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Abstract

This dissertation develops and analyzes generative modeling methods for scien-

tific computing, where repeated sampling from complex probability distributions is needed 

for uncertainty quantification, estimation of quantities of interest, and statistical inference. 

The main contributions are pseudo-reversible normalizing flows and training-free diffu-

sion models, which provide two complementary transport-based approaches for gener-

ating samples from target distributions by transforming samples from simple reference 

distributions.

In the first part of the dissertation, we present a pseudo-reversible normalizing flow 

method for efficiently generating samples of the state of a stochastic differential equation 

(SDE) with various initial distributions. The main novelty of our normalizing flow model 

is that it can learn the conditional distribution of the state, i.e., the distribution of the final 

state conditional on any initial state, such that the model only needs to be trained once 

and the trained model can be used to handle various initial distributions. We provide a 

rigorous convergence analysis of the learned distribution to the target distribution in the 

Kullback–Leibler divergence metric. Numerical experiments are provided to demonstrate 

the effectiveness of the proposed normalizing flow model.

Next, we extend this framework to uncertainty quantification for noisy physical mod-

els. A conditional pseudo-reversible normalizing flow is constructed directly from input-

output data to generate samples from conditional distributions relevant to forward and 

inverse uncertainty propagation. The method does not require prior knowledge of the 

deterministic model component or the distribution of additive noise. Theoretical results 

establish convergence for the forward conditional distribution, and numerical experiments 

include benchmark examples, high-dimensional uncertainty propagation, and a geologic 

carbon storage application.
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In this dissertation, we also study a training-free diffusion model for high-dimensional 

sampling. A Gaussian mixture model constructed from available samples yields an analyt-

ically tractable score function and avoids propagating score function approximation errors 

through the reverse process. The resulting error bounds exhibit favorable dimension de-

pendence, scaling as O(d) in the ℓ2 norm and O(log d) in the ℓ∞ norm. Importantly, the 

proposed error estimates are fully numerically verifiable with respect to both time-step size 

and dimensionality, thereby bridging the gap between theoretical analysis and observed 

numerical behavior.

3



Artificial Intelligence (AI) Use Disclosure Statement

ChatGPT was used to assist with language editing, including grammar and clar-

ity checks, and with coding support for numerical experiments. All mathematical proofs 

and theoretical arguments in this dissertation were completed by the author. The author 

designed the numerical experiments, reviewed the code and computational results, and 

takes full responsibility for the methods, analysis, and conclusions presented in this dis-

sertation. All AI-generated content was reviewed and validated for relevance, appropriate-

ness, and accuracy before incorporation into the final document to maintain the scholarly 

integrity of this research.

4



Digital Accessibility Disclosure Statement

In the preparation of this dissertation, the following digital accessibility tool was 

used to ensure that this document complies with federal requirements: PDF Accessibility 

Checker (PAC). The author acknowledges full responsibility for the intellectual content of 

this work and has made a good faith effort to comply with digital accessibility requirements 

in publishing, provided that doing so does not significantly change the nature of the con-

tent. Furthermore, all content has been reviewed and revised to meet these requirements 

prior to final publication.

5



Acknowledgments

First and foremost, I would like to express my deepest gratitude to my advisor, Dr. 

Yanzhao Cao, for his unwavering support throughout my doctoral studies. His academic 

guidance, encouragement, and confidence in me have shaped both my research and 

personal growth. Beyond academia, I am especially grateful for his kindness and care in 

my daily life. Without Dr. Cao’s encouragement and belief in me, I might never have had 

the opportunity to come to the United States, nor would I have been fortunate enough to 

meet so many wonderful people during this journey.

My sincere appreciation also goes to my co-advisor, Dr. Guannan Zhang. Dr. 

Zhang helped guide me toward my current research direction and introduced me to a 

broader and richer mathematical world. Through his mentorship, I learned not only how 

to solve problems, but also how to think more deeply, develop mathematical intuition, and 

refine my mathematical taste. I am also deeply grateful to my master’s advisor, Dr. Lijin 

Wang, for introducing me to academic research and setting me on the path that eventually 

led to my doctoral studies. My thanks extend to all of my collaborators for their discussions, 

support, and shared efforts. In particular, I would like to thank Dr. Minglei Yang for his 

continued help and generous guidance throughout the development and writing of my 

research papers.

The Department of Mathematics and Statistics at Auburn University has provided 

invaluable academic and financial support during my doctoral studies. I am truly thankful 

for the opportunities, resources, and training that Auburn University has offered me. I have 

also been fortunate to encounter many wonderful teachers and mentors during my time 

at Auburn. Special thanks are due to Dr. Junshan Lin for his continued care and support 

in both my academic and personal life. I am grateful to Dr. Hans Werner Van Wyk for 

his kindness, encouragement, and generosity. I would also like to thank Dr. Thi Thao 

6



Phuong Hoang for serving on my dissertation committee and for her valuable guidance 

on my dissertation research.

My most special thanks go to Yi Liu. Looking back, it feels as though every deci-

sion I have made in life has come together to allow me to meet you at the right time and in 

the right place. You have brought color, joy, and meaning to my world. Your understand-

ing, encouragement, and love have continually given me the strength to move forward, 

especially during the most challenging moments of this journey.

I am deeply thankful to my friends Menglei Wang, Cao Kha Doan, and Li Zhou for 

their friendship, support, and companionship. May each of you continue to shine brightly 

along your own paths and find happiness and fulfillment in the future.

Finally, my heartfelt gratitude goes to all of my family members for their constant 

love, encouragement, and support. In particular, I am forever indebted to my mother for 

her unconditional love and for everything she has done for me throughout my life. Without 

my family, I would not be where I am today.

7



Table of Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

Artificial Intelligence (AI) Use Disclosure Statement . . . . . . . . . . . . . . . . . . 4

Digital Accessibility Disclosure Statement . . . . . . . . . . . . . . . . . . . . . . . . 5

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.1 Motivation and Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.2 Normalizing Flows and Scientific Applications . . . . . . . . . . . . . . . . . 15

1.3 Generative Surrogate Modeling for Uncertainty Quantification . . . . . . . . 17

1.4 Diffusion Models for High Dimensional Sampling . . . . . . . . . . . . . . . 19

Chapter 2 Generative Modeling Problems and Mathematical Preliminaries . . . 22

2.1 Mathematical Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Generative Modeling Problems . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Normalizing Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Diffusion Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Chapter 3 A Pseudo-Reversible Normalizing Flow for Stochastic Dynamical 

Systems with Various Initial Distributions . . . . . . . . . . . . . . . 31

3.1 Problem Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 The Pseudo-Reversible Normalizing Flow (PR-NF) . . . . . . . . . . . . . . 32

8


$\mathcal {O}(d)$


$\ell _2$


$\mathcal {O}(\log d)$


$\ell _\infty $


$d=20$


$d=20$


$d=20$


$s=5$


$H(\lambda )$


$\lambda = 1$


$\lambda = 50$


$n_{\rm RE}$


$\hat {T}_0$


$n_{\tau }(x_c,z_c)$


$p({ y} | { x})$


$p(\widehat { y} | {x})$


$x\in (-1,2)$


$f(x) = \sin {2\pi x}$


$f(x) = 4(x-0.5)^2$


$\{x^{(i)},y^{(i)}\}_{i=1}^{N_{\rm train}}$


$f(x) = \sin {(2\pi x)}$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$p(x|y)$


$y = -0.5,0,0.5$


$f(x) = \sin {(2\pi x)}$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$p(x|y)$


$y = 0.25,0.5,0.75$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$d=20$


$s=10$


$d=20$


$s=20$


$_2$


$L(\sigma )$


$d$


$h$


$\sigma $


$\mathrm {Err}_{cov}$


$\mathrm {Err}_{std}$


$s$


$\mathrm {Err}_{mean}$


$\mathrm {Err}_{std}$


$\mathrm {Err}_{cov}$


$\mathrm {Avg}_{KL}$


$_2$


$_2$


$d$


$_2$


$_2$


$_2$


$_2$


$_2$


$_2$


$_2$


$_2$


$54\times 48 \times 54$


$x$


$y$


$z$


$_2$


$_2$


$t+1$


$t$


$_2$


$_2$


\begin {equation}{ y} = f({ x}) + \varepsilon ({ x}), \,{ x} \in \mathcal {D} = [0,1],\end {equation}


$f({ x})$


\begin {equation}\label {4eq_ex1_f} {\bf Quadratic:}\, f({ x}) = 4({ x}-0.5)^2 \text { or }\, {\bf Sin:} \, f({ x}) = \sin {(2\pi { x})}.\end {equation}


$\varepsilon ({ x})$


\begin {equation}\label {4eq_ex1_e} \begin {aligned} & {\bf Gaussian: } \, \varepsilon ({ x}) \sim \mathcal {N}(0,0.15) \text { or }\, \varepsilon ({ x}) \sim \mathcal {N}(0,0.2 |f({ x})|).\\ & {\bf Laplace: } \, \varepsilon ({ x}) \sim {\rm Laplace}(0,0.1) \text { or }\, \varepsilon ({ x}) \sim {\rm Laplace}(0,0.15|f({ x})|). \end {aligned}\end {equation}


$\{{x}^{(i)}\}_{i=1}^{N_{\rm train}}$


$\mathcal {D}$


${x}^{(i)}$


$i = 1,\ldots , N_{\rm train}$


${y}^{(i)}$


${y}^{(i)} = f({x}^{(i)}) + \varepsilon ({x}^{(i)})$


$\{{x}^{(i)},{y}^{(i)}\}$


$i = 1,\ldots , N_{\rm train}$


$x$


$y$


$x$


$y$


$\{x^{(i)},y^{(i)}\}_{i=1}^{N_{\rm train}}$


$\lambda $


$H(\lambda )$


\begin {equation}\label {4eq:cross} H(\lambda _j) = - \frac {1}{N} \sum _{n=1}^N \log (p_{\rm KDE}( w_t^{(n)})),\end {equation}


$\lambda $


$\{\lambda _j\}_{j=1}^J$


$\lambda _j$


$( h^{(j)}( w), g^{(j)}( z))$


$M$


$\widehat { w}$


\begin {equation}\label {4eq:sample} \left \{ \widehat { w}^{(j,m)} = g^{(j)}( z^{(m)}), m = 1, \ldots , M \right \},\end {equation}


$\{ z^{(m)}\}_{m=1}^M = \{ z_1^{(m)}, z_2^{(m)}\}_{m=1}^M$


$z_1^{(m)}$


$\mathcal {D}$


$z_2^{(m)}$


$p_{\rm KDE}$


$\{ w_t^{(n)}\}_{n=1}^N$


$\lambda $


$\lambda = \text {argmin} H(\lambda _j)$


$\lambda $


\begin {equation}\label {4eq:train} \mathcal {D}_{\rm train} = \left \{ w^{(n)}\right \}_{n=1}^{N} =\left \{ x^{(n)}, y^{(n)}| x^{(n)}\right \}_{n=1}^{N},\end {equation}


\begin {equation}\label {4eq_loss} \mathcal {L} = \mathcal {L}_1 + \lambda \mathcal {L}_2,\end {equation}


\begin {equation}\label {4eq:loglike} \mathcal {L}_1 = - \frac {1}{N}\sum _{n=1}^{N} \left ({\rm log}p_{{ Z}_2}({ h}_2({ w}^{(n)}; \theta _{h})) + {\rm log} \left |{\rm det} {J}_{ h} ({ w}^{(n)}; \theta _{ h})\right |\right ),\end {equation}


\begin {equation}\label {4eq:loss2} \mathcal {L}_2 = \frac {1}{N} \sum _{n=1}^{N} \left ( \left \|{ w}^{(n)} - { g} ( { h}({ w}^{(n)} ; { \theta }_{ h}); { \theta }_{ g})\right \|_2^2 + \left |\det {J}_{ g}({ h}({ w}^{(n)})) \det {J}_{ h}({ w}^{(n)}) - 1 \right | \right ),\end {equation}


$\lambda = 80$


$p({ y} | { x})$


$x$


$y$


$y$


$x \in \mathcal {D}$


$p({ y} | { x})$


$y$


$p({y} | {x})$


$p(\widehat { y} | {x})$


$x\in (-1,2)$


\begin {equation}\label {4eqkl_1} D_{\rm KL}(x)= \int _{\mathbb {R}^{s}} p({y}|{x})\log {\left (\frac {p({y}|{x})}{{p}(\widehat {y}|{x})}\right )}d {y},\end {equation}


$p(\widehat { y} | {x})$


$\{\widehat {y}^{(i)}\}_{i=1}^{N_{\rm sample}}$


$x$


$x\in \mathcal {D}$


$x\not \in \mathcal {D}$


$p({y} | {x})$


$x$


$f({ x}) = \sin {(2\pi { x})}$


$f({ x}) = 4({ x}-0.5)^2$


$x$


$x = -0.8, 0.2, 0.8, 1.8$


$\mathcal {D}$


$p({y} | {x})$


$p(\widehat { y} | {x})$


$N_{\rm sample} = 20$


$x\in \mathcal {D}$


$\mathcal {D}$


$p({y} | {x})$


$f(x)$


$\varepsilon (x)$


$p(y|x)$


$x\in \mathcal {D}$


$p({x} | {y})$


$f(x) = \sin {2\pi x}$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$y$


$x$


$y$


$x$


$x$


$y$


$y$


$x$


$p(x|y)$


$y = -0.5,0,0.5$


$f(x) = \sin {2\pi x}$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$f$


$\varepsilon $


$p(x|y)$


$p(x|y)$


$y = 0.25,0.5,0.75$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


${ x}\in \mathcal {D}=[0,1]^{d}$


$d = 20$


${ y}\in \mathbb {R}^{s}$


$s=5, 10, 20$


\begin {equation}{ y} = { f}({ x}) + { \varepsilon }({ x}),\end {equation}


${ f}({ x}) = {\bf A} { x}$


${\bf A}\in \mathbb {R}^{s\times d}$


$\mathcal {U}[0,1]$


$\varepsilon $


${ \varepsilon }({ x}) \sim \mathcal {N}(0, 0.1\cdot \mathbf {I}_{s})$


${ \varepsilon }_1({ x}) \sim \mathcal {N}(0.1, 0.1\cdot \mathbf {I}_{s})$


${ \varepsilon }_2({ x}) \sim \mathcal {N}(-0.1, 0.1\cdot \mathbf {I}_{s})$


${ \varepsilon }({ x}) \sim \mathcal {N}(0, \Sigma _{s\times s})$


$\Sigma _{s \times s}$


$\mathcal {N}(0,1)$


$\mathcal {V}$


$N_{\rm train}=30$


$\lambda $


$\lambda = 80$


$H(\lambda )$


$P( y | x)$


\begin {equation}\label {4eq_avgmean} {\rm Err_{mean}} = \frac {1}{N_{\rm test}}\sum _{i=1}^{N_{\rm test}} \frac {\|{ f}({ x}^{(i)})-\widehat { f}({ x}^{(i)})\|_2}{\|{ f}({ x}^{(i)})\|_2},\end {equation}


${ f}({ x}^{(i)})$


${ y}({ x}^{(i)})$


\begin {equation}\footnotesize {\rm Err_{std}} = \frac {1}{N_{\rm test}}\sum _{i=1}^{N_{\rm test}} \frac {\|{ \sigma }({ y}({ x}^{(i)}))-{ \sigma }(\widehat { y}({ x}^{(i)}))\|_2}{\sqrt {s}},\quad {\rm Err_{cov}} = \frac {1}{N_{\rm test}}\sum _{i=1}^{N_{\rm test}} \frac {\|{\Sigma }({ y}({ x}^{(i)}))-{ \Sigma }(\widehat { y}({ x}^{(i)}))\|_F}{s}.\end {equation}


\begin {equation}\label {4eq_avgKL} {\rm Avg_{KL}} = \frac {1}{N_{\rm test}}\sum _{i=1}^{N_{\rm test}} D_{\rm KL}(p({ x}^{(i)}) \,\| \,\widehat {p}({ x}^{(i)})),\end {equation}


$p_{\rm approx}$


$p_{\rm exact}$


\begin {equation}\label {4eq_kl} D_{\rm KL}(p({ x}^{(i)}) \,\| \,\widehat {p}({ x}^{(i)}))= \int _{\mathbb {R}^{s}} p({ y}|{ x}^{(i)})\log {\left (\frac {p({ y}|{ x}^{(i)})}{{p}(\widehat { y}|{ x}^{(i)})}\right )}d { y},\end {equation}


$D_{\rm KL}$


$N_{\rm test}=100$


$\mathcal {D}$


${ x}^{(i)}$


$N_{\rm sample}=20$


${ y}({ x}^{(i)})$


$\|\cdot \|_2$


$\|\cdot \|_F$


$L^2$


$\lambda $


$N_{\rm neuron}$


\begin {equation*}\{(\lambda ,N_{\rm neuron}) | \lambda \in \{1, 50, 100, 200\}, N_{\rm neuron} \in \{400, 600, 800, 1000\}\}.\end {equation*}


$s=5, 10, 20$


$s=20$


\begin {equation}\label {3eq:train} \mathcal {V}_{\rm train} = \left \{ {x}^{(n)}\right \}_{n=1}^{N} = \left \{x_0^{(n)}, x_t^{(n)}|x_0^{(n)}\right \}_{n=1}^{N},\end {equation}


$\{x_0^{(n)}\}_{n=1}^N$


$\mathcal {D}$


\begin {equation}\label {3eq_sde} X_t= X_0 + \int _0^t {b}(s, X_s) ds + \int _0^t{\sigma }(s, X_s) d W_s \;\; \text { with } X_0 \in \mathcal {D}, \,\, t\in [0,T],\end {equation}


$d$


$X_t$


$T>0$


$\mathcal {D}$


$\mathbb {R}^d$


${b}: [0,T] \times \mathbb {R}^d \rightarrow \mathbb {R}^d$


${\sigma } :[0,T] \times \ \mathbb {R}^d \rightarrow \mathbb {R}^{d\times m}$


$W_s := (W_s^1, \ldots , W_s^m)^{\top }$


$m$


$b$


$\sigma $


$C$


\begin {equation}|{b}(t,{x})| + |{\sigma }(t,{x})| \leq C(1+|{x}|), \text { for } {x} \in \mathbb {R}^d, t\in [0,T],\end {equation}


\begin {equation}|{b}(t,{x}) - {b}(t,{y})| + |{\sigma }(t,{x}) - {\sigma }(t,{y})| \leq C|{x}-{y}|, \text { for } {x}, {y} \in \mathbb {R}^d, t\in [0,T].\end {equation}


$X_0\in \mathcal {D}$


$X_t$


$X_t$


$X_0$


$X_t$


$X_t|X_0$


$\rm QoI$


\begin {equation}\label {3eq:qoi} {\rm QoI} \, = \int _{\mathbb {R}^d} F({x_t})\, p_{X_t} ({x_t}) d{x}_t \, ,\end {equation}


$F$


$p_{X_t}$


$p_{X_t} ({x_t})$


$\rm QoI$


$p_{X_t} ({x_t})$


$p_{X_t | X_0} ({x_t|{x_0}})$


$x_t$


$x_0$


$p_{X_t | X_0} ({x_t|{x_0}})$


$\rm QoI$


\begin {equation}\label {3eq:qoi1} {\rm QoI} = \int _{\mathbb {R}^d} \int _{\mathbb {R}^d} F({x_t})\, p_{X_t | X_0} ({x_t}|{x}_0) p_{X_0}({x}_0) d{x_t} d{x}_0 \, ,\end {equation}


$p_{X_0}({x}_0)$


$\rm QoI$


$\{{x}_0^{(m)}\}$


$m=1\, \ldots M$


$M$


$p_{X_0}({x}_0)$


$\{{x}_t^{(n)}\}$


$N$


$p_{X_t | X_0} ({x_t}|{x}_0)$


\begin {equation}\label {3eq:qoi2} {\rm QoI} \approx \frac {1}{M N}\sum _{m=1}^M \sum _{n=1}^N F\left ({x}_t^{(n)}| x_0^{(m)}\right ),\end {equation}


$X$


$Z$


$X_0$


$X$


\begin {equation}\label {3eq:y} X := ( X_0, X_t|X_0) \in \mathbb {R}^{2d}.\end {equation}


$X$


$Z$


$Z$


$X$


\begin {equation}\label {3eq:NF} Z = h(X; \theta _h)\;\; \text { and }\;\; \widehat {X} = g(Z; \theta _g),\end {equation}


$\theta _h$


$\theta _g$


$\widehat {X} = X$


$g = h^{-1}$


$h$


$p_{Z}$


$Z$


$\mathcal {N}(0,\mathbf {I}_{2d})$


$p_{X}(x)$


$p_Z(z)$


$X$


$Z$


\begin {equation}\begin {aligned} p_{X}({x}) = p_{Z}({z}) \left | \frac {\partial {z}}{\partial {x}} \right | &= p_{Z}({h}({x})) |{\rm det} {J_{h}}({x})|,\\ \end {aligned}\end {equation}


${\rm det} {J_{h}}({x})$


$J_{h}$


$h(\cdot )$


$g \approx h^{-1}$


${h}(\cdot ; \theta _h)$


${g}(\cdot ; \theta _g)$


$\|\widehat {X} - X\|^2$


$Z$


$X$


$\widehat {X}$


$p_{X_0}(x_0)$


$X_0$


$h(\cdot )$


$h(x_0, x_t|x_0) = (h_0(x_0), h_1(x_0, x_t|x_0; \theta _h))$


$h_1(x_0, x_t|x_0; \theta _h): \mathbb {R}^{2d} \rightarrow \mathbb {R}^d$


$\theta _h$


$h_0(x_0): \mathbb {R}^d \rightarrow \mathbb {R}^d$


$x_0$


$x_0$


$h_1$


$p_{X_t|X_0}(x_t|x_0)$


$z_0$


$h_0(x_0)$


$z_t$


$h_1(x_0, x_t|x_0; \theta _h)$


$g$


$g(z_0, z_t) = (g_0(z_0), g_1(z_0, z_t; \theta _g))$


$g_0$


$g_1$


$\theta _g$


$\widehat {x}_0$


$\widehat {x}_t$


$g_0$


$g_1$


$\widehat {x}_0 = z_0 = x_0$


$h_0$


$g_0$


$\lambda $


\begin {equation}\label {3eq_loss} \mathcal {L} = \mathcal {L}_1 + \lambda \mathcal {L}_2,\end {equation}


$\mathcal {L}_2$


$\lambda $


$\{\lambda _j\}_{j=1}^J$


$\lambda _j$


$(h^{(j)}(x), g^{(j)}(z))$


$M$


$\widehat {x}$


\begin {equation}\label {3eq:sample} \left \{ \widehat {x}^{(j,m)} = g^{(j)}(z^{(m)}), m = 1, \ldots , M \right \},\end {equation}


$\{z^{(m)}\}_{m=1}^M = \{z_0^{(m)}, z_t^{(m)}\}_{m=1}^M$


$z_0^{(m)}$


$\mathcal {D}$


$z_t^{(m)}$


\begin {equation}\label {3eq:cross} H(\lambda _j) = - \frac {1}{N} \sum _{n=1}^N \log (p_{\rm KDE}( x_t^{(n)})),\end {equation}


$p_{\rm KDE}$


$\{x_t^{(n)}\}_{n=1}^N$


$\lambda $


$\lambda = \text {argmin}\, H(\lambda _j)$


$C_{\rm offline}$


$C_{\rm MC}$


$C_{\rm PR-NF}$


$C_{\rm MC} \gg C_{\rm PR-NF}$


$N_{\rm init}$


$\mathcal {O}(C_{\rm offline} + C_{\rm PR-NF} \times N_{\rm init})$


$\mathcal {O}(C_{\rm MC} \times N_{\rm init})$


$N_{\rm init}$


$X$


$p_X({x})$


$p_X({x})$


$p_Z({z})$


$z = f(x) = (f_1(x), \ldots , f_d(x))$


$p_X({x})$


$p_Z({z})$


\begin {equation}\label {3eq_denp} p_{X}(x) = p_Z(f(x))|\det {J}_{f}(x)|.\end {equation}


$h(x)$


$g(z)$


$f$


$f^{-1}$


$f$


$\mathcal {L}_1$


$\mathcal {L}_2$


$\mathcal {L}_1$


$\mathcal {L}_2$


$h$


$g$


$x_0^{(n)}$


$x_t^{(n)}|x_0^{(n)}$


$\mathcal {L}_1$


\begin {equation}\label {3eq:loglike} \mathcal {L}_1 = - \frac {1}{N}\sum _{n=1}^{N} \left ({\log }p_{Z_t}({h}_1({x}^{(n)}; \theta _{h})) + {\log } \left |{\rm det} {J}_{h} ({x}^{(n)}; \theta _{h})\right |\right ),\end {equation}


$p_{Z_t}(\cdot )$


$\mathcal {L}_2$


$x$


$\widehat {x}$


\begin {equation}\mathcal {L}_2 = \frac {1}{N} \sum _{n=1}^{N} \left ( \left \|{x}^{(n)} - {g} ( {h}({x}^{(n)} ; \theta _{h}); \theta _{g})\right \|_2^2 + \left |\det {J}_{g}({h}({x}^{(n)})) \det {J}_{h}({x}^{(n)}) - 1 \right | \right ),\end {equation}


$\lambda $


$\mathcal {L}_1$


\begin {equation}\label {3eq_Jac_reduce} \left |{\rm det} {J_{h}}({x})\right | = \left |\text {det}\begin {pmatrix} \mathbf {I}_d, \quad 0\\ \frac {\partial z_t}{\partial x_0}, \frac {\partial z_t}{\partial x_t} \end {pmatrix} \right | = \left |\text {det}\left (\frac {\partial z_t}{\partial x_t}\right )\right |,\end {equation}


$\mathbf {I}_d$


$d\times d$


$h_0$


$x_0$


$d \times d$


$\mathcal {O}(d^3)$


$H(\lambda )$


$\lambda = 1$


$\lambda = 50$


$n_{\rm RE}$


$\hat {T}_0$


$n_{\tau }(x_c,z_c)$


$p({ y} | { x})$


$p(\setbox \z@ \hbox {\m@th $\textstyle y$}\mathaccent "0362{ y} | {x})$


$x\in (-1,2)$


$f(x) = \sin {2\pi x}$


$f(x) = 4(x-0.5)^2$


$\{x^{(i)},y^{(i)}\}_{i=1}^{N_{\rm train}}$


$f(x) = \sin {(2\pi x)}$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$p(x|y)$


$y = -0.5,0,0.5$


$f(x) = \sin {(2\pi x)}$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$p(x|y)$


$y = 0.25,0.5,0.75$


$f(x) = 4(x-0.5)^2$


$\varepsilon \sim \mathcal {N}(0,0.15)$


$d=20$


$s=5$


$d=20$


$s=10$


$d=20$


$s=20$


$_2$


$L(\sigma )$


$h_{\mathrm {ref}}=10^{-3}$


$J=10$


$\{z_0^{j}\}_{j=1}^{J}$


$\ell _2$


$\{z_0^{j}\}_{j=1}^{J}$


$M$


$\mathbb {R}^d$


$\ell _\infty $


$[-M,M]^d$


$\mathcal {D}_{\rm train}$


$Z_0$


$t=0$


\begin {equation}\label {5eq:gmm} q_{Z_0}(z_0) = \sum _{j=1}^J P_\xi (j)\, p_{Z_0|\xi }(z_0|j) = \frac {1}{J} \sum _{j=1}^J \phi (z_0; z_0^j, \Sigma ),\end {equation}


$\xi $


$\{1, \ldots , J\}$


$P_\xi (j) := 1/J$


$\xi =j$


$z_0^j$


$j$


$\mathcal {D}_{\rm train}$


$p_{Z_0|\xi }(z_0|j):=\phi (z_0; z_0^j, \Sigma )$


$z_0^j$


$\Sigma $


$F(y;\theta )$


$\mathcal {D}_{\rm label}$


$\mathcal {D}_{\rm train}$


\begin {equation}\label {5eq:error_split} \begin {aligned} & \;z_0^{\rm true}(z_1) - F(z_1;\theta ) \\[5pt] = &\; \underbrace {z_0^{\rm true}(z_1) - z_0(z_1)}_{\text {Data error}}\;\; +\;\; \underbrace {z_0(z_1) - z^{K}(z_1)}_{\shortstack {\scriptsize Reverse ODE \\ \scriptsize discretization error}}\;\; +\; \underbrace {z^{K}(z_1) - F(z_1;\theta )}_{\text {\scriptsize Supervised learning error}}, \end {aligned}\end {equation}


$z_0^{\rm true}(z_1)$


$S(z_t,t)$


$p_X(x)$


$F(z_1;\theta )$


$z_0(z_1)$


$S(z_t,t)$


$z^K(z_1)$


$z_0(z_1)$


$K$


$\mathcal {D}_{\rm train}$


\begin {equation}\label {5eq:ode3.1} dz_t =\Bigg [\frac {1}{t-1} z_t-\frac {1+t}{2(1-t)}{S}(z_t,t)\Bigg ]dt,\end {equation}


\begin {equation}Z_t = (1-t)Z_0 + \sqrt {t}\varepsilon _0,\end {equation}


\begin {equation}Z_t|\xi = (1-t)Z_0|\xi + \sqrt {t}\varepsilon _0.\end {equation}


\begin {equation}\label {5eq:z0zt|xi} \begin {aligned} \begin {pmatrix} Z_0|\xi \\ Z_t|\xi \end {pmatrix} &= \begin {pmatrix} \mathbf {I}_d & 0\\ (1-t)\mathbf {I}_d & \sqrt {t}\mathbf {I}_d \end {pmatrix} \begin {pmatrix} Z_0|\xi \\ \varepsilon _0 \end {pmatrix}.\\ \end {aligned}\end {equation}


\begin {equation}\label {5barz0zt_2} \begin {pmatrix} Z_0|\xi = j\\ Z_t|\xi = j \end {pmatrix} \sim \begin {pmatrix} \mathbf {I}_d & 0\\ (1-t)\mathbf {I}_d & \sqrt {t}\mathbf {I}_d \end {pmatrix} \mathcal {N}\left ( \begin {pmatrix} z_0^j\\ 0 \end {pmatrix}, \begin {pmatrix} \Sigma & 0\\ 0 & \mathbf {I}_d \end {pmatrix}\right ),\end {equation}


\begin {equation}\label {5eq:Pzt} \begin {aligned} p_{Z_t}(z_t) = &\; \sum _{j=1}^{J} P_{Z_t | \xi }(z_t \mid j) P_\xi (j)\\ = &\; \frac {1}{J} \sum _{j=1}^{J} \phi \left (z_t ; (1-t)z_0^j,(1-t)^2\Sigma +t\mathbf {I}_d\right ), \end {aligned}\end {equation}


\begin {equation}\label {5eq:score_1} \begin {aligned} S(z_t,t) =&\; -\left ((1-t)^2\Sigma +t\mathbf {I}_d\right )^{-1}z_t\\ & \;+ (1-t)\left ((1-t)^2\Sigma +t\mathbf {I}_d\right )^{-1}\sum _{j=1}^{J}z_0^j\,w_j(z_t,t). \end {aligned}\end {equation}


\begin {equation}\label {5eq:ej} e_j(z_t,t) := \exp \!\Big ( -\tfrac {1}{2}\big (z_t-(1-t)z_0^j\big )^\top \big ((1-t)^2\Sigma +t\mathbf {I}_d\big )^{-1} \big (z_t-(1-t)z_0^j\big ) \Big ),\end {equation}


\begin {equation}\label {5eq:wi} w_j(z_t,t) = \frac {e_j(z_t,t)}{\sum _{j'=1}^{J} e_{j'}(z_t,t)}.\end {equation}


\begin {equation}\label {5eq:euler} \begin {aligned} z^{k+1} =& z^k - \Bigg [\frac {1}{2}(\mathbf {I}_d-2kh\Sigma )(k^2h^2\Sigma +(1-kh)\mathbf {I}_d)^{-1}z^k\\ &- \frac {2-kh}{2}(k^2h^2\Sigma +(1-kh)\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^jw_j(z^k,(1-kh))\Bigg ]h,\\ \end {aligned}\end {equation}


$z_1\sim \mathcal {N}(0,\mathbf {I}_d)$


$z_0$


$t=0$


$z^{K}$


$\ell _2$


\begin {equation}\label {5eq:l2_err} \mathbb {E}_{Z_1}\left \|z_0-z^K\right \|\le Cdh,\end {equation}


$C$


$h$


$d$


$M = 1$


$\Sigma = U \Lambda U^\top $


$U\in \mathbb {R}^{d\times d}$


$\Lambda =\mathrm {diag}(\sigma _1,\ldots ,\sigma _d)$


$\Sigma $


$\{\sigma _k\}_{k=1}^d$


$(0.1,0.2,0.3,0.4,0.5)$


$d$


$\ell _2$


$d$


$\ell _\infty $


$\mathcal {O}(\log d)$


$h$


$h \in \{0.01,0.02,0.05,0.1,0.2\}$


$d\in \{10,100,1000,10000\}$


$M=1$


$\Sigma = U\Lambda U^\top $


$\Lambda =\mathrm {diag}(\sigma _1,\ldots ,\sigma _d)$


$\{\sigma _k\}_{k=1}^d$


$(0.1,0.2,0.3,0.4,0.5)$


$h$


$\ell _2$


$\ell _\infty $


$\sigma $


$\sigma $


$\Sigma =\sigma I_d$


$\sigma \in \{0.1,0.2,0.3,0.4,0.5,0.6\}$


$d=10$


$h=0.01$


$M=1$


$\ell _2$


$\ell _\infty $


$\sigma $


$\sigma $


$z_1 \mapsto z_0$


$J=10$


$\{-1, 1\}$


$[0.2, 0.4]$


$d \in \{8, 16, 32, 64, 128, 256, 512,\allowbreak 1024, 2048,\allowbreak 4096, 8192\}$


$\mathcal {D}_{\rm train}$


$z_1 \sim \mathcal {N}(0, I_d)$


$z_0$


$h=0.001$


$h= 0.01$


$10^{-3}$


$10^{-4}$


$d$


$h$


$\sigma $


$O(N^{-1/2})$


$N$


$\ell _2$


$O(d)$


$\ell _2$


$O(\log d)$


$\ell _\infty $


$\|\cdot \|$


$A\in \mathbb {R}^{d\times m}$


$\|A\|_{\mathrm {F}}$


$\Omega $


$\mathcal {F}$


$\Omega $


$\sigma $


$\Omega \in \mathcal {F}$


$A\in \mathcal {F}$


$A^c\in \mathcal {F}$


$\{A_n\}_{n=1}^{\infty }\subseteq \mathcal {F}$


\begin {equation*}\bigcup _{n=1}^{\infty }A_n\in \mathcal {F}.\end {equation*}


$\mathcal {F}$


$\mathcal {F}$


$\sigma $


$\Omega $


\begin {equation*}\mathbb {P}:\mathcal {F}\rightarrow [0,1]\end {equation*}


\begin {equation*}\mathbb {P}(\Omega )=1\end {equation*}


$\{A_n\}_{n=1}^{\infty }\subseteq \mathcal {F}$


\begin {equation*}\mathbb {P}\left (\bigcup _{n=1}^{\infty }A_n\right ) = \sum _{n=1}^{\infty }\mathbb {P}(A_n).\end {equation*}


\begin {equation*}(\Omega ,\mathcal {F},\mathbb {P})\end {equation*}


$\Omega $


$\mathcal {F}$


$\mathbb {P}$


$\mathcal {B}(\mathbb {R}^d)$


$\sigma $


$\mathbb {R}^d$


$\sigma $


$\mathbb {R}^d$


\begin {equation*}X:(\Omega ,\mathcal {F})\rightarrow (\mathbb {R}^d,\mathcal {B}(\mathbb {R}^d))\end {equation*}


\begin {equation*}X^{-1}(B)\in \mathcal {F}, \qquad \text {for every } B\in \mathcal {B}(\mathbb {R}^d).\end {equation*}


$X:\Omega \rightarrow \mathbb {R}^d$


$\mathbb {R}^d$


$d=1$


$X$


$X$


$\mu _X$


$\mathbb {R}^d$


\begin {equation*}\mu _X(B) = \mathbb {P}(X\in B), \qquad B\in \mathcal {B}(\mathbb {R}^d).\end {equation*}


$\mu _X$


$p_X:\mathbb {R}^d\rightarrow [0,\infty )$


\begin {equation*}\mathbb {P}(X\in B) = \int _B p_X(x)\,dx, \qquad B\in \mathcal {B}(\mathbb {R}^d).\end {equation*}


\begin {equation*}X\sim p_X.\end {equation*}


$X$


\begin {equation*}\mathbb {E}[X] = \int _{\Omega }X(\omega )\,d\mathbb {P}(\omega ).\end {equation*}


$\varphi :\mathbb {R}^d\rightarrow \mathbb {R}$


$\varphi (X)$


\begin {equation*}\mathbb {E}[\varphi (X)] = \int _{\mathbb {R}^d}\varphi (x)p_X(x)\,dx.\end {equation*}


$\mathbb {R}^d$


\begin {equation*}\mathcal {N}(0,I_d),\end {equation*}


$I_d$


$d\times d$


$X\in \mathbb {R}^{d_1}$


$Y\in \mathbb {R}^{d_2}$


$p_{X,Y}(x,y)$


$p_X(x)>0$


$Y$


$X=x$


\begin {equation}p_{Y\mid X}(y\mid x) = \frac {p_{X,Y}(x,y)}{p_X(x)}. \label {eq:2:conditional_density}\end {equation}


$p$


$q$


$\mathbb {R}^d$


$p$


$q$


\begin {equation}D_{\mathrm {KL}}(p\|q) = \int _{\mathbb {R}^d} p(x)\log \left (\frac {p(x)}{q(x)}\right )\,dx, \label {eq:2:kl_divergence}\end {equation}


$p$


$q$


$T>0$


\begin {equation*}\{X_t\}_{t\in [0,T]}\end {equation*}


$(\Omega ,\mathcal {F},\mathbb {P})$


$\sigma $


\begin {equation*}\mathbb {F} = \{\mathcal {F}_t\}_{t\in [0,T]}\end {equation*}


\begin {equation*}\mathcal {F}_s\subseteq \mathcal {F}_t\subseteq \mathcal {F}, \qquad 0\leq s\leq t\leq T.\end {equation*}


$\{X_t\}_{t\in [0,T]}$


$\mathbb {F}$


$X_t$


$\mathcal {F}_t$


$t\in [0,T]$


$\sigma $


$\mathcal {F}_t$


$t$


$\mathbb {R}^d$


\begin {equation*}W_t=(W_t^{(1)},\ldots ,W_t^{(d)})^{\top }, \qquad t\in [0,T],\end {equation*}


$d$


$\mathbb {F}$


$W_0=0$


$W_t$


$0\leq s<t\leq T$


$W_t-W_s$


$\mathcal {F}_s$


$0\leq s<t\leq T$


\begin {equation*}W_t-W_s \sim \mathcal {N}(0,(t-s)I_d).\end {equation*}


$W_t$


$m$


$d$


\begin {equation}dX_t = b(t,X_t)\,dt + \sigma (t,X_t)\,dW_t, \qquad X_0=\xi , \label {eq:2:general_sde}\end {equation}


\begin {equation*}b:[0,T]\times \mathbb {R}^d\rightarrow \mathbb {R}^d\end {equation*}


\begin {equation*}\sigma :[0,T]\times \mathbb {R}^d\rightarrow \mathbb {R}^{d\times m}\end {equation*}


