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Abstract

High-dimensional scientific data often support many sparse models with similar pre-
dictive performance. In such settings, selecting one final model can hide substantial model
uncertainty, especially when predictors are correlated, signals are weak, or several variable
combinations provide comparable explanations. This dissertation develops inferential and pre-
dictive tools for working with sparse model sets produced by the Sparse Wrapper Algorithm
(SWAG). The recovered SWAG library is interpreted as an empirical approximation to a Rashomon
Variable Set: a collection of competitive variable subsets rather than a single selected support.
The dissertation makes three contributions. First, it develops inference for sparse model sets.
A global permutation test assesses whether the recovered library has more concentrated net-
work structure than expected under a null relationship between the response and predictors.
Conditional on global evidence of signal, model-specific p-values are aggregated across the
library to summarize variable-level evidence. Simulations show approximately nominal type |
error, increasing power with signal strength, and more precise variable recovery from George
p-value aggregation than from LASSO in the settings considered. Second, the dissertation studies
prediction over sparse model sets by stacking the predictions of SWAG library members. Simula-
tions and public-data benchmarks show that stacked sparse model sets can improve held-out
prediction while preserving an interpretable representation. Third, the framework is applied to
biomedical data, including ADHD classification from resting-state functional connectivity and
DNA methylation analysis of childhood sleep timing. Across these examples, sparse model sets
provide a practical way to summarize prediction, stability, co-selection, direction of association,

and biological follow-up in high-dimensional scientific problems.
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Chapter1

Dissertation Overview

High-dimensional data analysis often begins with an apparently simple question: which
variables matter? In many scientific applications, this question is not answered well by a single
selected model. When the number of candidate predictorsis large, when predictors are correlated,
and when several distinct combinations of variables achieve similar predictive performance, a
single sparse model can give a misleading sense of certainty. This instability matters because
selected variables are often interpreted as candidate mechanisms, biomarkers, or targets for
follow-up study.

This dissertation studies sparse model sets as a response to this problem. The guiding
idea is that, in many high-dimensional problems, the object of interest should be a collection of
competitive sparse models rather than one final model. The population-level motivation is a
Rashomon Variable Set (RVS): a set of variable subsets whose corresponding models achieve
performance within a specified tolerance of an optimal or benchmark model. Because an RVS
cannot usually be enumerated, especially in large feature spaces, the dissertation focuses on
the sparse model set recovered by the Sparse Wrapper Algorithm (SWAG). The recovered SWAG
library is treated as a finite, algorithm-dependent approximation to the part of the RVS reached
by the search.

This distinction between the scientific target and the recovered library motivates the
main questions of the dissertation. If SWAG returns a concentrated group of sparse models, is
that concentration evidence of signal, or could it arise from adaptive search under noise? If a
variable appears often across the library, is it repeatedly supported by model-specific evidence,
oris it mainly a substitute for another correlated variable? If several sparse models predict well,
should prediction be based on one of them, an average of them, or a learned combination of

their predictions?
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1.1 Main Contributions

Chapter 2 first places the dissertation within the literature on model selection, Rashomon
sets, replicability, post-selection inference, ensemble prediction, and uncertainty quantification.
Chapter 3 then develops an inferential framework for sparse model sets. The SWAG library is
represented as a weighted variable network, where nodes are selected variables and edges
record co-selection across models. A global permutation test compares the observed library
with libraries obtained by rerunning the full SWAG procedure after permuting the response.
Simulations show that this test has empirical type | error close to the nominal 0.05 level and
increasing power as the signal-to-noise ratio grows. Conditional on global evidence of signal, the
chapter aggregates model-specific p-values using the Mudholkar-George logit method. In the
simulation study, this aggregation procedure selects fewer variables than LASSO and achieves
substantially higher precision, while LASSO is more sensitive but less sparse.

Chapter 4 studies prediction over a sparse model set. Instead of selecting one model from
the SWAG library, the predictions of the library members are treated as second-level features and
combined through stacked generalization. This construction preserves the interpretability of the
base representation because each coordinate of the stacked predictor is an explicit sparse model
with a known variable support. The chapter also introduces related summaries, including sparse
consensus prediction and a local disagreement diagnostic that records whether library members
agree around a new observation. In controlled simulations, the stacked predictor achieves higher
held-out R? than both the average individual SWAG model and the best individual SWAG model
across all signal-to-noise ratios considered. Public-data benchmarks show that Stacked-RVS
often improves over regularized generalized linear model baselines and remains competitive with
more flexible machine-learning methods, while retaining representation-level interpretability.

Chapter 5 applies the framework to two biomedical problems. The first application uses
resting-state functional magnetic resonance imaging data from the ADHD-200 consortium, where
each candidate feature is a functional connectivity measure between two brain regions. SWAG

reduces 1179 connectivity features to compact logistic and support-vector-machine libraries
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involving fewer than 60 distinct features. The logistic-regression library supports interpretation
through inclusion frequencies, coefficient signs, co-selection patterns, and aggregated p-values,
with recurring evidence involving frontal and temporal connectivity. The second application
studies DNA methylation and childhood sleep timing. SWAG screens 865,926 CpG sites and
identifies 1006 target IDs mapping to 571 genes. The selected loci are summarized by genomic
context and compared with external sleep- and obesity-related gene sets, providing biological

contextualization for the recovered sparse model set.

1.2 Organization of the Dissertation

The dissertation is organized around the progression from literature and motivation, to
inference, to prediction, to applications. Chapter 2 reviews the methodological literature and
clarifies how this dissertation differs from existing approaches. Chapter 3 introduces sparse
model sets, defines the SWAG library as the main recovered object, develops the global permuta-
tion test, and studies variable-level evidence through George p-value aggregation. Chapter 4 uses
the same sparse model set as a prediction space, developing stacked prediction, consensus sum-
maries, and disagreement diagnostics. Chapter 5 demonstrates the framework in neuroimaging
and epigenomics, emphasizing how prediction, stability, co-selection, coefficient summaries,
and variable-level evidence can be combined in applied scientific interpretation.

Across these chapters, the central message is that model multiplicity should be used rather
than suppressed. In high-dimensional scientific problems, the existence of many competitive
sparse models contains information about stability, substitutability, interaction among variables,
and prediction uncertainty. By treating the recovered sparse model set as the primary object
of analysis, this dissertation provides a framework for moving from adaptive sparse search to

interpretable inference, stable prediction, and scientifically useful summaries.

15



Chapter 2

Literature Review and Positioning

This chapter situates the dissertation within several related literatures. The work builds
on classical model selection, model uncertainty, Rashomon-set analysis, post-selection inference,
ensemble prediction, veridical data science, and distribution-free uncertainty quantification.
Its position is at the intersection of these areas: rather than selecting one model, averaging
over a black-box collection, or treating multiplicity only as a nuisance, the dissertation treats a

recovered collection of sparse variable-subset models as the main statistical object.

2.1 Model Selection, Model Uncertainty, and Replicability

Classical statistical analysis often proceeds by selecting a single model and then inter-
preting that model as the basis for inference or prediction. Information criteria such as AIC,
regularization methods such as the LASSO, and related sparse-selection procedures provide
useful tools for obtaining parsimonious models [3, 18]. However, the uncertainty introduced by
model selection has long been recognized as a central difficulty [13, 15, 21]. When many models
fit nearly equally well, conclusions drawn from one selected model may depend strongly on
sampling variation, tuning choices, or the precise search path. Multimodel inference and model
averaging respond to this issue by retaining more than one candidate model, but the final target
is often still a weighted estimate or prediction rather than a structured analysis of the variables
and model relationships that make up the candidate set [12].

The same concern appears in the literature on replicability and researcher degrees of
freedom. Multiverse analyses, specification curves, and many-analyst studies show that reason-
able analytical choices can lead to different conclusions from the same data [19, 41, 40]. Stability
selection addresses one part of this problem by using subsampling to identify variables that are
repeatedly selected [27]. The PCS framework similarly emphasizes that reliable data analysis

should be assessed through predictability, computability, and stability across reasonable per-
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turbations [53, 51]. This dissertation adopts the same broad motivation, but focuses on a more
specific object: an algorithmically recovered sparse model set whose variables, co-occurrences,

coefficients, p-values, and predictions can all be summarized across competitive models.

2.2 Rashomon Sets and Sparse Model Sets

The dissertation is also directly connected to the Rashomon effect. Breiman used this
term to describe settings in which many different functions achieve nearly the same predictive
performance [11]. Recent work has formalized Rashomon sets and shown that collections of
good models can support interpretability, variable importance, model simplification, fairness,
and user choice more effectively than a single fitted model [16, 38, 39]. Several strands of this
literature study specific model classes, including sparse decision trees, generalized additive
models, and sparse risk scores [49, 54, 26, 35].

This dissertation narrows the Rashomon-set perspective to variable-subset representa-
tions. The motivating population object is a Rashomon Variable Set (RVS): a collection of variable
combinations whose models are competitive under a specified loss criterion. In practice, the
full RVS is not observable in high-dimensional problems. The Sparse Wrapper Algorithm (SWAG)
provides a computationally feasible way to recover a finite collection of sparse, high-performing
models [29, 32]. The dissertation therefore works with the recovered SWAG library as an empirical
approximation to a reachable part of the RVS. This differs from Rashomon-set work that seeks to
characterize all good models in a fixed class, and from traditional variable selection that seeks
one final support. The recovered set is not treated as complete, but it is treated as informative: it

defines a network of variables and co-occurrences that can be studied statistically.

