2\/4(t—s)

c’t

2l
s Vields e — 1l = iy

Using |z| > ¢”t and |z] < We get that for some

C,v>0,

Lt Y
Y+<C’7'2/ / e (2v ts) dz ds
ClS

<| |_ <t

2/4(t—s)
o i o (3.3.63)
072/ / VI 2 ds < Cratitze 7t

z\<°”‘f

VA(t—s)

Overall, plugging (3.3.61), (3.3.62) and (3.3.63) into (3.3.60), it follows that

sup |v(t,z) — V(t,z)| < Cte V™ + Cte M+ Cr2tiT2e 7™ 50 ast — .
|z|>c’'t

We conclude the proof. O

3.3.4 Existence of spreading speeds

In this subsection, we prove the existence of spreading speeds under certain natural conditions
on vy and prove Theorems 3.3.4 and 3.3.5. Throughout this subsection, we assume that (u, v)
is a classical solution to (3.3.6) for all time with initial data (u, v,) satisfying the conditions
stated in the Theorems. We start by proving some important Lemmas that would be useful

in proving Theorems 3.3.4.

Lemma 3.3.4. Under the assumptions of Theorem 3.3.4, assume that vy € Cy(RYN) or
vy € LP(RN) for some p > 1. Then

lim [o(t, g, v) oo = 0, i [Vu(t, 5 ug,vg) oo = 0, lim [Au(t, 1, v9)]c = 0.
(3.3.64)

Proof of Lemma 3.5.4. We divide the proof into two steps.
Step 1. In this step, we prove the lemma for the case v, € Cy(RY).
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First, note that, for any € > 0, there is R(¢) > 0 such that

N/2
E) [ e llads<e
T 2> R(e)

z

and
lvg(y)| <e forall |yl > R(e).

Note also that
|z 4+ 2V/tz| > R(e) for all |z| > 2VtR(e) + R(e), |z| < R(e).

Hence, for any ¢ > 0 and |z| > 2v/tR(g) + R(e),

T N/2 2
v(t, z5ug, 1) < (;) / e T vy (z + 2vV/t2) dz
RN
N/2 N/2
< <I> / e 7 o || o dz + <I> / e T Py (2 + 2VE2) d=
i [#>R(e) i [<R()
T N/2 2
<e+e (—) / e 1A% dz. (3.3.65)
s

|z|<R(e)

Next, by Theorem 3.3.2(2), we have

limsup sup v(t,x;uy,vy) =0 V0 <ec<c*:=2va.

t—oo |z|<ct
Therefore, for any € > 0, there is T'(¢) > 0 such that
2VtR(e) + R(e) < Vat Vit >T(e)
and
v(t, T3uy,v) < e Vt>T(e), |z| < Vat. (3.3.66)

By (3.3.65)(3.3.66),

™

A\ N/2 .
v(t, x; ug, vy) < (1 + (—) / e Tl dz) e Vt>T(e).
RN

This implies that
=0.

lim ”U(t: 5 U, UO)”OO

t—o0
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Now, we assume for contradiction that there are g, > 0, ¢, — oo, and z,, € RY such that
|Vo(t,, z,;ug,v)| + |Av(t,,, z,;u9,v)| =9 Yn>1. (3.3.67)
Fort > —t, and z € RY, consider
u,(t,x) =ult+t,,r+x,;uy,vy) and v, (t,x) =v(t+1t,,x+,;Uuy,0)-

By the arguments for (3.3.13) and the statement below it, without loss of generality, we may
assume that
Vo, (t,z) =0, Av,(t,x) -0 asn — oo,

locally uniformly in (¢,z) € R x RY. In particular,
90,0, 0)] + [ A0, (0,0)] = [Vo(t,, )| + [Av(t,, 2,)| = 0 as n— oo,

which contradicts with (3.3.67). Hence, we proved (3.3.64) for the case when vy € Cy(RY).
Step 2. In this step, we prove the theorem for the case v, € LP(RY) for some p > 1.

If v, = 0, nothing needs to be proved. In the following, we assume that v, # 0. Note
that

d
T—/ vp(t,x;uo,vo)d:v:—(p—l)/ vP2|Vol? dm—/ wPder <0 Vit>0.(3.3.68)
RN

[RN

pdt RN
Hence, f[R ~ VP(t, x5 ug, vg) do is non-increasing as ¢ increases. We claim that

=0.

lim ”U(t: 5 U, UO)”OO

t—o0

In fact, assume this is not true and then there are ¢, > 0, ¢,, strictly increasing to oo, and
z, € RY such that
v(t,,, x5 Uy, Vy) = Ep- (3.3.69)

By the similar arguments of (3.3.13) again, we may assume that there are u* (¢, ) and v*(¢, z)
such that

lim u(t+1t,,x+x,;u,vy) =u*(t,xz), lm v(t+t,,z+z,;u 1)) =0*(t,x)
n—oo n—o0

locally uniformly in ¢t € R and € RY, and v*(t, z) satisfies

i = Av* —u*v*, tER, x € RV,
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Notice that v is bounded above by the solution to the heat equation with initial data v,.
Then, by the dominated convergence theorem and the monotonicity of f[R & VP (t, x5 ug, vg) d,

we have

/ (v*(t,x))P de = lim / vP(t +t,,, T Uy, vy) de < / vh(z)de VYteR. (3.3.70)
On the other hand, for any m > 1, there is m’ > m such that ¢, +¢, < ¢, for all
n=1,2,---. Then by (3.3.68) and (3.3.70),

/ (U*(tnwx))p dr = lim vp<tm + tnax;anvﬂ) dx
RN

n—oo IRN

> lim Up<tn+m/,$;uo,'vo)d$:/ ('U*(O,x»pdx.
N

This implies that
/ (v*(0,2))P dx < / (v*(t,,,z))Pde Ym=12 . (3.3.71)
RN RN

By (3.3.68) with v and u being replaced by v* and u*, respectively, we have that fRN (v*(t,x))P dx
is non-increasing. This, together with (3.3.71), yields that

/RN(”*<t’$>>pd$:/ (v*(0,2))P dz V't > 0.

RN
By (3.3.68) with v and u being replaced by v* and u* again, we find

04
pdt [RN

<wwmwm:—@—n/

RN

(v*)P2|Vu* |2 dx — / u*(v*)P dx.

RN
Thus, we must have v*(¢, ) = constant, and since f[RN(v* (t,2))? dx < 0o, we have v*(t,z) =
0. This clearly contradicts with (3.3.69). Hence, the claim holds. By the arguments in Step
1, (3.3.64) holds for the case when v, € LP(RY) for some p > 1. O

We briefly recall viscosity solutions. We refer readers to [9] for more details. This notion
of solutions, as well as the comparison principle, will be one of the main tools we use in
proving Theorem 3.3.5.

Consider the following parabolic type equation:

u, + F(t,z,u, Vu, D?*u) = 0. (3.3.72)
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Let 8V denote the set of N x N symmetric matrices with the spectral norm. We say that
F' is uniformly elliptic if there exists A > 0 such that for any positive semi-definite matrix
P € 8N, and any (t,z,u,p, X) € [0,00) x RN x R x RNV x 8§V,

ATr(P) < F(t,z,u,p,X) — F(t,x,u,p, X + P).

We assume F' to be continuous and uniformly elliptic.

Now we recall the definition of viscosity solutions. Let Q@ C RY be open and T > 0.

(i) We say that an upper semicontinuous (resp. lower semicontinuous) function u : (0,7") x
2 — R is a (viscosity) subsolution (resp. (viscosity) supersolution) to (3.3.72) if the
following holds: for any smooth function ¢ on (0,7) x € such that u — ¢ has a local

maximum (resp. minimum) at (¢4, x,) € (0,7) x Q, we have
0r9(to, ) + F(tg, 2o, ulto, 7o), Vo(te, 2o), D*(ty, 7)) < 0

(resp. 9,¢(tg, xo) + F(tg, xg, ulty, 2o), Vo(ty, 2o), D*d(tg, 7)) > 0).
(ii) We say that a continuous function w : (0,7') x Q@ — R is a (viscosity) solution to
(3.3.72) if it is both a subsolution and a supersolution.

It is easy to see that a classical solution is a viscosity solution. For the purpose of the paper,
we take
F(t,z,u,Vu, D*u) = —Au + f(t,z) - Vu+ g(t, z,u) (3.3.73)

where f, g are uniformly continuous and bounded functions. It is easy to check that the
operator satisfies condition (3.14) in [9]. Consequently, we have the following comparison

principle.
Lemma 3.3.5. Let T' > 0 and let F' be given in (3.3.73). Let

ut (0, T) xRN =R and v :(0,T)xRY - R
be, respectively, a supersolution and a subsolution to (3.3.72). If

+0,) > u (0, - d inf liminf(u®(¢t,z) —u (¢, >0,
wt(0,) 2w (0,) and  inf lminf(ut () —u(t2) =

then
ut(t,z) >u (t,z) forall (t,x) € (0,T) x RY.
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We refer readers to Sections 5D and 8 of [9] for the proof and for more general cases.
Next we prove a series of Lemmas that would be used in establishing existence of spreading
when |x| < 1 and when v, is not small for large |x|. We focus on the case that 7 = 1, and
we consider (3.3.6) with o € (0, 1]. To prove Theorem 3.3.4(2) and Theorem 3.3.5, we make
the following change of variable,

(:=1—w.

Then (u, () satisfies

u, = Au~+ xV - (uV() + u(a — bu?), reRN, t>0,
¢ = AC+u(l—(), reRN t>0

with initial data ug and ¢, :== 1 — vy. We will estimate w := (P /u for some p > 1.

To this end, we first discuss the inf- and sup-convolution technique. For T' > 0, suppose
p1,p2 € C((0,T) x RY) and let r(t) € C*°((0,T)) be non-negative. Define

plte) = suwp p(ty), plta)= inf py(t,y). (3.3.74)
yeB(z,r(t)) yeB(z,r(t))

Then p and p are Lipschitz continuous. Let y, , = y; ,(z) € B(z,7(t)) be such that p(-,t) =
p1(t,y14(-)). Then the following holds:

(AP)(t,2) > (Dpy) (L gy (), (VP)(E2) = (Vpy)(t, 4y () (3.3.75)

and
(0,p)(t, ) = (9yp1) (8, y1 (@) + 1" (D) V1 |(E, Y1, (2))- (3.3.76)

The first inequality in (3.3.75) needs to be understood in the viscosity sense. The proof can
be found in Lemmas 5.2, 5.3 [38] and Lemma 5.4 [37] for a more general case. Similarly,

assuming y, , = Yo ,(v) € B(w,7(t)) to satisfy that p(-,t) = py(t,y5,(-)), we have

(Ap)(t,x) < (Apo)(t, yzi (), (Vp)(E,2) = (Vp2)(L,yo,4(2)),

and
(0,p)(t, ) = (9yp2) (Y24 () — 77 (D) [V | (, Y24 (2))-

Let us specify the selection of parameters. For given 7, > 0, set p; to be the unique
solution to
O,p1 = Apy, p(0,2) = inf wy(y), VaeRY,

yeB(z,ry)
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and p, the unique solution to

Ops = Apy,  pe(0,7) = sup  wug(y), Vwe RN.
yeB(z,ry)

Then, let p and p be defined in (3.3.74) with r(t) := ro(1 —t/(403)) for some 3 € (0,1]. The
construction immediately yields that

p(0,z) = sup inf  uy(y') <wuy(x) < inf sup  uy(y') = p(0,z). (3.3.77)
yeB(z,ry) y'€B(y,ro) yEB(z,ry) y' €B(y,rq) -

It follows from (3.3.75) and (3.3.76) that

p, < Ap— (48)"1ry|Vp| for (t,z) €[0,48) x RY. (3.3.78)
Similarly, we have

P, > Ap+ (48)ro|Vp| for (t,x) €[0,48) x RY. (3.3.79)

Let us comment that here and below, inequalities involving derivatives of sup- or inf-
convolutions are understood in the viscosity sense. So (3.3.78)—(3.3.77) and the comparison
principle yield that p < p in [0,48) x RN,

By the assumption, if r, > 0 is sufficiently small depending on u, we have that p,(0, x) %
0 with ¢ = 1,2. We fix one such ry € (0,1). We claim that for any p > 1 there exists
C = C(p) > 0 such that

p(t, )P < Cp(t,x) Y (tz)€[B,28] x RV, (3.3.80)

Let R > 1 be such that uy(-) is supported inside Bgr. Then p,(0,-) with ¢ = 1,2 are
supported in Br_ ;. Note that

_lz—y?

pi(t,x) = (47Tt)_N/2/ e 2 p;(0,y)dy,
|RN

and when |z| > LR for L > 4 and |y| < R+ 1, we have

lz|2(1+2/L)2 lz—y|2 lz2(1-2/L)2
e~ at <e 4 <e it
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This implies that for t € [3,24], we have

N

212 2
pr(t,z) > (dmt) ¥ 2T / p1(0, ) dy
ly|<R+1

and

z12(1— 2

p
p2(0,y) dy) :
ly|<R+1

Thus, by picking L > 1 such that p > (%)2, we get for all || > LR and t € [3,20] that

it o < o2 |

ly|<R+1

p2(0,9) dy>p

_z[2(+2/0)2

< [ p0mdy<C it pit)
ly|<R+1 yeB(z,r)

If |z| < LR, since p; are strictly positive, the same holds with possibly a larger C' in the
compact set [3,26] x B(0, LR). Overall, we can find C > 0 such that for ¢ € [3,24],

B(tv $>p = inf P2 (tv y>p <C sup P1 (ta y) = Cﬁ<t7 iE)
yEB(z,r(t)) yeB(x,r(t))

which yields (3.3.80).

Similarly, since (0, -) is compactly supported, the same argument yields that

~

((t,x)? < Cp(t,x) for (t,x) € [B,28] x RV, (3.3.81)

where E is the unique solution to the heat equation with initial data (.

Below we use p and p to show that (¥ < u in a positive finite time interval. In the proof,
we need to estimate u from above. So, as a by-product, we also obtain that u? < ¢ in the
short time.

Since uy, € X{ and v, € X{ N C’f;?’b([RN), by Lemma 2.5.2 and Remark 3.2.1, there

exist x; € (0,1) and A = A(|Jvg x,, [ugllw) > 0 such that as long as |x| < x;, we have
sup (I96(t, e +IAG(E o ) = sup (V08 o + 18000 ) ) < 4. (33582

Lemma 3.3.6. Assume |x| < x;. There exists B € (0,1] such that for any p > 1 we can
find L > 4 such that for all (t,z) € [3,28] x RY we have

C(t,x)? < Lu(t,x) and wu(t,z)? < L{(t, ).
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Proof of Lemma 3.3.6. Take A and 7, as above, and let
B =min{l,r,/(4A)}. (3.3.83)

Let p and p be defined as above in [0,48) x RY. Let o(t,x) := eM'p(t,z) for some
M > 0 to be determined. Then, by (3.3.79),

¢ —Ap > Mo+ (48)1r|Vyl.

—t

It follows that

@, —Ap =XV (pV() = pla —bp?) = My + (48)"'ro — AlX]) Vel — Axep — ap,

and so, using (3.3.83) and taking M > A+a > Alx|+a, ¢ is a supersolution to the equation
satisfied by u. Also recall (3.3.77), the comparison principle yields ¢ > w.
On the other hand, let B(t,z) := e M!p(t, z) and we view —(a — bu’) as a function of

(t,x) that is bounded from above by C' > 0. Using (3.3.78), we have
P, — AT —xV - (BV() —Pla—bu?) < —Mp — ((48)"'ry — AlxDIVP| + Alx[g + C% < 0,

after further assuming M > A+ C > Alx| + C. Then © is a subsolution to the above linear

equation and the comparison principle yields g < w. Overall, we obtain for all ¢ € [0,20],

e 2Mp(t, z) < u(t,z) < eMp(t, x). (3.3.84)

Now we estimate (. Let us start with the upper bound. Recall that 6 is defined as the
solution to the heat equation with initial data (;. We claim that ¢ < E + te?M p=:(in
[0,28] x RY. This is because ¢(0,-) = ¢(0,-) = ¢(0,+) and, by (3.3.79) and (3.3.84),

¢, —AC=ep>u,

and ¢ satisfies (, — AC =u(l — () <.