$\xi $


$\mathcal {F}_0$


\begin {equation}X_t = \xi + \int _0^t b(s,X_s)\,ds + \int _0^t \sigma (s,X_s)\,dW_s, \qquad t\in [0,T], \label {eq:2:integral_sde}\end {equation}


$\{X_t\}_{t\in [0,T]}$


$t\in [0,T]$


$L,C>0$


\begin {equation}\|b(t,x)-b(t,y)\| + \|\sigma (t,x)-\sigma (t,y)\|_{\mathrm {F}} \leq L\|x-y\|, \label {eq:2:lipschitz_condition}\end {equation}


\begin {equation}\|b(t,x)\| + \|\sigma (t,x)\|_{\mathrm {F}} \leq C(1+\|x\|), \label {eq:2:linear_growth_condition}\end {equation}


$t\in [0,T]$


$x,y\in \mathbb {R}^d$


\begin {equation*}\mathbb {E}\big [\|\xi \|^2\big ]<\infty ,\end {equation*}


$\{X_t\}_{t\in [0,T]}$


\begin {equation*}\mathbb {E}\left [ \sup _{0\leq t\leq T}\|X_t\|^2 \right ] < \infty .\end {equation*}


$X_t$


$p(t,x)$


\begin {equation*}a(t,x) = \sigma (t,x)\sigma (t,x)^{\top }.\end {equation*}


$p(t,x)$


\begin {equation}\frac {\partial p}{\partial t}(t,x) = -\sum _{i=1}^{d} \frac {\partial }{\partial x_i} \left ( b_i(t,x)p(t,x) \right ) + \frac {1}{2} \sum _{i,j=1}^{d} \frac {\partial ^2}{\partial x_i\partial x_j} \left ( a_{ij}(t,x)p(t,x) \right ). \label {eq:2:fokker_planck}\end {equation}


$Z\in \mathbb {R}^m$


$p_Z$


$X\in \mathbb {R}^d$


$p_X$


\begin {equation*}G:\mathbb {R}^m\rightarrow \mathbb {R}^d\end {equation*}


$G(Z)$


$p_X$


$G$


$G$


$z\sim \mathcal {N}(0,I_m)$


$G(z)$


$p_X$


$X\in \mathbb {R}^d$


$p_X$


$Z\in \mathbb {R}^d$


$p_Z$


$X$


\begin {equation*}f:\mathbb {R}^d\rightarrow \mathbb {R}^d\end {equation*}


\begin {equation}Z=f(X). \label {eq:2:nf_forward_map}\end {equation}


\begin {equation}X=f^{-1}(Z) \label {eq:2:nf_inverse_map}\end {equation}


$J_f(x)$


$f$


$x$


$X$


$Z$


\begin {equation}p_X(x) = p_Z\bigl (f(x)\bigr ) \left | \det J_f(x) \right |. \label {eq:2:change_of_variables}\end {equation}


$z=f(x)$


\begin {equation}p_Z(z) = p_X\bigl (f^{-1}(z)\bigr ) \left | \det J_{f^{-1}}(z) \right |. \label {eq:2:inverse_change_of_variables}\end {equation}


$\{x_i\}_{i=1}^N$


$f$


\begin {equation}\begin {aligned} \mathcal {L}_{\mathrm {NLL}} &=-\frac {1}{N}\sum _{n=1}^{N}\log p_X(x_n)\\ &=-\frac {1}{N} \sum _{n=1}^{N} \left [ \log p_Z\bigl (f(x_n)\bigr ) + \log \left | \det J_f(x_n) \right | \right ]. \end {aligned}\end {equation}


$z\sim p_Z$


$x=f^{-1}(z)$


$f$


$f^{-1}$


$\det J_f$


$\{Z_t\}_{t\in [0,T]}$


\begin {equation}dZ_t = b(t)Z_t\,dt + \sigma (t)\,dW_t, \qquad Z_0\sim p_0, \label {eq:2:forward_diffusion}\end {equation}


$p_0$


$W_t$


$m$


$b$


$\sigma $


$p_t$


$Z_t$


$p_0$


$p_T$


$p_T$


$p_0$


$p_t(z)>0$


$z$


$p_t$


\begin {equation}s_t(z) = \nabla _z\log p_t(z). \label {eq:2:score_function}\end {equation}


\begin {equation}dZ_t = \left [ b(t)Z_t - \sigma ^2(t)s_t(Z_t) \right ]dt + \sigma (t)\,d\overleftarrow {W}_t, \qquad t:T\rightarrow 0, \qquad Z_T\sim p_T, \label {eq:2:reverse_time_sde}\end {equation}


$\overleftarrow {W}_t$


$t=T$


$t=0$


$Z_0$


$p_0$


$s_t$




$f \in C^1(\mathbb {R}^d)$


\begin {equation}\label {3assum_1} \left |\frac {\partial f_i(x)}{\partial x_j}\right | < A_1 < \infty , \quad |\det J_{f}(x)| > A_2 > 0,\end {equation}


$A_1$


$A_2$


$i,\ j \in \{1,\ldots ,d\}$


$p_X(x)$


$K$


\begin {equation}\label {3assum_3} p_X(x) < A_3\exp (- \alpha \|x\|^2)\; \text { for }\; \|x\| > K,\end {equation}


$\alpha >0$


$A_3>0$


$\|x\|$


$l^2$


$h$


$g$


$\mathbb {Z}_+^d$


$\mathbb {R}^d$


${m} = (m_1,\ldots ,m_d) \in \mathbb {Z}_+^d$


$|{m}|=m_1+\ldots +m_d$


${x}^{m} = x_1^{m_1}\cdots x_d^{m_d}$


$D^{m} = \frac {\partial ^{|{m}|}}{\partial x_1^{m_1}\cdots \partial x_d^{m_d}}$


$\varepsilon >0$


$h = (h_1, \ldots , h_d)$


$f\in C^k(\mathbb {R}^d)$


$\Omega \subset \mathbb {R}^d$


\begin {equation}\label {3eq_lemmaUAT} \max _{{x}\in \Omega } |D^{m} f_i(x)-D^{m} h_i (x)|<\varepsilon ,\end {equation}


$i\in \{1,\ldots ,d\}$


${m}\in \mathbb {Z}_+^d$


$|{m}|\le k$


$h$


$f \in C^k(\mathbb {R}^d)$


$\varepsilon > 0$


$\mathcal {S}_d$


$\{1,\ldots ,d\}$


\begin {equation}\label {3thm1_jf-jh} |\det {J}_{f}(x) - \det {J}_{h}(x)| =\left | \sum _{\sigma \in \mathcal {S}_d}\left ( {\rm sgn}(\sigma ) \left (\prod _{i = 1}^d \frac {\partial f_i}{\partial x_{\sigma _i}} -\prod _{i = 1}^d \frac {\partial h_i}{\partial x_{\sigma _i}} \right )\right ) \right | < C \varepsilon \end {equation}


$x \in \Omega $


$k = 1$


\begin {equation}\label {3thm1_jf} A_2 < |\det {J}_{f}(x)| = \left | \sum _{\sigma \in \mathcal {S}_d}\left ( {\rm sgn}(\sigma )\prod _{i = 1}^d \frac {\partial f_i}{\partial x_{\sigma _i}}\right )\right |<CA_1^d.\end {equation}


$\varepsilon <\frac {A_2}{2C}$


\begin {align}&|\det {J}_{h}(x)| \le |\det {J}_{f}(x)|+|\det {J}_{f}(x) - \det {J}_{h}(x)|<\frac {A_2}{2}+CA_1^d\label {3thm1_jhup}, \\ &|\det {J}_{h}(x)| \ge |\det {J}_{f}(x)|-|\det {J}_{f}(x) - \det {J}_{h}(x)|>\frac {A_2}{2}>0\label {3thm1_jhlow}.\end {align}


$h$


$\Omega $


$g$


${f}^{-1}$


$h$


$g$


$f$


$f^{-1}$


$\mathcal {L}_1$


$\mathcal {L}_2$


$Z$


$\widetilde {X}$


$\widehat {X}$


$\Omega $


$\widetilde X$


$\widehat X$


$p_{X}(x)$


$p_{\widetilde X}(x)$


\begin {equation}\label {3assum_4} A_4\exp (-\alpha \|x\|^2) < \frac {p_X(x)}{p_{\widetilde {X}}(x)} < A_4\exp (\alpha \|x\|^2),\end {equation}


$\alpha $


$A_4$


$\mathcal {L}_1$


$\mathcal {L}_2$


$O(\varepsilon )$


$\varepsilon >0$


$\widetilde {X}$


$p_{\widetilde X}(x)$


\begin {equation}\label {3thm1_1} |p_{X}(x)- p_{\widetilde X}(x)| < C \varepsilon , \,\,\text { for }\,\, x \in \Omega ,\end {equation}


$\Omega \subseteq \mathbb {R}^d$


$C>0$


$k = 0$


$x\in \Omega $


\begin {equation}\label {3thm1_f-h} \|f(x)-h (x)\| = \sqrt {\sum _{i=1}^d |f_i(x)-h_i (x)|^2}<C\varepsilon .\end {equation}


$Z \in \mathbb {R}^d$


$\|\nabla p_Z(z)\|< C$


$z\in \mathbb {R}^d$


\begin {equation}\label {3thm1_pzf-pzh} |p_Z(f(x)) - p_Z(h(x))| =|\nabla p_Z(\xi )\cdot (f(x)- h(x))| \le \|\nabla p_Z(\xi )\| \|f(x)- h(x)\| <C \varepsilon ,\end {equation}


$\xi $


$f(x)$


$h(x)$


$\varepsilon $


$C>0$


$Z$


\begin {equation}\label {3thm1_8} \begin {aligned} & \left |p_{X}(x)- p_{\widetilde X}(x)\right |\\ =&\, \left |p_Z(f(x))|\det {J}_{f}(x)| - p_Z(h (x))|\det {J}_{h}(x)| \right |\\ =& \,\left |p_Z(f(x))(|\det {J}_{f}(x)| - |\det {J}_{h}(x)|)+|\det {J}_{h}(x)|(p_Z(f(x)) - p_Z(h(x)))\right |\\ \le & \, \left | p_Z(f(x))\right | \left | \det {J}_{f}(x) - \det {J}_{h}(x)\right | + \left | \det {J}_{h}(x)\right |\left | p_Z(f(x)) - p_Z(h(x))\right |< C \varepsilon \end {aligned}\end {equation}


$x\in \Omega $


$\mathcal {L}_1$


$\varepsilon >0$


$\widetilde {X}$


$p_{\widetilde X}(x)$


$\mathcal {L}_1$


\begin {equation}\label {3thm2_bound} -\int _{\mathbb {R}^d} p_X(x) \log p_X(x) dx \le \mathcal {L}_1 <-\int _{\mathbb {R}^d} p_X(x) \log p_X(x) dx +\varepsilon .\end {equation}


$\log t \le t-1$


$t>0$


\begin {equation}\label {3thm2_lb} \begin {aligned} -\int _{\mathbb {R}^d} p_X(x) \log p_X(x) dx - \mathcal {L}_1 =&\int _{\mathbb {R}^d} p_X(x) \log \frac {p_{\widetilde X}(x)}{P_X(x)} dx\\ \le & \int _{\mathbb {R}^d} p_X(x) \left (\frac {p_{\widetilde X}(x)}{P_X(x)} - 1\right ) dx\\ =&\int _{\mathbb {R}^d} p_{\widetilde X}(x) - p_X(x) dx = 0. \end {aligned}\end {equation}


\begin {equation}\int _{\mathbb {R}^d} p_X(x) \log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx < \varepsilon .\end {equation}


$B_d(r) := \{x\in \mathbb {R}^d: \|x\|\le r\}$


$V_{d-1}(r)$


$\{x\in \mathbb {R}^d: \|x\| = r\}$


$\varepsilon _1 < \min \{A_3\exp (-\alpha ), A_3\exp (- \alpha K^2)\}$


$K$


$K_1 = \sqrt {-\frac {1}{\alpha } \log \frac {\varepsilon _1}{A_3}}$


$K_1 > \max \{1, K\}$


$p_X(x) < A_3\exp (- \alpha \|x\|^2)\le \varepsilon _1$


$B_d(K_1)^c$


$\Omega _{\varepsilon _1} := \{x: p_X(x)\ge \varepsilon _1\}$


$\Omega _{\varepsilon _1}$


$B_d(K_1)$


$p_X(x)$


$\Omega _{\varepsilon _1}$


$\mathbb {R}^d$


$\Omega _{\varepsilon _1}$


$p_X$


$p_{\widetilde {X}}$


\begin {equation}\label {3thm2_kl} \begin {aligned} D_{\rm KL}(p_X \, \| \, p_{\widetilde {X}}) =& \int _{\mathbb {R}^d}p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx \\ \le & \int _{p_X(x) \ge \varepsilon _1} p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx \\ & + \int _{\{p_X(x) < \varepsilon _1\} \cap B_d(K_1)}p_X(x) \log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx \\ & + \int _{\{p_X(x) < \varepsilon _1\}\cap B_d(K_1)^c} p_X(x) \log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx \\ :=& I_1 + I_2 + I_3. \end {aligned}\end {equation}


$\varepsilon _2 > 0$


$\widetilde {X}$


\begin {equation}|p_{X}(x)- p_{\widetilde X}(x)| < C \varepsilon _2,\end {equation}


$x \in \Omega _{\varepsilon _1}$


$\varepsilon _2 < \frac {\varepsilon _1}{2C}$


$p_{\widetilde {X}}(x) > \varepsilon _1/2$


$p_X(x) \ge \varepsilon _1$


$I_1$


\begin {equation}\label {3thm3_2} \begin {aligned} I_1 = \, &\int _{p_X(x) \ge \varepsilon _1} p_X(x)\left ( \log (p_X(x))-\log (p_{\widetilde {X}}(x)) \right )dx\\ \le \, &\int _{p_X(x) \ge \varepsilon _1} p_X(x) \left |\frac {1}{{\xi }}\right | \left |p_X(x) - p_{\widetilde {X}}(x)\right |dx\\ \le \, &\frac {2C\varepsilon _2}{\varepsilon _1} \int _{p_X(x) \ge \varepsilon _1} p_X(x)dx \le \, \frac {2C\varepsilon _2}{\varepsilon _1}, \end {aligned}\end {equation}


$\left |\frac {1}{\xi }\right | \le \frac {2}{\varepsilon _1}$


$\xi $


$p_X(x)$


$p_{\widetilde {X}}(x)$


$\varepsilon _2 < \frac {\varepsilon _1}{2C_1}$


$\varepsilon _2/\varepsilon _1 \rightarrow 0$


$I_1 \rightarrow 0$


$p_X(x)$


$p_{\widetilde {X}}(x)$


$\log \frac {p_X(x)}{p_{\widetilde {X}}(x)}$


$B_d(K)$


$\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} < C_1$


${x} \in B_d(K)$


$\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} < C_2K_1^2$


$x\in B_d(K_1)\setminus B_d(K)$


$\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} < \max \{C_1,\ C_2K_1^2\}$


$x \in B_d(K_1)$


$I_2$


\begin {equation}\label {3thm3_3} \begin {aligned} I_2 & = \int _{\{p_X(x)<\varepsilon _1\}\cap B_d(K_1)} p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)}d x\\ & \le \int _{\{p_X(x)<\varepsilon _1\}\cap B_d(K_1)}\left |p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)}\right | dx\\ & \le C\varepsilon _1\int _{B_d(K_1)} \max \{1,\ K_1^2\}d x \\ &= C\varepsilon _1\frac {\pi ^{d/2}}{\Gamma (d/2+1)}\max \{K_1^d,\ K_1^{d+2}\}\\ &\le C \max \{\varepsilon _1 (\log \frac {\varepsilon _1}{A_3})^{d/2},\ \varepsilon _1 (\log \frac {\varepsilon _1}{A_3})^{d/2+1}\}, \end {aligned}\end {equation}


$C$


$I_2 \rightarrow 0$


$\varepsilon _1 \rightarrow 0$


$K_1 = \sqrt {-\frac {1}{\alpha } \log \frac {\varepsilon _1}{A_3}}$


$I_3$


\begin {equation}\label {3thm3_4} \begin {aligned} I_3 & = \int _{\{p_X(x)<\varepsilon _1\}\cap B_d(K_1)^c} p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx\\ & = \int _{B_d(K_1)^c}p_X(x)\log \frac {p_X(x)}{p_{\widetilde {X}}(x)} dx\\ & \le C\int _{B_d(K_1)^c} \exp (-\alpha \|x\|^2) \|x\|^2 dx. \end {aligned}\end {equation}


$\int _{B_d(R_2)\setminus B_d(R_1)}y(\|x\|)dx = V_{d-1}(1)\int _{R_1}^{R_2}y(r)r^{d-1}dr$


\begin {equation}\label {3thm3_5} \begin {aligned} I_3& \le C V_{d-1}(1)\int _{K_1}^{+\infty } \exp (-\alpha r^2)r^2r^{d-1}dr\\ & = C\int _{K_1}^{+\infty } \exp (-\alpha r^2)r^{d+1}dr\\ & = C\left (\left [\frac {\exp (-\alpha r^2)r^d}{-2\alpha }\right ]_{K_1}^{+\infty }+\frac {d+1}{2\alpha }\int _{K_1}^{+\infty } \exp (-\alpha r^2)r^d dr\right )\\ & = C\left (\left [\frac {\exp (-\alpha r^2)r^d}{-2\alpha }\right ]_{K_1}^{+\infty }+\ldots +\frac {(d+1)!}{(2\alpha )^{d+1}}\int _{K_1}^{+\infty } \exp (-\alpha r^2) dr\right ), \end {aligned}\end {equation}


$I_3 \rightarrow 0$


$K_1 \rightarrow +\infty $


$K_1 = \sqrt {-\frac {1}{\alpha } \log \frac {\varepsilon _1}{A_3}}$


$I_3 \rightarrow 0$


$\varepsilon _1 \rightarrow 0$


$\mathcal {L}_1$


$p_X(x)$


$h$


$f$


$\mathcal {L}_2$


$\varepsilon > 0$


$g$


\begin {equation}\label {3thm3_bound} \mathcal {L}_2 < \varepsilon ,\end {equation}


$\Omega \subseteq \mathbb {R}^d$


$p_X$


$\mathcal {L}_2$


\begin {equation}\label {3thm2_l2} \begin {aligned} \mathcal {L}_2 =\, & \int _{\Omega } p_X(x)\left (\|g(h(x))-x\|^2 dx + \int _{\Omega }|\det {J}_{g}(h(x)) \det {J}_{h}(x)-1|\right )dx\\ \le \, & C\int _{\Omega } \|g(h(x))-x\|^2 dx + \int _{\Omega }|\det {J}_{g}(h(x)) \det {J}_{h}(x)-1|dx\\ = \, & C\Big (\int _{\Omega } \|g(h(x))-h^{-1} (h (x))\|^2 dx \\ \, & + \int _{\Omega }|\det {J}_{g}(h(x)) (\det {J}_{h^{-1}}(h(x)))^{-1} - 1|dx\Big )\\ = \, & C\Big (\int _{h(\Omega )} \|g(y)-h^{-1} (y)\|^2|\det {J}_{h^{-1}}(y)| dy \\ \, & + \int _{{h}(\Omega )}|\det {J}_{g}(y) - \det {J}_{h^{-1}}(y)|dy\Big ):=C(I_1+I_2). \end {aligned}\end {equation}


$h$


$\Omega $


$h$


$\Omega $


$M$


$|h(x)| \leq M$


$x \in \Omega $


$h(\Omega )\subseteq B_d(M)$


$g$


$h^{-1}$


$I_1$


\begin {equation}\label {3thm2_i1} \begin {aligned} I_1=&\int _{h(\Omega )} \|g(y)-h^{-1} (y)\|^2|\det {J}_{h^{-1}}(y)| dy\\ \le &\int _{B_d(M)} \|g(y)-h^{-1} (y)\|^2|\det {J}_{h^{-1}}(y)| dy\\ =&\int _{B_d(M)} \left (\sum _{i=1}^d | g_i(y)- h^{-1}_i (y)|^2 \right )|\det {J}_{h^{-1}}(y)| dy\le \int _{B_d(M)} d\varepsilon _1^2 C dy \le C\varepsilon _1^2, \end {aligned}\end {equation}


$k = 0$


${h}^{-1}$


$\mathcal {S}_d$


$\{1,\ldots ,d\}$


\begin {equation}\label {3thm2_jg-jh-1} |\det {J}_{g}(y) - \det {J}_{h^{-1}}(y)| =\left | \sum _{\sigma \in \mathcal {S}_d}\left ( {\rm sgn}(\sigma ) \left (\prod _{i = 1}^d \frac {\partial g_i(y)}{\partial x_{\sigma _i}} -\prod _{i = 1}^d \frac {\partial h^{-1}_i(y)}{\partial x_{\sigma _i}} \right )\right ) \right |< C \varepsilon _1\end {equation}


$y \in B_d(M)$


$k = 1$


$I_2$


\begin {equation}\label {3thm2_i2} I_2=\int _{h(\Omega )}|\det {J}_{g}(y) - \det {J}_{h^{-1}}(y)|dy\le \int _{ B_d(M)}|\det {J}_{g}(y) - \det {J}_{h^{-1}}(y)|dy \le C\varepsilon _1.\end {equation}


$\mathcal {L}_2$


$\varepsilon _1$


$\varepsilon _1$


$\mathcal {L}_1$


$\mathcal {L}_2$


$\mathcal {L}_1$


$\mathcal {L}_2$


$h$


$g$


$p_X$


$p_{\widehat {X}}$


$X$


$A_5$


\begin {equation}\label {3assum_5} \|\nabla p_{\widehat X}(x)\|\le A_5(\|x\|+1)p_{\widehat X}(x),\end {equation}


$p_{\widehat X}(x)$


$\varepsilon >0$


$X$


$\widehat {X}$


$D_{\rm KL}(p_X\|p_{\widehat X})<\varepsilon $


$\varepsilon _1 >0$


\begin {equation}\label {3thm4_l1} \begin {aligned} \mathcal {L}_1 \le -\int _{\mathbb {R}^d} p_X(x) \log p_X(x) dx + \varepsilon _1, \end {aligned}\end {equation}


$\varepsilon _2 >0$


\begin {equation}\label {3thm4_l2} \mathcal {L}_2(\mathbb {R}^d) = \int _{\mathbb {R}^d} p_X({x})\left (\|{g(h(x))-x}\|^2 + |\det {J}_{g}(h({x})) \det {J}_{h}({x}) -1|\right )d{x} < \varepsilon _{2}.\end {equation}


$M(x):=g(h(x))$


\begin {equation}\label {3thm4_l2m} {\mathcal {L}_2(\mathbb {R}^d) = \int _{\mathbb {R}^d} p_X(x)(\|M(x)-x\|^2 + |\det {J}_{M}(x) -1|)dx} < \varepsilon _2.\end {equation}


$\widehat X =g(Z) = g(h(\widetilde X)) = M(\widetilde X)$


\begin {equation}\label {3thm4_cov} p_{\widetilde X}(x) = p_{\widehat X}(M (x))|\det {J}_{M}(x)|.\end {equation}


$P_X$


$P_{\widehat X}$


\begin {equation}\begin {aligned} D_{\rm KL}(p_X\|p_{\widehat X})=&\int _{\mathbb {R}^d} p_X(x) \log \frac {p_X(x)}{p_{\widehat {X}}(x)} dx \\ \le &\int _{\mathbb {R}^d} p_X(x) \log \frac {p_X(x)}{p_{\widetilde X}(x)} dx +\int _{\mathbb {R}^d} p_X(x) \log \frac {p_{\widetilde X}(x)}{p_{\widehat X}(x)} dx \\ =&\int _{\mathbb {R}^d} p_X(x) \log \frac {p_X(x)}{p_{\widetilde X}(x)} dx +\int _{\mathbb {R}^d} p_X(x) \log \frac {p_{\widehat X}(M (x))|\det {J}_{M}(x)|}{p_{\widehat X}(x)} dx \\ =&\int _{\mathbb {R}^d} p_X(x) \log \frac {p_X(x)}{p_{\widetilde X}(x)} dx +\int _{\mathbb {R}^d} p_X(x) \log \frac {p_{\widehat X}(M (x))}{p_{\widehat X}(x)} dx \\ &+ \int _{\mathbb {R}^d} p_X(x) \log |\det {J}_{M}(x)| dx :=I_1+I_2+I_3. \end {aligned}\end {equation}


$I_1<\varepsilon _1$


$I_2$


\begin {equation}\begin {aligned} I_2 =&\int _{\mathbb {R}^d} p_X(x) \log \frac {p_{\widehat X}(M (x))}{p_{\widehat X}(x)} dx \\ =&\int _{\mathbb {R}^d} p_X(x) \Big (\log (p_{\widehat X}(M (x)) )-\log (p_{\widehat X}(x))\Big ) dx\\ =&\int _{\mathbb {R}^d} p_X(x)\left (\frac {\nabla p_{\widehat X}(\xi )}{p_{\widehat X}(\xi )}\cdot (M (x)-x) \right )dx, \end {aligned}\end {equation}


$\xi $


$M(x)$


$x$


\begin {equation}\begin {aligned} I_2 \le \, &C\int _{\mathbb {R}^d} p_X(x)(\|\xi \|+1)\left \| M (x)-x\right \|dx\\ \le \, &C\int _{\mathbb {R}^d} p_X(x)\left (\|M(x)-x\| + \|x\| +1\right )\left \| M (x)-x\right \|dx\\ = \, &C\bigg (\int _{\mathbb {R}^d} p_X(x)\left \| M (x)-x\right \|^2 dx + \int _{\mathbb {R}^d} p_X(x) \|x\|\left \| M (x)-x\right \|dx\\ \, &+\int _{\mathbb {R}^d} p_X(x) \left \| M (x)-x\right \|dx\bigg )\\ \le \, &C\bigg [\varepsilon _2 + \left (\int _{\mathbb {R}^d} p_X(x)\|x\|^2 dx\right )^{\frac {1}{2}} \left (\int _{\mathbb {R}^d} p_X(x)\left \| M (x)-x\right \|^2 dx\right )^{\frac {1}{2}}\\ \, &+\left (\int _{\mathbb {R}^d} p_X(x) dx\right )^{\frac {1}{2}} \left (\int _{\mathbb {R}^d} p_X(x)\left \| M (x)-x\right \|^2 dx\right )^{\frac {1}{2}}\bigg ]\le C(\varepsilon _2+\varepsilon _2^\frac {1}{2}). \end {aligned}\end {equation}


$\log |t|\le |t-1|$


$t\in \mathbb {R}$


$I_3$


\begin {equation}I_3=\int _{\mathbb {R}^d} p_X(x) \log |\det {J}_{M}(x)| dx \le \int _{\mathbb {R}^d} p_X(x) |\det {J}_{M}(x)-1| dx\le \varepsilon _2.\end {equation}


\begin {equation}D_{\rm KL}(p_X\|p_{\widehat X})\le \varepsilon _1+C(\varepsilon _2+\varepsilon _2^\frac {1}{2}).\end {equation}


$\varepsilon _1<\varepsilon /2$


$\varepsilon _2<\min \{\varepsilon ^2/(16C^2), 1\}$


\begin {equation}\begin {split} D_{\rm KL}(p_X\|p_{\widehat X})\le \varepsilon _1+C(2\varepsilon _2^\frac {1}{2}) \le \frac {\varepsilon }{2}+C\frac {\varepsilon }{2C} \le \varepsilon . \end {split}\end {equation}


$D_{\rm KL}(p_X\|p_{\widehat X}) \le \varepsilon $


${b}(s, X_s) = 2\sqrt {X_s} + 1$


${\sigma }(s, X_s) = 2\sqrt {X_s}$


$L=5$


$t= 0.1$


$X_0$


$X_t$


$p_{X_0}(x_0)$


$p_{X_t|X_0}( x|x_0)$


$N_{\rm train} = 20000$


$\{X_0^{(n)}\}_{n = 1}^{N_{\rm train}}$


$\mathcal {D} = [0,5]$


$\{X_t^{(n)}\}_{n = 1}^{N_{\rm train}}$


$N_{\rm layer} = 1$


$N_{\rm neuron} = 256$


$\lambda $


$H(\lambda )$


$\lambda $


$H(\lambda $


$\lambda = 50$


$\lambda = 1$


$\lambda = 50$


$\lambda = 50$


$\lambda = 1$


$\lambda $


$\mathcal {L}_1$


$\mathcal {L}_2$


$H(\lambda )$


$\lambda $


$\lambda $


$\lambda = 50$


$X_t$


$\delta $


$X_t$


$p_{\rm approx}$


$p_{\rm exact}$


$D_{\rm KL}$


$\log {\left (\frac {p_{\rm exact}(x)}{p_{\rm approx}(x)}\right )}$


$\mathcal {X}$


$\mathcal {L}$


$t=1$


$\mathcal {D}= [0,1]^{10}$


$K = \frac {1}{2} \begingroup \setlength \arraycolsep {10pt} \begin {pmatrix} 1 & 1 & & \\ & \ddots & \ddots & \\ & & \ddots & 1 \\ & & & 1 \end {pmatrix}_{10 \times 10}. \endgroup $


$X_t$


$N_{\rm train} = 20000$


$X_0$


$\mathcal {D}$


$N_{\rm hidden} = 1$


$N_{\rm neuron} = 256$


$\lambda $


$\lambda = 100$


$x_{\rm test} \sim \mathcal {N}(0.5, 0.1\cdot \mathbf {I}_{10})$


$x_{\rm test}^2$


$\ln (|x_{\rm test}| + 1)$


$\sin {(x_{\rm test}^2)}$


$X_t$


$d$


$d=6$


$d<6$


${b}\, ds$


$\sigma \, dW_s$


$p$


$\xi =\cos \eta $


$\eta $


$dW_p$


$dW_\xi $


$E$


$\tau $


$C_A$


$C_B$


$C_F$


$Z$


$c$


$E = E_0 \left [ \frac {\tilde {T}}{\hat {T}_f} \right ]^{3/2}$


$Z = 1$


$\tau = 6 \times 10^3$


$E_0 = 1/2000$


$\tilde {T} = 3$


$\hat {T}_f = 0.05$


$mc^2 = 500$


$p\in (p_{\min }, p_{\max })$


$\theta \in (0, \pi )$


$(p_{\min }, p_{\max })=(0.5, 5)$


$t_{\max }=26$


$\int _{0}^1\int _{-1}^{1}\int _{p_{\min }}^{p_{\max }} f_0 (p,\xi ) dp d\xi =1$


$\hat T_0$


$\hat {T}_0$


$\hat {T}_0$


$\mathcal {V}$


$N_{\rm train} = 30000$


$\{(p_0,\xi _0)^{(n)}\}$


$n = 1, \ldots ,N_{\rm train}$


$(p_{t_{\max }},\xi _{t_{\max }})^{(n)}$


$N_{\rm hidden} = 1$


$N_{\rm neuron} = 512$


$\lambda $


$\lambda $


$H(\lambda )$


$\lambda =100$


$N_{\rm test} = 20000$


$\hat {T}_0 = 10$


$t_{\rm max}=26$


$N_{\rm test}$


$\theta $


$p$


$\log _{10}$


$10^{-2}$


$f_{t_{\max }}$


$t_{\max } = 26$


$p^*=1.75$


$p_{\max }$


$\hat {T}_0 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10.$


$n_{\rm RE}$


$\hat T_0$


$N_{\rm sample}=20000$


$\hat {T}_0$


$\Delta t = 0.001$


$N_{\rm epoch} = 20000$


$n_{\rm RE}$


$C_{\rm MC} = 4000$


$C_{\rm offline} =1354$


$C_{\rm online} = 12$


${\bf v}=(v_x,v_y,v_z)$


$v_x=A \sin {z} + C \cos {y}$


$v_y= B \sin {x} + A \cos {z}$


$v_z= C \sin {y} + B \cos {x}$


$A$


$B$


$C$


$dW_x$


$dW_y$


$dW_z$


$P_e$


$P_e \ll 1$


$P_e \gg 1$


$\{x_0^{(n)}, y_0^{(n)}, z_0^{(n)}\}_{n=1}^{N_{\rm train}}$


$N_{\rm train} = 30000$


$\mathcal {D} = [0,2\pi ] \times [0,2\pi ] \times [0,2\pi ]$


$\{x_{t_{\max }}^{(n)}, y_{t_{\max }}^{(n)}, z_{t_{\max }}^{(n)}\}_{n=1}^{N_{\rm train}}$


$t_{\rm max} = 2$


$P_e = 3$


$A = 1$


$B = 1$


$C = 0.25$


$N_{\rm hidden} = 1$


$N_{\rm neuron} = 512$


$\sigma _x = \pi /3$


$\sigma _y = \pi /5$


$\sigma _z = \pi /4$


$(x_c, y_c, z_c) \in \mathcal {D}$


$H(x,y,z) = 1$


$(x,y,z) \in \mathcal {D}$


$H(x,y,z) = 0$


$f(x,y,z,t_{\rm max})$


$(x_c,y_c,z_c) = (\pi /2,\pi ,\pi )$


$3d$


$1d$


$g(x)=\int dy \int dz f(x,y,z,t_{\rm max})$


$2d$


$g(x,y)= \int dz f(x,y,z,t_{\rm max})$


$\mathcal {D}$


${\cal T}=[x_{min},x_{max}] \times (-\infty , \infty ) \times [z_{min},z_{max}]$


$\mathcal {D} = [0,2\pi ] \times [0,2\pi ] \times [0,2\pi ]$


$\sigma _x = \pi /3$


$\sigma _y = \pi /5$


$\sigma _z = \pi /4$


$y$


$y_c=\pi $


$\cal T$


$(x_c,z_c)$


$\cal D$


$x_{\min } = 0$


$x_{\max } = \pi $


$z_{\min } = 2\pi $


$z_{\max } = 3\pi $


$N_x \times N_z$


$(x_c, z_c) \in [0,2\pi ]\times [0,2\pi ]$


$N_x N_z=N_{\rm ic}$


$\{x^i_c,z^i_c\}_{i=1}^{N_{\rm ic}}$


$N_{\rm test}$


$(x^i_c,y_c=\pi ,z^i_c)$


$N_{\rm ic} N_{\rm test}$


$N_{\rm train}$


$N_{\rm ic} N_{\rm test}$


$N_x=N_z=21$


$N_{\rm test}=20000$


$8.82 \times 10^6$


$t_{\rm final}=2$


$\Delta t=0.001$


$C_{\rm MC} = 5320$


$N_{\rm train} =30000$


$N_{\rm hidden} = 1$


$N_{\rm neuron} = 512$


$N_{\rm epoch} =20000$


$C_{\rm offline} = 2200$


$C_{\rm online} = 50$


$n_{\cal T}$


\begin {equation}\label {4eq:problem} { Y} = { f}({ X}) + { \varepsilon }({ X}),\end {equation}


$X \in \mathbb {R}^d$


$d$


${ f}:\mathbb {R}^{d} \rightarrow \mathbb {R}^s$


${ Y} \in \mathbb {R}^s$


$s$


$\varepsilon ( X)$


$\mathbb {E}[{ \varepsilon }({ X})] = 0$


$\mathbb {E}[{ \varepsilon ^2}({ X})] = { v}({ X})$


${ v}(\cdot )$


\begin {equation}\label {4eq:forward} \text {(Forward QoI)}\quad Q_{\rm forward}( x) = \int _{\mathbb {R}^s} q_{\rm forward}( y)\; p( y | x)\, d y\; \text { for }\; X = x,\end {equation}


$q_{\rm forward}( y)$


$p( y | x)$


$\varepsilon ( x)$


$Y$


$X = x$


\begin {equation}\label {4eq:inverse} \text {(Inverse QoI)}\quad Q_{\rm inverse}( y) = \int _{\mathbb {R}^d} q_{\rm inverse}( x)\; p( x | y)\, d x\; \text { for }\; Y = y,\end {equation}


$q_{\rm inverse}( x)$


$p( x | y)$


$X$


$Y = y$


$X$


$X$


\begin {equation}\label {4eq:prior} X \sim p( x),\end {equation}


$X$


$p( x)$


$p( x)$


$f(\cdot )$


$\varepsilon (\cdot )$


$p( x, y)$


$p( y) = \int p( x, y) d x$


$p( x| y)$


\begin {equation}\label {4eq:joint} p( x | y) = \frac {p( x, y)}{p( y)},\end {equation}


$p( x| y)$


$p( x| y)$


$f( X)$


$f( X)$


$f( X)$


$\varepsilon ( X)$


$p( y | x)$


$\varepsilon ( X)$


$f( X)$


$p( x| y)$


$p( y| x)$


$p( x | y)$


$W$


$X$


$Y| X$


$h$


$g$


$\widehat { W}$


$W$


$\theta _{ h}$


$\theta _{ g}$


$h$


$g$


$g = h^{-1}$


$\widehat { W} = W$


$h$


$g$


$\|\widehat { W} - W\|_2^2$


$p_{ W}( w)$


$p_{ Z}( z)$


$W$


$Z$


${\rm det} {J_{ h}}({ w})$


$J_{ h}$


$h(\cdot )$


$h(\cdot )$


$h( x, y| x) = ( h_1( x), h_2( x, y| x; \theta _h))$


$h_2( x, y| x; \theta _{ h})$


$\theta _{ h}$


$\mathbb {R}^{d+s}$


$\mathbb {R}^s$


$h_1( x)$


$x$


$x$


$y$


$p( y| x)$


$y$


$x$


$h_1( x)$


$z_1$


$h_2( x, y| x; \theta _{ h})$


$z_2$


$g$


$g( z_1, z_2) = ( g_1( z_1), g_2( z_1, z_2; \theta _g))$


$g_1$


$g_2$


$\theta _{ g}$


$g_1$


$g_2$


$\widehat { x}$


$\widehat { y}$


$\widehat { x} = z_1 = x$


$h_1$


$g_1$


$\mathcal {L}_1$


$\mathbf {I}_d$


$d\times d$


${ h}_1$


$x$


$J_{ h}$


$y$


$\mathcal {O}(s^3)$


$x$


$d=20$


$y$


$s= 10, 20,\ldots , 160$


$s$


$s$


$\mathcal {D}_{\rm train}$


${ Y} = { f}({ X}) + { \varepsilon }({ X})$


$Y$


$X$


$Y$


$Y| X$


$\mathcal {L}_1$


$\mathcal {L}_2$


$k \in C^1(\mathbb {R}^{d+s})$


\begin {equation}\left |\frac {\partial k_i( w)}{\partial w_j}\right | < A_1 < \infty , \quad |\det J_{ k}( w)| > A_2 > 0,\end {equation}


$A_1$


$A_2$


$i,\ j \in \{1,\ldots ,{d+s}\}$


$p_{ W}( w)$


$p_{ W}$


$K$


\begin {equation}\label {4assum_3} p_{ W}( w) < A_3\exp (- \alpha \| w\|^2)\; \text { for }\; \| w\| > K,\end {equation}


$\alpha >0$


$A_3>0$


$\|\cdot \|$


$l^2$


$p_{ W}( w)$


$p_{\widetilde { W}}( w)$


\begin {equation}\label {4assum_4} A_4\exp (-\alpha \| w\|^2) < \frac {p_{ W}( w)}{p_{\widetilde {{ W}}}( w)} < A_4\exp (\alpha \| w\|^2),\end {equation}