2.3 Inference After Adaptive Search

Inference after model selection is difficult because the selected model is data-dependent.
Post-selection and selective-inference methods address this issue by conditioning on, or other-

wise accounting for, the selection event [9, 43]. These approaches are important because they
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clarify why ordinary p-values from a selected model are not generally valid as if the model had
been fixed in advance. The present dissertation shares this concern, but changes the target of
inference. Instead of asking only for valid inference within one selected model, it asks whether
the recovered sparse model set has structure that is unlikely under a null relationship between
the response and predictors, and which variables receive repeated evidence across the set.
Permutation testing provides a natural calibration strategy for this purpose because the
entire recovery procedure can be repeated after removing predictive signal while preserving
the predictor structure [20, 34, 46]. The global test developed in Chapter 3 uses this idea to
calibrate network summaries of the recovered SWAG library. Variable-level inference then ag-
gregates model-specific p-values across models containing the same variable. This connects
the dissertation to classical p-value combination methods, including Fisher, Stouffer, Tippett,
and Mudholkar-George aggregation [17, 42, 44, 30]. The dissertation’s contribution is to place
these tools inside a model-set workflow, where the dependence among p-values is induced by

overlapping sparse models and by the adaptive search that produced them.

2.4 Prediction, Uncertainty, and Scientific Applications

The prediction component of the dissertation builds on ensemble learning. Stacked
generalization combines predictions from multiple base learners using out-of-sample perfor-
mance, and is closely related to Super Learner and broader ensemble methods [47, 10, 23]. The
RVS viewpoint changes the interpretation of the ensemble. The base learners are not arbitrary
black-box components; they are explicit sparse models indexed by variable subsets. Thus, the
stacked predictor can be studied through its base supports, model weights, inclusion frequencies,
and disagreement across sparse explanations. This connects to veridical data-science guidance
for final predictive modeling and to recent work on uncertainty quantification under the PCS
framework [52, 2, 5].

The uncertainty literature also motivates the dissertation’s emphasis on disagreement

across competitive representations. Classical discussions of model uncertainty emphasize that
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predictive intervals or scientific conclusions conditional on one selected model can understate
uncertainty [13, 15, 21]. Conformal prediction and related distribution-free procedures pro-
vide finite-sample predictive guarantees under exchangeability for broad classes of prediction
algorithms [45, 25, 4, 6]. This dissertation does not fully develop conformal calibration, but it
introduces model-set disagreement diagnostics as a step toward uncertainty summaries that
reflect both residual error and representation uncertainty.

Finally, the dissertation is motivated by high-dimensional biomedical applications where
interpretability is part of the scientific goal. Neuroimaging studies of ADHD require prediction
from many functional-connectivity features and benefit from summaries of recurring brain-region
relationships [1, 14]. Epigenomic studies of sleep timing involve hundreds of thousands of CpG
sites and require screening, annotation, and biological follow-up rather than only black-box
prediction [37, 22, 33]. Related genomic work shows that meaningful biological signal may
depend on combinations of variables and interaction structures rather than isolated marginal
effects [7]. Across these settings, the dissertation positions sparse model sets as a practical
middle ground: they preserve interpretable model components, acknowledge multiplicity, and
allow inference and prediction to be summarized over a structured collection of competitive

explanations.
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Chapter 3

Statistical Inference for Sparse Model Sets

This chapter develops an inferential framework for sparse model sets produced by the
Sparse Wrapper Algorithm (SWAG). As described in more detail further on, SWAG constructs a
library of low-dimensional predictive models rather than selecting a single final model. In the
language of Rashomon analysis [38], this library can be viewed as an empirical approximation
to a collection of competitive variable-subset models, or Rashomon Variable Set (RVS) which
we define further on. The library is useful for interpretation because it shows which variables
repeatedly appear in competitive models and which variables tend to appear together. However,
the same adaptive search that makes SWAG useful also raises an inferential question: how can
we decide whether the recovered model library reflects signal in the data rather than structure
induced by noise, finite-sample variation, or the search procedure itself?

The chapter addresses this question in two stages. First, it introduces a global test for
the SWAG library based on network summaries of the recovered models. The test compares
the observed library to libraries obtained after permuting the response, thereby calibrating the
entire search procedure under a null hypothesis of no association between the response and
the predictors. Second, conditional on evidence that the library contains signal, the chapter
studies variable-level inference by aggregating model-specific p-values across the SWAG library.
These steps turn SWAG from a model-discovery tool into an inferential procedure for sparse,
interpretable model sets and provide the inferential foundation for the prediction framework

developed in the next chapter.

3.1 Introduction

In many predictive modeling problems, several distinct models can achieve nearly the
same predictive performance on the same data. Breiman described this phenomenon as the

Rashomon effect: a setting in which many different explanations fit the data almost equally well
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[11]. More recent work on Rashomon sets has developed this idea into a formal object of study,
emphasizing that collections of good models can support interpretability, variable importance,
and uncertainty assessment more effectively than a single selected model [16, 49, 54, 26, 35].
This perspective is particularly relevant in scientific settings, where the goal is often not only
prediction but also understanding which variables are associated with the response and how
stable that association is across plausible analyses.

Sparse learners address interpretability by restricting attention to a small subset of predic-
tors. They are attractive in high-dimensional settings because a model involving a few variables
is easier to interpret, communicate, and validate than a model involving many variables. Never-
theless, sparse model selection is unstable when predictors are correlated, the signal is weak,
or many models have similar predictive performance. Classical selection procedures may re-
turn one model, but that model can obscure the fact that other sparse models provide nearly
equivalent evidence [28, 12]. Stability selection and post-selection inference address parts of
this problem, but they still heavily rely on the assumption that a single combination of variables
can well approximate the underlying data generating process [27, 43]. This dissertation therefore
defines and focuses on a new inferential object which assumes that the data generating process
is better approximated by a collection of models with different variable combinations. We call

this collection a Rashomon Variable Set (RVS) and define it as
Re={SC 2P :|S| < pmaxs L(S) < L* + 7},

where P = {1, ..., p}is the set of candidate variables and L(S) is the population loss for the
subset S. Additionally, L* is a reference loss, and 7 is a tolerance defining which sparse models
are competitive. The reference loss may be the best loss within the sparse class or a benchmark
specified independently. This definition emphasizes that the object of interest is not a single
support, but a set of variable combinations that provide comparable predictive performance. This

dissertation uses the term sparse model set for the recovered object and RVS for the population-
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level motivation. The distinction is useful. The scientific target is a set of competitive variable
combinations R, but in finite samples and high dimensions only an algorithmically recovered
subset is available. Inference must therefore account for both model multiplicity and the search
mechanism used to recover the set.

The Sparse Wrapper Algorithm (SWAG) was developed to construct collections of sparse,
high-performing models through a forward-search wrapper procedure [29]. SWAG can be viewed
as a structured, computationally feasible way to explore a sparse subset of a Rashomon set: it
does not attempt to enumerate all near-optimal models, but it searches for low-dimensional mod-
els that perform well under a chosen predictive criterion. SWAG has been applied in biomedical
and data-science applications where the number of candidate predictors is large and inter-
pretability is essential [29, 32]. The multi-model output of SWAG motivates two inferential tasks.
The first is a global task: determine whether the recovered library has a structure that would
be unlikely if the response were unrelated to the predictors. Testing each selected model sep-
arately is not satisfactory because it creates a large multiple-testing problem and ignores the
dependence induced by the adaptive search. The second task is a variable-level task: after the
library has passed a global test, identify which variables receive consistent evidence across the

collection of models. This chapter develops both components.

3.2 Sparse Wrapper Algorithm (SWAG)

In practice, R; cannot usually be enumerated, so the observed SWAG library (which
we denote as M) is treated as a finite, data-dependent approximation to the part of this set
reached by the algorithm. To formalize the SWAG mechanism, lety = (yy, ... ,yn)T denote
the response vector and let X = (Xg,...,Xp) € R"XP denote the design matrix. Moreover,
we let Mg denote the model fit using the variables indexed by the subset S. Depending on
the learning problem, the user can specify L(S) as appropriate: it may be a cross-validated

prediction error, AIC, misclassification error, or another user-specified criterion. Smaller values

of L(S) correspond to better performance. The user also specifies a maximum model size
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Pmax < P, a screening proportion o € (0, 1), and a maximum number of candidate expansions
m at each dimension. Given these parameters, SWAG proceeds by building models dimension by

dimension as described below.

Screening step. SWAG first fits all one-variable models M{j},j =1,..., p, and records
their losses L({j}). Let qg}) be the a-quantile of these losses. The retained one-variable model

setis
= U Ly < o}

The corresponding screened variable setis 81 = {j : {j} € jf[\l}.

General step. For each dimensiond = 2, ..., pmax, SWAG expands retained models
from the previous dimension. Candidate models have the form S U {j}, where S € M;_; and
j € 81\ S. When the number of possible expansions is larger than the computational budget,
SWAG evaluates at most m candidate expansions according to the algorithm’s sampling rule.
Let €4 denote the candidate set evaluated at dimension d, and let qg(d) be the a-quantile of

{L(S) : S € €4}. The retained models at dimension d are
My = {S €Cq: L(S) < qg(d)}.
The final SWAG library is the union
Pmax
M= | My
d=1

Thus, M is a collection of sparse models that performed well relative to other candidate models
considered during the search. It is not guaranteed to equal the full RVS. Some competitive mod-
els may be missed because their lower-dimensional prefixes are not retained during forward
expansion, while others may be missed because the finite expansion budget does not explore

their part of the search graph. This creates two useful distinctions: reachability, which concerns
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whether a competitive model can be accessed by the search path, and exploration, which con-
cerns whether a reachable model is actually sampled and retained. The inferential procedures
below are therefore calibrated to the recovered library and the algorithm that produced it, rather
than to an idealized exhaustive set.