For the lower bound, take

((t,x) := atp(t,x) with a € (0,27 1e 2M).

Then ¢(0,-) = 0 < {,. Let us fix a > 0 to be sufficiently small such that ((t,-) < I for

1
2
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t € [0,28]. Within the time interval, by (3.3.78), (3.3.84) and o < e 2M /2, we get

(,—A(<ap<2tu<u(l—().

Therefore, the comparison principle yields ((t,-) > ¢ for (t,z) € [0,28] x RN. Overall, we
obtain for (t,z) € [0,28] x RY,

tap(t,x) < C(t,x) < {(t,x) + te*Mp(t, x),
which, combining with (3.3.80) and (3.3.81), yields
C1p(t,x)? < ((t,x)? < Cp(t,x) V(t,z) € [B,28] x RN, for some C > 1.
Finally, since (3.3.80) and (3.3.84) imply

C1p(t,r)? <wu(t,r)? < Cp(t,r) V(t,x) € [B,28] x RN, for some C > 1,

the conclusion follows immediately. [

Below we prove that (P < u for all t > 5.

Lemma 3.3.7. Let 8, L = L(B,p) from Lemma 3.3.6 with some p > 1, and let x,, A from
(3.3.82). If |x| < min{5%, X1} and —x < p—1, then for all (t,x) € [3,00) x RY,

((t,x)P < Mu(t,z) where M := max{L, 4p/a, 2(4b/a)*/} . (3.3.85)

Proof of Lemma 3.3.7. Let us consider w := %, which is well-defined and < L at least
for t € [5,26] by Lemma 3.3.6. Since the solutions are smooth for all positive times, it

suffices to prove a priori estimate that w stays uniformly bounded for all ¢t > .
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By direct computation,

Vw=V (%) = UV(CPL; vau,
Aw = A (%) _ uA(Cp)u; (PAu 2Vu(uV(ip3) — (PVu)
_ puCPPAC—¢PAu p(p—Dw|V(]? 2Vu-Vw
a u? * ¢? N wo
PV - (uV()  PAC  (PVu-V(—uV(¢P) V(¢  uV((P)-V(
2 - + 2 + 2
u u u u
pw| V([

=wA(—Vw-V({+ -

and
¢Pla—bu?) —pu¢’'(1—¢)
u

= aw — bu’w — pC?~1(1 — ().

Also by the equations, we have

Qu=Quy _ pug A u(1 = ) = (Au+ Y - (V) + ula— bu7)
vt u? N u?

_ puCPIAC—PAu xCPV - (uVE)  (Pla—bu”) — p¢Pru(l — Q)

u? u? U

Putting these together, we obtain that w satisfies

2Vu-Vw  p(p— Dw|V¢|? B
u ¢2

—(a—bu”)w +p¢PH (1 — Q).

w, = Aw +

X (mc ~ V(- Vuw + p_w|vg|2>

¢

Due to [xA¢| < § and —x < p — 1 by the assumption, and ¢ € [0, 1], we get

2V -
w, < Aw + w —xV(¢-Vw— (g — bu") w + p. (3.3.86)

=:c, and w = > < Ci, and otherwise, we

Note that if bu® > %, )1/0

have (§ —bu”) > ¢. Therefore,

we have u > (ﬁ

(% _ bu") w > % — buw¥ (w),

where W is Lipschitz continuous and satisfies W(w) € [11<1/c35 Liw<a/c,}] With 1 denoting
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the characteristic function. We deduce from (3.3.86) that

2Vu -V
wtgAw+%—xVC-Vw—%+bu”w\II(w)+p.

Recall that w(f,-) < L by Lemma 3.3.6 and u is uniformly finite. We can compare w with
the solution to the following ODE (z = z(t))

d az
—_—y = ——

g.2W =L
S ==L bulg (), 2(8) = L,

to get for all z € RY and t > g,
w(t,z) < z(t) <max{L,4p/a,2/c,} = M.

which implies (3.3.85). O

After obtaining the estimate (P < Mu, we are able to bound |V(¢| and |D?¢| in terms of

u.

Lemma 3.3.8. Assume |x| < x1. For any p’ > 1, there exists C = C(p") > 0 such that the
following holds. For all (t,z) € [1,00) x RN we have
1

IVu(t,z)| < Cult,x)? .

Under the assumptions of Lemma 3.3.7 and for p, M from the lemma, we have for all
(t,z) € [3,00) x RY,

V¢t )|, [D2C(t2)| < CMbult,z)7s.

Proof of Lemma 3.3.8. Since |x| < x4, the first claim follows from Lemma 2.6.1.
The estimate for |V(]| follows similarly. Indeed, by the equation of ¢, the local L9-
parabolic estimates (see for e.g., [45, Theorem 7.22]) yield for ¢ > 2 and any = € RY,

ID?Cll v (-1 )¢ Bl 1)) < C (Hu(l — Ollpwes(p—1,x Bla,1y) + HC”LN+3([t—1,t]><B(ac,1)))

<C (HUHLMS([t—l,t}xB(a:,l)) + HC”LMS([t—l,t}xB(m,1))) :

The anisotropic Sobolev embedding ([11, Lemma A3]) yields for any (¢,z) € [2,00) x RN,

V¢t z)| < C (”U”LN+3([t—1,t]xB(x,l)) + HC”LN+3([t—1,t]xB(m,l))) : (3.3.87)
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Since t > 2, applying (3.3.85) and Lemma 2.6.1 (with R = 1,s, € [0,1] and p = p’), we get
for some C' = C(p’),

V6(t,2)| < C (Nullpos e gy + M7 1P vosergepie) ) < CMPult,2)7r.
For the last claim, note that q := V( satisfies
9 —Aq+ug = (Vu)(1 —).
So Theorem 7.22 in [45], (3.3.85) and (3.3.87) yield for ¢t € [3, 00),

”DQqHLN“‘([tf%,t]xB(a:,%)) <C (”vu”LN“([tfl,t]><B(m,1)) + ”qHLN”([tfl,t]><B(a;,1)))

1 1
<C (”VU”LN”([tfl,t}><B(:c,1)) + ull pvesp—2,4x Ba,2))  MP|uP || Lvis -2, Ba,2))

Again by the anisotropic Sobolev embedding and Lemma 2.6.1, there exists C' = C(p”) such
that for t € [3, 00),

1 -+
|D2C<ta$>| < C||D2Q||LN+3([t—%,t]><B(a: ) < CMPru(t,z)»».

1
2

We now prove Theorem 3.3.4(1) using Lemma 3.3.4.

Proof of Theorem 3.3.4(1). First, by Lemma 3.3.4 for any fixed ¢ > 0, there exists a
T. > 1 such that

IVo(t, z;ug,vy)| < e, |Av(t, z;uy,vy)| < e Vt>T., xRV (3.3.88)

Next, take ¢ := 2v/a + |x|e(1 + 1/y/a). The rest of the proof is similar to the one of
Theorem 3.3.3(1). Indeed, let ¢; = 2y/a + |x]A(1 + 1/+/a) and M, from (3.3.55), and for
any £ € SV1 define

ug(t,@ = Mlef\/a(m-sfc(tha)fclTs),

Then, by (3.3.88), for all t > 7. and x € RY,

dyue = cvaug = (2a + |x|e(Va + 1))ug > Aug — XV - (ug Vo) + aug — bug.
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At t =T, using (3.3.56), we have
u(T., x5 ug,v9) < MyevVe@é—al) = ug (T, ) VzeRY and € € VL
Thus it follows from the comparison principle that
u(t, x5 ug,v9) < ug(t, ) Ve €RN,t>T. and ¢ € SN1L,

This implies that
Czp(UOavo) S2\/a—|—|X|€(1—|_1/\/a) Ve >0.

Passing ¢ — 0 and applying Theorem 3.3.2(1) show
o (10, V) = ¢t (ug, vg) = 2V/a.
0

Next, we prove Theorem 3.3.4(2) and we recall that here 0 = 1 and x < 0. We would
use Lemma 3.3.6-Lemma 3.3.8 to establish Theorem 3.3.4(2) and Theorem 3.3.5

Proof of Theorem 3.5.4(2). First, let
_ a0 Xios2
w=u—g V(2.

Note that .
V(- V(AQ) = ZAIVC — D2,

Then w satisfies
w, = Aw + xYuAl + x|D*¢)? + x¢Vu - V¢ + xu|VE)? + ula — bu).
Write ¥ = —x > 0, and by Young’s inequality we get

w; = Aw — YuA¢ — X D¢ — X¢Vu - V(= Xu|V([? + u(a — bu)

Ve N
< Aw+ TXU2 — XV -V — RulVC)? + aw — %vcﬁ — b2

NX

< Aw+ 1 u? + §C2|VU|2 — XulV(¢|? + aw — bu?.
a

By the assumptions in Theorem 3.3.4(2) and Lemmas 3.3.7 and 3.3.8, there are C' > 0
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and x5 € (0, x;) such that if |x| < xs,
IVu| < Cuz and ¢ <Cuz in[l,00) x RV,

With these, w satisfies

NX CX
w, gAw—l—Txu2+2—Xu2+aw—bu2.
a

which implies that if ¥ < x5 := %, then

b
wy < Aw + aw — —w?.

2

This shows that the spreading speed of u is ¢* = 2y/a when 0 < —x < x, := min{x,, x5}
[

Finally, we prove Theorem 3.3.5. Here we consider the case of o € (0, 1), while allowing

x > 0.

Proof of Theorem 3.3.5. Since o < 1, it follows from the assumptions in Theorem 3.3.5

and Lemma 3.3.8 that there exist C' > 0 and x, € (0, x;) such that as long as |x| < xo,

1+o

Vu|, |V¢| <Cu=" and |D?*C|]<Cu’ in[3,00) x RN,
Hence, from the equation, we get for ¢t > 3,

u, = Au~+ xVu - V{+ xuAl + u(a — bu?)
< Au+ au — bult + C|x|ut™ < Au + au,

provided that |x| < xq := min{xs,, %} This implies that the spreading speed of u is

¢ =24/a. O

3.3.5 Numerical simulations and biological indications

In this subsection, we present the numerical experiments that explore the influence of chemo-
taxis on the spread of the biological species in (3.0.1) when N = 1 and a = b = 1. The

equation becomes
{ut = u,, — x(uv,), +u(l —u), z € R,

TV = Uy, — UV, z € R.
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For given uy, € X and v, € X7, in order to see the behavior of u(t, x; uy, vy) near (¢, ct),
we consider

(ﬁ(t,l’),ﬁ(t,l‘)) = <u<t7x + Ct;an ’UO),’U<t,£E + Ct; Up; vO))v

which solves

ﬂ't :a$m+cax_X(ﬂﬁm>m+a<]—_a)v T e |R;
TV = Uy + €TV, — U, z €R, (3.3.89)
(0, 7) = ug(x), 9(0,2) =vy(x), r€R.

For the numerical simulations, we use the following cut-off system of (3.3.89) on (—L, L),

i, =i, +ci, — x(@d,), +a(l —4), x€(—L,L),

t
Tﬂt = 53::5 + CTﬂx - ?7/5, T e (—L, L), (3390)
(0, ) = ug(x), (0, 2) = vp(x), ve(-I,L)

complemented with the following boundary conditions:

i(t, +L) = 0, g—;(t, +L)=0. (3.3.91)

If x = 0, it suffices to solve for the following Fisher-KPP equation with convection,

G, =i, +ci, +a(l—a), —L<z<lL,
(3.3.92)

t
(0, 2) = ug, (t,—L) = i(t, L) = 0.

Following from the arguments of [13, Theorem 2.2], we have the following dichotomy
about the asymptotic dynamics of (3.3.92): for fixed ¢ € R and L > 0, either a(t,z) — 0
as t — oo uniformly in z € [—L, L] for any uy, € C([—L, L]) and u, > 0, or (3.3.92) has a
unique positive stationary solution u*(z) and u(t,x) — u*(x) as t — oo uniformly for all
x € [-L, L] and uy € C([—L, L]) with ug > 0. The former occurs when A(¢, L) < 0 and the

latter occurs when A(c, L) > 0, where A(c, L) is the principal eigenvalue of

Uy, +cll, +0=Mu, —L<uz<lL,
w(—L)=a(L)=0.

One can check that if ¢ > 2 and L > 1, we have (¢, L) < 0; and when 0 < ¢ < 2, we have
A, L) > 0if L > 1. Thus, this confirms that the spreading speed for Fisher-KPP is 2/a,

which is 2 here.
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When x # 0, if for some ¢ > 2 and sufficiently large L we have a(t,x)-0 as t — oo,
then we may conclude that chemotaxis speeds up the spreading of the species. Section 3.3.4
already shows that no speed-up occurs when the initial chemical concentration is not present
everywhere. Therefore, we focus on the case where the chemical is initially distributed

throughout the domain. To this end, we choose the following initial functions u, and v:

0, r < —1,
up(z) =< e, € (—1,1), vo(x) =1, (3.3.93)
0, x>1,

and take L = 20. We compute the numerical solution of (3.3.90)+(3.3.91) with this initials
(3.3.93) using the finite difference method. All the numerical simulations were implemented
using the Python programming language.

We start by defining the scheme for (3.3.90) and (3.3.91) as follows: We divide the space
interval [—L, L] into M subintervals with equal length and divide the time interval [0, T]
into IV subintervals with equal length. Then the space step size is h = % and the time
step size is 7" = % For simplicity, we denote the approximate value of u(t;, z,), 0(t;, z;) by
t(j,4),0(j,7) respectively, with t;, = (j —1)7%, 1 <j< N+landx, = —L+ (i—1)h, 1 <
1< M+1.

Using the central approximation for the spatial derivatives ©,,(t;,z;),,(¢;, z;) and

ﬂm(tjaxi)aﬂz(tjv%>3

2h ’
» v(j,1—1) —20(4,1) + 04, +1)
U:m?<tjﬂxi) ~ h2 )
~ u(j,i+1)—a(j,i—1)
ux<tjaxi) ~ oh )
~ u(j,i—1) —2u(j,9) +u(j, i+ 1)
u:cm<tj’xi) ~ h2 .

The forward approximation of the time derivative yields

Ut(tjami) ~ — )
ut(tj,:zzi) ~ = .
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By the boundary conditions in (3.3.91), we set

4(j,1) = @(j, M +1) = 0. (3.3.94)

Using the forward approximation for the Neumann boundary condition at —L and backward

approximation at L, we get

%(tj Ty) =~ A =0, %(tjal‘MH) ~ A =0,

and hence, we set
0(4,2) =0(j,1), 00, M +1)=70(j, M). (3.3.95)

The equation (3.3.90) can thus be discretized as: for 1 <j< N, 2<i< M,

T* h?
+<C X 2h 2h
o B(Gi—1) =28, ) + BG 1)
() TN T DI 1 i, ),

and

T = +cT
T h2 2h
Simplifying and reordering the two equations, we get for 1 < j < N, 2 <1 < M,

D %

A+ 1,4) = (), i) [1+T*— " —ﬁ@(j,i—l)—26(j,i)+6(j,i+1))]
i [T_*_T_* (c_xﬂ(j,wrl)—ﬂ(j,i—l))}

h?  2h 2h
. T T v(j,i+1)—0(j,i—1 e
+u(j,i+1) [ﬁ%—%(c—x ( )2h( )>:|—T w(j,1)2,

(3.3.96)
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and

. . I RV 27"
5+ 1,1 = 3.9) (1 Za.0) — —5)

CTh2
.. T* ct* . T* cr*
+’U(],Z—1) (W_%> +U(j,l+1) (W—f—%) . (3397)

We use (3.3.94), (3.3.95), (3.3.96) and (3.3.97) in implementing the scheme in Python.
We apply the same space step size h = 0.1 and the same time step size 7° = 0.002. In all
the simulations we take L = 20 and T' = 500.