$\alpha $


$A_4$


$\varepsilon >0$


$h$


$g$


\begin {equation}\label {4conl_bound} 0\le \widetilde {\mathcal {L}}_1 +\int _{\mathcal {D}_{W}} p_{ W}( w) (\log p_{ W}( w) - \log p_{{ Z}_1}( z_1)) d w <\varepsilon , \,\, \text {and} \quad \widetilde {\mathcal {L}}_2 < \varepsilon .\end {equation}


$\mathcal {L}_1$


$\mathcal {L}_2$


$\widetilde {\mathcal {L}}_1$


$\widetilde {\mathcal {L}}_2$


${ Y} = { f}({ X}) + { \varepsilon }({ X})$


$X\in \mathbb {R}^d$


$Y \in \mathbb {R}^s$


$N$


\begin {equation}\label {4l1-l1} \max {\{\mathbb {E}|\widetilde {\mathcal {L}}_1-\mathcal {L}_1|^2, \mathbb {E}|\widetilde {\mathcal {L}}_2-\mathcal {L}_2|^2 \}} \le \frac {C}{N}\left [\sum _{i=1}^{s}\left [\mathbb {E}[v_{ii}( X)]+ {\rm Var}(f_i( X))\right ]+\sum _{i=1}^{d}{\rm Var}(X_i)\right ],\end {equation}


$C$


$K$


$f\in L^2(\mathbb {R}^d, \mathbb {R})$


$K$


$| f({ x})- f({ y})|\le K \|{ x}-{ y}\|$


${ X} = ({X}_1, {X}_2, \ldots , {X}_d)\in \mathbb {R}^d$


\begin {equation}{\rm Var} ( f({ X})) \leq K^2 \sum _{i=1}^d {\rm Var}({X}_i).\end {equation}


${ v}({ x}) = {\rm Var}[{ \varepsilon }({ x})]$


$W=( X, Y| X)$


$A$


\begin {equation}\|\nabla p_{\widehat { W}}( w)\|\le A(\| w\|+1)p_{\widehat { W}}( w),\end {equation}


$p_{\widehat { W}}( w)$


${\widehat { W}}=( X,{\widehat { Y}}| X)$


$\varepsilon > 0$


$h$


$g$


\begin {equation}\mathbb {E}\left (\int _{\mathcal {D}_{ X}} D_{\rm KL}(p_{ Y| X}\| p_{\widehat { Y}|{ X}}) d x \right )< \varepsilon .\end {equation}


$p_{Y}$


$p_{\widehat Y}$


$\mathcal {L}_1$


$\mathcal {L}_2$


$p_{ X}({ x})$


$p_{ X}({ x})>0$


${ x}\in \mathbb {R}^d$


${\rm Pr}({ X}_i \le x_i | { x}_{<i})$


$i = 1, 2, \ldots , d$


$p_{ W}({ w})$


$p_{ Z}({ z})$


$z = k( w) = (k_1( w), \ldots , k_{d+s}( w))$


$p_{ W}({ w})$


$p_{ Z}({ z})$


\begin {equation}\label {4eq_denp} p_{ W}( w) = p_{ Z}( k( w))|\det {J}_{ k}( w)|.\end {equation}


$k$


$h( w)$


$g( z)$


$k$


$k^{-1}$


\begin {equation}\label {4eq:xxx} \widetilde {{ W}} = { h^{-1}}({ Z})\; \text { and } \; \widehat {{ W}} = { g}({ Z}),\end {equation}


$Z$


$\widetilde {{ W}}$


$\widehat {{ W}}$


\begin {equation}\label {4p_xtilde} p_{\widetilde { W}}( w) = p_{ Z}( h ( w))|\det {J}_{ h}( w)|, \quad p_{\widehat { W}}( w) = p_{ Z}( g^{-1} ( w))|\det {J}_{ g^{-1}}( w)|.\end {equation}


\begin {equation}\label {4con_l1} \begin {aligned} \widetilde {\mathcal {L}}_1 =&-\int _{\mathcal {D}_{ W}} p_{ W}( w) \left (\log p_{{ Z}_2}( h_2( w)) + \log |\det {J}_{ h}( w)| \right ) d w\\ =& -\int _{\mathcal {D}_{ W}} p_{ W}( w) (\log p_{\widetilde {{ W}}}( w) - \log p_{{ Z}_1}( z_1)) d w. \end {aligned}\end {equation}


\begin {equation}\label {4con_l2} \widetilde {\mathcal {L}}_2 = \int _{\mathcal {D}_{ W}} p_{ W}( w)\left (\|{ g}({ h}( w))- w\|^2 + |\det {J}_{ g}({ h}( w)) \det {J}_{ h}( w) - 1|\right )d w,\end {equation}


$\mathcal {D}_{ W}$


$W$


$W$


$\widetilde {{ W}}$


$W$


$\widetilde {\mathcal {L}}_1$


$\widetilde {\mathcal {L}}_2$


$\widetilde {\mathcal {L}}_1$


$\widetilde {\mathcal {L}}_2$


$f\in L^1(\mathbb {R}^d,\mathbb {R})$


$\{ x^{(i)}\}_{i=1}^n$


$p_{ X}( x)$


\begin {equation}\mathbb {E}\left |\int _{\mathbb {R}^d} f( x)p_{ X}( x)d x-\frac {1}{n}\sum _{i=1}^n f( x^{(i)})\right |^2=\frac {1}{n} {\rm Var}( f({ X})).\end {equation}


$\{{ X}^{(i)}\}_{i=1}^{n}$


$p_{{ X}^{(i)}}( x^{(i)})$


\begin {equation}\begin {aligned} &\mathbb {E}\left |\int _{\mathbb {R}^d} f( x)p_{ X}( x)d x-\frac {1}{n}\sum _{i=1}^n f( x^{(i)})\right |^2\\ =&\mathbb {E}\left |\sum _{i=1}^n\frac {\mathbb {E}[ f({ X}^{(i)})]- f({ X}^{(i)})}{n}\right |^2 \\ =&\frac {1}{n^2}\left [\sum _{i=1}^n {\rm Var}( f({ X}^{(i)}))+\sum _{i\neq j=1}^n {\rm Cov}( f({ X}^{(i)}), f({ X}^{(j)}))\right ]=\frac {{\rm Var}( f({ X}))}{n}. \end {aligned}\end {equation}


$Y$


$X$


$f( X)$


$f( Y)$


\begin {equation}\begin {aligned} 2 {\rm Var}( f( X)) &= {\rm Var}( f( X)) + {\rm Var}( f( Y)) \\ &= {\rm Var}( f( X) - f( Y)) = \mathbb {E}\left [| f( X) - f( Y)|^2\right ] \\ &\leq K^2 \mathbb {E}\left [\| X- Y\|^2\right ] \quad \text {by Lipschitz continuity} \\ &= K^2 \sum _{i=1}^d\mathbb {E}\left [|X_i-Y_i|^2\right ] = K^2 \sum _{i=1}^d\mathbb {E}\left [(X_i)^2 - 2X_iY_i + (Y_i)^2\right ] \\ &= K^2 \sum _{i=1}^d \left (2\mathbb {E}[(X_i)^2] - 2(\mathbb {E}[X_i])^2\right ) = 2K^2 \sum _{i=1}^d {\rm Var}(X_i). \end {aligned}\end {equation}


$\widetilde {\mathcal {L}}_1$


$\widetilde {\mathcal {L}}_2$


\begin {equation}\label {4I123} \begin {aligned} \mathbb {E}|\widetilde {\mathcal {L}}_1-\mathcal {L}_1|^2\le &\frac {C_1}{N}\sum _{i=1}^{d+s} {\rm Var}(W_i) =\frac {C_1}{N}\left [\sum _{i=1}^d {\rm Var}(X_i) + \sum _{i=1}^s {\rm Var}(Y_i)\right ]\\ =&\frac {C_1}{N}\left [\sum _{i=1}^d {\rm Var}(X_i) + \sum _{i=1}^s \mathbb {E}[Y_i^2]-\sum _{i=1}^s\mathbb {E}[Y_i]^2\right ]:=\frac {C_1}{N}\left (I_1+I_2+I_3\right ). \end {aligned}\end {equation}


$I_2$


\begin {equation}\label {4I2} \begin {aligned} I_2=&\sum _{i=1}^s\int _{\mathcal {D}_{Y_i}}y_i^2P(Y_i=y_i)dy_i\\ =&\sum _{i=1}^s\int _{\mathcal {D}_{Y_i}}\int _{\mathcal {D}_{ X}}y_i^2P(Y_i=y_i|{ X}= x)P({ X}= x)d x d y_i\\ =&\int _{\mathcal {D}_{ X}}P({ X}= x)\int _{\mathcal {D}_{{Y_i}}}\sum _{i=1}^s y_i^2P(Y_i=y_i|{ X}= x)d y_i d x\\ =&\int _{\mathcal {D}_{ X}}P({ X}= x)\sum _{i=1}^s[v_{ii}^2( x)+ f_i^2( x)]d x =\sum _{i=1}^s\mathbb {E}\left [v_{ii}( X)+f_i^2( X)\right ]. \end {aligned}\end {equation}


$\mathcal {D}_{ X}$


$\mathcal {D}_{ Y}$


$X$


$Y$


$I_3$


\begin {equation}\label {4I3} \begin {aligned} I_3=&\sum _{i=1}^s\left (\int _{\mathcal {D}_{Y_i}} y_iP(Y_i= y_i)dy_i\right )^2\\ =&\sum _{i=1}^s\left (\int _{\mathcal {D}_{Y_i}}\int _{\mathcal {D}_{ X}}y_iP(Y_i=y_i| X= x)P( X= x)d x dy_i\right )^2\\ =&\sum _{i=1}^s\left (\int _{\mathcal {D}_{ X}}P({ X}= x)\int _{\mathcal {D}_{Y_i}}y_iP(Y_i=y_i|{ X}= x)dy_i d x\right )^2\\ =&\sum _{i=1}^s\left (\int _{\mathcal {D}_{ X}}P({ X}= x)f_i( x)d x\right )^2 = \sum _{i=1}^s\left (\mathbb {E}\left [ f_i({ X})\right ]\right )^2. \end {aligned}\end {equation}


$\mathcal {L}_1$


$\mathcal {L}_2$


$\widetilde {\mathcal {L}}_1$


$\widetilde {\mathcal {L}}_2$


$p_{ Y|X}$


$p_{\widehat { Y}|X}$


$X$


$P_X({ x}) = \frac {1}{|\mathcal {D}_{ X}|}$


${x}\in {\mathcal {D}_{ X}}$


\begin {equation}\label {4Them2_1} \begin {aligned} &\int _{\mathcal {D}_{ X}} D_{\rm KL}(p_{ Y| X}\| p_{\widehat { Y}|{ X}}) d x\\ =&|\mathcal {D}_{ X}|\int _{\mathcal {D}_{ X}} P_{ X}( x) \left (\int _{\mathcal {D}_{ Y}} P_{ Y| X}( y| x)\log \frac {P_{ Y| X}( y| x)}{P_{\widehat { Y}|{ X}}( y| x)} d y\right ) d x\\ =&|\mathcal {D}_{ X}|\int _{\mathcal {D}_{ X}} \left (\int _{\mathcal {D}_{ Y}}P_{ X}( x) P_{ Y| X}( y| x)\log \frac {P_{ Y| X}( y| x) P_{ X}( x) }{P_{\widehat { Y}|{ X}}( y| x) P_{{ X}}( x)} d y\right ) d x\\ =&|\mathcal {D}_{ X}|\int _{\mathcal {D}_{ W}}P_{ W}( w)\log \frac {P_{ W}( w)}{P_{\widehat { W}}( w)} d w=|\mathcal {D}_{ X}| D_{\rm KL}(p_{ W}\|p_{\widehat { W}}). \end {aligned}\end {equation}


\begin {equation}\label {4Them2_2} D_{\rm KL}(p_{ W}\|p_{\widehat { W}})< \widetilde {\mathcal {L}}_1 + \int _{\mathcal {D}_{ W}} p_{ W}( w) (\log p_{ W}( w)- \log p_{{ Z}_1}( z_1)) d w + A(\widetilde {\mathcal {L}}_2 + \widetilde {\mathcal {L}}_2^{\frac {1}{2}}),\end {equation}


$A$


$\varepsilon _1$


$\varepsilon _2$


$\varepsilon _1<\varepsilon /(2|\mathcal {D}_{ X}|)$


$\varepsilon _2<\min \{\varepsilon ^2/(16A^2|\mathcal {D}_{ X}|^2), 1\}$


\begin {equation*}\mathcal {L}_1 < -\int _{\mathbb {R}^d} p_{ W}( w) (\log p_{ W}( w)- \log p_{{ Z}_1}( z_1)) d w + \varepsilon _1/2,\end {equation*}


$\mathcal {L}_2 < \varepsilon _2/2$


$n$


\begin {equation*}\max {\{\mathbb {E}|\widetilde {\mathcal {L}}_1-\mathcal {L}_1|^2, \mathbb {E}|\widetilde {\mathcal {L}}_2-\mathcal {L}_2|^2 \}} < \min \{\varepsilon _1^2/4, \varepsilon _2^2/4\},\end {equation*}


\begin {equation}\label {4Them2_3} \begin {aligned} &\mathbb {E} \left |\widetilde {\mathcal {L}}_1 + \int _{\mathbb {R}^d} p_{ W}( w) (\log p_{ W}( w)- \log p_{{ Z}_1}( z_1)) d w\right |\\ <& \mathbb {E} \left |\mathcal {L}_1 + \int _{\mathbb {R}^d} p_{ W}( w) (\log p_{ W}( w)- \log p_{{ Z}_1}( z_1)) d w\right | + \mathbb {E}|\widetilde {\mathcal {L}}_1-\mathcal {L}_1|\\ <&\frac {\varepsilon _1}{2} + (\mathbb {E}|\widetilde {\mathcal {L}}_1-\mathcal {L}_1|^2)^\frac {1}{2} = \frac {\varepsilon _1}{2} + \sqrt {\frac {\varepsilon _1^2}{4}} = \varepsilon _1, \end {aligned}\end {equation}


\begin {equation}\label {4Them2_4} \mathbb {E}(A(\widetilde {\mathcal {L}}_2 + \widetilde {\mathcal {L}}_2^{\frac {1}{2}})) = A(\mathbb {E}(\widetilde {\mathcal {L}}_2) + \mathbb {E}(\widetilde {\mathcal {L}}_2^{\frac {1}{2}})) \le A(\mathbb {E}(\widetilde {\mathcal {L}}_2) + (\mathbb {E}(\widetilde {\mathcal {L}}_2)^{\frac {1}{2}}) < A(\varepsilon _2 + \varepsilon _2^{\frac {1}{2}}).\end {equation}


\begin {equation}\label {4Them2_5} \mathbb {E}(\widetilde {\mathcal {L}}_2) \le \mathbb {E}(\mathcal {L}_2) + \mathbb {E}|\widetilde {\mathcal {L}}_2-\mathcal {L}_2| \le \mathbb {E}(\mathcal {L}_2) + (\mathbb {E}|\widetilde {\mathcal {L}}_2-\mathcal {L}_2|^2)^\frac {1}{2} <\frac {\varepsilon _2}{2} + \frac {\varepsilon _2}{2} = \varepsilon _2.\end {equation}


\begin {equation}\label {4Them2_6} \begin {aligned} \mathbb {E}\left (\int _{\mathcal {D}_{ X}} D_{\rm KL}(p_{ Y| X}\| p_{\widehat { Y}|{ X}}) d x\right ) = &|\mathcal {D}_{ X}|\mathbb {E}\left (D_{\rm KL}(p_{ W}\|p_{\widehat { W}})\right )\\ <&|\mathcal {D}_{ X}|\left (\varepsilon _1 + A(\varepsilon _2 + \varepsilon _2^{\frac {1}{2}})\right ) \le |\mathcal {D}_{ X}|\left (\varepsilon _1 + A(2\varepsilon _2^{\frac {1}{2}})\right )\\ <&|\mathcal {D}_{ X}|\left ( \frac {\varepsilon }{2|\mathcal {D}_{ X}|} + 2A\left (\frac {\varepsilon ^2}{16A^2|\mathcal {D}_{ X}|^2}\right )^\frac {1}{2}\right ) = \varepsilon . \end {aligned}\end {equation}


$X$


$Y \sim \mathcal {N}(0, \mathbf {I}_d)$


$W_t$


$b(t)$


$\sigma (t)$


$\alpha _t$


$\beta _t$


$\overleftarrow {W}_t$


$b(t)$


$\sigma (t)$


$S(Z_t, t)$


$q_{Z_t}(z_t)$


$Z_t$


$t$


$X$


$Y \sim \mathcal {N}(0, \mathbf {I}_d)$


$q_{Z_t}(z_t) = \int _{\mathbb {R}^d} q_{Z_t|Z_0}(z_t | z_0) q_{Z_0}(z_0) dz_0$


$\phi (z_t; \alpha _t z_0, \beta _t^2 \mathbf {I}_d)$


$\mathcal {N}(\alpha _t z_0, \beta _t^2 \mathbf {I}_d)$


$\mathcal {D}_{\rm train}$


$q_{Z_0}(z_0) := p_X(x)$


$q_{Z_t|Z_0}(z_t | x_{j})$


$p_X(x)$


$q_{Z_t}(z)$


$Z_t$


$S(z,t):=\nabla _z \log q_{Z_t}(z)$


$q_{Z_t}$


$\Delta _z q_{Z_t}=\nabla _z\!\cdot \!\big (\nabla _z q_{Z_t}\big ) =\nabla _z\!\cdot \!\big (S(z,t)\,q_{Z_t}(z)\big )$


$\dot z(t)=v(z(t),t)$


$M$


$Y$


$\mathcal {Y} = \{y_1, \ldots , y_M\}$


$m=1, \ldots ,M$


$Z_0 | y_m$


$\mathcal {D}_{\rm train}$


$x_m$


$\mathcal {D}_{\rm label}$


$F(y; \theta )$


$b(t)$


$\sigma (t)$


$d$


$X \in \mathbb {R}^d$


$\Sigma $


$((1-t)^2\Sigma + t\mathbf {I}_d)$


$t\in [0,1]$


$t=0$


$z_1\sim \mathcal {N}(0, \mathbf {I}_d)$


$t \to 1$


$(t-1)^{-1}$


$t=1$


$\mathcal {D}_{\rm train}$


$M$


$\ell _2$


$z_t$


\begin {equation}\|z_t\| \le \frac {\max \left \{\sqrt {\lambda _{\max }}, 1\right \}}{\min \left \{\sqrt {\lambda _{\min }}, \frac 14\right \}}\bigl (M+\|z_1\|\bigr ), \quad \forall \ 0\leq t\leq 1,\end {equation}


$M$


$\lambda _{\min }$


$\lambda _{\max }$


$\Sigma $


\begin {equation}\label {5ode3.3} dz_t = [A(t)z_t + g(z_t,t)]\,dt,\end {equation}


$A(t)$


\begin {equation}\label {5ode3.3_A} A(t) = \frac {1}{2}(\mathbf {I}_d-2(1-t)\Sigma )((1-t)^2\Sigma +t\mathbf {I}_d)^{-1},\end {equation}


$g(z_t,t)$


\begin {equation}\label {5ode3.3_g} g(z_t, t) = - \dfrac {1+t}{2}((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^jw_j(z_t,t).\end {equation}


\begin {equation}\label {5ode3.3_zt} \begin {aligned} z_t =&\exp \left (\int _1^t A(s)ds\right )z_1 - \int _t^1\exp \left (\int _s^t A(u)du\right )g(z_s,s)\,ds . \end {aligned}\end {equation}


$A(t)$


\begin {equation}\label {5ode3.3_zt_2} \begin {aligned} z_t =&\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}}z_1 \\ & -\int _t^1\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}} \bigl ((1-s)^2\Sigma +s\mathbf {I}_d\bigr )^{-\frac {1}{2}} g(z_s,s)\,ds . \end {aligned}\end {equation}


$g(z_s,s)$


\begin {equation}\label {5ode3.3_zt_3} \begin {aligned} z_t =&\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}}z_1 \\ &+\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}} \int _t^1\frac {1+s}{2}\bigl ((1-s)^2\Sigma +s\mathbf {I}_d\bigr )^{-\frac {3}{2}} \sum _{j=1}^{J}z_0^j\,w_j(z_s,s)\,ds . \end {aligned}\end {equation}


$\ell _2$


\begin {equation}\label {5ode3.3_|zt|_1} \begin {aligned} \|z_t\|\le & \left \|\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}}\right \|\,\|z_1\| + \left \|\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}}\right \|\\ &\cdot \int _t^1\frac {1+s}{2}\left \|\bigl ((1-s)^2\Sigma +s\mathbf {I}_d\bigr )^{-\frac {3}{2}}\right \| \sum _{j=1}^{J}\left \|z_0^j\right \|\,w_j(z_s,s)\,ds . \end {aligned}\end {equation}


$d$


$\Sigma $


$[\lambda _{\min },\lambda _{\max }]$


$0 \le t \le 1$


\begin {equation*}\left \|\bigl ((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{\frac {1}{2}}\right \| \le \bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac {1}{2}},\end {equation*}


\begin {equation*}\left \|\bigl ((1-s)^2\Sigma +s\mathbf {I}_d\bigr )^{-\frac {3}{2}}\right \| \le \bigl ((1-s)^2\lambda _{\min }+s\bigr )^{-\frac {3}{2}}.\end {equation*}


\begin {equation*}\sum _{j=1}^{J}\left \|z_0^j\right \|\,w_j(z_s,s)\le M\sum _{j=1}^J w_j(z_s,s)=M.\end {equation*}


\begin {equation}\label {5ode3.3_|zt|_2} \begin {aligned} \|z_t\| \le & \bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac {1}{2}}\|z_1\| \\ &+\bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac {1}{2}} \int _t^1\frac {1+s}{2}\bigl ((1-s)^2\lambda _{\min }+s\bigr )^{-\frac {3}{2}}\, M\,ds . \end {aligned}\end {equation}


\begin {equation}\label {5ode3.3_|zt|_3} \begin {aligned} \|z_t\|\le & \bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac {1}{2}}\|z_1\|\\ &+\bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac {1}{2}} \bigl ((1-t)^2\lambda _{\min }+t\bigr )^{-\frac {1}{2}}(1-t)\,M . \end {aligned}\end {equation}


$\Sigma $


$0\le t\le 1$


\begin {equation}\label {5lem_zt_bound_aux1} \begin {aligned} \max _{0\le t\le 1}\Bigl ((1-t)^2\lambda _{\max }+t\Bigr ) =& \begin {cases} \lambda _{\max }, & \lambda _{\max }\ge 1,\\[10pt] 1, & 0<\lambda _{\max }< 1, \end {cases}\\[10pt] \le &\max \{\lambda _{\max },\,1\}. \end {aligned}\end {equation}


\begin {equation}\label {5lem_zt_bound_aux2} \begin {aligned} \max _{0\le t\le 1}\Bigl ((1-t)^2\lambda _{\min }+t\Bigr )^{-1} =& \begin {cases} \dfrac {1}{\lambda _{\min }}, & 0<\lambda _{\min }\le \dfrac 12,\\[10pt] \dfrac {4\lambda _{\min }}{4\lambda _{\min }-1}, & \lambda _{\min }>\dfrac 12, \end {cases}\\[10pt] \le & \max \left \{\dfrac {1}{\lambda _{\min }},\,2\right \} = \dfrac {1}{\min \{\lambda _{\min },\,\tfrac 12\}}. \end {aligned}\end {equation}


\begin {equation}\label {5lem_zt_bound_conseq} \begin {aligned} &\bigl ((1-t)^2\lambda _{\max }+t\bigr )^{\frac 12} \le \max \left \{\sqrt {\lambda _{\max }},\,1\right \},\\ &\bigl ((1-t)^2\lambda _{\min }+t\bigr )^{-\frac 12} \le \frac {1}{\min \{\sqrt {\lambda _{\min }},\,\tfrac 14\}}. \end {aligned}\end {equation}


$1-t\le 1$


\begin {equation}\label {5lem_zt_bound_final} \begin {aligned} \|z_t\| \le &\max \{\sqrt {\lambda _{\max }},\,1\}\,\|z_1\| +\frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}\,M\\ \le &\frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}\bigl (\|z_1\|+M\bigr ), \end {aligned}\end {equation}


$j = 1, \ldots , J$


$w_j(z_t, t)$


$z_t$


\begin {equation}\begin {aligned} &\left \|\nabla _{z_t}w_j(z_t,t)\right \|\le \frac {2M}{\min \{\lambda _{\min },\frac {1}{2}\}}w_j(z_t,t), \end {aligned}\end {equation}


$M$


$\lambda _{\min }$


$\Sigma $


$w_j(z_t,t)$


\begin {equation*}\begin {aligned} &\nabla _{z_t}w_j(z_t,t)\\ =&\;\;\nabla _{z_t}\frac {\exp (-\frac {1}{2}(z_t-(1-t)z_0^j)^T((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}(z_t-(1-t)z_0^j))}{\sum _{j'=1}^{J}\exp (-\frac {1}{2}(z_t-(1-t)z_0^{j'})^T((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}(z_t-(1-t)z_0^{j'}))}\\ =&\;\;\nabla _{z_t}\frac {e_j(z_t,t)}{\sum _{j'=1}^{J}e_{j'}(z_t,t)}\\ =&\;\;\frac {((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}((1-t)z_0^j-z_t)e_j(z_t,t)}{\sum _{j'=1}^{J}e_{j'}(z_t,t)}\\ &-\;\;\frac {e_j(z_t,t)\left (\sum _{j'=1}^{J}((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}((1-t)z_0^{j'}-z_t)e_{j'}(z_t,t)\right )}{\left (\sum _{j'=1}^{J}e_{j'}(z_t,t)\right )^2}\\ =&\;\;((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}w_j(z_t,t)\left [((1-t)z_0^j-z_t) - \sum _{j'=1}^{J}((1-t)z_0^{j'}-z_t)w_{j'}(z_t,t)\right ].\\ \end {aligned}\end {equation*}


$\sum _{j'=1}^{J} w_{j'}(z_t,t) = 1$


\begin {equation*}\begin {aligned} \nabla _{z_t}w_j(z_t,t) =&\,((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}w_j(z_t,t)\\ &\cdot \left [\sum _{j'=1}^{J}((1-t)z_0^j-z_t)w_{j'}(z_t,t) - \sum _{j'=1}^{J}((1-t)z_0^{j'}-z_t)w_{j'}(z_t,t)\right ]\\ =&\, (1-t)((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}w_j(z_t,t)\sum _{j'=1}^{J}(z_0^j-z_0^{j'})w_{j'}(z_t,t). \end {aligned}\end {equation*}


\begin {equation}\label {5grad_wi} \begin {aligned} &\left \|\nabla _{z_t}w_j(z_t,t)\right \| \le \left \|(1-t)((1-t)^2\Sigma +t\mathbf {I}_d)^{-1} \right \|w_j(z_t,t)\sum _{j'=1}^{J}\left \|z_0^j-z_0^{j'}\right \|w_{j'}(z_t,t).\\ \end {aligned}\end {equation}


$\Sigma $


$0\le t\le 1$


\begin {equation}\label {5lem_dwidzt_eq1} \begin {aligned} &\max _{0\le t\le 1}\Bigl \|\bigl (1-t)((1-t)^2\Sigma +t\mathbf {I}_d\bigr )^{-1}\Bigr \| =\max _{0\le t\le 1}\frac {1-t}{(1-t)^2\lambda _{\min }+t} \le \frac {1}{\min \{\lambda _{\min },\,\tfrac 12\}}, \end {aligned}\end {equation}


$\|z_0^j\|< M$


$j$


$j,j'$


$\|z_0^j - z_0^{j'}\| \le 2M$


\begin {equation}\label {5lem_dwidzt_eq3} \begin {aligned} \left \|\nabla _{z_t}w_j(z_t,t)\right \| \le & \frac {2M}{\min \{\lambda _{\min }, \frac {1}{2}\}}w_j(z_t,t)\sum _{j=1}^{J}w_j(z_t,t) =\frac {2M}{\min \{\lambda _{\min },\frac {1}{2}\}}w_j(z_t,t). \end {aligned}\end {equation}


$j = 1, \ldots , J$


$w_j(z_t,t)$


\begin {equation*}\begin {aligned} &\left |\frac {\partial w_j(z_t,t)}{\partial t}\right |\le \dfrac {2+2\lambda _{\max }}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}(\|z_t\| + M)^2w_j(z_t,t), \end {aligned}\end {equation*}


$M$


$\lambda _{\min }$


$\lambda _{\max }$


$\Sigma $


$e_j(z_t, t)$


\begin {equation*}\begin {aligned} \left |\frac {\partial e_j(z_t, t)}{\partial t}\right | =& \left | \frac {\partial }{\partial t} \exp \left (-\frac {1}{2}(z_t-(1-t)z_0^j)^T ((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}(z_t-(1-t)z_0^j) \right ) \right | \\ =&\; e_j(z_t, t) \Big | -(z_t - (1-t)z_0^j)^T ((1-t)^2\Sigma + t\mathbf {I}_d)^{-1} z_0^j \\ &+ \frac {1}{2}(z_t - (1-t)z_0^j)^T ((1-t)^2\Sigma + t\mathbf {I}_d)^{-1} (\mathbf {I}_d - 2(1-t)\Sigma ) \\ &\quad \cdot ((1-t)^2\Sigma + t\mathbf {I}_d)^{-1} (z_t - (1-t)z_0^j) \Big |. \end {aligned}\end {equation*}


$\|((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\|$


$\le \dfrac {1}{\min \{\lambda _{\min },\frac {1}{2}\}}$


$\|z_0^j\| \le M$


\begin {equation*}\begin {aligned} \left |\frac {\partial e_j(z_t, t)}{\partial t}\right | \le & e_j(z_t, t) \left ( \frac {(\|z_t\| + M) M}{\min \{\lambda _{\min },\frac {1}{2}\}} + \frac {(\|z_t\| + M)^2(1+2\lambda _{\max })}{2\min \{\lambda ^2_{\min },\frac {1}{4}\}} \right )\\ \le &e_j(z_t, t)\left (\frac {(\|z_t\| + M)^2}{2\min \{\lambda ^2_{\min },\frac {1}{4}\}} + \frac {(\|z_t\| + M)^2(1+2\lambda _{\max })}{2\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\\ =&e_j(z_t, t)\frac {1+\lambda _{\max }}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}(\|z_t\| + M)^2. \end {aligned}\end {equation*}


$w_j(z_t, t)$


\begin {equation}\label {5dwidt} \begin {aligned} \left |\frac {\partial w_j(z_t,t)}{\partial t}\right | =&\left |\frac {\partial }{\partial t}\frac {e_j(z_t, t)}{\sum _{j'=1}^J e_{j'}(z_t, t)}\right |\\ \le &\left |\dfrac {\dfrac {\partial e_j(z_t, t)}{\partial t}}{\sum _{j'=1}^J e_{j'}(z_t, t)}\right | + \left |\frac {e_j(z_t, t)\sum _{j'=1}^J \dfrac {\partial e_{j'}(z_t, t)}{\partial t}}{(\sum _{j'=1}^J e_{j'}(z_t, t))^2}\right |\\ \le &\dfrac {e_j(z_t, t)\dfrac {1+\lambda _{\max }}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}(\|z_t\| + M)^2}{\sum _{j'=1}^J e_{j'}(z_t, t)}\\ &+\dfrac {e_j(z_t, t)\sum _{j'=1}^J e_{j'}(z_t, t)\dfrac {1+\lambda _{\max }}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}(\|z_t\| + M)^2}{(\sum _{j'=1}^J e_{j'}(z_t, t))^2}\\ =&\dfrac {2+2\lambda _{\max }}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}(\|z_t\| + M)^2w_j(z_t,t), \end {aligned}\end {equation}


$z_1$


$t=1$


$z_0$


$z^K$


\begin {equation}\label {5thm_euler_eq1} \begin {aligned} \left \|z_0 - z^K \right \| \le & C\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\\ &\cdot \frac {(1+\lambda _{\max })^2(1+M)\Big (1 + \frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}(M+\|z_1\|) + M\Big )^2}{(1+2\lambda _{\max }+8M^2)\min \{\lambda _{\min },\frac {1}{2}\}}h, \end {aligned}\end {equation}


$M$


$\lambda _{\min }$


$\lambda _{\max }$


$\Sigma $


$h$


$C$


$\lambda _{\max }, \lambda _{\min }$


$, z_1, M, h$


$d$


\begin {equation*}\begin {aligned} f(z_t, t)& :=\frac {1}{2}(1-2(1-t)\Sigma )((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}z_t\\ & \quad \;\;- \frac {1+t}{2}((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^jw_j(z_t,t), \end {aligned}\end {equation*}


\begin {equation*}\frac {d z_t}{dt} = f(z_t, t).\end {equation*}


$f$


$z_t$


\begin {equation*}\begin {aligned} \frac {\partial f(z_t, t)}{\partial z_t} =&\frac {1}{2}(\mathbf {I}_d-2(1-t)\Sigma )((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\\ &-\frac {1+t}{2}((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^j\frac {\partial w_j(z_t,t)}{\partial z_t}. \end {aligned}\end {equation*}


$\ell _2$


\begin {equation*}\begin {aligned} \left \|\frac {\partial f(z_t, t)}{\partial z_t}\right \| \le &\frac {1}{2}\|(\mathbf {I}_d-2(1-t)\Sigma )\|\|((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\|\\ &+\frac {1+t}{2}\left \|((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\right \|\left \|\sum _{j=1}^{J}z_0^j\frac {\partial w_j(z_t,t)}{\partial z_t}\right \|\\ \le &\frac {1+2\lambda _{\max }}{2\min \{\lambda _{\min },\frac {1}{2}\}} + \frac {M}{\min \{\lambda _{\min },\frac {1}{2}\}}\sum _{j=1}^{J}\frac {2M}{\min \{\lambda _{\min },\frac {1}{2}\}}w_j(z_t,t),\\ \end {aligned}\end {equation*}


$\sum _{j=1}^{J}$


$w_j(z_t,t) = 1$


\begin {equation}\label {5dfdzt} \begin {aligned} \left \|\frac {\partial f(z_t, t)}{\partial z_t}\right \| \le &\frac {1+2\lambda _{\max }}{2\min \{\lambda _{\min },\frac {1}{2}\}} + \frac {2M^2}{\min \{\lambda ^2_{\min },\frac {1}{4}\}}\\ \le &\frac {1+2\lambda _{\max }}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}} + \frac {2M^2}{\min \{\lambda ^2_{\min },\frac {1}{4}\}} = \frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}, \end {aligned}\end {equation}


$f(z_t, t)$


$z_t$


$\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}$


\begin {equation}\label {5zt''} \begin {aligned} \left \|\frac {d^2 z_t}{dt^2}\right \| &= \left \|\frac {\partial f(z_t, t)}{\partial z_t} \cdot \frac {d z_t}{dt} + \frac {\partial f(z_t, t)}{\partial t} \right \| \\ &\le \left \|\frac {\partial f(z_t, t)}{\partial z_t}\right \| \cdot \left \|f(z_t, t)\right \| + \left \|\frac {\partial f(z_t, t)}{\partial t}\right \|. \end {aligned}\end {equation}


$f(z_t, t)$


\begin {equation}\label {5f_norm} \begin {aligned} \left \|f(z_t, t)\right \| =& \Bigg \| \frac {1}{2}(\mathbf {I}_d - 2(1-t)\Sigma )((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}z_t \\ &- \frac {1+t}{2}((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^j w_j(z_t,t) \Bigg \| \\ \le & \frac {1}{2} \|\mathbf {I}_d - 2(1-t)\Sigma \| \|((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\| \|z_t\| \\ &+ \frac {1+t}{2} \left \|((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\right \| \left \|\sum _{j=1}^{J}z_0^j w_j(z_t,t)\right \| \\ \le & \frac {(1+2\lambda _{\max })\|z_t\|}{2\min \{\lambda _{\min },\frac {1}{2}\}} + \frac {M}{\min \{\lambda _{\min },\frac {1}{2}\}} = \frac {(1+2\lambda _{\max })\|z_t\|+2M}{2\min \{\lambda _{\min },\frac {1}{2}\}}. \end {aligned}\end {equation}


$f(z_t, t)$


$t$


\begin {equation}\label {5thm_euler_dfdt} \begin {aligned} &\frac {\partial f(z_t, t)}{\partial t}\\ =&\Sigma ((1-t)^2\Sigma + t\mathbf {I}_d)^{-1} z_t\\ &-\frac {1}{2}(\mathbf {I}_d - 2(1-t)\Sigma )((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}(\mathbf {I}_d - 2(1-t)\Sigma )((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}z_t\\ &-\frac {1}{2}((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^j w_j(z_t,t)\\ &+\frac {1+t}{2}((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}(\mathbf {I}_d - 2(1-t)\Sigma )((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^j w_j(z_t,t)\\ &-\frac {1+t}{2}((1-t)^2\Sigma + t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^j \frac {\partial w_j(z_t,t)}{\partial t}. \end {aligned}\end {equation}


$\frac {\partial f(z_t, t)}{\partial t}$


\begin {equation}\label {5dfdt} \begin {aligned} \left \|\frac {\partial f(z_t, t)}{\partial t}\right \| \le &\frac {\lambda _{\max }\|z_t\|}{\min \{\lambda _{\min },\frac {1}{2}\}} + \frac {(1+2\lambda _{\max })^2\|z_t\|}{2\min \{\lambda ^2_{\min },\frac {1}{4}\}} + \frac {M}{2\min \{\lambda _{\min },\frac {1}{2}\}}\\ &+\frac {(1+2\lambda _{\max })M}{\min \{\lambda ^2_{\min },\frac {1}{4}\}} +\dfrac {(2+2\lambda _{\max })(\|z_t\| + M)^2M}{\min \{\lambda ^3_{\min },\frac {1}{8}\}}\\ \le &\frac {\lambda _{\max }\|z_t\|}{4\min \{\lambda ^3_{\min },\frac {1}{8}\}} + \frac {(1+2\lambda _{\max })^2\|z_t\|}{4\min \{\lambda ^3_{\min },\frac {1}{8}\}} + \frac {M}{8\min \{\lambda ^3_{\min },\frac {1}{8}\}}\\ &+\frac {(1+2\lambda _{\max })M}{2\min \{\lambda ^3_{\min },\frac {1}{8}\}} +\dfrac {(2+2\lambda _{\max })(\|z_t\| + M)^2M}{\min \{\lambda ^3_{\min },\frac {1}{8}\}}\\ \le &C\frac {(1+\lambda _{\max })^2(1+M)(\|z_t\| + M)^2}{\min \{\lambda ^3_{\min },\frac {1}{8}\}}, \end {aligned}\end {equation}


$C$


$\lambda _{\max }, \lambda _{\min }, \|z_t\|$


$M$


\begin {equation}\label {5zt''2} \left \|\frac {d^2 z_t}{dt^2}\right \| \le C\frac {(1+\lambda _{\max })^2(1+M)(1 + \|z_t\| + M)^2}{\min \{\lambda ^3_{\min },\frac {1}{8}\}}.\end {equation}


\begin {equation}\begin {aligned} \left \|z_0 - z^K \right \|&\le \frac {\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right ) - 1}{2\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}} C\frac {(1+\lambda _{\max })^2(1+M)(1 + \|z_t\| + M)^2}{\min \{\lambda ^3_{\min },\frac {1}{8}\}}h\\ &\le C\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\frac {(1+\lambda _{\max })^2(1+M)(1 + \|z_t\| + M)^2}{(1+2\lambda _{\max }+8M^2)\min \{\lambda _{\min },\frac {1}{2}\}}h. \end {aligned}\end {equation}


