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DISSERTATION ABSTRACT
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(BSBA, University of Alabama in Huntsville, 2002)
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87 Typed Pages

Directed by Geraldo Soares de Souza

The objective in this manuscript is to study some iterative methods used to approxi-
mate solutions of nonlinear equations in Banach Spaces. In particular, we study a Halpern-
type iterative scheme in relation to nonexpansive and asymptotically nonexpansive map-
pings and prove convergence theorems in both of these cases. We also study a hybrid
steepest descent iterative scheme in relation to the variational inequality problem, and us-
ing this process, we prove convergence theorems for the approximation of the solution of

the variational inequality problem in certain Banach spaces, in particular for Lp spaces.
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CHAPTER 1

INTRODUCTION
1.1 Introduction

The contributions of this thesis fall within the general area of nonlinear operator theory,
an area with vast amount of applicability in recent years, as such becoming the object of
an increasing amount of study. We devote our attention to an important topic within the
area: iterative methods for approximating fized points and solutions of variational inequality
problems for monexpansive and accretive-type nonlinear mappings.

Let K be a nonempty subset of a real normed linear space F and let T : K — K
be a map. A point x € K is said to be a fized point of T if Tx = x. We shall denote
the set of fixed points for an operator T' by F(T"). Now, consider the differential equation
CC%L + Au(t) = 0 which describes an evolution system where A is an accretive map from a
Banach space to itself. At equilibrium state, ‘fl—? = 0 and so a solution of Au = 0 describes
the equilibrium or stable state of the system. This is very desirable in many applications
in, for example, ecology, economics, physics, to name a few. Consequently, considerable
research efforts have been devoted to methods of solving the equation Au = 0 when A is
accretive. Since, in general A is a nonlinear operator, there is no closed form solution to
this equation. The standard technique is to replace A by an operator (I —T') where I is the
identity map on E and T maps F to itself. Such a map T is called a pseudo-contraction
(or is called pseudo-contractive). It is then clear that any zero of A is a fixed point of T. As

a result of this, the study of fixed point theory for pseudo-contractive maps has attracted

the interest of numerous scientists and has become a flourishing area of research, especially



within the past 30 years or so, for numerous mathematicians. A very important subclass
of the class of pseudo-contractive mappings is the class of nonexpansive mappings. In this
dissertation, we shall devote attention particularly to this class of mappings. Interest in,

and the importance of this class of mappings will become evident in the sequel.

One of the most important fixed point theorems in applications is the classical contrac-
tion mapping principle, or, in other words, the Banach-Cacciopoli [14] fixed point theorem

which is the following:

Theorem 1.1.1 (Banach Contraction Mapping Principle) Let (X, p) be a complete metric

space and let T : (X, p) — (X, p) satisfy

p(T'(x),T(y)) < rp(z,y) (1.1)

for some nonnegative constant k < 1 and for each x,y € X. Then, T has a unique fized

point in X. Moreover, starting with arbitrary xog € X, the sequence {x,} defined by

Tpa1 =Txy =T 2y, n>1, (1.2)

converges strongly to the unique fized point.

The iterative technique of Theorem 1.1.1 is due to Picard [69]. A mapping T satisfying
(1.1) is called a strict contraction. If k = 1 in the relation (1.1), then T is called nonexpan-
sive. If however, x is an arbitrary fixed positive constant, then T is called a Lipschitz map

or a k-Lipschitzian map.



For the contractive condition (1.1), it was observed that if the condition x < 1 on the
operator T is weakened to x = 1, the operator 7" may no longer have a fixed point and even
when it does have a fixed point, the sequence {z,,} defined by (1.2) may fail to converge to
such a fixed point. This can be seen by considering an anti-clockwise rotation of the unit
disc of R? about the origin through an angle of say, % This map is nonexpansive with the
origin as the unique fixed point, but the Picard sequence fails to converge with any starting
point zg # (0,0). Krasnosel’skii [58], however, showed that in this example, if the Picard

iteration formula is replaced by the following formula,
1
x0 € K, Tpy1= i(xn—i—Txn),nZO, (1.3)

then the iterative sequence converges to the unique fixed point.
In general, if E' is a normed linear space and 7T is a nonexpansive mapping, a generalization
of (1.3) which has proved successful in the approximation of a fixed point of T' (when it

exists) was given by Schaefer [74] :
z0 €K, zpt1=(1—=Nay,+ATz,, n>0, A€ (0,1). (1.4)

However, the most general iterative formula for approximation of fixed points of nonex-
pansive mappings, which is called the Mann iteration formula (in the light of [63]), is the
following:

o€ K, zpy1=01—-ap)zy,+ Tz, n>0, (1.5)



where {ay,} is a real sequence in the interval (0,1) satisfying the following conditions:

(7) Jz_)ngoan =0 and (77) z_:lozn = 00.

The recursion formula (1.4) is consequently called the Krasnoselskii-Mann (KM) formula
for finding fixed points of nonexpansive mappings. This iterative process has become very

important and applicable as noted below.

e "Many well-known algorithms in signal processing and image reconstruction are it-
erative in nature .... A wide variety of iterative procedures used in signal processing
and image reconstruction and elsewhere are special cases of the (Krasnoselskii-Mann)

iteration procedure, for particular choices of the (nonexpansive) operator...”

(Charles Byrne , [13]).
Apart from being an obvious generalization of the contraction mappings, nonexpansive maps

are important, as has been observed by Bruck [9], mainly for the following two reasons:

e Nonexpansive maps are intimately connected with the monotonicity methods devel-
oped since the early 1960’s and constitute one of the first classes of nonlinear mappings
for which fixed point theorems were obtained by using the fine geometric properties

of the underlying Banach spaces instead of compactness properties.

e Nonexpansive mappings appear in applications as the transition operators for initial
value problems of differential inclusions of the form 0 € % + T'(t)u, where the opera-
tors {T'(t)} are, in general, set-valued and are accretive or dissipative and minimally

continuous.



Nonexpansive maps have been studied, and are still being studied, extensively by numerous
authors (see e.g., Bauschke [2], Belluce and Kirk [3], Browder [4], Bruck [7, 8], Chidume
[19, 18], Chidume and Ali [21, 26], Chidume and Chidume [27], Chidume et al. [28, 34],
Chidume and Shahzad [33], De Marr [43], Gohde [47]. Jung and Kim [49], Jung [50], Jung
et al. [51], Khan and Fukharu-ud-din [53], Kirk [56], Lim [59], Matsuhita and Kuroiwa [64],
O’Hara et al. [67], Oka [68], Reich [68], Senter and Dotson [77], Shahzad [78], Shahzad and
Al-dubiban [79], Takahashi and Tamura [85], Takahashi and Kim [86], Tan and Xu [88], Xu

and Yin [94], Zeng and Yao [100] and a host of other authors).

Let E be a real Banach space, K a closed convex subset of F and T : K — K a non-
expansive mapping. For fixed ¢ € (0,1] and arbitrary v € K, define a map T} : K — K
by Tix :=tu+ (1 — t)Tz, * € K. Then T} is a strict contraction for every fixed constant
t € (0,1]. Denote the unique fixed point of T; by z: € K, and assume F(T) := {x € K :
Tz =ux} #0.

In 1967, Browder [5] proved that if £ = H, a Hilbert space, then %21(1) z; exists and is a fixed
point of T'. In 1980, Reich [71] extended this result to uniformly smooth Banach spaces. In
1981, Kirk [57] obtained the same result in arbitrary Banach spaces under the additional
assumption that 7" has pre-compact range. We have mentioned that every nonexpansive
mapping is a pseudo-contractive mapping. Following this, in 2000, Morales and Jung [65]
proved the same result for 7" a continuous pseudocontraction in a real reflexive Banach
space with uniformly Gateaux differentiable norm.

For a sequence {a,,} of real numbers in [0, 1] and an arbitrary u € K, let the sequence {x,, }



in K be iteratively defined by x¢ € K,

Tnt1 = apu + (1 — ap)Tzp,n > 0. (1.6)

The recursion formula (1.6) was first introduced in 1967 by Halpern [48] with v = 0, in the
framework of Hilbert spaces. Under appropriate conditions on the domain of 7', and some
restrictions on the parameter {a,} (o, = n™% a € (0,1)), he proved strong convergence
of {z,,} to a fixed point of T. Iteration formulas of the form (1.6) are now said to be of
the Halpern-type. Lions [62] considered a more general parameter {c,,} and improved the
result of Halpern, still in Hilbert spaces. He proved strong convergence of {z,} to a fixed
point of T" where the real sequence {a;,} satisfies the conditions:

‘an - an—1| _

2
an

Cl:lima, =0; C2:» ay=o0; C3:lim 0.

In 1980, Reich [71] proved that the result of Halpern remains true when E is uniformly
smooth. It was observed that both Halpern’s and Lions’s conditions on the real sequence

{a} excluded the canonical choice a,, = This was overcome in 1992 by Wittmann

_1
n+1-
[93] who proved, still in Hilbert spaces, the strong convergence of {z,} to a fixed point of

T if {«a,} satisfies the conditions:
Cl:lima, =0; C2: Zan =o0; (C4: Z‘anﬂ — | < oo.

In 1994, Reich [72] extended the result of Wittmann to Banach spaces which are uniformly
smooth and have weakly sequentially continuous duality maps (e.g., I, spaces, 1 < p < 00),

where {a,, } satisfies C'1 and C2 and is also required to be decreasing (and hence also satisfies



C4). These spaces exclude L, spaces, 1 < p < 0o, p # 2. Shioji and Takahashi [80] extended
Wittmann’s result to real Banach spaces with uniformly Gateaux differentiable norms and
in which each nonempty closed convex and bounded subset has the fixed point property
for nonexpansive mappings (e.g., L, spaces, 1 < p < 00). In 2002, Xu [95] (see also [96])
improved the result of Lions twofold. First, he weakened the condition C3 by removing the
square in the denominator so that the canonical choice of a,, = n%rl is possible. Secondly,
he proved the strong convergence of the scheme (1.6) in the framework of real uniformly
smooth Banach spaces. Xu also remarked ([95], Remark 3.2) that Halpern [48] observed
that conditions (C1) and (C2) are necessary for the strong convergence of algorithm (1.6)
for all nonexpansive mappings T : K — K. It is not clear if they are sufficient. This

brought about the following question which has been open for many years:

Question 1: Are the conditions C1 : lima,, = 0 and C2 : ) «, = oo sufficient for

the strong convergence of algorithm (1.6) for all nonexpansive mappings T': K — K?

In Chapter 2 of this dissertation, we modify the recursion formula (1.6) by introducing
an auxiliary operator that has the same set of fixed points as T. With the help of this
operator, we prove that conditions C'1 and C2 are sufficient for the modified iteration al-
gorithm to converge strongly to a fixed point of T', even in the more general setting where
FE is a real Banach space with uniformly Gateaux differentiable norm. Consequently, our
theorems in Chapter 2 (also see [27]), provide a partial answer to Question 1. The general

question still remains open.



One important class of nonlinear mappings more general than the class of nonexpansive
mappings which has been studied extensively by various authors is the class of asymptotically
nonexpansive mappings. This class of mappings was introduced in 1972 by Goebel and Kirk

[46].

Definition 1.1.2 Let K be a nonempty subset of a normed linear space, a mapping T :
K — K is called asymptotically nonexpansive if there exists a sequence {ky} C [1,00) with

lim ky, = 1 such that ||T"z — T"y|| < kp||lz — y|| for all z,y € K andn=1,2, ...,

n—oo

It was proved in [46] that if K is a nonempty closed, convex and bounded subset of a
uniformly convex real Banach space and T is an asymptotically nonexpansive self-mapping
of K, then T has a fixed point. It is clear that every nonexpansive mapping is asymptotically
nonexpansive. The following example shows that the class of asymptotically nonexpansive

mappings properly contains the class of nonexpansive mappings.

