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Abstract

This thesis studies two topics in graph theory: graph orientations with forbidden out-
degrees and extensions of total-colorings.

An orientation of a graph assigns a direction to each edge, thereby prescribing for each
vertex the number of edges directed away from it, called its out-degree. A natural question
is to determine when it is possible to orient a graph so that each vertex avoids a prescribed
set of forbidden out-degrees. More formally, given a graph G and a function F : V(G) — 2N,
an F-avoiding orientation is one in which no vertex v has out-degree in its forbidden set F(v).
Akbari et al. conjectured that when |F(v)| < % deg(v) for all v, then G admits an F-avoiding
orientation. This conjecture remains open even when G is regular and all vertices share the same
forbidden list. We extend known results on this problem by verifying the conjecture when G is 5-
and 6-regular, as well as confirming the general conjecture in several additional cases, including
for sparse graph classes and structured families of forbidden sets.

The second part of the thesis focuses on coloring extension problems, which ask whether
a given partial coloring can be extended to a coloring of the entire graph without introducing
new colors. A total-coloring of a graph assigns colors to both its vertices and edges so that no
adjacent or incident elements receive the same color. A central open problem in this area, the
Total Coloring Conjecture, asserts that every graph admits a total-coloring using at most A + 2
colors, where A is the maximum degree.

We initiate a systematic study of total-coloring extensions by formulating new conjectures
inspired by the literature on vertex- and edge-coloring extensions. Our conjectures strengthen
the Total-Coloring Conjecture, and thus natural candidate graph classes for their study are those
for which the Total-Coloring Conjecture is known to hold. To this end, we establish extension
results for planar graphs with large maximum degree. We also prove total-coloring extension

results for several other families of graphs.
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          (2.1)                   |    𝐹  ′   (  𝑤  )  |  <      1  2         deg     𝐺  ′    (  𝑤  )       for all     𝑤  ∈  𝑉  (    𝐺  ′   )    .    


   𝑤  ∉  {  𝑢  ,  𝑣  } 


      deg   𝐺  ′   (  𝑤  )  =     deg   𝐺   (  𝑤  ) 


     𝐹  ′   (  𝑤  )  =  𝐹  (  𝑤  ) 


   𝑤  =  𝑢 


   𝑢  ∈    𝐴  2  


      deg   𝐺  ′   (  𝑤  )  =     deg   𝐺   (  𝑤  )  −  1 


   |    𝐹  ′   (  𝑤  )  |  =  |  𝐹  (  𝑤  )  |  −  1 


   |  𝐹  (  𝑤  )  |  −  1  <    1  2       (     deg   𝐺   (  𝑤  )  −  1  )  


   |  𝐹  (  𝑤  )  |  <    1  2        deg   𝐺   (  𝑤  )  +    1  2  


   𝑢  ∈    𝐴  1  


      deg     𝐺  ′    (  𝑤  )  <     deg   𝐺   (  𝑤  ) 


      deg   𝐺   (  𝑤  ) 


   |  𝐹  (  𝑤  )  |  <    1  2        deg   𝐺   (  𝑤  ) 


   𝑤  =  𝑣 


      deg   𝐺  ′   (  𝑤  )  <     deg   𝐺   (  𝑤  ) 


   0  ∈  𝐹  (  𝑣  ) 


   |    𝐹  ′   (  𝑣  )  |  =  |  𝐹  (  𝑣  )  |  −  1 


   𝑣  ∈    𝐵  1  


     𝐹  ′  


     𝐷  ′  


   𝐷 


      deg   𝐷  +   (  𝑤  )  =     deg     𝐷  ′   +   (  𝑤  )  ∉    𝐹  ′   (  𝑤  )  =  𝐹  (  𝑤  ) 


   𝑤  ∉  {  𝑢  ,  𝑣  } 


      deg   𝐷  +   (  𝑢  )  =     deg     𝐷  ′   +   (  𝑢  ) 


     𝐹  ′   (  𝑢  )  =  𝐹  (  𝑢  ) 


      deg   𝐷  +   (  𝑢  )  ∉  𝐹  (  𝑢  ) 


     𝐹  ′   (  𝑢  )  =  𝐹  (  𝑢  )  ∖  {     deg   𝐺   (  𝑢  )  } 


      deg   𝐷  +   (  𝑢  )  ≠     deg   𝐺   (  𝑢  ) 


      deg   𝐷  +   (  𝑢  )  ∉  𝐹  (  𝑢  ) 


      deg   𝐷  +   (  𝑣  )  −  1  =     deg     𝐷  ′   +   (  𝑣  )  ∉  {  𝑖  −  1  ∶  𝑖  ∈  𝐹  (  𝑣  )  ,  𝑖  ≥  1  } 


      deg   𝐷  +   (  𝑣  )  ∉  𝐹  (  𝑣  ) 


     𝑣  0   ∈  𝑉  (  𝐺  ) 


      deg   𝐺   (    𝑣  0   )  ≤  2 


   |  𝐹  (    𝑣  0   )  |  <    1  2   (  2  ) 


   𝐹  (    𝑣  0   )  =  ∅ 


      deg   𝐺   (    𝑣  0   )  =  0 


      deg   𝐺   (    𝑣  0   )  ∈  {  1  ,  2  } 


   𝑤  ∈    𝑁  𝐺   (    𝑣  0   ) 


      deg   𝐺   (  𝑤  )  ∈  𝐹  (  𝑤  ) 


      deg   𝐺   (    𝑣  0   )  =  1 


     𝑢  0  


     𝑣  0  


     𝐺  ′   =  𝐺  −    𝑣  0  


   𝑤  ≠    𝑢  0  


     𝐹  ′   (    𝑢  0   )  =  𝐹  (    𝑢  0   )  ∖  {     deg   𝐺   (    𝑢  0   )  } 


   |    𝐹  ′   (  𝑤  )  |  =  |  𝐹  (  𝑤  )  |  <    1  2        deg   𝐺   (  𝑤  )  =    1  2        deg     𝐺  ′    (  𝑤  ) 


   |    𝐹  ′   (    𝑢  0   )  |  =  |  𝐹  (    𝑢  0   )  |  −  1  <      1  2         deg   𝐺   (    𝑢  0   )  −  1  =      1  2    (     deg     𝐺  ′    (    𝑢  0   )  +  1  )  −  1  <      1  2         deg     𝐺  ′    (    𝑢  0   )  . 


      deg   𝐷  +   (  𝑤  )  =     deg     𝐷  ′   +   (  𝑤  ) 


   𝑤  ∈  𝑉  (  𝐺  )  ∖  {    𝑣  0   } 


   𝐹  (    𝑣  0   )  =  ∅ 


   𝐹  (    𝑢  0   ) 


     𝐹  ′   (    𝑢  0   ) 


      deg   𝐺   (    𝑢  0   ) 


   𝑢  ∈    𝑁  𝐺   (    𝑣  0   ) 


      deg   𝐺   (  𝑢  )  ∉  𝐹  (  𝑢  ) 


   𝛼  ∈  𝐹  (  𝑢  ) 


   𝛼  +  1  ∉  𝐹  (  𝑢  ) 


     𝐺  ˜  


     𝐹  ˜  


     𝐹  ˜   (  𝑤  )  =    {            𝐹  (  𝑤  )             if     𝑤  ∈  𝑉  (  𝐺  )  ,     𝑤  ≠  𝑢          𝐹  (  𝑤  )  ∖  {  𝛼  }             if     𝑤  =  𝑢            


   𝑤  ∉  {  𝑢  ,    𝑣  0   } 


   |    𝐹  ˜   (  𝑤  )  |  =  |  𝐹  (  𝑤  )  |  <    1  2        deg   𝐺   (  𝑤  )  =    1  2        deg     𝐺  ′    (  𝑤  )  . 


   |    𝐹  ˜   (  𝑢  )  |  =  |  𝐹  (  𝑢  )  |  −  1  <      1  2         deg   𝐺   (  𝑢  )  −  1  =      1  2    (     deg     𝐺  ˜    (  𝑢  )  +  1  )  −  1  <      1  2         deg     𝐺  ˜    (  𝑢  )  . 


     𝑣  0   ∈  𝑉  (    𝐺  ˜   ) 


   |  𝐹  (    𝑣  0   )  |  =  |    𝐹  ˜   (    𝑣  0   )  |  =  0 


   |    𝐹  ˜   (    𝑣  0   )  |  <    1  2        deg     𝐺  ˜    (    𝑣  0   ) 


     𝐷  ˜  


      deg     𝐷  ˜   +   (  𝑢  )  =  𝛼 


      deg   𝐷  +   (  𝑤  )  =     deg     𝐷  ˜   +   (  𝑤  )  ∉    𝐹  ˜   (  𝑤  )  =  𝐹  (  𝑤  ) 


   𝑤  ≠  {  𝑢  ,    𝑣  0   } 


      deg   𝐷  +   (  𝑢  )  =  𝛼  +  1  ∉  𝐹  (  𝑢  ) 


      deg     𝐷  ˜   +   (  𝑢  )  ≠  𝛼 


      deg   𝐷  +   (  𝑢  )  =     deg     𝐷  ˜   +   (  𝑢  ) 


     𝐹  ˜   (  𝑢  )  ⊂  𝐹  (  𝑢  ) 


      deg   𝐷  +   (  𝑢  )  ∉  𝐹  (  𝑢  ) 


   𝐹  (  𝑣  )  <    1  2        deg   𝐺   (  𝑣  ) 


   |  𝐹  (  𝑣  )  |  <    1  2        deg   𝐺   (  𝑣  ) 


   Δ  (  𝐻  )  ≤  2 


      deg   𝐻   (  𝑣  )  =  2 


      deg   𝐺   (  𝑣  )  ≡  0    (   mod     2  ) 


     𝐷  𝐻  


      deg     𝐷  𝐻   +   (  𝑣  )  ∈  {  0  ,  1  } 


     𝐷  𝐻  


      deg     𝐷  𝐻   +   (  𝑣  )  ∈  {  0  ,  1  } 


     𝐹  ′   (  𝑤  )  =    {            𝐹  (  𝑤  )              if        deg     𝐷  𝐻   +   (  𝑤  )  =  0          {  𝑖  −  1  ∶  𝑖  ∈  𝐹  (  𝑤  )  ,  𝑖  ≥  1  }              if        deg     𝐷  𝐻   +   (  𝑤  )  =  1    .          


   𝑤  ∈  𝑉  (  𝐺  ) 


      deg     𝐷  𝐻   +   (  𝑤  )  =  0 


   |    𝐹  ′   (  𝑤  )  |  =  |  𝐹  (  𝑤  )  |  <    1  2        deg   𝐺   (  𝑤  )  ≤    1  2        deg     𝐺  ′    (  𝑤  )  +  1 


   |    𝐹  ′   (  𝑤  )  |  ≤    1  2        deg     𝐺  ′    (  𝑤  ) 


      deg     𝐷  𝐻   +   (  𝑤  )  =  1 


      deg   𝐻   (  𝑤  )  ∈  {  1  ,  2  } 


      deg   𝐻   (  𝑤  )  =  1 


   |    𝐹  ′   (  𝑤  )  |  ≤  |  𝐹  (  𝑤  )  |  <      1  2         deg   𝐺   (  𝑤  )  =      1  2    (     deg     𝐺  ′    (  𝑤  )  +  1  ) 


   |    𝐹  ′   (  𝑤  )  |  ≤    1  2        deg     𝐺  ′    (  𝑤  ) 


      deg   𝐻   (  𝑤  )  =  2 


   |    𝐹  ′   (  𝑤  )  |  ≤  |  𝐹  (  𝑤  )  |  <      1  2         deg   𝐺   (  𝑤  )  =      1  2    (     deg     𝐺  ′    (  𝑤  )  +  2  )  . 


   |    𝐹  ′   (  𝑤  )  |  ≤    1  2   (     deg     𝐺  ′    (  𝑤  )  +  1  ) 


      deg     𝐺  ′    (  𝑤  )  ≡     deg   𝐺   (  𝑤  )  ≡  0    (   mod     2  ) 


   |    𝐹  ′   (  𝑣  )  |  ≤    1  2        deg     𝐺  ′    (  𝑣  ) 


   𝑣  ∈  𝑉  (    𝐺  ′   ) 


   𝐷  ∶  =    𝐷  ′   ∪    𝐷  𝐻  


      deg     𝐷  𝐻   +   (  𝑣  )  =  0 


      deg     𝐷  ′   +   (  𝑣  )  ∉    𝐹  ′   (  𝑣  )  =  𝐹  (  𝑣  ) 


      deg     𝐷  𝐻   +   (  𝑣  )  =  1 


      deg   𝐷  +   (  𝑣  )  −  1  =     deg     𝐷  ′   +   (  𝑣  )  ∉    𝐹  ′   (  𝑣  )  =  {  𝑖  −  1  ∶  𝑖  ∈  𝐹  (  𝑣  )  ,  𝑖  ≥  1  } 


   ℓ  ,  𝑢  ∶  𝑉  (  𝐺  )  →  ℕ 


   ℓ  ≤  𝑢 


   ℓ  (  𝑣  )  ≤     deg   𝐷  +   (  𝑣  )  ≤  𝑢  (  𝑣  ) 


   𝑆  ⊆  𝑉  (  𝐺  ) 


   ℓ  (  𝑆  )  ≤  𝑒  [  𝑆  ]  +  𝛿  (  𝑆  )       and       𝑒  [  𝑆  ]  ≤  𝑢  (  𝑆  )  , 


   ℓ  (  𝑆  )  =    ∑    𝑥  ∈  𝑆    ℓ  (  𝑥  ) 


   𝑢  (  𝑆  )  =    ∑    𝑥  ∈  𝑆    𝑢  (  𝑥  ) 


   𝑒  [  𝑆  ]  =  |  𝐸  (  𝐺  [  𝑆  ]  )  | 


   𝛿  (  𝑆  )  =  |  {  𝑢  𝑣  ∈  𝐸  (  𝐺  )  ∶  𝑢  ∈  𝑆  ,  𝑣  ∉  𝑆  }  | 


   ≤ 


   𝐹  ∶  𝑉  (  𝐺  )  →    2  ℕ  


   |  𝐹  (  𝑣  )  |  ≤    1  2      deg   (  𝑣  ) 


   ℓ  (  𝑣  ) 


   𝑢  (  𝑣  ) 


   𝐹  (  𝑣  )  =  {  0  ,  …  ,  ℓ  (  𝑣  )  −  1  }  ∪  {  𝑢  (  𝑣  )  +  1  ,  …  ,   deg   (  𝑣  )  } 


   |  𝐹  (  𝑣  )  |  =  ℓ  (  𝑣  )  +   deg   (  𝑣  )  −  𝑢  (  𝑣  ) 


   |  𝐹  (  𝑣  )  |  ≤    1  2      deg   (  𝑣  ) 


   0  ≤  ℓ  (  𝑣  )  ≤  𝑢  (  𝑣  )  ≤   deg   (  𝑣  ) 


   ℓ  (  𝑣  )  ≤    1  2      deg   (  𝑣  ) 


   𝑢  (  𝑣  )  ≥    1  2      deg   (  𝑣  ) 


          (2.2)                   ℓ  (  𝑆  )  >  𝑒  [  𝑆  ]  +  𝛿  (  𝑆  )    


          (2.3)                   𝑢  (  𝑆  )  <  𝑒  [  𝑆  ]  .    


   𝑆 


   ℓ  (  𝑣  )  ≤    1  2      deg   (  𝑣  ) 


               1  2      ∑    𝑥  ∈  𝑆       deg   𝐺   (  𝑥  )     ≥  ℓ  (  𝑆  )            >  𝑒  [  𝑆  ]  +  𝛿  (  𝑆  )            =      1  2        (    ∑    𝑥  ∈  𝑆       deg   𝐺   (  𝑥  )  −  𝛿  (  𝑆  )  )   +  𝛿  (  𝑆  )            =      1  2        (    ∑    𝑥  ∈  𝑆       deg   𝐺   (  𝑥  )  +  𝛿  (  𝑆  )  )   .    


       1  2      ∑    𝑥  ∈  𝑆       deg   𝐺   (  𝑣  )  ≤  𝑢  (  𝑆  )  <  𝑒  [  𝑆  ]  =      1  2        (    ∑    𝑥  ∈  𝑆       deg   𝐺   (  𝑥  )  −  𝛿  (  𝑆  )  )   , 


   𝑘  ∈    ℤ  +  


   2  𝑘  +  1 


   {  1  ,  2  ,  .  .  .  ,  𝑘  } 


   𝐹  (  𝑣  )  =  {  1  ,  2  ,  .  .  .  ,  𝑘  } 


   𝐼 


   0 


     𝐺  ′   =  𝐺  −  𝐼 


     𝐹  ′   (  𝑣  )  =  {  0  ,  1  ,  .  .  .  ,  𝑘  −  |    𝑁  𝐺   (  𝑣  )  ∩  𝐼  |  } 


   {  1  ,  .  .  .  ,  𝑘  } 


   |    𝐹  ′   (  𝑣  )  |  =  𝑘  +  1  −  |    𝑁  𝐺   (  𝑣  )  ∩  𝐼  |  ≤      2  𝑘  +  1  −  |    𝑁  𝐺   (  𝑣  )  ∩  𝐼  |   2   ≤    1  2        deg     𝐺  ′    (  𝑣  )  . 


     𝐹  ′   (  𝑣  ) 


   (    𝑣  1   ,  …  ,    𝑣  𝑘   ) 


     𝑣  𝑘  


   2  ≤  𝑖  ≤  𝑘  −  1 


     𝑣  1  


   𝐿  =  (    𝑣  1   ,  …    𝑣  𝑘   ;    𝑣  𝑖   ) 


   (    𝑣  1   ,  …  ,    𝑣  𝑖   ) 


     𝑣  𝑘     𝑣  𝑖  


     𝐿  ′   =  (    𝑣  𝑖   ;    𝑣  1   ,  …  ,    𝑣  𝑘   ) 


     𝐷  𝑖   =  {  𝑣  ∈  𝑉  (  𝐺  )  ∶     deg   𝐷  +   (  𝑣  )  =  𝑖  } 


     𝐷  𝐹   =  {  𝑣  ∈  𝑉  (  𝐺  )  ∶     deg   𝐷  +   (  𝑣  )  ∈  𝐹  (  𝑣  )  } 


     𝐷  𝐹   =  ∅ 


     𝐿  ′   =  (    𝑣  𝑖   ;    𝑣  1   ,  …    𝑣  𝑘   ) 


   𝑎  ,  𝑏  ,  𝑐  ∈  ℤ 


   (  𝑎  ,  𝑏  ,  𝑐  ) 


     𝑣  1   ∈    𝐷  𝑎  


     𝑣  𝑖   ∈    𝐷  𝑏  


     𝑣  𝑘   ∈    𝐷  𝑐  


   (  𝑎  ,  𝑏  ,  𝑐  ) 


     𝑣  1   ,    𝑣  𝑖   ,    𝑣  𝑘  


   (  𝑎  −  1  ,  𝑏  +  2  ,  𝑐  −  1  ) 


   (  𝑎  +  1  ,  𝑏  −  2  ,  𝑐  +  1  ) 


     𝑆  𝑣  


     𝑇  𝑣  


     𝑆  𝑣   ∩    𝑇  𝑣   =  {  𝑣  } 


   𝑃 


   𝑃  =  (  𝑣  =    𝑣  1   ,  …  ,    𝑣  𝑘   ) 


   𝑣  ∈    𝑆  𝑣  


   𝑘  ≥  2 


     𝑣  𝑘   ∈    𝑆  𝑣  


   𝑖  ∈  {  1  ,  …  ,  𝑘  −  1  } 


   𝑖  ≥  2 


   𝑖  =  1 


     𝑣  2   ∈    𝑆  𝑣   ∩    𝑇  𝑣  


   𝑘  ≥  3 


   𝑃  +    𝑣  𝑘     𝑣  𝑖  


   {  0  ,  …  ,   deg   (  𝑣  )  } 


           𝐴  (  𝑣  )     =  {  𝑖  ∶  𝑖  ∉  𝐹  (  𝑣  )  ,  𝑖  −  1  ∈  𝐹  (  𝑣  )  }  ∩  {  0  ,  …  ,   deg   (  𝑣  )  }          𝐵  (  𝑣  )     =  {  𝑖  ∶  𝑖  ∉  𝐹  (  𝑣  )  ,  𝑖  +  1  ∈  𝐹  (  𝑣  )  }  ∩  {  0  ,  …  ,   deg   (  𝑣  )  }          𝑋  (  𝑣  )     =  {  0  ,  …  ,   deg   (  𝑣  )  }  ∖  (  𝐴  (  𝑣  )  ∪  𝐵  (  𝑣  )  ∪  𝐹  (  𝑣  )  )    


   𝐴  (  𝑣  ) 


   𝐵  (  𝑣  ) 


   𝐴  (  𝑣  )  ∩  𝐵  (  𝑣  )  =  ∅ 


   𝑋  (  𝑣  ) 


     𝐷  𝐴   ,    𝐷  𝐵   ,    𝐷  𝑋  


   𝐴  (  𝑣  )  ,  𝐵  (  𝑣  ) 


   |    𝐷  𝐹   | 


   |    𝐷  𝑋   | 


   |    𝐷  𝐹   |  =  0 


   |    𝐷  𝐹   |  ≠  0 


   𝑣  ∈    𝐷  𝐹  


      deg   𝐷  +   (  𝑣  )  +  1  ∈  𝐴  (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  −  1  ∈  𝐵  (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  +  1  ∈  𝐴  (  𝑣  ) 


   𝑤  ∈    𝑇  𝑣   ∖  {  𝑣  } 


      deg   𝐷  +   (  𝑣  )  +  1  ∈  𝐴  (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  ≠   deg   (  𝑣  ) 


      deg     𝐷  ′   +   (  𝑣  )  =     deg   𝐷  +   (  𝑣  )  +  1 


   𝑣  ∉    𝐷  𝐹  ′  


   𝑤  ∈    𝐷  𝐹  ′  


   𝑤  ∉    𝐷  𝐹  


      deg     𝐷  ′   +   (  𝑤  )  =     deg   𝐷  +   (  𝑤  )  −  1 


   𝑤  ∈    𝐷  𝐴  


     𝑇  𝑣   ∖  {  𝑣  }  ⊆    𝐷  𝐴  


   𝑢  ∈    𝑆  𝑣   ∩    𝑇  𝑣   ∖  {  𝑣  } 


   𝑢  ∈    𝑇  𝑣   ∖  {  𝑣  } 


   𝑢  ∈    𝐷  𝐴  


   𝑢  ∈    𝑆  𝑣   ∖  {  𝑣  } 


     𝐷  ″  


      deg     𝐷  ″   +   (  𝑣  )  =     deg   𝐷  +   (  𝑣  )  −  1 


      deg     𝐷  ″   +   (  𝑢  )  =     deg   𝐷  +   (  𝑢  )  +  1 


   𝑢  ∈    𝐷  𝑋  ″  


   𝑣  ∈    𝐷  𝐹  ″  


   |    𝐷  𝐹  ″   |  ≤  |    𝐷  𝐹   | 


   |    𝐷  𝑋  ″   |  >  |    𝐷  𝑋   | 


     𝑇  𝑣   ∖  {  𝑣  } 


   (     deg   𝐷  +   (  𝑣  )  ,     deg   𝐷  +   (    𝑤  1   )  ,     deg   𝐷  +   (    𝑤  2   )  ) 


     𝑤  1   ,    𝑤  2   ∈    𝑇  𝑣   ∖  {  𝑣  } 


     𝑤  1   ,    𝑤  2   ∈    𝐷  𝐴  


     𝐷  ∗  


   (     deg   𝐷  +   (  𝑣  )  +  1  ,     deg   𝐷  +   (    𝑤  1   )  −  2  ,     deg   𝐷  +   (    𝑤  2   )  +  1  ) 


   𝑣  ∈    𝐷  𝐴  ∗  


     𝑤  2   ∈    𝐷  𝐴  


     𝑤  2   ∈    𝐷  𝑋  ∗  


     𝑤  1   ∈    𝐷  𝐹  ∗  


   |    𝐷  𝐹  ∗   |  ≤  |    𝐷  𝐹   | 


   |    𝐷  𝑋  ∗   |  >  |    𝐷  𝑋   | 


      deg   𝐷  +   (  𝑣  )  −  1  ∈  𝐵  (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  −  1  ∈  𝐵  (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  ≠  0 


      deg     𝐷  ′   +   (  𝑣  )  =     deg   𝐷  +   (  𝑣  )  −  1 


   𝑢  ∈    𝐷  𝐹  ′  


   𝑢  ∉    𝐷  𝐹  


      deg     𝐷  ′   +   (  𝑢  )  =     deg   𝐷  +   (  𝑢  )  +  1 


   𝑢  ∈    𝐷  𝐵  


     𝑆  𝑣   ∖  {  𝑣  }  ⊆    𝐷  𝐵  


   𝑤  ∈    𝑆  𝑣   ∩    𝑇  𝑣   ∖  {  𝑣  } 


   𝑤  ∈    𝑆  𝑣   ∖  {  𝑣  } 


   𝑤  ∈    𝐷  𝐵  


      deg     𝐷  ″   +   (  𝑤  )  =     deg   𝐷  +   (  𝑤  )  +  1 


   𝑤  ∈    𝐷  𝑋  ″  


     𝑆  𝑣   ∖  {  𝑣  } 


   (     deg   𝐷  +   (  𝑣  )  ,     deg   𝐷  +   (    𝑢  1   )  ,     deg   𝐷  +   (    𝑢  2   )  ) 


     𝑢  1   ,    𝑢  2   ∈    𝑆  𝑣   ∖  {  𝑣  } 


   (     deg   𝐷  +   (  𝑣  )  −  1  ,     deg   𝐷  +   (    𝑢  1   )  +  2  ,     deg   𝐷  +   (    𝑢  2   )  −  1  ) 


   𝑣  ∈    𝐷  𝐵  ∗  


     𝑢  2   ∈    𝐷  𝐵  


     𝑢  2   ∈    𝐷  𝑋  ∗  


     𝑢  1   ∈    𝐷  𝐹  ∗  


   𝑑  ≥  5 


   𝐹  ⊆  {  0  ,  1  ,  2  ,  …  ,  𝑑  } 


   |  𝐹  |  ≤  2 


      deg     𝐷  ′   +   (  𝑣  )  =     deg     𝐷  ′   −   (  𝑣  ) 


      deg   𝐷  +   (  𝑣  )  ∈  {  ⌊    𝑑  2   ⌋  ,  ⌈    𝑑  2   ⌉  } 


   𝐹  =  {  𝑥  ,  𝑥  +  1  } 


   𝑥  ∈  {  0  ,  1  ,  …  ,  𝑑  −  1  } 


   {  𝑥  ,  𝑥  +  1  }  ∩  {  ⌊    𝑑  2   ⌋  ,  ⌈    𝑑  2   ⌉  } 


   𝑥  =  ⌊    𝑑  2   ⌋ 


   ⌊    𝑑  2   ⌋ 


   ⌈    𝑑  2   ⌉  −  1 


   𝑥  =  ⌊    𝑑  2   ⌋  −  1 


   ⌊    𝑑  2   ⌋  −  1 


   ⌈    𝑑  2   ⌉ 


   𝑑  ≥  6 


   𝑑  =  5 


   𝐹  =  {  1  ,  2  } 


   𝑥  =  ⌈    𝑑  2   ⌉  =      𝑑  +  1   2  


       𝑑  +  1   2  


       𝑑  −  3   2  


   𝑑  ≥  7 


   𝐹  =  {  3  ,  4  } 


   {  1  ,  2  } 


   {  3  ,  4  } 


     𝑃  𝑛   −  𝐸  (  𝑀  ) 


     𝑃  𝑡  


   𝑡  ≥  6 


     𝑣  1   ,  …  ,    𝑣  𝑡  


   𝐸  (  𝑀  )  ∩  𝐸  (    𝑃  𝑡   )  =  {    𝑣  1     𝑣  2   ,    𝑣    𝑡  −  1      𝑣  𝑡   } 


   𝜑  (    𝑣  3   )  =    𝜑  0   (    𝑣  1     𝑣  2   ) 


     𝑣  3  


   [  4  ] 


     𝑣  2     𝑣  3   ,  …  ,    𝑣    𝑡  −  2      𝑣    𝑡  −  1   


     𝑣    𝑡  −  2      𝑣    𝑡  −  1   


     𝑣    𝑡  −  2      𝑣    𝑡  −  1    ,    𝑣    𝑡  −  3      𝑣    𝑡  −  2    ,  …  ,    𝑣  2     𝑣  3  


