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DISSERTATION ABSTRACT
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Directed by Dan B. Marghitu

In this dissertation, the dynamics and synthesis of open and closed kinematic chains
with frictional impact and joint clearance is studied.

First, the impact between rigid bodies with friction is investigated. A new model
of impact with friction is presented. The coefficient of rolling friction is defined and the
moment of rolling friction is introduced to the impact equations. The influence of the
moment of rolling friction and the geometrical characteristics of the links on the energy
dissipated by friction during the impact is analyzed.

Next, the effect of prismatic joint inertia on the dynamics of kinematic chains is
analyzed. The effect of the prismatic joint inertia on the position of the application
point of the joint contact forces is investigated. The influence of the joint inertia on
the dynamic response of a spatial robot arm with feedback control is analyzed. Also,
the influence of the joint inertia on the dynamic parameters of a planar mechanism is
exemplified using inverse dynamics.

Furthermore, a planar rigid-link mechanism with rotating prismatic joint and clear-

ance is modeled. The influence of the clearance gap size, crank speed, friction, and

v



impact parameters on the dynamics of the system is analyzed. Nonlinear dynamics tools
are applied to analyze the data captured from the connecting rod of the mechanism.
Finally, a new structural synthesis of spatial mechanisms is developed based on the
system group classification. Spatial system groups of different families with one, two,
and three independent contours are presented. The advantage of the analysis of spatial
mechanisms based on the system group classification lies in its simplicity. The solution
of mechanisms can be obtained by composing the partial solutions of system groups.
For the previous models of impact with friction, the effect of the rolling friction was
neglected. In this dissertation, the moment of rolling friction is defined and introduced
to the impact equations. Prismatic joint inertia must be included for modeling high-
speed machine tools, manipulators, and robots. This problem is important, because in
some cases the moment of inertia of the prismatic joints is comparable to the moment
of inertia of the links and may significantly influence the dynamics of the system at high
speeds. Periodic motion is observed for the mechanism with rotating prismatic joint and
no clearance. The response of the mechanism with joint clearance is chaotic at relatively
high crank speeds. Also, a general method is presented in order to determine all the

configurations of complex spatial system groups and to automate the process.



ACKNOWLEDGMENTS

The author would like to express his gratitude to his advisor Dr. Dan B. Marghitu,
Associate Professor of Mechanical Engineering, for his valuable guidance, support, pa-
tience, and encouragement towards the completion of this dissertation. The author also
wishes to acknowledge Dr. George T. Flowers, and Dr. David G. Beale, Professors of
Mechanical Engineering, and Dr. Amnon J. Meir, Professor of Mathematics, for their
helpful suggestions and serving as committee members.

The financial support provided by the Department of Mechanical Engineering, Auburn
University, is gratefully appreciated.

The author would like to make a special acknowledgement to his parents, Eleonor

and Felicia Stoenescu, for their education, love, and constant support during this years.

vi



Style manual or journal used Journal of Sound and Vibration (together with the

style known as “auphd”). Bibliography follows van Leunen’s A Handbook for Scholars.

Computer software used The document preparation package TEX (specifically

KTEX) together with the departmental style-file auphd. sty.

vii



TABLE OF CONTENTS

LisT OoF TABLES
LI1ST OF FIGURES
1 INTRODUCTION

2 IMPACT WITH MOMENT OF ROLLING FRICTION
2.1 Introduction . . . . . . . . . . . . . e
2.2 Rolling friction . . . . . . ... Lo
2.2.1 Purerolling (nosliding) . . . . .. ... ... ... ...
2.2.2  Rolling with moment of friction . . . . . .. ... ... ... ...,
2.3 Impact with moment of rolling friction . . . . . . . ... .. ... ... ..
2.3.1 Simple pendulum and energetic coefficient of restitution . . . . . .
2.3.2 Double pendulum and kinematic coefficient of restitution . . . . .
24 Results. . . . . . e
2.4.1 Simple pendulum . . . . . ... ... o
2.4.2 Double pendulum . . ... ... ... o
2.5 Conclusions . . . . . . . .

3 EFFECT OF PRISMATIC JOINT INERTIA
3.1 Introduction . . . . . . . . . . . . . .
3.2 Mathematical background . . . . .. ... L L o oo
3.2.1 Newton-Euler equations . . . . . .. ... ... ... .. ......
3.2.2 Lagrange equations (unconstrained system) . . . . ... ... ...
3.2.3 Lagrange equations (constrained system) . . . . . ... ... ...
3.24 Kaneequations . . . . .. ... L oo
3.3 Kinematicchains . . . . . .. . L oo
3.3.1 Open kinematic chains . . . . . . .. ... ... ... .. ...
3.3.2 Closed kinematic chains . . . . . ... ... ... .. ........
3.4 Results. . . . . . . . e
3.4.1 Open kinematic chain . . . . . ... ... ... ... ........
3.4.2 Closed kinematic chain . . . . . ... ... ... ... ...
3.5 Conclusions . . . . . . . . . e

4 RIGID BODY CONTACT AND IMPACT
4.1 Introduction . . . . . . . . ..
4.2 R-RTR mechanism . . . . . . . . . . .

viii

xi

30
30
33
35
36
39
41
43
43
48
51
51
53
54



4.2.1 Newton-Euler’s method . . . . . . . . . .. ... ... .. .. ... 65

4.2.2 Lagrange’s method . . . . . . .. .. ... ... . . 69

4.3 R-RTR mechanism with friction. . . . . . . . ... .. ... ... ..... 71
4.3.1 Newton-Euler’s method . . . .. ... ... ... ... ....... 71

4.3.2 Kane’smethod . . ... ... ... ... L . 73

4.3.3 Kineto-static analysis . . . . ... ... ... o L. 76

4.4 R-RTR mechanism with friction and clearance . . . ... ... ... ... 79
4.4.1 Equations of motion . . . . . ... ... ... .. 79