Example 1.1.3 (Goebel and Kirk, [46]) Let B be a unit ball of the real Hilbert space

12 and let T : B — B be defined by T({x1,72,...}) = {0,2%, asw2, asrs,...} where {a,}

is a sequence of numbers such that 0 < a, < 1 and ﬁ an = % Then T is Lipschitzian

and ||Tz — Ty|| < 2||x —y||, for all x,y € B and m(;“:eiwer, Tz — Ty|| < knllz — |,

with k, := 2ﬁai. Observe that T is not nonexpansive and that Tfi”&,k" =1, so that T is
i=2

asymptotically nonexpansive map.

In Chapter 3, we prove a strong convergence theorem for a Halpern-type iteration sequence
for approximation of a fixed point of asymptotically nonexpansive mappings. Our main
theorem in Chapter 3 (also see [35]) is proved in a real Banach space which has a uni-

formly Gateaux differentiable norm. The main theorem extends some important known



results from the class of nonexpansive mappings to the more general class of asymptotically
nonexpansive mappings.
In the second half of this manuscript, we turn attention to the approximation of a solution

of a variational inequality problem.

Definition 1.1.4 Let E be a real normed linear space and E* be its dual space. For some

real number ¢ (1 < ¢ < 00), the generalized duality mapping J, : E — 2F" is defined by

Jo(x) = {f* € E* : {a, f*) = |l2l|% 1£*] = [l T,

where (.,.) denotes the duality pairing between elements of E and elements of E*. If ¢ = 2,

then Js is called the normalized duality map on E.

Let K be a nonempty closed convex subset of £ and S : E — E be a nonlinear operator.

The variational inequality problem is formulated as follows: Find a point * € K such that

VI(S,K) :(jy(Sz*),(y—z*)) >0 VyeK. (1.7)

If F = H, a real Hilbert space, the variational inequality problem reduces to the following:

Find a point * € K such that

VI(S,K) :(Sz*,y—2")>0 Vye K. (1.8)



Definition 1.1.5 A mapping G : E — E is said to be accretive if Va,y € E, there exists

Jo(z —y) € Jy(x —y) such that

(Ga — Gy, jyx — y)) > 0. (1.9)

Definition 1.1.6 For some real numbern > 0, G is called n—strongly accretive if Vr,y € E,

there exists jo(x —y) € Jy(x —y) such that

(Gr — Gy, jo(z —y)) = nlle —yl|*. (1.10)

In Hilbert spaces, accretive (strongly accretive) operators are called monotone (strongly
monotone) where inequalities (1.9) and (1.10) hold with j, replaced by the identity map of
H.

Applications of variational inequalities span as diverse disciplines as differential equations,
time-optimal control, optimization, mathematical programming, mechanics, finance and so

on (see, for example, Kinderlehrer and Stampacchia [55], Noor [66] for more details).

It is known that if S is Lipschitz and strongly accretive, then problem VI(S,K) has a
unique solution. An important problem is how to find a solution of the problem VI(S, K)
whenever it exists. Considerable efforts have been devoted to this problem (see, e.g. Xu

[98] , Yamada [99] and the references contained therein).

10



It is known that in a real Hilbert space, the problem VI(S, K) is equivalent to the fol-
lowing fixed point equation

z* = Pg(z* — §Sz”"), (1.11)

where d > 0 is an arbitrary fixed constant and Py is the nearest point projection map from
H onto K, i.e., Pxx = y, where ||z —y| = Zn}];H.I‘ — u|| for x € H. Consequently, under
u€
appropriate conditions on S and 4, fixed point methods can be used to find or approximate
a solution of problem VI(S, K). For instance, if S is strongly monotone and Lipschitz then
a mapping G : H — H defined by Gx = Pg(x — dSz), * € H with 6 > 0 sufficiently
small is a strict contraction. Hence, the Picard iteration, vo € H, xp41 = Gxpn, n > 0 of
the classical Banach contraction mapping principle converges to the unique solution of the

problem VI(K,S).

In applications, however, the projection operator Pk in the fixed point formulation (1.11)
may make the computation of the iterates difficult due to possible complexity of the convex
set K. In order to reduce the possible difficulty with the use of Pg, Yamada [99] recently
introduced a hybrid descent method for solving the problem VI(K,S). Let T : H — H be a
map and let K :={x € H :Tx =2} # (). Let S be n—strongly monotone and x—Lipschitz
on H. Let § € (0, %) be arbitrary but fixed real number and let a sequence {\,} in (0,1)

satisfy the following conditions:

)\n - )\n+1
)\2

n

Cl: limh, =0; C2: Z Ap=00; and C3: lim =0.

11



Starting with an arbitrary initial guess zo € H, let a sequence {x,} be generated by the
following algorithm

Tpt1 = Txp — Ay110S(Txy), n>0. (1.12)

Then, Yamada [99] proved that {z,} converges strongly to the unique solution of VI(K, S).

In the case that K = r%lF(TZ) # 0, where {T;}7_, is a finite family of nonexpansive map-
1=

pings, Yamada [99] studied the following algorithm,
Tp+l1 = T[n+1]$n+1 - )\n+1(55(T[n+1]$n), n > O, (1.13)

where Tiy) = T), mod », for k > 1, with the mod function taking values in the set {1,2,...,7},
and where the sequence {\,, } satisfies the conditions C1, C2 and C4: > [A\,—Apin]| < 00.
Under these conditions, he proved the strong convergence of {z,,} to the unique solution of

the VI(K,S).

Recently, Xu and Kim [98] studied the convergence of the algorithms (1.12) and (1.13),
still in the framework of Hilbert spaces, and proved strong convergence with condition C3

replaced by C5: lim’\";ni’}r’;“ = 0 and with condition C4 replaced by C6 : lim)‘";ni/\ﬁ” = 0.

These are improvements on the results of Yamada. In particular, the canonical choice

Ap = n%rl is applicable in the results of Xu and Kim but is not in the result of Yamada

with condition C3.

12



In Chapter 4, we prove theorems that extend the results of Xu and Kim [98] (and con-
sequently those of Wang [91], Xu and Kim [98], Yamada [99], Zheng and Yao [100]) from
real Hilbert spaces to the more general real g—uniformly smooth Banach spaces, ¢ > 2. In
particular, our theorems are applicable in L,, spaces, 2 < p < co. (see e.g., Chidume et al.

[28]).

The condition ¢ > 2, however, excludes the L, spaces, 1 < p < 2. In Section 4.4, we
employ another tool to prove convergence theorems that extend the results of Xu and Kim
to L, spaces, 1 < p < 2 (see Chidume and deSouza [36]). These theorems complement
those of the first part of Chapter 4 to provide convergence theorems valid in all L, spaces,

1 <p<oo.

In Chapter 5, we continue our interest in fixed points of nonexpansive mappings and so-
lutions of variational inequality problems. In this chapter, we introduce a new recursion
formula and prove strong convergence theorems for the unique solution of the variational
inequality problem VI(K,S) of Chapter 4, requiring only conditions C1 and C2 on the
parameter sequence {A,}. Furthermore, in the case T; : F — E, i=1,2,...,r is a family
of nonexpansive mappings with K = iélF (T;) # (), we prove a convergence theorem where
condition C6 is replaced with nlzlgo | Tin+21Zn — Ting17nll = 0. An example satisfying this
condition is presented by Chidume and Ali in [22]. All our theorems in Chapter 5 (see
also [29]) are proved in ¢g—uniformly smooth Banach spaces, ¢ > 2. In particular, they are

applicable in L, spaces, 2 < p < oo.

13



As in chapter 4, we also use a different tool to extend our theorems to include L, spaces,
1 < p < 2. Our theorems in Chapter 5 (see also [30]) still extend the results of Xu and Kim
[98] (and consequently those of Wang [91], Xu and Kim [98], Yamada [99], Zheng and Yao
[100]) from real Hilbert spaces to, in particular, the more general real L, spaces, 1 < p < o0.
Moreover, in this more general setting, the iteration parameter {\,} is required to satisfy

only conditions C'1 and C2.

1.2 Preliminaries

Definition 1.2.1 Let S := {z € E : ||z|| = 1} denote the unit sphere of the real Banach

space E. The space E is said to have a Gateaux differentiable norm if the limit

e+ tyll — [la]
t—0 t

exists for each x,y € S; and E is said to have a uniformly Gateaux differentiable norm if

for each y € S, the limit is attained uniformly for x € S.

Definition 1.2.2 We shall denote a Banach limit by . Recall that p is an element of (1°°)*
such that ||p|| = 1, liminf a, < ppa, <limsupa, and pnan = pntian for all {ap >0 € 1>
(see e.g. Chidume et al. [31], Chidume [17]).

To motivate the definition of modulus of smoothness which will be used in the sequel,

we begin with the following definition.

Definition 1.2.3 A real Banach space is called smooth if for every x in X with ||z| = 1,

there exists a unique x* in X* such that ||x*|| = (x,z*) = 1.

14



Assume now that X is not smooth and take z in X and u*, v* in X* such that ||z| = ||u*|| =
|v*]| = (x,u*) = (xz,v*) =1 and u* # v*. Let y in X be such that |ly|| =1, (y,u*) > 0 and

(y,v*) < 0. Then for every ¢t > 0 we have

L+ t(y,u”) = (& +ty,u”) <z + tyl,

1—t{y,v") = (z — ty,v") < [lz — ty

which imply

2 <2+ t((y,u") — (y,v")) < |z +ty|| + ||z — ty||

or equivalently

0<t 1.

{y,w) = (y,v") _ Nz +tyl + [l — ty]]

With this motivation we introduce the following definition.

Definition 1.2.4 Let E be a normed space with dimE > 2. The modulus of smoothness

of E is the function pg : [0,00) — [0,00) defined by

TH+y|| +lr—y
pitr) = sup L=y — gy =7}
The space E is called uniformly smooth if and only if lirrip%(t) =0.
t—0

Definition 1.2.5 For some positive constant q, E is called g—uniformly smooth if there

exists a constant ¢ > 0 such that pp(t) < ct?, t>0.

15



L, spaces, 1 < p < oo are p—uniformly smooth (see e.g., Lindenstrauss and Tzafriri [61]).

In fact, it is known that

2 — uniformly smooth, if, 2 <p < oo,

Ly(or l,) spaces are

p— uniformly smooth, if, 1<p<2,

(see e.g., Lindenstrauss and Tzafriri [61]). It is well known that if F is smooth then the
duality mapping is singled-valued, and if F is uniformly smooth then the duality mapping

is norm-to-norm uniformly continuous on bounded subset of E.

Definition 1.2.6 Let E be a real Banach space and K be a nonempty, closed and convex
subset of E. Let P be a mapping of E onto K. Then, P is said to be sunny if P(Px+t(x —
Pzx)) = Px for allx € E and t > 0. A mapping P of E into E is said to be a retraction if

P2 =P

Definition 1.2.7 A subset K of E is said to be sunny nonexpansive retract of E if there
erists a sunny nonexpansive retraction of B onto K. A retraction P is said to be orthogonal

if for each x, x — P(x) is normal to K in the sense of James [54].

It is well known (see Bruck [10]) that if E is uniformly smooth and there exists a nonexpan-
sive retraction of F¥ onto K, then there exists a nonexpansive projection of F onto K. If £
is a real smooth Banach space, then P is an orthogonal retraction of £ onto K if and only
if P(xz) € K and (P(x) —z, jo(P(xz) —y)) <0 for all y € K. It is also known (see e.g., Shioji
and Takahashi [81]) that if K is a convex subset of a uniformly convex Banach space whose

norm is uniformly Gateaux differentiable and T': K — K is nonexpansive with F(T') # 0,
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then, F'(T) is a nonexpansive retract of K.

