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Abstract

This dissertation is concerned with nonlinear systems of partial differential equation
with solution dependent physical coefficients satisfying the Nemytskii assumption. Such
equations arise from two important application fields: poroelasticity and bioconvection.

First, we consider a quasi-static poroelasticity model with dilatation dependent hy-
draulic conductivity and an implicit time derivative. We derive the existence and unique-
ness of solutions using the modified Rothe’s method, Brouwer’s fixed point Theorem and the
Sobolev embedding Theorem. Next we construct a finite element approximation with linear
elements and establish the optimal error estimate. We then conduct numerical examples to
verify the convergence and simulate the diffusion in a fluid saturated sponge.

Second, we study the bioconvection model, a coupled Navier-Stokes type equation, with
concentration dependent viscosity. We combine the theory of the Navier-Stokes equation
and the modified Rothe’s method to establish existence and uniqueness of solutions of both
steady and time dependent bioconvection. After that we perform finite element analysis with
Taylor-Hood elements and prove the convergence theorem. Finally numerical examples are
constructed using lab data to verify the convergence of the numerical scheme and simulate

the convection pattern formed by micro-organisms inside a culture fluid.
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Chapter 1

Introduction

This dissertation is devoted to the study of the well posedness and numerical approxi-
mations of systems of partial differential equation (PDE) with solution dependent physical
parameters arising from two application fields: poroelasticity and bioconvection.

In mathematical modeling, we usually consider a linear system under certain ideal ho-
mogeneous assumptions about the physical parameters. In practice, however, the physical
parameters are generally inhomogeneous and related to the solution of the system of PDE.

A generic PDE with solution dependent physical coefficient can be written as
L(x,t,u(t,x),A(t,x,u)) —f zeQ, t>0, (1.1)

where (2 is the physical domain, t refers to time, L denotes a general differential operator
and A(¢,z,u) is the physical parameter depending on the solution u. When L is a linear
differential operator, (1.1) is often reduced to a quasi-linear PDE. Theoretical analysis of
this problem concerning the well posedness and regularity of solutions can be found in [1],
2], and [3]. Finite element approximations of some simple quasi-linear elliptic PDEs and
parabolic PDEs (1.1) are presented in [4], [5] and [6].

In this dissertation, we consider two mathematical models taking the form of coupled
PDEs with solution dependent coefficients. The first model arises in poroelasitcity with di-
latation dependent hydraulic conductivity and the second model is about bioconvections with
concentration dependent viscosity. Though the physical backgrounds of the two problems
are quite different, we will use similar approaches to study the well posedness and numerical

approximations of the two underlying PDE systems. For instance we will use the modified



Rothe’s method to study the existence of weak solutions of both of the two evolution PDE
systems. We will use the fact that the physical parameters in both of the two models give
rise to Nemiskii operators to derive the well-posedness results under minimum regularity

assumptions on the input data.

1.1 Poroelasticity with dilatation dependent hydraulic conductivity

Motivation. We are surrounded by porous elastic solid materials: natural (e.g., rocks,
soils, shale, living tissue, the brain, the heart) and man-made (e.g., cement, concrete, filters,
foams, ceramics, gels, clays). Porous material has a solid matrix structure with small pores
inside which contain air or fluid. Because of their ubiquity and unique properties, porous
materials are of great interest to natural scientists and engineers ([7, 8, 9, 10] ). Porous media
finds applications in diverse areas include reservoir engineering [11], biomechanics [12, 13, 14]
and environmental engineering [15, 16, 11].

Mathematical model. Poromechanics is a branch of physics and specifically contin-
uum mechanics and acoustics that studies the behaviour of fluid-saturated porous media.
The particular mathematical model we are interested in describes the swelling and shrinking
of an elastic deforming porous medium coupled with the fluid.

Due to the elastic nature of the porous medium, the study of fluid saturated porous
media is called poroelasticity. Terzaghi [17] first derived a one dimensional model in soil
mechanics to involve the influence of the fluid inside a solid body. The model was later
extended to three dimension by Rendulik [18]. A mathematical formulation is derived in
Biot’s work [19] and studies in his other work between 1955 and 1962 [20, 21, 22, 23, 24],

which are later considered to be the foundation of modern poroelasticity theory.



The following equations are the essence of Biot’s poroelasticity theory [19] (details of

the theory can be found in [25]) in which the coupled constitutive equations takes the form

— (momentum) + stress = external force,
ot

1.2)
5 (
a(ﬂuid content) + flux = external fluid source.

Next we convert (1.2) into a coupled system of partial differential equations for the fluid
pressure and the displacement of the poroelastic medium. To this end, we denote the pressure
by p and the displacement by u. According to Hooke’s law in 3-D the effective stress caused

by the deformation of the solid matrix is given by
T. = 2ue + Mr(e)l . (1.3)

1
Here ¢ = §(Vu 4+ Vu?) is the strain, tr(e) is the trace of €, I is the identity matrix, and
A, i are the Lamé constants, corresponding to the dilatation and shear modulus respectively,

given by
Ev E

MU0 Py

where the Young’s modulus E captures the elastic stiffness in the direction of a load and the
Poisson’s ratio v describes the stretch (compression) in the direction perpendicular to the
load. By introducing A and pu, the effective stress is written in a symmetric form. To include
the effect of the fluid pressure inside the porous body, we introduce the addition stress due

to the pore pressure p,:

pp = ap, (1.4)

where the Biot-Willis constant « [23] satisfies « = 1 — K/ K, with K being the bulk modulus
of the porous matrix and K, is the bulk modulus of the solid material. In most situations

a =~ 1, corresponding to an incompressible solid matrix. In a certain models of secondary



consolidation in clays, we also add an additional term

0
— ALV, 1.
n=AeVou (1.5)

where A, is the coefficient of the secondary consolidation [26]. Together, the total stress is
given by

T=Te+pp+Ts. (1.6)

In the second equation of (1.2), the fluid content is given by
n:=mnr+ns=cp+aV-u. (1.7)

Here ny = cop measures the fluid content that can be forced into the medium by pressure
increments within constant volume with the constant ¢y > 0 combining the porosity and the
compressibility, and 17; = oV -u denotes the fluid content due to the change of the pores size,
i.e., the dilatation of the void volume, which is proportional to V - u, the total dilatation of
the body. If @ = 1, the solid matrix is incompressible. Thus the total dilatation is the same

as the dilatation of the pores. According to Darcy’s law,
q=—KVp (1.8)

represents the linear relationship between fluid flux and the pressure drop, where the hy-
draulic conductivity £ > 0 measures the permeability and the viscosity of the fluid. Now
letting the function f denote the volume-distributed external force, g the fluid source density,
and p the density of the medium, we substitute (1.3), (1.4), (1.5), (1.6), (1.7) and (1.8) into

(1.2) and apply divergence theorem to obtain the fully dynamic system

0? 0
p—u—ANV(=V-u)— A+ p)V(V-u) —pAu+aVp =1,
ot? ot (1.9)
5 )
a(cop—l—ozv~u) -V - (kVp) =g,
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subject to initial and boundary conditions. The first equation is a hyperbolic linear elasticity
equation for the displacement of the poroelastic medium while the second equation is an
implicit parabolic equation for the fluid’s pressure.

In general, complicated boundary conditions must be considered. In particular, the
boundary may have to be partitioned into disjoint, regular open set, on which various bound-
ary conditions are imposed. For example, we may partition the boundary I as I' = I, U T
with I, N T, = . We say I', is the clamped boundary on which the Dirichlet condition
u|r, = u, is given, and T is the traction boundary on which the normal stress o|r, -n = s is
prescribed. For the pressure, we may partition I' as ' = [y U T swith TyNTy = 0. We say
'y is the drained boundary on which the Dirichlet condition p|p, = py is given, and I'; is the
flux boundary on which the fluid flux (x(V - u)Vp)|r, - n = r is prescribed. On I'; N Ty, we
have the balance of force and flux at the same time. To handle this, we introduce 5 to be
the surface fraction of the sealed portion of I'y N I'y. Then 1 — 3 corresponds to the exposed

portion. Next we define the characteristic function

1, T € Ftﬂrf,
Xtf =
0, otherwise.

On the sealed part, the pore pressure contributes to the total force. Thus

A+ )V -ul +puVu| -n— fap-ny;s=s on I}y,

On the exposed part, the changing rate of the fluid content caused by the dilatation must

be included in the balance of flux. As a result we have

0
—§<(1—ﬁ)au-n>xtf+f€Vp-n:r on I'y.

Quasi-static poroelasticity. In this dissertation we restrict our considerations to the linear

quasi-static flow in a saturated deformable poroelastic medium, i.e., we neglect the effects



2
of p—u and the secondary consolidation (1.5). Then the system takes the form
ot?

— A+ u)V(V-u) — pAu+aVp="1,
5 (1.10)
—(cop+aV-u)—V-(kVp)=g.

ot
In this case, we focus on a quasi-static problem with a coupling of an elliptic equation and
a parabolic equation.

In a homogeneous and isotropic medium, where the permeability and the viscosity are
constants, x is also a constant. In this case, the well posedness and regularity of system
(1.10) was studied in [25] as an application of the semi-group theory to linear degenerate
evolution equations in Hilbert spaces. Galerkin and discontinuous Galerkin approximations
for this linear system can be found in [27] and [28].

In this dissertation, we consider the case when the hydraulic conductivity x depends on
the dilatation V -u, i.e., k = k(V -u). A typical example for dilatation dependent hydraulic

conductivity can be found in [29], which is used in calculating the pressure drop of a fluid

flowing through a packed bed of solids. Difficulties in studying (1.10) arise from
1. Nonlinearity of the system due to the dependence of x on V - u.
2. Implicit evolution in the second equation of (1.10) due to the term £ (aV - u).

A proof of the existence and uniqueness of a solution of similar type of equations using
Rothe’s method can be found in Chapter 5 of [1] under the assumption that x : R — R is
continuous and satisfies

0 < ke <k(z)<kK" VzxeR, (1.11)

*

for some constants k., k*. In general, the uniqueness of the solution usually requires Lip-
schitz continuity condition of x and additional coefficient assumptions. The finite element
approximations of similar problems can be found in Chapter 8.7 of [4] and in Chapter 13 of

[5]. However, none of these studies involves implicit evolution equations.



Linear implicit evolution equations have been studies in [30], [31], and [2] using the semi-
group theory. The quasi-static poroelasticity model with constant hydraulic conductivity was
studies in [25], also using the semi-group theory on Hilbert spaces. Formally, note that the
first equation in (1.10) is of second order for displacement u and first order for pressure p.

Therefore cop and oV - u should have the same regularity.

1.2 Bioconvection

Motivation. Bio-convection occurs due to on average upwardly swimming micro-
organisms which are slightly denser than water. The micro-organisms swim upward to meet
the sunlight. When the micro-organisms on the surface become too dense, they sink under
the effect of gravity. Repeating this process, a convection pattern is formed.

Mathematical model. A fluid dynamical model treating the micro-organisms as col-
lections of particles was derived by M. Levandowsky, W. S. Hunter and E. A. Spiegel [32]
and independently by Y. Moribe [33]. We describe the model as follows. Let 2 C R? be a
bounded domain with boundary 0€2. At point 2 € ©Q, let u(x) = {u;(z)};_, and p(x) denote
the velocity and pressure of the culture fluid while ¢(z) refers to the concentration of the

micro-organism. Note that we use the volume concentration

c=nuv,

where n is the number of organisms per unit volume and vq is the volume of an individual
organism. Let pg be the density of the micro-organism and p,, be the density of the culture

fluid. Then the density of the suspension is the sum

p=poc+ pm(l —c) = pm(l+7c), (1.12)

where v = po/pm — 1. Assume that the organisms affect the fluid dynamics only through

their influence on its density and that the suspension is nearly incompressible. Then the



fluid satisfies the Navier-Stokes equation

9
pm<—u+ (u-V)u) — V- (¥Vu) + Vp = —gpis + £,
ot (1.13)

V-u=0.

Here v is the kinematic viscosity of the culture fluid, ¢ is the acceleration of gravity, f is
the volume-distributed external force, and i3 = (0,0, 1) is the vertical unit vector. For the

concentration ¢, mass conservation gives

D
V.g—0. 1.14
o CTV (1.14)
Here DL Bt +u - V is the material derivative and ¢ is the flux of micro-organisms which
is given by
q=—0Vc+Ucis, (1.15)

where € and U are the diffusion rate and mean upward swimming velocity of the micro-
organism, respectively.

Combining (1.12), (1.13), (1.14), and (1.15), we derive the fully dynamic system, in 2

(/0
pm<a—ltl—|—(u-V)u> — V- (v(c)V) + Vp = —gpm (1 + ye)is + £,
V-u=0, (1.16)
Jdc dc
\ E—QAC—FU'VC—FUG—Q:S—O.

We assume the following boundary conditions for u and ¢, on €2

u=20,

(1.17)
Hﬁ —Ucns =0.
on

The second equation of (1.17) refers to a zero flux condition on the boundary and n =

(n1,mn2,m3) is the outward pointing unit normal vector on 0€2. We further assume the fixed



total mass for the micro-organisms, i.e.,

ﬁ/{zc(x)dx =, (1.18)

for some constant . This means that no micro-organisms are allowed to leave or enter the
container. Finally the complete system describing the motion of micro-organisms takes the

form, in

(/0
p<5§+mu v)> V- (v(e)Vu) + Vp = —gpn(1 +7c)is + £,
V-u=0,
Oc dc
g~ fActu VC+U55‘JL (1.19)

u=20, Hﬁ—Ucng—O on 0f2

| e

Note that the bioconvection model (1.19) is a special case of a more general equation

describing the diffusion of an admixture in a region [34].

In an ideal Newtonian fluid, the viscosity v is a constant. In this case, the existence
of the solution as well as the positivity of the concentration are proved in [35] where the
author considered both the stationary and evolutionary cases. The evolutionary case of
system (1.16) with constant viscosity v is studied numerically in [36]. The numerical study
of slightly different bioconvection models can be found in [37], [38], [39], [40] and [41].

In practice, the viscosity is related to the concentration of the solute. Albert Einstein

first showed in his Ph.D thesis [42] that

=1+¢c (1.20)



where v is the viscosity of the suspension, 1 is the viscosity of the pure solution, c is
the volume fraction of the particle spheres and ¢ is a proportionality coefficient chosen
(experimentally) to be 2.5. Equation (1.20) is valid only for low concentration cases 0 < ¢ <
10%. Therefore the result was later extended to add the ¢* term by Batchelor [43] for larger
concentration (¢ > 10%). When the concentration is much higher, the relative viscosity o
varies as an exponential function of the concentration ¢ ([44], [45] and [46]).

A recent work [47] showed the existence and uniqueness of a periodic solution of (1.19)
under the assumption that v(-) is a C! function and that for some positive constants v, and

v

ve <v(z)<v® VereR and supr(z)<oo.
z€R

In this dissertation, we relax the above condition to assume that v : R — R is continuous
and

0<v, <v(x)<v" VreR, (1.21)

for some constants v, and v*.

1.3 Plan of dissertation

In the rest of Chapter 1 we introduce notations and assumptions that will be used
throughout the thesis. In chapter 2 the existence of a weak solution of (1.10) with homo-
geneous boundary conditions will be proved using the modified Rothe’s approach ([48], [49]
and [1]) and analysis of implicit evolutionary equations [25] based on existing results for
the steady poroelasticity [50]. The uniqueness will also be proved under certain regularity
assumptions on the exact solution. A fully discrete finite element approximation using linear
elements and backward Euler scheme will be studied and an optimal priori error estimate
will be proved using approximation theory and functional analysis ([5], Chapter 13). Nu-
merical experiment will be constructed to demonstrate the efficiency and the accuracy of

the numerical method. Then a numerical experiment with dilatation dependent hydraulic

10



conductivity x(V - u) will be used to simulate a fluid saturated sponge. In chapter 3 and
4, the existence and uniqueness of a solution of (1.19) will be proved for both steady and
the fully dynamic case using the modified Rothe’s method combined with the theory of the
Navier-Stokes equations [51, 52]. A complete finite element method will be constructed us-
ing Taylor-Hood elements [53] and a convergence theorem will be proved for both steady
and evolutionary cases. The error estimate will be established for the steady bioconvection
using theories in [52, 54, 55]. Numerical examples will be constructed to illustrate the con-
vergence rate and several practical simulations will be studied for the steady bioconvection

flow. We conclude this dissertation in Chapter 5 with remarks and a plan for the future work.