4.4.2 Simulation algorithm . . . . . . ... ... ... 0oL 85

443 Nocontact . . . .. .. . . . . ... e 86

4.4.4 Contact on asingle point . . . . .. .. ... ... 0oL, 89

4.4.5 Impact on asingle point . . . . . . ... ... 0L 92

4.4.6 Contact on two opposed points . . . . . . . ... ... 95

4.4.7 TImpact on two opposed points . . . . . .. ... 97

4.4.8 Contact or impact on two points on the same side . . .. ... .. 99

4.5 Working Model and Mathematica simulations . . . . . .. ... ... ... 100
4.6 Results. . . . . . . e 102
4.7 Conclusions . . . . . . . .. e e 107

5 STRUCTURAL SYNTHESIS OF SPATIAL MECHANISMS 108
5.1 Introduction. . . . . . . . . . . . . e 108
5.2 Degree of freedom and family . . . . .. ... ... ... .. 110
5.3 Independent contours . . . . . . . . . ... ... 111
5.4 Spatial system groups . . . . .. ..o Lo 116
5.4.1 System groups with one independent contour . . . . . .. ... .. 119

5.4.2 System groups with two independent contours . . .. ... .. .. 130

5.4.3 System groups with three independent contours . . . . . .. .. .. 133

5.5 Conclusions . . . . . . .. e 138

6 DISCUSSIONS AND CONCLUSIONS 142
BIBLIOGRAPHY 144

X



3.1

5.1

5.2

LisT oF TABLES

The maximum overshoot ey,,,, and the settling time ¢;, computed for
different values of Iy, . . . . . oo 53

The number of configurations of system groups with one, two and three
independent contours (N =1,2,and 3) . ... ... .. .. ... ..... 120

The configurations of system groups with one independent contour (N = 1)120



2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

3.1

3.2

3.3

3.4

3.5

3.6

4.1

LisT OF FIGURES

Homogeneous disk in motion on an inclined rough plane. . . . . . . .. ..
Impact of a rigid simple pendulum with a rough horizontal surface. . . . .
Impact of a rigid double pendulum with a rough horizontal surface. . . . .

The influence of the coefficient uy and the angle 6 on the ratio (ws/wq)/ex
for My =0and My #0. . . ... ... ...

The influence of the length L and the angle 6 on the ratio (ws/wg) /e« for
My 0. o0

The influence of the radius r and the angle 6 on the ratio (ws/w,)/es for
Mp#0. 000

The influence of the coefficients s and e on the energy variation AT. . . .
The influence of the coefficients s and p on the energy variation AT.

a. Open kinematic chain with slider and friction; b. Force diagram for
the link 1; c. Force diagram for the link 2. . . . . . .. ... ... .....

Three-link robot arm with prismatic joint. . . . . . . . .. ... ... ...
Three-link mechanism with prismatic joint. . . . . . . ... ... .. ...
The dynamic response of the co-ordinate ¢ for the robot arm in the cases:
a. Ic, =0, b. Ig, = 0.05 kg m?, c. Ig, = 0.1 kg m?, and d. Ig, = 0.15
kg m2. . .

The influence of the mass moment of inertia /¢, and angular speed wy on
the distance d. . . . . . .. ... oL

The influence of the mass moment of inertia /¢, and angular speed wy on
the motor torque M,,,. . . . . . . . ..

Rigid body diagram for the R-RTR mechanism with rotating prismatic

xi

24

25

27

29

56



4.2

4.3

44

4.5

4.6

4.7

4.8

4.9

4.10

4.11

5.1

5.2

5.3

5.4

5.5

5.6

The variation of the driver motor torque with respect to the angular speed
for the R-RTR mechanism. . . ... ... .. ... ... .......... 66

Rigid body diagram for the R-RTR mechanism. . . . . . . ... ... ... 67
Model of the R-RTR mechanism with rotating prismatic joint and clearance. 81

Geometry of the slider joint with clearance for: a. no contact; b. contact
or impact on a single point; c. contact or impact on two points on the
same side; d. contact or impact on two opposed points. . . . .. ... .. 82

Rigid body diagram for the R-RTR mechanism with prismatic joint and
clearance in the case of no contact. . . . . . . . .. ... ... ... . ... 87

Geometry of the mechanism for: a. contact or impact on a single point;
b. contact or impact on two opposed points; c. contact or impact on two
points on the same side. . . . . . . . .. ... o o 90

Working Model simulation of the driver motor torque for the double pen-

Comparison of simulation results obtained using Mathematica and Work-
ing Model. . . . . . . . . 103

Trajectory of the vertical coordinate y¢, in the state space for: a. zero
clearance (¢ = 0 mm); b. nonzero clearance (c=1mm). . . ... ... .. 105

Largest Lyapunov exponent computed for a set of values of the nominal
angular velocity wip and for the clearances: a. ¢ = 0.5 mm; b. ¢ = 1 mm;

cce=1lbmm. . ... 106
Types of joints: a. Slider joint (class 5); b. Pin joint (class 5); ¢. Cylin-

drical joint (class 4); d. Spherical joint (class 3). . . ... ... ... ... 112
The cartesian spatial reference frame zOyz. . . . . . . .. .. .. .. ... 113
Planar kinematic chains. . . . . . . . ... Lo o000 115
Spatial kinematic chains. . . . . . . ... ... L oL 117

System groups with one independent contour (N = 1) of the family f = 0. 121

Spatial mechanism with one independent contour and a system group of
the family f=0. . . . . . . . .. 123

xii



5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

5.18

5.19

5.20

System groups with one independent contour (N = 1) of the family f = 1. 124
System groups with one independent contour (N = 1) of the family f = 2. 126

Spatial mechanism with one independent contour and a system group of
the family f=2. . . . . ... 127