Because SWAG returns a collection of models, it is natural to summarize the output as a
weighted variable network. The nodes are variables appearing in at least one selected model.

For each variable j, define its selection frequency

=D, yjesk

SeM

For each pair of variables (j, k), define the co-selection frequency

Ajk = Z/\l{j €S, kesl.
Sem

The matrix A = (Aj) is the weighted adjacency matrix of the SWAG network. Node weights
summarize how often variables appear across the library, while edge weights summarize how
often variables appear together. Additional summaries can be layered on the same network,
including loss-weighted edge strengths, average coefficients for variables in generalized linear
models, and centrality measures for variables that connect otherwise distinct groups of compet-
itive models. This representation is central to the inferential approach below because it converts
a set of sparse models into a structured object whose concentration, connectivity, co-occurrence,

and centrality can be compared against an appropriate null distribution.

3.3 Global Inference for the SWAG Library

The global inferential question is whether the SWAG library contains more structure than

would be expected if the response were unrelated to the predictors. The scientific null hypothesis
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Hp : Y AL X,

meaning that the predictors do not contain information about the response. Under this null hy-
pothesis, SWAG may still select models that appear predictive because it searches adaptively over
many candidates. Therefore, the null distribution must account for the entire SWAG procedure,
not only for a fixed fitted model.

It is useful to separate the scientific null from the calibration null. The scientific null
states that the response is unrelated to the predictors. The calibration null is the distribution
of the recovered SWAG network obtained after removing predictive signal while preserving the
dependence structure of the predictors, the sample size, the tuning parameters, and the adaptive
search rule. The statistic used for testing can then be any network functional of the recovered
library, provided that the same functional is recomputed after each null recovery run. A simple
and interpretable global statistic is based on the concentration of variable selection frequencies.

Let

~
<

p
F = Z f and 7=
=

where variables not appearing in the library have f; = 0. The entropy of the selection-frequency

distribution is

H@) =~ Y #log@).
jlﬁj>0

Low entropy indicates that the library concentrates around a small subset of variables; high
entropy indicates a more diffuse library. Under the alternative hypothesis, if only a few variables
carry signal, the SWAG library should repeatedly select models involving those variables and the
observed entropy should tend to be smaller than under the null.

Other network summaries can also be used. For example, eigenvector centrality can

identify variables that are connected to other frequently co-selected variables. If A is the weighted
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adjacency matrix and A, is its largest eigenvalue, the eigenvector centrality vector ¢ satisfies
AcC = ApaxC€.

Entropy provides the main statistic studied in this chapter, while frequency, co-selection, and
centrality provide complementary summaries of the selected library. In applications, these sum-
maries answer different scientific questions. Inclusion frequencies identify variables that appear
often, co-selection frequencies identify variables that act together, and centrality measures can
identify variables that bridge otherwise different predictive explanations.

The global test is calibrated by permuting the response. Forb =1, ..., B, let y(®) be aran-
dom permutation of y. SWAG is then rerun on (X, y(b)) using the same tuning parameters and the
same algorithmic protocol used for the observed data. Let T,,s = H(7) be the observed entropy
and let T}, be the entropy from the bth permuted dataset. Since smaller entropy corresponds to

stronger concentration, the one-sided Monte Carlo permutation p-value is

B
~ 1+20,—1 UTp < Tops}
Pglobal = B+1 .

Small values of pgiopal indicate that the observed SWAG library is more concentrated than ex-
pected under the null. This test evaluates the model library as a whole and avoids testing each
selected model separately. The validity of this procedure is discussed further on while in the next
section we discuss inference on single variables once this global test has confirmed the presence

of predictive signal.

3.4 Variable-Level Inference via Aggregated P-Values

Assignificant global test indicates that the SWAG library contains structure, but it does not
identify which variables are responsible for that structure. Variable-level inference is therefore
a second-stage analysis. This stage is most directly available when the base learner provides

model-specific p-values, as in linear or generalized linear models.
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For variable j, define the subset of SWAG models containing that variable as
M(G)={SeM:jeSs)

For each S € M(j), let pj,s denote the model-specific p-value for testing the coefficient of

variable jin model Mg. The goal is to aggregate the collection
{pj,s : S € M(j)}

into a single variable-level measure of evidence.
This chapter uses the logit combination method of Mudholkar and George [31, 30]. For

variable j, define

1-pjs
Gj = Z log(—l).

SeM(j) Bj.s

Large positive values of Gj correspond to repeated small p-values across models containing j.
Under independence and uniformly distributed null p-values, logit transformations have known
distributional properties. In SWAG, however, the p-values are generally dependent because
models overlap, share the same data, and are produced by an adaptive search. For this reason,
the George statistic should be interpreted either with permutation calibration or, as is the case
for this thesis, as a practical aggregation statistic whose empirical behavior will be studied later.

The permutation-calibrated version repeats the complete variable-level calculation under
permuted responses at the same time as for the global test. If GJ-(b) is the George statistic for

variable j in the bth permuted dataset, then an empirical p-value is

B (b))
J B+1

Variables with small ﬁjG show stronger repeated evidence than expected under the null SWAG

search. This approach differs from selecting variables by frequency alone: a variable may appear
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often but have weak model-specific evidence, or appear less often but have consistently strong
evidence when it is selected.

Other p-value combination methods provide useful comparisons. Fisher’s method em-
phasizes very small p-values [17]; Stouffer’s method combines inverse normal scores and can
incorporate weights [42]; Tippett’s method focuses on the minimum p-value [44]. These methods
also correspond to different scientific notions of relevance. A minimum-p approach asks whether
a variable is strongly supported in at least one competitive representation, while George aggre-
gation asks whether evidence accumulates across many representations. The logit-based George
statistic is attractive in the present setting because it uses evidence from all models containing a
variable while remaining sensitive to consistently small p-values.

The same model-set representation also permits conditional versions of variable-level
inference. For example, let € denote a condition on the models in the library, such as containing
a selected neighbor of j, belonging to a network community, or including a possible substitute
variable. Define

M(j;©)={Se M : je S, Ssatisfies C}.

A conditional aggregated statistic has the form
B(C) = W¥{pj s : S € M(j; )},

where W is a p-value aggregation rule. This formulation distinguishes variables whose evidence
is stable across many contexts from variables that are significant only when they appear with
particular partners or without particular competitors. The simulations below focus on marginal
aggregation, but the conditional formulation explains why the network representation is more

informative than a list of selected variables.
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3.5 Validity and Approximation of the Global Test

The global SWAG test is a permutation test applied to a statistic computed after an adap-
tive model-building procedure. The key point is that permutation validity does not require the
statistic to be simple. It requires the statistic to be recomputed in the same way under each per-
muted response. More specifically, let G,, denote the group of all permutations of the response

indices. For a permutation g € Gy, let gy denote the permuted response vector. Let

T(X,y)

be any statistic produced after applying the full SWAG procedure to (X, y), such as the entropy of

selection frequencies. Under Hy, (X, y) and (X, gy) have the same distribution for every g € G,,.

Proposition 3.1 (Finite-sample validity under exchangeability). Assume that H( holds and that
the response is exchangeable with respect to G,; conditional on X. If the full SWAG procedure
and the statistic T are applied to every permuted response gy, then the exact permutation test

based on the resulting values has finite-sample level .

Proof. Under the null, the joint distribution of (X,y) is invariant under permutations
of y. Therefore the collection {T(X,gy) : g € Gy} is exchangeable under Hy. The standard
randomization-test argument then implies that the rank of the observed statistic among its
permutation values is uniformly distributed, up to ties, and the resulting exact permutation test

controls type | error at level « [24, 20]. ]

In practice, running all permutations is often infeasible except for very small sample sizes.

The Monte Carlo version samples B random permutations and uses the corrected p-value

B
1+ UTp < Tops}
p= B+1

for lower-tail statistics such as entropy. The B + 1 correction prevents zero p-values and gives
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conservative finite-sample behavior for random permutation samples [34]. As B increases, the
Monte Carlo p-value converges to the exact permutation p-value.

The computational cost of rerunning SWAG many times motivates approximate calibration.
One useful approximation is based on the empirical selection-frequency vector. Suppose that,

under a fixed null mechanism, the total number of variable appearances is

p
F=2 J
Jj=1

and let g denote the corresponding null selection-frequency probabilities. If the frequency

vector behaves approximately like a multinomial count vector, then
AN d . T
VF# - m0) = N{0,2(m0)}, (o) = diag(ro) — mo7g .
For the entropy function H(w) = — Zj 7Tj log(n'j), the delta method gives
. d
VFH(#) — H(mo)} — N(0, VH(mo) " =(710)VH(70)).

This approximation is not a substitute for permutation calibration in all settings, because SWAG
creates dependence through adaptive search. It is nevertheless useful as a diagnosticand as a
possible computational shortcut when full permutation calibration is expensive.

To investigate the accuracy of the delta-method approximation, we conducted a Monte
Carlo simulation study under the global null hypothesis. The simulation was designed to mimic
the setting considered throughout this dissertation.

A predictor matrix with n = 2000 observations and p = 500 predictors was generated

from the multivariate normal distribution

1
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and held fixed throughout the experiment. The regression coefficients were set to

g =0,

so that no predictor was associated with the response. An initial binary response vector was
generated from the intercept-only logistic model

exp(1)

Pr(Y; =11]X;) = T+ exp()’

which corresponds to the null hypothesis.

