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Abstract 

 

 

 The focus of this research is to develop a system for limiting the motion of a mechanical 

joint to prevent damage to the joint.  One obvious application is enhancing the safety of human 

joints during athletic events.  For maximum reliability, the designer should eschew electronic 

sensors or actuators.  The system also must provide minimum mechanical inhibition or altered 

stiffness (even if elastic) inside the safe zone of motion, but significant strength as well as 

stiffness on the border of the jointôs safe zone.  To this end, several domains were investigated, 

starting with an adaptation of Auburnôs patented ñopen structuresò with a weave that gives some 

bending compliance, layup-varying approaches (just as aeroelastic tailoring uses special layup 

directions to produce deflection coupling for altered aerodynamic properties), and new chainmail 

weaves.  These approaches were all unsuccessful, but later research found planar compliant 

mechanisms and fabric arrays of teeth stiffen sufficiently in simple bending through self-contact.  

The former were rejected because of their discrete, unconforming nature, but the latter proved 

successful in restricting a test fixtureôs motion when wrapped into a cylindrical shape.  Finally, 

the fabric arrays of teeth were successfully adapted into pre-curved arrays that can be worn 

around a human ankle and limit its motion; however, an attempt to generalize the compliant 

planar comb idea by revolving its shape about an offset axis produced insufficient stiffening up 

(even when special backbone geometries that stiffen in tension were used), indicating that fabric 

backbones are a key component of the material.  Further research is needed into how to generate 

tooth geometries for the fabric-backed arrays that will conform to a complicated shape (like the 

lower leg) and lock up at a specific desired angle. 
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Chapter 1.  Problem Statement and Review of Protection Strategies. 

 

 

Introduction.  

 Athletes, especially at the most elite levels, must push their bodies to the limit in terms of 

force developed versus maximum safe joint force and in terms of rate of movement and 

acceleration versus the nervous systemôs minimum response time.  As such, athletes often risk 

debilitating (if hardly life-threatening) injuries from forcible overextension of joints given the 

low ñsafety factorò under which they operate.  The most common embodiment of such an injury 

is when an athlete tries to change direction dynamically with parts of the body in an improper 

position, thereby risking a tear in cartilage or ligaments of the ankle, knee, or hip.  Given the 

short timescale and high inertia of the event, even if the athlete realizes the danger of his 

movement early on in its execution, he probably will be unable to ameliorate its effects. 

 Athletes already employ protective strategies, but they are of limited utility and are 

fraught with performance-reducing characteristics.  For instance, basketball players are known to 

bind their ankles with a moderate-stiffness polymer fabric; unfortunately, this restricts the 

athleteôs feasible range of ankle motions (and may thereby impact running performance).  

Similarly, this practice also adds unnatural stiffness: specifically, this can increase the time 

required to move the foot, and it adds restoring stiffness that might cause the foot to overshoot its 

rest position when a load is removed. Plus, sources of energy dissipation (from viscoelasticity in 

the band, to sliding friction, to fibers sliding relative to each other) waste some energy (even if 

the elastic force is desirable), although this may be relatively insignificant.  More to the point, 
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because the stiffening of the ankle joint is relatively constant with respect to deflection, without 

practically immobilizing the joint, little real protection can be achieved, and thus only player 

vigilance and inherent bodily strength can prevent injuries. 

  Ironically, a protective device that allows a maximum of freedom of movement (just 

barely under the threshold for injury) could reduce injury incidence relative even to that of the 

stiffest ankle binding because the free protective device would allow recruitment (thus 

strengthening) of the peroneal muscles while the ankle is inside the safe range.  These muscles 

stabilize ankle eversion, and ankle binding has come under fire from sport enthusiasts for the 

way in which it limits peroneal muscle usage during non-mission-critical practice1 strengthening 

them (and entraining their reactions) would add to joint strength in play and prevent a strength 

deficit that would be problematic when the device is not being worn.  If it were possible to 

develop a solution that is superior both to an unprotected joint and the unnatural, restrictive, and 

ineffective ankle-binding strategy, it would significantly reduce player downtime, which one 

presumes can cost teams significant amounts of money that could justify even an expensive, 

effective protection strategy. 