System groups with one independent contour (N = 1) of the family f = 3. 128
System groups with one independent contour (N = 1) of the family f = 4. 129
System group with two independent contours (N = 2) of the family f = 1. 131

System groups with two independent contours (N = 2) of the family f = 2.132

System groups with two independent contours (N = 2) of the family f = 3.134
System group with two independent contours (N = 2) of the family f =4. 135
Spatial mechanism with two independent contours and a system group of

the family f=0. . . . . . . . . 136
System group with three independent contours (N = 3) of the family f = 2.137

System group with three independent contours (N = 3) of the family f = 3.139
System group with three independent contours (N = 3) of the family f = 4.140

Spatial mechanism with three independent contours and a system group
of the family f=0.. . . . . . .. .. . 141

xiii



CHAPTER 1

INTRODUCTION

Consideration of dynamic modeling is an important part in the analysis, design and
control of mechanical systems such as mechanisms, manipulators, robots, etc. In general,
mechanical systems have several desirable features relative to the coupling contact forces
such as higher speed, improved mobility and stability, and reduced power consumption.
The dynamics of mechanical systems with frictional contacts and impacts has been de-
veloped and applied to many industrial applications. One of the important factors that
influence the dynamic stability and the performance of machines is joint clearance. In
the last years, many researchers have been studied the effects of the clearance on the
motion of mechanical systems.

In this dissertation the nonlinear dynamics of a mechanism with rotating prismatic
joint and clearance is investigated. Nonlinear dynamics tools were applied in order to
study the behavior of the mechanism. Frictional contacts and impacts and prismatic
joint inertia have been considered to model the mechanism.

In Chapter 2 a new model of rigid body impact with friction is presented. The
coefficient of rolling friction and the moment of rolling friction are introduced.

In Chapter 3 the influence of the prismatic joint inertia on the position of the
application point of the joint reaction forces and the effect on the dynamics and control

of open and closed kinematic chains is analyzed.



In Chapter 4 the nonlinear dynamics of a planar, rigid-link mechanism with pris-
matic joint clearance is investigated. The influence of the clearance gap size, crank speed,
friction and impact parameters on the nonlinear behavior of the system are analyzed.

In Chapter 5 a new structural synthesis of spatial mechanisms is studied based on
the system group classification. Structural synthesis of mechanisms with the specified
number of contours and joint types is necessary in order to systematize the creative
design process.

Finally, in Chapter 6, general conclusions are recorded. For mechanical systems
with no clearance, the motion is periodic. Chaotic motion is observed for mechanical

systems with joint clearance.



CHAPTER 2

IMPACT WITH MOMENT OF ROLLING FRICTION

The impact between rigid bodies and rough surfaces is studied. The rolling friction
moment and the coefficient of rolling friction are introduced, and an improved math-
ematical model of the planar impact with friction is presented. The influence of the
moment of rolling friction on the energy dissipated by friction during the impact is ana-
lyzed. For a simple pendulum, using the energetic coefficient of restitution, more energy
is dissipated for larger values of the coefficient of kinetic friction and contact radius, and
for smaller values of the length of the beam. For a double pendulum, using the kinematic
coefficient of restitution, in some cases one can obtain energetically inconsistent results.
If the moment of rolling friction is introduced, this problem can be solved for some values

of the coefficient of rolling friction.

2.1 Introduction

Newton [1] defines the coefficient of restitution e as a kinematic quantity that is used
to derive a relation between the normal impact velocities of approach and separation at
the contact point. Poisson [2] divides the collision period in two phases, compression
and restitution. Poisson defines e as a kinetic quantity that relates the normal impulses
at the contact point that occur during each phase. Routh [3] presented a graphical
method based on Poisson’s hypothesis [2] to treat collision problems. Later Whittaker [4]
expanded Newton’s method [1] considering the frictional impulse. Routh and Whittaker

presented different approaches in the treatment of motion on the tangential direction at



the point of contact. Routh solves for the slipping velocity during collision and introduces
the possibility of changes in slipping direction during contact. Considering Whittaker’s
method, slipping occurs when the ratio of the normal and tangential impulses are greater
that the coefficient of friction pu.

Kane and Levinson [5] observed that the classical solution of rigid body impact
problems using Newton’s theory produces energetically inconsistent results. Keller [6]
attributed this paradoxical behavior to slip reversals during collision subject to frictional
effects. The Newtonian approach ignores the changes in the direction of slip, leading to
the overestimation of the rebound velocity as a result of impact. Keller introduced a
revised formulation of rigid body collision equations based on Poisson’s hypothesis such
that impact never increases energy. Stronge [7, 8] divided the energy that is dissipated
during collision into two portions: dissipation due to frictional impulse and dissipation
due to normal impulse. He solved the impact with friction problem using an energetic
coefficient of restitution.

Brach [9, 10] has proposed a solution scheme based on revising Whittaker’s method
in order to avoid energy increases from resulting solutions. The approach treats the
tangential impulse as a constant fraction p of the normal impulse. Then energy loss is
examined to determine the appropriate value of u that can be used in the actual solution.
He has expanded his approach, to treat contacts that take place over finite areas and
introduced a moment coefficient e, to solve the collision problem. The same author [11]
has introduced a moment due to peeling at the trailing edge of the contact surface during

rolling in the equations of a planar impact of a sphere in the presence of adhesion.



Marghitu [12] presented some impact friction versus impact angle plots for slender
steel beams with semi-spherical ends impacting the hard surface of a massive concrete
object. Similar impact friction plots were reported by Stoianovici and Hurmuzlu [13] for
a slender beam impacting a half-space. The classical coefficient of restitution is found to
depend strongly on the orientation of the bar, and the impacts are divided into a series
of micro-impacts. Calsamiglia et al. [14] observed that the coefficient of friction for
disks impacting a massive surface is found to depend on the inclination angle. Osakue
and Rogers [15] presented an experimental study of friction during planar low-speed
oblique impacts. Johansson and Kalbring [16] developed a numerical algorithm where
the impenetrability condition and Coulomb’s law of friction were formulated as equations
in terms of velocities and impulses rather than displacements and forces.

