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CHAPTER 1

INTRODUCTION AND BACKGROUND

The purpose of this paper is to explore non-metric continua that support Whitney
maps. An indecomposable non-metric continuum, where each proper non-degenerate
subcontinuum is non-metric, that supports a Whitney map is constructed. Several
other examples of non-metric continua that support Whitney maps are given. In
addition, topological properties that will prevent non-metric continua from supporting
a Whitney map are examined.

A non-metric analog of the Cantor set and the Solenoid are used in the con-
struction of an example of a non-metric continuum that supports a Whitney map.
This example will then be used to construct an indecomposable non-metric contin-
uum, where each proper non-degenerate subcontinuum is non-metric, that supports
a Whitney map. Thus a short discussion of the Cantor set and the Solenoid will be
useful.

A metric Cantor set is any uncountable topological space that is compact, each
point of the set is a limit point of the set and the only connected subsets are singleton
points. The most common example of a Cantor set is the “middle third” Cantor set.
This Cantor set is in [0, 1] and has the following structure:

M, =[0,1/3]U[2/3,1]

M, =10,1/9]U[2/9,1/3]U[2/3,7/9] U[8/9,1]

...etc.



At each stage, M, is formed by removing the middle third open interval from
each segment of M;_;. The middle third Cantor set is ();2; M;. Every Cantor set
is homeomorphic to the middle third Cantor set. In Chapter 2 an example S is
constructed. S is an non-metric continuum (A continuum is a compact, connected
space) that supports a Whitney map. S will be formed using a subset Z of the
lexicographic arc Lx. The lexicographic arc, Lz, is a non-metric linearly ordered
connected compact Hausdorff space. ( A space is Hausdorff if given points x # y
there exist open disjoint sets U and V' such that x € U and y € V.) The standard
lexicographic arc is the topological space Lz defined as follows. Lx = [0,1] x [0, 1].
If 21 = (p1,q1) and x93 = (pa, q2), then x; <p, xo if and only if p; < py or p; = py
and ¢; < ¢ where “<” denotes the standard order on [0, 1]. The space Lz together
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with the order topology induced by the order “<;,” is called the lexicographic arc.
Z is defined as {(p,q) € Lz|g =0,q = 1}\{(0,0),(1,1)}. Z is a non-metric analog of
the Cantor set. Z is an uncountable compact space where every point of the set is
a limit point of the set and the only connected subsets are singleton points; however
this set is non-metric and so is not homeomorphic to the Cantor set.

As an example of an indecomposable continuum we construct a “solenoid” in
Euclidean three space. A solenoid can be embedded in R? and has roughly the
following structure:

Let M; =solid torus

My= a smaller solid torus lying inside of M; wrapped twice around the “hole”

inside of M; before joining up with itself.



Ms= a still smaller solid torus wrapped twice inside of Mo,

...etc.

The solenoid = (;2; M;. (The solenoid is more commonly defined in terms of
inverse limit see pages 9-10.)

One of the central cross-sections of the solenoid will yield the Cantor set. Each
point from this Cantor set is connected to another point from the Cantor set with
a unique arc in the solenoid. This fact can be used to give another construction of
the solenoid. In that construction, begin with the Cantor set cross a metric arc, then
assign a “gluing pattern” between C' x {0} and C x {1} to reproduce the solenoid
according to how theses arcs are connected. In Chapter 2 in order to construct S we
will replace the Cantor set with Z and assign a “gluing” that will create S. Thus S
is a non-metric analog of the solenoid. Both S and the solenoid are indecomposable
continua. (An indecomposable continuum is one that is not the union of two proper
subcontinua.) They both have uncountably many composants. (If X is a continuum
and p € X then the composants of X at p is the set to which z belongs if and only
if there is a proper subcontinuum of X containing x and p). Each composant can be
linearly matched with the real line. Also both the solenoid and S have the property
that each proper subcontinuum is a metric arc. A good understanding of S will be
needed since our main example in Chapter 3 will use S with a dense set of points
“blown up” into copies of S-like continua.

A Whitney map ¢ is a measure on the space of compact subsets of a continuum

that has the property that if A C B then g(A) < g(B), and g({z}) = 0 for each



x € X [9]. A Whitney map on the space of subcontinua of a space will be denoted
by .

In the 1930’s H. Whitney first constructed Whitney functions (now called Whit-
ney maps) to study families of curves [12],[13]. In 1942, J.L. Kelly was the first to
use Whitney maps to study hyperspaces [5]. It is known that if X is a compact
metric space then there exist a Whitney map for 2¥ and C(X), where 2% is the
space of compact subsets of X and C(X) = {K € 2¥|K is a continuum }. Whit-
ney defined one as follows: let A € 2%. Let F,(X) = {H € 2¥|H has at most n
points}. Let n > 2 be a fixed natural number. Define A, : F,,(A) — [0,00) by given
K = {ay,as,...a,} € F,(A) [where the enumeration of K may not be one-to-one,

then

M (K) = min{d(a;, a;)i # j}.

Note that A, (K) < diam[A] for each K € F,(A); hence w,(A) given by
wn(A) = Lub{\,(K)|K € F,(A)}

is a real number. This defines w,(A) for each natural number n > 2. Since w,(A4) <

diam[A] for each n = 2,3, ..., the series > >7, 2'""w, (A) converges; define w(A) by

w(A) =) 2w, (A).



Since A was an arbitrary member of 2%, we have defined a function w : 2¥ — [0, 00).
Whitney proved that this function has all the properties that are now defined as a
Whitney map [9](p.24-26). It has recently been shown that local connectivity plus
the existence of a Whitney map implies metrizablity. [7]

V. E. Sneider showed that if X is a Hausdorff compact space and the diagonal
of X x X is a G — delta set then X is metric [11]. A corollary is that if there is a
continuous function f : X x X — R so that f(z,y) = 0 if and only if z = y, and X is
compact then X is metric. Using those facts it is easily shown that no Whitney map
for 2% exists when X is compact and non-metric. In 2000 J.J. Charatonik and W.J.
Charatonik [1] showed that the non-metric indecomposable continuum example given
by Gutek and Hagopian [3] will support a Whitney map on C'(X). They also provided
examples of non-metric continua that will not support a Whitney map. They posed
the question of characterizing non-metric continua for which there exist a Whitney
map for C(X) [1]. From this point forward since it is known that no Whitney map
on 2% exists, where X is a non-metric compact space, a Whitney map will refer to
a Whitney map on C(X). In this paper the author will first construct an example
of a non-metric indecomposable continuum that supports a Whitney map. It will be
shown that its hyperspace is an example of a non-metric continuum, which is arcwise
connected by metric arcs, that does not support a Whitney map. Thus it shows
that arcwise connectedness by metric arcs is not a sufficient condition for admitting
a Whitney map. The author will also give an example of a hereditarily non-metric

indecomposable continuum that supports a Whitney map. In this paper a space is



hereditarily non-metric if every non-degenerate proper subcontinuum is non-metric.
In addition, a method that proves that there exist continuum-many decomposable
non-metric continua, each of which supports a Whitney map, is given. An example of
a hereditarily indecomposable non-metric continuum that supports a Whitney map
is also constructed.

While the question of characterizing which non-metric continua will support a
Whitney map is still unsolved, several theorems are given showing when non-metric
continuum cannot support a Whitney map. For example, if X is a non-metric con-
tinuum which has a specific contraction then X cannot support a Whitney map. It
is also shown that given two non-metric continua that support Whitney maps, their
union does not necessarily support a Whitney map. Lastly the author will examine
Whitney properties for non-metric spaces. It is shown that p~'(¢) is also a contin-
uum even if X is non-metric. It is also shown that hereditary indecomposablity is a
Whitney property in the non-metric case.

The work on Whitney maps of non-metric continua opens up an area of interest-
ing research for two reasons. First, it will be a challenge to prove what properties are
Whitney properties for non-metric continuum. Second, properties that are trivial to
prove in the metric case can be considered, for example separability. It is not known
if a non-metric continuum that support Whitney maps must be separable. Lastly the
existence of Whitney maps on non-metric continua will be useful in that it will pro-
vide an additional tool for the study of the hyperspaces of a large class of non-metric

continua.



Statements of needed background Definitions and Theorems
Definition: A compact connected Hausdorff space is said to be a continuum.

Note: It need not be metric.

Theorem 1.1. If H and K are closed subsets of the compact set M but no subcon-
tinuum of M intersects both H and K, then M 1s the union of two closed sets one

containing H and the other containing K.

Theorem 1.2. Suppose that M is a continuum and U is an open set intersecting
but not containing M. If L is a component of M — U then L contains a point of the

boundary of U.

Definition: If X is a continuum and p € X then the composant of X at p is the
set to which x belongs if and only if there is a proper subcontinuum of X containing
x and p.

In the solenoid and the example S outlined above, all points connected to a given

point by an arc is a composant.
Theorem 1.3. If K is a composant of the continuum X, then K is dense in X.

Definition: The continuum X is said to be irreducible from the point p to the
point ¢ if and only if no proper subcontinuum of X contains p and q.
We define the sinl/z curve as the closure of {(z,y)|z € (0,1],y = sinl/z}. The

sinl/xz curve is irreducible between the points (0,0) and (1, sinl).



Definition: If X is a set then the subset K of X is said to be nowhere dense in
X if and only if every open set intersecting X contains an open set that contains no
point of K.

Definition : A space X is separable if X contains a countable dense set.

Definition: A space X is completely separable if X has a countable basis.

The set Z as defined above is not completely separable; this implies that it is
non-metric.

Definition: The continuum X is said to be indecomposable if and only if it is
not the union of two proper subcontinua. As previously mentioned the solenoid is an

example of an indecomposable continuum.

Theorem 1.4. The continuum X is indecomposable if and only if every proper sub-

continuum of X 1s nowhere dense in X.

Theorem 1.5. If X is an indecomposable continuum and each of C' and D is a

composant of X then either C =D or CND = ().

Theorem 1.6. If the continuum M intersects each of two closed sets H and K then

there is a subcontinuum of M irreducible from H to K.

Definition: A space X is hereditarily indecomposable if every subcontinuum is

indecomposable.

Theorem 1.7. If X and Y are non-degenerate hereditarily indecomposable metric

chainable continua then they are homeomorphic.



Definition: A non-degenerate hereditarily indecomposable chainable continuum
is called a pseudo-arc.

Definition: A chain is a finite collection of open sets G, ..., G, such that G;NG; #
() if and only if i — j| < 1. A member of this chain is called a link.

Definition: A continuum X is chainable provided that for each positive €, there

is a chain in X such that each link has diameter less than e.
Theorem 1.8. The pseudo-arc can be mapped onto any chainable metric continuum.

Definition: Let I be an ordered index set. For each a € I let X, be a topological
space and for each o < B let f? : X3 — X, be a continuous map so that for o < 8 <
we have f7 o fj = fJ. Then {X,, ff}; is called the inverse system of the spaces
{Xa}aer and mappings {f%} o<

Definition. Suppose that {X,, f°} is an inverse system with index set I. Then
the inverse limit space X = lim{X,, 12} is defined as follows.

The element P = {P,}.e; is a point of X provided for each « € I, P, € X, and
for each a < 3, f7(P3) = P,. The set R is a basic open set provided there exists an

i € I and an open set O; in the space X; so that R = {P € X|P, € O;}.

Theorem 1.9. The inverse limit space X; = @{Xa, fPY; is a subspace of the product

space e Xa.

Theorem 1.10. The inverse limit of arcs is chainable.



As mentioned previously the solenoid is usually defined as an inverse limit on a
circle. The solenoid equals liLH{Xi, fi} where i runs over natural numbers, each X is
a circle, and f; wraps the circle X;,; a certain number of times around the circle X;.

Definition: Suppose that X is a topological space. Then the hyperspace of X
denoted by 2% is the space of compact subsets of X. Suppose that U, Us, Us, ...U,
is a finite collection of open sets. Then {K € 2¥|K € U™ U; and for all 1 < i <
n, KN U; # (0} is a basic open set for the topology.

Definition: Let C(X) = {K € 2%| K is a continuum}; C'(X) is called the hyper-

space of subcontinua of X.
Theorem 1.11. C(X) is a closed subset of 2°X.

Definition: Let X be a continuum. A Whitney map is defined as a continuous
function p : C(X) — [0,00) such that u(M) = 0 if and only if the set M in X is a
singleton, and for any A, B € C'(X) such that A C B then p(A) < u(B).

Definition: A Whitney level is a subset of C(X) that is of the form p~!(t), where
p is some Whitney map for C'(X) and ¢t € [0, u(X)].

Definition: A property P is a Whitney property provided that if a continuum X
has the property P so does p~'(t) for each Whitney map p on C(X) and for each
t €0, u(X)].

Considerable work has been done on Whitney properties of metric continua. [9]

Definition: Suppose that X is a Hausdorff space. Then the collection G of subsets

of X is upper semi-continuous means that for each g € G and open set D containing
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g there is an open set D’ containing g so that each member of G intersecting D’ lies
in D.

Definition: Suppose that X is a Hausdorff space and G is an upper semi-
continuous collection so that UG = X. Then X/G is the space whose points are
the elements of G; the set R is a basis element for the topology of X/G if R is a

subset of G so that UR is an open set in X.

Theorem 1.12. If X s a Hausdorff compact space and the diagonal of X x X is a

G — delta set, then X is metric [11].

Theorem 1.13. If there is a continuous function f: X x X — R so that f(x,y) =0

if and only if x =y, and X is compact, then X is metric.
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CHAPTER 2

A NON-METRIC CONTINUUM THAT SUPPORTS A WHITNEY MAP

Theorem 2.1. There exists a non-metric indecomposable continuum that

supports a Whitney map.

Part 1. Definitions. The Lexicographic Arc.

Let I denote the unit interval I = [0, 1] with the usual topology.

Definition. The standard lexicographic arc is the topological space Lx defined
as follows. Lz = [0,1] x [0,1]. If 21 = (p1,q1) and 9 = (p2, q2), then zy <, zy if
and only if p; < py or p; = py and ¢; < ¢o where “<” denotes the standard order on
[0,1]. The space Lx together with the order topology induced by the order “<j,” is
called the lexicographic arc.

Background Theorem 2.1.1. The lexicographic arc is a nonmetric Hausdorff arc.
It is first countable at each point but is not separable and not completely separable.

