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Abstract

Wavelets have been widely used lately in many areas such as physics, astronomy, bi-
ological sciences and recently to statistics. The main goal of this dissertation is to provide
a new contribution to an important problem in statistics and particularly nonparametric
statistics, namely estimating the optimal score function from the data with unknown un-
derlying distribution. This problem naturally arises in nonparametric linear regression
models and could be important in order to have a better insight on more important and
actual problems in longitudinal and repeated measures analysis through mixed models.
Our approach in estimating the score function is to use suitable compactly supported
wavelets like the Daubechies, Symlets or Coiflets family of wavelets. The smoothness
and time-frequency properties of these wavelets allow us to find an asymptotically effi-
cient estimator of the slope parameter of the linear model. Consequently, we are also able
to provide a consistent estimator of the asymptotic variance of the regression parameter.

For related mixed models, asymptotic relative efficiency is also discussed.
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Chapter 1

Introduction

One of the most widely used models in statistical modeling is the linear regres-
sion model where a hyperplane that 'best’ describes the relationship between a response
variable Y and a vector of covariates x is constructed. Typically, one has a set of data
measured on, say, n subjects (Y1,x1), ..., (Y, X,) and the construction of the hyperplane
involves errors since not all the data points fall on a plane. These errors are assumed to
be random.

The classical approach to estimating the hyperplane is using the least squares (LS)
procedure where the hyperplane is taken to be the column space spanned by the columns
of the matrix (x7,...,x%)” that is the closest in terms of the Euclidean distance to the
vector (Yy,...,Y,)T. It turns out, by the Gauss-Markov Theorem, that the LS procedure
gives the model that is the best linear unbiased estimator (BLUE) if the errors have
expectation zero, are uncorrelated, and have equal variances. However, the LS procedure
is not robust in the presence of outliers and other violations of underlying assumptions.

There are a several number of approaches one can follow to achieve robustness. One
of the more popular techniques is the technique of M-estimation (Huber, 1964) which
includes the LS procedure as a subset. Another approach was the method of R-estimation
which is based on ranks of the data. This was initially proposed for the simple linear
model by Adichie (1967) based on simple Hodges-Lehmann type location estimators. This
was later generalized for the multiple regression model by Jureckova (1971) and Jaeckel
(1972). In subsequent works, Hettmansperger and McKean Naranjo and McKean (1997),

and colleagues developed methods for testing general linear hypotheses, construction of



confidence intervals, etc. to make R-estimation of linear models a complete treatment
(Hettmansperger and McKean, 1998). As a result, the approach is also known as the

Jaeckel-Hettmansperger-McKean approach of model fitting (Hollander and Wolfe, 1999).

1.1 Contribution of the Dissertation

One of the difficulties of using M- and R-estimators is that they depend on an
unknown function (a score function) that needs to be chosen by the investigator. This is
just about all the control the investigator has so it is a very critical activity. However, it
is usually not very clear which score functions to use. A common approach is to choose
the function on the basis of a heuristic investigation of a fit based on a chosen (usually
simple such as linear) score function. Another common approach is to go for robustness
by sacrificing efficiency and use score functions that contain some form of trimming or
Winsorization.

It is of interest to choose score functions that maximize the efficiency of the resulting
estimator. The efficiency of an estimator depends on the underlying distribution of the
random error terms and this distribution is unknown. One approach is to use certain
density estimators (e.g. kernel density estimator) to estimate the score function and
use the estimated score function to estimate the regression parameters. Such estimators,
known as adaptive estimators, are discussed in Stone (1975) and Koul and Susarla (1983)
among others.

A different approach that uses the underlying structure of R-estimators to determine
the score function that maximizes efficiency was given by Dionne (1981) and Naranjo
and McKean (1997). They employed Fourier series approximation based on a first order
Taylor expansion to determine the score function that maximizes the efficiency of the

R-estimator. However, this lacked the flexibility that is required for certain underlying



distribution. This was especially evident at the two extremes of the domain of the score
function.

In this dissertation, we propose a Wavelet based approximation of the score function
based on a second order Taylor series approximation. As it turns out the second order
Taylor approximation is ideal under the smoothness considerations of the score function.
We will provide a theoretical investigation of the optimality of this approach as well as
establish the asymptotic properties of the resulting estimator. We will also consider the
mixed model and investigate how our approach can be used to estimate the fixed-effects
parameters. Moreover, we will take on the task of determining the function space that is
most suited for such Wavelet-based approximation. This leads us to consider the problem

with greater generality from the perspective of harmonic analysis.

1.2 Organization

This dissertation is organized as follows. Chapter 2 contains a brief review of rank
based analysis of linear models and wavelet theory. In Chapter 3, we consider the problem
of estimation of score functions and give the main results of the dissertation. Chapter 4
gives an adaptive estimator of the slope parameter as well as the scale parameter. These
are then used to construct Wald type tests for general linear hypotheses on the slope
parameter. Chapter 5 provides a brief discussion on some issues related to computations
and includes proposals to include dependent error structure as well as the spaces of score

functions that are suitable for wavelet approximation.



Chapter 2

Preliminaries: Review of Rank Based Analysis and Wavelet Theory

In this chapter, we review basic notions of rank based analysis for linear models and

basic facts about wavelet theory.

2.1 Rank Based Analysis

We consider the following model:

Yi=x/B+¢e;, 1<i<n, (2.1.1)

where Y; denotes the ith response and x; denote a p x 1 vector of explanatory variables,
B is a p x 1 vector of unknown regression parameters and e; is the ith random error with
distribution F'.

Our interest is to estimate 3 and to test linear hypotheses about it. Note that we
could also have a model with intercept parameter. Indeed, let u = L(e}) be a location

functional and let e; = e} — . Then L(e;) = 0 and the model can be written as

Yi=p+xiB+e, 1<i<n, (2.1.2)

Remark 2.1.1. 3 does not depend on the location functional used if F' is a member of

the location family of distributions.

Proof. Consider any location functional L of the distribution of e; and let p = L(F)

where F'is the common distribution of the e;’s for 1 < ¢ < n. Then e} has distribution

4



F*(z) = F(z — p) and L(F*) = 0. We then have that F(x) = F*(x — u), so L(F) = p is
the location functional for x;.
Furthermore, Y; has a distribution H(z) = F(x— (x! B+pu)). Thus L(H) = x! B+ u

is a location functional for Y; and consequently 8 = (x;x])"*(L(H) — L(F)). O

)

Definition 2.1.2. Let Y = (Y3, --,Y,,)? denote the vector of observations, let X denote
the n x p matrix whose ith row is x and let e = (e, -+ ,€,). The model in (2.1.2) can

be expressed as

Y =1p+XB+e, (2.1.3)

where 1 is a n x 1 vector of ones, 1u is a vector of reals representing the intercept and 3
is a p x 1 vector of unknown regression parameters.
Note that the model

Y=1pu+n+e (2.1.4)

is called Coordinate Free Model, where n = X3 € (p with Qp being the column

space spanned by the columns of X.

In addition to estimating the parameter of interest 3, we will also be interested in

general linear tests of the form

Hy:MB =0 wersus Hy:MpB #0, (2.1.5)

where M is ¢ x p matrix of full row rank.

2.1.1 Estimation of regression parameters

Definition 2.1.3. An operator ||-||. is called a pseudo-norm if it satisfies the following

conditions



L. ||z|]s > 0, for all x € R™

2. ||z]ls =0if and only if 2y = --- = x,

3. ||ax|]. = |a]||x]|+, for all « € R,z € R™

4. |z + yll« < |lz||« + |[yl|«, for all z,y € R™.

Consider the function
n

o]l =) a(R(x:))as, (2.1.6)

=1

where z = (z1,--- ,x,) is a vector in R™, the a(i) are called scores and are such that
n

a(l) < --- < a(n), Za(i) =0 and a(i) = —a(n + 1 — i), R(x;) is the rank of z;
i=1
AMONg T, - - , Tp.

Theorem 2.1.4. The function || - ||« in (2.1.6) is a pseudo norm.

Proof. 1. Positivity.
Using the connection between ranks and order statistics, we can write

n

]l = a()zq).

i=1

Suppose that z(;,) is the last order statistics with a negative score. Since Z a(i) =

i=1
0, we have

n

el = ) ali)(ze) — 2a)

=1
= Z (D) (z6) — 2G0)) + Z — T(ip))-
1<ig 1>10

Since both terms on the right are nonnegative, we have ||z|[. > 0.