Pfeiffer and Glocker [17] presented theoretical and applied aspects of the dynamics
of multiple unilateral contacts in multibody mechanical systems. Kinetic restitution
was considered for the normal direction as well as the tangential restitution effects.
The problem of rigid body collision with multiple contact points was also studied by
Marghitu and Hurmuzlu [18]. Hurmuzlu [19] introduced a new method to solve collision
problems of slender bars with massive external surfaces on a revised energetic coefficient
of restitution that resolves the effect of impact induced vibrations on the post-collision
velocities of the impacting bars. The impulse-based rigid-body as well as the alternative
compliance-based approaches have failed to produce valid solutions to the problem of
predicting the post-impact velocities in multi-impact systems. Ceanga and Hurmuzlu
[20] considered the impulse-momentum-based rigid-body approach and solved the non-

uniqueness difficulty by introducing a new constant called the impulse transmission ratio.



In the new algebraic rigid-body collision model presented in Chatterjee and Ruina
[21], it is possible to predict partially sliding disk collisions for suitable choices of the tan-
gential coefficient of restitution. Lankarani [22] presented a general formulation for the
analysis of impact problems with friction in both open- and closed-loop multibody me-
chanical systems. Newton’s coefficient of friction and Poisson’s coefficient of restitution
were used as known quantities.

For the previous models of impact with friction, the effect of the rolling friction was
neglected. In this paper, the moment of rolling friction is defined and introduced to
the impact equations. For the simple pendulum, the energetic coefficient of restitution
and the coefficient of rolling friction are used to model the impact. The influence of
the coefficient of kinetic friction and the geometrical characteristics (the impact angle,
the length and the contact radius of the beam) on the energy dissipated by friction
during impact is analyzed. For the double pendulum, using the kinematic coefficient
of restitution, in some cases one can obtain energetically inconsistent results. If the
moment of rolling friction is introduced, this problem can be solved for some values of

the coefficient of rolling friction.

2.2 Rolling friction

A homogeneous circular disk in motion on an inclined plane is shown in Fig. 2.1.
The fixed cartesian reference frame xOyz is chosen with the origin at O. The angle
between the axis Oz and the horizontal is «. The contact point between the disk and
the plane is B. The disk has the mass m, the radius r, and the center of mass at C. The

gravitational acceleration is g.



Figure 2.1: Homogeneous disk in motion on an inclined rough plane.



Figure 2.1: Homogeneous disk in motion on an inclined rough plane.



2.2.1 Pure rolling (no sliding)

The forces that act on the disk are the gravitational force G = —mgj at the point
C, the normal reaction force N of the plane and the friction force F; at the contact point
B. The rolling friction is considered negligible. The position vector r¢ of the center of
mass C of the disk is

rc =xcl-+rj. (2.1)

The velocity vector v of the center of mass C of the disk is

Vo =T0 =201+ 7) = Tol. (2.2)

Denoting ¢ = v, the velocity of the center of mass C' becomes

Ve =l (2.3)

Thus, the acceleration vector of ac of the center of mass C of the disk is

One can express the velocity vp of the contact point B as

vp=ve+wx CB=u+ (—wk) x (-1)) = (v —rw)1. (2.5)



In order to find the equation of motion for the disk, one can write the Newton’s equation

mac = Y F. (2.6)

The sum of the external forces can be written as

ZF:mg+Ff+N:(mgsina—Ff)l—i-(N—mgcosa)J, (2.7)

where Fy = —F1is the friction force, and N = N} is the reaction force of the plane on

the disk. From Egs. (2.4), (2.6), and (2.7) one can write the following equations

mv = mgsina — Fy, (2.8)

N = mgcos a. (2.9)

The following moment equation can be written for the disk with respect to its center of

mass C

Ica=) Mg, (2.10)
where I¢ is the mass moment of inertia with respect to the point C', « = w = —wk is
the angular acceleration, and w = —wk is the angular velocity of the disk. The sum of

the external moments can be written as

> Mg =CBxF = (-1j) x (—F1) = —rFyk. (2.11)
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From Egs. (2.10) and (2.11) one can write the following equation
I = rFy. (2.12)
For no sliding, the velocity vp is zero (vp = 0). Thus, from Eq. (2.5) one can write

w =wv/r and Eq. (2.12) becomes

b
Ie—5 = Fy. (2.13)

From Egs. (2.8) and (2.13) the following equation of motion can be derived
Ic . .
m+ — | ¥ = mgsina. (2.14)
r

A homogeneous disk is considered in our case and the mass moment of inertia with

2
,
respect to its center of mass is Ioc = m; Thus, Eq. (2.14) can be written as

2
0= ggsina. (2.15)

Condition for pure rolling

From Eq. (2.8) and Eq. (2.15) one can compute the friction force Fy as
Fy = —gsina. (2.16)
The condition for the disk of rolling without sliding on the plane is

Fy < iV, (2.17)
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where gy is the coefficient of kinetic friction. From Eq. (2.9), Eq. (2.16), and Eq. (2.17)
one can obtain

tan a < 3, (2.18)

or

a<®, (2.19)

where the sliding friction angle ® can be determined from the equation

tan ® = 3ug, where g = tan ¢. (2.20)

Eq. (2.19) represents the condition for rolling without sliding of the disk on the plane.
If the angle a of the plane is smaller than the sliding friction angle ®, the disk rolls on
the plane without sliding. If the angle « of the plane is greater than the sliding friction
angle @, the disk rolls and slides on the plane simultaneously.
Moment of rolling friction