1.4 Notations and Assumptions

Throughout the paper, we consider system (1.10) and (1.19) on an open bounded region
Q in R? or R? with a smooth boundary I and on a time interval I = (0,7]. We denote by
C5°(Q2) the space of infinitely differentiable functions with compact support in Q and by
L*(Q) the space of square integrable functions on Q. Let W*P(Q) be the Sobolev space
consisting of functions in LP(§2) with each of their partial derivatives through order k also
in LP(€)). Specifically, H*(Q2) denotes the Hilbert space W#2(Q). The space HZ(Q) is the
closure of C§°(€) in the H'(Q2) norm. As usual, H'(Q) and (H'(Q))* denote the dual
of HY(Q) and H'(Q), respectively. Let H*(Q) = <H’“(Q)>d, H(Q) = (H&(Q))d, and
L2(Q) = <L2(Q))d, d = 2,3, with || - ||y and || - || denoting the respective norms of the two
spaces. Let H'/2(I") and H'/2(I") denote the trace space of H'(Q) and H'(Q) while H~/2(I")
is the dual space of H'/2(T"). We shall use (-, -) to denote both the L? and L? inner product
and denote by (-, -) the duality pairing. The Poincaré inequality implies that there exists a

constant C), such that
Jwl; < Cyl|Vw|, VYw e HY(Q) or HL(Q). (1.22)

11



Throughout the paper, we will use C' as a generic constant whose value may vary from

one occurence to the next.

12



Chapter 2

Poroelasticity
2.1 Steady poroelasticity

We first introduce some existing results for steady poroelasticty which is described by

0
the system (1.10) without the time derivative a(cop + aV - u), that is

— A+ u)V(V-u) — pAu+aVp="1,

-V (H(V : u)Vp) =g,

with boundary conditions

ujr = Uy,

and

-V (/Q(V-u)Vp)|p~n:fr.

We assume that the body force f € H™(Q2), the fluid source g € (H'(Q))*, u, € HY2(T"), and
that r € H~1/2(€2). Furthermore we assume that the data satisfies the following compatibility

condition

(r,Dr = (g, Da.

We denote by @ the quotient space H'(2)/R and define the bilinear forms

e(u,v)::<(/\—|—u)(V~u),V-V>+(uVu,Vv) vu,v € H(Q), 22)
2.2
b(p,v)::/QpV-v VpeQ, veH(Q).

13



Multiply the first equation and second equation in (2.1) by test functions v € H}(€2) and
q € @ respectively, the weak formulation of (2.1) takes the form

Definition 2.1. Given f € H'(Q), g € (H'(Q))*, w, € HY?(T"), and r € H~Y/2(Q), find
(u,p) € HY(Q) x Q with u|r = uy such that

e(u,v) —b(p,v) = (f,v)q Vv € H(Q),
(2.3)

(H(V -u)Vp, Vq) =g, o+, g)r Ye€Q.

Assumption (1.11) assures that x(V - u(z)) is a so called Nemytskii operator whose

definition and properties are stated in the following Lemma.

Lemma 2.2 ([56]). Assume that a function f : Q x R™ — R satisfies the Carathéodory
conditions:
(i) f(z,u) is a continuous function of u for almost all x € Q);

(i) f(x,u) is a measurable function of x for allu € R™. Furthermore for some constant
C and g € L1(Q)

|f(z,u)| < Clulf ™t +g(z) 2€Q, ueR™

where 1 < g < oo and % + (11 = 1. Then the Nemytskii operator F(u) : Q@ — R defined by

is a bounded and continuous map from LP(;R™) into L1(; R).
The existence of a weak solution of (2.3) is given in the following Theorem.

Theorem 2.3 (Y. Cao, S. Chen and A. J. Meir). Given f € H(Q), g € (H'(Q))*,
u, € HY2(T'), and r € H~Y2(Q), System (2.3) admits at least one weak solution satisfying

ulr = uy.

Remark 2.4. The uniqueness of (2.3) can be obtained under additional coefficient assump-

tions and regularity assumptions if we assume that x is Lipschitz continuous (see [50]).

14



Finite element approximation. We construct the Galerkin finite element approx-
imation fort he weak solution (u,p) of (2.3) on a convex polygonal, or polyhedral domain
Q). Let 1, be a family of quasi-uniform triangulations 7, satisfying rTnefii( diam 7 < h. Then
we define the finite dimensional subspace @, C @ and V, C H(Q) with the following
approximation properties

lim inf [|[v—wvuli=0 ¥veH}Q),

h—0vLEV

and

lim inf |lg— -0 V .
hgrg)q;thHq anll q€EQ

The numerical scheme is to seek (up,py) € V5, X @ such that

Q(U.h, Vh) - b(ph7 Vh) - <f7 Vh>Q v‘f}z S Vh )
(2.4)

(H(V . uh)Vph,th> = (g, qn)o+ (,an)r Yan € Qn.

Following an argument similar to the proof of Theorem 2.3, we can show that the solution
(up,pn) of (2.4) exists and the convergence (uy,ps) to the exact solution (u,p) of (2.3) is

established in what follows.

Theorem 2.5 (Y. Cao, S. Chen and A. J. Meir). Assume that the weak solution (u,p) €

H'(Q) x Q of (2.3) is unique. In addition, assume that p € WH>(Q). Then

}llim(Hu —wylli + [lp = pall1) = 0.
—0

15



2.2 Existence and uniqueness of a weak solution of quasi-static poroelasticity

We consider the quasi-static poroelasticity (1.10). For brevity, we assume that both u
and p satisfy homogeneous boundary conditions. Also for brevity, we set a« = 1 (correspond-
ing to an incompressible solid matrix). For o # 1, one may convert it to the o = 1 case by
rescaling the problem. We also assume that the external force f = 0. The nonzero case can
be handled through a simple transformation (see [25]).

The weak formulation. By definition (2.2), the weak formulation of system (1.10) is

given in the following definition

Definition 2.6. Given g in L*(I; L*(Q2)) and [ in L*(Q), a pair (u,p) in H{(Q) x H}(Q) is

said to be a weak solution of system (1.10) if it satisfies for all t € I

;

e(u,v) = —(Vp,v) Vv e HQ),
(2 tep+V-w.a) + (VWP Ve) = (0.0) Ve HQ), (2
\ cop(-,0) + V- u(-,0) =1.

It is easy to verify that the bilinear form e(-, -) satisfied the hypothesis of Lax-Milgram
Theorem. Thus for a fixed t € I and p(-,t) in L*(Q), the first equation of (2.5) can be solved
for u. Define the operator B : L*(Q2) — L*(Q) such that for p € L*(Q), Bp = V - u where u

satisfies

e(u,v) = —(Vp,v) Vv e HQ),
u=0 on JN.

The following Lemma can be found in [25].

Lemma 2.7. The operator B : L*(Q2) — L*(Q) defined above is linear, continuous, monotone

and self-adjoint with Ker(B) = Ker(V) and Rg(B) = Ker(V)*.
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Remark 2.8. Due to the assumption that the boundary is smooth, B is also continuous from

H}(Q) into itself. Therefore there exist constants C'g,andCp, > 0 such that

|Bql|| < Cgllqll Vq € L*(),
(2.6)

IBalli < Chllalli Vq € Hy(Q).

Moreover, from Lemma 2.7 and the homogeneous boundary condition, Ker(B) = Ker(V) =
{0}. As a result, the mapping B : L*(2) — L*(Q) is one to one thus B is a continuous
bijection from L?*(Q) into itself. According to the bounded inverse Theorem, B and ¢y + B

have bounded inverses.

Substituting V - u = Bp in the second equation of (2.5), we obtain the decoupled initial
value problem for p.
9 1
(5(co+ Bp.a) + <%(Bp)Vp, Vq) =(9.9) Vg€ Hy(Q),
(co+ B)p(+,0) =1.

(2.7)

To prove the existence of a weak solution, we use the modified Rothe’s method to
construct a convergent sequence of approximate solutions of (2.7) using the backward Euler
approximation of the time derivative in (2.7). Let k = T'/n for some positive integer n.
Partition / uniformly with time step & and denote nodal points by ¢; = ¢ = ik, for ¢ =

1,2,...,n. Let p° € L?(Q) be such that (cy + B)p? = [ and define

t;
g =17k / g(t)dt,
ti—1

(2.8)
8(co+ B)py, = (co+ B)(py, — i V/k, i=1,....n.
We apply the following scheme inductively to obtain a sequence p’,i=1,--- ,n.
(5(00 + B)ﬁf@@l) + (H(BPZ)VPZ;, Vq) = (9,9) Vg€ Hy(Q). (2.9)
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Multiplying the above equation by k, we have
((60 + B)ph, q) + k(ﬂ(BpZ)Vpi, Vq) = k(gn,q) + ((Co +B)p, Q) Vq € Hy(Q). (2.10)

To prove the existence of a solution of (2.10), we need the following direct corollary of

Brouwer’s fixed point Theorem.

Lemma 2.9. Let H be a finite-dimensional Hilbert space with scalar product (-,-) and the
corresponding norm |-|. Let ® be a continuous mapping from H to H and assume that there

exists i > 0 such that:
(®(u),u) >0, YueH with |ul=p.
Then there exists an elment uw € H such that:
O(u) =0, with |u] <p.

The following Lemma shows that (2.10) is well posed.

Lemma 2.10. Given pi ! in L*(Q), and g\, € L*(Q), equation (2.10) has a weak solution

ploin Hy(Q),i=1,--- ,n.

Proof. For notational simplicity, we write § = kg’, + (co + B)p’, ' and p = p’,. Given g in

L?(€2), we show that there exists a p in Hj () such that

((co + B)p, q) -+ k(m(Bﬁ)Vﬁ, Vq) =(g,q) Vg€ Hy(Q). (2.11)

For this purpose we let {¢;}3°, be an orthonormal basis of H}(Q2). Denote by V,, the finite

dimensional space spanned by {q1, 2, ..., qn} and define the mapping ®,, : V,,, — V, by

(g, w) = ((Co + B)q,w) + k:(/f(Bq)Vq, Vw) —(g,w) YweV,.
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From (1.11), (1.22), and the monotonicity of B,

(Prmg,q) = ((00 + B)q, q) + k(ﬁ(Bq)Vq, Vq) —(9,9)
> collq||” + (B, q) + kk.||Va||> = || g |4l

> (kkillall:/Cp =Nl llall: -

Thus (®,,q,q) > 0, for all ¢ with [|¢|l, = C}||gll/(kk.). Because V,, is finite dimensional
and ® defined above is continuous, from Lemma 2.9, there exists p,, in V,,, such that

1Pml1 < C2l|ll/(Kk,) and py, satisfies ®p,pp = 0, ie.
((co+ BYpms a) + k(5(Bon) Vi, Va) = (,0), Yg€ Vi, j<m. (2.12)
Since

1Bl < Cpllgll/ (kk.) (2.13)

ie., {Pm}_; is a uniformly bounded sequence in Hj(f), there exsits a subsequence of

{Pm}oo_,, still denoted by {p,,}5°_;, and a function p € H}(2) such that

Pm =P I Hy(Q). (2.14)
Due to the compact embedding of H}(Q) into L?*(€),

Pm— D in L*(Q). (2.15)
We now show that the weak limit p is a solution of (3.9). Choose a test function

q € WhHe(Q)N Hy(9). (2.16)
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Using (2.6), (2.15), (2.16), and applying the Cauchy-Schwarz inequality we have

‘ ((00 + B)pum; q) - ((60 + B)p, q) ’
< l(co + B)(Pm — D)l

< (co+ Cry)llqlllpm — Pl =0 as m — oo

The boundedness of B, the Nemytskii property of x and the fact p,, — p imply that
k(Bpn) — k(Bp) in L*(Q) as m — oo. (2.17)
From (1.11), (2.13), (2.14), (2.15), (2.16) and (2.17)

(<(B)V5, Va) = (K(BPw) Vi, Va),
< |(K(BOV (5= ), Va)| + | ((<(BD) = 5(Bpn)) Vi, V)

< &*|(V(0 = Bn). Va) | + I5(Bp) = k(Bp) [ V5

-0 m— 0.

Because W1>(Q) is dense in H} (), for all g in H} () we have that

lim (<c0 + B)pm, q) + (/{(Bﬁm)Vﬁm, vq) — ((co + B)p, q) v (n(Bp)Vp, vq) .

m—r0o0

Combining with (2.12), we obtain

((co + B)p, q) + </<(Bp)Vp, Vq) =(g,q) VqeVj. (2.18)

Since finite linear combinations of {¢;}32, are dense in Hy (), we conclude that p is a solutin

of (3.9). O
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Lemma 2.11 (Discrete energy estimate). There exists a constant C' independent of n such

that
EY Il <C.
i=1

Proof. Writing (2.9) with the test function ¢ = p!,, multiplying by k& and summing from i = 2
to any ng < n, we obtain

> ((eo+ BYw, =it ) + kY (6B VEL) = kY (giopl). (219)

=2 =2 =2
Using summation by parts and the fact that B is self-adjoint, we have that

ng

> ((eo+ B)@i, — v )51

1=2

T2 Z [( (co+ B)(ph =P )P +PZ_1> + <(Co +B)(p, — pi "), Pl —p'i;_l)]

- % Z K(CO - B)p;,p;> N ((CO * B)pZ_I>P3€_1> + ((00 + B)(py, — 1y 1)l — pf;‘l)}

0

3

, , , , 1 1
((co+ BY®, =P =97 ) + 5 ((eo + B i) = 5 ((eo + BIphiph)

N | —

2

7

It follows from (1.11) and (2.19) that

1 no ; i ; i 1 . . no o
3 Z((CD + B)(Pp —Pn )s Py — Pn ) + 5((cD + B)pno,pn°> +EY kP

=2 (2.20)
< k‘z iDL ( co+ B)pn,pn> :
and the monotonicity of B leads to
ka IV, 12 < kz gt + 5 (e + Bph. o)) (2:21)
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To estimate the second term on the right hand side of the above inequality, we write (2.9)

with 4 = 1, multiply by k and set the test function ¢ = p! to obtain

((00 + B)%ﬁi) + kb [V, ||°
< ((60 + B)pbp}l) + k(ﬁ(Bpi)Vpi, Vpi)

=k(gn,py) + (I, py,) -

The monotonicity of B, Young’s inequality, and inequality (2.21) yield

no no
B VPP < Ck > (gh,ph) + (1)
=1 =1 (2.22)

< kY (CENGI +elpill?) + Cle)llf?
1=1

where C(g) is a constant depending on e. Choosing a sufficiently small ¢ > 0 such that
505 < 1 where C, is given by (1.22) and noticing that for some constant C' independent of

n
no n t;
B lanll? < CZ/ lg@®)1*dt = Cllglza ;2 (2.23)
i=1 i=1 Y ti-1

we obtain that for any ng < n

no . C
k, 7 2 < - . X
> lvili < [z 91l 22122 (<)

i=1
[

Lemma 2.12 (see [1], p. 327). For ¢ in C>(I), define two piecewise constant functions p,,

and ¢, such that

on(t) = o(ts), te (tio,ti,
Gu(t) = (@(tm) - SO(tz'))//fa t € (tim1,til,
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fori=1,2,....n, with

Then

lon — @llzay < C@E, 160 — & ll2ay < Clp)k'/?

where the constant C(yp) depends on ¢ only.

Lemma 2.13 (Aubin-Lions, see [57]). Let X, X, Xy be three Banach spaces with Xo C X C
X1. Suppose that Xq is compactly embedded in X and X is continuously embedded in X;.
Furthermore assume that Xo andd X5 are reflexive spaces. Let 1 < p < oo and 1 < g < o0.
Define

W = {u € LP([0,T]; Xo); ' € LI([0,TT]; X1} .

Then the embedding of W into LP([0,T]; X) is compact.
Remark 2.14. Specifically, let Xy = H}(Q), X = L*(Q), X; = H'(Q) the dual space of
H}(Q) and p = ¢ = 2. Then

W = {ue L*(I; Hy(Q)); v € L(I; H ()}
(2.24)

< L*(I; L*(Q2)) compactly .

Armed with the above Lemmas, we are now ready to show the existence of a solution

of equation (2.7).
Theorem 2.15. Given | in L*(Q) and g in L*(I; L*(Y)), equation (2.7) has at least one
solution p in L*(I; H3()).

Proof. For each positive integer n, define the piecewise constant function P, € L*(I; H3())

as

Pa(t)=p;,, te€ (tim,ti], (2.25)
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fori=1,2,...,n with P,(0) = p.. From Lemma 2.11

Hpn||i2(1;Hg(Q)) = kz HPZH% <C. (2.26)
i=1

Hence there exists a weak limit of the sequence {P,}°, which is the candidate solution
of (2.7). However, the derivative of P, is zero for a.e. t. To approximate the weak time

derivative we define P, € L*(I; HX(Q)) as

Pn(t) :pifl+(t—t171)<p:1—p:;1)/k, te (tlfl,tz}, 1= 1,2,,7’1, (227)

Obviously P, is piecewise linear in t. Moreover, the time derivative of P, is a piecewise

constant in ¢ satisfying
P =opl =0, —p Yk, tetint], i=1,2,...,n. (2.28)

It is easy to verify that both {P,}>°, and {P,}°°, satisfy the same energy estimate and
have the same weak and strong limit. Therefore || P, (t)|| L2(1;H} () 18 also uniformly bounded.

Due to the boundedness of B on H} (), there exists a constant C' such that

1(co + B)Pu(t) |l 22,1132y < C - (2.29)
Meanwhile, it follows from (1.11), (2.9) and the Cauchy-Schwarz inequality that

[(teo+ B)owE 0) | = I(gh0) — (s(BA)VH Vo)l < (3]l + Nl Va € H(©).