Let Z denote the subspace of Lz defined by Z = {(p,q) € Lz| ¢ = 0 or ¢ =
13\ {(0,0),(1,1)}. (Note these two points are removed because they turn out to be
isolated points.)

Let us denote the set Zy = {(p,q) € Z| ¢ = 0} as the “bottom” part of Z and
Z1 = {(p,q) € Z| q = 1} as the “top” part of Z. For each t € [0, 1] let ¢y be the

element (¢,0) in Z and similarly let ¢; = (¢,1).
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Background Theorem 2.1.2. Properties of the space Z:

1. Z is a compact separable subspace of Lx.

2. Z is not completely separable (and hence is not metric).

3. If M is a subset of the bottom (or top) of X which is dense with respect to
the usual order topology on [0, 1] then it is dense in Z with respect to the lexicographic
topology.

4. Every point of Z is a limit point of the space.

5. Z is totally disconnected.

6. The collection {[ay, bo]|la < b € R} is a basis for the topology of Z.

Let J C [0, 1] be an interval.

Background Theorem 2.1.3. Let f : J — [0,1] be an order preserving home-
omorphism. Then the function f" defined by f'(¢;) = (f(t),i) = f(t); is an order
preserving homeomorphism on Z. Similarly, if f : [0,1] — [0,1] is an order revers-
ing homeomorphism. Then the function f’ defined by f’(¢;) = f(t)1—; is an order
reversing homeomorphism on Z.

Proof. Let J C [0,1] be an interval and let f be an order preserving homeo-
morphism from J into f(J) C [0, 1] with respect to the usual topology of [0,1]. Let
Joay ={ti € Z|t € J} and let f': Jio1y — Z be defined by f'(t;) = (f(1))s.

(i) f"is one-to-one: Suppose ay # b;, then:

Case 1. a # b; then f(a) # f(b) so f'(ax) = (f(a))r # (f(0))i = f'(bs).
Case 2. a = b; then k # i so (f(a))r # (f(a)); and hence f'(ax) # f'(b;)-

13



(i) f'is onto f(J)j0,13: Given ay € Jyo1) then a € J so there is a point b € f(.J)
such that f(b) = a, so f'(bx) = (f(b)) = ay.
(7i1) f'is order preserving: Assume a; < b;, a,b € R, and k,i € {0,1}.
Case 1. @ # b. Then a < b implies that f(a) < f(b) and then, f'(ax) =
(f(a), k) <z (f(b),i) = ['(a).
Case 2. a = b. Then k = 0 and ¢ = 1; which implies that f'(a;) =
(f(a),0) <z (f(a),1) = (f(b), 1) = f'(bs)-
(tv) f’is continuous: Let U be a basic open set with f'(t;) € U and U = [ay, bo].
Let V = [(f~(a))1, (f71(b))o]. Then V is open in Z, t; € V, and f'(V) C U since f

is order preserving.

This establishes that f’ is an order preserving homeomorphism. Now let us
consider f": Jyo1y — Z defined by f'(t;) = (f(t),1 —14) = (f(t))1-
The proof of one-one and onto is similar to the order preserving case.
(7) f'is order reversing: Let ay < b;.
Case 1. a # b. Then a < b implies that f(a) > f(b) so, f'(ar) = (f(a),1 —
k) >z (f(b),1—1i) = f'(b;)
Case 2. a=0b. Then £k = 0 and ¢« = 1. So we have a;, = a¢ and b; = a;.
Thus, f'(ao) = (f(a),1=0) > (f(a),0) = f'(a).
(73) f' is continuous: Let U be a basic open set with f/(t;) € U and U =

[a1,bo]. Then f(a) < f(t) < f(b) implies that ¢t € [f~1(b), f~'(a)]. Let V =
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[(f71(D)1, (f7%(a))o]- So Visopenin Z, t; € V, and f'(V) C U since f is order

reversing.

Part 2. Definition of f’s. Construction.

For each positive integer n and 1 < i < n define H = [(53)1, (55 )o]. Note that
H' = HyH U HyH.

Claim 2.2.1. For each integer n, { H'}2", is a partition of Z into disjoint clopen
sets and if U is an open set in Z then there exists integers n and ¢ so that H]' C U.

Construction: For each n we wish to find a homeomorphism f" from Z onto Z
by using order preserving maps to map elements of { H"}?", onto each other.

Define ff; : H — H}, for t, € Z with ¢ € [0,1] and & € {0,1}, by f7;(tx) =
(32;711 + ¢ — 51)i. Note by Background Theorem 2.1.3 that f; is an order preserving
homeomorphism.

We define f": Z — Z inductively.

Let f'(t) = fl,(t) for t € HJ; let f'(t) = fy,(t) for t € Hj.

For n > 0 let fm*(t) = f*(t) for t € HP fori > 1 (i.e. t € H'" for i > 2).
Let f"*(t) = ﬂ;}ﬂ(t) for t € H'M let fo4i(t) = ;;}H_l(t) for t € Hyt'. What

this does is interchange H""' and Hy*' before moving them to HJt) and Hph |

but keeps the rest of Z in the same order and preserves the previous assignments
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made at the n'™ level. We have f"t'(Hp*™') = HJH, Y (Hy ™) = HpRL | and
i (ry) = () if e € Z — (HPM U H .
Define F': Z — Z by F(t) = lim,—oo f"(1).
Note:
1. For each n and each point x € Z, the orbit of z under f" intersects every
set in {HI'}?2",.
2. For every point z € Z except 01, zx € HS for some 4. This is true since
2y, € [(3:)1, (3 )o) = HY for some n whenever zj, # 0;. Thus Z = U2 H5 U {0, }.
3. Given ¢ is the least integer such that z, € Hj then F(x;,) = f*(x;). This
is true since f'(zy) = f(xy,) for all j > i so F(xy,) = limg, oo f™(zx) = f*(z1).
4. fI(H]) C fi(HY) for i < j.
5. fi(H) © fioN(HE,
Part 3. F' is a homeomorphism.
Claim 1. F(0;) = 1o:
We have 0, € H{ for every n.
f(H?) = Hy., thus f*(01) = (5:21)1. By the topology on Z,
F(01) = limy—.oo(35:2)1 = 1o. So F(01) = 1.
Claim 2. F' is well-defined:
Given a point z, € Z, x3, # 01, we have x;, € Hj for some i; so F(zy) = f'(zx)
which uniquely defines F'(xy). From above we have 0; mapped only to 1.
Claim 3. F'is one-to-one:

Case 1. Suppose a; and by, such that a; # b, and ay, b, # 0.
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Case 1.1: a # b. Then there exist i, j, m with j7 and m not equal to 1 such that
ar € H} and b, € H}, with j # m. Then F(az) = f'(ax) # f*(bx) = F(bx) because f*
is one-to-one.

Case 1.2: a = b. Then there exist i, j such that 7 # 1 so that ax, b, € H; Then
F(ay) = fi(ax) # f'(by) = F(by) because f! is one-to-one.

Case 2. Suppose a; and b, = 0y such that a; # 0;.

Then there exists an ¢ such that 0, € H{ and a, € H with j # 1. Thus
f(ag) & fi(H}); therefore F(ay) = f'(ag) # 1o = F(01).

Claim 4. F' is onto:

We know that F(0;) = 1p; so we need only show onto for ap # 1p. Since
Moz Hy. = {10}, then given ay # 1 there exists ¢ such that ax € H} and j # 2° (i.c.
not the last partition element.) Since f* is onto there exists H’ and by € H}, with
m # 1 such that f*(H,,) = H} such that a, = f*(bx) = F(bs) since m # 1.

Claim 5. F' is continuous:

Suppose that F(xy) # 1p and U is an open set such that F(zy) € U. There
exists H such that F(zy) € H; C U and j # 2'. Let V = (f*)"'(H}); this set is open
since f! is a homeomorphism and V' # Hi since j # 2°. So,

F((f)7H(H))) = f1((f)1(H])), since j # 27,
)N (H) = Hy c U

If F(zx) = 1p and U is the open set [aj, 1g] then there exists an ¢ such that

H:, C [a1,1o]. Since Hi, C [ay, 1o) we have, f/(H}) C [a1, o).

Claim: F(H}) C laq, 1o).
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Suppose for every point w,, # 0; such that w,, € H} there exists n such that
w,, € HS™ for some n. This implies by construction (see notes 3, 4, and 5) that
F(wn) = f"(wn).

So F(H}™) = f*+(H™) C f+=\(H}) C [{(H) C U.

Hence F(w,,) € U and we know that F'(0;) € U.

Thus F(H{) C U, and F is continuous.

Part 4. Definition of a non-metric continuum S such that .S supports a Whitney
map.

Let X = Z x [0,1].

Let G = {{(1,0), (F(), )} t € Z} U {{(t.")}] r # 0,1},

Let S = X/G.

Observe that G is an upper semi-continuous collection filling up X.

Lemma 2.4.1. Let {zg,x1,...,2,} be points in Z so that F(z;) = x;1 for i =
0,1,..n — 1; then there exists open sets Vg, Vi,...,V, in Z that are pairwise disjoint
and so that F(V;) = V;,; and x; € V; with i = 0,1,...,n.

Proof. Step 1. There exists pairwise disjoint sets Uy, Uy, ..., U,, such that z; € U;
and each U; = [a}",by'], with i = 0,1, ..., n.

Step 2. Let Wy = [F(a7®), F(b3°)] N [a7*, by']; note [F(ai®), F(b5°)] = F(Uy).

So we define:

W1 = F(Uo) N Ul,
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W, =F(W,_1)NU,.
Step 3. Define:
Vi =W,
Vo1 =FY(V,) =FYW,);

Viea = F7H(Viey) = FTHETH(W));

We have:
e The V; ’s are pairwise disjoint since the U; ’s are pairwise disjoint, W; C Uj,
and V; C W,.
e '(V;) = V;41 by construction.
o, €V,
Proof: g € Uy so F(xg) € F(Up);
x1 € Uy so x1 = F(xg) € Uy and so xy € Wy = F(Uy) (N U;.

Likewise x5 € W5 and so on: x; € W, for each i.
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Then we have x, € W,, = V.. So x, .1 = F Yx,) € F7Y(V,) = V,_1; 2,1 €
V,—1; and likewise for all i we have z; € V;. Note that V; C U;; so the elements {V;},

are disjoint. This establishes the lemma.

Part 5. Indecomposablity of S.

Notation:

We have X = Z x [0,1] and S = X/G. Note that the point (z,0) is identified
with the point (F'(z),1),and that the points z € Z are written in the form z = ¢; for
some t € [0,1] and i € {0, 1}.

Let z € Z; for each positive integer n we define an arc A7. Let Aj be the arc
{z} x[0,1] € S. A{ is an arc beginning at (z,1) and ending at (z,0). Let A} be the
arc {z} x [0,1]U{F(2)} x [0,1] C S. Let A2 = {2} x [0,1] U U {F"(2)} x [0,1].
Thus for example A3 is the arc in S beginning at (z,1) and ending at (F?(z),0).

Define A, = (J;2, A7

Theorem 2.5.1. A, is dense and is the union of metric arcs for each z € Z.

Proof. First, since each A7 is just finitely many metric arcs glued together, each
A? is metric.

Assume that A, is not dense for some x € Z. Let y € S be such that y ¢ A,
and y is not a limit point of A,. Thus there exists a basic open set U in the form
U = [z1, 2] x (r, s) such that y € U and no point of A, is in U. Look at the projection
m(U) of U onto Z x {1}. Now since y is not a limit point of A, then m1(U) (A, = 0.

We also know that there exist ¢ and j such that H; x {1} € U which implies that:
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(Hy x {1H)NA: = 0.
This implies that (F~'(H}) x {1}) (A, = 0.

Thus (F~2(H?)) x {1} A, = 0.

(P2 (H1)) x {1 A, = 0.
But then A, ﬂ(Ufz1 H} x 1) = ) which is a contradiction since A, is nonempty

and Uj;l H} = Z. Therefore A, is dense.
a

Similarly define A%, = {z} x [0, 1] UUL {F"(2)} x [0,1] and A, = -, A%,
Then by the same argument we have:

Theorem 2.5.2. A7 is dense and is the union of metric arcs for each z € Z.

Theorem 2.5.3. Every proper subcontinuum of S is a metric arc or a singleton
point.

Proof. Let M be a proper subcontinuum of S.

Let (z,t) € M. [To use our rough terminology: we wish to find points (a,r) and
(b,s) “above” and “below” this point that are not in M. This will show that there
is a metric arc, which will be denoted as L, that is contained in M and then we will
show that L = M ]

Consider the arc {z} x [t,1]. If this arc is not a subset of M then there is a
number r > t so that (z,7) ¢ M. Let (a,r) = (2,r). If {z} x [¢t,1] C M then there

is a first integer n so that A%, ¢ M. Otherwise the dense subset A would be a
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subset of M and this would contradict the fact that M is a proper subcontinuum
of S. Then there is an integer n and points (F~"(z),u) and (F~"(2),r) so that
({z} x[t,1)UAZ,  U{F(2)} x [0,u]) C M and (F"(2),r) = (a,7) ¢ M; and
furthermore since M () ({F~"(z)} x [0, 1]) is closed u has the property that for every
w between u and r there is a w’ so that v < w' < w and (a,w’) ¢ M. We can think
of (a,u) as one endpoint of the arc L that is contained in M.

Similarly, consider the arc {z} x [0, ¢]. If this arc is not a subset of M then there is
anumber s < ¢ so that (z,s) ¢ M. Let (b,s) = (t,s). If {z} x[0,¢] C M then there is
a first integer j so that A3 ¢ M. Thus, as in the above argument there is a first integer
m and points (F"(2),v) and (F"(2), s) so that {2} x[0,¢JUA7, ) U{F™(2)} x[v,1] C
M and (F™(z),s) = (b,s) ¢ M; and furthermore for every w between s and v there
is a w’ so that w < w’ < v and (b,w’) ¢ M. Thus we can think of (b, v) as being the
other endpoint of the metric arc L C M.

Let L be the arc lying in A, U A, with end points (a,u) and (b,v) as defined
above. Note that (roughly) L = A7 |y U{F™(2)} x [v,1]U{z} x [0,1]]U A%, ;) U
{F~™(2)} x [0,u]. (Roughly in the sense that a slight modification is necessary in the
case that n =0 or m = 0.)