$\|z_t\|$


\begin {equation}\begin {aligned} \left \|z_0 - z^K \right \| \le & C\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\\ &\cdot \frac {(1+\lambda _{\max })^2(1+M)(1 + \frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}(M+\|z_1\|) + M)^2}{(1+2\lambda _{\max }+8M^2)\min \{\lambda _{\min },\frac {1}{2}\}}h, \end {aligned}\end {equation}


$C$


$\lambda _{\max }, \lambda _{\min }, \|z_1\|, M, h$


$d$


$z_1$


\begin {equation}\begin {aligned} \left \|z_0 - z^K \right \| \le & C\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\\ &\cdot \frac {(1+\lambda _{\max })^2(1+M)(1 + \frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}(M+\|z_1\|) + M)^2}{(1+2\lambda _{\max }+8M^2)\min \{\lambda _{\min },\frac {1}{2}\}}h, \end {aligned}\end {equation}


$Z_1$


\begin {equation}\label {5eq:E(error_2)} \begin {aligned} \mathbb {E}_{Z_1}\left \|z_0-z^K\right \| \le &Ch\mathbb {E}_{Z_1}\left [(\|z_1\| + 1)^2 \right ], \end {aligned}\end {equation}


$C$


$h$


$d$


$Z_1 \sim \mathcal {N}(0,\mathbf {I}_d)$


$\|Z_1\|$


$d$


\begin {equation}\mathbb {E}_{Z_1}[\|z_1\|^2]=d, \qquad \mathbb {E}_{Z_1}[\|z_1\|] = \sqrt {2}\,\frac {\Gamma \big (\frac {d+1}{2}\big )}{\Gamma \big (\frac {d}{2}\big )} \le \sqrt {d} .\end {equation}


\begin {equation}\mathbb {E}_{Z_1}\|z_0 - z^K\| \le Ch\big (d + 2\sqrt {d} + 1\big ) \le Cdh,\end {equation}


$C$


$h$


$d$


$\Sigma $


$\ell _\infty $


\begin {equation}\label {5eq:l_inf_err} \mathbb {E}_{Z_1}\left \|z_0-z^K\right \|_{\infty }\le C(\ln (d) + 1)h,\end {equation}


$C$


$h$


$d$


$\Sigma $


$\ell _2$


$\ell _\infty $


$j=1,\dots ,J$


\begin {equation*}\|z_0^j\|_\infty \le \|z_0^j\| \le M,\end {equation*}


$\ell _\infty $


$\ell _2$


$\|\cdot \|$


$\|\cdot \|_\infty $


$\ell _\infty $


$z_1$


\begin {equation}\begin {aligned} \left \|z_0 - z^K \right \|_\infty \le & C\exp \left (\frac {1+2\lambda _{\max }+8M^2}{4\min \{\lambda ^2_{\min },\frac {1}{4}\}}\right )\\ &\cdot \frac {(1+\lambda _{\max })^2(1+M)(1 + \frac {\max \{\sqrt {\lambda _{\max }}, 1\}}{\min \{\sqrt {\lambda _{\min }}, \frac 14\}}(M+\|z_1\|_\infty ) + M)^2}{(1+2\lambda _{\max }+8M^2)\min \{\lambda _{\min },\frac {1}{2}\}}h, \end {aligned}\end {equation}


$Z_1$


\begin {equation}\label {5Ez0-uk} \begin {aligned} \mathbb {E}_{Z_1}\left \|z_0-z^K\right \|_{\infty } \le &Ch\mathbb {E}_{Z_1}\left [(\|z_1\|_{\infty } + 1)^2 \right ] \end {aligned}\end {equation}


$C$


$h$


$d$


$\mathbb {E}_{Z_1}\|z_1\|_{\infty }$


$\mathbb {E}_{Z_1}\|z_1\|_{\infty }^2$


$z_1^i$


$i$


$z_1$


$z_1^i,\ldots ,z_1^d$


$\mathcal {N}(0, 1)$


$t>0$


\begin {equation*}\begin {aligned} \exp (t\mathbb {E}_{Z_1}\|z_1\|_{\infty })\leq &\mathbb {E}_{Z_1}[\exp (t\|z_1\|_{\infty })] = \mathbb {E}_{Z_1}[\exp (t\max _{1\leq i \leq d}|z_1^i|)] = \mathbb {E}_{Z_1}[\max _{1\leq i \leq d}\exp (t|z_1^i|)]\\ \leq &\mathbb {E}_{Z_1}\left [\sum _{i=1}^d\left (\exp (tz_1^i) + \exp (-tz_1^i)\right )\right ] \\ =& \sum _{i=1}^d\left (\mathbb {E}_{Z_1}[\exp (tz_1^i)] + \mathbb {E}_{Z_1}[\exp (-tz_1^i)]\right ) = 2d\exp (t^2/2). \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \mathbb {E}_{Z_1}\|z_1\|_{\infty }&\leq \frac {\ln (2d)}{t} + \frac {t}{2}, \quad \forall \ t>0. \end {aligned}\end {equation*}


$t = \sqrt {2\ln (2d)}$


\begin {equation}\label {5Ez1} \begin {aligned} \mathbb {E}_{Z_1}\|z_1\|_{\infty }&\leq \sqrt {2\ln (2d)}. \end {aligned}\end {equation}


\begin {equation*}\begin {aligned} &\exp \left (\frac {1}{4}\mathbb {E}_{Z_1}\|z_1\|_{\infty }^2\right )\leq \mathbb {E}_{Z_1}\left [\exp \left (\frac {1}{4}\|z_1\|_{\infty }^2\right )\right ] = \mathbb {E}_{Z_1}\left [\exp \left (\frac {1}{4}\max _{1\leq i \leq d}|z_1^i|^2\right )\right ]\\ =&\mathbb {E}_{Z_1}\left [\max _{1\leq i \leq d}\exp \left (\frac {1}{4}|z_1^i|^2\right )\right ] \leq \mathbb {E}_{Z_1}\left [\sum _{i=1}^d\exp \left (\frac {1}{4}(z_1^i)^2\right )\right ] = \sum _{i=1}^d\mathbb {E}_{Z_1}\left [\exp \left (\frac {1}{4}(z_1^i)^2\right )\right ]\\ =& \sqrt {2}d. \end {aligned}\end {equation*}


\begin {equation}\label {5Ez1^2} \begin {aligned} \mathbb {E}_{Z_1}\|z_1\|_{\infty }^2&\leq 4\ln (\sqrt {2}d). \end {aligned}\end {equation}


\begin {equation*}\mathbb {E}_{Z_1}\left \|z_0-z^K\right \|_{\infty }\le C(\ln (d) + 1)h,\end {equation*}


$p_X(x) = q_{Z_0}(z_0)$


$\phi (\cdot )$


$J$


$\{z_0^j\}_{j=1}^J$


$\Sigma $


$\{z_0^j\}_{j=1}^J$


$\Sigma $


\begin {equation}\label {3eq_pr} n_{\rm RE} = \int _{-1}^{1}\int _{p^*}^{p_{\max }} f_{t_{\max }} (p,\xi ) dp d\xi ,\end {equation}


\begin {equation}\label {3eq_max} f(p,\xi ,t_0) = \frac {2p^2}{\pi ^{1/2} p_0^3} e^{ -(p / p_0)^2 }, \quad \text {where} \,\,p_0 = \sqrt {\frac {\hat {T}_0}{\tilde {T}}},\end {equation}


\begin {equation}\label {3eq_part} n_{{\cal T}} (x_c,z_c)= \int _{x_{\min }}^{x_{\max }}\int _{-\infty }^\infty \int _{z_{\min }}^{z_{\max }} f (x,y,z,t_{\rm max}) dz dy dx \, ,\end {equation}


\begin {equation}\label {5eq:ode3.1.1} \begin {aligned} dz_t =&\Bigg [\frac {1}{t-1} z_t-\frac {1+t}{2(1-t)}{S}(z_t,t)\Bigg ]dt\\[8pt] =&\Bigg [\frac {1}{t-1} z_t-\frac {1+t}{2(1-t)}\Bigg (-((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}z_t\\ &+ (1-t)((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^jw_j(z_t,t)\Bigg )\Bigg ]dt\\[8pt] =&\Bigg [\frac {1}{2}(\mathbf {I}_d-2(1-t)\Sigma )((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}z_t\\ &- \frac {1+t}{2}((1-t)^2\Sigma +t\mathbf {I}_d)^{-1}\sum _{j=1}^{J}z_0^jw_j(z_t,t)\Bigg ]dt\\ \end {aligned}\end {equation}


$b(t)$


$\sigma (t)$


$t\rightarrow 1$


$\varepsilon _0 \sim \mathcal {N}(0, \mathbf {I}_d)$


$Z_0$


$\xi $


$Z_t$


$\xi $


$(Z_0|\xi , Z_t|\xi )^T$


$Z_t|(\xi = j) \sim \mathcal {N}((1-t)z_0^j,(1-t)^2\Sigma +t\mathbf {I}_d)$


$Z_t$


$\phi (z_t ; (1-t)z_0^j,(1-t)^2\Sigma +t\mathbf {I}_d)$


$(1-t)z_0^j$


$(1-t)^2\Sigma +t\mathbf {I}_d$


\begin {equation}\label {5eq:gmm_ex} q_{Z_0}(z_0) := \frac {1}{J} \sum _{j=1}^J \phi \!\left (z_0; z_0^j, \Sigma \right ),\end {equation}
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Chapter 1 Introduction

1.1 Motivation and Overview

Generative modeling aims to construct efficient samplers for complex probability 

distributions. In applications such as image synthesis, the realism and quality of individ-

ual generated samples are often of primary interest. In scientific computing, however, it 

is often necessary to generate many samples in order to characterize uncertainty, esti-

mate quantities of interest, or perform statistical inference. Such sampling problems arise 

in stochastic dynamical systems [51], where random perturbations affect the evolution of 

physical states, in uncertainty quantification [65], where uncertain inputs and model er-

rors propagate through physical systems, and in Bayesian inverse problems [70], where 

posterior samples are used to quantify uncertainty in unknown parameters given observa-

tional data. Traditional approaches, such as repeated numerical simulation, Monte Carlo 

methods, and Markov chain Monte Carlo methods, may require substantial computational 

resources to achieve a desired level of accuracy. For example, the statistical error of 

standard Monte Carlo estimators typically decreases at the rate O(N−1/2) with respect to 

the number of samples N  [11], repeated numerical simulations must solve the underly-

ing model for each new sample and may also introduce discretization errors, and Markov 

chain Monte Carlo methods may suffer from sample correlation and slow mixing [59]. 

These difficulties become more pronounced when the physical model is costly to evalu-

ate, when samples are needed for many different input settings, or when the problem is 

high-dimensional. Generative surrogate models seek to shift much of the computational 

cost to an offline stage, after which new samples can be generated at a substantially lower 

online cost.

A common strategy in generative modeling is to transform samples from a sim-

ple reference distribution, such as a standard Gaussian distribution, into samples from 

a target distribution. Deep generative models, including generative adversarial networks 
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[30], variational autoencoders [44], normalizing flows [57], and diffusion models [33], have 

been developed for this purpose. Generative adversarial networks and variational autoen-

coders have achieved significant success in data generation and representation learning. 

This dissertation focuses on normalizing flows and diffusion models. Both methods are 

based on probability transport and are well suited for scientific computing problems involv-

ing stochastic dynamics, uncertainty propagation, and conditional sampling. They also 

provide a natural setting for studying model approximation, sampling accuracy, and nu-

merical error. In this dissertation, they are considered as two complementary approaches 

for constructing generative surrogate models.

1.2 Normalizing Flows and Scientific Applications

Normalizing flows construct an invertible transformation between a target distri-

bution and a tractable reference distribution, such as a standard Gaussian distribution. 

The change-of-variables formula makes it possible to evaluate the target probability den-

sity through the reference density and the Jacobian determinant of the transformation. 

Once the transformation has been learned, new samples can be generated by drawing 

samples from the reference distribution and applying the inverse map. Normalizing flows 

therefore provide sample generation and density evaluation within a unified framework 

[45, 52]. A variety of architectures have been developed to make the inverse transforma-

tion and the Jacobian determinant computationally tractable. Representative examples 

include coupling-based models such as Real NVP [19], autoregressive models such as 

masked autoregressive flows [53], and continuous normalizing flows such as FFJORD 

[31]. These methods generally achieve exact invertibility or efficient Jacobian computation 

through specially designed network structures. Although such designs make likelihood-

based training computationally feasible, they may restrict the flexibility of the transport 

maps and the choice of neural network architectures.
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Normalizing flows have increasingly been applied to scientific computing problems 

involving time-dependent probability distributions and stochastic dynamics. The proba-

bility density associated with a stochastic differential equation evolves according to the 

corresponding Fokker–Planck equation, making probability transport a natural approach 

for approximating its evolution. Temporal normalizing flows have been developed to solve 

time dependent Fokker–Planck equations [26], and related methods have been proposed 

to learn the temporal evolution of multivariate probability densities directly from data [50]. 

Physics informed normalizing flow models have also been used to solve forward and in-

verse stochastic differential equations [32]. These developments complement data driven 

approaches for learning dynamical systems from observations [40, 16]. However, many 

existing flow-based models learn the state distribution associated with a prescribed ini-

tial distribution. Because the resulting distribution changes when the initial distribution 

changes, the model generally needs to be retrained for each new initial distribution.

The first part of this dissertation is motivated by the desire to avoid imposing re-

strictive structural constraints on neural networks, since such constraints may reduce their 

expressive and approximation capabilities. To this end, the forward and inverse transport 

maps are represented by two independent fully connected neural networks, rather than 

by a single exactly reversible architecture. Their approximate inverse relationship is en-

forced through an additional loss term, leading to a pseudo-reversible normalizing flow 

[41, 71, 58]. This construction allows standard feed-forward neural networks to be used 

while retaining the likelihood-based formulation of normalizing flows. The initial state of 

the stochastic system is incorporated as a conditioning variable, enabling a single trained 

model to represent the evolution associated with various initial distributions without re-

training [77]. A rigorous convergence analysis is provided to establish convergence of 

the learned probability density to the target density in the Kullback–Leibler divergence. 
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Numerical experiments involving Brownian motion, stochastic dynamics arising in mag-

netically confined fusion plasmas, and advection–diffusion transport demonstrate the ac-

curacy and computational efficiency of the proposed method.

1.3 Generative Surrogate Modeling for Uncertainty Quantification

Uncertainty quantification concerns the identification, representation, and propaga-

tion of uncertainties arising from physical models, numerical simulations, and experimen-

tal data. When repeated evaluations of a physical model are computationally expensive, 

surrogate modeling provides an effective way to reduce the cost of uncertainty analy-

sis. Classical surrogate methods include polynomial chaos expansions, Gaussian pro-

cess regression, kernel methods, and deterministic neural networks [42, 75, 80]. These 

approaches are effective for approximating the deterministic relationship between model 

inputs and outputs. However, a deterministic surrogate does not directly represent the un-

certainty introduced by random model errors or observational noise. To quantify forward 

uncertainty propagation, one must still know the noise distribution and be able to generate 

samples from it. For inverse uncertainty propagation, an additional sampling procedure, 

such as Markov chain Monte Carlo, is generally required to characterize the distribution 

of the model inputs conditioned on observed outputs. These limitations motivate surro-

gate models that directly represent conditional probability distributions rather than only 

deterministic model responses.

Deep learning has introduced several approaches for representing uncertainty in 

complex models and data of high dimension [1, 56]. Variational inference and Bayesian 

neural networks provide probabilistic frameworks for approximating posterior distributions 

and model uncertainty [5, 37, 74]. Methods such as Monte Carlo dropout and stochas-

tic variational inference can reduce some of the associated computational costs [27, 34]. 

Amortized variational inference further seeks to learn conditional approximations that can 

be evaluated for new observations without solving a separate inference problem each 
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time [39]. Generative models provide another approach by learning distributions directly 

from data and have been applied to uncertainty estimation [7, 61]. In particular, normal-

izing flows can represent complex conditional and posterior distributions. Normalizing 

field flows have been developed for forward and inverse stochastic differential equations 

[32], while conditional normalizing flows have also been used to quantify uncertainty in 

applications such as medical image segmentation [60]. Nevertheless, these approaches 

commonly rely on exactly invertible transformations, which may limit the flexibility and 

scalability of the resulting models.

The second part of this dissertation develops a conditional pseudo-reversible nor-

malizing flow as a generative surrogate model for forward and inverse uncertainty prop-

agation [78]. The model is trained directly from paired samples of physical inputs and 

outputs and does not require prior knowledge of either the deterministic model or the 

distribution of the additive noise. The same class of neural network architectures and the 

same dataset can be used to learn conditional distributions in both the forward and inverse 

directions. Once trained, the model can efficiently generate samples for new conditioning 

values covered by the training data, thereby avoiding repeated evaluations of the physical 

model and auxiliary sampling procedures. The theoretical analysis establishes the conver-

gence of the training loss, quantifies the error introduced by its Monte Carlo approximation, 

and proves convergence of the learned conditional density in the Kullback–Leibler diver-

gence. Numerical experiments consider several forms of additive noise, problems with 

inputs and outputs of increasing dimension, and a geologic carbon storage application in-

volving the prediction of three dimensional pressure fields from sparse well observations. 

The method is intended for conditioning values whose regions of high probability are ade-

quately represented in the training data and is not designed for unrestricted extrapolation 

beyond the training domain.
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1.4 Diffusion Models for High Dimensional Sampling

Diffusion models provide a continuous-time approach to probability transport. The 

basic idea is to define a forward process that gradually adds noise to samples from the 

target distribution until the resulting distribution becomes close to a tractable reference 

distribution. Samples are then generated by reversing this process. This idea was first 

developed through a connection with nonequilibrium thermodynamics [66] and was sub-

sequently advanced through denoising diffusion probabilistic models [33], denoising dif-

fusion implicit models [67], and score-based generative modeling [68]. In the continuous 

time formulation, the reverse dynamics can be described by a reverse-time stochastic 

differential equation or an associated probability flow ordinary differential equation. Both 

formulations depend on the score function of the evolving probability density, which de-

scribes the gradient of its log density. In standard diffusion models, this score function 

is typically approximated by a neural network through score matching or related training 

procedures [36, 68].

Although diffusion models have demonstrated strong performance in generating 

samples from complex and high-dimensional distributions, their practical implementation 

presents several challenges. Learning an accurate score function can be difficult, espe-

cially near the low noise end of the forward process and in high dimensions. Errors in 

the learned score may accumulate and be amplified as the reverse dynamics are solved. 

Training-free diffusion methods provide an alternative by constructing the score directly 

from available samples, without training a separate score network. In particular, when 

the target distribution is represented by an empirical distribution or a Gaussian mixture 

model, the corresponding score function can be evaluated analytically. Such a diffusion 

process can be used to generate labeled pairs between a reference distribution and the 

target distribution. These labeled data enable a final generative map to be trained through 

supervised learning [48]. Once this map has been trained, new samples can be generated 

directly without repeatedly solving the reverse diffusion process. The supervised learning 
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formulation also removes the need to impose an exactly reversible architecture on the final 

generative model.

A growing body of research has studied the convergence and error propagation 

of score-based diffusion models. A common approach assumes that the learned score 

is accurate in an integrated ℓ2 sense and then estimates the discrepancy between the 

generated and target distributions. Early results under this assumption may exhibit an un-

favorable dependence on the dimension [6, 8]. Later studies impose regularity conditions 

on the score or the reverse drift, such as spatial Lipschitz continuity, to obtain improved 

stability and convergence estimates [13, 14, 15]. Other analyses control both the score 

approximation error and the error in its Jacobian, which permits a more refined description 

of the stability of the reverse dynamics [46]. Early stopping has also been used to limit the 

accumulation of score estimation errors near the terminal region of the reverse process 

[4, 35]. Another line of research exploits additional structure in the target distribution, par-

ticularly Gaussian and Gaussian mixture models, for which the score has a simpler form 

and sharper convergence estimates can be obtained [62, 28]. Some recent work further 

combines score training error and sampling error to provide a complete analysis of the dif-

fusion generation process [73]. These studies provide substantial theoretical insight, but 

many available estimates depend on quantities that are difficult to evaluate numerically, 

or they do not fully describe the error behavior observed in computational experiments.

The third part of this dissertation develops error estimates for a class of training-free 

diffusion models used to construct labeled data for the supervised learning of generative 

samplers [72]. The total approximation error is separated into three components: the 

discrepancy between the target distribution and its Gaussian mixture representation, the 

numerical discretization error of the reverse probability flow ordinary differential equation, 

and the approximation error introduced when the final generative map is trained from the 

labeled data. Since the first and third components can be studied using established results 

in density approximation and supervised learning, the analysis focuses on the numerical 
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discretization of the reverse dynamics. The Gaussian mixture representation provides an 

analytically available score function, which avoids the propagation of neural network score 

approximation errors. It also shows that the apparent singularity in the coefficients of the 

reverse dynamics is removable after the exact score is incorporated. Consequently, the 

analysis recovers classical convergence rates for ordinary differential equation solvers. 

The resulting bounds have an explicit and favorable dependence on the dimension, with 

growth of order O(d) in the ℓ2 norm and O(log d) in the ℓ∞ norm. Numerical experiments 

verify the predicted convergence behavior with respect to both the time-step size and the 

dimensionality, providing a direct connection between the theoretical estimates and the 

observed numerical errors.
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Chapter 2 Generative Modeling Problems and Mathematical Preliminaries

2.1 Mathematical Preliminaries

This section introduces the basic concepts and notation from probability theory and 

stochastic analysis that will be used throughout this dissertation. Standard references for 

these topics include [51, 38]. Throughout this dissertation, ∥ · ∥ denotes the Euclidean 

norm for vectors. For a matrix A ∈ Rd×m, ∥A∥F denotes its Frobenius norm.

Definition 2.1. Let Ω be a nonempty set. A collection F  of subsets of Ω is called a σ-

algebra if the following properties hold:

1. Ω ∈ F ;

2. if A ∈ F , then Ac ∈ F ;

3. if {An}∞n=1 ⊆ F , then
∞⋃︂
n=1

An ∈ F .

The elements of F  are called measurable sets or events.

Definition 2.2. Let F  be a σ-algebra on Ω. A mapping

P : F → [0, 1]

is called a probability measure if

P(Ω) = 1

and, for every sequence of pairwise disjoint sets {An}∞n=1 ⊆ F ,

P

(︄
∞⋃︂
n=1

An

)︄
=

∞∑︂
n=1

P(An).
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The triple

(Ω,F ,P)

is called a probability space.

The set Ω represents the collection of possible outcomes, F  specifies the events 

to which probabilities can be assigned, and P assigns probabilities to these events.

Let B(Rd) denote the Borel σ-algebra on Rd, namely, the smallest σ-algebra that 

contains all open subsets of Rd.

Definition 2.3. A mapping

X : (Ω,F)→ (Rd,B(Rd))

is called measurable if

X−1(B) ∈ F , for every B ∈ B(Rd).

A measurable mapping X : Ω→ Rd is called an Rd-valued random variable, or a random 

vector. When d = 1, X is simply called a random variable.

The probability distribution, or law, of X is the probability measure µX  on Rd defined 

by

µX(B) = P(X ∈ B), B ∈ B(Rd).

If µX  is absolutely continuous with respect to the Lebesgue measure, then there exists a 

probability density function pX : Rd → [0,∞) such that

P(X ∈ B) =

∫︂
B

pX(x) dx, B ∈ B(Rd).

In this case, we write

X ∼ pX .
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For an integrable random variable X, its expectation is defined by

E[X] =

∫︂
Ω

X(ω) dP(ω).

More generally, if ϕ : Rd → R is measurable and ϕ(X) is integrable, then

E[ϕ(X)] =

∫︂
Rd

ϕ(x)pX(x) dx.

The standard Gaussian distribution on Rd is denoted by

N (0, Id),

where Id is the d× d identity matrix.

Let X ∈ Rd1 and Y ∈ Rd2 be random vectors with joint density pX,Y (x, y). If pX(x) >

0, the conditional density of Y  given X = x is defined by

pY |X(y | x) =
pX,Y (x, y)

pX(x)
. (2.1)

Conditional probability distributions will be used in later chapters to describe transition dis-

tributions of stochastic dynamical systems and uncertainty propagation in noisy physical 

models.

For two probability densities p and q on Rd, the Kullback–Leibler divergence from 

p to q is defined by

DKL(p∥q) =
∫︂
Rd

p(x) log

(︃
p(x)

q(x)

)︃
dx, (2.2)

provided that p is absolutely continuous with respect to q. This quantity will be used to 

measure the discrepancy between target distributions and their generative approxima-

tions.
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We next introduce stochastic processes and Brownian motion, which are needed 

to formulate stochastic differential equations and diffusion models.

Definition 2.4. Let T > 0. A family of random variables

{Xt}t∈[0,T ]

defined on a common probability space (Ω,F ,P) is called a stochastic process. A family 

of sub-σ-algebras

F = {Ft}t∈[0,T ]

is called a filtration if

Fs ⊆ Ft ⊆ F , 0 ≤ s ≤ t ≤ T.

A stochastic process {Xt}t∈[0,T ] is called adapted to F if Xt is Ft-measurable for every 

t ∈ [0, T ].

The σ-algebra Ft represents the information available up to time t. Unless other-

wise stated, all filtrations are assumed to satisfy the usual conditions of completeness and 

right continuity.

Definition 2.5. An Rd-valued stochastic process

Wt = (W
(1)
t , . . . ,W

(d)
t )⊤, t ∈ [0, T ],

is called a d-dimensional standard Brownian motion with respect to the filtration F if the 

following conditions hold:

1. W0 = 0 almost surely;

2. Wt has continuous sample paths almost surely;

3. for every 0 ≤ s < t ≤ T , the increment Wt −Ws is independent of Fs;

25



4. for every 0 ≤ s < t ≤ T ,

Wt −Ws ∼ N (0, (t− s)Id).

Let Wt be an m-dimensional Brownian motion. A d-dimensional stochastic differ-

ential equation takes the form

dXt = b(t,Xt) dt+ σ(t,Xt) dWt, X0 = ξ, (2.3)

where

b : [0, T ]× Rd → Rd

is the drift coefficient,

σ : [0, T ]× Rd → Rd×m

is the diffusion coefficient, and ξ is an F0-measurable initial random variable. Equation

(2.3) is understood in the integral form

Xt = ξ +

∫︂ t

0

b(s,Xs) ds+

∫︂ t

0

σ(s,Xs) dWs, t ∈ [0, T ], (2.4)

where the second integral is an Itô stochastic integral.

An adapted process {Xt}t∈[0,T ] with continuous sample paths is called a strong 

solution of (2.3) if it satisfies (2.4) almost surely for every t ∈ [0, T ]. A standard sufficient 

condition for the existence and uniqueness of a strong solution is that the drift and diffusion 

coefficients satisfy global Lipschitz and linear growth conditions. More precisely, suppose 

that there exist constants L,C > 0 such that

∥b(t, x)− b(t, y)∥+ ∥σ(t, x)− σ(t, y)∥F ≤ L∥x− y∥, (2.5)

and

∥b(t, x)∥+ ∥σ(t, x)∥F ≤ C(1 + ∥x∥), (2.6)
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for all t ∈ [0, T ] and x, y ∈ Rd. If, in addition,

E
[︁
∥ξ∥2

]︁
<∞,

then (2.3) admits a unique strong solution {Xt}t∈[0,T ] satisfying

E
[︃

sup
0≤t≤T

∥Xt∥2
]︃
<∞.

When Xt admits a sufficiently regular probability density function p(t, x), its evolu-

tion can be described by the Fokker–Planck equation. Let

a(t, x) = σ(t, x)σ(t, x)⊤.

Then p(t, x) satisfies

∂p

∂t
(t, x) = −

d∑︂
i=1

∂

∂xi
(bi(t, x)p(t, x)) +

1

2

d∑︂
i,j=1

∂2

∂xi∂xj
(aij(t, x)p(t, x)) . (2.7)

The SDE formulation and the corresponding Fokker–Planck equation provide two related 

descriptions of stochastic dynamics. The SDE describes the evolution of individual sam-

ple paths, while the Fokker–Planck equation describes the evolution of their probability 

distribution.

2.2 Generative Modeling Problems

Let Z ∈ Rm be a random variable with a simple reference distribution pZ , and let 

X ∈ Rd be a random variable with target distribution pX . The generative modeling problem 

is to construct a transformation

G : Rm → Rd
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such that the distribution of G(Z) approximates the target distribution pX . In this setting, 

G is referred to as a generator.

In many applications, the reference distribution is chosen to be a standard Gaussian 

distribution because independent Gaussian samples can be generated efficiently. Once 

the generator G has been constructed, a new sample from the learned generative model 

is obtained by first drawing z ∼ N (0, Im) and then evaluating G(z). Thus, the potentially 

expensive task of constructing the generator is performed during an offline stage, while 

sample generation can be carried out at a reduced online computational cost.

The target distribution pX  may be high-dimensional, non-Gaussian, or multimodal. 

A useful generative model should be able to represent such distributions while generating 

samples efficiently after training. In scientific computing, it is also important to understand 

the accuracy of the learned model. The discrepancy between the generated distribution 

and the target distribution may arise from limited training data, approximation errors in the 

model class, optimization errors during training, or numerical errors in the construction of 

the generative model. Theoretical analysis and numerical verification of these errors are 

therefore important for the reliable use of generative models in scientific applications.

2.3 Normalizing Flows

Let X ∈ Rd be a random vector with target density pX , and let Z ∈ Rd be a random 

vector with a simple reference density pZ  of the same dimension as X. A normalizing flow 

seeks an invertible and differentiable function

f : Rd → Rd

such that

Z = f(X). (2.8)
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The inverse mapping

X = f−1(Z) (2.9)

transforms samples from the reference distribution into samples from the target distribu-

tion.

Let Jf (x) denote the Jacobian matrix of f  evaluated at x. By the change-of-variables 

formula, the densities of X and Z satisfy

pX(x) = pZ
(︁
f(x)

)︁
|det Jf (x)| . (2.10)

Equivalently, for z = f(x),

pZ(z) = pX
(︁
f−1(z)

)︁
|det Jf−1(z)| . (2.11)

Equation (2.10) also makes it possible to evaluate the target density through the 

reference density and the Jacobian determinant. Given samples {xi}Ni=1 from the target 

distribution, the parameters of f  can be learned by minimizing the negative log-likelihood

LNLL = − 1

N

N∑︂
n=1

log pX(xn)

= − 1

N

N∑︂
n=1

[︁
log pZ

(︁
f(xn)

)︁
+ log |det Jf (xn)|

]︁
.

(2.12)

After training, new samples can be generated by first drawing z ∼ pZ  and then applying the 

inverse map x = f−1(z). In conventional normalizing flows, f  is usually constructed using 

specially designed neural network architectures so that f−1 and det Jf  can be computed 

efficiently. The normalizing flow framework introduced here will be extended in Chapters 3 

and 4 through pseudo-reversible neural network architectures.
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2.4 Diffusion Models

Diffusion models construct generative models through a continuous-time stochastic 

process. Let {Zt}t∈[0,T ] be a diffusion process satisfying

dZt = b(t)Zt dt+ σ(t) dWt, Z0 ∼ p0, (2.13)

where p0 denotes the target density and Wt is an m-dimensional Brownian motion. The 

coefficients b and σ are selected such that the distribution pt of Zt gradually evolves from 

the target distribution p0 to a simple reference distribution pT , which is commonly chosen 

to be a standard Gaussian distribution. Notice that SDE in Eq. (2.13) can only be solved 

forward in time. To derive the transformation from pT  to p0 we first introduce score function.

Definition 2.6. Suppose that pt(z) > 0 and is differentiable with respect to z. The score 

function of pt is defined by

st(z) = ∇z log pt(z). (2.14)

The reverse-time SDE [3] is defined by

dZt =
[︁
b(t)Zt − σ2(t)st(Zt)

]︁
dt+ σ(t) d

←−
W t, t : T → 0, ZT ∼ pT , (2.15)

where 
←−
W t denotes a reverse-time Brownian motion. The reverse SDE in Eq. (2.15) has 

the same marginal densities as the forward SDE in Eq. (2.13). Consequently, solving 

Eq. (2.15) from t = T  to t = 0 generates a random variable Z0 with density p0.

In practice, the score function st is unknown and is commonly approximated by a 

neural network. Chapter 5 considers a training-free construction of the score function and 

studies the numerical error associated with solving the diffusion model.
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Chapter 3 A Pseudo-Reversible Normalizing Flow for Stochastic Dynamical Systems 

with Various Initial Distributions

3.1 Problem Setting

We consider the d-dimensional stochastic process Xt, corresponding to the solution 

of the stochastic differential equation

Xt = X0 +

∫︂ t

0

b(s,Xs)ds+

∫︂ t

0

σ(s,Xs)dWs  with X0 ∈ D, t ∈ [0, T ], (3.1)

where T > 0, D is a bounded domain in Rd, b : [0, T ]×Rd → Rd, σ : [0, T ]× Rd → Rd×m are 

drift and diffusion coefficients, respectively, and Ws := (W 1
s , . . . ,W

m
s )⊤ is a m-dimensional 

standard Brownian motion. We assume that b and σ satisfy, for some constant C,

|b(t, x)|+ |σ(t, x)| ≤ C(1 + |x|),  for x ∈ Rd, t ∈ [0, T ], (3.2)

and

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ C|x− y|,  for x, y ∈ Rd, t ∈ [0, T ]. (3.3)

For an initial state X0 ∈ D, the SDE in Eq. (3.1) has a unique time continuous solution Xt

[51]. As the state Xt in Eq. (3.1) depends on the initial condition X0, we will write Xt in the 

conditional form Xt|X0 when we need to emphasize this dependence.

In applications one is typically interested in evaluating quantities of interest, QoI, of 

the form

QoI =

∫︂
Rd

F (xt) pXt(xt)dxt , (3.4)

where F  denotes a physical property of the system, and pXt  is the probability density 

of the final state. Because of the dependence of the final state on the initial condition, 

normalizing flow strategies focusing on the distribution pXt(xt), e.g., Refs. [9, 50, 26], might 
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not be efficient since every time the initial condition changes, the evaluation of QoI requires 

re-training of the neural network for pXt(xt) corresponding to the new initial condition.

To circumvent this problem we propose here a new method that focuses on the use 

of normalizing flows to create a surrogate model for the probability density pXt|X0(xt|x0), 

which gives the transition probability of being at xt starting at x0. Once a normalizing 

flow model is trained for pXt|X0(xt|x0), the computation of the QoI reduces to the direct 

evaluation of the integral

QoI =

∫︂
Rd

∫︂
Rd

F (xt) pXt|X0(xt|x0)pX0(x0)dxtdx0 , (3.5)

where pX0(x0) denotes the probability density of the initial condition. In this approach the 

computational cost of evaluating QoI for different initial conditions reduces to the cost of 

performing a quadrature without a retraining overhead. If {x(m)
0 } for m = 1 . . .M  is a set of 

M -samples drawn from pX0(x0), and {x(n)t } is the corresponding set of N -samples drawn 

from pXt|X0(xt|x0), then the quadrature can be approximated as

QoI ≈ 1

MN

M∑︂
m=1

N∑︂
n=1

F
(︂
x
(n)
t |x

(m)
0

)︂
, (3.6)

3.2 The Pseudo-Reversible Normalizing Flow (PR-NF)

A normalizing flow model can be viewed as a nonlinear transformation that maps 

an unknown target random variable, denoted by X, to a standard random variable, e.g., 

the standard Gaussian, denoted by Z. Because we intend to take into account the initial 

condition X0 in our normalizing flow model, we define the target random variable X as

X := (X0, Xt|X0) ∈ R2d. (3.7)
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A normalizing flow model includes a forward transformation mapping X to Z and an inverse 

transformation mapping Z to X, i.e.,

Z = h(X; θh)  and ˆ︁X = g(Z; θg), (3.8)

where θh, θg are parameters of the transformations and ˆ︁X = X if g = h−1. The function h

moves (or flows) in the normalizing direction, i.e., from an unknown distribution to a stan-

dard distribution pZ . The tradition of defining Z as the standard normal random variable 

N (0, I2d) gives rise to the name “normalizing flow”. Let pX(x) and pZ(z) denote the PDF of 

X and Z, respectively. The relation between the two PDFs can be obtained by the change 

of variables formula, i.e.,

pX(x) = pZ(z)

⃓⃓⃓⃓
∂z

∂x

⃓⃓⃓⃓
= pZ(h(x))|detJh(x)|, (3.9)

where detJh(x) is the determinant of the Jacobian matrix Jh of the forward map h(·).

3.2.1 The PR-NF Model’s Architecture

The PR-NF model uses the pseudo-reversible neural network architecture [41, 71,

58], i.e., g ≈ h−1 in Eq. (3.8), to replace the exact reversible architectures used in most 

existing normalizing flow models, e.g., MAF [53], Real NVPs [19]. The typical exact re-

versible architectures rely on functions with either triangular Jacobians or Lipschitz con-

tinuity, where the Jacobian determinant can be efficiently approximated. However, the 

relaxation of the reversibility condition increases the flexibility of the model design. Specif-

ically, we define h(·; θh) and g(·; θg) as two independent fully-connected neural networks, 

and the pseudo-reversibility is imposed by adding a soft constraint ∥ ˆ︁X −X∥2 to the loss 

function. This architecture is different from autoencoders because the size of the bottle-

neck, i.e., the dimension of Z, is the same as the dimension of X and ˆ︁X. Figure 3.1 
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illustrates the performance of the PR-NF on a standard two-dimensional dataset. We ob-

serve that the left panel (i.e., the true distribution) and the right panel (i.e., the PR-NF 

generated distribution) are in good agreement, meaning the relaxation of the reversibility 

does not cause a significant error. 

Figure 3.1: Illustration of the PR-NF’s performance.

The novelty of the PR-NF model is to learn the conditional distribution in Eq. (3.5), 

such that we can use the trained PR-NF model to compute the QoI in Eq. (3.5) for ar-

bitrary initial conditions, pX0(x0), without re-training. The key ingredient is to include the 

initial state X0 into the input of the PR-NF model, i.e., Eq. (3.7). The network architec-

ture is shown in Figure 3.2. Specifically, the mapping h(·) consists of two components, 

i.e., h(x0, xt|x0) = (h0(x0), h1(x0, xt|x0; θh)), where h1(x0, xt|x0; θh) : R2d → Rd is a fully 

connected neural network with tuning parameter θh, and h0(x0) : Rd → Rd is an identity 

mapping depending only on x0. We emphasize that it is critical to include x0 as one input 

of h1 to characterize the conditional distribution pXt|X0(xt|x0). We denote by z0 the output 

of h0(x0) and zt the output of h1(x0, xt|x0; θh). The inverse map g has a similar structure as 

the forward map, i.e., g(z0, zt) = (g0(z0), g1(z0, zt; θg)), where g0 is an identity map and g1

is a fully connected neural network with tuning parameter θg. We denote by ˆ︁x0 and ˆ︁xt the 

outputs of g0 and g1, respectively. Note that ˆ︁x0 = z0 = x0 because h0 and g0 are identity 

maps.
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Figure 3.2: The network architecture of the proposed PR-NF model.