We run the simulations for 7 = 0.5, 1, and 4, and present two-dimensional plots of
the solution u. Since @ and v exhibit opposite asymptotic behavior - namely, when u(t, x)
remains positive, v(t,x) — 0 as t — 0o, whereas when @(t,z) — 0, (¢, x) remains positive
as t — oo, we do not include the graphs of the v-component, since its behavior can be
inferred from that of u.

For each figure in the next three subsections, panels (a), (b), and (¢) correspond to
7=20.5, 7 =1, and 7 = 4, respectively. Each plot shows the solution at times t = 0, 5, 10,
20, and 500. We present the results for ¢ = 1, 2.01, and 3, and in each case for y = 1.9, 5,

and 10 in the following subsections.

Results of the simulations for ¢ =1

For ¢ = 1, the solution remains positive for all values of 7 and for each of the values y = 1.9,
5, and 10. This is consistent with Theorem 3.3.2. The corresponding simulation results are

shown below.

— t=0.00 — t=0.00 14 — t=0.00
- t=5.00 === t=5.00 -==- t=5.00
—-= t=10.00 —-- t=10.00 —-- t=10.00
t=20.00 12 =20.00 t=20.00
t=500.00 =500.00 t =500.00

P \ N
08 TN 08 P > 08
El 4 \, E] ’ ™ \ E]
/ \, \ / \ \
06 / N 06 / \ 06
\ /

/ \ ! \
0.4 / : 04 ! \ 0.4

y \
/ LA
\
/ SR
/ \
/ \
I \ \
\ / / \
/ \ \ |
f \ : ! \ / \ \
/ \ \ / \
/ \ \ ! \ \ / \
02 / \ 02 / \ \ 02 / \
\ / \
/ \ \ 7 \ \ / \
/ N \ J \ \ / AN \
0.0 ~ ra = 0.0 =
x x

(a) 7=05x =19 (b) 7=1,x=19 () 7=4x=19

Figure 3.1: Two-dimensional plots of the numerical solution u for x = 1.9 and ¢ = 1, shown

for r=0.5, 7 =1, and 7 = 4 at selected times.
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Figure 3.2: Two-dimensional plots of the numerical solution u for ¢ = 1 with xy = 5, shown
for 7 =0.5, 7 =1, and 7 = 4 at selected times.
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Figure 3.3: Two-dimensional plots of the numerical solution u for ¢ = 1 with x = 10, shown
for 7 =0.5, 7 =1, and 7 = 4 at selected times.

Results of the simulations for ¢ = 2.01

The simulation results indicate that the diffusion rate of v influences the spreading speed.

More precisely, as 7 increases, the solution u tends to approach zero more rapidly, and the

interval of spreading speeds becomes smaller. In addition, for larger values of y, (¢, )

remains positive as t — oo for all values of 7 = 0.5, 1, and 4, suggesting the possibility of

speed-up in the large-x regime; see, for example, Figure 3.6. In contrast, when y = 1.9,

u(t, z) tends to zero for 7 = 1 and 4, indicating that speed-up may fail to occur when Y is
small and 7 > 1.

Furthermore, when 7 = 1, panel (b) in Figures 3.4-3.6 suggests the existence of a critical
value x*, with y* < 1.9, such that chemotaxis does not appear to accelerate the spreading
rate for x < x*, whereas it appears to enhance the spreading for xy > x*.
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Figure 3.4: Two-dimensional plots of the numerical solution u for ¢ = 2.01 with y
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Figure 3.5: Two-dimensional plots of the numerical solution w for
shown for 7 = 0.5, 7 =1, and 7 = 4 at times ¢t = 0, 5, 20, and 500.
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Figure 3.6: Two-dimensional plots of the numerical solution u for ¢ = 2.01 with xy = 10,

shown for 7 = 0.5, 7 =1, and 7 = 4 at times ¢t = 0, 5, 20, and 500.

Results of the simulations for ¢ =3
We carry out the simulations for ¢ = 3 with 7 = 0.5, 1, and 4. In all cases, the results show
that the solution approaches zero as time becomes large, for each of the three values of 7
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each of the values x = 1.9, 5, and 10. This also supports the fact that ¢, < oo.
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Figure 3.7: Two-dimensional plots of the numerical solution u for ¢ = 3 with x = 1.9, shown

for r=0.5, 7 =1, and 7 = 4 at selected times.
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Figure 3.8: Two-dimensional plots of the numerical solution u for ¢ = 3 with x = 5, shown

for 7 =0.5, 7 =1, and 7 = 4 at selected times.

14 — t=0.00 14 — t=0.00
--- t=5.00 --- t=5.00
—= t=10.00 - t=1000
12 t=20.00 12 t=20.00
t=500.00 t=500.00
10 10
£ —
08 RN 08 >
B PN > [N
- B T e RN
o6 i "\\\ 0.6 ¥ AN
i N f ™.
i AN H [
04 | \\ 0.4 | (Y
é Y (Y
024 | A\Y 024 | (WY
I W | N
001+ AY 00! AN
-0 -15 -10 -5 o0 5 0 15 20 20 -15 -10 -5 0 5 10 15 20
x

(a) 7=0.5, x =10 (by r=1, x =10

14 — t=0.00
--- t=5.00
- t=10.00
12 t=20.00
t=500.00
10
N,
0.8 ! \
5 JP— (.
i VoY
06 3
i \ %
\
| \ \
041 | \ \
\
| \ \
024 | \ \
| \ \,
| \ S
0.0 —
-20 -15 -10 -5 0 5 0 15 20

(c)T=4, x=10

Figure 3.9: Two-dimensional plots of the numerical solution u for ¢ = 3 with x = 10, shown

for 7= 0.5, 7 =1, and 7 = 4 at selected times.

See section 6 in [21] for more simulation results. We make the following remark on the

experiments
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Remark 3.3.1. In the numerical experiments above, we used the same spatial step size
h = 0.1 and the same time step size 7% = 0.002, since they satisfy the numerical stability
condition 7*/h? < 0.5. We do not provide an accuracy analysis of the simulations in this
paper. However, to assess the reliability of the numerical results, we also used different values
of h and 7 to simulate the spreading speed of the chemotaxis system on R. More precisely,
we repeated the above experiments with h = 0.1 and 7™ = 0.002,0.004, and with 7° = 0.002

and h = 0.2. The observed outcomes were similar for the different values of h and 7*.
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Chapter 4

The Chemotaxis System with Porous Medium

Diffusion

In this chapter we studied the porous medium diffusion case. Specifically, we study the

following system:

u, = Au™ — xV - (uVv) +u(a—bu), xRN, t>0,
TV, = Av — uw, zeRN, t>0, (4.0.1)

u(0,2) = ug(z), v(0,z)=vy(x), r e RN,

Here, m > 1 and 7 > 0. Since the diffusion coefficient mu™! is degenerate, our main
interest is in the existence and uniqueness of globally bounded weak solutions to (4.0.1). We

consider (4.0.1) with initial data satisfying
ug(+) € LX(RY),  wo(r) € WH(RY).

(See Remark 4.1.1(4) for the case where the initial data satisfy ug(-) € LP(RY) and v,(-) €
WLHP(RN) for some p > 1.) We first establish the existence of global weak solutions to
(4.0.1). A standard approach in the literature (see, for example, [70]) is to approximate the
porous medium equation by a family of nondegenerate parabolic equations and then pass to
the limit. For ¢ > 0, our strategy is to first prove the global existence of classical solutions

to the perturbed system

u;, =mV - ((5 + u)m*1Vu) —xV - (uVv) +u(a—bu), xRN, t>0,
v, = Av — uv, reRYN, t>0, (40.2)

u(0,2) = ug(z), v(0,z)=vy(x), € RY,

and then pass to the limit as ¢ — 0 to obtain a global weak solution of the degenerate
problem (4.0.1). We refer to (4.0.2) as the perturbed problem associated with (4.0.1).
The study of (4.0.1) with non-integrable initial data is highly nontrivial. To explain the
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difficulty, let us recall the standard energy argument for deriving LP bounds in the case
where the domain ) is bounded. In that setting, one can multiply the first equation in the

perturbed problem (4.0.2) by u? and integrate over 2 to obtain

1 d

L d e —mp/up+m—2|w|2+ |X|/up|Vu||Vv| +a/up+1 —b/up+2.
p+1dt ), o

Q Q Q

From this, one can derive that for some C' > 0 independent of u and v,

t ¢
/upﬂ(t,:v)—i—@/ /up+m_2|Vu|2—|—é/ /up+2(s,x)
Q 2 Ja 2h Jo
t 2(p+2 ¢
g/up“(o,x)—i-C/ /|Vv|(m) +C/ /u(s,x).
Q 0 Jo 0 Jo

After treating the v-equation carefully, the right-hand side can be bounded by the left-hand

(4.0.3)

side, together with the space-time L'-norm of u and a constant. This then yields the desired
LP estimate for u, and the proof proceeds by means of a Gronwall-type inequality. We refer
the reader to [31] for more details.

In our setting, however, the solutions may be non-integrable over the whole space, so one
cannot directly work with global LP norms. This makes it necessary to localize the problem
in space. A natural first attempt is to localize the equation by multiplying the u-equation by
uP, where 1) is a suitable cut-off function, as we did in the linear diffusion case in Chapter

3. However, this produces an additional term of the form

// uP TV [V da dt,
(0,T)xRN

which can be estimated by

2
// uP T2 |Vu|?y dz dt + // u“m%daz dt.
(0,T)xRN (0,T)xRN w

Although the second term involves only zeroth-order derivatives of u, the exponent of u
increases with m. In particular, when m > 2, this exponent is at least p + 2. As a result,
it is difficult to control this term directly using only the diffusion term and the logistic term
on the left-hand side of (4.0.3). This difficulty does not arise in Chapter 3 (Linear diffusion
case m = 1). Consequently, the classical argument based on Grénwall-type inequalities no
longer applies in the present setting. To overcome this difficulty, we use the decay function
Y from Lemma 2.4.1 to derive an inequality of the form (4.2.19). This inequality plays a

crucial role in the analysis, as it allows us to fully exploit all the favorable effects in the
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problem, namely the diffusion term, the logistic term, and the regularity of the initial data;
see Subsection 4.2.2. The overall strategy is close in spirit to a continuity-type argument
and, to the best of our knowledge, is new in the study of chemotaxis models.

Our second main contribution in this chapter is to show that the resulting weak solution is
in fact unique under a suitable condition on m, provided that the initial data satisfy u, € C¢
and v, € C?*®. The proof of uniqueness is based on a duality argument, inspired by the
approaches in [36, Theorem 3.4] and [70, Theorem 6.5], and suitably adapted to the present
chemotaxis—porous medium setting. In addition, to handle the possible non-integrability of
the initial data, we again make essential use of the exponentially decaying function .

In the next Section 4.1, we introduce definition of weak solution and state our main
result. Section 4.2, is devoted to establishing local LP-estimates for the perturbed problem
and proving part (1) of Theorem 4.1.1. In Section 4.3, we complete the proof of Theorem
4.1.1 by establishing part (2). Section 4.4 is concerned with the global well-posedness of
weak and classical solutions to system (4.0.2), where we establish Proposition 4.1.1 and
Theorem 4.1.2. Finally, Section 4.5 is devoted to proving the uniqueness of weak solutions,
as stated in Theorem 4.1.3.

4.1 Definitions and Main Results

In this section, we introduce the definitions of weak solutions to (4.0.2) for € > 0 and classical

solutions to (4.0.2) for € > 0, and we state the main results of this part.

Definition 4.1.1. Let m > 1 and T > 0, and let uy € L>®(RY) and v, € WL°(RN). A
pair (u,v) of non-negative functions defined in [0, T) x RY is called a weak solution of (4.0.2)
on [0,T) if

(1) uw e L2(0,T; L2

loc

(RM)), (e + u)™'Vu € L?(0,T; L .(RY));

(2) v e L®(0,T; Hy

loc

(RY)), uVv € L(0, T Li (RY));

or any continuously differentiable function ¢ with compact support in X we
(3) F y conti ly differentiable function o with pact support in [0,T) x RN,

/T/ ucptdxle—/ ug(x)p(0, ) dx

/ / m(e +u)™'Vu- Vo — xuVo - Vo — aup + bu?p) dx dt

have

119



and

T T
/ / Top, dx dt + / Ty (2)(0, z) do = / / [Vv - Vo + uvp] dz dt.
0o JrN RN 0 JrN

In the following, we say v € C1+e/2.2+ if ¢ is C1*/2 in time and C*** in space; and
u € C([0,T) x RN) n C1+e/22+a((0,T) x RY) if u is Hélder continuous in both time and

space up to the initial time, and u is C***/2 in time and C?* in space for positive time.

Definition 4.1.2. Let u, be uniformly C1*® and vy be uniformly C***. A pair (u,v) of
non-negative functions defined in [0,T) x RN is called a classical solution of (4.0.2) with
e>0o0nl0,7T) if

(1) v is uniformly C1+/2:27% and vy is uniformly in C*([0,T) x RN)NC1e/2:2+a((0,T) x
[RN),'
(2) u(0,-) = ug, v(0,-) = vy, and (4.0.2) is satisfied in the classical sense in (0,T) x RY.

Our first main result is on a priori estimates of classical solutions of (4.0.2), which are
stated in the following theorem. We denote Q. := [0, T] x RY.

Theorem 4.1.1 (A priori estimate). Let € € (0,1), a,b,7 >0, x € R, m > 1 and T > 0,
and let uy € L®(RY) and vy € WH(RYN) such that ug, vy, > 0. Suppose that (u_,v.)
is a weak solution to (4.0.2) with initial data (ugy,v,y), and they satisfy the equation in the

classical sense for positive times. Then

(1) (L . a priori estimate). For any p > m and t € [0,T],

loc

(p+2)T p+m 2

u (t,-) € LPPYRY), e "5 (e4u )" Vu, € L

loc

(Qp), v € L®(Qp) NWH=(Qy)

loc

with a bound depending only on m,|x|,a,b, 7, N,p, |uplls, |volliy1.0o and the diameter
of the local spatial domain (but independent of T ).

(2) (L*° a priori estimate) There exists C' depending only on m,|x|,a,b, N,p, |ug s,
vl (but independent of T') such that

Vol Lo ,s luclpoe,) < C-

120



(3) (Hélder continuity) Let C > 0 from (2). Then there exists a € (0,1) depending only
onm,C, and for any 7" > 0 there exists C’ > 0 depending only on m,|x|,a,b, N, 7,7’
and C' (independent of €) such that

el ga (7, 00)xrry < €7

If, in addition, u_(0,-) is Holder continuous on RN, then u_(-,-) is Hélder continuous

on (0,00) x RN with a bound depending also on the Hélder norm of u_(0,-).

As a corollary of these a priori estimates, we obtain the following proposition on the
global existence and boundedness of classical solutions of the perturbed problem (4.0.2)
with e € (0,1).