Let K be a nonempty closed convex and bounded subset of a Banach space E and let
the diameter of K be defined by d(K) := sup{||lx — y| : =,y € K}. For each z € K,
let r(z, K) := sup{|lr —y|| : y € K} and let r(K) := inf{r(z,K) : x € K} denote the

Chebyshev radius of K relative to itself. The normal structure coefficient N(E) of E (see

e.g. [12]) is defined by N(F) := inf { ﬁg% : K is a closed convex and bounded subset of E
with d(K) > O}. A space E such that N(E) > 1 is said to have uniform normal structure.

It is known that all uniformly convex and uniformly smooth Banach spaces have uniform

normal structure (see e.g., [60]).
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CHAPTER 2

ITERATIVE APPROXIMATION OF FIXED POINTS OF NONEXPANSIVE MAPPINGS

2.1 Introduction

Let K be a nonempty closed convex subset of a real Banach space F which has a

uniformly Gateaux differentiable norm and T : K — K a nonexpansive mapping with
F(T) # 0.
In this chapter, we prove that the conditions C1: lima,, = 0 and C2: >  «, = oo which
are known to be necessary are, under appropriate conditions, also sufficient for the strong
convergence of a Halpern-type iterative scheme to a fixed point of a nonexpansive mapping
T. Our result gives a partial answer to Question 1 mentioned in the introduction.

We begin with the following well known theorem.

Theorem 2.1.1 (Morales and Jung [65], Reich [71]) Let K be a nonempty closed convex
subset of a Banach space E which has uniformly Gateaux differentiable norm and T : K —
K a nonexpansive mapping with F(T) # (. Suppose that every nonempty closed convex
bounded subset of K has the fized point property for nonexpansve mappings. Then there
exists a continuous path t — z;,0 < t < 1 satisfying z; = tu + (1 — t)T'z, for arbitrary but

fixzed u € K, which converges to a fixed point of T'.
Recently, Shioji and Takahashi [80] proved the following theorem.

Theorem 2.1.2 (Shioji and Takahashi [80]) Let E be a real Banach space whose norm is
uniformly Gateaux differentiable and let K be a closed convex subset of E. LetT : K — K

be a nonexpansive mapping with F(T) :={x € K : Tx = 2} # (. Let {a,} be a sequence
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which satisfies the following conditions:
(i) 0<a, <1, lima, = 0;

(i) > an = oo

(i) 5 o |41 — an| < oo.

Let u € K and let {xz,} be defined by xo € K,

Tnt1 = apu+ (1 — ay)Txy,n > 0. (2.1)

Assume that {z;} converges strongly to z € F(T') as t — 0, where for 0 <t < 1, z is the
unique element of K which satisfies zx = tu+ (1 —t)T'z;. Then, {x,} converges strongly to

z.
Xu [96] (see also [95]) proved the following theorem.

Theorem 2.1.3 (Xu [96], Theorem 3.1) Let E be a uniformly smooth real Banach space,
K a closed convex subset of E, and T : K — K a nonexpansive mapping with o fixed point.
Let u,xg € K be given. Assume that {an} C [0, 1] satisfies the conditions:

(1) lima, = 0;

(2) X o = o0
(3) lim 2221 =,

Then the sequence {xy} generated by xop € K,

Tni1 = apu+ (1 — ay)Tzy,n >0,

converges strongly to a fixed point of T.
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It is our purpose in this chapter to prove a significant improvement of Theorem 2.1.2
and Theorem 2.1.3 in the following sense. We prove the strong convergence of the algorithm
(2.1) in the framework of real Banach spaces E with uniformly Gateaux differentiable norms
and without condition (#i7) of Theorem 2.1.2. Our theorem then also extends Theorem 2.1.3
to the more general real Banach spaces with uniformly Gateaux differentiable norms and
at the same time dispenses with condition (3) of that theorem. Furthermore, our theorem

gives a partial affirmative answer to Question 1 mentioned in Chapter 1.

2.2 Preliminaries

Lemma 2.2.1 Let E be a real normed linear space. Then, the following inequality holds:

lz+y|> < ||z|* + 2. j(z +y)) Vo,y € E, V jz+y) € J(z +y).

In the sequel, we shall also make use of the following lemmas.

Lemma 2.2.2 (Suzuki, [83]) Let {x,} and {y,} be bounded sequences in a Banach space
E and let {B,} be a sequence in [0,1] with 0 < liminf3, < limsupB, < 1. Suppose
Tp+1 = BnYn+ (1= 0By)xy for all integers n > 0 and lim sup(||yn+1 —Yn|| = ||Tn+1 —2n]]) < 0.

Then, lim||y, — xu|| = 0.

Lemma 2.2.3 (Xu, [96]). Let {an} be a sequence of nonnegative real numbers satisfying
the relation:

An+41 < (1 - an)an + anop + Y, 2> 07

where,
(Z) {an} - [07 1}7 Zan = 005
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(7) lim sup o, < 0;

(#1) yn > 0; (n>0), 390 < oo,

Then, a, — 0 as n — .

2.3 Convergence Theorems

Theorem 2.3.1 (C.E.Chidume and C.O.Chidume [27]) Let K be a nonempty closed convex
subset of a real Banach space E which has a uniformly Gateaux differentiable norm and
T : K — K be a nonexpansive mapping with F(T) # 0. For a fized 5 € (0,1), define
S: K — KbySx = (1—-0)x+dTxV ax e K. Assume that {z} converges strongly
to a fized point z of T as t — 0, where z: is the unique element of K which satisfies
2zt = tu+ (1—t)Tz for arbitrary w € K. Let {ay,} be a real sequence in (0,1) which satisfies
the conditions: C1 : limay, = 0; C2: > ay, = oo. For arbitrary xg € K, let the sequence

{zn} be defined iteratively by
Tnt1 = apu + (1 — ) Sy, (2.2)

Then, {x,} converges strongly to a fized point of T'.

Proof. Observe first that S is nonexpansive and has the same set of fixed points as 7.

Define

Tn+l — Tp + Bnn
)

Bn=1=08a,+6YVn=>0; y, := 5

n > 0.

Observe also that 3, — 0 as n — oo, and that if {z,} is bounded, then {y,} is bounded.

Let z* € F(T) = F(S). One easily shows by induction that ||z, — z*|| < maz{||xo —
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z*||, [|lu—x*||} for all integers n > 0, and so, {x,}, {yn}, {Txn} and {Sz,} are all bounded.

Also,

l|Zn+1 — Szp|| = anllu — Sz,|| — 0, n — oo. (2.3)

Observe that from the definitions of 3, and S, we obtain that

anpu~+ (1 — ap)oTzy,

Yn = 3 )
n
which implies
Hynt1 —wnll = [lzns1 — 2l
Qnt1  Qp (1 — ant1)
< — —\||lul| + ——— 9 ||[Tzpns1 — Tz
/Bn—i-l 5n H || ﬁn—&-l || n+ n”
11—« 1 1l -«
+ [ - 220 5 Tl — s — @all
5n+1 ﬁn

Since {x,} and {Tx,} are bounded, we obtain (for some constants M; > 0, and My > 0)

that,

lim sup(||yns1 —ynll — [|Tni1 — 2al])
. Opt1 Qp
< hmsup{‘ SR T
Brn+1 Bn lul
1—
+ ‘7( O‘"+1)5—1’ M,
/Bn—i-l
l—apt1 1—an
+ ‘ . 5M2}<0
Br+1 Bn
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Hence, by Lemma 2.2.2, ||y, — x,|| — 0 as n — oco. Consequently,

lim ||y 1 — zp|| = lim By ||yn — x,|| = 0.

Combining this with (2.3) yields that

||zn, — Szp|| — 0 as n — oo.

We now show that

lim sup(u — z, j(x, — 2)) < 0.
For each integer n > 0, let ¢, € (0,1) be such that

|| — S|

t, — 0, and
128

— 0, n — oo.
Let z;, € K be the unique fixed point of the contraction mapping S, given by

Si,x =thu+ (1 —t,)Sz, x € K.

Then,

2, — Tp = tn(u—xp) + (1 — t,)(Sz, — zp).
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Using the inequality of Lemma 2.2.1, we compute as follows:

IN

e, — @all® (1= tn)?[[Szt, — @nl® + 2tn(u — 2, j (20, — Ta))

IA

(1= tn)?(1S2t, — Szall + [1S2n — 2nl)* + 2tn(|[20, — zall?

+ (u— 2,52, —2n))

IN

(1 + )z, — @l + [[Sz = anl] X
Cllzt, — zall + 1Sz — 24l])

+ 2tn<u_ Ztnvj(ztn _mn)>7

and hence,

|[Szp — an||

X (2l|zt,, — wnl| + |[Szn — 2al]).
2ty

Since {zp}, {2, } and {Sz,} are bounded and W — 0,n — o0, it follows from the
last inequality that

lim sup(u — 2t,, j(zn — 2t,)) < 0.

Moreover, we have that

(u—zi,,§(n — 20,)) = (u—27(xn —2)) + (u— 2720 = 2,) = j(2n — 2))

+ (z—z,,0(xn — 2,)). (2.4)
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But, by hypothesis, z;, — z € F(S), n — oco. Thus, using the boundedness of {z,} we

obtain that

(z — 24, j(xn — 21,,)) — 0, n — oo. (2.5)

Also,

<U—Z,j(l’n—ztn)—j($n_z)> _>07 n— oo,

since j is norm-to-weak™ uniformly continuous on bounded subsets of /. Hence, we obtain
from (2.4) and (2.5) that

lim sup(u — z, j(z, — 2)) < 0.

Furthermore, from the recurrence relation (2.2) we get that z,4+1 — 2 = ap(u — 2) + (1 —

an)(Sxy, — z). It then follows that

o = 21* < (1= an)?l1Sz0 — 2| + 20m(u — 2, j (@041 = 2))

IN

(1= ap)||zn — 2||* + anon,
where o, ;= 2(u — 2z, j(Tp+1 — 2)); Yo =0V n > 0. Thus, by Lemma 2.2.3, {x,,} converges
strongly to a fixed point of T'. O

Remark 2.3.2 We note that every uniformly smooth Banach space has a uniformly Gateaux
differentiable norm and is such that every nonempty closed conver and bounded subset of E

has the fixed point property for nonexpansive maps (see e.g., [1]).
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Remark 2.3.3 Theorem 2.3.1 is a significant generalization of Theorem 2.1.2 and of The-
orem 2.1.8 as has been explained in the introduction. Furthermore, our method of proof

which is different from the method of Shioji and Takahashi [80] is of independent interest.

Let Sy (x) := 1 Zz;é Sk, With this definition, Xu also proved the following theorem.

T on

Theorem 2.3.4 (Xu [96], Theorem 3.2) Assume that E is a real uniformly conver and

uniformly smooth Banach space. For given u,xo € K, let {x,} be generated by the algorithm:

Tnt1 = apu + (1 — @) Spzn,n > 0. (2.6)

Assume that
(1) lima, = 0;
(1) >y = 0.

Then, {x,} converges strongly to a fixed point of S : K — K nonexpansive.