We now will show that L = M. Assume not so that there exists (¢, w) such that
(g,w) € M but (q,w) ¢ L.

Note that the projection of L onto Z is the set {F'(z)}"

1=—n"

Case 1. ¢ ¢ {z|(z,y) € L for some y € [0,1]}, i.e. ¢ & {F(2)}™

=—n"

Case 2. q € {z|(x,y) € L for some y € [0,1]}, i.e g € {F(2)} "

i=—n"
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We will now make a tube-like open set in .S such that it will contain L but not
(g, w) and whose boundary misses M (thus getting a contradiction). We say an open
set U is tube-like in S if the projection of U onto Z is a collection of disjoint open
sets {Uy, Uy, ...U;} such that F(U;) = U4y, for ¢ € [1, j].

Case 1: q ¢ {z|(x,y) € L for some y € [0, 1]}.

We know that (a,r) and (b,s) are not in M; thus there exists V, and V}, open
sets in S containing (a,r) and (b, s) respectively, that do not intersect M.

By Lemma 2.4.1 (about the V’s), there exists a clopen set V' C Z containing z
so that Vz = U{F*(V)}™_ does not contain ¢q. Note that V; contains all the points

from {F(z)}™_,. Furthermore, V can be chosen so that F~™(V) x {r} C V, and
F™(V) x {s} C V.

Thus F~™(V) x [0,7) U ( ziil(nfl)(Fi(V) x [0,1])) U F™(V') x (s,1] is an open
set O in S that contains L. Moreover (¢, w) is not in O and, since V is clopen,
Bd(O) C V, UV, and hence Bd(O) does not intersect M. But L C M and L lies in
O and (g, w) is a point in M not in O which contradicts the connectedness of M.

Case 2: q € {z|(x,y) € L for some y € [0, 1]}.

There are two possibilities: ¢ = F™(z) or ¢ = F~"(z). Suppose ¢ = F~"(z);
thus (¢, w) = (a,w). Since (a,u) is an endpoint of L, there exists a number 7’ so that
u <71’ < w so that (a,r") ¢ M.

Then repeat the construction as above but with (a,r’) replacing (a,r) and the

open set V, containing (a,r’) and no point of M. Then the open set O constructed

as above contains L and does not contain (¢, w). And again Bd(O) does not intersect
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M which contradicts the connectedness of M. Therefore (a,w) ¢ M for w > u. If
q = F™(z) then the same argument works by selecting s’ so that w < s’ < v and
(b,s") ¢ M. Thus we have shown that every proper subcontinuum of S is a metric

arc or is a singleton point. Notice that since we showed M = L then the projection

of M onto Z is the set {F(z)}™

i=—n"

All proper subcontinua will have this feature.

Theorem 2.5.4. S is an indecomposable continuum such that each composant is
the union of a countable collection of metric arcs.

Proof. Claim 1. S is a continuum:

We know that, since GG is an upper semicontinous collection filling up the compact
space X, S is compact.

For connectedness we know A, is connected for any = € S; thus A, = S is also
connected.

Claim 2. S is indecomposable:

If S were decomposable then it would be the union of two arcs ( since each proper
subcontinuum is an arc) but S is not the union of two arcs.

Claim 3. Each composant is the union of a countable collection of metric arcs:

Claim: A, = J;= _ A? is the composant of (z,0), x € Z. Recall AZ = {z} X

[0,1] U (U {F™(2)} x [0,1]) and that A, is a countable collection of metric arcs.
Assume A, = |J;2__ A7 is not the composant of (x,0); so there exist a point

(r,w) and a proper subcontinuum B of S such that (z,0), (r,w) € B and B\ A, # 0.

But any proper subcontinuum is an arc and thus we can say B starts at (a,b) and

ends at (FP(a),d), for some p € (—o0,00). If (2,0) is on this arc then x = F"(a)
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for some n which implies that a« = F~"(x). Also F?(a) = F™(z) for some m. Thus
B c U , A7 C A,. This is a contradiction. Thus given any point that is in the
composant of x, that point is in A,, and we know that given any point p € A, there
exist a subcontinuum that contains p and (x,0), namely the arc with p and (z,0) as
the starting and ending points respectively. Therefore A, is the composant of (z,0)
and actually is the composant of any point in A,.

Part 6. Definition of len and continuity.

From Part 5 we have: If I C S is a proper subcontinuum of S then there exists

a finite number of points zq, 29, ..., 2, so that:
I c Ul {z} x]0,1]/G.

Let p denote the usual length of intervals in [0, 1] and let 75 denote the projection
of S onto the second coordinate (loosely defined by ignoring the decomposition part).

Define the “length” of I, len(I), as follows:

len(I) = Z p(ma(I N {z} x [0,1])).

Lemma 2.6.1. len is continuous.

Let M be a proper subcontinuum of S. Let U be an open set in R such that
len(M) € U. Now there exists an € > 0 such that (len(M) — ¢,len(M) +¢€) C U.

M c U A,,. [We assume that the sets A,, are the “vertical” intervals compris-

ing Z x [0, 1] so that for x; we have A,, = {z;} x [0, 1].]
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Thus there exists xg, 1, ..., £, so that M has endpoints (xg, yo) and (x,, yy).
Using the Lemma 2.4.1, we can find V4, ..., V,, such that z; € V;, and V; and V;
are pairwise disjoint for 7 # j.
Let:
Wo=Vo X (yo— 1,4+ §), and
Wy =Vo X (Yn — $:Un + 5)-
Let M’ be the arc that begins at (z¢,y, — §) and ends at (z,,y, + 7). Cover

i
M’ with “balls” of radius {, where “ball” around the point (z;, s) would be the open
set Vi X (s — §,5+4 {). Since M’ is compact, there exists finitely many of these open
sets, say G, ..., Gy, that cover M'. (Note: each G; = V; x (y; — {,y; + §) for some
j and some y;.) Then G = {G1,Go,...,Gp, Wy, W,,} will cover M. R(G) = {K €
C(S)|K intersects each element of G and is a subset of UG} is open in C(5).

Thus, by definition, if N € R(G) and the fact that we know that N is an arc
[previous result], N must start in W, and end in W,,. Thus len(N) € (len(M) —

,len(M) + 5). (Note: this is true since it is at most § longer than M or no shorter

N

than § of M.)

So len(N) € U and hence len(R(G)) C U. So len is continuous.

Part 7. Definition of u, where p is a Whitney map.
Define p : C(S) — R by
ﬂ(I) _ arctangrlen(f))

2

for I # S and p(S) = 1.
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Claim 2.7.1. p is a Whitney map.

Part 1. p is continuous:

Since len and arctan are continuous it suffices to show that p is continuous at
S. Let p(S) = 1€ U where U is an open set in R. There exists an ¢ > 0 such that
(u(S) —€,u(S)) C U. Furthermore there is a number N such that if len(K) > N + ¢
then pu(K) > u(S) — €, where K is a proper subcontinuum of S. Now let K be a
proper subcontinuum so that len(K) > N +e¢. By a previous argument we know that
K is a metric arc beginning at (xg, o) and ending at (x,, y,).

Using the same method as in proof that len is continuous there exists an open
set R(G) in C(S) such that if J € R(G) then len(J) > len(K) — e > N; so then
len(J) > N + € and thus p(J) > p(S) —e.

We will now make a new open set V in C(S). Let V = R(G U {S}). Note V is
open since it is made from a collection of finitely many open sets from S, and S € V.
Then, given any proper subcontinuum M € V, M must intersect each open set from
G which means that len(M) > len(K)—¢e > N. Thus pu(M) > pu(S) — e which implies
that (M) € U. Since u(S) € U then p(V) C U, and thus p is continuous.

Part 2: Given A C B then u(A) < u(B).

If B# S and A C B then len(A) < len(B) which implies that pu(A) < u(B).

If B=Sand A C B then pu(A) <1 = u(B).

Corollary 2.1. The same construction can be done using any irreducible continuum

that supports a Whitney map.
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CHAPTER 3

A HEREDITARILY NON-METRIC CONTINUUM THAT SUPPORTS A WHITNEY MAP

Note that in this paper, by a hereditarily non-metric continuum we mean a

continuum such that every nondegenerate subcontinuum is non-metric.

Theorem 3.1. If for each positive integer i the space X; supports a Whitney map p;

and fi : Xip1 — X;, then X =lUm(X;, f;) supports a Whitney map.

Proof. We will assume that p;(X;) = 1 for all . Let m; be the projection map from
X onto X;. Define a map II; from the hyperspace of X onto the hyperspace of X; by
I;(H) = mj(H), where H is any subcontinuum of X. We first need to show that II;
1s continuous.

Let U be an open set in C'(X;) such that II;(H) € U, where H is a subcontinuum
of X. Now U = R({U;}}_,) where Uj is an open set in X;. Define an open set V; in X
as V; = ﬁ] Thus V; = {z € X| z; € U;}. Define V. C(X) as V = R({V;}}_1). Let
K be a point in C(X) such that K € V; then KNV; # 0 for each j =1 to n. Thus
mi(K) (U # 0 for each j = 1 to n and by the definition of the V]'s, m(K) C Uj_, Uj;.
Therefore m;(K) € U in C(X;); thus II;(K) € U, which implies that II;(V) € U. Thus
II; is continuous.

Define po: X — X; by u(H) =>_°, @ where H is a subcontinuum of X and

H; = mi(H). First it is clear that if K’ € H then u(K) < p(H) since in order for
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K C H there exist an ¢ such that K; C H;; so p;(K;) < p;(H;) and p(K;) < p;(Hj)

for i # 7.

Second we need to show that p is continuous. Let U be an open set in R such
that u(H) € U. There exist an n and an € such that

>, % + ¢l C U and

>, 2 < 5. Note we define [A+ €] =[A—¢ A+ ¢

Since each p; is continuous there exists an open set V; C C'(X;) such that p;(V;) C
[1i(H;) £ £). Also since I1; : C(X) — C(X;) is continuous there exists an open set V;,
containing Hj, such that TI(V;) C V;. Define an open set V ¢ C(X) by V =\, V.
If K € V then II;(K) € V; for each i = 1 to n. Thus j;(K) € [u:(H;) + 5] for each
1 =1 to n. Therefore

iy g < (B = R e = ST M 0 B <

S ) e g s 2 H)i2+ ccyr, w4 cu.

1=

Thus ,u(V) C U so p is continuous and thus a Whitney map. O]

e Definition of breaking and gluing a copy of S at a point on the arc [e, f].
Let Iy = [a,b] and Iy = [c,d] be two metric arcs. Let S be the space of our
example from Chapter 2, and let p,q be two points from S that are in different

composants. Define the decomposition space

D= (LUl US) {{p,b} {q,c}}.

29



Now we define what is meant by breaking an arc at a point and gluing in S.
(For shorthand we will refer to it as breaking and gluing S at a point). Let [e, f] be
an arc and t € [e, f], t # e, f. There exist natural homomorphisms h; : [a,b) — [e, ?)

and hy : (¢, d] — (t, f]. Define a new space

§t= DU (le, I\ ) /{{z, (@)} € [a,0)} Uy, ha(0)}y € (e, d]}}

where z € [a,b) and y € (¢, d]. Note we use this notation loosely since this is not a
decomposition space.

Define the topology T' by open sets on {z,hy(z)}. If x € D, x € I or I5, and
x ¢ {p,q} (thus z is on the arc but not the endpoints where S was glued), then the
basic open sets are the open sets from the normal topology of an arc.

If v € D,z € S,z ¢ {p,q} (thus x is inside the glued copy of S), then use the
relative topology from our example S.

If x = p, or x = ¢ then an open set containing x would be the union of an open
set in S containing p(or ¢) and a half-open interval on either I; (or I3). Observe an
important fact that since p and ¢ are in different composants of S, D is irreducible

from e to f.

Now in the above definition we defined what was meant by breaking and gluing in
a copy of S at a point on an arc. Since our space S is Z x [0, 1] with identifications we

can think of S as having uncountably many disjoint arcs (except for the endpoints),
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namely z x [0,1] for each z € Z. Given a fixed z we can use the above procedure to
break and glue at a point in an arc from S. (Note: there are two different S’s. First,
we start with S and then we take another S to glue into the first one). Thus we can
glue a copy of S into S at a point on the arc z x [0, 1] for some fixed z € Z.

For example, let (1/2¢,1/3) be a point in S. (1/2¢,1/3) is on the arc 1/2 x [0, 1],
so we can use the lemma to break and glue a copy of S at the point (1/2¢,1/3).
Our resulting space would be our example S with one copy of S glued at the point
(1/20,1/3).

In the next theorem we will not just break and glue in one copy of S. We will
want to “break and glue across S”, meaning that for some fixed t € (0,1), we will
break and glue at all points from the collection {(z,t)|z € Z}. Using the previous
example of (1/2,1/3), the term “break and glue across S at (1/2¢,1/3)” would mean
that you would use the lemma and break and glue at each point from the collection
{(2,1/3)|z € Z}. The topology for this space would be locally the product topology
on Z x [0,1] for points not in a new glued copy of S. For points inside a glued
copy we would use the product topology on Z x Z x [0,1]. Note this idea can be
extended if, as we will do in a later step, we glued inside a glued copy; then locally
for the points inside the new glued copy the topology would be the product topology
of Z x Z x Z x[0,1].

Another fact we will use considers the relationship between two spaces made by
using the lemma. Let S35 be the space made by breaking and gluing across S at

(1/20,1/3), and let Sy,4 be the space made by breaking and gluing across S at the
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point (1/29,1/4). Notice that each of these spaces look like our original example S
but with a copy of S glued into each arc z x [0, 1] for all z € Z. Thus it is easy to see
that Sy/3 = S1/4. This is true because of our construction of S and the fact that it is
again really just uncountably many arcs with identifications. Thus for example the
homeomorphism would map the arc z x [0, 1] C Sy/3 onto the arc z x [0,1] C Sy/4 by
mapping z x [0,1/3) onto z x [0,1/4), the copy of S onto the copy of S, and lastly
z x (1/3,1] onto z x (1/4,1]. We will use this fact in the future so that if we have
constructed a Whitney map on S;/3 then we would similarly be able to produce one

on Sy4.

Theorem 3.2. There exist a hereditarily non-metric continuum that supports a Whit-

ney map.

Proof. 1t has already been shown that the inverse limit of spaces { X, }22, will support
a Whitney map if each X, supports a Whitney map.