Proposition 4.1.1 (Classical solutions of equation (3.2)). Under the assumptions of Theo-
rem 4.1.1, further assume that ug is uniformly C1**  and v, is uniformly C**~. Then for
each € € (0,1), there exists a unique global classical solution (u.,v.) of (4.0.2) with initial

condition ug,vy. Moreover, the regularity properties presented in Theorem 4.1.1 hold the

same.

Next, we state our main results concerning the global existence and boundedness of weak
solutions to (4.0.1).

Theorem 4.1.2 (Weak solutions of (4.0.1)). Under the assumptions of Theorem 4.1.1,
there is a non-negative weak solution (u,v) of (4.0.1) with initial data (uy,vy) such that the
reqularity properties presented in Theorem 4.1.1 hold the same for (u,v). In addition, if
ug is uniformly Holder continuous, then u is uniformly Hélder continuous in [0,00) x RY.

Furthermore, if vy € C>®, then v is uniformly C'+/22¥% in [0, 00) x RN.
Our final main result is about the uniqueness of weak solutions to (4.0.1).

Theorem 4.1.3 (Uniqueness of weak solutions of (4.0.1)). Let a,b > 0, ug € C*(RY), and
vy € C*(RN). Suppose that there are two weak solutions (u;,v;) with i = 1,2 to (4.0.1)

such that u; is uniformly Hélder continuous in Qp and v; is uniformly C? in Qp. Then if

m € (1, 3], we have uy = uy and vy = vy in Qp.
Remark 4.1.1. Several remarks are in order concerning our results.

(1) (Bounded domains). Our methods of establishing global solutions extend to bounded
domains and, importantly, remove both the dimensional restriction and any condition
on m when a,b > 0. When a = b = 0, the existence of weak solutions to (4.0.1) can

still be obtained in a similar manner provided m > 2.

121



(2) (Hélder continuity). Uniform Hélder continuity estimates for u. (the solutions to
(1.1.2)) follow from the regularity theory for degenerate diffusion equations with advec-
tion and source terms; see [5, Theorem 1.3 and Theorem 1.9]. We also refer the reader
to [27, 36, 39].

(3) (Uniqueness). Although the case a = b = 0 is not the focus of this paper, we note
that under the same assumptions on solutions as in Theorem 4.1.3, the uniqueness
conclusion also holds for a = b = 0 and all m > 1. The proof requires only minor

modifications.

(4) (Integrable data on RY ). In the special case where ug € L* N L and vy, € LI NW1>°,
the existence of a global weak solution to (4.0.2) can be established more easily. In
fact, one may simply take the cut-off function to be 1, and many of the more delicate
estimates become unnecessary. However, on unbounded domains, the potential growth
of the L' norm over time makes it trickier to obtain uniform-in-time L>° bounds.

Nevertheless, our argument fully covers this case.

4.2 L} . aPriori Estimate and the Proof of Theorem 4.1.1(1)

In this section, we shall give Lﬁ;l(IRN ) a priori estimates of solutions of the perturbed
problem (4.0.2) on any finite time interval [0, T, and prove Theorem 4.1.1(1).
Let 0 <e <1and 0 < kK <1, and take p such that

p>m. (4.2.1)

Throughout this section, the constants ¢ € (0,1) and C' > 1 only depend on m, x,a, b, 7, N, p,
[vollywi.0o and |ug| -, and they may be different at different places, unless otherwise stated.
When we say that a constant depends on C, we mean that it might depend on m, x, a,b, 7, N,
[volliyr.ee and |ug| . We emphasize that the constants ¢, C' will always be independent of
g, k,and T.
Recall that for ¢ > 0,
Q, == [0,1] x RN,

Suppose that (u(t,x),v(t,x)) solve the perturbed problem (4.0.2) with ¢ € (0,1) for ¢ €

(0,7 in the classical sense and let 1 be from Lemma 2.4.1 with parameter . For any given
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ro € RN and r > 1, recall that

Zp oy () i= // e (u+e)"(s,2)*(x — xy)drds and Z,.(t) := sup Zy oy (1)
Q,

zoeRN
First we state a useful lemma.

Lemma 4.2.1. Assume that N > 3 and let 2* := % > 2 be the Sobolev conjugate exponent
of 2. Then there exists a dimensional constant C such that for any 6,k > 0 and r > 1 we

have

N

2/a,
K2 / u?p? < S|V (ump)|5 + Cr*H20rg0 { / u e dm] :
RN R

where u = u(x) is any function such that u” is locally uniformly finite in W12-space, and 3

is from Lemma 2.4.1, and

1 N(r—1
I €(1,2) and 6, := (r—1)

—F > 0.
r 2(r+1)

4, :

In fact, one could replace wip with a single function % and assume %" € Wh2 N L%l,

without imposing separate assumptions on u” and v. However, we choose to state the lemma

in its current form for future applicability.

Proof of Lemma 4.2.1. Note that u™ € W12(RY). Then by the Gagliardo-Nirenberg-Sobolev

inequality, there is a dimensional constant C such that for any r > 1,
[l < CIV (). (422)
By the interpolation inequality of LP spaces, we have
lur gy < Ju"lg =" w5

Here direct computation yields

r+1 2*(2—gq,) N(r—1)
= 1,2 Y= o = 1
and so
2+20. = 2 —T<N+2)_N+2 and so 6 —N<T_1)>O
1= r+1 T2(r+1) '
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Hence, by Young’s inequality and (4.2.2), for any §,
2 22~ O 2 e P e 2
2wt < Zuly + O kT 6T luT g
RN C "
2/4q,
< S|V (urp)|3 + Cr*H20m5 0 { / ur e daz] ,
RN

where C = C't%. The lemma is thus proved. O

Now, we proceed to prove local LPT! estimate for u. We recall that the constants ¢ and
C' below might depend on the data (m, N, etc.) and p, but are independent of ¢,k and T.
Multiplying the first equation of (4.0.2) by (u + ¢)? ¢ and integrating over RY yields

pLdi (u+ ¢e)PT ) do
/ u+ )PV - [m(u+ &)™ ' Vu — xuVo] + (u + &)Py? (au — bu?)
RN

w+ €)PH2|Tyf2y? + c/ (1 + £)PHmL Ty [ V2|
[RN

)
u + )P tu|Vu||Vo| ? + C/

|RN

< —0/ (
RN
v | (w2l Vel [Ve?) + [ (et e)p(au— bu)?
RN RN
< —c/ (u+€)m+P—2\Vu|2w2+Cm/ (u + e)Ptm=1|Vuly?
RN RN
I Kkly

+c/ (u+€)P]VuHVv\w2+C/£/ (u+5)P+1]VvW2+/ (1 + &) (au — bu2)y,
RN R RN

N

I, kI, Iy
(4.2.3)

where, in the second inequality, we used that |V| < k.

To prove Theorem 4.1.1(1), it is essential to provide proper estimates for I, I, I3, 1,
and I5. We point out that I; and I, depend on m, and we will estimate them differently for
the case 1 <m < 2 and m > 2. In the following, we will first estimate I5, I, and I5.

First, we estimate I5(t). For simplicity of notation, let us write

upr=ute e
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Since Vu = Vu,_, by Young’s inequality, for any 0 < 6 < 1,

I;(t) < C’/ ufl |V, ||[Voly? dx
RN

ga/ P2, P2 do 4 CO 1 / PE2T 7242 dae
RN RN

2(p+2)

< 5/ P21, 2? d + 5/ w2 da + 05/ Vo| " y2de,  (4.2.4)
RN RN RN
where we used that p +2 —m > 0 by (4.2.1).
Next, we consider kI,(t). By Young’s inequality,
kI (t) < ,%/ P Voly? de S li/ uP 22 da + /-i/ |VolP+2y? da. (4.2.5)
RN RN RN

Finally, since € € (0, 1), there exist ¢, C > 0 depending only on a,b and p such that

p+2

—bu? < 2b —b <", —cul +C.
au—bu® < (a+2be)(u+¢e)—blu+e)® < T(p+1>u+ cu?y +
By Lemma 2.4.1, it is clear that
p+2 / p+l 92 / p+2 2 -N_
< —— U dxr —c v*dx + Ck 4.2.6

Here the term T@) 121) jﬂ; L ub +lw2 dx on the right-hand side will be used to obtain uniform-
in-time bounds. Next, we estimate [, and prove Theorem 4.1.1(1) for the cases 1 < m < 2

and m > 2 in Subsections 4.2.1 and 4.2.2, respectively.

4.2.1 Proof of Theorem 4.1.1 (1) for the case 1 <m <2

In this subsection, we consider the case of 1 < m < 2, and prove Theorem 4.1.1(1). This
case is much simpler than the case when m > 2, which is because for m < 2, the logistic

term is strong enough to bound the integral of u?*",

Proof of Theorem 4.1.1(1) for the case 1 < m < 2. Let p > m. We begin by estimating
kl,. Since
p+m<p+2 for 1<m<2,

we have
p+mq/}2 < up+2¢2 + ¢2
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By Young’s inequality, we have for any ¢ € (0,1) and 0 < k < ¢,

kly = Cli/ uP NV, [
RN

S5/ ul ™™ 2|Vu+\2w2+51/<92/ ul M2
RN

N

s(s/ P21, |24 dx—i—é/ W2 de 4+ Csr N, (4.2.7)
|RN

where in the last inequality, we also used Lemma 2.4.1.
After taking J to be sufficiently small (then x < § is also small), by (4.2.3), (4.2.4),
(4.2.5), (4.2.6) and (4.2.7), we have

u? Y da < —c/

|RN

|

[RN

+ 2
uzrr2¢2 b / u;ﬁnjlwg
T RN

+ C(;/ (Vo 5y + K,/ |Vo|PF2y? + Cyr™N
RN RN

dt Jon

Multiplying e 225 46 both sides and integrating in time, this implies that

/ P (t, )2 () da +c// e uP 2 |V, |22 da ds

ﬂ P+2)(t s) p+2¢2 dx ds

< / W0, )2 (z) dz + Cy // e Vo R 2 da ds
RN Q,

_ (pt2)(t—s)
+/<:// e ™
Qt

where Cj is independent of ¢.
Next, recall that

Vol|P29? dx ds + Cyr™, (4.2.8)

Z, . o(t) = sup // e‘wuﬁw(s,x)w%x—:L'O)dxds.
)

xoERN

Applying Lemma 2.5.1 with r = p+2 and " =p+2 > r (for m > 1) yields

05// ei(ﬁ+21_(tfs)| |2(p+2>w2 drds < 6 p+2( )+05 K—N_ (4.2.9>
Qt
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Similarly, applying Lemma 2.5.1 with r = ]%2 and " = p 4 2 yields

_ (pt2)(t=s)
K e T
Qt

By (4.2.8), (4.2.9), and (4.2.10), we have

/ P (t, )P (x dx—}—c// - uPT 2 |V, |22 da ds

te // — R P22 A ds

< / W0, 2)9? (2) do + 20Z,,,5(t) + Cs N
RN

VolPP2? deds < k0Z,,o(t) + Cs k', (4.2.10)

Since u (0,2) = ug(z) + ¢ (¢ € (0,1)) is uniformly bounded, by Lemma 2.4.1,

/RN W20, 22 () do < O N

Then we fix § := ¢/4 to get

/ uP T (t, )P (x da:+c// B u? 2 da ds
RN

n C// eV, [Py deds < Ok N+ SZ,0(0). (4.2.11)
Q

t

Now, by shifting the space variable, we can replace ¥ (z) by ¥(z — z;) in (4.2.11), and

obtain

/ WP (t, )R (x — ) d:l:—l—c// —ees W (x — xg) da ds
[RN
e // eI G Py (e — ay) deds < OV + 7, (1),
Q
After taking supremum over z, this implies that

sup / PR )2 (z — x) d + cZ, o(t)
IRN

zo€RN

+ ¢ sup // e Sup+m |V, |2¢?(x — z) deds < CrN,
Q

roERN

where 0 < x < 7, and the constants ¢, C are independent of x and t. Hence, recalling
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u, =u+e¢e, we get for all p > m,

(p+2)T

u(t,) € LIEHRY), e 5% (e 4 u) ™%

loc

lOC(QT)7

and

sup / uP 2 (t, 2)p? (x — o) do S k.
te[0,T],xo€RN JRN

The bounds only depend on m, |x|,a,b, 7, N,p, |[ugls, ol and the diameter of the
local spatial domain (but independent of T').

Finally, since p > m can be arbitrary, picking p = N + 1 > 2 > m yields that u(t,-) is
locally uniformly finite in LV *2(R¥Y). Then Proposition 2.5.1 implies that

sup Vot z)| Sk N
t€[0,T],xeRN
This together with the fact that |[v],, < oo implies that v € L>®(Qp) N W1 (Q;) with a
bound independent of T'. O

4.2.2 Proof of Theorem 4.1.1 (1) for the case m > 2

In this subsection, we consider the case when m > 2. Note that the estimate (4.2.7) for kI,
only holds when 1 < m < 2, and when m > 2, we are not able to bound this term by the
logistic term and the diffusion term. Therefore, we will estimate both I; and I, differently,
and a continuity argument will play an important role at the end.

We remark that the argument below actually works for the case of m € (1, 2] as well. We

treated the case m < 2 separately in the previous subsection as it allows a simpler proof.

Proof of Theorem 4.1.1(1) for the case m > 2. Let p > m and recall that u, = u +e.

We start with the following notations: For any given z, € RY and r > 1, define

X0 = [ W (tapRe —ag)de, X.(0)= sup X, (1)
RN

zo€RN

and Y, (t) := sup X,(s). (4.2.12)
s€[0,t]

The proof is divided into two cases.

Case 1. We assume N > 3. First, we will make a better use of the term I; as follows:

pt+tm

I N/ |V (u y )|[22p? >c/ |V (u.,? w)P—Om?/ ANV (4.2.13)
RN RN
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Applying Lemma 4.2.1 with r being replaced by 2™ +m (here we need N > 3), we have

+m 2/q*
ﬁ2/ uP R < |V (L ? )3 + Oyt [/ L2 Ty dg } : (4.2.14)
RN RN
where 5 N 5
g = prm+2 €(1,2), and 6*:= (p+m—2) > 0. (4.2.15)
p+m p+m+2

Similarly as done before, using the properties of ¥ from Lemma 2.4.1, we have

/ uigm (s,2)Y7 (z)dz < Z Y7 (2 / ui;mﬂ(s,x)z/ﬁ(a: —2z)dzx
RN

kz€ZN By (2)
p+m 1
< sup / u,? - (s, 2)0%(x — 1) do.
zoeRN JRN
2 1

Since 2™ +1 < p+1, by (4.2.1), u

p+m+1 "
[ s @< sw [
RN zoERN JR

p+ (
N
S Xp—i-l(S) + HiN'

< u]fl + 1. By Lemma 2.4.1 again,

s, 2)%(x — ) d:):+/ V2 (x — 1y do

It follows from (4.2.14) that
n2/ uPTY2 < 5||v(u+ V)3 4+ Csu2T0 X1 (5)Y T + CR2T0 2N/ (4.2.16)
[RN
After taking this 6 > 0 to be small, (4.2.13) and (4.2.16) yield
511 > ||V (u, e V)|E — Cr* X, (5)Y 7 — CRr2H0 2N/, (4.2.17)
Next, we bound I,. By Young’s inequality and (4.2.16), we have for any § € (0,1),
wl, < 5/ ul ™™ 2|Vu+]2w2+051/<;2/ ul M2
RN RN

<5 / W2 T 202 de 4 S|V (2 ) 2
[RN

+ Cs2M0 X ()M T + Cyr?H0 2N/ (4.2.18)

By (4.2.3), (4.2.4), (4.2.5), (4.2.6), (4.2.17) and (4.2.18), we have for any 0 < 6§ < 1
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sufficiently small depending only on C, any ¢ € [0,T], and any 0 < k < §, there holds
d

1 2 2 p+2
C [ gz ar < - / N I e A
RN RN RN

-

+C(;/ |Vv| m 1/12—#/{/ |VolP2y? + CrN
N

+05“2+0 Xp+1(3) 2/q _{_06K2+0*,2N/q*‘

This together with (4.2.9) and (4.2.10) implies that

/ Wt 2)?(z) do + ¢ // S gy 1202 dpds + ¢ // — B P22 d ds
|RN

Qt
S/ p+1 (O x>¢2 dx + (5Zp+2(t) + C(;/i*N + 06/{2+9 Y;)+1<t>2/q +06/€2+9*,2N/q*,
RN

where the constants ¢, Cj5 are independent of x and t. Using that u,(0,-) = ug(z) + € is
uniformly bounded, Lemma 2.4.1, and fixing 6 > 0 to be sufficiently small, we get

/ WPt )2 (2 d:l:+// S 2 gy |2 de:cds+// S22 4y ds
|RN

<5Zp+2(>+n+gyp+l( )2/q +,€2+9 —2N/q* LKk N.