 That said, assuming an unlimited acceptable price is folly.  While the popularity of high-

end Nike shoes shows that people will pay a premium for footwear (even though air soles appear 

to increase the likelihood of injury relative to higher-quality shoes2), the price must be limited as 

much as possible to broaden the available market.  In particular, children will likely especially 

benefit from this device as theyôre still growing and injuries sustained in sports could 

                                                 
1 Smith, Jimmy. "The Ankle Paradox." The Ankle Paradox. T-Nation, 12 Feb. 2008. Web. 22 Feb. 2015.  

2 Mckay, G. D. "Ankle Injuries in Basketball: Injury Rate and Risk Factors." British Journal of Sports Medicine 

35.2 (2001): 103-08. 
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permanently hamper development (even if comparable adult injuries could easily be recovered 

from); however, as thereôs no money to be made from childrenôs sports, families would have to 

buy the device out-of-pocket.  

 Of course, the issue of clothing costs raises a related question of the importance of the 

itemôs appearance.  Given the importance of competitive symbolism to an athleteôs psyche 

(however irrelevant to the physical considerations of athletic performance), the device should not 

advertise the wearerôs concern for his joint safety, although if it could be recast as a significant 

advantage allowing risk with impunity, its adoption would be faster as wearers could hope to 

intimidate their opponents just by wearing it. 

Sponsorôs Requirements.    

 The most important of the sponsorôs requirements is that the device have the strength and 

stiffness to prevent deflection of the ankle (or other human or even mechanical) joint past certain 

safe limits, or, failing this, to absorb as much energy as possible so that the excursion outside the 

safe limit is as non-dynamic as possible and can be resisted by the bodyôs tendons and ligaments 

well.  It is similarly quite important that the device have very low or even true zero static 

stiffness within a certain range. Likewise, dissipative forces should be minimum within the safe 

regime.  Common sense also suggests that there should be a limit on the rate at which stiffness 

ramps up as one gets close to the edge of the safe envelope.  Also, clearly the solution needs to 

be lightweight, and it should always conform to the leg and ankle rather than taking up 

significant real estate outside the limb ï this sort of geometry would not only increase the inertia 

of movement of the leg in certain directions, but it would also likely collide with other limbs in 

movement.   
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Mechanics and Mechanisms of Injury of  the Human Ankle. 

 The ankle complex actually consists of two separate joints, although the bones associated 

with one are both hidden and coupled with the other such that to casual observation it appears 

there is only one.  The true ankle joint, known more technically as the talocrural joint, is 

generally modelled as a hinge with only one degree of freedom3: this is the most obvious motion 

of the ankle complex.  Special names are assigned to this mode depending upon direction: 

dorsiflexion (sometimes called ñfoot extensionò) is said to entail bringing oneôs forefoot 

upwards, plantarflexion (sometimes referred to simply as ñfoot flexionò) the opposite.  Figure 1 

illustrates connects the nomenclature with joint direction. 

 

Figure 1: Showing plantarflexion and dorsiflexion deflection modes from neutral in a human foot4. 

  The axis around which the true ankle joint initially  rotates is somewhat rotated from 

ñevenò horizontal and vertical angles, as Figure 2 shows.  (There are significant variations in the 

                                                 
3 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print. p.440 

4 Image source: http://garrettmclaughlin.com/2014/02/04/self-evaluationtreatment-strategies-for-the-ankle/ 
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literature as to the reported neutral values of these angles, with Figure 2ôs taken from [5].  They 

may vary significantly enough to require personalization).  Moreover, minor changes in the 

orientation of this rotational axis occur with respect to joint rotation, for it is not a perfect 

revolute jointðhowever, the ankle-complex motions of inversion and eversion see much greater 

changes in the orientations of their rotary axis.  Plus, there is of course no such thing as a perfect 

constraint, and the true ankle joint has some freedom in the coronal plane (the plane 

perpendicular to the initial ñmainò axis of joint rotation) and even in the transverse plane (the 

plane roughly perpendicular to the legôs axis), especially at significant rotation from neutral6.  

The plane in which the main rotation occurs is known as the sagittal.   

 

                                                 
5 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print. p.444 

6 Modeling and Simulation of the Foot and Ankle to Predict Ankle and Subtalar Joint Motion, citing Lundberg, A., 

Svensson, O.K., Nemeth, G., Selvik, G., ñThe Axis of Rotation of the 

Ankle Jointò, J. Bone J Surg., v71B, 1989, 94-99 and Lundberg A., Goldie I., Kalin B., Selvik G., ñKinematics of 

the ankle/foot complex: 

plantarflexion and dorsiflexionò, Foot & Ankle, v9, n4, 1989, 194-200 
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Figure 2: Average angles of the initial axis of the ankle joint.  Note that the axis rotates somewhat throughout 

plantar/dorsiflexion. 