For each of H = 500 Monte Carlo replicates, a bootstrap sample of the null response
vector was obtained by sampling the responses with replacement. SWAG was then rerun using
Pmax = 10 and ¢ = 0.05, and the resulting sparse model library was used to compute an

elnpirical selection—freque||Cy vector. Let
f( ) = (fl( ),...,fi_g ))

denote the number of times each variable appeared in the selected models during replicate h.

These counts were normalized to obtain the empirical selection probabilities

from which the entropy

was computed. Repeating this procedure yielded 500 entropy values, whose empirical distribu-
tion forms the histogram in Figure 3.1.

To construct the Normal approximation, the empirical selection probabilities from one
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representative simulated SWAG library were used to estimate the null selection probabilities,
7o-
Under the multinomial approximation, the covariance matrix was estimated by

$ = diag(®o) — Zo7q -

The corresponding delta-method variance was computed as

.2 _ VH(#o) 'EVH(#)
o~ = ,
F

where F denotes the total number of variable appearances in the corresponding SWAG library.
For visualization, the Normal curve was centered at the empirical mean of the simulated entropy
values and assigned variance 2. As shown in Figure 3.1, the empirical distribution of the entropy
is reasonably well approximated by the delta-method Normal distribution, providing preliminary
evidence that the asymptotic approximation captures the finite-sample behavior of the entropy

statistic under the null.

3.6 Simulation Studies

In this section simulation studies evaluate two aspects of the proposed inferential frame-
work. The first is the calibration and power of the entropy-based global SWAG test. The second
is the variable-selection behavior of George p-value aggregation relative to LASSO. For each
simulation replicate, the design matrix X € R"™*P has independent standard normal entries.

The response is generated from

Y = XB +¢, € ~ N(0,02I,).
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Figure 3.1: Empirical null distribution of the entropy of variable selection frequencies obtained
from 500 Monte Carlo simulations under the null hypothesis. The light blue histogram represents
the distribution of entropy values computed after rerunning the full SWAG procedure for each
simulated dataset. The solid red curve shows the Normal approximation derived using the delta
method. The close agreement between the histogram and the Normal curve suggests that the
delta-method approximation provides a reasonable description of the sampling distribution of
the entropy statistic under the null hypothesis.

Under the null setting, all entries of § are zero. Under the alternative setting, the first five
coefficients are nonzero, with 3; = --- = 85 = 2, and the remaining coefficients are zero. This

design makes the true signal known, which allows direct evaluation of both global detection and

variable recovery.

3.6.1 Typel Error under the Null

The type | error simulation evaluates whether the entropy-based test maintains the
nominalsignificance level when no true signalis present. The empiricalrejection ratesin Table 3.1
are close to the nominal 0.05 level for all three sample sizes. The small deviations are consistent
with Monte Carlo uncertainty and suggest that the test is slightly conservative in these settings.
The validity of this approach is supported by Figure 3.2 where we observe that the p-values of

this test follow a standard uniform distribution, as would be expected under the null hypothesis.
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Table 3.1: Empirical type | error rates of the entropy-based SWAG test under the null setting.

Sample size (n) Nominal level Empirical type | error

100 0.05 0.040
200 0.05 0.042
500 0.05 0.036

Empirical CDF of P-values Under the Null

Empirical CDF

P-value

Figure 3.2: Empirical CDFs of permutation p-values under the null hypothesis for varying sample

sizes. Under correct calibration, p-values follow a Uniform(0, 1) distribution, shown by the
diagonal reference line.
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3.6.2 Power under Increasing Signal Strength

To study power, we fix n = 200 and p = 50 and vary the signal-to-noise ratio

Var(Xp3)

SNR =
o2

The SNRvaluesare0.1, 1, 10, 100, and 1000. The resulting empirical powers are shownin Table 3.2.
Overall, power increases as the signal becomes stronger, reaching 0.906 at SNR = 1000. The
nonmonotonic value at SNR = 10 reflects finite simulation variability and the adaptive nature of
the SWAG search, but the broader trend confirms that the entropy statistic is sensitive to signal
concentration in the recovered library.

Table 3.2: Empirical power of the entropy-based SWAG test across signal-to-noise ratios (SNR).
Power is estimated from 500 Monte Carlo replications at n = 200, p = 50, and nominal level 0.05.

SNR Empirical power MCSE

0.1 0.342 0.0217
1 0.514 0.0223
10 0.464 0.0223
100 0.692 0.0203
1000 0.906 0.0127

Power of Entropy-Based SWAG Test
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Signal-to-Noise Ratio (SNR)

Figure 3.3: Empirical power curve for the entropy-based SWAG test at n = 200 and p = 50, based
on 500 replications. Error bars indicate 95% Monte Carlo standard error.
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3.6.3 Variable Recovery Using George P-Values

Table 3.3 compares the George p-value aggregation procedure with LASSO variable se-
lection. The George procedure selects fewer variables on average and has substantially higher
precision across all SNR levels. LASSO has higher true positive rates, especially for SNR > 1, but
it selects many more noise variables, leading to lower precision and lower F1 scores in most
settings. These results illustrate the intended role of George aggregation: it is not designed to
select every possible signal, but to identify variables with repeated evidence across the SWAG
library while maintaining a sparse and interpretable selection.

Table 3.3: Comparison of George p-values and LASSO variable selection across SNR levels. All
values are simulation averages.

Method Metric SNR

0.1 1 10 100 1000
George Meanselected 2.345 4.432 4595 5.147 5.611
George TPR 0.388 0.800 0.800 0.800 0.800
George  Precision 0.828 0.903 0.871 0.777 0.713
George  Flscore 0.529 0.848 0.834 0.788 0.754
LASSO  Meanselected 8.69 16.16 16.17 16.30 10.89
LASSO TPR 0.555 1.000 1.000 1.000 1.000
LASSO Precision 0.319 0.309 0.309 0.307 0.459
LASSO F1 score 0.406 0.473 0.472 0470 0.629

At the weakest signal level, George aggregation selects an average of 2.345 variables, with
precision 0.828 and F1 score 0.529. LASSO recovers more true variables but selects many more
variables overall, resulting in lower precision. For SNR > 1, LASSO reaches TPR 1.000, but its
mean selected model size remains much larger than the true support size. George aggregation
maintains TPR 0.800 while producing a more compact set of selected variables. This trade-off is
desirable in settings where the scientific goal is to identify a smaller set of variables with stable

evidence rather than to maximize sensitivity at the cost of many false positives.
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3.7 Conclusion

This chapter developed an inferential framework for sparse model sets produced by SWAG.
The framework begins with a global permutation test that asks whether the recovered SWAG
library has more concentrated network structure than expected under a null relationship between
the response and the predictors. By rerunning the entire SWAG procedure after permuting the
response, the test calibrates the adaptive search itself rather than treating the selected models
as fixed.

The chapter then introduced a variable-level procedure based on George p-value aggre-
gation. This second-stage analysis combines model-specific evidence across all SWAG models
containing a given variable. Because SWAG models overlap and are generated adaptively, the
aggregated statistics require empirical study and, when possible, permutation calibration. In sim-
ulations, the George procedure produced substantially sparser selections and higher precision
than LASSO, while maintaining stable recovery of the strongest signals.

Together, the global SWAG test and the George aggregation procedure provide a path from
sparse model discovery to statistical inference. The global test assesses whether the model library
contains meaningful structure, while the variable-level analysis identifies variables that receive
repeated support across the library. The same framework also indicates how future conditional
tests could assess co-occurrence, substitution, and community-level evidence. These tools
support the broader goal of using sparse model sets not only for prediction, but also for stable

and interpretable scientific discovery.
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Chapter 4

Prediction over Sparse Model Sets

This chapter studies how a collection of sparse models can be used for prediction. The
previous chapter treated the SWAG library as an inferential object: the goal was to decide whether
the selected variables and the corresponding network structure contain more information than
would be expected under a null relationship between the response and the predictors. Here the
goal is different. We assume that a sparse model set has been statistically validated and ask how

its members can be combined to produce accurate and stable predictions.

4.1 Introduction

SWAG was introduced as a method for constructing a library of low-dimensional models
with strong predictive performance [29]. This library is useful for interpretation because it
displays which variables recur across competitive sparse models and which variables tend to
appear together. In the framework of the previous chapter, the library is also an empirical
representation of a recovered RVS: each coordinate of the representation is an interpretable
predictive model indexed by an explicit variable subset. However, a sparse model set should not
only be interpretable. In applied domains such as genetics, biology, medicine, and neuroimaging,
the selected models must also deliver reliable predictions on new observations. If the recovered
library contains several competitive models, selecting only one of them discards information
about the remaining models and reintroduces the instability that motivated the multi-model
perspective in the first place.

The central idea of this chapter is to use the sparse model set as a prediction space.
Rather than treating the models in the SWAG library as competitors, we treat their predictions
as new features and combine them through stacked generalization. Stacking was introduced
by Wolpert [47] and developed for regression by Breiman [10]; the same principle underlies

broader ensemble and Super Learner constructions [23]. Its purpose is to learn how to combine
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a set of base learners using out-of-sample predictions, so that the final predictor can exploit
complementary information across the library. This is closely related to the broader shift from
selecting a single best model to working with multiple good models, as in multimodel inference
and Rashomon-set analysis [12, 11, 16].

This perspective is particularly natural for SWAG. Each model in the library uses a small
subset of variables and therefore gives a simple predictive explanation. Different models may
obtain similar accuracy because they capture different parts of the signal, use correlated substi-
tutes, or perform better in different regions of the predictor space. Stacking does not require us
to decide in advance which sparse model is the final model. Instead, it estimates how much each
model should contribute to prediction. In this way, the final predictor is no longer a single sparse
model, but a weighted prediction over a sparse model set.