Hence

I(co + B)opll-1 < llgnll + & llpnll1 -
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It follows from Lemma 2.11 and (2.23) that

[[(co + B)prle%?(I;H*l(Q)) =k Z 1(co + B)opi,|I>,

=1
<EY Nghl2 + k> k|2 (2.30)
=1 =1

<C.

Thus we can find a subsequence of {(co + B)P,}2%,, still denoted as {(co + B)P,}2,, and
a function r in L*(I; HY(Q)) with v’ in L*(I; H*(Q)) ([58], p. 356) such that

(co+ B)P, —=r in L*I; HXQ)),

(co+ B)P, —+ in L*(I;H Q).

From the embedding (2.24)
(co+ B)P, =7 in L*(I;L*(Q)).

Due to the relationship between the piecewise constant P, and the piecewise linear functions
ﬁn we have that

(co+ B)P, —r in L*I;L*(Q)). (2.31)

Since o+ B is invertible on L*(Q) (see Remark 2.8), there exists a p in L?(I; L*(f2)) satisfying

(co + B)p = g, such that
P, —p=(co+B)'r in L*I;L*(Q)). (2.32)
Recall that {P,}22, is bounded in L?(I; H}(2)) (see (2.26)). Hence there exists p in

L*(I; H}(£2)) such that
P,—p in L*I; H)(Q)). (2.33)

25



Then p = p because the weak limit is unique.

Next we prove that p satisfies (2.7). Define
() =g, te(tiit], i=1,2....n.
Proceeding as in Lemma 2.12, we obtain that
l9n — 9llL2(r;02()) = 0, as n—oo. (2.34)
Let ¢ be a test function of the form ¢ = g satisfying
q € W2 (Q)NHYQ) and ¢(t) € C(I). (2.35)
It follows from summation by parts that

Zn: ((Co+B)(pi; — D), Q>90(ti)
:(<CO + B)ph q)‘P(tn) - ((Co + B}, Q> p(t1)

n—

+ 8 ((eo + By a) (lti1) = ot)) /b

1

—_

7
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Multiplying (2.9) with kp(t;), summing up from ¢ = 1 to n, and using the summation above,

we obtain
(teo + B a)o(T) — ((co + B)ha)lt)
" Z ((co + Bivhsa) (ltisn) — (1)
+k§n: (w(Br) VL, Va)o(t)
—kizl(ngQ)%O(t )

Recall that ¢(T') = 0. The above equation takes the form

e - [ (e BIFa)n i

T / ' (H(Bpn)vpn, Vq) o dt
0

= /OT(gn,Q)son.

Letting n — oo in (2.36) and using the continuity of ¢(t), we have that

—(l,q)p(k) = —(1,q)p(0) = 0.

Notice that

T T
/ ((CO+B)Pn,q P dt = / 00+B n,q>(s0 — ') dt
0 0

T
+/ co+B )gp/dt.
0
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It follows from Lemma 2.12; (2.6), and (2.26) that

/ ((co+ BYPa) (0 — )
<l [ o+ BIPIIG ~ o1

< Cllal Pall2(rs2p |80 — €'ll2ay =0 as n— oo.

Since qp’ € L*(I; H} (), the above and (2.33) yields that

/OT<(CO + B)P,, q) @' dt
— /OT ((co + B)p, q)gp’ dt
= —/OT ((CO + B)P’#J)(P dt.

Hence

T T
/ ((co + B)Pn,q><,5n dt — —/ <(Co + B)p’,q)(p dt, as n—o0. (2.38)
0 0

T
Next we prove the convergence of the third term / (ﬁ(BPn)VPn, Vq) @, dt on the left
0

T
hand side of (2.36) to / (/s(Bp)Vp, Vq)gp dt. Write
0

/0 ' (k(BP.)V P, Va)gn di - /0 ' (+(Bp)Vp, Va) e dt
- /0 ' (K(BPV PV ) (60 = ) dt
+ /OT (5(BR)V(P. = p). Vg ) dt
+ /OT ((KJ(BPH) — k(Bp))VE,, Vq><p dt

=14+ 1T+ 1II
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Using (1.11), Lemma 2.12, (2.26) and (4.11), we have that

[ = ‘/OT (n(BPn)VPn, Vq) ((pn(t) - go(t)) dt‘

< E\IVallll Pall 2z opllon®) — 0@l 2ay — 0, as n — oo.

The test function Vg belongs to L?(I; L?(€2)). Therefore the weak convergence of P, to p
in L?(I; L?(Q) and (1.11) imply that

II= /OT </{(Bp)V(Pn - D), Vq)go(t) dt -0, as n — oo.
For III, we first use (1.11) and (2.32) to deduce that
k(BP,) — k(Bp) in L*(I;L*(Q)).
Thus

111 = ‘ /0 T((R(Bpn) — k(Bp))VP,, Vq)go(t) dt’
<0 [ 1B - (B IvA

< C||k(BP,) — ’f(BP)HLQ(I;H(Q))||Pn”L2(I;H5(Q))

—0 as n— 0.

Combining the above estimates we obtain

T T
/ (m(BPn)VPn, vq) o dt — / (li(Bp)Vp, vq><,o dt, as n— oo. (2.39)
0 0

From a similar argument, it is straightforward to show that

/0 (9os @) ion dt = / (9, )nlt) dt — / (9, Q) (t) dt. (2.40)
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Combing (2.37), (2.38), (2.39) and (2.40), we conclude that for any test function ¢ of the

form qp(t) satisfying (2.35),

—/OT ((cO +B)p’,cj> dt+/0T (n(Bp)Vp, Vq) dt = /OT(g,q) dt | (2.41)

The test functions g defined in (2.35) is dense in L?(I; H}(Q2)). Therefore (2.41) holds for

all the test function ¢ in L*(I; Hy(Q2)), i.e., p satisfies (2.7) for a.e. t € I.

Finally we consider the initial condition. The facts
(co+ B)p € L*(I; Hy(Q)) and (co+ B)p' € L*(I; H ()

imply that (co+ B)p belongs to C(I; L*(2)), the space of all continuous functions that value
in L2(2) (see [58], p. 288). Hence the initial condition (cy + B)p(+,0) = [ should be given in
L3(9). O

In the next Theorem we give some conditions that guarantee the uniqueness of solutions

of equation (2.7).
Theorem 2.16. Assume

(H1) k is Lipschitz continuous with Lipschitz constant ki, i.e.,

|I€<x>_"i(y)|<kl|x_y|7 Vma?JER,

(H2) Vp € L>*(Q) and there exists a constant C such that |[Vp|le < C;
(H3) cok./(Cik*Cp,) > 1.

Then the solution p of equation (2.7) is unique.
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Proof. Suppose p1, ps both satisfy (2.7), i.e.,

<%(Co + B)p1,q) + (/f(Bpl)Vph Vq) =(g9,9), Vqe Hy(9Q),
<%(Co + B)p2, q) + (H(Bm)vpz, Vq) =(g9,9), Vg€ Hy(Q).

Taking the substraction and set ¢ = (¢o + B)(p1 — p2) we have

{(co+ B)(p1 — p2)’, (co + B)(p1 — p2))
+ (W(Bp1)Vp1 — 5(Bp2) Vs, V(co + B)(pr — 2))
=((co + B)(pr — p2)', (co + B)(p1 — p2))
+ ((5(Bpr) = 5(Bp2)) Vi, V(o + B) (1 — p2)
- (R(sz)V(pl —p2), Vao(py —pz))
+ (k(Bp2)V (01 — p2), VB(p1 — p2))

=0.

Recall

((co+ B)(pr — p2)', (co + B)(p1 — pa)) = Ld I(co + B)(p1 — p2)|I*-

T 2dt

Then (H1), (H2), (2.6), and Young’s inequality yields that

|((5(Bp1) — k(Bp2))Vp1, V(co + B)(p1 — p2))|
< ¢||(k(Bp1) — k(Bp2)||*> + C(e)[l(co + B)(p1 — p2) |7

< ellpr — | + C(e)|lpr — p2lli -

It follows from (1.11), (1.22) and (2.6) that

(k(Bp2)V(p1 = p2), Veolpr = p2)) = (coke/C) o1 = pal:
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and

|(k(Bp2)V(p1 — pa), VB(p1 — p2))| < k*Cp, |lp1 — pal|7 - (2.46)

(2.43), (2.44), (2.45), (2.46), and (2.43) yield

1d
——|l(co + B)(p1 — p2)|I* = C (&) |Ip1 — p2?
2 dt
+ (coks /C2 — k*Cp, —€)|Ip1 — palf? (2.47)
<0.

Hypothesis (H3) allows us to choose small € > 0 such that cok,/C; — k*Cp, —e > 0. The

boundedness of the inverse of B and (2.47) give that

1d

5@“(00 + B)(p1 — p2)|I” < Cllp1 — pa|> < C|(co + B) (11 — p2)*-

It follows from the Gronwall’s inequality that (co + B)(p1 — p2) = 0. Therefore p; = py

because ¢y + B has a bounded inverse. O

Remark 2.17. After obtaining a solution p of equation (2.7), we can solve the first equation
of (2.5) for u with p substituted to the right hand side. According to the inverse estimate
of the elliptic equation

u@)ll < Clip@®Il, vtel,

u belongs to L2(I; H}(€2)) and the pair (u,p) is the solution of system (2.5). Furthermore,

the linear dependence of u on p guarantees the uniqueness of u as long as p is unique.
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2.3 Numerical approximation with the finite element method

In this section, we consider the numerical approximation to the solutions of (2.7). In
particular we will derive error estimates for a fully discretized numerical scheme using back-
ward Euler method for the temporal discretization and finite element method on the spatial
dimension. Throughout this section, we assume that the weak solution (u,p) of (1.10) is

unique, i.e., we assume that hypothesis (H1), (H2) and (H3) are satisfied.

We start by constructing the finite element spaces as follows. Let 75, be a family of
quasi-uniform triangulations (see [5], p. 2-3) of a convex polygonal, or polyhedral, domain
Q) satisfying rTréan diam 7 < h (where 7 is a geometrical element, e.g., a triangle, or a tetra-
hedron). Let @) be the space consisting of continuous functions on {2 which are linear on
each triangle, or tetrahedron, and vanish on 0€2. Let {1’:3}?2’11 be the set of all the interior
vertices of the triangulation. Assume that @;’ is the pyramid function which value 1 at P,
and vanishes at all the other vertices. It is easy to see that {®¥ }jvz”l forms a basis of ()y,. Let
Vi, = (Qn)?, d =2,3. Then {(¥¥,0), (0, ®")}* ( {(®%,0,0), (0, ®",0),(0,0,9%)} ™ ) forms
a basis of V;, for d=2 or d=3, respectively.

As in the previous section, we denote the time stepsize by k, that is, &k = %, for
some positive integer N, and t, = nk, n = 0---,N. Let u, € V, and p, € Q) be
the approximation solution of (2.5). We write P" = pp(t,) and U" = u,(t,) to be the
approximation of u, p at t,. Define P" := (P — P"Y)/k, n = 1--- N. The fully
discretized finite element approximation with backward Euler method is to find U™ € V,,

P e Qp, forn=1,--- N, such that

e(U" v)=—(VP"v), YveV,, (248
2.48
(codP",q) +8(V - U™, q) + (n(v UMV P?, Vq> — (g(tn),q> ., VgeQn.
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Here we set cgP° + V - UY = [, where [y is the approximation to [ in Q.

Remark 2.18. We can prove the existence of a weak solution of (2.48) following an argument

similar to the one used for the continuous problem.

Next we consider the error estimates of the approximate solutions given by (2.48). We
need the Ritz-Galerkin type projections of the steady state problem corresponding to (2.5).

Given r € H}(Q), define the projeciton Ry,r of r onto @Q;, by

(/{(V -u)V(r — Rpr), Vq) = (/{(Bp)V(r — Ryr), Vq) =0, VqeQ,. (2.49)

We first introduce the following Lemmas which can be found in [27] and [5].

Lemma 2.19 ([27], Lemma 3.4.2). Let B be a continuous linear operator on a Banach space

X and let f:[0,T] — X be continuously differentiable with respect to t. Then

of o
B= = =Bf.

Lemma 2.20 ([5], p. 3). Let Qp be given as above. Define the interpolation operator
I, : H*(Q)NHY(Q) — Qp such that for any q € H*(Q) N HY(Q). Then we have the estimate

lg — Ing|| + 2|V (g — Ing)|| < Ch?*||q]|>-

Lemma 2.21 ([5], Lemma 13.1). Assume that ¢ € H*(Q) N H}(Q). Then
V(g = Rug) |l < Cihllgll2,

and

lg — Rngll < Cah?||qll2
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where C7 and Cy depend on u and p.

To estimate the error between between p™ and P", we define
Pt i=p" — Rpp", 0" = Rpp" — P". (2.50)
With these we can write the difference between p™ and P" as
pt— Pt =p"+0". (2.51)

Lemma 2.22. Assume that k is differentiable, p € C*(I; H*(Q)NH(Q)) andu € C'(I; W (Q)).
Then
)]l + RlIVe)]| < Clu,p)h*,  t€(0,T],

and

loe)]| + RV ()] < Clu,p,p)h*, ¢ € (0,T].

Proof. The first estimate follows directly from Lemma 2.21. Differentiating (2.49) with

respect to t and setting » = p we obtain

<m(Bp)th, Vq) + ((/{(Bp))tv,o, Vq) =0, Vqe@,. (2.52)

Hypothesis (H1) guarantees that ' is uniformly bounded. Thus

(K(Bp))t = (k(V - u))t = (' (V-u)(V-u),
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is also uniformly bounded due to the assumptions on the regularity of u. It follows from

(1.11), (2.49), (H1), and (2.52) that

k*||th||2 < (Ii(Bp)th,th>
= <R(Bp)v;0t, V(p: — Q)) + <“(BP)VPM V(g — tht))
= (+(B)V o Vo~ ) = ((<(Bp)) V0. V(g — Fupr))

< CUVAdllVe = ol + ClIVplll[ V(g = Rupo)ll) -

Taking w = I,p;, applying Lemma 2.20 and Young’s inequality twice we obtain

RVl < ChllpdalI Wil + IVl IV (Tupr = )| + 1V (02 = R )
< Chllpl2 IVl + CHINpllpelle + o)V

< e[ Vol + B2 C(E)pellz + CR* Ipells + el Voul* + C )l Vpll*.

Recall the first estimate that ||Vp|| < Ch?. Choose € > 0 such that ¢ < k*. Then
IVel* < CR2IIpdll3 + IVAlI*) < CR2.

Next we estimate ||p;|| using a standard duality argument. For p € L*(Q), let v» € H}(Q)

be the solution of

—V - (s(BR)VY) = —(Bp)Av — Va(Bp) - Vi = .

The existence of ¢ is guaranteed by the Lax-Milgram Lemma. Furthermore there exists a

constant C such that

[¥]l2 < Cllel]-
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Using integration by parts and (2.52) we have that for any ¢ € @y,

(i) = ((Bp) th,w)
(ff Bp)Vp:, V Q)) + (H(Bp)th,V@
(ff Bp)Vp,, V q)) - ((R(Bp))tvf% Vq)

_ (ﬁ(Bp)vpt, V(e —a) + ((s(B0), Vo, V(@ — ) = (V. (5(Bp), V)

Integration by parts yields

(9o, (5(B)),V¥) = (p. ((Bp)),A0) + (0, V- (5(Bp)) V¥)

Recall that both (Bp) and (x(Bp)), are uniformly bounded. Choosing w = I;¢ and using

the previous estimates, we obtain

(o0 9)l < C(IValIV (@ = Il + I9pII9 (0 = Tuh) | + el A )
< c(Ivplnligll: + I9alRlI L + el Av])

< CR[I]l2 < Cp)h°*lle]-
The statement above holds for any ¢ € L*(Q). Therefore ||p;(t)|] < Ch?. O
Lemma 2.23. ||VRp(t)|| @) < C(p) for any p(t) € H*() N Hy(Q2), Vt € [0,T7].

Proof. For ¢ € H*(2) N H}(Q), we have the inverse estimate(since VRy,p(t) is constant on

teach triangle)

IVl < CRHVall,  for q € Qn,
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which implies that

IV (Rpp — Inp)| o) < Ch™ |V (Rup — Ip) ||
< O (I (Rap = p)| + IV (o = L))

< Ch(C)h + Chlpllz) < C(p).

Using the fact that ||VIyp||r@) < C||Vp||lLe) we obtain
IV ErpllLoe@) < IV(Bup = Inp)l @) + IV InpllLe@) < C(p) -

]

Writing u” = u(t,), p* = p(t,) and p} = p(t,), we are now ready to derive the error

estimates for the finite element approximation (2.48).
Theorem 2.24. Assume
1. The hypothesis of Theorem 2.16 holds;
2. k 1is differentiable;
3. pe CI; H*(Q) N Hy(Q)) and u € CH{I,WH>(Q)).
Then there exists kg > 0 such that for k < ko , there exists constants Cy and Cy depending
onu, p, pt, Pu, and [, such that

lu(ta) = U™+ Ip" = P < CillI° = 1]l + Co(h* + k).