2. Furthermore, if ||z||. = 0, then both terms in the last equality must be zero. Since
a(l) < a(n) and a(1l) = —a(n), we must have a(1) < 0 and a(n) > 0. Therefore

the first term on the right can be written as

Z CL(Z')(:L‘(Z') — 17(1‘0))-

1<i<ip
Thus,
Z a(i)(x(i) — :L‘(Z-O)) =0 implies x(l) = I(g) == $(io)'
1<i<io
Likewise, we have x() = T(jg+1) =+ + = Z(n).
This shows that ||z||. = 0 implies that x; = -+ = x,,.

3. Homogeneity.

For some positive real o, we know that R(ax;)) = R(x(;)) and R(—x@;)) = R(T(n41-4))-

Clearly, for a positive real «, one has:

o]l = Z a(R(ow)(aw;)



If a <0, then

||l = Z a(R(o;))(ov;)

- éa(m—(—awz))(—(—wz))
- —ailam(xnﬂ D))
— |a|zn;—a(n+1—z)( o)
_ |a|§n;a<z’>x<z)

= Jallall

4. Triangle inequality.

n

lz+ylls = ZQ(R($i+yi))($i+yi)

=1

= Z (R(zi + i) wﬁz R(z; + y;))

i=1
n n

< Z a(i)xe) + Z a(i)yu by Hardy’s Tauberian Theorem
i=1 i=1
= llz[l« + Iyl

]

We now suppose that the scores are generated as a(i) = h(i/(n + 1)) for some

nondecreasing function i defined on the interval (0,1) and such that

/01 h(u)du = 0, /O1 h?(u)du < oo.



Consider the model in (2.1.4). Rewriting the pseudo-norm above as ||z||, = Z a(R(z;))x;,
i=1
a Rank-estimate for 7 is a vector Y}, such that

Dy(B) = Distance(Y, Q) = [[Y — Y|4 = min |[Y = |
F

The function Dy(3) is also called the dispersion function.

Once m has been estimated, B can be estimated by solving the equation X3 = \?h,
hence the Rank-estimate of 3 is 85 = (X7X)"*X”Y},. The intercept p can be estimated
by a location estimate based on the residuals e =Y — i}h. We could use the median of
residuals denoted by fig = i :rrlledn{YZ — Xi,/B\ r}. Geometrically, the Rank-estimate of n is

a vector that minimizes the normed difference between Y and €2 as shown in Figure 2.1.

Y — Yalln

Qp

Figure 2.1: Geometry of Rank Estimation

The following result justifies the existence of the rank estimation and is due to Jaeckel

Jaeckel (1972).



Remark 2.1.5. The dispersion function Dy(3) is a continuous, convex, almost every-

where differentiable function.

Proof. Continuity follows from the the inequality |Dp(8,) — Dn(8:1)| < |81 — Ballpl ||,
for all z € R", for all B, 3, € R”.

Convexity follows from the equalities and inequality

Di(afi + (1= a)B,) = [IY = X(aB; + (a —aBy))l[n
= [[aY + (1 =a)Y +aB, + (1 - a)B,||

< aDp(B;) + (1 — a)Dp(B,), for some a € (0,1).

Differentiability follows from the equality VD, (8) = — Z zia(R(Y; — 21 B)). O
i=1

Remark 2.1.6. The Rank-estimate ,/8\ g of B is location and scale equivariant, that is

Br(kY) = kBL(Y) and BL(Y + X0) = Br(Y) + 4, for k € R and for § € RP.

Proof. Dh(BR(Y)) = Dist(Y,Qr) = ||Y — ?hHh. Therefore,

Din(Bx(Y +X68)) = Dist(Y + X6, Q)
= |IY 4 X0 — Zu|n
= 1Y = (Z — XO)||n

= DlSt(Y, QF>

So we must have Zh = ?h + X4. Thus,

~

Br(Y +X8) = (XTX)'XT[Y, + Xd]
= (X"X)'XTY, 46
= Br(Y)+o.

10



In the same way, for any k # 0,

Din(Br(KY)) = Dist(kY,Qp)
= [|KY — W[
1~

- |k|HY_EWh||h

= |k[Dist(Y, Q) = [k|Dr(BR(Y).

1 —_~ AN
So we must have EWh =Y,

Thus,

BpkY) = (XTX)'XTW,
= (XTX)"'XT(kY))
= K(X"X)'XT(Y))

= kBg(Y).

]

As a consequence, without loss of generality, the theory we will develop will be
established under the assumption that the true 3 is 0 for simplicity.
We end this section with the following theorem proved in the appendix, on the

asymptotic properties of the Rank-estimator B r of B.

Theorem 2.1.7.

~ —1,.-2
s | Iz noiTg 0
~ p+1 )

Br B 0 mXIX)™

where 73, and 79 will be defined later.

11



2.1.2 Tests of linear hypothesis

Let’s consider the model (2.1.2). Note that Distance(Y, Q) is the amount of residual
dispersion not accounted for in the model (2.1.2). Let Q% be the subspace subject to Hy,
that is, QF = {n € Qp : 7 = X3, for some B such that M3 = 0}.

Clearly, Q is a subspace of Qp and since MX = 0 is a system of ¢ equations with
p unknowns, then Dim(Q%) = p — ¢.

If ?ﬁ is the Rank-estimate when the reduced model is fitted, then the nonnegative
quantity

RD,, = Dist(Y, QF) — Dist(Y, Qr) (2.1.7)

represents the Reduction in residual dispersion when we pass from the reduced

model to the full model as shown in Figure 2.2.

Thus, large values of RD;, indicate H, while small values support Hy. If RD), is
RDy/q
Th/2
should be compared with the F-critical values with ¢ and n — (p+ 1) degrees of freedom,

standardized, the ensuing asymptotic distribution theory suggests that Fj, =

at least for small sample studies, where 7;, is a consistent estimator of 7.
The rank analogue of Wald’s test for the full model is given by

(MB)[M(X"X) "' M"] "' (MBg)/ g

~2
Th

W, =

(2.1.8)

It can be proved (Hettmansperger and McKean, 1983) that W}, has an asymptotic x*(q)

distribution.

12



\l/ - Dist(Y, Q)

Figure 2.2: Geometry of Rank Tests
2.2 Basic Wavelet Theory

In this section, we introduce the basics of wavelet and provide the motivation for

their invention.

2.2.1 A motivating example

The Fourier series of a square integrable function f can be obtained by dilating the
orthonormal basis {e~%**},cz. However, each element of the basis {e~*(5)%}, ., obtained
by dilation is a complex sinusoidal wave which is global in x, hence the Fourier coefficients

do not provide information on the local behavior of the function f. For instance, consider

13



the 27-periodic function

/2, z € (0,7)
flx)=14 o0, =0
—7/2, x € (—m,0).

After computation of the Fourier coeflicients, we have

sm n—l
—22 5 1 x € (—m,m).

Clearly for any finite interval (a,b), the behavior of the function

f(z), =€ (a,b)

0, otherwise

floc(‘r) =

cannot be directly obtained via the Fourier coefficients since f is local in the areas (—m,0)
and (0, 7).

Another shortcoming of the Fourier theory is the Gibbs’ Phenomenon. Indeed,

2 — 1z
M = 0, the Fourier series of

=0

consider the previous function f. Since 2 Z

2n —1

f also converges to f(z) at x = 0.

sin(2k — 1)z , . :
Let S,(f,z) =2 Z o1 The jump of amplitude of f(z) at z =0 is
fOF) = f(07) =
Moreover,
lim S, ( / Edt ~ 1.85193706

14



and

n—oo t

iy : t
lim Sn(f,—21> _ —/ P gt ~ —1.85193706.
n 0

Thus,

lim 3.70387412

n—oo

Q

5u(f35) = 5u(1=3)
1.1797.

Q

The latter means that the amplitude of S, (f,z) around 0 is at least 1.179 multiple
of the jump of f at 0. This is the Gibbs’ phenomenon as seen in Figure 2.3.

Finally, another shortcoming of the Fourier analysis that is worth mentioning is
the problem of convergence. Indeed, in 1873, Paul Du Bois-Reymond constructed a
2m-periodic function whose Fourier series diverges at a given point.

Therefore, there is a natural need for an orthogonal system for which the local behav-
ior of a function can be recognized from its coefficients, for which the Gibbs’ Phenomenon
can be avoided or at least dealt with and for which the phenomenon discovered by Du

Bois-Reymond cannot happen. Wavelets provide an answer to those concerns.