Remark 2.3.5 Theorem 2.53.1 is also a significant improvement of Theorem 2.53.4 in the
sense that the recursion formula (2.2) is simpler and requires less computer time than
the recursion formula (2.6). Moreover, the requirement that E is also uniformly convex
imposed in Theorem 2.3.4 is dispensed with in Theorem 2.8.1. Furthermore, Theorem 2.5.1
is proved in the framework of the more general real Banach spaces with uniformly Gateauz

differentiable norms.
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CHAPTER 3
A STRONG CONVERGENCE THEOREM FOR FIXED POINTS OF ASYMPTOTICALLY NONEXPANSIVE

MAPPINGS IN BANACH SPACES
3.1 Introduction

In this chapter, we extend the result of Chapter 2 from the class of nonexpansive mappings
to the class of asymptotically nonexpansive ones.

Recall that a mapping T : K — K is called asymptotically nonexpansive if there exists a
sequence {ky}, ky, > 1, such that lim, . k, = 1 and ||T"z — T"y|| < ky||z — y|| holds for
each z,y € K and for each integer n > 1.

This class of mappings has been studied extensively by various authors (see e.g.,Chidume
and Ali [20],[22], [24], Chidume et al.[32, 33], Chang et al. [15], Falset et al. [45], Kaczor
[52], Oka [68], Schu [75, 76], Wang [92], Qihou [70], Shioji and Takahashi [81], Sun [82],Tan

and Xu [89, 87] and the references contained therein).

Suppose now K is a nonempty closed convex subset of real uniformly smooth Banach space
E and T : K — K is an asymptotically nonexpansive mapping with sequence k,, > 1 for all
n > 1. Fix u € K and define, for each integer n > 1, the contraction mapping S,, : K — K
by

Sp(z) = <1 - Z—")u + %T”x,
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where {t,} C [0,1) is any sequence such that ¢, — 1. Then, by the Banach contraction

mapping principle, there exists unique x,, such that

t t
Ty = (1 — ﬁ)u + k—ZT"$n.

The question now arises as to whether or not this sequence converges to a fixed point of T.

A partial answer was given in 1994 by Lim and Xu who proved the following theorem:

Theorem 3.1.1 (Lim and Xu [60] ) Suppose E is a real uniformly smooth Banach space

kn—1
kn_tn

and suppose {t,} is chosen such that lim,_, ( ) = 0. Suppose, in addition, the follow-

ing condition holds:

lim ||z, — Txy|| = 0.

Then, the sequence {xy} defined, for a fixred u € K, by

Tn = (1 - ;’i)u + ZZT”:EH (3.1)

converges strongly to a fixed point of T.

Remark 3.1.2 Observe that equation (4.10) can be re-written as follows:

T = wpu+ (1 —wp)T"zy,

wherewnzzl—i—” and w, — 0 as n — oo.
n

It is our purpose in this chapter to extend Theorem 2.3.1 of Chapter 2 to the more

general class of asymptotically nonexpansive mappings.
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3.2 Convergence Theorems

Theorem 3.2.1 (Chidume and de Souza [35]) Let K be a nonempty closed convex subset of
a real Banach space E which has a uniformly Gateaux differentiable norm and T : K — K
be an asymptotically nonexpansive mapping with sequence {kn},kn > 1 and limk, = 1
such that Y (k2 — 1) < 0o and F(T) := {x € K : Tx = 2} # (. For a fized § € (0,1),
define 8" : K — K by S"z := (1 —)x + 6T"x V x € K. Assume that {z} converges
strongly to a fized point z of T ast — 0, where z; is the unique element of K which satisfies
zt = tu+ (1 = t)T"2 for arbitrary u € K. Let {ayn} be a real sequence in (0,1) which
satisfies the following conditions: C1 :lima, =0; C2: ) ay, = 0o. For arbitrary zp € K,

let the sequence {x,} be defined iteratively by

Tpt1 = apu~+ (1 — ) S"xp.

Assume {xy} is bounded and ||z, — Txy| — 0 as n — oco. Then, {x,} converges strongly

to a fixed point of T.

Proof. Observe first that

152 = S™y|| < (1= d)lle =yl + 1Tz = T"y[| < (1 =&+ knd)||z - yl|

Furthermore, S™x = z if and only if 7"z = z, and hence S is asymptotically nonexpansive

and has the same set of fixed points as T'. Define

Tptl — Tp + ﬁnxn

Bn ’

Bn=(1=08)a,+6Yn>0; y, = n > 0. (3.2)

29



Observe that 3, — 0 as n — oo, and that {z,}, {yn}, {Tz,} and {Sx,} are all bounded.

Observe also that from the definitions of 3, and S™, we obtain that y, = 2xut(l=an)dT"zn,

n

so that,

[yn+1 = ynll = @ns1 — znl|
Q41 (07 Qn+1
< 5"* = St + E522) 5 11y - 7
n
+ H /BOén+1 (5T”+1xn—(1gan) o g,
n+1 n
1— 1-—
n n
< |Ontl O HUH‘FMM 1 [Zns1 — Znl]
= B B Bupr
(1—ant1) (1—an) 1
+ ( — )5’ Ty
ﬁn—&—l ﬂn H n||
l—apy1 1—ay
+ — —Txy|l.
( Bn+1 Bn ) ol
Hence we have for some constant My > 0,
yn+1 = ynll = [l@nss — znl|
o o Q
< |5 - S bl + 5525 s = 1] o = 2l
n
11—« 1 11—«
+ (G ) o (S e = Tl
n+ n n
and so,
im sup(||ynt1 = Ynl| = [[Tnt1 —2al|) < 0.
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Hence, by Lemma 2.2.2, ||y, — x,|| — 0 as n — oco. Consequently, lim ||[zp+1 — zp]| =

lim ﬁn”yn -

Zn|| = 0. Furthermore, ||z,4+1 — S™xy|| = anllu — S"x,|| — 0 as n — oo.

Hence, ||z, — S™y|| < ||zn — Tntil] + ||2ns1 — S™zpl| = 0 as n — oo.

Claim:

lim sup(u — z, j(z, — 2)) < 0.

For each integer n > 0, let ¢, € (0, {22-) be such that

Clearly t, — 0 as

so that

2, — aall®

k2 -1

n tn

IN

IN

IN

1

|zy — Sz

— 0, and | — 0, n — oo. (3.3)

n — o0o. Now observe that

2, = tpu+ (1 —,)S" 2,

(1= t2)?[18™ 20, — all® + 2tn(u = 24, (21, — 2n))

(1 —t)2 182, — S"ap|| + [|S™2n — 2| ?

2tn |21, — @nl|” + 2tn(u — 20, 5 (21, — n))

(1= t0) k[ 21, — za[® + 2|8 21, — ™2 ||[|S™ 20 — 20|

|[S™xn — 33n||2 + 2t |21, — mn||2 + 2tn{u — 2, j (21, — Tn))
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and because

(= 2 (@ — 20.)) < % (1- tn)2ktf;+ 2t, — 1 20, — nll? + HS”xnt; aanM7
for some constant M > 0, this yields that
lim sup{u — 2, j(xn — 2,,)) < 0.
Moreover,
(u—z,,j(xn —2,)) = (u—27(wn—2)) +{u—2j@n—2,) = jlen —2))

+ <Z—Ztn,j(xn—2'tn)>,

and since j is norm-to-weak™ uniformly continuous on bounded sets and z;, — 2z, we obtain
that

lim sup(u — z, j(z, — 2)) <0,

establishing the claim. From z,4+1 = apu + (1 — a,,)S™x, we have

lns1 = 2|7 < (1= an)killen — 2] + 200 (u = 2, j (@41 — 2).

Since t,, € (0, 722—), there exists an integer Ny > 0 such that,

1—an

|Znt1 — 2117 < (1= an)lJzn — 2[1* + anon,
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for all n > Ny, where o, := 2(u — z,j(zp+1 — 2)) ¥ n > 0. Thus, by Lemma 2.2.3, {x,}

converges strongly to a fixed point of 7. O

Corollary 3.2.2 Let K be a nonempty closed convex subset of a real Banach space E which
has a uniformly Gateaux differentiable norm. Let T : K — K be a nonexpansive mapping
with F(T) # 0. For a fized § € (0,1), define S: K — K by Sz := (1—0)a+0Tx, Ve K.
Assume that {z;} converges strongly to a fized point z of T as t — 0, where z; is the unique
element of K which satisfies z; = tu + (1 — t)Tz; for arbitrary uw € K. Let {a,} be a real
sequence in (0,1) which satisfies the conditions: C1 : lima,, = 0; C2 : Y o, = co. For

arbitrary xo € K, let the sequence {x,} be defined iteratively by

Tnt1 = apu + (1 — ) Sy, (3.4)

Then, {x,} converges strongly to a fized point of T'.

Proof. It is easy to see from equation (3.4) that {x,} is bounded and lim ||z,, — T'z,|| = 0.

Hence, the result follows from Theorem 3.2.1.

Remark 3.2.3 Theorem 3.2.1 extends Theorem 2.3.1 (and consequently, extends Theorem
2.1.2, Theorem 2.1.3 and Theorem 2.3.4, (see Remarks 3.1, 3.2 and 3.4 of [27]) to the more

general class of asymptotically nonerpansive mappings.
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CHAPTER 4
CONVERGENCE OF A HYBRID STEEPEST DESCENT METHOD FOR VARIATIONAL INEQUALITIES IN

BANACH SPACES
4.1 Introduction

In this chapter, we extend the results of Xu and Kim [98] from real Hilbert spaces to
g—uniformly smooth real Banach spaces which are much more general than Hilbert spaces.

In particular, our theorems will be applicable in L,, spaces, 1 < p < 0.

4.2 Preliminaries

We shall make use of the following lemmas.

Lemma 4.2.1 (Shoiji and Takahashi, [80]) Let (ag, a1, ...) € I*° such that pn(a,) < 0 for

all Banach limit p and limsup (apn+1 — an) < 0. Then, limsup a, < 0.

n—oo n—oo

Lemma 4.2.2 (Xu, [97]) Let E be a g-uniformly smooth real Banach space for some q > 1,

then there exists some positive constant dg such that

[z +yll* < ll2[[* + ¢{y, Jo(2)) + dg[ly||? ¥ 2,y € E and jy(z) € Jy(2).

Lemma 4.2.3 ((Lim and Xu,) [60], Theorem 1) Suppose E is a Banach space with uniform
normal structure, K is a nonempty bounded subset of E, and T : K — K is uniformly

k— Lipschitzian mapping with k < N(E)% Suppose also there exists a nonempty bounded
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closed convex subset C of K with the property (P) :
(P) z € C implies wy(x) C C,

where wy,(x) is the w—limi set of T at x, i.e., the set

{y € E:y=weak — limT"z for j — oco}.
J
Then, T has a fized point in C.

Lemma 4.2.4 Let X be a real reflexive Banach space and f : X — RU{+oc} be a convex

proper]| lower semi-continuous function. Suppose

| lﬁm f(z) = 4o0.

Then, 3z € X such that f(Z) < f(x), x € X, i.e.,

f(@) = inf f(a).

zeX
4.3 Convergence Theorems

Lemma 4.3.1 (Chidume et al. [28]) Let E be a q—uniformly smooth real Banach space
with constant dy, ¢ > 2. Let T : E — FE be a nonezxpansive mapping and G : £ —

E be an n— strongly accretive and k— Lipschitzian map. For A € (O,ﬁ) and § €

qk?

<O,min{%, (74 )ﬁ}), define a map T* : E — E by Tz = Tx — M0G(Tz), z € E.
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Then, T is a strict contraction. Furthermore,

1Tz = Tyl < (1 = Al =y ¥ 2,y € E,

where o == 4 — \/% —0(gn — 097 1dyke) € (0,1).