Proof. We first estimate ||p(t,) — P™||. In light of (2.51) and Lemma 2.22, it suffices to

estimate 6" defined in (2.50).
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From (2.49)

(/i(Bp")Vp” — k(BPY)WVP", vq)
- (/-@(Bp")Vthn,Vq> _ @(BP”)Vthn,vq)

+ (m(BP”)Vth”,Vq> . (K(BP")VP”, vq> . YgeQn

Substracting (2.48) from the continuous equation (2.9) and using the above equation we have

that

0= ((co + Bl — 8P”),q> + ( (Bp™)Vp" — K(BP”)VP”,Q)
<(CO+B T —0p"), q ( co+ B)0 ) + ((co—i-B)é@”,q)

+ (( (Bp") — (Bpn))Vth Vq) ( (BP”)VG”,VQ).

Letting ¢ = 0™ in the above equation we obtain

((co + B)a‘e“,e"> + </<(BP")V9",V0”>
= ((eo+ BY@} = 3p),07) + ((co + B)Dp", 6") (2.53)

T ((K(Bp") — k(BP"))VRyp", wn) :

The fact that B is self-adjoint and monotone leads to

((co + B)do", m)

= % ((co+B)IO™ 0"~ 0"1) + ((co + B)OO", 0" + 0"
= g((cO + B)30", 00") + % ((co+B)0"0") = ((co+ BY" 0"
> %5(((:0 + )", 6")
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It follows from (1.11), (2.53), (H1), Remark 2.8, Lemma 2.23, and Young’s inequality that

17 n gn n||2
§8<(CO+B)9 0 )+k*\|V9 I
< C(e)ll(co+ B)(pi — op™)|1* + 16”2
+ C(a)|[(co + BYO™|? + £]|6™|?
(e)ll(co + B)Op"| 167 (2.5
+ C(e)||(BP™) — k(Bp™)||* + ]| V0" ||?
< C(e)|lpy — op"|1> + C(e)|9p" |

+C()IP" = p"|I* + (26 + e[ Vo,

where C), is given by (1.22). Choose € > 0 such that (2C, + 1)e < k*. Then

O((eo+B)8",0") < C(lIpy = 9p" |12+ 190" + 1P" = ")

N | —

Multiplying the above inequality by k, we have that

<(co + B)o", 9”) - (<c0 + B 9"—1)
< Ck(Ilpp = 3p" 12 + 199" 17 + 1P = 1)
< Ck(llpy = 0912 + 199" 12+ 10" 12 + 1617 + (B",6™))

< Ck(|lpy = ap" |12 + 195" + 0" 1) + Ck (o + B)O",0") .

Equivalently ([5], p. 238)

(1= Ch)((co+ BY",6") < ((co+ BY",6"") + CRy,

where the remainder R, is given by

Ry = |lpi = 0p"[I* + 100" 1" + 1p"11* -
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For sufficiently small k, the above equation is equivalent to
((co+BYo",07) < (14 Ch) ((co + B)E", 0" ) + ChiR.
Inductively for n > 2 we have that
((co + B, 9”) < (1+Ck)" ((co + B9, el) +Ck iu +CE)" IR,
=2

<C((co+B)",0") + kY R,
=2

It follows from Lemma 2.22 that

167 < Ch?
and
_ 1 t
157°) = 71 / pu(s) ds|) < CR2.
ti—1
From (H3)

S 1 .
lpt = 0PIl = llkpi — p(t;) + p(ti-1)ll
1 tj
= EH/ (5 - tj—l)ptt dSH
tj—1
tr

0

Combining (2.56), (2.57), and (2.58), we obatin

R; <C(R*+k)*, 2<j<n.
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For n =1, denote p(l) =1 — Ryl, (co + B)0° = (1) = Rl — Iy Then (2.54) yields
1
=((ctB)8" = 0(0),0") + €| V8|
< Co(Il(eo + BY(p} = Bp")I + (o + BYIP'|I + <(BPY) = n(Bp")2)

Applying the Young’s inequality we have

((co+-B)0",0") + 1|02
< ok ([l (co + B)Y(p} = ") + [l (co + BYIp' |
P = pHE) + (010). ).
< Ca(ll(eo + B)(p} = IpM)I* + | (e + BYIp' |

1012+ 101112) + CEUBWIE + =)0

Choose sufficiently small € > 0 such that ¢ < C';. Then the above inequality leads to

(1 Ck) ((co + B)Y, 91>
(2.60)
< C(I6MIF + (o + B)@} = ") 1>+ ll(co + BYIp' 12 + 10']1°)

Proceeding as in (2.56), (2.57), (2.58), using Lemma 2.22, we have
lp'll < Ch?.
As a consequence of the boundedness of B and Lemma 2.22

_ 1. [
oo+ B = 7 [ cot Bt s < Cn
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and

[(co+B)(p; — 0Pl

- %Hk(Co + B)p; — (co + B)p(k) + (co + B)p(0)
N %H /0 s(eo + By ds|

t1
gk/ I(co + B)pu| ds = Ck.
0

Thus
((co+ B)O*,6Y) < 6| + C(R* + k). (2.61)

It follows from Lemma 2.22 that
101 < o = Ul + eIl < I = loll + Ch*.
Hence (2.59) and (2.61) yield
167]] < ClL = lo]| + C(h* + k).

Hence

lp" = P"| < Clll = k|| + C(h* + k).

To obtain the estimate for u(t,) — U", we define the projection Ry, : H}(2) — V, by
e(u—Ruu,v) =0, YWeV, uecHN). (2.62)
We split the error u” — U" as

u"'—-U"=u"-Ryu"+Ryu" —U" = p;, + 0,
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where pi! = u"” — Rpu” and 6} = Ryu” — U". Similarly to Lemma 2.22, it is easy to verify

that the projection error p, satisfies
lpull < C(u)n*.
Substracting the first equation in (2.48) from (2.5), using (2.62), we have that
e(fn,v) = a((U” — u"),v) = —(V(P” —p”),v) , Yv eV,

With v = 6,(¢,,) in the above equation, Young’s inequality and the inverse estimate of elliptic
equation yield

1051l < [lp" — Pl < Cll = lo|l + C(h* + k)

from which the assertion in Theorem follows. O

2.4 Numerical example

We first test the convergence rate in two dimension for brevity. Let Q = [—1,1] x [—1, 1],
I =10,1]. We choose Kozeny-Carmen-type ([59], [60], [61]) hydraulic conductivity x, which
is defined by

ot aey < s <s<st <1,
wls) = k. s<s.. (2.63)
k*, st <s.
Here
d(s) = ¢o+ (1 — ¢o)s
and

_ ko (¢o + (1 — ¢o)s.)’ e Fo (904 (1= go)s)”
(L= s.)*(1— o)’ po(l=57)2(1 = )?’

where kg, 1, ¢o, S«, and s* are given constants.

k.
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Table 2.1:  The converge rate for a fixed time step in the L?(I; L*(€2)) norm

h Ilp — pull | ||lw — un|| | conv. rate p | conv. rate u
1/4 | 0.1023 | 0.0295
1/8 0.0554 0.0072 0.88 2.03
1/16 | 0.0145 0.0018 1.93 2.00
1/32 | 0.0037 4.61e-4 1.97 1.97
1/64 | 9.20e-4 1.16e-4 2.01 1.99
1/128 | 2.30e-4 2.89e-5 2.00 2.00

It is easy to see that the continuous function & given by (2.63) satisfies (1.11) and (H1).
Weset A = p=c¢y=a=1insystem (1.10) and kg =n =1, ¢ = 0.5, s, = —0.75, s* = 0.75
in our numerical experiment. Also we choose the forcing term f, g in (1.10) and the initial

value [ in (2.5) such that (u,p) defined by

u = e '(sin(nz) sin(ry), sin(rx) sin(wy))T
and

p = tsin(mx) sin(my)

is the exact solution of (1.10). Notice that the solution (u,p) defined above is analytic.
Therefore (H2) is satisfied.

For each time step, we solve the nonlinear problem using the Picard iteration. We set
the tolerance of this iteration to be 10710 .

To verify the convergence rate in spatial dimension, we let the time step k be a fixed
value k = 10~*. Table 2.1 and Table 2.2 list the errors and rates of convergence in spatial
dimension. Figure 2.1 plots the errors in both L?*(I; L?(Q)) norm and L?(I; H*(2)) norm.
Both the tables and the figure verify the second order convergence rate for the finite element
approximation. Moreover, the H* norms of u and p both have first order convergence, which

is natural for linear finite elements with pyramid basis.
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Table 2.2: The converge rate for a fixed time step in the L?(I; H}(2)) norm

h lp — pull1 | |lw — un|l1 | conv. rate p | conv. rate u
1/4 0.7685 0.3061
1/8 0.5556 0.1646 0.47 0.90
1/16 0.2767 0.0838 1.01 0.97
1/32 0.1385 0.0421 1.00 0.99
1/64 0.0693 0.0211 1.00 1.00
1/128 | 0.0346 0.0105 1.00 1.00

Table 2.3: The converge rate for time step k& = h? in the L?(I; L*(€)) norm

h k lp — prll | ||u— ug|| | conv. rate p | conv. rate u
1/4 | 1/16 | 0.0980 | 0.0200
1/8 | 1/64 | 0.0519 0.0070 0.92 2.05
1/16 | 1/256 | 0.0135 0.0018 1.94 1.96
1/32 | 1/1024 | 0.0034 4.52e-4 1.99 1.99

Table 2.4: The converge rate for time step k = h? in the L*(I; H'(Q)) norm

In(error)
@
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h k Ilp — prllr | ||lv — wpll1 | conv. rate p | conv. rate u
1/4 1/16 0.7530 0.2041
1/8 1/64 0.5347 0.1629 0.49 0.33
1/16 | 1/256 0.2662 0.0829 1.07 0.97
1/32 | 1/1024 | 0.1332 0.0416 1.00 0.99
Figure 2.1: The plot of errors for a fixed time step




Figure 2.2: The plot of errors for time step k = h?
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To see the convergence rate with respect to the time step k, we set k = h?. The errors
are presented in table 2.3, table 2.4 and figure 2.2, from which we know that when k is small,
the convergence rate with respect to k is the same as h?.

We next show some simulation of a real life example. Our intention is to show the effect
of a nonlinear hydraulic conductivity x thus we choose a model in three dimensions and
we only consider the numerical approximation of the steady system to save computations.
Suppose we have a 2 x 2 x 2 inches cube sponge on Q0 = [—1, 1] x [-1,1] x [-1, 1]. We assume
that there is no external force of fluid resources, i.e., f = 0 and ¢ = 0. We assume zero
boundary conditions of both u and p except that p = 1 on x = —1 (the left surface) and
p=0on x =1 (the right surface). In this case, there is a pressure drop from the left surface
to the right surface. If k is a constant, we expect a linear pressure with constant pressure
drop. As a result, we have uniform flux pointing to the right, parallel to the x axis.

Case 1. We want to show the improvements of simulation when we introduce the
nonlinear hydraulic conductivity « in (2.63). The flux and hydraulic conductivity are then
given in figure 2.3. From the graph we can see that the flux is not uniform due to the
nonlinear x and the value of x varies from 0.3 to 0.8 at different part of the elastic body.
The highest x occurs close to the left surface since the pore structure has been pushed to

the right by the high pressure. As a result, the size of the pores become bigger which leads
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Figure 2.3: Case 1
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(b) Hydraulic conductivity

to a higher k. The lower x near the right surface where most of solid matrix stays is due to
the small size of the pores.
Case 2. We apply a displacement of compression in the middle of the front and back

surface, that is

(0,0.1,0), y=-1,-025<x,2<0.25,
u=4 (0,-0.1,0), y=1,-025<x,2<0.25,

0, otherwise ,
and we assume the same boundary condition of p as in case 1. The flux and k are shown
in figure 2.4. We observe two facts. First, we have a very low hydraulic conductivity in
the middle and the flux are avoiding where we pressed the body. Only very small flux can
pass through the middle and this effect becomes weaker as the flux are away from the front
surface into the heart of the object. In real life case, this is because the pores close to the
front and back surface become small when we press the sponge. Another fact is that the
highest flow occurs right around where we pressed the sponge. This is because of the elastic
nature of the sponge that the water originally kept in the pores near the middle of the front

and back surface was forced to come out due to pressing.
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Figure 2.4: Case 2
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Figure 2.5: Case 3

(a) Flux ony =1 (b) Hydraulic conductivity

Case 3 We observe another case similar to case 2. We squeeze the lower half of the

sponge, that is
(0,0.1,0), y=-1,-1<2<0,

u=+< (0,-0.1,0), y=1,-1<2<0,
0, otherwise .

The result is shown in figure 2.5. Again, we observe a low hydraulic conductivity in the

lower half of the sponge and a high hydraulic conductivity around where we squeeze it.
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2.5 Conclusion

We studied the mathematical model of flows through elastic porous media. The PDE
system under consideration is comprised of the linear elasticity equation for the deforma-
tion of the matrix and an implicit parabolic equation for the fluid pressure with hydraulic
conductivity dependent on the displacement. We showed the existence of a weak solution
under minimum regularity assumption on the input data and its uniqueness under stronger
conditions. We then focused our attention on the finite element approximations of the weak
solution and derived rigorous error estimates. We used our model to simulate the distribu-
tion of flux and hydraulic conductivity inside a sponge. In the simulation we showed that
the nonlinear hydraulic conductivity s defined in (2.63) captures the distribution of the hy-
draulic conductivity at different part of the elastic body, which cannot be obtained by the
linear system with a constant hydraulic conductivity assumption. The difference is signifi-
cant and has a huge effect on the flow through the porous media. We established a better
approximation to simulate the flow through a porous media, which matches the common

sense.
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Chapter 3

Steady bioconvection
3.1 Existence and uniqueness of a weak solution

The weak formulation. we consider a steady case of system (1.19). Choose the
pressure space LZ(Q) = L*(Q)/R to be the quotient subspace of L?*(f2), the subspace of

functions which are orthogonal to constants. It is easy to see that ([62], p. 23)

12(Q) = {p € L3(9): / p d = 0}.

Define the following bilinear and trilinear forms

(

ale,r) = (Ve,Vr) Ve,r € HY(Q),

By(u,v,w) = / u-Vvwdr Yuv,weHQ),
Q
(3.1)
Bs(u,c,r) = / u-Verdr, Yue€HyQ), c,recH(Q)),
Q

b(q,v) = —(¢,V-v) Vge L§(Q), veHQ)

\

and set

H=HQ)NLN) ={ce H(Q) : /cd:L‘:(]}.
Q

o

12|

Q@

and
8]

Condition (1.18) is equivalent to requiring ¢ — % € H. For brevity, we write a =
we assume p,, = 1, otherwise we rescale the problem. Also for brevity, define an auxiliary

concentration ¢, = ¢ — « and f, = f — gp,,yais. Multiplying the equations of (1.19) by
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test functions and integrating by parts we obtain the following weak formulation for system

(1.19) (without confussion, we write ¢ = ¢, and f = f,).

Definition 3.1. Given f in L2(Q), a triple (u,p,¢) € HA(Q) x L3(Q) x H is said to be a

weak solution of the steady bioconvection if it satisfies

(

<y(c + a)Vu, VV) + Ba(u,u,v) + b(p, v)

= —(g(l + ’}/C)ig,V) + (f,v) Vv eHQ),
(3.2)

b(g,u) =0 Vqe LiQ),
or or

Ba(c,r) 4+ Bs(u,c,r) — U(c, —) = U« (8x3 ,1)

Vred.
\ axiﬂ '

We adopt the theory for solving Navier-Stokes type equations (see Chapter 4 of [62] and
Chapter 2-3 of [52]). Define

V={uecH|) : V-u=0in Q}.

Then to solve system (3.2), it suffices to solve the following auxiliary problem ([62]).

Find a pair (u,¢) € V x H such that

(1/(0 + «a)Vu, VV> + By(u,u,v) = —(g(l + ye)is + f,v) Vv eV,

67“ or .

(3.3)
Ba(c,r) + Bs(u,c, ) — U(e,

Remark 3.2. Obviously, if (u, ¢, p) is a solution of system (3.2), then (u, ¢) must be a solution
of (3.3). The converse is also true since the bilinear form b(-,-) defined above satiesfies the

inf-sup condition (see [62], p. 113), i.e., for some 5 >0

sup ( v )

> Bllgll Vg€ L§(Q).
vemy VI

52



Existence. To prove the existence of a weak solution of (3.3), we construct a sequence
of approximate weak solutions using the Galerkin method. This will also be helpful in our
later discussion and analysis of the finite element method. The following inequalities can be
found in [32]:

Vil < Call Vv Vv € Hy(Q),
(3.4)

Irlly < Coll Vel vred,

for some constant C independent of v and r. The first inequality is Poincaré’s inequality
while the second is due to the fact that fQ rdxr = 0. We can obviously use the same constant
Cgq in both inequalities. From Lemma 2.2, it is straightforward that v(x) satisfying (1.21) is
a Nemytskii operator.

