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Abstract

This dissertation is concerned with spatial spread and front propagation dynamics of
monostable equations with nonlocal dispersal in spatially periodic habitats. Such equations
arise in modeling the population dynamics of many species which exhibit nonlocal internal
interactions and live in spatially periodic habitats. The main results of the dissertation
consist of the following four parts.

Firstly, we establish a general principal eigenvalue theory for spatially periodic nonlocal
dispersal operators. Some sufficient conditions are provided for the existence of principal
eigenvalue and its associated positive eigenvector for such dispersal operators. It shows that a
spatially periodic nonlocal dispersal operator has a principal eigenvalue for the following three
special but important cases: (i) the nonlocal dispersal is nearly local; (ii) the periodic habitat
is nearly globally homogeneous or (iii) it is nearly homogeneous in a region where it is most
conducive to population growth. It also provides an example which shows that in general, a
spatially periodic nonlocal dispersal operator may not possess a principal eigenvalue, which
reveals some essential difference between random dispersal and nonlocal dispersal. The
principal eigenvalue theory established in this dissertation provides an important tool for
the study of the dynamics of nonlocal monostable equations and is of also great importance
in its own.

Secondly, applying the principal eigenvalue theory for nonlocal dispersal operators and
comparison principle for sub- and super-solutions, we obtain one of the important features
for monostable equations, that is, the existence, uniqueness, and global stability of spatially
periodic positive stationary solutions to a general spatially periodic nonlocal monostable
equation. In spite of the use of the principal eigenvalue theory for nonlocal dispersal operators

in the proof, this feature is generic for nonlocal monostable equations in the sense it is
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independent of the existence of the principal eigenvalue of the linearized nonlocal dispersal
operator at the trivial solution of the monostable equation, which is of great biological
importance.

Thirdly, applying the principal eigenvalue theory for nonlocal dispersal operators and
comparison principle for sub- and super-solutions, we obtain another important feature for
monostable equations, that is, the existence of a spatial spreading speed of a general spatially
periodic nonlocal equation in any given direction, which characterizes the speed at which a
species invades into the region where there is no population initially in the given direction.
It is also seen that this feature is generic for nonlocal monostable equations in the same sense
as above. Moreover, it is shown that spatial variation of the habitat speeds up the spatial
spread of the population.

Finally, this dissertation also deals with front propagation feature for monostable equa-
tions with non-local dispersal in spatially periodic habitats. It is shown that a spatially
periodic nonlocal monostable equation has in any given direction a unique stable spatially
periodic traveling wave solution connecting its unique positive stationary solution and the
trivial solution with all propagating speeds greater than the spreading speed in that direc-
tion for the special but important cases mentioned above, that is, (i) the nonlocal dispersal
is nearly local; (ii) the periodic habitat is nearly globally homogeneous or (iii) it is nearly
homogeneous in a region where it is most conducive to population growth. It remains open

whether this feature is generic or not for spatially periodic nonlocal monostable equations.
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Chapter 1

Introduction

This dissertation is devoted to the study of spatial spread and front propagation dynam-
ics of monostable equations with nonlocal dispersal in spatially periodic habitats. Monostable
equations are widely used to model the population dynamics of many species in biology and

ecology. In general, such an equation is of the following form,

% = vDu +u(t,z) f(z,u(t,z)), =€QCRY, (1.1)

where u(t, z) represents the population density of a species at time ¢ and spatial location
x, D is a dispersal operator which measures the diffusion or redistribution of the species,
v > 0 is the dispersal rate, and the term f measures the growth rate of the population of the
species and satisfies the so called monostablility assumptions (that is, f(z,u) < 0 for u > 1,
%(m, u) < 0 for u > 0 and u = 0 is linearly unstable in proper sense), the domain 2 C RY
(or Z") may be bounded or unbounded. Without loss of generality, v can be chosen 1 by
rescaling time ¢ and changing f.

Among the dispersal operators often adopted in literature are nonlocal, random or

local, and discrete dispersal operators. In particular, (1.1) with D being a nonlocal dispersal

operator, that is,

g—?:4Nk<y—x>u<t7y>dy—u<t,x>+u<t,x>f<x,u<t,w>>, reQ (1)

is widely used to model the population dynamics of a species in which the movements or
interactions of the organisms occur between non-adjacent spatial locations, where k : RV —
R* is a nonlocal dispersal kernel function with [,y k(z)dz = 1. Classically, one assumes

that the internal interaction of the organisms in a species is random and local (i.e. species



moves randomly between the adjacent spatial locations), which leads to (1.1) with D = A,

that is, reaction-diffusion equations of the following form,

(Z:Z—Au—i—uf(:r u), x €. (1.3)

Another dispersal strategy is nearest neighbor interaction in a patchy environment modeled
by the lattice Z~. This leads to (1.1) with D being a discrete dispersal operator, that is,

the following lattice system of ordinary differential equations

uj = > (wjrn —wy) +u; f(G,uy),  J€Q (1.4)

k=(k1,ka, kn)EK
where K = {(ky, ko, -+ ,kn) € ZVN| K2 + - - + k3 = 1}.
Nonlocal, random, and discrete dispersal evolution equations are then of great interests
in their own. They are also related to each other. For example, (1.4) can be viewed as a
spatial discretization of (1.3). In order to indicate some relationship between nonlocal and
random dispersal, we take k(z) = iN (2/8) for some § > 0 and k(-) : RY — R* which is
smooth, symmetric, supported on B(0,1) := {z € RV |||z|| < 1}, and [,y k(v)dz = 1. Then

for any smooth function u(x),

[, Ho= oyt dy —u(e)

= /RN k(2)

(52
" 2N

u(x) + 0(Vu(z Z Usyo; () 225 + O(0%) | dz — u(z)

1]1

k(2)||2]|? dzAu(z) + O(5%).

Hence, the dispersal operator u — [y k(- — y)u(y)dy — u(-) “behaves” the same as the
operator u % Jan /;(Z)HZHQ dzAu for 6 < 1, and § plays basically the role of a dispersal

rate.



In this dissertation, we will focus on spatially periodic nonlocal monostable equations in
unbounded domains, that is, equations of the form (1.2) with f(z,u) being periodic in x and
being of the monostable properties (see (H2) and (H3) in Charter 2 for detail). We remark
that heterogeneities are present in many biological and ecological models. The periodicity
of f(z,u) in = takes into account the periodic heterogeneities of the media of the underlying
systems and monostablility assumptions reflect the natural feature for population growth
models.

Common and central dynamical issues about dispersal monostable equations in un-
bounded domains include the understanding of spatial spread and front propagation dynam-
ics. Here are two most fundamental dynamical problems associated to the spatial spread
and front propagation dynamics of monostable equations: how fast the population spreads
as time evolves? are there solutions which preserve the shape and propagate at some speed
along certain direction?

The study of spatial spread and front propagation dynamics of monostable equations
traces back to Fisher [19] and Kolmogorov, Petrowsky, and Piscunov [39]. In the pioneering
works of Fisher [19] and Kolmogorov, Petrowsky, Piscunov [39], they studied the spatial

spread and front propagation dynamics of the following special case of (1.3)

%Z%—l—u(l—u), x e R (1.5)
Here wu is the frequency of one of two forms of a gene. Fisher in [19] found traveling wave
solutions u(t,x) = ¢(x — ct), (p(—o0) = 1, ¢p(c0) = 0) of all speeds ¢ > 2 and showed that
there are no such traveling wave solutions of slower speed. He conjectured that the take-
over occurs at the asymptotic speed 2. This conjecture was proved in [39] by Kolmogorov,
Petrowsky, and Piscunov, that is, they proved that for any nonnegative solution u(¢,z) of
(1.5), if at time ¢t = 0, u is 1 near —oo and 0 near oo, then lim wu(t,ct) is 0 if ¢ > 2 and 1 if

t—o00

¢ < 2 (i.e. the population invades into the region with no initial population with speed 2).



Since then, the spatial speed and front propagation dynamics of (1.3) has been widely
studied (see [1], [2], [4], [5], [6], [18], [21], [26], [31], [36], [41], [42], [44], [47], [48], [51], [52],
[53], [61], [62], [63], and references therein). The spatial spreading dynamics of (1.5) has
been well extended to (1.3). To be more precise, assume that f(z,u) is periodic in z, that is
f(z + pies,u) = f(x,u) for some p; >0 (i =1,2,--- ,N), e; denotes the vector with a 1 in
the ith coordinate and 0’s elsewhere, and satisfies the following monostablility assumptions:

f e CHRY x [0,00),R), sup 0f(,u)

z€RN u>0 ou
principal eigenvalue of

<0, f(z,u) <0 for x € RY and u > 1, and the

Au+ap(z)u = Iu, xRN

u(r + pie;) = u(z), xeRY
is positive, where ag(z) = f(x,0). Without loss of generality, assume v = 1. It has been
shown that (1.3) has exactly two spatially periodic equilibrium solutions, u = 0 and u = u™,
and u = 0 is linearly unstable and u = u™ is globally asymptotically stable with respect
to spatially periodic perturbations (which gives a reason which the above assumptions are
referred to monostability assumptions). Let £ € S¥=1 := {¢ € RY|||¢]| = 1}. It has also
been shown that for every £ € SV=1, there is a ¢*(£) € R such that for every ¢ > ¢*(£), there
is a traveling wave solution connecting u™ and v~ = 0 and propagating in the direction of &
with speed ¢, and there is no such traveling wave solution of slower speed in the direction of
¢. The minimal wave speed ¢*(€) is of some important spreading properties, that is,

liminf inf (u(t,z;u0) —u®(z)) =0 Ve < (€)

t—oo z-E£<ct

and

limsup sup u(t,z;ug) =0 Ve > c*(§),

t—oo  x-£>ct
for all nonnegative uniformly continuous bounded function wq satisfying that ug(x) > ¢ for

some dy > 0 and z € RY with z- £ < —1 and ug(x) = 0 for z € RY with z - £ > 1. Here



u(t, r; ug) denotes the solution of (1.3) with u(0, z;ug) = ug(x) and x-igngfct (zs£u>pct) denotes the
infimum (supremum) taken over all the x € RY satisfying that z - £ < ct (x - & > ct) for
given ¢ € SV! and ¢,t € R. Hence ¢*(€) is also called the spreading speed of (1.3) in the
direction of £. Moreover, it has the following variational characterization. Let A(&, p) be the

eigenvalue of

Au—2u N 625 4 (ag(z) + p2)u = Iu, xRN

—1Si 9z,

(1.6)
u(r + pie;) = u(z), xeRY

with largest real part, where ag(z) = f(z,0) (it is well known that A({, ) is real and

algebraically simple. A(§, i) is called the principal eigenvalue of (1.6) in literature). Then

. : fA<€,u).

(€)= in

inf = (1.7)

(See [4], [5], [6], [41], [47], [48], [63] and references therein for the above mentioned properties).

Spatial spread and front propagation dynamics is also quite well studied for monostbale
equations with discrete dispersal. We refer to [9], [10], [24], [32], [54], [59], [60], [62], [63],
[64], [65], etc. for the study of spatial spread and front propagation dynamics dynamics of
monostable equations with discrete dispersal of the form (1.4).

The objective of this dissertation is to investigate the spatial spread and front propaga-
tion of spatially periodic nonlocal monostable equations of the form (1.2).

Recently, various dynamical problems related to the spatial spread and front propagation
dynamics of nonlocal dispersal equations of the form (1.2) have also been studied by many
authors. See, for example, [3], [8], [11], [13], [15], [22], [23], [28], [29], [33], [34], [35], [37],
[55], for the study of spectral theory for nonlocal dispersal operators and the existence,
uniqueness, and stability of nontrivial positive stationary solutions. See, for example, [12],
[14], [16], [40], [45], [49], [62], [63], for the study of entire solutions and the existence of
spreading speeds and traveling wave solutions connecting the trivial solution v = 0 and a

nontrivial positive stationary solution for some special cases of (1.2). In particular, if f(z, u)



is independent of z, then it is proved that (1.2) has a spreading speed ¢*(§) in every direction
of £ € SN~ (¢*(€) is indeed independent of £ € SV~! in this case) and for every ¢ > ¢*(€),
(1.2) has a traveling wave solution connecting u™ and 0 and propagating in the direction of
¢ with propagating speed ¢ (see [12]).

However, most existing works on spatial spreading dynamics of monostable equations
with nonlocal dispersal deal with spatially homogeneous equations (i.e. f(z,u) in (1.2) is
independent of ). There is little understanding of the spatial spread and front propagation
dynamics of general nonlocal dispersal monostable equations. One major difference between
(1.3) and (1.2) is that the solution operator of (1.3) in proper phase space is compact with
respect to the uniform convergence on bounded subsets of RV (i.e., is compact with respect
to open compact topology), whereas the solution operator of (1.2) in a usual phase space
does not exhibit such compactness features. It appears to be difficult to adopt many existing
methods for the study of spatial spread and front propagation dynamics of random dispersal
monostable equations in dealing with (1.2) in general due to the lack of compactness of the
solution operator and the spatial inhomogeneity of the nonlinearity. In fact, there is even
a lack of general principal eigenvalue theory for nonlocal dispersal operators and a lack of
positive stationary solutions of spatially periodic nonlocal monostable equations, which are
important tools/ingredients in the study of spatial spread and front propagation dynamics
of monostable equations.

In this dissertation, we will then first establish a general principal eigenvalue theory
for spatially periodic nonlocal dispersal operators (see chapter 4). We show that a spatially
periodic nonlocal dispersal operator has a principal eigenvalue for following three special but
important cases: (i) the nonlocal dispersal is nearly local; (ii) the periodic habitat is nearly
globally homogeneous or (iii) it is nearly homogeneous in a region where it is most conducive
to population growth. It also provides an example which shows that in general, a spatially
periodic nonlocal dispersal operator may not possess a principal eigenvalue, which reveals

some essential difference between random dispersal and nonlocal dispersal. The principal



eigenvalue theory established in this dissertation provides an important tool for the study of
the dynamics of nonlocal monostable equations and is of also great importance in its own.

Next, applying the principal eigenvalue theory for nonlocal dispersal operators and
comparison principle for sub- and super-solutions, we obtain one of the important features
for monostable equations, that is, the existence, uniqueness, and global stability of spatially
periodic positive stationary solutions to a general spatially periodic nonlocal monostable
equation (see chapter 5). In spite of the use of the principal eigenvalue theory for nonlocal
dispersal operators in the proof, this feature is generic for nonlocal monostable equations
in the sense it is independent of the existence of the principal eigenvalue of the linearized
nonlocal dispersal operator at the trivial solution of the monostable equation, which is of
great biological importance.

Furthermore, we then investigate the spatial spreading speeds of spatially periodic non-
local monostable equations (see chapter 6). Applying the principal eigenvalue theory for
nonlocal dispersal operators and comparison principle for sub- and super-solutions, we ob-
tain another important feature for monostable equations, that is, the existence of a spatial
spreading speed of a general spatially periodic nonlocal equation in any given direction,
which characterizes the speed at which a species invades into the region where there is no
population initially in the given direction. It is also seen that this feature is generic for non-
local monostable equations in the same sense as above. Moreover, it is shown that spatial
variation of the habitat speeds up the spatial spread of the population.

Finally, we deal with traveling wave solutions of monostable equations with non-local
dispersal in spatially periodic habitats (see chapter 7). It is shown that a spatially periodic
nonlocal monostable equation has in any given direction a unique stable spatially periodic
traveling wave solution connecting its unique positive stationary solution and the trivial
solution with all propagating speeds greater than the spreading speed in that direction for
the special but important cases mentioned above, that is, (i) the nonlocal dispersal is nearly

local; (ii) the periodic habitat is nearly globally homogeneous or (iii) it is nearly homogeneous



in a region where it is most conducive to population growth. It remains open whether this
feature is generic or not for spatially periodic nonlocal monostable equations.

The rest of the dissertation is organized as follows. In chapter 2, we state some standing
notations, assumptions, definitions and the main results. In chapter 3, we develop some
basic tools or fundamental theory for the use in later chapters, such as semigroup theory,
comparison principle, sub- and super-solutions. We will investigate the spectral theory of
nonlocal dispersal operators in chapter 4. In chapter 5, we study the existence, uniqueness
and stability of stationary solutions of (1.2). In chapter 6, spatial spreading speeds of (1.2)
are investigated. In chapter 7, we study the existence,uniqueness and stability of the traveling
wave solutions of spatially periodic nonlocal monostable equations. The dissertation will end

up with remarks, open problems, and future plan in chapter 8.



Chapter 2

Notations, Assumptions, Definitions and Main Results

In this chapter, we introduce first the standing notations, assumptions, and the defini-
tions of principal eigenvalue of nonlocal dispersal operators, spatial spreading speeds, and
traveling wave solutions of spatially periodic nonlocal monostable equations. We then state

the main results of the dissertation.

2.1 Notations, Assumptions and Definitions

In this section, we introduce the standing notations, assumptions, and the definitions of
principal eigenvalue of nonlocal dispersal operators, spatial spreading speeds, and traveling
wave solutions of spatially periodic nonlocal monostable equations.

Consider (1.2) with Q = RY | that is,

0
RN
We assume that f(x,u) is periodic in x, that is, there are p; > 0 (i = 1,2,--- , N) such
that f(x + pie;) = f(z,u) for all x € RY and u € R. We assume that the nonlocal kernel

function k(-) satisfies the following assumption.

(H1) k(-) € CY (RN, R"), [on k(2)dz =1, k(0) > 0 and [,y k(2)e"l*ldz < oo for any pn > 0.

We remark that (H1) implies that the kernel function k(-) is actually a smooth probabil-
ity density function of some random variable X, and k(-) is strictly positive at the origin and

the expected value of e#!¥l is finite,that is, F(e#!*¥l) < co. There are a lot of such examples.



For instance, the probability density functions of normal distributions and all smooth prob-
ability density functions which are positive at the origin and supported on a bounded set

satisfy (H1). The following is one example which has a bounded support: k(z) = (%N/;(z /d0)
0

Cexp (=) for |lz]| <1
k(z) = (=) (2.1)

0 for |z >1,

where C' > 0 is chosen such that [,y k(z)dz = 1.

Let

X = {u € C(RY,R) |u is uniformly continuous on R" and sup |u(z)| < oo} (2.2)

zeRN
with norm |jul|x = sup |u(x)|, and
z€RN
Xt ={ueX|ux)>0 VzrecR'L (2.3)
Let
X, ={u € X|u(z+pe;) =ulxr) Ve €eRY, i =1,2,--- N} (2.4)
and
X ={ueX,|uz) >0 VreR"} (2.5)

Let I be the identity map on X,, and I, ao(-)! : X, = X, be defined by
() (@) = [ by~ yulw)dy (2.6
R

(ao(-)[u)(x) = ao(x)u(z), (2.7)

where ag(z) = f(z,0).

10



Throughout this dissertation, a function i : RY x R — R is said to be smooth if h(x,u)
is CV in 2 € RY and C' in v € R. We assume that f satisfies the following “monostablility”

assumptions:

(H2) f € C*(RY x[0,00),R), sup Of(w,u) <0 and f(z,u) <0 forx € RN andu> 1.

zeRN u>0 du

(H3) w = 0 s linearly unstable in X, that is, Ao := sup{ReX |\ € o(K — I + ao(-)I)} is
positive, where o(IC — I 4 ag(-)1I) is the spectrum of the operator IC — I 4 ag(-)I on X,.

A typical example for f(z,u) is f(z,u) = a(z) — v with a(-) € X7\ {0}. Note that
(H2) and (H3) reflect the natural feature of population growth models.

Among the main techniques employed in this dissertation are the comparison principle,

sub- and super-solutions, and the principal eigenvalue theory of the eigenvalue problem,
(]Cfvﬂ -1+ CL()])U = )‘Uv (S Xpa (28)

where £ € SV 1 € R, and a(-) € X, the operator a(-)I has the same meaning as in (2.7)

with ao(-) being replaced by a(-), and K¢, : X, = X, is defined by

(Keu)() = [ 0 %k(y — apu(y)dy. 29)
RN

We point out the following relation between (1.2) and (2.8): if u(t,x) = e_“(x'g_%t)gb(x) with

¢ € X, \ {0} is a solution of the linearization of (1.2) at u =0,

ou

ot /RN k(y — x)u(t,y)dy — u(t, =) + ao(z)u(t,z), = €RY, (2.10)

where ag(x) = f(x,0), then X is an eigenvalue of (2.8) with a(-) = ag(-) or K¢, — I + ao(-)I

and v = ¢(x) is a corresponding eigenfunction.

Definition 2.1 (Principal eigenvalue). Let o(K¢, — I +a(-)I) be the spectrum of K¢, — I +
a(-)I on X,.

11



(1) Mo(&, pt,a) :==sup{ReA |\ € 0(K¢, —I+a(-)])} is called the principal spectrum point

of Kep — I+ a(-)1.

(2) A number A&, r,a) € R is called the principal eigenvalue of (2.8) or K¢, — 1+ a(-)
if it is an algebraically simple eigenvalue of K¢, — I + a(-)I with an eigenfunction

ve XS,

and for every A € o(Ke, — 1 +a(-)I) \ {\& p,a)}, Red < A(&, p,a).

Observe that if the principal eigenvalue A(&, p1, a) of K¢ ,—I+a(-)I exists, then A(§, p, a) =

Xo(&, pya). If =0, (2.8) is independent of £ and hence we put
Mo(a) := N\o(€,0,a) V¥ Ee€ SN (2.11)

Due to the lack of compactness of the semigroup generated by K¢, — I + a(-)] on X,
and the inhomogeneity of a(-), the existence of a principal eigenvalue and eigenfunction of
(2.8) cannot be obtained from standard theory (e.g. the Krein-Rutman theorem). It should
be pointed out that recently the principal eigenvalue problem for nonlocal dispersal has been
studied by several authors (see [35], [37], [55], etc.). However, the existing results cannot
be applied directly to (2.8). We will hence develop a principal eigenvalue theory for (2.8)
or K¢, — I+ a(-)I in chapter 4. At some places, we make the following assumption on the

existence of principal eigenvalues.
(H4) (&, p,a) exists for all € € SN~ and pp > 0.

In the following, 1?;[" (sup) represents the infimum (supremum) taken over all the
TLST wr

r € RY satisfying that x - ¢ < r for given ¢ € SV~! and r € R. Similarly, the notations
inf , inf , inf (sup, sup , sup ) represent the infima (suprema) taken over all the
z-£<ct |z-f|<ct |lz||<ct g.¢>ct |z-&|>ct  ||x||>ct

x € RY satisfying the inequalities in the notations for given £ € S¥~! and ¢,t € R. For a

12



given ¢ € SV~1 and

X*T(¢) ={ue X" | liminf inf u(z) >0,

r——00 z-{<r

u(z) =0 for ze€RY with x-&> 1} (2.12)

It follows from the general semigroup approach (see [27] or [50]) that (1.2) has a unique
(local) solution w(t, x; ug) with u(0, z;up) = ue(z) for every ug € X. Moreover, a comparison
principle in the usual sense holds for solutions of (1.2), and u(t, z;ug) exists for all ¢ > 0 if

up € X (see Proposition 3.1).

Definition 2.2 (Spatial spreading speed). Assume that (H1) - (H3) are fulfilled and that
£ € SN=1. We call a number c*(€) € R the spatial spreading speed of (1.2) in the direction
of & if the following properties are satisfied:

liminf inf w(t,z;up) >0 Ve <™ (€)

t—oo x-{<ct

and

limsup sup u(t,z;up) =0 Ve > " (§)

t—oo x-£>ct

for every ug € X*().