Proof. For z,y € E, using Lemma 4.2.2, we have:

Tz — T y|7 = || Tx — Ty — N(G(Tx) — G(Ty))|

IN

[Tz = Ty||* — gAd(G(Tx) — G(Ty), jo(Tx — Ty))

+ AN G(Tx) = G(Ty)|

< |[Tw = Ty|* — gAdn| T — Ty|[* + dg X677 | Tz — Ty
< [1=28(an - dgro16m k)] flz — )
< 1= 00 (g — dgdt ) -yl

Define

FO) :=1—X5(gn — dy 87 k7)) = (1 — A1)9, for some 7 € (0,1), say.

By Taylor development, there exists £ € (0, A) such that
1—\o(qn — dg09 kY =1 — qr A + %q(q —1)(1 = £7)972)0272,
Using \ € (0, ﬁ) which implies %q(q — 1)A < 1, we obtain that
L= A(gn — dgd"'K) <1 —qrA + %q(q — DA% <1—grA+ 272,
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so that

2 —qr + d(qn — dqéq_ll-iq) > 0.

Solving this quadratic inequality in 7, we obtain, 7 < 4 — \/ % — 0(qn — dgd9=1K9).

Now, set

q >
— q—1,.q
a=g \/4 d(qn — dq09-1k4).

Observe that

2 2
¢ _gsileay = (L a—1,4q
1 d(gn — dg0? " kY) <4 5q77) +d, 07 kT >0,

since § < 4 . Moreover, since ¢ > 2 and \ < ( < 7, we have

2)\2
1- Ao _1f7+ —fw (qn — dgd7=1k9) € (0,1).

The proof is complete.
We note that L, spaces, 2 < p < oo, are 2—uniformly smooth and the following inequality

holds (see e.g., [97]): For each z,y € L), 2 < p < o0,
2+ ylI* < 2] + 2(y, (=) + (p = Dyl*.

It then follows that by setting ¢ = 2, d; = (p — 1) in Lemma 4.3.1, we obtain the following

corollary.

Corollary 4.3.2 Let £ = Ly, 2 < p <oo. Let T : E — E, be a nonexpansive map and
G : E — FE be an n—strongly accretive and k— Lipschitzian map. For \ € (0, 1) and

J € (0 1[1&11&{277 (pf#}), define a map T* : E — E by T*z = Tz — MG (Tx), z € E.
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Then, T is a strict contraction. In particular,

1Tz = Tyl < (1= Xa) |z —yll, .,y € E, (4.2)

where o :=1—/1—6(2n — (p— 1)dx2) € (0,1).
By setting p = 2 in Corollary 4.3.2, we obtain the following corollary.

Corollary 4.3.3 Let H be a real Hilbert space, T : H — H be a nonexpansive map and
G : H — H be an n—strongly monotone and k— Lipschitzian map. For A € (O, 1) and
o€ (O,min{%, i—gf}), define a map T* : H — H by T’z = Tx — M0G(Tx), x € H. Then,

T is a strict contraction. In particular,

1Tz — Tyl < (1 = Xa) |z —yl|, w,y € H, (4.3)

where o :=1— /1 —6(2n — k%) € (0,1).

Remark 4.3.4 Corollary 4.3.3 is a result of Yamada [99] and is the main tool used in Wang
[91], Xu and Kim [98], Yamada [99], Zheng and Yao [100]. Lemma 4.3.1 and Corollary
4.8.2 which extend this result to q-uniformly smooth spaces, ¢ > 2, and L, spaces, 2 < p <

00, respectively, are new.

We prove the following theorem for family of nonexpansive maps. In the theorem, d, is the

constant which appears in Lemma 4.2.2.

Theorem 4.3.5 (Chidume et al. [28]) Let E be a q—uniformly smooth real Banach space

with constant dg, ¢ > 2. LetT; : E — E, i=1,2,...,7 be a finite family of nonexpansive
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mappings with K := FWIF(Tz) # 0. Let G : E — E be an n—strongly accretive map which is
=

also k—Lipschitzian. Let {\,} be a real sequence in [0, 1] satisfying

>\n — )\n—H"

C1:limA, =0; C2: 3 A, = o00; C6: lim
n+r

=0.

1
Foré € (0, min {%, (dgzq)(qq) }), define a sequence {x,} iteratively in E by xy € E,

An
Tpyl = T[n:fﬁn = Tin1)Tn — 0A11G (T ), n >0, (4.4)
where Tin) = T mod r- Assume also that
K=F(T,T,1..T") = FN\T,..Ty) = ... = F(T,_1T,—2..T,).

Then, {x,} converges strongly to the unique solution x* of the variational inequality VI(G, K).

Proof. Let z* € K, then the sequence {z,} satisfies

* * 5 *
o — 2" < max { llzg — 2*[, = G(a")| |, n > 0.
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It is obvious that this is true for n = 0. Assume it is true for n = k for some k£ € N.

From the recursion formula (4.4) and condition C1, we have

A
|Thsr —2*|| = ||T[klf:1l — "
A )\
< TR = T |+ 1T e — 2
< (=M@ |lze — 2] + M6 G () |

IN

* 5 *
max { [lzg — 2°, 2 |G()]

and the claim follows by induction. Thus the sequence {x,} is bounded and so are

{Tinq1)2n} and {G(Tjp41)75)}- Using the recursion formula (4.4) we get,
Jns1 = Thsy@nll = Aas18IGThnsyaa)l — 0 as 1 — o,

Also,

An
Hxn—i-r - z"fl” ” 7’L+7’ xn+r 1— T[n] :’Un—lH
T n+r An
< |7 [n-i-r $n+r 1 T[n_;; Tn—1]] + HT[n_;;]xnfl _ T[n} T

< (A=A Tnsr—1 — -1l

An r A'rL
+ anur (P =216z, 1),

By Lemma 2.2.3 and condition C'6, we have

|Zntr — 2n|| — 0 as n — oo. (4.5)
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In particular,

|Znt1 — znl| — 0 as n — oo. (4.6)

Replacing n by n +r — 1 in (4.4) we have,

[ Tntr — TngrTntr—1l|| = 6)‘n+7"”G(T[n+r]$n+r‘fl)H — 0, n — oo

Using the fact that 7; is nonexpansive for each ¢, we obtain the following finite table:

Totr — IpgrZpyr—1 — 0 as n — oo;

ToirTngr—1 — TnyrTngr—1Tnger—2 — 0 as n — oo;

Torr Tnpr—1--Tnt2tnt1 — Tnpr Tnpr—1-- T 2Tnt10n — 0 as n— oo;

and adding up the table yields

Tontr — InirTngr—1..Tht12n — 0 as n — oo.

Using this and (4.5) we get that

lim H.fn - Tn—&—rTn—i-r—l--'Tn—I—lan = 0. (47)

n—oo

Define a map ¢ : E — R by ©(y) = jin||ns1 —y||?, where j,, denotes a Banach limit. Then,

¢ is continuous, convex and ¢(y) — 400 as ||y|| — +o0o0. Thus, since E is a reflexive Banach
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space, there exists y* € F such that p(y*) = mig o(u). So, the set K* :={z € E: p(z) =
ue

mig o(u)} # 0. We now show 7T; has a fixed point in K* for each i = 1,2,...,r. We shall
ue

assume, from equation (4.7), that Vi,
lim ||z, — Tix,|| = 0. (4.8)
n—oo

We shall make use of Lemma 4.2.3. If z is in K* and y := w — lim; Timjx, belongs to the
weak w — limit set wy,(x) of T; at x, then, from the w-l.s.c. of ¢ and equation (4.8), we
have, (since equation (4.8) implies ||z, — T/"z,|| — 0 as n — oo, this is easily proved by
induction),
oy) < lirrzinfgo(]}mjx> < lim supgo(TZ”a:)
m

= timsup (p | — T2

= lim L Sup <Mn |zy, — T xy + T xy — sz:v||2)

< hmsup ( Tz — T || ) < lim sup <un||mn - 1‘||2> = ()

m

= e

So, y € K*. By Lemma 4.2.3, T; has a fixed point in K* V i and so K* N K # 0.

Let 2 € K*N K and t € (0,1). It then follows that ¢(z*) < ¢(z* — tG(z*)). Using

the inequality of Lemma 2.2.1, we have that

len — &™ +tG(@")|* < [lan — 2*|* + 26(G(27), j(@n — 2" +1G(2"))).
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Thus, taking Banach limits over n > 1 gives

pnllzn —2* +1G@)|? < pnllan — 27|

+ 2tpn(G(z"), j(zy — 2" + tG(x7))).

This implies,

pn (=G ("), j(an — 2" +1G(27))) < @(z7) — p(a” —tG(2")) < 0.

This therefore implies that

pn{—G(z"), j(xn — 2" +tG(2"))) <0V n > 1.

Since the normalized duality mapping is norm-to-norm uniformly continuous on bounded

subsets of E, we obtain, as ¢ — 0, that

(=G(2"),j(@n —27)) = (=G(2"), j(2n — 2" +1G(27))) — 0.

Hence, for all € > 0, there exists § > 0 such that V¢ € (0,0) and for all n > 1,

(=G(2"),j(n —a7)) < (=G(z7),j(zn — 2" +1G(27))) + &

Consequently,

pn(=G(27), § (20 — 7)) < pn(=G(27), (20 — 2" +1G(27))) + € <e.
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Since ¢ is arbitrary, we have

Moreover, from the norm-to-norm uniform continuity of 7 on bounded sets, we obtain, that

lim ((~G(2*), j(ns1 = ) = (~G(a"), j(wn — ) ) =0,

n—oo

Thus, the sequence {(—G(z*), j(z, — 2*))} satisfies the conditions of Lemma 4.2.1. Hence,
we obtain that

limsup(—G(z*), j(z, —2¥)) < 0.

n—oo

Define

en = max {(—G(x¥), j(xp+1 — ")), 0}.

Then, lime, = 0, and (—G(x%),j(xn+1 — ")) < &,. From the recursion formula (4.4),
and Lemma 2.2.1, we have,
* n >\n * n * *
ani = a2 = TN, — Tt + T — o2

n )\n * . *
< T, — T |2 4 22 18(=G(a"), (@ — 2°))

IN

(1= An10)llzn — 2|2 + 22n410(=G(2"), j(@ns1 — 27))

and by Lemma 2.2.3, we have that x, — «* as n — oo. This completes the proof.O

The following corollaries follow from Theorem 4.3.5.
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Corollary 4.3.6 Let E = Ly, 2 < p < oo. LetT; : E — E, 1= 1,2,...r be a finite
family of nonexpansive mappings with K = ZélF(Tl) # (. Let G : E — E be an n—strongly
accretive map which is also k— Lipschitzian. Let {\,} be a real sequence in [0, 1] that satisfies
conditions C'1, C2 and C6 as in theorem 4.3.5. For § € (O,min{ﬁ,@fﬁ}), define a

sequence {xy} iteratively in E by (4.4). Then, {x,} converges strongly to the unique solution

x* of the variational inequality VI(G, K).

Corollary 4.3.7 Let H be a real Hilbert space. Let T; : H — H, i=1,2,...,r be a finite
family of nonexpansive mappings with K = ﬁlF(:Q) # (. Let G : H— H be an n—strongly
1=
monotone map which is also k—Lipschitzian. Let {\,} be a real sequence in [0,1] that

satisfies conditions C1, C2 and C6 as in theorem 4.3.6. For § € <O,min {%, i—Z}), define
a sequence {x,} iteratively in H by (4.4). Then, {x,} converges strongly to the unique

solution x* of the variational inequality VI(G, K).

Theorem 4.3.8 (Chidume et al. [28]) Let E be a real g—uniformly smooth Banach space
with constant dg, ¢ > 2. LetT : E — E be a nonexpansive map. Assume that K := F(T) =
{reE:Tr=x}+#0. Let G : E — E be an n—strongly accretive and k— Lipschitzian map.
Let {\,} be a real sequence in [0,1] satisfying the following conditions:

|>\n — )\n+1‘ —0.