The approach also aligns with the stability principle in the Predictability - Computability
- Stability (PCS) framework [51]. A conclusion based on one selected model may be sensitive
to small changes in the data or to the details of the selection procedure. A stacked predictor
uses cross-validated predictions from many sparse models and therefore provides a way to
aggregate across model uncertainty. This does not remove the need for validation, but it makes
the prediction step consistent with the broader goal of obtaining conclusions that are stable
across reasonable analytical choices. The resulting object is not a black-box representation in
the usual sense: its inputs are predictions from explicit sparse models, so the fitted ensemble

can still be studied at the level of the base representations and the variables that define them.

4.2 Prediction over a SWAG Library

Let

D = {(Xi,yi) ci=1,..,n}

denote the observed data, where x; € RP and y; € R in the regression setting considered in this

chapter. Asin the previous chapter, let ? = {1, ..., p} denote the index set of available predictors.
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A SWAG run returns a library
M ={Sqy, ..., Sk},

where each Sj, C P satisfies |Sk| < pmax. The fitted prediction rule from modelMSk is denoted
by f;\{ If the models in the SWAG library are based on linear regression, for example, then we

have
fieO) = Boic +xg, B,

where X3, is the subvector of predictors indexed by Sk.

The SWAG library can be viewed as an empirical sparse model set: it is not necessarily
the full Rashomon set or the full RVS, but it is a structured subset of competitive sparse models
found by a forward wrapper search. This distinction is important. The prediction method de-
veloped here does not require the library to contain every near-optimal model. It only requires
a collection of accurate and sufficiently diverse sparse models whose prediction errors are not
perfectly redundant. The prediction matrix built from the functions fi, ,fK is therefore a

learned representation of the observations in the space of competitive sparse explanations.

4.2.1 Stacking Operator

Stacking constructs a second-level regression problem using out-of-sample predictions
from the base models. Let flg_l)(xi) denote the prediction for observation i from model Mg,
when the fitting procedure for MSk is trained without using observation i, or more generally

without using the validation fold containing observation i. Define the level-one prediction matrix

A D) - F5 D)
Z=

AP0 - FE )

The stacked estimator is then K

fstack(x) = Z akﬁc(x),
k=1
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where the weight vector @ = (&1, ..., &x) | is estimated by minimizing cross-validated squared

error,
2

n K .
@=argmin > (yi - ockfk(_l)(xi)) :

aeA iz k=1

The set A specifies the allowed stacking weights. Acommon choice is the convex set

K
/lz%'oc:ockzo, Zakzl},

k=1

which keeps the stacked prediction inside the span of the base predictions and gives the weights
adirectinterpretation. One may also use unconstrained least squares or regularized least squares
when the number of base models is large or when their predictions are highly correlated. In the
simulations below, the meta-learner is linear and is trained using the same training/test split
used to evaluate the SWAG library.

The use of out-of-sample predictions is essential. If the second-level regression were
trained on in-sample predictions, the meta-learner could exploit overfitting in the base models
and produce optimistic estimates of prediction error. Cross-validation separates the construction
of the base predictions from the estimation of the stacking weights, following the logic of stacked

generalization [47, 10].

4.2.2 Why Stacking Helps Sparse Model Sets

Stacking is useful when the library contains models that are both accurate and diverse.
If all models in ]T/[\produce nearly identical predictions, then the level-one matrix Z has little
additional information beyond any one column, and stacking can offer little improvement over
selecting a single model. If, however, different sparse models capture different components of

the signal, the meta-learner can combine them to reduce prediction error.
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This can be stated in terms of an oracle stacked predictor. Let

% 2
R(a@)=E (Y -3 ockfk(X)>

k=1
denote the prediction risk for fixed fitted base learners. If the feasible set.A contains the unit

vectors, then the best population-level stacked combination satisfies
min R(a) < min R(ey),
aeA (@) 1<k<K ( k)

where e places all weight on model k. This inequality is an oracle comparison: it says that the
best possible combination over the chosen weight class is at least as good as the best individual
base model within that same population criterion. The estimated stacked predictor may not
achieve this inequality exactly in finite samples, which is why cross-validation, constraints, and
external test evaluation are important.

From the sparse-model-set point of view, stacking has two roles. First, it provides a
predictive use of the whole library rather than forcing a final model-selection step. Second,
the estimated weights can help summarize which sparse representations contribute most to
prediction after accounting for the other models. These weights should not be interpreted as
posterior probabilities of the models. They are prediction weights learned from out-of-sample
performance. Nevertheless, when the library contains several models with overlapping but
non-identical supports, the stacking weights provide a useful description of how prediction is

distributed across the recovered sparse model set.

4.2.3 Sparse Consensus Prediction

We refer to fstack as a sparse consensus predictor because it combines predictions from
many sparse models while keeping each base representation interpretable. The final predic-

tor itself may involve many variables indirectly, since different base models can use different
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supports. However, the prediction remains decomposable into sparse components:

K

ﬁtack(x) = Z 48 (30]{ + X‘-SrkBSk>'
k=1

Thus, the prediction can be studied at two levels. At the model level, one can examine which
sparse models receive large weights. At the variable level, one can combine the stacking weights
with the inclusion frequencies or coefficient summaries from the previous chapter to identify
variables that are frequently selected, strongly weighted, or both. This connection is important
because it links prediction to the interpretability of the SWAG network and to the variable-
importance summaries developed earlier.

As the signal-to-noise ratio increases, one expects accurate models that contain the active
variables, or good substitutes for them, to receive larger weights. This should be understood as a
qualitative prediction mechanism rather than a formal support-recovery theorem. Establishing
consistency of the stacking weights or support recovery would require additional assumptions
about the design matrix, the SWAG search procedure, the base learners, and the growth of K
with n. The purpose of this chapter is more modest: to show that the recovered sparse model set
can be used as a practical prediction space and that stacking can improve prediction relative to

using individual sparse models alone.

4.2.4 Prediction Disagreement and Uncertainty

The sparse-model-set view also clarifies a source of predictive uncertainty that is usually
hidden when one final model is selected. A conventional prediction interval is often constructed
conditionally on a fitted model or a fitted architecture. When many sparse models are competitive,
however, there is additional uncertainty associated with representation choice: two models may
have similar validation performance but produce different predictions for a particular observation

[13, 15, 21].
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One descriptive measure of local representation uncertainty is the weighted disagreement

K

U) = Y. @ {fe®) — fetack®)}
k=1

2

Large values of U(x) indicate that the competitive sparse models disagree around x, even after
the models are combined by stacking. This quantity should not be interpreted as a calibrated
prediction interval. Rather, it is a diagnostic for local instability of the predictive representation.
It can be reported together with the stacked prediction to show where the prediction is driven
by broad agreement across the library and where it depends on combining conflicting sparse
explanations.

This diagnostic also suggests future calibration strategies. For example, held-out or cross-
fitted conformal procedures could build conformity scores from the stacked residuals together
with disagreement terms such as U(x), so that prediction intervals reflect both residual error
and representation uncertainty [45, 25, 4, 6]. Such calibration is outside the simulation study
below, but it is a natural extension of treating the recovered sparse model set as a representation

space.

4.3 Simulation Study

We conduct a simulation study using a linear regression model with a known sparse signal.
The objective is to evaluate whether stacking over the SWAG library can provide competitive
test-set prediction relative to standard linear benchmarks and to individual SWAG models. This
setting is intentionally favorable to classical sparse linear methods, since the data-generating
model is exactly linear, the signal is sparse, and the candidate benchmark methods include lasso
and ridge regression.

For each simulation replicate, we generate a design matrix X € R"*P with independent
standard normal entries,

Xij ~ N(0,1).
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The response is generated according to
y=XB+e¢, £~N(0,02In).

We set n = 200 and p = 50. The signal is sparse: the first five coefficients are set equal to 2, so
that 8; = --- = B5 = 2, and the remaining p — 5 coefficients are set equal to zero. The target

signal-to-noise ratio is defined as
SNR = &;(5)
o
We consider

SNR € {0.1, 1, 10, 100, 1000}.

For each value of SNR, the noise variance g2

is chosen so that the desired signal-to-noise ratio is
achieved.

For eachreplicate, the data are split into training, validation, and test sets, containing 60%,
20%, and 20% of the observations, respectively. SWAG is run on the training set to construct the
base model library. The stacked predictors are trained using the validation-set predictions from
the SWAG models and are then evaluated on the held-out test set. We use B = 500 Monte Carlo
replications. Predictive performance is measured by the test-set coefficient of determination,
R2.
Table 4.1: Average test-set R over 500 simulation replications for different signal-to-noise ratios.

The SWAG library is stacked using ridge, lasso, XGBoost, and linear meta-models, and is compared
with standard lasso and ridge regression as well as individual SWAG models.

SNR Ridgestack Lassostack XGBstack Linearstack Lasso Ridge BestSWAG Mean SWAG

0.1 -0.02 -0.03 -0.03 -0.09 -0.02  -0.02 0.08 -0.04
1 0.36 0.34 0.31 0.31 0.42 0.33 0.41 0.23
10 0.71 0.71 0.67 0.69 0.89  0.87 0.73 0.48
100 0.78 0.78 0.75 0.77 0.99 098 0.80 0.53
1000 0.80 0.79 0.76 0.78 0.99 1.00 0.81 0.53

Table 4.1 summarizes the average test-set performance of the different procedures. As
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expected, the standard lasso and ridge regressions perform extremely well in this simulation
design, especially at moderate and high signal-to-noise ratios. This is not surprising, since the
data are generated from a sparse linear model with independent Gaussian predictors, precisely
the type of setting in which these methods are expected to be highly competitive. At SNR = 10,
for example, lasso and ridge achieve average test-set R2 values of 0.89 and 0.87, respectively,
while at SNR = 100 and 1000 they approach nearly perfect prediction.