Observe that our definition coincides with the notion of ¢*(§) in [62] provided that f(x,u)
is independent of x. The construction based definition used in [44], [62], [63] is different in
the sense that our definition does not guarantee the existence of ¢*(£). In fact, we focus in
this dissertation on investigating the existence and characterization of ¢*(¢) for £ € SN,

To this end, let
X = {u:RY - R|u is Lebesgue measurable and bounded} (2.13)

endowed with the norm ||ul| ¢ = sup |u(x)| and
zeRN
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Xt ={ueX|uz)>0 VzrecRV} (2.14)

Observe that X, C X C X.
To study the spatial spreading and front propagation dynamics of (1.2), we sometime

need to consider the space shifted equation of (1.2)

ou

E:ANk<y—x>u<t,y>dy—u<t,x>+u<t,x>f<x+z,u<t7x>>, reRY  (215)

where 2z € RY. Let u(t, z;ug,2) be the solution of (2.15) with w(0,x;ug, 2) = wug(x) for
uy € X.

By general semigroup theory (see [27] and [50]), for any uy € X and z € R, (2.15) has
a unique (local) solution u(t,-) € X with u(0,z) = ug(z). Let u(t,z;uq, 2) be the solution
of (2.15) with u(0, z;ug, 2) = up(z). Note that if uy € X, (resp. X), then u(t,;uop, 2) € X,

(resp. X). If ug € X, then u(t, z; ug, 2) exists for all ¢t > 0.

Definition 2.3 (Entire solution). A measurable function u: R x RN :— R is call an entire
solution of (1.2) if u(t,x) is differentiable in t € R and satisfies (1.2) for all t € R and

x e RN,

Definition 2.4 (Traveling wave solution). Suppose that (1.2) has a spatially periodic positive

stationary solution v =u"(-) € X} \ {0}.

(1) An entire solution u(t,z) of (1.2) is called a traveling wave solution connecting u™(-)

and 0 and propagating in the direction of & with speed c if there is a bounded measurable

function ® : RY x RN — R such that u(t,; ®(-, 2),2) exists for all t € R,

u(t,z) = u(t,z; ®(-,0),0) = ®(x — cté, ctf) VteR, z € RY, (2.16)

u(t,z; ®(-, 2),2) = ®(x — cté, z + ctf) VteR, z, 2z € RY, (2.17)

lim (®(z,z) —ut(z+2)) =0, lm ®(z,2) =0 uniformly in z € RY, (2.18)

x-E——00 z-£—00
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Oz, z—2)=d(x,2—2) Vo2 eRYN withz - =1a ¢, (2.19)
and

O(x, 2+ pie)) = ®(x,2) Va,z e RY. (2.20)

(2) A bounded measurable function ® : RN x RN — R is said to generate a traveling wave

solution of (1.2) in the direction of & with speed c if it satisfies (2.17)-(2.20).

Remark 2.1. Suppose that u(t,x) = ®(z — ct, ctf) is a traveling wave solution of (1.2)
connecting ut(-) and 0 and propagating in the direction of & with speed c¢. Then u(t,x) can
be written as

u(t,z) = V(x & —ct,x) (2.21)

for some U : R x RN — R satisfying that U(n, z + pie;) = ¥(n,2), lim ¥(n, z) = ut(2),
n——00
and lim ¥(n, 2) = 0 uniformly in 2 € RY. In fact, let U(n,2) = ®(x,z — ) for v € RY
n—00
with © - & =n. Observe that V(n, z) is well defined and has the above mentioned properties.

In some literature, the form (2.21) is adopted for spatially periodic traveling wave solutions

(see [41], [46], [63], and references therein).

2.2 Main Results
In this section, we state the main results of the dissertation. The first two theorems are
about the principal eigenvalue of (2.8).
Theorem A. (Sufficient conditions for the existence of principal eigenvalues)
(1) Support that k(z) = 5%]2:(%) for some & > 0 and k(-) with supp(k) = B(0,1) := {z €

RN |||zl < 1}. There is 8o > 0 such that for every 0 < § < &y, the principal eigenvalue

NE, p,a) of (2.8) exists for all € € SN~ and € R.

(2) If a(x) satisfies that max a(x) — min a(z) < 6 with 6 = min{fZ.KO k(z)dz| € € SNT1},

zERN rzeRN

then the conclusions in (1) hold.
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(3) If a € Xp NCN(RYN) and the partial derivatives of a(x) up to order N — 1 at some x

are zero, where g is such that a(xg) = max a(x), then the conclusions in (1) hold.
zeR

Let A(§, p, a) be the principal eigenvalue of K¢, — I + a(-). Note that if o =0, (2.8) is

independent of £ and hence we put
Aa) = \(&,0,a) VE€ SNT! (2.22)

(if A(&,0,a) exists).
N

N
Let a = ﬁ [, f(z,0)dz with D = H[O,pi] and |D| = le- where the period vector
i=1 i=1
p= (ph 7pN)

Theorem B. (Influence of spatial variation) Assume that A\(§, p, a(x)) of K¢, — I +a(-)]
exists for any ¢ € SNL and p € R. Then N, p,a(z)) > ME, p,a) for any &€ € SN~ and
pe R NE p,alx)) = NE pu,a) for some € € SNt and p € R iff a(z) = a.

We remark that the proof of Theorem A | the existence part of the principal eigenvalue,
relies on techniques from the perturbation theory of Burger [7] (see [7, Proposition 2.1 and
Theorem 2.2]) and on the arguments in [37, Theorem 2.6]. However, special care is required
in view of the dependence of K¢, on & € S¥~! and u € R. Note that the conclusions are
independent of ¢ € S¥~! and € R (i.e. for proper § > 0 and a, (&, 1, a) exists for every
¢ € SNt and u € R). Theorem A (1) is proved in [37] for u = 0 with the assumption
that k(-) is symmetric with a bounded support, that is, k(z) = k(—z) supported on a ball
for = € RY. We extended A(1) to general kernel for all u € R. Theorem A(3) will play an
important role in proving the existence of positive stationary solution and generic spreading
speeds.

As it is well known, the principal eigenvalue of a random or local dispersal operator
always exists. By Theorem A(1), if the nonlocal dispersal operator K¢, — I +a(-)! is nearly
local in the sense that the dispersal distance § is sufficiently small, then we obtain a similar

principal eigenvalue theory as for random dispersal operators.
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Observe that K¢, : X, — X, is a compact and positive operator. If a(z) = a is
independent of x, then it is not difficult to see that A(&, p,a) == a — 1+ [on e #*Ck(2)dz is
the principal eigenvalue of K¢, — I +a(-)I for € € SV~ and u € R. By Theorem A(2)(3), if
a(-) has certain homogeneity features, then the nonlocal dispersal operator K¢, — I + a(-)]
also possesses a principal eigenvalue. More precisely, Theorem A (2) shows that if a(z)
is nearly globally homogeneous or globally flat in the sense that max a(x) — ;IEII}RI%[ a(x) < 0,
then the principal eigenvalue A(, i, a) of the nonlocal dispersal operator KC¢,, — I + a(-)
exists for £ € SV7! and p € R. Note that if K¢, — I + a(-)I in (2.8) is replaced by
V(K¢ —I]+a(-)I with a general positive dispersal rate v > 0, Theorem A (2) holds provided
that max a(x) — min a(z) < v6. If k(-) is symmetric, then 6 can be chosen 1. So A (2) holds

xERN z€RN

provided that max a(x) — xnelﬂglv a(x) < v, which means biologically that the variation in the
habitat is less than the dispersal rate of the nonlocal dispersal operator K¢, — I. We say
a(-) is nearly homogeneous or flat in some region where it is most conducive to population
growth in the zero-limit population (which will be referred to as nearly locally homogeneous
in the following) if all partial derivatives of a(z) up to order N — 1 are zero at some xy with
a(zg) = max a(z). Theorem A (3) shows that if a(-) is nearly locally homogenous, then for
any £ € SV7! and p € R, the principal eigenvalue A(&, u,a) of K¢, — I + a(-)I exists, too.
It should be pointed out that a(x) is nearly globally homogeneous may not imply that it is
nearly locally homogeneous.

Clearly, the “flatness” condition for a(z) in Theorem A (3) is always satisfied for N =1
or 2. Hence when N = 1 or 2, the principal eigenvalue of K¢, — I + a(-)I exists for all
¢ € SNy e R. In general, if N > 3 | the principal eigenvalue of (2.8) may not exist
(see example in chapter 4). This reveals an essential difference between nonlocal dispersal
operators and random dispersal operators.

How do spatial variations affect the principal eigenvalue (if exists)? In biological sense,

Theorem B shows that spatial variation cannot reduce the principal eigenvalue of a dispersal
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operator with nonlocal dispersal and periodic boundary condition, and indeed it is increased
except for degenerate cases.

After we established the spectral theory of the nonlocal dispersal operators, we can em-
ploy the comparison principle and construct sub- super-solutions to investigate the existence,
uniqueness and stability of positive equilibrium solutions of (1.2). More precisely, we will

prove the following theorem.

Theorem C. (Existence, uniqueness, and stability of positive stationary solutions)

(1) If (H1)- (H3) hold, then (1.2) has exactly two stationary solutions in X, u~

p’

0,
which is linearly unstable, and u*(-) € X5\ {0}, which is globally asymptotically with

respect to perturbations in X5\ {0}.

(2) Ifa> 0 and (H1)-(H2) are satisfied, where a := ——— [, f(z,0)dz with D = [0, p1] x

Pip2--PN
[0, p2] X -+ x [0,pn]. then (H3) is satisfied and the conclusions in (1) hold.

Let
ut, = inf ut(z). (2.23)

zERN

The following four theorems are about the spatial spreading speeds of (1.2).

Theorem D. (Existence and symmetry of spreading speeds) Assume (H1) - (H3).

(1) The spreading speed c*(€) of (1.2) in the direction of ¢ € SN~ ewists for every & € SN~1

and
* )‘0<€7 /’L>

c*(§) = inf —2~

u>0 ) ’

where A\o(§, 1) is the principal spectrum point of (2.8) with a(z) = f(z,0).
(2) Assume that k(z) = k(—z2) for z € RN. ¢*(&) = ¢*(=£) for every £ € SN,

(3) For every ug € X+ (§) and ¢ < ¢*(§),

liminf inf (u(t,2;u,2) —ut(z +2)) =0 uniformly in 2z € RY.
t—oo z-£<lct
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(4) For every ug € X+(§) and ¢ > ¢*(§),

limsup sup wu(t, z;up, 2z) =0 uniformly in z € RV,
t—oo  xE>ct

Theorem E. (Spreading features of spreading speeds) Assume (H1) - (H3).

(1) If ug € X satisfies that up(x) = 0 for x € RY with |x - &| > 1, then for each

¢ > maz{c*(§),c* (=€)},

limsup sup u(t,z;up,z) =0 uniformlyin z € RY.
(00 [a€[>et

(2) Assume that € € SV~! and 0 < ¢ < min{c*(§),c*(=€)}. Then for any o > 0, and

r >0,

liminf inf (u(t,z; —ut =0 uniformly i RY
im in |I.1£I|1§Ct(u(,x,u0,z) ut(z+ 2)) uniformly in 2z €

for every ug € X satisfying ug(x) > o for all v € RN with |z -&| <.

Theorem F. (Spreading features of spreading speeds) Assume (H1) - (H3).

(1) If ug € X satisfies that up(x) = 0 for x € RN with ||z|| > 1, then

limsup sup u(t,z;ug,2) =0 uniformly in 2 € R,
100 [al|>et

forall ¢ > sup c*(§).
SESN_I

(2) Assume that 0 < ¢ < 1;1Nf 1{c"(f)}. Then for any o > 0, there is r > 0 such that
£est—

litm inf | iﬁlf (u(t, z;up, 2) —ut(x +2)) =0 uniformly in 2z € RY
—o0 x| <ct

for every ug € X satisfying ug(x) > o for x € RY with ||z|| < r.
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To indicate the dependence of the spreading speeds on the growth rate function f,

denote the spreading speed ¢*(¢, f). If no confusion exists, we still use ¢*(§).

N N
Let f(u) = ﬁ [, flz,u)dz, with D = H[O,pi] and |D| = Hpi where the period vector
i=1 i=1
pP= (pl) 7pN)

Theorem G. (Effect of spatial variation) Assuming that f(0) > 0, ¢*(&, f) > ¢*(&, f) for
any & € SNL. Moreover, assuming also (H4), c*(€, f) = c*(&, f) for some & € SN=1 iff
f(z,0) = £(0) is independent of .

Theorems D-G extend the spreading speed theory for (1.3) to (1.2) and establish some
fundamental theories for the further study of the spreading and propagating dynamics of
(1.2). The next natural and important problems to address include the existence, uniqueness,
and stability of traveling wave solutions of (1.2) in the direction of  connecting u™ and u~
with speed ¢ > ¢*(£). To explore this, we assume the existence of the principal eigenvalue of
(2.8).

We now state the main results of the dissertation on traveling wave solutions. For given

£e SNtand ¢ > c* (), let u € (0, u*(€)) be such that

o )\0(67 Hs (10)

C= ———7——.

I

and p*(&) is such that

"(€
(€)
If (H4) holds, let ¢(-) € X, be the positive principal eigenfunction of K¢, — I + ao(-)I with

loC)llx, = 1.
Theorem H. (Existence of traveling wave solutions) Assume (H1)-(H4). Then for any

)70’0).

A
o(e) = 2L

€€ SN and ¢ > c*(§), there is a bounded measurable function ® : RN x RY — R* such
that the following hold.
(1) ®(-,-) generates a traveling wave solution connecting u™ (-) and 0 and propagating in the

)
direction of & with speed c. Moreover, lim (z,2)

= 1 uniformly in z € RV .
zé—o0 eTHTEGH (1 + 2) jormiy
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(2) Let U(t,z;z) = u(t,z; ®(-, 2), 2) (= P(x — ct&, z + ctf)). Then

Ult,z;2) >0 VteR, z,z€RY,

U(t, x;
lim  Uy(t,z;2) =0, and lim AULIE)
x-€—ct——00 x-€—ct—00 6—u(w-§—ct)¢(x + Z)

Remark 2.2. Let ®(x, z) be as in Theorem H and ¥(n, z) = ®(n&, z—n&). Then U(t, x;z) =

= uc uniformly in z € RV,

U(x-&—ct,z+x) and V(n, z) is differentiable in n and ¥, (n, z) < 0.

Theorem I. (Uniqueness and continuity of traveling wave solutions) Assume the same con-

ditions as in Theorem H. Let ®(-,-) be as in Theorem H.

(1) Suppose that ®1(-,-) also generates a traveling wave solution of (1.2) in the direction of

P
& with speed ¢ and xlglgloo (bl((mx,’zz))

(2) ®(z,2) is continuous in (z,z) € RY.

=1 uniformly in z € R. Then ®y(z,2) = ®(z, 2).

Theorem J. (Stability of traveling wave solutions) Assume the same conditions as in The-
orem H.
Let U(t,xz) = U(t,x;0) = ®(z — ct&, ctf), where O(-,-) is as in Theorem H. For any uy € X

satisfying that xlélgloo [;6(00(79;)) =1 and ilgrglnoi uo(z) > 0, there holds

) u(t, x; up,0)
lim sup | ——————=

-1/ =0.

We remark that by the spreading property of ¢*(§), it is not difficult to see that (1.2)
has no traveling wave solutions in the direction of £ € S¥~! with propagating speed smaller
than ¢*(§). Theorems H-J show the existence, uniqueness, and stability of traveling wave
solutions of (1.2) in any given direction with speed greater than the spreading speed in that
direction for the following three special but important cases, that is, the nonlocal dispersal is
nearly local; the periodic habitat is nearly globally homogeneous or it is nearly homogeneous
in a region where it is most conducive to population growth in the zero-limit population. It

should be pointed out that in the last case, for N = 1,2, (H4) is automatically satisfied.
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It remains open whether a general spatially periodic monostable equation with nonlocal
dispersal in RY with N > 3 has traveling wave solutions connecting the spatially periodic

positive stationary solution u™ and 0 and propagating with constant speeds.
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Chapter 3

Comparison Principle and Sub- and Super-solutions

In this chapter, we establish some basic properties of solutions of equation (1.2) and
some related nonlocal linear evolution equations, including the comparison principle and
monotonicity of solutions with respect to initial conditions, convergence of solutions on

compact sets.

3.1 Solutions of Evolution Equation and Semigroup Theory

For given ¢ € SV~ 1 € R, and a(+) € X, consider also

ou

5 = /]RN e MU=k (y — 2)u(t, y)dy — u(t, z) + a(z)u(t,z), = e RN, (3.1)

Let X and X, be as in (2.2) and (2.4), respectively. For given p > 0, let
X(p) = {u € C(RN,R) | the function z — e ?I#ly(x) belongs to X} (3.2)

equipped with the norm |ju||x(,y = sup e ?Plel|u(z)|. Note that X(0) = X.

z€RN
It follows from the general linear semigroup theory (see [27] or [50]) that for every ug €

X(p) (p>0), (3.1) has a unique solution u(t, ; ug, &, 1) € X(p) with w(0, z;ug, &, p) = uo(x).

Put

(I)(t; Ea N)uO = u(t7 ' Yo, f? /L) (33>

Note that for every u € R and p > 0, there is w(p, p) > 0 such that

1D (t; €, whuollx () < e Hugllxy VE>0, £€ SV ug € X(p). (3.4)
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Note also that if uy € X, then ®(¢;&, p)ug € X, for t > 0.

By general nonlinear semigroup theory (see [27] or [50]), (1.2) has a unique (local)
solution w(t, z;up) with w(0,x;ug) = ue(z) for every uy € X. Also if uy € X, then
u(t, z;up) € X, for ¢ in the existence interval of the solution u(t, x; u).

Due to the spatial inhomogeneity of (1.2), it is sometime important to consider the

space shifted equation (2.15) of (1.2) and the following space shifted equation of (3.1),

ou

G L k= ol )y = ult. )+ ala+ u(t o) (35)

where z € RY. Note that if u = 0 and a(z) = ao(z)(:= f(z,0)), then (3.5) reduces to the
space shifted equation of the linearization equation (2.10) of (1.2) at u = 0,

% = /RN k(y — 2)u(t, y)dy — u(t, ) + ao(x + 2)u(t,z), =€ RY. (3.6)

It is again a consequence of the general semigroup theory that (2.15) has a unique (local)
solution u(t, x;ug, 2) with u(0, z;ug, z) = up(z) (z € RY) for every ug € X. Also given uy €
X(p) (p > 0), (3.5) has a unique solution wu(t, z;ug, &, i, z) with w(0,x; ug, &, p, 2) = up(x).
We set

@(t;f,u,z)uo :u(ta';u07§7u7 Z) (37)

Sometimes we need study the solutions on the space X, where X is as (2.13). For
example, to get a continuous solution of (2.15), we may first investigate the existence of
solution with uy € X and then prove the continuity. It is again a consequence of the general
semigroup theory that (2.15) has a unique (local) solution u(t, x; ug, 2) with w(0, z;ug, 2) =
uo(z) (2 € RN) for every ug € X.

Throughout this chapter, we assume that £ € SV~ and p € R are fixed, unless otherwise

specified.
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3.2 Sub- and Super-solutions

Let X;f and X be as in (2.5) and (2.3), respectively. Let
Int(X,") = {v € X,|v(z) > 0,z € RV} (3.8)
For vy,v9 € X, we define
vy <wvy (v >vg) if we—vie XS (v—weX)),

and

v L vy (v > vp) i vy —v € Int(X))  (vr — vy € Int(X))).

For uq,us € X, we define
U1§U2 (U12U2) if u2—u1€X+ (Ul—UQGXJr).

Definition 3.1. A bounded Lebesgue measurable function u(t,z) on [0,T) x RN is called a
super-solution (or sub-solution) of (2.15) if for any v € RN, u(t,z) is absolutely continuous

on [0,T)(and so % exists a.e on [0,T)) and satisfies that for each x € RY,

G 2o <) [ = ohuttdy —ult. ) + fla+ e,

for a.e. t € (0,T).

Sub and super-solutions of (3.5) are defined similarly.

3.3 Comparison Principle and Monotonicity

Proposition 3.1 (Comparison principle).
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(1) If ui(t,x) and us(t,x) are sub-solution and super-solution of (3.1) on [0,T), respec-
tively, u1(0,-) < ua(0,-), and us(t,x) — ui(t,z) > =By for (t,x) € [0,T) x RN and
some By > 0, then

ur(t, ) <wug(t,-) for te[0,T).

(2) If uy(t, z) and us(t,z) are bounded sub- and super-solutions of (1.2) on [0,T), respec-

tively, and uy(0,-) < ug(0,-), then uy(t, ) < ug(t,-) fort € [0,T).
(3) For every ug € X+, u(t, z;ug) exists for all t > 0.

Proof. (1) We prove the proposition by modifying the arguments of [35, Proposition 2.4].
First let v(t,z) = e (ua(t,z) — w1 (¢, x)). Then v(t, ) satisfies
v ()€ N
Do [ ety — ayott, y)dy + p()o(t,z), @R (3.9)
at RN
for t € (0,T), where p(z) = a(x) — 1 + ¢. Take ¢ > 0 such that p(z) > 0 for all z € RY. We
claim that v(t,z) > 0 for ¢t € [0,T) and z € RY.
Let po = sup p(z). It suffices to prove the claim for t € (0,7p) and x € RY, where

zeRN

To = min{T, po}rM} with M = [py e "*%k(z)dz. Assume that there are ¢ € (0,7p) and

7 € RY such that v(,7) < 0. Then there is t° € (0, Tp) such that
Vinf 1= inf v(t,x) < 0.
(£,2)€[0,£] xRN

Observe that there are t,, € (0,t°] and 2™ € RY such that

V(ty, 2") — Vs as m — 00.

26



By (3.9), we have

tn
0t )~ 00,0 2 [ [y )y + plaet
0o JrN
tn
Z/ [/ e M E L (y — 2 Yoiedy + poving] di
o Jrw¥

= tn<M + pO)Uinf

> (M + po)vint
for n =1,2,---. Note that v(0,x,) > 0 for n =1,2,---. We then have
V(tn, 2n) > t°(M + po)ving
forn=1,2,---. Letting n — oo, we get
Vint > t°(M 4 po)ving > vine (since  — By < vinr < 0).

This is a contradiction. Hence v(t,z) > 0 for (¢,z) € [0,T) x RY and then u, (¢, z) < uy(t, )
for (t,z) € 0,T) x RV,

(2) Let v(t,x) = e (ug(t,x) — ui(t,x)). Then v(t,-) > 0 and v(t, x) satisfies

ov

n > / k(y — 2)v(t,y)dy + p(t, z)v(t,z), = €RY
RN

for t € (0,7"), where
1
pl3) = = 14 floua(t.) + [in(t.2) - [ ulsun(ton) + (1= SJua(t,))ds] ot )
0
for t € [0,T), z € RY. By the boundedness of u;(t,z) and us(t, z), there is ¢ > 0 such that
inf  p(t,z) > 0.
te[o,%r)l,xeRNp( $)
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(2) then follows from the arguments in (1) with p(z) and py being replaced by p(¢,x) and

sup  p(t,x), respectively.
t€[0,T),zeRN

(3) By (H1), there is M > 0 such that
up(r) <M and f(z,M) <0 for zecRY.