Definition 2.2.1. A function v is called a wavelet function if {29/2¢)(27z — k)}; rez is

an orthonormal basis of L%(R).

Therefore, any function f in L?(R) can uniquely be represented as

Fl@) = " Cutbe(a). (2:2.1)

JET kez

Note that (2.2.1) is called the homogeneous wavelet expansion of the function

f. This is to say that there exists an inhomogeneous wavelet expansion for f defined

15



Gibbs Phenomenon for n=1 Gibbs Phenomenan for n=15

4 4 4 1 2 3 1
Gibbs Phenamenan far n=100 Gibbs Phenomenon far n=1000
2 2
18 15
i 1
05 05
0 0
¥
05 05
1 1
A5 15
+
7 . . L . L . L ) 2 . . . . L . L )
4 3 2 1 0 1 2 3 4 -4 3 2 1 0 1 2 3 1

Figure 2.3: Gibbs Phenomenon

as

f(SL’) = Z Cok(lﬁok(ﬂi) + Z Z Cjkwjk(ili), (2.2.2)

keZ j=0 keZ
where ¢ and 1 are respectively called "father wavelet or scaling function” and
"mother wavelet”. Besides, the "mother wavelet” can be obtained from the ”father
wavelet” through the relation 1(z) = V23, ., \ed(2z — k), where the \y’s are some

carefully chosen coefficients. There are many examples of scaling functions.

16



2.2.2 Examples of wavelets

1. Haar Wavelet

It’s the very first wavelet constructed. Its ”father wavelet” and "mother wavelet”

are respectively defined as

1, z€][0,1/2)
1, z€]0,1)
¢(r) = Plx) =< —1, ze€[1/2,1)

0, otherwise
0, otherwise.

The functions v, (z) = 29/%)(2x — k), j, k € Z are called ”daughters wavelets”
and are compactly locally supported in diadic interval I,, = [k277, (k +1)277]. The
left and right panels in Figure 2.4 respectively depict ¢ and v for the Haar wavelet
system.

Father wavelet of Haar bases Iather wavelet of Haar bases

ne

06

04

02

Figure 2.4: The Haar Wavelet

2. Shannon wavelet
Consider the space V" = {f € L?(R) : Support(Ff)(§) C [—m, 7]}

Then,

17



Vi € Vit f(a) = 3 fly TRrE ) (223

keZ m(z — k)
This result is also known as the Sampling Theorem (see Hong et al. (2005)) since
the function f can be recovered from its sample values f(k). It follows that the

Shannon ”father wavelet” and "mother wavelet” are respectively given by

_ sinm(z — 1/2) —sin2n(z — 1/2)
vla) = r Y@ = m(z —1/2)

These are shown in Figure 2.5.

Shannan Father wavelets

0g

0&

04

0z

02

04

il

Rk}

0 ,15 I I I I I I I L I 4

Figure 2.5: The Shannon Wavelet

3. Mexican Hat Wavelet

This is by far the most used wavelet in practice for its simplicity. Its name comes
from the resemblance of the graph of its "mother wavelet” to a Mexican hat. The

"father wavelet” and "mother wavelet” are given respectively by:

18



I _iﬁ—1/4 e
plz) =e", w<x>—¢§ (I—a%)e ™.

Mexican Hat Father wavelet

Figure 2.6: The Mexican Hat Wavelet

4. Daubechies Wavelet

Ingrid Daubechies Daubechies. (1992) was the first to introduce continuous com-

pactly supported wavelets. Indeed, she proved that there exists a scaling function

¢ € L*(R) such that
$(x) = V2 hpp(2x — k),

keZ

where {hg}rez is a sequence of real numbers such that

Ry, = \/§/¢(x)¢(2a: —k)dz, Y |hil? < oo,

kEZ

where ¢ is the complex conjugate of ¢. Daubechies wavelets are classified as DN

for N = 2,--- 20 where N is even and represents the number of coefficients and

19



N/2 the number of vanishing moments. Vanishing moments denote the ability of
the wavelets to encode a polynomial function or a signal. For example, D2 has
one vanishing moment so it’s good for encoding constant signals. Note that D2
coincides with the Haar wavelet. It’s actually the only explicit Daubechies wavelet
since the others do not have scaling functions that can be expressed in a closed form.
Daubechies wavelets can also be defined on any interval [a, b] and more information

can be found in Andersson et al. (1994) and Cohen et al. (1993).

These are shown in Figure 2.7.

Father wavelets Daubechies D4 Wother wavelets Daubechies D4

04

Rk

Father wavelets Daubechies D12 Mother wavelets Daubechies D12

08
06

04

05

02

02

a4

16

8

0 50 I I I L q

Figure 2.7: The Daubechies Wavelet
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We end this section by noting that one key difference between wavelet approximation
and Fourier approximation is that the Fourier approximation uses one function (called
window function) that is translated over the interval of definition whereas its wavelet
counterpart uses a function that is translated and dilated to adapt itself to the local

properties of the function.
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Chapter 3

Estimation of the Score Function
3.1 Introduction

In this chapter, we introduce the problem to be solved and put it into its historical
context.

Consider the linear model
Yi=p+xB+e 1<i<n, (3.1.1)

where e, -+ ,e, are independent random variables with distribution function F' and
density f.

It’s known that the least squares estimate B g of B is the one that minimizes the
square distance ||Y —x03||3. but fails to be robust, in the sense that it’s very sensitive to
departure from normality and to perturbations. Robust alternatives to the least squares
method include the M-estimation and Z-estimation.

M-estimation consists of finding an estimate B  of B that maximizes (hence the

1 n
term M-estimation) a criterion function M, (3) = — g mg(X;) where mg : X — R
n
i=1

are known functions. Z-estimation consists of finding an estimate ,[A'i » of B that almost
maximizes the criterion function M, (3) or is one of its near Zeros (hence the term Z-
estimation). Note that popular choices for the criterion function include the so called

Huber function and the biweight function given respectively by
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Tu?, ul <k §11— 1—(u/k)23, ul < k
e YETN KIS e

klu| — 3K2, Jul >k k2, u| >k keR

Although the aforementioned methods solve the problem of robustness, they have
their own shortcomings. First, it may be hard to find zeros of (M, (3))’. Second, the
existence of zeros near the boundary of the parameter set may make the estimation
problem become ill-posed. Third, consistency and uniqueness are not guaranteed.

Consider the estimator B r of B € RP that minimizes the dispersion function

Dy(B) = a(R(Y; — xI 3))(Y; — xI B), (3.1.2)

=1

where R(y; — x!3) is the rank of y; — xI'3 among y; — x1 3, ,y, — x.3 and a(1) <
-+ < a(n) are some scores. The scores are usually chosen as a(j) = h(j/(n+ 1)), where

h:(0,1) — R is a nondecreasing score function.

Definition 3.1.1. The score function is the gradient with respect to some parameter

0 of the logarithm of the likelihood function, that is h(u) = % log f(0;u).

Examples of score functions
1. Sign score function: h(u) = sign(u — 1/2).
2. Logistic score function: h(u) = 2u — 1.

3. Normal score function: h(u) = ®~!(u) where @ is the standard normal distribution.
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Remark 3.1.2. The mean of the score function given a parameter 6 is zero, that is,

E(h|0) = 0. This entails that the variance of the score function I(f), which is called the

oo / 2
Fisher Information, is given by I(f) = / (?g;) f(u)du.

—00

Proof.

B * 0ln f(u;0) '
E(hlo) = /OO Tf(u, 0)du

[ oo,

00

= %/Zf(u;@)du
2 -0

O

Definition 3.1.3. Given a score function h, we define the scale parameter as 7, = 1/

where
S(F N (w)
fFEH(w)

Suppose that an estimate 7T,,, of T'(3) based on n observations is such that as v — oo,

7:/0 h(u)hp(u)du and  hp(u) =

Vi (T, = T(B8)) ~ N(0,0%(8)). (3.1.3)

Definition 3.1.4. Given two estimators T},,, and T;,,, of T(3) , let n,,1,n,,2 be the num-

ber of observations needed to meet (3.1.3). Then the (Pitman) Asymptotic Relative

Efficiency (ARE) of the two estimators is defined as

) = lim 2L = 7i(B) (3.1.4)

v=se g 03(B)

ARE(T,, 2, T,

Ny, 1
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It follows from the above definition that an estimator 7},,, of T'(3) is said to be as

asymptotically relatively efficient as an estimator 7}, , of T'(8) if ARE(T,,, 2,T,,,) — 1.