Experimentally one can observe that if the angle a of the plane is small enough, the disk
does not move. The equilibrium conditions for the disk are v = 0, and w = 0. The
rolling is stopped by a rolling resistant moment My that balances the active moment
rEFy

My = rFy. (2.21)

The acceleration ¥ is zero and from Eq. (2.8) one can express the friction force as Fy =

G sin . Thus, one can write

My =rmgsina = rN tana. (2.22)
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If ag is the value of the angle o when the rolling starts, the moment M/ is called the

rolling friction moment and has the value

My = rN tan ag. (2.23)

The constant r tan g is denoted by s and represents the coefficient of rolling friction

s = rtanag. (2.24)

The rolling friction moment My become

M; = sN. (2.25)

The rolling friction moment M} is proportional to the normal reaction N and has the

expression
w
M/ =—sN—. (2.26)
! wl
2.2.2 Rolling with moment of friction
In this case, Eq. (2.10) becomes
Iw=rF; —sN. (2.27)

From Eq. (2.8) and Eq. (2.27) one can write

2 2si —
0= g(sina —cosatanag)g = Zsin(a = ao) (2.28)

3 cos ag



13
In this case, the rolling condition is

sin(a — ag) < 3sin(¢ — ap)

2.29
cos o - cos ¢ ( )
or
tan a < tan ¢ + 2(tan ¢ — tan ap). (2.30)
Eq. (2.30) can also be written as
a <o, (2.31)
where the angle ® can be obtained from
tan ® = tan ¢ + 2(tan ¢ — tan ap). (2.32)

For the motion of the homogeneous disk on the plane of slope «a, the following three
cases are possible:

Case 1. o < ap (Eq. (2.28)). The disk has no motion.

Case 2. ap < a < @ (Eq. (2.32)). The disk has pure rolling (no sliding) motion.

Case 3. a > ®. The disk has rolling and sliding motion simultaneously .

2.3 Impact with moment of rolling friction

2.3.1 Simple pendulum and energetic coefficient of restitution

The planar rigid pendulum with mass M and length L pivots around the frictionless
pin joint O, and the tip impacts an inelastic horizontal surface S at point C (Fig. 2.2).

The fixed cartesian reference frame xOyz is chosen. The inclination of the pendulum
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with respect to the vertical axis Oy is the angle 6. At the impact point C, the coefficients
of kinetic and static friction are pp and ps, the coefficient of rolling friction is s, and
the energetic coefficient of restitution is e,. The ratio ws/w, of the separation angular
speed ws = w(ts) and the approach angular speed ws = w(t,) at impact is calculated.
The kinetic energy of the pendulum is

1
T = §Iw‘w, (2.33)

where [ is the mass moment of inertia with respect to the joint O and w = wk is the
angular velocity of the pendulum.

The position of the contact point C' relative to the center of axis O can be expressed as
rc = —r1—y]j, (2.34)
where x = Lsinf and y = Lsin . Thus, the velocity of the point C is
Vo =w X 1. (2.35)

The differential of the impulse dp = dp; + dp,) at the contact point C' satisfies the

Amontons-Coulomb law

dpt — Mkdpna Ve -1 < 07
—prdpy, < dpy < prdpn, vo-1=0, (2.36)

dps = —ppdpn, vo 1> 0,
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Figure 2.2: Impact of a rigid simple pendulum with a rough horizontal surface.
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Figure 2.2: Impact of a rigid simple pendulum with a rough horizontal surface.
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where p; is the tangential impulse and p,, is the normal impulse to the surface S at the
point C.

The impact equation for the pendulum can be written as

oT oT ove ow
- (=) ====. n — - My, 2.
<3w>ts (8w>ta ow (pex - poa) + Ow d (2.87)

where ¢, and ¢s are the approach and separation moments at the impact and My =
—spnﬁ is the rolling friction moment at the point C.
The slip reverses in the direction of the compression impulse p. simultaneously with the
transition from compression to restitution. From Eq. (2.53) one can obtain the angular
velocity w as a function of the normal impulse p, = p

- wp, 0 <p<pe,

wip) =4 I (2.38)

r— Uy — S
—7M[y (p—pe), Pe <p < Ds,

where p; is the separation impulse.
In order to have slip reversal, the following condition must be satisfied us < tan@.
Otherwise the pendulum sticks after compression (ws = 0).

The compression impulse p. can be calculated from j-ve(p.) =0 as

Tw,
= 2.39
Pe s S  y + (2:39)

The work of the normal impulse during compression W, (p.) is

(x 4+ ey +s) -

Pc €T
Wh(pe) =/0 J-ve(p)dp = — Vi e (2.40)
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The work of the normal impulse during restitution W, (ps) — Wy (pc) is

Walps) = Walpe) = [y -voliip="EBIZD , _pz o)

The energetic coefficient of restitution e, (Stronge [7]) can be written as

2 Wi(ps) = Wa(pe) = —pry —s (& _ 1>2 , (2.42)

Wn(pc) T+ pry + 8 \De

From Eq. (2.42) one can compute the separation impulse ps as

T+ +s
Ps = De (1 ey | RIS ) : (2.43)
T — gy —
The ratio of the angular velocities of separation w(ps) and approach w(0) becomes
ws _wps) _ Ty =5 (2.44)
we  w(0) T+ gy + s