Hence, for 2, = 0, since Y, ;(-) is non-decreasing,

p+2ts) m—
// W2V, PR (@ — 2g) da ds + Zyys 4 (1)

S(SZerQ( )—l—li 2+-0* Y;Prl(to)z/q +l€2+9 —2N/q* LK N

for ty € (0,7] and t € [0,¢,]. After shifting in space, the same estimate holds for general

7y € RN. Taking supremum in x, and ¢ € [0,t,] for any ¢, € [0, T], we get

p+2 )(t—s) m—
Ypito) + Zppa(to) + sup // WP |V, |2y (@ — xg) do ds
te[0,tg] xoe[RN

Recall (4.2.15) and then

2 N —2 2N
p+m+2 p+m+2 p+m+2
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Therefore, there exists Cy > 0 independent of ¢ such that for all x sufficiently small,

Y, 1(ty) + sup // SRR 2y 242 (2 — 2g) dards

zoeRN
< O R Y (t0)] PR 4 Oy, 42.19
0 +1 0

By further taking C|, to be large enough if necessary, we can assume
Y,1(0) = X, 11(0) < Gy
We claim that, if 0 < x < 1 is sufficiently small,

Y

1 (T) < 2Cok™N. (4.2.20)

In fact, assume for contradiction that there is ¢, € [0, 7] such that

Y, 1(te) =20k~

By (4.2.19),
2C kN < Cyr*t e (2C K~ )i(ﬁg +CyrN
2(p+m)

= Cy(2C,) rim2 g2 N + Cor™N

This implies that
2(p+tm)

< (2C,) prmz K2,

which is impossible if x was chosen to be 3 L(2C,)” iz, Therefore, the claim (4.2.20) holds.
By (4.2.19), we also have

(p+2)(t=s) - 2(p+m)
sup // e ul T RV, |22 (2 — xg) da ds < Cp(2C,)rrmz k2N 4 Cor N

roERN

The results yield that for any p > m, u(t,-) is locally uniformly finite in LP**(RY) space
for each t € [0,7], and et (u+ )" Vu is locally uniformly bounded in L2(;).
Furthermore, after picking p = max{m, N}, we obtain locally uniform boundedness of u(t, -)
n LNTYRY). By Proposition 2.5.1, Vo is uniformly finite in L>(Q;). Moreover, the
bounds of u(t,-) € Lff:gl([RN) and v € L (Qp) N W1 (Q,) are independent of T. This

proves Theorem 4.1.1(1) for the case when m > 2 and N > 3.
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Case 2. N =1,2. Forany t >0 and z € RV, let 7 = (z,2n 1, Tn12) € RV and
u(t,z) =u(t,x), 0(t,T)=v(t, x).

Then (u(t,2),v(t,Z)) is a solution of (4.0.2) with N being replaced by N + 2 with extended
initial data (@, ?,). The conclusion for the case N = 1,2 thus follows from the case N >
3. O

Remark 4.2.1. Suppose that Vv is a given L wvector field, and u solves
u, =mV - ((8 + u)m*1Vu) —xV - (uVv) + u(a — bu) in [0,T] x RV,

with bounded initial data. Then for any p > m, w s locally uniformly finite in LP with a
ptm

bound independent of € and T, and e et (e + U)TﬂVU is locally uniformly bounded in

L?(Qr). Moreover, the bounds depend only on m,|x|,a,b,N,p, |uole, V| and the
diameter of the local spatial domain.

The proof is almost identical to the one of Theorem 4.1.1(1) and it is actually simpler.
The only difference is that, in this case, we can replace (2.5.9) by

ﬂ |VU|2T¢2 < Cr kN
Q2

with C,. depending on r and |V| .

4.3 L*> a Priori Estimate for the Perturbed Problem
and Proof of Theorem 4.1.1(2)

In this section, we provide L™ a priori estimates (independent of ¢ € (0,1) and T') for
solutions (u,v) of (4.0.2) and prove Theorem 4.1.1(2). It follows from the last part of the
proof of Theorem 4.1.1(1) that it suffices to consider the case N > 3. By Theorem 4.1.1(1),
u(t, ) is locally uniformly bounded in LP for all ¢, although the bound depends on p. Unlike
in Section 3.2 of Chapter 3, there is no integral representation for u as in (3.2.28), and
semigroup estimates are therefore not helpful. Here, we apply Moser’s iteration method to
upgrade this estimate to an L°°-bound valid for all times.

In the following, we assume N > 3, and fix T > 0 and

po = max{N +1,m+ 1}.
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By Theorem 4.1.1(1), there exists K|, depending on p, (independent of T" and ¢) such that

Sup lu(t, ) LroB, (z)) < Ko- (4.3.1)
te[0,T],zo€RN
Since py > N, by Proposition 2.5.1, there exists K, depending only on py, N, |v |1 and
K, such that

Let ¢ be from Lemma 2.4.1 with a fixed parameter x € (0,1). Multiplying the first
equation in (4.0.2) by uP4? and integrating it over RY with p > m, we get

1 d 1
- upPtl 2dx+—/ uPt? dx
p+1dt RN v p+1gn v

1
— / uPY?V - [m(u + &)™ ' Vu — xuVv| d + / (a + )up+1¢2 dr — b/ uPT2p? da
RN RN p +1 RN

= —mp/ uP~1p? (u+ )™ Vul? dz + (—m/
RN R

N

uP(u+e)m1Vu - Vip? dx)

J1

+ (Xp/ Upl/JQVU'Vudx)—f—(X/ up+1vv.v¢2dx+/ <a+ !
RN RN RN p+1

Js J3

)up+1w2 dx — b/ uP+24)2 d;
|RN

(4.3.2)

Unlike in the previous Section 4.2, throughout this section, the general constants ¢, C,C" > 1
only depend on m,x,a,b, 7, N, Ky, K, ||vg|w1..c and |ug| -, and they are likely to be
different from one line to another. Let us emphasize that these general constants can depend
on pg in this section, but they are absolutely independent of €, x, T', and p.

We start by providing fine estimates for J;, J, and Jy. First, using that |Vi| < ko,

direct computation yields

4 2
Jy < @/ w2 (u 4 €)™ Vuf? dy + — m/ WP (u 4 €)1y da
4 RN D RN
C 2
< mp / uP~ Y2 (u + )™ Vul? dz + i (uPt™ + 1)2)? du,
4 RN b RN

where in the second inequality we used that

up+1 (U + g)m—l < 2m—1up+m + 2m—1up+l < zmup+m + 2m—1,
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and C is independent of ¢, x and p. Then using (2.4.2) and (2.4.4) from Lemma 2.4.1 yields

C 2 C 2—N
J, < @/ WP 12 (u + €)™ |V dac-i——H/ wPtmap? dz + K
4 RN P Jgn
C 2 C 2—N
<P / uP T2V u|2? do + = uP T2 d + i (4.3.3)
4 Jen P Jyn
For J,, since |Vv| < C and p > m — 2, we have
J, < 2P / w2V 22 da + Cp / U2 dy
4 g RN
< mp / uP T2 | V2% do + C’p/ uPtmp? do + Cpr~V, (4.3.4)
4 Jgw RN
where we used (2.4.2) and (2.4.4) again. Since |Vo| < C,m >1and k < 1,
Js < C/ uPtp? do — b/ uPt2? dr < C/ uPtmyp? doe + Cr—N. (4.3.5)
RN RN RN

Let us comment that here we did not use the assumption that b > 0. By (4.3.3)—(4.3.5), we

have

Ty Jy+ Jy < %/ uPtm=2 |V 292 da + Clp/ wPtmap? do + CprN,  (4.3.6)
RN R

N

where € and C' are general constants independent of p and k.

Next, we provide fine estimates for fn% L uPtmyY? Let

N(p+m—2) p+m+2
0 := and qi=—".
2(p+m+2) p+m
ptm

It follows from Lemma 4.2.1 with r = that there is a dimensional constant C' > 0 such

that

2

2/
/ wmg? < S|V )] + 050 l / uEEE g dm] N
RN RN

Using the properties of ¢, direct computation yields

HV(umew)”z < C’pz/ uP T2 |V |2y? do + CFLQ/ uPtma)? da.
|RN

[RN
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We pick § := ¢/p? and k := ¢ with ¢ sufficiently small depending on C; from (4.3.6) to get

2/q
RN 4 RN R

N

p+m+2

Then, let us bound f[RN u— 2z ?dz. Using Lemma 2.4.1 and that ¢ € (1,2), there is a
dimensional constant C' > 0 such that for any ¢ € [0, 7] and z, € RY,

[ e de < [ 0 i) do
[RN

[RN

<C Z / umTw(t,x)@D(x—xO)dx

kz€ZN VB y/,.(2)

<C Z P(z — ) / w5 (t,2)%(x — 2) dx
rkzeZN By (2)
< CYpemea (1) Y (2 = 70) € CVpemaa (8),
rz€ZN

where we used the notation (4.2.12). This implies that
C’lp/ uP ™ (t, )% () do < %/ uPtm2|Vu|2y? do + Cp1+29Yp+'n21+2 (t)2/9.  (4.3.7)
RN RN
It follows from (4.3.6) and (4.3.7) that
3mp +m—2 2,12 1+20 2/ N
RN ’
Now we would use this estimate in the next subsection in order to proof Theorem 4.1.1(2).

4.3.1 Proof of Theorem 4.1.1(2)

The proof of Theorem 4.1.1(2) follows from the following proposition.
Proposition 4.3.1. Suppose that Vv is a given L vector field, and u solves
u, =mV - ((8 + u)m_1Vu) —xV - (uVv) + u(a — bu) in [0,T] x RV,

with bounded initial data, and u satisfies (4.3.1). Then u is uniformly bounded in [0, T] x RN
with the bound depending on general constants, but independent of € and T. Moreover, for
any M > |lug| o, there exists T > 0 such that |ul, < M in [0,T] x RY.

135



Proof of Proposition 4.3.1. First of all, by (4.3.2) and (4.3.8), there holds

1 d 1
—— [ urt! 2dm+—/ uPtrp? do < Op 20V pimes (1)%/9 + Opr™,
p+1dt foy v p+1 Ly Y de < Op o (1) b
where
N —2 2
0= (p+m )E(CN,N) for some ¢ € (0,1) and q:]ﬂ.
2(p+m+2) p+m

Multiplying the above inequality on both sides by e!, and integrating in time give
/ uPT(t, x)? (x) do
RN
t
<ot [ w00 det [ e (O Y (0204 Cin) ds
RN 0

< / WP(0, )02 () da + Cp*20Y s (0211 + CpPi Y,
|RN

where we used that Y;)() is non-decreasing in time by its definition. This implies that for
te[0,T1],

/ uPTL(t, 2)Y? (x) dox < / uP (0, )2 (z) dz + C’pQHQYM(t)Q/q + Cp?s~N.
RN 2

[RN

Since (0, -) is uniformly bounded, by shifting the space variable, we get for any x, € RY,
/ uPT(t, 2)Y? (x — 1) do < max {Cp2+29Yp+7§+2 (t)?/4, (C’,i)p} :
|RN

where C,, depends on general constants and . After taking supremum over x, and ¢, we
get for t € [0, T,

2(p+m)
Y, 1(t) < max {C’p2+29 I:Yp+'r;+2 (t)} prmaz (Cﬁ)p} ) (4.3.9)

Since # < N, if denoting

W,.(t) = max {Y,(t)7, C,;}
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for some C, depending only on general constants and x, we get

p K

2 s s
Wy (8) < max { CFTp ot [Vimea (t)] , (C,)7
p+tm

< Cwipi [Waeman ()] 7. (4.3.10)

Now, define 7, := p, and, iteratively,

r, = 2r —m—1 forn>1.

n n—1

It is easy to get

Then (4.3.10) becomes

and then by iteration,

m—1 242N m—1

W (t) S O%—’_ﬁ(l-ﬁ- Tn )(Tn> Tn (rn_l)%(1+ﬁ) |:W7~n72 (t)] 7%7,1 Tn

’ <..< exp(i %) [

=1 J J

(rjf??Nﬁjﬂ] W, )] (4.3.11)
=1

where 3, ; =1, and for j =1,...,n,

m—1 m—1
). (T+ .

n J

B, :=(1+

r )
Since py, > m + 1, C7127 <, < C2" for some C' > 1. Consequently, B; € [1,C] for

some general constant C' > 1 independent of 7 and n, and so

Z Ll S C,
="

[ "5 = 3 By < 03 2 < o
=1 Jj=1 J J=1

262N 3
Hence H;: (1) 7 i1 < O for some C' > 0 uniformly for all n. Finally, since W, () =
W, (t) < C, by (4.3.1), we obtain from (4.3.11) that there exists C,; depending only on C
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and & such that

W, (t) < C, andthen sup {/ un (t, x) dx] <C
B

T, ke
mOE[RN N/K(IO)

After passing n — oo, this implies that there is C' independent of € such that

(- ) oo o, m)xrmy < C-

Finally, the last claim is clear from the proof. This is because when T' < 1, the constants
C and (C,,)P in (4.3.9) can be replaced by, respectively, C'T and C/(p*T + |uy|?,) for some
C’,C’. independent of T' € (0, 1]. O

In the next subsection, we give the proof of Theorem 4.1.1(3).

4.3.2 Proof of Theorem 4.1.1(3)

In this subsection, we proof uniform Hoélder continuity of the perturbed problem.

Proof of Theorem 4.1.1(3). We denote z(t, z) := (u_(t, x)+e)™ and Vit ,z) = Vo(t,x).

Then z > €™ satisfies the equation
(zm), = Az —xV - ((zim —)V) +a(zt/™ —e) —b(zY/™ — )2, zeRN, t>0. (4.3.12)
Note that by Theorem 4.1.1(2), there exists C' > 0, independent of &, such that
l2loes [Vl < C.

Hence, it follows from the proof of [5, Theorem 1.3 and Theorem 1.9] that there exist
a=a(m,C) € (0,1), and C” > 0 depending only on m, N, a,b,|x|,7 and C such that for
any r, € RN and t, > 0,

||Z”Ca ((to+7",tg+27")x By (zg)) <.

If, in addition, z(ty,-) is Holder continuous in By(z), then z(-,-) is Holder continuous in
(tg,to+1) x By (x,) with a bound depending only on m, N, a,b, |x|, N and the Holder norm
of z(ty, ).