3.2.2 The Loss Function

The loss function is defined based on a training data set, i.e.,

Vtrain =
{︁
x(n)
}︁N
n=1

=
{︂
x
(n)
0 , x

(n)
t |x

(n)
0

}︂N

n=1
, (3.10)

where {x(n)0 }Nn=1 is generated from the uniform distribution over the bounded domain D in 

Eq. (3.1). For each initial state x
(n)
0 , we numerically solve the SDE in Eq. (3.1) to obtain 

the sample x
(n)
t |x

(n)
0 . The loss function consists of two components, i.e.,

L = L1 + λL2, (3.11)

where L1 is the negative log-likelihood loss defined by

L1 = −
1

N

N∑︂
n=1

(︁
logpZt(h1(x

(n); θh)) + log
⃓⃓
detJh(x

(n); θh)
⃓⃓)︁
, (3.12)

with pZt(·) the probability density function of the standard normal distribution, and L2 is the 

pseudo-reversibility loss that measures the difference between x and ˆ︁x, i.e.,

L2 =
1

N

N∑︂
n=1

(︂⃦⃦
x(n) − g(h(x(n); θh); θg)

⃦⃦2
2
+
⃓⃓
det Jg(h(x

(n)))det Jh(x
(n))− 1

⃓⃓)︂
, (3.13)

and λ is a hyperparameter that will be discussed in Section 3.2.3.
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The Jacobian determinant in L1 can be written as

|detJh(x)| =

⃓⃓⃓⃓
⃓⃓⃓det

⎛⎜⎝ Id, 0

∂zt
∂x0
, ∂zt
∂xt

⎞⎟⎠
⃓⃓⃓⃓
⃓⃓⃓ = ⃓⃓⃓⃓det

(︃
∂zt
∂xt

)︃⃓⃓⃓⃓
, (3.14)

where Id is a d × d identity matrix. The simplification in Eq. (3.14) is based on the fact 

h0 is an identity map with respect to x0. Thus, although we doubled the size of the input 

of the PR-NF model, the size of the Jacobian matrix is still d × d. The proposed PR-NF 

has O(d3) complexity in Jacobian determinant computation. However, we observe that it is 

not a bottleneck with GPU-accelerated linear algebra libraries in PyTorch and TensorFlow, 

especially for a wide range of physical processes, i.e., the examples in Section 3.4, in the 

phase space with dimension up to six.

3.2.3 Hyperparameter Tuning

The hyperparameter λ in Eq. (3.11) determines the importance of the reversibility 

loss L2. Thus, a hyperparameter tuning is needed to achieve a good performance. In this 

work, we will perform grid search and use the cross-entropy as a metric to find the best 

value for λ. Specifically, we will generate a set of candidates, denoted by {λj}Jj=1. For 

each λj, we train one PR-NF model, denoted by (h(j)(x), g(j)(z)). Then, we generate M

samples of ˆ︁x by running the inverse mapping, i.e.,

{︁ˆ︁x(j,m) = g(j)(z(m)),m = 1, . . . ,M
}︁
, (3.15)

where {z(m)}Mm=1 = {z(m)
0 , z

(m)
t }Mm=1 with z

(m)
0  generated uniformly from D and z

(m)
t  gener-

ated from the standard normal distribution. Because it does not require solving the SDE 

in Eq. (3.1), we can generate a large number of samples. Next, we build a kernel density 
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estimator using the samples in Eq. (3.15), and compute the cross-entropy by

H(λj) = −
1

N

N∑︂
n=1

log(pKDE(x
(n)
t )), (3.16)

where pKDE is the kernel density estimator based on the samples in Eq. (3.15) and {x(n)t }Nn=1

is the training data set in Eq. (3.10). The optimal hyperparameter λ is obtained by mini-

mizing the cross-entropy, i.e., λ = argminH(λj).

3.2.4 Discussion on the Computational Cost

The algorithmic cost of sampling methods consists of two parts, the “offline cost” 

and the “online cost”. The offline cost of an algorithm represents the running time for 

the training process. It is determined by the architecture of the neural network, the op-

timizer (numerical scheme), the size of the training dataset and the number of training 

epochs (“time” steps). An epoch in machine learning means one complete pass of the 

training dataset through the algorithm. We choose the number of epochs such that the 

loss function stably attains the minimum. The Monte Carlo method for sampling has no 

training process. However, it needs to be run repeatedly for each new initial condition. 

The PR-NF model is a generative model where the offline cost accounts for most of the 

total algorithmic cost. However, the offline cost is a one-time cost (no additional training is 

needed for future simulations). We denote the offline cost of the PR-NF method as Coffline. 

It is easy to utilize the GPU architecture to accelerate the computation for the training 

process under the PyTorch machine learning framework.

The online cost is the computational cost for sampling. Although the Monte Carlo 

method is conceptually simple and algorithmically straightforward, the associated compu-

tational cost can be staggeringly high. In general, the method requires many samples to 

get a good approximation, which may incur an arbitrarily large total runtime if the process-

ing time of a single sample is high [64]. In contrast, the PR-NF model is a transformation 
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that maps samples from the standard normal distribution to the distribution of interest. For 

an initial distribution, the computational cost of the MC method is significantly greater than 

the online cost of the PR-NF method because it involves the sampling and numerical in-

tegration of the SDE in Eq. (3.1). The computational cost depends on how many samples 

need to generate. We denote CMC and CPR−NF as the computational cost of an initial dis-

tribution for MC and PR-NF methods, respectively. We have CMC ≫ CPR−NF. To test Ninit

different initial distributions, the cost of the PR-NF method O(Coffline + CPR−NF × Ninit) is 

cheaper than the MC method O(CMC ×Ninit) when Ninit is large.

3.3 Convergence Analysis of the PR-NF Model

This section provides the convergence analysis of the pseudo-reversible normaliz-

ing flow (PR-NF) model in Section 3.2. For notational simplicity, the target random variable 

and its probability density function are denoted by X and pX(x), respectively. Here, we 

limit our attention to single-hidden-layer neural networks. The work in [52] shows that 

for any pair of well-behaved1 distributions pX(x) and pZ(z), there exists a diffeomorphism 

z = f(x) = (f1(x), . . . , fd(x)) that can transform pX(x) to pZ(z), i.e.,

pX(x) = pZ(f(x))|det Jf (x)|. (3.17)

The proposed PR-NF model can be viewed as an approximation of the diffeomorphism, 

where h(x) and g(z) in Eq. (3.8) approximate f  and f−1, respectively.

We study the convergence of the PR-NF model in three stages. Section 3.3.1 

shows the existence of a convergent neural network approximations to the target diffeo-

morphism f  by exploiting the universal approximation theorem of fully connected neural 

networks. Section 3.3.2 shows that the convergence of the loss functions L1 and L2 in 

Eq. (3.11) is a necessary condition to obtain the convergent approximation discussed in 

1A well-behaved distribution pX(x) means that pX(x) > 0 for all x ∈ Rd, and all conditional probabilities 

Pr(Xi ≤ xi|x<i) are differentiable, for i = 1, 2, . . . , d.
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Section 3.3.1, which verifies that appropriateness of the loss function used to train the 

PR-NF model. Section 3.3.3 shows that the convergence of L1 and L2 plus some mild 

assumptions on the h and g is sufficient to ensure the convergence of the KL divergence 

between the true and the approximate probability density function.

3.3.1 Existence of a Convergent Approximation to the Diffeomorphism

Assumption 3.1. We assume that the determinant of the Jacobian matrix and any partial 

derivative of f ∈ C1(Rd) are bounded, i.e.,

⃓⃓⃓⃓
∂fi(x)

∂xj

⃓⃓⃓⃓
< A1 <∞, |det Jf (x)| > A2 > 0, (3.18)

where A1 and A2 are positive constants and i, j ∈ {1, . . . , d}. Additionally, the probability 

density function pX(x) is bounded and all the conditional probabilities are differentiable. 

There exists a positive constant K such that

pX(x) < A3 exp(−α∥x∥2)  for ∥x∥ > K, (3.19)

where α > 0 and A3 > 0 are positive constants and ∥x∥ denotes the l2 norm.

Under Assumption 3.1, Lemma 3.1 and Lemma 3.2 demonstrate the existence and 

reversibility of convergent flows h and g, respectively. To proceed, we introduce some 

multivariate notations: Zd
+ denote the lattice of nonnegative multi-integers in Rd. For m =

(m1, . . . ,md) ∈ Zd
+, we set |m| = m1 + . . . +md, x

m = xm1
1 · · ·x

md
d , and Dm = ∂|m|

∂x
m1
1 ···∂xmd

d

. 

We also define

Ck(Ω) :=
{︁
f : Dmfi ∈ C(Ω) for all i ∈ {1, . . . , d}, and |m| ≤ k

}︁
.

Lemma 3.1  (Theorem 4.1 in [55]). For any given ε > 0, there exists a single-hidden-layer 

neural network h = (h1, . . . , hd) with sufficient number of neurons to approximate a function 
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f ∈ Ck(Rd) in a compact set Ω ⊂ Rd such that

max
x∈Ω
|Dmfi(x)−Dmhi(x)| < ε, (3.20)

for all i ∈ {1, . . . , d} and m ∈ Zd
+ with |m| ≤ k.

Lemma 3.2. Under Assumption 3.1 and Lemma 3.1, the flow h approximating f ∈ Ck(Rd)

is invertible for sufficiently small ε > 0.

Proof. Let Sd be the set of all permutation of {1, . . . , d}, we have

|det Jf (x)− det Jh(x)| =

⃓⃓⃓⃓
⃓∑︂
σ∈Sd

(︄
sgn(σ)

(︄
d∏︂

i=1

∂fi
∂xσi

−
d∏︂

i=1

∂hi
∂xσi

)︄)︄⃓⃓⃓⃓
⃓ < Cε (3.21)

for any x ∈ Ω, where the last inequality holds by Lemma 3.1 with k = 1. According to 

Eq. (3.18), we have

A2 < |det Jf (x)| =

⃓⃓⃓⃓
⃓∑︂
σ∈Sd

(︄
sgn(σ)

d∏︂
i=1

∂fi
∂xσi

)︄⃓⃓⃓⃓
⃓ < CAd

1. (3.22)

We choose ε < A2

2C
 such that

|det Jh(x)| ≤ | det Jf (x)|+ |det Jf (x)− det Jh(x)| <
A2

2
+ CAd

1, (3.23)

|det Jh(x)| ≥ | det Jf (x)| − | det Jf (x)− det Jh(x)| >
A2

2
> 0. (3.24)

By the inverse function theorem, h is invertible in Ω. ∎

Similarly, we can prove the invertibility of g for the function f−1 with Eq. (3.20). So 

far, we proved the existence of convergent neural network h and g to approximate f  and 

f−1, respectively.
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3.3.2 Convergence of the Loss Function

We now prove that the convergence of the loss functions L1 and L2 in Eq. (3.11) is 

a necessary condition to obtain the convergent approximation discussed in Section 3.3.1. 

To proceed, we define two auxiliary random variables

˜︁X = h−1(Z)  and ˆ︁X = g(Z), (3.25)

where Z follows the standard normal distribution. Using the change of variables formula, 

the probability density functions of ˜︁X and ˆ︁X are defined by

p ˜︁X(x) = pZ(h(x))|det Jh(x)|, p ˆ︁X(x) = pZ(g
−1(x))|det Jg−1(x)|. (3.26)

For simplicity, we consider the loss functions in the continuous form, i.e.,

L1 = −
∫︂
Rd

pX(x) log p ˜︁X(x)dx, (3.27)

and

L2 =

∫︂
Ω

pX(x)
(︁
∥g(h(x))− x∥2 + |det Jg(h(x))det Jh(x)− 1|

)︁
dx, (3.28)

where Ω is a compact set. For the variables ˜︁X and ˆ︁X, we have the following assumptions.

Assumption 3.2. We assume the density functions pX(x) and p ˜︁X(x) satisfy

A4 exp(−α∥x∥2) < pX(x)

p ˜︁X(x) < A4 exp(α∥x∥2), (3.29)

where α and A4 are positive constants.

Lemma 3.3 and Theorems 3.1, 3.2 below will demonstrate that both L1 and L2 will 

approach the optimal constants in this case, with a difference between the loss and the 

optimal constant of the order O(ε).
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Lemma 3.3. For arbitrarily small ε > 0, there exists a random variable ˜︁X with the density 

function p ˜︁X(x) defined in Eq. (3.26) such that

|pX(x)− p ˜︁X(x)| < Cε,  for x ∈ Ω, (3.30)

where Ω ⊆ Rd is a compact set and C > 0 is a constant.

Proof. By Lemma 3.1 with k = 0, for any x ∈ Ω we have

∥f(x)− h(x)∥ =

⌜⃓⃓⎷ d∑︂
i=1

|fi(x)− hi(x)|2 < Cε. (3.31)

The standard normal random variable Z ∈ Rd has bounded gradient, i.e., ∥∇pZ(z)∥ <

C for any z ∈ Rd. Applying the mean value theorem, we have

|pZ(f(x))− pZ(h(x))| = |∇pZ(ξ) · (f(x)− h(x))| ≤ ∥∇pZ(ξ)∥∥f(x)− h(x)∥ < Cε, (3.32)

where ξ is between f(x) and h(x), ε is given in Lemma 3.1 and C > 0 is a constant. 

Because Z has bounded density function, we can exploit Eqs. (3.21), (3.23), (3.32) to 

derive

⃓⃓
pX(x)− p ˜︁X(x)⃓⃓

= |pZ(f(x))|det Jf (x)| − pZ(h(x))|det Jh(x)||

= |pZ(f(x))(|det Jf (x)| − | det Jh(x)|) + |det Jh(x)|(pZ(f(x))− pZ(h(x)))|

≤ |pZ(f(x))| |det Jf (x)− det Jh(x)|+ |det Jh(x)| |pZ(f(x))− pZ(h(x))| < Cε

(3.33)

for any x ∈ Ω which concludes the proof. ∎

Based on the results from Lemma 3.3, we have the convergence of the continuous 

loss function L1 defined in Eq. (3.27).

Theorem 3.1. 
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For arbitrarily small ε > 0, there exists a random variable ˜︁X with the density function 

p ˜︁X(x) in Eq. (3.26) such that L1 has the bound

−
∫︂
Rd

pX(x) log pX(x)dx ≤ L1 < −
∫︂
Rd

pX(x) log pX(x)dx+ ε. (3.34)

Proof. Using the inequality log t ≤ t− 1 for all t > 0, we have

−
∫︂
Rd

pX(x) log pX(x)dx− L1 =

∫︂
Rd

pX(x) log
p ˜︁X(x)
PX(x)

dx

≤
∫︂
Rd

pX(x)

(︃
p ˜︁X(x)
PX(x)

− 1

)︃
dx

=

∫︂
Rd

p ˜︁X(x)− pX(x)dx = 0.

(3.35)

To prove the right side of Eq. (3.34), we need to show that

∫︂
Rd

pX(x) log
pX(x)

p ˜︁X(x)dx < ε. (3.36)

We define Bd(r) := {x ∈ Rd : ∥x∥ ≤ r} and Vd−1(r) be the volume of {x ∈ Rd : ∥x∥ = r}. 

For every ε1 < min{A3 exp(−α), A3 exp(−αK2)}, K is the constant in Assumption 3.1, we 

let K1 =
√︂
− 1

α
log ε1

A3
, then K1 > max{1, K}. According to Eq. (3.19) in Assumption 3.1, 

pX(x) < A3 exp(−α∥x∥2) ≤ ε1 over the domain Bd(K1)
c. Define Ωε1 := {x : pX(x) ≥ ε1}, 

then Ωε1 is contained in Bd(K1). Since pX(x) is continuous, Ωε1 is closed. Moreover, as 

a bounded closed set in Rd, Ωε1 is compact. The KL divergence between distributions pX
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and p ˜︁X  has the following bound

DKL(pX ∥ p ˜︁X) =
∫︂
Rd

pX(x) log
pX(x)

p ˜︁X(x)dx
≤
∫︂
pX(x)≥ε1

pX(x) log
pX(x)

p ˜︁X(x)dx
+

∫︂
{pX(x)<ε1}∩Bd(K1)

pX(x) log
pX(x)

p ˜︁X(x)dx
+

∫︂
{pX(x)<ε1}∩Bd(K1)c

pX(x) log
pX(x)

p ˜︁X(x)dx
:=I1 + I2 + I3.

(3.37)

Next we investigate all terms on the right side of Eq. (3.37). By Lemma 3.3, for 

every ε2 > 0, there exists variable ˜︁X such that

|pX(x)− p ˜︁X(x)| < Cε2, (3.38)

for any x ∈ Ωε1. Choosing ε2 < ε1
2C

, we have p ˜︁X(x) > ε1/2 for the case pX(x) ≥ ε1. 

Applying the mean value theorem, I1 has the bound

I1 =

∫︂
pX(x)≥ε1

pX(x)
(︁
log(pX(x))− log(p ˜︁X(x)))︁ dx

≤
∫︂
pX(x)≥ε1

pX(x)

⃓⃓⃓⃓
1

ξ

⃓⃓⃓⃓ ⃓⃓
pX(x)− p ˜︁X(x)⃓⃓ dx

≤ 2Cε2
ε1

∫︂
pX(x)≥ε1

pX(x)dx ≤
2Cε2
ε1

,

(3.39)

where 
⃓⃓⃓
1
ξ

⃓⃓⃓
≤ 2

ε1
 because ξ is between pX(x) and p ˜︁X(x). Since we define ε2 <

ε1
2C1

, we are 

able to let ε2/ε1 → 0 to guarantee I1 → 0.

Positive density functions pX(x), p ˜︁X(x) are continuous, thus log
pX(x)
p ˜︁X(x)

 is continuous 

and bounded over Bd(K), i.e., log
pX(x)
p ˜︁X(x)

< C1 for x ∈ Bd(K). By Eq. (3.29) in Assump-

tion 3.2, it follows that log
pX(x)
p ˜︁X(x)

< C2K
2
1  for x ∈ Bd(K1) \ Bd(K). Hence, log

pX(x)
p ˜︁X(x)

<
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max{C1, C2K
2
1} for x ∈ Bd(K1). The term I2 has the bound

I2 =

∫︂
{pX(x)<ε1}∩Bd(K1)

pX(x) log
pX(x)

p ˜︁X(x)dx
≤
∫︂
{pX(x)<ε1}∩Bd(K1)

⃓⃓⃓⃓
pX(x) log

pX(x)

p ˜︁X(x)
⃓⃓⃓⃓
dx

≤ Cε1

∫︂
Bd(K1)

max{1, K2
1}dx

= Cε1
πd/2

Γ(d/2 + 1)
max{Kd

1 , K
d+2
1 }

≤ C max{ε1(log
ε1
A3

)d/2, ε1(log
ε1
A3

)d/2+1},

(3.40)

where C is a constant and I2 → 0 as ε1 → 0. The last inequality holds due to K1 =√︂
− 1

α
log ε1

A3
 . Lastly we have the bound for I3

I3 =

∫︂
{pX(x)<ε1}∩Bd(K1)c

pX(x) log
pX(x)

p ˜︁X(x)dx
=

∫︂
Bd(K1)c

pX(x) log
pX(x)

p ˜︁X(x)dx
≤ C

∫︂
Bd(K1)c

exp(−α∥x∥2)∥x∥2dx.

(3.41)

According to the identity 
∫︁
Bd(R2)\Bd(R1)

y(∥x∥)dx = Vd−1(1)
∫︁ R2

R1
y(r)rd−1dr, we have

I3 ≤ CVd−1(1)

∫︂ +∞

K1

exp(−αr2)r2rd−1dr

= C

∫︂ +∞

K1

exp(−αr2)rd+1dr

= C

(︄[︃
exp(−αr2)rd

−2α

]︃+∞

K1

+
d+ 1

2α

∫︂ +∞

K1

exp(−αr2)rddr

)︄

= C

(︄[︃
exp(−αr2)rd

−2α

]︃+∞

K1

+ . . .+
(d+ 1)!

(2α)d+1

∫︂ +∞

K1

exp(−αr2)dr

)︄
,

(3.42)

where I3 → 0 as K1 → +∞. Since K1 =
√︂
− 1

α
log ε1

A3
, we have I3 → 0 as ε1 → 0. ∎
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In summary, Theorem 3.1 shows that the loss function L1 converges to the entropy 

of pX(x) as h converges to f . The following Theorem 3.2 proves the convergence of the 

continuous loss function L2 as defined in Eq. (3.28).

Theorem 3.2. For arbitrarily small ε > 0, there exists a single-hidden-layer neural network 

g such that

L2 < ε, (3.43)

in any compact set Ω ⊆ Rd.

Proof. By Assumption 3.1, pX  is bounded. L2 has the following bound:

L2 =

∫︂
Ω

pX(x)

(︃
∥g(h(x))− x∥2dx+

∫︂
Ω

|det Jg(h(x))det Jh(x)− 1|
)︃
dx

≤C
∫︂
Ω

∥g(h(x))− x∥2dx+
∫︂
Ω

|det Jg(h(x))det Jh(x)− 1|dx

=C
(︂∫︂

Ω

∥g(h(x))− h−1(h(x))∥2dx

+

∫︂
Ω

|det Jg(h(x))(det Jh−1(h(x)))−1 − 1|dx
)︂

=C
(︂∫︂

h(Ω)

∥g(y)− h−1(y)∥2|det Jh−1(y)|dy

+

∫︂
h(Ω)

|det Jg(y)− det Jh−1(y)|dy
)︂
:= C(I1 + I2).

(3.44)

Since h is continuous in a compact set Ω, by the extreme value theorem, h is 

bounded in Ω, i.e., there exists a constant M  such that |h(x)| ≤M  for all x ∈ Ω. Therefore, 

h(Ω) ⊆ Bd(M). Let g be the approximation of h−1, and the term I1 has the bound

I1 =

∫︂
h(Ω)

∥g(y)− h−1(y)∥2|det Jh−1(y)|dy

≤
∫︂
Bd(M)

∥g(y)− h−1(y)∥2|det Jh−1(y)|dy

=

∫︂
Bd(M)

(︄
d∑︂

i=1

|gi(y)− h−1
i (y)|2

)︄
|det Jh−1(y)|dy ≤

∫︂
Bd(M)

dε21Cdy ≤ Cε21,

(3.45)
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where the last inequality holds by Lemma 3.1 with k = 0 and the determinant of Jacobian 

of h−1 has the upper bound in Eq. (3.24). Let Sd be the set of all permutation of {1, . . . , d}, 

we have

|det Jg(y)− det Jh−1(y)| =

⃓⃓⃓⃓
⃓∑︂
σ∈Sd

(︄
sgn(σ)

(︄
d∏︂

i=1

∂gi(y)

∂xσi

−
d∏︂

i=1

∂h−1
i (y)

∂xσi

)︄)︄⃓⃓⃓⃓
⃓ < Cε1 (3.46)

for any y ∈ Bd(M), where the last inequality holds by Lemma 3.1 with k = 1. We have the 

bound for I2

I2 =

∫︂
h(Ω)

|det Jg(y)− det Jh−1(y)|dy ≤
∫︂
Bd(M)

|det Jg(y)− det Jh−1(y)|dy ≤ Cε1. (3.47)

The convergence of L2 to 0 as ε1 approaches 0 is established by Eqs. (3.44), (3.45) 

and (3.47). By choosing ε1 sufficiently small, we complete the proof. ∎

3.3.3 Convergence of the KL Divergence

The analysis in Section 3.3.2 shows that the convergence of L1 and L2 is a neces-

sary condition to obtain the convergent approximation discussed in Section 3.3.1, which 

verifies that appropriateness of the loss function used to train the PR-NF model. Here we 

show that the convergence of L1 and L2 plus some mild assumptions on the h and g is 

sufficient to ensure the convergence of the KL divergence between pX  and p ˆ︁X .

Assumption 3.3. We assume that the target random variable X has finite second-order 

moment, and there exists a positive constant A5 such that

∥∇p ˆ︁X(x)∥ ≤ A5(∥x∥+ 1)p ˆ︁X(x), (3.48)

where p ˆ︁X(x) is defined in Eq. (3.26).
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Remark 3.1. All these assumptions are valid for normally distributed random variables. 

So we can say that they are “normal-like” assumptions.

Theorem 3.3. For any given ε > 0, under the assumptions of Theorems 3.1, 3.2 and 

Assumption 3.3, the KL divergence between target variable X and the approximation ˆ︁X
defined in Eq. (3.25) satisfies DKL(pX∥p ˆ︁X) < ε.

Proof. For arbitrarily small ε1 > 0, under Theorems 3.1, we have

L1 ≤ −
∫︂
Rd

pX(x) log pX(x)dx+ ε1, (3.49)

and for arbitrarily small ε2 > 0, under Theorems 3.2, we have

L2(Rd) =

∫︂
Rd

pX(x)
(︁
∥g(h(x))− x∥2 + |det Jg(h(x))det Jh(x)− 1|

)︁
dx < ε2. (3.50)

To simplify the notation, we denote M(x) := g(h(x)), Then Eq. (3.50) is rewritten as

L2(Rd) =

∫︂
Rd

pX(x)(∥M(x)− x∥2 + |det JM(x)− 1|)dx < ε2. (3.51)

Since ˆ︁X = g(Z) = g(h( ˜︁X)) =M( ˜︁X), by the change of variables formula we have

p ˜︁X(x) = p ˆ︁X(M(x))|det JM(x)|. (3.52)
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The KL divergence between distributions PX  and P ˆ︁X  has the following bound

DKL(pX∥p ˆ︁X) =
∫︂
Rd

pX(x) log
pX(x)

p ˆ︁X(x)dx
≤
∫︂
Rd

pX(x) log
pX(x)

p ˜︁X(x)dx+
∫︂
Rd

pX(x) log
p ˜︁X(x)
p ˆ︁X(x)dx

=

∫︂
Rd

pX(x) log
pX(x)

p ˜︁X(x)dx+
∫︂
Rd

pX(x) log
p ˆ︁X(M(x))|det JM(x)|

p ˆ︁X(x) dx

=

∫︂
Rd

pX(x) log
pX(x)

p ˜︁X(x)dx+
∫︂
Rd

pX(x) log
p ˆ︁X(M(x))

p ˆ︁X(x) dx

+

∫︂
Rd

pX(x) log |det JM(x)|dx := I1 + I2 + I3.

(3.53)

According to Eq. (3.49), we have I1 < ε1. Apply the mean value theorem, I2 has the bound

I2 =

∫︂
Rd

pX(x) log
p ˆ︁X(M(x))

p ˆ︁X(x) dx

=

∫︂
Rd

pX(x)
(︂

log(p ˆ︁X(M(x)))− log(p ˆ︁X(x))
)︂
dx

=

∫︂
Rd

pX(x)

(︃
∇p ˆ︁X(ξ)
p ˆ︁X(ξ) · (M(x)− x)

)︃
dx,

(3.54)

where ξ is between M(x) and x. By Eq. (3.48) in Assumption 3.3, we have

I2 ≤C
∫︂
Rd

pX(x)(∥ξ∥+ 1) ∥M(x)− x∥ dx

≤C
∫︂
Rd

pX(x) (∥M(x)− x∥+ ∥x∥+ 1) ∥M(x)− x∥ dx

=C

(︃∫︂
Rd

pX(x) ∥M(x)− x∥2 dx+
∫︂
Rd

pX(x)∥x∥ ∥M(x)− x∥ dx

+

∫︂
Rd

pX(x) ∥M(x)− x∥ dx
)︃

≤C
[︃
ε2 +

(︃∫︂
Rd

pX(x)∥x∥2dx
)︃ 1

2
(︃∫︂

Rd

pX(x) ∥M(x)− x∥2 dx
)︃ 1

2

+

(︃∫︂
Rd

pX(x)dx

)︃ 1
2
(︃∫︂

Rd

pX(x) ∥M(x)− x∥2 dx
)︃ 1

2
]︃
≤ C(ε2 + ε

1
2
2 ).

(3.55)
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Since log |t| ≤ |t− 1| for every t ∈ R, I3 has the bound

I3 =

∫︂
Rd

pX(x) log |det JM(x)|dx ≤
∫︂
Rd

pX(x)|det JM(x)− 1|dx ≤ ε2. (3.56)

Therefore,

DKL(pX∥p ˆ︁X) ≤ ε1 + C(ε2 + ε
1
2
2 ). (3.57)

Let ε1 < ε/2 and ε2 < min{ε2/(16C2), 1}, then we have

DKL(pX∥p ˆ︁X) ≤ ε1 + C(2ε
1
2
2 ) ≤

ε

2
+ C

ε

2C
≤ ε. (3.58)

Thus, DKL(pX∥p ˆ︁X) ≤ ε. We complete the proof. ∎

3.4 Numerical Examples and Applications

In this section we present numerical experiments demonstrating the superior per-

formance of the PR-NF model in comparison with the standard MC method. The example 

in Sec.3.4.1 benchmarks the accuracy of our method for a problem with known analytical 

ground-truth solution. In Sec. 3.4.2 we present an application to plasma physics and in 

Sec.3.4.3 an application to fluid mechanics.

Since in these cases there are not known analytical solutions, the ground-truth cor-

responds to MC simulations with sufficiently large samples. In all numerical simulations, 

the PyTorch machine learning framework has been implemented with CUDA GPU. The 

PR-NF model uses the Adam optimizer [43] and the Tanh activation function.

3.4.1 Verification of Algorithm Accuracy

In this subsection, we use a one-dimensional nonlinear SDE and a ten-dimensional 

linear SDE to verify the accuracy of the proposed algorithm. We first consider the following 

50



one-dimensional SDE

Xt = X0 +

∫︂ t

0

b(s,Xs)ds+

∫︂ t

0

σ(s,Xs)dWs  with X0 ∈ [0, L], (3.59)

where b(s,Xs) = 2
√
Xs + 1, σ(s,Xs) = 2

√
Xs, L = 5, t = 0.1. The analytical solution of 

this SDE is

Xt = (
√︁
X0 + t+Wt)

2, (3.60)

where X0 is the initial condition, and the corresponding conditional distribution is

pXt|X0(x|x0) =
1

2
√
2πtx

[︃
exp

(︃
−(
√
x−√x0 − t)2

2t

)︃
+ exp

(︃
−(
√
x+
√
x0 + t)2

2t

)︃]︃
. (3.61)

The distribution of Xt subject to an initial distribution pX0(x0) can be computed by the 

convolution with pXt|X0(x|x0). Since the analytical solution is known, we use this example 

to test the accuracy of the propose method.

The training dataset consists of Ntrain = 20000 samples with initial positions {X(n)
0 }

Ntrain

n=1

sampled from a uniform distribution over the domain D = [0, 5], and terminal positions 

{X(n)
t }

Ntrain

n=1  generated by MC simulations of Eq. (3.59). The neural network has Nlayer = 1

hidden layer with Nneuron = 256 neurons. The hyperparameter λ in the loss function is 

selected according to the method described in Sec. 3.2.3. The left panel of Fig. 3.3 shows 

the cross entropy H(λ) defined in Eq. (3.16) with different λ. As it shown, the PR-NF 

model attains the minimum of H(λ) when λ = 50. The middle panel and right panel of 

Fig. 3.3 correspond to the accuracy performance of the proposed PR-NF model with two 

cases λ = 1 and λ = 50, respectively. The red curve is the exact density function and the 

histogram is synthesized by the PR-NF model. A good agreement is shown in the right 

panel (λ = 50). In contrast, λ = 1 is too small to guarantee the reversibility. Without the 

tuning process of λ, the PR-NF model may fail to balance the L1 and L2, e.g., the middle 

panel of Fig. 3.3. The minimization of cross entropy H(λ) in Section 3.2.3 is an effective 
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and appropriate approach to choose λ. An optimal parameter λ is necessary to obtain an 

accurate surrogate model. 

Figure 3.3: Cross entropy H(λ) and fitting performance for λ = 1 and λ = 50.

We now use the well-trained PR-NF model (λ = 50) to sample Xt with variable ini-

tial distributions. The top row of Fig. 3.4 shows four different initial distributions, denoted 

as “δ func”, “bar”, “sin2”, and “ricker”. The bottom row of Fig. 3.4 shows corresponding his-

togram of Xt generated by the PR-NF model, where a good agreement with the exact den-

sity is observed. The results demonstrate that the well-trained PR-NF model can handle 

different initial conditions without additional training process. Figure 3.5 shows the decay 

of the loss function of training dataset (left panel) and the decay of the Kullback–Leibler 

(KL) divergence of the four initial distributions (right panel). The KL divergence formula 

is defined as the relative entropy from the approximate density (generated from PR-NF) 

papprox to the exact density pexact, i.e.,

DKL(pexact ∥ papprox) =

∫︂ ∞

−∞
pexact(x) log

(︃
pexact(x)

papprox(x)

)︃
dx, (3.62)

where DKL can be approximated by the Riemann sum over a uniform mesh or the mean 

value of log
(︂

pexact(x)
papprox(x)

)︂
 over the training dataset X  based on the exact solution in Eq. (3.60). 

We monitor the KL divergence for different distributions during the training process. The 

consistency of decays between loss function and KL divergence illustrates that the loss 

function L defined in Eq. (3.11) involving the reversibility error is effective to be regarded 

as a loss function for normalizing flow.
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Figure 3.4: The accuracy performance of the well-trained PR-NF model for test dataset.

Figure 3.5: The decay of loss function of training dataset and the decay of KL divergence 

of four test dataset.

To illustrate the application of our method to high-dimensional problems, consider 

the ten-dimensional SDE

Xt = X0 +

∫︂ t

0

Xsds+

∫︂ t

0

KXsdWs  with X0 ∈ D, (3.63)

where t = 1, D = [0, 1]10, K = 1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1

.
.
.

.
.
.

.
.
. 1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
10×10

. In this case the analytical solution Xt

is given by

Xt = exp((I10 −K2/2)t+KWt)X0. (3.64)
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The training dataset consists of Ntrain = 20000 samples where X0 are sampled from an 

uniform initial distribution over the domain D. The neural network has Nhidden = 1 hidden 

layer with Nneuron = 256 neurons. The left panel of Fig. 3.6 shows the cross entropy as 

function of λ, with a minimum at λ = 100.

We use the well-trained PR-NF model to test four initial distributions, one is the 

normal distribution xtest ∼ N (0.5, 0.1 · I10), other three are nonlinear transformations of 

the normal distribution, square:= x2test, log:= ln(|xtest|+ 1), and sin:= sin (x2test). The middle 

panel of Fig. 3.6 shows the decay of loss function of the training dataset. And the decay 

of KL divergence of four test dataset is shown in the right panel. A good consistency is 

observed.

Figure 3.6: Numerical results for the ten-dimensional linear SDE.

3.4.2 Generation of Runaway Electrons in Magnetically Confined Nuclear Fusion 

Plasmas

Modeling and simulation of plasmas is an extremely complex computational prob-

lem involving, among other aspects, the trajectories of the plasma particles (electrons and 

ions), the evolution of external and self-generated electromagnetic fields, as well as en-

ergy and particle sources and sinks. Particle-based simulations (usually known as Monte 

Carlo simulations in the plasma physics literature) are based on the solution of stochastic 

differential equations of the form in Eq.(3.1) with Xt denoting the particles’ coordinates in 

the d-dimensional phase space. In the full-orbit description d = 6, but reduced models with 
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d < 6 are commonly used. The deterministic term, b ds, is given by the electromagnetic 

forces, and the stochastic term, σ dWs, is used to model collisional and diffusive processes. 

This is a strongly multi-scale problem since there is a big disparity of spatiotemporal scales 

in the evolution of the orbits and the electromagnetic fields. In addition, to avoid statistical 

sampling errors, these equations need to be solved for very large number of particles and 

large sets of different initial conditions. The goal of this section is to discuss how the pro-

posed PR-NF method can be used to overcome some of these computational challenges 

in the case of magnetically confined high temperature plasmas in toroidal geometry. This 

configuration (known as tokamak) is the leading approach to achieve the elusive goal 

of controlled nuclear fusion for electricity production. The specific problem we consider 

is the simulation of relativistic runaway (RE) electrons produced during magnetic disrup-

tions, see for example Ref. [10] and references therein. Understanding this problem is 

critical for the safe operation of nuclear fusion reactors.

The model of interest consists of the following set of SDEs

⎧⎪⎪⎨⎪⎪⎩
dp =

[︃
Eξ − γp

τ
(1− ξ2)− CF (p) +

1

p2
∂

∂p

(︁
p2CA

)︁]︃
dt+

√︁
2CA dWp,

dξ =

[︃
E (1− ξ2)

p
+
ξ(1− ξ2)

τγ
− 2ξ

CB

p2

]︃
dt+

√
2CB

p

√︁
1− ξ2 dWξ .

(3.65)

This two-dimensional reduced model tracks the evolution of the magnitude of the relativis-

tic momentum, p, and ξ = cos η, where η is the pitch angle between the particle velocity 

and the magnetic field which is assumed fixed and given.

dWp and dWξ are independent standard Brownian motions, E is the electric field, 

and τ  the radiation damping time scale. The collision operator includes the momentum 

diffusion, CA, pitch angle scattering, CB, and Coulomb drag, CF , which are defined as

CA(p) = ν̄ee v̄
2
T

ψ(y)

y
, CF (p) = 2 ν̄ee v̄T ψ(y),
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CB(p) =
1

2
ν̄ee v̄

2
T

1

y

[︃
Z + φ(y)− ψ(y) + y2

2
δ4
]︃
,

φ(y) =
2√
π

∫︂ y

0

e−s2ds, ψ(y) =
1

2y2

[︃
φ(y)− ydφ

dy

]︃
, y =

1

v̄T

p

γ
,

γ =

√︂
1 + (δ̃p)2, δ̃ =

ṽT
c

=

√︄
2T̃

mc2
, δ =

v̂T
c

=

√︄
2T̂f
mc2

, v̄T =

√︄
T̂f

T̃
,

ν̄ee =

(︄
T̃

T̂f

)︄3/2
ln Λ̂

ln Λ̃
, lnΛ̃ = 14.9− 1

2
ln0.28 + lnT̃ , lnΛ̂ = 14.9− 1

2
ln0.28 + lnT̂f ,

with Z and c denoting the ion effective charge and the speed of light, respectively. Further 

details on this model can be found in Ref. [18, 79] and references therein.

We are interested in the hot-tail acceleration of electrons due to the rapid cooling of 

the plasma (thermal quench) during a magnetic disruption [69, 54]. We use a fast cooling 

model for the temperature and an electric field from Ohm’s law with a Spitzer resistivity 

temperature dependent model E = E0

[︂
T̃

T̂f

]︂3/2
, with typical model parameters Z = 1, 

τ = 6× 103, E0 = 1/2000, T̃ = 3, T̂f = 0.05 and mc2 = 500.