Theorem 3.1 (Asymptotic Relative Efficiency). If the score function h is such that
h(u) = hp(u), then the resulting R-estimate B of B in the linear model (3.1.1) is

asymptotically relatively as efficient as the least squares estimate E LS-

Proof. Since var(8,¢) = 02(XTX)~! where o2 is the variance of the underlying normal

distribution and var(8,) = 72(X7X)~! by theorem 2.1.7, we have

[\

\]

ARE(BR,BLS):% — 02( /0 h(u)hF(u))du>
= o*\/I(f)\/Var(hr) [corr(h(u), hp(u))]

= 02[(]”)[corr(h(u),hF(u))}2

2

So optimality is obtained when corr(h(u), hp(u)) = 1 that is, h(u) = hp(u). O

In the sequel, we assume the scores are chosen so that a(j) = hp(j/(n + 1)), where

PE @) (3.1.5)

In this case, the estimator B r of B is asymptotically efficient, that is, it is as efficient as
the least squares estimator B s- The choice of the least squares estimator for comparison
is that by Gauss-Markov theorem, it achieves the uniform minimum variance among all

linear unbiased estimators.

Lemma 3.1.5. If the Fisher information I(f) is finite, then hp € L*(0,1).
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Proof.

_ /0 B2 (w)du

Hence, I(f) < oo implies hp € L?(0,1). H

Therefore, under I(f) < oo, there exist coefficients Cj, such that

= >0 Cuil(), (3.1.6)

j=—0o0 kEZ

where {11} jxez, is an orthonormal system in L%(0,1) with v, (¢) = 2//2¢(2//%t — k) for
some function v and

An asymptotically efficient estimate of the coefficients C};, will yield an asymptotically
efficient estimate of hp.

A common approach in rank regression is to fix the score function apriori on the
basis of robustness or simplicity considerations. However, for efficient results, a good
approximation of hy based on an approximate knowledge of F' from a sample is of some
value. To that end, Van Eeden (1970) proposed an asymptotically efficient estimate of
location parameters using an estimate of iy based on a subset of the data. Dionne (1981)
used a similar subset-based technique to develop estimators of linear model parameters.
Beran (1974), for the location model, and Naranjo and McKean (1997), for the linear

model, provided Fourier series estimators of hr based on the whole sample. A different
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approach to aforementioned methods that uses density estimation and based on quantile
regression was proposed by Koenker and Basset (1978).
The estimator proposed in this dissertation also uses the whole sample to estimate

hp. Our approach differs from that of Naranjo and McKean (1997) in that:

1. we develop estimates of hr that provide asymptotically efficient estimators BR

based on a large class of orthonormal basis in L*(0, 1),

2. we develop estimates based on second order approximations (Beran (1974) and

Naranjo and McKean (1997) used first order approximations),

3. we eliminate restrictive assumptions on the data such as those in assumption (A6)

of Naranjo and McKean (1997) by using second order approximations, and

4. we provide a consistent, wavelet-based, estimator of the asymptotic variance of the

estimator Bp.

Zygmund (1945) pointed out that second differences of functions are much more
useful than first differences in estimating smooth functions. This motivates our use of
second order approximations. Also, the use of the second derivative gives us expressions
of coefficients that are easier to manipulate than the ones in Naranjo and McKean (1997).
This allows us to avoid making restrictive distributional assumptions such as assumption
(A6) of Naranjo and McKean (1997) that asserts that the first derivative of (¢(F))' F~1
be bounded, where ¢(t) = exp(—2mikt) and k is an integer. This excludes a wide range
of distributions such as the normal and the logistic.

In the following, we provide an asymptotically efficient estimate of the score function.

We begin by laying out the assumptions and discussing their consequences .
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3.2 General Assumptions

We will assume without loss of generality that © = 0, 3 = 0 in view of remark
2.1.6, and that the x;’s are centered to have mean 0 in (3.1.1). We assume the following

conditions:

(Hy) v has compact support in (0,1) and is three times differentiable with bounded

derivatives.

(Hy) ——max |x]l, = o(1).

V/ni<i<n
1 n
(H3) n Z ||Xz||123 =0(1).
i=1

!
(Hy) f is absolutely continuous with I(f) < co and = monotone.

(Hs) There exists a sequence {8, } in R? such that \/n3, = 0,(1).

(Hg) lim n'X"X = X.

3.2.1 Discussion of the assumptions

(Hy) assumes that v is the mother wavelet of a wavelet system with compact support.
There exist many such systems of wavelets satisfying (H;) among which the Daubechies
wavelets, Coiflets and Symlets . This assumption implies that the ”"daughter” wavelets
)y satisty
» = 0(2%) VkeNandl=0,1,2,3 (3.2.1)

J

(Hy) and (Hj) guarantee that we can apply the Lindeberg-Feller Central Limit
Theorem. To see how that’s possible, let’s recall the Lindeberg-Feller Central Limit

theorem.
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Theorem 3.2.1 (Lindeberg-Feller Central Limit Theorem). Let (Q2, F,IP) be a probability
space and let x; : @ — R, ¢ € N be independent random variables defined on that

probability space. Assume that E(x;) = u; and Var(x;) exist and are finite. Let S> =

Z Var(x;). If

1 n
lim — Z/ (x; — p15)?dP =0 Ve >0,

n —1 JA{Ixi—pil>eSn}

Z?:l (Xz‘ - Mz‘)

then Z, =
en S

converges in distribution as n — oo to the standard normal

distribution.

Indeed for any € > 0, we have

/ (x; — pi)*dP < max |x; — ui|2/ dP.
{Ixi—pi|>€Sn} ssn {|xi—pi|>€Sn}

Applying Tchebychev inequality to the integral on the right, we have

/ ap < V)
(Ixi—pi|>eSn) €25,

Hence, by applying the latter to the Lebesgue integral over R” and considering the x;’s

to be centered, we have

max | |X1H12)

1 ¢ / 1 1<i<n
— (x; — p;)dP < — =——— = 0(1).
S% ; {Ixi—pi|>€Sn } € Z’i:l HXzHIQ;

by (H) and (Hj). Thus, we have Lindeberg Condition

n

lim — / (x; — p1;)?dP =0, Ve > 0.
n—o0 57 Z {lxi—pil>eSn}

noi=1
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For practical applications, this assumption means that the contribution of any individual
random variable x; for 1 < i < n to the variance S? is arbitrarily small, for sufficiently
large values of n.

Assumption (H,) implies that f is uniformly bounded, uniformly continuous and
square integrable on R.

Uniform boundedness.

f@) = |f(2)] = ’ /_ Oo f(t)dt’ by absolute continuity
- \f e
< \/ /_ Oo ( j%)th\/ /_ oo F(#)dt by Cauchy-Schwartz inequality
RN
VI(f)

Uniform continuity.

[f(z) = f)l =

sw

’ ’(t)dt’

dtW £

< \/ |F F(y)| by the Mean Value Theorem
< \/I(f)\/f§|x —y| where & is between = and y
< I(f)**\/|]x —y| by uniform boundedness.

Thus for any € > 0,
2

\x—y\<Wi|f($)—f(y)|<€‘
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Square integrability.

| pwa = ([ f’(t)dt)f(:v)d:v

\/ / f’ dt>21/ / h f2(z)dz by Cauchy-Schwartz inequality
NN / DTN RCR

VI / f2(2)dz.

IN

IN

IA

Thus,
/_ " Po)de < 1()).

Remark 3.2.2. Even if a function f is uniformly bounded, uniformly continuous, positive
almost everywhere, it is not guaranteed that I(f) is finite. An example is given by the

function
I’Tx 0<zx<1

Y

Tl 9 —1<2<2j

2i+2

e 9j<x<2j+1,j>1

DY)

f(=z), = <0.

\

Note that there are numerous estimators that satisfy assumption (H;) including the
least squares estimator and the general rank estimator with a specified score function h,
see Jureckova (1971); Jaeckel (1972).

We end this discussion by noticing that (Hg) requires the design matrix X to be

such that the sample sizes go to infinity at the same rate.
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3.3 Estimation of the coefficients

The following lemma provides an alternative representation of the orthonormal basis

coefficients Cj, in the expansion of hp.