We note that although the framework in [5] does not exactly cover equation (4.3.12) with
e > 0, since it considers the drift term V - (22/™V) rather than V - ((z2/™ —&)V) (and thus
covers the case ¢ = 0), the conclusions of their theorems remain valid. Indeed, the same

proofs apply without modification.

138



Finally, it is clear that the Holder continuity property of z yields the Holder continuity
property of u,, and the norms are independent of ¢.
O]

4.4 Global Existence of Weak Solution and Proof of
Theorem 4.1.2

In this section, we first study the global well-posedness of weak /classical solutions of (4.0.2)
with € > 0 and prove Proposition 4.1.1 in Subsection 4.4.1. Then we pass € — 0 and prove
Theorem 4.1.2 in Subsection 4.4.2.

4.4.1 Proof of Proposition 4.1.1

In this subsection, we prove Proposition 4.1.1. We do so by means of the following strategy.
First, we establish the existence of a unique weak solution on an initial interval [0, T'] via the
Banach fixed-point theorem. Next, we extend this solution to a maximal interval [0, T, .. )-
Then we show that the solution is a classical solution. Finally, applying the previously
derived a priori estimates, we demonstrate that 7, .. = oo.

Recall that, in the case that m = 1 (Chapter 3, Section 3.2), the local existence of
a unique classical solution was achieved via semigroup approach. Indeed, we showed, via

Banach fixed point theorem, the existence of a unique mild solution satisfying

u(t,-) = e Dtyy —x E e A=DU=8) . (V) ds + j(;t el A=DE=s)y (s, ) (a + 1 —bu(s, )) ds,
U(t, ) €<A7[)£UO + % j(;t e(Ail)(t;S)vQS? ) (1 - U(S, >> ds,

on some small interval [0,7]. However, when m > 1, a semigroup representation is not
available. In the literature on chemotaxis models with nonlinear diffusion, the local well-
posedness of solutions to the perturbed problem is typically established using the theory
of quasilinear parabolic equations (see, e.g., [1, 41]). However, these arguments are often
presented without full details. For completeness, we provide a detailed proof of the local
well-posedness of solutions to (4.0.2).
First of all, for given T'> 0 and p > m + 1, let
XP(T) = {u € C([0,T], L}, .(RV))},

loc
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equipped with the norm

W yp oy 1= —— sup u(t, )| p» )
e X B SO LS Pr

Then XP(T') with the norm is a Banach space. Moreover, if u € L, then [u],, > [luf x»(7)-
For any M > |ugl|, let

29(T, M) = {u € 27(T) |u(0,) = ug, u > 0, Jul o) < M}.

It is clear that ZP(T', M) is a closed subset of XP(T).

The next lemma will be used to define the contraction mapping.

Lemma 4.4.1. Assume that ug is uniformly C1™*, and v is uniformly C***, M > |ug|
T>1, and p > max{N,m+ 1}. Fori=1,2 and any given u; € ZP(T, M) such that U, is

uniformly Hélder continuous in space and time, let v; be the classical solution to

T(Ui)t = Avi - ai(twr)l]i’ (tVT) € QT?
v;(0, z) = vy(z), z e RY,

and let u; be a classical solution to

{(uz)t =mV - ((5 + Ui)m_lvuz> —xV - (4;Vv;) +u,(a — buy), (t,x) € Qp,

u; (0, 2) = uy(x), r € RN,

Then there ezists Ty € (0, 1] depending only on e, M,C, ||ug|cria and |vyllczia such that
L. .
luy — s w(r,) < 5”“1 — ta |l aen ()

Proof of Lemma 4.4.1. Since u,; is C%, by [41, Theorem 8.1, Chapter V], v,(-,) is uni-
formly C1*2:2*% in Q, with norm depending on the Holder norm of %, and |vy| 2., and

(e

then w, is locally uniformly C'*%-2%< in the interior of Q. By Proposition 2.5.1, since

~

u;, € ZP(T,M) with p > N is uniformly bounded, there exists K; depending only on
[vollyyr1.00 and M such that

By Proposition 4.3.1, there is K depending only on general constants and K such that

(- Yoo < K i O (1.4.2)
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Let v be from Lemma 2.4.1 with parameter x = 1. It suffices to bound
[l ~ el da
RN
Let z = u; — usy, then it satisfies

2, =V- [m(ul +e)" IV + mVu2<(u1 +e)mt — (uy + s)m*1>} —xV - (V)
+xV - (uyV(vy —vq)) + az — bz(uy + uy) (4.4.3)

in the classical sense. For some p > m+ 1 an even integer, multiplying (4.4.3) by 2?14 and

integrating it over RY yields

1d
pdt Jon

Y =—m(p—1) /

|RN

—m(p—1) / zp_2((u1 + &)™t — (uy + 6)m_1)(Vz - Vg )t

PV g+ o= m [ 27y 4 (Vz )
RN

[RN
—m / 1 ((uy + )™ — (uy + &)™) (Vg - V)
[RN
Fxlp=1) [ Ve Tugpx [ (VoY)
RN RN

—x(p— 1)/ uzzp*Q(Vz - V(vg — )Y — X/ U22p71<V('U2 —vy) - V)
RN

[RN

" / (s = by + )

It follows from (2.5.13) in Lemma 2.5.1 that D?v, is bounded in L?

7 loc

for each p > 1
(uniformly in space by shifting and locally uniformly in time). Also, recall (4.4.1), (4.4.2),
and that u,(0,-) = uy(+) is uniformly C1*® and v, is uniformly bounded in W>°. By the
second part of [41, Theorem 3.1, Chapter V], we get |Vu,| < K, for all ¢ € [0, 1] for some
K, > 0 depending only on the general constants, €, M, ||ug|c1ia and |vg] c2:a. Hence, using
these bounds and |V#| <1 and 0 < u; < M, we obtain for some C' > 0 depending only on
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the general constants, e, M, p, |ug|c1+e and |vg|cere such that for t € [0,1],

1 —1
td 2Ph < _mip=1) / 2P2|\Vz? (uy + )™ T + C’/ 2P
pdt RN 2 RN RN
4 C’/ P2 [(ug + &)™ — (uy + 5>m71‘2w
RN (ug +e)mt

+C [ Ny + ™ (w4
RN

e / 2|V 2|V vy — v+ C / 1271 (0 — vy) )
RN RN

+ C/ PV zh + / (azP — b2P(uy + uy))h, (4.4.4)
RN RN

where we also applied Young’s inequality. Direct computation yields that there is C, de-

pending on €, m, M such that
[(uy + &)™ = (uy + &)™ < OLluy —uy| = C.l2].

Since p is even, zP and zP~2 are non-negative. By Young’s inequality again, we have for any
0 >0,

P3| V2||V(vg — vy)]| < 02P2 V2 Pe™ ! + C5 [V(vg —vp) 2272
< 62P 2|V (uy +e)™t + Cs |V (vg —vy)|P + Cs 2P,

and, similarly,
|2[P7HV (v —vy)| + |2[P7Y V2| < 62P72| V22 (uy + )™ L + Cs 2P + C|V(vy — )P

Fixing § > 0 to be sufficiently small and plugging these into (4.4.4) yield

1d
Ld [ y<c, / P+ C. / V(05 — 0|7,
pdt RN RN RN

This implies that for all ¢ € [0, 1],

[(z00)(8 ), < Cet sup [(V(vy —vi)eby)(s,0)lI7, (4.4.5)

O0<s<t

where 1), := /P and the constant C_ only depends on C, e, M, p, |[upllcire and [vg)gzsa.
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Now, note that v;1; solves the equation

T(v;01); = A(vhy) — [G00, + 2V, - Vb, 4+ v;A¢].

Then, denoting w := (v — v;)9; and recalling T, from Section 2.2, we get

T

wlt,) = T, (2w + /Ot 7, (“0) [0 (@ — oty — g
—2V(vy —vy) - Vi — (v, — Ul)A%} ds.

Since |V| < 9, we have |Vi;| < ;. In view of (2.2.2) and by Gronwall’s inequality, we
get for some C and for all ¢ € [0, 1],

t t t
ot Mo < € [ 1 =85, 0l ds 4 € [ s, gnds +€ [ VG0, = 00)(6 010 ds
0 0 0

< Ot sup [I(iy =)o W lao -+ [l lin + 1905 = 01) (oW s
s€|0,

(4.4.6)

where we also used that |vy| < |Jvg|s and |t < M. Similarly, by (2.2.3), for t € [0, 1] we

have

t—s)

t
IVw(t, ) < C / (t— s)de 25"
0

(Gy —Tg) (8, )1 e ds

t
_1 _plt=s)
€ [ =93 [luls, s + 19, = 01)(s: a0 ds
0

<Cth sup |1 =)o W lao + [l e + 190 = 01)(5: Vo
s€|0,

(4.4.7)

Then (4.4.6) and (4.4.7) yield that for all ¢ € (0, 1] sufficiently small,

IV (03 = 00)(t, Wrllze < Cllwt, Mo + IVw(t, ) e) < Ct2 sup |[(Gy — @p)(s, )i o

O<s<t

By (4.4.5), we have
l2(t, Y 70 < CEE sup (@ (s) — iy ()9 [0

O<s<t

Thus, if T} < 1 is sufficiently small, depending on the general constants, e, M, p, |ug|cisa,
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and |vg| c2+a, then for all ¢ € [0,7T}] we conclude that

1 - ~
sup |[(uy —ua) () o8, (2g)) < 5 Sup Gy — o) (85 M e (B, (2y))-
zoERN mo[gﬂ;v]
se|l, 1

]

It follows from Lemma 4.4.1 that, given @ € ZP (T, M) with @ Holder continuous, we can
uniquely determine a function v € ZP(T}, M). In the next lemma, we remove the Holder

continuity assumption and conclude that the mapping is a contraction on ZP (1}, M).

Lemma 4.4.2. For any M > |ugy| . and p > N, there exists T}, =T, (M) € (0, T such that
for any u € ZP(T, M), there exist w € ZP(Ty, M) and a bounded function v such that they

are weak solutions to
u, =mV - ((e +u)™Vu) — xV - (uVv) + u(a —bu), u(z,0) = ug (4.4.8)

and
v, = Av —av, v(x,0) = v, (4.4.9)

respectively, on [0,T}]. Moreover, there exists a mapping £ : ZP(Ty, M) — ZP(Ty, M) such
that £() = u, where u is a weak solution of (4.4.8) on [0,T}], and it is a contraction on

ZP(Ty, M). Lastly, if u is uniformly Hélder continuous, then u and v are classical solutions
to (4.4.8) and (4.4.9), respectively.

Proof of Lemma 4.4.2. First of all, we prove that for any u € ZP(T, M), there exist
u € ZP(Ty, M) and a bounded function v such that they are weak solutions to (4.4.8) and
(4.4.9) on [0,7;]. To this end, we take uy; € ZP(T, M) such that @y is uniformly Hélder
continuous in space and time, and ||t5 — @l x»() — 0 as § — 0. Then take vs and u; as v,
and u, from Lemma 4.4.1, respectively, with %z in place of @,. It follows from (4.4.1) that

for some K depending only on [vg|c1, [|%s] e (1) and M such that
Vs (-, )| < Ky in Q.

Since M > |lug| o, by Remark 4.2.1 and Proposition 4.3.1, there exists T} depending on M
but independent of 4 and ¢ such that

lusl L=,y < M, (4.4.10)
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and, for some C independent of §,¢ € (0, 1),

sup // (e + ug)?>™ 2| Vug|* de dt < C.
[0,T1]x By (zq)

xRN

Next, passing § — 0 along a subsequence, we can find v € L>(0,T;; W5 (RY)) and
w € L®(Qr, ) N L2((0,Ty); Wi, 2(RY)) such that

loc

vs = v, Vvg—=Vou, u;—u in L (Qr) forall p>1;

o R - o (4.4.11)
(e +ug)™ "Vus — (e+u)" " Vu in L (Qp ).

It is clear that v is a weak solution of (4.4.9) on [0,7;]. We claim that v € ZP(T}, M) and
u is a weak solution of (4.4.8). In fact, by (4.4.10)

||U||Loo(QT1) <M,
and there exists a uniformly bounded vector field g in €, such that

usgVus — g in LY

loc

(Qp, ) for allp > 1. (4.4.12)

We have from equation (4.4.1) that Vwvs is uniformly finite independent of § (and also
g), Theorem 4.1.1(3) yields that wug is uniformly Holder continuous in [t;,t,] x RY with
0 <ty <ty < Ty, and the Holder norm is independent of §,& € (0,1). Therefore, after
passing 6 — 0 along a subsequence, we actually obtain that ug; — wu pointwise locally

uniformly in (0,7}] x RY. This and the weak convergence of Vvs; — Vv yield that
g =uVo. (4.4.13)

By the ug-equation (also see the computations of (4.3.2)), us(t,+) is continuous in ¢ in the
space of Lﬁ)c([RN ). Furthermore, by the pointwise convergence of us — u, the boundedness of
ugs (see (4.4.10)), and the dominated convergence theorem, we have that for each ¢ € [0,T}],
ug(t,-) — u(t,-) in L¥ (RY). These together imply

loc

u e XP(Ty). (4.4.14)

By (4.4.11)-(4.4.14), u € 2P(T}, M) and u is a weak solution of (4.4.8) on [0,7}]. With-
out loss of generality, we may assume that 7; satisfies the conclusion in Lemma 4.4.1. In
the following, we show that there exists a mapping £ : ZP(Ty, M) — ZP(Ty, M) such
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that £(1) = u, where u is a weak solution of (4.4.8) on [0,7}], and it is a contraction
on ZP(T},M). Suppose that along another sequence of 6 — 0 (or we have different ap-
proximations of @y — 1), for some v’ € ZP(T}, M) we have uy — v’ in Ly, (Qp ) and

loc

ug (t,-) = u'(t,+) in LY (RYN) for each t € [0,T}]. It follows from Lemma 4.4.1 that

1, . -
lus: — uglae(r,) < 5”“5/ — | w7

Passing ¢ and 0" to 0 yields that u = u’. Hence the weak solution u to (4.4.8) on [0,T}]
obtained via the above approximation process is unique. This allows us to define the mapping
L ZP(Ty, M) — ZP(Ty, M), where £(u) = u and u is the weak solution of (4.4.8) from
the above approximation process. Moreover, Lemma 4.4.1 shows that this mapping £ is a
contraction on ZP (T4, M). Finally, if % is uniformly Holder continuous, we can take oy = .
Hence, it follows from the previous proof that v = wvs is uniformly C'+%:2*® in Q. The
classical parabolic regularity results then yield that u = ug is locally uniformly C**%-2*< in

the interior of 2. So, they are classical solutions. ]

Remark 4.4.1. In the proof of (4.4.13), we invoke Theorem 4.1.1(3) to show that ug — u
as 0 — 0 along a subsequence almost everywhere (in fact, pointwise) in (0,T;] x RN, There
is an alternative argument of proving this fact without using Theorem 4.1.1(3). We refer
readers to 31, 61, 68] for more details. Indeed, by multiplying the ugz-equation by uy*¢ with
(€ C°(B,), we get

1

—/ (ug™)Cdo = —/ V(ug'¢) - [m(us + )™ Vus — xusVo] + u*C(aus — bug).
m+1 RN RN

By Young’s inequality and Theorem 4.1.1, we obtain

/B (W),

1

<C

1+ /B (g + €)™ 2 (Vs )2 da + g2 + gzt | IChae s,
< C”C”W(}@C(Bl)-

This implies that 0,(uy*™) restricted to (0,Ty) x By is bounded under the norm of

LN((0,Ty); (W ™ (By))*) == LM((0, T3 ); Xy).