Let up(t,z) = M for x € RY and ¢t € R. Then uy, is a super-solution of (1.2) on [0, 00).
Let I(up) C R be the maximal interval of existence of the solution wu(t, -;ug) of (1.2). Then

by (2), one obtains
0 <u(t,m;ug) <M for xRN teI(u)N[0,00).

It then follows easily that [0, 00) C I(ug) and u(t, z;ug) exists for all ¢ > 0. O
The following remark follows by the arguments similar to those in Proposition 3.1 (1).

Remark 3.1. Suppose that ui,us € X(p) and uy < ug. Then $(t;€,0,0)u; < $(¢;€,0,0)uy

for all t > 0.

Proposition 3.2 (Strong monotonicity). Suppose that uy,us € X, and uy < ug, ug # us.
(1) O(t; &, p)uy < O(t; &, p)ug for all t > 0.
(2) u(t,-;ur) < u(t,;us) for every t > 0 at which both u(t,-;uy) and u(t,;us) ezist.

Proof. (1) We apply the arguments in Theorem 2.1 of [37]. First, assume that ug € X7\ {0}.
Then by Proposition 3.1 (1), ®(¢; &, p)ue > 0 for ¢ > 0.

We claim that e®ertuy > 0 for t > 0. In fact, note that

2 (Ke ) u t"(KCe )™ u
er’“tuo = Ug + t’C&“UO + —( ;7) 0 + ...+ —( Z’;) 0 +
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Let o € RY be such that ug(zg) > 0. Then there is r > 0 such that ug(zy) > 0 for

r € B(zo,7) == {y € RN |||y — xo|| < r}. This implies that
(Ke puo)(z) = /RN e MYTDLE(y — 2)ug(y)dy > 0 for x € B(xg,r +9).
By induction,
(Ke puo)"(x) >0 for z e B(xg,r+nd), n=12,--

This together with the periodicity of ug(x) implies that e®entug > 0 for t > 0.
Let m > 1 — min a(z). Note that

z€RN

Ot €, pug = ult, - ug) = eFen—Irab)ltml=mDt,, & p=mlt (K¢ =I+a()IFml)ty,
and (e~™')(x) = e ™ (z) for every x € RY. Note also that
t
eWen=TraQ)IEmDty, - — Keuty +/ Menlt=) (T 1 ()T +mI)u(s, ;ug)ds for > 0.
0

It then follows that ®(¢; &, p)ug > 0 for all ¢ > 0.

Now let ug = uz — uy. Then ug € X7\ {0}. Hence ®(t;&, p)ug > 0 for ¢ > 0 and
then ®(¢; &, p)uy < O(t;&, p)ug for t > 0.

(2) Let v(t,z) = u(t, x;us) — u(t, z;uq) for t > 0 at which both u(¢, z;u;) and u(t, x; us)

exist. Then v(0,-) = uy —uy > 0 and v(t, z) satisfies

ov

at /RN Ky — 2)o(t,y)dy — v(t, @) + f(z,ult, 5 u2))o(t, 7)

+ [u(t,x; uy) - /0 fulz, su(t,z;ur) + (1 — s)u(t, z; ug))ds}v(t, r), xR

(2) then follows from the arguments similar to those in (1). O
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3.4 Convergence on Compact Sets

In this section, we investigate the convergence of solutions of (1.2) or (3.1) on compact
sets.

First, we prove the following lemma.

Lemma 3.1. For given py > 0 and {u,} € X(po) with ||u,||x(p) < M for some M >0 and
n=1,2"-, u,(x) = 0 as n — oo uniformly for x in bounded subsets of RY if and only if

un(z) = 0 in X(p) as n — oo for every p > py.

Proof. Suppose that u,(z) — 0 as n — oo uniformly for z in bounded subsets of R, that
is, for any € > 0 and L > 0, there exists Ny € N such that |u,(z)| < € for all n > N, and
|z|| < L. For given p > py, pick p € (po,p). Note that ||u,||x(py) < M for some M > 0
and n = 1,2,---. Then for any € > 0, there exists an L > 0 such that |e=?I#ly, (z)| < € for
||| > L and n = 1,2,---. It then follows that for any ¢ > 0, there is Ny € N such that
le=Plzlly, ()] < € for all n > Ny and # € RN, This implies that u, — 0 in X(p) as n — oo
for every p > po.

Suppose that u,(z) — 0 in X(py) as n — oo for some py > 0, that is, ||un|/x () — 0
asn — oo. For any € > 0, L > 0, let ¢g = ee "X, then there exists a Ny € N such that
le=rollzlly,, (2)| < € for z € RY and n > Ny, which implies that |u,(z)] < erolzl=De < ¢ for

all n > Ny and ||z|| < L, as required. O
Proposition 3.3 (Convergence on compact sets).

(1) If u, € X and uy € X are such that ||u,||x < M for some M >0 andn =1,2,---,
and un(z) — ug(z) as n — oo uniformly for x in bounded subsets of RY, then
(D(t; & ) (z) = (P(4 €, p)uo) (x) as n — oo uniformly for (t,z) in bounded subsets

of [0,00) x RV,

(2) If u, € Xt and ug € Xt are such that ||uyl|x < M for some M > 0 and n =

1,2, and u,(x) — ug(x) as n — oo uniformly for x in bounded subsets of RY,
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then u(t, x;u,) — u(t,x;ug) as n — oo uniformly for (t,x) in bounded subsets of

[0,00) x RV,

Proof. (1) First of all, by Lemma 3.1, for every given p > 0, ||u, — ug|/x(,) — 0 as n — oo.
By (3.4),

H(I)<t7 £> /,L)Un - (I)(t7€7:u)u0HX(p) S ew(u,p)tHun - uOHX(p)

fort >0and n=1,2,---. Then, |®(t; &, p)un, — P(t; &, p)uol| x(p) — 0 as n — oo uniformly

for t in bounded subsets of [0, 00). This implies that

(®(t: & pwun) (x) — ((t:€, 1)uo) ()

as n — oo uniformly for (¢,z) in bounded subsets of [0, 00) x RY.
(2) By Proposition 3.1 (3), u(t, x;up) and u(t, x; u,) exist on [0,00) for any n > 1 and
there is M* > 0 such that [|u(t,-;uo)|x < M* and ||u(t,;u,)||x < M* for t > 0 and

n=1,2--. Let v,(t,x) = u(t,v;u,) —u(t,z;up) for t e RY, ¢+ >0, and n = 1,2,---. Then

ov,,

ot / k(y — 2)oa(t, y)dy — va(t, @) + an(t, 2)oa(t,2), € RY,
RN

where
an(t,x) = flz,u(t,z;u,)) + [u(t,z;uo) - /0 ful(®, su(t, z;u0) + (1 — s)u(t, z; u,) )ds] v, (8, 2).

Hence

t
vn(t, ) = & Dt (0, ) +/ eWen=D=9)g (5 Vv, (s,-)ds.
0

Note that for every p > 0 there are wy(p) € R and Lg > 0 such that

™™D x ) < e lo]lx) Vo € X(p)
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and

la,(t,2)] < Ly Vt>0, z€RY.

It then follows from Gronwall’s inequality that

lon(t, lx < P 0,(0, ) ]x -

By the arguments in (1), we have v, (t,z) — 0 and hence u(t, z;u,) — u(t, x;ug) as n — oo

uniformly for (¢,z) in bounded subsets of [0, 00) x RY. O
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Chapter 4

Spectral Theory of Dispersal Operators

In this chapter, we investigate the eigenvalue problem (2.8) and prove Theorems A and
B stated in the chapter 2 and some other related results which are used in the proof of the
existence of spreading speeds of (1.2) in later chapters. The results of this chapter in the
case that the nonlocal kernel function has compact support have already been published (see
[56], [57]).

Throughout this chapter, X, is as in (2.4), a : RY — R" is a smooth function, a € X,
and

Umax = Max a(T), Ay = min a(x).
TzERN zERN

a(-)I : X, = X, has the same meaning as in (2.7) with ao(-) being replaced by a(-) and
Ke, o X, = X, is understood as in (2.9), £ € SV, and p € R. We first introduce in 4.1
some important operators related to K¢ ,—I+a(-)I or (2.8) and explore some basic properties
of the eigenvalue problems associated with these operators. We then prove Theorems A in
4.2 and derive in 4.3 from Theorems A some results on the spectral radius of some operator

related to K¢, — I +a(-)I.

4.1 Evolution Operators and Eigenvalue Problems

In this section, we introduce some evolution operators related to the operator K¢, — I+
a(-)I, explore the basic properties of the eigenvalue problems associated to these operators,
and discuss the relations between the eigenvalues of K¢ , — I +a(-)I and its related operators.
If no confusion occurs, we may write the principal eigenvalue A(&, p1, a) of K¢, — I +a(-)[ (if

exists) as A(&, ).
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First of all, we introduce a compact operator associated to K¢, based on the perturba-
tion idea in [7]. This operator plays an important role in the proofs of Theorems A in the

next section. For given o > —1 + amax, let Ug o 0 X, — X, be defined as follows

dy. (4.1)

e—My—x)-§ _ 2
(Ue patt) () = / ) Mf(;va(y)) ()

Observe that U, is a compact and positive operator on X,. Let r(Ug o) be the spectral

radius of Ug . q-

Proposition 4.1. (1) o> —1+ amax s an eigenvalue of K¢, — I +a(-)1 or (2.8) iff 1 is

an eigenvalue of the eigenvalue problem

Ue p,av = Av.

(2) For v > —1 4+ amax, 1 is an eigenvalue of Ug, . with a positive eigenfunction iff

T<U§,p,a) =1.

3) If there is a > —1+ amax with r(Ue o) > 1, then there is ag > « such that r(Ug 4, o) =
gvp“v Ev,ua 0

1.

(4) If o > =1+ amax 1s an eigenvalue of K¢, — I + a(-)I or (2.8) with a positive eigen-

function, then it is the principal eigenvalue of (2.8).

Proof. (1) and (2) follow from Proposition 2.1 of [7].

(3) and (4) follow from Theorem 2.2 of [7]. O

By Proposition 4.1, the spectral radius of Ug , o, provides a useful tool for the investiga-
tion of those eigenvalues of IC¢ , — I +a(-)I which are greater than —1 + ayax. The following
proposition shows that if K¢, — I + a(-)] possesses a principal eigenvalue, then it must be

greater than —1 + apax-
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Proposition 4.2. If A\(§, p) is the principal eigenvalue of K¢, — I + a(-)I, then \(&, ) >

—1 4 amax-

Proof. Since (&, pt) is the principal eigenvalue of IC¢ , — I + a(-)I, there is an eigenfunction
Y € X7\ {0} such that

/R eIk — n)p(y)dy — () + ae)p() = NEwla), v ERY.  (42)

Note that u(t,z) = eX&"h)(z) is a solution of (3.1). By Proposition 3.2, ¢ € Int(X,).

Let o € RY be such that a(zg) = amax. By ¢ € Int(X,),

/ e MOk (y — o)y (y)dy > 0.
RN

This together with (4.2) implies that

A, 1) (o) > —1h(x0) + alo) v (xo).

Hence A(&, i) > —1 + amax. O

Next, consider the evolution equation (3.1) associated with the operator K¢, — I +a(-)1.
Let ®(t;&, 1) be the solution operator of (3.1) given in (3.3) and ®P(t; &, 1) : X, — X, be
defined by

PP(t; &, p) = D(t: 6, 1)l x, (4.3)

for t >0, &€ SV and u € R. Let r(®P(1;€, 1)) and o(®P(1;&, 1)) be the spectral radius
and the spectrum of ®P(1;¢, ), respectively. The following lemma states the relationship
between the principal eigenvalue of K¢, — I 4+ a(-)I and the spectral radius of ®7(1;¢, ) and
follows easily (see [27, Theorems 1.5.2 and 1.5.3]).

Lemma 4.1. The principal eigenvalue A(&, 1) of (2.8) exists if and only if r(PP(1;&, 1)) is

an algebraically simple eigenvalue of ®P(1;&, p) with an eigenfunction in X and for every
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= o (PP(1;€, 1) \ {r(®P(1;€, 1))}, Al < r(DP(1;€, 1)). Moreover, if M€, ) exists, then
A& p) = Inr(®P(1€, 1)) -

Therefore, the spectral radius of ®?(1;&, 1) plays an important role in the investigation
of the principal eigenvalue of K¢, — I + a(-)! or (2.8). We next establish some further
observations for r(®P(1;€, u)).

Note that ®(t;&,0) is independent of £ € S¥~1. We put
b(t) = O(t;€,0) (4.4)

for ¢ € SN-L.
For given ug € X and p € R, letting u5*(x) = e #*Suy(z), then u5* € X(|u|). The

following lemma follows directly from the uniqueness of solutions of (3.1).
Lemma 4.2. For given ug € X, € € SN, and p € R, O(t; €, p)ug = "< (t)ug™.

Observe that for each z € RY, there is a measure m(x;y, dy) such that

((1)uo) () = / wo(y)m(z; y, dy). (4.5)

RN

Moreover, by (®(1)ug(- — pie;))(x) = (P(1)uo(-))(z — pie;) for z € RN and i =1,2,--- | N,

/N uo(y)m(x — pies; y, dy) = /N uo(y — piei)m(z;y, dy) = / uo(y)m(x; y + pies, dy)
R R

RN

and hence

m(z — pies;y, dy) = m(z;y + pies, dy) (4.6)

fori=1,2,---,N.

By Lemma 4.2, we have

(P(1;¢, p)ug)(x) = / "y (yym(xs y, dy),  ug € X.

RN
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Proposition 4.3. For every u € Int(X;),

Jen €S u(y)m(z; y, dy)

' < r(DP(1:
Inf () < r(®P(1;€, 1))
< sup Jan 6“(x‘y)’EU(y)m(x;y,dy)_
zeRN u(‘T)

Proof. By [20, Theorems 3.6 and 4.3], the spectral radius of the nonnegative operator
OP(1; &, ) is bounded by the lower and upper Collatz-Wielandt numbers of u for every
u € Int(X,"), which are defined by sup{A > 0 : Au < ®?(1;&, p)u} and inf{A > 0 : Au >

OP(1; &, p)u}, respectively. The inequality then follows. ]

In proving the existence of spreading speeds of (1.2) in chapter 6, properly truncated
operators of ®(1;&, ) are used. We therefore introduce them next.

Let ¢ : R — [0, 1] be a smooth function satisfying that

1 for |s|<1
C(s) = (4.7)
0 for [s|>2.

For a given B > 0, define ®5(1;&, 1) : X — X by

(@5(1; €, p)uo) (x) = / e o (y)C(ly — ll/ Bym(z; g, dy). (48)

RN

Define ®%(1;&, 1) : X, — X, by

W16, p) = Du(L € ), (4.9)

Similarly, let 7(®%(1;&, 1)) and o(P%(1;€, 1)) be the spectral radius and the spectrum of

DL (1;&, 1), respectively.

Lemma 4.3.

DL€, 1) — q)p(l;f,/i)HXp —0 as B— >
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uniformly for p in bounded sets and & € SN,

Proof. 1t suffices to prove that
/ etlv=2lm(z;y, dy) -0 as B — oo
ly—=||>B

uniformly for p in bounded sets and for z € RY.

For given ug > 0 and n € N, let u,, € X (uo + 1) be such that

eﬂOHx” fOI' ||aj|| Z n
up(z) =
0 for J[z||<n-—1

and

0 <uy(z) <e™ for |z|| <n.

Then ||ty || x (uos1) — 0 as 7 — oo. Therefore, || ®(1)un| x(ur1) — 0 as n — oo. This together

with Lemma 3.1 implies that
/ un(y)m(z;y,dy) -0 as n — o0
RN
uniformly for x in bounded subsets of R and then
/ et (z;y, dy) =0 as n — oo
llyl=n
uniformly for x in bounded subsets of RY. The later implies that

/ etlv=lm(z:y, dy) =0 as n— oo
ly—=||>n
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uniformly for |u| < pg and x in bounded subset of RY. By (4.6), for every 1 <i < N,

/ =€)y (3 4 press g, dy) = / 5=l (3 & pressy + pres, dy)
ly—(z+piei)l|=n ly—z||>n

y—z||>n

We then have

/ etlv=2lm(z;y, dy) -0 as n— oo
ly—z[=n

uniformly for |u| < po and x € RY. The lemma now follows.

4.2 Existence of the Principal Eigenvalue

In this section, we prove Theorems A. Throughout this section, Ug , , is understood as

in (4.1), and r(Ug ,,) denotes the spectral radius of U ,, .. We may simply write U, for Ug .,

if no confusion can occur.

Proof of Theorem A. (1) We prove the existence of a §y > 0 and the existence of a principal

eigenvalue A(&, u,a) for all 0 < § < dy, £ € SV~ and p € R. By Proposition 4.1, it suffices

to prove the existence of §, > 0 such that for each 0 < 6 < &y, £ € S¥~!, and p € R, there

exists an & > —1 + ayax such that r(U,) > 1.

Let

2(amax — Qpin + 1) )1/2

My = inf <fz.5>0(z - €)2k(2)dz

gesN-1

We first prove the existence of an o > —1 + apax such that r(U,) > 1 for every & € SN-1

6 >0, and p € R with || > Mo,
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In fact, for v(z) =1 and every 0 < € < 1 and pu > 0, we have

e PO EL(y — 1)
U_11a € =
Uestomeret)) = [ e

—u(y—x)-§ _
S / € k(y — ) dy
R

- N Qmax — Qmin +e€

dy

>/ e " k(2)
N z2-£<0 Omax — Gmin + €
1 p2o?
> a5 [ ok
2! z-£<0

Gmax — Gmin +e€
’u4 54

Al /z.£<0(2 6 k(2)dz + - - )

+

11252

> —. 4.10

Similarly, we have (U_14q,,.+cv)(x) > % for 4 < 0. Hence if |u|d > My, then for
0

0 < e < 1, there is v > 1 such that
(U_l'f'amax"l‘ﬁv)(x) > ﬁyv(l‘) vx E RN

This implies that 7(U_14q,..+¢) > 1.

We then only need to prove that there is a §o > 0 and an o > —1 + apax with 7(U,) > 1
forall0 < § < g, £ € SV1 and p € R with pud < My. We prove this by applying arguments
similar to those in [37, Theorem 2.6].

Let D = [0,p1] x [0, pa] X -+ x [0,pn]. Assume that o € D is such that a(zy) = dmax-
Without loss of generality, we may assume that xo € Int(D).

Then for every 0 < € < 1, there is some 1 > 0 such that a(zg) — a(z) < € for x €

B(n,z¢) C D, where B(n,z¢) = {x € RV ||z — xo]| < n}. Let v(-) € X, be such that
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v(z) = Y(||x — zol|) for x € D, where

cos(g—;) if0<r<ny
Y(r) =
0 ifr>n

Let 0 <é < Zand 0 <e <1. Also let Dy = B(3,20) , Dy = B(,20) \ D1. For x € Dy, let

27
D(8,x) = B(6,z) N B(||lz — zo]|, o).

Observe that for € B(%,20), v(z) > ? For z € Dy and y € D(6, ), v(y) > v(z).
For x € D\ B(n,z0), v(x) = 0. Observe also that there are C' > 0 (independent of €) and

67 > 0 such that

inf / e MU= (y — x)dy > O,  inf / e V=) (y — 2)dy > C
B(n/2,x0)

z€D; €02 ) p(5.2)
for 0 <0 <&y, €€ SV and 0 < |uld < M.

Clearly, for each v > 1,

(U,

tman—a1 V) () = yv(x) for x € D\ B(n, o). (4.11)
If x € Dy, we have

(U,

Gmax —€1

e M€k (y — z)u(y)
v)(7) > /D 1 — a(y) + amax — €1 W

1
- - e =)€L (0 — oly)d
> e (v — o)y
> L/ efu(yf:v)-ék(y — x)dy
2(1 — €1 + 6) B(n/2,x0)
> —\/50
T 2(1—€e+e)
V20
> . 4.12
21—+ E)U(x) (4.12)
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If x € Dy, we have

e MUk (y — x)u(y)
1 —a(y) + amax — €1

1
- - —Y=2) €L (1) — d
_1_€1+6/De (y — z)o(y)dy

v(x) / -

> e My I)gky—xdy

- 1—61"‘6 D(&,:p) ( )
Cv(zx)

T 1l—e€+€

(Unrey0) () > /D dy

(4.13)

Let M = % By (4.11)-(4.13) and the periodicity of v, we obtain

(U,

Omax —€1

v)(z) > Mu(z) forall ze€RY.

Choose € and €; such that 0 < e < \/750 and 1 > ¢ > 1+¢€— @ Let 0p = min{d, 2}.
Then M > 1 and 7(U,,,,, e,
(2)

By the arguments in (4.10), we have for v(z) = 1 and every 0 < € < 1 that

) > M > 1. Thus (1) is proved.

e_lu‘(y_x)'é-k(y —_ :L')
N Gmax + € — a(y)
0

Omax — Qmin + €

Unstamret)e) = | dy

Vv

for € € SV~ and p € R. Hence if Gpax — Gmin < 6, then for 0 < € < 1, there is v > 1 such

that

(Uttamacte0) () > 70(2).

This implies that 7(U_144,,.,+c) > 1. It then follows from Proposition 4.1 that the principal

eigenvalue \(&, i, a) of (2.8) exists for £ € SV~ and p € R.
(3)
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Let g € D be such that a(zg) = amax. Also, without loss of generality, we may assume
that xy € Int(D). Since the partial derivatives of a(x) up to order N — 1 at xq are zero,

there is M > 0 such that

a(zo) —a(y) < M|z —y||N for yeRY. (4.14)

Fix £ € S and 4 € R. Let ¢ > 0 be such that ¢ < 2 and B(20,20) C D. Let
2

v* € X;F be such that v*(z) = 1 if 2 € B(0,2) and v*(z) = 0 if x € D\ B(20, ).

Clearly, for every x € D\ B(20,x9) and v > 1,

(U_14aytet™) () > y0*(z) = 0. (4.15)

For = € B(20, 1), there is M > 0 such that

e—u(y—x)fk(y _ x) > M

for y € B(o,x). It then follows that for x € B(20, z()

e MY=D) Lk (y — 1) M
U_1tapmmteV™) (@ 2/ dyZ/ dy. (4.16)
Al Y 77 e ) SN v Py g

Note that [ B(o.zo) M”%;y”]vdy = 00. This together with the periodicity of v*(z) implies

that for 0 < € < 1, there is v > 1 such that
(U_thapret™) (@) > 0% (x) for xRV, (4.17)

Hence 7(U_14qp,+¢) > 1. It then follows from Proposition 4.1 that the principal eigenvalue

A&, 1, a) of (2.8) exists for € € SV and p € R. O
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Next we prove a proposition about the comparison of principal eigenvalue on the a(-)

of (2.8), which will also be used in the later chapters.

Proposition 4.4. Assume that a;(x) < a(x). If for given u € R, and & € SN71, both,

A&, pyar) and A&, p, ay), exist, then

)‘(éa 2 a’l) < )‘(ga 22 &1)

Proof. Consider the following two evolution equations,

% _ /R ISRy — )u(t,y)dy — u(t,7) + an(e)ult, o) (4.18)
and
% _ /R My — yult, )y — u(t,2) + i (2)u(t, 7). (4.19)

For given u® € X, let u(t,-;u®) and a(t,-;u’) be the solutions of (4.18) and (4.19) with
p

u(0, ;u’) = u® and @(0, -;u®) = u°, respectively. Put

T’ = u(t,;u’), UH)u® = a(t,-;u°).