Lemma 3.3.1. Assume that (Hy) and (Hy) hold. Then

[ et = - [~ o) Fea. 831)

Proof. Eq. (5) of Naranjo and McKean (1997) gives

/0 eyt~ [ L (r)arG). (3.3.2)

Integrating by parts the right-hand side of equation (3.3.2), we have

[ fwrenare = oL wEe)] - [ prere:,

We can write

FELWE)] =l FEAEE) - F-2) (- (F(-)
But
Zli)rg) F(z) =1, Zgr_noo F(z)=0
and

lim ¢'(F(z)) =¢'(1) =0= lim ¢'(F(z)) =¢'(0), since v is compactly supported.
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The Lemma follows. O]

Remark 3.3.2. If we replace assumption (H;) in Lemma 3.3.1 by the assumption that
f is absolutely continuous and / |f'(z)|dz < oo, then (3.3.1) still holds. In fact, these

two conditions insure that both lim f(z) and lim f(z) exist and are both equal to zero.
Z——00 Z— 00

They are restrictive though since they require a well behaved source for the sample data.

In comparison, we have numerous functions 1 satisfying (H;) such as the Daubechies

base functions, Symlets and coiflets.

In the remainder of the dissertation, for a € R?, we will let F),(-; &) represent the

empirical distribution function of y; — xT a, ..., y, — XL c; that is,

1 n
Fo(z0) = — S Iy —xla<z).
=1

The following lemma is a combination of Lemma 1 and Lemma 2 of Naranjo and McKean
(1997) and gives the asymptotic linearity of F), (w; a,,) for v, converging to 0 at a suitable

rate. The proof follows from Section 2.3 of Koul (1992) and is given in the appendices.

Lemma 3.3.3. Assume (Hy) — (Hs). Then

sup V| Fo(z: B,) — F(2)] = O,(1) .

z€R

Characterizations of orthonormal basis systems of L?(0,1) can be found in Meyer
(1991), Cohen et al. (1993) and Andersson et al. (1994). If the scaling function ¢ satisfies
conditions given in Theorem 9.6 of Hérdle et al. (1998) (for example certain Daubechies
wavelets), then hpr belongs to the Besov Space B;?(R). Besov spaces can be characterized
using wavelet coefficients; thus, they are the natural spaces for wavelet estimation of
functions. Moreover, in some Besov spaces, wavelet coefficients decay faster than Fourier

coefficients. For instance, it is shown in Zygmund (2002) that if a function belongs to
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the Zygmund space B1>°(0, 1), then its Fourier coefficients C), are O(n~1). It was proved
in Meyer (1990) that the wavelet coefficients W)y, of such a function are O(273/2).

We now start the estimation process of the score function hp. The strategy consists
of first estimating the coefficients C;, by some (/Z’f\k in the expansion (3.1.6) of hp and
then use them to provide an estimate @ of hp, for some fixed n .

Let {0, }neny and {M, },en be sequences of real numbers such that M, = O(n®),0 <

a < 1/4 and \/]‘432 — 0, M,0%> — 0 as n — oo. This means that 6, = O(n*) where A =

a/2—1/4—~and a—1/4 < v < 0. Given a scaling function ¢ with corresponding “mother
wavelet” 1 and a \/n-consistent estimator En of B, equation (3.3.1) in Lemma 3.3.1, using

second differences, suggests an estimator

Crom g | [20(BalB) — (Bl +0:B,) — din (= 0,3B,) | Falei B, s

—00

of Cj, = fo hr(s)ix(s)ds

Remark 3.3.4. Note that 63”; can be computed from the data as

6-?\]@_ 0 Z [ 617 )) _gb(Fn(ez'i_HmBn)) _qb(F’n(ez _enaBn))] ) (333)

~

where ¢; = y; — x1'3,
Proof. In fact, let W(z) = /Z F(s)ds, where n a zero of W. Then
n
0o d2 n ei4-0n d2
‘/ i [OFE) Pz = =3 / g AEEBD]aVE) . (334)
- i=1 Y €i—0n

For 0,, small enough so that there is only one e; between e; — 0,, and e; + 0,,, namely

e;, an approximation of the opposite of the integral on the right-hand side of equation
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(3.3.4) is

B(Fn(ei + 00 B,)) = 20(Fn(e55B,) + 6(Fules = b Bn»] W (er 4 6) — Wier — 0,)]

Z
_ [cb(Fn(ei +0n;B8,)) — 20(Fy, ég,ﬁn)) + O(Fyle; — 9n;ﬁn))] [/9 Fn(z;Bn)dz]
= o [B(Fale + 0,5B,)) — 20(Fules B,)) + o( e [ZI =

where &; € [e; — 0, €; + 6,,]. Since we can replace e; by their order statistics, the form of

6’?: proposed in equation (3.3.3) follows. ]
The following lemma establishes the consistency of 6’]":

Lemma 3.3.5. Suppose that (Hy) — (Hs) are satisfied. Then |Mn(6’j”\k — Ci)| = 0,(1)

Proof. Define 63‘; =— /7 j; [@Djk (F(z))} Fo(z; Bn)dz Now

1 [ ~

Cho=go [ 20 (F2)) = e (Fe + 0,)) = i (Fz = 0)] Fu(e B)dz + O(M,2)

Taking the difference C” C'J"k and expanding v, (F,) about ¢ (F), we have

Mn(O]nk - C;Lk) =

% —Z [\/E(Fn(z; B,) — F(Z))] Uii(Ein(2) Fa(z By )dz

_ 9;1‘4_\% /Z [\/E(Fn(z +0,:8,) - F(z+ en))} Wi (€2n(2)) Ful2: B,,)dz

- o= [ VAR = 0.B,) = (= 0) | Uis(Ean )P 3B
+ O(M,.03) ,

where &) ,,(2) is between F,(z; ,@ and F(z), &.,(2) is between F),(z + 0, Bn) and F'(z+
— Oy;

)
0,), E3.0(2) is between F,,(z :8,) and F(z —6,). Since ¥}, and F), are bounded with
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respect to n and sup|v/n(F,(z: 8,) — F(2))| = O,(1), we have

Mo (Clj, = )| = Op(My 02/7) + O(M,82). (3.3.5)
On the other hand,
n ~n M, > 2 " 2 > "
Mo(C = Chi) = = | (S0 W(F)"(2) Fulz; Br)dz — /_ (Vi (F))"(2)F(2)dz

o~

5 () N )+ (P o)) i B

I
<

o [ (PGB - FO)@alF) )z + 0,000, + 02,

where k1(2) € (2 — 0, 2) and ko(2) € (2,2 +6,,).

Thus we have

MG = 2 [ " [VAEE:B) — PR (B () + 0,(0,0,) + O(M,82)

But

| b= [ @+ [ PEuEe)s:).

The two integrals on the right are bounded since f is absolutely continuous, f € L?(R),

and 1, has bounded derivatives. Therefore we have
M, (C — Cr)| = Op(Mi/ /1) + Op(Myy,) + O(M,62). (3.3.6)
Equations (3.3.5) and (3.3.6) imply that
[M(Cly = TR = Op(M /623/0) + Oy (Mo / /) + OML02) = 0,(1) . (33.7)
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]

Remark 3.3.6. In view of (3.2.1), this means that there is a constant L > 0 such that

= 22j
‘Cjk_Cjk|§LM> Vk e N.

n

3.4 Estimation of the score function

Now define the wavelet estimator of hr as

=2 Chta(®)

=0 k

where j; is some chosen resolution level in NU{0}. Note that since we are using compactly
supported wavelets, the sum over k contains only a finite number of terms for a given

value of ¢ (see Remark 10.1 on p. 127 of Hérdle et al. (1998)).
Theorem 3.4.1. Under (Hy) — (Hs), we have E||hr — @Hg =o(1).

Proof. Let

where the convergence is absolute in L?(0,1). Thus

2

dt | +2F /

The second term on the right is o(1) by absolute convergence in L?(0,1).

ZZ Jk = @Dyk( )

7=0 k

Z Z Cjk‘dj]k’

>k

Bllhe—Tjl} < 2E /
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For the first term, we have

[

But there is a positive constant L such that |C} _6?\1@| < L% (see Remark 3.3.6). Thus

[

Since, by Proposition 8.3 of Hardle et al. (1998), the integral on the right hand side

Z Z ik — %k

7=0 k

1 jl —_ 2
dt < / > (it 1) (Z [Cie — O] ij(ﬂ!) di
7=0 k

ZZ Jk — ¢3k( )

7=0 k

dt<L2]1+ le /(ka )

is uniformly bounded in j, there is a constant C' > 0 such that

/

Choosing j; such that (j; + 1)2%1"! < M2 completes the proof. O

2

ZZ gk = 1/’Jk( )

—2 (i+1) 2241 17 31+1)24f1+1.
7=0 k& n

3
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Chapter 4

Estimation of the Slope Parameter

Define

Let ﬁn(,ﬂ) denote the same expression with hp replaced by @ Let X be the n x p
matrix with x} as its ith row. Without loss of generality, we will assume that the design

matrix X is centered; i.e, Y ", x; = 0.