Using our lemmas and our space S we will construct a system of spaces {S,}22
and maps {f?},<s so that the inverse limit space X supports a Whitney map and is
hereditarily non-metric.

To construct each S, we will take specific points from S,_; and using our lemma
we will break and glue a copy of S at each of those points. We will rely heavily on
the understanding of S. Recall that S = Z x [0, 1],/{(z,0), (F(z),1)|z € Z}. Locally
S is the topological product of an open subset of Z and a metric arc. Any point of

S can be represented as (z,t) where z € Z and t € [0,1]. ( Note: z € Z is actually
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the point zo or x; from Z). If the point p = (z,1) or (z,0) then the representation
of p is not unique since (z,0) = (F(z),1) and (2,1) = (F~!(z),0). For this example
we will insert multiple copies of S in S, to obtain S,.1; thus representing a point

as (z,t) will not be sufficient to identify that point. Denote the point (z,t) € S as

z z
P . The P indicates a point in S and then indicates where in S the

t t

point is, namely (z,1).

Let Sy be a copy of S. Points in Sy will be denoted as Py . Note the
t
subscript indicates which space the point is in.
Let R =1/29 x (0,1) C Sp.
1/2 1/2 1/2
Let < P , Py , Py ,.... ¢ be a countable dense sub-
A e o3
set of R C Sy.
1/2
We will break and glue a copy of S at the point F, . Thus the arc
0
€1

1/2¢ x [0,1] in S would now have a copy of S glued in at the point ¢! € [0,1]. We

want to not only break and glue on the arc 1/2q x [0, 1] but for every arc z x [0, 1]
z

from Sy. Thus at every point F, ,z € Z break and glue a new copy of S. 5

0
€1

will be this new space made by breaking and gluing at all the points mentioned.

We need notation for the points in S7. In S; there are two types of points; points

z
that are in new glued copies of S and points of the form F, for t # Y. ( Note:
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z
the point Fy for any z € Z does not exist in S since these are the points

0
€1

that were “replaced” by a copy of 5).

z
Case 1: Points corresponding to F for t # Y.

t
These points can still be thought of as a point (z,t) for some z € Z,t € [0,1],¢ #

z
); thus let P denote the corresponding point in S that is the point that is

t

on the arc z x [0, 1] at the #* coordinate.

Case 2: Points inside a glued copy of S.

There are uncountably many new glued copies of S in S;. Thus to name a point
inside a glued copy you must indicate which glued copy it is inside and then where
on the glued copy the point is located. To indicate this we will use the same type of
notation but add another pair of coordinates. A point inside the glued copy will be

denoted by

for some z1, 2, € Z. In this notation the first column will tell you which glued copy

Z1

the point is in ( namely the one glued at B ) and the second column tells
0
551

the position of the point on the new glued copy.
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For example:

1/2 1/3;
1
&, 1/4
1/34 1/2¢
would indicate the point P from the glued copy of S at the point Py
1/4 o
z
The topology of S is defined as follows. If p € S; and p is of the form P,
t
z z
for t # Y, then alocal basic element at that point is a set { P | Py € Oy
t t
z
for some open set Oy € Sy not containing F
A
21 <2
For a point of the form P; we will use the open set J from the
0
c , t

definition that described an open set in an arc that did not contain 0 or 1 with a

copy of S glued in at the point ¢! . Thus an open set in S; for a point of the form

21 Z9
P would be U x J where U is an open set in Z. This is topologically
At
1 Z9
an open set containing P, with the product topology.
0
c , t

Note that, like S, S; is indecomposable. Also recall: given any proper subcontin-
uum M C S, M was contained in finitely many arcs joined together ( see explanation

of composants of S). S has a fiber-like structure with each fiber being an arc [0, 1].
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In S; if we think of a fiber now as an arc with a glued copy of S; the composants
and the description of proper subcontinua will be the same as it was for S. Thus any
proper subcontinuum M will be contained in finitely many fibers and hence can only
intersect finitely many of the new glued copies of S.

Now that we have described S; and the points from S; we need to describe the
bonding map f} from S; to Sp. This bonding map will take all the glued copies from
S1 and collapse them down to the point at which they were glued. On all other points

the bonding map will be the identity. In notation this would be represented as

z z
f()l Pl = PO 7t 7é C(l)
t t
21 22 21
fo | P = FR
A, ot &

In order to define this bonding map we needed notation to describe each point
in Sp; in order to describe the Whitney map we will need notation to distinguish
between the uncountably many copies of S that we glued into Sy when we made S;.
The reason this is important goes back again to our example S and what we have
already mentioned about proper subcontinua of S;. A composant in S; is similar
to the composant from Sy = S except with countably many copies of S glued in at

specific points. Observe that if J is a composant of Sy then (f])™(J) is a composant
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of S;. Thus any proper subcontinuum of S; would be contained in what could be
thought of as finitely many fibers joined together where each of these is an arc that
has a copy of S glued into it. Because of this fact about the composants, a proper
subcontinuum M will only intersect finitely many of these new glued copies of S in
S1. ( Note: This fact will hold for any S,. If M is a proper subcontinuum then M
will only intersect finitely many of the glued copies from S;. This will be used heavily
in future levels.)

The easiest way to distinguish between copies of S is to denote the copy by using

the point at which the copy was glued. For instance we glued in a copy of S at the

1/2
point Fy , denote this copy as

0
&1

Notice that the ' will indicate that we are denoting a copy of S, the subscript

1/2
indicates what space the copy is in ( in our case S;), and P, tells at which
8
point from the previous space the copy of S was glued.

) z

Thus S; | Fo for all z € Z would be the collection of all glued
0
€1

copies of S in Sj.
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Next we will define the Whitney map. Let p be the whitney map defined for our
example S. Since S is a copy of S we can define a Whitney map pg for Sy the same
way we defined .

Let M be a proper subcontinuum of Sj.

) z
For each z € Z, let A, = M5, | R . Now since M is a proper
0
€1

subcontinuum, {A,|A, # (0} is finite or empty. (This is true for the previous reasons

stated about the composants and proper subcontinua of Sy). Let {A4;}1, = {A,|A, #

z z
0}. Now S; | Py >~ Sy Therefore each S| | P, will have a Whit-
0 0
1 1

ney map defined the same way as jio. Call this Whitney map . Note: the superscript

z
indicates that the Whitney map is on S} | Fp and the subscript indicates

0
&1

that S; B, >~ Sp. Now since each A; is either a proper subcontinuum of or

0
€1

) z
equal to S} | P for some z € Z, then each A; would have a Whitney value

0
&1

z
for ug. Note that at most two of Als are such that A; = A, # 5] | P ; thus
0
€1

us(A;) # 1 for at most two A’s.

Define p1 : C(S1) — R by

1y (M) = Arctan (len(fg (M) + >0, po(A;)) and

ISIE
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m(S1) = 1.

Since p; is the composition of continuous functions, it is continuous. To see that
the Whitney property is satisfied, notice that given M, N € C(S;) if M C N then
len(fg(M)) + 32720 n(A™) < len(fg(N) + 3202 u(A;Y). Thus m (M) < pu(N).

Now to make S5 we will again want to break and glue at specific points from Sj.
The first step in this process is again to find a countable dense set. This time (and
in infinitely many future steps) we will choose a countable dense set from one of the
new glued copies from the previous space. In Sy our countable dense set came from

the arc {1/2p} x (0,1), we will again look at the arc {1/29} x (0,1) but this time it

1/2¢
be will inside the copy of S glued at the point F . Recall we denoted this
A
, 1/2
copy as S, | Py , and points on this copy would have the form
A
1/20 z
P
At
120 1/2 /20 1/2 120 1/2
Let P1 y P1 3 Pl .
a . a a ., o a .o
, 1/2
be a countable dense set from the arc {1/2¢} x (0,1) on S, | P . Make
0
€

the collection so that none of the ¢}’s are 0 or 1.
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1/2

We want to glue inside S| | Py ( recall this is the copy of S glued at
A
z
By ) and we will repeat the procedure used in making S;. We will break
A
1/2 1/2
and glue at the point P; . In a similar way that we made S;, we
aqa . oa
, 1/29
also want to break and glue all the way across S; | Fo . Thus for every
A
]_/20 z
z € Z we have the point P; . Break and glue at those points. At
0 1
it G

this stage in our construction the arc {1/2p} x [0, 1] from Sy would now look like an
arc with a copy of S glued in and then within that copy there are uncountably many
copies of S glued on each arc z x [0,1] . (Hopefully it is becoming clear why you

need notation to indicate all the points and all the copies of S). We have glued in

1/2¢
uncountably many copies of S into the copy of S glued at Fy . We want to

0
Cq

do the same gluing on all other copies of S from S;, using the same c} € (0,1). Recall

z
a glued copy was denoted as S; | Py . And a point inside was named by
A

21 29 21 %)

P . If we fix z; then ¢ P, |20 € Z,t € [0,1] p would be
0 0
c , t c , t
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/ 1

all the points from S; | Fy . We want to break and glue at all points where
0
€1

t = c}. Thus for a fixed z; we will break and glue at each point from the collection

21 Z9

P |29 € Z ». Repeat this procedure for zy = z, all z € Z .
0 1
G, O

Putting this all together and using the notation, what we have done is break and

glue a copy of S at each point from the collection

21 22
P |Zl,22 €z

Denote this new space as S;. Using the same notation as before, the new

glued copies can be represented by the points at which they were glued. Thus

! Zl 22 . . .
Sy | P |21,22 € Z is the set of all new glued copies of S. Build-
0 1
G 5 G

ing on our previous notation we can denote the three different types of points from

So.
z
Typel: < P, |z € Z,t €]0,1]/&) . These are the points not in any glued
t
copy of S.
21 Z9
Type 2 : ¢ P, |21,20 € Z,t € [0,1]/ci p . These points are in the
0
c , t

copies of S that were glued to make Sj.

21 Z9 z3

Type3d: < P, |21, 22,23 € Z,t € [0,1] p. These are the points
0 1
c , ¢ , t

that lay inside one of the new copies of S from the collection
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, 21 22
SQ Pl |Zl, 2o € A
a ., a
1/2¢ 1/30 1/4 1/4
For example P, would be the point P on
A, 1/ 1/5
1/3 1/3
the copy of S glued at P where P is a point inside the copy of
a a
1/2¢ 1/2 1/3 1/4¢
S glued at B . In notation P, would be the
A a , a , 1/
1/4 ) 1/2 1/30
point P on S, 1
1/5 A, d

The bonding map fZ : Sy — S; will be defined in the same matter as before.

New glued copies of S will collapse down to the point at which they were glued and

2 2
f? will be the identify on all other points. Thus f2 | P, =P (these

t t

are the points not in any glued copy of S, they map to themselves), and

21 <2 21 Z2
| P =P (these are the points in the glued

ALt A, ot
copy at the first level, they map to themselves), and
21 29 23 Z1 )

2| P =P (these are the points inside

0 1 0 1
c , ¢ , t c o, O

the new copy of S, they collapse down to point at which S was glued).
As before if J is a composant of Sy then f7(.J) is a composant of S;, and con-

versely if J is a composant of S; then (f2)~!(J) is a composant of S;. We need
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to define a Whitney map on S;. In the first level, when we defined our Whit-
ney map, given M a proper subcontinuum we intersected M with the new glued
copies of S and then used the sum of these values to define ;. But that was pos-
sible because M intersected only finitely many of the new glued copies. Notice that

given M in Sy, M can intersect uncountably many copies of S from the collection

! Z]‘ Z2 . . . .
Sy | Py |21,22 € Z ( this is the collection of all new copies of S
0 1
G 5 G

glued into S; in order to make a new space Sy). Therefore we can not use these
Whitney values since we can not sum this uncountable amount. By the definition
of f2if M is a proper subcontinuum of Sy then fZ(M) is a proper subcontinuum of

S1. Thus a proper subcontinuum of S5 can only intersect finitely many copies of S

z
from the collection { S | Py |z € Z 5. Thus to define sy we will use the
A
(
) z
intersection of M with the collection ¢ S | Py for all z € Z. To define
A

the Whitney map on Sy let M be a proper subcontinuum. Since at this level the

z z
copies of S were glued inside of S} | Py et A, = MNOS; | P
0 0
1 1

Note that {z|A, # 0} is finite, so let {A;}12, = {A.|A, # 0}. Also note that each A,

is a subcontinuum.

z
Now S, | Py =~ S; (because both are the original S with a copy of S

0

€1

glued onto each arc; thus as previously explained they are homeomorphic.) Therefore
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z

each S, | Py will have a Whitney map defined the same way as u;. Call
0
€1

this Whitney map ui. Note: the superscript indicates that the Whitney map is on

/ Z ’ z .
S| P and the subscript indicates that S} | Fy =~ G,. Now since
& &
) z
each A; is either a proper subcontinuum of or equal to S} | P for some
0
€1

z € Z, then each A; would have a Whitney value for u}. Note that uj(A,) = 1
for all but at most two i = 1,2,....,ny. (Notice we used the homeomorphism only
to show quickly that A, does support a Whitney map. If A, was not homomorphic
to a previously constructed space then we could prove directly that A, supports a
Whitney map by using the same techniques used to prove S; supports a Whitney

map. In future stages we may not have spaces homeomorphic to previous stages.)

Let pg : C(S2) — R be defined by

Arctan(u (ff (M) + 37721 p1(A))

s
2

po(M) =

p2(S2) = 1

Roughly speaking s divides M into different pieces where each piece has a
Whitney map associated with it. Note it is not the same Whitney map for every

piece. For the subcontinuum f2(M) we use the Whitney map p, for each A; we use
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pi. Then we take the sum of the respective Whitney values of each piece and apply
the arctan function and divide by 7 to bound py by 1. Thus we can define z15(S52) = 1
and satisfy the Whitney property. This idea will be used in all future levels to define
the Whitney map; what will change will be the collection that a subcontinuum M
intersects.