Let r(¥(1)) and r(¥(1)) be the spectral radius of W(1) and W(1), respectively. By [56,

Lemma 3.1],

A& 1y ar) = Inr(W(1))

and

A& iy dn) = Inr(¥(1)).

By the fact that a; < a; and Proposition 3.1, we have that for any u® > 0, ¥(¢,;u’) <
W(t,;u’) for any t > 0. It then follows that r(¥(1)) < r(¥(1)) and then A(§,p,a;) <
)\(fnu/adl)' L
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Theorem 4.1. (1) For each & € SN71 X(&, p, a) is convex in i;
(2) There are m > 0 and po > 0 such that (&, p, a) > mu? for all u > py and & € SN,

(3) If M(&,0,a) > 0, then for every & € SN, there is a p*(€) € (0,00) such that

MEpw(§),a) _ . o A& 1 a)
TGS (4:20)
and
MEwa) A(é”f@’a) for 0< p< p*(€). (4.21)

p e (8)
Proof. (1) Fix £ € SN~ By Lemma 4.1, A(ji;) = r(®?(1;€, ;) is an eigenvalue of
dP(1; &, ;) with a positive eigenfunction v; (i = 1,2). Hence

] (OP(1;€, pa)i) (@) Jaw e i (y)m(z; y, dy)

AMpi) = @) = @) Ve e R

for i = 1,2. For given 0 < ¢ < 1, let ¥3 = iepy ", By Hélder’s inequality,

1-t _ fRN eul(xiy){@bl (y)m(z;y, dy)

fRN euz(xfy)fl/&(y)m(x; Y, dy) ]14

A (2] Il

Y1(z) Ya()
eul(w—y)'£¢1(y) . 6“2(”_9)'5¢2(y) - ‘

> [ b))

g ORI Sy (g )m (2, y, dy) Ve € RY

Y3(z) '

Applying Proposition 4.3, we get

PR L S et A=) @=0)C s () (2 y, dy)
(A(pa)] A ()] > sup = e

> r(DP(1;€, tpun + (1 —1) pg).

Thus,

A () A ()] =" 2 In(r(D7 (L€, by + (1 — Hn).
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By Lemma 4.1 again,

A, s a) + (1= A& o, a) > A&t + (1 — t)pz, a),

that is, A(§, i, a) is convex in p.

(2) Note that by Proposition 4.4 A(&, p, a) > A(&, ity Gin ), and

)‘(57 H, amin) == / e—llyfk(y)dy -1 + Amin

RN
with 1 as an eigenfunction. Let m,(§) = fy_£<0 (_iﬁf)nk’(y)dy. Then, for >0

RN n—0 Y RY G

Z mo (5),“2 + Z m?n(ﬁ)/’ﬂn + Qmin

n=2

Let m := inf my(€)(> 0) and o > 0 be such that Y 7, mo, (&) ®" > |amin| for p > wo.

i
{ESN_l
Then m and po have the required property.

(3) By (2), W — 00 as  — 00. By A(&,0,a) > 0, W — 00 as i — 0+. This

implies that there is p*(€) > 0 such that (4.20) and (4.21) hold. O

4.3 Spectral Radius of the Truncated Evolution Operator

In this section, we derive from Theorems A and B some important properties of the
spectral radius of the truncated operator ®%(1;¢&, 1) of ®P(1;¢&, ) discussed in 3.1.

For a fixed & € SV let rp(&p) = r(P5(1;€, 1)) and Ap(&,u) = Inr(PL(1;€, 1)).
Denote by A5(&, i) the partial derivative of Ag(€, 1) with respect to p. We establish the

following theorem for Ag(&, pt), which is analogous to Theorem A for A(&, u).
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Theorem 4.2. Let £ € SN7! be given. Assume that (2.8) has the principal eigenvalue

A&, ) for p € R, that A(&,0) > 0, and that )‘(i’fé(f)) < ’\(i’i‘(z()i)r:f(’) for some ky > 0, where

1 (&) is as in Theorem A. Then we have:

(1) There is By > 0 such that for each B > By and |p] < p*(§) + ko, r(P'%(1;€, 1)) is an
algebraically simple eigenvalue of ®%(1;€, u) with a positive eigenfunction. Moreover,

)\B(&N*(ﬁ)) )‘B(gvu*(g)+k0)
Ag(£,0) > 0 and S < et

(2) For each B > By, Inr(®%(1;&, 1)) (i.e. Ap(&, 1)) is convex in p for || < p*(&) + ko.

(8) For a given B > By, define

pp(€) = inf {fip(8) | P50 ocusi©the p

Then (i) (&) > 0 and (&, 1) < 2282 for 0 < p < pr(€).

(i1) For every € > 0, there exists some ji > 0 such that for p. < p < pi(€),

, As(Ep(E)
B N

(iii) For every e > 0, there is By > By such that if B also satisfies B > By, then

| — | <e.

Proof. (1) It follows from Lemma 4.3 and the perturbation theory of the spectrum of bounded
linear operators (see [38]).

(2) It follows from arguments similar to those in Theorem 4.1.

(3) Fixing € € SN1 we set Ap(u) = A\p(&, ) and rp(p) = rp(&, p) for simplifying

notations. By (1), 0 < ui(§) < p*(&) + ko.
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For 0 < p < p*(€) + ko, let

()= 22 () = () = N () =

7 rs(

By the convexity of Ap(p) in pu € (—p*(&) — ko, (&) + ko), ¥ > 0 for 0 < p < p*(€) + ko.

Note that

and

for 0 < p < p*(&) + ko.
By (4.22) and W' (u5(€)) = 0, we have

By the definition of u(€),

A1) _ As(1p(S))
H HB

By Ap (1) = ¢ (1) > 0 for pu € (0, p*(€) + ko),

Np(r) < Np(up() for p e (0, up(€)).

It then follows that

(i) is thus proved.
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By the continuity of A (x), for every e > 0, there is p > 0 such that

Ap(u(€) = Np(p) < e for pe (ue, uy().

This together with A (us(€)) = %&g’f)) implies that
B

—Ap(p) < EGE +e for p€ (ke pp(g))-

Hence (ii) holds.

Note that for every 0 < e < 1, there are 0 < 17 < p*(€) < g < p*(€) + ko such that

A& ) MEaS) A (6)) L€
i i 1*(€) 2 n =€)

Note also that there is B; > By such that if B > By, then

A 1) o As(p) < for e [ﬂ_7ﬂ+]

holds. This implies that

By (4.23) and ¥’ (u3(€)) = 0,

Vi(p) <0 for pe(0,up(€) and W(n) >0 for s € (up(E), 1 (€) + ko).

We thus must have

i (6) € lic ]
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and then

i.e. (iii) holds. O

4.4 Remarks

It is sometime important to study the space shifted equation (3.5) of (3.1). Let ®(¢;&, p, 2)

be the solution operator of (3.5) given in (3.7) and

DP(t; &, 1, 2) = P(4 €, 1, 2)x, - (4.24)

Note that ®(t;&,0, 2) is independent of £ € SV~1. Put

O(t;2) = D(t;£,0, 2) (4.25)

for £ € SN,

The following remarks are easy to derive.

Remark 4.1. For every z € RN, (®(t;€, p, 2)ug)(z) = (P(t; €, w)uo(- — 2))(x + 2) and

(@(t; 2)uo)(w) = (D(t)uo(- — 2))( + 2).

Remark 4.2. For every z € RY,

@(1s2)uo)e) = | uoly = 2Jmlo -+ 250 dy) (4.26)
and
(P(15, 1, 2)uo)(x) = /RN TSy (y — 2)m(x + 2y, dy). (4.27)
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Remark 4.3. If the principal eigenvalue A(§, 1) of (2.8) exists and ¢(x;&, ) is a correspond-
ing eigenfunction, then for every z € RN, X = X&) is an eigenvalue and ¢(x; &, 1, 2) =
oz~ 2z;&, 1) is a corresponding eigenfunction of the following space shifted eigenvalue prob-

lem of (2.8),

fRN e*#(y*x)'gk(y —z)v(y)dy —v(x) + a(r + 2)v(z) = v, =€ RY (4.28)

U($+pi€i):1)(x)7 i:1’27...7N7 IERN

Let ¢ : R — [0,1] be a smooth function satisfying (4.7). For a given B > 0, define
Op(1;&, u,2) - X — X by

<¢anauwmwuw:ANw@“ﬂﬁw@—wxwy—x—avmm@+wwdw (4.29)

Let

PR(1;€, 1, 2) = Pp(1;€, 1, 2)|x,- (4.30)

Remark 4.4. It follows from the arguments of Lemma 4.3 that
D158, 1, 2) — PP(L; €, p, 2)||x, = 0 as B — o0

uniformly for p in bounded sets and z € [0, p1] X [0, pa] X -+ X [0, pn].

Remark 4.5. The spectral radius r(P%(1; €, 1, 2)) of P5(1;&, u, 2) is independent of z €

RN, If r(®%(1;€, 1)) is an eigenvalue and ¢p(x; &, 1) is a corresponding eigenfunction of
W16, 1), then H(@h(L; €, 2))(= r(®(16, 1)) is an eigenvalue of B(13€, . 2) with

the eigenfunction ¢pp(x + 2;&, ).
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4.5 An Example

In this section, we give an example which shows that the principal eigenvalue of (2.8)
may not exist in case that N > 3.

Example. Let ¢(z) be a smooth p-periodic function defined as follows

||
ell=I*=* for ||z| <o
q(r) =
0 for o<|z| <1/2,

where p = (1,1,---,1) (i.e. ¢(x +¢;) =¢q(z) fori =1,2,--- ,N)and 0 < o < 1/2. Note

[Ed
that gmax = 1, ¢(x) decreases as ||z| increases and ¢(z) < e 2 for ||z|| < 1/2. Let

k(z) = (%Nl;:(g), where k() be as in (2.1). Then for given M > 1, K¢, — I + QY or (2.8)
with ¢ = 0 and a(z) = Mgq(z) has no principal eigenvalue for 0 < ¢ < 1 and 0 > 1, where
QM = Mq(-)I.

In fact, let UM = U o, where U, is as in (4.1) with g =0 and a(-) = Mq(-). If \* is
the principal eigenvalue of K¢, — I + Q™| then by Propositions 4.1 and 4.2, \* > -1+ M

and r(UM) = 1. Observe that for every € > 0 and u(x) =1,

k(y —z)

UM 1 = d
<1 [ ky-way+ XY S
e+ M oN Lyl
RN lyll<o ¢ + M(l e o2 )
1 N*(é)aN / 1
< C dy,
T e+ M + (SN lyll<1 €+ M(l — e_Hy||2) y

where N*(4) is the total number of disjoint unit hypercubes in R whose vertices have integer
coordinates and lie inside the ball B(z,d + v/ N) = {y € RV|||ly — x| < § + V/N}. We then
have N*(§) = O(6") as § — oo and hence
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Note that when N > 3, there is M such that

1

/ylg €+ M(1—elvl?)

dy

IN

M
M
for all € > 0 and M > 0. This implies that for every ¢ > 0 and M > 0,

1 N*(8)oN M
(inl+M+61)('r) < e+ M +C SN M

Therefore when N > 3, there is 0 < 09 < 1 such that

M
Siiml S 1 =0

for 0 < o < gy, § > 1 and any € > 0. It then follows that
T(Uﬂ/[l-s-M-s-e) <1l-o0g

and hence r(UM) < 1 — gy, a contradiction. Therefore, for the given M > 1 and 0 < 0 < 1,
Ke, — I+ QY has no principal eigenvalue for 6 > 1.

We remark that the principal eigenvalue \* of K¢, — I + Q" (if exists) depends on the
parameters 0, M, o, and N. To see the dependence of \* (if exists) on M, fix N > 3,4 > 0,
and 0 < o < 1/2 such that

~ N*(§)a™

CM 5N < 1.

Let \*(M) = A* (if \* exists) and ¢ be the corresponding positive eigenfunction with
6™ ()||x, = 1. By Theorem B (1), if 0 < M < 1, then \*(M) exists. By the above
arguments, \*(M) does not exists for M > 1. We claim that there is M* > 1 such that
A (M) exists for 0 < M < M* and \*(M) does not exists for M > M*. Moreover,

lm  A(M)=—1+ M* (4.31)
M—M*—
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and
N
lim ¢"(x)=0 V zeRY\{D ke |k €Z}. (4.32)

M—M*— -
=1

In fact, note that UM is well defined for o = —1 + M (since N > 3). It follows directly

that (UM, ) decreases as M increases and there is M* > 1 such that

(
>1 for 0< M < M*

rUM ) =1 for M= M*

<1 for M > M*.

\

We then have that for 0 < M < M*, the principal eigenvalue \*(M) of K¢, — I + Q" exists,
A*(M) > —14 M, and the principal eigenvalue of K¢, — I+ Q" does not exists for M > M*.

Moreover, it is clear that Mlirj\g r(UM ;) = 1 and hence (4.31) holds. Note that for every
—M*—

0< M < M,
/RN k(y — 2)¢" (y)dy = (1 + \(M) — Mq(x))¢" (z) Vo € RY (4.33)
and hence
0= /RN k(y)o™ (y)dy < (1 + X(M) — Mq(0))¢™(0) < 1+ \*(M) — M.

This implies that

. M .
Wi [ R@)eT )y =0
and then
. M _ . <
MErAr}*_gb () =0 for a.e. z with |z| <0. (4.34)
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If zo € RY is such that limps_, -+ ¢ (2) = 0, then by (4.33),

: o M — : * o M —
L m - k(y —z0)¢™ (y)dy = lim (1 +X(M) — Mq(z0))¢™ (z0) = 0
and hence
lim ¢M(z)=0 for ae z with |z — 2 <0. (4.35)
M—M*—

By (4.34), (4.35) and induction, we have

lim ¢M(z) =0 for a.e. z€R". (4.36)

M—M*—
By (4.33) and (4.36), for every z € RN\ {2V, kie; | ks € Z},

1

(@) = 1+ X(M)— Mq(x)

[ =)0y —o,
RN
and M — M*—, that is, (4.32) holds.

4.6 Effects of Spatial Variation on Principal Eigenvalue

To explore the effects of spatial variations on principal eigenvalue, recall that A\(&, p, a)(if

exists) is the principal eigenvalue of K¢, — I + a(-)I.
N N
Let a = ﬁ [ f(x,0)dx with D = H[O,pi] and |D| = Hpi where the period vector

=1 =1
p=(p1,....Pn).

Assume that the principal eigenvalues of K¢, — I + a(-)I exist. Let A(§, p,a) be the

principal eigenvalues of K¢, — I + @l and we have

ME ) = /R k() — 14 (A1)
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In this section, we prove Theorem B. Theorem B reveals the important fact that spatial
variations cannot reduce the principal eigenvalues of K¢, — I + a(-)I, and they are indeed
increased except for degenerate cases.

The proof of Theorem B employs the Jensen’s inequality (see [43, Theorem 2.2])

1 / 1
F(— [ g(x)dx S—/ng dx (4.2)
(57 [ st < o5 [ o)
for any continuous function g : D — (¢, d) and strictly convex function F': (¢,d) — R with
equality occurring, iff g(x) is a constant function.

Proof of Theorem B. Suppose that ¢(x) is a strictly positive principal eigenvector of K, —
I+ a(-)I. First we divide both sides of (2.8) by ¢(x) and obtain

Jan €Mk (y — 2)d(y)dy — o(@) + a(x)d(x)
¢(x)

= A& p,a), zeRY.

Integrating with respect to x over D yields

/ [fRN e Mk (y — 2)(y)dy — o) + a(x)d(z)

o) ]da::/jjx\(ﬁ,u,a)dx

or

B L e*“(y*l“)‘fk:(y—x)qb(y) . L al2)dx
sema = [ [ (o) tytr =1+ oy [ a(@yae

Since A&, 1,a) = [y € Sk(y)dy — 1+ a, A(€, p.a) = A(E, i, @) follows from

L e*/i(yfw)-ﬁk(y B x)¢(y) —pz-€
D] /D/RN e dydx > /RN e k(z)dz

or

|T?| /D/RN e“z‘fk;z()xgé(x + Z)dzdx > /RN e Mk (2)dz
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or

L e HEE (5 M rdz e M€k ( ) dz
D1 Jon k()A; o dzd EﬂéN k(2)dz. (4.3)

Moreover, A(§, u,a) = A&, p, a) iff

L e P ( » M rdz = e M EL( 2\ d
1D| Jan M)é)¢u)dd 4N k(z)dz. (4.4)

To prove (4.3), it suffices to prove that
1 / o(r+ 2) N
— ——2dxr>1 VzeR". 4.5
Dl )y o )

Note that F'(z) = —Inx is a strictly convex function on (0, 00). By (4.2),

IDL/ x+ Naw > — hHDL/fﬁiﬁhﬂ' (4.6)

By the periodicity of ¢(z), we have [, In¢(x + 2z)dx = [, In@(x)dx for any z € RN, Hence,

(4.6) implies that

1 qb(x—l—z x—i—z
In[— i
iy [, e 2
1
T_

2 gy, b
/i x+zdx-¥i nfo(z)]dx

D[ Jp

Therefore, |D‘ fD x+z drx > 1and thus A\(§, i, a) > A(§, p, ). Moreover, by (4.4), A\(§, p, a) =

A&, p,a) iff
1 ¢($+2)x: . N
ﬁﬂl;Tﬂﬂ_d 1 VzeRY. (4.7)

By (4.2) again, the equality occurs in (4.6) iff % = 1 for any z € RY, which is equivalent

to ¢(x) = constant since z is arbitrary. This implies that A(§, i, a) = A&, i, a) iff a(z) = a.

O

The proof is thus completed.
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Chapter 5

Positive Stationary Solutions of Spatially Periodic Nonlocal Monostable Equations

In this chapter, we study the existence, uniqueness and stability of positive equilibrium
solutions of (1.2), and prove Theorem C. The results of this chapter in the case that the
nonlocal kernel function has compact support will be published in the Proceedings of the
American Mathematical Society (see [57]).

For convenience, we introduce the following assumption:

(H5) a(-) € CY(RN) N X, and the partial derivatives of a(x) up to order N — 1 at some x
are zero, where g is such that a(xg) = max a(x).

Suppose that u = u* is an equilibrium solution of (1.2) in X7\ {0}. u = u* is said to
be globally asymptotically stable in X7\ {0} if for any uo € X7\ {0}, u(t,;up) — u* in
X, as t — oo. We first prove two lemmas, which will also be used to prove some theorems
in next chapter. Throughout this section, X, is as in (2.4), a € X, and apax = maxa(x),

zeRN

(min = 1IN a(z). a(-)I : X, — X, has the same meaning as in (2.7) with a¢(-) being replaced
T€R

by a(-) and K¢, : X, = X,, is understood as in (2.9), £ € SV~ and p € R.

Lemma 5.1. Suppose that {a,},{a"} C X, satisfy that
an(-) <a(-) <a"(-) for n>1 and |a,—a"||x, >0 as n— oo.
Then for any € € SN=! and p € R,

)‘0(57 K an) < /\0(5; Ky CL) < /\U(ga Ky an) for n>1 (51)
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and

AO(S? My an) - >\0(€a Ky an) —0 as n—oo. (52)

Proof. By Propositions 3.1 and 3.2,

r(®(1;€, 1 an)) < (®(1;€ p,0)) < 7(P(L;€, p,a") Vn>1, £€ Y peR.

This together with the spectral theorem for bounded linear operators (see [50]) implies (5.1).

By (5.1), for any £ € S¥"1 € R, and € > 0,

No(€ 10— €) < Mo(€. 11, a0) < NolE, @) < Mo(€ 1, a") < Mol pyate) V> 1 (5.3)

This together with A\o(&, i, a £ €) = Ao(&, 1, a) £ € implies (5.2). ]
Lemma 5.2. Given a € X,, \(&, p,a) > Mo(&, i, a) for any € € SN~ and pu € R.

Proof. Take a,, € C™(R™) N X, such that a, satisfies (H5) and

an(-) <a(-) for n>1 and |a,—allx, >0 as n— oo.

By Theorem A, A(§, i, a,) exists and A(§, u, an) = Ao(§, iy a,) for n > 1. By Theorem
B, M(&, p,an) > Mo(&, 1, ay,) for n > 1. The lemma follows by letting n — oo and applying

Lemma 5.1. O

To prove the theorem, we will apply Proposition 3.1 and so first we provide a sub-solution

and a super-solution of (2.15).

Proposition 5.1. Assume (Hj) and let ¢ be the positive principal eigenfunction of KK — I +
a(-)I with ||¢||x, = 1. Then for any z € RN and 0 < b < 1, 9(t,z;2,b0) := bp(x + 2) is a

sub-solution of (2.15).
Proof. Fix z € RY. Observe that
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/RN k(y — 2)p(y + 2)dy — ¢o(z + 2) + f(x + 2,0)p(z + 2) = Xop(z + 2) Vz € RY.

Observe also that max Aod(x + z) > 0 and then
zeR

Xobo(z 4+ 2) > (f(x 4+ 2,0) — f(z + 2,bp(x + 2)))bop(x + z) V0 <b< 1.
It then follows that
/ k(y —2)bo(y+ 2)dy —bp(z +2) + f(x+ 2,bp(x+2))bp(z+2) >0 Ve e RN 0<b< 1.
RN

Hence 0(t, x; z,b) is a sub-solution of (2.15) for 0 < b < 1. O

Since the positive principal eigenvalue of K — I + ao(-)] may not exist, we will construct

a new sub-solution by applying Lemma 5.1.

Proposition 5.2. There exists an € and 0 < b < 1 such that for any z € RN, v(t, x;2,b) :=
b, (x + 2) is a sub-solution of (2.15), where ¢, be the positive principal eigenfunction of
K =1+ an(-)I with ||¢y]|x, = 1, with ||a, — ao|| < (> 0) and a,, is such that (H5) holds.

Proof. This follows by arguments similar to those in Proposition 5.1. ]
Proposition 5.3. Ford>> 1, z € RN, o(t,x;2) = d is a super-solution of (2.15).

Proof. By direct calculation, we have

-~ [/RN k(y — z)o(t,y; 2)dy — 0(t, 25 2) + fz + 2,0)0(t, 2; )]
- _d[/RN Ky —2)dy =1+ f(z +2,d)]

>0.

The proposition thus follows. n
Lemma 5.3. Assume (H1) and (H2). (1.2) has at most one positive stationary solution u™ ()

in X\, If there is a positive stationary solution u™(-) € X7, it is globally asymptotically

p’

stable with respect to perturbations in X;r )
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Proof. 1t follows from the arguments in [37, Lemma 3.3]. O

Proof of Theorem C. (1) It follows easily that u(t,-;v) is monotonically decreasing as ¢ in-
creasing, where ¥ is as in Proposition 5.3. Let u™(z) = tlg(r)lo u(t,z;v). Then u*(z) is upper
semicontinuous and satisfied that IRN k(y — 2)u(y)dy — ut(z) + f(x + z,ut(z))ut(z) =
0. Then u*(z)[1 — f(z + z,u™(2))] = [on k(y — 2)ut(y)dy > 0, which implies that
flz+ z,u*(x)) <1

Let g(x) = [pn k(y —2)ut (y)dy and y = u™(x). Let F(x,2,y) = g(z) —y+ f(z+2,9)y

‘9”;;’” = —1+ f(z+ 2,9) + fulz + 2,9)y < 0, by Implicit

and then F(:E, z,y) = 0. Since
Function Theorem, u™(x) is continuous.