Theorem 4.0.2. Under (H;) - (Hs),
U,(0) ~ AN(0,%) |

where 3 = lim,,_,o(1/n)X'X.

Proof. Heiler and Willers (1988) have shown that U,(0) ~ AN(0,%). We will have
IAJn(O) ~ AN(0,Y), if it can be shown that Gn(O) — U,(0) = o0,(1). Our approach
follows that of Naranjo and McKean (1997) closely with minor modifications to suit
wavelets.

It is enough to show that ﬁn(O) — U,(0) = 0,(1) elementwise; so, assume that
U, = U, is scalar. Suppose j; is such that 24171 < M,. Note that 2*++! < M, implies

that (j; + 1)2%+1 < M2 as required by Theorem 3.4.1. Let ¢ be a threshold such that
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Cjk = Cjk[(m]?x|C]k\ < t) We have

Un(0) — Un(0) =

7 ) o ()

- 2 AT T

3

- g
—_

.

I

=
3

Since |Cj — 6]";| = 0,(2% /M,,), it suffices to show that

Z\FZW( 1) =02,

=1

This follows from Chebychev’s inequality if

To that end, letting K;; = >, 1 {R(y;)/(n + 1)}, we have

)]

n i
ot

Z( :/n)E +Z 2,25 /n)E(K,; Ky;) .

r#s

But by Theorem 9.6 of Hardle et al. (1998), we have K;; = O(2%) and because (3, z;)* =
0, we have by (H3) that >, (x7/n) = 3 (z,2,/n) = O(1). The proof is complete. [J

Given an initial estimator Bn, define the one-step estimator as

By =B, +7/n(XX)""U(B,) , (4.0.1)
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1

where 77! = / |hp(t)|?dt. The estimators B and Bp have the same asymptotic distri-
0

bution as given in the following theorem. The proof is direct and will not be given here

for the sake of brevity.
Theorem 4.0.3. If (Hy)- (Hs) are satisfied, then B, ~ AN(0,72571).

For practical applications of Theorem 4.0.3, one needs a consistent estimator of 77 1.
Koul et al. (1987) have given a consistent estimator of 7! for the case where the score
function is known. Their estimator is based on a kernel density estimator of the density of
the errors based on the residuals of the model. The following theorem gives a consistent

estimator of 77! for the case of estimated scores.
—_~ 1 —_~
Theorem 4.0.4. Define (72)* :/ | (t)|*dt. Then, under (Hy) - (Hs),
0
() =t 50
Proof. Note that

[ or - waora] < [

Thus

2

R — |he(t))? () — he(t)| dt .

1
dtg/
0

P> < r(f

which is bounded by e 'E||hr — @H% by Markov’s inequality. The desired result follows

hi(t) — hF(t)‘zdt > e) :

from Theorem 3.4.1. O

One may estimate (;,?)*1

using numerical integration methods (such as Gaussian
quadrature) using some grid on (0,1) since the @(t) can be computed for any given

te(0,1).
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As one application, consider testing the general linear hypothesis
Hy:MgB=0 Versus H,:MpB#0,

where M is a ¢ X p matrix of full row rank forming linear constraints. Under H, the
quantity
~x\/ ~ %
(MBR) IMxX'X) ™M (MBy)
q(77))? '

is asymptotically x?(q) by Theorem 4.0.3, Theorem 4.0.4, and Slutsky’s Lemma. Thus a

By =

level-oe Wald test rejects Hy if By exceeds the (1 — ) quantile of the x?(q) distribution.
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Chapter 5

Discussion

In this dissertation, we developed an asymptotically efficient rank estimator based
on score functions estimated using wavelets. A consistent estimator for 7 is given for the
asymptotic variance of the rank estimator. This can be used in constructing Wald tests

of general linear hypotheses.

5.1 Issues related to simulations

—T

e
We consider the logistic density function f(x) = (SR Its cumulative density

o
function F' is given by F(x) = 5 +i—z and its score function for the logistic distribution is

given by: hp(u) =2u—1,u € (0,1). This is density function satisfies all the assumptions
(Hy) — (Hs). We then generate N = 10,15, 75,100 random points from this distribu-
tion. We will apply respectively the the classical Fourier approach denoted by (CF), the
first order estimate with Fourier basis functions denoted by (FOF) proposed by Naranjo
and McKean to estimate its score function. Our approach that uses the second order
estimations and compact supported wavelets is denoted by (SOW). Our method, even
though theoretical results show it is superior to both approaches in terms of flexibility
and precision has a shortcoming of its own. It’s very difficult to apply with the current
algorithms. The main reason for this complexity is the implicit nature of the compactly
supported wavelets used. An idea of the complexity of the use of these wavelets can be
seem in the cascade algorithm by Mallat (1989) which is the most used in applications

of compactly supported wavelets. Indeed this algorithm by Mallat (1989) requires to
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have a sample of points from the function to be estimated whereas our method does not
require such a sample, but is still very complex. We are working on an algorithm that
will address this issue in the future. The Figure 5.1 below show the issues related to the
Naranjo and McKean’s approach. Indeed the continuous curve for different values of N
seems to have less precision that the other one with 4+ symbols. The dotted line is the

original score function.
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Figure 5.1: Simulations

The Table 5.1 below represents a comparison of the different methods to approximate
score functions in terms of convergence, flexibility, applicability, Gibbs phenomenon,

precision.
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CF | FOF | SOW
Convergence | Yes Yes Yes
Flexibility No No Yes
Applicability | Good | Good | No yet
Gibbs No Yes No
Precision Good | Fair Best

Table 5.1: Comparison between the different methods

5.2 Simple Mixed Models with Dependent Error Structure

In our treatment we assumed that the errors are independent and identically dis-
tributed with a cdf F' that has pdf f. Estimating the score function to maximize efficiency
is generally a very difficult problem for dependent error models. In simple dependent
data problems, however, this may be tractable using some of the methodology developed
earlier.

Consider the model

Yi=lyu+XiB+e 1<k<m N=) n (5.2.1)
k=1

Suppose that e, = 1,,, by + €5, where the ¢, are iid and by, is a continuous random variable,
independent of .. We also assume the random effects by, - - - , b, are iid. Then the errors
er are exchangeable with the same marginal distribution F'.

Then the asymptotic R-estimate of 3 is
VNBg = i N(X"X) "' Un(B) + 0,(1),

and from Brunner and Denker (1994), it follows that

~

BR ~ Np(/gavh)
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where

Vi, =7, (XTX) ™! ( > XZCh,ka> (XTX)™

k=1

and

Chr = (1= pr)Lu, + pnn,  pn = cov{h(G(en)), h(G(e12))}

where I,,, and J,, are respectively the n; x n; identity matrix and the nj, x n; matrix
of ones. Assuming that X is centered, the asymptotic relative efficiency of the rank

estimator versus the least squares estimator is given by

~ o~ 2(1 —
ARE(/BRvﬁLS) = H )
where
p = Corr(ey,&5) o* = Var(ey) pn = Corr[h(F(s1)), h(F(g2))],
and

o [l

We would like to find h that maximizes the ARE. This amounts to minimizing 7, and
maximizing pp. However, the function that minimizes 7, does not necessarily maximize
pr- Analytically finding A that would simultaneously do both is a difficult problem in

calculus of variations.

Simple case: the random error vector has a multivariate normal distribution

Kloke and McKean-2009 proved that if h(u) = v/2(u — 1/2) (Wilcoxon score), then:

ARE(B, Bys) = 1202</f2(t)dt)2%’
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where o2 is the variance of the underlying normal distribution, p is the intra-class corre-

lation and p;, is the Spearman Correlation within each class. Hence
1. ARE(BR,BLS) € [0.8660,0.9549] if 0 < p < 1
2. ARE(Bg, B.s) € [0.9549,0.9662] if —1 < p < 0.