     𝐶  𝑛   −  𝐸  (  𝑀  ) 


     𝑃  1   ,  …  ,    𝑃    |  𝑀  |   


     𝑃  𝑖  


     𝜒  𝑇   (  𝑇  )  =  Δ  +  1 


   Δ  ≤  2 


   Δ  ≥  3 


   |  𝑉  (  𝑇  )  | 


   𝑥  𝑦  ∉  𝑀 


      deg   𝑇   (  𝑥  )  =  1 


     𝑇  ′   =  𝑇  −  𝑥 


     𝑇  ′  


   Δ  −  1 


     𝑒  1   ,    𝑒  2   ∈  𝑀 


     𝑥  1  


     𝑒  1  


     𝑒  2  


   𝑖  ∈  {  1  ,  2  } 


     𝑒  𝑖   =    𝑥  𝑖     𝑦  𝑖  


   (    𝑥  1   ,    𝑥  2   ) 


     𝑧  𝑖  


     𝑧  1   ≠    𝑧  2  


      deg   𝑇   (    𝑦  1   )  =     deg   𝑇   (    𝑦  2   )  =     deg   𝑇   (    𝑧  1   )  =     deg   𝑇   (    𝑧  2   )  =  2 


     𝑦  1  


     𝑦  2  


      deg   𝑇   (    𝑦  1   )  ≥  3 


   𝑣  ∈  𝑁  (    𝑦  1   )  ∖  {    𝑥  1   ,    𝑧  1   } 


     𝑦  1   𝑣  ∉  𝑀 


     𝑒  3   =    𝑥  3     𝑦  3   ∈  𝑀 


      dist   𝑇   (  𝑣  ,    𝑦  3   )  ≥  2 


     𝑒  3  


   𝑇  −  𝑃 


     𝑤  𝑖  


     𝑧  1  


     𝑧  2  


      deg   𝑇   (    𝑧  1   )  ≥  3 


   𝑣  ∈  𝑁  (    𝑧  1   )  ∖  {    𝑦  1   ,    𝑤  1   } 


     𝑧  1   𝑣  ∉  𝑀 


      dist   𝑇   (  𝑣  ,    𝑦  3   )  ≥  1 


     𝑇  ′   =  𝑇  −  {    𝑥  1   ,    𝑦  1   ,    𝑧  1   } 


     𝜑  ′  


   𝑀  ∖  {    𝑥  1     𝑦  1   } 


     𝑧  1     𝑤  1  


     𝑦  1     𝑧  1  


     𝑤  1  


     𝑥  1     𝑦  1  


   Δ  +  2  ≥  5 


     𝐾  2  


   Δ  +  3 


     𝐶  4  


   𝑉  (  𝐶  )  =  {    𝑣  1   ,    𝑣  2   ,    𝑣  3   ,    𝑣  4   } 


   𝐸  (  𝐶  )  =  {    𝑣  1     𝑣  2   ,    𝑣  2     𝑣  3   ,    𝑣  3     𝑣  4   ,    𝑣  1     𝑣  4   } 


   𝜑  ∶  𝑉  (  𝐶  )  ∪  𝐸  (  𝐶  )  →  [  5  ] 


   𝜑  (    𝑣  1   )  ,  𝜑  (    𝑣  2   )  ,  𝜑  (    𝑣  1     𝑣  2   ) 


   𝜑  (    𝑣  1     𝑣  4   )  ∉  {  𝜑  (    𝑣  1   )  ,  𝜑  (    𝑣  1     𝑣  2   )  } 


   𝜑  (    𝑣  2     𝑣  3   )  ∉  {  𝜑  (    𝑣  2   )  ,  𝜑  (    𝑣  1     𝑣  2   )  } 


   𝜑  (    𝑣  1     𝑣  4   )  ≠  𝜑  (    𝑣  2     𝑣  3   ) 


   𝜑  (    𝑣  3   ) 


   𝜑  (    𝑣  4   ) 


   𝜑  (    𝑣  3     𝑣  4   ) 


     𝐿  5  


     𝑥  1   ,  …  ,    𝑥  5  


     𝑦  1   ,  …  ,    𝑦  5  


     𝑥  𝑖  


     𝑃  5  


     𝑥  𝑖     𝑦  𝑖   ∈  𝐸  (    𝐿  5   ) 


   𝑖  ∈  [  5  ] 


   𝑀  =  {    𝑥  1   ,    𝑥  2   ,    𝑥  1     𝑥  2   ,    𝑦  4   ,    𝑦  5   ,    𝑦  4     𝑦  5   } 


   {    𝑥  1   ,    𝑥  2   ,    𝑦  1   ,    𝑦  2   } 


   {    𝑥  4   ,    𝑥  5   ,    𝑦  4   ,    𝑦  5   } 


     𝑥  5     𝑦  5  


   𝜑  (    𝑥  1   )  =  1 


   𝜑  (    𝑥  1     𝑥  2   )  =  2 


   𝜑  (    𝑥  2   )  =  3 


   𝜑  (    𝑦  4   )  =  𝛼 


   𝜑  (    𝑦  4     𝑦  5   )  =  𝛽 


   𝜑  (    𝑦  5   )  =  𝛾 


   𝛼  ,  𝛽  ,  𝛾 


   [  5  ] 


   {  𝛿  ,  𝜀  }  =  [  5  ]  ∖  {  𝛼  ,  𝛽  ,  𝛾  } 


   (  𝛼  ,  𝛽  ,  𝛾  )  ∉  {  (  4  ,  5  ,  2  )  ,  (  5  ,  1  ,  3  )  ,  (  5  ,  1  ,  4  )  ,  (  5  ,  2  ,  4  )  ,  (  5  ,  4  ,  2  )  ,  (  4  ,  1  ,  2  )  ,  (  5  ,  1  ,  2  )  } 


     𝐶  1   =    𝑥  1     𝑥  2     𝑦  2     𝑦  1  


   𝜑  (    𝑦  1   )  =  3 


   𝜑  (    𝑦  2   )  =  1 


   𝜑  (    𝑦  1     𝑦  2   )  =  5 


   𝜑  (    𝑥  1     𝑦  1   )  =  𝜑  (    𝑥  2     𝑦  2   )  =  4 


     𝐶  4   =    𝑥  4     𝑥  5     𝑦  5     𝑦  4  


   𝜑  (    𝑥  4   )  =  𝛾 


   𝜑  (    𝑥  5   )  =  𝛼 


   𝜑  (    𝑥  4     𝑦  4   )  =  𝜑  (    𝑥  5     𝑦  5   )  =  𝛿 


   𝜑  (    𝑥  4     𝑥  5   )  =  𝜀 


     𝐶  1  


     𝑥  3   ,    𝑦  3   ,    𝑥  2     𝑥  3   ,    𝑥  3     𝑥  4   ,    𝑦  2     𝑦  3   ,    𝑦  3     𝑦  4   ,    𝑥  3     𝑦  3   . 


     𝑥  2     𝑥  3   ,    𝑥  3     𝑥  4   ,    𝑦  2     𝑦  3   ,    𝑦  3     𝑦  4  


     𝑥  3   ,    𝑦  3  


     𝑥  3     𝑦  3  


   (  𝛼  ,  𝛽  ,  𝛾  )  ∉  {  (  4  ,  5  ,  2  )  ,  (  5  ,  1  ,  3  )  ,  (  5  ,  1  ,  4  )  ,  (  5  ,  2  ,  4  )  ,  (  5  ,  4  ,  2  )  ,  (  4  ,  1  ,  2  )  ,  (  5  ,  1  ,  2  )  }  . 


     𝑥  3   ,    𝑦  3   ,    𝑥  2     𝑥  3   ,    𝑥  3     𝑥  4   ,    𝑦  2     𝑦  3   ,    𝑦  3     𝑦  4   ,    𝑥  3     𝑦  3  


   𝐿  (    𝑥  2     𝑥  3   )  =  {  1  ,  5  }  ,    𝐿  (    𝑥  3     𝑥  4   )  =  {  𝛼  ,  𝛽  }  ,    𝐿  (    𝑦  2     𝑦  3   )  =  {  2  ,  3  }  ,    𝐿  (    𝑦  3     𝑦  4   )  =  {  𝛾  ,  𝜀  }  . 


   𝛿 


   𝜀 


   [  5  ]  ∖  {  𝛼  ,  𝛽  ,  𝛾  } 


     𝑥  4     𝑥  5  


   𝛼  ≠  5 


   𝛾  ≠  2 


   𝜑  (    𝑥  2     𝑥  3   )  =  5  ,  𝜑  (    𝑥  3     𝑥  4   )  =  𝛼  ,  𝜑  (    𝑦  2     𝑦  3   )  =  2  ,  𝜑  (    𝑦  3     𝑦  4   )  =  𝛾  . 


     𝑥  3     𝑦  3   ,    𝑥  3   ,    𝑦  3  


           (  𝛼  ,  𝛾  )     (  𝜑  (    𝑥  3     𝑦  3   )  ,  𝜑  (    𝑥  3   )  ,  𝜑  (    𝑦  3   )  )        (  1  ,  3  )     (  4  ,  2  ,  5  )        (  1  ,  4  )     (  3  ,  2  ,  5  )        (  1  ,  5  )     (  3  ,  2  ,  4  )        (  2  ,  1  )     (  3  ,  4  ,  5  )        (  2  ,  3  )     (  1  ,  4  ,  5  )        (  2  ,  4  )     (  3  ,  1  ,  5  )        (  2  ,  5  )     (  1  ,  4  ,  3  )        (  3  ,  1  )     (  4  ,  2  ,  5  )        (  3  ,  4  )     (  1  ,  2  ,  5  )        (  3  ,  5  )     (  1  ,  2  ,  4  )        (  4  ,  1  )     (  3  ,  2  ,  5  )        (  4  ,  3  )     (  1  ,  2  ,  5  )        (  4  ,  5  )     (  1  ,  2  ,  3  )      


   𝛼  ,  𝛾 


   𝛼  =  5 


   𝛾  =  2 


   (  1  ,  3  ,  2  ) 


   (  1  ,  4  ,  2  ) 


   (  1  ,  5  ,  2  ) 


   (  3  ,  4  ,  2  ) 


   (  3  ,  5  ,  2  ) 


   (  4  ,  3  ,  2  ) 


   (  5  ,  2  ,  1  ) 


   (  5  ,  2  ,  3  ) 


   (  5  ,  3  ,  1  ) 


   (  5  ,  3  ,  2  ) 


   (  5  ,  3  ,  4  ) 


   (  5  ,  4  ,  3  ) 


   (  3  ,  1  ,  2  ) 


   (  5  ,  4  ,  1  ) 


           (  𝛼  ,  𝛽  ,  𝛾  )     𝜀     (  𝜑  (    𝑥  2     𝑥  3   )  ,  𝜑  (    𝑥  3     𝑥  4   )  ,  𝜑  (    𝑦  2     𝑦  3   )  ,  𝜑  (    𝑦  3     𝑦  4   )  ,  𝜑  (    𝑥  3     𝑦  3   )  ,  𝜑  (    𝑥  3   )  ,  𝜑  (    𝑦  3   )  )        (  1  ,  3  ,  2  )     5     (  1  ,  3  ,  3  ,  5  ,  2  ,  5  ,  4  )        (  1  ,  4  ,  2  )     5     (  1  ,  4  ,  3  ,  5  ,  2  ,  5  ,  4  )        (  1  ,  5  ,  2  )     4     (  1  ,  5  ,  3  ,  4  ,  2  ,  4  ,  5  )        (  3  ,  4  ,  2  )     5     (  1  ,  4  ,  3  ,  5  ,  2  ,  5  ,  4  )        (  3  ,  5  ,  2  )     4     (  1  ,  5  ,  3  ,  4  ,  2  ,  4  ,  5  )        (  4  ,  3  ,  2  )     5     (  1  ,  3  ,  3  ,  5  ,  4  ,  5  ,  2  )        (  5  ,  2  ,  1  )     4     (  1  ,  2  ,  3  ,  4  ,  5  ,  4  ,  2  )        (  5  ,  2  ,  3  )     4     (  1  ,  2  ,  3  ,  4  ,  5  ,  4  ,  2  )        (  5  ,  3  ,  1  )     4     (  1  ,  3  ,  3  ,  4  ,  5  ,  4  ,  2  )        (  5  ,  3  ,  2  )     4     (  1  ,  3  ,  3  ,  4  ,  5  ,  4  ,  2  )        (  5  ,  3  ,  4  )     2     (  1  ,  3  ,  3  ,  2  ,  5  ,  2  ,  4  )        (  5  ,  4  ,  3  )     2     (  1  ,  4  ,  3  ,  2  ,  5  ,  2  ,  4  )      


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  3  ,  1  ,  2  ) 


   𝜀  =  4 


   𝜑  (    𝑥  2     𝑥  3   )  =  5 


   𝜑  (    𝑥  3     𝑥  4   )  =  1 


   𝜑  (    𝑦  2     𝑦  3   )  =  3 


   𝜑  (    𝑦  3     𝑦  4   )  =  4 


   𝜑  (    𝑥  3     𝑦  3   )  =  2 


   𝜑  (    𝑥  3   )  =  4 


   𝜑  (    𝑦  3   )  =  5 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  4  ,  1  ) 


   𝜀  =  2 


   𝜑  (    𝑥  3     𝑥  4   )  =  4 


   𝜑  (    𝑦  3     𝑦  4   )  =  2 


   𝜑  (    𝑥  3     𝑦  3   )  =  1 


   𝜑  (    𝑥  3   )  =  2 


   𝜑  (    𝑦  3   )  =  4 


   (  𝛼  ,  𝛽  ,  𝛾  ) 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  4  ,  5  ,  2  ) 


   𝜑  (    𝑥  4   )  =  2 


   𝜑  (    𝑥  5   )  =  4 


   𝜑  (    𝑥  4     𝑦  4   )  =  𝜑  (    𝑥  5     𝑦  5   )  =  3 


   𝜑  (    𝑥  4     𝑥  5   )  =  1 


   𝜑  (    𝑥  2     𝑥  3   )  =  1 


   𝜑  (    𝑥  3     𝑥  4   )  =  5 


   𝜑  (    𝑦  2     𝑦  3   )  =  2 


   𝜑  (    𝑦  3     𝑦  4   )  =  1 


   𝜑  (    𝑥  3     𝑦  3   )  =  3 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  1  ,  3  ) 


   𝜑  (    𝑦  1     𝑦  2   )  =  4 


   𝜑  (    𝑥  1     𝑦  1   )  =  𝜑  (    𝑥  2     𝑦  2   )  =  5 


   𝜑  (    𝑥  4   )  =  3 


   𝜑  (    𝑥  5   )  =  5 


   𝜑  (    𝑥  4     𝑦  4   )  =  𝜑  (    𝑥  5     𝑦  5   )  =  2 


   𝜑  (    𝑥  4     𝑥  5   )  =  4 


   𝜑  (    𝑥  2     𝑥  3   )  =  4 


   𝜑  (    𝑦  3     𝑦  4   )  =  3 


   𝜑  (    𝑥  3     𝑦  3   )  =  5 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  1  ,  4  ) 


   𝜑  (    𝑥  4   )  =  4 


   𝜑  (    𝑥  4     𝑥  5   )  =  3 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  2  ,  4  ) 


   𝜑  (    𝑥  4     𝑦  4   )  =  𝜑  (    𝑥  5     𝑦  5   )  =  1 


   𝜑  (    𝑥  3     𝑥  4   )  =  2 


   𝜑  (    𝑥  3   )  =  5 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  4  ,  2  ) 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  4  ,  1  ,  2  ) 


   𝜑  (    𝑥  4     𝑦  4   )  =  2 


   𝜑  (    𝑥  5     𝑦  5   )  =  3 


   𝜑  (    𝑥  4     𝑥  5   )  =  5 


   𝜑  (    𝑥  3     𝑦  3   )  =  4 


   (  𝛼  ,  𝛽  ,  𝛾  )  =  (  5  ,  1  ,  2  ) 


   𝑛  ≥  6 


   𝐺  =    𝑃  𝑛   □    𝐾  2  


   {    𝑥  1   ,  …  ,    𝑥  𝑛   }  ∪  {    𝑦  1   ,  …  ,    𝑦  𝑛   } 


     𝑥  1   ,  …  ,    𝑥  𝑛  


     𝑦  1   ,  …  ,    𝑦  𝑛  


     𝑥  𝑖     𝑦  𝑖   ∈  𝐸  (  𝐺  ) 


   𝑖  ∈  [  𝑛  ] 


   𝑖  ∈  [  𝑛  −  1  ] 


     𝐶  𝑖   =  𝐺  [  {    𝑥  𝑖   ,    𝑥    𝑖  +  1    ,    𝑦  𝑖   ,    𝑦    𝑖  +  1    }  ] 


   𝐻  =  𝑉  (    𝐶  1   )  ∪  𝐸  (    𝐶  1   )  ∪  𝑉  (    𝐶    𝑛  −  1    )  ∪  𝐸  (    𝐶    𝑛  −  1    ) 


     𝜑  0   ∶  𝐻  →  [  5  ] 


     𝑥  2     𝑦  2  


     𝐶    𝑛  −  1   


     𝑥    𝑛  −  1      𝑦    𝑛  −  1   


   𝜑  ∶  𝑉  (  𝐺  )  ∪  𝐸  (  𝐺  )  →  [  5  ] 


     𝑥  1   ,    𝑦  1   ,    𝑥  1     𝑦  1   ,    𝑥  𝑛   ,    𝑦  𝑛   , 


     𝑥  𝑛     𝑦  𝑛  


   𝐺  −  (    𝐶  1   ∪    𝐶    𝑛  −  1    ) 


     𝑥  1   ,    𝑦  1   ,    𝑥  1     𝑦  1   ,    𝑥  𝑛   ,    𝑦  𝑛   , 


   𝑛  =  6 


   𝑉  (    𝐶  𝑖   )  ∪  𝐸  (    𝐶  𝑖   ) 


     𝐶  𝑖  


     𝑥    𝑖  +  1      𝑦    𝑖  +  1   


   𝜑  (    𝑥    𝑖  +  2    )  =  𝜑  (    𝑦    𝑖  +  1    ) 


   𝜑  (    𝑦    𝑖  +  2    )  =  𝜑  (    𝑥    𝑖  +  1    ) 


   𝜑  (    𝑥    𝑖  +  2      𝑦    𝑖  +  2    )  =  𝜑  (    𝑥    𝑖  +  1      𝑦    𝑖  +  1    ) 


   𝜑  (    𝑥    𝑖  +  1    ) 


   𝜑  (    𝑦    𝑖  +  1    ) 


   𝜑  (    𝑥    𝑖  +  1      𝑦    𝑖  +  1    ) 


     𝑥    𝑖  +  1      𝑥    𝑖  +  2   


     𝑦    𝑖  +  1      𝑦    𝑖  +  2   


     𝐶    𝑖  +  1   


     𝑥    𝑖  +  2      𝑦    𝑖  +  2   


     𝜑  0   (    𝑥  1     𝑥  2   ) 


     𝜑  0   (    𝑥  5     𝑥  6   ) 


     𝜑  0   (    𝑦  1     𝑦  2  


     𝜑  0   (    𝑦  5     𝑦  6   ) 


     𝜑  0   (    𝑥  1     𝑥  2   )  ≠    𝜑  0   (    𝑥  5     𝑥  6   ) 


     𝜑  0   (    𝑦  1     𝑦  2   )  ≠    𝜑  0   (    𝑦  5     𝑦  6   ) 


   𝜑  (    𝑥  3   )  =    𝜑  0   (    𝑥  1     𝑥  2   ) 


   𝜑  (    𝑦  3   )  =    𝜑  0   (    𝑦  1     𝑦  2   ) 


   𝜑  (    𝑥  4   )  =    𝜑  0   (    𝑥  5     𝑥  6   ) 


   𝜑  (    𝑦  4   )  =    𝜑  0   (    𝑦  5     𝑦  6   ) 


   𝜑  (    𝑥  3     𝑦  3   )  =    𝜑  0   (    𝑥  2     𝑦  2   ) 


   𝜑  (    𝑥  4     𝑦  4   )  =    𝜑  0   (    𝑥  5     𝑦  5   ) 


     𝐶  5  


     𝑥  3     𝑥  4  


     𝑦  3     𝑦  4  


     𝑥  2     𝑥  3  


     𝑦  2     𝑦  3  


     𝑦  4     𝑦  5  


     𝜑  0   (    𝑥  1     𝑥  2   )  =    𝜑  0   (    𝑥  5     𝑥  6   ) 


     𝜑  0   (    𝑦  1     𝑦  2   )  =    𝜑  0   (    𝑦  5     𝑦  6   ) 


     𝑥  4  


     𝑥  4     𝑦  4  


   𝜑  (    𝑥  4     𝑦  4   )  =    𝜑  0   (    𝑥  2     𝑦  2   ) 


     𝑦  4  


     𝜑  0   (    𝑥  5   )  =    𝜑  0   (    𝑦  5     𝑦  6   ) 


     𝜑  0   (    𝑦  5   )  =    𝜑  0   (    𝑥  5     𝑥  6   ) 


     𝜑  0   (    𝑥  5   )  ≠    𝜑  0   (    𝑦  5     𝑦  6   ) 


     𝑥  5  


     𝑦  5  


     𝑥  5     𝑥  6  


     𝑦  5     𝑦  6  


     𝜑  0   (    𝑥  2     𝑦  2   )  ∈  {    𝜑  0   (    𝑥  5   )  ,    𝜑  0   (    𝑦  5   )  ,    𝜑  0   (    𝑥  5     𝑦  5   )  ,    𝜑  0   (    𝑥  5     𝑥  6   )  ,    𝜑  0   (    𝑦  5     𝑦  6   )  } 


     𝜑  0   (    𝑥  2     𝑦  2   ) 


     𝜑  0   (    𝑥  2     𝑦  2   )  ∉  {    𝜑  0   (    𝑥  5   )  ,    𝜑  0   (    𝑦  5   )  ,    𝜑  0   (    𝑥  5     𝑦  5   )  ,    𝜑  0   (    𝑥  5     𝑥  6   )  ,    𝜑  0   (    𝑦  5     𝑦  6   )  } 


     𝜑  0   (    𝑥  5     𝑦  5   ) 


     𝜑  0   (    𝑥  2   )  =    𝜑  0   (    𝑦  1     𝑦  2   ) 


     𝜑  0   (    𝑦  2   )  =    𝜑  0   (    𝑥  1     𝑥  2   ) 


     𝑥  1     𝑥  2  


     𝑦  1     𝑦  2  


     𝜑  0   (    𝑥  1     𝑥  2   )  =    𝜑  0   (    𝑦  2   )  =    𝜑  0   (    𝑥  5     𝑥  6   )  =    𝜑  0   (    𝑦  5   )  =  1 


     𝜑  0   (    𝑥  2   )  =    𝜑  0   (    𝑦  1     𝑦  2   )  =    𝜑  0   (    𝑥  5   )  =    𝜑  0   (    𝑦  5     𝑦  6   )  =  2 


     𝜑  0   (    𝑥  2     𝑦  2   )  ,    𝜑  0   (    𝑥  5     𝑦  5   )  ∉  {  1  ,  2  } 


     𝜑  0   (    𝑥  2     𝑦  2   )  =  3 


     𝜑  0   (    𝑥  5     𝑦  5   )  =    𝜑  0   (    𝑥  2     𝑦  2   ) 


   𝜑  (    𝑥  3   )  =  𝜑  (    𝑦  3     𝑦  4   )  =  1 


   𝜑  (    𝑦  3   )  =  𝜑  (    𝑥  3     𝑥  4   )  =  2 


   𝜑  (    𝑥  3     𝑦  3   )  =  𝜑  (    𝑥  4     𝑦  4   )  =  3 


   𝜑  (    𝑥  2     𝑥  3   )  =  𝜑  (    𝑥  4   )  =  𝜑  (    𝑦  4     𝑦  5   )  =  4 


   𝜑  (    𝑦  2     𝑦  3   )  =  𝜑  (    𝑦  4   )  =  𝜑  (    𝑥  4     𝑥  5   )  =  5 


     𝜑  0   (    𝑥  5     𝑦  5   )  ≠    𝜑  0   (    𝑥  2     𝑦  2   ) 


     𝜑  0   (    𝑥  5     𝑦  5   )  =  4 


   𝜑  (    𝑥  3     𝑦  3   )  =  𝜑  (    𝑥  4   )  =  𝜑  (    𝑦  4     𝑦  5   )  =  3 


   𝜑  (    𝑥  2     𝑥  3   )  =  𝜑  (    𝑦  2     𝑦  3   )  =  𝜑  (    𝑥  4     𝑦  4   )  =  4 


   𝜑  (    𝑦  4   )  =  𝜑  (    𝑥  4     𝑥  5   )  =  5 


   𝐺  =    𝐶  𝑛   □    𝐾  2  


   𝐺  =    𝐶  𝑛   □    𝐾  2  


   𝑉  (  𝐺  ) 


   𝑋  ∪  𝑌 


   𝑋  =      𝑥  1   ,  …  ,    𝑥  𝑛   


   𝑌  =      𝑦  1   ,  …  ,    𝑦  𝑛   


   𝑋 


   𝑌 


     𝑥  𝑖     𝑦  𝑖   ∈  𝐸  (  𝐺  ) 


     𝑥  𝑖     𝑥    𝑖  +  1   


     𝑦  𝑖     𝑦    𝑖  +  1   


     𝑥  𝑖     𝑦  𝑖  


   𝑒  ∈  𝑀 


   𝑒  =    𝑥  𝑖     𝑦  𝑖  


     𝑦    𝑖  +  3      𝑦    𝑖  +  4   


     𝑥  𝑖   ,    𝑥    𝑖  +  1    ,    𝑥    𝑖  +  2    ,    𝑥    𝑖  +  3    ,    𝑥    𝑖  +  4    ,    𝑦  𝑖   ,    𝑦    𝑖  +  1    ,    𝑦    𝑖  +  2    ,    𝑦    𝑖  +  3    ,    𝑦    𝑖  +  4   


     𝑥  𝑖   ,    𝑥    𝑖  +  1    ,    𝑥  𝑖     𝑥    𝑖  +  1    ,    𝑦    𝑖  +  3    ,    𝑦    𝑖  +  4    ,    𝑦    𝑖  +  3      𝑦    𝑖  +  4   


     𝑥  𝑖   ,    𝑥    𝑖  +  1    ,    𝑦  𝑖   ,    𝑦    𝑖  +  1   


     𝑥  𝑖     𝑥    𝑖  +  1    ∈  𝑀 


     𝜑  0   (    𝑥  𝑖   )  =  1 


     𝜑  0   (    𝑥  𝑖     𝑥    𝑖  +  1    )  =  2 


     𝜑  0   (    𝑥    𝑖  +  1    )  =  3 


   𝜑  (    𝑦    𝑖  +  1    )  =  1 


   𝜑  (    𝑦  𝑖     𝑦    𝑖  +  1    )  =  4 


   𝜑  (    𝑥  𝑖     𝑦  𝑖   )  =  𝜑  (    𝑥    𝑖  +  1      𝑦    𝑖  +  1    )  =  5 


     𝑦  𝑖     𝑦    𝑖  +  1    ∈  𝑀 


     𝑥  𝑖     𝑦  𝑖   ∈  𝑀 


     𝑥  𝑖  ′   ,    𝑥  𝑖  ″   ,    𝑦  𝑖  ′   ,    𝑦  𝑖  ″  


   𝐸  (    𝐶  𝑖   )  =  {    𝑥  𝑖  ′     𝑥  𝑖  ″   ,    𝑥  𝑖  ′     𝑦  𝑖  ′   ,    𝑦  𝑖  ′     𝑦  𝑖  ″   ,    𝑥  𝑖  ″     𝑦  𝑖  ″   } 


   𝜑  (    𝑥  𝑖  ′   )  =  𝜑  (    𝑥  𝑖  ″   )  =    𝜑  0   (    𝑥  𝑖   ) 


   𝜑  (    𝑦  𝑖  ′   )  =  𝜑  (    𝑦  𝑖  ″   )  =    𝜑  0   (    𝑦  𝑖   ) 


   𝜑  (    𝑥  𝑖  ′     𝑦  𝑖  ′   )  =  𝜑  (    𝑥  𝑖  ″     𝑦  𝑖  ″   )  =    𝜑  0   (    𝑥  𝑖     𝑦  𝑖   ) 


     𝑥  𝑖  ′     𝑥  𝑖  ″  


     𝑦  𝑖  ′     𝑦  𝑖  ″  


   [  5  ]  ∖  {    𝜑  0   (    𝑥  𝑖   )  ,    𝜑  0   (    𝑦  𝑖   )  ,    𝜑  0   (    𝑥  𝑖     𝑦  𝑖   )  } 


     𝑥  𝑖  ′     𝑦  𝑖  ′  


     𝑥  𝑖  ″     𝑦  𝑖  ″  


     𝐺  ∗  


   𝑉  (    𝐺  ∗   )  ∪  𝐸  (    𝐺  ∗   ) 


     𝑥  𝑖  ′  


     𝑥  𝑖  ″  


     𝑦  𝑖  ′  


     𝑦  𝑖  ″  


   𝜑  (    𝑥  𝑖  ′   )  =  𝜑  (    𝑥  𝑖  ″   ) 


   𝜑  (    𝑦  𝑖  ′   )  =  𝜑  (    𝑦  𝑖  ″   ) 


   𝜑  (    𝑥  𝑖  ′     𝑦  𝑖  ′   )  =  𝜑  (    𝑥  𝑖  ″     𝑦  𝑖  ″   ) 


     𝐿  1   ,  …  ,    𝐿  𝑡  


     𝐿  1  


     𝐿  𝑖  


     𝐶  𝑖  ′  


     𝐶  𝑖  ″  


     𝐶  𝑖  ′   =    𝐶    𝑖  −  1   ″  


       𝐿  𝑖   ‾   =    𝐿  𝑖   ∪    𝐶  𝑖  ′   ∪    𝐶  𝑖  ″  


       𝐿  1   ‾  


       𝐿  2   ‾  


     𝐶  1  ″   =    𝐶  2  ′  


     𝑥  𝑖     𝑦  𝑖   ∈  𝑀 


   𝜑  (    𝑥  𝑖  ′     𝑥  𝑖  ″   )  =  𝜑  (    𝑥    𝑖  −  1      𝑥  𝑖  ′   ) 


   𝜑  (    𝑦  𝑖  ′     𝑦  𝑖  ″   )  =  𝜑  (    𝑦    𝑖  −  1      𝑦  𝑖  ′   ) 


     𝑥    𝑖  −  1      𝑥  𝑖  


     𝑦    𝑖  −  1      𝑦  𝑖  


   𝜑  (    𝑥    𝑖  −  1      𝑥  𝑖  ′   )  ≠  𝜑  (    𝑦    𝑖  −  1      𝑦  𝑖  ′   ) 


     𝐶  2  ′  


       𝐿  1   ‾   ∪  ⋯  ∪      𝐿  𝑘   ‾  


   𝑖  ≤  𝑘 


     𝐿  1   ∪  ⋯  ∪    𝐿  𝑘  


     𝐿    𝑘  +  1   


       𝐿    𝑘  +  1    ‾  


     𝐶    𝑘  +  1   ′   =    𝐶  𝑘  ″  


   𝑑  =  6 


   Δ  =  2 


   𝑒  ∈  𝐸  (  𝐺  ) 


      deg   𝐷  +   (  𝑣  ) 


      deg   𝐷  −   (  𝑣  ) 


     Δ  +   (  𝐷  )  =   max   {     deg   𝐷  +   (  𝑣  )  ∶  𝑣  ∈  𝑉  (  𝐺  )  } 


     Δ  +   (  𝐺  )  =   min   {    Δ  +   (  𝐷  )  ∶  𝐷    is an orientation of    𝐺  }  . 