To begin the process of defining S3 we again will find a countable dense set from

inside one of the glued copies of S used in making S;. Namely

, /20 1/2 , /20 1/2
Sy | P . Recall pointson S, | P have
A, ad a4 . a

1/20 1/20 z

the form P, for some z € Z,t € [0,1]. Let z = 1/2y and
0 1
c o, ¢ , 1t
thus let
1/2 1/2 1/2 1/2¢ 1/2 1/2
{P2 )y 42 )
& L od & & od &
1/2¢ 1/2 1/2¢
0 ,.“.} be a countable dense set from the arc 1/2y x
A i c
1 ) 1 ) 3
) 1/2 1/2¢
(0,1) on Sy | P,
4 5 oa

We will again break and glue but not using the first element from our count-
able dense set as we have done in previous levels. We need our inverse limit to be
hereditarily non-metric; thus all the points from all the countable dense sets must
eventually end up with a copy of S glued at that point. If we continue gluing at each

level using the first element from the countable dense set obtained at that level it
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will not result in hereditarily nonmetric. We will set up a diagonal system using the
dense sets that are found at each level and a function h from the positive integers
into a diagonal array that will determine which point will be used at which level. For

ease in making our diagonal array, think of the dense sets as {c?, c9,c3...} instead of

1/2, 1/2 1/2
PO ,PO ,P() yeeen ,and
A & o

{ci,ch, ck, ...} instead of

1/20  1/2 /20 1/2 /20 1/2
1 ,Pl ,P1 yaeen ,etc.
4 . oa 4 . o a4 G

Arrange these sets in a diagonal array

0 0 0 0 0

Cl 3 62 9 63 9 C4 3 05 P
1 1 1 1

Cl ) C2 ) C3 ) C4 ) ’
2 2 2

Cl ) 02 ) C3 ) I I
3 3

G, G ) ) )
4

Cl ) ’ ) ’ ’
5

Cl ) 9 ) ) )

We can construct a function h from N into the diagonal array to indicate which
point to choose at which level. We have already completed the first two levels and
thus we know that h(1) = ¥ and h(2) = c}. Let h(3) = 3, h(4) = &2, h(5) = c},

h(6) = 3, etc.
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We know that in order to make S3 we will use the point in S, that corresponds

1/29
to 3. This point is P, . Just as before we will break and glue at this point
&
z
and all points from the collection ¢ P |z € Z ». These points are not in any
0
G2

previous glued copy. This new space is Ss.

Notice that what we have done is glue a new copy of S not inside a previously
glued copy. Recall in Sy a fiber z x [0,1] had the form of an arc with a copy of
S glued in at the point (2,¢}). In Sy a fiber had the form of the arc from S; but
now had uncountably many copies of S glued into the previous glued copy. In S5
a fiber would look like the arc from S, except with a new copy of S glued at the
point (z,¢J). In making S3 we notice that the points from the first countable set are
special in the sense that when h(n) = c? for some n, 7 then we are not gluing inside
any previous glued copy. This is the only time that will happen; if h(n) # c? then we
will always be gluing inside a previous copy . But even in this case the points from
the first countable set are unique in that we will always be gluing inside an S that

was glued at the points from this first dense set. In other words if h(n) # ¢} then

z
the new copies of S will be glued inside Sl/ = for some [, k, z,m,. This

0

Cm

is important because it enables us to define a Whitney map on any S,,. Before we
define p3 we will define the bounding map f3 : S3 — Sy. This will be similar to

previous levels. Define
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3 _ 0 0
fl P3 _P2 7t%clut7é627
t t
3 21 22 21 22 1
| Ps =P, , U # ¢y
0
c , t c , t
3 21 22 z3 21 Z2 z3
fl P3 :P2 ,and
0 1 0 1
c , ¢ , t c , ¢ , t
3 21 Z9 21
f1 P3 :PQ
0 0
c o, t G2

On the first three types of points f is the identity and then on the last type f
collapses the glued copy of S onto the point at which it was glued.

Let M be a proper subcontinuum. As before we will think of M in pieces. The

z

first will be f3(M). But notice at this level we did not glue inside S| | P, as

0
€1

we did in the previous level; thus the way we define A, must change. For each z € Z,

z
let A, =MNS;| P . Again each A, is a subcontinuum and {z|A, # 0}
&
is finite. Let {A;}12, = {A.|A, # 0}.
z

S | P |z € Z | = S, thus there exist a Whitney map on the space,
0

G2
call it p3. As stated when defining ps, if A, is not homeomorphic to a previous space
then we can show directly that A, will support a Whitney map by using the same

techniques.

Define 3 : C(S;) — R by
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Arctan(pa(f3(M)) + D072 wa(As))

E ,and
2

MS(M) =

p3(S3) = 1.

To begin on the fourth level we again choose a countable dense set from the arc

, 1/2g
1/29 x (0,1) in S5 | P . Recall this is a copy of S glued in the previous
&
level. Let
/20 1/2 /20 1/2 /20 1/2
3 ) P3 ) P3 )
, 1/2
be a countable dense set from the arc 1/25 x (0,1) in S5 | P
0
€2

Since h(4) = ¢ we will break and glue at the corresponding point which is

120 1/20  1/2
P . Remember this point is inside a copy of S glued
o ch c?
1 ) 1 ’ 1

inside another copy of S. We want to break and glue “across” Ss, so break and glue

<1 <2 <3
at each point from the collection ¢ P3 |21, 22,23 € Z p. This
0 1 2
G, G 5, G
new space will be Sj.
/ <1 <2 <3 . . .
Sy | Ps |21, 29,23 € Z is the collection of all copies of
0 1 2
i s G 5 G

S glued into the space S3 in order to make a new space Sy.

Define fi : Sy — S3 as the identity on all points except those of the form
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21 22 z3 24
Py
0 1 2
c , ¢ , ¢ , t

For these points define f3 by

4 21 22 z3 24 21 22 z3
f3 P4 = Pg

0 1 2 0 1 2

c , ¢ , ¢ , t c , ¢ ,

We want to define the Whitney map at this level. Let M be a proper subcontin-

z
uum. In Sy the new copies were again glued inside of S| | Py
A
) z
Therefore for each z € Z, let A, = MNS, | Po , and {A; 11, =
A
) z
{A,|A, # 0}. At this level S| | Py > Sy. There exist a Whitney map
A
) z
ps on Sy | By that is defined in the same manner as po. Again if it was
0
€1

not homoeomorphic to a copy we could have proved directly that A, will support a
Whitney map.

Then define p4 by

M(M):Arctan(us(fg‘*(M)) 2oity Ha(Ai))

™
2
and

pa(Sy) = 1.
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In each of the previous four cases we used the fact that A, was homeomorphic
to a previous S; in order to show that there was a Whitney map on A,. In some
future levels it is the case that A, will not be homeomorphic to any previously made
space. As previously mentioned this will not be a problem though because we do not
need A, to be homeomorphic to a previous copy we just need to know that A, has
a Whitney map. If A, is not homeomorphic to a previous copy then it is necessary
to determine directly that it has Whitney map. This can be done by using the same
techniques that were used to show Si, ..., Sy have Whitney maps.

For example when n = 8, A, is not homeomorphic to any previous copy. A,

though is homeomorphic to a space call it S3 @ 1, that is S3 with copies of S glued in

1/20 zZ

at each point from the collection P, ,2 € Z. We will want to show
0 1
G 5 G

that a Whitney map can be constructed on this space. First we need to show that a

simpler space has a Whitney map. Take S; and break and glue at each point from

z
the collection F, ,2 € Z. Thus each fiber would now have two copies of S
0

)
glued into it. Call this new space S; @ 1. (Note we have clearly glued uncountably
many copies of S not just one, but the &1 indicates we have we have done one more
step and glued at just one more collection of points.) Now there exists a bonding map
g:S51®1— 5 defined as the identity except on the new copies of S and those will
collapse down to the point at which they were glued. If M is a proper subcontinuum

of S; @ 1 then A, will be homeomorphic to S. Thus A, will have a Whitney map,

namely pg. There are only finitely many A, say A; to A,. Thus define the Whitney
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map using out technique on S; & 1 as u(M)s,e1 = pus, (9(M)) + >0 (10(A;)). This
can be shown to be a Whitney map by the previous methods. Now the next step is to
prove that S3 @ 1 has a Whitney map. There exists a bonding map g : S3 ® 1 — Ss.
g will be the identity on all points except the new glued copies which will collapse

down to the point at which they were glued. If M is a proper subcontinuum of S3& 1

z
then A, will be M intersected with < S} | Py for every z € Z. Only

P
finitely many of these will be non-empty. Denotelthose as A; to A,,. Now A, is
homomorphic to S; & 1 which was just shown to have a Whitney map . Thus A, will
have a Whitney map. Let p o, denote the Whitney map on A.. Define a Whitney
map fs,e1 as fiser (M) = ps(g(M)) + D07 (s, 01 (4s)).

Now the same procedure can be used to show that no matter what the structure
of A,, it will have a Whitney map. This fact is what is needed to construct a Whitney
map on S, any n. For example, when n = 9, then a typical A, will be homeomorphic
to (S3@® 1) @ 1. Since we know that S5 @ 1 has a Whitney map then it can be proven
that (S5 @ 1) @ 1 has a Whitney map, regardless of where the copies of S are glued.
When n = 10, A, is homeomorphic to S, thus we know it has a Whitney map.

Define S,, inductively assuming that we have defined S,,_;. At the nth level first
define a countable dense subset from the 1/25 x (0,1) arc in the copy of S glued in
the previous level. As before we want to make a new space by breaking and gluing
in copies of S. There are 2 cases that can occur at the nth level.

Case 1. h(n) = ¥, for some m. Thus we will beak and glue at
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P, |z € Z }. Note these points are not in any previously glued copy

SO

of S.

The map f)_, : S, — S,—1 will be defined as in previous levels. It will be the
identify on all points except those points from the new glued copies and those will
collapse down to the point at which the copy was glued.

In this case to define the Whitney map let M be a proper subcontinuum of

Sp. Since we have not glued inside any previous copy, for each z € Z let A, =

z
MNAOS, | Py ; A, is a subcontinuum and {z|A, # (0} is finite, so let

0

Cm

z
Note that S, | P._; = S so the corresponding Whitney map on
Cm
) z
S, | P will be labeled f.
0
Cm

Let p, : C(S,) — R be defined by

(1) = Aretan( (£, (M) + L, 1(40)

vl

and
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Case 2: h(n) = ¢/, some j # 0. Break and glue at the points

Note that these points are in a previously glued copy of S that was made by break-
z

ing and gluing at a point from the first countable dense set, namely Ph—l(cg)

0
Ck

for some k.

The bonding map will be as in Case 1.

To define the Whitney map we previously noted that at this level the new copies

z

of S are glued inside a previous copy. Call this copy S;L_l(co) P10 for
k
h
! Z y
some k. Let A, = MﬂSh_l(cg) P10y , and {A;}_, = {A.|A4, # 0}.

0
Ck

Now we have two cases for A,, either A, is homomorphic to some previous space

z
(example n = 4) or it is not ( example n = 8). If Sh—l(cg) P10y = S for
et

) z

some [, then the Whitney map on S, _, () Ph—l(cg) will be defined in the
k
0
Cr

same manner as j; and so will be named u?_l(cg). Let p, : C(S,) — R be defined

by

I(CO

n)

_ Arctan(pn,_1 (fi_ (M) + 31, N?_

fin (M)
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and

tn(Sn) = 1.

If A, is not homeomorphic to any previous 5;, A, can be shown to have a
Whitney map using the same techniques that proved 5; has a Whitney map. Denote

that Whitney map by p" (). Let p, : C(S,) — R be defined by

Arctan(pun—1(f2_,(M)) + Zl L (A)))

us
2

MH(M) =

and

pn(Sn) = 1.

Let X = @{Sn, f} To show the inverse limit space X is hereditarily non-metric,
let M be a nondegenerate proper subcontinuum of X. There exist a,b € M such that
a # b. By the nature of our inverse limit space and the fact that M is a continuum,

we can find an n and an r and points a,,b. € wg, (M), such that a. # b, and

Z1 Zp

!
ap, b, €S | P,_1 . Furthermore a,, b, are such that
0 .
A s ...,
21 Zr Za,
ar = Pr and
0 .
Cm Ci; ) tar
21 Zr Zb,
br =P, , where z,, = 2, , and t,. <ty .
0 ‘
Cn Ci; ’ tbr
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By the way we chose our countable dense sets at each level there exists a c;, such

that t,, <c,, <t,. Since M is connected there exists an x € M such that

21 2 Za,
r=P,
Cn o - G o Cu
Now at some level, call it p, h(p) = c%; a copy of S was glued at x, namely
) 2 2y Za,
S, | Pr ' . Thus in S, m,(M) must contain a point
0 C‘j v
Cop s - - . Cp o, Cy

from this copy of S. But it also contains a,, and b, which, because of the irreducibility
of the continua at each level, lies on either side of this copy of S; thus the whole copy
of S must be in 7m,(M) . Therefore m,(M) is non-metric and so M must also be

non-metric. O
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CHAPTER 4
A HEREDITARILY INDECOMPOSABLE NON-METRIC CONTINUUM THAT SUPPORTS A

WHITNEY MAP

Theorem 4.1. There exist a hereditarily indecomposable non-metric continuum that

supports a Whitney map.

Proof. Tt has already been shown that the inverse limit of spaces { X, }32, will support
a Whitney map if each X, supports a Whitney map.

Using the space S from the example we will construct a system of spaces {5, }32,
and maps {f7},<5 so that the inverse limit space supports a Whitney map and is
hereditarily indecomposable.

Let S be as in the example and g the Whitney map on S. Let Sy = S and
Ho = M-

Recall that in our example Aj = z x [0,1], A] = 2 x [0,1]J F(2) x [0, 1], A5 =
2 x [0,1]U F(z) x [0,1] F?(2) x [0, 1], etc.

Let Ps stand for the pseudo-arc.

First recall that given any chainable continuum, then the pseudo-arc can be
mapped onto that continuum. In order to make S; for each z € Z, replace each Af in
Sp with a pseudo-arc in such a way that two “endpoints” a and b of the pseudo-arc
map to (z,0) and (z,1) respectively . Another way of thinking of this is that S; is Z

cross Ps with identifications.
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To define the bonding map fg, first define a function g : Ps — [0, 1] such that
g is continuous and g(a) = 0,¢(b) = 1. A point in S; can be thought of as a point
on the pseudo-arc that is associated with a specific z € Z. Thus the point (z,z)
would represent the point x on the pseudo-arc associated with z. For ease of notation
denote the pseudo-arc associated with z as Ps(z).