However, for general score function , estimating the optimal score function is the

following problem in calculus of variations:

1 — pn L— [ [go R(F(2))R(F(y)) f(x,y)dxdy

The wavelet method developed earlier provides an approximation of the minimizer of 7.

= _ sup { 2 }:Sgp{ {f&h(u){ '—l(u)}du] } -

The maximizer of p, can also be found using the techniques in this dissertation since
the wavelet basis of L?*(R?) can be given as a product of wavelet basis in L?*(R). Indeed,

Consider the optimization problem

Sup [ [ HPG@)(P () o,y (5.23)

and let J(h) = / /R W(F@)A(F())f (v, y)dady — 2 / () h(F(y))dy where g is some

R
continuous function on R.

Then for any integrable function ¢ # 0,

a/RaF </fa:y )dx)dy
+ aégw’ (/f$y )@)m

+ ot [ [ 1 CPa)er )y
+ -2 / 9()h(F(y))dy — 20 / 9(y)C(F () dy.

J(h+ aC) — J(h)
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Thus, if f is a symmetric function of x and y, we have

J(h+aC) — J(h)

«

=3 <<F<y>>[ [ Fan(F @) = o) ay
o[ [ e ndF@)FE@)ddy

Hence,

po (it ag) — I(h

a—0 o

o= / F (. y)h(F(x))dz = g(y).

Therefore, if f € L*(R?), then (5.2.3) becomes the Homogeneous Fredholm Integral

Equation
/ h(F(x))f(z,y)dr = g(y), for some continuous function g. (5.2.4)
R

L. If f(x,y) = k(y — z), for some function k, then (5.2.4) has a solution

Y Fylg(y)](u) 2iruy
wre) = [ e

where F is the Fourier transform of F'.

2. In general, the solution to (5.2.4) can be written as

h(l’) _ i < g(y)7hi<y) >lz(33')

a.
i=1 v

where a; is a decreasing sequence of reals, h;,l; are basis functions (Could be

wavelets) in L?(R) and <, > is the scalar product in L*(R) .

Thus, we have two approximations of h. The compromise is to use the estimated
score in one in the estimation of the other. This could be iterated until the difference

between the two approximations is below a specified level of tolerance. Either one or
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the average of the two approximations can be taken as the final approximation of h as

suggested by the algorithm below.

v Get residuals from an initial fit. Use them to get an estimate of F, say F°.
v Use wavelets and F° to estimate the maximizer of 7, say ﬁ}.

v Fit model using iz} and get new residuals and a new estimate of F', say F7.
v Use F" to estimate a maximizer of py,, say h.

v Fit model using iz’} and get new residuals and a new estimate of F', say F .
|1h% — il

SRRl + [1R%[)

v Set FO = ﬁ; and go back to step 2 until < €. Otherwise stop.

T 7P
v Take b+ hi

as an estimate of h.

5.3 Adequate space for score functions

In the previous sections, it was assumed that the score function belongs to the space
of square integrable functions. Though this property of the score function is guaranteed
if its Fisher information is finite, it is worth mentioning that this space if very ”big”. In
fact, pinning down the adequate space where score functions could be approximated by
wavelets is of some value. The space of square integrable functions is contained in the
space of continuous functions which are nice for practical applications but rare in reality.
This space contains the Sobolev space which is nice for theory but also rare in reality.
So the compromise could be a space lying in between the continuous functions and the
Sobolev space, and contained in the space of square integrable functions. The Besov
space is such a space. Besov spaces can completely be characterized in terms of wavelets

in the sense that any function in this space has a wavelet decomposition and any function
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decomposition in terms of wavelets coefficients entails a function belonging to a Besov
space. As any space, Besov space have "nice” and ”"bad” functions. By ”bad” function,
we mean an analytic function that cannot be continued outside its disk of convergence.
They are also called lacunary functions. Though the results we found were a partial
answer to the problem of adequate space for score function, the techniques used made it

worthwhile.

Characterization of lacunary function in Bergman-Besov-Lipchitz Spaces

The space B? has been studied at length by various authors for various purposes.
This space first appears in its simplest form in De Souza (1980) where it was denoted
by B'. This was later generalized to a weighted version B” in De Souza (1985) and
De Souza (1983 ).It was shown in these papers that B” is the boundary value of those
functions F' for which / 1 / " |F'(re’®)|(1 — r)%fldedr < oo for the weight function
p(t) =t Tt was showr? in 0Bloom and De Souza (1989) that B, for a general weight
function p, is a real characterization of analytic functions in the unit disc for which
/1 /QW |F’(rei9)|p(1%_:)d9dr < 00, generalizing the results obtained in De Souza (1985)
afld f)e Souza (1983 ).The main result here is the analytic characterization of lacunary

functions in the spaces B” for p belonging to a class & of weights satisfying some condi-

tions that will be stated in the sequel.

Preliminaries
Definition 5.3.1. Lacunary functions are analytical functions F(z) = Zakzn’“ for
k=1

which A = inf 2+ < 1.
ko ng
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Definition 5.3.2. We define
b oy P(L—7)
BF = {F : D — D, F analytic and / / \F’(re’e)ll—dﬁd'r’ < oo}
o Jo -r

and

o s 1/2
P={F:D—-DF(z) =) az", > 2"K(n,p) (Z Iak\2> <00,
n=0 n=0

kely,
where I,, = {k e N: 2""1 < | < 2"},

Note that B? and b” are endowed with norms ||F||g, = fol 027r |F (rei9)|%d0dr
%) n 1/2 .
and || Fllp = >0 2" K (n, p) (X er laxl?) / , respectively.
Notation: If p(t) = t'/9, ¢ > 1, in Definition 5.3.2, then we denote B” by B? and b” by
be.

Definition 5.3.3. We say the weight function p : [0, 1] — [0, 00) belongs to the class &

if p(0) = 0, p is nondecreasing, and there are positive constants Cy, Cy, K (n, p) satisfying

1
n—1 1 -
/ r? 1@(& <C1K(n,p), ¥Vn>1 (5.3.1)
0 —r
and
R p(l=)
/ Tt —Zdr > CyK(n,p), VYn>2. (5.3.2)
1—9—(n—1) - T

Hereafter ¢ and C' denote generic positive constants and when there is no ambiguity,
we shall name all constants by ¢ and C'. Similar weight function classes can be found
in Mateljevi¢ and Pavlovi¢ (1984) where they were used to characterize weighted Hardy

spaces.

Lemma 5.3.4. The class G is not empty.
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Proof. Consider the family of weights defined by & = {p : p(t) = /9,1 < ¢ < oo} so
that pg%_:) =(1- 7‘)371. Clearly p(0) = 0 and p is a nondecreasing function of t so
that the weight function p satisfies the conditions stated in Bloom and De Souza (1989).
We will show that U C &.

Take p € Y. Using a result of Alzer (2001) and the facts that 1/¢ < 1 and 2" > 1

we have

1 n—1 1
/ 2 Ll(l — r)%_ldr = B (2("1), —)
0 q

_ 1
- q—12(n—1)
< 2x 2 o>, (5.3.3)

where B(-,-) is the beta function defined by B(z,y) = fol t*= 11 — t)v~dt.
Also for 1 — 21D < p < 1— 27" we have 2-120-m/a < (1 — p)a~' < 2n9-(=D/a,

Thus, since 277 > 1 and 0 < r < 1, we obtain

1—9—n ; L 1-2—" "
/ r¥ 71— T)E_ldr > 2"_12_”/‘7/ r¥ ~ldr
1 ].

,27(77,71)

1-2-n
> 2”_12_"/‘1/ rdr
1

_2—(n—1)

n—19—n
2n—12—n/q 2" .
— - (2—(77,—1) o 2—77,) Z(]- _ 2—n)2 —k‘(l _ 2—(n—1))k
27 +1 —
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But (1 —27)*""1(1-270"V) > (1= 27"7D)*" So for 0 < k < 27, (1—27")>" (1 ~

2-(=1)k > (1 — 2=(=1)2" Thus

2’ﬂ
D=2 L= 2T 2 (20 (1 -2
k=0
Therefore
1-2-n )
/ r N1 =) tedr > 2nTiaT/agTn(] — gm (e
1—2—(n=1)
> 27974 > 2 (5.3.4)
Taking K (n,p) = 279, (5.3.3) and (5.3.4) imply that p € &. O

Theorem 5.3.5. Suppose p € & . Then b” is a Banach space. Moreover for any function

F(z) =" a,z" belonging to B, there is a constant C' > 0 such that
1o < CIE oo -

If F(z) =Y 12, agz™ is lacunary and belongs to B?, then there is a constant ¢ > 0 such
that
1Fll3e = cllFll .