C1:limA, = 0; C2:Z)\n:oo; C5: lim 3
n+1

1
For § € (0, min {ﬁ, (d:[%) @-D }), define a sequence {x,} iteratively in E by xo € E,

Tpi1 = T2, = Ty — A1 G(T2,), n>0. (4.9)

Then, {x,} converges strongly to the unique solution x* of the variational inequality VI(G, K).
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Proof. Take 71 =15 = ... =T, = T in Theorem 4.3.5 and the result follows.

The following corollaries follow from Theorem 4.3.8.

Corollary 4.3.9 LetE = L,,2<p<oo. LetT : E — E, be a nonexpansive map. Assume
that K := F(T) ={x € E : Tx =z} # (. Let G : E — E be an n—strongly accretive
and k—Lipschitzian map. Let {\,} be a real sequence in [0, 1] that satisfies conditions C1,

C2 and C5 as in theorem 4.5.8. For § € (O,min{%, ﬁ}), define a sequence {xy}
iteratively in E by (4.9). Then, {z,} converges strongly to the unique solution x* of the

variational inequality VI(G, K).

Corollary 4.3.10 Let H be a real Hilbert space. Let T : H — H, be a nonexpansive
map. Assume that K := F(T) = {x € E : Tx = 2} # 0. Let G : H — H be an
n—strongly monotone and k— Lipschitzian map. Let {\,} be a real sequence in [0,1] that

satisfies conditions C1, C2 and C5 as in theorem 4.8.8. For § € (O,min {%, i—Z}), define

a sequence {xy,} iteratively in H by (4.9). Then, {x,} converges strongly to the unique

solution =* of the variational inequality VI(G, K).

4.4 The case of L, spaces, 1 <p < 2.

We begin with the following definition.

Definition 4.4.1 A Banach space E is called a lower weak parallelogram space with con-

stant b > 0 or, briefly, E is LW P(b), in the terminology of Bynum [12] if
[z 4+ y|? + bl =yl < 2(/[«]* + [ly[]*) (4.10)
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holds for all z,y € E.

It is proved in [12] that [, space, 1 < p < 2, is a lower weak parallelogram space with (p—1)
as the largest number b for which (4.10) holds. Furthermore, if L,,, (1 < p < 2) has at least
two disjoint sets of positive finite measure, then it is a lower weak parallelogram space with
(p — 1) as the largest number b for which (4.10) holds. We shall assume, without loss of
generality, that L,, (1 < p < 2) has at least two disjoint sets of positive finite measure. In
the sequel, we shall state all our theorems and lemmas only for L, spaces, 1 < p < 2, with
the understanding that they also hold for [, spaces, 1 < p < 2.

In terms of the normalized duality mapping, Bynum [12] proved that a real Banach
space is a lower weak parallelogram space if and only if for each 2,y € E and f € J(z), the

following inequality holds:

[l +ylI? > [l + bllyll* + 2y, £). (4.11)

In particular, for £ = L,, 1 < p < 2, the following inequality holds:

e +yl1? = [l2]]* + (0 = Dllyl]* +2(y, j(2)) ¥ 2,y € E. (4.12)

We now prove the following lemmas which will be central in the sequel.

Lemma 4.4.2 Let E = L,,1 < p < 2. Then, for all z,y € E, the following inequality

holds:

(0= Dl +yl* < lall* + 2y, i (2)) + [lyl*. (4.13)
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Proof. Observe first that E is smooth so that the normalized duality map on FE is single-

valued. Now, replacing = by (—z) and y by (x + y) in inequality (4.12), we obtain

111> = [l2]* + 2z +y, j(=2)) + (p = D)l[x + 9%,

which implies

(p=Dllz+yll* < [lyll® = l2l® +2(z +y,5(x)

12l + 2y, j (@) + Iy,

establishing inequality (4.13) and completing proof of the lemma.O

Lemma 4.4.3 (Chidume and de Souza [36]) Let E = L,, 1 <p <2, T:E — E a non-

expansive mapping and G : B — E an n—strongly accretive and k- Lipschitzian mapping.

For,

A€ (0, pil)’ and § € (0, mm{2n(i; D ) (p—nl)z})’

define a map T* : E — E by: Tz := Tox — MG(Tx), x € E. Then, T is a strict

contraction. Furthermore,
|7 — Ty < (1= M)z —y|| ¥ .y € E. (4.14)

where

a:=(p—-1)—-12-682n-35p 1)1k €(0,1).

48



Proof. For z,y € F, using Lemma 4.4.2, we have,

1T Tky\l2 1Tz — Ty = A6(G(T'z) — G(Ty))|”

1T - Tyl 208G (T ) — G(Ty), i(Ta — Ty)
(

+ WHG T) - G(Ty)|?]

< [HTw—Tsz—2A6nHTx—TyH?+A252 2|7 — Ty
< [1 Ad[2n — do(p )1,‘£2]:|”$—y‘|2, Since)\<;.
(p—1)
Define
1
f\) = 1—X[2n—6(p—1)"1K2]].
O = gy (1 20020 = 0 - 1))

If f(A) = (1 —-Ar)?2 forsome 7 € (0,1) then, 72 —2(p — 1)7 + o > 0, where o :=

§[2n — 6(p — 1)~ 'x?]. Thus we obtain that

T<(p-1)-V-1?2-02n-6p-1)"1x% €(0,1).

Now set

a:=(p-1)—(p—-1?2-d2n—-d(p -1k €(0,1),

and the proof is complete. O

Remark 4.4.4 In Hilbert space, by putting p = 2 and observing that n can always be as-

_ _1)\2
sumed to be arbitrarily small, without any loss of generality, we get, min{% , %} =

2n

K2*

Thus, we have the following corollary.

49



Corollary 4.4.5 Let H be a real Hilbert space, T : H — H a monexpansive mapping, G :
H — H an n—strongly monotone and k— Lipschitzian map. For A € (0,1) and § € (0, %727),
define a map T : H — H by: T*x = Tz — MG(Tx), = € H. Then, T is a strict

contraction. In particular,

|72 = Ty) < (1= Aa)lle —yll ¥ 2,y € H, (4.15)

where o :=1— /1 —6(2n — k%) € (0,1).
Proof. Set p =2 in Lemma 4.4.3 and the result follows.

Remark 4.4.6 Corollary 4.4.5 is a result of Yamada [99] and is the main tool used in Wang
[91], Xu and Kim [98], Yamada [99] and Zheng and Yao [100]. Consequently, Lemma 4.4.3

is an important extension of these results to L, spaces, 1 < p < 2.
We now prove the following theorems. In the theorem, F/(7T;) := {z € E : T,x = x}.

Theorem 4.4.7 (Chidume and de Souza [36]) Let E = Ly, 1 <p <2, T:E — FE
a nonexpansive mapping. Assume K = {x € E : Tx =z} # (. Let G : E — E be
an n—strongly accretive and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1]

satisfying the following conditions:

An — An
Cl:limh, =0; C2:) Ay =00;C3: um% =0.
n+1

For é € ( 0, mm{% , @}), define a sequence {x,} iteratively in E by xog € E,

Tpal = T4y, = T, — Mn+1G(Txy), n>0. (4.16)
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Then, {x,,} converges strongly to the unique solution x* of the variational inequality problem

VIG, K).

Proof. This follows using Lemma 4.4.3.

The following corollary follows from Theorem 4.4.7.

Corollary 4.4.8 Let H be a real Hilbert space, T : H — H a nonexpansive mapping.
Assume K == {x € E : Tx =z} # (. Let G : H — H be an n—strongly monotone and
k—Lipschitzian mapping. Let {\,} be a real sequence in [0,1] that satisfies conditions C1,
C2 and C3 as in Theorem 4.4.7. For é € (0, i—’;), define a sequence {x,} iteratively in H by
(4.16). Then, {x,} converges strongly to the unique solution x* of the variational inequality

problem VI(G, K).

Following the method of section 4.3 and using Lemma 4.4.3, the following theorem and

corollary are easily proved.

Theorem 4.4.9 Let E = L,, 1 <p <2, T, : E — E;i =1,2,...,7 a finite family of

nonexpansive mappings with K = fTWlF(Tl) # (. Let G : E — E be an n—strongly accretive
1=

and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] satisfying the conditions:

)\n - )\n—l—r

=0.
)\n+r

Cl:limh, =0; C2:) Ay=o00; C6:lim
For§ € ( 0, min{% , M}), define a sequence {x,} iteratively in E by: xo € E,

n

Tni1 = T[jlgql]xn = Tj @0 — MG (Thyytn), 1 >0, (4.17)
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where T[n] =T, mod r- Assume also that
K=FTT1..T")=FNT,..Ty) = ... = F(T,1T,—2...T})

and lim ||Ti,40%n — TipyZall = 0. Then, {x,} converges strongly to the unique solution
n—oo

x* of the variational inequality problem VI(G, K).

Corollary 4.4.10 Let H be a real Hilbert space, T; : H — H, i=1,2,...,r a finite family
of nonexpansive mappings with K := erlF(ﬂ) # (. Let G : H — H be an n—strongly
monotone and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] that satisfies
conditions C1, C2 and C6 as in Theorem 4.4.9 and let rfingoHT[n_m:cn — Tipq1)Znll = 0. For
9 € (0, 2—727), define a sequence {x,} iteratively in H by (5.9). Then, {x,} converges strongly

to the unique solution x* of the variational inequality problem VI(G, K).

Remark 4.4.11 Our theorems in this chapter which are extensions of the results of Yamada
[99], Wang [91], Xu and Kim [98], Zeng and Yao [100] from real Hilbert spaces to Ly, spaces,
1 < p <2 complement the theorems earlier in the chapter (see also Chidume et al. [28]) to

provide convergence theorems, for the problems considered here, in all Ly, spaces, 1 < p < oo.
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CHAPTER 5
APPROXIMATION OF FIXED POINTS OF NONEXPANSIVE MAPPINGS AND SOLUTIONS OF

VARIATIONAL INEQUALITIES
5.1 Introduction

In Chapter 4, we extended the results of Xu and Kim [98] to ¢g—uniformly smooth
Banach spaces, ¢ > 2. In particular, we proved theorems which are applicable in L,, spaces,
1 < p < oo under conditions C1,C2 and C5 or C6 (as in the result of Xu and Kim).

In this chapter, we introduce new recursion formulas and prove strong convergence
theorems for the unique solution of the variational inequality problem VI(K,S), requiring
only conditions C1 and C2 on the parameter sequence {\,}. Furthermore in the case T; :
E — FE ¢=1,2,...,ris a family of nonexpansive mappings with K = ZélF(TZ) # (), we prove
a convergence theorem where condition C6 is replaced with nlzl?;) | Tin421Tn — Thp1)Tall =
0. An example satisfying this condition is given in [21]. All our theorems are proved in
g—uniformly smooth Banach spaces, ¢ > 2. In particular, our theorems are applicable in L,

spaces, 1 < p < o0.

5.2 Convergence Theorems

We first prove the following lemma which will be central in the sequel.

Lemma 5.2.1 (Chidume et al. [29]) Let E be a q—uniformly smooth real Banach space

with constant dg, q > 2, T : E — E a nonexpansive mapping and G : E — E an
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n—strongly accretive and k— Lipschitzian mapping. For

define a mapping T* : E — E by:

Tz :=(1-0)x +o[Tz — MG(Tx)], =€ E.