Similarly, let uv™(z) = tliglo u(t, z;v) and then is also a positive stationary solution of
(2.15). By Lemma 5.3, u™ (z) = u™(x)

For any uo € X,/ \ {0}, for £y > 0, there exist © and v such that v > wu(ty, z;uo) > v,
where v is as in Proposition 5.2. By Proposition 3.1, u(t, z;0) > u(t + to, z;u) > u(t, z;v).

Then, u = u™ is a globally asymptotically stable stationary solutions with respect to
the perturbations in X"\ {0}. (1) then follows.

(2) By Lemma 5.2, we have A\o(a) > Ao(a) = a;0 and then (H3) is satisfied. Thus the

conclusions in (1) hold. O

Remark 5.1. Assume (H1), (H2), and (H3). Then

lim (u(t,z;a", 2) —ut(z +2)) =0

t—o00

holds uniformly in x € RN and 2 € RY for every at > 0. Here at in u(t,z;a™, z) stands

for the constant function with value .
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Chapter 6

Spreading Speeds of Spatially Periodic Nonlocal Monostable Equations

In this chapter, we investigate the spatial spreading speeds of (1.2) and prove Theorems

*

D-G. To do so, we first introduce a so-called spreading speed interval [c} (&), c%,,(§)] of (1.2)
in the direction of ¢ € SV~ and establish basic properties. We will prove the existence of
spreading speed of (1.2) in the direction of & € SN~! by showing that [¢},¢(€), %, (€)] is a
singleton and ¢ ((£)(= ¢4,,(§)) is the spreading speed of (1.2) in the direction of . The

results of this chapter in the case that the nonlocal kernel function has compact support

have been published (see [29], [56], [57]).

6.1 Spreading Speed Intervals

Throughout this section, X, is as in (2.4), X is as in (2.2), and X*(§) is as in (2.12)
(€ € SV71). We assume (H1) - (H3). and so, (1.2) has a unique positive stable periodic

equilibrium solution u™(z) in X,. Let u}, be as in (2.23). For simplifying notations set

liminf ug(x) = lim inf wg(x), limsupug(x) = lim sup ug(z)
z-E——00 r——o00 x-{<r z-€—00 r—00 z-E>r

for given ug € X and ¢ € SV=1. For given u(t,-) € X, £ € S¥! and ¢ € R, put

liminf w(¢,z) = liminf inf w(¢,z), limsup w(t,x) =limsup sup u(t,x),
z-E<ct,t—o0 t—oo  z-g<ct z-E>ct,t—00 t—oco  z-&>ct
liminf wu(t,z) =liminf inf wu(t, x), limsup wu(t,z) = limsup sup u(t,z),
|z-&§|<ct,t—o00 t—=oo  |z-g|<ct |2-€|>et,t—00 t—=oo  |z-&|>et
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and

liminf w(¢,z) =liminf inf w(¢,z), limsup wu(¢,z) =limsup sup u(t, ).
[|z]|<ct,t—o0 t—=oo  |lzf|<ct (||| >t t—o0 t—oo ||z|>ct

Definition 6.1. For a given vector £ € SN~ let

- (€)= { | Vup € XT(E), liminf (u(t,z;u0) — ut(x)) = o}

inf z-£<ct,t—00

and

Cr (&) = { c|Vuye XT(¢), limsup u(t,x;ug) = O}.

sup
z-£>ct,t—00

Define
cur(§) =sup { e[ ce Gip(€)}, (&) =inf { ¢ | c e O, ()}

We call [¢4(€), ¢t (€)] the spreading speed interval of (1.2) in the direction of &.

) “sup

Observe that if ¢; € Cji(€) and ¢ € C, (§), then ¢ < cp. Hence ¢ (§) < ¢, (§) for
all £ € SN—L

To establish basic properties of the spreading speed intervals of (1.2), we first construct
some useful sub- and super-solutions of (1.2) and its space shifted equation (2.15). Recall
that u(t, x;ug, z) denotes the solution of (2.15) with u(0, x; ug, 2) = ug(x) for up € X and
z e RV,

Let n(s) be the function defined by
1 s
n(s) = 5(1 + tanh 5), seR. (6.1)

Observe that
n(s)=n(s)(L—mn(s)), seR (6.2)
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and

1

1 (s) =n(s)(1 =n(s))(1 = 2n(s)), seR. (6.3)

Without loss of generality, we may assume that f(z,u) = 0 for v < 0. For otherwise,
let C(-) € C*°(R) be such that ((u) = 1 for u > 0 and ((u) = 0 for u < 0. We replace

f(z,u) by f(xz,u)((u). Hence we may also assume that there is u~ < 0 such that for any

uy € X with u=™ <up <0 and z € RY,
u” <u(t,;up,2) <0 for t>0. (6.4)

Proposition 6.1. Assume (H1) - (H3). Let ar (u= < a_ < 0 < ay < 2u',) be given
constants. There is Cy > 0 such that for every C > Cy, every & € SN~ and every z € RY,

the following properties hold:

1) letting vE(t, x5 2) = u(t, r; ax, 2)n(z - £+ C) +u(t, z;a+,2)(1 —n(x - £+ C1)), vF and

v~ are super- and sub-solutions of (2.15) on [0, 00), respectively;

2) letting w*(t, x; 2) = u(t, r; oz, 2)n(z - £ — Ct) +u(t, z; a4, 2)(1 —n(z - £ — Ct)), w' and

w™ are super- and sub-solutions of (2.15) on [0,00), respectively.

Proof. We prove that v (¢, z;z) with z = 0 is a super-solution of (1.2). Other statements

can be proved similarly. We write v (¢, z) for v* (¢, z;0).
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First, by Taylor expansion,

fle,ult, ;s aq))n(z - €+ C) + fa,ult, 25.0-))(1 = n(z - £+ C))
— f(z,ut, z; 0 )n(z - £+ Ot) +u(t, z;a-)(1 — n(x - £ + Ct))
= flz,u(t,z;a™) —ult,z;a”) +ult,z;a7))n(x - & + Ct)
+ [ ult, w0 )) (1 —n(z - €+ C1))
— f(@, (ult, z;07) —ult,z;07))n(x - £ + C1) +ult, z;07))
= (fule @ (b 2) + ult, 2307)) = fulw, @ (6 2)p(@ - €+ O + u(t,z307)):
(u(t, z;0") —u(t, z;a7))n(z - £+ Ct)

= fuu(z, 0™ (t, 7)) (u*(t, x) —u(t, z; a_)) (u(t, x;ag) — u(t, x; oz_))nl (x- &+ Ch)

where u*(t,z) = a*(t,x) + u(t,z;a~) and v (¢,z) and u*(t,z) are between u(t,z;a_) and

u(t, z; oy ). Then a direct computation yields

) = [ Ky =)oty = o (0] = fao" (1, 0)

=7 (x4 C’t){C’(u(t,x; ay) —ult,z;a.))

. oy €+ C) —n(x- £+ CF)
_/RN Ky = @)(ultyy;0") —ult,y;07) == R

- fuu(xv U**(tv x))(u*(tv l’) - U(t, €, Oé_)) (U(t, €, Oé+) - u(ta €, Oé_))}.

dy

Note that there are My and M; > 0 such that

u(t,r;ay) —u(t,r;a_) > My forall ¢t>0, zeRY,

n(y- &+ Ct) —n(x- &+ Ct)
n'(xz-&+ Ct)

| <M, forall t>0, z,ycRY, |y—z| <o
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It then follows that there is Cy > 0 such that for every C' > Cy, v™ (¢, x) is a super-solution

of (1.2). O
Proposition 6.2. Assume (H1) - (H3). For every & € SN=1, the following properties hold:

(1) if there is ufy € X (&) such that

liminf (u(t,z;ug,2) —ut(z+2)) =0 uniformly in 2 € RY,
z-£<ct,t—00

then ¢ < ¢i4(€);

(2) if ¢ < & 5(€), then for each ug € Xt (),

liminf (u(t,z;up, 2) —ut(z +2)) =0 uniformly in 2 € RY.
z-£<ct,t—00

Proof. Tt can be proved by arguments similar to those in [30, Lemma 3.4]. ]
Proposition 6.3. Assume (H1) - (H3). For every & € SN™!, the following properties hold:

(1) if there is uf € X (&) such that

limsup u(t,x;ugy,2) =0 uniformly in 2z € RY,
z-£>ct,t—00

then ¢ > c5,,(§);

(2) if ¢ > ci,,(€), then for every ug € X™(§),

limsup wu(t,z;ug,2) =0 uniformly in z € R".
z-£>ct,t—00

Proof. Tt can be proved by arguments similar to those in [30, Lemma 3.5]. O

Corollary 6.1. Assume (H1) - (H3). [c}:(E), ¢ (€)] is a finite interval for all & € S¥~'.
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Proof. Fix £ € SV—1L

Let a_ =0 < ay < u, be given constants. There is uf € X (£) such that

inf

wh(0,2:2) = a_nla - €) + ar (1 — iz - €) > up(a), @€ RY

for all z € RY. Then by Propositions 3.1 and 6.1,

wh(t,z;2) = ult,z;a_, 2)n(x - € — Cot) + ult,z; a4, 2)(1 —n(z - € — Cot))

> u(t, x; 2, ug)

for t > 0, and z, z € RV. This implies that for C > Cy,

limsup u(t,z;z,u}) =0 uniformly in 2z € RY,
z-£>Ct,t—00

Therefore by Proposition 6.3, ¢, (§) < Cy.

sup

Now let ;"

e >ap >0>a_ >u" bea given constant, where u~ satisfies (6.4). There

is up* € X (&) such that

v (0,252) = an(z - §) + ag (1= n(z - €)) < up' ()

for x,2 € RV. Then by Propositions 3.1 and 6.1 again,

v (t,xyz) = ult,z;a, z)n(x - €+ Cot) +u(t, x;ap, 2)(1 —n(z - € 4+ Cot))

<u(t,,z;uy", 2)

for t > 0, and z, z € RY. This implies that for C < —Cj,

liminf (u(t,z;up,2) —ut(x +2)) =0 uniformly in 2 € RY.
z-£<Ct,t—00
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Therefore by Proposition 6.2, ¢} () > —C.

inf
Hence [c}(§), ¢%p(§)] 18 a finite interval. O
Let
Xt ={ue Xt lign inf ug(z) > 0, limsup ug(z) = 0}. (6.5)
T-E——00 x-E—00

Proposition 6.4. Assume (H1) - (H3).

(1) Let € € SN wy € X(€), and ¢ € R be given. If there are &y and Ty > 0 such that

liminf  w(nTy, z;up, 2) > & uniformly in 2z € RY, (6.6)
z-£<cnTp,n—00

then for every ¢ < c,

liminf (u(t,z;up,2) —u' (v +2)) =0 uniformly in 2 € R".
x-ﬁgc/t,tﬁoo

(2) Let c € R and up € X with ug > 0 be given. If there are §g and Ty > 0 such that

liminf — w(nT,z;ug, 2) > & uniformly in 2 € RY, (6.7)

|z-€|<enTh,n—o0

then for every ¢ < c,

liminf (u(t, z;up, 2) —ut(z +2)) =0 uniformly in 2 € RY.
|z-£|<c't,t—00

(8) Let c € R and uy € X with ug > 0 be given. If there are dg and Ty > 0 such that

liminf  w(nT,z;ug, 2) > 0y uniformly in 2 € RY, (6.8)
|z||<enTh,n—o0
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then for every ¢ < c,

liminf (u(t, z;up, 2) —ut(z +2)) =0 uniformly in 2 € RY.
lz|| <t t—o00

Proof. (1) First, for given ¢ < c, there is ng € N such that
50 N / /
u(nTy, x + y; ug, 2) > B for zeRY, z-&<(c—c)nTy,y-&<cnly,n>ng. (6.9)
Let @(z) = 2. For each € > 0, there exists n; > ng such that

u(t, 31y, 2) > ut(x+2) —e for t>nTy, x,2€RY. (6.10)

For a given B > 1, let @p(-) € X be such that 0 < Gp(z) < 2 for x € RY, dp(z) = £ for
x-& < B—1,and ty(z) =0 for - £ > B. By Proposition 3.3, Remark 5.1 and (6.10), there
is BO > 1 such that for each B > BO,
u(t,0;tp,2) > ut(2) =2 for mTy <t<(ng+1Tp, =zecRY. (6.11)
Note that (¢ — c/)nTo — 00 as n — 0o. Hence there is ny > n; such that
(c—c)nTy > By+c¢ (g +1)Ty for n > ny.

This together with (6.9) implies that

u(nTo, -+ + C/nTof + Cle? Ug, Z) > ﬁéo(')
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for all x € RY with z-¢ <0, all 7 with n, Ty < 7 < (ny +1)Tp, and all n > ny. Given n > ny

and (n+ny)Ty <t < (n+ny+1)Ty, let 7 =t —nTy. Then nTy <7 < (ny + 1)Ty and

U(t,l’ + C/tg; U, Z) = U(T, T+ C,tg; U(?’LT(), 5 Uo, Z)v Z)
= u(7,0;u(nTy, - +x + clnTgf + 0/75; U, 2), 2 + T + clté)

> ut(z+ 2+ cte) — 2
for all z € RY with o - € < 0. It then follows that
u(t, xyug, 2) >ut(@+2)—2 for zeRN z-&<ct, t> (ng+ny)Tp.

(1) is thus proved.

(2) It can be proved by arguments similar to those in (1).

(3) It can also be proved by arguments similar to those in (1). For the reader’s conve-
nience, we provide a proof in the following.

First, for a given ¢ < ¢, there is ng € N such that for n > ny,

0 ' '
u(nTo, 7 +yu0,2) > 2 for 2 €RY, flall < e~ )i, Iyl < Ty (612)
Let tg(x) = %0. Then, for each € > 0, there is ny > ng such that

u(t,z; @, 2) > u(x +2) —e for t>mnTy, z,2€RY. (6.13)

For a given B > 1, let @p(-) € X be such that 0 < Gp(z) < 2 for z € RY, Gp(z) = 2 for

|z|| < B—1, and @(x) = 0 for ||z|| > B. By Proposition 3.3, Remark 5.1, and (6.12), there

exists By > 1 such that

u(t,0;dp,2) > ut(2) =2 for mTy <t <(ng+1DTp, zecRY (6.14)
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for all B > B,.

Note that (¢ — ¢ )nTy — 0o as n — co. Hence there is ny > n; such that
(c— cl)nTo > By + cl(nl + 1)1y for n>ns.
This together with (6.12) implies that
u(nTy, - + z;up, 2) > ﬁgo(')

for each n > ny and each x € RY with ||z|| < ¢'nTj + ¢ (ny + 1)Ty. For given n > ny and

(n+n)To <t < (n+mny+1)Tp, let 7=t —nT,. Then nTy <7 < (n1 + 1)7, and

U(t, Z; U, Z) = U(T’ €, U(’I’LT(), *5 Uo, Z)? Z)
= u(1,0; u(nTy, - + x;up, 2), 2 + )

>ut(x+2) — 2
for all x € RY with ||z|| < ¢'t(< ¢ (n + ny + 1)Tp). This implies that
u(t, 3 ug, 2) > vt (x+ 2) — 2¢
for t > (ny +n2)Ty and ||z]| < ¢'t. (3) is thus proved. O

6.2 Spreading Speeds under the Assumption of the Existence of a Principal

Eigenvalue

In this section, we investigate the spreading speeds of (1.2) and prove Theorems D, E
and F stated in the chapter 2 under the assumptions (H1)-(H4).
Recall that u(t,z;ug) denotes the solution of (1.2) with w(0,;up) = uwy € X and

u(t, x; ug, z) denotes the solution of (2.15) with u(0, -; ug, 2) = ug € X. Note that u(t, z; ug, 0) =
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u(t, z;up). In the following, ®(¢;&, 1, z) and Pp(1;&, i, z) denote the solution operators of
(3.5) with a(x) = ag(z)(= f(x,0)) given in (3.7) and the truncated operator of ®(1;¢&, p, 2)

given in (4.29), respectively.

Proof of Theorem D. (1) Fix ¢ € SN=L Put M) = A&, pu). By Theorem 4.1, there is

' = p*(€) € (0,00) such that
e M) AT
>0 p Ty

It is easy to see that ¢*(§) exists and ¢*(§) = % if and only if ¢f(§) = ¢, (€) = Ag‘:).

We first prove that cZ,,(§) < )‘(;f).

Since f(z,u) = f(x,0) + fu(z,n)u for some 0 < n < u, we have, by assumption (H2),
f(z,u) < f(z,0) for u > 0. If uyp € Xt , then

u(t, z;ug) < (®(£€,0,0)u0)(z) for xRN, (6.15)

Suppose that ¢(u, ) € X is a principal eigenvector of (2.8) with a(z) = ag(z)(=
f(x,0), that is, (K¢, — 1 4+ ao(-)])p(p, x) = AMp)o(p, ) with p > 0. It can easily be
verified that (®(t;€,0,0)d)(x) = Me M@= p(u, ) with 4y = Me " ¢p(u,x) for ¢ =
# and M > 0. For any uy € XT(£), choose M > 0 large enough such that w, >
ug. Then by Proposition 3.1 and Remark 3.1 we have u(t,z;ug) < (®(£€,0,0)up)(z) <
(®(;€,0,0)d0)(z) = Me @) (1, x). Hence

limsup wu(t,x;ug) =0 for every c¢>é.
r-£>ct,t—00

This implies that ¢f (§) < M) for any i > 0 and then

sup n

chp(€) < inf Alw) (6.16)

>0 u
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inf

We then prove that ¢f¢(£) > inf,~¢ % We will do so by modifying the arguments in
[44] and [62].

First of all, for every ¢y > 0, there is by > 0 such that
flz,u) > f(z,0) —¢ for 0<u<by, zcRY. (6.17)

Choose B > 1 such that Theorem 4.2 holds. Observe that if uy € X is so small that

0 < u(t,z;ug,2) < by for t €[0,1], € RY and 2z € RV, then
u(l, ;up, 2) > e (P(1;€,0, 2)up)(z) > e (Pp(1;&,0, 2)up)(x) (6.18)

for z € RY and z € RY.
Let rg(u) be the spectral radius of ®p(1;¢, 1,0) and Ag(p) = Inrg(p). By Theorem
4.2 (1), rp(p) is an eigenvalue of ®p(1;&, 1, 0) with a positive eigenfunction ¢(u,z) for

|l < (&) + ko.
By Theorem 4.2 (3), for each ¢; > 0, there exists a B > 0 such that

Mp@) o AE) (6.19)

pp&) T wrE)
where p3(€) is as in Theorem 4.2 (3). Moreover, there is p., such that

/ _As(ppE)

—Ag(p) < 15 () + € (6.20)

for pe, < p < pi(€). In the following, we fix p € (pe,, p(€)). By Theorem 4.2 (3) again,

we can choose €y > 0 so small that

Ap(p) = prg(p) /re(p) — e > 0. (6.21)
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Let

For given v > 0 and z € R”, define

y Jaw O, y)e MV ([ly — 2|l /B) siny(—(y — 2) - € + w(p, y))m(z; y, dy)

1
T(7v,2) = —tan
(7, 2) S
It is not difficult to prove that
ling) 7(v,2) = Ag(p) + k(p, 2)  uniformly in  z € RY.
Y—
Choose v > 0 so small that y(B + |7(2)| + |x(u, 2)|) < 7 for all z € RY and

K, 2) = 7(7,2) < =Ap(p) + €

for z € [0, p1] X [0, pa] X --- x [0, pn]-

For given €5 > 0 and v > 0, define

ed(p, x)e " siny(s — k(p,x)), 0<s—r(p,x) <7
v(s, ) =

0, otherwise.

Let

U*(l‘;S,Z) = ’U(JZ g_’_ s — KJ(/%Z) —’—T(’}/,Z),l’—f— Z)

Choose €3 > 0 so small that
0 <u(t,z;v*(-;s,2),2) <by for te€l0,1], =z,z€RY.

Let

Ny, 2) = =k, 2) + 7(7, 2).
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Then for 0 < s — r(p, 2) < 7, we have

U(l, 0; U*(u S, Z)? Z)
> e OPp(1;€,0,2)v" (5 8, 2)
> e / [¢(u, y)e Hm2 &rstnml . gin y[(y — 2)€ + s+ (v, 1, 2) — 51, y)]
RN
C(ly = =1/ B)|m(z: 9, dy)
_ G_EOU(S, z)e_’m(%“’z) sec 77—(% Z_)

o, 2) /RN [Qb(,u, y)e_ﬂ(y—z)f ccosy(—(y —2) - €+ K, y))

C(ly = =1/B)| m(z: . dy).
Observe that

limn ¢—€0 g—rn(ri,2) S€C v7(7, 2)

250 Co(uz) /RN (6, y)e I cosy(—(y = 2) - € + k(1))

C(ly = =1/B)|m(z: 9, dy)
— e~C0e—hrp (/B o (1)

— A= (1)/re () —co

>1 (by (6.21)).

It then follows that for 0 < s — r(u,z) < 7,

u(l,0;07(5s,2), 2) > 0(s, 2) = v (6w, 2) = 7(7,2))8; 8, (=k(p, 2) +7(7, 2))€ + 2).

Clearly, the above equality holds for all s € R.

Let 5(z) be such that v(3(z), ) = maxseg v(s, ). Let
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Set

vt (w5 8,2) = 0(x - §+s — w(p, 2) +7(7,2), 0 + 2).

We then have

u(1,0;0%(-5 8, 2), 2) > 0(s, 2) = 0 (K1, 2) = 7(7,2))&; 8, (=w(p, 2) +7(7,2))§ + 2)

for s € R and z € RV,
Let

vo(x; 2) =v(x - & o+ 2).

Note that v(s, z) is non-increasing in s. Hence we have

u(l, 25 00(5 2), 2) = u(l, 0;00(- + 25 2), & + 2)

=u(l,0;0"(sx- &+ k(p,z+2) —7(y,x+2), .+ 2),x+ 2)

Vv

o(x- &+ r(px+2) —71(v, 2+ 2),x+ 2)

>0(x- &= Ng(p) + e,z +2) (by (6.22))

> @(x - AB;EgZBf()g)) + 2,7+ z) (by (6.20))

Zv(x-f—)\iﬁ;(g))jﬂkl,x—l—z (by (6.19))
A(p*(§)) Ap*(§))

:v0<:1:'—[ e e —361]5—4—2)

for 2 € [0,p1] X [0,pa] % -+ x [0, py]. Let & (&) = A8 — 3¢, Then

u(l, z;00(+, 2), 2) = vo(x = E (), € (§)E + 2)
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for all z € RYN. We also have

u(2,SL’;U0(',Z),Z) > u(lv'r;vo(' - 6*<€>£75*<£>£ + 2)7 Z)
= u(l,z = ()& vo(+, (€€ + 2), " (§)§ + 2)

> vo(x = 2¢7(§)E, 2¢°(§) + 2)

for all z € RY. By induction, we have

u(n, x;v(+, 2), 2) > vo(x — nc*(§)€, ne* (&) + z)

for n > 1 and z € RY. This together with Proposition 6.4 implies that

)\ *
ez = U8 s,
Since €, is arbitrary, we must have
ul6) > inf # (6.24)

By (6.16) and (6.24), we have ¢*(€) exists and ¢*(€) = inf - 2%

w>0 7
(2) Let D; = [i1py, (i1+1)p1] X [iap2, (a+1)pa) X... X [inDn, (in+1)pN](i = (i1, 2, ,in) €
ZN). Let A\; = A(&, ) and Ay = A(—¢, 1) be the principal eigenvalues of K¢, — I +a(-)I and

K ¢, —I+a(-)I with eigenfunctions 91,1, € Int(X,"), respectively. It suffices to prove that
A1 = Ay. Observe that

/RN e MUk (y — x)ihi (y)dy — () + a(w)n () = M (x), =€ RY

and

/RN VT (y — 2o (y)dy — Ya(x) + a(@)a(z) = Aata(x), x € RY.
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Multiplying the first equality by t,(z) and the second one by v (z) and then integrating

both equations over Dy, we get

/D [/RN My =) (gt (@)= () o) ()ba(@)de = A | wi(@)da(e)do

and

[ 1] e ke )iatodyin (o) a(ayin (o) ale)ia(ohin (a)lde = o [ dala)in(oyde

Therefore, in order to derive Ay = Ay, we only need to prove

/ / e“(yx)'gk(y—x)%(y)i/&(ﬂf)dydﬂc_/ / e“(y*x)'fk(y—x)wQ(y)wl(x)dydx.
Do JRN Do JRN

To this end, it suffices to prove that for each i = (1,49, -+ ,iy) € Z", one has

I e e e A A s R

For given i = (iy,4y,- -+ ,in) € ZN, let 2y = y; — iypy and w; = x; —igpy, for [ = 1,2, ... N. We

have
/ / e‘u(y—x).ék(y — x)¢1 (y)¢2($)dydx
Do J Dy
—/ / e*M(yfz)_fk(y — )1 (y) e (z)dxdy
Do
/ / Em k(2 — w)ihi (21 4 iapr, s 2v F inpN)Y2(w1 + G, e wy Finvpy)dwdz
Do
= / / e#(w—z)'fk‘(z — w)%(w)%(Z)dwdz.
Do .
This proves (2).