Next we study the properties of the trilinear forms B, and Bs.
Lemma 3.3. The trilinear form Bs(-,-,-) and Bs(,-,-) are continuous on H* ().

Proof. From Holder’s inequality and the Sobolev imbedding theorem in three dimensions we

have
By(u, v, w) < Cllullpso) IVl IWllwie) < Co,llull1[[vi:Iwll - (3.5)
Similarly
B(u,¢,r) < Cpyllallsflcfl1]r]:- (3.6)
O

Lemma 3.4. Assume that v,w € HL(Q), ¢,r € H, andu €V, then

By(u,v,w) + By(u,w,v) =0,

B3(u7 C, T) + B3(u7 r, C) = 07

and

By(u,v,v) =0, Bs(u,r,r)=0. (3.8)
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Proof. Notice that properties (3.7) and (3.8) are equivalent. Thus it suffices to prove (3.8).

According to Green’s formula, if u € V

3
1
By(u,v,v) Z/ u; (9% :—EZ/QV.uV?d:v:O
i=1

z]l

and
3

1 or?) 1 o
B3(u’r’r)_52/§2uj oz, ——§/QV-u7“ dx =0.

i=1

]

Since V and H are both separable Hilbert spaces, there exist sequences {Vj};?il and
{r;}32, such that {v;}32, and {r;}32, are orthonormal bases of V and H, respectively. Let
V., and H,, be the spaces spanned by {vy,vs,...,v,,} and {ry,r,...,r,} respectively. We

seek (u™, ™) € V,,, X H,, such that

<V(Cm + a)Vu™, VV) + By(u™,u™,v) = —((g + yc™)is, v) +(f,v) VYwveVv,,

or or
8I3> (]Oé(a—l‘3 1) Vr € Hm

(3.9)
Oa(c™,r) + Bs(u™, ™, r) —U(c™

Proceeding as in Lemma 2.10, using properties (3.5) and (3.6), we can prove the existence of
a weak solution of (3.9) for any integar m > 0 either by a direct corollary of Brouwer fixed
point theorem or using Riesz’ theorem.

Next we show that {u™}2_, and {¢™}>°_, are uniformly bounded in V and H respec-
tively.

Lemma 3.5. Assume that

7

@ U. (3.10)

Then there exists a constant C' independent of m such that
™[l + lu™ ]l < C.

o4



Proof. Let v.=u™, r =¢™ in (3.9). Equation (3.8) implies that

(l/(Cm + a)Vu™, Vum) =— <(g + yc™)is, um> + (f,u™),

oc™ oc™
(9_333) = UOé(—, 1) .

Ba(c™, ™) —U(c™, o,

Thus it follows from (1.21) and Young’s inequality that

v u | < (v + a)Vur, Tu™)
<1 ((g+ 7™z u™) + (£ (3.11)

< (VeI + U = gisl ) ™
and

OIVe™|* < fa(c™, ™)

oc™ oc™
< |U(em™, = = ,
<|U(e ’8x3)+Ua(8x3’1> (3.12)

< U™ + UalQz][e™ s -

Using the above inequality, (3.4), and assumption (3.10) we obtain

0 -1 )
™|y < (F — U) UalQ? . (3.13)
Q

Substituting (3.13) into (3.11) gives

0(22 9 1 1 .
< 2o ; — ,
famlls < B (G = 01 vl + 1 gl

We are now ready to show the existence of a solution of (3.3).

Theorem 3.6. Assume that (1.21) and (3.10) hold, and £ € L?(Q), then system (3.3) has

a weak solution.
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Proof. Consider sequences of solutions {u™}°_; and {¢™}>°_, defined by (3.9). According
to Lemma 3.5, both sequences are bounded therefore there exist u € V and ¢ € H (via

subsequences if necessary) such that

u"—=u in V and ¢ —c¢ in H as m— 0. (3.14)

Then the Sobolev embedding theorem implies that
u” —u in L*Q) and ™ —c in L*) asm — oco. (3.15)

We now show that the weak limit (u,c) is a solution of (3.3). Let v and r be test functions

such that

vevn(Cr)?, reC®QnH. (3.16)
First notice that

(V(c + a)Vu, Vv) - (l/(Cm + a)Vu™, Vv)
= (u(c +a)V(a —u™), Vv) + ((V(C +a)—v(d +a))Vu™, Vv)

=141I.

From (1.21) and (3.14) it follows that

I <v*|(V(u™ —u),Vv)| -0 asm — co.
The limits (3.15) and the fact that v is a Nemytskii operator imply that

v(c"+a) = vic+a) in L*(Q) asm — . (3.17)
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Hence from (3.16), Lemma 3.5, and Holder’s inequality
1| < Clv(c™ + a) —v(c+ a)||||lu™|ly =0 asm — co.
Combing the above estimates we obtain
(V(Cm + a)Vu™, Vv) — (y(c + a)Vu, Vv) as m — 00. (3.18)

Next using Green’s formula

By(u™, ™, v) z/ Z/ 3"1;]5

3,7=1 i,7=1
ov

By assumption (3.16), £~ is uniformly bounded. The fact u” — u in L*(Q) implies that

uj'u}* — usu; in L'(Q) as m — co. Therefore

m—r0o0

9 ovi,
lim By(u™,u™,v) Z/uzuj Vi dr = —By(u,v,u) = By(u,u,v).

2,7=1

Following the same argument, we have
By(u™,u™,v) = By(u,u,v), Bs(u™, " r)— Bs(u,c,r) as m — o0. (3.19)

It follows from the weak convergence of {¢™}5°, to ¢ that

e

(g(l + yc™)is, ) — <g(1 —i—fyc)z'g,v) as m — oo,

Ba(c™,r) — fa(c,r) asm — oo, (3.20)
m Or or
\U(c ,amg)—>U(C 8_373) as m — 00.

Because the test functions v, r defined in (3.16) are dense in V and H respectively, conclu-

sions (3.18), (3.19), and (3.20) hold for ¥v € V and Vr € H. Letting m — oo in (3.9) and
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using the above results we obtain

(V(c + a)Vu, VV) + By(u,u,v) = —((g + )i, V) +(f,v) Wwev,,

aor or
C’E)_@)_Ua(_’l) \V/TEHm

Oa(c,r) + Bs(u,c,r) — U( p
3

Since the basis {v;}22, and {r;}32, are dense in V and H, we conclude that (u,c) is a

solution of (3.3). O

Uniqueness. First notice that the bilinear form b(-,-) satisfies the inf-sup condition
(see Remark 3.2). Therefore for each solution (u,¢) € V x H of system (3.3), there exists a
unique p € L2(Q) satisfying system (3.2) (see [62], p. 113). To prove the uniqueness of the
solution of (3.2), it suffices to prove that system (3.3) has a unique solution.

Following the proof of Lemma 3.5 we can obtain a priori estimates for u and c.

lullt <C5 and |c|ly < Cy. (3.21)
where
C2 , UalQ|>
Cy= L0+ - gigl), =L
Vs oz~ U

Theorem 3.7. Assume that
(H4) The hypothesis of Theorem 3.6 holds;

(H5) The viscosity v(-) is Lipschitz continuous, i.e., there exists a constant vy, > 0 such that

lv(z1) — v(z2)| S vpley — xa| Vay,zo € R;

(H6) There exists a constant Cy such that |Vu||s < Cp;
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(H7) The following inequality

2 \Z v

Z - ( Cn,Cis (v.Co + g7v) + 03203> >0
g

holds.

Then the solution (u,c) of system (3.3) is unique.

Proof. Let (u,c) and (u,¢) be two different solutions of (3.3). Substituting both solutions

into (3.3) with v =u — u and r = ¢ — ¢, taking the the difference of the two equations, we

have
(V(C +a)Vu,V(u— ﬁ)) — (V(E +a)Va, V(u— ﬁ))
+ By(u,u,u—u) — By(u,u,u — 1)
=— g’y((c — C)iz,u — ﬁ)
and

Oa(c — ¢, ¢ —¢) 4+ Bs(u,¢,¢c — ¢) — Bs(u,¢,c —¢) — U(c — ¢,

The skew symmetry (3.8) leads to the identity

Thus it follows from (3.6), (3.4), (3.21), (3.23), and (3.24) that

Q _7
D ool < Bsa - e+ -, 2

< Cp,Cille = ellila—ully + Ulle — ] -

29

(3.22)

(3.23)

(3.24)



Then from (3.10)

_ Cp,Cy _
le—cly < 5— Ullu — . (3.25)
cz

Substituting the above estimate into (3.22) and combining (1.21), (3.4), (3.5), (3.21), (H6)

and (3.24), we obatin

lu—alf? < (V(c +a)V(u— 1), V(u— a))

< ‘((y(c—l— a) —v(E+a))Va), V(u - ﬁ))( +[Ba(u — 1,0, u = a)| + gv|((c - )iz, u — 1)

< vColle — elalfu — ally + Cp,|[u — aliljull + gylle — ell1[lu — all

Cg,C
< ( eBs é(VLCO‘I’g’Y)‘i‘OBngi) ||11—f1||%

cz

From assumption (H7) we conclude that
lu—aly = ffe—¢llh =0.

]

Remark 3.8. In practice, it is necessary to verify condition (3.10) and (H6). Since the micro-
organism is slightly denser than water, v = po/p, — 1 is small. Therefore to fulfill (3.10)
and (H6), v, and € must be sufficiently large while U and Cj, are sufficiently small. In other
words, the model is valid for a suspension containing culture fluid with large viscosity, large

diffusion rate, slowly upswimming micro-organisms in a relatively small container.

3.2 Numerical approximation using the finite element method

In this section, we construct and analyze a finite element method for approximating
weak solutions of (3.2). Throughout this section, we assume that the hypotheses of Theorem

3.7 hold.
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Let 7, be a regular triangulation of {2 and Xj,, M}, and S, be finite element subspaces
of HL(Q), L3(Q), and H, respectively. Assume that the following discrete inf-sup condition
holds.

b
sup (v, q)

> Bllgllm, Vg € My, (3.26)
vex,, [V,

where 8 > 0 is a fixed constant. Furthermore we assume that X, M}, and S} satisfy the

following approximation properties.

inf [|v—vally < CR||V]ss1 v e HPNQ), 0<s<k, (3.27)
VhEX)

inf |lg — qull < CR°||q|s Vge H(Q), 0<s<k, (3.28)
qneEM™
inf It — tallr < CR®||t]|s41 Vte HPHQ), 0<s<k, (3.29)
hESh

for k = 2, 3. For the construction of these spaces, see [63, 62, 52]. Next we define the discrete

divergence free space
Vp={veX,: (V-v,q)=0 Vg, € M,}.

Notice that in general, V}, is not a subspace of V. Thus in general the identity (3.8) does
not hold. To obtain a skew symmetry similar to (3.8) on Vj,, we define auxiliary forms B,
and Bg by

. 1 1

By(u,v,w) = §Bg(u,v,w) — §B2(11,W,V) ,

. 1 1

Bg(U, C, T) = §B3<u7 C, T) - 583(11, r, C) :

It is easy to verify that

A

By(u,v,w) = By(u,w,v) YueV, Vv,wecHQ)),
(3.30)

N

Bs(u,c,7) = Bs(u,e,7) YaueV, Vere H.
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In addition, we have the identity

A

By(u,v,v) =0, Eg(u,c,c)zo Vu,v € Hy(Q), Vee H,

and the tricontinuous property

By(u,v,w) < Cp,[lulli|[vILwll  Yu,v,w € Hy(Q),

By(u,e,r) < Cpyllulliliclhlirl YaeHy(), VereH,

where Cg, and Cp, are the same as in (3.5) and (3.6).

We define the finite element approximation of (3.3) as follows.

Definition 3.9. Find (uy, pn,cn) € Xp X My, x Sy, such that

(

<V(Ch + Oé)Vllh, VV> + Bg(uh, uy, V) — (ph’ V - V)
= (90 +7e)is,v) + (£.v) Wy e X,

(V-wp,qn) =0 Vg, € My,

o) _Ua(P" 1) wres,

Ha(ch,'r) + Bg(uh, Chﬂ”) - U( ox
3

C —
\ " 8x3)

Analogous to the continuous case, we first solve an auxiliary discrete system.

Find (up, ) € Vi, x Sy, such that

(V(Ch + a)Vuy, VV> + Bg(uh, u, V)

= _<9(1 +’Vch)’i3,V> + (f,v), VYveV,,

A or or
\ Oa(cp, ) + Bs(up, cp, 1) — Ulcp, 8_333) = Ua((?_xg,’ 1), Vres,.

(3.31)

(3.32)

(3.33)

(3.34)

The skew symmetry (3.31) and inequality (3.32) guarantee the existence of a weak solution

of (3.34) by using anargument similar to the one used in the continuous case. A solution
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(up, pr, cp) of (3.33) can be completed by solving (see [62], p. 59, Theorem 1.4.1)

(pn, V-v) = (I/(Ch + a)Vuy, VV) + By(up,u}, v)
(3.35)

+<g(1 Fyep)ia, v) — (F7.v) Vv € X,

The right hand side defines a functional on X}, which vanishes on Vj,. Due to (4.55) and the
property of Lagrange multipliers, equation (4.66) is always solvable and the solution p, € M,

is unique in the quotient space M, /N, where
Ny, ={qn € Sy : (qn,V-v) =0, VveIX,}.

Following the same approach as in Lemma 3.5, we can show that ||u,||; and ||c;||; are

uniformly bounded, i.e., there exist constants C3 and Cy independent of h such that
Junlls < Cs,  Jlenlls < Ca. (3.36)

To carry out the error estimate, we introduce the Ritz Galerkin projections r;, : H{(Q2) —
Vi, sp - H — Sy, , and the L? projection 7, : LE(Q) — M. In this way we split the errors

into two parts
(

h h
u—u, =u—ryu+ryu—uyi=p, +0;,

D= Ph =D —Thp +Thp — pu = pp + 0, (3.37)

c—cp,=cC— Spc+ spc— ¢y ::p?—l—Q?.
\

From the approximation properties (3.27) — (3.29) we known that

Irpulls < Clw), ol < CRIV[srr, we HHQ), 0<s<Fk,
Isnclli < Cle), llpelh < CP¥leflssr, c€ HFHQ), 0<s <k, (3.38)
lmpll < Cp),  Nlopll < CR¥lplls,  pe H*(Q), 0<s<k.
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Theorem 3.10. Assume that the hypotheses of Theorem 3.6 and Theorem 3.7 hold. Then

foru e HY(Q), p € H*(Q), and c € H*T(Q), there exists a constant C independent of h

such that

lu—upls +lle=cnlli + lp —pull <CP*, 0 <s<k.

(3.39)

Proof. Due to (3.38), it suffices to estimate 672, 6%, and 0. Subtracting (3.33) from (3.2)

with v = 0" r = 0" and using (3.30) we have that

(I/(C + a)Vu,V@ﬁ) - (I/(Ch + a)Vuy, V@ﬁ)
+ Bg(u, u, 03) - Bg(u}” Up, Hﬁ)

=— gy((c — cp)is, 0ﬁ>

and

QCL(C — Ch, 0?) + B?)(u’ C, 9?) - B3(uh7 Ch, 6?) - U(C — Chp, _C) =0.
xXr

It follows from (1.21), (3.31), and (3.32) that

0
@H@?H? < fa(07,07)
Q
= —alpl, 08) — By(0y. e, 0) — By(rau, pl, 67)

- o0" ooh
— B h h 9Y h 9V
3(pu7c7 90) + U(ec7 axg c) 8.1'3)

< 016 11llp2ll + TGS IT + Ullo2 1116211

)+ Ulp

+ Co 02 (N0 s llenll + a2l + ol el )
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Due to assumption (3.10), moving the term U||6"||? to the left and dividing by [|6"||;, we
have from (3.21) and (3.36) that

1
16211y < 5 (O + U+ Cayllraul)llellh + Co,Callbll + k1)) . (3.42)

Notice that 02 € V;, and 07 € M),. The definition of V}, implies that b(6, 6%2) = 0. Therefore

pr’u
b(p — pn, 0) = blply, 0%) .