Then, T is a strict contraction. Furthermore,

1Tz =Ty < (1 = Aa) e —y|| z.y € E, (5.1)

where

9 q° -1
ai= 3L~ odlan — B 1dgsn) € (0,1),

Proof. For z,y € E, using the convexity of ||.||? and Lemma 4.2.2, we have,

1Tz = Ty||? = [|(1 = o)(z —y) + [T — Ty — A(G(Tx) — G(Ty))]|*

< (I=o)lle—yl*+ G[HTﬂﬁ — Ty||" = qAo(G(Tz) — G(Ty), jo(Tz — Ty))
+ dgXI0Y|G(Tw) — G(Ty)|]

< (1=0)le =yl +o||Te — Ty|* - gAdn| Tz — Ty’

+ AN\ T — Ty||q}

< [1 — oA (qn — quq—laq—lf#)] |z — yl|

< [1- 0N (an - dgd )] 1z — "
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Define
fO) :=1—0X6(qn — dg09 k%) = (1 — A7)%, for some 7 € (0,1), say.
Then, there exists £ € (0, ) such that
1—0oXé(gqn — dq5q71/<cq) =1—-qrA+ %q(q —1)(1 = €r)7720%72,
and since ¢ > 2, this implies
1—oXS(qn — dy09 kY <1 —qrA+ %q(q —1)A%72,

which yields,

- qr+06 (qn — dqéqflﬁ;q> > 0,

since A € (O, q(q2_1)>. Thus we have,

T<q—\/q2—05( — 097 1d,k1) € (0,1)
=5 1 an q y L)

Set

4 g -1
a'_i_ Z—aé(qn—éq dqﬁq) 6(0’1)'

and the proof is complete. O

We note that in L, spaces, 2 < p < oo, the following inequality holds (see e.g., [17]):
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For each x,y € Ly, 2 < p < oo,
2+ ylI* < ll2|* + 2y, j(=)) + (p = Dyl*.

It then follows that by setting ¢ = 2, d; = p — 1 in Lemma 5.2.1, the following corollary is

easily proved.

Corollary 5.2.2 Let £ = L,, 2<p<oo, T :FE — E a nonerpansive mapping and
G : E — E an n—strongly accretive and k— Lipschitzian mapping. For A\, o € (0,1), and

0 € (O,min{ﬁ, @_2%}), define a mapping T* : E — E by:
Tz := (1 —0)x +o[Tx — NG(Tz)| ¥V x € E.

Then, T is a strict contraction. In particular,

|\T’\:U—T>‘y|| <(1=X)||z—vy|| z,ye€H, (5.2)

where a :=1—/1—06(2n— (p— 1)dx2) € (0,1).
We also have the following corollary.

Corollary 5.2.3 Let H be a real Hilbert space, T : H — H a nonexpansive mapping,
G : H — H an n—strongly monotone and k— Lipschitzian mapping. For \,o € (0,1) and

RS (O,min{L 277}), define a mapping T : H — H by:

2017 K2

T = (1 — o)z + [Tz — NG(Tz)]| V z € H.
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Then, T is a strict contraction. In particular,

1Tz = Tyl < (1= Xa) |z —y|| ¥ w,y€ H, (5.3)

where o :=1— /1 —08(2n — 6k2) € (0,1).

Proof. Set p =2 in Corollary 5.2.2 and the result follows.

We now prove the following convergence theorems.

Theorem 5.2.4 (Chidume et al. [29]) Let E be a q—uniformly smooth real Banach space
with constant dq, ¢ > 2 and T : E — E a nonexpansive mapping. Assume K = {z € E :
Tx=x}#0. Let G: E — E be an n—strongly accretive and k— Lipschitzian mapping. Let

{An} be a real sequence in [0,1] satisfying the conditions:

C1:limA, = 0; CQ:Z)\n:oo.

1
For § € <O,min {ﬁ, (dZZq)(q_l) }), o € (0,1), define a sequence {x,} iteratively in E by

rg € F,

Tni1 =Tz, = (1= 0)zy + o[Tzy — A 1G(Tzy,)], 1 >0. (5.4)
Then, {x,} converges strongly to the unique solution * of the variational inequality VI(G, K).

Proof. Let z* € K := F(T'), then the sequence {x,} satisfies

)
_ ¥ < ok * > 0.
ln =27l < maa{ |z — 7]}, G|}, 020
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It is obvious that this is true for n = 0. Assume it is true for n = k for some k € N. From

the recursion formula (5.4), we have

ks =o'l = T~
< Ty, — T | 4 [T 2 — 2|
< (= Mep@)|lze — 2] + M6 G () |
* 5 *
< max{”xo—x ||,a||G(l‘ )H}v

and the claim follows by induction. Thus the sequence {z,} is bounded and so are the

sequences {Tx,} and {G(Tz,)}.

Define two sequences {3,} and {y,} by B, := (1 — 0)\p41 + 0 and

Yp = —I”H_Z’ZJFB"“. Then,

= (1 = o) pt1xn + 0[Tzy — Ay 10G(Txy,)]
" Bn '

Observe that {y,} is bounded and that

g
lnsr =gl = lznss = nll < | 57— = 1] s =l
n
o o Ant2(l — o)
— — — ||| T2p|| + ——|| -
Bn—‘rl ﬂn‘H n” /Bn-i-l H e n”
A A An4100
+ (1= 0)| 52 = 2 oy | 4 2 G(T ) — G
ﬁnJrl ﬁn ﬁn
A A
+ 0o gﬂ _ﬂnil”g(mn“)\l-
n n
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This implies, limsup (||yn+1 — Yn|| — ||Tn+1 — zn||) < 0, and therefore by Lemma 2.2.2,
n—oo

lim ||y, — x,|| = 0.
n—oo
Hence,
l|Zn+1 — Znl|| = Bullyn — 2n|| = 0 as n — oco. (5.5)

From the recursion formula (5.4), we have that

ollxntr — Txyl < (1= 0)||znt1 — xn|| + A4106]|G(Tzy)|| — 0 as n — oo.

which implies,

|Xnt1 — Tzyp]| — 0 as n — oc. (5.6)

From (5.5) and (5.6) we have

|lxn — Txn|| < l|lzn — Tpt1l| + [|[Tn+1 — Tan|| — 0 as n — oo. (5.7)

We now prove that

limsup(~G(a*), j(@ns1 — 7)) < 0.

n—oo

Define a map ¢ : E — R by

(z) = pnllrn — CCHQ VzeEl,
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where (i, is a Banach limit for each n. Then, ¢(x) — oo as [|z|| — oo, ¢ is continuous and

convex, so as F is reflexive, there exists y* € E such that ¢(y*) = min ¢(u). Hence, the set

ueE
K* = {2 € B:¢(z) = mino(u) | # 0.
We now show T has a fixed point in K*. We know
nh_%on” — Tizy|| = 0. (5.8)

We shall make use of Lemma 4.2.3. If z is in K* and y := w — lim; 7™z, belongs to the
weak w — limit set wy,(x) of T at x, then, from the w-ls.c. (since ¢ is l.s.c. and convex) of

¢ and equation (5.8), we have,

IN

o(y) lim inf ¢ (ij x) < limsup ¢ (Tm$>
m

j
= limsup (uonn - meHz)
= hmsup (uonn —T"xy +T"x, — TmeHQ)
< hmsup < nl| Ty — meHQ) < lim sup <un\|xn — xH2> = ()
m
)-

= inf
A

So, y € K*. By Lemma 4.2.3, T has a fixed point in K* and so K* N K # ().

By Lemma 4.2.3, K* N K # (. Let 2 € K*N K and let t € (0,1). Then, it follows
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that ¢(z*) < ¢(z* — tG(z*)) and using Lemma 2.2.1, we obtain that
lzn — 2* +tG(")|? < lzn — 2P+ 26{G(2"), (20 — 27 + tG(2")))

which implies,

pn{=G(2"), j(an — 2" +1G(z"))) < 0.

The rest now follows exactly as in the proof of Theorem 4.3.5 to yield that x,, — «* as n —

oo. This completes the proof. O

The following corollaries follow from Theorem 5.2.4.

Corollary 5.2.5 Let E = Ly, 2 <p < oo, T : E — E a nonexpansive mapping. Assume
K:={xeE:Tx=ux}+#0. Let G: E — E be an n—strongly accretive and k— Lipschitzian
mapping. Let {\,} be a real sequence in [0,1] that satisfies conditions C'1 and C2 as
in theorem 5.2.4. For § € <0,min{ﬁ,(p_2ﬁ}>, o € (0,1), define a sequence {x,}

iteratively in E by (5.4). Then, {x,} converges strongly to the unique solution x* of the

variational inequality problem VI(G, K).

Corollary 5.2.6 Let H be a real Hilbert space, T : H — H a nonexpansive mapping.
Assume K := {x € H: Te =z} # 0. Let G : H — H be an n—strongly monotone
k—Lipschitzian mapping. Further, let {\,} be a real sequence in [0,1] that satisfies con-

ditions C1 and C2 as in Theorem 5.2.4. For § € <O,min{i 2”}), o € (0,1), define

20m° K2
a sequence {x,} iteratively in H by (5.4). Then, {x,} converges strongly to the unique
solution x* of the variational inequality problem VI(G, K).

Finally, we prove the following theorem for a finite family of nonexpansive mappings.
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Theorem 5.2.7 (Chidume et al. [29]) Let E be a q—uniformly smooth real Banach space

with constant dy, ¢ > 2, T, : £ — E, ¢ = 1,2,...,7 a finite family of nonexpan-

stve mappings with K = FTWIF(TZ) # (. Let G : E — E be an n—strongly accretive and
1=

k— Lipschitzian mapping, and {\n,} a real sequence in [0,1] satisfying the conditions:
Cl:limh,=0; C2: Z)\n = 00.

For a fized real number ¢ € (O,min {ﬁ, (dﬂ)ﬁ}» o € (0,1), define a sequence {xy}

iteratively in B by xg € F,
Tnr = Tpaen = (1= 0)an + 0Ty an — MG (Theza)), n>0,  (5.9)
where T = Ty mod »- Assume also that

K = F(T,Ty_1..T\) = F(T4T,..Ty) = ... = F(Ty_1T)_5..T})

and lim || Ty n — Tingqjall = 0. Then, {x,} converges strongly to the unique solution
n—oo

x* of the variational inequality problem VI(G, K).

Proof. Let z* € K, then the sequence {x,} satisfies

* 5 *
& = a7l < maa{|lzo - #* |, ~ |G}, 0.
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It is obvious that this is true for n = 0. Assume it is true for n = k for some k£ € N.