(3) It follows from (1) and Proposition 6.2 (2).

(4) It follows from (1) and Proposition 6.3 (2). O
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Proof of Theorem E. (1) For given uq in (1), there are ui € X*(4£) such that

uo() < up (+).
By Proposition 6.3, for every ¢ > ¢*(§),

limsup u(t,z;ug,z) =0, limsup w(t,z;uy,2) =0
z-£<ct,t—00 z-(—&)<ct,t—o00

uniformly in z € RY. By Proposition 3.1 and Proposition 3.2,

u(t, z;ug, 2) < ult,rjud,z) for >0, 2 2€RY.

It then follows that

limsup wu(t,z;ug,2) =0 uniformly in 2 € RY.
|z-&|>ct,t—00

(2) First, we claim that for each ¢ > 0, there is r, > 0 such that

liminf inf (u(t,z;up) —ut(z)) =0 (6.25)
e
for every uy € Xt satisfying uo(z) > o for all z € RY with |z - £| < r,. By Proposition 3.1

+

and Proposition 3.2, we only need to consider o satisfying 0 < o < u; ;.

Given £ € SV71 assume 0 < ¢ < ¢*(§). For 0 < o < u, let @°(+) € C(R,R) be such

inf>»

that @7(r) > 0 for r € R and

Let
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By the definition of ¢*(£¢),

liminf  (u(t, z;u”*%, 2) —u (2 4+ 2)) =0 uniformly in z € RY.
z-(£&)<ct,t—o00

Take any 0 < ¢ < ¢. For given B > 0, let 4% € C(R,R) be such that a%(r) > 0 and

Let

Then

o,+&

u(t,z;uy ™", 2) — u(t, o u”te

,2)

as B — oo in open compact topology. This implies that there are T" > ij and By > 0 such
that given B > By,

w(T, z;uf™c, 2) > o

for 0 < z- (&) < T, |lz|| < 2T, and z € RY. Note that for each x € RY with
0 <z-(£&) < T, there is a vector ¢ such that ¢- & = 0 and ||(x — q)|| < 2¢T. It then follows
that

w(T,z;uf ™ 2) = u(T,x — quf™,24q¢) >0

for 0 <z (£€) < T, and z € RY.
Let 7, > 0 be such that r, > By + 1. Assume that uy > 0 satisfies ug(z) > o for

|z - €| <ry. Then

up(- £ 7€) > u%’ig() forall r with 0<#£r<r, —1.
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It then follows from the above arguments that
w(T,x;up,2) >0 for —ro—cT+1<x-&<r,+cl—1
for all z € RY. This together with 7' > - implies that
w(T, x;ug,2) >0 for |z & <r,+cT.
By induction, we have
u(nT,x;ug,z) >0 for |z-& <ro+enT,n=12---.
Then by Proposition 6.4, one obtains for each 0 < ¢ < & that
liminf (u(t, z;up, 2) —ut(x +2)) =0 uniformly in 2z € RY.
|lz-£]<c't,t—00
By the arbitrariness of ¢ and & with 0 < ¢ < & < ¢(< ¢*(€)), we have
liminf (u(t,;u, 2) —u"(z + 2)) =0 uniformly in 2 € RY.
|z-€|<ct,t—o00

Next we claim that (2) can be proved by arguments similar to those in [41, Corollary
2.16]. In fact, let o > 0 and r > 0 be given. Suppose that uy € X satisfies ug(x) > o for

all z € RY with |z - £| <r. Note that there is m > 0 such that
—1+ f(z,u(t,r;u0)) > —m Vo € RV, t>0.

Then

wit.ziu) = [ bly = o)ult, g u)dy — mu(t, i)
RN
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and hence

(e™u(t, z;up))e > / k(y — x)e™u(t, y; uo)dy.
RN

This together with Proposition 3.1 implies that

e™u(t, - ug) > eftug

where et = [ + Kt + Kz!tQ + -+ and Ku is defined as in (2.6) with u € X, being replaced

2

by u € X. It is then not difficult to see that there is p € (0,1) such that
po < IL%fN ut(z) and u(l,z;up) > po for |z-&| <71
Let vo(z) = %u(l,x;uo). Then by (6.25),
li{g(i)glf |$.i€r‘1£ct(u(t, z;v9) —ut(z)) = 0. (6.26)
By (H2) and Proposition 3.1, we have
u(t + 1, x;u) = ult, z; pvg) > pult, x;vo). (6.27)
By (6.26) and (6.27), there is 7' > 0 such that
w(T, z;u0) > po for |z-& <714 (6.28)
By (6.25) and (6.28),
htII_l)(i)ilf |x-i£:(|l£ct(u<t + T, z;up) —ut(z)) = 0. (6.29)

(2) then follows from the arbitrariness of ¢ with 0 < ¢ < min{c*(£), ¢*(—¢)}.
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Proof of Theorem F. (1) Fix ¢ > sup c¢*(§).
£€SN_1
First, let ug be as in (1). For every given £ € SV~1 there is 1y(+; &) € XH(€) such that

up(+) < tp(+;€). Then by Proposition 3.1 and Proposition 3.2,

0 < ul(t,z;ug, 2) < ult,z;u0(;€), 2)

for t >0, x € RY, and z € RY. It then follows from Proposition 6.3 that

0 < limsup u(t,x;up, z) < limsup wu(t,z;up(;&),2) =0

z-£>ct t—00 z-£>ct,t—00

uniformly in z € RV,

Take any ¢ > ¢. Consider all z € RY with ||z|| = ¢. By the compactness of B(0,¢ ) =
{z € RY|||z|| = ¢}, there are &, &, --- ,&x € SV~ such that for every z € dB(0,c¢), there
is k (1 < k < K) such that = - & > ¢. Hence for every x € RY with ||z|| > c't, there is

1 <k < K such that z - &, =

Hf,” ( < :c) & > @c > ct. By the above arguments,

[l

0 < limsup wu(t,z;up,2) < limsup wu(t,z;uo(+;&),2) =0
- >ct,t—00 z-&p >ct,t—00

uniformly for z € RY, k = 1,2,--- K. This implies that

limsup u(t,z;ug,2) =0 uniformly in 2z € RV,
]| >¢t t—00

Since ¢ > cand ¢ > sup c*(£) are arbitrary, we have that for ¢ > sup },,(€),

gesN-1 gesN-1

limsup wu(t,z;up,2) =0 uniformly in 2z € RY.
e[ >ct,t—ro00

(2) First of all, for given 2o € RY and r > 0, let B(xg,r) = {x € R |||z — || < r}. Let

0 < o < u;; and vy(s) be a smooth function satisfying that vy(s) < 0 for s € R, vy(s) = o
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for s < —1, and vy(s) = 0 for s > 0. Let

vo(s —2) for s>0
Uo(s) =
vo(—s—2) for s<0.

For a given B > 0, let
ao(lzl) for al| < B
o(1+ ||z|| — B) for |z| > B.

Fix 0 < ¢ < infecgv—1 ¢*(€) and take any ci, ¢o, 3, ¢4 With 0 < ¢4 < c3 < ¢ < ¢y < c. It then

suffices to prove for B > 1 that

liminf (u(t,z;ud,2) —u™(z 4+ 2)) =0 uniformly in 2 € RY.
lz||<eat,t—o0

To this end, first, for a given £ € SV=1, let

ug(x) = vo(a - €).

We claim that there is T* > max{— L L L ~} such that for every ¢ € SN=1

c—c1’ c1—cg? ca—c3’ c3—c

u(t,z;us(),2) >0 for t>T* x-&<cst, ze RV, (6.30)

In fact, for every & € SV=1, by Proposition 6.2, there is T(£) > 0 such that

u(t,x;ug(-),z) >og for t>T(¢),z-¢<ct,z€RY.

In particular,

w(T(€), z;u5(), 2) >0 for x-&<cT(E), zeRY.
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Let 0 < dp < (¢ — ¢1)T(§). Then
w(T(€), z;u5(-),2) >0 for z€ d(B(aiT(£)€,6)), = € RY.
Note that for given p > 0, §, € S¥7!, and z, € RN with &, — £ and z, — 2,
g (2 = 2 + ) = w5 ()l xp) = O

as n — 0o. Observe also that

Then by Proposition 3.3,

as n — oo uniformly for z in compact sets. This implies that there is d¢ > 0 such that for
5_6 B(f,ég) N SN_l,
aT(€)E € B(arT(€)E, do)

and

u(T(§),x3uf,2) > 0
for z € cl(B(e1T(€)€,60)) and z € RY. Hence for £ € B(E,d¢) N SN,

w(T(€), o T(E)EuS,2z) >0 for zeRY. (6.31)
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Observe that

w(T(€),n+ e T()E ub, 2) = u(T(€), ey T()E (- +1), = + 1)

for all n € RY with n- £ = 0. Then by (6.31), it follows for £ € B(£,d¢) N SV~! that
U(T(&),x;u’g,z) >0 for x-&=cT(),zeRY. (6.32)

Observe also that for each z € RY with z-& < ¢;T(€), there is z° € RY such that z' - £ > 0,

(x+2')-£=aT(E), and

ug(- — ') > u§().
Then by (6.32), one has for £ € B(&,5:) N SV~! that

u(T(f),x;ug, 2 =u(T(E),z+2u5(-—x),z—x) >0 for x-&<eT(E). (6.33)

Therefore, for £ € B(&,6¢) N SN,

u(T(€), x + coT(€)E; ug, 2) >0 for x-&<(c;—e)T(§).
This implies that
U(T(E), + eT()& uf, ) > u§()

for £ € B(&,6¢) N SY~L. It then follows by induction, from Proposition 3.1 and Proposition

3.2 that

w(nT(€), - + nesT(E)E b, 2) > u()

forn=1,2,--- and £ € B(&,6) N SNL.
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By the arguments of Proposition 6.4 (1), there is 7*(€) such that for £ € B(€,5¢)NSN1,
u(t,x;ug,z) >og for t>T*&), v-&<cst, 2 € RV,

Then by the compactness of SN¥~! there is T* such that (6.30) holds for every & € SN—1
This proves the claim.

Now given £ € SV~! and B > ¢3T*, let

and

Then for every p > 0,

as B — oo. Hence

u(T*, w3y, 2) = u(T*, x5 uf, 2)

as B — oo uniformly for  in bounded sets and z € RY. By (6.30) and arguments similar
to those in (6.31), there is BT (£) and 5’; > 0 such that for B > BT(£) > ¢sT* and € €
B(&,68) N SN

u(T™, csET™ fLOB’g, z) >0

for z € RY.

Observe that for every 8 € [—¢;T*, B + 1] and € € B(&, 5?) NnSN-1,

uB (- + BE) > al(.)
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and

It then follows that
u(T*, B&;uf,2) >0 for 0< B <B4 1+csT™

Similarly, there is B~(£) > ¢3T™ and Sg such that for B > B~(£) and £ € B(f,gg) N
SNfl
w(T*, BEul ) >0 for —B—1—¢T* <[ <0.

Let B(¢) = max{B*(£), B~ (£)} and 0 = mln{gg_,g;} Then we have that for every
ée B(f,gg) N SN_l,

u(T*,Bé;uOB,z)>U for —B—-1—-T"<p<B+1+4cT".
By the compactness of SV, there is B* > ¢3T* such that
w(T*, zyuf,z) >0 for |z|| < B+1+4cT* 2z € RY.

Hence for B > B*,

w(T*, - ul 2) > ulTeT () for 2 eRY.

By induction, Proposition 3.1 and Proposition 3.2, one obtains for B > B* that
u(nT*, uf, 2) > ug T () for z€ RV,
This together with Proposition 6.4 (3) implies that for every B > B*,

liminf (u(t,z;uf,2) —u™ (2 4+ 2)) =0
||| <cat,t—o00
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uniformly in z € RV,
Finally, we can prove that r can be chosen to be independent of ¢ by arguments similar

to those in Theorem E(2). This completes the proof. ]

6.3 Spreading Speeds in the General Case

In this section, we investigate the existence and characterization of the spreading speeds

of (1.2) without the assumption (H4).

Lemma 6.1. Assume (H1) - (H3). For every & € SN™1, there is u*(€) € (0,00) such that

AO(f’u*(€)7 CL(]) — inf AO(S?ﬂa aO)
1 (€) U

Proof. First, it is not difficult to see that A\g(, p, ap) is continuous in p. By (H2), A¢(€,0, ag) >

A A
0 and hence lim 2o(& 1, a0) = 00. By Theorem 4.1 and Theorem B, lim Ao, 1, 0) =
p—=0+ 1% U—>00 7]
The lemma then follows. 0
A
Proof of Theorem D. (1) First, we prove that cf,,(§) < 12% M.
2 p

Let a"(-) € CN(RY) N X, be such that a" satisfies (H5),

a®">ay for n>1 and |[a" —alx, -0 as n— oo.

Then by Lemma 5.1,

Xo(&, iy a™) = Ao(&, pt,a0) as n — 0.

Let ¢™ be the positive eigenfunction of K¢, — I + a"(-)! corresponding to A(&, p,a") =
Ao(&, p,a™) with [|¢"||x, = 1. Note that

uf(z,u) <uf(r,0) <a"(x)u for z€RY u>0

89



and

(&, u a”
(B(1.€,0, 0" ,.) () = & HE 0 ),
where ug ,(z) = e "*€¢"(x). Hence by Proposition 3.1 and Proposition 3.2, for any u > 0,

A0(£#ﬂ )

ult, ;ue,,) < e M Dgr(z) for t>0.
This implies that
C:up(g)_ (57/’[/7(1 ) \V/[L>O n>1
1
and then
A
1
Therefore,
¢ (€) < inf 20(&: 4 a0) (6.34)
sup 1>0 1

. For any ¢ > 0, there is §g > 0 such that such

Next, we prove c;¢(§) > inf,~¢ /\o(EZA,ao)

that

f(z,u) > f(x,0) —¢ for z€RY, 0<u<d.

Let a,(-) € CN(RY) N X, be such that a, satisfies (H5),
f(,0) =2e <a,(-) < f(-,0) —e Vn>1.

Let

0 = ng MO

Applying the arguments in Theorem D, there is ug(+; z) € X+ () such that

liminf inf wg(z;z) >0
x-£——00 z€RN
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and

u(l,wiug(2), 2) > ug(w — (c(6) — )8 (¢ (€) — )6 +2) ¥z eRY.

This implies that
u(m, z;uo(+; 2), 2) > ug(z —m(c (&) —)&m(ci (&) —e)é+2) Ym>1, z € RY.

Then by Proposition 6.4,

By Lemma 5.1,

u>0 ol

*
Cinf

Letting € — 0, by Lemma 6.1, we have

A
(6) > inf 20l&r00) (6.35)
©n>0 o
By (6.34) and (6.35),
* — ok o /\0(57 1y aO)
Cup(§) = cine(§) = }g% T
Hence ¢*(&) exists and
A
C*(f) — inf 0(67 Ly Clo) ‘
wn>0 o
(2) (3) (4) They can be proved by arguments similar to those in last section. O

Proof of Theorem E. (1) Fix ¢ > max{c*(§),c*(—=¢)}. As in the proof of Theorem D (1), let
a™(-) € CM(RN) N X, be such that a" satisfies (H5),

a®>ay for n>1 and |[a" —alx, -0 as n— oo.
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Choose p > 0 and n > 1 such that

/\0(57 W, an)

Choose M > 1 such that
up(x) < Me "™ (),

where ¢™(x) is the positive eigenfunction of K¢, — I + a”(-)I corresponding to A(, p, a") =

Ao(&, p,a™) with ||¢"||x, = 1. By arguments similar to those in Theorem E (1),

Ag(&,p,a™)
) < e HEE " Dgr(x) for t>0.

u(t, x5 ug

This implies that

limsup sup u(t,z;ug) = 0. (6.36)

t—oo  x-£>ct

Similarly, it can be proved that

limsup sup wu(t, z;uy) = 0. (6.37)

t—oo  z(<—ct

(1) thus follows from (6.36) and (6.37).

(2) It follows from arguments in last section. O

Proof of Theorem F. (1) It can be proved by arguments similar to those in last section.

(2) It can be proved by arguments similar to those in last section. O]

6.4 Effects of Spatial Variations on Spreading Speeds

In this section, we will investigate the effects of spatial variations on spreading speeds

and prove the Theorem G. Let

_ 1
o) = 5 /D f(a, w)d.
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We assume that f satisfy f(0) >0 .

Then f is also monostable type functions. Let c*(¢, f) be the spreading speeds of the

following averaged equations of (6.38),

0
5= [ k= autt)dy — ut.x) + uf ). (6.39)
375 RN

Proof of Theorem G. First, let ag(z) = f(z,0), and by Theorem D, for any £ € SV=1, there

is p*(&) > 0 such that
_ Mo(pr(8), €, ao())
(6 '

Then by Theorem B, Lemma 5.2 and Theorem D,

(& f)

>‘0<:U’*<€>7 £7 ao(l’))

&)= p*(§)

>

Now assuming (H4), for some & € SN=1 ¢* (&, f) = ¢*(&, f), then we must have

By Theorem B again, we must have ag(x) = a.

O

Theorem G shows that it is a generic scenario that spatial variation increases the spread-

ing speed.
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Chapter 7

Traveling Wave Solutions of Spatially Periodic Nonlocal Monostable Equations

In this chapter, we explore the traveling wave solutions of (1.2) and prove Theorems
H-J. To this end, we first construct some sub- and super-solutions to be used in the proofs
of the main results. We then study the existence, uniqueness, and stability of traveling wave
solutions of (1.2). The results of this chapter have been submitted for publication (see [58]).

Throughout this chapter, we assume that (H1)-(H4). Biologically, we are only interested
in nonnegative solutions of (1.2). Hence, without loss of generality, we make the following

technical assumption throughout this chapter, f(x,u) = f(z,0) for u <0.

7.1 Sub- and Super-solutions

Let ao(z) = f(x,0).
For given £ € SV~1 let p*(€) be such that

(57 ,LL*<§>, aO) ]

wren A0
&)= 1*(€)

Fix £ € SV 1and ¢ > ¢*(€). Let 0 < pu < py < min{2u, u*(€)} be such that ¢ = w and

Ao(ﬁﬁh‘m) > )‘0(5’;11’%) > c*(€). Let ¢(-) and ¢4 (-) be positive eigenfunctions of K¢, — I +ag(-)]

associated to Ao(&, i1, ag) and Ao(&, pi1, ag) with [|¢(-)||x, = 1 and [|¢1(-)||x, = 1, respectively.
If no confusion occurs, we may write Ao(&, pt, ag) as A(u).

For given d; > 0, let
it @2, T, dy) = e PEEFT=t g1 4 ) — dyem@EHT=t g (1 4 2). (7.1)

We may write v! (¢, z; 2, T) for v'(¢t,z; z,T,d;) for fixed d; > 0 or if no confusion occurs.
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Proposition 7.1. For any z € RY and T > 0, v!'(t,z;2,T) is a sub-solution of (2.15)

provided that dy is sufficiently large.

Proof. First of all, let ¢ = e #@¢H =g 1 ) and @) = dye 1 @EFT=N g (x4 2). Let

M = max ¢(x)(> 0). Let L > 0 be such that —f,(z + z,u) < L for 0 < u < M. Let dy be

z€RN
defined by
max ¢(x) L max ¢?(z)
o = Y e M) T )
min ¢y(z)" (uae — Ap)) min é1(z

Fix 2 € RY and T > 0. We prove that v'(¢,2;2,T) is a sub-solution of (2.15) for

dy > dy, that is, for any (¢,7) € R x RV,

1
88% — [/ k(y — 2)v' (ty; 2, T)dy — o' (t, 252, T) + f(z + 2z, 0" (t, 252, T))v' (¢, 252, T)] <O0.
RN

(7.2)

First, for (¢,7) € R x RY with v'(t,z;2,T) <0, f(z + 2,0 (t,2;2,T)) = f(z + 2,0).

Hence

1
_88% - [/ k(y —2)v' (ty; 2, T)dy — o' (t,2;2,T) + f(z + 2,0 (6,22, 7))o (t, 25 2, T)]
RN

= —(prc— Mpu1))p1 <0.

Therefore (7.2) holds for (¢,z) € R x RY with v!(¢,z;2,T) < 0.
Next, consider (t,z) € R x RN with v!'(t,z;2,7) > 0. By d; > dy, we must have
x-&4 T —ct > 0. Then v!(t,z;2,T) < e #@EHeI=e) gz 4 2) < ¢(x + z) < M. Note that

for 0 <y < M,
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2 2
(e — M) — fulr 2 L < (e — Au)) + L8
®1 ©1
Lo* (v + 2) o1 —2u) (@ € +eT—ct)
dipr(z + 2)

Lmax ¢°(y)

= —(pmc— M) +

Therefore, for (¢,2) € R x RY with v!(¢,2;2,T) > 0,

1
RN
=qicp — pcpr — [/ k(y — 2)u' (ty; 2, T)dy — vt (t, 22, T) + fx + 2,0 )0 (¢, 252, T)]
RN

=(pc = X)) — (e = Am))er + f(z + 2,000 (t,;2,T) = f(z + 2,0 o' (t,2;2,T)
= — (e = Mm))pr = fulz + 2,9) (0 —1)?  (for some y € (0, M))

< — (e = Am))gr — ful@ + 2,)(p)?

=[—(c— M) = fulz + 2, y)(z—iz]%

<0.