     Δ  −   (  𝐺  ) 


    mad   (  𝐺  )  =     max     𝐻  ⊆  𝐺          2  |  𝐸  (  𝐻  )  |     |  𝑉  (  𝐻  )  |    , 


     Δ  +   (  𝐺  )  =    ⌈    1  2    mad   (  𝐺  )  ⌉  


   𝐹  ∶  𝑉  (  𝐺  )  →    2  ℕ  


   𝐹  ∶  𝑉  (  𝐺  )  →    2  ℕ  


   |  𝐹  (  𝑣  )  |  <    1  2      deg   (  𝑣  ) 


   𝐹  ⊆  {  0  ,  1  ,  …  ,  𝑑  } 


   |  𝐹  |  <    1  2   𝑑 


     𝐾    2  𝑘  +  1   


   𝐹  =  {  𝑘  ,  …  ,  2  𝑘  −  1  } 


   𝑑  =  1  ,  2 


   𝑑  =  3  ,  4 


   𝑑  =  5  ,  6 


   Δ  (  𝐺  ) 


   𝛿  (  𝐺  ) 


   |  𝐹  (  𝑣  )  |  <    1  2      deg   (  𝑣  ) 


   |  𝐹  (  𝑣  )  |  <    1  2      deg   (  𝑣  ) 


   𝑔 


   (   mad   (  𝐺  )  −  2  )  (  𝑔  −  2  )  <  4 


     1  2  


     1  4  


   ⌊    1  3        deg   𝐺   (  𝑣  )  ⌋ 


   |  𝐹  (  𝑣  )  |  ∼    1  2        deg   𝐺   (  𝑣  ) 


   |  𝐹  (  𝑣  )  |  ∼    2  5        deg   𝐺   (  𝑣  ) 


     1  3  


   𝐺  =  (  𝑉  ,  𝐸  ) 


   𝜑  ∶  𝑉  (  𝐺  )  →  [  𝑘  ] 


   𝜒  (  𝐺  ) 


   𝜒  (  𝐺  )  ≤  4 


   𝜑  ∶  𝐸  (  𝐺  )  →  [  𝑘  ] 


   𝜑  (  𝑒  )  ≠  𝜑  (  𝑓  ) 


     𝜒  ′   (  𝐺  ) 


     𝜒  ′   (  𝐺  )  =  𝜒  (  𝐿  (  𝐺  )  ) 


     𝜒  ′   (  𝐺  )  ≥  Δ  (  𝐺  ) 


     𝜒  ′   (  𝐺  )  ≤  Δ  (  𝐺  )  +  1 


   {  1  ,  2  ,  …  ,  𝑘  }  =  [  𝑘  ] 


     𝜒  𝑇   (  𝐺  ) 


     𝜒  𝑇   (  𝐺  )  ≥  Δ  (  𝐺  )  +  1 


     𝜒  𝑇   (  𝐺  )  ≤  Δ  (  𝐺  )  +  2  . 


   Δ  (  𝐺  )  ≠  6 


     𝜒  𝑇   (  𝐺  )  =  Δ  (  𝐺  )  +  1 


   Δ  (  𝐺  )  ≥  9 


   Δ  (  𝐺  )  ≤  3 


   ℓ 


   Δ  ≥   17  


   2  Δ  (  𝐺  ) 


   2  Δ  (  𝐺  )  −  2 


   (  2  Δ  +  1  ) 


   (  Δ  (  𝐺  )  +  2  ) 


   Δ  (  𝐺  )  +  1 


     𝜒  𝑇   (  𝐺  )  =  Δ  (  𝐺  )  +  1 


   Δ  (  𝐺  )  +  2 


   (    𝜒  𝑇   (  𝐺  )  +  1  ) 


   Δ  ≥   28  


   (  Δ  +  𝑑  +  2  ) 


   𝑑  =  Δ  −  1 


   (  Δ  +  𝑑  +  1  ) 


   (  Δ  +  𝑑  ) 


   Δ  ≥   16   +  𝑑 


   𝑥  ∈  𝑉  (  𝐺  )  ∪  𝐸  (  𝐺  ) 


   𝐿  (  𝑥  ) 


   |  𝐿  (  𝑥  )  |  =  𝑘 


   𝑥  ∈  𝑉  (  𝐺  )  ∪  𝐸  (  𝐺  )  ∖  (  𝑉  (  𝐻  )  ∪  𝐸  (  𝐻  )  ) 


   𝐿  (  𝑥  )  =  {  𝜑  (  𝑥  )  } 


   𝑥  ∈  𝑉  (  𝐻  )  ∪  𝐸  (  𝐻  ) 


   𝜑  (  𝑥  ) 


   Δ  ≥   12  


   𝜔  (  𝐻  ) 


   𝜔  (  𝐺  )  ≤  4 


   Δ  ≤  3 


   [  Δ  +  2  ] 


   [  Δ  +  3  ] 


     𝑉    [  1  ,  𝑡  −  1  ]    ⊆  𝑉  (  𝐻  ) 


     𝑉  𝑡   ⊆  𝑉  (  𝐻  ) 


   𝑁  (  𝑣  )  ⊆    𝑉  Δ  


   |  𝑉  (    𝐻  𝑖   )  |  −  1 


       𝑠  (    𝐻  𝑖   )   2  


   𝒞  (  𝑇  ) 


   𝑠  (    𝐻  𝑖   )  −  2 


   𝑣  ∈    𝑉    [  1  ,  3  ]    ∩  𝑉  (  𝐻  ) 


   𝑢  ∈    𝑉  Δ  


   𝑣  ∈    𝑉  3   ∖  𝑉  (  𝐻  ) 


   𝑚 


   𝑓  ∈      𝐹  ˜   𝑚  


     6  𝑚  


   𝑣  ∈    𝑉  1  


     𝑉  1   ⊆  𝑉  (  𝐻  ) 


   𝑁  (  𝑣  )  ⊆    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]   


     𝑉    [  2  ,  𝑡  −  1  ]    =  ∅ 


   𝑢  ,    𝑢  ′  


   𝑤  ,    𝑤  ′  


     1  𝑦  


   𝑣  ∈    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]   


   𝑡  =  4 


   Δ  ≥   27  


   𝑥 


   Δ  ≥  5 


   4 


   𝑒  ∈  𝐸  (  𝐺  )  ∖  𝐸  (  𝐻  ) 


   𝐺  −  𝑒 


     𝐺  ′   =  𝐺  −  𝑒 


   Δ  (    𝐺  ′   )  ≥   28   −  𝑡 


     𝐺  ′  


   Δ  (    𝐺  ′   )  <   28   −  𝑡 


   Δ  (  𝐺  )  =   28   −  𝑡 


   Δ  (    𝐺  ′   )  =   28   −  (  𝑡  +  1  ) 


   (  Δ  (    𝐺  ′   )  +  (  𝑡  +  1  )  ) 


   𝑡  ≤  3 


   ⊠ 


   𝑢  𝑣  ∈  𝐸  (  𝐺  )  ∖  𝐸  (  𝐻  ) 


   𝑢  ∉  𝑉  (  𝐻  ) 


    deg   (  𝑢  )  ≤      Δ  +  𝑡   2  


    deg   (  𝑢  )  +   deg   (  𝑣  )  ≥  Δ  +  𝑡 


   𝐸  (  𝐺  )  ∖  𝐸  (  𝐻  ) 


   𝑢  ,  𝑣 


     𝐺  ′   =  𝐺  −  𝑢  𝑣 


   𝜑  (  𝑢  )  =  𝜑  (  𝑣  ) 


   𝑢 


   𝑢  ∉  𝑉  (  𝐻  ) 


   2  (     deg   𝐺   (  𝑢  )  −  1  )  +  1 


   Δ  +  𝑡  −  1 


   𝜑  (  𝑢  )  ≠  𝜑  (  𝑣  ) 


   𝑢  𝑣 


      deg   𝐺   (  𝑢  )  −  1  +     deg   𝐺   (  𝑣  )  −  1  +  2  =     deg   𝐺   (  𝑢  )  +     deg   𝐺   (  𝑣  ) 


    deg   (  𝑢  )  +   deg   (  𝑣  )  <  Δ  +  𝑡 


    deg   (  𝑢  )  +   deg   (  𝑣  )  ≥  Δ  +  1 


   𝑡  ≥  2 


   𝑣  ∈    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  ) 


   𝑢  ∈    𝑉    [  1  ,  𝑡  −  1  ]    ∖  𝑉  (  𝐻  ) 


   𝑡  −  1  ≤      Δ  +  𝑡   2  


    deg   (  𝑣  )  >  Δ 


   𝑣  ∈    𝑉  𝑡   ∖  𝑉  (  𝐻  ) 


   𝑁  (  𝑣  )  =  {    𝑢  1   ,  .  .  .  ,    𝑢  𝑡   } 


     𝑢  𝑖   ∈    𝑉  Δ  


     𝐺  ′   =  𝐺  −  𝑣 


   𝑣    𝑢  1   ,  𝑣    𝑢  2   ,  .  .  .  ,  𝑣    𝑢  𝑡  


   Δ  +  𝑖  −  1  <  Δ  +  𝑡 


   2     deg   (  𝑣  )  =  2  𝑡 


   𝑡  ≤  4 


   Δ  ≥   24  


   2  𝑡  <  Δ  +  𝑡 


   𝑁  (  𝑣  )  =  {    𝑢  1   ,  .  .  .  ,    𝑢    𝑡  +  1    } 


   𝑁  (  𝑣  )  ⊆    𝑉    [  Δ  −  1  ,  Δ  ]   


     𝑢    𝑡  +  1    ∈    𝑉    Δ  −  1   


   𝐺  −  𝑣 


   Δ  −  1  +  𝑡 


   𝑣    𝑢    𝑡  +  1   


   2       deg   𝐺   (  𝑣  )  =  2  𝑡  +  2  ≤   10  


   𝑡  ∈  {  1  ,  2  } 


   |    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  )  |  <  |    𝑉  Δ   | 


   𝐵 


     𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  ) 


     𝑉  Δ  


   |  𝐸  (  𝐹  )  |  <  |  𝑉  (  𝐹  )  | 


   |  𝐸  (  𝐵  )  |  ≥  (  𝑡  +  1  )  |    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  )  |  ≥  2  |    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  )  | 


   |  𝑉  (  𝐵  )  |  =  |    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  )  |  +  |    𝑉  Δ   | 


   𝐶 


     𝐺  ′   =  𝐺  −  𝐸  (  𝐶  ) 


   𝑉  (  𝐶  )  ∩    𝑉    𝑡  +  1   


   𝑢  𝑣  ∈  𝐸  (  𝐺  ) 


    deg   (  𝑢  )  −  2  +   deg   (  𝑣  )  −  2  +  1  ≤  Δ  +  𝑡  −  2 


   𝐸  (  𝐶  ) 


   𝑣  ∈    𝑉    𝑡  +  1    ∩  𝑉  (  𝐶  ) 


   2  (  𝑡  +  1  )  ≤  6 


   Δ  +  𝑡  ≥  7 


   (  2  ,  2  ) 


   (  2  ,  3  ,  3  ) 


   (  3  ,  3  ,  3  ) 


   (  3  ,  3  ,  4  ,  4  ) 


   (  3  ,  4  ,  4  ,  4  ) 


   𝑉  (    𝐻  𝑖   ) 


   |  𝑉  (    𝐻  𝑖   )  | 


   𝑣  ∈  𝑉  (    𝐻  𝑖   ) 


    deg   (  𝑣  )  ≥  |  𝑉  (    𝐻  𝑖   )  | 


     𝑣  ′   ∈  𝑁  (  𝑣  )  ∖  𝑉  (    𝐻  𝑖   ) 


   𝑣    𝑣  ′   ∉  𝐸  (  𝐻  ) 


     𝑣  ′  


    deg   (  𝑣  )  ≥  |  𝑉  (    𝐻  𝑖   )  |  +  1 


     𝑣  ″  


   𝑣    𝑣  ′   ,  𝑣    𝑣  ″   ∉  𝐸  (  𝐻  ) 


   |  𝑉  (    𝐻  𝑖   )  |  =  1 


   𝑉  (    𝐻  𝑖   )  =  {  𝑣  } 


   𝐺  ≇    𝐾  1  


   (  ℎ  ) 


   |  𝑉  (    𝐻  𝑖   )  |  =  2 


   𝑉  (    𝐻  𝑖   )  =  {  𝑢  ,  𝑣  } 


    deg   (  𝑢  )  ≤   deg   (  𝑣  ) 


    deg   (  𝑢  )  ≤  2 


    deg   (  𝑢  )  =  1 


    deg   (  𝑣  )  ≥  2 


   𝐺  ≇    𝐾  2  


   (  1  ,  2  ) 


   (  1  ,  ℎ  ) 


    deg   (  𝑢  )  =  2 


    deg   (  𝑣  )  =  2 


   |  𝑉  (    𝐻  𝑖   )  |  =  3 


   𝑉  (    𝐻  𝑖   )  =  {  𝑢  ,  𝑣  ,  𝑤  } 


   2  ≤   deg   (  𝑢  )  ≤   deg   (  𝑣  )  ≤   deg   (  𝑤  ) 


    deg   (  𝑢  )  ≤   deg   (  𝑣  )  ≤  3 


   𝑤 


    deg   (  𝑢  )  =   deg   (  𝑣  )  =  2 


    deg   (  𝑤  )  =  3 


   𝐺  ≇    𝐾  3  


   (  2  ,  2  ,  ℎ  ) 


   (  2  ,  2  ,  3  ) 


   |  𝑉  (    𝐻  𝑖   )  |  =  4 


   𝑉  (    𝐻  𝑖   )  =  {  𝑢  ,  𝑣  ,  𝑤  ,  𝑥  } 


   3  ≤   deg   (  𝑢  )  ≤   deg   (  𝑣  )  ≤   deg   (  𝑤  )  ≤   deg   (  𝑥  ) 


   𝑢  ,  𝑣  ,  𝑤 


   3  ≤   deg   (  𝑢  )  ≤   deg   (  𝑣  )  ≤   deg   (  𝑤  )  ≤  4 


    deg   (  𝑢  )  =   deg   (  𝑣  )  =   deg   (  𝑤  )  =  3 


   (  3  ,  3  ,  3  ,  ℎ  ) 


   𝐺  ≇    𝐾  4  


    deg   (  𝑥  )  =  4 


   (  4  ,  4  ,  4  ,  4  ) 


   𝐺  ≅    𝐾  5  


   (  3  ,  3  ,  3  ,  4  ) 


   𝑠  (    𝐻  𝑖   )  ≤  6 


   𝑠  (    𝐻  𝑖   ) 


   4  −   deg   (  𝑣  ) 


   𝑣  ∈    𝑉    [  1  ,  3  ]   


   𝑠  (    𝐻  𝑖   )  ≤  3 


   3 


   𝑠  (    𝐻  𝑖   )  ≤  3  +  2  =  5 


   𝑠  (    𝐻  𝑖   )  ≤  2  +  2  +  2  =  6 


   𝑢  𝑣  ,  𝑢  𝑤 


   𝑣  𝑤 


   𝑠  (    𝐻  𝑖   )  ≤  2  +  2  +  1  +  1  =  6 


   {  𝑢  ,  𝑣  ,  𝑤  } 


   𝑢  𝑣  ,  𝑢  𝑤  ,  𝑣  𝑤 


   𝑠  (    𝐻  𝑖   )  ≤  2  +  1  +  1  +  2  =  6 


   𝑠  (    𝐻  𝑖   )  ≤  1  +  1  +  1  +  3  =  6 


   𝑠  (    𝐻  𝑖   )  ≤  1  +  1  +  4  =  6 


   𝑢  ,  𝑣  ,  𝑤  ,  𝑥 


   {  𝑢  ,  𝑣  ,  𝑤  ,  𝑥  } 


   𝑘  ∈  {  0  ,  1  ,  2  ,  3  } 


   6  −  𝑘 


   𝑢  𝑣  ,  𝑢  𝑤  ,  𝑢  𝑥  ,  𝑣  𝑤  ,  𝑣  𝑥  ,  𝑤  𝑥 


   𝑠  (    𝐻  𝑖   )  ≤  𝑘  +  (  6  −  𝑘  )  =  6 


     𝑥  2   +    𝑥  3  


     𝑥  2  


     𝑥  3  


   𝒞  (    𝐻  𝑗   ) 


   |  𝑉  (    𝐻  𝑗   )  |  ≥  3 


     𝑥  2   +    𝑥  3   =  1 


   𝑊 


   ℓ  (  𝑓  )  ≥  4  (    𝑥  1   +    𝑥  2   ) 


   𝐶  =    𝑣  1   ,  .  .  .  ,    𝑣  𝑘  


   𝑘  ≥   max   {    𝑥  2   +    𝑥  3   ,  3  } 


   ℓ  (  𝑓  )  ≥  𝑘  +  3    𝑥  3  


     𝑣  𝑖  


     𝑣    𝑖  −  1   


     𝑣    𝑖  +  1   


   ℓ  (  𝑓  )  ≥  (    𝑥  1   +    𝑥  2   )  +  3    𝑥  1   +  3    𝑥  2   =  4  (    𝑥  1   +    𝑥  2   )  . 


     𝑥  1   +    𝑥  2   =  1 


   ℓ  (  𝑓  )  ≥  3  +  2    𝑥  2   =  5 


     𝑥  2   =  1  ,    𝑥  3   =  0 


   ℓ  (  𝑓  )  ≥  3  +  3    𝑥  2   =  6 


     𝑥  2   =  0  ,    𝑥  3   =  1 


   𝑠  (    𝐻  𝑖   )  −  1 


   |  𝑉  (    𝐻  𝑖   )  |  ≥  3 


   𝑓  ∈    𝐹  3  


   𝐸  (  𝐻  ) 


     1  2  


   𝑡  ≤  2 


   𝑡  =  1 


     1  3  


     𝜇  ′   (  𝒫  )  ≥  𝜇  (  𝒫  )  +  |    𝑉    [  Δ  −  1  ,  Δ  ]    |  −  |    𝑉    𝑡  +  1    ∖  𝑉  (  𝐻  )  |  >  0 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  =  ℓ  (  𝑓  )  −  4  ≥  4  −  4  =  0 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  +  1  =  3  −  4  +  1  =  0 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  +  2  ⋅    1  2   =  3  −  4  +  1  =  0 


     𝑥  2   ,    𝑥  3  


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  −    𝑥  1   −  2    𝑥  2   =  ℓ  (  𝑓  )  −  4  −    𝑥  1   −  2    𝑥  2  


     𝑥  2   +    𝑥  3   ≥  2 


     𝜇  ′   (  𝑓  )  ≥  4    𝑥  2   +  4    𝑥  3   −  4  −    𝑥  2   −  2    𝑥  3   =  3    𝑥  2   +  2    𝑥  3   −  4  ≥  0 


     𝜇  ′   (  𝑓  )  ≥  5  −  4  −  1  =  0 


     𝜇  ′   (  𝑓  )  ≥  6  −  4  −  2  =  0 


     𝜇  ′   (  𝑓  )  ≥  0 


   2  |    𝑉  2   ∩  𝑉  (    𝐻  𝑖   )  |  +  |    𝑉  3   ∩  𝑉  (    𝐻  𝑖   )  |  +  |  {  𝑓  ∈    𝐹  3   ∶  𝐸  (  𝑓  )  ∩  𝐸  (  𝐻  )  ≠  ∅  }  |  =  𝑠  (    𝐻  𝑖   ) 


     𝜇  ′   (  𝒞  (    𝐻  𝑖   )  )  =  𝜇  (  𝒞  (    𝐻  𝑖   )  )  +  𝑠  (    𝐻  𝑖   )  −  𝑠  (    𝐻  𝑖   )  =  0 


   𝑣  ∈    𝑉  1  


   𝑣  ∈    𝑉    [  2  ,  3  ]    ∩  𝑉  (  𝐻  ) 


   𝑣  ∈  𝑉  (  𝐻  ) 


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  +  4  −   deg   (  𝑣  )  =   deg   (  𝑣  )  −  4  +  4  −   deg   (  𝑣  )  =  0 


   𝑣  ∈    𝑉    [  2  ,  3  ]    ∖  𝑉  (  𝐻  ) 


   𝑣  ∈    𝑉    𝑡  +  1   


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  +  4  −   deg   (  𝑣  )  =   deg   (  𝑣  )  −  4  +  4  −   deg   (  𝑣  )  =  0 


   𝑣  ∈    𝑉    𝑡  +  2   


   𝑣  ∈    𝑉  3  


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  +    1  3      deg   (  𝑣  )  =  −  1  +  1  =  0 


    deg   (  𝑣  )  ≥  4 


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  =   deg   (  𝑣  )  −  4  ≥  0 


    deg   (  𝑣  )  ≥  ⌈      Δ  +  𝑡   2   ⌉  ≥   14  


   𝑡  =  2 


     𝑉    [  Δ  −  2  ,  Δ  ]   


   𝑡  =  1 


   𝑡  =  2 


   𝑣  ∉    𝑉  Δ  


   𝑣  ∉    𝑉    [  Δ  −  2  ,  Δ  ]   


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −    1  2      deg   (  𝑣  )  =    1  2      deg   (  𝑣  )  −  4 


     𝜇  ′   (  𝑣  )  ≥  0 


    deg   (  𝑣  )  ≥  8 


    deg   (  𝑣  )  −  1 


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  (  𝑠  (    𝐻  𝑖   )  −  1  +    1  2   (   deg   (  𝑣  )  −  2  )  ) 


     𝜇  ′   (  𝑣  )  ≥   deg   (  𝑣  )  −  4  −  (  5  −  1  +    1  2   (   deg   (  𝑣  )  −  2  )  )  =    1  2      deg   (  𝑣  )  −  7 


    deg   (  𝑣  )  ≥   14  


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  (  𝑠  (    𝐻  𝑖   )  −  2  +    1  2   (   deg   (  𝑣  )  −  2  )  ) 


     𝜇  ′   (  𝑣  )  ≥   deg   (  𝑣  )  −  4  −  (  6  −  2  +    1  2   (   deg   (  𝑣  )  −  2  )  )  =    1  2      deg   (  𝑣  )  −  7 


   𝑡  =  2 


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  (      𝑠  (    𝐻  𝑖   )   2   +    1  2      deg   (  𝑣  )  ) 


     𝜇  ′   (  𝑣  )  ≥   deg   (  𝑣  )  −  4  −  (  3  +    1  2      deg   (  𝑣  )  )  =    1  2      deg   (  𝑣  )  −  7 


   𝑣  ∈    𝑉    [  Δ  −  2  ,  Δ  ]   


   𝑣  ∈    𝑉  Δ  


     𝜇  ′   (  𝑣  )  ≥    1  2      deg   (  𝑣  )  −  7  −  1  =    1  2   Δ  −  8  ≥  0 


   Δ  ≥   16  


   𝑢  ,    𝑢  ′   ∉  𝑉  (  𝐻  ) 


   𝑢    𝑢  ′   ∉  𝐸  (  𝐺  ) 


     𝑢  ′  


   𝑠 


     𝑉  3   ∖  𝑉  (  𝐻  ) 


     𝑠  ′  


   𝑠  ≤   deg   (  𝑣  )  ,    𝑠  ′   ≤   deg   (  𝑣  ) 


   𝑠  +    𝑠  ′   ≤    3  2      deg   (  𝑣  ) 


    deg   (  𝑣  )  =  Δ 


     1  3   ⋅  (    1  2   (   deg   (  𝑣  )  )  ) 


   𝑣  ∈    𝑉    [  Δ  −  2  ,  Δ  −  1  ]   


     𝜇  ′   (  𝑣  )  ≥    1  2      deg   (  𝑣  )  −  8  −    1  3   (    1  2      deg   (  𝑣  )  )  =    1  3      deg   (  𝑣  )  −  8  =    1  3   (  Δ  −  2  )  −  8 


   Δ  ≥   26  


     𝜇  ′   (  𝑣  )  ≥    1  3      deg   (  𝑣  )  −  9  =    1  3   Δ  −  9  ≥  0 


     𝑉    [  2  ,  𝑑  +  5  ]    =  ∅ 


   𝑣  ∈    𝑉    [  2  ,  𝑑  +  5  ]   


   𝑣  ∉  𝑉  (  𝐻  ) 


    deg   (  𝑣  ) 


     𝑣  𝑢  


   𝑢  ∈    𝑁  𝐺   (  𝑣  ) 


   |  𝐸  (  𝐺  )  |  =  |  𝐸  (    𝐺  ′   )  | 


   𝑞  (    𝐺  ′   )  <  𝑞  (  𝐺  ) 


     𝑉    [  2  ,  𝑑  +  5  ]   


   𝑢  𝑣  ∈  𝐸  (  𝐻  ) 


   𝜑  (  𝑢    𝑣  𝑢   )  =  𝜑  (  𝑢  𝑣  ) 


   𝜑  (    𝑣  𝑢   )  =  𝜑  (  𝑣  ) 