From the recursion formula (5.9), we have

. A
|Thsr —2*|| = ||T[klf:1l — "
A * )‘ * *
< HT[klf:ll k— [klf:ll |+l [k]f:f] -z
< (1= Apm0)||zk — 27| + Apr16]|G(2")]]
* 5 *
< max{”xo—x ||,a||G(l‘ )H}v

and the claim follows by induction. Thus the sequence {x,} is bounded and so are {1}, @, }

and {G(T[n]xn)}

Define two sequences {3,} and {y,} by B, := (1 — 0)\p41 + 0 and

Yp = —I”H_Z’ZJFB"“. Then,

U = (]. — O'))\n+1$n + O'[T[n+1]xn — An—i—léG(]—'[rH»l]xn)]
" Br '

Observe that {y,} is bounded and that

g
lnsr =l = lanss = anll < [ 57— = 1] s —
n

g g g
+ —|Ti2@n — Tini11n +’7_7‘ Tii11n
o Tsayn = Tl + | 57— = 2| Tyl

Ant2(l —0o An An
+ M”I‘n_kl — 2|+ (1 - 0) +2  Antl ‘Hmn”
ﬂn-&-l Bn—i—l
An+100
+ 3 1G(Th41)2n) — G(Tinto)@nt1) ||
An An
+ 00| - ﬁnf 1G(Tinyog@ns1)l.
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This implies,

limsup (|[Yyn+1 — Ynll = l|Tns1 — 20l]) <0,
n—oo
and by Lemma 2.2.2
limy, oo ||yn — @n|| = 0. Hence,
|Zn41 — @nll = Bullyn — znll — 0 (5.10)

as n — 0o. From the recursion formula (5.9), we have that

ol|ni1 = Tipsrjnll < (1= 0)|Zn41 — Znll + An100||G(Thryzn) | = 0,

as n — 00, which implies,

|Zn+1 — TipgZnll = 0 as n — oo. (5.11)

Note that from (5.10) and (5.11) we have

l#n = Tyl < o = znsr ] + st = Toegnl >0 as -0 (512)

Also,

|Zntr — Tl < |Tnar — Tngr—1ll + | Tnar—1 — Togr—all + - + [|Tng1 — T4

and so,

|Zntr — 2nl] = 0 as n — oco. (5.13)
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Using the fact that T; is nonexpansive for each i, we obtain the following finite table:
Tntr — TnirTpgr—1 — 0 as n — oo;

ToirTntr—1 — TnprTotr—1Tnyr—2 — 0 as n — oo;

ToirTngr—1- - Thyoxnir — Ty Togr—1 - TpoTnp1vn — 0 as n — oo;

and adding up the table yields
Togr — TonprTnar—1- - The12n — 0 as n — oo.

Using this and (5.13) we get that lim ||z, — TnrThnar—1 - The12n|| = 0.
n—oo

Carrying out similar arguments as in the proof of Theorem 5.2.4, we easily get that

limsup(—G(z*), j(xn41 — 2¥)) < 0.

n—o0

From the recursion formula (5.9), and Lemma 2.2.1 we have

An An An
lonss = "2 = [T = Ty 'a” + e — o

>\n >\n * * . *
||T[n++11]xn - T[n++11]93 ||2 + 2An4100(=G(2"), j(Tn41 — 27))

(1= A1) [2m — 2% + 20 1106(=G (@), j(ns1 — )

IN
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which by using Lemma 2.2.3, gives that z,, — z* as n — 0o, completing the proof. O

The following corollaries follow from Theorem 5.2.7.

Corollary 5.2.8 Let £ = L,, 2 <p<oo, T;: E — E, i=12,..,7r a finite family
of nonexpansive mappings with K = ZélF(TZ) # (. Let G : E — E be an n—strongly
accretive and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] that satisfies
conditions C1 and C2 as in Theorem 5.2.7 and let TgingoHT[nJrz]xn — Tipqyznll = 0. For
0 € (O,min{ﬁ, #}), o € (0,1), define a sequence {x,} iteratively in E by (5.9).

Then, {x,} converges strongly to the unique solution x* of the variational inequality problem

VI(G, K).

Corollary 5.2.9 Let H be a real Hilbert space, T; : H — H, ©=1,2,...,r a finite family
of monexpansive mappings with K = Z(:TWIF(TZ) # (. Let G : H — H be an n—strongly
monotone and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] that satisfies
conditions C'1 and C2 as in theorem 5.2.7 and let JingoHT[nJrg]xn — Tipqn)wnl| = 0. For
0 € (O,min {ﬁ, i—?}), o € (0,1), define a sequence {x,} iteratively in H by (5.9). Then,

{zn} converges strongly to the variational inequality problem VI(G, K).

5.3 The case of L, spaces, 1 <p < 2.

We first prove the following lemmas.

We begin with the following definition. A Banach space E is called a lower weak paral-

lelogram space with constant b > 0 or, briefly, E' is LW P(b), in the terminology of Bynum
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[11] if

[l +ylI? + bllz — yl1* < 2(||z]* + [|y]*) (5.14)

holds for all z,y € E. It is proved in [11] that [, space, 1 < p < 2, is a lower weak
parallelogram space with (p—1) as the largest number b for which (5.14) holds. Furthermore,
if L,, (1 < p <2),has at least two disjoint sets of positive finite measure, then it is a lower
weak parallelogram space with (p — 1) as the largest number b for which (5.14) holds. We
shall assume, without loss of generality, that L,, (1 < p < 2), has at least two disjoint sets
of positive finite measure. In the sequel, we shall state all our theorems and lemmas only for
L, spaces, 1 < p < 2, with the understanding that they also hold for [, spaces, 1 < p < 2.
In terms of the normalized duality mapping, Bynum [11] proved that a real Banach
space is a lower weak parallelogram space if and only if for each z,y € E and f € J(z), the

following inequality holds:

[l +yl? > |l=]* + ollylI* + 2(y, £). (5.15)

In particular, for £ = L,, 1 < p < 2, the following inequality holds:

e+ yl? = ll=]* + (0 = DIyl + 2{y. j(2)) ¥ 2,y € E. (5.16)

We now obtain the following lemmas which will be central in the sequel.
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Lemma 5.3.1 Let £ = L,,1 < p < 2. Then, for all x,y € E, the following inequality

holds:

(0 = Dl +yll* < (2]l + 2y, j () + ||yl (5.17)

Proof. Observe first that F is smooth so that the normalized duality map on FE is single-
valued. Now, replacing z by (—z) and y by (z + ) in inequality (5.16), we obtain ||y||?> >

||z]|? + 2(z + y, j(—2)) + (p — 1)||z + y||?, so that

(p=Dllz+yll* < [yll? =zl +2(z + y,5(2))

= l2]? + 2{y. () + [lyI,

establishing the lemma. O

Lemma 5.3.2 (Chidume et al. [30]) Let E = L,, 1 <p <2, T : E — E be a nonexpansive

mapping and G : E — E be an n—strongly accretive and k- Lipschitzian mapping. For,

Ae(0,1), oe(0,1), de (0, mzn{i—z , (pQ;;)QD,

define a map T* : E — E by
T :=(1-0)x+o|Te— /\5G(Tm)], x € FE.
Then, T is a strict contraction. Furthermore,

1Tz = Tyl < (1= Ae)|z —y| V 2,y € E, (5.18)
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where

a=(p-1)—+/(p—1)?2-062n—0x2) €(0,1).

Proof. For =,y € E, using the convexity of ||.||?, and Lemma 5.3.1, we have,

1Tz — Ty

Define

OVE

for some 7 € (0, 1),

which yields

implying that

= |1 —o)(z —y) + o[Tz — Ty — X(G(T'x) — G(Ty))]||?

o T
< (1-o)llz—yl*+ -1 1Tz —Ty|?
— 2M(G(Tz) — G(Ty), j(Tx — Ty)) + \?0*|G(Tz) — G(Ty)|?

o T
< (1-o)llz—yl*+ o= Tz = Ty||* = 2Adn||Tw — Ty|?
+ )\252/€2||T:U—Ty||2]

1 20000 oM%K 9

< - - - .
< [tro(C-1) - oot o oplle P <)
14 (L_ )_ 20\dn +O‘)\(52I€2 _(1— A
BV -1 -1 o

say. Since <p%1 — 1) > 0, and A(p — 1) < 1, this implies,

2,2
_ 200m + o0k < =27 473
-1 (-1

7% —2(p — 1)1 + 2060 — 06%K? > 0,

r<(p-1)—(p—12—-062n—0x2) €(0,1).
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Now set

a=(p—1)—(p—1)?-0d(2n—0x?) €(0,1),
and the proof is complete. O

Remark 5.3.3 In a Hilbert space, by putting p = 2 and observing that n can always be as-

_ _1)2
sumed to be arbitrarily small, without any loss of generality, we get, min {% , %} =

2n
k2"

By Remark 5.3.3, we have the following corollary.

Corollary 5.3.4 Let H be a real Hilbert space, T : H — H be a nonexpansive map-
ping, G : H — H be an n—strongly k— Lipschitzian mapping. For A € (0,1) and § €
<O,min {ﬁ, i—?}), o € (0,1), define a mapping T* : H — H by: T’z = (1—0)x +o[Tx—

MNG(Tx)], x € H. Then, T is a strict contraction. In particular,

|72 = Ty) < (1= Aa)lle —yll ¥ 2,y € H, (5.19)

where o :=1— /1 —08(2n — 6k2) € (0,1).

Proof. Set p =2 in Lemma 5.3.2 and the result follows.

We now prove the following theorem.

Theorem 5.3.5 (Chidume et al. [30]) Let E = L,, 1 <p <2, T :E — Ebea
nonexpansive mapping. Assume K == {x € E : Tx = x} # 0. Let G : E — E be an

n—strongly accretive and k— Lipschitzian mapping. Let {\,} be a real sequence in [0,1]
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satisfying the conditions:
Cl:limh,=0; C2: Z)\n = 00.

Foro € (0,1), and § € ( 0, mm{i—g , @2_777?2}» define a sequence {x,} iteratively in E by
rg € I,

Tpa1 = TAnt1g, = (1—=0)zy +o[Txy — Nt 1G(Tzy)], n>0. (5.20)

Then, {x,} converges strongly to the unique solution x* of the variational inequality problem

VIG,K).

Proof. This follows exactly as in the proof of theorem 5.2.4, using Lemma 5.3.2.

The following corollary follows from Theorem 5.3.5.

Corollary 5.3.6 Let H be a real Hilbert space, T : H — H be a nonexpansive mapping.
Assume K := {x € E : Tx = z} # (. Let G : H — H be an n—strongly monotone
k—Lipschitzian mapping. Let {\,} be a real sequence in [0,1] that satisfies conditions C'1
and C2 as in theorem 5.2.4. For § € <O,min {ﬁ, i—g}), o € (0,1), define a sequence {x,}

iteratively in H by (5.4). Then, {x,} converges strongly to the unique solution z* of the

variational inequality VI(G, K).
Following the method of Section 5.2, the following theorem and corollary are easily proved.

Theorem 5.3.7 Let E=L,, 1 <p<2,andT;: E — FE,i=1,2,....,r be a finite family of
nonexpansive mappings with K = FWIF(Tl) #+(. Let G : E — E be an n—strongly accretive
1=

and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] satisfying the conditions:
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Cl:limA,=0; C2:> N\, =00. Foro e (0,1), and § € ( 0, mzn{i—g , (p2—nla)2 }), define

a sequence {xy} iteratively in E by xo € E,

Tpyl = T@Tﬁxn = (1= 0)zn + o[Tjnr1)Zn — OAG (Tirqj20)], 1 >0, (5.21)

where T[n] =T, mod r- Assume also that
K=FTT1..T")=FNT,..T5) = .. = F(T,1T,-2...T})

and lim ||Ti,40%n — TipyZall = 0. Then, {x,} converges strongly to the unique solution
n—oo

x* of the variational inequality problem VI(G, K).

Corollary 5.3.8 Let H be a real Hilbert space, T; : H — H, i = 1,2,....,7 be a finite
family of nonexpansive mappings with K := ZélF(TZ) #+ 0. Let G : H — H be an n—strongly
monotone and k— Lipschitzian mapping. Let {\,} be a real sequence in [0, 1] that satisfies
conditions C'1 and C2 as in theorem 5.3.7 and let Ji@||T{n+2}xn — Tipqyywnl| = 0. For
0 € <O,min{ﬁ,i—2}), o € (0,1), define a sequence {x,} iteratively in H by (5.21).

Then, {x,} converges strongly to the unique solution x* of the variational inequality problem

VI(G, K).

Remark 5.3.9 Our theorems in this chapter are extensions of the results of Yamada [99],
Wang [91], Xu and Kim [98], Zeng and Yao [100] from real Hilbert spaces to Ly spaces,
1 < p < oco. Moreover, in this our general setting, the iteration parameter is required to

satisfy only conditions C1 and C2.
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