Hence (7.2) also holds for (t,z) € R x RY with v!(¢,2;2,7) > 0. The proposition then

follows. u

Let A(0) be the principal eigenvalue and ¢, be the positive principal eigenfunction
of K — 1+ ao(-)I with [|¢o][x, = 1. Observe that there exists sufficiently large M > 0
such that v!(t, o; 2, T) > Se M@EFT=Dg(x 4 2) for - £ + ¢TI — ¢t > M. Thus we have
v'(t, w2, T) > e mlttel=ct) xrgﬂlg%{dx)} for - &+ T —ct > M. For any §y > 0, let

M, be such that My — M > & and b = se #Mmin ¢(z). Then we have v'(t,z0;2,T) >

sem el =et) min {¢(z)} > bfor any M < x-&+¢T —ct < My. Let 0 < b < 1, such that

xeRN
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b b and
ilelﬂaggbo(x) < b an

ol + =) (bdo(z + 2)) < %)\(O), (7.3)

where f5(-,+) is the partial derivative of f(x,u) with respect to the second coordinate and
n is such that f(x + 2,0) — f(z + 2,b¢0(z + 2)) = —fa(x + 2,1)(bpo(x + 2)). Therefore,
vl (t,z;2,T) > boo(z + 2) for any M < z- & + T — ct < M.

1
Proposition 7.2. Let d, be such that/ k(z)dz < 6 := =A(0) min{¢o(x)}/ max{¢po(z)}.
21> 80 2 zERN zERN
Let 0 < b < 1 and My > M > 0 be such that v'(t,zo;2,T) > bpo(x + 2) for any
M <z -&+cT —ct < My with My — M > 6y and (7.3) holds. Let

max{bdo(x + 2),v*(t,z;2,T,dy)} for z-&+cT —ct <M
Q(t,.T;Z,T, d17b) =

vi(t,z;2,T,dy) for x-&+cT —ct > M.
Then u(t,z; z, T, dy,b) is a sub-solution of (2.15).

Proof. First, it is not difficult to see that for any =, 2 € RY, there are at most two ts such that
boo(x + 2) = v!(t,z;2,T). Hence for any fixed z, 2 € RN, u(t,x; 2, T)(:= u(t, z; 2,t,dy, b)) is
absolutely continuous in ¢ and is differentiable in ¢ for a.e. t. Moreover, we claim that for

any t at which u(¢, x; z,T) is differentiable, there holds

t.x 2, T
% < / k(y — x)u(t,y; 2, T)dy — u(t,z; 2, T) + u(t,z; 2, T) f(x + z,u(t, z; 2,T)).
RN

By observation, u(t,z;z,T,dy,b) > vi(t,z;2,T,dy) for all x € RY. If u(t,z;2,T,dy,b) =

vl(t,x;2,T,dy), it is easy to verify that,

ou(t, x;z,T)

5 < / k(y —2)u(t,y; 2, T)dy — u(t, z;2,T) +ult,z; 2, T) f(x + 2z, u(t, v; 2,T)).
RN

(7.4)
Otherwise, u(t,z;2,T,dy,b) = bpo(z + z) for x € Dy , where Dy := {z|u(t,z;2,T,d;,b) =

bpo(z +2), x-&+ T —ct < M}. Note that bog(z + 2) < u(t,x; 2,T,dy,b) for x € Dy :=

97



{z|x - &+ T — et < My}, Thus,
/‘Hy—@%%@+%%—Mt%%Tdb®My§0 (7.5)
Dy

Let Dy = {z]x - & + T —ct > M;}. Note that Dy C {x|z - &+ T —ct < M}.
If 2 € Dy and y € Dy, then |y —z|| > (y —2z) - & > My — M > &y, which implies
{yly € D2,z € Do} C {yllly — || > do}. Thus,
[ Ky 0)lbonly + 2) (e, T, ds D)y
Do
<[kl ooaly + 2y
2>
< / k(2) max {boo ()} dy
121160 z€RY

<6 max{bgpo(z)}

zERN

1
=5A(0)b min {go(x)}
Thus, for x € Dy,
[ b= a)lbouly + )~ utt.in Ty Dldy < SAObn(y +2). (T0)
Do

If x € Dy, we have
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ou(t, z; z, T dy,b)

- [/ k(y — z)u(t,y; 2, T, dy,b)dy — u(t, x; 2, T, dy, b)
]RN

+ flx 4+ z,u(t,z; 2, T,dy, b)u(t, x; 2, T, dy, b))

k(y — x)u(t, y; 2, T, di, b)dy — boo(x + 2) + f(x + 2,b¢0(x + 2))bdo(x + 2)]
RN
/ k(y — x)boo(y + 2)dy — bpo(x + z) + f(x + 2,0)bpo(x + 2)]
RN

+

/RN k(y — 2)[bdo(y + 2) — ult,y; 2, T, dy, b)ldy
+ [f(z + 2,0)bdo(x + 2) — f(x + 2,bdo(x + 2))bdo( + 2)]

= — M0)bgo(z + 2) + / k(y — z)[boo(y + 2) — u(t,y; 2, T, dv,b)|dy — fo(x + z,1)(bdo(z + 2))?

RN

= —X0)bgo(x + 2) + / k(y — 2)[boo(y + 2) — u(t,y; 2, T, dy, b)]dy

Dy

+Z;Hy—@w%@+%%—Mt%%Tdb®Wu—ﬁ@+szde+df-

Together with the inequalities (7.3), (7.5) and (7.6), we have for x € Dy,

t,ax; z, T
PEEED) < [ My - odutt, s 2 oy — 252, 7) + a2 1)+ 2,lt, 3 2,7)),
RN
(7.7)
By (7.4) and (7.7), we proved the claim.
Therefore, u(t,x; z,T) is a sub-solution of (2.15). ]

For given dy > 0, let
O(t,x; 2, T, dy) = e PEHT= (0 4 2) 4 dpe M@ T =) (1 4 2)

and
u(t,z; 2, T, dy) = min{o(t, x; 2, T, dy), u™ (z + 2)}.

We may write v(t, x; z, T) and u(t, z; 2, T') for v(t, x; 2, T, ds) and u(t, x; z, T, d3), respectively,

if no confusion occurs.

Proposition 7.3. For any dy > 0, 2 € RN, and T > 0, u(t,z;2,T) is a super-solution of

(2.15).
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Proof. 1t suffices to prove that v(t,x; z,T') is a super-solution.

Let 5 = doe 1@ &HI=ct) gy (1 4 2). By direct calculation, we have

5| [y = 2oty Tydy = olt, 532, 7) + S+ 2, 0)0(t, 3, T)
RN

2501 Ky = a)o(tyse oy — 00t 2.T) + (o + 2,0)0(t, 3T
RN

=(p1c — A(p1)) @2

>0.

The proposition thus follows.

In the rest of this section, we fix dj > 1, d5 > 0, and 0 < b* < 1. Let
u(;sz(a:) =u(0,x;2,7T,d7,b") and uaisz(x) =u(0,x;2,T,d3).

Then by Proposition 7.2,

u(t, vy ug 1y 2) > u(t, 252, T)

u(0,2;2,T —t)

= uO,z,T—t(x)‘

Similarly,
U(t, x5 ué):z,T7 Z) S u(—)’—,z,T—t(x)'

Proposition 7.4. For any given z € RY, the following hold:

(1) For any ty > t; > 0,

ulty +t,05uq 4, 2) > ulty + 8,250y, 4, 2) VE> —t;, 1 € RV

(2) u(ty +t,z;ug,,,,2) <ulty+tx;ug,,,,2) YVt >—t;, zeRY.

Proof. (1) For given z € RY and ty > t; > 0, by Proposition 7.2,
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U'<t2 - tla T u&z,tw Z) Z Q_L(tQ - tla €Tz, t2)
- u(;,zut2—(t2—t1)(x)
= U’a,z,h (I‘)

Hence

u(ty +t,05uq 4, 2) = ulty +t, 25u(ts — 1, 5 Ug 4, 2), 2)

> u(ty + XU g5 2)-

(1) is thus proved.

(2) It follows by arguments similar to those in (1) and Proposition 7.3. O

7.2 Existence and Uniqueness of Traveling Wave Solutions

In this section, we investigate the existence of traveling wave solutions of (1.2) and prove
Theorem H.

Let uéLT be as in (7.8). Let

dF(2,2) = lim u(r, m;ug, ., 2) (7.9)
T—00 [
and
UE(t,z;2) = lim u(t + 7,230, ., 2). (7.10)
T—00 v

By Proposition 7.4, the limits in the above exist for all t € R and z, z € RY. Moreover, it is
easy to see that ®~(x, 2) is lower semi-continuous in (x,z) € RY x RN and ®*(z, 2) is upper
semi-continuous.

We will show that v = U™ (¢,2;0) and v = U~ (¢, x;0) are traveling wave solutions of
(1.2) in the direction of £ with speed ¢ generated by ®*(-,-) and ®~(-,-), respectively, and
that ®(-,-) := ®*(-,-) satisfies Theorem H(1)-(2).

To this end, we first prove some lemmas.
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Lemma 7.1. For each z € RN, u(t,z) = UE(t,x; 2) are entire solutions of (2.15).

Proof. We prove the case that u(t,z) = U*(¢,x;2). The other case can be proved similarly.

Fix z € RY. Observe that for any = € RY,

u(t+7,x;uaz77,z) u(TfL’UOZT, // Yy —x)u s—l—Ty,uOZT, z)dyds
RN

t
+/ [—u(s+7mul, . 2) +uls+7aul, ., 2) f(x+2z,u(s + 72508, ., 2))]ds
0

Letting 7 — oo, we have

u(t,x) = u(0,x) + /0 [/RN k(y — x)u(s,y)dy — u(s, z) + u(s, z) f(z + 2, u(s, )] ds.

This implies that u(t, z) is differentiable in ¢ and satisfies (2.15) for all ¢t € R. O

Observe that
UE(t,x;2) = u(t,n; ®5(-,2),2) Vt € R, x,2 € RV,

Lemma 7.2. u(t,r; ®*(-, 2), 2) = ®*(z — ct&, 2 + ctf), lim (®5(z,2) —ut(z +2)) =0

z-E——00
cD:I:
and lim (2, 2)

P— - . N
z-€—00 €7 Hmé(b(x—l—z) =1 UTLZfOTmly in z € RY,

Proof. We prove the lemma for ®*(-,-). It can be proved similarly for ®~(-,-).

First of all, we have

u(t,z; (-, 2), 2) = lim u(t, z;u(r, 75 ud, ., 2), 2)

T—00 OZT’
_ +
= lim u(t + 7, 7;uq, ., 2)
T—00

= i _ T
lim u(t + 7, x — ct&; Ug et i 2T ct)

= 0T (z — ct&, 2 + ct).

Note that
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e Mg (p 4 2) — die N (z+ 2) <u(t + T, 7;2,T)

IA

u(t,z; ®1 (-, 2), 2)
<ua(t+T,x;2T)
— 67”(1'67615%25(]; + Z) + dzeﬁul(xffct)gbl (I 4 Z)
Ot (x — ct ¢
for t € R and z,2 € RY. Thus lim (& — ct€, 2 + ctf)
z-E—ct—r00 6_#(x'§—0t)¢($ + Z)
: O (z, 2)
lim

z-£—00 e—uw-£¢(x -+ Z)
We now prove that lim (®*(z,z) — u*(z + z)) = 0 uniformly in z € RY. Observe

r-£——00

= 1, which is equivalent to

= 1, uniformly in z € R¥,

that there is M > 0 such that
Ut(t,z,2) > U (t,2) > b*¢o(x +2) for z-&E—ct <M, z€ R,
By Proposition 3.3, for any € > 0, there are 7' > 0 and n* € R such that
UN(T,2,2) —uT(z+2)| <e for x-&£<n* zeRY.
This implies that
DT (z,2) —uT(z+2)| <e for z-&E<n*+cT, z€RY

and hence lim (®*(z,2) — u*(z + z)) = 0 uniformly in z € RV. O

z-&E——00

Corollary 7.1. Both ®*(-,-) and ®~(-,-) generate traveling wave solutions of (1.2) in the

direction of & with speed c.

Proof. First of all, by Lemmas 7.1 and 7.2, both ®*(+,-) and &~ (-, -) satisfy (2.17) and (2.18).

Next, for any z,2 € RN withz-&é =2 -¢, 2 € RY, and 7 € R, we have

u(r, ' ut x,77(~), z—a) = u(r, x;u(jizﬂ

Ty , (+a —a) -2 + (2 —w))

= u(T, z; u(jizfxﬁ(-), z— ).
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This implies that ®=(-, -) satisfies (2.19).

Observe now that u(jfz ipiegr = u({w for any 7 € R and z € RY. Tt then follows that
O*(z, 2 + pie;) = ®*(z, 2) and hence ®=(-, -) satisfies (2.20).

Therefore, both ®*(-,-) and ®~(-,-) generate traveling wave solutions of (1.2) in the

direction of & with speed c. O
Lemma 7.3. lim UZ(t,z;2) = 0 uniformly in z € RV.

z-E—ct——00

Proof. Note that

U?@xw)=/1k@—xﬂﬁ@wmwy—Ui@xm%+Uﬂtmdf@+ziﬁ@wﬂ»
RN

and thus
lim  Uf(t,x;2) = lim [Uti(t, x;z) — / k(y)ut(y +z + 2)dy +ut (x + 2)
z-£—ct——o00 z-E—ct——o00 RN

e )+ (a4 2)]

= lim [/RN k(y)(U*(t,z +y;2) —ut (z +y + 2))dy

z-E—ct——00
— (U*(t,z;2) —ut(z + 2))

+ (U5t 232) fz + 2, U, 232)) — ut (2 + 2) f(z + 2,0t (z + z)))]

It suffices to prove that ~ lim / k(y) (U*(t, z+y; 2) —ut (x+y+2))dy — 0 uniformly in
RN

r-E—ct——o0

z € RN, For any € > 0. Since U* (¢, z+y; z)—u+(3:—|—y+z) is bounded and k() satisfies (H1),

then there exists a & > 0 such that /
||yH>5

RY. Since . litm [U(t,z;2) — uT (2 + 2)] = 0 uniformly in z € RY, there exists an
z-€—ct——o00

(UjE t,x+y; 2 (:B+y—|—z))dy < g for ze€
)

L > 0 such that U(t,2;2) —ut(z+2) <5 for 2-&—ct <—L and ze RY. Thus,

/ Ak(y)(Ui(tvay;z)—u+(x+y—|—z))dy<% for z-£—ct<—-L—0 and zeRY.
lyll<é

Therefore, / k(y)(UF(t,z+y; 2)—ut(z+y+2))dy <e for z-&—ct < —L—% and zE€
RN
RY. This completes the proof. O
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+ .
Lemma 7.4. lim Uitz 2)

. . N
L s = pc uniformly in z € RY.

Proof. We prove the lemma for U™ (t, x; z). It can be proved similarly for U~ (¢, z; 2).
First, let U(t,x;z) = Ut (t,z;2). By Lemma 7.2, for any € > 0, there is M > 0 such

that for any 2,2 € RY and t € R with x - £ — ¢t > M,

| _f(z‘i ’Z Bz +2)| < e (7.11)
and
|f(z+ 2, U(t,z;2)) — f(z+ 2,0)| <e. (7.12)

Observe that

pep(x + z) = /RN e UL (y — )y + 2)dy — ¢z + 2) +aplz + 2)p(x +2)  (7.13)
for all 7,z € RN, where ao(z + 2) = f(z + 2,0), and

U(t,z;2) = /]RN k(y —2)U(t,y; 2)dy — U(t,z;2) + U(t,z;2) f(x + 2, U(t,z;2))  (7.14)

for all t € R and =,z € RY. By (7.11)-(7.14), we have

U(t, x; z) 1 —i(—2)- Ult,y; )
g Mﬂ:¢@+z)/;e”@ "hly — ) (igeay — 9y +2))dy
Ul(t, x;
~(ZEED b +2)

U .
+ (% — ¢z +2)) flz+2,U(t, z;2))

+¢@+¢Mﬂx+aU@xw»—f@+aOM
<¢f / e My — x)dy

+ 1+ |f(z+2,U(t,z;2)] + ¢(x + 2)]
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for all 2,2 € RY and t € R with 2 - & — ¢t > M + &y, where & is the nonlocal dispersal

distance in (1.2). It then follows that

llm Uti(tﬂr; Z)
z-£—ct—o0 efu(x'gfct)¢(l' + Z)

uniformly in z € RV, O

Proof of Theorem H. Let ®(x,z) = &1 (z,2z) and U(t, z;2) = Ut (¢, 2;2). Note that U(t, x; z) =
u(t, z; ®(+, 2),2)). We show that ®(-,-) and U(-,-;-) satisfy Theorem H(1) and (2), respec-
tively.

(1) It follows from Corollary 7.1 and Lemma 7.2.

(2) By Lemmas 7.3 and 7.4, we only need to prove that Uy(t, z;z) > 0 for all (¢,z,z2) €
R x RN x RY.

For any t; < t9, we have
- + N
uO,Z,t1 (x) Z uO,Z,tQ (x) V:L“, VARS R .
Hence

u(ty, z; @1 (-, 2),2) = u(ty +t1 — to, ;07 (-, 2), 2)

= lim u(ty, ;u(n +t1 —ty, UG, 0, 2), 2)
n—0o0

: : ot
< nh_)I{.lo u(ty, zyu(n + 1 —to, 5 UG gy 1yr 2)5 2)

= u(ty, x; 0" (-, 2), 2).

Therefore, U(t, x;z) = u(t, x; ®*(-, 2), z) is nondecreasing as t increases.
Let v(t, x; 2) = w(t, z; ®1(-, 2), 2). Then v(t,x;2) > 0. By Lemma 7.4, for any t € R
and z € RY| the set {x € RV |v(t,z;2) > 0} has positive Lebesgue measure. Note that

v(t, x; z) satisfies
v(t,x; z) = / k(y — z)v(t,y; 2)dy — v(t, z; 2) + a(t, z; 2)v(t, x; 2) (7.15)
R
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where a(t,z;z) = f(x+ z,u(t,z; @1 (-, 2), 2)) +u(t,x; DT(+, 2), 2) fulx + 2z, u(t, z; DT (-, 2), 2)).

Then by Proposition 3.1, we have
v(t,z;2) >0 VteR, z,z € RV,

This implies that Uy(t,z;2) > 0 for all t € R and x,z € RY. O

Next, we investigate the uniqueness and continuity of traveling wave solutions of (1.2)
and prove Theorem I by the “squeezing” techniques developed in [9] and [25].

Throughout this section, we fix £ € SV~ and ¢ > ¢*(£). Let u* be such that

C*<f> _ )‘0(57;*7(10) < /\0(5,;,0,0)

Vi € (0, p7).

We fix ¢ > ¢*(¢) and p € (0, p*) with w = ¢ and assume that U*(¢, z; 2) and ®*(z, 2)
are as in section 7.2. We put ®(z, z) = ®*(z,2) and U(t,x;2) = Ut (¢, x; 2). Let Uy(t, x;2) =
u(t, z; ®1(+, 2), 2) (= P1(x — ct&, z + ctf)).

We first prove some lemmas, some of which will also be used in next section. By Lemmas

7.2 and 7.4, there is My > 0 such that

Ul(t, x;
0< sup Ul ;2) < oo. (7.16)
z-E—ct>Mg,z€RN Ut(ta xZ; Z)

Observe that there is o9 > 0 such that

U(t,x;z) > 09 for x-&—ct < M,. (7.17)
Let
m = inf (— fulz, u))oy, (7.18)
0<u<2usyp
where u;;p = sup u" (x). Throughout the rest of this section, My, g, 19 are fixed and satisfy
zeRN

(7.16)-(7.18).

Lemma 7.5. Let ¢y € (0,1) and n € (0,(1 — €o)no). There is I > 0 such that for each

e € (0,€),
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H*(t,2;2) = (1 £ ee MUt Flee ™, 2;2),Vt >0z, 2 € RY

are super-/sub-solution of (2.15).

Proof. First we prove that H'(t,z;z) is a super-solution of (2.15). Let h = ee”" and

T =1—lee”. Then
HY(t,2;2) = (1+R)U(1,2;2),Vt >0, x,2 € RY.

By direct calculation, we have

W _ [/RN Ky — )ty 2)dy — B (123 2) + HE(f0:2) f (0 + 2, HY (8, 2:2))

= —nhU(r,z;2)+ (1 +Inh)[(K = )H" + f(x + 2, U)HY| — (K = I)H" + f(x + 2, H)H"]
= —nhU(7,2;2) + Inh[(K — )H" + f(x + 2, U)H' | + [f(z + 2,U) — f(x + 2, H)|H"

= phU(r,z; 2) + Iph(1 + W)Uy, 23 2) + [f(@ + 2, U) — f(z + 2z, H))(L+ W)U (7, 2: 2)
Ui,z + 2)

= hnU (7, @;2)[-1+ [(1 + h) U,z + 2)

where u*(7, z; z) is some number between U (7, z;2) and H™ (¢, z;z). We only need to prove

that

11+ h)% — fulz+ 2, U (roa; 2) (1 + W)U (r,2)/n >0 (7.19)

for all t > 0 and z, z € RY.
If t >0 and z € RY are such that = - £ — e¢r < My, by (7.17), (7.18), and the fact that
U(T,x,;2) >0, (7.19) holds.
If t >0 and z € RY are such that v - & —cr > My, and I > sup M, then
z-E—er> My Ut(T,l"; Z)

(7.19) also holds.

By the similar arguments above, we can prove that H~ (¢, z; z) is a sub-solution of (2.15).

This completes the proof. O
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Lemma 7.6. Let ¢y € (0,1) and n € (0, (1 — €g)no) be given and | be as in Lemma 7.5. For

any given 0 < €, < €, there exists constant Mi(e;) > 0 such that for all € € (0, €]

(1—e)U(t+3le, 2;2) < U(t,x;2) < (146)U(t—3le,z;2) Vt €R, 1,2 € RN, z—ct < —M(ey).

Proof. Let h(s) = (14s)U(t—3ls,z;z). Then, h'(s) = U(t—3ls,z;z) —3lU(t —3ls, x; z). By
Lemma 7.3, there exists a M (e;) > 0 such that h'(s) > 0 for s € [—e€1, €], x —ct < —M;(ey),

and z € RY. Hence, the lemma follows. O

Lemma 7.7. For any ¢ > 0, there exists a constant C(€) > 1 such that
Uit — 26,25 2) < U(t,a;2) <UL (t+26,2;2) VEER, 2,2 € RY, -6 —ct > Cfe).