   𝑢  ∈  𝑁  (  𝑣  ) 


   𝜑  (  𝑢    𝑣  𝑢   )  =  𝜑  (    𝑢  ′     𝑣    𝑢  ′    ) 


   𝑢  ,    𝑢  ′   ∈  𝑁  (  𝑣  ) 


     𝑢  ′   𝑣 


    deg   (  𝑢  )  −  1  +  1  +   deg   (  𝑣  )  −  1  +  1  ≤  Δ  +  𝑑  <  Δ  +  𝑑  +  6 


   𝑣  ∈  𝑁  (  𝑢  ) 


   Δ  +  1 


   𝑢  ,  𝑣  ∈  𝑉  (  𝐻  ) 


   𝜑  (  𝑣  )  ≠  𝜑  (  𝑢  ) 


   𝐸  (    𝐺  ′   )  =  𝐸  (  𝐺  )  −  1 


   |    𝑉    [  2  ,  𝑑  +  5  ]    | 


   𝑞  (    𝐺  ′   )  <  𝑞  (  𝐺  ) 


   𝜑  (  𝑢  ) 


   𝜑  (  𝑣  ) 


   Δ  +  𝑑  +  6  >  Δ  +  1 


       𝐹  ˜   𝑖   =  ∅ 


   𝑖  =  0  ,  1  ,  2 


   𝑖  ∈  {  0  ,  1  ,  2  } 


     𝑉  2   =  ∅ 


   𝑣  ∈    𝑉    [  𝑡  ,  4  ]   


   |    𝑉    [  𝑡  ,  4  ]    |  <  |    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]    | 


     𝑉    [  𝑡  ,  4  ]   


     𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]   


   𝐺  −  𝐸  (  𝐻  ) 


   𝐸  (  𝐵  ) 


   2  |    𝑉    [  𝑡  ,  4  ]    |  ≤  |  𝐸  (  𝐵  )  |  <  |  𝑉  (  𝐵  )  |  =  |    𝑉    [  𝑡  ,  4  ]    |  +  |    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]    | 


   𝑣  ∈  𝑉  (  𝐶  ) 


   𝑣  ∉  𝑉  (  𝐻  ) 


     𝐻  ′   =  𝐻  ∪  𝑉  (  𝐶  ) 


     𝐻  ′  


     𝐺  ′   =  𝐺  ∖  𝐸  (  𝐶  ) 


   𝑢  𝑣  ∈  𝐸  (  𝐶  ) 


   𝑢  ∈    𝑉    [  𝑡  ,  4  ]    ,  𝑣  ∈    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]   


   1  +  Δ  −  2  +  2  =  Δ  +  1 


   Δ  −  2 


   Δ  +  𝑡  =  Δ  +  3 


   2  +  Δ  −  2  +  2  =  Δ  +  2 


   Δ  +  𝑡  =  Δ  +  4 


   𝜂  (  𝑣  )  ≤    1  2      deg   (  𝑣  ) 


   𝜂  (  𝑣  )  >    1  2      deg   (  𝑣  ) 


   𝑢  ,  𝑣  ,  𝑤 


   𝑢  ,  𝑤 


   𝑢  𝑤  ∈  𝐸  (  𝐻  ) 


   𝑧 


   𝑢  𝑧  ∈  𝐸  (  𝐻  ) 


     𝑓  ′   =  𝑣  𝑢    𝑤  ′  


     𝑤  ′  


   𝑢    𝑤  ′   ∈  𝐸  (  𝐻  ) 


   𝑥  ≥  1 


   ℓ  (  𝑓  )  ≥  𝑥  +  4 


   𝑥  =  1 


   𝑥  ≥  2 


   ℓ  (    𝑓  ′   )  ≥  𝑥  −  1  +  4  =  𝑥  +  3 


   ℓ  (  𝑓  )  =  ℓ  (    𝑓  ′   )  +  2  =  𝑥  +  5  ≥  𝑥  +  4 


   𝑦  ≥  1 


     𝜇  ′   (  𝒫  )  ≥  𝜇  (  𝒫  )  +  2  |    𝑉    [  Δ  −  4  +  𝑡  ,  Δ  ]    |  −  2  |    𝑉    [  𝑡  ,  4  ]    |  >  0 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  +  𝑦  ⋅    1  𝑦   =  0 


   ℓ  (  𝑓  )  ≥  4 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  =  ℓ  (  𝑓  )  −  4  ≥  0 


     𝜇  ′   (  𝑓  )  =  𝜇  (  𝑓  )  −  𝑥  =  ℓ  (  𝑓  )  −  4  −  𝑥 


   ℓ  (  𝑓  )  ≥  4  +  𝑥 


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  +  1  +  2  =   deg   (  𝑣  )  −  4  +  3  =  0 


     𝜇  ′   (  𝑣  )  =  𝜇  (  𝑣  )  +  1  +  1  +  2  ⋅    1  2   =   deg   (  𝑣  )  +  3  =  0 


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  1  =   deg   (  𝑣  )  −  5 


    deg   (  𝑣  )  ≥  5 


   2  ≤   deg   (  𝑣  )  ≤  4 


     𝑉    [  2  ,  𝑡  −  1  ]    =  ∅ 


    deg   (  𝑣  )  ∈  {  3  ,  4  } 


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  +  2  −  1  =   deg   (  𝑣  )  −  3  ≥  0 


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  (  2  +    1  2   (   deg   (  𝑣  )  −  1  )  )  =    1  2      deg   (  𝑣  )  −     11   2  


    deg   (  𝑣  )  ≥   11  


    deg   (  𝑣  )  ≥  ⌈      Δ  +  𝑡   2     ⌉  ≥   16  


     𝜇  ′   (  𝑣  )  ≥  𝜇  (  𝑣  )  −  (  1  ⋅  𝜂  (  𝑣  )  +    1  2   ⋅  (   deg   (  𝑣  )  −  𝜂  (  𝑣  )  )  )  ≥    1  4      deg   (  𝑣  )  −  4 


    deg   (  𝑣  )  ≥   16  


   ⌈      Δ  +  𝑡   2   ⌉  ≥   16  


    deg   (  𝑣  )  ≥  Δ  −  1 


     𝜇  ′   (  𝑣  )  ≥    1  2      deg   (  𝑣  )  −     11   2   −  2  ≥    1  2   Δ  −  8  ≥  0 


   Δ  ≥   25  


     𝜇  ′   (  𝑣  )  ≥    1  4      deg   (  𝑣  )  −  6  ≥    1  4   Δ  −     25   4   ≥  0 


   0  ,     deg   𝐺   (  𝑢  )  ∉  𝐹  (  𝑢  ) 


   𝑢  ,  𝑣  ∈  𝑉  (  𝐺  ) 


   0  ∉  𝐹  (  𝑢  ) 


      deg   𝐺   (  𝑣  )  ∉  𝐹  (  𝑣  ) 
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Chapter1

Introduction

A finite simple graph G is an ordered pair (V, E) where V = V(G) is a finite set of vertices
and E = E(G) is a set of two-element subsets of V, called edges. In this thesis all graphs are
assumed to be finite and simple unless otherwise stated. We refer the reader to [1] for terms not
defined here.

This thesis studies two topics in graph theory: graph orientations with forbidden out-
degrees and extensions of total-colorings. The following two sections introduce these topics and
highlight our main contributions towards them in this thesis. Section 1.3 gives an overview of

how the remainder of the thesis is organized.

1.1 Introduction to Orientations with Forbidden Out-degrees

Given a graph G, an orientation D of G is an assignment of a direction to each edge
e € E(G). Ifuis directed toward v, we denote the corresponding directed edge by uv. Given
a vertex v € V(G) and an orientation D, the out-degree (in-degree) of v, denoted degB(v)
(degp(v)), is the number of edges directed away from (toward) v. The maximum out-degree of D
isAT(D) = max{degE(v) : v € V(G)}, and the minimum out-degree is defined analogously. A
foundational question in studying graph orientations is the following: Given some restrictions
on the desired out-degrees (in-degrees) of the vertices of G, when does an orientation exist? In
particular, one may ask how small the maximum out-degree can be over all orientations of G.

This motivates the definition

A1 (G) = min{AT(D) : Dis an orientation of G}.



The parameter A= (G) is defined analogously. One of the first well-celebrated results answering

this question is due to Hakimi in 1965. The maximum average degree of G is

0= pex i

where the maximum is taken over all subgraphs H of G with at least one vertex.
Theorem 1.1 (Hakimi [2]). Let G be a graph. Then A*(G) = Emad(G)].

A recent generalization of Hakimi’s foundational result replaces global bounds on maxi-
mum out-degree with vertex-specific lists of allowed or forbidden out-degrees. Given a function
F : V(G) - 2N assigning to each vertex a set of forbidden values, we say that an orientation
D is F-avoiding if degB(v) ¢ F(v) forallv € V(G). In 2020, Akbari et al. conjectured that if
each forbidden list is sufficiently small relative to the degree of its vertex (the number of edges
incident to a vertex), then G admits an F-avoiding orientation. More precisely, they conjectured

the following.

Conjecture 1.1 (Akbari, Dalirrooyfard, Ehsani, Ozeki, and Sherkati [3]). Let G be a graph and let

F:V(G) - 2N If |[F(v)| < %deg(v) forallv € V(G), then G admits an F-avoiding orientation.

Conjecture 1.1 remains open even in the special case where all vertices share the same

forbidden list and G is d-regular, that is every vertex in G has degree d.

Conjecture 1.2 (Akbari, Dalirrooyfard, Ehsani, Ozeki, and Sherkati [3]). Let G be a d-regular
graphand letF C {0, 1, ...,d} be a list of forbidden out-degrees. If |F| < %d, then G admits an

F-avoiding orientation, that is, an orientation where no out-degrees are in the forbidden list F.

Conjecture 1.2 is tight if true - in particular, the authors of the conjecture proved in [3] that
K541 has no F-avoiding orientation for F = {k, ..., 2k — 1}. In terms of specific d, Conjecture
1.2 istrivial ford = 1, 2 (where the forbidden list is empty), and true for d = 3,4 (see Ma and Lu

[4]). In this thesis, we verify the next cases of d = 5, 6 with the following theorem.

10



Theorem 1.2. Let G be a d-regular graph withd > 5,and let F C {0,1,2,...,d} with |F| < 2.

Then G admits an F-avoiding orientation.

The known tight examples for Conjecture 1.1 are the same as those for Conjecture 1.2.
The more general conjecture has been verified for bipartite graphs (Akbari et al. [3]) and for
cliques (see Bradshaw et al. [5] where they also use work from Huang et al. [6]). In this thesis, we
add to the families known to satisfy Conjecture 1.1 with the following two results. Note that for
a graph G, we let A(G) and §(G) denote the maximum and minimum degrees over all vertices,

respectively.

Theorem 1.3. Let G be a 2-degenerate graph and let F : V(G) — 2N with |[F(v)| < % deg(v) for

allv € V(G). Then G has an F-avoiding orientation.

Theorem 1.4. Let G beagraph,andletF : V(G) —» 2N where |F(v)| < %deg(v) forallv € V(G).
Suppose that the edges of G can be decomposed into a bipartite graph and a subgraph H with
A(H) < 2 and such that every vertex v € V(H) with degy;(v) = 2 has deg;(v) = 0 (mod 2).

Then G admits an F-avoiding orientation.

Note that by a 2-degenerate graph, we mean a graph where every subgraph contains a
vertex of degree at most 2. Hence the class of 2-degenerate graphs includes all 1-degenerate
graphs (i.e. all forests). It also includes all planar graphs of girth at least 6. (To see this, note that
for a planar graph G of girth g, Euler’s formula gives (mad(G) — 2)(g — 2) < 4).

There has been more success with approximations to Conjecture 1.1 than verifications for
special families. In their initial paper, Akbari et al.[3] showed that replacing % with % resultsin a
true statement. Recently Bradshaw, Chen, Ma, Mohar, and Wu [5] improved this upper bound to
[% deg(v)] using the combinatorial Nullstellensatz of Alon and Tarsi [7][8].

Another approach to Conjecture 1.1 has been to consider special sorts of lists. To this
end, let G be a graph with forbidden lists F : V(G) — 2N For every vertex v € V(G) we

can partition {0, ..., deg(v)} into maximal intervals in F(v), which we call holes, and maximal

11



intervals notin F(v), which we call homes. Ma and Lu [4] proved that given a graph G and function
F : V(G) — 2N, if every hole has size at most one then G admits an F-avoiding orientation.
Note that lists of this sort may satisfy |[F(v)| ~ % deg(v) for all v. In this thesis, we take another
step in this direction and allow holes of size two, provided that the overall ratio is somewhat
worse, and given a condition on the end-intervals. The end-intervals for a vertex v are those holes
or homes containing 0 or deg(v); note that each vertex has two end-intervals, but they need not

be distinct.

Theorem 1.5. Let GbeagraphandletF : V(G) — 2N be such that for each v € V(G): all holes
have size at most two; between any pair of distinct holes is a home of size at least 3, and both

end-intervals are homes of size at least two. Then G admits an F-avoiding orientation.

Observe that in Theorem 1.5, the lists may satisfy |F(v)| ~ %degc(v), beating the %
bound. Our proof of Theorem 1.5 uses a new tool for modifying orientations called a lasso; we
will introduce this concept and prove Theorem 1.5 in Section 2.2. In Section 2.2 we prove the

following two results about very special forbidden lists that satisfy Conjecture 1.1.

Theorem 1.6. Let G be agraph and let F : V(G) — 2N where |[F(v)| < %deg(v) forallv € V(G).

If every hole is an end-interval, then G admits an F-avoiding orientation.

Theorem 1.7. Let k € Z*. Every graph with minimum degree at least 2k + 1 admitsa{1,2, ..., k}-

avoiding orientation.

We will see that that proof of Theorem 1.6 follows from a classic theorem on orientations
due to Frank and Gyarfas [9] (also Hakimi [2]), and Theorem 1.7 follows from a result about
maximum directed cuts due to Alon, Bollobds, Gyarfas, Lehel and Scott [10]. Theorem 1.7 is
interesting in that it is close to the tight example of Akbari et al. [3] for Conjecture 1.2 (and
Conjecture 1.1) that we mentioned above. Note that we will use Theorem 1.7 as part of our proof
of Theorem 1.2. We will see that the other needed cases for Theorem 1.2 come from Theorem 1.5

and our new lasso technique.
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1.2 Introduction to Total-Coloring Extensions

Given a graph G = (V, E), a k-coloring is a coloring of the vertices of G, that is, a function
@ : V(G) — [k] such that p(u) # ¢(v) for any uv € E(G). The chromatic number of G, denoted
x(G), is the minimum k such that G admits a k-coloring.

Vertex coloring has been at the forefront of graph theory for decades. Among its most
celebrated achievements is the Four Color Theorem, proved by Appel and Haken in 1977, which
gives a sharp bound on the chromatic number of planar graphs, that is graphs that can be drawn

in the plane without and edge crossings.
Theorem 1.8 (The Four Color Theorem [11, 12]). If G is a planar graph, then y(G) < 4.

A k-edge-coloring is a coloring of the edges of G, that is, a function ¢ : E(G) — [k] such
thatg(e) # @(f)whenevereand f share acommon endpoint. The chromatic index of G, denoted
x'(G), is the minimum k such that G admits a k-edge-coloring. Clearly, y'(G) = x(L(G)).

Edge coloring has been equally central to the development of the field. If v is a vertex of
maximum degree in G, then any proper edge-coloring must assign distinct colors to the edges
incident to v, and hence ¥'(G) > A(G). In the 1960s, Vizing proved that no more than one

additional color is ever required.
Theorem 1.9 (Vizing's Theorem [13]). Let G be a graph. Then ¥'(G) < A(G) + 1.

Given a graph G, a total-k-coloring is an assignment of the colors {1, 2, ..., k} = [k] to the
vertices and edges of G such that the vertices induce a k-coloring, the edges induce a k-edge-
coloring, and no edge can receive the same color as either of its endpoints. The total chromatic
number of a graph G, denoted y1(G), is the smallest k such that there exists a total-k-coloring
of G. By considering the edges incident with a vertex of maximum degree A(G), along with
the vertex itself, we see that y7(G) > A(G) + 1. In the 1960’s, Behzad [14] and Vizing [15]
independently proposed the Total Coloring Conjecture which says that y7(G) is at most one

more than this lower bound.
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Conjecture 1.3 (The Total Coloring Conjecture [14, 15]). For any graph G,

x7(G) < A(G) + 2.

Conjecture 1.3 has been verified for several classes of graphs, and in many of these cases
one can further establish extension results. We begin with planar graphs, where substantial
progress has been made. Through a series of works (see [16, 17]), the Total Coloring Conjecture
has been confirmed for all planar graphs G with A(G) # 6. In fact, it is known that y7(G) =
A(G) + 1 for planar graphs with A(G) > 9 (see [18]), although this is false when A(G) < 3. Other
classes of graphs for which Conjecture 1.3 is known to hold include subcubic graphs, which are
graphs with maximum degree at most 3, bipartite graphs, which are graphs whose vertices can
be partitioned into two parts such that every edge has one endpoint in each part, and, more
generally, graphs with sufficiently large maximum degree. For much more on the Total Coloring
Conjecture, both in the planar case and in general, the interested reader is referred to [19] and

[20].

1.2.1 Whatis a coloring extension?

Once a coloring result is known, it is natural to ask how robust that result is via a color-
ing extension problem. Namely, if we know that a graph G is k-colorable (k-edge-colorable or
total-k-colorable) we may ask: when can a k-coloring (k-edge-coloring or total-k-coloring) of some
subgraph H of G be extended to a k-coloring (k-edge-coloring or total-k-coloring) of G? Extension
problems have been studied for both vertex-colorings and edge-colorings, particularly when G is
planar. We initiate the study of total-coloring extension problems. All of our results are motivated
by work that has been done on vertex-coloring and edge-coloring extension problems, and as
well as total and list-total coloring results. For any necessary background on list-coloring, see [21].
Some results on edge-coloring extensions, in particular, will motivate our work on total-coloring
extensions, and we present them here.

Edwards, Girdo, van den Heuvel, Kang, Puleo, and Sereni [22] conjectured the following
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edge-coloring extension strengthening of Vizing’s Theorem (Theorem 1.9), where the precol-
ored subgraphs are matchings, that is, sets of edges whose endpoints are pairwise distinct. A
distance-¢ matching is a matching in which the endpoints of distinct edges are at distance at
least ¢, where the distance between any two vertices in G is the number of edges in a shortest

path between them.

Conjecture 1.4 (Edwards, et. al. [22]). Let G be a graph with maximum degree A, and let H
be a subgraph of G. If H is a distance-2 matching, then any (A + 1)-edge-coloring of H can be

extended to G.

To be clear, by ‘extending the (A + 1)-edge-coloring ¢ of H to G’, we mean that G has a
(A + 1)-edge-coloring which agrees with ¢ on the edges of H. Conjecture 1.4 is a strengthening
of an older conjecture of Albertson and Moore in [23], and there are other results supporting it by
Girdo and Kang [24] and Cao, Chen, Qi, and Shan [25] (including for a multigraph version).

Edwards et. al [22] prove Conjecture 1.4 for a variety of graph classes which again will
motivate our total-coloring extension results. They prove Conjecture 1.4 for bipartite graphs,
subcubic graphs, and planar graphs with large maximum degree. Specifically, they show the

following.

Theorem 1.10 (Edwards, et. al. [22]). Let G be a planar graph with maximum degree A > 17,
and let H be a subgraph of G. If H is a distance-2 matching, then any (A + 1)-edge-coloring of H

can be extended to G.

We now turn to total-coloring extensions and initiate analogous conjectures, giving ex-

tension strengthenings of the Total-Coloring Conjecture.

1.2.2 Our total-coloring extension conjectures

Suppose we have a graph G with a subgraph H and ¢ is a total-k-coloring of H. We want

to know whether ¢ can be extended to G, that is, whether there exists a total-k-coloring of G
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which agrees with ¢ on all the vertices and edges of H. Of course, if there are verticesu and v
which are adjacent in G but non-adjacent in H and moreover ¢(u) = ¢(v), then we cannot hope
to extend g to G. We say that ¢ is a total-k-coloring of H in G if no such vertices u, v exist, that is, if
the coloring ¢ is proper also with respect to G. In general, if ¢ is a total-k-coloring of H in G, then
any uncolored vertex in G sees at most 2A(G) colors from ¢ (all adjacent vertices and incident
edges) and any uncolored edge in G sees at most 2A(G) colors (2A(G) — 2 adjacent edges and 2

endpoints). So we get the following basic observation by coloring greedily.

Observation 1.1. If G is a graph with maximum degree A and H is a subgraph of G, then any

total-(2A + 1)-coloring of H in G can be extended to G.

Without putting any restrictions on H, the (2A + 1) in Observation 1.1 is best possible
due to an example we will show in Chapter 2, namely Example 3.1. So we must make restrictions
on the precolored subgraph H if we want to lower the number of colors beyond the (2A + 1), and
certainly if we want to approach the (A + 2) suggested by the Total Coloring Conjecture. Inspired
by Conjecture 1.4 and Theorem 1.10, our starting point for this is matchings.

While a matching is typically defined as a set of edges within a graph whose endpoints are
vertex disjoint, we extend this notion here and say that a subgraph H of a graph G is a matching
ifitinduces a set of matching edgesin H, i.e., if H consists of vertex-disjoint copies of K5 within
G. We say that H is distance-¢ if the distance between any two vertices in distinct components of

His at least € in G. We now preset our total-coloring analog to Conjecture 1.4.

Conjecture 1.5. Let G be a graph with maximum degree A and let H be a subgraphof G. If His a

distance-3 matching, then any total-(A + 2)-coloring of H can be extended to G.

Note that we do not need to say that the coloring of H is ‘in G’ in Conjecture 1.5 or Theorem
1.12, since this is implicit from the distance condition. In comparing Conjectures 1.5 and 1.4,
observe that while Vizing’s Theorem [26] guarantees that all graphs have a (A + 1)-edge-coloring,

Conjecture 1.5 would be stronger than the Total Coloring Conjecture.
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The distance condition in Conjecture 1.5 is best possible by another example given in
Section 2, namely Example 3.2, which presents a graph G and a precolored distance-2 matching
that does not extend to a total-(A(G) + 2)-coloring. Moreover, in Conjecture 1.5 we cannot, in
general, reduce the color palette to A(G) + 1, since not all graphs satisfy y7(G) = A(G) + 1. More
broadly, we will see that A(G)+2in Conjecture 1.4 cannot always be replaced by y7(G); however,
this replacement is possible for certain graph classes, as we will see shortly (see Chapter 4 for
further discussion).

Since a distance-2 matching is a natural barrier to Conjecture 1.5 (according to the afore-
mentioned Example 3.2), it is natural to ask what color palette is required when no distance
condition is imposed on the precolored matching. We conjecture that only one additional color

suffices.

Conjecture 1.6. Let G be a graph with maximum degree A and let H be a subgraph of G. If His a

matching, then any total-(A + 3)-coloring of H in G can be extended to G.

We point out that (A + 3) cannot be replaced by (y7(G) + 1), and this is demonstrated
by the afore-mentioned Example 3.2.

Conjecture 1.5 is a strengthening of the Total-Coloring Conjecture (TCC), and thus natural
graph class candidates for proving Conjecture 1.5 are classes of graphs in which the TCC is known
to hold. Our contributions toward our conjectures Conjecture 1.5 and Conjecture 1.6 are divided
into two chapters of this thesis (Chapter 3 and Chapter 4), and we introduce these results here.
These include results for planar graphs with large maximum degree, as well as for a variety of

other graph classes.

1.2.3 Planar graphs with large maximum degree

Inspired by Theorem 1.10, we aim to prove Conjecture 1.5 and Conjecture 1.6 for planar

graphs with sufficiently large maximum degree. We achieve this in the following results.

Theorem 1.11. Let G be a planar graph with maximum degree A > 28 and let H be a subgraph

of G. If H is a matching, then any total-(A + 3)-coloring of H in G can be extended to G.
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Theorem 1.12. Let G be a planar graph with maximum degree A > 27 and let H be a subgraph

of G. If H is a distance-3 matching, then any total-(A + 1)-coloring of H can be extended to G.

We remind the reader that we do not need to say that the coloring of H is ‘in G’ in Theorem
1.12, since this is implicit from the distance condition. We will actually get Theorem 1.12 as a
corollary of another result in this thesis, which we will discuss towards the end of this subsection.
The next result in this thesis on extending colorings in planar graphs does not require
any particular structure on the subgraph H, but instead assumes that H has bounded maximum

degree. Note we have no requirement on the maximum degree of G.

Theorem 1.13. Let G be a planar graph with maximum degree A and let H be a subgraph of G. If

H has maximum degree d, then any total-(A + d + 6)-coloring of H in G can be extended to G.

Theorem 1.13 is a total-coloring analog of the following edge-coloring extension result.

Theorem 1.14 (Harrelson, McDonald, Puleo [27]). Let G be a planar graph with maximum degree
A and let H be a subgraph of G. If H has maximum degree d, then any (A + d + 4)-edge-coloring

of H can be extended to G.

Example 3.1 shows that the (A + d + 6) in Theorem 1.13 cannot be lowered beyond
(A +d + 2);in that exampled = A — 1 and a total-(A + d + 1)-coloring of H in G cannot be
extended to G. Harrelson, McDonald, and Puleo have a similar example in [27] which shows that
(A+d)would be best-possible for Theorem 1.14; in fact they prove this strongest result whenever
A > 16 + d. By making a similar assumption on A, it may be possible to get a total-coloring
analog with (A + d + 2), but we leave this to future work. In fact, our main purpose in including
Theorem 1.13 in this thesis is to apply it with d = 1 as a base case in our proof for Theorem 1.11
(there, the value (A + 7) is reduced to (A + 3) at the cost of requiring A to be sufficiently large).

While the literature on extending edge-colorings focuses on extending from (sufficiently
distanced) matchings, the literature on extending vertex-colorings is rich with results for extend-

ing from (sufficiently distanced) cliques, that is, subgraphs containing all possible edges between
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their vertices. A variety of such results may be found in [28, 29, 23, 30, 31]; for our purposes we
will highlight just one: Albertson [28] proved that in any planar graph G, if a set of distance-3
vertices are 6-colored, then this can always be extended to G. To be clear, given a subgraph H of
a graph G, we say that H is a set of distance-¢ cliques if H is a set of vertex-disjoint cliques (which
may be of varying sizes) and the distance between any two vertices in distinct components of H is
at least €. In order to give more context for our next result of this thesis, which is about extending
total-colorings from a set of distance-3 cliques, we need to first discuss total-choosability.

All total-coloring extension problems can be rephrased as list-total-coloring problems. We
say thata graph G is totally-L-choosable if G can be totally colored so thateach x € V(G)UE(G)is
assigned a color from a list L(x). If G is totally-L-choosable for all L where |L(x)| = kforeach x €
V(G)UE(G), then we say that G is totally-k-choosable. Suppose we have a graph G and subgraph
H, and we want to extend a total-k-coloringp of Hin G. Foreach x € V(G)UE(G)\(V(H)UE(H))
we define L(x) as the subset of [k] remaining after removing any color incident or adjacent to x
under ¢. If we also set L(x) = {p(x)} forall x € V(H) U E(H), then G is totally-L-choosable if
and only if ¢ can be extended to G. Moreover, for any way we extend L by assigning lists L(x) for
x € V(H) U E(H), if we get that G is totally-L-choosable, then it implies that ¢ can be extended
to G. This is because the color assigned to some x € V(H) U E(H) can be removed and replaced
with ¢(x) without causing any conflicts.

Every planar graph G with maximum degree A > 12 is known to be total-(A+1)-choosable
by Borodin, Kostochka, and Woodall [32]. Suppose that H is a set of disjoint cliques in G which
has been totally colored by ¢. If H is a distance-3 matching, then any vertex or edge in G sees at
most two different colors of . If H is more generally a set of distance-3 cliques, then any vertex
or edge in G sees at most w(H) colors (and w(G) < 4 since G is planar). So, using the approach
described in the above paragraph, Borodin and Kostochka’s total choosability result implies the

following.

Theorem 1.15 (Borodin, Kostochka, and Woodall [32]). Let G be a planar graph with maximum

degree A > 12 and let H be a subgraph of G.
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1. If H is a distance-3 matching, then any total-(A + 3)-coloring of H can be extended to G.

2. If His a set of distance-3 cliques, then any total-(A + 5)-coloring of H can be extended to

G.