. .. LW
For no rolling friction moment (s = 0) the ratio — becomes
Wa

1— i cot 8
Yo _ g |7 HECT (2.45)
Wy 1+ pgcotd

2.3.2 Double pendulum and kinematic coefficient of restitution

In Fig. 2.3, two uniform rigid rods 1 and 2 with lengths L3 and Ls and masses
my and my are joined at point B by a frictionless pin joint in order to form a planar
double pendulum. The end of the rod 1 pivots around a frictionless pin joint at O. The

free end of the rod 2 strikes a rough horizontal surface S at the point C'. The rods
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have the angles of inclination from axis Oy denoted by #; and 6> and angular speeds
of magnitudes w; = 91 and wy = éz, respectively. The fixed cartesian reference frame
xOyz is chosen. At the impact point C, the coefficients of kinetic and static friction
are up and pg, the coefficient of rolling friction is s, and the kinematic coefficient of
restitution is e. The separation angular speeds w1 and wsp are calculated with respect
to the approach angular speeds w,1 and wy2 and the initial angles 019 and 659. Also, the
difference AT = Ts — T, of the kinetic energies of separation and approach Ts and T, at
the impact is computed. The positions of the center of masses C1 and C> of the rods 1

and 2 are

L L
rol = —71 sin f11 — 71 cos 0], (2.46)
. Ly . Ly
ro2 = —(Lysinfy + - sin 02)1 — (Lycosf1 + - Cos 62)3. (2.47)

The velocities of the center of masses C'y and C are
Vol = Teo1, and vop = Iep. (2.48)
The position of the contact point C' is
rcp = —(L1sinfy + % sin02)1 — (L1 cos b1 + % cos 02)]. (2.49)

The velocity of the contact point C'is vo = r¢.

The kinetic energies 71 and 7> of the rods 1 and 2 are

1
Ti = §(miv0i Vi + Icl-wi . wi), 7= 1, 2, (250)
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Figure 2.3: Impact of a rigid double pendulum with a rough horizontal surface.
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Figure 2.3: Impact of a rigid double pendulum with a rough horizontal surface.
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where I¢; is the mass moment of inertia with respect to the point C; and w; = w;k is
the angular velocity of the rod 7, for i =1, 2.

The kinetic energy T of the double pendulum is

T=T1+1T>5. (2.51)

The differential of the impulse dp = dp;1 + dp,) at the contact point C satisfies the

Amontons-Coulomb law

dpy = pgdpn, vo-1<0,
—pkdpy < dpy < pdpn, vo-1=0, (2.52)

dp; = —pdpn, vo-1> 0,

where p; is the tangential impulse and p,, is the normal impulse to the surface S at the
point C'.

The impact equation for the rod ¢ can be written as

or orT aVC’ 8(.01 .
[ — —_— = — . . M , — 17 2’ 2
<0wi)t5 <8wi)ta 6(,%- (ptl Tp ']) + 8wi [t ( 53)

where ¢, and t; are the approach and separation moments at the impact and My =
w

—spnﬁ is the rolling friction moment at the point C.
w2

The velocities of approach and separation v, and v, of the point C' can be expressed

as

Voo = Vo(te), and ves = ve(ts). (2.54)
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In order to have slip reversal, the following condition must be satisfied ps < , other-

n

wise the rod 2 sticks after compression (veg -1 =0).
Using the kinematic coefficient of restitution e (Newton [1]) the following equation can

be written

e=——Cs'd (2.55)
VCa ]

From Egs. (2.53) and (4.107) one can compute the angular velocities of separation wis
and wo, for the rods 1 and 2.

The kinetic energy dissipated by friction AT is

AT = T(t,) — T(ta), (2.56)

where T'(t,) and T'(t5) are the kinetic energies before and after the impact for the double

pendulum.

2.4 Results

2.4.1 Simple pendulum

In this section, results from computer simulations are presented. The rigid pendulum
impacting a rough horizontal surface is shown in Fig. 2.2. The energetic coefficient of
restitution is e, = 0.3. Figures 2.4, 2.5, and 2.6 illustrate the ratio of the separation
angular speed wg, the approach angular speed w,, and the coefficient e, as a function of
the angle 0 at the impact. The effect of the energy dissipated by friction at the impact
between the pendulum and the horizontal surface S is shown. At small values of the

angle 0 the contact sticks (ws = 0), if the coefficient of static friction is sufficiently large
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(s > tan®). Also, for small angles 6 the work done by the friction force F; is large in
comparison with the work done by the normal contact force F,.

In Fig. 2.4 the pendulum with the length L = 0.2 m and the contact radius r =
0.002 m is considered. The ratio (ws/w,)/ex, that characterizes the energy dissipated
by friction at the impact, is plotted as function of the angle 6 using different values of
the coefficient of kinetic friction pj. The results for no friction moment (M; = 0) are
represented with continuous line and the results for nonzero friction moment (My # 0)
are represented with dotted line. For larger values of uy, larger differences between the
ratios considering zero and nonzero friction moment My are observed. For example, for
0 = 1.044 rad and p; = 0.3 the difference of ratios is d;y = 0.010, and for 6 = 1.044 rad
and pp = 0.9 the difference of ratios is dyy = 0.025.

In Fig. 2.5 the length L of the pendulum is modified while all the other parameters
are kept constant. Less energy is dissipated by friction for larger values of L. For example,
for = 0.002 m, g = 0.3 = constant, and § = 1.044 rad, the ratio (ws/w,)/e. = 0.784
corresponds to L = 0.040 m and the ratio (ws/wg)/ex = 0.801 corresponds to L = 0.060
m.

A relation can also be established between the contact radius r of the pendulum and
the energy dissipated at impact (Fig. 2.6). Less energy is dissipated by friction for smaller
values of r. For example, for L = 0.200 m, pp = 0.5 = constant, and § = 1.044 rad, the
ratio (ws/wq)/e« = 0.729 corresponds to » = 0.001 m and the ratio (ws/wg)/e« = 0.706

corresponds to 7 = 0.004 m.
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Figure 2.4: The influence of the coefficient py, and the angle 6 on the ratio (ws/wq)/ex
for Mf =0 and Mf 750
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Figure 2.5: The influence of the length L and the angle 6 on the ratio (ws/wg)/ex for
My #0.
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Figure 2.6: The influence of the radius r and the angle 6 on the ratio (ws/wg)/e. for
My #0.
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2.4.2 Double pendulum

The rigid double pendulum impacting a rough horizontal surface is shown in Fig. 2.3.