Proof. We will first show that 0” is a Banach space. First we show that 0” is a linear
space. Let a and (3 be two complex numbers and let f, g € 0*. By Minkowski’s inequality

we have

1/2 1/2 1/2
<Z|aak+ﬁbk|2> §|a|<2|ak|2> +|ﬁ|<2|bki2> :

kel, kel kely,

Thus af + (g € b°.
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Now we show that b” is complete. To that end let {F*}scy be a Cauchy sequence
in (b2, | - |lpe), where F5(z) = > afz". We will show that there is some F' € b” such
that F* — F in b”. Given € > 0, there is some S € N such that for s, > S we have

| F* — F*|[pr < ¢; that is,

~ 1/2
ZQ"Kn ) (Z ‘%‘%’2) <€

n=0 keln

for s,t > S. This implies that for all n € N,

. 2
Z ‘ak ak| 2”K(n 10)

kely

for s,t > S. Therefore for all n € N, {a}sen is a Cauchy sequence in R, a complete
metric space. This implies that for all n € N there exists some a,, € R such that a; — a,
in R. Now let F((z) = Y > ja,z". We shall show that F' € V” and that F* — F in 0.
To that end, we will prove that F' — F* € b” and use the linearity of ¢” to conclude that
(F—F*)+ F*=F €.

Given € > 0, there exists S € N such that

- 1/2
ZQ”KTL p) (Z |ak—ak|2> <€

n=0 kel,

whenever s,t > S. Now let M > 0 be arbitrary. Then for s,t > S

M 1/2
> (Sl ) <o
n=0

kel
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Fixing s > S and letting ¢ — co, we have

v 1/2 M 1/2
i 2”K<n,p>(2|a2—azr2) =§_;2"K<n,p><2|ak—a2\2) <

n=0 kel, kel

M being arbitrary, this shows that for a given € > 0, there exists S € N such that

~ 1/2
ZZ”KTL ) (Z |ak—ak|2> <€

n=0 kEIn

whenever s > S. That is F'— F** € bP. This also proves that given € > 0, ||F'— F*||;» < e,

for s > S and hence F'* — F in b*.
Let us now prove that there are constants C, ¢ > 0 such that
1F e < C[Fler

and, for lacunary functions,

1F e = el F

//2” 7o) 2= g

Note that F'(re?) = Y °°  na,r"'e™’. By the Cauchy-Schwarz inequality and Parse-

Let

val’s identity we have

1 00 1/2 (1 )
2 : n—12 puL—T
J S O/O (n:1 |nan7" | > ﬁdr .
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But
L/ oo 1/2 L/ oo 1/2
11— 1—
/ (Z |nanr"1|2> —p(l — :)dr = / (Z > k2’CLk‘27’2(k1)> —p(l — :)dr
0 \n=1 0 \n=1kel,
and since 0 < r < land 2" ' <k < 2"
L/ o 1/2 .
r<c| (Z 3 k2|ak|2r2<2“—1>) =1y,
0 \n=1kel, -7

Applying the Hardy-Littlewood Inequality to the right hand side and noting that 27! <

k < 2™ we have
o /2 .
J<oy <Z !ak|2> / T(in_l)udr .
n—1 kel, 0 -r

Since p € G we have

~ 1/2
J < OZQ”K(TL, ) (Z |ak|2> :
n=1

kely

On the other hand, from Zygmund (2002) we get

L/ oo 1/2 a )
J > 2|a, |2 2(n—1) piLt—r d
> C/o <n§1n|a|r o
0o 1-2-n 1/2
} : n 2 : 2 on_ 1 p(1 =)
Cn:1 2 Z ( |ak| > T ﬁd?ﬂ s

2= \ ket

v

where the last inequality is because 0 < r < 1 and 2"~ < k < 2". Therefore

- 1/2
J > cZQ"K(n,p) (Z |ak|2>

n=1 keIn

since p € G. O
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Remark 5.3.6. Note that to obtain the upper bound in the main theorem, lacunary
sequences are not necessary. The inequality from Zygmund (2002) that allowed us to

obtain the lower bounds requires the sequence to be lacunary.

Remark 5.3.7. In the second part of the proof of the main theorem, our approach of
writing the interval [0,1] as the union of non-overlapping intervals [1 — 2"~} 1 — 277),

n > 1, is similar to that in Blasco (2001).

Remark 5.3.8. Since the weight function p(t) = ¢'/7 is in the class &, the main theorem
remains true for the spaces B? and 0?. This space has been studied extensively in Bloom

and De Souza (1989) for analytic functions on the unit complex disk.

Remark 5.3.9. A particular case of the main result of this paper can be obtained using
the results of Mateljevi¢ and Pavlovi¢ (1983) and Mateljevi¢ and Pavlovi¢ (1984). In
this case, we will be required to use lacunarity of the series to establish both sides of the

inequality. Such a result also appears in Proposition 1.7 of Jevtic and Pavlovic (1998).

Remark 5.3.10. Similar inequalities for the weight function p(t) = ¢'/¢ can be found in
Zhao (1996 ) but the weight functions used in there were quite different from the one we

used.
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Appendix
Proof of Theorem 2.1.7

We will assume without loss of generality that the true parameter 3 is 0. It is then
casier to work with the vector T, = (75 '/nfis, va(r; ' (n'X7X)3,)7)7, where 74 =
(2f(6.))"" and 6, denotes the median of the error distribution, that is, 6, = F~1(1/2).

Let t = (t1,t)” be an arbitrary, non zero vector in RF!. We need only to show that
Z, = tT'T, has an asymptotic univariate normal distribution. Based on the asymptotic

representations of fig given by
W3 — 1) = men 2 S sen(Y, - 1)+ o,(1).
i=1
and that of Bh given by
n'2(B), = B) = m(n ' X"X) 0 2PXTA(F(Y)) + 0,(1),

we have
n

Zy=n""2Y (tisgnYy) + (63 x5)R(F(Yy)) + 0,(1). (5.3.5)
k=1

Denoting the right side of 5.3.5 as Z, we need only to show that Z converges in distri-
bution to a univariate normal distribution. Let Z, be the kth summand of Z;. We will
use the Lindenberg-Feller central Limit Theorem. First note that F(Z*) = 0.

Let B2 = Var(Z}). Since the individual summands are independent, Y}, are identically

distributed and the design is centered, then B? simplifies to
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n

B2 = n'( Z t]+ Z(tgxk)2 + 2tycov(sgn(Yq), R(F(Y1))ts > xy)
k=1 k=1 k=1
2+t (n ' XTX)t, + 0.

Hence by (Hg), we have

lim B2 =7 + 1 %ty,

n—oo

which is a positive number. To satisfy the Lindeberg-Feller condition, we need to show
that for any € > 0
lim B,>Y " E[Z;31(|Zy| > eB,)] = 0. (5.3.6)

k=1
Since B2 converges to a positive constant, we need only to show that the sum converges

to 0. By definition of Z*, and Cauchy-Schwartz Inequality, we have
|Znel < 072 0]+ NVt x| |R(F (Y0)).

Hence

I(|1ZF,| > €Byn) < I(n Y2ty + n Y2 |tI x| [W(F(Y1))| > €B,).

By Cauchy-Schwartz inequality,

W2 < n Y2l e
p 1/2
_ %*}jﬁ@ el
j=1

1/2
P
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1/2
Let K, = [p max n_lxzj} . K, is independent of k and converges to 0. Therefore we
j

have

eB, —n~ Y%

117> P 2 10 PP (Y )] > €8

Finally, we also have:

eB, — n Y%

iE{Z;kI(’f(F(Yk)” > T)} = tlE[I(]f(F(Yl)ﬂ > et

/) sy (1Ev) > LI S

[ (1seon) > B 0 S

k=1

Note that the sum in (5.3.6) is less than or equal to the expression above. The design
matrix being centered, the middle term on the right side is 0.
. EBn - n_l/Qtl oL
In the expression — the numerator converges to a positive constant as the
n
denominator converges to 0; hence the expression goes to oo. Since h is bounded, the
indicator converges to 0. Using again the boundedness of A, the limit and the expectation
can be interchanged by the Lebesgue Dominated Convergence Theorem. This show that

(5.3.6) is true and hence Z; converges in distribution to a univariate normal distribution.

Therefore, T}, converges to a multivariate normal distribution.
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