We can compare Theorem 1.15(1) to Conjecture 1.6 and Theorem 1.11 where we have
the same number of colors but no distance condition; we can also compare it to Conjecture 1.5
and Theorem 1.12 where we have the same distance condition but we are using one or even two
fewer colors, respectively.

In this thesis, we lower the number of colors in Theorem 1.15(2) from (A + 5) all the way

down to (A + 1), as follows.

Theorem 1.16. Let G be a planar graph with maximum degree A > 27, and let H be a subgraph

of G. If H is a set of distance-3 cliques, then any (A + 1)-total-coloring of H can be extended to G.

We now see that Theorem 1.16 immediately implies Theorem 1.12. Example 3.2 again
shows that the distance-3 condition in Theorem 1.16 cannot be lowered to distance-2. The
A > 27 condition in Theorem 1.16 is surely not sharp, but it cannot be eliminated completely. In
particular, not all planar graphs with maximum degree A < 3 are total-(A + 1)-colorable. If one is
concerned with the bound on A, we have in fact proved slightly stronger versions of Theorem 1.11
and Theorem 1.16 than those stated in this introduction. In particular, we show that the bound
on A can be improved when additional colors are allowed. We also allow precolored vertices
in Theorem 1.11 at no additional cost. However, even when more colors are permitted, the
condition on A cannot be completely removed. Example 3.3 (presented in Section 3.1) shows
that we must have at least A > 5 when using A + 3 colors; in fact, in this example the cliques are

at distance 4.

1.2.4 Other graph classes

Motivated by Edwards et. al proving Conjecture 1.4 for bipartite and subcubic graphs,

we prove Conjecture 1.5 for several structured families within these classes. The subclass of
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bipartite graphs which we validate Conjecture 1.5 for include paths, cycles, and trees. A path,
denoted B, is the graph with vertices vy, ..., v, and edges v;v; 4 foralli € [n — 1]. Acycle,
denoted Cy,, is the graph obtained from B, by adding the edge vvy,. A tree is a connected graph

which is acyclic (contains no cycle as a subgraph).

Theorem 1.17. Let n > 1 and let M be a distance-3 matching in B,. Then any total-4-coloring of

M can be extended to B,.

Corollary 1.1. Let n > 3 and let M be a distance-3 matching in C},. Then any total-4-coloring of

M can be extended to Cj,.

Theorem 1.18. Let T be a tree with maximum degree A, and let M be a distance-3 matchingin T.

Then any total-(A + 2)-coloring of M can be extended to T.

Next, regarding subcubic graphs, we prove Conjecture 1.5 for ladders and prisms. A ladder,
denoted B,[]K3, is the graph obtained by taking two copies of a path on n vertices, say x1 --- xp,
and yq --- yp, and adding the edges x;y; for alli € [n]. A prism, denoted C,[IK>, is the graph
obtained by taking two copies of a cycle on nvertices, say x1 --- X, x1 and y1 --- Yny1, and adding
the edges x;y; for alli € [n]. Note that both ladders and prisms are subcubic. We prove the

following.

Theorem 1.19. Let n > 3 and let G = B,[]K; or C,[IK>. Let M be a distance-3 matchingin G.

Then any total-5-coloring of M extends to a total-5-coloring of G.

1.3 Organization of Thesis

The remainder of this thesis is divided into four main chapters.
Chapter 2 is devoted to orientations with forbidden out-degrees, the results of which were
published in [33]. In Section 2.1, we prove Theorem 1.3 by analyzing minimal counterexamples,

and in the process establish a collection of structural properties that any smallest counterexample
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to Conjecture 1.1 must satisfy. These arguments also allow us to strengthen a result of [3] for
bipartite graphs, yielding Theorem 1.4.

We then introduce a new tool for modifying orientations, called a lasso, which is used to
prove Theorem 1.5. The definition of a lasso and the proof of this theorem are given in Section 2.2.
We conclude this chapter by proving Theorem 1.6 and Theorem 1.7. In Section 2.3, we establish
additional results for regular graphs.

Chapter 3 focuses on total-coloring extension results for planar graphs with large maxi-
mum degree; the results in this chapter appear in [34]. In Section 3.1, we present Example 3.1,
Example 3.2, and Example 3.3. We then prove Theorem 1.16 in Section 3.2, Theorem 1.13 in
Section 3.3, and Theorem 1.11 in Section 3.4.

Next, Chapter 4 establishes extension results for additional graph families. In partic-
ular, we prove Theorem 1.17, Corollary 1.1 and Theorem 1.18 in Section 4.1, and then prove
Theorem 1.19 in Section 4.2.

Finally, Chapter 5 provides a conclusion and discusses directions for future work.
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Chapter 2

Orientations with Forbidden Out-degrees

In this chapter, we study orientations of graphs with forbidden out-degrees. We begin by
establishing structural properties of minimal counterexamples, which will serve as a foundation
for the results that follow. Using these observations, we then expand the classes of graphs for

which Conjecture 1.1 is known to hold.

2.1 Minimum counterexamples and special graph classes

We prove the following properties about any minimum counterexample to Conjecture

1.1.

Lemma2.1. Let GbeagraphandletF : V(G) —» 2N with |F(v)| < %degG(v) forallv € V(G).
Suppose that G does not admit an F-avoiding orientation, and suppose that |[E(G)| is minimum

subject to this. Then:

(a) all vertices of even degree in G form an independent set;

(b) for each even-degree vertex v € V(G) and neighbor u € N(v), we have 0,deg(u) &

F(u); and
(c) foreach adjacent pairu,v € V(G), then either 0 & F(u) or deg,(v) & F(v)
Moreover, if |[E(G)| + |V(G)| is minimum, then 6(G) > 3.

Proof. Define the following sets of vertices:

A1 =B ={v € V(G) : vhaseven degree};

Ay ={v € V(G) : deg;(v) EF(V)}; By ={veV(G):0€F)
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A=A1UAy; and 3B =BjUBs.

Proving (a) means proving that there is no edge between A; and By, proving (b) means
proving there is no edge between A; and B, and no edge between By and A;, and proving (c)
means proving there is no edge between A, and B,. We will handle all these cases together by
supposing, for a contradiction, that there exists an edge e joiningu € A withv € B.

Let G’ = G — e. We define F’ : V(G') — 2N as follows:

F(w) ifw ¢ {u, v}

F(w) ifw=wuandu € A} N AS
F'(w) = 5

F(w) \ {degs(w)} ifw=uandu € A,

\{i—l:ieF(v),iZl} ifw=v.

We will show that

IF (w)| < %degG,(w) forallw € V(G"). (2.1)

To this end, note that for a vertex w ¢ {u, v}, deg'G(w) = deg,;(w) and F'(w) = F(w) so
condition (1) is trivially satisfied for such w. If w = uand u € A,, then deg'G(w) = degs(w) — 1
and |[F'(w)| = |F(w)| — 1. Satisfying (1) therefore amounts to |[F(w)| — 1 < % (degs(w) — 1), 0r
equivalently, |F(w)| < %degG(w) + %, which we know by assumption. If w = uand u € A;,
then F'(w) = F(w) while deggr(w) < deggs(w), but since deg,(w) is even, (1) follows from
|F(w)| < %degG(w). Finally, consider that w = v, where we know that deg'G(w) < deggs(w). If
0 € F(v) then |[F'(v)| = |F(v)| — 1, and the same computation we did in the A,-case verifies (1).
Otherwise, since v € B, we know that v € B and hence that v has even degree is G, so we get
(1) analogously to the A;-case.

Since our F' : V(G') — 2N satisfies (1) and since G is edge-minimal, we get an F’-

avoiding orientation D’ of G’. Define an orientation D of G from D’ by orienting e from v to wu.
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Then degE(w) = degB,(w) ¢ F'(w) = F(w) forany w & {u, v}. Note that degE(u) = degE,(u)
since v points towards u. If u € Aj then F'(u) = F(u) so degB(u) ¢ F(u);ifu € Ay then
F'(u) = F(u) \ {deg;(w)} and degl';(u) # degs(u) , so we have degl";(u) ¢ F(u). Finally
consider v: since degB(v) —-1= degg,(v) g{i—1:i€eF(),i>1},wehave degB(v) & F(v).
Thus, D is an F-avoiding orientation of G, contradiction. This completes our proof of (a), (b), and
(c).

In order to prove the final statement of our theorem, suppose for a contradiction that
there exists vg € V(G) with deg;(vg) < 2. Since |[F(vg)| < %(2), F(vg) = @. We cannot have
deg;(vg) = 0, as isolates cannot satisfy this strict inequality, so deg;(vo) € {1,2}. We divide

our proof into two cases.

Case 1: Every w € N(vg) has deg;(w) € F(w).

Note that in this case, we know that deg;(vg) = 1, by part (b) above; let ug be the lone
neighbor of vg in G. Define G’ = G — v and define forbidden lists F’ for G’ by : F'(w) = F(w)
ifw # ug, and F'(ug) = F(up) \ {deg;(up)}. Clearly |[F'(w)| = |F(w)| < %degG(w) =

% degqs(w) forallw # ug. Forug we have

1 1 1
[F’(uo)| = [F(ug)l — 1 < 5 deg(ug) — 1 = (deggy(u) +1) — 1 < 5 degy (u)-

So by minimality, there exists an orientation D’ of G’ which is F’-avoiding. Define an orientation
D from D’ by directing the additional edge from v to ug. This means that degz;(w) = degB,(w)
forallw € V(G) \ {vg}. Recall that F(vg) = @, so D trivially satisfies the F-avoiding condition
for vg. Since F'(w) = F(w) for all w # ug, the F-avoiding condition is satisfied for all such w.
For ug there is one extra forbidden value in F(ug) as compared to F’(ug), but this extra value is
deg(uo), which is certainly not the out-degree of ug in D since the edge between vg and ug

pointsinto ug. Hence D is an F-avoiding orientation of G, contradiction.
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Case 2: There exists some u € N g(vo) with deg;(u) & F(uw).
In particular, the assumption of this case implies that there exists some a € F(u) such
that o + 1 & F(u). Let G be the graph obtained from G by deleting one edge, between u and v,

and also deleting v if deg;(vg) = 1. We define the following forbidden lists FofG.

F(w) ifweV(G),w#u
F(w) =

F(w) \ {a} ifw=u
Forany w & {u,vg} we have |[F(w)| = |F(w)| < % degs(w) = % degs(w). For u we get
_ 1 1 1
|[F(u)| = |[F(w)| —1 < 3 dego(w) — 1= E(degé(u) +1)—-1< 3 degs(w).

Ifvg € V(G),thenvg is notisolated so |[F(vg)| = |F(vg)| = 0implies that |F(vg)| < %degé(vo).

By minimality, there exists an exists an F-avoiding orientation D of G. We now obtain an
orientation D from D by orienting our deleted edge as follows. If deg}g(u) = o, orient the edge
from u to vg. Otherwise orient from v to u. Clearly degzg(w) = degB(w) ¢ F(w) = F(w) for
allw # {u,vg}. Since F(vg) = @, in order to show that D is an F-avoiding orientation of G (and
get our desired contradiction) it remains only to check that D is F-avoiding at u. If deg};(u) = q,
then degl';(u) = a+ 1 & F(u). On the other hand, if degB(u) # a then degB(u) = degB(u).
Since F(u) C F(u), we also get that degB(u) & F(u) in this situation. Hence D is an F-avoiding

orientation of G, contradiction. ]

Our work in Lemma 2.1, and in particular the last sentence of the lemma statement,

immediately implies that Conjecture 1.1 holds for 2-degenerate graphs.

Theorem (1.3). Let G be a 2-degenerate graph and let F : V(G) — 2N with F(v) < %degG(v)

forallv € V(G). Then G has an F-avoiding orientation.

Proof. Suppose not, and let G be a counterexample where |V(G)| + |E(G)| is smallest. Since

G has a vertex of degree at most 2, then G cannot be a minimum counterexample by Lemma
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2.1. [l

It is tempting to want to say that if G is a graph where all even-degree vertices form an
independent set (or G does not have any even-degree vertices), then G satisfies the assumptions
of Conjecture 1.1, but this does not follow from Lemma 2.1 because such a class is not closed
under taking subgraphs. On the other hand, we can use arguments similar to those above to
expand further the class of graphs which are known to satisfy Conjecture 1.1. Here we restate

and prove Theorem 1.4.

Theorem (1.4). Let G be a graph and let F : V(G) — 2N where |[F(v)| < %degG(v) for all
v € V(G). Suppose that G can be decomposed into a bipartite graph and a subgraph H with
A(H) < 2 and such that every vertex v € V(H) with degy;(v) = 2 has deg;(v) = 0 (mod 2).

Then G admits an F-avoiding orientation.

Proof. We may assume without loss of generality that H is spanning, since adding vertices of
degree zero to H has no effect on our assumptions. If all vertices have degree 0 or 2 in H, then H is
a collection of cycles and isolates, and by consistently orienting the cycles we get an orientation
Dy of H with degBH(v) € {0,1} forallv € V(H). If H has a vertex of odd-degree, then by
adding one dummy vertex and joining it to every odd-degree vertex of H, we get a collection of
cycles (and isolates) H' - by consistently orienting the cycles in H' and then deleting the dummy
vertex, we again get an orientation Dy of H with degBH(v) € {0,1}forallv € V(H). It remains
now to orient every edge in E(G) \ E(H), and show that our overall orientation is F-avoiding.

Let G’ = G — E(H). We define forbidden lists F’ of G’ as follows.

) = F(w) ifdegBH(w) =0

{i—1:i€F(w),i>1} ifdeggH(w) =1.

Foranyw € V(G) with degEH(w) = 0, we have |[F'(w)| = |[F(w)| < %degG(w) < %degG,(w)+

1 and hence |[F'(w)| < %degG,(w). Now suppose degBH(w) = 1and hence degy;(w) € {1,2}.
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If deggy(w) = 1then
IF' ()| < [F(w)| < 5 degg(w) = 3(degg(w) +1)
which implies |[F'(w)| < %degG,(w). Finally if degp;(w) = 2, then
IF'()| < [F(w)| < 5 degg(w) = 5(degg(w) +2).

This implies |F'(w)| < %(degc,(w) + 1) but since deg;/(w) = deg,(w) = 0 (mod 2) in this
case, |F'(w)| < %degG,(w). In all cases, |[F'(v)| < %degc,(v) forallv € V(G'), and since G’
is bipartite, there exists an F’-avoiding orientation D’ of G’ by the above-mentioned result of
Akbari et al. (Theorem 4 in [3]). We claim D := D’ U Dy is an F-avoiding orientation of G.
Clearly for any v € V(G) with degBH(v) = 0 then deg;S,(v) ¢ F'(v) = F(v). Now
considerv € V(G) with degBH(v) = 1. We have degl';(v) —-1= degB,(v) gF ()=1{i—-1:

i € F(v),i > 1}, so we have degB(v) & F(v). Thus, D is an F-avoiding orientation of G. o

2.2 Two results about specialized lists

The following theorem is a classic result of Frank and Gyarfas [9] on orientations of graphs

(which also generalizes prior work of Hakimi [2]) .

Theorem 2.10 (Frank and Gyarfas [9]). Let G be a graphand let ¢,u : V(G) - Nwith ¢ < u.
Then G has an orientation D with £(v) < degB(v) < u(v) forallv € V(G) if and only if for all
S C V(G),

£(S) <e[S]+6(S) and e[S] <u(s),

where £(S) = erS £(x),u(S) = ers u(x), e[S] = |[E(G[S])|,and 8(S) = [{uv € E(G) : u €

S,v & S}|.

Theorem 2.10 immediately allows us to prove Theorem 1.6, a special case of Conjecture

1.1, where in fact the strict inequality of the conjecture is replaced by <. Note that here and in
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what follows, we use the “hole” and “home” terminology that was introduced in Section 1. We

restate the theorem here for convenience.

Theorem (1.6). Let GbeagraphandletF : V(G) — 2N where|F(v)| < %deg(v)forallv € V(G).

If every hole is an end-interval, then G admits an F-avoiding orientation.

Proof. Since every hole is an end-interval, each vertex has a single home interval; for every
v € V(G), let £(v) be the smallest value in this home interval and let u(v) be the largest. Then for
everyv € V(G),F(v) ={0, ..., €(v)—-1}u{u(v)+1, ..., deg(v)}, with |F(v)| = €(v)+deg(v)—u(v).
Since |[F(v)| < %deg(v) and 0 < ¢(v) < u(v) < deg(v), this implies that £(v) < %deg(v) and
u(v) > %deg(v) forallv € V(G).

Suppose for contradiction that G does not admit an F-orientation. Then by Theorem 2.10,

there exists some S C V(G) with either
£(S) > e[S] + 6(S) (2.2)

or

u(S) < e[S]. (2.3)

First suppose that S realizes (2.2). Since £(v) < % deg(v) forallv € V(G), we get

2 Y degg(x) 2 £(S)
xeS

> e[S] + 8(S)

= % ( D degg(x) — 5(5)) +6(S)

XES

- % ( > degg(x) + 5(5)) :

XeS

which is a contradiction. We can argue similarly in the case where S realizes (2.3). Here, since
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u(v) > % deg(v) forallv € V(G), we get

% Z deg,(v) < u(S) <e[S] =
XeES

( 2, degg(x) - 5(S)>,

XES

N =

which is also a contradiction. O

We now prove Theorem 1.7, which will be used as a special case in the proof of Theorem 1.2.

We restate it here for convenience.

Theorem (1.7). Letk € Z*. Every graph with minimum degree at least 2k+1 admitsa{1, 2, ..., k}-

avoiding orientation.

Proof. Let G be a graph with minimum degree at least 2k + 1 and let F(v) = {1, 2, ...,k}forallv €
V(G). LetI be amaximalindependent set. Forany edge incident to avertexin I, orient the edge so
that the out-degree of every vertexinI'is0. Let G’ = G—IandletF'(v) ={0,1,...k—|Ng()nI|}
foreachv € V(G’). Note that it suffices to find an F’-avoiding orientation of G’ and the resulting
orientation of G will be a {1, ..., k}-avoiding orientation.

Since I is a maximal independent set, every vertex of G’ must have at least one neighbor

in I. Then since G has minimum degree at least 2k + 1, for allv € V(G') we have

2k+1—|N NI 1
IF'(v)=k+1—|Ng()nI| < |2 cOIAE < >

Since F’(v) are forbidden lists where every hole is an end-interval, by Theorem 1.6, G’ admits an

F'-avoiding orientation. O

2.3 Thelasso and proofs of Theorems 1.2 and 1.5

A common proof strategy when working with orientations is to find a directed path and
then reverse the direction of all of its edges; note that in this modification only the endpoints of
the path change their out-degrees. In this section we find another directed subgraph, which we

call a lasso, which can also be used to alter out-degrees in a controlled way.
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Consider the graph obtained from the path (vy, ..., v}) by adding a single edge between
v and vj forsome 2 < i < k — 1. The directed graph obtained by orienting the path consistently
from vy to vy and from vy to v; is called an out-lasso; the directed graph obtained from an
out-lasso by reversing the direction of every edge is called an in-lasso. In either case, we call the
directed graph a lasso and denote it by L = (vq, ... Ug; v;); we say that L starts at vy. We flip L by
reversing the orientation of the edges in (vy, ..., v;) and viv;; we call the result a flipped lasso
L' = (vj;v1, ..., Ug); if Lis an out-lasso (in-lasso) we may also call L' a flipped out-lasso (flipped

in-lasso). See figure Fig. 2.1 for an example.

U1 U1

® ®
Y A
® ®
Y 1

V;

Figure 2.1: An out-lasso and a flipped out-lasso.

Given a graph G and forbidden list F : V(G) —» 2N for any orientation D of G we define
D; ={v e V(G) : degE(v) =i}and Dr ={v € V(G) : degB(v) € F(v)}. Thus, an orientation
D is F-avoiding if and only if Dp = @. Suppose that we have graph G with orientation D and
a lasso subgraph L = (vq, ... ug; v;) or flipped lasso L' = (vj; v, ... k). Fora, b, ¢ € Z, we say
that L or L is of type (a, b, ¢) (with respect to D) if v; € Dg, v; € Dp, and vy € De.

Suppose that we have found a lasso L = (vy, ... Uy; v;) of type (a, b, c¢) in a graph G with
orientation D. Suppose then that we flip L and obtain the flipped lasso L', with D’ the corre-
sponding modified orientation of G. Note that the out-degree of every vertex of G is unchanged
from D to D’, except for the vertices vq,vj, V. If L is an out-lasso, then we know that L' is of
type (a —1,b + 2,c¢ — 1) (with respect to D’); if L is an in-lasso, then we know that L' is of type
(a+1,b—2,c+ 1) (with respect to D’).

The idea of flipping a lasso is only helpful if we can guarantee the existence of a lasso in
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the first place. The following lemma helps with that. Here, and in what follows, given a graph G
with orientation D, for allv € V(G) we denote by S, the set of all vertices reachable fromvin D
via a directed path. Similarly, we denote by T;, the set of all vertices which can reachvin Dvia a
directed path. A vertex v in an oriented graph is a source if all its incident edges point out of v; v

is a sink if all its incident edges point into v.

Lemma2.2. Let G be a graph with orientation D and suppose there existsv € V(G) with S,NT, =
{v}. If Sy, contains no sinks, then there exists an out-lasso starting at v. If T;, contains no sources,

then there exists an in-lasso starting at v.

Proof. Both statements of the lemma can be proved in a similar way; we just prove the first. Take
a longest directed path P starting at v, say P = (v = vy, ..., Ug). Since v € Sy, trivially and Sy,
contains no sinks, we know that k > 2. Since v}, € Sy, we know that vy is not a sink. Since P is
however a longest path, we know that vy has an out-neighbor v; forsomei € {1, ...,k —1}. In
fact,i > 2,sinceifi = 1thenvy € Sy, N Ty. In particular, this implies that k > 3. But now the

path P + vjv;, gives an out-lasso starting at v. O

We can now prove Theorem 1.5, which we restate for convenience.

Theorem (1.5). Let Gbe agraphandletF : V(G) —» 2N be such that for each v € V(G): all
holes have size at most two; between any pair of distinct holes there is a home of size at least 3,
and each end-interval is either a hole of size one or a home of size at least 2. Then G admits an

F-avoiding orientation.

Proof. Foreachv € V(G) we partition {0, ..., deg(v)} into four sets, one being F(v) and the other

three as follows:

A)={i:i ¢ F(v),i—1 € F()}n{o,...,deg(v)}
B(v)={i:i & F(v),i+1 € F()}n{0,...,deg(v)}

X() ={0,...,deg(v)} \ (A(v) U B(v) U F(v))
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Note that for any given vertex v, the sets A(v) and B(v) are precisely the integers in homes of v
which are adjacent to some hole (above and below respectively). Moreover, A(v) N B(v) = @
since no homes have size 1. Similarly we can think of X(v) as the integers of {0, ..., deg(v)}
which are far from (meaning not adjacent to) a hole. For an orientation D of G, recall that
Dr ={v e V(G) : degB(v) € F(v)}; we now extend this definition so that we may also refer
to Dy, Dp, Dy, that is, those vertices v € V(G) with out-degree in the set A(v), B(v), or X(v),
respectively.

Let D be an orientation which minimizes |Dr| and subject to that, maximizes |[Dx]|. If
|IDE| = 0then D is an F-avoiding orientation, so suppose for a contradiction that |Dr| # 0;
hence we may choose v € Df. Note that since all holes of v are of size at most 2, and we cannot
have a hole of size two as an end-interval, either degl';(v) +1 € A(v), or degl';(v) —1 € B(v).
We shall consider both cases.

Case 1: degB(v) + 1 € A(v). We wish to increase the out-degree of v by one, moving
v into a home. To this end, note that there exists w € Ty, \ {v}, since degE(v) +1 € A(v)
implying that degB(v) # deg(v). Choose some directed path from w to v in D, and let D’ be
the orientation obtained from D by reversing the direction of every edge of this path. Note
degB,(v) = degB(v) +1sov ¢ Dy, and thus by minimality of |Dp|, w € D and w ¢& Dp. Since
degB,(w) = degg(w) — 1, thismeans that w € D4. Moreover, T;, \ {v} C Dg.

Suppose now that there exists someu € S, N Ty, \ {v}. Sinceu € Ty, \ {v}, we also know
thatu € Dy. Sinceu € Sy, \ {v}, we can let D” be the orientation obtained from D by reversing
the direction of each edge in some directed path from v to u. Then degB,,(v) = degB(v) —1and
degB,, (u) = degB(u) +1. Sinceu € Dy thismeansthatu € D)”( (since all homes between holes
have size at least three). We may have v € D1'§ or not, depending on whether the hole is size one
or two. Butin any case, we have |D;| < |Df| and [Dy| > |Dx/|, and we obtain a contradiction.
Thus, we may assume S, N T, = {v}.

Note that T}, \ {v} contains no sources, since Ty, \ {v} C Dy4, and since end-intervals

cannot be homes of size one. Thus, by Lemma 2.2 there exists an in-lasso starting at v of type
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(degl’;(v),degB(wl), degzg(wz)) for some wy,wy € Ty \ {v} which implies wy,wy € Dy. Let
D* be the orientation obtained from D by flipping the in-lasso. Then the flipped in-lasso is of
type (degl';(v) +1, degB(wl) -2, degB(wz) + 1) with respect to D*. By the assumption of this
case, this means thatv € D;Z. Since wy € Dy, and each home has size at least 3, we also get
thatw, € D)*(. We may have w; € D;Li or not, depending on whether the hole is size one or two.
However, in any case, |D1’Li| < |Df|and |D)*(| > |Dx|, and we obtain a contradiction.

Case2: degl';(v)—l € B(v). We wish to decrease the out-degree of v by one, movingvinto
a home. To this end, note that there exists u € Sy, \ {v}, since degB(v) — 1 € B(v) implying that
degB(v) # 0. Choose some directed path from v to uin D, and let D’ be the orientation obtained
from D by reversing the direction of every edge of this path. Note degz;,(v) = degB(v) —1so
v ¢ Dr and thus by minimality of [Dg|,u € D and u ¢ Dp. Since degl";,(u) = degE(u) +1,
this means thatu € Dg. Moreover, Sy, \ {v} C Dp.

Suppose now that there exists somew € S, N T, \ {v}. Sincew € Sy, \ {v}, we also know
that w € Dp. Sincew € Sy, \ {v}, we can let D" be the orientation obtained from D by reversing
the direction of each edge in some directed path from v to w. Then degB,,(v) = degg(v) -1
and degl";,,(w) = degl';(w) + 1. Since w € Dp thismeansthatw € D)”( (since all holes between
homes have size at least three). We may havev € D1'§ or not, depending on whether the hole
is size one or two. But in any case, we have |D1’§| < |Df| and |D)”(| > |Dx|, and we obtain a
contradiction. Thus, we may assume S, N Ty, = {v}.

Note that S, \ {v} contains no sinks, since Sy, \ {v} C Dg, and since end-intervals can-
not be homes of size one. Thus, by Lemma 2.2 there exists an out-lasso starting at v of type
(degB(v), degB(ul), degB(uz)) for some uy,uy € Sy \ {v}. Let D* be the orientation obtained
from D by flipping the out-lasso. Then the flipped out-lasso is of type (degB(v) -1, degzr)(ul) +
2, degl';(uz) — 1) with respect to D*. By the assumption of this case, this means thatv € DE.
Since up € Dp, and between any two distinct holes is a home of size at least 3, we also get that
uy € D)*(. We may have u; € DI’Li or not, depending on whether the hole is size one or two.

However, in any case, |D1’Li| < |Df|and |D)*(| > |Dx|, and we obtain a contradiction. O]
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We can now use Theorem 1.5 (and Theorem 1.7) to validate Conjecture 1.2 for 5- and
6-regular graphs. Our methods work for all cases of the following theorem, although when all
holes are of size one, we will just quote the afore-mentioned result of Ma and Lu [4] (namely that
Conjecture 1.1 holds when all holes have size 1), for the sake of efficiency. We restate Theorem 1.2

for convenience.

Theorem (1.2). Let G be a d-regular graph withd > 5,and let F C {0,1,2,...,d} with |F| < 2.

Then G admits an F-avoiding orientation.

Proof. Let G’ be the graph obtained from G by adding a dummy vertex and joining it to every
vertex of odd degree in G. There are an even number of these, so G’ is Eulerian, and can be
decomposed into cycles. By orienting each of these cycles consistently we get an orientation D’
of G’ where degl';,(v) = degp,(v) forallv € V(G'). Letting D be the restriction of D’ to G we
get that deg () € {lg I, [g]}for allv € V(G).