The SWAG stacking procedures do not uniformly outperform these standard linear bench-
marks in this setting. Nevertheless, they remain competitive, particularly given the difficulty
of the stacking problem induced by the full SWAG library. With n = 200 and a 60-20-20 split,
the meta-model is trained on only about 40 validation observations, while the SWAG library
contains roughly 2000 candidate models. Thus, the stacking stage is effectively asked to learn
from a highly overparameterized validation design, with approximately 40 observations and
2000 model-prediction features. Despite this, the ridge and lasso stacking procedures achieve
average R? values of 0.71 at SNR = 10, 0.78 at SNR = 100, and about 0.79-0.80 at SNR = 1000.
These values are below the oracle-favorable lasso and ridge benchmarks, but they are close to
or better than the best individual SWAG model across several signal regimes.

The comparison with the individual SWAG models is especially informative. The mean
SWAG model performs substantially worse than the stacked versions, reaching only 0.48 at
SNR = 10 and about 0.53 at the two largest signal-to-noise ratios. The best individual SWAG
model performs better, with average R? values of 0.73, 0.80, and 0.81 for SNR = 10, 100, 1000,
respectively. However, the ridge and lasso stacked SWAG predictors are broadly comparable to
the best single SWAG model, and in some cases improve upon it. This suggests that the SWAG
library contains useful predictive information spread across multiple sparse models, even when
no single model fully matches the performance of the standard lasso or ridge estimator.

These results should therefore be interpreted as a conservative assessment of SWAG
stacking. The simulation favors standard linear estimators, while the stacking procedure is

deliberately applied to a large, unfiltered SWAG library. In practice, stronger performance may
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be obtained by post-processing the SWAG library before stacking, for example by selecting a
smaller set of high-performing and less-correlated models. Such de-correlation or diversity-
based filtering would reduce the dimension of the meta-learning problem and may allow the
stacking model to combine complementary sparse representations more effectively. Importantly,
even in this unfavorable setting, SWAG stacking preserves stable predictive performance while
retaining the interpretability advantages of the SWAG framework: prediction is still built from an
explicit library of sparse models, allowing the analyst to study variable inclusion, model diversity,

and alternative sparse explanations rather than relying only on a single selected model.

4.3.1 Benchmark Evidence on Public Data

As a complementary empirical check, stacked prediction over recovered sparse model
sets was also evaluated on several public regression and classification datasets. The goal of
these experiments was not to exhaustively tune every benchmark, but to assess whether SWAG
library representations could improve over regularized generalized linear model baselines while
remaining competitive with standard machine-learning predictors. For each dataset, the re-
covered sparse models were used as base learners, their predictions were passed to a stacking
procedure, and performance was evaluated on held-out test data.

Table 4.2: Held-out performance of Stacked-SWAG and benchmark methods on public datasets.

For regression datasets the metric is R?; for classification datasets the metric is AUC. Larger
values are better.

Dataset Metric Stacked-SWAG Stacked-Lasso Lasso Ridge RF XGBoost NN

Diabetes R? 0.538 0.351 0.474 0.482 0.497 0.425 0.532
California Housing R? 0.771 0.568 0.425 0.125 0.809 0.811 0.802
Friedman #1 R? 0.925 0.002 0.893 0.891 0.824 0.916 0.883
Bike Sharing R? 0.822 0.366 0.665 0.665 0.939 0.930 0.944
Breast Cancer AUC 0.989 0.973 1.000 0.990 0.995 0.999 0.988
Adult Income AUC 0.914 0.891 0.910 0.910 0.916 0.923 0.887
Bank Marketing AUC 0.915 0.853 0.721 0.909 0.927 0.929 0.877
Credit Default AUC 0.776 0.748 0.731 0.756 0.780 0.784 0.723

47



Table 4.2 shows the same qualitative pattern as the controlled simulation. Stacked-SWAG
improves over Lasso, Ridge, and Stacked-Lasso on most datasets, while often remaining close to
the strongest black-box benchmarks. It is the best-performing method on Diabetes and Friedman
#1, and it is competitive on Adult Income, Bank Marketing, and Credit Default. On Bike Sharing,
random forests, XGBoost, and neural networks are substantially stronger, indicating that the
sparse linear representations used here do not capture all nonlinear structure in that dataset.

These benchmark results should be interpreted as evidence for the usefulness of the
representation rather than as a claim of universal dominance. Theimportant pointis that stacking
over compact sparse models can recover a large part of the predictive performance of more
flexible procedures while preserving a representation-level interpretation. Each coordinate of
the stacked predictor corresponds to a known sparse model, so the ensemble can be inspected
through model weights, variable supports, inclusion frequencies, co-occurrence patterns, and

disagreement diagnostics.

4.4 Conclusion

This chapter showed how the collection of sparse models produced by SWAG can be used
for prediction. Instead of selecting one final model from the library, we treated the predictions of
the SWAG models as a second-level representation and combined them using stacked generaliza-
tion. This reframes SWAG as more than a variable-selection procedure: it becomes a mechanism
for constructing a sparse prediction space whose coordinates remain interpretable.

The controlled simulation showed that the stacked predictor consistently achieved higher
test-set accuracy than both the average individual SWAG model and the best individual SWAG
model across all signal-to-noise ratios considered. The improvement was especially clear in the
moderate-signal settings, where no single sparse model fully captured the signal but several
sparse models contributed useful information. In high-signal settings, the best individual model
already performed well, but stacking still achieved the highest average R2. The public-data

benchmarks gave a complementary picture: Stacked-RVS often improved over regularized gener-
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alized linear model baselines and, in several cases, approached the performance of more flexible
machine-learning methods.

These results complement the inferential perspective developed in the previous chapter.
The same sparse model set that supports variable-frequency summaries, network represen-
tations, permutation-based inference, and conditional evidence summaries can also be used
to build accurate predictions. Thus, interpretability and prediction do not need to be treated
as separate goals. A sparse model set can provide interpretable components, while stacking
combines those components into a stable predictive rule.

Future work may study regularized or nonlinear meta-learners, extensions to generalized
linear models and classification, and uncertainty quantification for predictions obtained over
sparse model sets. In particular, local disagreement measures and conformal calibration could
be used to determine when predictions are stable across competitive sparse representations and
when they depend on unresolved model uncertainty. Such extensions would connect directly to
the broader goal of using Rashomon-style model multiplicity not only to interpret data, but also

to improve prediction while accounting for model uncertainty.
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Chapter 5

Biomedical Applications

5.1 Introduction

The previous chapters developed sparse model sets as inferential and predictive objects.
This chapter studies how that framework behaves in two biomedical applications where the
number of candidate predictorsiis large, the scientific interpretation matters, and a single selected
model would give an incomplete picture of the evidence. The goal is not only to report predictive
accuracy, but also to examine whether SWAG produces compact libraries of models whose
variables, co-occurrences, coefficients, and aggregated evidence can be interpreted scientifically.
The results of these applications have been published in peer-reviewed journals [32, 36].

The first application concerns classification of Attention Deficit Hyperactivity Disorder
(ADHD) using resting-state functional magnetic resonance imaging (Rs-fMRI) data from the ADHD-
200 consortium [1]. In this setting, each feature is a functional connectivity measure between
two brain regions. A sparse model set is useful because it identifies recurring brain connections
and the groups of connections that appear together across competitive classifiers.

The second application concerns DNA methylation signatures associated with sleep
timingin children [37]. Here the original feature space contains 865, 926 CpG sites measured using
the Illumina Infinium MethylationEPIC BeadChip. SWAG is used as a screening and model-set
recovery procedure to identify a much smaller set of loci whose methylation patterns distinguish
early and late bedtime groups.

Together, the two applications illustrate complementary roles of sparse model sets. In
neuroimaging, the recovered library supports prediction and network interpretation of functional
connectivity. In epigenomics, the recovered library reduces a very high-dimensional molecular

search space to a set of loci and genes that can be followed by biological annotation.
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5.2 Neuroimaging Classification of ADHD

5.2.1 Dataand Preprocessing

The ADHD data were obtained from the ADHD-200 consortium [1]. The original diagnostic
labels distinguish three ADHD subtypes: ADHD-I, characterized primarily by inattention; ADHD-
H, characterized primarily by hyperactivity or impulsivity; and ADHD-C, which combines both
symptom profiles. Because the goal of this analysis is to study sparse connectivity patterns
associated with ADHD status, the three subtypes are combined into a single ADHD class and
compared with healthy controls. This binary formulation does not address subtype-specific
mechanisms, but it allows the analysis to focus on whether functional connectivity features
contain stable predictive information for ADHD detection.

The dataset contains 930 subjects, including 573 healthy controls and 357 subjects with
ADHD. The subjects were scanned at seven acquisition sites, summarized in Table 5.1. Additional
acquisition details are available from the ADHD-200 consortium website athttp://fcon_

1000.projects.nitrc.org/indi/adhd200/.

Table 5.1: Site distribution for the ADHD data used in this study.