The integration domain is p ∈ (pmin, pmax) and θ ∈ (0, π), where (pmin, pmax) = (0.5, 5), 

and tmax = 26. The different cases of initial conditions are obtained by sampling a family 

of Maxwellian distributions

f(p, ξ, t0) =
2p2

π1/2p30
e−(p/p0)2 , where p0 =

√︄
T̂0

T̃
, (3.66)

normalized as 
∫︁ 1

0

∫︁ 1

−1

∫︁ pmax

pmin
f0(p, ξ)dpdξ = 1, and parameterized by T̂0. Exploration of the 

hot-tail generation of RE in this case requires the solution of this problem for different 

values of T̂0. In the standard Monte Carlo approach this is a computational intense problem 

because each time T̂0 changes the problem needs to be recomputed for the new initial 

condition. However, as it will be shown below, this is not the case with the proposed 

PR-NF method.
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In this problem the training dataset V consists of Ntrain = 30000 samples with ini-

tial positions, {(p0, ξ0)(n)}, n = 1, . . . , Ntrain, uniformly distributed in the integration do-

main and terminal positions, (ptmax
, ξtmax

)(n), obtained by a direct Monte Carlo simulation 

of Eqs. (3.65). The neural network architecture of the PR-NF model uses Nhidden = 1 hid-

den layer and Nneuron = 512 neurons. To choose the hyperparameter λ, which controls the 

relative importance of the pseudo-reversivility and the negative log-likelihood losses, we 

follow the same procedure as in Section 3.4.1. Namely, we select the value of λ for which 

the cross entropy, H(λ), has a minimum, which in this case corresponds to λ = 100.

To check the accuracy of the PR-NF model we consider a test set of Ntest = 20000

samples drawn from the Maxwellian distribution in Eq. (3.66) with T̂0 = 10. Fig. 3.7 com-

pares the final probability density function (pdf) at tmax = 26 computed with the PR-NF 

method and the direct Monte Carlo simulation. To construct the pdf from the Ntest data 

points, we use a Gaussian kernel density estimation. The plots on the top row show the 

one-dimensional marginal pdfs for the pitch angle θ (left) and momentum p (right). The 

plots on the bottom row show the two-dimensional contour plots of the log10 of the pdfs for 

the PR-NF (left) and the MC (right) simulations. The local pointwise differences between 

PR-NF and MC methods are of the order 10−2, which implies a small error in the evaluation 

of quantities of interest like the production of runaway electrons shown in Fig. 3.8.

To illustrate the performance of the PR-NF method in the computation of the final 

state for different initial conditions, we consider the quantity of interest

nRE =

∫︂ 1

−1

∫︂ pmax

p∗
ftmax

(p, ξ)dpdξ, (3.67)

representing the total fraction of runaway electrons produced by the hot-tail mechanism 

during the thermal quench, where ftmax
 is the density function of electrons at tmax = 26, p∗ =

1.75 is the RE energy threshold and pmax is a numerical upper bound. We consider a family 

of Maxwellian initial conditions of the form in Eq. (3.66) with T̂0 = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10.
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Figure 3.7: Final state of runaway electrons probability density function. 

Figure 3.8 compares nRE computed using a direct MC simulation that requires to solving 

the whole problem from the start for each value of T̂0, with the PR-NF method that reduces 

the computation to the direct evaluation of the final state using the trained neural network. 

This numerical simulation is based on Nsample = 20000 samples for different T̂0. By using a 

single PR-NF model, we can obtain the orbits of particles for ten initial conditions without 

any additional simulations or training. However, the Monte Carlo method has to repeatedly 

simulate the particles’ orbits ten times. For the simulation, the time step size of the MC 

method is ∆t = 0.001 and the number of epochs of the PR-NF method is Nepoch = 20000. 

We record the running wall-clock time (measured using the python function “time.time()”) 

between these two methods. For the results in Fig. 3.8, the error between the PR-NF and 

MC method (viewed as the ground-truth) is acceptable. The accuracy of PR-NF model 

is enough to predict and analyze the profile of fraction runaway electrons production rate 

nRE. Moreover, the total running time of the MC method of these ten cases of Maxwellian 
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distribution is around CMC = 4000 sec. The total running time of the PR-NF method con-

sists of two parts, the offline cost is around Coffline = 1354 sec and the online cost is around 

Conline = 12 sec. The PR-NF model is faster than the MC method, especially on the on-

line cost. This efficiency advantage is more valuable when we handle a large number of 

Maxwellian distributions.

Figure 3.8: Quantity of interest nRE in Eq. (3.67) with respect to T̂0 in Eq. (3.66).

3.4.3 Passive Scalar Advection-Diffusion Transport in a 3D Chaotic Flow

Understanding passive scalar transport is a problem of significant interest in fluid 

dynamics in general and environmental engineering, oceanography, and atmospheric sci-

ences in particular. By passive we mean that the transported scalar exactly follows the 

given velocity field without modifying it.

As a specific example to illustrate the application of the PR-NF method to this 

problem, we consider the ABC (Arnold-Beltrami-Childress) flow [20] which is a three-

dimensional incompressible velocity field which is an exact solution of Euler’s equation. 

In Cartesian coordinates this velocity field has components v = (vx, vy, vz) with vx =

A sin z + C cos y, vy = B sinx + A cos z and vz = C sin y + B cosx. For a wide range 
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of the A, B and C parameters, this flow is not integrable. That is, it exhibits chaotic ad-

vection and the sensitive dependence on initial condition gives rise to rapid mixing and 

long-range transport [63].

In addition to advection, passive scalar transport is affected by diffusion. In parti-

cle based simulations this important effect can be modeled by adding a stochastic term. 

Following this approach we consider the following set of SDEs

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
dx = Pe [A sin z + C cos y] dt+ dWx ,

dy = Pe [B sinx+ A cos z] dt+ dWy ,

dz = Pe [C sin y +B cosx] dt+ dWz .

(3.68)

where dWx, dWy and dWz are independent Brownian motions, and the Peclé number, Pe

is a dimensionless parameter controlling the relative importance of advection and diffu-

sion. When, Pe ≪ 1, transport is dominated by diffusion and when, Pe ≫ 1, transport is 

dominated by advection.

The initial conditions, {x(n)0 , y
(n)
0 , z

(n)
0 }

Ntrain

n=1 , of the training dataset consists of an en-

semble of Ntrain = 30000 random points uniformly distributed in the cubic domain D =

[0, 2π]× [0, 2π]× [0, 2π]. The terminal positions, {x(n)tmax
, y

(n)
tmax

, z
(n)
tmax
}Ntrain

n=1 , of the training dataset 

are obtained by a direct Monte Carlo simulation of Eq. (3.68). In the calculation presented 

we use tmax = 2, and model parameters Pe = 3, A = 1, B = 1, and C = 0.25. For the 

PR-NF neural network model we use Nhidden = 1 hidden layer with Nneuron = 512 neurons. 

Once the training process is done, the PR-NF model can be used as a surrogate model to 

predict the final state for various initial conditions, without the need to integrate Eqs. (3.68).

As a first test, we apply the PR-NF to predict the final state of an initial condition of 

the form

f(x, y, z, t0) = H(x, y, z)exp

[︄
−
(︃
x− xc
σx

)︃2

−
(︃
y − yc
σy

)︃2

−
(︃
z − zc
σz

)︃2
]︄
, (3.69)
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modeling, for example, a Gaussian-shaped cloud of a pollutant, with σx = π/3, σy =

π/5, σz = π/4, localized at (xc, yc, zc) ∈ D, where H(x, y, z) = 1 if (x, y, z) ∈ D and 

H(x, y, z) = 0 otherwise. Figure 3.9 shows a good agreement between the final pdf of 

the passive scalar, f(x, y, z, tmax), computed with the PR-NF surrogate model and the pdf 

computed using direct Monte Carlo simulation for the case (xc, yc, zc) = (π/2, π, π). Since 

both methods are particle-based, once the discrete particle data have been obtained, the 

corresponding pdfs are constructed using a standard Gaussian-kernel estimation. To ease 

the comparison of these 3d pdfs, Fig. 3.9 shows the 1d marginal distributions, e.g., g(x) =∫︁
dy
∫︁
dzf(x, y, z, tmax), and the 2d marginal distributions, e.g., g(x, y) =

∫︁
dzf(x, y, z, tmax). 

The mixing due to the combination of chaotic advection and diffusion rapidly displaces the 

scalar outside the D domain.

Figure 3.9: Final state of the probability density function in the ABC fluid velocity model.
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As a second application we consider a “target” transport problem of interest, for ex-

ample, to environmental fluid dynamics. The problem consists of finding the concentration 

of the scalar in a target domain, T = [xmin, xmax]×(−∞,∞)×[zmin, zmax], resulting from the 

transport of a concentrated pollutant cloud released inside the D = [0, 2π]× [0, 2π]× [0, 2π]

domain. The initial cloud will be described using the Gaussian model in Eq. (3.69) with 

σx = π/3, σy = π/5, σz = π/4. The y-coordinate of the cloud will be fixed at yc = π and 

the goal is to compute the total scalar density in T  as function of the (xc, zc) coordinates 

of the center of the initial cloud in D. The quantity of interest in this case is

nT (xc, zc) =

∫︂ xmax

xmin

∫︂ ∞

−∞

∫︂ zmax

zmin

f(x, y, z, tmax)dzdydx , (3.70)

and for the calculation presented here we will use xmin = 0, xmax = π, zmin = 2π, and 

zmax = 3π.

To perform this calculation a Nx × Nz uniform grid is constructed in the (xc, zc) ∈

[0, 2π] × [0, 2π] space and the NxNz = Nic grid nodes are used to define the ensemble 

{xic, zic}
Nic

i=1. For each element of the ensemble, the standard direct Monte Carlo approach 

requires the solution of the system of SDE in Eq. (3.68) for Ntest particles with initial con-

ditions sampled from the Gaussian cloud in Eq. (3.69) centered at (xic, yc = π, zic). In 

total, this approach requires NicNtest solutions of the SDEs. On the other hand, the PR-NF 

method only requires to solving the SDE in Eq. (3.68) for Ntrain initial conditions and, once 

the training is done, the computation of the NicNtest initial conditions can be done by simply 

evaluating the surrogate neural network model.

In the case discussed here we use Nx = Nz = 21, and Ntest = 20000. With the 

Monte Carlo method this requires solving 8.82 × 106 SDEs. For tfinal = 2, with step size 

∆t = 0.001, the total run-time to produce the results reported in Fig. 3.10 was CMC = 5320

sec. On the other hand, the training of the PR-NF neural network, like in the previous 

calculation, is done using Ntrain = 30000, Nhidden = 1 hidden layer with Nneuron = 512

62



Figure 3.10: Contour plots of quantity of interest nτ (xc, zc) in Eq. (3.70) computed using 

the PR-NF surrogate model and the direct MC method.

neurons, and Nepoch = 20000. For these parameters, the offline cost of the training is 

around Coffline = 2200 sec. But, once the training is done, the evaluation of the different 

initial conditions has minimal cost. In particular, the total PR-NF run-time to produce the 

results reported in Fig. 3.10 is of the order Conline = 50 sec. The contour plots of nT

shown in Fig. 3.10 provided evidence that the much more efficient PR-NF surrogate model 

reproduces well the results obtained with the direct, time-consuming, MC method for the 

target transport problem.
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Chapter 4 Conditional Pseudo-Reversible Normalizing Flow for Surrogate Modeling in 

Quantifying Uncertainty Propagation

4.1 Problem Setting

This section introduces the surrogate modeling problem under consideration. We 

consider a physical model of the form

Y = f(X) + ε(X), (4.1)

where X ∈ Rd is a d-dimensional random vector denoting the input of the model, f : Rd →

Rs is a continuously differentiable function that represents the deterministic component of 

the model, Y ∈ Rs is a s-dimensional random vector denoting the output of the model, 

and ε(X) denotes the additive random noise satisfying E[ε(X)] = 0 and E[ε2(X)] = v(X)

with v(·) being a deterministic and bounded function. The goal is to efficiently compute 

two types of quantities of interest (QoIs), i.e.,

(Forward QoI) Qforward(x) =

∫︂
Rs

qforward(y) p(y|x) dy  for X = x, (4.2)

where qforward(y) is a function of the model’s output and p(y|x) is the conditional probability 

density function (PDF) describing how the uncertainty of ε(x) is propagated to Y  for X = x, 

and

(Inverse QoI) Qinverse(y) =

∫︂
Rd

qinverse(x) p(x|y) dx  for Y = y, (4.3)

where qinverse(x) is a function of the model’s input and p(x|y) is the conditional PDF of X

for any fixed value of the model’s output Y = y.

In practice, it is common to define a prior distribution of X to be one of the classical 

distributions, e.g., uniform or normal distributions, based on knowledge of the physical 

problem under consideration. Thus, we assume that the input X follows a prior PDF, 
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denoted by

X ∼ p(x), (4.4)

and we are capable of efficiently generating unlimited number of samples of X from the 

prior p(x). The definitions of p(x), f(·) and ε(·) can uniquely determine the joint distribution 

p(x, y) and the marginal distribution p(y) =
∫︁
p(x, y)dx, such that the conditional PDF p(x|y)

in Eq. (4.3) is defined by

p(x|y) = p(x, y)

p(y)
, (4.5)

based on the conditional probability formula. Note that Eq. (4.5) is only the definition of 

the condition PDF p(x|y), but we do not know how to draw samples from p(x|y).

4.1.1 Challenges of Building Surrogate Models for the Conditional PDFs

When the physical model f(X) is computationally expensive to evaluate, comput-

ing the QoIs in Eqs. (4.2) and (4.3) may become computationally infeasible. In this sce-

nario, building a surrogate model to replace the time-consuming physics model is a widely 

used strategy to significantly improve the computational efficiency in computing the QoIs. 

Existing surrogate modeling approaches, e.g., polynomial chaos, kernel methods, or neu-

ral networks, mainly focus on approximating the deterministic function f(X) in Eq. (4.1). 

However, the strategy of approximating f(X) has the following disadvantages: 

• It requires the ability to generate samples of the noise ε(X) in order to obtain samples 

of the conditional PDF p(y|x). When we do not know the distribution of ε(X), we cannot 

use the deterministic surrogate of f(X) to compute the forward QoI in Eq. (4.2).

• It requires another sampling method, e.g., Markov Chain Monte Carlo (MCMC), to gen-

erate samples from the conditional PDF p(x|y) to compute the inverse QoI in Eq. (4.3).

To address these challenges, we intend to utilize a normalizing flow based generative 

model to directly learn how to generate samples from the conditional PDFs p(y|x) in 
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Eq. (4.2) and p(x|y) in Eq. (4.3). The trained normalizing flow models will serve as the 

surrogate models for the conditional PDFs, such that we can generate unlimited samples 

of the conditional PDFs to efficiently compute the QoIs in Eqs. (4.2) and (4.3).

4.2 The Pseudo-Reversible Normalizing Flow (PR-NF) for Learning Conditional PDFs

In this section, we explain in detail the proposed conditional generative model for 

computing the QoIs. To proceed, we define the training dataset as

Dtrain :=
{︁
x(n), y(n)

}︁N
n=1

with y(n) = f
(︁
x(n)
)︁
+ ε(n), (4.6)

where y(n) is the output of the physical model in Eq. (4.1) for the input x(n). Hereafter, 

we assume a purely data-driven scenario, which means we will need to train a surrogate 

model of the conditional PDFs of interest without using any information about the model 

f  and the noise ε. Taking p(y|x) as an example, our objective is to build and train a 

conditional generative model, denoted by

Y |X ≈ ˆ︁Y = G(Z,X; θG), (4.7)

where Z follows the standard normal distribution N (0, Ip), X is the input of the physics 

model in Eq. (4.1), θG denotes the trainable parameters of G. After training, the output 

of the generator approximates the target conditional random variable Y |X, such that the 

forward QoI in Eq.(4.2) can be efficiently computed by drawing samples from N (0, Ip)

and pushing through the generator G. A similar generator can be constructed for the 

conditional PDF p(x|y). In this effort, we construct the conditional generative model in 

Eq. (4.7) by the PR-NF architecture introduced in the next subsection.
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4.2.1 The Architecture of Conditional PR-NF Model

The standard pseudo-reversible architecture is similar to auto-encoders except that 

the bottleneck layer has the same width as the input and output layers. Compared to ex-

actly reversible neural networks, the pseudo-reversible architecture has two advantages. 

First, it allows the use of simple fully-connected networks which greatly simplifies the im-

plementation of normalizing flow models. Second, it allows us to conduct rigorous con-

vergence analysis of normalizing flow models, which has a great significance from the 

mathematics perspective. In this section, we will explain how to extend the standard NF 

to the conditional PR-NF.

For notational simplicity, we introduce a new random vector W  defined by

W := (X,Y |X) ∈ Rd+s, (4.8)

which is the concatenation of X and Y |X. A normalizing flow model includes an encoding 

transport map h and a decoding transport map g, i.e.,

Z = h(W ; θh)  and ˆ︂W = g(Z; θg), (4.9)

where ˆ︂W  is the approximation of W  provided by the normalizing flow model, and θh, θg are 

trainable parameters of the transformations. In standard normalizing flow models, e.g., 

MAF[53] and Real NVPs[19], the transport maps h and g are usually defined by exact 

reversible neural networks, such that g = h−1 and ˆ︂W = W . In practice, the enforce-

ment of reversibility could limit the expressive power and make it difficult to conduct any 

theoretical analysis. In PR-NF, h and g are defined by two independent fully-connected 

neural networks and the pseudo-reversibility is enforced by incorporating a soft constraint 

∥ˆ︂W − W∥22 into the loss function introduced in Section 4.2.2. Let pW (w) and pZ(z) rep-

resent the PDFs of variables W  and Z, respectively. The connection between these two 
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PDFs can be established using the change of variables formula, i.e.,

pW (w) = pZ(z)

⃓⃓⃓⃓
∂z

∂w

⃓⃓⃓⃓
= pZ(h(w))|detJh(w)|, (4.10)

where detJh(w) is the determinant of the Jacobian matrix Jh of the encoding map h(·). 

Figure 4.1: The architecture of the proposed conditional pseudo-reversible normalizing 

flow (PR-NF) model.

The architecture of the conditional PR-NF neural network is illustrated in Figure 4.1. 

Specifically, the transport map h(·) consists of two components: h(x, y|x) = (h1(x), h2(x, y|x; θh)). 

Here, h2(x, y|x; θh) represents a fully connected neural network with parameter θh, map-

ping from Rd+s to Rs. On the other hand, h1(x) serves as an identity mapping, depen-

dent on x. To describe the conditional relationship between x and y within the condi-

tional distribution p(y|x), both are included as input features in the neural network. This 

allows the neural network to learn the distribution of one input variable, y, conditioned 

on the other, x. We denote the output of h1(x) as z1 and the output of h2(x, y|x; θh) as 

z2. The inverse map g exhibits a similar structure to the forward map, expressed as 

g(z1, z2) = (g1(z1), g2(z1, z2; θg)). Here, g1 serves as an identity map, while g2 is a fully 

connected neural network with parameter θg. The outputs of g1 and g2 are denoted as ˆ︁x
68



and ˆ︁y, respectively. It’s worth noting that ˆ︁x = z1 = x because both h1 and g1 are identity 

mappings.

4.2.2 The Loss Function for Training the Conditional PR-NF

We can rewrite the training set in Eq. (4.6) using the simplified notation in Eq. (4.8), 

i.e.,

Dtrain =
{︁
w(n)

}︁N
n=1

=
{︁
x(n), y(n)|x(n)

}︁N
n=1

, (4.11)

where y(n)|x(n) = y(n) because y(n) is obtained by pushing x(n) through the physical model 

in Eq. (4.1). The loss function consists of two components, i.e.,

L = L1 + λL2, (4.12)

where L1 is the negative log-likelihood loss defined by

L1 = −
1

N

N∑︂
n=1

(︁
logpZ2(h2(w

(n); θh)) + log
⃓⃓
detJh(w

(n); θh)
⃓⃓)︁
, (4.13)

with pZ2(·) is the probability density function of the standard normal distribution, and L2 is 

the pseudo-reversibility loss that measures the difference between w and ˆ︁w, i.e.,

L2 =
1

N

N∑︂
n=1

(︂⃦⃦
w(n) − g(h(w(n); θh); θg)

⃦⃦2
2
+
⃓⃓
det Jg(h(w

(n)))det Jh(w
(n))− 1

⃓⃓)︂
, (4.14)

where the hyperparameter λ determines and balances the importance of the reversibility 

loss L2 in the total loss L.

A process of hyperparameter tuning is required to achieve optimal model perfor-

mance. To proceed, we conduct a grid search and employ cross-entropy as our metric to 

determine the optimal value for λ. To do this, we create a set of candidate values denoted 

as {λj}Jj=1. For each λj, we will train a PR-NF model represented as (h(j)(w), g(j)(z)). 

69



Subsequently, we will generate M  samples of ˆ︁w by applying the inverse mapping, i.e.,

{︁ˆ︁w(j,m) = g(j)(z(m)),m = 1, . . . ,M
}︁
, (4.15)

where {z(m)}Mm=1 = {z(m)
1 , z

(m)
2 }Mm=1, with z

(m)
1  generated uniformly from D and z

(m)
2  sam-

pled from the standard normal distribution. This approach allows us to generate a suffi-

cient number of samples without additional training data. Subsequently, we construct a 

kernel density estimator using the samples outlined in Eq.(4.15), followed by computing 

the cross-entropy as follows:

H(λj) = −
1

N

N∑︂
n=1

log(pKDE(w
(n)
t )), (4.16)

where pKDE represents the kernel density estimator, which is constructed based on the 

samples in Eq.(4.15), while {w(n)
t }Nn=1 is the training dataset in Eq.(4.11). The optimal 

hyperparameter λ is determined by minimizing the cross-entropy, formally expressed as 

λ = argminH(λj). The numerical experiments in Sec 4.4 use the optimal hyperparameter 

λ that minimizes the cross-entropy.

4.2.3 The Computational Cost of Training the Conditional PR-NF Model

The computational challenges in training normalizing flow models are associated 

with calculation of the Jacobian determinant. In the conditional PR-NF model, the Jacobian 

determinant in L1 from Eq. (4.13) is expressed as:

|detJh(w)| =

⃓⃓⃓⃓
⃓⃓⃓det

⎛⎜⎝ Id, 0

∂z2
∂x
, ∂z2

∂y

⎞⎟⎠
⃓⃓⃓⃓
⃓⃓⃓ = ⃓⃓⃓⃓det

(︃
∂z2
∂y

)︃⃓⃓⃓⃓
, (4.17)

where Id is a d × d identity matrix. The simplification in Eq. (4.17) is based on the fact 

that h1 functions as an identity map of x. As a result, the size of the Jacobian matrix Jh
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depends only on the dimension of the output variable y. Because the PR-NF model does 

not have a special architecture (e.g., MAF[53] and Real NVPs[19]) that leads to explicit 

calculation of the Jacobian determinant, we employ the QR decomposition to compute 

the determinant, which exhibits a computational complexity of O(s3). However, with the 

advancement of GPU acceleration techniques, the cost of QR decomposition becomes 

an acceptable approach for moderately high-dimensional problems.

Fig. 4.2 displays the computational cost (wall-clock time) of both PyTorch back-

propagation and the calculation of the Jacobian determinant using 5,000 samples, com-

paring CUDA GPU and CPU versions. While we maintain a constant input parameter 

dimension of x at d = 20, we systematically vary the dimension of the observation y from 

s = 10, 20, . . . , 160. The architecture employs a fully-connected neural network with one 

hidden layer and 512 hidden neurons. It’s worth noting that as the dimension s increases, 

the GPU proves to be effective in accelerating the PR-NF model, particularly in the case 

of backpropagation, which benefits from the GPU acceleration techniques. On the other 

hand, we realize that the computational cost will become unaffordable when the dimension 

s is extremely high. In this scenario, dimension reduction methods, e.g., auto-encoders, 

can be used to identify low-dimensional manifold of the training dataset Dtrain, and the con-

ditional PR-NF is then applied in the latent space. We demonstrate this strategy in solving 

the geologic carbon storage problem in Section 4.4.3.

4.3 Convergence Analysis

In this section, we present an error analysis of the proposed PR-NF model intro-

duced in Section 4.2. Here we limit our attention to the forward problem Y = f(X)+ε(X)1. 

We start by showing the convergence of the loss functions L1 and L2 in Lemma 4.1. Then, 

1The observation Y  is a function in term of X. In some places we use Y  instead of Y |X for notational 

simplicity.
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Figure 4.2: The computational cost (wall-clock time) of both PyTorch Backpropagation 

and the calculation of the Jacobian determinant with 5000 samples.

in Theorem 4.1, we establish the Monte Carlo integration error related to these loss func-

tions. Finally, in Theorem 4.2, we show that with certain mild assumptions, the conver-

gence of the loss function is sufficient to guarantee the convergence of the KL divergence 

between the ground truth distribution pY  and its approximation pˆ︁Y  obtained through the 

PR-NF model.

4.3.1 Convergence of The Loss Function in Continuous Form

This section is to prove the convergence of loss functions L1 and L2 in Eq. (4.12). 

Equation 4.1 in Ref [52] shows that for any pair of well-behaved2 distributions pW (w) and 

pZ(z), there exists a diffeomorphism z = k(w) = (k1(w), . . . , kd+s(w)) that can transform 

pW (w) to pZ(z), i.e.,

pW (w) = pZ(k(w))|det Jk(w)|. (4.18)

In our analysis, we have the following Assumption 4.1 for the diffeomorphism k.

2A well-behaved distribution pX(x) means that pX(x) > 0 for all x ∈ Rd, and all conditional probabilities 

Pr(Xi ≤ xi|x<i) are differentiable, for i = 1, 2, . . . , d.
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Assumption 4.1. We assume that the determinant of the Jacobian matrix and any partial 

derivative of k ∈ C1(Rd+s) are bounded, i.e.,

⃓⃓⃓⃓
∂ki(w)

∂wj

⃓⃓⃓⃓
< A1 <∞, |det Jk(w)| > A2 > 0, (4.19)

where A1 and A2 are positive constants and i, j ∈ {1, . . . , d+ s}. Additionally, the proba-

bility density function pW (w) is bounded, all the conditional probabilities are differentiable, 

and the decay of pW  at the tail is Gaussian like, i.e., there exists a positive constant K

such that

pW (w) < A3 exp(−α∥w∥2)  for ∥w∥ > K, (4.20)

where α > 0 and A3 > 0 are positive constants and ∥ · ∥ denotes the l2 norm.

The proposed PR-NF model can be viewed as an approximation of the diffeomor-

phism. Specifically, two networks h(w) and g(z) in Eq. (4.9) are approximations of k and 

k−1, respectively. We first define auxiliary random variables

˜︂W = h−1(Z)  and ˆ︂W = g(Z), (4.21)

where Z follows the standard normal distribution. Using the change of variables formula, 

the probability density function of ˜︂W  and ˆ︂W  are defined by

p˜︂W (w) = pZ(h(w))|det Jh(w)|, pˆ︂W (w) = pZ(g
−1(w))|det Jg−1(w)|. (4.22)

For simplicity, we consider the loss functions in the continuous form, i.e.,

˜︁L1 =−
∫︂
DW

pW (w) (log pZ2(h2(w)) + log |det Jh(w)|) dw

=−
∫︂
DW

pW (w)(log p˜︂W (w)− log pZ1(z1))dw.

(4.23)
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and

˜︁L2 =

∫︂
DW

pW (w)
(︁
∥g(h(w))− w∥2 + |det Jg(h(w))det Jh(w)− 1|

)︁
dw, (4.24)

where DW  is the domain of variable W . For variables W  and ˜︂W  we have the following 

Assumption 4.2.

Assumption 4.2. We assume density functions pW (w) and p˜︂W (w) satisfy

A4 exp(−α∥w∥2) < pW (w)

p˜︂W (w)
< A4 exp(α∥w∥2), (4.25)

where α and A4 are positive constants.

Under the Assumptions 4.1 and 4.2. Applying Theorems 3.1 and 3.2 with the target 

random vector in Chapter 3 replaced by W , we have the following Lemma 4.1 for the 

convergence of the loss functions ˜︁L1 and ˜︁L2.

Lemma 4.1. Under the Assumptions 4.1, 4.2. For an arbitrarily small ε > 0, there exist 

two independent single-hidden-layer neural networks h and g such that

0 ≤ ˜︁L1 +

∫︂
DW

pW (w)(log pW (w)− log pZ1(z1))dw < ε, and ˜︁L2 < ε. (4.26)

4.3.2 Monte Carlo Integration Error of Loss Function

In practice, we are not able to define the loss function in the continuous form since 

the neural network is data-based optimization solver. Hence, we employ the Monte Carlo 

method (discrete form) to approximate the loss functions ˜︁L1 and ˜︁L2. To proceed, we first 

introduce the following two lemmas.
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Lemma 4.2. Let f ∈ L1(Rd,R) and dataset {x(i)}ni=1 follow the probability density function 

pX(x). Then we have

E

⃓⃓⃓⃓
⃓
∫︂
Rd

f(x)pX(x)dx−
1

n

n∑︂
i=1

f(x(i))

⃓⃓⃓⃓
⃓
2

=
1

n
Var(f(X)). (4.27)

Proof. We define a family of independent and identically distributed (i.i.d.) variables 

{X(i)}ni=1 that following distribution pX(i)(x(i)). Then we have

E

⃓⃓⃓⃓
⃓
∫︂
Rd

f(x)pX(x)dx−
1

n

n∑︂
i=1

f(x(i))

⃓⃓⃓⃓
⃓
2

=E

⃓⃓⃓⃓
⃓

n∑︂
i=1

E[f(X(i))]− f(X(i))

n

⃓⃓⃓⃓
⃓
2

=
1

n2

[︄
n∑︂

i=1

Var(f(X(i))) +
n∑︂

i ̸=j=1

Cov(f(X(i)), f(X(j)))

]︄
=

Var(f(X))

n
.

(4.28)

We complete the proof. ∎

Lemma 4.3. Let f ∈ L2(Rd,R) be a Lipschitz continuous function with constant K, i.e. 

|f(x)− f(y)| ≤ K∥x− y∥. For a random variable X = (X1, X2, . . . , Xd) ∈ Rd, we have the 

following inequality

Var(f(X)) ≤ K2

d∑︂
i=1

Var(Xi). (4.29)
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Proof. Let Y  be an independent and identically distributed (i.i.d.) as X. Since f(X)

and f(Y ) are independent and have the same variance, we have

2Var(f(X)) = Var(f(X)) + Var(f(Y ))

= Var(f(X)− f(Y )) = E
[︁
|f(X)− f(Y )|2

]︁
≤ K2E

[︁
∥X − Y ∥2

]︁
by Lipschitz continuity

= K2

d∑︂
i=1

E
[︁
|Xi − Yi|2

]︁
= K2

d∑︂
i=1

E
[︁
(Xi)

2 − 2XiYi + (Yi)
2
]︁

= K2

d∑︂
i=1

(︁
2E[(Xi)

2]− 2(E[Xi])
2
)︁
= 2K2

d∑︂
i=1

Var(Xi).

(4.30)

We complete the proof. ∎

Based on the results of Lemmas 4.2 and 4.3, we have the error estimate of the loss 

functions ˜︁L1 and ˜︁L2.

Theorem 4.1. Loss functions L1 in Eq. (4.13) and L2 in Eq. (4.14) are the discrete form of ˜︁L1 and ˜︁L2, respectively. For the forward problem Y = f(X) + ε(X), X ∈ Rd and Y ∈ Rs

with N  training samples, we have

max {E| ˜︁L1 − L1|2,E| ˜︁L2 − L2|2} ≤
C

N

[︄
s∑︂

i=1

[E[vii(X)] + Var(fi(X))] +
d∑︂

i=1

Var(Xi)

]︄
,

(4.31)

where constant C depends on the Lipschitz constant K in Lemma 4.3, and v(x) = Var[ε(x)].

Proof. According to Lemma 4.2 and Lemma 4.3, we have

E| ˜︁L1 − L1|2 ≤
C1

N

d+s∑︂
i=1

Var(Wi) =
C1

N

[︄
d∑︂

i=1

Var(Xi) +
s∑︂

i=1

Var(Yi)

]︄

=
C1

N

[︄
d∑︂

i=1

Var(Xi) +
s∑︂

i=1

E[Y 2
i ]−

s∑︂
i=1

E[Yi]2
]︄
:=

C1

N
(I1 + I2 + I3) .

(4.32)
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For the term I2, we have

I2 =
s∑︂

i=1

∫︂
DYi

y2i P (Yi = yi)dyi

=
s∑︂

i=1

∫︂
DYi

∫︂
DX

y2i P (Yi = yi|X = x)P (X = x)dxdyi

=

∫︂
DX

P (X = x)

∫︂
DYi

s∑︂
i=1

y2i P (Yi = yi|X = x)dyidx

=

∫︂
DX

P (X = x)
s∑︂

i=1

[v2ii(x) + f 2
i (x)]dx =

s∑︂
i=1

E
[︁
vii(X) + f 2

i (X)
]︁
.

(4.33)

where DX  and DY  are domains of variables X and Y . For the term I3, we have

I3 =
s∑︂

i=1

(︄∫︂
DYi

yiP (Yi = yi)dyi

)︄2

=
s∑︂

i=1

(︄∫︂
DYi

∫︂
DX

yiP (Yi = yi|X = x)P (X = x)dxdyi

)︄2

=
s∑︂

i=1

(︄∫︂
DX

P (X = x)

∫︂
DYi

yiP (Yi = yi|X = x)dyidx

)︄2

=
s∑︂

i=1

(︃∫︂
DX

P (X = x)fi(x)dx

)︃2

=
s∑︂

i=1

(E [fi(X)])2 .

(4.34)

Hence, the estimate for loss function L1 in Eq. (4.31) is proved by combining inequalities in 

Eqs. (4.32), (4.33) and (4.34). Similarly, we establish the estimates for L2. We complete 

the proof. ∎

4.3.3 Convergence of the KL Divergence

The section is to show that the convergence of ˜︁L1 and ˜︁L2 with certain assumptions 

implies the convergence of the KL-divergence between the conditional distribution pY |X

and pˆ︁Y |X .
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Assumption 4.3. We assume that the target random variable W = (X,Y |X) has the finite 

second-order moment, and there exists a positive constant A such that

∥∇pˆ︂W (w)∥ ≤ A(∥w∥+ 1)pˆ︂W (w), (4.35)

where pˆ︂W (w) is the distribution of the approximation ˆ︂W = (X, ˆ︁Y |X).

Theorem 4.2. Under the assumptions of Lemma 4.1, Theorem 4.1 and Assumption 4.3, 

for any given ε > 0, with sufficient training samples, there exist two neural networks h and 

g such that

E
(︃∫︂

DX

DKL(pY |X∥pˆ︁Y |X)dx

)︃
< ε. (4.36)

Proof. In the training process, we assume the input variable X follows a uniform 

distribution, i.e., PX(x) =
1

|DX |  for all x ∈ DX . By the definition of KL divergence we have

∫︂
DX

DKL(pY |X∥pˆ︁Y |X)dx

=|DX |
∫︂
DX

PX(x)

(︄∫︂
DY

PY |X(y|x) log
PY |X(y|x)
Pˆ︁Y |X(y|x)

dy

)︄
dx

=|DX |
∫︂
DX

(︄∫︂
DY

PX(x)PY |X(y|x) log
PY |X(y|x)PX(x)

Pˆ︁Y |X(y|x)PX(x)
dy

)︄
dx

=|DX |
∫︂
DW

PW (w) log
PW (w)

Pˆ︂W (w)
dw = |DX |DKL(pW∥pˆ︂W ).

(4.37)

Following the Theorem 3.3 in chapter 3, we have

DKL(pW∥pˆ︂W ) < ˜︁L1 +

∫︂
DW

pW (w)(log pW (w)− log pZ1(z1))dw + A( ˜︁L2 + ˜︁L 1
2
2 ), (4.38)

where A is the constant in Assumption 4.3.
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We choose ε1 and ε2 such that ε1 < ε/(2|DX |) and ε2 < min{ε2/(16A2|DX |2), 1}. 

Let

L1 < −
∫︂
Rd

pW (w)(log pW (w)− log pZ1(z1))dw + ε1/2,

and L2 < ε2/2. By Theorem 4.1 we can choose an integer n large enough such that

max {E| ˜︁L1 − L1|2,E| ˜︁L2 − L2|2} < min{ε21/4, ε22/4},

then we have

E
⃓⃓⃓⃓ ˜︁L1 +

∫︂
Rd

pW (w)(log pW (w)− log pZ1(z1))dw

⃓⃓⃓⃓
<E

⃓⃓⃓⃓
L1 +

∫︂
Rd

pW (w)(log pW (w)− log pZ1(z1))dw

⃓⃓⃓⃓
+ E| ˜︁L1 − L1|

<
ε1
2
+ (E| ˜︁L1 − L1|2)

1
2 =

ε1
2
+

√︃
ε21
4

= ε1,

(4.39)

and

E(A( ˜︁L2 + ˜︁L 1
2
2 )) = A(E( ˜︁L2) + E( ˜︁L 1

2
2 )) ≤ A(E( ˜︁L2) + (E( ˜︁L2)

1
2 ) < A(ε2 + ε

1
2
2 ). (4.40)

The last inequality holds due to

E( ˜︁L2) ≤ E(L2) + E| ˜︁L2 − L2| ≤ E(L2) + (E| ˜︁L2 − L2|2)
1
2 <

ε2
2
+
ε2
2

= ε2. (4.41)

Thus, by (4.37)-(4.40) we have

E
(︃∫︂

DX

DKL(pY |X∥pˆ︁Y |X)dx

)︃
=|DX |E

(︁
DKL(pW∥pˆ︂W )

)︁
<|DX |

(︂
ε1 + A(ε2 + ε

1
2
2 )
)︂
≤ |DX |

(︂
ε1 + A(2ε

1
2
2 )
)︂

<|DX |

(︄
ε

2|DX |
+ 2A

(︃
ε2

16A2|DX |2

)︃ 1
2

)︄
= ε.

(4.42)

We complete the proof. ∎
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4.4 Numerical Examples

In this section we present numerical experiments to demonstrate the performance 

of the proposed conditional PR-NF model. The synthetic example in Sec. 4.4.1 bench-

marks the accuracy of our model for problems with known analytical ground-truth solutions. 

In Sec. 4.4.2 we present the implementation of the PR-NF model on high-dimensional 

uncertainty problems. Sec. 4.4.3 presents an application to a real-world geologic car-

bon storage problem. In all numerical simulations, the PyTorch machine learning frame-

work has been implemented with CUDA GPU. The source code is publicly available at 

https://github.com/mlmathphy/PRNF_uncertainty. The numerical results presented in 

this section can be accurately replicated by utilizing the code available on our GitHub 

repository.

4.4.1 Verification of Algorithm Accuracy

We consider the following uncertainty propagation problem

y = f(x) + ε(x), x ∈ D = [0, 1], (4.43)

where the deterministic function f(x) is considered as two expressions:

Quadratic : f(x) = 4(x− 0.5)2 or Sin : f(x) = sin (2πx). (4.44)

The uncertainty ε(x) has four options (homoscedastic and heteroscedastic):

Gaussian : ε(x) ∼ N (0, 0.15) or ε(x) ∼ N (0, 0.2|f(x)|).

Laplace : ε(x) ∼ Laplace(0, 0.1) or ε(x) ∼ Laplace(0, 0.15|f(x)|).
(4.45)

The training dataset is based on 20K samples of variable {x(i)}Ntrain

i=1  uniformly generated in 

D. For each x(i), i = 1, . . . , Ntrain, we generated the corresponding observation y(i) using 
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the equation y(i) = f(x(i)) + ε(x(i)). The pair {x(i), y(i)}, i = 1, . . . , Ntrain, consists of the 

training dataset.