Then according to (1.21), (H5), (H6), (3.21), (3.32), and (3.36), equation (3.40) yields

0L < (ven + @)V, V0L )

G
= <y(ch + oz)Vpﬁ,V@ﬁ) + ((V(Ch +a) —v(c+a))Vu, VQﬁ)
— By (0%, wy,, 0) — Bo(rpu, plt, 0%) — By(plh, u, 0%
2( w Un u) 2(Thu Pu ) 2<pu u u) (343)
+ b(pk,0%) + Q’Y((C — Cp)is, 93)
< VlpGlhllOslh + (veCo + gy)llen — el 164l
+ G 1001 (Callotll + Il ohll -+ Cllobll ) + 1216
From (3.42)

llen — el < lpells + 16211

1
; U(<e+ U+ Coyllrwall) ol + C Cal04 + 1o l) )

o

< llpell +
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Dividing (3.43) by [|0%||; we obtain

Cp,C5 — (v,Co+ g - 0
(G =~ CnaCa= Gy NI,
Cp,C
<(v" + Crliruully + O, 0y + CREER LI o,
& -
9+U+C TRl
+ (4G + ) (1 + SO Ol ) g+ .
From assumption (H7) and (3.38)
160 < (el + ok + 1121 (3.40)
and from (3.42) and (3.38)
1021 < C (Nl + okl + o1 (3.45)
Combining (4.67), (3.44) and (3.45) we have that
o=l + e = enlls < C (1Al + 20+ ) (3.46)

It remains to estimate ||p — py||. Subtracting (3.33) from (3.2) gives

A

—b(v, 9;‘) :<1/(c + a)Vu, VV> — <y(ch + a)Vuy, Vv)
+

(0, v) = By(wn, wh, v) + (o) v) + 97( (e = en)ia, v)
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From (3.26), (3.32), (3.21), (3.36), and (3.46) it follows that

1 1
o" < — sup ——
R

((z/(ch +a)V(u—uy), Vv)

+ <(1/(c +a) —v(e, +a))Vu, Vv>

+ By(u — up,u,v) + By(uy,u —uy, v)
+b(pp V) + 97((c = en)i,v))

1

1
_—sup—(u*—i—QC’BC u—uyl|i||v
5 sp o (7 + 205, = we ]

+0@GH“WW—CMﬂVM+H$WWM)

< O (I = wally + lle = eall + 311

Combing the above estimate with (3.44) and (3.45), we obtain

Ip = pully < C (Il + okl + o2 (3.47)
Then the estimate of the pressure error follows from (3.38). [

3.3 Numerical experiments

In this section we describe five numerical experiments that were conducted. The first
one uses artificial data to verify the error estimates while the other four use data obtained
from lab experiments. We used Taylor-Hood finite element spaces ([53]) for V,, and M,,
and continuous piecewise quadratic function spaces for S,. In particular, the theoretical

convergence rate is given by

loall = O™), llpall = O™ ), lppll = O™, lpell = O(™),
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Table 3.1:

Convergence rate

h 1P = pull | [lw—wnll | llc=cnll | llp—=pull | lu—unlls | llc—cnlls
1/2 0.2520 | 0.0078 | 0.0049 | 0.9846 0.0854 0.0460
1/4 0.0323 | 0.0010 | 6.8E-04 | 0.3847 0.0207 0.0118
1/8 0.0055 | 1.31E-04 | 8.88E-05 | 0.1786 0.0050 0.030
1/16 0.0011 | 1.65E-05 | 1.13E-05 | 0.0877 0.0012 | 7.45E-04
1/32 2.28E-04 | 2.07E-06 | 1.42E-06 | 0.0436 | 3.09E-04 | 1.86E-04
1/64 | 4.90E-05 | 2.60E-07 | 1.80E-07 | 0.0216 | 7.68E-05 | 4.7E-05

conv. rate | 2.22 2.99 2.97 1.02 2.01 2.00

where
uc H"(Q)NHLQ), pe H"HQNLXQ), c€c H(QNLQ), m=273.

In the numerical experiment we used the following parameters

y=01, U=01, 6=1,

and

v(r) =sin’r+1, z€R.

The forcing term f was chosen so that the exact solution is

;

u = (sin 7z sin 7y, sin mw sin y) ",

p =sinmrsinmy,

c=sinTrsinmy.
\

The numerical errors for different mesh sizes are listed in Table 3.1. The convergence
rates listed in the table are consistent with our theoretical result.
Example 2. In this example we consider a 10 cm X 10 ¢cm container filled with microor-

ganisms in a suspension under zero external force, i.e., f = 0. For computational simplicity,
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we study the domain in two dimensional horizontal — vertical plan . The parameters of the

model, obtained from lab experiments (see [36]) are given in Table 3.2.

Table 3.2: Parameter values

I g v 0 U

cm?/sec m/sec? cm?/sec  cm/sec

0.01 981 0.1 0.0025 0.01

Define
0, c<0,
vo(1+25c+53¢c%), 0<c<10%,
v(ic) = 9.5 ¢ (3.48)
7 eXp(l——Mc) : 10% < ¢ < 60%,
| 70 exp(9.375), c>60%.

Here v is the viscosity of the culture fluid. The viscosity (3.48) combines the work of Batche-

2.5 ¢ )

lor [43] for low concentration and Mooney [44] for high concentration. Note that exp(;=74~

is bounded below by v, = vy but tends to infinity when the maximum concentration ,, = ﬁ
is reached since the suspension behaves as a solid. In this case no movement of neighboring
particles are allowed. Therefore we set the upper bound v* = 1yexp(9.375) so that the
viscosity defined in (3.48) satisfies property (1.21).

We first chose @ = 1%. The velocity and concentration are given in Figure 3.1. We can
see that a bioconvection pattern can not be formed and the concentration has a homogeneous
horizontal distribution. This is because the right hand side of the first equation in (1.16) is
almost equal to —g. As a result, u ~ 0 while p is almost linear with Vp ~ —¢g and % ~ 0
because of the nearly zero velocity u. In this case, the micro-organisms do not move and
the concentration stays linear in the vertical direction with zero horizontal gradient. From
observed experiments, for a shallow container with low concentration of micro-organisms, the
micro-organisms will stay at the surface of the suspension due to the upswimming. Actually,
the effect of gravity is due to high density of the micro-organisms but the micro-organisms

are almost isolated thus gravity can be neglected. In fact, bioconvection only occurs for
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Figure 3.1: Concentration and velocity field for o = 1%

sufficiently deep container. The higher the concentration is, the shallower the container can
be. We conclude that a %1 concentration is not enough to form a bioconvection pattern in
a 10 cm deep container.

Example 3. In this example, we assign the same parameter as in Example 2 except
that o = 20%. Figure 3.2 shows the concentration distribution and the velocity filed using
streamlines. Here the color denotes the magnitude of the velocity. The figure shows that
a bioconvection pattern can be formed for sufficiently large concentration. Our simulation
result is consistent with the results obtained in [36]. From the figure we can see that two
convections, separated from the center, flow steadily in opposite directions. The highest
velocity occurs in the center, where the concentration is low, due to the upswimming under
small effect of gravity. Another high speed motion is observed on the left and right hand
sides of the container, which is caused mostly by gravity due to high concentration in the
upper left and right corners. Only a few micro-organisms remains at the bottom while most
of the micro-organisms stay close to the surface.

Example 4. In this example, @ = 20% and constant viscosity v(c) = 0.01. The result
is shown in Figure 3.3. From the graph, we can see that both example 3 and example 4
capture the motion of the bioconvection but the concentration distribution and velocity field
are slightly different. The velocity in the nonlinear case are slower and smoother due to a
relatively higher viscosity. The difference is more notable in regions where the concentration

is high. Example 3 reflects higher concentrated micro-organisms at the top corners since more
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Figure 3.2: Concentration and velocity field for a = 20%

micro-organisms are washed up by the drag force and stay there due to the high viscosity.
One can see that the involvement of a nonhomogeneous viscosity improves the accuracy of
the simulation.

Example 5. In the last numerical experiment, all data are the same as in Example 3
except that o = 30%. The velocity field and concentration distribution are given in figure 3.4.
As the concentration increases, the effect of the gravity becomes more significant. However,

once the pattern is formed, the distribution of the concentration stays the same.
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Figure 3.4: Concentration and velocity field for a = 30%
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Chapter 4

Time dependent bioconvection
4.1 Existence and uniqueness of a solution

The weak formulation. In this chapter, we consider system (1.19) in a two dimen-
sional domain 2. Similarly to the steady bioconvection case we choose L2(2) as the functional
space for the pressure. Using the same auxiliary concentration ¢ = ¢,, force f = f, and the
same bilinear and trilinear forms defined in (3.1), we define the weak solution of system

(1.19) as follows.
Definition 4.1. Given f in L*([;L*(Q2)), ug € L*(Q), co € L*(Q), a triple (u,p,c) €

L2(I;HL(Q)) x L*(I; L2()) x L*(I; H) is said to be a weak solution of system (1.19) if for

any t € (0,7]

¢

(u',v) + <u(c + a)Vu, Vv> + By(u,u,v) + b(p,v)
=~ (g1 +9e)iz,v) + (£.v) vV € HY(Q),
b(g,u) =0 Vqe L3(Q), (4.1)

(1) +0alc,r) + Bs(u,c,r) — Ulc, —

Analogous to the steady state case, to solve system (4.1), it suffices to solve the following

associated problem.
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Given f in L*(I; L%(Q)), up € L*(Q), and ¢y € L*(Q), find a pair (u,c) € L*(I; V) x
L2(I; H) such that for any t € (0, 7],

(

(u', vy + (V(c—i— a)Vu, Vv) + Bs(u,u,v) = —(g(l + 7c)i2,v) +(f,v) YWwevVv,

or or -
C,a—@)—UOé(—,l) VTEH,

(c,r) +0a(c,7) + Bs(u,c,r) — U( o

L u(0) =uy, ¢(0)=cp—a.

(4.2)

Remark 4.2. Similarly to the steady case, if (u, ¢) is a solution of system (4.2), then (u, p, ¢),
the solution of (4.1), can be recovered because the bilinear form b(-, -) defined above satiesfies

the inf-sup condition (3.2), i.e., for some 5 > 0

,V-v
sup LYY S il g e 12(9).

veH}(Q) vl

For more details see [62], p. 59, Theorem 1.4.1.

Existence. To establish the existence of a weak solution, we use the same modified
Rothe’s method developed in chapter 2 to construct a convergent sequence of approximate
solutions of (4.2) using the backward Euler approximation of the time derivative u’ and ¢'.
To this end we let k = T'/n for some positive integer n, partition I uniformly with time step
k, and denote nodal points t; = I = ik, for i = 1,2,...,n. Let u? = uy and ® = ¢, and

define

p

t;
fl = 1/k/ £(t) dt,
ti—1

51131 = (u; - uiz_l)/kiv

\ 5ct = (c — N /k.

For each integer n > 0, we apply the following scheme inductively to find u!, € V and

c € H, the approximations of the solution u and ¢ at ¢;, i = 1,2,...,n respectively, with
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0 _

0 _
u, = uy and ¢; = c.

(

(6u’,v) + (I/(C; +a)Vu!, Vv> + By(u’ ul,v)
¢ = —(g(l + 7ct)ig, v) +(fl,v) YWweV, (4.3)
\ (6ct,m) + Oa(ct,r) + Bs(u, e, r) — U(c,, ;—;) = Ua(g—;, 1) VreH.

Multiplying both sides of (4.3) by k, we obtain the following scheme.
Given u’ ' € V, ¢=! € H, seek (u/, ¢!) € V x H such that

n’n

;

(u’,v) + k:(y(c; +a)Vu', Vv) + kBy(ul, ul,v)

= —k(g(l + 7t )ig, v) + (kf: +uitv) Wev,

" ‘ o or (4.4)
(ct,r)+ kba(c,,r) + kBs(u),, c.,r) — kU(c,, 3_)
1)
|- kaz((,f—;, D+ (& hr) YreH.

Using (3.5), (3.6), (3.7), and (3.8), we establish the existence of a weak solution of (4.4)

as follows.
Lemma 4.3. Given v’ ' € V, ¢i=' € H, assume that

0
— . 4.
C§>U (4.5)

Then system (4.4) has a weak solution (u’,c) € V x H.

Proof. Analogous to the proof of Theorem 3.6, since V and H are both separable, there
exist {v;}32, and {r;}32, orthonormal bases of V and H respectively. Let V,,,, H,, be finite
subspaces of V, H spanned by {v1,va, ..., v} and {ry,79,...,7n}. We consider the finite

dimensional approximations of u and ¢ in V,, and H,,, i.e., we seek u™ € V,,, " € H,,
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such that

(

(u™,v) + k(y(cm + a)Vu™, VV) + kBy(u™,u™, v)

= —k:(g(l + 7cm)i2,v> + (kfl +utv) YW ev,,

or (4.6)
(™, r) + kba(c™,r) + EBs(u™, ", r) — kU (™, =—)
axg
or -
= —1 =1 H, .
\ kUa(ax27 ) + (Cn ,7’) VT S m

For any integar m > 0, the existence of a solution (u™, ™) of (4.6) is guaranteed by Lemma
2.9. To show that {u™}°_, and {¢™}°_, are bounded sequence in V,,, and H,, respectively,

we take v.=u" and r = ¢™ in (4.6), and use (1.21) and (3.8) to find

]{V* m m o J.m m m m
|+ F | <, u™) + k(v(e” + a)Vu", V™)
Q
S) — k(g(l +vcm)z’2,um> + (kf! + uz_l,um)‘ (4.7)
<el[u™[|* + CE)|c™|]* + Cle) |k fy + wy " — kgia|?
and
e+ Sl 2 <(e, ™) + Ka(e™, ")
Q
ac™ oc™ ,
— m 1 i—1 m
(e, S0+ a(G 1) + ()

<kU[lc™ I + elle™|IF + C(e) (1 + [ley %) -

k6
By assumption (4.5), we may choose a sufficiently small ¢ > 0 such that ¢ < — —kU. Then
cq
the above inequality gives
[ < C. (4.8)

Furthermore substituting (4.8) into (4.7) and choosing 0 < € < 1 we have that

[u™y < C.
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This means that the sequences {u™}°_, and {¢™}2_, are bounded in V and H respectively.

Therefore there exist u’, € V and ¢!, € H such that

in V and ¢ —¢ in H as m— . (4.9)

m 7
u Aun

Due to Sobolev embedding theorem, this yields

u” —u’ in L*Q) and ™ = in L*(Q) asm — co. (4.10)

n

Next we show that the weak limit (u, ¢) is a solution of (4.4). Choose test functions

vevn(Ce)?, reC®Q)nNH. (4.11)

Similarly to the strategy used in the proof of Theorem 3.6, we let m tend zero and use the

weak and strong convergence of {u™}>° , and {¢™}>°, to conclude that

<y(cm + a)Vu™, Vv) — (V(c + a)Vul, VV) as m — oo,

By(u™,u™,v) — By(u),u’,v), Bs(u™,c™ r)— By(ul,c,r) as m— oo,

u,v) — (ul,v), (™,r)—=(c,r) as m — oo,
n n

(9(1 +7¢™)iz, v) = (g(1 +7c)ia, v),  a(c™,r) = fa(ch,r) as m — o0,

v, 2y S ue 9"

- as m — 0.
\ 8%2 "’8952)

Since v and 7 defined in (4.11) are dense in V and H, the limits u’ and ¢, satisfy (4.6), i.e.,

;

(u,v) + k(u(cﬁl + a)Vul,, Vv) + kBy(u), ul, v)

= —k:<g(1 + ’YC;)ig,V) + (k‘ffl + u;_l,v) Vv eV,

, . o o (4.12)
(C;, T) + kQa(cfw 7") + k:BS(ufw C:m T) - kU(C’;L’ a_)
X2
\ :kUa(g—:;,l)—l—(CiL_l,r) Vr e Hy, .
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Because such test functions v and 7 are dense in V and H, the above system holds for all

v € V and 7 € H. This means that (u’,c), is a solution of (4.4). O

By the modified Rothe’s method, we now construct a sequence to approximate the
solution of (4.2). To this end, for each positive integer n, we define two piecewise constant
functions

U,(t)=u’, C,(t)=c

n n

t e (ti—lyti)7 1=1,2,...,n, (413)

with U,(0) = uy and C,(0) = ¢y. Notice that piecewise constant function does not have
derivative in L?(I; L*(Q2)). Therefore to approximate the time derivative in (3.3), we define

the following two piecewise linear functions

Un(t) = w, + (t — tiy) (w, —w, ) /K,

Cult) = ¢+ ( — ti)(ch — )k, (4.14)

tE(ti,hti], 1=1,2,...,n,

with U, (0) = ug and C,,(0) = ¢;. The following estimate is true for any integer n > 0.

Lemma 4.4. Assume (4.5) is satisfied, then for any positive integer ng < n, we have the

estimate

no
e | + el + &> NGl + leallF + okl + %) < C, (4.15)

i=1

where C' is a constant independent of n and ny.

Proof. Taking v =u! and r = ¢! in (4.4), we deduce from (3.8) that

(0w, w) + (e + )V, V) = = (g(1+ ek )i, ) + (£, ).
i i i 9c, Ua 0Oc,
(0c,, ) + Oalc,, c,) — Ule ) ‘Q‘((%Q, :

n)-n n:-n n78$2

(4.16)

78



Notice the identities

(uy, — w7 ) = 1/2(] g, — w1 A g [ = g )
(4.17)
(en = cnyen) =1/2(ller, — e P+ llenll* = lle %) -
Similarly to the way of obtaining (2.20), we multiply (4.16) and sum from i = 1 to ny.