As discussed above, following Ma and Lu [4] we may assume that F = {x,x + 1} for
somex € {0,1,...,d — 1}. So, if D is not an F-avoiding orientation then {x, x + 1} N {[g], [%]} is
nonempty.

Suppose first that x = [%J. Then F consists of one hole of size two and two end-homes of
sizes [%J and [%] — 1, respectively. Since d > 5 these end-homes are both of size at least two,
and hence by Theorem 1.5 G admits an F-avoiding orientation.

Suppose next that x = [g] —1. Then F consists of one hole of size two and two end-homes
of sizes [%J —1land [g], respectively. If d > 6 then these end-homes are both of size at least two,
and again Theorem 1.5 implies that G admits an F-avoiding orientation. If d = 5then F = {1, 2}
and we get that G admits an F-avoiding orientation by Theorem 1.7.

We may now assume that x = [%1 = % (sodisodd). Then F consists of one hole of

size two and two end-homes of sizes % and ?, respectively. If d > 7 these end-intervals are
both of size at least two, and again Theorem 1.5 implies that G admits an F-avoiding orientation.

If d = 5then F = {3,4}. Apply Theorem 1.7 to get an orientation D* that is {1, 2}-avoiding.

35



Then reverse the direction of every edges in D*. This new orientation of G is {3, 4}-avoiding,

completing our proof. [
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Chapter 3

Total-Coloring Extensions in Planar Graphs with Large Maximum Degree

In this chapter, we present proof of Theorem 1.11, Theorem 1.13, and Theorem 1.16. In
all three of these proofs, when we consider an uncolored edge or vertex, we will be counting
how many colors are available for it. Such counts are independent of the color palette (eg.
{1,2, ..., k} for a total-k-coloring), and rather just require that each structure starts with a list
of k distinct colors. In this way, all our proofs remain valid in the more general setting of total
list-coloring extensions, in which each vertex and edge is assigned its own list of available colors
and a subgraph is precolored from those lists, with the goal of extending the precoloring to the
entire graph. In this thesis we have chosen to frame all our results as total coloring extensions,
rather than total list-coloring extensions, in order to emphasize readability and present our
theorems in what we feel is their most natural setting.

Before presenting the proofs, we give examples showing the tightness in many of the

results and our Conjecture 1.5 and Conjecture 1.6.

3.1 Tight examples for total-coloring extensions

Example 3.1. Let G be the tree which is rooted at vertex v with k children uy, ..., uj, each them-
selves with k — 1 children. Let W; = wgi), ...wgzl be the children of u;. We have A(G) = k.
We now define a total-precoloring of a subgraph of G as follow. Let p(u;) = iforalli € [k],
let go(w§i)) — k+1foralli € [k]and j € [k — 1] and let ¢(uiw§.i)) — i+ j (mod k) (where
0 = k). Note that ¢ is a total-k-coloring of k disjoint K1 (k—1)'s- Viewing ¢ as a total-2k-coloring
(with colors {k + 1, ..., 2k} unused) we claim that it does not extend to G. To see this, notice that
every edge vu; and v sees every color in [k] and since vu; and vuj are pairwise adjacent for all

i,j € [k],all k + 1 items must receive a distinct color (see Fig. 3.1).

Example 3.2. Consider the graph G obtained from a star Ky ; where each edge is subdivided
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Figure 3.1: Example 3.1 with k = 3 showing that the color palette [2A + 1] cannot be reduced in
size for guaranteeing an extension of a total-precoloring to total-colorings.

once. Let v be the vertex of degree t with neighbors x1, ..., x; of degree 2. Let y1, ..., y; be the leaf
neighbors of x1, ..., x; respectively. Note that A(G) = t. Now consider the total-(t + 2)-coloring
pof H = {x;y; : i € [t]}wherep(x;) = 1foralli € [t — 1] and, p(x;) = 2, p(x;y;) = 2 for
alli € [t — 1] and ¢(xty¢) = 1. Finally let p(y;) = 3 for alli € [t] (note that the coloring of
the y;’s can be colored arbitrarily). See Fig. 3.2 for the setup of ¢ and G. Now notice there are
t + 1 remaining items (t edges and 1 vertex) to color and they all must be colored with a distinct
color. But since 1 and 2 are forbidden for both v and vx; for alli € [t], we cannot extend p to a

total-(¢ + 2)-coloring of G.

Figure 3.2: Example 3.2 with t = 4 which shows a totally precolored distance-2 matching with
color palette [A + 2] which cannot extend to a total-(A + 2)-coloring

Example 3.3. Let G be the graph obtained by taking K 4 and joining to each leaf, a K3 (by join
we mean add all three edges between the leaf and the K3). First note that A(G) = 4. We precolor

the four K3’s identically with colors [3] where ¢(v) = @(e) iff e is not incident to v (see Fig. 3.3).
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We now show that the precoloring ¢ does not extend to a total-7-coloring of G. Suppose for
contradiction that such an extension exists. Then observe, that any leaf of the K 4 along with its
incident edges joining the K3, must receive different colors than [3], say {4, 5, 6, 7}, since each
leaf and incident edge joining the K3 sees every color in [3]. But this means the edges of the K7 4
cannot be colored with {4, 5, 6, 7} which is a contradiction since we cannot only use the colors [3]

to edge color K7 4.

Figure 3.3: Example 3.3 showing a set of distance-3 cliques in a graph G, precolored with color
palette [A + 3], that does not extend to a total-(A + 3)-coloring of G.

3.2 Extensions from distance-3 cliques

We first introduce some notation and terminology that will be helpful for the rest of the
chapter. Given a graph G, we let V. be the vertices of G with degree k, and we callanyv € Vi a
k-vertex. We let Viap] = U?=a V'i. Similarly, given a planar embedding of G, we let F. be the
faces of G with length k and we call such f € Fy a k-face.

We prove the following slight strengthening of Theorem 1.16, as discussed in the intro-

duction.

Theorem 3.1. Let1 <t < 4, let G be a planar graph with maximum degree A > 28 — ¢, and let H
be a subgraph of G. If H is a set of distance-3 cliques, then any (A + t)-total-coloring of H can be

extended to G.

Proof. Suppose that G is a counterexample for which ¢ is maximum and, subject to that, |V (G)| +
|E(G)|isminimum. Then there exists a set H of distance-3 cliquesin G such that some total-(A+t¢)-

coloring ¢ of H cannot be extended to G.

39



We proceed with a series of claims about G and H.
Claim 3.1. Ife € E(G) \ E(H), then ¢ can be extended to G —e.

Proof of Claim. Let G’ = G — e. If A(G') > 28 — t, then by minimality of G, ¢ extends to
G'. If A(G') < 28 —t, then A(G) = 28 — t, A(G') = 28 — (t + 1), and we may consider
®g as a total-(A(G") + (t + 1))-coloring of H. If t < 3 then by maximality of ¢, ¢ extends to
total-(A(G’) + (t + 1))-coloring of G, i.e., a total-(A + t)-coloring of G’. If t = 4 then we instead

apply Theorem 1.15 to get the same conclusion. X
Givenv € V(G), we say v is high if deg(v) > [%1 and otherwise v is low.

Claim 3.2. Letuv € E(G)\E(H)suchthatu ¢ V(H)and deg(u) < %. Thendeg(u)+deg(v) >

A + t. Moreover, every edge in E(G) \ E(H) has at least one high endpoint.

Proof of Claim. Note that the second sentence follows from the first, since an edge in E(G) \ E(H)
cannot have both endpoints in H without violating the distance condition on H. To prove the first
sentence, we take u, v as given and consider G’ = G — uv. By Claim 3.1 we know that ¢ can be
extended to total-(A+t)-coloring of G’, say . We willtry to extend p to G. If p(u) = ¢(v), then our
first step in this extension is to modify ¢ by recoloring u (which can be considered sinceu ¢ V(H)).
The recoloring is possible since after removing the color from u, the number of colors seen by in
@ is at most 2(deg;(u) — 1) + 1, which isat most A + ¢ — 1 because deg(u) < %. Once we have
p(u) # ¢(v), notice that uv sees at most deg 5 (u) — 1 + deg;(v) — 1 + 2 = deg;(u) + deg;(v)
colors. If deg(u) + deg(v) < A + ¢, then there exists a color for uv and ¢ can be extended to G,

contradiction. Hence deg(u) + deg(v) > A + 1, as desired. X
Claim 3.3. The following hold.

(1) Fort > 2, V[l’t_l] C V(H).

(2) V¢ CV(H).

(3) fve Viy \ V(H),thenN(v) C Vp.
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Proofof Claim. (1)Ift > 2andu € Vi,t-1] \ V(H), then any edge uvisin E(G) \ E(H). So since
t—1< %, Claim 3.2 tells us that deg(v) > A, contradiction.

(2) Suppose for contradiction there exists v € V; \ V(H). Let N(v) = {uy,...,us}. By
Claim3.2,u; € V p foralli € [t]. Let G’ = G — v. By Claim 3.1 we know that ¢ can be extended
to total (A + t)-coloring of G’, say . We try to extend ¢ to G by first coloring vuy, vuy, ..., Vi
and finally coloring v. Note that by coloring in this sequence when we come to color edge vu; the
number of forbidden colorsisat most A +i —1 < A + t colors. When we come to v the number
of forbidden colors is at most 2 deg(v) = 2t. Sincet < 4and A > 24, we get that 2t < A + t and
hence that ¢ can be extended to G, contradiction.

(3) Letv € V41 \ V(H) and N(v) = {uy,...,us4+1}. By Claim 3.2 we get that N(v) C
Va-1,A]- Suppose for contradiction u;41 € V o_1. By the same argument as in (2), we extend
@0 to G — v; we then attempt to extend to G by first coloring vuy, vuy, ..., vu; and finally coloring
v. Asin (2), we can color vuy, vuy, ..., vu; greedily. But now we also have at most A — 1 + ¢ colors

forbidden when we come to color vu;41. When we come to v the number of forbidden colors is at

most 2 deg;(v) = 2t + 2 < 10. Since A > 24, we can indeed extend ¢ to G, contradiction.  [X]
Claim 3.4. Whent € {1,2}, [V 41 \ V(H)| < [V Al

Proof of Claim. Lett € {1,2}and let B be the bipartite subgraph G induced by parts V ;41 \ V(H)
and V A. Suppose first that B is acyclic. Then |[E(F)| < |V(F)|. By Claim 3.3(3), we know that
E®B)| 2 (¢ + DIV 141 \ VE)| 2 21V 141 \ VE)|. Since [VB)| = |V 11 \ VED| + |V al, this
implies that |V ;41 \ V(H)| < |V al, as desired.

Suppose now, for a contradiction, that B contains some cycle C. Let G’ = G — E(C).
We know that ¢ can be extended to total (A + t)-coloring of G’, say ¢, by Claim 3.1 (extend
to all but one edge of C, then remove the colors from the others). We attempt to extend ¢
to G as follows. We begin by uncoloring each vertex in V(C) N V ;41 (none of which are in
H, by definition of B). The number of colors forbidden for coloring any uv € E(G) is at most
deg(u) — 2 + deg(v) — 2+ 1 < A+t — 2 colors. Thus, there exists two choices for each edge.

Since even cycles are 2-edge-choosable, we may color E(C). Now when we go to color some
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U € V41 NV(C)the number of forbidden colors is at most 2(¢t + 1) < 6. Since A > 5, A+t > 7

and thus, we can color v. Hence we have extended ¢ to G, contradiction. X

We now fix a planar embedding of G for the remainder of the proof. The graph H is
made up of vertex-disjoint cliques, and we label these cliques as Hy, ..., Hy,. For each Hj,
1 <i < m, we define the configuration of H;, denoted C(H;), as G[N[H;]] where for X C V(G),
N[X] = X UN(X). Since H is a set of distance-3 cliques, every vertex in G is contained in at most
one configuration. If H; is a k-clique with vertices vy, ..., v) and deg(vy) < ... < deg(vy), we
say C(H;) is a (deg(vy), ..., deg(vy))-configuration. We say that a configuration C(H;) is poor if it
contains at most one high vertex. Otherwise we say it is rich. As it turns out, there are only 16

poor configurations, each depicted in Fig. 3.4.

Claim 3.5. The only poor configurations are the ones depicted in Fig. 3.4. Moreover, if C(Hj) is a
(2,2)-,(2,3,3)-,(3,3,3)-,(3,3,4,4)-, or (3,4,4,4)-configuration that is poor, then all the vertices

in V(H;) of degree |V(H;)| are adjacent to a unique high vertex in C(H;).

Proof of Claim. We see from Figure 3.4 that the second sentence follows from the first; we must
prove the first sentence of the claim. Let C(H;) be a poor configuration, with & the degree of the

unique high vertex, if it exists. We start by showing that all of the following properties hold.
(i) The number of high vertices in V(H;) is at most 1.

(ii) If the number of high vertices in V(H;) is 1, then all other vertices in V(H;) must have
degree |V(H;)| — 1.

(iii) The degree of any low vertex in V((H;) is at most |V (H;)|
(iv) All |V (H;)|-vertices in V(H;) share a common high neighbor.

Property (i) follows from the definition. For (ii), if v € V(H;) v low and deg(v) > |V(H;)|,
then there must exists some v’ € N(v)\ V(H;) whichimpliesthatvv’ & E(H). Thus, by Claim 3.2,

v’ is high and hence C(H;) is rich, contradiction. Similarly, for (iii), if V(H;) contains a low vertex
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v with deg(v) > |V(H;)| + 1, then there must exist two distinct neighbors of v, say v’ and v” with
vv’,vv” & E(H). Thus, by Claim 3.2 v’ and v” are high and hence C(H;) is rich, contradiction.
By the same argument again, if V(H;) contains vertices which have degree |V (H;)|, then they
must be adjacent to a shared high vertex as desired in (iv).

First suppose |V(H;)| = 1 with V(H;) = {v}. Property (iii) tells us that v must be high
(since G 2 Kj). Thus, C(H;) is an (h)-configuration, as depicted in the top-left of Figure 3.4.

Next suppose |V(H;)| = 2 with V(H;) = {u,v}and deg(u) < deg(v). By (i), u must be low
and then by (iii), deg(u) < 2. If deg(u) = 1, then deg(v) > 2 since G % K;. By (iii), this means
that when deg(u) = 1, the vertex v is either a 2-vertex or a high vertex, and either way we have a
(1,2)- or (1, h)-configuration, as depicted in the top center of Figure 3.4. If deg(u) = 2, then by
(ii) and (iii), deg(v) = 2 and we have a (2, 2)-configuration, as pictured in the top-right of Figure
3.4.

Now suppose |V(H;)| = 3 with V(H;) = {u,v,w}and 2 < deg(u) < deg(v) < deg(w).
By (i), u and v must be low and hence by (iii) deg(u) < deg(v) < 3. If w is high then by (ii),
deg(u) = deg(v) = 2 and if w is low then by (iii), deg(w) = 3 (since G % K3,). Thus we have
eithera (2,2, h)-,(2,2,3)-,(2,3,3)-ora (3,3, 3)-configuration, as pictured in the second row of
Figure 3.4.

Finally, suppose |V(H;)| = 4 with V(H;) = {u,v,w,x} and 3 < deg(u) < deg(v) <
deg(w) < deg(x). By (i), u, v, w are low and hence by (iii), 3 < deg(u) < deg(v) < deg(w) < 4. If
x is high, then by (ii), deg(u) = deg(v) = deg(w) = 3 and we have a (3, 3, 3, h)-configuration as
depicted in the bottom row of Figure 3.4. If x is low, then by (iii), and since G % Ky4, deg(x) = 4.
We cannot have a (4, 4,4, 4)-configuration since by (iv), all 4-vertices would share a common
neighbor which would mean G = Ks, contradiction. Thus we have either a (3, 3, 3,4)- (3, 3,4, 4)-,

(3,4,4,4)-configuration, as depicted in the bottom row of Figure 3.4. X
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1 2 h
(h) (1, h) (1,2)
score = 0 score = 3 score = 5
2 3
2 3
(2,2,3) (2,2, h) (2,3,3)
score = 6 score = 5 score = 6
3 4
4 h h 3
3 4
(3,3,3,4) (3,3,3,h) (3,3,4,4) (3,4,4,4)
score = 6 score = 6 score = 6 score = 6

Figure 3.4: All possible poor configurations are depicted (with black edges) along with their
corresponding cliques (with red edges and vertices). Vertex degrees are indicated for all the
clique vertices, and h indicates the degree of the high vertex, which exists in each case.

We define a score for each H;, 1 < i < m, as follows:

s(H;) = Z 4—deg(v)+|{f € F3 : f contains at least one precolored edge from H;}|.
UEV[1’3]OV(Hi)

Note that the score of each Hj is related to the amount of charge that it will somehow need in our
discharging argument, which is still to come. The following claim establishes an upper bound for

the score of every H;.
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Claim 3.6. For any Hj, s(H;) < 6 and moreover if C(H;) is poor, then

(e}

if [V(H;)| = 1

s(H) <45  if|[V(H;)| =2

@)}

if [V(H;)| > 3

Proof of Claim. By Claim 3.5, the moreover statement can be easily verified by checking the
configurations in Fig. 3.4. We now show that for any configuration C(Hj;), s(H;) < 6.

First suppose |V(H;)| = 1 with V(H;) = {v}. Then the only thing contributing to s(H;) is
the4 — deg(v)ifv € Vi3] Thus, s(H;) < 3.

Next suppose |V(H;)| = 2 with V(H;) = {u, v}. If either u or v is a 1-vertex (note both
cannot be) then there is no 3-face incident to the precolored edge uv and hence s(H;) < 3+2 = 5.
If neither u nor v is a 1-vertex, then there are at most two 3-faces incident to the precolored edge
uv and thus, s(H;) <2+2+2=6.

Next suppose |V(H;)| = 3 with V(H;) = {u, v, w}. If two of these vertices are 2-vertices,
then the only possible 3-face incident with uv, uw, or vw is the 3-clique itself, and thus, s(H;) <
24+ 241+ 1 =6. Ifexactly one vertex in {u, v, w} is a 2-vertex, say without loss of generality u,
then there are at most two 3-faces incident to an edge in uv, uw, vw, namely the 3-clique itself
and possibly a 3-face incident with vw. Thus, s(H;) <2+ 1+ 1+ 2 = 6. We may now assume
no vertex in {u, v, w} is a 2-vertex. If all three are 3-vertices, then since G % K4, there are at most
three 3-faces incident to the edges uv, uw, vw and thus, s(H;) < 1+ 1+ 1+ 3 = 6. Finally
suppose there is at least one vertex in {u, v, w} with degree at least 4, then there are at most four
3-faces incident to an edge in uv, uw, vw,and s(H;) <1+ 1+ 4 = 6.

Finally suppose |V(H;)| = 4, with vertices u, v, w, x. Since G 2 K4, at least one vertex
must have degree at least 4. If k vertices in {u, v, w, x} are 3-vertices for some k € {0, 1,2, 3},
then there are at most 6 — k 3-faces incident to an edge in uv, uw, ux, vw, vx, wx and thus,

s(H)) <k+(6—k)=6. X
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Consider now a poor configuration C(H;) with |V(H;)| > 2. We know that the configura-
tion has a high vertex, say v, that itis a cut-vertexin G, and moreover, that H; — v is a component
of G — v (see Figure 3.4). Thus, V(H;) \ {v} lies in some unique face f’ of G — (V(H;) \ {v}). We
say f € F(G) is a helpful face with respect to H; if f can be obtained from by extending f’ to
include at least one edge of H;j. It is clear that every H; has a unique helpful face, but a face can
be helpful with respect to multiple cliques H; (see Figure 3.5). Even so, in the following claim
we show that the length €(f) of such a face f is so long that it is still going to be useful in our

upcoming discharging argument.

h

Figure 3.5: An example of a face f which is the helpful face to 6 different poor configurations.
Claim 3.7. Let f € F(G)and suppose f is the helpful face of x; + x3 different poor configurations,

with x, being the number of these poor-configurations C(H;) with |V(H;)| = 2, and x3 being

the number of these poor configurations (:’(Hj) with |V(Hj)| > 3. Then

2(f) > 4(xz + x3)
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and moreover if x5 + x3 = 1, then

5 ifx2=1andx3=0
e(f) =

6 if x =0and x3 = 1.

Proof of Claim. Let W be the boundary walk of f. If W does not contain cycle then clearly
€(f) > 4(x1 + x) since each poor configuration has at least 2 edges contained in W which are
each counted twice in a face without a cycle. Now suppose W contains an cycle C = vy, ..., U.
Note that k > max{x, + x3, 3}.

For each configuration counted by x3, note there is an additional length of at least 3in W
which is not accounted for in C. So overall, we know that £(f) > k + 3x3.

For each configuration counted in x5, there is an additional length of at least 2 in W that
not counted by C. However, looking at Figure 3.4 we see that equality is only achieved when
the poor configuration is a (1, h)-configuration and the high vertex (which is precolored) lies
on C (see the top configuration of Fig. 3.5). In this case however, if v; is the high vertex of the
configuration, then since precolored cliques are at a distance of 3, we get that v;_; and v; are
not precolored and hence not the high vertex of a poor configuration. So in fact C itself must
have length at least one longer to compensate for each such configuration, and the configuration
still adds at least 3 to £(f).

We have now seen that in general, we have €(f) > (x1 + x2) + 3x1 + 3x3 = 4(x1 + x2).
If x1 + xp = 1,then €(f) > 3+ 2xy = 5whenx; = 1,x3 = 0and €(f) > 3 + 3x; = 6 when

Xy =0,x3 =1. X

We are now finally ready to define an initial charge u on x € V(G) U F(G), on every

configuration C€(H;) in G, and on a global pot P. Initially, let u(C(H;)) = u(P) = 0 for every
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configuration in G and let

deg(x) — 4 if x € V(G)
u(x) =
f(x)—4 if x € F(G)

By Euler’s formula we see that

G = Y wCeH)N+ Y, pO+ Y, u()+uP) = 4|E(G)|-4|V(G)|-4F(G)| = 8.

H;eH veV(G) feF(G)

The items in V(G) U F(G) which receive a negative initial charge are 3-faces, and vertices in

V'[1,3]- We now present the discharging rules, which we perform in order.
Discharging rules

(R1) Each rich configuration C(H;) receives S(Hy) charge from each high vertexin C(T).
! 2

(R2) Each poor configuration C(H;) with |V (Hj)| = 2 receives charge 1 from its helpful face and
receives s(Hj) — 1 from its high vertex. Each poor configuration C(H;) with |V(H;)| > 3

receives charge 2 from its helpful face and receives s(H;) — 2 from its high vertex.
(R3) Eachv e Vi n V(H) receives charge 4 — deg(v) from its corresponding configuration.

(R4) Each face f € F3 with at least one edge in E(H) receives charge 1 from its corresponding

configuration.
(R5) Eachface f € F3 with no edges in E(H) receives charge % from its incident high vertices.

(R6) Whent < 2, each vertexu € VA gives charge 4 — deg(v) to ? and each vertex v €

Vi+1 \ V(H) receives charge 4 — deg(v) from P.

(R7) Whent = 1,Eachvertexv € V3 \ V(H) receives charge % from each neighbor.
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Let 1’ be the final charge after (R1)-(R7) have been applied. We’ll prove i’ > 0, contra-
dicting u’(G) = u(G) = —8 and completing the proof. The rest of the proof consists of one claim

each for P, faces, configurations and vertices, respectively.
Claim 3.8. P has nonnegative final charge.

Proof of Claim. The only rule affecting 2 is (R6). By Claim 3.4, u’'(P) > u(P) + |V[A—1,A]| -

Vi1 \ VEH)] > 0. X
Claim 3.9. Every face has nonnegative final charge.

Proof of Claim. Let f € F(G). If f is neither a 3-face, nor is the helpful face for any configuration,
then f is not affected by the discharging rules and i’ (f) = u(f) = é(f) —4>4—-4=0.

Now suppose f € F3. Since any helpful face must have length at least 5 by Claim 3.7, f
is only affected by one of (R4), (R5). In the former case, u'(f) = u(f) +1=3—-4+1=0. In
the latter case, then by Claim 3.2, f must be incident to at least 2 high vertices. Thus, by (R5)
W) =p()+2:5=3-4+1=0.

Finally suppose f is the helpful face for x5 + x3 poor configurations, with x;, x3 as in the
statement of Claim 3.7. By (R2), 1’ (f) = u(f) — x1 —2x3 = €(f) — 4 — x1 — 2x. If x5 + x3 > 2,
then by Claim 3.7, u/(f) > 4x; + 4x3 —4 —x3 —2x3 = 3x3 +2x3 —4 > 0. If x5 + x3 = 1
then by Claim3.7u'(f) >5—4—1=0whenx; =1,x3=0and u'(f) > 6 —4—2 = 0when

x5 = 0,x3 = 1. Inall cases, u’(f) > 0. X
Claim 3.10. Each configuration has nonnegative final charge.

Proof of Claim. Let C(Hj) be a configuration. By (R1) and (R2) C(H;) receives s(Hj) charge. Then
by (R3) and (R4) C(H;) gives 2|V ,nV(H;)|+|V 3NV (H;)|+|{f € F3 : E(f)NE(H) # @} = s(H;).

Thus ' (C(H})) = u(C(Hy)) + s(H;) — s(H;) = 0. X

Claim 3.11. Every vertex has nonnegative final charge.
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Proof of Claim. Letv € V(G). First supposev € Vjorv € Vi3] N V(H). Then by Claim 3.3
v € V(H), and thus, it is contained in a configuration. By (R3), u’'(v) = u(v) + 4 — deg(v) =
deg(v) — 4 + 4 — deg(v) = 0. Next supposev € V23] \ V(H). Then by Claim 3.3 we know
t <2.1fv € Viyq,thenby (R6), 1’ (v) = u(v) + 4 — deg(v) = deg(v) — 4 + 4 — deg(v) = 0. If
UVE Vigo,thent =1andv € V3. By (R7) 1/ (v) = u(v) + % deg(v) = —1 + 1 = 0. We may now
assume deg(v) > 4.

If vis low then it is not affected by any of the discharging rules and thus, u'(v) = u(v) =
deg(v) — 4 > 0. We may therefore assume that v is high. Note that since A > 28 — ¢, deg(v) >
[%1 > 14 which will turn out to be exactly what we need.

Since there are extra rules for vertices in V o when t = 2 and for Via-2,A] whent =1,
we take care of those separately later. So suppose v is highbutift = 2thenv &€ Vpandift =1
VE Va2l

Suppose first that v is in a poor configuration C(H;). If |V(H;)| = 1, then by (R5), u'(v) >
u() — %deg(v) = %deg(v) — 4. Thus, u'(v) > 0 because deg(v) > 8. If |[V(H;)| = 2 thenv
gives charge s(Hj) — 1 to its poor configuration by (R2). The only other rule which may affect
v is (R5) where it gives charge % to any incident 3-face with no edges in E(H). Since v is a
cut vertex in G, the number of incident faces to v is at most deg(v) — 1. Moreover, at least
one of these faces cannot be a 3-face with no edges in E(H) (since there is at least one face
incident to v and H;). Thus, u'(v) > u(v) — (s(H;) — 1 + %(deg(v) —2)). By Claim 3.6, u’(v) >
deg(lv) —4—-(5-1+ %(deg(v) —-2)) = %deg(v) — 7. Thus, 4’ (v) > 0 because deg(v) > 14.
Similarly, if [V(Hj)| > 3, then by (R2) and (R5), 1/ (v) > u(v) — (s(H;) — 2 + %(deg(v) —2)). By
Claim 3.6, u'(v) > deg(v) —4—(6 —2 + %(deg(v) -2)) = %deg(v) — 7 and hence u'(v) > 0
because deg(v) > 14.