In the context of the forward problem, x serves as the input, and y represents 

the output. Conversely, in the inverse problem, the roles of x and y are reversed. We 

utilize the same training dataset {x(i), y(i)}Ntrain

i=1  and build two independent single hidden 

layer neural networks for forward and inverse problems, respectively. In the training pro-

cess, we choose hyperparameter λ, which controls the relative importance of the pseudo-

reversivility and the negative log-likelihood losses, such that the cross entropy H(λ) in 

Eq. (4.16) has a minimum. In both forward and inverse problems we choose λ = 80. The 

single hidden layer neural network has 256 neurons and uses Tanh activation function. 

The neural networks are trained by the Adam optimizer with 2000 epochs.

The PR-NF Model is Capable of Sampling and Evaluating the Conditional Distribu-

tion p(y|x)

We use the forward uncertainty propagation (x serves as the input, and y represents the 

output) as an example. This section is to demonstrate that the well-trained PR-NF model 

can serve as a surrogate model to

• generate sufficient samples of observation variable y for any input variable x ∈ D;

• evaluate the conditional distribution p(y|x) based on samples of y.

The Kullback–Leibler (KL) divergence is applied as a metric to test the accuracy of models.

Fig. 4.3 shows the Kullback–Leibler divergence between the ground-truth p(y|x)

and the approximation p(ˆ︁y|x) at x ∈ (−1, 2) formulated as

DKL(x) =

∫︂
Rs

p(y|x) log

(︃
p(y|x)
p(ˆ︁y|x)

)︃
dy, (4.46)
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where the density p(ˆ︁y|x) is calculated based on 20K samples {ˆ︁y(i)}Nsample

i=1  generated from 

the well-trained PR-NF model and the KL-divergence is numerically approximated by Rie-

mann sum over a uniform mesh. It is shown that the PR-NF model achieves a good 

agreement in KL-divergence when the input x is in the training dataset domain, i.e., x ∈ D. 

However, the KL-divergence gets worse when x ̸∈ D, which means the PR-NF model does 

not have the prediction property for adapting beyond its initial training domain.
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Figure 4.3: The Kullback–Leibler (KL) divergence between the ground-truth density p(y|x)
and the approximation p(ˆ︁y|x) from the PR-NF model for any x ∈ (−1, 2).

Building upon the conclusion from Fig. 4.3, we investigate further into the perfor-

mance of the PR-NF model regarding the evaluation of the density function p(y|x) at spe-

cific values of x. Figs. 4.4 and 4.5 show the case of f(x) = sin (2πx) and f(x) = 4(x−0.5)2, 

respectively. Each row represents different additive noise and each column corresponds 

to different test point x. In alignment with the findings depicted in Fig. 4.3, we select four 

test points, x = −0.8, 0.2, 0.8, 1.8, with two points falling outside the domain D and two 

points inside. In each plot, the orange curve is the ground-truth p(y|x) and the blue his-

togram is the approximation p(ˆ︁y|x) generated by the PR-NF model with Nsample = 20K 

evaluation samples. Very good agreements are observed for inside test point x ∈ D (2nd 

& 3rd columns) and the PR-NF model captures different types of uncertainties including 

the heteroscedastic noises, but it does not work for test points outside of domain D (1st & 

4th columns). The center of distribution function p(y|x) locates at f(x) and the shape of 
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distribution is determined by the noise ε(x). Here we highlight that the well-trained PR-NF 

model can evaluate p(y|x) at any x ∈ D without any additional training processes.
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Figure 4.4: The accuracy performance of the well-trained PR-NF model on evaluating 

f(x) = sin 2πx with four different additive noises.

The PR-NF Model Can Evaluate the Bimodal Conditional Distribution p(x|y)

Fig. 4.6 illustrates the training data of two physical models: f(x) = sin 2πx (left panel) and 

f(x) = 4(x− 0.5)2 (right panel), each subject to uncertainty ε ∼ N (0, 0.15). It is observed 

that for each observation y, the corresponding parameter variable x exhibits a probability 

distribution characterized by two distinct peaks (bimodal distribution). Due to the lack of 

a one-to-one relationship from variable y to x, we are not able to derive a function of x
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Figure 4.5: The accuracy performance of the well-trained PR-NF model on evaluating 

f(x) = 4(x− 0.5)2 with four different additive noises.

in terms of y. Traditional neural network models often struggle to effectively capture the 

process from y to x since mean squared error(MSE) fails to capture two peaks.

Fig. 4.7 shows the conditional distribution p(x|y) constructed by the well-trained PR-

NF model at three test points y = −0.5, 0, 0.5, where f(x) = sin 2πx and ε ∼ N (0, 0.15). 

Even though given the explicit expression of function f  and uncertainty ε, we are not able 

to derive the analytical expression of p(x|y). The ground truth PDF is constructed using 

Gaussian kernel density estimation with sufficient samples. Very good agreements on the 

distribution are observed. Similarly, Fig. 4.8 shows the conditional distribution p(x|y) at 

test points y = 0.25, 0.5, 0.75, where f(x) = 4(x − 0.5)2 and ε ∼ N (0, 0.15). It is observed 
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Figure 4.6: The training data {x(i), y(i)}Ntrain

i=1  of functions f(x) = sin (2πx) and f(x) = 4(x−
0.5)2 , each subject to ε ∼ N (0, 0.15).

that the PR-NF model is not sensitive to the input-output function relationship and has 

the capacity to capture the bimodal distribution. It utilizes the identical training data and 

similar neural network configuration (with a simple input and output position switch) for 

both forward and inverse uncertainty problems.

0.0 0.5 1.0
x

0

2

4

6

p(
x|

y)

exact
PR-NF

0.0 0.5 1.0
x

0

1

2

3

4

5

p(
x|

y)

exact
PR-NF

0.0 0.5 1.0
x

0

2

4

6
p(

x|
y)

exact
PR-NF

Figure 4.7: The PR-NF model evaluates the conditional distribution p(x|y) at three points 

y = −0.5, 0, 0.5, where f(x) = sin (2πx) and ε ∼ N (0, 0.15).
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Figure 4.8: The PR-NF model evaluates the conditional distribution p(x|y) at three points 

y = 0.25, 0.5, 0.75, where f(x) = 4(x− 0.5)2 and ε ∼ N (0, 0.15).
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4.4.2 High-Dimensional Regression Problem

This numerical example aims to illustrate how the PR-NF model effectively quanti-

fies uncertainty in high-dimensional problems. We consider a physical model that has the 

parameter variable x ∈ D = [0, 1]d with d = 20 and the observation variable y ∈ Rs with 

s = 5, 10, 20, as follows

y = f(x) + ε(x), (4.47)

where the deterministic function f(x) = Ax and values of the coefficient matrix A ∈ Rs×d

are selected from the uniform distribution U [0, 1]. The additive noise ε has three options:

• A multivariate normal distribution without correlation i.e., ε(x) ∼ N (0, 0.1 · Is).

• A multivariate Gaussian mixture distribution that consists of two same weight Gaus-

sian distribution components, ε1(x) ∼ N (0.1, 0.1 · Is) and ε2(x) ∼ N (−0.1, 0.1 · Is).

• A multivariate normal distribution with correlation, i.e., ε(x) ∼ N (0,Σs×s), where 

the covariance matrix Σs×s is a symmetric positive definite matrix and its values are 

randomly selected from N (0, 1).

In this problem the training dataset V consists of Ntrain = 30K samples. The hyperparam-

eter λ is chosen as λ = 80 for which the cross entropy, H(λ), has a minimum. We use 

a fully-connected neural network with one hidden layer to build a surrogate model for the 

conditional distribution P (y|x). We evaluate the PR-NF model by the following metrics: 

• Error of the normalized mean value:

Errmean =
1

Ntest

Ntest∑︂
i=1

∥f(x(i))− ˆ︁f(x(i))∥2
∥f(x(i))∥2

, (4.48)

where f(x(i)) is computed as the mean of y(x(i)).
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• Error of the standard deviation, and covariance matrix that for the third additive noise 

(the correlated normal distribution):

Errstd =
1

Ntest

Ntest∑︂
i=1

∥σ(y(x(i)))− σ(ˆ︁y(x(i)))∥2√
s

, Errcov =
1

Ntest

Ntest∑︂
i=1

∥Σ(y(x(i)))− Σ(ˆ︁y(x(i)))∥F
s

. (4.49)

• Average of the KL divergence:

AvgKL =
1

Ntest

Ntest∑︂
i=1

DKL(p(x
(i)) ∥ ˆ︁p(x(i))), (4.50)

where the KL divergence is defined as the relative entropy from the approximate density 

(generated from PR-NF) papprox to the exact density pexact, i.e.,

DKL(p(x
(i)) ∥ ˆ︁p(x(i))) = ∫︂

Rs

p(y|x(i)) log

(︃
p(y|x(i))
p(ˆ︁y|x(i))

)︃
dy, (4.51)

where DKL is approximated by the Riemann sum over a uniform mesh.

These average metrics are averaged among Ntest = 100 test points, which are randomly 

sampled in domain D. For each test point x(i), we generate Nsample = 20K samples of 

y(x(i)) for the evaluation. ∥·∥2 and ∥·∥F  are L2 and Frobenius norm among dimensionality, 

respectively.

To assess the robustness of the PR-NF model, we conducted ten (without repeats) 

random simulations, each varying the hyperparameter λ and the number of neurons Nneuron

from the set

{(λ,Nneuron)|λ ∈ {1, 50, 100, 200}, Nneuron ∈ {400, 600, 800, 1000}}.

As the PR-NF employs a single hidden layer neural network, the number of hidden lay-

ers is not a hyperparameter and remains fixed at one. Figures 4.9, 4.10, and 4.11 depict 

the decay of training loss alongside the above defined average metrics of testing dataset, 
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each presented with a 95% confidence interval. Each figure represents a different di-

mensional case (s = 5, 10, 20), with each row corresponding to different types of additive 

noise. The decay trends observed in the figures exhibit strong performance, particularly 

noteworthy is stable in error decay following a short transition period, evident by the narrow 

confidence intervals. These numerical findings underscore the capability of the proposed 

PR-NF model in addressing various high-dimensional uncertainty challenges. The PR-NF 

model consistently converges towards the minimum loss within a reasonable parameter 

range, demonstrating its robustness and stability. Regarding computational efficiency, 

with the GPU-acceleration, even for the case s = 20 the training process takes about 10 

minutes and the evaluation is completed in seconds.
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Figure 4.9: The decay of training loss and average metrics with d = 20, s = 5.
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Figure 4.10: The decay of training loss and average metrics with d = 20, s = 10.

The optimal numerical results within the parameter set are recorded in Table 4.1. 

As expected, the PR-NF model effectively evaluates the distribution of the ground truth 

across various types of additive noise. Notably, even with increasing dimensionality, the 

PR-NF model consistently maintains a high level of performance in approximation.

4.4.3 Application to a Geologic Carbon Storage Problem

In addressing the greenhouse effect caused by trillions of tons of CO2 in the atmo-

sphere since the industrial age, it becomes evident that merely reducing emissions from 

the industrial, power, and transportation sectors is insufficient to combat climate change. 

Therefore, alongside deploying clean energy technologies for a decarbonized future, there 

is a critical need for carbon dioxide removal approaches [2]. One promising option is the 
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Figure 4.11: The decay of training loss and average metrics with d = 20, s = 20.

sequestration of CO2 in geological reservoirs beneath the Earth’s surface. This methodol-

ogy involves capturing CO2 emissions originating from stationary anthropogenic sources, 

which encompass fossil-fueled power plants and various industrial processes, followed by 

secure storage in diverse geologic formations, which may comprise saline-bearing forma-

tions, depleted oil and gas reservoirs, unmineable coal seams, and organic-rich shales 

[25].

In subsurface storage, CO2 is injected in its supercritical phase to depths where 

temperature and pressure conditions maintain the CO2 in this phase, thereby optimiz-

ing storage volume utilization within reservoir pore spaces [29]. To ensure the safe and 

effective deployment of large-scale geologic carbon storage, a comprehensive risk man-

agement strategy is required to minimize and mitigate potential risks during CO2 injection 

phases. A key aspect of this risk management approach is the continuous monitoring 
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s Noise distribution Errmean Errstd Errcov AvgKL

 5 Normal without correlation  4.31e-03  9.78e-03  N/A  2.51e-02

 5 Normal mixture  4.25e-03  9.00e-03  N/A  1.15e-02

 5 Normal with correlation  9.00e-03  N/A  4.51e-02  1.49e-03

 10 Normal without correlation  2.36e-03  6.55e-03  N/A  5.06e-03

 10 Normal mixture  2.75e-03  4.75e-03  N/A  3.98e-03

 10 Normal with correlation  6.80e-03  N/A  3.93e-02  1.67e-03

 20 Normal without correlation  2.42e-03  3.06e-03  N/A  7.04e-04

 20 Normal mixture  2.76e-03  7.46e-03  N/A  1.34e-03

 20 Normal with correlation  7.99e-03  N/A  3.26e-02  8.79e-04

Table 4.1: Optimal numerical results for d = 20 derived from the simulations of Figs. 4.9, 

4.10, and 4.11. For correlated normal noise, Errcov is reported in place of Errstd.

of pressure fields over time to secure the containment of CO2 within the reservoir [24]. 

For example, pressure buildup can pose a risk of leakage, especially when it reaches the 

fracture initiation pressure, potentially inducing leakage paths in caprock or faulting seals. 

These paths may serve as conduits for CO2 migration from the designated storage loca-

tion, potentially contaminating underground drinking water resources or escaping into the 

atmosphere [12]. Conventionally, obtaining a reliable estimation of 3D pressure distribu-

tions over time in the subsurface relies on the inverse modeling process. Firstly, a forward 

reservoir model is developed and then calibrated using observational data through inverse 

modeling. Subsequently, this calibrated model is utilized to predict pressure distribution. 

However, this approach for real-time forecasting encounters challenges due to the com-

putational expense of inverse modeling and the unreliability of predictions stemming from 

limited observations.

To generate the training dataset, we developed a physics-based reservoir simula-

tion model representing a fluvial depositional environment, specifically the Gulf of Mexico 

High Island 24L, to simulate the migration of CO2 in subsurface formations, as illustrated 

in Figure 4.12a. The geological model is structured with grid cells 54 × 48 × 54 along 

the x, y, and z axes, with cell dimensions of 750 feet in the horizontal plane and 10 

feet vertically. Four vertical injection wells are strategically positioned to attain cumula-

tive CO2 storage. Additionally, three production wells are positioned to prevent reservoir 
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Figure 4.12: Workflow for forecasting three-dimensional pressure fields during a 30-year 

CO2 injection process in the Gulf of Mexico High Island 24L reservoir using sparse obser-

vations from four injection wells and physics-based reservoir simulations.

over-pressurization, maintaining a constant bottom-hole pressure constraint. We utilized 

CMG-GEM for reservoir simulations [17], generating 108 simulations collected every two 

months over 30 years, each consisting of 180 time steps. The input parameters include 

geological model realizations, cumulative CO2 injection targets, and injection allocations 

for well pairs, while the output comprises pressure distributions.

In this study, we employ the developed PR-NF method to directly forecast the 3D 

pressure fields over time using observation data obtained from the injection wells, thereby 

avoiding the need for computationally demanding inverse modeling, as shown in Figure 

4.12b. To implement this approach, we initially extract observation data from four injection 

wells, including every other layer between 33 and 51, resulting in a total of 40 observa-

tion variables. Subsequently, we employ a dimension reduction technique by utilizing a 

convolutional autoencoder to map the high-dimensional 3D pressure fields into a lower-

dimensional latent space with 20 dimensions. Next, we forecast the 3D pressure fields in 

the latent space at the time step t + 1 based on the observations at time step t. Finally, 

the predicted latent variables are transformed back to their original 3D space.
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Figure 4.13 illustrates the forecasted pressure fields across layers 20, 30, and 40 

at the end of the injection process for a sample in the testing set. The black triangles 

represent the four injection well locations. The first column represents the ground truths 

obtained through reservoir simulations, the second column illustrates the predictions gen-

erated by the developed PR-NF method, and the final column describes the error between 

these two sets of data. The comparative analysis between the synthetic truths and pre-

diction results highlights minimal disparities in the pressure distribution. This observation 

demonstrates the PR-NF method’s adeptness in capturing the spatial evolution charac-

teristics of pressure fields, affirming its reliability as an effective monitoring tool for CO2

storage operations.

Figure 4.13: Predictions of pressure fields across three layers at the termination of the 

injection process.

To further explore the predictive capabilities of the PR-NF method, we analyze the 

temporal pressure distribution at four injection wells. Figure 4.14 presents a comparison 

between the predicted pressure and the actual pressure values over the injection process, 
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using the same testing sample illustrated in Figure 4.13. The remarkable consistency ob-

served in the pressure predictions at each well location confirms the PR-NF method’s abil-

ity to accurately forecast temporal pressure distribution during CO2 injection. Notably, our 

proposed method not only enhances forecasting accuracy but also significantly expedites 

the forecasting process. For instance, the CMG reservoir simulator necessitates approx-

imately 4.5 hours to complete a simulation, but the well-trained PR-NF model requires 

minutes to forecast 3D pressure fields. This accelerated forecasting capability represents 

a valuable enhancement to conventional forecasting workflow.

Figure 4.14: Predictions of pressure over time at four injection wells for layer 30.
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Chapter 5 Error Estimates of a Training-Free Diffusion Model for High-Dimensional 

Sampling

5.1 Problem Setting

We aim to estimate the numerical approximation error of a training-free diffusion 

model for supervised learning of a generative model for producing unlimited samples from 

a d-dimensional random variable, defined by

X ∈ Rd and X ∼ pX(x), (5.1)

where p denotes the probability density function of the target random variable X. We are 

given a training dataset, denoted by

Dtrain = {x1, x2, . . . , xJ} ⊂ Rd, (5.2)

which contains J  independent samples from the target distribution pX(x). From the com-

putational perspective, the objective is to construct a parametric generative model of the 

following form

X = F (Y ; θ)  with Y ∈ Rd, (5.3)

which is a transport map that transforms the reference random variable Y  (e.g., a standard 

Gaussian random variable) into the target random variable X. Once the parameter θ

is determined through model training, unlimited samples of X can be produced by first 

sampling from Y  and then passing those samples through the trained generative model 

in Eq. (5.3).

A key challenge in training the generative model F (y; θ) arises from the absence 

of labeled training data, which means there is no corresponding sample of Y  for each 

sample xj ∈ Dtrain in Eq. (5.2). Consequently, the model F (y; θ) cannot be trained using 
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supervised learning based on a mean square error (MSE) loss. Instead, an indirect loss 

derived from the change-of-variables formula, i.e., pX(x) = pY (F
−1(x))|det D(F−1(x))|, is 

commonly used to train normalizing flow models in an unsupervised manner. The limita-

tion of the unsupervised learning approach is that it requires specially designed reversible 

architectures for F (y; θ) to enable efficient backpropagation through the computation of 

|det D(F−1(x))|. To address this challenge, our previous work [48] introduced a training-

free diffusion model to generate labeled data such that the generative model F (y; θ) can 

be trained in a supervised manner using the MSE loss, which eliminates the need for 

having a reversible architecture for F (y; θ) solely for training purposes.

5.1.1 Overview of the Training-Free Diffusion Model

We briefly review the algorithm to be analyzed in this paper, namely the training-

free score-based diffusion model proposed in [48], which generates labeled data for the 

supervised learning of the generative model in Eq. (5.3). Our algorithm is based on the 

score-based diffusion model, which comprises a forward process and a reverse process. 

The forward process maps the target random variable X to a standard Gaussian variable 

Y ∼ N (0, Id) through the following SDE:

dZt = b(t)Ztdt+ σ(t)dWt, Z0 = X, Z1 = Y, t ∈ [0, 1], (5.4)

where Wt is a standard Brownian motion. Although there are many choices for the drift 

and diffusion coefficients b(t) and σ(t) in Eq. (5.4), we focus on analyzing the diffusion 

model using the following definition of the coefficients, i.e.,

b(t) =
d logαt

dt
, σ2(t) =

dβ2
t

dt
− 2

d logαt

dt
β2
t , (5.5)
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where the processes αt and βt are defined by

αt = 1− t, β2
t = t, t ∈ [0, 1]. (5.6)

The reverse SDE for generating new samples of the target distribution is defined by

dZt =
[︁
b(t)Zt − σ2(t)S(Zt, t)

]︁
dt+ σ(t)d

←−
W t, Z0 = X, Z1 = Y, (5.7)

where 
←−
W t is a reverse Brownian motion, b(t) and σ(t) adopt the same definition as in 

Eq. (5.5), and S(Zt, t) is the score function defined by

S(zt, t) := ∇z log qZt(zt), (5.8)

with qZt(zt) denoting the marginal probability density function of Zt at time t in Eq. (5.4). 

When the score function in Eq. (5.8) is known or can be approximated, we can generate 

samples of X by solving the reverse SDE in Eq. (5.7) starting from a sample of Y ∼ N (0, Id)

as the terminal condition. Therefore, the central task in using the diffusion model is to 

approximate the score function.

The training-free score estimator. Traditional diffusion models rely on training neu-

ral networks to approximate the score function, for example via score matching [36]. In 

contrast, we leverage the analytical structure of the forward process to derive a training-

free score estimator. Substituting qZt(zt) =
∫︁
Rd qZt|Z0(zt|z0)qZ0(z0)dz0 into Eq. (5.8) and 

using the fact that

qZt|Z0(zt|z0) = φ(zt;αtz0, β
2
t Id), (5.9)

with φ(zt;αtz0, β
2
t Id) being the probability density function of the Gaussian distribution N (αtz0, β

2
t Id), 

we obtain

S(zt, t) =

∫︂
Rd

(︃
−zt − αtz0

β2
t

)︃
wt(zt, z0)qZ0(z0)dz0, (5.10)
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where the weight function is defined by

wt(zt, z0) :=
qZt|Z0(zt|z0)∫︁

Rd qZt|Z′
0
(zt|z′0)qZ0(z

′
0)dz

′
0

. (5.11)

Given the dataset Dtrain in Eq. (5.2) containing samples from qZ0(z0) := pX(x), we approx-

imate the integral in Eq. (5.10) using the following Monte Carlo estimation:

S(zt, t) ≈ S̄(zt, t) :=
J∑︂

j=1

(︃
−zt − αtxj

β2
t

)︃
w̄t(zt, xj), (5.12)

where

w̄t(zt, xj) :=
qZt|Z0(zt|xj)∑︁J

j′=1 qZt|Z0(zt|xj′)
, (5.13)

with qZt|Z0(zt|xj) given by the Gaussian density function in Eq. (5.9). With the score esti-

mation in Eq. (5.12), we can directly solve the reverse SDE in Eq. (5.7) to generate new 

samples of the target distribution pX(x). Nevertheless, the stochastic nature of the reverse 

process in Eq. (5.7) cannot be used to generate labeled data for supervised learning of 

the map in Eq. (5.3), which will be addressed in the next subsection.

5.1.2 Supervised Learning of the Generative Model

We describe how to use the score representation given in Section 5.1.1 to generate 

labeled data and use such data to train the generative model in Eq. (5.3). Starting from 

the forward SDE in Eq. (5.4), let qZt(z) denote the marginal probability density of Zt and 

write the score function as in Eq. (5.8), i.e., S(z, t) := ∇z log qZt(z). The density function 

qZt  satisfies the Fokker–Planck equation:

∂tqZt(z) = −∇z ·
(︁
b(t) z qZt(z)

)︁
+

1

2
σ2(t)∆zqZt(z). (5.14)
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Using ∆zqZt = ∇z·
(︁
∇zqZt

)︁
= ∇z·

(︁
S(z, t) qZt(z)

)︁
, we can rewrite Eq. (5.14) in the flux form, 

i.e.,

∂tqZt(z) = −∇z ·
(︃[︁
b(t) z − 1

2
σ2(t)S(z, t)

]︁
qZt(z)

)︃
. (5.15)

Any deterministic flow ż(t) = v(z(t), t) with the same marginals satisfies the continuity 

equation:

∂tqZt(z) = −∇z ·
(︁
v(z, t) qZt(z)

)︁
. (5.16)

Matching Eq. (5.15) and Eq. (5.16) yields the following form of the velocity term:

v(z, t) = b(t) z − 1

2
σ2(t)S(z, t),

and the probability-flow ODE driven by the velocity term is introduced as

dzt =

[︃
b(t)zt −

1

2
σ2(t)S(zt, t)

]︃
dt, (5.17)

whose trajectories have the same marginal distribution as the reverse SDE in Eq. (5.7). 

The reverse ODE defines a much smoother functional relationship between the initial state 

and the terminal state than that defined by the reverse SDE in Eq. (5.7), which can be used 

to generate the desired labeled data.

To generate labeled data to train the generator in Eq. (5.3), we first draw M  sam-

ples of Y , denoted by Y = {y1, . . . , yM} from the standard normal distribution. For m =

1, . . . ,M , we solve the reverse ODE in Eq. (5.17) and collect the state Z0|ym, where 

the score function is computed using Eq. (5.12) and Eq. (5.13), and the dataset Dtrain

in Eq. (5.2). The labeled training dataset is denoted by

Dlabel := {(ym, xm) : xm = Z0|ym  for m = 1, . . . ,M} , (5.18)
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where xm is obtained by solving the reverse ODE in Eq. (5.17). After obtaining Dlabel, 

we can use it to train the generative model F (y; θ) in Eq. (5.3) using supervised learn-

ing with the MSE loss. It has been numerically demonstrated that the supervised learning 

approach for training the generative models have shown promising potential in several un-

certainty quantification tasks [76, 47, 23, 49]. However, there is no error estimate to show 

the convergence rate of the discretization scheme for the training-free diffusion model, 

specifically for the reverse ODE in Eq. (5.17), which motivated us to conduct the error 

analysis presented in Section 5.2.

5.2 Error Estimates of the Training-Free Diffusion Model

The algorithm described in Section 5.1.2 indicates that the accuracy of the genera-

tor F (y; θ) in Eq. (5.3), trained via supervised learning, is strongly influenced by the quality 

of the labeled data Dlabel in Eq. (5.18), which is obtained by solving the reverse ODE in 

Eq. (5.17). The main contribution of this paper is to provide error estimates for the dis-

cretization of the reverse ODE. Our error analysis seeks to answer the following central 

questions: 

• How does the error from the score estimation in Eq. (5.12) accumulate through the 

time-stepping scheme and affect the final convergence rate?

• Does the singularity of the drift and diffusion coefficients b(t) and σ(t) defined in Eq. (5.5) 

affects the accuracy and stability in solving the reverse ODE?

• How does the discretization error of the reverse ODE depend on the dimensionality d

of the target random variable X ∈ Rd in Eq. (5.1)?

To address the above questions, we first introduce an important assumption used through-

out the rest of the error analysis.
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Assumption 5.1. Given the training dataset Dtrain in Eq. (5.2), we assume that the proba-

bility density function of the state Z0 in the reverse ODE in Eq. (5.17) at t = 0 is a Gaussian 

mixture model defined by

qZ0(z0) =
J∑︂

j=1

Pξ(j) pZ0|ξ(z0|j) =
1

J

J∑︂
j=1

φ(z0; z
j
0,Σ), (5.19)

where ξ is a discrete random variable taking values in {1, . . . , J}, Pξ(j) := 1/J  is the 

probability of the event ξ = j, zj0 denotes the j-th sample from the training dataset Dtrain, 

and pZ0|ξ(z0|j) := φ(z0; z
j
0,Σ) represents the probability density function of a Gaussian 

distribution with mean zj0 and covariance matrix Σ.

The Gaussian mixture model in Eq. (5.19) can be interpreted as an “inflated” ver-

sion of the empirical distribution represented by the samples in the training dataset Dtrain. 

Assumption 5.1 is usually referred to as the inflation strategy, which is widely used in 

ensemble-based data assimilation methods [21, 22]. The inflation approach serves two 

complementary purposes in uncertainty quantification. First, it acts as a regularization 

mechanism that alleviates the underestimation of uncertainty commonly encountered in 

high-dimensional systems with limited ensemble size. By artificially broadening the en-

semble spread, inflation mitigates variance collapse and promotes better representation 

of the true uncertainty. Second, from a generative AI perspective, inflation helps alleviate 

model memorization by encouraging diversity in the learned representations. By introduc-

ing controlled stochasticity or variance inflation into the training dataset, we can reduce 

overfitting to training samples and enhances generalization, enabling more reliable syn-

thesis of unseen states or scenarios.
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Based on Assumption 5.1, we can split the total discretization error of the reverse 

ODE in Eq. (5.17) into the following three parts:

ztrue
0 (z1)− F (z1; θ)

= ztrue
0 (z1)− z0(z1)⏞ ⏟⏟ ⏞

Data error

+ z0(z1)− zK(z1)⏞ ⏟⏟ ⏞
Reverse ODE

discretization error

+ zK(z1)− F (z1; θ)⏞ ⏟⏟ ⏞
Supervised learning error

,
(5.20)

where ztrue
0 (z1) is ground truth solution of the reverse ODE in Eq. (5.17) with S(zt, t) being 

the score function in Eq. (5.10) defined by the target density function pX(x) in Eq. (5.1), 

F (z1; θ) is the predicted solution of the generative model in Eq. (5.3) trained by the super-

vised learning approach discussed in Section 5.1.2; z0(z1) is the solution of the reverse 

ODE in Eq. (5.17) with S(zt, t) being the score function in Eq. (5.10) defined by the Gaus-

sian mixture model in Eq. (5.19), zK(z1) is the approximation of z0(z1) using the numerical 

discretization scheme introduced in Section 5.2.1 with K discrete time steps.

We observe that data error in Eq.(5.20) is solely determined by Assumption 5.1 

and the size of the training set Dtrain and the supervised learning error is solely determined 

by classic function approximation theory. Importantly, neither of these error components 

depend on the diffusion model itself. Consequently, in order to address the three questions 

posed at the beginning of Section 5.2 concerning the training-free diffusion model, we 

focus the remainder of Section 5.2 on analyzing the reverse ODE discretization error. On 

the other hand, the error decomposition in Eq. (5.20) plays a crucial role in achieving only 

mild dependence of the resulting error bounds on the dimensionality, and in rendering the 

bounds fully numerically verifiable.

5.2.1 Discretization of the Reverse ODE

We describe the discretization of the reverse ODE in Eq. (5.17) and show that the 

singularity in the drift and diffusion coefficients can be removed once the score function is 
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incorporated, so it poses no numerical difficulty. Substituting the expressions for b(t) and 

σ(t) from Eq. (5.5) into Eq. (5.17), we obtain

dzt =

[︄
1

t− 1
zt −

1 + t

2(1− t)
S(zt, t)

]︄
dt, (5.21)

where both the drift and diffusion coefficients are singular as t→ 1. Since the solutions to 

the reverse ODE in Eq. (5.21) and the forward SDE in Eq. (5.4) share the same marginal 

distributions, we have

Zt = (1− t)Z0 +
√
tε0, (5.22)

where the random variable ε0 ∼ N (0, Id) is independent of Z0 and the latent variable ξ in 

Eq. (5.19). The variable Zt, conditionally on ξ, is expressed as

Zt|ξ = (1− t)Z0|ξ +
√
tε0. (5.23)

Then we can write the random vector (Z0|ξ, Zt|ξ)T  jointly as

⎛⎜⎝Z0|ξ

Zt|ξ

⎞⎟⎠ =

⎛⎜⎝ Id 0

(1− t)Id
√
tId

⎞⎟⎠
⎛⎜⎝Z0|ξ

ε0

⎞⎟⎠ . (5.24)

Combining Eq. (5.19) and Eq. (5.24), we have

⎛⎜⎝Z0|ξ = j

Zt|ξ = j

⎞⎟⎠ ∼
⎛⎜⎝ Id 0

(1− t)Id
√
tId

⎞⎟⎠N
⎛⎜⎝
⎛⎜⎝zj0

0

⎞⎟⎠ ,

⎛⎜⎝Σ 0

0 Id

⎞⎟⎠
⎞⎟⎠ , (5.25)
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from which we have Zt|(ξ = j) ∼ N ((1 − t)zj0, (1 − t)2Σ + tId). The marginal probability 

density of Zt is the equally weighted mixture defined by

pZt(zt) =
J∑︂

j=1

PZt|ξ(zt | j)Pξ(j)

=
1

J

J∑︂
j=1

φ
(︁
zt; (1− t)zj0, (1− t)2Σ + tId

)︁
,

(5.26)

where φ(zt; (1− t)zj0, (1− t)2Σ+ tId) denotes the probability density function of a Gaussian 

distribution with mean (1− t)zj0 and covariance matrix (1− t)2Σ + tId.

According to Eq. (5.26), we can derive the exact score function S in Eq. (5.8) as

S(zt, t) = −
(︁
(1− t)2Σ + tId

)︁−1
zt

+ (1− t)
(︁
(1− t)2Σ + tId

)︁−1
J∑︂

j=1

zj0 wj(zt, t).
(5.27)

For each component index j = 1, . . . , J , we define a simplified notation

ej(zt, t) := exp
(︂
− 1

2

(︁
zt − (1− t)zj0

)︁⊤(︁
(1− t)2Σ + tId

)︁−1(︁
zt − (1− t)zj0

)︁)︂
, (5.28)

such that the corresponding normalized weights in Eq. (5.27) can be expressed by

wj(zt, t) =
ej(zt, t)∑︁J

j′=1 ej′(zt, t)
. (5.29)

On the other hand, because Σ is positive definite, ((1−t)2Σ+tId) is positive definite 

for all t ∈ [0, 1], and hence invertible. In particular, the score function has no singularity at 
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t = 0. The associated probability flow ODE in Eq. (5.21) becomes

dzt =

[︄
1

t− 1
zt −

1 + t

2(1− t)
S(zt, t)

]︄
dt

=

[︄
1

t− 1
zt −

1 + t

2(1− t)

(︄
− ((1− t)2Σ + tId)

−1zt

+ (1− t)((1− t)2Σ + tId)
−1

J∑︂
j=1

zj0wj(zt, t)

)︄]︄
dt

=

[︄
1

2
(Id − 2(1− t)Σ)((1− t)2Σ + tId)

−1zt

− 1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0wj(zt, t)

]︄
dt

(5.30)

with the initial condition z1 ∼ N (0, Id). Although the right-hand side of Eq. (5.30) appears 

singular as t→ 1, substituting the score expression in Eq. (5.27) shows that the (t− 1)−1

terms are fully compensated by corresponding terms in the score. Consequently, the drift 

coefficients extend continuously to t = 1, and the apparent singularity is entirely removable 

at the coefficient level.

To compute numerical solutions of the ODE in Eq. (5.30), we adopt the explicit 

Euler method. The resulting discretization scheme takes the form

zk+1 =zk −

[︄
1

2
(Id − 2khΣ)(k2h2Σ + (1− kh)Id)−1zk

− 2− kh
2

(k2h2Σ + (1− kh)Id)−1

J∑︂
j=1

zj0wj(z
k, (1− kh))

]︄
h,

(5.31)

where K = 1/h, k = 0, 1, . . . , K − 1 and the initial state z0 is sampled from the standard 

normal distribution N (0, Id).

Remark 5.1. We emphasize that the error splitting approach in Eq. (5.20) and the Gaus-

sian mixture assumption in Eq. (5.19) ensures that the exact score function of the diffusion 
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model can be analytically derived, i.e., Eq. (5.27), such that the exact score can be used 

in solving the reverse ODE to avoid the accumulation of the score estimation error. In fact, 

by comparing the Monte Carlo estimator in Eq. (5.12) and the exact score in Eq. (5.27), 

we can quickly derive that Eq. (5.27) converges to Eq. (5.12) as Σ → 0. In other words, 

Eq. (5.12) can also be viewed as the exact score when the target distribution is the em-

pirical distribution defined by Dtrain without any smoothing. This answers the first question 

presented at the beginning of Section 5.2. On the other hand, Eq. (5.30) answers the 

second question regarding the singularity of the diffusion model presented in Section 5.2. 

We will answer the third question in the next subsection.

5.2.2 Error Estimates for the Discretized Reverse ODE

We derive global error bounds for the reverse ODE discretization error defined in 

Eq. (5.20). Our analysis builds on the mixture surrogate introduced in Assumption 5.1, 

which smooths the empirical distribution and ensures a well-behaved score function through-

out the reverse diffusion process. To facilitate the analysis, we impose the following as-

sumption on the boundedness of the training dataset Dtrain.

Assumption 5.2. The samples in the training dataset Dtrain in Eq. (5.2) satisfy

⃦⃦
zj0
⃦⃦
≤M <∞, j = 1, . . . , J,

where M  is the radius of the smallest ℓ2 ball that can cover the entire training set.

Under this assumption, the score function and drift field in Eq. (5.17) admit uniform 

Lipschitz bounds in space and controlled variation in time, enabling dimension-explicit 

global error estimates for the explicit Euler scheme. Our error bounds are derived in two 

steps. The first step, presented in Section 5.2.2, is to analyze the path-wise error for a 

single trajectory of the reverse ODE; the second step, presented in Section 5.2.2, is to 

analyze the error under expectation.
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The Error Bound for a Single Trajectory of the Reverse ODE

Before deriving the global error of the discretization scheme in Eq. (5.31) for a given ter-

minal value z1, we first bound the entire exact path t ↦→ zt in terms of z1. This pathwise 

envelope clarifies how the solution remains confined as it propagates backward from t = 1

to t = 0, and it prevents growth of constants that would otherwise obscure the accumu-

lation of local discretization errors. With this bound in place, all subsequent estimates for 

the Euler iterates can be stated with constants that depend only on the ODE data and on 

∥z1∥, ensuring a clean and stable comparison between the numerical trajectory and the 

exact one in the entire time domain [0, 1].

Lemma 5.1. Under Assumption 5.1 and 5.2, the solution zt of the reverse ODE in Eq. (5.30) 

satisfies

∥zt∥ ≤
max

{︁√
λmax, 1

}︁
min

{︁√
λmin,

1
4

}︁ (︁M + ∥z1∥
)︁
, ∀ 0 ≤ t ≤ 1, (5.32)

where M  is the bound in Assumption 5.2, λmin and λmax are the smallest and the largest 

eigenvalues of the covariance matrix Σ of the Gaussian mixture model defined in Eq. (5.19).

Proof. For notational simplicity, we rewrite the reverse ODE in Eq. (5.30) as the 

following form

dzt = [A(t)zt + g(zt, t)] dt, (5.33)

where the function A(t) is defined by

A(t) =
1

2
(Id − 2(1− t)Σ)((1− t)2Σ + tId)

−1, (5.34)

and the function g(zt, t) is defined by

g(zt, t) = −
1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0wj(zt, t). (5.35)
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By the variation of parameters formula, the solution of reverse ODE in Eq. (5.33) can be 

written as

zt =exp

(︃∫︂ t

1

A(s)ds

)︃
z1 −

∫︂ 1

t

exp

(︃∫︂ t

s

A(u)du

)︃
g(zs, s) ds. (5.36)

Using the explicit form of the fundamental matrix associated with A(t) in Eq. (5.34), we 

have

zt =
(︁
(1− t)2Σ + tId

)︁ 1
2 z1

−
∫︂ 1

t

(︁
(1− t)2Σ + tId

)︁ 1
2
(︁
(1− s)2Σ + sId

)︁− 1
2 g(zs, s) ds.