Define fi(z,7) = (2, g(z)). To show this is continuous let U X V' be an open set
in Sy such that fi(z,2) € U x V. U is an open set in Z. Since g is continuous and V'
is an open set in Ps there exist an open set B such that z € B and g(B) C V. Now
U x B is an open set in S; and by the definition of U x B, f3(U x B) C U x V. Thus
fa is continuous.

To define the Whitney map, let M be a subcontinuum in S;. First note that
M is contained in the union of finitely many pseudo-arcs joined end to end, say
{Ps(z;)},. Define M Ps(z;) = M,;. Let p, be the Whitney map defined on the
pseudo-arc.

Define iy : C(S;) — R by

(M) = Arctan (25:1 (M)

2

and

pa(S1) = 1.
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This is continuous and satisfies the Whitney property since if N C M then there
exist a z; such that N; = N[ Ps(z) € M\ Ps(z) = M; which would mean that
fp(Ni) < pp(M;). So then py (N) < pa(M).

For Sy, for every z € Hy (recall: H = [(3)1, 1¢] is the second half of Z), replace

2
A% C Sy with Ps. This can be represented as Hy x Ps with identifications. We think
of these pseudo-arcs as twice as long as the pseudo-arcs from S;.

Before we define the bonding map we will define a function from a single pseudo-
arc onto two pseudo-arcs glued end to end. Let Ps be a pseudo-arc with endpoints e
and f. Let P’ = Ps'|J Ps?, where Ps' has endpoints a and b and Ps* has endpoints
b and c. P’ is two pseudo-arcs joined end to end. There exists a continuous function
g2 : Ps — P’ such that gy(e) = a, go(f) = ¢, the points between e and g, *(b), which
we will call the bottom half of Ps, will all map to Ps', and the points between g, 1(b)
and f, which we will call the top half of Ps, will all map to Ps?. Thus this g, can be
thought of as having two parts. The first part would tell which of the 2 pseudo arcs a
point will map to and then the second part would tell exactly where on that pseudo
arc the point maps. Define h : Ps — {1,2} by h(z) = 1 if go maps x somewhere onto
the Ps', h(z) = 2 if g, maps x somewhere onto Ps®. Note: if go(x) = b then h(z)
could be thought of as 1 or 2 since the point b is in both Ps! and Ps?.

Define f2(z,2) = (2, g2()) if h(z) = 1 and f2(z,2) = (F(2), g2(2)) if h(z) = 2,
where F' is the function used for identifications in S. Roughly speaking, instead
of thinking of Sy as Z x Ps, think of Sy as {z X Ps}.cpyi U{F(2) X Ps}.cq with

identifications. In S;, Ps(z) could be thought of as Ps' and Ps(F(z)) could be
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thought of as Ps?. Recall because of the identifications they are joined at a point.
Then f? would take Ps(z) (recall this is the pseudo-arc in Sy associated with the
point z) onto Ps(z)|J Ps(F(z)) for each 2 € HJ.

To show continuity, let f2(z,z2) € U x V, where U x V is an open set in Sj.

Case 1: h(x) =1 and g(z) # b.

That means that fZ(z,z) = (z, g2(z)); thus the point (z, ) is on the bottom half
of the Ps(z) in S;. Now there exists a U’ x V' C Sy such that U’ x V! C U x V,
S%(z,x) € U x V', U’ C Hj, and V' is contained in Ps(z). Since gy is continuous
and V' is an open set in Ps' there exists an open set B such that g(B) C V'. U’ x B
is an open set in Sy, and (z,2) € U’ x B.

Claim : f3(U' x B)cU x V.

Recall that, since go has two parts, g(B) C V' means that all points in B must
map to the same pseudo arc as x does. So either they all map to Ps! or they all
map to Ps?; in Case 1 since h(z) = 1, they will all map to Ps! which is actually
Ps(z). So given any (2/,2') € U’ x B, since 2/ € B, then h(z') = 1 which will
imply that fZ(z',2") = (/,g2(2')). We know that 2’ € U’ C U and we know that
ga(2') € go(B) C V' C V; thus (2, go(2') € U x V. Therefore f7 is continuous.

Case 2. h(x) =2 and go(x) # b.

A similar argument using a V' such that V' C Ps(F(z)) can be used to show
that fZ is continuous in this case.

Case 3. ga(x) = b.
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If go(x) = b then that point could be thought of as belonging to Case 1 or Case
2; either way it will be continuous at that point since the two pseudo-arcs are glued
together at that point and g, is continuous at each preimage of that point.

Let M be a subcontinuum of Sy. We will define ps in a similar manner as ;.
First M is contained in finitely many pseudo-arcs joined end to end, say {Ps(z;)}™;.
Define M () Ps(z;) = M,.

Define po : C(S3) — R by

(M) = Arctan (25:1 (M)

2

and

p2(S2) = 1.

This is continuous and by the previous argument used to show p; satisfied the
Whitney property, ps can be shown to satisfy the Whitney property.

For S3 replace A with pseudo-arc for each z € HZ (the last quarter of Z). Thus
similarly S3 = H2 x Ps with identifications where these pseudo-arcs can be thought
of as twice as long as those from S, and four times as long as those from 5.

Now the bonding map will be the same as the bonding map that went from S; to
S1. We once again can think of it as mapping one pseudo-arc onto two pseudo-arcs,
if we think of Sy as {z x Ps},eyz U{F?(2) X Ps}.cyz with identifications, instead of

{# X Ps}.cqyy with identifications. So in this case we will map Ps(z) in S3, where
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z € H?, onto the Ps(z) and Ps(F?(z)) in Sy, where 2 € Hj. Thus by the same
argument f3 will be continuous.

The Whitney map on S3 will be defined as it was for S; and S5.

For S, replace A3, ; in Sy with a pseudo-arc for each z € Hy: ', As before then
S, = Hy ' x Ps with identifications. The bonding map and the Whitney map will be
defined similarly as above. Let X = @{Sn, f}

We now have a non-metric inverse limit X that supports a Whitney map. We
need to show that X is hereditarily indecomposable. To show the inverse limit space
is hereditarily indecomposable, suppose that M is a nondegenerate decomposable
subcontinuum, M = M; U Ms. There exist a,b € M, such that a € M; — M;,and
b € My — M;. By the nature of our inverse limit space and the fact that M is a
continuum, we can find an r such that a,., b, € wg, (M), a, # b, and both a,, b, € Ps(z)
for some z; thus there exists an irreducible continuum in the form of a pseudo-arc
between a, and b, that is contained in this Ps(z). Since M is a subcontinuum, this
pseudo-arc associated with a, and b, must be contained in g, (M) which would imply

that M is indecomposable. O
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CHAPTER 5

PROPERTY + WHITNEY MAP = METRIC

Theorem 5.1. If the cone over the compact space X supports a Whitney map then

X 1is metric.

Proof. Define Cone(X) = (X x [0,1]) /(X x {1}). Let p be a Whitney map on
Cone(X). Define F(z,y) : XxX — Rby F(z,y) = pu(x,t Ut,y)—min{u(z,t), u(y,t)}
where x,¢ represents the arc {(x,a)la € [0,1]} from z x {0} to the top point ¢ =
X x{1}.

We will show that each part of F' is continuous; thus F' is continuous. Then we
will use the fact that if F' is a continuous function from X x X into R such that
F(z,y) =0 if and only if z = y, then X is metric.

Let f(z,y) = p(x, t Ut y). Let (z,y) € X x X and let U be an open set in R
such that f(z,y) € U. Since z,tUt,y is a continuum and g is continuous there exists
a basic open set V in C'(Cone(X)) such that x,tUt,y € V and (V) C U. Now there
exist open sets in Cone(X), Vi, Vs, ..., V,, so that V = R({V;}},) which implies that

xz,t Uty C Ur, Vi C Cone(X).

For each point (z,a) in x,¢, (x,a) € V; for some i. Therefore we can find a basic
open set in the cross product space of X x [0, 1], namely WZ x (c,,d,) C V;, such

that (z,a) € WF x (cq, dy).
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Now 2,8 C U,eo (Wi % (ca,da)). Since z,t is compact there exist a finite
subcover so that

x,t CUL (WS X (Cayrda;)) C ULy Vi € Cone(X).

Then consider ();2, (W7 ). It is open and nonempty and for any z € W7 the arc
zt Ui Vi

Doing the same procedure for the arc y, ¢ will yield y,t C Ule(W,f/ X (Ca;yda;)) C
UL, Vi C Cone(X) so that for any r € (,_,(W}) the arc . C U}, Vi.

Let V = (N (W) x ( le(Wbyz)), this is open in X x X.

Claim: If (r,s) € V then f(r,s) € U.

Proof. If (r,s) € V then 7,1 C Ui, Vi and s, t C |J;, Vi, which implies that
rtlJs,t C U?:l V; and it must intersect each V; from the construction of the W;.
Thus the subcontinuum (r, ¢ J s, ) is a point in V- C C(Cone(X)); therefore f(r,s) =
p(ritUs,t) e U.

Now to show that the minimum is continuous define f(x,y) = min{u(z,t), u(y,t)}.

Case 1. Assume that u(z,t) < u(y,t).

Given f(z,y) € U, open, there exist € > 0 such that [f(x,y) £ ¢ C U, where
[f(z,y) e = [f(z,y) =€ f(x,y) +€]. Let 6 = min{], M} By the continuity
of p there exist a

V., open in C'(ConeX), such that z,t € V,, C C(Cone(X)) and u(V;) C [u(z,t)+

and

V, such that y,t € V, C C(X) and u(V,) C [u(y,t) £ 4].
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Since z,t € V, and V, = R({V;}",) we can do the same construction as before
and get open sets such that x,t C (J";(W? X (cq,,da,)) C Uj_, Vi C Cone(X).

Let V € X x X be defined as

V = (O (W) % (N, (W2)). Now if (r,5) € 7 then (r7) € [u(,) + 6] and
pu(s,t) € [u(y,t) £ 4.

Therefore min{p((77), p(5,8)} = u(rF) € [T 7) 2] C [f(,y) =€ C U. Thus
F(V)cU.

Case 2.(z7) = (5, 7).

Same proof except let § = £ so that if r, 7 € V, then u(r,t) € [f(z,y) ££], and if
SE €V, then u(5,7) € [f(z,y)5]. Therefore min{u(r,8), u(5,0)} € [f(z,9)+5] C U,
regardless of which arc is the minimum. So that f (‘7) C U and thus f is continuous.

So we have shown that F(z,y) is a difference of two continuous functions and
thus is continuous. We will now show that F(z,y) =0< z =y.

Assume that F(z,y) = 0. Then p(x,t Uy, t) = min{p(z,t), u(y,t}, but z,t C
(z,t Uy, t) so by definition of a Whitney map u(z,t) < u(r,t Uy,t). Thus z,t =
(z,t Uy, t) which implies that = = y.

Assume that © = y. Then z,t Uy, t = z,t = y,t so pu(z,t) = p(x,t Uy, t) which
implies that F'(z,y) = 0.

Therefore X is metric. O

The next proof is a generalize of Theorem 5.1
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Theorem 5.2. Given X is contractible let ¢ : X x [0,1] — R be the contraction
map, where ¢(x,1) = p for any x. Let Tp = {P(x,t)|t € [0,1]}. If Tp = yp if and

only if x =y and X supports a Whitney map, then X is metric.

Proof. Let ¢ : X x [0,1] — X be the contraction map, where ¢(x,1) = p for any z.
Let 7p = {¢(x,t)|t € [0,1]}. This will be a subcontinuum of X.

Define G2 X x X — R by G(z,y) = p(mpU7p) — min{u(zp), n(7)}.

We will show that each part of GG is continuous and thus G is continuous. We
will then use the fact that if you have a continuous function G from X x X into R
such that G(z,y) = 0 if and only if x = y then, X is metric.

Define F: X x X — R by F(z,y) = n(ZpJyp)-

Let (z,y) € X x X and let U be an open set in R with F(x,y) € U. By the
continuity of u there exists a basic open set V’ in C'(X) such that (zp|Jyp) € V' and
uw(V'y c U. Now V' = R({V;}~,) where each V; is an open set in X. First make
this collection such that for each ¢ there exists a z € (zp|Jyp) such that z € V; and
z ¢ V; for every j # i. There exist subcollections {V;*}7, and {V/}|_; of {Vi}i,
such that <{ij =1 U{ka}fkﬂ) ={Vi}ie, @ C{V}"}jL,, and gp C Vil

For each z = ¢(z,t) € Tp there exists a j such that z € V;* and by the continuity
of ¢ there exists a basic open set Wy = U; X (¢, d;) C X x [0, 1] such that (z,t) € W,
and ¢(W;) C V.

Usejo.1) We covers x x [0, 1] thus there exists a finite subcover {W;, };_, that covers
x x [0,1]. Furthermore the subcover can be chosen to satisfy the condition that for

each V¥ there exists Wy, such that ¢(W;,) C V¥. (If this condition is not satisfied
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then just add to the collection a finite number of the W;’s so that the needed property
is satisfied.)

Let A = _, (W), where 7, (W;,) is the projection of W}, onto the space X.
Ais open in X and if z € A then

1. Given any ¢ there exists r such that (z,¢) € W;, which implies that ¢(z,t) € V"
for some j. Thus zp C JJ_, V}".

2. Since we added in the extra condition on the W}, ’s, given any V" there exists
Wi, such that ¢(W;,) C V¥, which implies that Zp intersects each V}* for j =1 to m.

Therefore, using the above two facts, zp € R({V"}}L,).

Repeating the same procedure using yp we obtain an open set B = ﬂZ=1 7.(0y)
such that if z € B then Zp is contained in Ui;:l VY and intersects each V), k =1 to [.

Now A x B is an open set in X x X. If (a,b) € A x B then ap|Jbp intersects
each V; since @p intersects each member of the collection {V*}7., and bp intersects
each {V}/}},_; and ({V;I i1 U{ka}izl) ={Vi}iL1.

Also apUbp € UL, Vi. Therefore apJbp € V' thus p(@p|Jbp) € U which
implies that F' is continuous.

Now it can be shown that if F(z,y) = min{u(zp), u(yp)}, then F is continuous.
Thus G is continuous.

We just need to show that G(x,y) = 0 if and only if x = y. If x = y then Tp =
zp|Jyp which implies that min{u(@p, p(yp)} = u(xp) = p(@pUwp), so G(z,y) = 0.