Suppose now that v is in a rich configuration or v is in no configuration at all (and again
ift = 2,thenv & Vpandift = 1thenv ¢ V[A—Z,A])' Then, by (R1) and (R5), u'(v) >
uw) - (82 1
Since deg(v) > 14 we get u’(v) > 0, as desired.

deg(v)). By Claim 3.6, &’(v) > deg(v) — 4 — (3 + % deg(v)) = % deg(v) — 7.
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Finally we consider the cases whent = 2and Vport = 1andv € V[A—z,A]- First
supposet = 2and v € V . The only difference between the previous counts is that v also gives
charge 1 by (R6). Thus, u’(v) > %deg(v) -7-1= %A — 8 > 0since A > 16. Lastly suppose
t =1andv € V[p_5 a]- If v has two 3-neighbors 4, u' & V(H),thenuu' ¢ E(G) and hence
there cannot be a 3-face incidenttovanduand u’. Thus, if vis adjacent to s verticesin V3 \ V(H)
and incident to s’ 3-faces which contain no precolored edge, then s < deg(v),s’ < deg(v),
ands+s’ < % deg(v). By (R7) v has to give charge % to each 3-neighborin V3 \ V(H) and as
mentioned before, v gives charge % to each 3-face with no precolored edge. Also, ifv € V5
then by (R6) v gives charge 2 to 2 instead of charge 1 seen before. Thus, we can bound the
previous count of final charge by subtracting an additional 1 for (R6) if deg(v) = A and an
additional 5 - (5(deg(v))) ifv € V(55 o] Ifv € V[5_5 1] We see that 1/ (v) > 5 deg(v) -
8 — %(% deg(v)) = %deg(v) -8 = %(A —2) — 8. thus, u’(v) > 0since A > 26. If v € V , then

we have u'(v) > %deg(v) —-9= %A —9 > 0since A > 27. X

]

3.3 Extension from subgraphs with bounded maximum degree

Before proving Theorem 1.13 in general we prove it when G is planar and bipartite; in fact

we’ll prove a stronger result in this special case.
Theorem 3.2 (Alon and Tarsi). Every planar bipartite graph is 3-choosable.

Theorem 3.3 (Borodin, Kostochka, Woodall). Let G be a bipartite graph and let L be an edge
list assignment on G. If |[L(xy)| > max{deg(x), deg(y)} for every edge xy € E(G), then G is

L-edge-colorable.

Lemma 3.1. Let G be a planar bipartite graph and let L be an total list assignment on G. If
|L(v)| > 3forallv € V(G) and |L(xy)| > max{deg(x) + 2, deg(y) + 2} for every edge xy € E(G),

then G is L-totally-colorable.
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Proof. First give an L-coloring of the vertices of G, which is possible by Theorem 3.2. For every
edge e, modify L(e) to L' (e) by removing the colors of the incident vertices, if they appear. So
|L'(e)| > |L(e)| — 2. But then fore = xy, |L(xy)| > max{deg(x), deg(y)}. Hence by Theorem 3.3,

the edges of G can all be I'-colored, giving an L-total-coloring of G. O

Theorem 3.4. Let G be a planar bipartite graph, and let H be a subgraph of G. If H has maximum

degree at most d, then any (A + d + 4)-total-coloring of H in G can be extended to G.

Proof. Let G’ = G — E(H). For each edge e and vertex v in G’, let L' (e), L' (v) be obtained from
[A + d + 4] by removing all colors used on the vertices and edges of H incident and adjacent toe
and v. Let xy be an arbitrary edge of G'. Note that |L'(xy)| > A+d +4—deg;(x) —degy () —2.

This means that

IL' (xy)| > max{A + 2 — degy;(x), A + 2 — degp(y)} = max{deg/(x) + 2,deg/ (¥) + 2}

Now let v be an arbitrary vertex of G’ that is not colored under H. Then

IL'(V)] > A+d+4—2degy(v) > 4.

Our result now follows by Lemma 3.1. ]

We now prove Theorem 1.13 which we restate here for convenience.

Theorem (1.13). Let G be a planar graph with maximum degree A and let H be a subgraph of G.

If H has maximum degree d, then any (A + d + 6)-total-coloring of H in G can be extended to G.

Proof. If H = @ then since planar graphs are 4-colorable and (A + 1)-edge-colorable, we trivially
get a total-(A + 5)-coloring of G.

For any fixed A and d, we choose a counterexample (G, H) where the quantity

q(G) =3lE(G)| + |V [2,d+5]!
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is as small as possible. Throughout the proof, we let ¢ be the total-(A + d + 6)-coloring of H. Our

goal is to arrive at a contradiction by extending ¢ to G.
Claim 3.12. V[z’d+5] == @

Proof of Claim. Suppose not, and take v € Vi2,d+5]" Ifv ¢ V(H), we first color v with any
available color and add v to H. Since v sees at most deg(v) colors, such a choice is possible.
Note, adding v to H does not increase the maximum degree of H since no edges are added to H.
We may now assume v € V(H).

We now form G’ from G by deleting v, and attaching a leaf v, to each u € Ng(v). By
construction, |E(G)| = |E(G’)| and thus, q(G") < q(G) since the vertex v in V(2,d+5] has been
replaced by deg(v) vertices of degree 1. For any edge uv € E(H) we assign p(uvy,) = ¢(uv) and
forallu € Ng(v), we assign ¢(vy,) = ¢(v). Now by minimum counterexample, we can extend
@ to a total-(A + d + 6)-coloring of G’. Since p(vy,) = ¢(v) for allu € N(v), we would like to
obtain a total-(A + d + 6)-coloring of G by merging all such v, back into one vertex v. Note
that the resulting coloring may not be proper if p(uvy,) = ¢(u'v,,r) for two u, u’ € N(v). If this
occurs, we know at most one of uv or u’v can be in E(H) since H is a proper total-coloring. For
any such edge uv which is not in E(H), we can recolor uv with a different available color. Since
uv sees at mostdeg(u) — 1+ 1+deg(v) —1+1<A+d < A+d+6colors, there must be an
available color for each such edge. Thus, there exists a total-(A + d + 6)-coloring extending H to

G, contradicting that G was a counterexample. X
Claim 3.13. Every vertex v is adjacent to at most d leaves.

Proof of Claim. Let u be a vertex adjacent to a leaf. It suffices to show that uv € E(H) for any leaf
v € N(u) since then H having maximum degree d implies the desired claim. If v ¢ V(H), then
we can color v with any color it does not see (which is at most 1 color). Thus, we may assume
v e V(H). Ifu & V(H), then we can color u with any color it does not see (which is at most A
colors) and color uv with any color it does not see (which is at most A + 1 colors). Thus, we may

assume that u, v € V(H) and since H induces a proper vertex coloring, (v) # @(u).
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Now obtain G’ from G by removing v. Since E(G’) = E(G) — 1 and |V [2,d+5]] can only
increase by at most 1 in G’, we see that q(G’) < q(G) and by minimum counterexample we get
an extension of ¢ to a total-(A + d + 6)-coloring of G’. Since ¢(u) is precolored with some color
distinct from the precoloring of v, we can now add back in v with ¢(v) and greedily color uv
with any available color. Note that this is always possible since uv sees at most A + 1 colors and
A+d+6> A+ 1. Thus, we have a total-(A + d + 6)-coloring extending H to G, contradicting

that G was a counterexample. X
Fori > 0, let F'; be the faces of G with exactly i incident vertices of degree at least 3.
Claim3.14. F; = @ fori = 0,1, 2.

Proof of Claim. Suppose not for somei € {0, 1,2} . Suppose first that the boundary of f contains
no cycle. This means that G is a forest, and f is its one face. In particular, G is bipartite. But then
we may apply Theorem 3.4 and we are done. So we may assume that the boundary of f contains
a cycle. But then this boundary contains at least three vertices of degree at least three, since

V5 = @ by Claim 3.12, contradiction. X
We now introduce a discharging argument. We first define an initial charge u of x €

V(G) U F(G). Initially let

3deg(x)—6 if x € V(G)

-6 if x € F(G)

By Euler’s formula we see that

uG) = > u+ D u(f)=6lEG)|—6|V(G)| - 6|F(G)| = —12.
vel(G) feF(G)

Note leaves are the only vertices to start with a negative charge. We now present the

discharging rules.
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Discharging rules

(S1) Foreach m, every face f € F,, receives charge % from each vertex of degree at least 3 on

its boundary.

(S2) Every vertexv € V' q receives charge 3 from its neighbor.

Let u’(x) be the final charge of x € V(G) U F(G) after (S1) and (S2) have been applied,
and u’(G) be the sum of all these final charges in G. Then u'(G) = u(G) = —12. We complete
our proof by showing that 4’(G) > 0, which is a contradiction.

First consider a face f. By Claim 3.14, f € F;;, form > 3. So by (S1) (the only rule affecting
R () = p() +m(3) = =646 =0,

It remains only to consider the final charge of an arbitrary vertex v. If v € V' 1, then by (S2),
we get 1’ (v) = u(v) +3 = =3+ 3 = 0. By Claim 3.12, we may now assume that deg,(v) > d +6.

Suppose v lies on the boundary of x distinct faces and is incident to y leaves. We know
that x is no more than deg;(v) — y,s0 x + y < deg(v). We also know that y < d by Claim 3.13.

By doubling the first inequality and adding the result to the second inequality we get
2x + 3y < 2deg,(v) +d. (3.1)

Since F; = @ forany 0 < i < 2 by Claim 3.14, each of the x distinct faces incident to v has at
least 3 vertices of degree at least 3 on their boundary. This means that each of these x faces takes
charge at most 2 from v, according to (S1). Each of the y leaves incident to v take exactly 3 from

v, according to (S2). Hence by inequality (3.1),
p'(v) = 3deg;(v) — 6 — (2x + 3y) > deg; (V) —6—d > (d +6)—d > 0. (3.2)

Thus, every vertex and face has nonnegative final charge, a contradiction which completes the

proof. O
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In the case when H is a totally precolored matching (d = 1) we get the following corollary

of Theorem 1.13

Corollary 3.1. Let G be a planar graph with maximum degree A and let H be a subgraph of G. If

H is a matching then any total-(A + 7)-coloring of H in G can be extended to G.

3.4 Extensions from matchings with no distance condition

We reduce the color palette in Corollary 3.1 from (A + 7) to (A + 3) with the following

theorem.

Theorem 3.5. Let 3 <t < 6, let G be a planar graph with maximum degree A > 31 — ¢, and let H
be a subgraph of G. If H is a subgraph with maximum degree one, then any total-(A + t)-coloring

of Hin G can be extended to G.

Note that setting t = 1 in the above statement gives a slightly strengthened version of

Theorem 1.11 (since here we allow H to also contain isolates).

Proof. Suppose that G is a counterexample for which ¢ is maximum and, subject to that, the
quantity q(G) = 3|E(G)|+ [V [2,t—1]1 is minimum. Then there exists a subgraph H with maximum
degree one such that some total-(A + t)-coloring ¢ of H in G cannot be extended to G.
Consider the following claim, whose statements are very similar to claims we have already
established within other proofs in this chapter; the previous claims are listed in brackets below.

Here, as in our previous work, we define a vertex v to be high if deg ;(v) > [%1.

Claim 3.15. The following hold.
1. Ife € E(G) \ E(H), then ¢ can be extended to G — e. (Claim 3.1 of Theorem 3.1)

2. Letuv € E(G) \ E(H) such thatu ¢ V(H) and u is low. Then deg(u) + deg(v) > A + t.
Moreover, every edge uv € E(G) \ E(H) has at least one high endpoint. (Claim 3.2 of

Theorem 3.1)
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3. V1 C V(H)and foranyv € V[t,4],N(v) C V[A—4+t,A] (Claim 3.3(1) and (3) of Theo-

rem 3.1)
4, V[z,t—l] = @ (Claim 3.12 of Theorem 1.13).

To establish Claim 3.15(1), we can use an essentially identical proof to the one indicated
in the bracket. To see this, note first that if G’ is a proper subgraph of G, then q(G") < q(G)
(since any edges removed create at most 2 new vertices in V[2,t—1])’ so we may apply minimality.
When t achieves its upper bound in the other proof, we applied Theorem 1.15, but here we can
use Corollary 3.1 instead. To establish Claim 3.15(2), the proof of the bracketed claim works
verbatim, except that instead of relying on “Claim 1” there, we instead rely on the analog we just
established in Claim 3.15(1). Similarly, the fact that V1 C V(H) for Claim 3.15(3) is verbatim
from Claim 3.3(1), except we replace “Claim 2” there by our analog in Claim 3.15(2). The second
part of Claim 3.15(3) is only relevant when t € {3,4}. For t = 3 the result follows directly from
Claim 3.15(2). Fort = 4 we follow the same argument as Claim 3.3(3), replacing “Claim 1” and
“Claim 2” as above. Finally, to establish Claim 3.15 (4), we look to the proof of the bracketed
result, where A + d + Sisreplaced by A + t — 1 here, and we note thatt — 1 > §(H) + 1.

Our next claimis similarto Claim 4 in the proof of Theorem 3.1, but with enough differences

that we write a full argument here for clarity.
Claim 3.16. If t € {3, 4}, then |V[t,4]| < |V[A—4+t,A]|

Proof of Claim. Let B be the bipartite graph induced by parts Vit,4] and Via-a+t,A] inG—E(H).
Note that by Claim 3.15(3) all but at most one edge incidenttov € V4] isin E(B). If Bis acyclic,
then 2|V 41| < [E(B)| < |[V(B)| = [V 11,41l + 1V [a—4a4¢,a]] @s desired.

Now suppose for contradiction that B contains a cycle C. The edges of C are all uncolored,
but vertices on C can be precolored. If v € V(C) and v ¢ V(H), then note that v sees at most
A other colors, since no edge incident to v is precolored (precolored edges have both ends
precolored as well). So the precoloring ¢ of H can be extended to H' = H U V(C). Moreover,

H’ still has maximum degree one, since it is obtained from H by adding isolates. So if we let
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G’ = G\ E(C), we can use Claim 3.15(1) to get a total-(A + t)-coloring ¢ extending ¢ to G'. It
remains then only to color the edges of C.

Let uv € E(C), withu € Vit,a]V € Via—a+t,A]- If t = 3, the edge uv sees at most
1+A—2+2=A+1colorsing (one edge incident to u, A — 2 edges incident to v, and the two
vertices u, v themselves). Since A+t = A+ 3 here, there are at least 2 color choices for each such
edge, so since even cycles are 2-edge-choosable, we can extend ¢ to G, contradiction. We can
make a similar argument when t = 4. In that case, each edge seesat most2+ A—2+2=A+2
colorsin ¢. So, since A +t = A + 4, there are at least 2 color choices for each such edge, and the

2-edge-choosability of C means we can extend ¢ to G, contradiction. X

We say a leaf in G is a high-leaf (low-leaf) if its neighbor is a high (low) vertex. Given a
high vertexv € V(G) \ V(H), we say a face f is needy with respect to v if v is incident to f and

either of the following is true:
1. fisa3-faceandvisits only incident high vertex, or;

2. fis aface with at least two incident low-leaves u, u’ with neighbors w, w’, respectively,

such that w, w’ are neighbors of v on f.

We say that a needy face is either type 1 or type 2 according to whether it satisfies (1) or (2),
respectively See Figure 3.6. Given a high vertex v € V(G) \ V(H), let n(v) denote the number of

faces that are needy with respect to v.

v v

w w

Figure 3.6: Needy faces with respect to v of type 1 (left) and type 2 (right). Precolored vertices
and edges indicated in red.

Claim 3.17. Letv € V(G) \ V(H) be a high vertex. Then n(v) < % deg(v).
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Proof of Claim. Suppose for contradiction thatv € V(G) \ V(H) and n(v) > % deg(v). Then by
the pigeonhole principle, there must be two adjacent needy faces with respect to v, say f and
f'.1If fand f’ are of type 2, this would require a neighbor of v to be adjacent to two leaves. By
Claim 3.15(3), since V1 C V(H), this would contradict H being a matching. So we may assume
without loss of generality that f is a 3-face where v is the only high vertex. Let u,v, w be the
vertices of f where u, w are both low and u is incident to f”. By Claim 3.15(2), uw € E(H).

Now consider f’. If f is of type 2, then u must also have a neighboring leaf z on f” which
means uz € E(H) by Claim 3.15(2), contradicting that H is a matching. If f’ is of type 1 where
f" = vuw’ then by definition u and w’ are both low and thus uw’ € E(H) by Claim 3.15(2)
again contradicting that H is a matching. In either case we arrive at a contradiction since H is a

matching. X
Claim 3.18. If f € F(G) isincident with x > 1 leaves, then ¢(f) > x + 4.

Proof of Claim. We prove this by induction on x. If x = 1, then any face f with one leaf v must
have length at least 5 since G is simple. Now suppose a face f has x > 2 leaves. Let v be a leaf on
f and let f’ be the face obtained by removing v. By Claim 3.15(4), V5 = & so when we remove v
from f, we yield a face f’ incident with one less leaf. By induction #(f’) > x —1+4 = x + 3. By

adding v back in we see that ¢(f) = ¢(f') + 2 = x + 5 > x + 4 as desired. X

We now define an initial charge u of x € V(G) U F(G) and to a global pot 2. Initially let
u(P) =0and let

deg(x) — 4 if x € V(G)
u(x) =
f(x)—4 if x € F(G)

By Euler’s formula we see that

uG) =u@P)+ >, u@+ D, u(f)=4EG)| -4V(G)|—4|F(G)| = -8.
vel(G) fEF(G)

We now present the discharging rules.
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Discharging rules

(T1) Every high-leaf receives charge 1 from its incident face and receives charge 2 from its

neighbor.

(T2) Everylow-leaf receives charge 1 from itsincident face f, receives charge 1 from its neighbor

and receives charge % from both of its second neighbors on f.
(T3) Every 3-face receives charge % from its y incident high vertices (note y > 1).

(T4) Ift € {3,4}, every vertexv € Vit,4] receives charge 2 from 2 and every vertex v €

Via-a+t,A] gives charge 2 to .

Let u’(x) and u’(P) be the final charge of x € V(G)UF(G) and 2 after (T1)-(T4) have been
applied. We prove via a series of three claims that 4’ > 0, contradicting 4’(G) = u(G) = —8 and

completing the proof. Our proof consists of one claim each for P, faces, and vertices, respectively.
Claim 3.19. 2 has nonnegative final charge.

Proof of Claim. The only rule affecting 2 is (T4). By Claim 3.16, u’(P) > u(P) + 2|V[A_4+t’A]| —

2|V[t,4]| > 0. X
Claim 3.20. Every face has nonnegative final charge.

Proof of Claim. Let f € F(G). If f € F3,then f cannot have any incident leaves. Thus, f is
only affected by (T3) and u'(f) = u(f) +y - % = 0 where y is the number of high vertices
incident to f. We reiterate that y > 1 since every 3-face can have at most 1 edge in E(H) and
hence there is an edge which is not precolored and must be incident to a high vertex. Next
suppose €(f) > 4. If f has no incident leaves, f is not affected by any discharging rules and thus,
W (f) = u(f) = €(f) —4 > 0. Finally, suppose f is incident to x > 1 leaves. By (T1) and (T2),
W (f)=u(f)—x=¢6(f)—4—x.ByClaim3.18, (f) > 4 + x and thus, u’(f) > 0. X

Claim 3.21. Every vertex has nonnegative final charge.
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Proof of Claim. Letv € V(G). First suppose vis a leaf. If v is a high-leaf, by (T1), u’(v) = u(v) +
142 = deg(v)—4+3 = 0. Ifvis alow-leaf, by (T2), &/ (v) = ,u(v)+1+1+2-% = deg(v)+3 = 0.

Next suppose v is low. Note that since v is low, v does not give any charge to 2 in (T4).
By (T2), u'(v) > u(v) — 1 = deg(v) — 5 and thus u’(v) > 0if deg(v) > 5. If 2 < deg(v) < 4
then since Vigi-11=9 by Claim 3.15(4), deg(v) € {3,4}and t € {3,4}. Thus, by (T4), u’(v) >
u(@)+2—-1=deg(v)—3>0.

Next suppose v is high and v is not affected by (T4). If v € V(H), then every 3 face
which v is incident to, must have at least 2 high vertices incident to it. Thus, by (T1) and (T3)
1) > u) — 2+ %(deg(v) 1) = %deg(v) _ % Thus, &'(v) > 0 as long as deg(v) > 11.
Since A > 31 —t,and vis high, deg(v) > [%] > 16. If v &€ V(H), then by (T2) and (T3), v gives
a total charge of 1 for any needy fact with respect to v (gives 1 to a needy face of type 1 and % to
both leaves in a needy face of type 2). For any other incident face, v gives charge at most % Thus,

by Claim 3.17, we see that i’ (v) > u(v) — (1 - (V) + % . (deg(v) = n(v))) = % deg(v) — 4. Hence

A+t
2

Finally suppose v is high and is affected by (T4). Then v loses an additional charge of 2 to

' (v) > 05so long as deg(v) > 16. Sincevis highand A > 31 — ¢, | > 16.

P. Inthis case, t € {3,4}and deg(v) > A — 1. If v € V(H), then by the same computation as the
previous paragraph we see that u’(v) > % deg(v) — % -2> %A —8 > 0since A > 25. Similarly
if v & V(H), using the same calculation in the previous paragraph, u’(v) > %deg(v) -6 >

%A—ZTEZOsinceAZZS. Ry

O
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Chapter 4

Total-Coloring Extensions in Some Other Families of Graphs

Conjecture 1.5 is a strengthening of the Total-Coloring Conjecture (TCC), and thus natural
graph class candidates for proving Conjecture 1.5 are classes of graphs in which the TCC is known
to hold. In this section, we investigate several such classes, including paths, cycles, trees, ladders,

and prisms.

4.1 Path, Cycles and Trees

We first prove Conjecture 1.5 for paths and cycles, both of which we restate for conve-

nience.

Theorem (1.17). Let n > 1 and let M be a distance-3 matching in B,. Then any total-4-coloring of

M can be extended to B,.

Proof. Letn > 1and let M be a distance-3 matchingin B,. Let ¢ be a total-4-coloring of M. Since
B, — E(M) is a disjoint union of paths, and colorings of different components are independent,
it suffices to extend the coloring on each component separately. In particular, it is enough to
consider a path P; with t > 6 and vertices vy, ..., v; such that E(M) N E(P;) = {v1V3, Uf_1V¢}-

We now extend ¢ to P;. First, set p(v3) = po(v1V3). Sincet > 6, the elements vz and
L1V are at distance at least 3, so this coloring preserves properness. Next, we greedily color
the remaining uncolored vertices of P;. At each step, a vertex is adjacent to at most two already
colored vertices and no precolored edge (since the endpoints of precolored edges are already
colored under g(), so at most two colors are forbidden, and a color from [4] is available.

It remains to color the edges v,v3, ... ,U_2Vs_1. Observe that each edge in this set
is incident with two vertices and possibly adjacent to one precolored edge. In particular,
since we colored p(v3) = @g(v1v32), every such edge sees at most three colors, and all but

possibly vs_ov;_1 see at most two colors. Therefore, by coloring the edges in the order
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Uf_2U¢_1,V¢_3V¢_2, ... , UaU3, €ach edge has an available color in [4], and we may complete
the coloring greedily.

Thus, ¢ extends to a total-4-coloring of P¢, and hence to B,. ]

Corollary (1.1). Let n > 3 and let M be a distance-3 matching in Cy,. Then any total-4-coloring of

M can be extended to Cy,.

Proof. Letn > 3 and let M be a distance-3 matchingin Cj,. Let ¢ be a total-4-coloring of M in
Cy. We show that ¢ extends to a total-4-coloring of C;,. Observe that C,;, — E(M) is a disjoint
union of paths, say Py, ... »Ppp)- For each path P;, consider the restriction of ¢ to the edges
of M incident with P; and their endpoints. This forms a totally-4-colored distance-3 matching
relative to P;. Thus, by Theorem 1.17, this coloring extends to a total-4-coloring of P;. Since
the paths Py, ... » Py are disjoint, these extensions are compatible. Combining them yields a

total-4-coloring of C}, extending ¢, as desired. O]

See Fig. 4.1 for a illustration of how a precolored distance-3 matching in C;,; decomposes

the graph into uncolored cycles to which we can apply Theorem 1.17.

Figure 4.1: How to extend a precolored distance-3 matching in C, to a total-4-coloring.

Next, we investigate extending total colorings in trees. Let T be a tree with maximum
degree A. We verify Conjecture 1.5 by showing that any precolored distance-3 matching extends
to a total-(A + 2)-coloring of T, that is proving Theorem 1.18, which we restate below. By Fig. 3.2,
this distance condition is best possible. Since y7(T) = A + 1, one might hope to extend a
precolored matching to a total-(A + 1)-coloring. We show that this is not possible, regardless of

any distance condition.
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Theorem (1.18). Let T be a tree with maximum degree A, and let M be a distance-3 matchingin

T. Then any total-(A + 2)-coloring of M can be extended to T.

Proof. If A < 2,then T is a path which is proved by Theorem 1.17. Thus we may assume A > 3,
which implies our desired color palette has size at least 5.

We prove this by minimal counterexample with respect to |V(T)|. Let T be the smallest
such tree with maximum degree A, where M is a distance-3 matchingin T and ¢ is a total-(A+2)-
coloring of M which does not extend to any total-(A + 2)-coloring of T.

Suppose there exists an edge xy ¢ M with deg(x) = 1. Let T' = T — x. By minimality,
there exists a total-(A + 2)-coloring extending M to T'. Next, greedily color xy, which is possible
since xy forbids at most A colors (A —1 adjacent edges and the color of y). Finally, we can greedily
color x, which forbids at most 2 colors. Thus, M is precisely the set of edges incident to a leaf in
T.

Letey, ey € M, both incident to leaves x; and x; respectively. Moreover, choose e; and
e such that the distance from x; to x5 is maximized. Fori € {1, 2}, lete; = x;y; and let P be the
shortest (x1, x3)-path in T, and let z; be the other neighbor of y; on P (note that z; # z, since
M is distance-3).

We claim that deg(y1) = degp(y2) = degp(z1) = degp(zp) = 2. First consider yq
and y,. The arguments are symmetric, so suppose for a contradiction that deg,(y1) > 3, and
letv € N(y1) \ {x1,21}. Since y1v ¢ M and all edges incident to leaves must lie in M, there
must exist some edge e3 = x3y3 € M with leaf x3 such that dist7(v,y3) > 2 and ej lies in
the component of T — P containing v. But then the distance from e3 to e, is greater than the
distance from e to e;, a contradiction. Now let w; be the neighbor of z; on P distinct from y;.
The argument for z; and z; is identical. Suppose for a contradiction that deg(z1) > 3, and
letv € N(z1) \ {y1,w1}. Since z;v ¢ M and all edges incident to leaves must lie in M, there
must exist some edge e3 = x3y3 € M with leaf x3 such that dist7(v, y3) > 1 and e lies in the
component of T — P containing v. But then the distance from e3 to e; is greater than the distance

from ey to e, again a contradiction.
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Let T" = T — {x1,y1,21}. By minimum counterexample, there exists a total-(A + 2)-
coloring ¢’ extending M \ {x1y1}to T'. What remains is to color the edges zyw; and y;z; and
the vertices y; and z1. We do this greedily. First color zyw1, which is possible since z;wq sees at
most A colors under ¢’. Next color z1, which is possible since z; sees at most 3 colors (the colors
of wy, zywy, and yq). Finally color y1z1, which is possible since y;z; sees at most 4 colors (the

colorsof x1y1, zjwy,y1,and z;) and A + 2 > 5. O

Not only do we see from Fig. 3.2 that the distance condition in Theorem 1.18 is tight, but
the color palette is also tight for any distance condition. To see this, observe that there is only one
total-3-coloring of a path B, up to relabeling (see Fig. 4.2). Thus, a total-3-coloring of a matching
cannot always be extended to B,, regardless of the distance condition (fix the coloring of the first
K; of B, and then alter the final K; so that it does not match the coloring in Fig. 4.2). It would be

interesting to know whether a tight example exists for trees for all values of A.

1 2 3 1 2 g3 1 9 3 1 2
L —— ° °

Figure 4.2: The unique total-3-coloring of the path Pg

Here we take a quick aside to mention some future work. Trees are a special case of
bipartite graphs, for which we know the TCC holds trivially (take any A-edge-coloring together
with a 2-vertex coloring). Thus, it is natural to hope to have a strengthening of the TCC via an
extension result. As it turns out, this is very closely related to another celebrated coloring result

for bipartite graphs shown by Galvin in 1995 [35].
Theorem 4.1 (Galvin's Theorem [35]). Bipartite graphs are A-edge-choosable.

As a corollary of Galvin’s Theorem, we can prove a weakening of Conjecture 1.5 by replac-
ing the conjectured A + 2 color palette in Conjecture 1.5 with A + 3, even when the distance

condition is reduced to 2.