(5.37)

Substituting the definition of g(zs, s) in Eq. (5.35) into Eq. (5.37), we have

zt =
(︁
(1− t)2Σ + tId

)︁ 1
2 z1

+
(︁
(1− t)2Σ + tId

)︁ 1
2

∫︂ 1

t

1 + s

2

(︁
(1− s)2Σ + sId

)︁− 3
2

J∑︂
j=1

zj0 wj(zs, s) ds.
(5.38)

Taking the ℓ2 norm on both sides of Eq. (5.38) and using the triangle inequality and sub-

multiplicativity of matrix norms, we obtain

∥zt∥ ≤
⃦⃦⃦(︁

(1− t)2Σ + tId
)︁ 1

2

⃦⃦⃦
∥z1∥+

⃦⃦⃦(︁
(1− t)2Σ + tId

)︁ 1
2

⃦⃦⃦
·
∫︂ 1

t

1 + s

2

⃦⃦⃦(︁
(1− s)2Σ + sId

)︁− 3
2

⃦⃦⃦ J∑︂
j=1

⃦⃦
zj0
⃦⃦
wj(zs, s) ds.

(5.39)

Next we bound each term on the left of Eq. (5.39) uniformly in d. Since Σ is positive definite 

with eigenvalues in [λmin, λmax] and 0 ≤ t ≤ 1, it holds that

⃦⃦⃦(︁
(1− t)2Σ + tId

)︁ 1
2

⃦⃦⃦
≤
(︁
(1− t)2λmax + t

)︁ 1
2 ,

and ⃦⃦⃦(︁
(1− s)2Σ + sId

)︁− 3
2

⃦⃦⃦
≤
(︁
(1− s)2λmin + s

)︁− 3
2 .
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Moreover, by Assumption 5.2, we have

J∑︂
j=1

⃦⃦
zj0
⃦⃦
wj(zs, s) ≤M

J∑︂
j=1

wj(zs, s) =M.

Substituting the above bounds into Eq. (5.39) gives

∥zt∥ ≤
(︁
(1− t)2λmax + t

)︁ 1
2∥z1∥

+
(︁
(1− t)2λmax + t

)︁ 1
2

∫︂ 1

t

1 + s

2

(︁
(1− s)2λmin + s

)︁− 3
2 M ds.

(5.40)

Finally, the integral term in Eq. (5.40) can be evaluated explicitly, leading to

∥zt∥ ≤
(︁
(1− t)2λmax + t

)︁ 1
2∥z1∥

+
(︁
(1− t)2λmax + t

)︁ 1
2
(︁
(1− t)2λmin + t

)︁− 1
2 (1− t)M.

(5.41)

Since Σ is positive definite and 0 ≤ t ≤ 1, we further have

max
0≤t≤1

(︂
(1− t)2λmax + t

)︂
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
λmax, λmax ≥ 1,

1, 0 < λmax < 1,

≤max{λmax, 1}.

(5.42)

and we have

max
0≤t≤1

(︂
(1− t)2λmin + t

)︂−1

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

λmin

, 0 < λmin ≤
1

2
,

4λmin

4λmin − 1
, λmin >

1

2
,

≤max

{︃
1

λmin

, 2

}︃
=

1

min{λmin,
1
2
}
.

(5.43)
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Using the bounds in Eq. (5.42) and Eq. (5.43), we immediately obtain

(︁
(1− t)2λmax + t

)︁ 1
2 ≤ max

{︂√︁
λmax, 1

}︂
,(︁

(1− t)2λmin + t
)︁− 1

2 ≤ 1

min{
√
λmin,

1
4
}
.

(5.44)

Substituting these bounds into Eq. (5.41) and using 1− t ≤ 1, we obtain

∥zt∥ ≤max{
√︁
λmax, 1} ∥z1∥+

max{
√
λmax, 1}

min{
√
λmin,

1
4
}
M

≤max{
√
λmax, 1}

min{
√
λmin,

1
4
}
(︁
∥z1∥+M

)︁
,

(5.45)

which completes the proof. ∎

Next, we derive a uniform-in-time Lipschitz constant in zt for the right-hand side of 

the reverse ODE in Eq. (5.30), and the bound of its second derivatives with respect to t. 

For this purpose we present two lemmas that provide derivative estimates for the weights 

wj(zt, t) in Eq. (5.29).

Lemma 5.2. Under Assumption 5.1 and 5.2, for each j = 1, . . . , J , the gradient of wj(zt, t)

in Eq. (5.29) with respect to zt satisfies

∥∇ztwj(zt, t)∥ ≤
2M

min{λmin,
1
2
}
wj(zt, t), (5.46)

where M  is the bound in Assumption 5.2 and λmin denotes the minimal eigenvalue of the 

covariance matrix Σ of the Gaussian mixture model in Eq. (5.19).
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Proof. From the definition of wj(zt, t) given in Eq. (5.29), we have

∇ztwj(zt, t)

= ∇zt

exp(−1
2
(zt − (1− t)zj0)T ((1− t)2Σ + tId)

−1(zt − (1− t)zj0))∑︁J
j′=1 exp(−1

2
(zt − (1− t)zj′0 )T ((1− t)2Σ + tId)−1(zt − (1− t)zj′0 ))

= ∇zt

ej(zt, t)∑︁J
j′=1 ej′(zt, t)

=
((1− t)2Σ + tId)

−1((1− t)zj0 − zt)ej(zt, t)∑︁J
j′=1 ej′(zt, t)

−
ej(zt, t)

(︂∑︁J
j′=1((1− t)2Σ + tId)

−1((1− t)zj
′

0 − zt)ej′(zt, t)
)︂

(︂∑︁J
j′=1 ej′(zt, t)

)︂2
= ((1− t)2Σ + tId)

−1wj(zt, t)

[︄
((1− t)zj0 − zt)−

J∑︂
j′=1

((1− t)zj
′

0 − zt)wj′(zt, t)

]︄
.

Noting that 
∑︁J

j′=1wj′(zt, t) = 1, we can simplify the above equation as

∇ztwj(zt, t) = ((1− t)2Σ + tId)
−1wj(zt, t)

·

[︄
J∑︂

j′=1

((1− t)zj0 − zt)wj′(zt, t)−
J∑︂

j′=1

((1− t)zj
′

0 − zt)wj′(zt, t)

]︄

=(1− t)((1− t)2Σ + tId)
−1wj(zt, t)

J∑︂
j′=1

(zj0 − z
j′

0 )wj′(zt, t).

Taking the norm on both sides yields the estimate

∥∇ztwj(zt, t)∥ ≤
⃦⃦
(1− t)((1− t)2Σ + tId)

−1
⃦⃦
wj(zt, t)

J∑︂
j′=1

⃦⃦⃦
zj0 − z

j′

0

⃦⃦⃦
wj′(zt, t). (5.47)

Since Σ is positive definite and 0 ≤ t ≤ 1, we have

max
0≤t≤1

⃦⃦⃦(︁
1− t)((1− t)2Σ + tId

)︁−1
⃦⃦⃦
= max

0≤t≤1

1− t
(1− t)2λmin + t

≤ 1

min{λmin,
1
2
}
, (5.48)
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where the last inequality follows from Eq. (5.43). Furthermore, we have ∥zj0∥ < M  for all j

in Assumption (5.2). Hence, for all j, j′, ∥zj0 − z
j′

0 ∥ ≤ 2M . Substituting this into Eq. (5.47), 

and applying Eq. (5.48), we deduce

∥∇ztwj(zt, t)∥ ≤
2M

min{λmin,
1
2
}
wj(zt, t)

J∑︂
j=1

wj(zt, t) =
2M

min{λmin,
1
2
}
wj(zt, t). (5.49)

This completes the proof. ∎

Lemma 5.3. Under Assumptions 5.1 and 5.2, for each j = 1, . . . , J , the time derivative of 

wj(zt, t) in Eq. (5.29) satisfies

⃓⃓⃓⃓
∂wj(zt, t)

∂t

⃓⃓⃓⃓
≤ 2 + 2λmax

min{λ2min,
1
4
}
(∥zt∥+M)2wj(zt, t),

where M  is the data bound in Assumption 5.2, λmin and λmax are respectively the smallest 

and largest eigenvalues of the covariance matrix Σ from the Gaussian mixture model in 

Eq. (5.19).

Proof. We begin by estimating the time derivative of ej(zt, t) in Eq. (5.28):

⃓⃓⃓⃓
∂ej(zt, t)

∂t

⃓⃓⃓⃓
=

⃓⃓⃓⃓
∂

∂t
exp

(︃
−1

2
(zt − (1− t)zj0)T ((1− t)2Σ + tId)

−1(zt − (1− t)zj0)
)︃⃓⃓⃓⃓

= ej(zt, t)
⃓⃓⃓
− (zt − (1− t)zj0)T ((1− t)2Σ + tId)

−1zj0

+
1

2
(zt − (1− t)zj0)T ((1− t)2Σ + tId)

−1(Id − 2(1− t)Σ)

· ((1− t)2Σ + tId)
−1(zt − (1− t)zj0)

⃓⃓⃓
.
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By bounding each term using ∥((1− t)2Σ+ tId)
−1∥ ≤ 1

min{λmin,
1
2
}

 in Eq. (5.43) and ∥zj0∥ ≤

M  in Assumption 5.2, we obtain

⃓⃓⃓⃓
∂ej(zt, t)

∂t

⃓⃓⃓⃓
≤ej(zt, t)

(︃
(∥zt∥+M)M

min{λmin,
1
2
}

+
(∥zt∥+M)2(1 + 2λmax)

2min{λ2min,
1
4
}

)︃
≤ej(zt, t)

(︃
(∥zt∥+M)2

2min{λ2min,
1
4
}
+

(∥zt∥+M)2(1 + 2λmax)

2min{λ2min,
1
4
}

)︃
=ej(zt, t)

1 + λmax

min{λ2min,
1
4
}
(∥zt∥+M)2.

For the derivative of wj(zt, t) in Eq. (5.29), we have

⃓⃓⃓⃓
∂wj(zt, t)

∂t

⃓⃓⃓⃓
=

⃓⃓⃓⃓
⃓ ∂∂t ej(zt, t)∑︁J

j′=1 ej′(zt, t)

⃓⃓⃓⃓
⃓

≤

⃓⃓⃓⃓
⃓⃓⃓ ∂ej(zt, t)

∂t∑︁J
j′=1 ej′(zt, t)

⃓⃓⃓⃓
⃓⃓⃓+
⃓⃓⃓⃓
⃓⃓⃓ej(zt, t)

∑︁J
j′=1

∂ej′(zt, t)

∂t
(
∑︁J

j′=1 ej′(zt, t))
2

⃓⃓⃓⃓
⃓⃓⃓

≤
ej(zt, t)

1 + λmax

min{λ2min,
1
4
}
(∥zt∥+M)2∑︁J

j′=1 ej′(zt, t)

+

ej(zt, t)
∑︁J

j′=1 ej′(zt, t)
1 + λmax

min{λ2min,
1
4
}
(∥zt∥+M)2

(
∑︁J

j′=1 ej′(zt, t))
2

=
2 + 2λmax

min{λ2min,
1
4
}
(∥zt∥+M)2wj(zt, t),

(5.50)

which completes the proof. ∎

With Lemmas 5.2 and 5.3, we have established explicit upper bounds on the partial 

derivatives of the weight function wj(zt, t) in Eq. (5.29) with respect to both the spatial 

variable zt and the temporal variable t. Equipped with these tools, we are now ready to 

analyze the global error of the reverse ODE in Eq. (5.30).

Theorem 5.1. Under Assumption 5.1 and 5.2, Lemma 5.2 and 5.3, consider the probability 

flow ODE in Eq. (5.30) with initial condition z1 at t = 1. The global error between z0 and 
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numerical solution zK  in Eq. (5.31) is bounded by

⃦⃦
z0 − zK

⃦⃦
≤C exp

(︃
1 + 2λmax + 8M2

4min{λ2min,
1
4
}

)︃

·
(1 + λmax)

2(1 +M)
(︂
1 + max{

√
λmax,1}

min{
√
λmin,

1
4
} (M + ∥z1∥) +M

)︂2
(1 + 2λmax + 8M2)min{λmin,

1
2
}

h,

(5.51)

where M  is the bound in Assumption 5.2, λmin and λmax are the smallest and largest eigen-

values of the covariance matrix Σ from the Gaussian mixture model in Eq. (5.19), h is the 

time step in Eq. (5.31), and C is a constant independent of λmax, λmin, z1,M, h and d.

Proof. For notational simplicity, we define the following drift function

f(zt, t) :=
1

2
(1− 2(1− t)Σ)((1− t)2Σ + tId)

−1zt

− 1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0wj(zt, t),

such that the reverse ODE in Eq. (5.30) can be rewritten as

dzt
dt

= f(zt, t).

We first estimate the Jacobian of f  with respect to zt:

∂f(zt, t)

∂zt
=
1

2
(Id − 2(1− t)Σ)((1− t)2Σ + tId)

−1

− 1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0
∂wj(zt, t)

∂zt
.
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Taking the ℓ2 norm, we obtain

⃦⃦⃦⃦
∂f(zt, t)

∂zt

⃦⃦⃦⃦
≤1

2
∥(Id − 2(1− t)Σ)∥∥((1− t)2Σ + tId)

−1∥

+
1 + t

2

⃦⃦
((1− t)2Σ + tId)

−1
⃦⃦ ⃦⃦⃦⃦⃦

J∑︂
j=1

zj0
∂wj(zt, t)

∂zt

⃦⃦⃦⃦
⃦

≤ 1 + 2λmax

2min{λmin,
1
2
}
+

M

min{λmin,
1
2
}

J∑︂
j=1

2M

min{λmin,
1
2
}
wj(zt, t),

where the last inequality follows Eq. (5.48) and Lemma 5.2. Since 
∑︁J

j=1 wj(zt, t) = 1, we 

have ⃦⃦⃦⃦
∂f(zt, t)

∂zt

⃦⃦⃦⃦
≤ 1 + 2λmax

2min{λmin,
1
2
}
+

2M2

min{λ2min,
1
4
}

≤ 1 + 2λmax

4min{λ2min,
1
4
}
+

2M2

min{λ2min,
1
4
}
=

1 + 2λmax + 8M2

4min{λ2min,
1
4
}
,

(5.52)

which shows f(zt, t) is Lipschitz continuous in zt with Lipschitz constant 1+2λmax+8M2

4min{λ2
min

, 1
4
} . Next, 

we estimate the second-order derivative:⃦⃦⃦⃦
d2zt
dt2

⃦⃦⃦⃦
=

⃦⃦⃦⃦
∂f(zt, t)

∂zt
· dzt
dt

+
∂f(zt, t)

∂t

⃦⃦⃦⃦
≤
⃦⃦⃦⃦
∂f(zt, t)

∂zt

⃦⃦⃦⃦
· ∥f(zt, t)∥+

⃦⃦⃦⃦
∂f(zt, t)

∂t

⃦⃦⃦⃦
.

(5.53)

We estimate the norm of f(zt, t) as follows:

∥f(zt, t)∥ =

⃦⃦⃦⃦
⃦12(Id − 2(1− t)Σ)((1− t)2Σ + tId)

−1zt

− 1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0wj(zt, t)

⃦⃦⃦⃦
⃦

≤1

2
∥Id − 2(1− t)Σ∥∥((1− t)2Σ + tId)

−1∥∥zt∥

+
1 + t

2

⃦⃦
((1− t)2Σ + tId)

−1
⃦⃦ ⃦⃦⃦⃦⃦

J∑︂
j=1

zj0wj(zt, t)

⃦⃦⃦⃦
⃦

≤(1 + 2λmax)∥zt∥
2min{λmin,

1
2
}

+
M

min{λmin,
1
2
}
=

(1 + 2λmax)∥zt∥+ 2M

2min{λmin,
1
2
}

.

(5.54)
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Additionally, we can derive the partial derivative of f(zt, t) with respect to t:

∂f(zt, t)

∂t

=Σ((1− t)2Σ + tId)
−1zt

− 1

2
(Id − 2(1− t)Σ)((1− t)2Σ + tId)

−1(Id − 2(1− t)Σ)((1− t)2Σ + tId)
−1zt

− 1

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0wj(zt, t)

+
1 + t

2
((1− t)2Σ + tId)

−1(Id − 2(1− t)Σ)((1− t)2Σ + tId)
−1

J∑︂
j=1

zj0wj(zt, t)

− 1 + t

2
((1− t)2Σ + tId)

−1

J∑︂
j=1

zj0
∂wj(zt, t)

∂t
.

(5.55)

To bound the time derivative 
∂f(zt,t)

∂t
 in Eq. (5.55), we apply Assumption 5.2, Lemma 5.3 

and Eq. (5.48), yielding

⃦⃦⃦⃦
∂f(zt, t)

∂t

⃦⃦⃦⃦
≤ λmax∥zt∥

min{λmin,
1
2
}
+

(1 + 2λmax)
2∥zt∥

2min{λ2min,
1
4
}

+
M

2min{λmin,
1
2
}

+
(1 + 2λmax)M

min{λ2min,
1
4
}

+
(2 + 2λmax)(∥zt∥+M)2M

min{λ3min,
1
8
}

≤ λmax∥zt∥
4min{λ3min,

1
8
}
+

(1 + 2λmax)
2∥zt∥

4min{λ3min,
1
8
}

+
M

8min{λ3min,
1
8
}

+
(1 + 2λmax)M

2min{λ3min,
1
8
}
+

(2 + 2λmax)(∥zt∥+M)2M

min{λ3min,
1
8
}

≤C (1 + λmax)
2(1 +M)(∥zt∥+M)2

min{λ3min,
1
8
}

,

(5.56)

where C is a constant independent of λmax, λmin, ∥zt∥ and M . Combining Eqs. (5.52),

(5.53), (5.54), and (5.56), we obtain

⃦⃦⃦⃦
d2zt
dt2

⃦⃦⃦⃦
≤ C

(1 + λmax)
2(1 +M)(1 + ∥zt∥+M)2

min{λ3min,
1
8
}

. (5.57)
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Therefore, by the global error of the Euler scheme, together with Eq. (5.52) and Eq. (5.57), 

we have

⃦⃦
z0 − zK

⃦⃦
≤

exp
(︂

1+2λmax+8M2

4min{λ2
min

, 1
4
}

)︂
− 1

21+2λmax+8M2

4min{λ2
min

, 1
4
}

C
(1 + λmax)

2(1 +M)(1 + ∥zt∥+M)2

min{λ3min,
1
8
}

h

≤ C exp

(︃
1 + 2λmax + 8M2

4min{λ2min,
1
4
}

)︃
(1 + λmax)

2(1 +M)(1 + ∥zt∥+M)2

(1 + 2λmax + 8M2)min{λmin,
1
2
}

h.

(5.58)

Applying the bound of ∥zt∥ in Lemma (5.1), we obtain

⃦⃦
z0 − zK

⃦⃦
≤C exp

(︃
1 + 2λmax + 8M2

4min{λ2min,
1
4
}

)︃

·
(1 + λmax)

2(1 +M)(1 + max{
√
λmax,1}

min{
√
λmin,

1
4
} (M + ∥z1∥) +M)2

(1 + 2λmax + 8M2)min{λmin,
1
2
}

h,

(5.59)

where C is a constant independent of λmax, λmin, ∥z1∥,M, h and dimension d. The proof is 

complete. ∎

The Expected Error Bound for the Reverse ODE

We now analyze the expected global error of the reverse ODE with a Gaussian initial 

condition z1 ∼ N (0, Id). Since the integration of Eq. (5.30) proceeds backward from t = 1

to t = 0, different realizations of z1 produce different pathwise global errors, see Eq. (5.51) 

in Theorem 5.1. Therefore, it is natural to quantify the error in expectation with respect to 

the distribution of z1. We are now ready to state our main result.

Theorem 5.2. Under Assumptions 5.1, 5.2, consider the probability flow ODE in Eq. (5.30) 

with initial condition z1 ∼ N (0, Id). Let z0 denote the exact solution at t = 0, and let zK  be 

the numerical solution produced by the Euler scheme in Eq. (5.31). Then the expected 

ℓ2-norm of the global error satisfies

EZ1

⃦⃦
z0 − zK

⃦⃦
≤ Cdh, (5.60)
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where C is a constant independent of the time step h and the dimension d.

Proof. By Theorem 5.1, for a fixed z1, the resulting global approximation error for 

the discretized dynamics (5.31) applied to the probability flow ODE in Eq. (5.30) is bounded 

as follows:

⃦⃦
z0 − zK

⃦⃦
≤C exp

(︃
1 + 2λmax + 8M2

4min{λ2min,
1
4
}

)︃

·
(1 + λmax)

2(1 +M)(1 + max{
√
λmax,1}

min{
√
λmin,

1
4
} (M + ∥z1∥) +M)2

(1 + 2λmax + 8M2)min{λmin,
1
2
}

h,

(5.61)

Taking the expectation with respect to Z1, we obtain

EZ1

⃦⃦
z0 − zK

⃦⃦
≤ChEZ1

[︁
(∥z1∥+ 1)2

]︁
, (5.62)

where C is a constant independent of the time step h and the dimension d. Since Z1 ∼

N (0, Id), ∥Z1∥ has the chi distribution with d degrees of freedom, and

EZ1 [∥z1∥2] = d, EZ1 [∥z1∥] =
√
2
Γ
(︁
d+1
2

)︁
Γ
(︁
d
2

)︁ ≤ √d. (5.63)

Substituting these into Eq. (5.62) yields

EZ1∥z0 − zK∥ ≤ Ch
(︁
d+ 2

√
d+ 1

)︁
≤ Cdh, (5.64)

where C is independent of the time step h and the dimensionality d. ∎

Having established an expected global error bound in the ℓ2 norm, we next derive an 

analogous estimate in the ℓ∞ norm. The ℓ∞ control is complementary to the ℓ2 result and 

provides a coordinatewise guarantee and is particularly useful when one seeks uniform 

accuracy across components. In the following, we quantify the expected ℓ∞-norm of the 

global discretization error under the same setting.
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Theorem 5.3. Assume Assumptions 5.1, 5.2 and the Gaussian mixture model in Eq. (5.19) 

has a diagonal covariance matrix Σ. Then the expected ℓ∞-norm of the global error satis-

fies

EZ1

⃦⃦
z0 − zK

⃦⃦
∞ ≤ C(ln(d) + 1)h, (5.65)

where C is a constant independent of the time step h and the dimension d.

Proof. When the covariance matrix Σ in (5.19) is diagonal, all matrix-valued quan-

tities that arise in the probability flow ODE and in the associated Euler analysis remain 

diagonal as well. For a diagonal matrix, the induced operator ℓ2-norm and ℓ∞-norm coin-

cide. Moreover, by Assumption 5.2 we have, for each j = 1, . . . , J ,

∥zj0∥∞ ≤ ∥z
j
0∥ ≤M,

so the data bound can be stated equivalently in the ℓ∞ norm. Combining these obser-

vations, every matrix norm estimate established earlier in the ℓ2 setting continues to hold 

verbatim when ∥ · ∥ is replaced by ∥ · ∥∞. In particular, we may invoke Theorem 5.1 to ob-

tain a pathwise ℓ∞ norm bound for the Euler discretization error for a fixed initial condition 

z1

⃦⃦
z0 − zK

⃦⃦
∞ ≤C exp

(︃
1 + 2λmax + 8M2

4min{λ2min,
1
4
}

)︃

·
(1 + λmax)

2(1 +M)(1 + max{
√
λmax,1}

min{
√
λmin,

1
4
} (M + ∥z1∥∞) +M)2

(1 + 2λmax + 8M2)min{λmin,
1
2
}

h,

(5.66)

Taking the expectation with respect to Z1, we obtain

EZ1

⃦⃦
z0 − zK

⃦⃦
∞ ≤ChEZ1

[︁
(∥z1∥∞ + 1)2

]︁
(5.67)

where C is a constant independent of the time step h and the dimension d.

119



The next step is to estimate the expectations EZ1∥z1∥∞ and EZ1∥z1∥2∞. Let zi1 denote 

the i-th component of z1, where zi1, . . . , z
d
1  are independent and identically distributed as 

N (0, 1). Applying Jensen’s inequality, we have, for t > 0,

exp(tEZ1∥z1∥∞) ≤EZ1 [exp(t∥z1∥∞)] = EZ1 [exp(t max
1≤i≤d

|zi1|)] = EZ1 [max
1≤i≤d

exp(t|zi1|)]

≤EZ1

[︄
d∑︂

i=1

(︁
exp(tzi1) + exp(−tzi1)

)︁]︄

=
d∑︂

i=1

(︁
EZ1 [exp(tzi1)] + EZ1 [exp(−tzi1)]

)︁
= 2dexp(t2/2).

Taking the natural logarithm on both sides, we obtain

EZ1∥z1∥∞ ≤
ln(2d)

t
+
t

2
, ∀ t > 0.

Choosing the optimal value t =
√︁

2 ln(2d) then yields

EZ1∥z1∥∞ ≤
√︁
2 ln(2d). (5.68)

Similarly, we estimate the second moment by noting

exp

(︃
1

4
EZ1∥z1∥2∞

)︃
≤ EZ1

[︃
exp

(︃
1

4
∥z1∥2∞

)︃]︃
= EZ1

[︃
exp

(︃
1

4
max
1≤i≤d

|zi1|2
)︃]︃

=EZ1

[︃
max
1≤i≤d

exp

(︃
1

4
|zi1|2

)︃]︃
≤ EZ1

[︄
d∑︂

i=1

exp

(︃
1

4
(zi1)

2

)︃]︄
=

d∑︂
i=1

EZ1

[︃
exp

(︃
1

4
(zi1)

2

)︃]︃
=
√
2d.

Taking the natural logarithm of both sides in the above, we find

EZ1∥z1∥2∞ ≤ 4 ln(
√
2d). (5.69)
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Combining Eqs. (5.67), (5.68), and (5.69), we conclude

EZ1

⃦⃦
z0 − zK

⃦⃦
∞ ≤ C(ln(d) + 1)h,

as desired. This completes the proof. ∎

5.2.3 Discussion on the Error Bounds

The choice of the covariance matrix Σ

In practice, choosing Σ of the Gaussian mixture model in Eq. (5.19) with either extremely 

small or extremely large eigenvalues tends to degrade numerical accuracy. For example, 

when the covariance matrix is in a diagonal form Σ = σId, the analytical expression of 

the Lipschitz constant L(σ) (as a function of σ) of the linear part of the reverse ODE in 

Eq. (5.30) is plotted in Fig. 5.1. We observe that

the Lipschitz constant initially decreases as σ grows, reaches a favorable plateau, 

and then increases again. This captures the intrinsic trade-off in tuning the covariance 

scale, i.e., too small spread leads to stiffness, while too large spread weakens the con-

traction structure of the flow. Our numerical experiments in Section 5.3.1 verify this quali-

tative behavior and indicate that an intermediate range of σ achieves the most stable and 

accurate integration.

The Dimensionality Dependence

A typical origin of the curse of dimensionality in global error estimates for numerical ODE 

solvers is the exponential amplification from Grönwall-type bounds when the drift has a 

large Lipschitz constant. If the effective Lipschitz constant L grows with the ambient di-

mension d, the error prefactor can behave like exp(CL), where C is a positive constant 

independent of time step h.
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In our setting, the drift of Eq. (5.30) depends on the Gaussian–mixture weights 

wi(zt, t). Lemma 5.2 bounds the spatial sensitivity, which yields a uniform control of the 

Jacobian of the drift with respect to zt that depends on M  and on spectral quantities of Σ

but does not blow up exponentially with d. Specifically, the estimate Eq. (5.52) inside The-

orem 5.1 provides a bounded Lipschitz constant for the drift, thereby preventing the expo-

nential in d amplification in the Grönwall factor and ensuring a first-order global error bound 

with a dimension-stable prefactor. The only remaining d-dependence appears when tak-

ing expectation over the Gaussian initial condition z1 ∼ N (0, Id): one has E∥z1∥2 = d

and E∥z1∥ ≤
√
d, which leads to the linear dependence in d of Theorem 5.2. Thus the 

expected error scales like O(dh) rather than O(exp(d)h). We note that the constants 

deteriorate as λmin ↓ 0, reflecting ill-conditioning of the mixture components; under As-

sumptions 5.2, spectral control keeps the drift’s Lipschitz modulus bounded and averts 

dimension-induced exponential growth. The same mechanism extends to non-diagonal Σ

under comparable spectral bounds.

Figure 5.1: Upper bound of the Lipschitz constant L(σ) of the linear part of the reverse 

ODE in Eq. (5.30).

5.3 Numerical Experiments

We conduct a set of numerical experiments to validate the error bounds derived 

in Section 5.2. Since the analysis in Section 5.2 accounts only for the reverse ODE dis-

cretization error under Assumption 5.1, we choose the target distribution pX(x) = qZ0(z0)
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to be a Gaussian mixture model defined as

qZ0(z0) :=
1

J

J∑︂
j=1

φ
(︁
z0; z

j
0,Σ
)︁
, (5.70)

where φ(·) denotes the Gaussian density function, J  is the number of mixture components, 

{zj0}Jj=1 are the component means, and Σ is a shared diagonal covariance matrix. The spe-

cific choices of {zj0}Jj=1 and Σ are specified in each experiment. By adopting the Gaussian 

mixture model in (5.70) as the target distribution, we eliminate the contribution of the data 

error term in (5.20). This allows us to isolate the reverse ODE discretization error and 

directly assess the sharpness of the theoretical error bounds established in Section 5.2.

5.3.1 Verification of the Discretization Error Bounds of the Reverse ODE

We verify the error bounds of the reverse ODE, focusing on how the error depends 

on the dimension, the time step size, and the covariance structure of the Gaussian mix-

ture model. To quantify the discretization error, we use second-order Heun method with 

a small step size href = 10−3 as a reference solution. In all experiments we consider a 

Gaussian mixture with J = 10 modes. The mean vectors {zj0}Jj=1 in Eq. (5.70) are drawn 

differently depending on the evaluation norm. For the experiments verifying error bounds 

in ℓ2 norm, we sample {zj0}Jj=1 independently and uniformly from the ball of radius M  in 

Rd, while for the experiments verifying the error bounds in ℓ∞ norm, we sample indepen-

dently and uniformly from the hypercube [−M,M ]d. The expectation of the error bounds 

in Theorems 5.2 and 5.3 is approximated by averaging the errors of 1000 trajectories.

Verifying the dimension dependence Fig. 5.2 demonstrates the dimension dependence 

estimated in Theorems 5.2 and 5.3. The constant in Assumption 5.2 is set to M = 1, and 

the covariance matrix in Eq. (5.70) is chosen as a full symmetric positive definite (SPD) 

matrix Σ = UΛU⊤, where U ∈ Rd×d is a random orthogonal matrix and Λ = diag(σ1, . . . , σd)

collects the eigenvalues of Σ. We generate {σk}dk=1 by periodically repeating the pattern 
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(0.1, 0.2, 0.3, 0.4, 0.5) until reaching dimension d. We observe that the ℓ2 error increases 

approximately linearly with the dimension d, and the ℓ∞ error exhibits an O(log d) growth 

rate. These scaling behaviors are consistent with the dimension dependence predicted 

by Theorems 5.2 and 5.3. 

Figure 5.2: Expected error versus dimension d.

Verifying the first-order temporal convergence rate We now verify the convergence 

rate with respect to the time step size h presented in Theorem 5.2 and Theorem 5.3. 

The time step size is set to h ∈ {0.01, 0.02, 0.05, 0.1, 0.2}, and the dimension is set to 

d ∈ {10, 100, 1000, 10000}. The bound defined in Assumption 5.2 is set to M = 1, and we 

use the same full SPD covariance setting as above: Σ = UΛU⊤ with Λ = diag(σ1, . . . , σd), 

where {σk}dk=1 repeats the pattern (0.1, 0.2, 0.3, 0.4, 0.5). Fig. 5.3 shows that our method 

achieves a perfect first-order convergence rate with respect to the time step size h in both 

ℓ2 and ℓ∞ norm, which demonstrates the sharpness of our error bounds. 

Figure 5.3: Expected error versus time-step size h.
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Verifying the dependence on the smoothing constant σ We now verify the depen-

dence of the error bound derived in Theorem 5.1 on the smoothing constant σ. The covari-

ance matrix in Eq. (5.70) is chosen to be isotropic, Σ = σId. We vary σ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}

while fixing d = 10, h = 0.01, and M = 1. Fig. 5.4 shows that the ℓ2 and ℓ∞ errors de-

crease for small σ and then increase as σ grows, which is consistent with the discussion 

in Section 5.2.3 and the plot in Fig. 5.1. 

Figure 5.4: Expected error versus smoothing constant σ in Eq. (5.70).

5.3.2 Verification of the Supervised Learning Error

To demonstrate the practical effectiveness of the supervised learning strategy used 

to construct the generative model in (5.3), we present additional numerical experiments 

to assess the relative contributions of the reverse ODE discretization error and the su-

pervised learning error in Eq. (5.20), and to determine which error source is dominant in 

practice.

Experiment setup. We use the reverse ODE with the exact score function to generate 

training pairs, and then train neural networks to directly learn the noise-to-sample map 

z1 ↦→ z0. We still use Eq. (5.70) as the target distribution while setting J = 10. Each Gaus-

sian component’s mean vector has coordinates drawn independently from {−1, 1} with 

equal probability, and we use a shared diagonal covariance matrix with diagonal entries 

drawn uniformly from [0.2, 0.4]. We test across dimensions d ∈ {8, 16, 32, 64, 128, 256, 512,
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1024, 2048, 4096, 8192}. To generate labeled data in the training set Dtrain, we sample 

z1 ∼ N (0, Id) from the standard Gaussian and solve for the corresponding z0 through 

the reverse ODE. The reference solution is generated with h = 0.001 and the approximate 

solution is generated with h = 0.01.

For each dimension, we generate 100,000 samples and split them into 80,000 train-

ing samples, 10,000 validation samples, and 10,000 test samples. We repeat each experi-

ment 5 times with different random splits to assess variability. We compare two Multi-layer 

Perceptron (MLP) architectures with different capacities: MLP-1024 and MLP-2048, which 

have hidden dimensions of 1024 and 2048, respectively. Both architectures consist of two 

hidden layers with GELU activation functions. The models are trained using the AdamW 

optimizer with learning rate 10−3 and weight decay 10−4. Training continues until the vali-

dation loss fails to improve for 50 consecutive epochs (early stopping), at which point the 

model with the lowest validation loss is selected.

Results and discussion

Fig. 5.5 shows the root mean squared error (RMSE) for different model configura-

tions across dimensions. For each dimension, we compare two types of errors on both 

training and test sets, i.e., the reverse ODE discretization error and the neural network 

approximation error. We observe that the reverse ODE discretization error (shown in red) 

remains consistently small, ranging from approximately 0.01 to 0.05 in RMSE. This error 

grows slowly with dimension and remains nearly flat across the tested scenarios.

Across all test cases, the total sampling error with respect to the true distribution 

is dominated by neural network approximation error, which exceeds the ODE discretiza-

tion error by one to two orders of magnitude, as clearly visible in the log-scale plot (right 

panel). This demonstrates that improving ODE solvers beyond a reasonable accuracy 

threshold yields diminishing returns. Instead, research efforts should prioritize three di-

rections. First, scaling network architectures to handle high-dimensional noise to sample 

mappings. Second, improving data efficiency through better training procedures or data 
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augmentation. Third, developing architectures that maintain strong generalization as the 

dimension increases. 
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Figure 5.5: Root mean squared error (RMSE) comparison across dimensions for super-

vised learning of the noise-to-sample mapping.
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Chapter 6 Summary and Future Work

6.1 Summary

The main contributions of this dissertation are the development and analysis of 

pseudo-reversible normalizing flows and training-free diffusion models for generative mod-

eling in scientific computing. These methods construct generative surrogate models that 

transform samples from a simple reference distribution into samples from target proba-

bility distributions. The pseudo-reversible normalizing flow framework is developed for 

conditional sampling in stochastic dynamical systems and uncertainty quantification. The 

training-free diffusion framework is studied for high-dimensional sampling and the numer-

ical analysis of probability-flow ordinary differential equations.

Chapter 3 proposed a pseudo-reversible normalizing flow for stochastic dynamical 

systems with different initial distributions. The novelty of our normalizing flow approach 

can be viewed from two perspectives. Firstly, it enables learning the distribution of the final 

state based on any given initial state. This allows the model to be trained just once, and 

then applied to handle various initial distributions effectively. Secondly, we developed a 

pseudo-reversible neural network architecture that relaxes the strict reversibility constraint 

and facilitates the convergence analysis. Under suitable assumptions, the convergence 

of the learned distribution to the target distribution was established in the Kullback–Leibler 

divergence. Numerical experiments for Brownian motion, runaway-electron dynamics, 

and advection–diffusion transport demonstrated that the learned model can serve as a 

surrogate for conditional sampling in these settings.

Chapter 4 extended the pseudo-reversible normalizing flow framework to uncer-

tainty quantification for noisy physical models. The conditional generative model was 

designed to learn probability distributions in both forward and inverse uncertainty prop-

agation directly from input-output data. In particular, the method does not require sep-

arate knowledge of the deterministic model component or the distribution of the additive 

128



noise. The conditional PR-NF architecture retained the approximate reversibility principle 

while incorporating the conditioning variable into both transport maps. The analysis estab-

lished convergence for the forward conditional distribution, and the numerical examples 

considered synthetic problems, high-dimensional uncertainty propagation, and a geologic 

carbon storage application. These results showed that conditional generative surrogate 

models can represent uncertainty beyond a deterministic input-output approximation, pro-

vided that the conditioning variables remain within the range represented by the training 

data.

Chapter 5 developed a rigorous and numerically verifiable error analysis for a class 

of training-free diffusion models used to generate labeled data for supervised learning of 

end-to-end generative samplers. By decomposing the total error into data, discretization, 

and supervised learning components, we isolated the key source of theoretical uncertainty 

and focused on the discretization error arising from the reverse-time diffusion process 

when a Gaussian mixture model is treated as the target distribution. A central feature of our 

analysis is the exploitation of analytically available score functions for Gaussian mixture 

models, which allows us to completely avoid the propagation of score-function approxima-

tion errors through the diffusion process. As a result, we recover classical convergence 

rates associated with standard ODE discretization schemes and obtain error bounds with 

favorable dependence on the problem dimensionality. Importantly, the derived estimates 

are not only theoretically rigorous but also directly verifiable through numerical experi-

ments, both with respect to time-step size and dimensionality, thereby addressing a key 

gap between existing diffusion model theory and observed numerical behavior.

6.2 Future Work

A natural direction is to extend the pseudo-reversible normalizing flow framework 

to time-dependent and higher-dimensional stochastic systems. The models developed in 
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Chapter 3 learn the terminal distributions of SDE. Future work may incorporate time as an 

additional conditioning variable or construct models for temporally consistent trajectories.

Another direction is to develop conditional generative surrogates for more general 

uncertainty quantification and Bayesian inverse problems. The conditional PR-NF frame-

work can be extended to high-dimensional inputs and outputs through latent-space repre-

sentations. It is also of interest to establish theoretical guarantees for inverse conditional 

distributions, especially when these distributions are multimodal. In recursive Bayesian 

estimation, a further goal is to reuse a trained conditional surrogate as new observations 

arrive, rather than repeatedly solving the full forward problem or rerunning a sampling 

procedure.

For training-free diffusion models, an important extension is to move beyond Gaus-

sian mixture approximations. More general mixture components or distributions concen-

trated near lower dimensional structures may better represent complex target distributions, 

but they also require new score representations and stability analysis for the associated 

probability flow dynamics. It would also be useful to investigate higher order or adaptive 

discretization methods and to design probability flows with smoother and better condi-

tioned trajectories. Such developments may lead to sharper error estimates for generated 

samples, densities, and quantities of interest.
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