Since (& +ug)™ *Vug is locally uniformly bounded in L*(Qy) and ug is uniformly bounded,
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ul"™ restricted to (0,Ty) x By is in the space

LQ(((), T)); W1’2(Bl)) = LQ((Ov T)); Xo)-

Let g € (1, 2%) and X = L9(B,). Then

Xo=W'2(By) C X C (L®(By))" € (Wy™™(By))" = X,

and the embedding of X C X, is continuous. By Rellich—-Kondrachov embedding theorem,
X, is compactly embedded in X. By Aubin-Lions compactness lemma, we have that, along
a subsequence of 6 — 0, u?“ converges in the space L*((0,Ty); LY(By)). This yields that
us — u as § — 0 along a subsequence a.e. in [0,T)] x By, which, after shifting, proves the

claim.
We now prove Proposition 4.1.1.

Proof of Proposition 4.1.1. First, fix ¢ > 0 and any M > |uy| . Consider the mapping

from Lemma 4.4.2:
ueZP(Ty, M) L(u) =u(-) € ZP(Ty,M).

By Lemmas 4.4.1 and 4.4.2, if T} <1 is picked to be sufficiently small, then the mapping is
a contraction. By Banach fixed point theorem, there is a unique u € ZP(T, M) such that

L(u) = u.

v.) to (4.0.2) in the time

By Lemmas 4.4.1 and 4.4.2 again, we obtain a weak solution (u., v,

interval [0, T ].
Next, we claim that (u_,v,) is a classical solution of (4.0.2) on (0,7]. In fact, recall that

ug is uniformly Holder continuous, and v, is uniformly C?**. Let v° be uniformly smooth

(depending on §), and for some p > N,
Vol = Vo, asd—0in L} (Qp).

Then let ul solve (4.4.8) with v in place of v, in the classical sense. Since e > 0, the
classical parabolic theory yields that u% converges to u_ as § — 0 in Lﬁ)c(QTI). Since Vv, is
uniformly bounded, Vv can be chosen to be uniformly bounded independently of & and 4.
Hence, Theorem 4.1.1(3) implies that v is uniformly Hélder continuous in Qp, with a bound

independent of € and 9, which in turn implies that w,_ is also uniformly Holder continuous
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independently of €. Thus, in view of Definition 4.1.2, the claim follows from the second part
of Lemma 4.4.2.

Now, we show that (4.0.2) has a unique classical solution on (0,77;]. To this end, suppose
that (u., v.) is another pair of classical solutions of (4.0.2) with initial condition u, vy. Since

u, and u. are uniformly Hélder continuous in [0,7}], by the second part of Lemma 4.4.2,

L(u,) =wu, and L(ul)=u.

g e*

Therefore, by Lemma 4.4.1, for any M > |ug.,, there exists 0 < T; < T} such that
u vl € 2P(Ty, M) and

lue — Ué"xp(fl)-

N | —

lue — Ué”xzw(ﬁ) <

This implies that u, = u in [0, Tl] x RN, Since both u_ and . are uniformly bounded, by
iteration, we actually get that u. = . in [0,7}] x RY, which proves the uniqueness.
Finally, by standard extension arguments, we can extend the solution (u_,v.) of (4.0.2)

on [0,7}] to a maximal interval (0,7, ). Moreover, if T, .. < oo, then

limsup |u.(¢,)||crra =00 or limsup |v.(t,-)|c2ia = 0. (4.4.15)
t—T, t—=T ax—

max max

However, Theorem 4.1.1 implies

sup  flu(t,)|pe <00, and  sup [Vo.(t, )L < oo
te[O’Trﬂax) tE[OVTmax)

By Theorem 4.1.1(3) again, wu,_ is uniformly Hoélder continuous on [0,7},.). In view of

Lemma 4.4.2, we have

m uc (8, ) orva + [0 (8, )| g2ea | < 00,
t—=T ax—

which implies that (4.4.15) cannot occur. Consequently, 7,

max = 00, and this completes the

proof of Proposition 4.1.1. O

Now we proof Theorem 4.1.2 in the next section.

4.4.2 Proof of Theorem 4.1.2

In this subsection, we prove the existence of a globally bounded weak solution to (4.0.1) by

means of approximation through solutions of the perturbed system (4.0.2), together with
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the a priori estimates in Theorem 4.1.1.

Proof of Theorem 4.1.2. First, let n € C°(RY) be non-negative with unit total mass.
For any € € (0,1), define n_(x) = e Vn(e 1), and let

U’O,s = Uqg * 7). and UO,E = Vg * 7],
Consequently, for any p > 1, we have
lvo.e —volzr , [Vvoe — Vuglor , luge —ugler, =0 ase—0.

Moreover, u, . € L®(RY), vy . € WH™, and

[10,cloe < ltglocs  [v0,clwrroe < Jlvgllwrs.cc-

Let (u.,v.) be from Proposition 4.1.1 with u, and v, being replaced by u, . and v .,
respectively. For any T' > 0, by Theorem 4.1.1 and Proposition 4.1.1, there exists C' inde-
pendent of € and T" > 0 such that

Hus”LOO(QT) < 07 |vvg('7 >| < C in QT' (4416)

and a C” independent of € such that

sup // V(e +u)™(t,x)|>dodt < C,
[0,T)x By (o)

zo€RN

Also, we know that v, are uniformly bounded. Therefore, after passing ¢ — 0 along a
subsequence, we can find v € L>(0,T; W1 (RY)) and u € L>°(£24) such that

v, v, Vu,—=Vv, u —u in L (Qp) for all p > 1,

€

(e +u )™ 1Vu, = u™ Vu in L2 (Qp).

loc

(4.4.17)

Moreover, similarly as before, there is a uniformly bounded vector field g in €2, such that
u. Vo, —¢g in LY (Qp) forall p > 1.

Now, we show that ¢ = uVv. As Vv, is uniformly finite independent of ¢, Theo-
rem 4.1.1(3) yields that u_ is uniformly Hélder continuous in [7*, 00) x RY with fixed 7* > 0,
and the Holder norm is independent of e € (0,1). This shows that u. — u pointwise locally

uniformly in (0,00) x RY, and it follows that g = uVv. We comment that this fact can
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also be obtained by the argument in Remark 4.4.1 without invoking Theorem 4.1.1(3). Fi-
nally, due to (4.4.16) and (4.4.17), (u,v) is a global weak solution, and they stay uniformly
bounded for all time.

The convergence of (u.,v.) to (u,v) in (4.4.17), together with Theorem 4.1.1, implies
that the regularity properties stated in the theorem hold equally for (u,v). Moreover, if
ug is uniformly Holder continuous, then v . are uniformly Holder continuous with bounds

independent of €. In this case, Theorem 4.1.1(3) implies that u_, and so u, are uniformly

Io3)
Holder continuous on [0,00) x RY, with constants independent of . Next, assume further
that v, € C%%(RY), so that Vg, are uniformly bounded in C*. Since u, is uniformly Hélder
continuous, classical parabolic regularity theory implies that v_, and hence v, are uniformly

bounded in C1+®/2:2+« op the whole domain, with constants independent of € > 0. [

4.5 Uniqueness of Weak Solutions and Proof of Theo-
rem 4.1.3

In this section, we give the prove of Theorem 4.1.3. In doing so, we apply a duality method
similar to that used in [36, Theorem 3.4] and [70, Theorem 6.5]. It should be pointed out
that, in those works, the method is applied to a single PDE, whereas our problem (4.0.1) is
a coupled system, and so we need to carefully handle the interaction between v and v when
applying the duality argument. Moreover, the weak solutions of (4.0.1) considered in this
paper may not be integrable on R"Y. We need to handle the non-integrability issue.

In the following, we outline our strategy to prove Theorem 4.1.3 in Subsection 4.5.1,

present an estimates for the adjoint equation in Subsection 4.5.2, and prove Theorem 4.1.3.

4.5.1 Outline of the proof of Theorem 4.1.3

Let (u;,v;),i = 1,2 be two bounded weak solutions of (4.0.1) with initials u, € C*(RY) and
vy € C%(RY) such that for any T > 0, u; € C*([0,T] x RY), and v; € C*e/22+a([0, T] x
RM).

We define

U= Uy — Uy, V:=70y—vy, and U:=uy+u,. (4.5.1)

The goal is to show u = 0 and v = 0 via a duality method. The key point is to establish

the following two inequalities: for a fixed small 7" > 0 and any smooth nonnegative function
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&(t, ) compactly supported in [0, 7] x RY, we have

/OT/RNaéwS (/OT/RNW%Q)% (/OT/RN(I§|2+|V§|2)> : (4.5.2)

4N172(t)w2+[4]v|va|2¢25[/RN@QW, VO<i<T. 453)

where 1 is as in Lemma 2.4.1. Then applying Gronwall’s inequality to (4.5.3) implies that
o(t,x) = 0 for all t € [0,7] and & € RY, which together with (4.5.2) implies @(t,z) = 0.
In the following, let us roughly describe the duality method. First, set

N[

and

Uit = ata) b)) = (L2 () (45.4)
Ug — Uy
Using the equation for u, we obtain
U, =A(a*U)—2V - (a*U E) +a'U X4
(8 (G
—xV - (UVvy) + xU Vo, - %QP +aU —buU — xy 'V - (u; Vo). (4.5.5)

Next, let ¢’ > 0, for some T" > 0 and &(t,x) > 0 as above, consider the following
adjoint-type equation associated with (4.5.5):

+a Ap+ g7 Vo+ fFo+E=0,
b+ Ap+ g7 Vo + f7o+¢ w56)
¢(T7x>:07
where
’ / /7 /A
g° = 2a° %"‘vab fe :=a — b + a® %%—XVUQ-%T/). (457)

Here a¢ is a smooth approximation of a* with a¢” > max{e’,a*}; 1 is given in Lemma 2.4.1
with some k > 0 to be chosen. By the regularity of solutions and smoothness of 1, both gel
and f¢" are bounded on [0, 7] x RN, Since v and af’ are smooth, vy is C? and @ is Holder
continuous; thus, by [41, Theorem 8.1, Chapter V], (4.5.6) admits a classical solution ¢.
The main idea is to use ¢ as a test function in the weak formulation to derive (4.5.2).
A main difficulty is controlling the regularity of the auxiliary function ¢. In particular, the

argument relies on estimating the W22 norm of ¢ in terms of the W12 norm of &, which is
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crucial for the duality method. This estimate is proved in Lemma 4.5.1, which is also where
the condition m < 3 is required.

Finally, since vv5 9 can be approximated by smooth compactly supported functions on
[0, 7] x RY, we apply (4.5.2) with & = G vy 1) to obtain (4.5.3).

4.5.2 Estimates for the adjoint equation
Let £ be a smooth function that is compactly supported in [0, 7] x RY and for any ¢ > 0,
let af’ = af’ (t, ) be a smooth function satisfying that

max{e’,a*} < af < max Im(|u;le + )™} = K (4.5.8)

with a* from (4.5.4). We will select a more specific a’ later in the proof of Theorem 4.1.3.
We claim that
a*>c*a™ ! where c¢*=min {1, Qmi_l} . (4.5.9)

Indeed, the inequality holds trivially if u; = uy. Otherwise, suppose u, > u;, and note that

u
m 2
a* = / u™ 1 du.

Uy — Uy

Uy

If m > 2, since the map t - t™ ! is convex, and by the Hermite-Hadamard inequality,

—1
1 /U2 u™ L du > (M)m — 9l-mgm—1
UQ - ul Uy - 2 ’

which yields the claim. If m € (1, 2], for r := u; /u,, we have

a* - 1—r™m 1 > 1
(ug +uy)™t  1—7r (14+r)m1 =

Y

as r— %W is an increasing function of r € (0, 1]. The claim follows.
Let ¥ be as in Lemma 2.4.1 with some parameter £ > 0, and ¢£/,§ solve (4.5.6). We

prove the following estimate.

Lemma 4.5.1. Fiz any k € (0, %) Assume that m,a,b satisfy that a,b >0 and 1 < m < 3.
For any 6 € (0, %), there exists T* = T*(6) > 0 such that, for every T € (0,T*] and
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€ (0,1), if ¢ = ¢=¢ is the solution to (4.5.6) on [0,T] x RN, then the following holds:

/tT/RNaE’rAaf’fP+[T/RN|v¢€”612+/tT/RN\¢E’fP sa([T/RN \sr2+[T/RN\vs\2)

for every t € [0,T].

Proof of Lemma 4.5.1. We divide the proof into three steps. In the following, unless
otherwise specified, we denote ¢5/’5 by ¢, and ge’, fE/ by g, f, respectively.

Step 1. In this step, we prove the following estimate for f[RN P(t,r)? d:

/RN¢(t,x)2dxg5/tT/RNa6’|A¢|2+5[T/RN|§|2+||g”oo/tT/RN |v¢|2+cé/tT/RN|¢|27

(4.5.10)

where
Cs = (K+1)/0+ |9lloc +2[floe- (4.5.11)

To this end, multiplying (4.5.6) by ¢ and then integrating in space and time, we have

e d T /
2 g dwds = - “ONG+ 69 Vo + [¢? + 6€ du ds,
2[4@15 vas [fRNMHé g-Vé+ fo? + ¢Eda ds

This together with Young’s inequality implies that

[ oearim<o | ' T/ 180k + [ ) /RNT§a5’|oo¢2+g;o / [ e 1o
e2 [ [ e [ [ wersa [ e
N A R T A e
v [ f o

where Cj is given in (4.5.11). Hence (4.5.10) holds.
Step 2. In this step, we establish an estimate for ftT f[RN ac'|Ap|?n for some n = n(t). To

be more precise, denote
M := |vy| 2 and O, :=2C, M[x| + (4K +2)/0 + 4a + 8[x|M + 2|g[ . + 2,

where (] is a dimensional constant to be determined. Since u; are uniformly Hoélder contin-
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uous, v; are uniformly C? and M is well defined. Also, set n = n(t) := 1 + C,t. It is clear
that
n,=C, and 1<n<2, fort € [0,1/C,]. (4.5.12)

We establish the following estimate:

1—35// a®’ |A¢[?n
9K + 1 T 4
g(——+ClM\X\+ 5+ +2a+4\X|M>/ / VV¢\2+5/ / V¢
2 t RN t RN

K b2 3—m
+( K T ) / / 9[2, (45.13)

where ¢* = min{1, 55}

To this end, first, multiplying (4.5.6) by (A¢)n and then integrating in time and space
yields that, for any T' € (0,1/C,] and t € [0,T],

T
/ / (A, +a' |AS2 + g - VO(ASI + fo(Ad) + E(A)y =
t RN

This implies that

// EIAQS\??—/ /(W Voo /tT/Ng vo(a
//f¢A¢n+/ / (Vo - VEn (4.5.14)

Next, we estimate each term on the right-hand side of (4.5.14). For the first and last

terms, using (4.5.12), we have

[T/RN(Vqﬁ-qut)n:%/t / ndtlvcbl2
— 5 [ owstarasg [ ] v
S_%/tT/RNWW’ (4.5.15)

ZT/RN(Vfb.Vﬁ)nSé/tTéN yvgy2+%[T/RN Vo2, (4.5.16)
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To estimate the second term on the right-hand side of (4.5.14), denote g; := xVv, and

gy = 2a° VJ’ and then g = g; + g,. By direct computation,

_[T/R g1 - V¢A¢77_//Z¢ ¢n+/ /Nzgl¢xx¢n
//V¢TD91V¢77+ //Zgl ¢2
/ [, [weRiDaln+ 5 / [ 9619 -l

Dy, | = IX|[D?vy| < |x|M.