For the rods 1 and 2, the following data are given: the masses m1 = mp = 3 kg, the
lengths L1 = Ly = 2 m, the mass moments of inertia with respect to the axis Oz are
Ic1 = Ico = 1 kg m?, the inclination angles with respect to the axis Oy are 1 = 20°
and 01 = 30°, and the magnitudes of the angular speeds are w1 = 1 rad/s and wy = 2
rad/s.
Figure 2.7 illustrates the energy variation AT as function of the coefficient e, for different
values of the coefficient s and constant coefficient of kinetic friction py = 0.3 = constant.
For s = 0 (no moment of rolling friction) and 0.45 < e < 0.65, the energy variation AT
is positive and a paradoxical increase of energy is observed. Using a moment of rolling
friction, negative energy variation AT is obtained and energetically consistent results
for s > 0.16 and 0.45 < e < 0.65. For example, for e = 0.55 and s = 0, it results
AT = 2.455 J, and for e = 0.55 and s = 0.16, it results AT = —1.783 J. For s = 0.08,
the energy variation AT is negative for 0.45 < e < 0.55 and positive for 0.55 < e < 0.65.
For example, for s = 0.08 and e = 0.5, it results AT = —0.779 J, and for s = 0.08 and
e = 0.6, it results AT = 0.926 J.

Figure 2.8 illustrates the energy variation AT as function of the coefficient puy,
for different values of the coeflicient s and constant kinematic coefficient of restitution
e = 0.5 = constant. For s = 0 (no moment of rolling friction) and 0.3 < pj < 0.4, the
energy variation AT is positive and a paradoxical increase of energy is observed. Using
a moment of rolling friction, negative energy variation AT is obtained and energetically

consistent results for s > 0.25 and 0.3 < ux < 0.4. For example, for u = 0.35 and s = 0,
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Figure 2.7: The influence of the coefficients s and e on the energy variation AT.
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it results AT = 1.538 J, and for pur = 0.35 and s = 0.25, it results AT = —2.354 J.
For s = 0.15, the energy variation AT is negative for 0.3 < i < 0.35 and positive for
0.35 < up < 0.4. For example, for s = 0.15 and g = 0.3, it results AT = —2.344 J, and
for s = 0.15 and ug = 0.4, it results AT = 3.037 J.

Using the kinematic coefficient of restitution e to model the impact, for no rolling
friction moment (My = 0), the energy variation AT is positive in the cases considered
above and paradoxical results are observed (Kane and Levinson [5]). Using a rolling
friction moment (M; # 0), the energy variation AT becomes negative for sufficiently

large values of s and energetically consistent results are obtained.

2.5 Conclusions

The results show the influence of the moment M on the energy dissipated by friction
during the impact for different values of the parameters 6, s, ug, e, L, and r. More
energy is dissipated during impact for larger values of s. For the simple pendulum, using
the rolling friction moment, the ratios of the separation angular speed, approach angular
speed, and the energetic coefficient of restitution are compared for a constant value of
i and different values of the length L and the radius r of the beam. For the double
pendulum, when the kinematic coefficient of restitution e is used to model the impact,
an energy increase is observed in some cases. One can partially solve this problem and
obtain energetically consistent results introducing the moment of rolling friction M; to
the impact equations. In order to validate the analytical results, experimental data are

needed.
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Figure 2.8: The influence of the coefficients s and uj on the energy variation AT.
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CHAPTER 3

EFFECT OF PRISMATIC JOINT INERTIA

The effect of prismatic joint inertia on dynamics of kinematic chains with friction
is investigated. The mathematical model of a planar kinematic chain consisting of a
prismatic joint sliding along a link that is connected to a revolute joint is developed.
The influence of the slider inertia on the position of the application point of the joint
forces is analyzed. The effect of the slider link inertia on the dynamic response of a spatial
robot arm with feedback control is analyzed using Kane’s formulation. Larger values of
the initial condition response characteristics are observed for larger values of the slider
link inertia. Also, the effect of the prismatic joint inertia on the dynamic parameters of
a planar mechanism is exemplified using inverse dynamics based on the Newton-Euler’s
method. Numerical results are obtained and compared for zero and larger values of the
prismatic joint inertia at different speeds. The numerical simulations reveal that the
effect of slider inertia may be negligible at low speeds, but becomes significant at high

speeds.

3.1 Introduction

The center of mass simplifies the translational motion of the body, but it gives no
information about the distribution of the mass on the body. The mass of the body rep-
resents the amount of matter contained in the body and the resistance of the body to

translational motion. The quantity that is dependent on how the mass is distributed and

30
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describes the resistance of the body to rotation is the mass moment of inertia. Consid-
eration of dynamic modeling is an important part in the analysis, design and control of
mechanical systems such as mechanisms, robots, manipulators, etc. In general, mechan-
ical systems have several desirable features relative to the coupling contact forces such
as higher speed, improved mobility and control, and reduced power consumption. The
dynamics of mechanical systems with frictional contacts has been developed and applied
to many industrial applications. Examples in this area include fingered grippers [23] and
manipulation systems [24]. The contact normal and tangential forces can be determined
if the contacts are known for systems with independent constraints [25]. The contact
forces cannot be uniquely determined when the constraints are not all independent. It
has been shown that the initial value problem has no solution or multiple solutions for
some initial conditions [26].