Imaging site Control ADHD Total
Peking University 143 102 245
Kennedy Krieger Institute 69 25 94
NeurolMAGE Sample 37 36 73
New York University Child Study Center 110 147 257
Oregon Health & Science University 70 43 113
University of Pittsburgh 94 4 98
Washington University 50 0 50
Total 573 357 930

A standard preprocessing pipeline was applied to the Rs-fMRI data using the Data Pro-
cessing Assistant for Resting-State fMRI Toolbox (DPARSF) [50]. The preprocessing included

removal of the first five volumes, slice-timing correction, motion realignment, co-registration
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of anatomical and functional images, nuisance regression, normalization to the MNI template,
blind deconvolution to estimate latent neural signals [48], and bandpass filtering between 0.01
and 0.1 Hz. Mean time series were extracted from 190 functionally homogeneous regions defined
by the CC200 atlas [14]. Functional connectivity was then computed using Pearson correlations
between pairs of regional time series. A liberal preliminary t-test screen (p < 0.05, uncorrected)

retained 1179 connectivity features for the SWAG analysis.

5.2.2 SWAG Analysis

SWAG was applied to the ADHD classification task using three base learners: logistic
regression (LOGIT), linear-kernel support vector machines (SVM-L), and radial-kernel support
vector machines (SVM-R). This comparison allows the recovered sparse model sets to be examined
across both interpretable and less directly interpretable learning mechanisms. Following the
rules of thumb in [29], the maximum model size was set to pmax = 20, and the screening
proportion was setto o = 0.05. The initial screen therefore retained approximately 1179 X 0.05 ~
59 one-feature models. The candidate expansion budget was set to m = (529) = 1711, so that
the two-dimensional search space induced by the screened features could be explored.

The LOGIT-based SWAG library is the main object of interpretation because it provides
both sparse supports and model-specific coefficient estimates. After post-processing, LOGIT-
SWAG produced 381 models, with dimensions ranging from 9 to 20, built from 53 distinct con-
nectivity features. The SVM-L and SVM-R libraries produced 114 and 146 models, respectively,
and led to the same broad conclusion that frontal and temporal regions are central to classifica-
tion. Since SVM coefficients are not directly comparable to logistic-regression coefficients in this
setting, the detailed interpretation below focuses on the LOGIT library.

Each feature is a Pearson correlation between two brain regions and is denoted by A < B.
Table 5.2 reports the most frequent LOGIT-SWAG features, the proportion of models containing
each feature, the proportion of positive coefficient estimates among models containing the

feature, and the median coefficient. These quantities correspond to the model-set summaries
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developed in Chapter 3: inclusion frequency measures recurrence across competitive models,
while coefficient sign and magnitude summarize conditional direction within the recovered
library.

Table 5.2: Most frequent functional-connectivity features in the LOGIT-SWAG library. The second
column is the proportion of the 381 models containing the feature.

Feature Prop. Models Prop. Positive 3 Median 8
Insula-R < Paracentral-Lobule-R (A) 1.000 0.000 -0.533
Frontal-Sup-R < Frontal-Mid-R (B) 1.000 1.000 0.675
Temporal-Mid-L < Lingual-L (C) 1.000 1.000 0.508
Insula-L < Frontal-Mid-L (D) 1.000 0.000 -0.977
Frontal-Sup-R < Frontal-Inf-Orb-R (E) 0.989 0.003 -0.313
Supp-Motor-Area-L « SupraMarginal-L (F) 0.989 1.000 0.357
Frontal-Sup-R < ParahippocampaGyrus (G) 0.953 0.000 -2.081
Vermis-1-2 < Temporal-Mid-L-4 (H) 0.953 1.000 0.781
Vermis-4-5 < Frontal-Sup-Orb-R (I) 0.853 0.000 -1.099
Frontal-Sup-Medial-L < Cingulum-Mid-L (J) 0.745 0.000 -1.007
Temporal-Mid-L < Pallidum-R (K) 0.738 0.979 0.222
Occipital-Mid-L <« Cerebelum-Crus2-L (L) 0.700 1.000 2.261
Cingulum-Ant-L < Paracentral-Lobule-R(M) 0.677 0.000 -1.104
Temporal-Pole-Sup-R < Frontal-Mid-L (N) 0.617 0.000 -1.072
Frontal-Mid-L < Caudate-R (O) 0.543 1.000 1.162
Frontal-Mid-L < Frontal-Sup-L (P) 0.528 1.000 0.939

For example, the feature Frontal-Sup-R < Frontal-Inf-Orb-R appears in 98.9% of the LOGIT-
SWAG models. Among the models containing it, the coefficient is positive only 0.3% of the time,
with median coefficient —0.313. Thus, conditional on the other features in the sparse model set,
larger connectivity between these two frontal regions is usually associated with a lower predicted
probability of ADHD. This interpretation is more informative than a single coefficient from one
selected model because it records how the association behaves across many competitive sparse
representations.

Figure 5.1 displays the top 35% most frequent LOGIT-SWAG features, corresponding to 19
of the 53 selected connectivity features. In this display, nodes are brain regions and edges are

selected connectivity features. Connections involving the frontal region are particularly frequent,
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consistent with the region-level summary in Table 5.3.
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Figure 5.1: Sagittal-view representation of the most frequent LOGIT-SWAG connectivity features.
Points represent brain regions and lines represent selected functional-connectivity features
between regions.

To summarize selected connectivity features at the level of brain regions, each feature
contributes one count to each endpoint region. For example, Frontal-Sup-R < Frontal-Inf-Orb-R
contributes two counts to the frontal region, while Insula-L < Frontal-Mid-L contributes one
countto theinsula region and one to the frontal region. Table 5.3 shows that frontal and temporal

regions dominate the selected LOGIT-SWAG library.

5.2.3 Prediction and Network Interpretation

Table 5.4 compares the test accuracy of the base learners fitted without SWAG and the
accuracy ranges obtained from the corresponding SWAG libraries. For LOGIT, the non-SWAG
benchmark is a Lasso logistic regression fit using [18], which gives a more appropriate sparse

baseline than an unregularized high-dimensional logistic model.
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Table 5.3: Region-level frequency summary for the LOGIT-SWAG library. Connectivity features
are aggregated by their endpoint brain regions.

Brain region Frequency

Frontal 2903
Temporal 1179
Insula 762
Vermis 688
Paracentral 639
Cingulum 542
Lingual 381

Table 5.4: Test accuracy for the three classifiers with and without SWAG. Since SWAG returns a
set of models, the last column reports the range of test accuracies across the recovered library.

Classifier Without SWAG  With SWAG

Lasso logistic / LOGIT-SWAG 0.544 (0.532,0.614)
Linear SVM / SVM-L-SWAG 0.567 (0.520,0.608)
Radial SVM / SVM-R-SWAG 0.626 (0.561,0.632)
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The ADHD-200 benchmark accuracies reported for other classification approaches range
from 0.374 to 0.625 [1]. The SWAG libraries therefore achieve accuracy in the same range while
using far fewer predictors. Lasso logistic regression selected 123 features, and the SVM classifiers
use the full feature set unless combined with an external selection procedure. In contrast, each
SWAG library uses fewer than 60 distinct features out of 1179 candidates. Thus, the main gain is
not only predictive accuracy, but the recovery of a compact set of competitive models whose
structure can be inspected.

Figure 5.2 represents the LOGIT-SWAG library as a feature network. Each node is a selected
connectivity feature, and each edge records how often two connectivity features appear together
in the same sparse model. Node size is proportional to inclusion frequency. Node color represents
the sign of the median logistic-regression coefficient, with positive and negative signs interpreted
conditionally on the other features in the models containing that node. Edge thickness represents
co-occurrence frequency, while edge color represents the Spearman correlation between the two
connectivity features. This network view adds information that is not available from marginal
feature ranking alone: it shows which connectivity features form recurring groups of predictive

explanations.

5.2.4 Aggregated P-Values for ADHD Connectivity Features

The LOGIT-SWAG library also allows the variable-level procedure from Chapter 3 to be
applied directly. For each connectivity feature, model-specific p-values are aggregated across
the SWAG models that contain that feature using the Mudholkar-George logit aggregation rule
[30]. This step asks a different question from inclusion frequency. A feature can appear often
because it is a useful substitute or appears in many competitive contexts, while aggregated
p-values measure whether its coefficient receives repeated model-specific evidence across those
contexts.

The LOGIT-SWAG library contains 53 distinct connectivity features. At significance level

0.05, the available George-aggregated results identify the features listed in Table 5.5. Several of
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Figure 5.2: The corresponding feature names can be found in Table 5.2. The color of the node
illustrates the sign of the median of the estimated g3 coefficients (i.e. the median of all coefficients
that a feature takes in each of the SWAG models). The size of each node is proportional to
the percentage of models that contain that feature among all SWAG models. The thickness of
each link between different nodes is proportional to the percentage of times two features are
present together among all SWAG models. The color of the link shows the value of the Spearman
correlation coefficient between two different features (blue for positive correlation and red for
negative). The grey links represent the connection between features that appear together with
less frequency than the ones with red/blue links between them.
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these features involve frontal, temporal, cerebellar, cingulate, or insular regions, consistent with

the network and region-frequency summaries above.

Table 5.5: Connectivity features with recorded George-aggregated p-values below 0.05 in the
LOGIT-SWAG library.

Connectivity feature Aggregated p-value
Frontal-Sup-R < ParahippocampaGyrus 0.002
Supp-Motor-Area-L « SupraMarginal-L 0.039
Vermis-1-2 < Temporal-Mid-L 0.024
Occipital-Mid-L « Cerebelum-Crus2-L 0.002
Frontal-Mid-L < Cingulum-Ant-L 0.023
Insula-R < Pallidum-R 0.026
Rolandic-Oper-L « Temporal-Inf-L 0.026
Temporal-Inf-L & Lingual-L 0.031

These results should be interpreted as library-level evidence, not as post-selection p-
values from a single final model. The variables in Table 5.5 are features whose model-specific
evidence persists across multiple competitive logistic models. In this sense, the ADHD analysis
illustrates the distinction developed in Chapter 3: frequency, co-occurrence, coefficient stability,
and aggregated evidence are complementary summaries of the same recovered sparse model

set.