Applying (1.21) and Young’s inequality we find that

1 < i i Lo kv,
o DI — i S Zn i
i=1

. . C 1
— (901 +relizw, ) + (£ wl) | + Sl (4.18)

A A 1
<k2( i 12 + CC) I + llei 2 + 1) ) + 5 Il
and

1 - 7 11— n
52 e, — i 1 + HC |+ 02 Z llenll?
act
<k;Z|U n

oG
712 7|12 1 0112
=53 (U||cn||1+e||cn|| +0(0) + 52

=1

1]+ 5 II? (119)

k6
By (4.5), we may choose ¢ > 0 to be sufficiently small such that e < 2 kU. Then (4.19)
Q

gives

no
el + kY il < C. (4.20)
=1

In addition we have

t t
||f:;u2s1/k2</ f<t>dt)s1/k / V(012 dt
ti—1 ti—1
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Hence
no A no i
ESIEIE<Y [ IO < el (421)
i=1 i=1 Y ti-1

Substituting (4.20) and (4.21) into (4.18) we conclude that
no no 1
w2+ &Sl < Ck (c;2+ f;2+1)+-u22<c. 4.22
[zl ;H I < ; lenlly + [1£l 5 lunl” < (4.22)

7
n?

To obtain an estimate for du’, and ¢, we first recall the following estimate ([52], p. 292,

Lemma 3.3 and Lemma 3.4)
Irllsey < 25 [irl=)Vr]=, vr e HY(S). (4.23)
Applying Holder’s inequality to (3.7) we find

|Bs(u,c, )| = [Bs(u, 7, ¢)| < [lullwse [ Vrliellziq

2

2
< <Z|luiHi4<m> lellzagy llr{x
=1

, i (4.24)
1 1

<C (ZHuz’HIquz'H) lell=[[Vell = {7l

i=1
1
< C(lullllull:lielllel)=lrllh YaeV, Vere HY(Q).
Similarly
|Bo(w,v, w)| < C(Jul[fafla[]v][[v]l)2 Wl VueV, vv,weHiQ). (4.25)

Recall, from (4.22), that |[u’ || and ||c% || are uniformly bounded with respect to . Combining

(4.20), (4.22), (1.21), and (4.25), we apply Cauchy-Schwarz inequality to deduce from (4.3)
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that

(0u,v) = = (v(c, + @)Vl V) = By(u, w), v) = (g(1+ 76 )ia, v) + (£, V)
< v vl + Ol vl + Clleb v + 18 = gisllvl, — (4:26)

< C(Jluill + ekl + IEL = giall ) IVl vV € H}(©)

and

or Ua, Or
o 9
ar,) T o, Y

i i i i i 1 i
< Clleyllalirlly + Clagl[hag [l [len ) 2 7]l + Cllepllllr s + Clirll (4.27)

(5¢t ) = —0a(c,,r) — B(u!,c r)+U(c,

n’ “n’

< C(lleslly + Il + 1)l vr € A

Consequently
9w iive < € (Nl + Il + )
0l < C(lletls + i +1)

Using (4.20), (4.22), and (4.21)

ng
B> (10wl 3+ lloci1%,) < ¢

i=1
O
In view of Lemma 4.4 there exists a constant C' such that
1Ol Z2rovy + 1Call a1y = ki(”ﬂ%”f +lenllf) < C. (4.28)
i=1
Thus there exist u € V, ¢ € H such that
U,—~u in L*I;V) and C,—c¢ in L*1I;H). (4.29)
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It is straight forward to verify that the piecewise constant function defined in (4.13) share

the same weak and strong limits with the piecewise linear function in (4.14). As a result

U, —~u in L*(;H)(Q) and C,—c¢ in L*I;H).

Moreover Lemma 4.4 implies that

n

1Oz vy + IO i = B Y (ISwilI + (166, 1%) < C-

i—1
Hence there exist @ € L*(I; V') and ¢ € L*(I; H') such that

U, —ua in L*(;V) and C, —c¢ in L*(I;H). (4.30)
It is easy to verify that ([58], p. 356)
and ¢=c. (4.31)

u=u

Then in view of Lemma 2.24, we set Xo = V, X = L*(Q) NV, and X; = V' to use the

compact embedding
{ue LX(I;V); W' € LYI; V)} — LA(LL*(Q)NV),
and we set Xy = H, X = L2(Q), and X; = H' to obtain that
{ce L*(I;H); v € LY(I; H")} — L*(I; L3(Q)).
Consequently

U, —»u in L*LL%Q) and C, —c¢ in L*(I;L*Q)).
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Thus

U, —»u in L*L;L*Q)) and C,—c in L*(I;L*Q)).

(4.32)

Armed with the above Lemmas and Lemma 2.12, we are now ready to show that (u, c)

is a solution of (4.2) with weak derivative u’, ¢ as defined in (4.30) and (4.31) .

Theorem 4.5 (Existence). Suppose (4.5) is satisfied. Given £ € L*(I;L%(Q2)), ug € L*(Q),

and ¢y € L*(Q), system (4.2) has a weak solution (u,c¢) € L2(I; V) x L2(I; H) with v’ €

LA(I; V') and ¢ € L*(I; H').

Proof. Define

fn(t):f:l, te(ti_l,ti], 1=1,2,...,n.

Proceeding as in Lemma 2.12, we have
1£2 — £l 222y =+ 0 asn — 0.
Construct the test functions of the form v = vy and 7 = rp with
veCTQ)PNV, reCPQNH, and ot) € CE(I).

We have the following identities
Z(u; —u, ', v)e(t;)

i=1

= (W, V)p(t) = (ud, V)p(tr) = b Y (0, v) (ki) = (t:) ) /h
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and

n—1

= (e m)p(ta) = (0, P)pltn) = b 3 (ch ) (pltinn) = ol8)) /R

i=1

Multiplying (4.3) with ke(¢;) and summing from ¢ = 1 to n, we obtain
(ws V) (T) - kZ w,v) (pltin) — olt)) /K
+ kz < v(c, + a)Vul), VV) ©(t;) + Bo(ul, 0, v)p(t;)
—kz (= (904 ch)in,v) + (£, v) ) ()
and
() (T) - kz ) (pltisn) — () /6
+ kz a(ct,r) + kBs(u!,c r)—U(c ﬁ) o(t;)
n’» “n’ n’ ax2 (2

Ua, Or
—k; W(a—@» D(t:)
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From the definition of U, C,, U,, and C, the above equations yield

[ (o)) - | W a

T
+/ (V(C'n—}—a)VUn,VV)Lpn dt+/ Bo(U,,, Uy, v)py dt
0 0

T T
. / (901 + Co )i, V) dt + / (£, V) dt
0 0

T (4.35)
~(corok) + [ (o) d
0
T T
+/ Oa(Cy,m)en dt+/ Bs(U,, Cy,r)p, dt
0 0
T T
or Ua, Or
— UCn, — ndt:/ —(=—,1)p, dt.
\ /0 (Cos 5,,)% 0 Ay VY
The continuity of ¢ implies (notice that ¢(0) = 0) that
(ug,v)p(k) = 0, and (co,v)p(k) >0 as n— 0. (4.36)

From Lemma 2.12, (4.28), and Holder’s inequality it follows that

T
‘/ (U, v) (0 — ¢') dt‘ < [VIUnllz2rzopllén — @l =0 as n— oo
0

and

T
| / (Cos ) (B0 = &) ] < I IICollzaazay IEn = #llzzny =0 a5 n = o0,
0
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Together with (4.29) we have

¢ T T T
/ (U, V)P dt :/ (Up, v)(pn — ') dt +/ (U, v)e' dt
0 oT 0
—>/ (u,v)y' dt,
. OT . (4.37)
| Cungnat= [ (Cun@ - e dt+ [ (Cur)e d
0 0 0

T
—>/ (c,r)" dt
0

\

as n — oco. Next the Nemytskii property (1.21) leads to
v(Cp+a) »vict+a) in L*(I;L*Q)) as n— .
Thus (1.21), (4.29), (4.28), Lemma 2.12, and Holder’s inequality yield

’ /OT (I/(Cn +a)VU,, VV) O dt — /OT (V(C + a)Vu, VV) ©On dt‘
_ ‘ /OT <y(on + a)VU,, Vv) (n — @) dt
+ /OT <y(0 +a)(VU, — Vu), vv))go dt

+ /OT ((u(On +a) —v(C+a))VU,, Vv)so dt) (4.38)

< VIV Onll 2wy llon — @l 22

T
o / (VU, — Vu, Vv)p dt)
0

FVIlv(Cn + a) = v(C + )l 2020 1 Unll 22w

—0, as n—o0.
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Combing (4.28), Lemma 2.12, and Holder’s inequality we let n tend oo to find

(

T
| (o4 Coliasv) (on = ) dt| < (I ICullzaraian + ) e = iz = 0.
0
T
| 8a(Cor)en = o) ] <Ol ILICulzumllen = el = 0.
0

T

or

/ U(Ch, _61:2)(% — ) dt‘ < Ul Cullezcrsz2 @ llon — @ll2ay — 0,
0

T
Ua 6 Or
—(=—, 1) (p, — dt‘gC’ " — — 0.
| G Den = ) ] < Clrliln = ellazcy

\
Hence by (4.29) we conclude that as n — oo

T

’ /OT (g(l + Cn)iz,V><,0n dt :/0 < (14 Cp)ia, >(90n — ) dt
+/T (901 + Cu)iz,v) o dt
_>/ g(1+ C)is, >gpdt’
/OT 0a(C,, 1), dt :/0 0a(Cy,7)(0n — @) dt + /OT 0a(Cy, ) dt .

T
—>/ Oa(C, 1) dt,
0

T T T
/ U(C 20y dt = / U(Cre 27 (0 — ) di + / U(Cs 2505 at
0 " 0xy 3 T2 0 02

—>/ (%2 o dt ,

/ Ua(ar dt—>/ Ua or dt
L, 1 Ve 1o gy Vet
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Note that

Together with (4.33) and Lemma 2.12

T T
[ e ti— [ €viea
0 0

S’ /OT(f,v)(gon — ) dt’ (4.40)

<IVIL Il 2 ey llen = @ll2gy = 0 as n— oo,
Next we show that
T T
/ (B2(U,, U, V), dt —>/ By(u,u,v)p dt as n— 0. (4.41)
0 0
Write

T T
(BZ(UTH UTLJ v)@n dt — / B2(u7 u, V)gO dt)
0

VRS

0

T T
= / By(U,,, U, v)(pn — ) dt +/ (Bg(Un,Un,v) — BQ(u,u,v)>g0 dt .
0 0

88



By (4.25), Lemma 2.12, Lemma 4.4, and the uniform boundedness of ||u’ | we have that

T
|/(&ﬂ%UmWWwWﬂM
0
T
soyA 1O U VI (0 — @) d]

SCY||V||1||I-In||L2(I;V)||‘;0n - 90||L2(I) —0 as n—o0.

By (3.7),(4.32), and (4.34), we use integration by parts to find that as n — oo

T T
/Bz(Un,Un,v)gpdt /Bg(Un,vU) dt
0

/ /Um@”ﬂ W) dr o dt
i,7=1

—)Z/ /uZ u]dxgpdt

i,j=1

=— / By(u,v,u)p dt

0

T
:/ Bsy(u,u,v)p dt,
0

from which (4.41) follows. Analogously, (4.24), Lemma (4.4), and Holder’s inequality yield

T
ﬂ/ By(Uy, Coy 1) (90 — 0) ]
0 . 1
scé|wmwmm@w@mawm%—ﬂﬁ
T
SCA(MMM+MWMMM%—@Mt

< CIVIL (I10all2w) + ICallpzqrny ) lon = @llazy =0 as n— o0

and

T T
/ Bs3(U,,,U,,v)p dt — / Bs(u,u,v)y dt.
0 0
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Together the above estimates give
T T
/ B(U,, C,, 7)o, dt — / B(u,e,r)p dt, as n— oo. (4.42)
0 0

Combing (4.36), (4.37), (4.38), (4.39), (4.40), (4.41), and (4.42), we deduce from system
(4.35) that

( T T T
—/ (u,{f’)dt—i-/ (V(c+a)Vu, fo) dt—l—/ By(u,u,v) dt
0 . 0 . 0
= —/ (g(l + y¢)ia, V) dt—i—/ (f,v) dt,
T ’ T ° T T 87';
—/ (e, 7) dt+/ ba(c, 7) dt+/ By(u, c, 7) dt—/ Ute, 20
0 0 0 0

81’2
TUa  oF
[ 22y,
- o Gy Y

(4.43)

for any v and 7 of the form in (4.11). Because such v and 7 are dense in L*(I; V) and
L2(I; H) respectively, system (4.43) holds for all v € L?(I;V) and 7 € L?(I; H). Hence
(u,¢) € V x H satisfies (4.2) in sense of distribution. Since the weak derivative u’ € L*(I; V')
and ¢ € L2(I; H') both exist, the pointwise version (4.2) is true for a.e.t € I, i.e., (u,c) is

the solution of (4.2). O

Uniqueness. Analogous to the steady case, the bilinear form b(-,-) satisfies the inf-
sup condition (3.2). Thus for each solution (u,c) of system (4.2), there exists a unique
p € L*(I; L3()) satisfying system (4.1) (see [62], p. 59, Theorem 1.4.1). As a result, to
prove the uniqueness of solution to system (4.1), it suffices to prove that system (4.2) has a

unique solution (u, ¢).
Theorem 4.6. Suppose

(H8) The hypotheses of Theorem /.5 hold;
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(H9) The viscosity v(+) is Lipschitz continuous, i.e., there exists vy, > 0 such that

lv(z1) — v(z2)| S vpley — xa| Vay,zo € R,

(H10) There exists a constant Cy such that

V)|l <Cy VEET.

Then the solution (u,c) of system (4.2) is unique.
Proof. Let (uy,c2) and (ug, c2) be two different solutions of (4.2). Substituting (u,c) with
(uy,c1) and (ug, c2) in (4.2) we have

(

(uf,v) + (V(Cl + a)Vuy, VV) + By(uy,uy, v)

= —(g(l + ’YC1)i2,V) +(f,v) VYveV,

or or N (4.44)
(ch,7) 4 0a(ci,r) + Bs(uy, c1, 1) — Uley, 8_562) = Ua((?_xg’ 1) YreH,
| w(0)=up, (0)=c—a
and
(uy, v) + (V(Cg + a)Vug, Vv) + Bs(ug,ug, v)
= —(g(l + 'ycg)ig,v) +(f,v) YWweV,
or or -~ (4.45)
(C/2,7“) + 9&(02,7”) + Bg(llg,CQ,?") — U(CQ, 8_1,‘2) = Uoz(a—m, 1) Vr € H,
1_12(0) = Uy, CQ(O) = Cyp — (.

\
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Subtracting (4.45) from (4.44) with v = u; — uy and r = ¢; — ¢, we find that

(W —u)' s — ) + (’/(Cl +a)Vuy —v(ey + a)Vuy, V(u; — u2)>
+ Ba(uyg,ug,uy — ug) — By(ug, ug, u; — uy) (4.46)

= - 97((01 — C9)ig, Uy — 112)

and
(1 — ¢2),e1 — ea)+0aley — ca, 01 — ¢2)
+ Bs(uy, c1,¢1 — ¢2) — Bs(ug, c2,¢1 — ¢2)
Ber — ) (4.47)
— U(cl — ¢, —>
8@
=0.
From (3.8)
BQ(ulaubul - 112) - 32(112,112,111 - 112) = Bz(ul — U, Uz, u; — 112) )
33(1117 C1,C1 — Cz) - 33(112, C2,C1 — 02) = B3(111 — U2,C2,C1 — 02) .
Using (3.4) and(4.24), we apply Young’s inequality to deduce from (4.47) that
1d 0
5%”01 —c* + C—%Hcl — o)}
<{(c1 — )"y e1 — ca) + Baley — ca, 01 — ¢2)
< |Bs(up — uy, ca,¢1 — )| + Uller — exllller — e2flx (4.48)

1

< C’(th —ug|||lu; — 112||1|!C2||\|02Hl> i ler — eallr + Uller — C2||%

< (e + U)ller = call? + C (&) (I = walllfay = ws ] fezlllezll )
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We rewrite (4.46) in the following form

((u; —up)'\uy —uy) + ((u(cl +a) —v(e+ @) Vuy, V(a — ug))
+ <V(02 +a)V(uy —uy),V(u; — ug)) + Ba(u; — ug, up, u; — uy)

=— gV((C1 — Cg)l3, Uy — 112) .