Recall that

Hence, there is C; depending only on N such that

—[T/RN g1 - Vo(Ad)n < 01M|x|[r /RN Vo[ (4.5.17)

By Young’s inequality and using Lemma 2.4.1, ]aell <K,k <1landn<2, we get

/ [ oo votaon / [, 20 voson
<5/ / €\A¢]2n+— /N V|2 (4.5.18)

Combining (4.5.17) and (4.5.18), we have

_[T/RNg.vgb(Agb)ng5[T/RNae’|A¢\2n+ (ClM\XH%) [TXRN Vo|?. (4.5.19)

Now, we estimate the third term on the right-hand side of (4.5.14). Recall that f = f<
is defined in (4.5.7). In the case when m € (1, 3], by Young’s inequality, we have

_[TéN(a—baW(Acb)n:a/T/ ‘v¢|2n+b/ / B6(Ad)n
<2a/ / Vo[? + 56

where ¢* = min{1, zr }. It follows from (4.5.9) that af’ > max{e’,a*} > ¢*™ ', Hence,

i Aol @ mep,
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also using that n < 2,

_ZT4;m—bmwA@ng2a[T4“vm2+5lT4QMWAM2+E¥%?TZT4;WI-

(4.5.20)

By Young’s inequality, Lemma 2.4.1, n < 2 and a¢’ < K, there holds

-/ ' [ Sosam<s | ' [ a0 [ ' [ s

By Lemma 2.4.1, |v,]lc2 < M and n < 2,

- / ' /R W05 L 3(Ad)

(4
SZT/RN ¢V¢-V(xv%-%)wrlxlllwzlloo [T/RN Vel
<abr [ [ 190 +1of), (4.5.22)

Combining (4.5.20), (4.5.21) and (4.5.22), we get the following estimate for the third term
n (4.5.14),

- / ' /RN Fo(Adm < 26 / : / 0 |AGJ? + (2a + 4[x|M) / ' / VP

K b2 3—-m
+<5 A |M + ‘“” )/ / 18], (4.5.23)

The inequality (4.5.13) then follows from (4.5.14), (4.5.15), (4.5.16), (4.5.19), and (4.5.23).
Step 3. In this step, we prove the inequality stated in the lemma.
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First, adding up (4.5.10) and (4.5.13), we obtain
T T T ,

[ pottopdes [ ] jops [0 wepra-a [ [ alaop
RN t  JRY t  JRY t  JRY

C 2K +1 T
< (< oM+ P 2 ol +1) [ ] 90

K b2 3—m
+(C5+ 5 HAIM + ——— ” ” )/ / |¢|2+6/ / (€% + [ve?)

2
<o [oraf LVW +19e?), (4524

where, in the last inequality, we used the definition of C, and

e

K
Cii=Cs + —
g 5t c*d

5 +4|x|M +

+ 1.

Next, fix § € (0, %), and let
T* :=min{1/C,,1/(2C5%)}.

Assume that 7' € (0,7%]. For any ¢ € [0,T1], choose t; € [t,T] such that

16(t,, 2)|2dz = max{ [ |¢(s,z)|2dz s € [t,T] .
1. (L |

It follows from (4.5.24) with ¢ = ¢, and C§T < 1 that

[ |¢<t1,x>|2da:scg[/RN|¢|2+6[1T/RN<15|2+W§\2>
<3/ |¢<t1,x>|2da:+6[/RNusPWfP)

This implies that for any ¢ € [0, T7,

[T/RNW(??,J:)IQ ST/R EXAEOIE <26T*/tT/RN<|§‘2+|Vf|2)-
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Using (4.5.24) again, this and 6 < 1/8 yield

/\¢tw\2dx+//\¢\2 //\WP 1/T/ o' |AgP?
25T*C’+5/ / (1€]2 + [VE]?) <25/ / (117 4+ IVE?).

This completes the proof of the lemma. ]

The next corollary is an immediate consequence of Lemmas 2.4.1 and 4.5.1, combined

with the following computation:

V($0)2 = |Voy + oV? < 2(|Ve|*e? + ¢*y?),
[A(g0)]? = |A ¢ + 2VVY + pAG[2 < 8(|AG[2 + [Vo[? + [¢]?)y?

Corollary 4.5.1. Under the condition of Lemma 4.5.1, for any d, there exists T* > 0 such
that for all T € [0,T*] we have

// <6/T/N(|£|2+|V£|2),
//w (60 //N(|§I2+|V€I2)-

Now we give the proof of Theorem 4.1.3.

Proof of Theorem 4.1.3. Let (u;,v;),i = 1,2 be two weak solutions to (4.0.1) with initial
data (ug, vy) such that u; are uniformly bounded and Holder continuous and v; are uniformly
C?. Then let § € (0,3) and T* = T*(6) be as in Lemma 4.5.1. It is sufficient to prove
uy = uy and vy = v, for t € [0,7%], since the general uniqueness then follows by iteration.
As mentioned earlier in Subsection 4.5.1, the key is to establish (4.5.2) and (4.5.3).

Step 1. In this step, we show that (4.5.2) holds up to time 7™ (see (4.5.28)). Let us start
with choosing a¢ carefully. For any &’ € (0,1), let a°” satisfy

T*
max{e’,a*} < a® < K and / / la* — o' |Puy? < )72, (4.5.25)
0o RV

where



and K and @ are defined in (4.5.8) and (4.5.1), respectively. To see the existence of such a®
we first extend the function a*(t,z) + & to t € [0,00) by

a6/7*(t, :L’) = a* (max{(), mln{T*, t}}, .’E) + g

T*
[ [ e = < (o -1
0 R

Then, let n € C’go([RN +1) be non-negative with compact support and unit total mass, and

Thus, it is clear that

set .
“(t,x) := NT // —(t—s) E(m—y))ae’*(s,y)dyds.
Since a* is uniformly continuous on R x RY,
lim ¢ = ¢*** uniformly on R x RY.
e—0
Hence, after taking e > 0 sufficiently small, asl(t,:v) ;= a"¢ satisfies the requirement
(4.5.25).

Next, let ¢ = ¢ € be the solution of (4.5.6) with some parameters x € (0, 3) and
€ (0,1) and T € (0,7™]. Using ¢t as the test function in the equations of u, for i = 1,2,

and taking the difference of these two equations, we obtain

_/OT/RNa¢t¢:—/OT/RNv<¢¢>-v(ugn_uan)+/OT/RquQV<¢¢>-va—xulvww)-Vv1

T
+ /auw—b( —2) 0

[ 1.
T
= [ [ [5G+ xa e, - V(6w) + xu, Vo 9(6w) + (a — by o]
0 RN
(4.5.26)

Now, multiplying equation (4.5.6) by v gives

d 0+ a (Ap)p + x(Vvy - Vo) + 205 Ve - V)
+ (a —bit)d + a (AY)d + x Vv, - (Vh)d + & = 0,

which implies that

¢+ 0¥ A(¢Y) + xVvy - V(o) + (a — bii)ype + & = 0.
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Multiplying this equation by u and integrating in space and time yield

o-//u¢t¢+// A(G) '+ X Vv, - V() + (a — i) b + aée)].
(4.5.27)

Finally, subtracting (4.5.26) from (4.5.27), we obtain

//ugw //_ )i A(w) + / [Rqulwvmb)
([ L) ([ [ eor)
+ il (/OT/RN\VWQ>2 (/T/ W)
< (&)1 (/ [ o ’Qu%)m (/T /RN%'AW”Q)
+ il (/ /RNWW) (/V%)

where we also used Holder’s inequality to get the second inequality and the fact that af >¢
in the last inequality. By Corollary 4.5.1 and (4.5.25), we have for some C' depending only

on |x| and fu, [ o,

/ / e amaEr (/ /RN(€2+V§2))1/2
e (f /RN szzf (/OT /RN (I + \V§|2))2_

1/2

=

Letting ¢ — 0 yields

/OT /RNugng Co2 (/OT /RN VU2¢2>é (/OT /RN <|§|2+ |V§|2>> . (4.5.28)

Step 2. In this step, we prove (4.5.3). First, by the equations satisfied by v,, we get

=

TV, = Av — —uvy, 0(0,2) =0.
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Multiplying the above equation by #7)? and integrating in space and time yield for any
T e10,T7],

%/RN 62(T,x)¢2(x)dx+/0T/RN Vol 2y?
g/OT/RN'DIWI IV(¢2)|—/OT/RNU1172¢2—[/RNWUWZ
g/OT/RN |V5|2|Vw|2+/OT/RNﬂ2¢2—/OT [RNMUQQ/P. (4.5.29)

Next, since vvy1) and V(vv,y1)) decay exponentially in space, there is a sequence {¢,,} of

smooth, compactly supported functions such that

T
/ / |§n + 6U21/}‘2 + |v§n + V(/EU2¢)’2 — 0 as n — o0.
0 JRN

Hence, (4.5.28) holds for £ = —vv,1), which implies that

—/OT /RN wvvy? < Co2 (/OT /RN |vv2¢2>% (/OT /RN [vvy1)|? + |V(m;2¢)2)%
<i/ ' [ woev s [ ) [, (s + 9.

Since |V1)| < k1 by Lemma 2.4.1 and v, € C?, there exists C, depending only on C and
[vs]lcr such that

T 1 T T
—/ / uvvgh? < <Z+025>/ / |Vu|2¢2+(}25/ / |o]242.
0 YRN 0o YRN 0o YRV

1

Now, by Lemma 2.4.1 again and taking 6 = oA

substituting this inequality into (4.5.29)
gives

5 [ Frawed | ' | 1w
RN o JRN
< (K24 5+ Cd) /T/ (V242 + (14 Cy) /T/ 2y?
o JRY o JRN

T T
g/ / |V6|2¢2+2/ / 032,
0 YRN 0 YRN
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where, in the second inequality, we used that x* < 1/4 and Cy6 = i. We obtain

/RN 5(T, )02 (x) dz < é/OT /RN 7292, (4.5.30)

Finally, since (4.5.30) holds for all T' € [0, T*], Gronwall’s inequality and v(0, ) = 0 yield
o(T,-) =0 for any T € [0,7*]. We then have that u = 0 on [0,7*] from (4.5.28). Therefore
uy = uy and vy = v, on [0, 7%]. Uniqueness on any interval [0, co) follows by iteration.

O
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Chapter 5

Remarks and Future Work

In this chapter, we summarize the main results of this dissertation and discuss current and
future directions in the study of chemotaxis systems on RY .

This dissertation studies a class of chemotaxis models on the whole space RV with logis-
tic source, chemical consumption, and either linear or porous-medium diffusion; see (1.1.6).
In the first part of this dissertation (Chapter 3), we focused on the linear diffusion case
(3.0.1). Specifically, in Section 3.2, we developed tools for proving global existence when the
initial data are not necessarily integrable. This setting is substantially more delicate than
the bounded-domain case, because standard tools such as global LP-estimates, Gagliardo—
Nirenberg inequalities, and classical Moser iteration do not directly apply when solutions
fail to belong to LP(RY). To overcome this difficulty, we developed a new weighted energy
method based on spatially localized estimates of the form [u(t, )9[ s gn), Where 1 is a
carefully chosen cut-off function. This method allows us to localize LP-control uniformly in
space and derive global-in-time bounds without the aid of boundary conditions. Using this
approach, we proved the global existence and uniqueness of bounded nonnegative classical
solutions for both integrable and non-integrable initial data under a sharp smallness condi-
tion involving the chemotactic sensitivity and the size of the initial chemical distribution.
Moreover, in low dimensions N = 1,2, we showed that bounded global classical solutions
exist without any smallness assumption. It remains open whether global existence can be
established without any smallness condition in higher dimensions.

In Section 3.3 of Chapter 3, we studied the asymptotic behavior of solutions for various
types of initial data, including strictly positive initial data and compactly supported initial
functions. We also investigated the effect of chemotactic sensitivity on the population dy-
namics. For strictly positive initial data, we proved that the constant steady state (a/b,0)
is asymptotically stable, provided the solution remains globally bounded. In particular, this
shows that there are no other positive stationary solutions. For compactly supported initial
data, we studied the rate of spatial propagation in Subsection 3.3.2 through Subsection 3.3.4.
One might expect that chemorepulsion (x < 0) slows down spreading, while chemoattrac-

tion (x > 0) accelerates it. Our results show that the situation is subtler. We proved
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that chemotaxis does not slow down the spreading speed of the population. In particular,
when the initial chemical distribution is sufficiently sparse at infinity, for example when
vy € LP(RY) for some p > 1 or vy € Cy(RY), chemotaxis neither slows down nor speeds up
the asymptotic spreading rate. Thus, in this setting, the spreading speed coincides with the
Fisher-KPP speed 2y/a. We also showed that solutions do not spread infinitely fast, and
we established upper bounds on the propagation speed for general initial data. When v,
remains significant at spatial infinity, the influence of chemotaxis becomes more delicate. In
the chemorepulsive case x < 0, we proved that for sufficiently small ||, the spreading speed
remains unchanged. In contrast, the numerical simulations in Subsection 3.3.5 indicate that
for the chemoattractant case y > 0, there may exist a threshold x* > 0 above which the
spreading speed increases strictly. This phase transition phenomenon remains open at the
theoretical level.

The second part of this dissertation (Chapter 4) focuses on the porous medium diffusion
case (4.0.1). We study, for the first time, a chemotaxis system with porous medium diffusion
on RY for initial data satisfying (1.1.8), which are not necessarily integrable. Motivated
by the linear diffusion case, we proved the global existence of bounded weak solutions by
using the weighted energy method to show that boundedness of the local LP-norms for
the perturbed problem yields boundedness of the L*-norm of the solution through Moser
iteration. In particular, we established the existence of globally bounded weak solutions
without imposing any smallness condition on the initial data or the chemotactic sensitivity.
This shows that porous medium diffusion, which is often more realistic in applications, helps
prevent finite-time blow-up. A particularly significant difficulty arises when m > 2. In that

case, localizing the equation produces an additional term of the form

// uP T V|| VY| da dt,

which leads to a higher-order zero-derivative term whose exponent in u is at least p +
2. Classical Gronwall-type arguments are therefore no longer sufficient. We resolved this
difficulty by combining the diffusion effect, the logistic damping, and the regularity of the
initial data in a continuity framework. This idea is one of the main technical innovations of
the dissertation.

From the perspective of porous medium equations, Holder continuity appears to be the
optimal regularity for weak solutions to (4.0.1), since the well-known fundamental solutions
(Barenblatt solutions) are only Lipschitz continuous. In Section 4.5, we then established
uniqueness in the class of weak solutions that are Holder continuous up to the initial time,
assuming u, € C*(RY) and v, € C***(R"), for 1 < m < 3, using a duality argument. It
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remains open whether uniqueness holds for m > 3.

This dissertation opens several natural directions for future work. One important di-
rection is the study of the long-time behavior of weak solutions to (4.0.1) when m > 1.
For strictly positive initial data, we expect that the solution will asymptotically converge
to (a/b,0), since classical solutions exist in this case. For compactly supported initial data,
the problem becomes even more interesting because porous-medium diffusion leads to finite-
speed propagation and the formation of a free boundary. Without chemotaxis, a key feature

of the degenerate Fisher—- KPP type problem
u, = Au™ 4+ u(a — bu)

is finite-speed propagation: if the initial function is compactly supported, the solution u(-,t)
remains compactly supported for all ¢t > 0. Consequently, solutions of this equation develop
a free boundary separating the positivity region of u from the region where v = 0. In [10],
the authors proved that for m > 1, solutions with compactly supported data propagate
outward with a finite speed ¢* and that the invasion front exhibits a universal logarithmic
delay, while the solution behind the front converges to the equilibrium v = a/b. Building on
this, we would like to study precisely the large-time behavior of the free boundary in (4.0.1)

and investigate the effect of chemotactic sensitivity on the spreading speed.
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