If G(z,y) = 0 then pw(@pJyp) = min{w(@p), u(yp)}. We know that zp = yp if

and only if z = y thus u(zpJyp) = w(zp) only if x = y.
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Therefore X is metric. O

Theorem 5.3. Given X is contractible, let ¢ : X x [0,1] — X be the contraction
map, where ¢(x,1) = p for any x. Let Tp = {¢(x,t)|t € [0,1]}. If X supports a
Whitney map and if Q is a compact subset of X such that Tp = yp if and only if

xr =1y for every x and y in QQ, then Q) is metric.

Theorem 5.4. Let S be the example from Chapter 2. C(S) is contractible, and

furthermore that contraction satisfies that conditions of Theorem 5.2.

Proof. Before we begin, a lemma will be useful.

Lemma 5.1. Let V' be an open set in C(S). Let M be a proper subcontinuum of S
that starts at the endpoint (a,t) and ends at the point (b, s), such that M € V. There
exists an open set 1% lying in V' and associated € > 0 so that

1.

V =R{V.,,V},V}}).

The union of V. V;/, VI (the open sets that make up V) is a tube-like set in S (recall
definition of tube-like in S from Chapter 2)

2. MeV

3. Suppose (ay,ty) and (by,sny) are endpoints of a subcontinuum N. Let
(an,tn) be the starting point and (by,sy) be the ending point. If N € V then

|t —tn| < € and |s — sy| <€, for some € > 0.

68



Proof. Let M be a proper subcontinuum. M is a metric arc with endpoints (a,t) and
(b, s). Let (z,y) be the midpoint of the proper subcontinuum M. Let F~"(x) = a,
Fi(z) =b, and F°(z) = z. Then

M = (F() % [0,6) U (F @) < [0,1) U - - . . . U (F(x) x [0,1)) U
({z} > [0,1) U (F(x) x [0,1) U. -+ - U (F7(x) x [s,1]).

V = R({Vip}ix,). Let {mz(Vx)}7, be the projection onto Z of {V;},. For each
ie{-n,...—1,0,1,..5} let {Vi}res, Ji € {1,2,..m}, be the collection of V/'s such
that F*(x) € 7(Vi). Let W; = (. Vi for each i € {—n,... —1,0,1,...5}. Note W; is
an open set in Z, and F'(x) € W,. Using the methods from the proof of lemma 4.1
in Chapter 2, the W/s can be refined into Us so that

1. U; is open,

2. Fi(z) € U,

3. F(U;) = U for each i € {—n,...—1,0,1,...5}, and

4. {U;}__, are pairwise disjoint.

We will use these open sets in Z to create open sets in .S. We will also need open
sets in [0, 1]. The endpoint (a,t) is in at most m open sets from {Vj}7* ;. Thus there
exists an €, such that if (a,t) € Vi then (a,t+¢,) € Vi and (a,t —¢,) € Vj. Likewise
there exists an ¢, such that if (b,s) € Vi then (b,s +¢) € Vi and (b,s — €,) € V.
Let € = min{e,, €}. Define V) = U_, x (t —e,t +¢), and V/ = U; X (s — €, 5 + ¢€).
Note V] and V} are open sets in S and are contained in any Vj, that contained (a,t)
and (b, s) respectively. Let V! = (U_,, x [0, = %)) U (U_ps1 x [0, 1)) U . . . . . U

(Uj—1 x[0,1]) U (U; x [s,545)). Note that V is tube-like in S. Thus by construction
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ULV, V), V!} is tube-like in S. Define

V =R{V.,V},V]}).

Given N is a proper subcontinuum of S if N € V then N must begin in V; and
end in V). Let (ay,ty) and (by, sy) be the endpoints of N; then |t — ty| < € and

|s — sy| < €. Also, by the construction of V, N € V. Therefore V lies in V. O

Before we begin,we need some notation.

1. If N is a proper subcontinuum of S then N + « is the arc in S made by
extending N by § in each direction. Thus len(N + a) = len(N) + a.

2. If ay is an endpoint of N then ay + ¢, € < 1, is the endpoint on the new
arc N 4 2¢. Given ay = (z,t) then ay + € would be the point (z,t + €) or (z,t — ¢)
depending on which direction we want to go. Note, if ¢ is within € of 0 or 1 then a
slight modification must be made. If ¢ is within € of 1 then ay + € , the new point,
would be (F~!(x),t+e—1). If t is within € of 0 then ay — e would be (F(z),t—e+1).

3. Let (a,b) and (c,d) be two points in S. “(a,b) is within € of (¢, d)” will mean

|b—d| <e.
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Now we need to define the contraction map f : [0,1] x C(S) — C(S). Let

(

M if § < p(M),

M" if § > p(M), where M’ has the same midpoint as M
f(6, M) = and p(M') = 6,

S if § =1,

S HM=5

\

Notice that M’ is uniquely defined by the nature of S since if M’ = M + ¢ where
w(M') =4 then 6 = %ZE"M,)

We wish to prove that f is continuous. Let V € C(S) be an open set such that
f(6,M) € V. Let M be a proper subcontinuum and § € [0,1); then we have three
cases:

L. u(M) > 9,

2. u(M) =6, and

3. u(M) < 6.

Case 1. u(M) > 6.

If w(M) > § then f(5, M) = M. Let V € C(S) be an open set such that
f(6,M) = M € V. Using the lemma we can find a tube-like refinement V with
associated e containing M so that V is tube-like in S, V = RV, V), V), and the

associated € is small enough so that if N € V then

|0 — u(M)]
2

w(N) > 6+ > 4.
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Let W = (6 — L=l g5 o BonQDly o 7 1f (j, N) € W then j is within P800 of
0. IfNEXN/then,u( )>5—|—|5 pM)| 5 0=eOD] “( ) > j. So, for any (j,N) € W,
f(4, N) = N. We already know N € V which is contained in V. Therefore f(4,N) €
V. Thus f is continuous if u(M) > 6.

Case 2. u(M) =56

Let f(0, M) € V where V' is an open set in C(S). We can again refine V' into a
tube-like V with associated €, such that M € V. Also we can choose € small enough
so that M 4+ 2¢ € V and if N € V then the endpoints of N are within 5 of the
endpoints of M. (Recall: “within €’ and M + 2¢ are defined in the notation section
at the beginning of this proof).

Let N € V. If N’ is the subcontinuum made by increasing N equidistance at
each end then by the definition of € and V' if len(N") < len(M + 2¢) then N’ € V.

There exist an « € R such that if N € V then

d—a<pu(N)<d+a< p(M+ 2e).

Let W=(—a,6+a)xV.

Claim: f(W) C V. Let (j, N) € W. We have two cases

Case 2.1. u(N) > j. If u(N) > j then f(j,N)=N eV C V.

Case 2.2. pu(N) < j. If u(N) < j then f(j,N) = N’ where N’ is made by
increasing N on each end until u(N') = j. We know if N € V and len(N') <
len(M + 2¢) then N’ € V. Thus we just need to prove that len(N') < len(M + 2e¢).
Now j € (§ — a, § + «) so we know that j = u(N') < u(M + 2¢). Therefore len(N') <

len(M + 2¢). Thus f is continuous if u(M) = 9.
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Case 3. u(M) < 6. Now since u(M) < 0, f(6, M) = M" where u(M') = 4. Let V
be an open set in C(S) and f(§, M) = M' € V. Now assume that M ¢ V. (If it were

we could refine V' using the lemma and € < M

). Assume that V' is tube-like
in S. Now there exists a v such that for any continuum N € V then the endpoints of
N are within ~ of the endpoints of M’. Note since M ¢ V that the endpoints of M
are more than v away from the endpoints of M'. Let O = (u(M' — ), p(M' + 1)).
Recall that M’ + 7 was made by adding § to each end of M’ and likewise M’ — 7 was

made by subtracting § from each end. Now len is continuous so there exist an open

set U containing M such that len(U) C (len(M) — 1, len(M) + ).

Assume that U is a tube. We know that V is also a tube. Let U = U (V. This
makes the tube corresponding to U have radius less than the tube corresponding to
V. (We do this because we will extend continua in U and we want to make sure that
when we extend a continuum we stay inside the tube corresponding to V.) Notice
that if N € U then len(N) is within T of len(M). Thus the endpoints of IV are within
1 of the endpoints of M. Also note that the endpoints of M are at least v away from
the endpoints of M’. Thus if N € U then N ¢ V which implies that u(N) € O.

Let W =0 xU. If (j,N) € W, then N € U and p(N) ¢ O. Therefore for all
(7, N) e W, f(j,N) = N’ where len(N') > len(N).

Let as € [0,00) be the unique number such that u(M + as) = p(M') = §. For

any j € O there exist a number a; such that (M + «a;) = j.
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For j € O, j = (M + ;) < u(M'+73) = p(M + as + 7). Thus o < as + 7.
Similarly j = p(M+o;) > p(M'—7) = p(M+as—73). Thus a; > a;—7). Therefore
for any j € O, «; is within § of as.

Given (j,N) € W, f(4,N) = N’. N’ is made by adding a certain length onto
each end of N. We have three cases.

Case 3.1. If the len(N) = len(M), then we add % to each end of N.

Case 3.2. If len(N) < len(M), then add 2Her@D=lentN] o oach end of N.

2

Case 3.3. If len(N) > len(M), then add O‘j_‘len(]\é)_len(]v)l to each end of N.

Let ay and by be the endpoints of N, ay: and by be the endpoints of N’, ays
and by be the endpoints of M, and ay; and by be the endpoints of M'. We will
show in all three cases that ans is within v of ay;, and by is within v of by;. Thus
N eV.

Case 3.1. len(N) = len(M).

Now ay is within T of ays so ay + % is within 7 of ay + % ay + %J is within
2 of ayy. Thus ay + % = ans is within 7 of app. Likewise by + % = byv is within 1

of by;. Therefore N' € V.

Case 3.2. len(N) < len(M).

aj+|len(M)—len(N)
2

In this case in order to make N’ we will add | to each end of N.

aj+|len(M)—len(N)|
2

of M so if we add aj+|len(]\g)_len(]v)| to each endpoint then ay + aﬁ'len(ﬂé)_le"(m‘ is

Thus an = ay + . The endpoints of N are within 7 of the endpoints

& llen@DtenN)] i wwithin

within % of apy +% 4 llen@D~len(N)| 1 we show that ap+

2 2

%7 of app then we will know that ay is within v of apr. Thus N’ € V.
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Recall that

L. |len(M) —len(N)| < 7.
2.5 — 7 <a; <as+ 7
3. ay + % = ay.

Using these facts we have

M)—len
2

ap + G+ LDl gy 4 S b Y <ay + B+ L+ =a + 1

Similarly we have

aM‘f‘%‘f‘M;len(N)'>CLM+%+0>CLM+%—%>(IM/—%.

is within 7 of ap. Thus aN—l—%—i—M =

M)—len(N)|
2 2

Therefore ap+%+ jten(
ay is within 3 of apy. Thus N € V.
Case 3.3. len(N) > len(M).

In this case in order to make N’ we will add < 7“6"(1\?46”(]\[)‘ to each end of N.

oj—|len(M)—len(N
2

Thus an' = an + I The endpoint of N are within 7 of the endpoint

of M so if we add aj_lle"(]\g)_le"(]v” to each endpoint then ay + aj_”en(]\g)_le"(m‘ is

within 7 of ap + % — Ww If we show that ay + % — w is within

%’7 of app then we will know that ay is within v of apr. Thus N’ € V.

aj |len(M)—len(N)| o .
e T T

Similarly we have

] len(M)—len(N j
CLM—F%—MW<(IM+%+O<CLM+%+%:CLM/—%.

is within I of ap. Thus aN+%_M _

__ lten(dM)—len(N)|
2 2

Therefore a;+ a—;

ay is within 3 of apr. Thus N' € V. Thus if u(M) < 6, then f is continuous.
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We still need to show continuity if M is a proper subcontinuum and 6 = 1.
If § =1 then f(0,M) = S. Let S € V where V is open in C(S). By definition
V = R({V;},) for some open sets V; in S. There exist an ¢ such that V; = S.
Also there exist a number r € [0,1) such that if u(N) > r then N € V. Since p is
continuous there exists an open set U in C(S) so that

M e U, and p(U) € (u(M) — Z=8D1 0 (vpy 4 QDD Spet w7 = (r,1) x UL I
(4, N) € W then

Case 1. f(j,N) = N. Thus u(N) = j > r which implies that N € V.

Case 2. f(j, N) = N'. Thus u(N’) = j > r which implies that N’ € V.

Therefore if M is a proper subcontinuum then f is continuous for all values in
[0, 1].

Lastly we need to prove continuity if M = S. If M = S then f(4,5) = S for any

Case 1. § < 1.

Let f(6,5) =S € V, Vis open in C(S). Since we know that one of the open
sets that make up V must be S, if N € V then N 4+ ¢ € V for any e.

Let W = (2,1) x V. Given (j,N) € W, then N € V. If f(j,N) = N then
N e V. If f(j, N) = N’ then since N isin V so is N'.

Case 2. § = 1.

Let f(6,5) =S € V, Visopen in C(S). Let W = (r,1] x V. If (4, N) € W;

then N € V. If f(j,N) = N then N € V. If f(j, N) = N’ then since N € V then
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N € V. Given f(j,N) = S, then S € V. Therefore we have proved continuity if
M = S. Since f is continuous in all cases then C'(S) is contractible.

]

Let @ ={H € C(5)|H is a singleton point in S}; then the previous contraction
for C'(S) has the property that Zp = yp if and only if x = y for every x and y in Q. If
we assume C'(S) supports a Whitney map then @ is metric by Corollary 5.1, which
is a contradiction; thus C'(S) can not support a Whitney map. This is an example
of a space supporting a Whitney map but whose hyperspace does not. This is also
an example of a space that is arcwise connected by metric arcs that does not support
a Whitney map thus proving that being arcwise connected by metric arcs is not a

sufficient condition for supporting a Whitney map in the non-metric case.

Theorem 5.5. Suppose X and Y are a continua and Y is nondegenerate. If X XY

supports a Whitney map then X is metric.

Proof. Let p be an arbitrary point in Y. Define F' : X x X — R as F(z,y) =
p((zxY)U (y x Y)U (X x p))= min {p((z x V) U(X xp)), (u((y x Y) U (X xp))}.
We will show that each part of F'is continuous and thus F' is continuous. We will
then use the fact that if you have a continuous function F' from X x X into R such
that F'(z,y) = 0 if and only if 2 = y, then X is metric.