  Dorsiflexion and plantarflexion comprise the most important of the ankleôs three modes, 

at least as concerns gross human mobility; hence, most human foot prosthetics currently on the 

market consist of flexible beams that bend around the ñcoronalò axis (i.e. that associated with 

dorsiflexion/plantarflexion in a natural foot) yet are stiff in torsion and about the ñlongitudinal 

axisò (i.e. that associated with inversion/eversion).  Figure 3 shows one such prosthesis. 

~23° 

~14° 
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0 

Figure 3: Carbon-fiber foot prosthesis.  Note its relative compliance in bending about the coronal axis. 

 The free range of motion customarily given for the ankle joint in dorsiflexion is around 

10° to 20°, and that for plantarflexion ranges from 20° to 50°7; strictly speaking, these values are 

for the entire foot (including the freedom in this direction added by the subtalar and transverse 

tarsal joints to that of the true ankle joint), and when the ankle joint is isolated, its freedom 

affords 10° of dorsiflexion and 20° of plantarflexion8.  A minimum functional range of 10° of 

dorsiflexion (from all joints) is required for ambulation without significant gait problems or 

injury9.  Interestingly, the range of motion for dorsiflexion is slightly reduced when the knee is in 

                                                 
7 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 464 

8 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 465 

9 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 465 
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extension (i.e. leg straightened) as compared with that when the knee is in flexion (i.e. leg 

bent)10. 

Despite the importance of sagittal rotation to general ambulation, ankle injuries rarely 

occur in excessive pure dorsiflexion or plantarflexion: pure-plantarflexion injuries are rare 

(anecdotally, their main cause is when one kicks a solid object with toes pointing downwards, 

mistaking it for a ball that is to be kicked with a precise soccer kick11ðhowever, if one kicked a 

movable object like a soccer ball in this position, no injury would result, and constraining 

plantarflexion before this position could be reached would inhibit kicking accuracy; whether or 

not to attempt to constrain it likely depends on how close it is to the envelope of injury), and 

pure-dorsiflexion injuries seem likely only in falls from great height, being likewise 

unreferenced in the literature.  Indeed, some dorsiflexion actually increases the ankleôs vertical-

load-bearing capacity12.  However, when rotation in the sagittal plane is coupled with another 

rotation (principally inversion, as discussed below), injury becomes more likely than when 

rotation in the sagittal plane is neutral.  It is then not immediately apparent whether constraints 

should exist in the range encompassing pure dorsiflexion and plantarflexion, or whether 

constraint should exist only when another joint motion (inversion/eversion or transverse rotation) 

is added.  Given anecdotes of injury from a kick to a , it may be preferable to prevent high 

plantarflexion/dorsiflexion than merely to guard against any subsequent excessive 

                                                 
10 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 467  

11 "Rupture of the Joint-capsule at the Front of the Ankle Joint." SportNetDoc.DK. Web. 22 Aug. 2015. 

<http://www.sportnetdoc.com/foot-ankle/rupture-of-the-joint-capsule-at-the-front-of-the-ankle-joint>. 

 
12 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 465 
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inversion/eversion, even though it is the latter that will do the damage, due to constraints in the 

rate or precision of lockup. 

This brings the study of the ankleôs constraints to the salient joint mode as concerns 

protection: inversion and eversion, which are rotations involving the subtalar joint. Strictly 

speaking, these gross, highly-coupled motions are known as supination and pronation: supination 

contains the inversion component of rotation in the frontal plane, plus other components, and 

pronation likewise consists of the eversion component plus other rotations.  However, these 

motions are more commonly referenced by their frontal-plane components (i.e. as 

inversion/eversion) than as supination and pronation; the lack of consistent nomenclature is an 

irritant to some commentators13.  Figure 4 illustrates these two modes. 

 

Figure 4: Inversion entails rotating the outer edge of the foot down; eversion is the opposite.  Image source:14 

The foot complex also sees a modicum of rotation in the transverse plane.  Figure 5 

depicts this mode, using the nomenclature assigned to it: as resolved into the transverse plane, 

                                                 
13 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 449 

14 Image source: http://www.courses.vcu.edu/DANC291-003/ankle_moinev_copy.jpg 
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abduction (sometimes called lateral axial rotation) is the outward rotation component, adduction 

(sometimes called medial axial rotation) the inward. 