5.3 DNA Methylation and Sleep Timing in Children

5.3.1 Study Population

Participants were grouped by bedtime habits into an early-bedtime group, defined as
bedtime before 8:30 PM, and a late-bedtime group, defined as bedtime after 8:31 PM. Table 5.6
summarizes demographic and anthropometric characteristics. The mean age was 8.55 years. BMI
z-score, waist-circumference z-score, and waist-to-height-ratio z-score were higher on average in
the late-bedtime group, but these differences were not statistically significant. The study design

and broader analytical workflow are described in [37].
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Table 5.6: Characteristics of the sleep-timing study population.

Parameter Total Early bedtime Late bedtime p-value

Before 8:30 PM After 8:31 PM

Total participants 31 15 16 -

Sex (male/female) 17/14 9/6 8/8 -

Age (years) 8.55+0.24 8.22 +0.39 8.86 +0.29 0.201
Weight (kg) 36.05 £ 2.27 33.58 £ 3.58 38.36 £2.84 0.305
Height (cm) 13435 £2.23 132.24+3.36 136.33+297 0.369
BMI (kg/mz) 19.42 £ 0.64 18.51 +0.98 20.28 £ 0.81 0.174
BMI z-score 1.27 £0.22 0.91 £0.36 1.62 +0.23 0.111
WC z-score 0.91 £0.11 0.84 +£0.18 0.97 £0.14 0.556
WH1R z-score 0.69 £0.12 0.63 £0.18 0.75£0.17 0.637

Values are presented as mean * standard deviation. BMI = body mass index; WC = waist circumference; WHtR =
waist-to-height ratio.

5.3.2 SWAG Analysis and Genomic Annotation

To identify methylation markers associated with sleep timing, SWAG was applied to
865,926 CpG sites profiled using the lllumina Infinium MethylationEPIC BeadChip. The analysis
selected 1006 target IDs, corresponding to 840 unique loci after duplicate target IDs were removed.
Among the unique loci, 352 were hypermethylated and 488 were hypomethylated in children
with early bedtime compared with late bedtime (p < 0.001). These loci mapped to 571 unique
genes.

The significant CpG sites were annotated using the array manifest to genomic features,
including promoter regions, gene bodies, untranslated regions, CpG islands, shores, shelves, and
other regulatory elements [22]. Of the 610 annotated significant target ID sites, 403 (66%) were
located within CpG islands, which are genomic regions often enriched near transcription start
sites and associated with transcriptional regulation. Among island-associated CpGs, 149 (37%)
were within 0-200 bp of the transcription start site (TSS200), 53 (13.2%) were within 200-1500
bp upstream of the transcription start site (TSS1500), 79 (19.6%) were in the 5’UTR, 75 (18.6%)
were in gene bodies, 3 (0.7%) were in the 3'UTR, 31 (7.7%) were intragenic, and 13 (3.2%) were

categorized as unmapped. CpG island context analysis further indicated that 40% of annotated
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sites were located within CpG islands, with additional sites mapping to north shores (8.8%),
south shores (6.9%), north shelves (2.3%), and south shelves (2.6%). The remaining 39.4% could
not be assigned to a defined CpG island context.

Figure 5.3 summarizes the genomic distribution of the significant CpG target IDs. Several
highly ranked target IDs, including cg26811976 (PRAMEF4), cg07891983 (CREM), cg04402799
(CDH4), and cg00136968 (SDK1), were categorized as unmapped by the current reference an-
notation. Their recurrence in the SWAG results despite incomplete annotation suggests that

unmapped loci should not be automatically discarded during high-dimensional screening.

Table 5.7: Top 10 CpG target IDs associated with sleep timing from the SWAG analysis.

No. TargetID Gene CHR Location

1 cg09760986  ABCG2 4 S_Shore
2 cg22792063 ABHD4 14 Island
3 cg00807892 MOBKLIA 4 Island
4  g25282780 AK3 9 Island
5 ¢g09321097 SDE2 1 Island
6 cg26811976 PRAMEF4 1 ~

7 ¢cg07891983 CREM 10 ~

8 ¢g04402799 CDH4 20 ~

9 ¢g03232960 BRAT1 7 Island
10 cg00136968 SDK1 7 ~

CHR = chromosome; S_Shore = south shore; Island = CpG island; ~ denotes loci with unmapped or unspecified
genomic positions in the Infinium MethylationEPIC manifest.

Table 5.7 lists the top 10 target IDs from the SWAG analysis. These targets were selected
because they combine statistical evidence, recurrence across the recovered sparse model set,

and consistent methylation differences between early and late bedtime groups.

5.3.3 Methylation Patterns and Biological Follow-Up

Figure 5.4 displays the selection frequencies of the top target IDs. Figure 5.5 then com-
pares methylation patterns between early and late bedtime groups. The heatmap displays

row-wise standardized methylation values, while the boxplots display absolute 3 values. This
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distinction isimportant: standardized values are useful for visualizing participant-level clustering,

whereas absolute 3 values show the direction and magnitude of group differences.
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Figure 5.3: Genomic distribution of significant CpG target IDs identified by SWAG. The plot
summarizes counts across genomic contexts such as CpG islands, shores, shelves, open sea, and
unmapped loci.

Among the top targets, ABCG2 (cg09760986), ABHD4 (cg22792063), and MOBKLIA
(cg00807892) exhibited the largest absolute methylation differences, with cg09760986 showing
AB = 0.115. The top targets also included AK3, SDE2, PRAMEF4, CREM, CDH4, BRAT1, and SDK1. As
a descriptive follow-up, independent t-tests gave small p-values across the top sites (p < 0.001).
The absolute (8 value distributions show that ABCG2 and PRAMEF4 were hypermethylated in
children with late bedtime, whereas ABHD4, MOBKL1A, AK3, SDE2, CREM, CDH4, BRAT1, and SDK1
were hypomethylated in children with late bedtime compared with early bedtime.

Building on prior research identifying obesity-associated DNA methylation patterns in
children, the SWAG-derived gene list was compared with external gene-disease association sets
related to sleep and obesity [33]. The comparison used DisGeNET (https://www.disgenet.
com/, accessed on 27 October 2025), a curated platform for gene-disease associations, with
one gene set associated with sleep regulation (n = 1639) and another associated with obesity

(n = 2822). The SWAG-derived genes overlapped with 72 sleep-related genes and 81 obesity-
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Figure 5.4: Selection frequencies for the top 10 CpG target IDs in the sleep-timing SWAG analysis.
Higher percentages indicate greater recurrence across competitive sparse models.

related genes. This comparison does not validate the selected loci by itself, but it places the
sparse-model-set results in a broader biological context. The analytical workflow, from SWAG
filtering to gene-set intersection, is summarized in Figure 5.6.

Focusing on the intersection of the sleep and obesity gene sets, 10 genes were both
differentially methylated between early and late bedtime groups and represented in both external
categories: CDH4, NR3C2, ACTG1, COG5, CAT, HDAC4, FTO, DOK7, OCLN, and ATXN1. Notably, CDH4
appeared both among the highly ranked SWAG target IDs and in this intersection set. These
genes remained significant after applying the Benjamini-Yekutieli procedure for multiple testing

correction [8] (FDR-adjusted p < 0.05).

5.4 Conclusion

This chapter applied SWAG to two high-dimensional biomedical problems: neuroimag-
ing classification for ADHD and DNA methylation profiling for childhood sleep timing. The two
examples serve different purposes. The ADHD analysis emphasizes prediction, model-set in-
terpretation, and feature co-occurrence among functional-connectivity variables. The sleep
analysis emphasizes high-dimensional screening, annotation, and biological follow-up for CpG

sites. Together, they show how the sparse model set framework developed in the previous
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Figure 5.5: DNA methylation differences between early and late bedtime groups. Panel (a) shows
row-wise standardized methylation values for the top 10 genes, with values on the scale —3 to
+3. Panel (b) shows absolute methylation values for early and late bedtime groups, with p-values
from independent t-tests displayed above each plot.
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chapters can support both predictive and inferential summaries.

In the ADHD study, SWAG reduced 1179 functional-connectivity features to sparse logistic
and support-vector-machine libraries containing fewer than 60 distinct features. The result-
ing prediction accuracies were comparable to benchmark high-dimensional methods, while
the recovered LOGIT-SWAG library retained coefficient signs, inclusion frequencies, feature co-
occurrence, and aggregated p-values. These summaries provide a richer description than a single
selected model because they identify recurring connectivity patterns rather than treating one
sparse model as definitive.

In the sleep-timing study, SWAG screened 865,926 CpG sites and identified 1006 target IDs
mapping to 571 genes. The top targets, including ABCG2, ABHD4, MOBKL1A, and CDH4, showed
clear methylation differences between early and late bedtime groups. Cross-referencing the
SWAG-derived gene list with DisGeNET gene sets connected the selected loci to sleep- and
obesity-related biological contexts, while also illustrating the need to interpret database overlap
as supporting evidence rather than as independent confirmation.

Across both applications, the main contribution is not simply dimensionality reduction.
SWAG produces a structured collection of competitive sparse models, and that collection can be
summarized through prediction, stability, co-selection, direction of association, and aggregated
evidence. This perspective is consistent with the central theme of the dissertation: in high-
dimensional biomedical problems, scientific interpretation can be more stable when it is based

on the behavior of a model set rather than on a single selected model.
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