Corollary 4.1. Let G be a bipartite graph and let M be a distance-2 matching in G. Then any

total-(A + 3)-coloring of M can be extended to G.
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Proof. Let G be a bipartite graph and let M be a distance-2 matchingin G that is total-(A + 3)-
colored. We first greedily color the vertices of G, which is certainly possible with A + 3 colors.
Next, observe that each edge sees at most 3 colors: its two endpoints and possibly one adjacent
edge in M. Thus, every edge has at least A available colors, and by Theorem 4.1, we can extend

M to a total-(A + 3)-coloring of G. ]

4.2 Ladders and Prisms

We now turn to another class of graphs for which the Total-Coloring Conjecture is known
to hold, namely subcubic graphs. The The TCC was first verified for subcubic graphs in 1971 by
Rosenfeld [36] and independently by Vijayaditya [37] (see [38] for a short proof). Determining
whether 4 colors suffices for a total-coloring certain classes of subcubic graphs remains an
challenging problem, even for subcubic bipartite graphs.

To systematically investigate total-coloring extension results for subcubic graphs, we
restrict our attention to special cases of subcubic graphs with more inherent structure, namely
ladders and prisms. We point out that the maximum degree of both graphs is 3 and moreover,
the prism is 3-regular.

In order to extend total colorings of matchings to total colorings of ladders and prisms, it
will be helpful to control the coloring on some of the induced C4’s contained in these graphs. To
this end, we consider the following definition.

Let C be a 4-cycle with V(C) = {v1, 03, 03,04} and E(C) = {v1v2, U303, U304, U1U4}. We
say that a coloring ¢ : V(C) U E(C) — [5] is good with respect to vy if p(v1), p(v2), p(L1V3)
are pairwise distinct, p(v1v4) € {p(v1), p(L1V2)}, P(V203) € {P(V2), P(V1V2)}, and p(v1vy) #
@p(v,03) (see Fig. 4.3). Note that we do not require the coloring ¢ to be proper, since there is no

restriction on p(v3), p(v4), or (V3L 4).

We first consider a special case: extending a specific precolored matchingin Ls.

Lemma4.1. Let Ls have vertices xq, ..., xsand y1, ..., y5 where the x;’sand y;’s each induce a P5

and xjy; € E(Ls) foralli € [5]. Let M = {x1, X2, X1X2,V4,Y5,Y4Y5}. Then any total-5-coloring

66



Figure 4.3: Two examples ¢ : V(C4) U E(C4) — [5] which are both good with respect to v v;.
The left gives a total-5-coloring whereas the right does not.
of M extends to a total-5-coloring of Ls where {x1, X3, 1,2} is good with respect to x;y; and

{x4,X5,V4,y5}is good with respect to x5ys.

Proof. Let ¢ be a total 5-coloring of M. By relabeling the colors, we may assume that p(x;) = 1,
p(x1x2) = 2,and p(x3) = 3. Next, write p(y4) = &, (y4ys) = §,and p(ys) = y, where a, 8,y
are distinct elements of [5]. Let {3, ¢} = [5] \ {«, B, 7}.

Case 1. Suppose (a, 8,7) & {(4,5,2),(5,1,3),(5,1,4),(5,2,4),(5,4,2),(4,1,2),(5,1,2)}.
We color C1 = x1x2y2y1 by setting p(y1) = 3, ¢(y2) = 1, (y1¥2) = 5, and e(x1y1) =
p(x2y2) = 4. We color Cyq = x4X5y5y4 by setting p(x4) =y, p(x5) = a, p(x4y4) = p(X5y5) =
d,and p(x4x5) = €. Then both C; and C4 are good.

It remains to color

X3,Y3,X2X3,X3X4,Y2Y3,Y3Y4,X3)3.

At this point, each of x,x3, Xx3X4, y2Y3, Y34 has at least two available colors, each of x3, y3 has
at least three available colors, and x3y3 has all five colors available. To finish the coloring, we

prove this by exhaustion in the following claim.

Claim 4.1. Assume (a, 8,7) & {(4,5,2),(5,1,3),(5,1,4),(5,2,4),(5,4,2),(4,1,2), (5,1, 2)}. With
the coloring of C1 and C4 defined above, the elements x3, y3, X2X3, X3X4,Y2Y3, V3V 4, X3)3 €an

be colored so that the coloring remains proper.
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Proof of Claim. We let L denote the list of available colors. At this point,

L(xzx3) ={1,5},  L(xzxg) ={af},  LOy2y3) =1{2,3L,  L(yzysa) ={r.e}k

We choose the roles of § and ¢ as needed below; this only changes which of the two colors in
[5]\ {a, B, 7} is assigned to x4x5 and which is assigned to the two rungs of Cy4.

First suppose a # 5and y # 2. Choose ¢ arbitrarily. Set p(x3x3) = 5,p(x3x4) =
a, p(y2y3) = 2,9(¥3y4) = y. It remains to color x3y3,x3,y3. We do this according to the

following cases:

(a,y) | (p(x3y3), p(x3), $(¥3))
(1,3) (4,2,5)
(1,4) (3,2,5)
(1,5) (3,2,4)
(2,1) (3,4,5)
(2,3) (1,4,5)
(2,4) (3,1,5)
2,5) (1,4,3)
(3,1) (4,2,5)
(3,4) (1,2,5)
(3,5) (1,2,4)
4,1) (3,2,5)
(4,3) (1,2,5)
(4,5) (1,2,3)

These are all possibilities with o # 5,y # 2, and «, y distinct.
It remains to consider the triples in Case 1 for which either &« = 5ory = 2. Since the
seven exceptional triples have been excluded, the remaining triples are (1, 3, 2), (1, 4, 2), (1, 5, 2),

(3,4,2),(3,5,2),(4,3,2),(5,2,1),(5,2,3),(5,3,1),(5,3,2),(5,3,4),(5,4,3),(3,1,2),and (5, 4, 1).
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For the first twelve of these triples, choose ¢ as indicated below and color the seven remaining

elements as follows.

(o, B,7) | € | (p(x2x3), p(x3X4), P(¥2¥3), p(¥3Y4), P(x3Y3), p(x3), 9(¥3))
(1,3,2) | 5 (1,3,3,5,2,5,4)
(1,4,2) | 5 (1,4,3,5,2,5,4)
1,5,2) | 4 1,5,3,4,2,4,5)
(3,4,2) | 5 (1,4,3,5,2,5,4)
(3,5,2) | 4 (1,5,3,4,2,4,5)
(4,3,2) | 5 (1,3,3,5,4,5,2)
(5,2,1) | 4 (1,2,3,4,5,4,2)
(5,2,3) | 4 (1,2,3,4,5,4,2)
(5,3,1) | 4 (1,3,3,4,5,4,2)
(5,3,2) | 4 (1,3,3,4,5,4,2)
(5,3,4) | 2 (1,3,3,2,5,2,4)
(5,4,3) | 2 (1,4,3,2,5,2,4)

Finally, if (o, 8,7) = (3,1,2), choose e = 4 and set p(x2x3) = 5, p(x3x4) = 1, p(¥2y3) =
3, p(y3ya) = 4, p(x3y3) = 2, p(x3) = 4,and p(y3) = 5. If (@, B,¥) = (5,4,1), choose ¢ = 2
and set p(x2x3) = 5, p(x3x4) = 4, (¥2y3) = 3, p(¥3y4) = 2, p(x3y3) = 1, p(x3) = 2, and
@(y3) = 4. Thus in every triple covered by Case 1, the coloring extends over the seven remaining

elements. X

This completes the extension in this case.

Case 2: (a, 3, 7) is one of the exceptional cases.

Suppose (a,8,7) = (4,5,2). Color p(y1) = 3, 9(y2) = 1, 9(y1y2) = 5, p(x1y1) =
p(x2y2) = 4, p(x4) = 2, p(x5) = 4, p(x4y4) = @(xs5y5) = 3, and p(x4x5) = 1. Finally set
p(x2x3) = 1, p(x3x4) = 5, 9(y2y3) = 2, p(y3y4) = 1, p(x3y3) = 3, p(x3) = 4,and (y3) = 5.
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Suppose (&, 8,7) = (5,1,3). Color p(y1) = 3, ¢(y2) = 1, p(y1y2) = 4, (x1y1) =
p(x2y2) = 5, ¢(x4) = 3, 9(x5) = 5, p(x4y4) = @(x5y5) = 2, and p(x4x5) = 4. Finally set
p(x2x3) = 4, p(x3x4) = 1, p(y2y3) = 2, p(y3y4) = 3, p(x3y3) = 5, p(x3) = 2,and ¢(y3) = 4.

Suppose (&, 8,7) = (5,1,4). Color p(y1) = 3, ¢(y2) = 1, p(y1y2) = 4, e(x1y1) =
p(x2y2) = 5, ¢(x4) = 4, ¢(x5) = 5, p(x4y4) = @(x5y5) = 2, and p(x4xs5) = 3. Finally set
p(x2x3) = 4, p(x3x4) = 1, 9(y2y3) = 2, 9(y3y4) = 3, p(x3y3) = 5, p(x3) = 2,and (y3) = 4.

Suppose (&, 8,7) = (5,2,4). Color p(y1) = 3, ¢(y2) = 1, p(y1y2) = 4, e(x1y1) =
p(x2y2) = 5, ¢(x4) = 4, ¢(x5) = 5, p(x4y4) = p(xs5y5) = 1, and p(x4xs5) = 3. Finally set
p(x2x3) = 4, p(x3x4) = 2,9(y2y3) = 2, 9(y3y4) = 3, p(x3y3) = 1, p(x3) = 5,and (y3) = 4.

Suppose (a,8,7) = (5,4,2). Colorp(y1) = 3, 9(y2) = 1, o(y1y2) = 5, ¢(x1y1) =
p(x2y2) = 4, p(x4) = 2, p(x5) = 5, p(x4y4) = @(xs5y5) = 3, and p(x4xs) = 1. Finally set
p(x2x3) = 1, p(x3x4) = 4, 9(y2y3) = 2, 9(y3y4) = 1, p(x3y3) = 3, p(x3) = 5,and p(y3) = 4.

Suppose (&, 8,7) = (4,1,2). Color o(y1) = 3, ¢(y2) = 1, o(y1y2) = 5, (x1y1) =
Pp(x2y2) = 4, p(xq) = 3, p(x5) = 4, p(x4y4) = 2, p(x5y5) = 3,and p(x4xs5) = 5. Finally set
p(x2x3) = 5, 9(x3x4) = 1, 0(y2y3) = 2, (y3y4) = 3, p(x3y3) = 4, p(x3) = 2,and (y3) = 5.

Suppose (&, 8,7) = (5,1,2). Color p(y1) = 3, 9(y2) = 1, p(y1y2) = 4, (x1y1) =
p(x2y2) =5, p(x4) = 3, p(x5) = 5, p(x4y4) = 2, p(x5y5) = 3, and p(x4xs5) = 4. Finally set
p(x2x3) = 4, 9(x3x4) = 1, 0(y2y3) = 2, 9(y3y4) = 3, (x3y3) = 5, p(x3) = 2,and (y3) = 4.

In each of the above colorings, it is easy to check that the coloring is proper on Ls and

that both C and C4 are good with respect to x1y; and x5y 5 respectively. ]

Lemma 4.2. Let n > 6 and let G = B,[JK; with vertices {x1,...,xu} U {¥1,...,Yn}, Where
X1, ..., Xp and y1, ...,y €ach induce a path and x;y; € E(G) foralli € [n]. Fori € [n — 1], let
Ci = Gl{xj, xj41,¥i Yit1}]- LetH = V(C1)UE(C1)UV(Cp—1)VE(Cp—1),and letpg 1 H — [5]
be a coloring such that ¢ restricted to Cy is good with respect to x,y, and ¢ restricted to
Cn—1 is good with respect to x;,_1y,—1. Then there exists a coloring ¢ : V(G) U E(G) — [5]

extending ¢ to G such that the only possible violations of ¢ being a total-5-coloring occur at
X1,Y1,X1Y1> Xns Yn, and xpyp.
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Proof. Since coloring elementsin G — (C1 U Cy,—1) cannot affect the vertices and edges at the
ends of the ladder, namely x1,y1, X1Y1, Xn, Y5, and X, ¥y, it suffices to extend ¢ so that every
other vertex and edge of G is properly colored.

We first show how to propagate a good coloring along the ladder so that the problem
reduces to the case n = 6. Suppose ¢ is defined on V(C;) UE(C}), that its restriction to C; is good
with respect to x;41y;4+1, and that all currently colored elements are proper except possibly
at the two ends of the original ladder. We first set p(x;12) = @(¥i+1), (Vit+2) = ¢(xj4+1), and
P(Xi12Yi+2) = P(Xix1Yit1)- Since p(Xj11), P(Yis1), and ¢(xj11yi41) are pairwise distinct,
these three assignments create no conflicts. It remains to color x;1x;42 and y;41Yi4+2. Each
of these two edges has at least two available colors and thus, we may choose distinct available
colors for xj41xj42 and y;11yiy2. After doing so, the coloring on C; 1 is proper and good with
respect to x;,,y;+2. Repeating this step, we may assume n = 6.

Now assume n = 6. We consider three cases for the possible color combinations between

po(x1x2) and po(xs5x6) and between ¢ (y1y2 and po(ysye).
Case 1: pg(x1x2) # @o(xsxe) and po(¥1y2) # Po(ys5ye). Define p(x3) = @o(x1x2),
P(y3) = eo(1y2), ¢(xa) = @o(x5%e), p(¥4) = @o(¥sye), (x3y3) = @o(x2y2), and

o(x4y4) = @o(x5y5). Because ¢g is good on C; and Cs, these assignments preserve proper-
ness. At this stage, x3x4 and y3y4 each see at most four colors, while x3x3, y2y3, X4Xx5, and
V4)5 each see at most three colors. We first greedily color x3x4 and y3y4, and then greedily
color the remaining four edges to obtain the desired extension.

Case 2: Exactly one of the equalities p(x1x3) = po(x5xg) and ¢o(y1Y2) = o(V5Y6)
holds. By symmetry, assume pg(x1x2) = @o(xsxe) and po(¥1y2) # @o(ys5y6). We first set

p(x3) = po(x1x2), p(¥y3) = Po(y1¥2), and p(x3y3) = po(x2y2). Next set (y4) = 9o(¥5y6)-

As in the previous cases, the edges x,x3, ¥,y3, and y4y5 can be colored greedily at the end.
Thus it remains to color x3xy4, X4, X4X5, X4 4, and y3y4.
At this stage, each of x4, x4X5, and y3y4 has at least two available colors, x3x4 has at

least three available colors, and x4y 4 has at least four available colors. Therefore we may greedily
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color these elements in the order x4x5, X4, X3X4, X4)4, and y3y4. Finally, we greedily color
X2Xx3,Y2Y3, and y4ys, completing the extension.

Case3: po(x1x2) = o(xs5x6)and po(y1y2) = o(¥sye). Wefirstsetp(x3) = po(x1x2),
(¥3) = Po(¥1¥2), p(x3y3) = Po(x2y2), and p(x4y4) = po(x2y2). We next aim to color xy4,

Va4, X4Xs5,and y4ys. After that, we will greedily color x3x4 and y3y4, and finally x,x3 and y,ys5.
Indeed, once x4, y4, X4X5,and 45 are colored, each of x3x4 and y3y 4 sees at most four colors,
since before this step each sees only the two colors on its incident endpoint and rung edge, and
coloring x4, y 4, X4X5, and y4y 5 introduces at most two additional conflicts. Similarly, x,x3 and
y,y3 each see at most four colors when colored last. Thus, it remains only to show that x4, y4,
X4Xs5,and y4)5 can be colored appropriately.

We first show that this can be done greedily except in one special case, namely when
vo(x5) = po(¥5¥6) and po(y5) = @o(xs5x6) Which will we take care of afterwards. Thus, we

may assume without loss of generality that po(xs5) # po(¥5Y6)-

Claim 4.2. If po(x5) # 90(y5¥6), then we can greedily color x4, ¥4, X4X5, and y4ys5 in some

order.

Proof of Claim. Since po(xs5) # @0(y5Y6), the five elements xs, ys, x5y5, X5X¢, and Y5y must

receive at least four colors. Suppose

®o(x2y2) € {po(xs), o(¥s), Po(x5y5), Po(X5X6), Po(Ys5Y6)}

. Note that pg(x3y7) is also the color assigned to both x3y3 and x4y 4. By symmetry, we may
assume that x4x5 sees at most three colors. Then we may greedily color y4ys, v4, X4, and x4x5
in this order.

Now assume that po(x2y2) & {Po(x5), 20(¥5), Po(x5y5), Po(X5X6). P0(¥s5y6)}. Since
only five colors are available, the five elements xs, ys5, X535, X5Xg, and y5ye must then use
exactly four colors. Because ¢ restricted to Cs is good, the only possible repeated color among

these five elements is po(¥s5) = po(x5Xg). Thus we may assume ¢o(ys5) = @o(x5Xe).
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In this case, recolor x4y 4 with pg(x1x2). Then x3x4 can still be greedily colored as
discussed earlier, while y3y 4 now sees three colors and has only two remaining potential conflicts,
namely y4 and y4ys. Thus we first color y3y4 with g(x5y5). At this stage, each of x4, y4, X4 X5,

and y4y5 sees at most three colors. Hence we can greedily color them in the order x4xs, x4,y 4,

and y4ys. X

It remains to consider the case when ¢g(x5) = o(¥5Y6) and po(¥s) = po(x5xg). By a
symmetrical argument, we may also assume that ¢g(x3) = o(¥1¥2) and po(y2) = po(x1x2).
Hence the elements x1x2, X2, Y12, Y2, X5, X5Xg, Y5, @and y5yg use exactly two colors, and

without loss of generality we may assume these colors are {1, 2}.

Claim 4.3. Suppose po(x1x2) = @o(xs5x6) and po(y1y2) = ©0(¥s5¥6), and that the elements
X1X2, X2, V1V2, V2, X5, X5X6, Y5, and Y5y together use exactly the colors {1, 2}. Then, without

loss of generality, we may assume ¢g(x1x3) = po(¥2) = @o(x5%) = @o(¥5) = 1 and pg(xz) =

20(y1Y2) = po(x5) = po(¥5y6) = 2. Under these assumptions, ¢ extends to a coloring of G.

Proof of Claim. Since g restricted to Cy and Cs is good, we have ¢g(x2y2), po(x5y5) € {1,2}.
Without loss of generality, let pg(x2y2) = 3. If po(x5y5) = @o(x2y2), then the following
coloring extends ¢ to G: ¢(x3) = @(y3y4) = 1, 9(y3) = p(x3x4) = 2, p(x3y3) = p(X4y4) = 3,
p(x2x3) = p(x4) = ¢(yays) = 4, and @(y2y3) = ¢(va) = ¢(x4xs) = 5. If po(xsys) #
po(x2y2), we may assume without loss of generality that pg(x5y5) = 4. Then the following
coloring extends g to G: p(x3) = @(y3y4) = 1, p(¥3) = p(x3X4) = 2, p(x3y3) = p(x4) =
p(vays) = 3, p(x2x3) = (y2y3) = p(x4y4) = 4,and p(y4) = p(x4Xs) = 5. X

In all cases, we obtain an extension ¢ with the desired property. ]

We now use Lemma 4.1 and Lemma 4.2 to prove Conjecture 1.5 for both ladders and

prisms, that is, to prove Theorem 1.19, which we restate below for convenience.

Theorem (1.19). Letn > 3 and let G = C,[JK>. Let M be a distance-3 matchingin G. Then any

total-5-coloring of M extends to a total-5-coloring of G.
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Proof. It suffices to prove the result for prisms, since any ladder can be extended to a prism by
connecting its ends with a sufficiently long ladder so as not to violate the distance-3 condition.

Letn > 3 and let G = C,[JK;. Partition V(G)as X U Y, where X = xp,...,Xx, and
Y =y1,...,Yn,such that X and Y each induce a copy of Cy, and x;y; € E(G)foralli € [n]. Let
M be a distance-3 matching in G, and let ¢ be a total-5-coloring of M. We will show that there
exists a total-5-coloring ¢ of G extending ¢g.

Every edge of M is of one of the following forms, with indices taken modulo n: x;x; 41,
YiVi+1,0r x;y; forsomei € [n]. Wesaye € M isarung ife = x;y;.

We first deal with the only situation in which independently extending non-rung edges to

4-cycles can decrease the distance. Suppose that, for some i, both x;x; 1 and y;;3y;+4 belong

to M, with indices taken modulo n. Then the subgraph induced by

Xis Xi41> Xi4+2 Xi+3> Xi4+4,Vi> Vi+1,Vi+2:Vi+3: Vi+4

is a copy of Ls. By Lemma 4.1, the precoloring on X;, Xj 1, XiXj+1,Yi+3> Yi+4 YVi+3Yi+a €xtends
to this copy of Lg so that the two end 4-cycles are good with respect to the two boundary rungs.
We perform this extension for every such pair.

After doing so, every remaining non-rung edge of M may be extended independently to its
corresponding 4-cycle without creating any new conflict with another precolored edge. Thus, for
each remaining non-rung edge x;x; 1 or y;yi+1, we color the cycle induced by x;j, xXj 11, ¥i, Vi+1
so that the restriction of ¢ to this cycle is good with respect to both x;y; and x;;1yi+1, while
maintaining that ¢ is a total-5-coloring on the colored elements. This is always possible. Indeed,
if Xjxj;+1 € M, then after relabeling colors we may assume that po(x;) = 1, po(xjXj+1) =
2, and pg(xj41) = 3. We thenset p(y;) = 3, p(¥iy1) = 1L, (¥iyi+1) = 4, and o(x;y;) =
P(xXj41Yi+1) = 5. Thecase y;yi;+1 € M is symmetric.

Next, for any rung edge x;y; € M, we replace this K, with a Cy4, say C;, with vertices

' P

x;, X;, i, yi, where E(C;) = {x;x}, x{y:, yiyi, x] y{}. We define the coloring ¢ on C; by setting
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n..n

p(x;) = p(x;) = po(x), p(v}) = (}) = Po(yi), and p(x;y}) = @(x{'y}) = po(xiy;). Finally,

r..n 1., n

we color x;x;" and y;y; with the two distinct colorsin [5] \ {po(x;), po(¥i), o(xiy;)}. We note

'
i

that this coloring of C; is good with respect to both xy; and x;'y;'. Let G* be the graph obtained
by replacing each rung edge x;y; € M with the corresponding C;. Once V(G*) u E(G™*) are
colored, we recover G by identifying x; with x}’ and y; with y{ for each i. Since p(x}) = @(x}),
p(y}) = e(y]), and p(xiy;) = (x; y{), this identification is consistent, and hence the resulting
coloring of G is well-defined. See Fig. 4.4 for an illustration of this step.

Notice that G* consists of uncolored, vertex-disjoint ladders connected by colored C4’s,
each of which is good with respect to both edges between X and Y. Order the uncolored ladders
asLq,...,L; according to their cyclic order around the prism, where the choice of L; and the
direction is arbitrary. For each L;, let C; and C;’ denote the 4-cycles at the ends of L;, where
C; = C;_; (with indices taken modulo t), and defineL; = L; U C;iucy.

We first apply Lemma 4.2 to L; to extend ¢ to L;. Next, we apply Lemma 4.2 to L,, possibly
after a modification. If C{ = C; arises from a rung edge x;y; € M, then we modify the colors of

1, n

x;x; and y;y] by setting p(x

.. 1, n

ixi) = e(x;_1x)) and p(y;y;) = ¢(y;i_1y;). With this modification,
once L and L are colored and we identify x] with x} and y; with y7, the two non-rung edges
X;—1x; and x;jx; 41 receive distinct colors, and similarly for y;_1y; and y;y;41. Moreover, by the
construction of the good C4’s in the initial extension, we have qo(xl-_lx{) # go(yi_ly’i). Therefore,
after modifying Cé, the coloring remains good, and we may safely apply Lemma 4.2.

We continue this process inductively around the prism. Suppose that for some k > 2, we
have extended ¢ to L1 U --- U Ly, and that for each i < k, the identification of the corresponding
Cy4’s produces a proper coloring on the vertices and edges of Lj U --- U L. To extend to Ly 1,
we apply Lemma 4.2 to Ly, 1, making the same modification to C,’H_1 = C,'{’ if it arises from a
rung edge in M. By the same argument as above, this modification preserves the good property
of the C4 and ensures that, after identification, the colors on the edges x;_1x; and x;x; 1 (and
similarly on y;_1y; and y;y;41) are distinct. Thus the coloring extends properly to Ly, ;.

Proceeding in this manner, we extend ¢ to all ladders Ly, ..., L;. Finally, after identifying
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all pairs x; with x;" and y; with y?, we obtain a total-5-coloring of G extending ¢, as desired. [

s N
y et
N ( >
— —
\ \/ \/
— —
(i) precolored distance-3 matching (ii) non-rung edges extend to good Cy’s (iv) turn modified rung edges

)
(iii) rung edges perform a modification to good Cy’s

(v) apply lemma to all ladders

Figure 4.4: Anillustration of the first extension step in Theorem 1.19.
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Chapter 5

Conclusions and Future Work

In this thesis, we studied orientations with forbidden out-degrees and extensions of total
colorings, with a focus on structured graph classes.

In Chapter 2, we extend the known classes of graphs and types of forbidden lists for
which Conjecture 1.1 holds,. The conjecture (given by Akbari et al. [3]) asserts that if the number
of forbidden out-degrees at each vertex is sufficiently small, namely less than half the degree,
then there exists an orientation avoiding all forbidden out-degrees. The graph classes for which
we verify Conjecture 1.1 include 2-degenerate graphs in Theorem 1.3 and graphs that can be
decomposed into a bipartite graph and a 2-factor in Theorem 1.4. In doing so, we established
structural properties of minimal counterexamples to Conjecture 1.1. These results suggest several
directions for future work, including extending these methods to broader graph classes such
as 3-degenerate graphs, tripartite graphs as well as further refining the structure of minimal
counterexamples to Conjecture 1.1.

When the forbidden lists are constant, we extend the best known bounds for d-regular
graphs satisfying Conjecture 1.2, a weakening of Conjecture 1.1 for d-regular graphs in which
all lists are constant , by verifying the conjecture ford = 5and d = 6 in Theorem 1.2. We also
obtain additional results for special classes of forbidden lists. Roughly speaking, these include
Theorem 1.5, where no three consecutive out-degrees are forbidden, and Theorem 1.6, where
the forbidden out-degrees occur at the tail ends of the possible values (from 0 to the degree of a
vertex). We also prove Theorem 1.7, which applies to specific lists in graphs with large minimum
degree. A natural direction for future research is to determine whether these techniques can be
pushed to larger values of d, or adapted to handle more general families of forbidden lists.

The second part of this thesis concerns total-coloring extensions. In Section 1.2, we initiate
the study of total-coloring extensions by formulating the conjectures introduced in Section 1.2.2.

These conjectures ask when it is possible to extend a totally precolored matching, sometimes
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under additional distance conditions, to a total-coloring of the entire graph. They are motivated
by analogous results in vertex- and edge-coloring. In Chapter 3, we focus on planar graphs with
large maximum degree and provide evidence for these conjectures by verifying Conjecture 1.5
and Conjecture 1.6 in Theorem 1.11 and Theorem 1.12. We also establish extension results in The-
orem 1.13 when the precolored subgraph has bounded maximum degree. Future work includes
extending these results to all planar graphs and relaxing the assumptions on the precolored
subgraph.

In Chapter 4, we establish extension theorems beyond planar graphs with large maximum
degree and verify Conjecture 1.5 for paths, cycles, trees, and prisms. For a tree T with maximum
degree A, itis well known that y7(T) = A + 1. However, Fig. 4.2 shows that, even for sufficiently
far apart precolored matchings, one cannot always extend to a total-(A + 1)-coloring. This
example occurs when A = 2, and it is natural to ask whether the same phenomenon persists for
trees with larger maximum degree.

These results for trees, cycles, ladders and prisms provide further evidence toward Con-
jecture 1.5 and suggest that similar extension properties may hold for broader classes, such as
bipartite or subcubic graphs. For a bipartite graph G with maximum degree A, we see from Corol-
lary 4.1 (a direct application of Galvin’s Theorem) that any distance-2 matching in G extends to a
total-(A + 3)-coloring, using one additional color beyond the palette in Conjecture 1.5. However,
Example 3.2 shows that such a statement cannot hold with a A + 2 palette when the distance
condition is 2. On the other hand, Conjecture 1.5 suggests that the palette should reduce to A + 2
when the distance condition is at least 3. This naturally leads to the question of whether Galvin’s

theorem can be refined to establish Conjecture 1.5 for bipartite graphs.
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