The dynamics of elastic manipulators with prismatic joints has been investigated
by Kim [27] and Buffinton [28]. They examine the motion of a single beam moving
longitudinally over two distinct points. The equations of motion are formulated by
treating the beam’s supports as kinematical constraints imposed on an unrestrained
beam. Gordaninejad, Azhdari, and Chalhoub [29] examined the motion of a planar robot
arm consisting of one revolute and one prismatic joint. Benson and Talke [30] investigated
the dynamics of a magnetic recording slider of a rigid disk during its transition between
sliding and flying. The slider is modeled as a three degree-of-freedom system, capable of
lift, pitch, and roll. In addition to the load from the suspension arm and the impulsive

load arising from slider/disk collisions, they also considered the load due to inertia.
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Do and Yang [31] solved the inverse dynamics of the Stewart platform manipulator
[32] assuming the joints are frictionless and the moment of inertia of the legs has not
been updated as a function of configuration in the simulation algorithm for path tracking.
Ji [33] considered the question of leg inertia and studied its effect on the dynamics of
the Stuart platform. The dynamic and gravity effects as well as the viscous friction
at the joints were considered for the inverse dynamic formulation of the general Stuart
platform presented by Dasgupta and Mruthyunjaya [34]. Important research related to
the subject of the present paper has been done by Xi, Sinatra, and Han [35]. The authors
investigated the effect of leg inertia on dynamic parameters of sliding-leg hexapods.
The theory presented in this study can be applied to the dynamic modeling of parallel
manipulators with prismatic joints [36].

In the present paper, the effect of slider link mass moment of inertia on the dynamics
of mechanical systems with friction is investigated. The mathematical model of an open
kinematic chain is developed using Lagrange’s method for unconstrained and constrained
systems. Also, a controlled three-link planar robot arm is modeled by using Kane’s
method. A conventional feedback control [37] is used for the robot. The three-link
planar mechanism and the controlled three-link planar robot arm with prismatic joint
are presented as applications. The influence of the prismatic joint mass moment of inertia
on dynamic parameters as the application point of the joint contact forces, angular speed
of the links, actuator torques and forces is analyzed.

In general, the effect of prismatic joint inertia may be negligible at low speeds, but

becomes significant at high speeds. Hence, prismatic joint inertia must be included for
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modeling high-speed machine tools, manipulators, and robots. This problem is impor-
tant, because in some cases the moment of inertia of the prismatic joints is comparable
to the moment of inertia of the links and may significantly influence the dynamics of the

system at high speeds.

3.2 Mathematical background

The planar two-link mechanical system shown in Fig. 3.1 is considered. The carte-
sian reference frame xpOyp is chosen. The mobile reference frame xOy attached to the
link 1 is considered. The angle between the axis Ox and Oz is 0. For the links 1 and
2 the masses are m1 and my, and the center of mass locations are designated by C1 and
C3. The length of the link 1 is L. The distance OC> is denoted by r. The coefficient of
friction between the links 1 and 2 is u. The gravitational acceleration g is considered.

The gravitational forces G1 and G2 that act on the links 1 and 2 are

G1 = —mag (sinbr+ cosf)), Go = —myg (sin b1+ cos b)) . (3.1)

The reaction force F1» and the friction force F 15 exerted by the link 1 to the link 2 can
be written as

F1o = N), Fy1p = —puNsign(r)1. (3.2)

The reaction force F2; and the friction force F fp1 exerted by the link 1 to the link 2 are

Fy1 = —F12, Fy1o = —Fy1. (3.3)
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Figure 3.1: a. Open kinematic chain with slider and friction; b. Force diagram for the
link 1; c. Force diagram for the link 2.
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Figure 3.1: a. Open kinematic chain with slider and friction; b. Force diagram for the
link 1; c. Force diagram for the link 2.
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3.2.1 Newton-Euler equations

The dynamic system presented above is considered (Fig. 3.1) and the equations of
motion are derived by using the Newton-Euler’s method.
The position rp of the point P is

rp =pi, (3.4)

where P is the application point of the reaction force N between the links 1 and 2.
The sum of the moments for the link 2 with respect to the center of mass C% is zero
(Fig. 3.1.c)

(I‘p — I‘CZ) X F12 — Icza =0. (3.5)

One can solve the linear equation Eq. (3.5) with respect to p
p=r+ %9 (3.6)
The sum of the forces that act on the link 2 is zero (Fig. 3.1.c)
G, +Fi2 + Fyo0 — mpacg, = 0. (3.7)
One can project Eq. (3.7) on j direction and find the reaction force N

N = my(gcos 0 + 270 + rb). (3.8)
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One can project Eq. (3.7) on 1 direction
ma(gsin@ — r6% + i) + uNsign(i-) = 0. (3.9)
The sum of the moments for the link 1 with respect to the point O is zero (Fig. 3.1.b)
ro, X Gy +rp x Fo1 — Ig;,a = 0. (3.10)
One can project Eq. (3.10) on k direction

1 .
gmlLl(Bg cosf +2L60)+ Np = 0. (3.11)

From Egs. (3.9) and (3.11) one can derive and solve the equations of motion with respect

to r and 6.

3.2.2 Lagrange equations (unconstrained system)

For the mechanical system shown in Fig. 3.1 the equations of motion for the uncon-
strained system are derived using Lagrange’s method. The polar coordinates q; = r and
q2 = 0 are chosen as generalized coordinates.

The positions r¢, and re, of the centers of mass C1 and C5 are

re, = —1, rg, =Tl (3.12)

po|
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The angular velocity w and angular acceleration « of the links 1 and 2 are
w=0k, a =0k (3.13)
The velocities v, and v, of the points C1 and C3 can be expressed as
Vo, =To, +w X Teoy, Vo, =T, + W X reoy,. (3.14)

The position rp of the point P is

rp = pi, (3.15)

where P is the application point of the reaction force Fio.

The sum of the moments for the link 2 with respect to C» is zero (Fig. 3.1.c)

(rp—rc,) X F1p — Ic,a = 0. (3.16)

One can solve the linear equation Eq. (3.16) with respect to p
lesg

p=r+F

i (3.17)

The sum of the forces that act on the link 2 is zero

G2 +F12 +Fpp —mpacg, = 0. (3.18)