Proof. 1t follows from the fact that

lim = lim
wé—ct—oo e TMTE=DG(x 4 2)  wg—ctmoo U(t, 3 2) e H@E=N(z + 2)
T-E—ct—00 e*#(mf*d)qﬁ(gj + Z)
=1
uniformly in z € RV, O

Lemma 7.8. Let ¢y € (0,1) and no, | be as in Lemma 7.5. For any given € € (0, ¢), there

is T > 0 such that

(1—ee™MU@t—71+1lee ™™ 2) <U(t,2;2) < (1 +ee MUt +7 —lee™™ 15 2)
for all z,z € RY and t > 0.
Proof. First by Theorem C(1) and 3.1,

0<U(t,z;2) <ut(x+2) and 0<U(t,x;2) <u'(r+2) VtER, z,2€ RV,
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Then by Lemma 7.7, there exists a constant C'(1) such that
Ut,r;2) >U(t —2,1;2) VteRz,zeRY, 2-&—ct>CO(1).
By (2.18), there is ¢; > 2 such that
Ul(t,z;2) > (1 —e)U(t —ty,2;2) VtER, 2,2 RN, -6 —ct < CO(1).
Thus
Ur(0,252) > (1 — )U(~t1,2;2) = (1 — )U(—(t; +le) + le,2;2) Va,z € RY.
It then follows Lemma 7.5 that
Ui(t,z;2) > (1 —ee ™U(t — (t; +le) +lee ™ x5 2) YVt >0,2,2 € RV,
Similarly, it can be proved that there is t5 > 2 such that
Ul(t,z;2) < (14 ee ™U(t 4ty +le —lee ™, 272) VE>0, z,2€RY.
The lemma then follows with 7 = max{t; + le, t2 + le}. O

Lemma 7.9. Let 7 > 0,t; > 0, and M € R be given. Suppose that WE(t,x;t1, 2) are the

solution of (2.15) with initial
WE(0,z;t1,2) = Uty £ 7,25 2)5(x — ety — M)+ U(ty £ 27,25 2)(1 — g(x — ¢ty — M)),
where ¢(s) =0 for s <0 and ¢(s) =1 for s > 0. Then
WH(1,z;ty,2) < (14+e)U(ty + 1+ 27 — 3le, 3 2)

and
W=(1L,z;t1,2) > (1 —e)U(ty + 1 — 27 + 3le, x; 2)

for all z, 2 € RY with x — c¢(1 +t,) < M provided that 0 < € < 1.
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Proof. We give a proof for W~ (1,x;t1,z). The case of W can be proved similarly. Note

that
W=(0,2;ty,2) > Uty — 21,2;2) Va,z € RV,

It then follows that
W (1,z;t1,2) >U(1+t, —27,2;2) Vr,z € RY.
Take an €; € (0, ¢]. By Lemma 7.6, for any € € (0, ¢,
W (1,2;t,2) > (1 —e)U(1 +t; — 27 + 3le,x;2) Vo -&—c(ty +1) < —M(e), z € RY.
We claim that for 0 < e < 1,
W= (1,z;t1,2) > (1 —e)U(1+t; — 27+ 3le,x52) Vao-&—c(ty +1) € [-M(e), M], z € RY.
In fact, let W(t,z;2) = W~ (t,2;t1,2) — U(t + ¢ — 27, 2;2) and

h = 3 f W* t t , t’ 7 .
tG[O,lfi,zeRN{[ (t, ity 2) f(x+ z,u(t, 25 up 2, 2))

—Ut+t, —2r,z;2)f(x + 2, U(t + t, — 27, x; 2))]
1

.W—(t,x;tl,z)—U(t+t1—2T,m;z)}'
Then
Uty —1,2;2) = Uty — 21,252) for z-&—cty > M
W(0,z;2) =
0 for z-&—cty <M
and

Wi(t,x; 2) > / k(y — o)W (t,y; 2)dy — W(t,x;2) + RW (t,2;2) ¥Vt €[0,1], 2,2 € RY.

RN

It then follows that
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where LW (0, -; z) is defined as in (2.6) with u being replaced by W (0, -; z). By Lemma 7.2,

there are 6 > 0 and M > 0 such that
Uty —7,2;2) — Uty — 21,2;2) > 6 Va,ze RY with M <xz-&—ct; <M+1. (7.20)
This implies that
W(l,z;2) > U1+t — 27+ 3le,x;2) —U(1L 4+t — 27,23 2) (7.21)

for - & —c(t; + 1) € [=M(e;), M] and z € RY provided that 0 < ¢ < 1. By (7.20) and
(7.21), we have

W1, x;ty,2) =W, z;2) + U1+t — 27,25 2)
>U(l+t; — 27 + 3le, x; 2)

>(1—eU(l+t, — 27+ 3le,x; 2)

for z- & —c(1+t) < M and z € RY provided that 0 < e < 1. ]

Proof of Theorem 1. (1) Let

, Up(t, z; 2)
At ={r>0]1 B ANt At A
{r= 0timsup swp o ey = Y

and Uyt 2 2)
A= ={r >0 liminf inf — 2% 59y

t—oo zzeRN U(t — 27, x; 2)

By Lemma 7.8, AT # (). Let
rf=inf{r|r€ A%}, 77 =inf{r|re A}
We first claim that 7+ € A*. In fact, let 7, € AT be such that 7, — 7+. Then for any

0 < € < 1, there are t, — oo such that

Ul(ta €, Z)

<1 Vo, ze RN, t>t,
U(t+21,,x;2) — te V2 -
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and
Ut + 271, 2;2) = U(t + 27, x; 2)
U(t+ 27, x; 2)

>—€ VYn>1,teR, z,zcRY.

Observe that
U(t,z;2)  Ult,wy2) Ut + 27, 1;2)
Ut+2rt,m;2) Ut + 27,2 2) Ut + 27+, 75 2)

and

Ut + 27, 2;2) 1

+ e - U(t427+,2;2)—U (t4+27p,;2)
Ult+2r+,2;2) 14+ e e
1

1—c¢

IN

<l4+e Vn>1.

Fixn > 1. Then
t N
S Cl( 7xa’2)

< (1 2oVt >t,.
vocry Ut +277, 23 2) <46 -

This implies that 77 € A'. Similarly, we have 7= € A™.

Next we claim that 75 = 0. Assume that 7= > 0. Note that

liminf inf Ui(t, z;2)

> 1.
t—oo az2eRN U(t — 277, x; 2)

Hence for any € > 0, there is ¢y > 0 such that

Ui (to, ;
1(to, 23 2) >1—¢ Vr,zeRY.
Ulto— 277, x; 2)

This implies that
Ui(to,r;2) > (1 —)Ul(tg — 277, 2;2) > Ut (tg — 277, 2;2) — €
where € = émax;, . Ut (t,z,z). By Lemma 7.7, for - & — ¢ty > M := C(77/2),

Ul(t07x; Z) Z U(tO - Tﬁ?m; Z)'
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This implies that
Up(to,x;2) > Ulto—217,2;2)(1 = (- —cto— M)+ U(to— 7,25 2)((x - & — ctog — M) — €.

Note that there is K > 0 such that Uy (¢, x; z) 4+ ée™* is a super-solution of (2.15) for ¢ € [0, 1]

provided that 0 < é < 1. Then by Lemma 7.9, for 0 < e < 1 and 0 < e < 1,
Up(to+ 1,z;2) +ée™ > (1 —e)U(tg+1— 27 +3le,2;2) Vao-&—clto+1) <M, z € RY,
where [ is as in Lemma 7.5. Hence for 0 < € < € < 1,

Up(to+1,2;2) > (1 —26)U(tg +1— 22 +3le,z;2) Vo-&—clto+1) < M, 2 € RY.
By Lemma 7.7 again, for z- & —c(to+1) > M , z€e RY and 0 < e < 1,

U(to+1L,z;2) >Ulto+1—7",2;2)
>(1=20)U(to+1—7",2;2)

> (1—=26)U(to+ 1 —27" 4 3le, x; 2).
Therefore for 0 < € < 1,
Up(to+1,2;2) > (1 —26)U(tg +1— 27" +3le,x;2) Vo, 2z € RY.
By Lemma 7.5,
Ut +t4+1,2;2) > (1 =2 U (tg+ 1+t — 27~ +2lee™™ + le,x;2) VYVt >0, x,2 € RV,

It then follows that

le
T —-——c A
T 26

this is a contradiction. Therefore 7= = 0. Similarly, we have 77 = 0.
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We now prove that ®(x, z) = ®(x, z). Recall that Ui (t, z;2) = ®1(z — ct&, z + ct) and

Ul(t,x;z) = ®(x — ct, z + ctf). Hence

> Ui(t,z; 2) > Oy (x — ct, z + ctf)
inf —————~ =
zzeRN U(t,x;2)  az2erN O(x — ct, z + ctf)
= inf —<I>1(x, 2)
z,z€RN (I)(l’, Z)
and
Uy (t, x; 2) Oy (x — cté, z + ctf)
sup ————=> = sup
z,2€RN U(tv x; Z) x,z€RN (I)(ZE - Ct§7 z+ Ctg)

This together with 7% = 0 implies that

Dy (z,2) — sup Dy (z,2)

=1.
ezeRN ®(z,2) . crv P(2,2)

We then must have ®4(x, z) = ®(z, 2).
(2) Let @y(z,2) = & (z,2)(= U (0,2;2)). By (1), & (z,2) = ®(x,z). Recall that
O~ (z,z) is lower semi-continuous and ®*(x,z) is upper semi-continuous. We then must

have that ®(z, z) is continuous in (z, z) € RY x RY, O

Corollary 7.2. Let ®(x, z) be as in Theorem H. Then

lim w(7, z;u(0,; 2, 7,dy,b), 2) = lim u(r, x;u(0,;2,7,d3), 2) = ®(z, 2)
T—00 T—00

foralld;, >1,dy>0,0<b< 1, and z,z € RV.

Proof. By the arguments of Theorem I (1), for any d; > 1 and 0 < b < 1,

lim w(7, z;u(0,-; 2,7, dy,b), 2) = & (2, 2)(= ®(x,2)) Vr,z € RY,

T—00
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and for any dy > 1,

lim w(7, z;4(0,-; 2,7, dy), 2) = & (z,2)(= ®(z,2)) Vr,z € RY.

T—00

The corollary then follows. m

7.3 Stability of Traveling Wave Solutions

In this section, we investigate the stability of traveling wave solutions of (1.2) and prove

Theorem J. Throughout this section, we fix £ € SN~ and ¢ > ¢*(§). Let u* be such that

(u*7§7a0) < )\0(5,,&,@0)
W [

A
(g == Vi € (0, ).

We fix ¢ > ¢*(&) and p € (0,p*) with ’\0(57’“10) = c. Let U(t,z;2z) = U*(t,x;z), where
Ut (t,z; 2) is as in section 7.2. Put u(t,z) = u(t, x; u, 0), where wuq is as in Theorem I, and
put U(t,z) = UT(t,x;0). First we prove some lemmas, which are analogues of Lemmas

7.7-7.9.

Lemma 7.10. For any € > 0, there exists a constant Cy(e) > 1 such that
u(t —2¢,2) <U(t,x) <ul(t+26x) VYo-&—ct>Chle), t > 2.

Proof. This is an analogue of Lemma 7.7 and can be proved by properly modifying the
arguments in Lemma 7.7. For clarity, we provide a proof in the following.
First we prove that there exists a constant C(e) > 1 such that U(t,x) < u(t+ 2¢, z) for

all z - € —ct > C1(e). Note that for given € > 0, there exists a L > 0 such that
e M@ (1) < ug(z) < e M p(x) Va- &> L.

Choose d; large enough such that v! (see (7.1)) is a sub-solution of (1.2) and e #@¢+e)g(z) —

dye @& g (2) < 0 for all # € RY with 2 - ¢ < L. Then by Proposition 3.1,
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u(t, x) > e H@Eelt=N g (g) — dye m@E=t=Dg () Ve e RN, ¢ >0.
Thus,
u(t + €, z) > vi(t,x) = e M D p(z) — dye @Dy (2) Vo e RN, ¢ > 0.
Observe that there exists a constant C(e) > 1 such that
vit+ex) > U(t,x) VYo—ct>COe).

Therefore,

u(t +2¢,7) > v'(t+e,2) > U(t,z) Yo —ct>Ci(e),t > 0.

Next we prove that there exists a constant Cy(e) > 1 such that U(t,z) > u(t — 2¢,x)

for all - & — ¢t > Cy(€). Note that there are dy > 0 and L > 0 such that
uo(x) < min{e " P(x) 4+ doe "1 ¢y (2), Lut (x)} Vo € RY.
By Proposition 3.1,
u(t, z) < min{e #@ N (z) + dye @D g (2), u(t, z; Lut(-),0)} Vo e RN ¢t > 0.

On the other hand, we have

lim Uit z)

__ 2pce
el 2y ¢ !

Therefore, there exists Cy(€) > 1 such that
e HEet=2D g (1) < U(t,z) Va-&—ct > Cyle)
Thus it follows that

u(t —2¢e,2) < U(t,x) Va-&—ct>Csye), t > 2e.
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The lemma then follows by choosing Cy(e) = max{C(¢€), Ca(€)}. O

Lemma 7.11. Let €y, 0, and l be as in Lemma 7.5. For given € € (0,¢), there are tL > 0

and 7+ > 0 such that
(1 —ee ™NU(t —7_ +lee ) ) <u(t,z) < (1+ee MNU (47 — lee ") 1)

for all z € RY and t > max{t_,t,}.

Proof. This is an analogue of Lemma 7.8 and can be proved by properly modifying the
arguments in Lemma 7.8. For clarity, we also provide a proof in the following.

By Lemma 7.10, there exists a constant Cy(1) such that
u(t,z) > Ut —2,2) Vo-&—ct>Co(l), t>2.
Observe that there are t_ > 2 and 7— > 2 4 le such that

u(t_,z) > (1 —e)U(t- — (1 —le),x) Va-&—ct_ < Ch(1).

Thus,
ult_,x) > (1 —U(t. —7_+le,x) Vo eRY.

By Lemma 7.5,
u(t,x) > (1 —ee MTNU(t —7_ + lee™™ ) 2) Wt >tz e RV,
Similarly, by Lemma 7.10, there exists a constant Cy(1) such that
u(t,z) <U({t+2,2) Yo—ct>Co(l), t>2.
Observe that there are t; > 0 and 7 > 2 + le such that

u(ty,z) < (1+€)U(ty + 74 —le,x) Vo §—clo < Co(1)
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By Lemma 7.5 again,
u(t,r) < (1+ee "NU(E+ 7 + —lee ™) 2) WVt >t xRV

The lemma then follows. O]

Lemma 7.12. Let 7 > 0, t; > 0, and M € R be given. Suppose that w*(-,x;t1) are the

solution of (1.2) fort > 0 with the initial conditions
wE(0,2;t) = Uty £ 7,2)5(x — ety — M) + Uty £27,2)(1 —(x — ¢ty — M)) Vo € RY,
where ¢(s) =0 for s <0 and ¢(s) =1 for s > 0. Then

wh(1,z;ty) < (14 €)U(ty + 1+ 27 — 3le)
w(Lz;t1) > (1 —e)U(ty + 1 — 27 + 3le),
forallx-&—cty < M+4cand (0 < e < 1.

Proof. This is an analogue of Lemma 7.9 and can be proved by properly modifying the
arguments in Lemma 7.9. Again, for clarity, we provide a proof in the following.

First we consider w~. Note that

w (0,z:t) =U(ty —271,2) Vo -&—cty < M,

and

w (0,2;t1) =U(ty —1,2) > U(ty — 21,2) Vo -&—cty > M.

By Proposition 3.1,
w(1,z;t) > Uty +1—27,2) Vo e RY.

By Lemma 7.6, for 0 < € < €; < €,
Ut +1-2r2)>(1—-Ut+1—-27+3le,z) Ve eRY 2.6 —c(ty+1) < —M(e).
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By arguments similar to those in Lemma 7.9, we can prove that
w(La;t) > (1 —e)U(ty +1 27 +3le,z) Ve eRY, -6 —c(ty +1) € [-My(e), M]
provided that 0 < € < 1. We then have

w(1,z;t) =w(l,z) + U1+t — 27, 2)
> U(1+ 1ty — 27+ 3le, x)

> (1—€U(1+1t, — 27+ 3le, x)

for v € RY with z - € — ¢(1 +¢;) < M provided that 0 < € < 1. The statement for w™~ then

follows.

Similarly, we can prove the case of wt. Hence, the lemma follows. O

Proof of Theorem J. First of all, let

_ u(t, x)
At .= {r > 0|limsup sup ————~2—
{ - | t—)oopxeRlil)V U(t —+ 27—, :L’) -

=]

and

_ e u(t, x)

> 1)

Define
o =inf{r|r € A}, 7, =inf{r|T € 4;}.

By Lemma 7.11, AT # (. Hence 7;° are well defined.

By the similar arguments as in the proof of 7 € A* in Theorem I, we have that
T € AT

It then suffices to prove that 7'35 = (0. This can be proved again by the similar arguments
as in the proof of 7¥ = 0 in Theorem I. For clarity, we provide a proof for the case of 7 .
We prove 7,7 = 0 by contradiction. Suppose for the contrary that 7, > 0. Then by the

definition of 77, for any given ¢ > 0, there exists ¢y > 0 such that
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u(to, z) < Uty + 27,7, 2) + ¢, Vo € RY,
Let w' (¢, ;) be the solution of (1.2) for ¢ > 0 with initial condition given by
wt(0,25t0) = Ulto+ 7, 2)s(x - € —cto — M) + (1 —g(z - £ — cto — M))U(tg + 274 , ),

where M = C’o(%) + ey

Then, w* (0, z;ty) = Uty + 275 , ) for x - £ — ety < M, which implies
u(te, z) < wt(0,25t0) + €, V& —ctg < M.

On the other hand, by Lemma 7.10,
+

ulto,x) < Ulto+757,2) Va-§ = clto +757) = Co(3-):

Hence

u(ty,z) < U(to+71,2), Vo -&—ctog> M.

Therefore,

u(to, z) < wh(0,2;t0) +¢, Vo eRY.

Note that there is K > 0 such that w* (¢, ;1) + ée®? is a super-solution of (1.2) for

t € [0, 1] provided that 0 < é < 1. By Proposition 3.1,

u(to + 1,2) < wh (1, 25ty) + ée”, Vo e RY.

Thus, by Lemma 7.12,
ulto+1,2) < (1 +e)U(to + 1+ 27 — 3le,x) +ée™, Vo -&—ctg <M +c
provided that 0 < ¢ < 1 and 0 < € < 1. Choose € to be sufficiently small, we have
u(to + 1,2) < (1+26)U(tg + 1+ 278 — 3le,x), Va-&—ctg < M +c.
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On the other hand, by Lemma 7.10 again,
o+
u(to+1,2) <U(to+ 147 ,2) Vo-&—clto+1+71) > C’o(%).
This implies that for 0 < e < 1,
o+
u(to + 1,2) < (1+26)U(to + 1+ 27y — 3le,x) Vo & —cto > c—i-CTgr%—C'o(%) =c+ M.
Hence, for 0 < e < 1,

u(to +1,7) < (1+2)U(ty + 14275 — 3le,x), Vo e RY.
By Proposition 3.1 and Lemma 7.5,
u(t +to+1,2) < (1+2ee U (t +tg+ 1+ 275" — 2le —lee™™), Vt> 0,7 € RY.

Letting ¢t — oo, we have 7,” —le € AT for 0 < e < 1, which contradicts the definition of 7y .

Hence we must have 7" = 0. O
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Chapter 8

Concluding Remarks, Open Problems, and Future Plan

In this dissertation, we studied the spatial spread and front propagation dynamics of
monostable equations with nonlocal dispersal in spatially periodic habitats. We first estab-
lished a general principal eigenvalue theory for spatially periodic nonlocal dispersal operators.

More precisely, we investigated the following eigenproblem,

/RN k(y — z)v(y)dy — v(z) + a(z)v(z) = Mo, v € X,

where a(x) € X, and provided some sufficient conditions for the existence of principal eigen-
value and its associated positive eigenvector. The principal eigenvalue theory established in
this dissertation provides an important tool for the study of nonlinear evolution equations
with nonlocal dispersal and is also of great interest in its own.

Applying the principal eigenvalue theory for nonlocal dispersal operators and compari-
son principle for sub- and super-solutions, we obtained the existence, uniqueness, and global
stability of spatially periodic positive stationary solutions to a general spatially periodic non-
local monostable equation. It should be pointed out that in [13], the authors also provided
some sufficient conditions for the existence of a principal eigenfunction of some nonlocal
operators on some bounded or unbounded domain. Similar statements to Theorem C(1) are
proved in [13] for time independent nonlocal KPP equations. We learned the work [13] while
the paper [57] was almost finished. The proof of Theorem C(1) in this dissertation or [57] is
different from that in [13].

Applying the principal eigenvalue theory for nonlocal dispersal operators and compar-

ison principle for sub- and super-solutions, we proved the existence of a spatial spreading
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speed of a general spatially periodic nonlocal equation in any given direction, which char-
acterizes the speed at which a species invades into the region where there is no population
initially in the given direction. Moreover, it is shown that spatial variation of the habitat
speeds up the spatial spread of the population.

We remark that though we used the principal eigenvalue theory for nonlocal disper-
sal operators in their proofs, the existence, uniqueness, and stability of spatially periodic
positive stationary solutions and the existence of spreading speeds are generic features for
nonlocal monostable equations in the sense that they are independent of the existence of the
principal eigenvalue of the linearized nonlocal dispersal operator at the trivial solution of the
monostable equation, which is of great biological importance.

Assuming the existence of the principal eigenvalues of certain nonlocal dispersal op-
erators related to the linearized nonlocal dispersal operator at the trivial solution of the
monostable equation, we showed that a spatially periodic nonlocal monostable equation has
in any given direction a unique stable spatially periodic traveling wave solution connecting
its unique positive stationary solution and the trivial solution with all propagating speeds
greater than the spreading speed in that direction. It should be pointed out that in [17], J.
Coville, J. Davila and S. Martinez proved the the existence of the traveling wave solutions
for nonlocal dispersal with KPP nonlinearity for speed ¢ > ¢*(£). But they did not inves-
tigate the uniqueness and stability of the traveling wave solutions. We learned the work
[17], while I completed almost all the work of this dissertation with my adviser Dr W. Shen
and submitted the joint work [58]. We did not include the case with the speed ¢ = ¢*(€).
But in our work, we further investigated the uniqueness and stability of the traveling wave
solutions. Since we did independently, the methods in [17] and [58]are also different. We
remark that in [17], the kernel is symmetric with bounded support and in [58], the kernel
is also supported on a bounded ball. In this dissertation, we extended the kernel to a more

general case.
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Along the line of my dissertation, there are several important open problems. We discuss

the following three problems.

Open problem 1. In [17], assuming the existence of the principal eigenvalues of certain
nonlocal dispersal operators related to the linearized nonlocal dispersal operator at the trivial
solution of (1.2), the authors proved that (1.2) has a traveling wave solution in the given
direction of & € SN with speed ¢ = ¢*(§). It is an open question whether the traveling wave

solution in a given direction of & € SN~ with speed c = c*(€) is unique and stable.

Among the main techniques in proving the existence of traveling wave solutions are
comparison principle and sub- and super-solutions. Recall that on the construction of sub-
or super- solutions, the positive principal eigenfunctions play important roles. We proved
the "monstable” feature of our equation and the existence of spreading speed no matter (H4)
is satisfied or not. However, we only proved the case under the assumption (H4) for traveling
wave solutions and in [17], the authors also assumed (H4). Then the following is an open

question.

Open problem 2. [t also remains open whether a general spatially periodic monostable
equation with nonlocal dispersal in RN with N > 3 has traveling wave solutions connecting
the spatially periodic positive stationary solution u™ and 0 and propagating with constant

speeds.

If we add the temporal variable ¢ to the growth rate function f, the following problem

is of great biological interest and is very challenging mathematically.

Open problem 3. How about the spatial spread and front propagation dynamics of the
nonlocal monostable equations involving both space and temporal variations, which is modeled

by the following equation,

ou

e /R Ky = Dulty)dy — ult, ) +ult, D un ), w9 (81)
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As for my future research plan, here are some of the problems I attempt to study in the

near future.

e [ would like to continue my study on spatial spread and front propagation dynamics of
monostable stable equations with nonlocal dispersal, in particular, I plan to investigate the

open problems mentioned above.

e [ would like to investigate the front propagation dynamics of other types of evolution
equations with nonlocal dispersal arising in applied problems, including nonlocal evolution

equations with combustion type and bistable type nonlinearities.

e | also would like to extend my study of evolution equations with deterministic inhomo-

geneity to equations with random inhomogeneity.
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