Then using (1.21), (3.4), (4.25), (H9), and Young’s inequality yield that

1d
2dt

Vy

s

ug — l12||%

Ju; — us|” +

<((u1 — ws), uy — uy) + (y(cz Fa)V(u — w), V(u, — u2)>
< ) ((V(Cl +a)—v(c + oz))Vul, V(u; — u2)>

(4.49)

+ By(u; — ug,up, uy — up) + gv((cl — C9)i3, Uy — uQ>

< Coviller — el — gy + [lur — wgl|{jer — co]
1
2

|

Oy =y = e iz {1 ) oy = wslly

<ellw — wlf + C(e) (IIm — wyf[[luy — ua s [Juelfluzly + [ler — 02||2> :
Hypothesis (4.5) implies that we may choose a sufficiently small £ > 0 such that

v 0

€<min{0—é,C—é—U}.
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Taking the sum of (4.48) and (4.49) and applying Young’s inequality we find that

%th — | + [uy — s + %Hﬁ —col” + fler = e[
< C<||111 — w[[lur — wa[[1f|ezf[fle2l1

+ [Jar — wa|[[lur — vzl fuz[luzll:

+ ey = )
< el — wF(fleal* + us?)

+C(e) s = w ) (Jleall? + a3

+ CHCI — 02||2 .

Proceeding as in Lemma 4.4, we can show that ||uy|| and ||¢ez|| are uniformly bounded with

respect to t. Hence choosing € > 0 such that

1

max{||ca|?, [luz[?}”

e<

we obtain that

d d
aﬂul —w|]* + EHCl — oo?

<Clluy = ws|*(Jleall? + 1) + Cler = eal?.

Using Gronwall’s inequality we conclude that for any ¢ € I (recall that both ||us||? and ||cs]?

are integrable on )

[ur = us () +ler — cal ()
t
<Jluy — s [2(0) exp( / (Ihalf? + lleall?) ds

+ OHCI — CQ||2(O) .
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Thus

luy —wg|| =l —e2|| =0, aetel. (4.50)
[

Remark 4.7. Comparing Theorem 4.6 with Theorem 3.7, we can see condition (H7) is not
needed to prove the uniqueness of the solution, i.e., the uniqueness of solution of time
dependent bioconvection can be obtained under weaker conditions than in the steady case.
This is general for partial differential equations with solution dependent coefficient. We also

note that we restrict the equation to a two dimensional model.

4.2 Numerical approximation

In this section, we consider the semi-discrete finite element approximation to solutions
of (4.1). Throughout this section, we assume that the weak solution (u,p,c) of (3.2) exists
and is unique.

We use the same finite element spaces as for the steady bioconvection. Let 7, be a

family of quasi-uniform triangulations of the convex polygonal domain €2 satisfying

max diam 7 < A,
TETH

where h refers to the mesh size. Let X}, M}, and S}, be the corresponding finite dimensional

subspaces of H}(Q), L2(Q), and H, respectively, that satisfy the following approximation

properties
in)f( |V = vpll1 < CR®||v]|s11 v e HM(Q), 0<s<k, (4.51)
VhEXp
inf {lg —qull < CP7[qlls Vge H (), 0<s<k, (4.52)
qneMh
inf It — tallr < CR®||t]|s41 vte HPHQ), 0<s<k, (4.53)
hESh
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for k = 2, 3. For the construction of these spaces, see [63, 62, 52]. Let Uy and C}, be the
approximation of the initial conditions ugy and ¢y in X and S}, respectively. The semi-discrete
finite dimensional approximation of (4.1) is defined as follows.

Given U, € Xh, C) € Sh, find (uh,ph,ch) € Xy, X M;, x S}, such that for any t € I

;

<u;w V> + (V(Ch + OK)VUh, VV> + BQ(uha Uy, V) + b(p}“ V)
= —(9(1 +vch)i2,v) + (f,v) Vv eX,,

b(q,up) =0 Vqe M,, (4.54)
or

(¢, ) + Oa(cp, ) + Bs(up, ¢, 1) — Ulcp, .
To

):O Vr e Sy,

uh(O) = Uh > Ch(O) = Ch .

\

As for the steady biocovnection, we assume that these finite spaces have explicit bases and

that a discrete version of the inf-sup condition (3.26) is satisfied, i.e., for some § > 0,

b(v,
sup 2D > Blol Vg € My, (4.55)
By

For the construction of these spaces, see [63, 62, 52|. Define the discrete divergence free
space

Vh:{VGXhI (V'V,qh)zo, \V/thMh}

and the auxiliary forms B, and Bs

. 1 1
By(u,v,w) = §B2(u,v,w) — §BQ(u,w,v) ,

. 1 1
B3(u7 C, T) = 533(11, C, T) - 583(11, T, C) :

We recall the following properties

~

By(u,v,w) = By(u,w,v) Vv,we H} (),
(4.56)

A

Bs(u,e,r) = Bs(u,c,r) YueV, VereH,
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and the identities

A

By(u,v,v) =0, Bg(u, c,c)=0 Yu,veHQ), Vee H, (4.57)
and the tricontinuous properties

By(u,v,w) < Cpyllul[[vw]i Vu,v,w € Hy(Q),
(4.58)
By(u,c,r) < Cpyllullifleliflrlli Vu € Hy(Q), Ve,r € HY(Q).

It is straight forward to verify that the discrete versions of estimates (4.25) and (4.24) hold,

that is,

|Bs(u.e,r)| < C(lalllullllelllicll)zllrll Yae V., VereH(Q), (4.59)

and

|Bo(u,v, w)| < Cl[ulll[ulh VIV lwlh YaeV, v,weHi(Q). (4.60)

We first consider the discrete version of (4.2).

Find a pair (uy, ¢;) such that for Vt € I,

/

(), v) + (V(Ch + a)Vuy, Vv) + By(up, up, v)
= —(g(L +yep)iz,v) + (£, v) Vv EV,, (4.61)
~ or or

\ (¢}, )+ Oalch,r) + Bs(up, cn,r) — Ulcp, 3_962) = Ua(a—xz, 1) Vres,.

The existence of the above scheme is guaranteed by general ordinary differential equation

theory. Taking v = u; and r = ¢, in (4.61), using (1.21), (1.22), and (3.31), and applying
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Young’s inequality we obtain

Ld )+
——|lu
ot

Vs

3
< (u),,up) + (V(Ch + a)Vuy, Vuh> (4.62)

s ¥

<= (901 +en)iz, wn ) + (F.wn)| < elfunll} + C(JIF = gia* + f1en]?)

and
1d 0
s lenll” + C—éllchllf < (¢ cn) + balen, cn)
8Ch 80h
< |U(en, 52) + U521 4.63
<|Un 5.t) + Ua(z 1) (4.63)

<(e+U)|enll} + C.

7
By (4.5) we can choose small € > 0 such that ¢ < o U. Then (4.63) gives
Q

d
Zlenl® +llealli < €

Thus (4.62) yields

d .
Flunll® + funlls < I = giol* + [lenl® < C.

Integrating (4.62) and (4.63) with respect to ¢ and taking the sum, we obtain the estimate
t

[an |+ flenl® +/ (Huhllf + HchH?) dr<C Vtel. (4.64)
0

Following the same argument, we establish a similar estimate for the exact solution (u, c),
that is
t
P + el + | (Iall + ) ds <€ veer. (465)
0
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After (up, ;) are computed, we compute py, € M), by solving

(pn, V - v) =(u), v) + <u(ch + a)Vuy, Vv> + By(up, up, v)
(4.66)

n (9(1 + vch)ig,v> —(£,v) WeX,.

As in the steady case, by the property of Lagrange multiplier and (4.55), the above equation

is always solvable and the solution p, € M}, is unique in the quotient space M}, /N, where
Ny={gn € M}, : (¢, V-v)=0 VveX,}.

In this way, the pressure p; depends continuously on the discrete solution uy.
To obtain the error estimates, we use the Ritz Galerkin projections ([62], p. 132-139)
rn: HA(Q) = Vi, s, : H— S, , and the L? projection m, : L2(Q) — M, to split the errors

into two parts:
.

h h
u—u,=u—rpu+r,u—u,:=p,+0,,

p—pth—ﬁhp+7rhp—ph::p]’,}+9]’j, (4.67)

c—cp=cC— Spc+ spc— ¢ :zpi‘—l—@f}.
\

The convergence of the projection error is guaranteed by (4.51), that is
loalls =0, gl =0, ekl =0 as h—0. (4.68)
We also have the following estimate for the projection
[rnully < C(llull),  llsnells < C(lell), lmapll < Clpll2) - (4.69)

Then the main convergence theorem of the numerical approximation is stated as follows.
Theorem 4.8. Assume that

(H11) The assumptions of Theorem /.0 hold;
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(H12) u € CYLBY Q) NV and c € CYI; HY(Q) N H (see [52], p. 211).

Then the solution (uy,cy) converges to the exact solution (u,c), i.e.,
lu—up||+|lc—cn]] =0 as h—0.

Proof. In light of (4.68), it suffices to estimate 67, 0" and 6". Subtracting (4.1) from (4.54)

w “p

with v = 6" r = 6, we have that

(u, — ', ")+ (V(ch +a)Vuy, veﬁ) - <V(c + o)V, veﬁ)

+ E’g(uh, uy, Hh) — Eg(u, u, Hﬁ)

u

(4.70)
=— gv((ch — ¢))ia, 0ﬁ>
and
h
(¢, — ¢, 9?) + ba(cy, — ¢, 6’?) + Bs(uy, ¢, 0?) — Bs(u,c, 0?) —Ul(ep, — ¢, g%) =0. (4.71)
2

Notice that 6% € V}, and 6 € Mj,. Therefore the definition of V;, implies that b(6”,67) = 0,
ie.,

The following identities are guaranteed by (4.57) .

By(up, uy, 0) — By(u,u, 0%) = By(0" uy, 01) + By(rpu, pl, 07) + By(ph, u, 67)
and

Bs(uy, ¢y, 0") — Bs(u, ¢, 0") = Bs(6", ¢, 0") + Bs(ryu, pl, 0%) + Bs(pl, ¢, 6") .

[
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Then combing (1.21), (3.4), (4.60), (4.59), (4.64), (4.65), and (H12), we apply Young’s

inequality to deduce from (4.70) and (4.71) that

1d
2dt

Vy

s
(605, 88) + (v(en + @)V, V0L )

[ e [
< ((p"Y, M) + <I/(C + )V, Vﬁﬁ) + ((V(Ch +a)—v(c+a))Vu, V@Z)
+ BQ(eﬁ? Up, eﬁ) + BQ(thL pﬁa eﬁ) + BZ(pﬁa u, eﬁ)

+b(p), 00) + gv((ch — €)ia, 93) |

(4.72)
< (LY 1851+ v 1650l + Covelle = eall 41l
+ BN + grllen — o]
1
o+ C110ull (1OLNNO Il ralla)® + skl + ol )
< ell6ull? + C s, &) (1A 12 + LIS + 10ull8ulls a1
o IOBII -+ 10212 + Nt 1)
and
1d 0
- 9h 2 s eh 2
Sl + 0L
(01, 02) + 0a(0},02)
h\! ph h ph 89?
<[((oly ) + 0alt, 62) + Ulen — ¢, 52
81‘2
+ B?)(eﬁ; Ch, 9?) + B3(Thu7 p?a 9?) + B3(pﬁ7 ¢, 0?) (4 73)

< N(oe) Mol + Ol Nl el + Ullen — clllloe
1
+ CH@?Hl((H9ﬁ|l||9ﬁ||1||chl|||ch||1)2 + el ozl + ||pﬁ||1||0|\1>
< ellbz]i + C(u,c) (H(ﬂ?)'H2 + el + llpullt

+1Oa 68 llenlllenll + 1o211* + ||9Z’||2> :
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Taking the sum of (4.72) and (4.73), applying Young’s inequality again we obtain

NP+ 10413 + 101 + %13
< e((16A1R + [l 13)
+ C(IGRY I+ 1Y 12 + oA+ 16213 + k12 + 16212 + 1711
0002 s el + 104016 s e el (4.74)
(14 lenl + lrwall2 ) 16211 + 6213
+ C(IAY I+ 1Y I + 1608 + 1ol 3
B 10+ 10l + (ol + enl12) 16411)

Proceeding as in Lemma 4.4, we can prove the uniform boundedness of ||uy|| and ||cs|| with

respect to h. Choose € > 0 such that

1
L4 [[ug|? + [len|?’

1.

£ < min{
Then (4.74) leads to

d
- eu 2 90 2>
= (1611 + 6.
<CIA 12 + 1 EYIE + ol + 1oEIE + 1ok + o} 1)

+ O (14l + llenl?) (I6ul® + 16611

Integrating with respect to s from 0 to t gives

105117 + 116 11” <H9h|!2(0) +[1611%(0)
0

+C | (1l + llenl?) (16502 + 116212 ds

0
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Applying Gronwall’s inequality we have

t
621+ o2 < (e&I2(0) + 18212(0)) exp (€ [ 1+ franlf + fnl?) )
0
t
4 [ (NGRYIP+ IRV + 181 + 21 + 21° + 1617) ds
0 (4.75)
< C(II0n = woll® + G — col?)
t
[ (N NP+ ol + el + el + ) s),
0

since ||uy||? and ||c,||? are integrable on I according to a similar argument as in Lemma

4.4. [l

Remark 4.9. The proof of the convergence of pressure p, remains open.

4.3 Numerical experiments

In this section we describe a numerical experiment in two dimensions to verify the
convergence of numerical scheme (4.54). In this experiment, the parameters used were as in

Section 3.3. Construct the Taylor-Hood element and assign the parameters as
=01, U=01, =1, oa=10%,

and

v(r)=sin’z+1, z¢cR.

The forcing term f was chosen so that the exact solution is

.
u = V/t(sin 7z sin 7wy, sin e sinwy)

p= \/Esinmvsinﬂy,

c= \/Esinmvsinﬂy.
\
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Table 4.1: Convergence rate in L*(I; L*())

F [ Ta—wll [ —pall [ le—cal
1/2 0.0067 0.2386 0.0128
1/4 7.72e-04 0.0531 0.0014
1/8 8.84e-05 0.0128 | 1.75e-04
1/16 1.16e-05 0.0030 | 2.20e-05
1/32 1.51e-06 | 7.23e-04 | 3.06e-06

conv. rate 2.94 2.05 2.85

Table 4.2: Convergence rate in L?(I; H'(2))

R [ Tu—will [ o —palls [ Nl —eall
1/2 0.1065 0.5044 0.0415
1/4 0.0264 0.2298 0.0103
1/8 0.0066 0.1070 0.0027
1/16 0.0016 0.0474 6.85e-04
1/32 0.0004 0.0233 1.71e-04

conv. rate 2.00 1.02 2.00

Since our focus is on the convergence of the numerical solution with respect to the mesh size
h, we used the time step £ = 1075, The numerical errors for different mesh sizes are shown in
table 4.1 and 4.2, from which we can see that the error tends zero as h become smaller just as
stated in Theorem 4.8. Furthermore the numerical method achieves the optimal convergence

order although we did not prove it.

4.4 Conclusion

In chapter 3 and 4, we studied the mathematical model of bioconvection caused by
average upswimming micro-organisms. The PDE system consists of a Navier-Stokes type
equation for the velocity and pressure coupled with a parabolic equation for the concentra-
tion. The viscosity is assumed to be dependent on the concentration. We established the
existence and uniqueness of a weak solution of both steady and evolutionary bioconvection.

We then constructed finite element approximation of the weak solutions and proved the

104



convergence of the numerical approximation to the exact solution. We used our numerical
method to simulate the velocity and concentration distribution inside a small container. The
uniqueness result and the convergence theorem for the evolutionary case are only valid in
the two dimensional case. The convergence of the discrete pressure remains open for the

time dependent bioconvection.
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Chapter 5

Conclusion and future work

Conclusion. We studied two systems of partial differential equations with coefficients
that depend on the solution. The first, a quasi-static poroelasticity is a system comprised
of the equation of linear elasticity and and a nonlinear diffusion equation, and the second,
a Navier-Stokes type system, both systems were studied using the modified Rothe’s method
to handle the solution dependent coefficients. We established the existence and uniqueness
of solutions, and conducted numerical experiments approximating weak solutions of both
systems using the finite element method . Numerical simulations were constructed to show
the accuracy of the models.

Future work. Many equations remain unresolved and various extensions to the present
work are possible.

1. More efficient numerical methods may be considered, including finite volume method
and discontinuous Galerkin methods.

2. The equation of quasi-static poroelasticty can be considered subject to general bound-
ary conditions. Introducing general boundary condition may change the null space of oper-
ator B defined in chapter 2. The energy estimate may need to be modified.

3. We may consider the fully dynamic model (1.9) with secondary consolidation, that

2
is, with the two terms Popt and \,.V—(V - u). Both cases result in coupled systems of

dt
hyperbolic and parabolic equations.
4. Many poroelasticity problems have multi-scale features. For instance, we consider a
rock with small pores. On the macro-scale we consider a deformation equation of the rock

while on the micro-scale we solve a diffusion equation inside the pores. In Biot’s model

the two equations are coupled through the Biot-Willis constant «. However, in view of
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multi-scale finite element method, the two equations can be coupled through mathematical
homogenization by constructing multi-scale finite elements. More work and details can be
found in [64].

5. System (1.19) can be extended to equations that model the convection caused by the
admixture in the atmosphere and ocean which is important in the study of earth ecology

and which involves large scale computation and multi-species creatures [34].
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