Let f(z,y) = p((zxY)U(yxY)U(X xp)). We want to show f is continuous. Let
(x,y) € X x X and let U € R be an open set such that f(x,y) € U. We need an open

set V € X x X such that f(‘N/) C U. Since X x Y supports a Whitney map we know
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there exist a basic open set V' € C'(X xY) such that (zxY)U(yxY)U(X xp) € V and
(V) C U. Now there exist open sets V1, V5, ...V, C X xY such that V = R({V;}}_,).
For each (z,a) € x X Y there exist an open set W7 x O, such that (z,a) € WF x O,
and W7 x O, C Vj for some j. Since x xY is compact and 2 xY C |J,cx W& x O, then
there exist a finite subcover of x X Y, namely x x Y C |J2, W x O,, C U?Zl Vi. We
also want to ensure that for every V; intersecting x x Y there exist a W x O,, lying
in V;. If this does not happen we can just add in finitely many open sets from the
collection {W? x O, }4ecx so that above condition will be met; thus we can just assume
that the collection {W7 x O,, }i%, satisfies the fact that for every V; intersecting z XY
there exists W7 x O, that lies in it.

Let W, = N We. If z € W,, then z x Y C Uiz, Wi x O, € Uj—, Vj and
z XY intersects each V}, j =1 to n.

By a similar construction using y x Y instead of x X Y you can find a Wy SO
that if w € Wy then w x Y C UL, Wy x Oy, € Uj—, Vj and w x Y intersects each Vj
intersecting y X Y, j =1 to n.

Let V =W, XWy. If (z,w) € V then f(z,w) = ((zx Y)U(wx Y)U(X xp)) C
Uj—, Vi and f(z,w) intersects each Vj. Thus if f(z,w) € V then (2 x Y)U (w x Y)U
(X xp) liesin V. Therefore u((z xY)U(wxY)U(X xp)) € U. Thus f is continuous.

Let g(x,y) = min {u((x x Y)U (X xp)), (u((y x Y)U(X x p))}. Using a similar
procedure we can show that ¢ is continuous. Thus F' is continuous.

If F(z,y) =0 then pu((z x Y)U (y x Y)U (X x p)) = min {u((z xY)U (X x

D)), (((yxY)U(X xp))}. With out loss of generality assume that p((xxY)U(X xp) =
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min {p((z x V) U (X x p)), (u((y x Y) U (X x p))}. Now we know that since Y is
nondegenerate that if z # y then (x x Y)U (X xp) € (z x Y)U (y x Y) U (X X p);
thus by the Whitney property p((z x Y)U(X x p)) < pu((z x Y)U (y x Y)U (X x p)),
which is a contradiction with pu((z x Y)U (y x Y) U (X x p)) = min {p((z x Y) U
(X x ), (1((y x Y) U (X x p))}; thus @ x Y =y x Y, which implies that z = y.

If 2 =y then (z x Y)U (y x Y) U (X xp) = (z x Y) U (X x p) so then
p((z x Y)U(X xp)) = p((z xY)U (y x Y) U (X x p)) = min {u((z x Y)U (X x
P), (ul(y x Y) U (X x p)} = ul(x x Y) U (X x p)). Thus F(z,y) = 0.

Therefore X is metric. O

Theorem 5.6. Let f be a function f: X — C(C(X)) such that f(z)= xX, which
is the point in C(C(X)) where xX represents an order arc in C(X) from {z} to X.

If f is continuous and C(X) supports a Whitney map then, X is metric.

Proof. Define G : XxX — Rby G(z,y) = p((f(z) U f(y))—min{u(f(x)), u(f())}-

We will show that each part of G is continuous thus G is continuous. We will
then use the fact that if you have a continuous function G from X x X into R such
that G(z,y) = 0 if and only if 2 = y, then X is metric.

Let F': X x X — R be defined as F(z,y) = u(f(z)J f(y)). We need to show
F' is continuous. Let U be an open set in R, (z,y) € X x X and F(z,y) € U. By the
continuity of u there exists an open set V' in C(C'(X)) such that (f(x) | f(y)) € V and

uw(V)yc U. Now V = R({V;},) where each V; is an open set in C'(X). There exists
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subcollections {V7}7., and {V#_, of {V;}*, such that ({Vf ;":1U{ka}f€:1) =
{Vitisy,

X C UL, V7 and intersects each V; and

yX c U._, V¥ and intersects each Vj.

Now let R({V*}™,) = V* this is an open set in C(C(X)) such that zX € V?,
and likewise V¥ is an open set that contains yX. By the continuity of f there exist
open sets A, B in X such that

x € Aand f(A) C V* and

y € Band f(B) C VV.

A x B is an open set in X x X.

Claim: F(Ax B) CU.

We need to show that if (a,b) € A x B then f(a)J f(b) € V. Thus we need to
show that f(a)J f(b) C U;—, Vi and that f(a)J f(b) intersects each V;. We know
that f(a) € V* and f(b) € VY, thus f(a)U f(b) C U, Vi. Since f(a) € V* we
have that f(a) intersects each member of the collection {V7}7L, and likewise f(b)
intersects each member of {V;'}._;. Thus f(a)J f(b) must intersect each member
of {Vi}i, since ({V}, U{V!}iet) = {Vi}it,. Therefore f(a)lJ f(b) € V which
implies that p(f(a)J f(b)) € U. Thus F' is continuous.

By a similar argument if F'(x,y) = min{u(f(z)), u(f(y))} then F is continuous.

Therefore G is continuous.
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It G(z,y) = 0 then u((f(x)U f(y)) = min{u(f(z)), n(f(y))}. But because of

the Whitney property and the fact that 2X = yX if and only if = y the only time
that will happen is when f(x) = f(y) which implies that = = y.

It © = y then u((f(z)U[f(y) = min{u(f(z)),n(f(y))}, which implies that
G(z,y) =0.

Therefore X is metric. O

Theorem 5.7. If each X and Y support Whitney maps and X (Y is a singleton

point, then X JY supports a Whitney map.

Proof. Suppose that K is a subcontinuum of X [JY and X NY = {z}. Let KX =
KN X and KY = K Y. Let pux be the Whitney map on X and uy be the Whitney
map on Y. We will define the Whitney map on X |JY as

U(K) = px (K%) + py (KY).

First it is obvious that if H C K then pu(H) < p(K). Since, in order for H to be
a proper subset of K, then either HX C K% which implies that px(HY) < pux(K*¥),
or HY C KY, which implies that py (HY) < py (KY).

In order to show p is continuous, let U be an open set in R and let p(K) € U; then
there exists an € > 0 such that [u(K)=+e] € U. Now since both ux and py are Whitney
maps, for K~ there exist an open set V¥ in C(X) such that px(VY) C [ux(KX)+ ]

and likewise for K'Y .
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Next we will refine each VX and VY. Given V¥ there exist an open refinement
VX = R{WX}™,) such that

1. KX e VX,

2. If z is the intersection point of X (Y and z € K* then z € WX for only one
[, assume that [ = 1. Thus z € W;*.

3. In the open set W;¥ there exist another a point x € K*X such that x is in the
interior of W{¥ and = ¢ W;* for [ # 1.

4. z is not a limit point of any W;* for [ > 1.

Notice that W;X for [ > 1 is an open set not only in X but in X Y, but W;¥ is
not an open set in X |JY. This is important because that means that we can not use
WX to make an open set in C'(X (JY). To fix this problem we will make two open
sets in X [JY using W~.

Make a new open set C¥X contained in X such that

1. C* Cc W,

2. CXNK* #0,

3. CXO\WX =0, for any [ > 1,

4. z ¢ CX.

Notice that since CX does not contain the intersection point that means that C¥
is an open set in X [JY. Also since CX C W* that if we add C* into the collection
of open sets that made up VX we will just refine VX thus refining VX even more.

Doing the same procedure will yield similar open sets in Y.

Now we will make our second open set using W;* and W7
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Forz € (XOY)NK,let D, = WX |JW/} . Note that since z € W;¥ and z € WY
then z € D,. Also most important D, is an open set in X [JY.
Let

O =R <{I/VZX}7;27 {WJY}T CX? CY; Dz) .

j=2

O isopen in C(X|JY). Given H € O, let H* = H () X. H must intersect each
WX and W) for every I > 2 and j > 2 and C¥,C", D., and be contained in their
union. Thus H¥X € VX. Note this was the reason CX was necessary so that H*
would be forced to intersect W;X. Similarly HY € VY.

Thus juxc(H¥) € [x (K¥)£5] and iy (HY) € [y (K¥) ], 50 u(H) € [u(K)e].

Therefore p is continuous and thus is a Whitney map on X [JY. ]

Corollary 5.1. There are continuum many nonhomeomorphic decomposable non-

metric continua that support Whitney maps.

Theorem 5.8. There exist X and Y, that both support Whitney maps, such that

X UY does not support a Whitney map.

Proof. Our example S was made by taking the cross product of Z with [0, 1] and then
making the proper identifications. If instead of [0, 1] we use [—1, 0] then a similar non
metric space can be made that also supports a Whitney map. Denote this space as
S=1,0]-

The intersection of S and S|_; has uncountably many points. Observe that
S Sic1,0 = Z x {0}. SUS[-1,9 is a continuum.

Assume S J S[_1,g supports a Whitney map.
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Let Z1/» = {(2,t) € S|t = 1/2}. Note that Z;/, = Z and thus is non-metric.
Given a point x € S, x = (27,%) for some 2 € Z,t* € [0,1]. Let xS = {(2%,t)|t <

t*}. Let F': Zy)9 X Zy/3 — R be defined as

F(x,y) = p(aSUyS U S-1,0) — min{u(xS U Si-1,0)), (yS U Si-1.9))}-

Using a similar construction to the one in the proof of “If the cone over X supports
a Whitney map then X is metric” (where S;_1 ¢ behaves in a similar manner as the
top point of the cone), F' can be shown to be continuous and it can be shown that
F(z,y) = 0 if and only if + = y. Thus Z;/, is metric which is a contradiction.

Therefore the continuum S'J Sj-1,0) can not support a Whitney map. n
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CHAPTER 6

WHITNEY LEVELS

Let X be a continuum and p a Whitney map on C(X). For ¢ € [0, u(X)] and for

reXlet W={Hep'(t)zeH}.
Theorem 6.1. W! is a subcontinuum of C(X).[10]
Theorem 6.2. Ift > 0 then p'(t) is a subcontinuum of C(X).

Proof. CLOSED: Let L be a continuum such that (L) # t. Then u(L) = r where
r<tort<r. Assumer <t

Let U = (r— 55, r+55). u(L) € U. Since 4 is continuous there exists an open
set V' containing L such that p(V) C U. That implies that all continua that are in
V must have Whitney value in U. Thus U (|~ '(t) = 0. Therefore V is an open set
that contains L and misses ¢~ !(¢). Thus L is not a limit point of p~1(#).

CONNECTED: Assume p~'(¢) in not connected and thus is the union of two
disjoint compact sets A and B. Then p'(t) = AU B. Now p~(t) = U,ex WL

Let A" = {z|W! C A} and B’ = {«|W! C B}. Since W is connected, A’ U B’ =
P ().

First: AN B = @.

Assume not. Then A'( B’ # @ so there exist a z such that W! C A and

Wt C B. But W! is connected and thus can not be contained in and intersect two

disjoint separated sets, so A'(| B’ = &.
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Second: A" and B’ are separated. Let y € B’ . We want to show that y can not
be limit point of A’. Notice for each continuum K, in A, y ¢ K ( because if so then
W, would intercept A and B). Therefore for each K, in X such that K, € A there
exist open sets U, and V, in X such that K, C U,,y € V,, and U, V., = 2.

In C(X) define open sets U, = R(U,). Then A C |J,cc U, A is compact

in C(X) so there exist finitely many of these open sets that cover A, namely A C
Ur, Uy, in O(X),

A" C U, Uy,. Look at the corresponding V,,,’s. Now y € (;_, Va,; this is open
and contains no points of A’. Thus y is not a limit point of A’.

Therefore A’ and B’ are separated sets but X = A’ J B’ which is a contradiction

since X is connected. Thus p~'(¢) is a subcontinuum of C(X). O

Theorem 6.3. If X is hereditarily indecomposable then u='(t) is hereditarily inde-

composable.

Proof. First we want to show that p~1(t) is indecomposable. Note that if H and K are
two subcontinua of X such that H, K € u~(t), then since X is hereditarily indecom-
posable, H(| K = @. Now assume that g ~1(¢) is not indecomposable; u=*(t) = A|J B
where A and B are two proper subcontinua. Let A" = {z|x € H,H € A} and
B = {zlre K,K € B}. Now A'(JB' = X. Also A" and B’ are proper subcon-
tinua since there exists H € A\ B and K € B\ A, and we know that H( K = @.
But we have now shown that X is the union of two proper subcontinua, which is a

contradiction since X is indecomposable.
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Next let M be a proper subcontinuum of ;~!(¢), then define
M' = {z|xr € H/H € M}. M’ is a subcontinuum of X and thus is indecompos-

able so the previous argument will show that M must be indecomposable. O]
Theorem 6.4. If X supports a Whitney map p then the order arcs are metric.

Proof. We will use the same fact as in Theorem 5.1. Let O denote the order arc.
We want to find a continuous function f from O x O into R such that f(H, K) =0
if and only if H = K. Define f(H,K) = |u(H) — p(K)|. First, since O is an
order arc it is obvious that f(H,K) = 0 if and only if H = K, so we need to
show f is continuous. Let U be an open set such that f(H, K) € U, there exist an
e > 0 such that f(H,K) € [f(H,K)+¢] C U. Assume that pu(H) < u(K). Let
d = min{e, u(K) — p(H)}. Since p is continuous there exists an open set Vp such
that

1(Vir) C [w(H) £ 2] and likewise there exists a Vi such that

(Vi) C [u(K) % 2],

Define V = Vg x Vie. If (R, S) € V then u(R) € [u(H)+8] and u(S) € [u(K)+2].
Thus f(R,S) = |u(R) — u(S)| € [u(K) — p(H)| £ 3] C [|n(K) — p(H)| £ ] =

[f(H,K)+e¢] CU. Therefore f is continuous and thus O is metric. O
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