The kinematics of foot pronation and supination are vastly more complicated than those 

of dorsiflexion and plantarflexion, for the former two are strongly coupled with transverse 

rotation (as well as some dorsiflexion or plantarflexion), whereas frank dorsiflexion and 

plantarflexion can occur with very little coupling.  Herein lies the inherent kinematic complexity 

of the ankle joint.  The complexity only intensifies when one considers that the ankle has 

somewhat different coupling when it is weight-bearing compared with when it is not15. 

 

 

Figure 5: Abduction (outward rotation) and adduction (inward rotation) of the ankle complex relative to a stationary leg. 

                                                 
15 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and Function: A 

Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p. 448 
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Figure 6: Nomenclature of initial planes for the freedoms of the human ankle complex.  Note that rotation in one mode is never 

perfectly confined to the plane therewith associated (especially for inversion/eversion).16 

 While it is important to note that this motion-limiting device could be adapted to many 

other joints, advising experts commend the ankle-subtalar complex to the writer for its current 

vulnerability, comparable only to that of the knee joint.  Additionally, the knee both possesses a 

greater range of motion and experiences greater moment loadings than does the ankle, both of 

which are likely to render the development of a protective strategy for it more difficult than for 

the ankle.  Finally, players often rest upon one knee (or frequently land thereon); hence, a 

protective device for the knee must also be comfortable in this position and capable of bearing a 

significant fraction of the playerôs weight in the form of a localized compression. 

Basic Angular Limits. 

 Treating the above-described modes of ankle rotation as uncoupled and the axes of 

rotation as non-rotating during throughout the range of motion of the ankle, average ranges for 

safe movement without injury and needed freedom for most athletic endeavors have been 

calculated.  Even the average values vary from one source to another, and ideally at least the safe 

                                                 
16 Image source: http://www.insolepro.co.uk/biomechanics.html 
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range for each relevant degree of freedom would be calculated for each individual athlete (then, 

the designer would extrapolate from this to calculate the angle at which lockup should begin, i.e. 

where the end of the needed freedom for athletic performance would be reached).  Note that a 

rotation from neutral along one axis can change the angle of onset of danger for another 

rotational mode.  

Individualization Concerns. 

A manufacturing technique that allows interchanging parts (for instance, the force 

regulator, the shoe, and the connection to the upper leg) would be useful as it could 

accommodate natural variations not only in leg and foot sizes but also safe range of motion for 

athletes (which might be a highly-individualized function of previous injury history, limb shapes, 

stretching regimes, etc.). 

 The sponsor also rightly distrusts electronic system elements (sensors, processors, and 

force actuators) as they may not be reliable.  Also, no conveniently-portable actuator could 

produce enough force to itself resist an adult maleôs inertia developed when landing improperly 

in a run; however, itôs conceivable that a lock engaging a stiffening property of a segment could 

be engaged even with a very light servomotor.  If the approach outlined in this thesis fails, future 

researchers could investigate this óelectronic lockingô approach instead. 

Current Protection Devices. 

 The simplest protection strategy consists of binding the ankle.  However, as discussed 

above, it is often insufficient to protect against injury, and may be counterproductive to an extent 

since it weakens the muscles that stabilize the ankle against injury.  Plus, its linear response 

yields unnecessary restriction inside the safe zone. 
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 Orthotics, largely intended to assist or protect the joints of already-injured patients, also 

deserve attention.  Some interest in orthotics that can be customized to the individual has 

prompted CRP Technology17 to research ankle orthotics that can be custom-printed for each 

individual by the expensive but precise 3D printing technology of Selective Laser Sintering 

(SLS).  SLS technology traditionally utilizes nylon powder, but for greater strength in orthoses, 

CRP Technology also has developed relatively strong and stiff materials for SLS printing that 

use chopped, unaligned carbon fiber and polyamide.  While this reinforcement is somewhat of an 

improvement over unreinforced nylon, the resulting mechanical properties are still vastly inferior 

to those of composite parts made by traditional layup techniques because the process cannot use 

sufficiently-long fibers to maximize matrix-fiber adhesion, and the fibers cannot be aligned in 

load directions.  Ultimately, the orthosis is presumably intended to have high constant stiffness to 

enable rehabilitation of an injured joint, not variable stiffness to promote safety and high 

performance in a healthy joint.  Figure 7 shows a sample ankle orthosis developed by CRP. 

                                                 
17 "The New Frontier in Generative Orthotics." CRP Technology 3D Printing and Additive Manufacturing Company 

RSS2. CRP Technology, 16 July 2014. Web. 18 Aug. 2015. 
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Figure 7: CRP Technology's ankle orthosis, custom-sized for each individual and then manufactured with carbon-fiber-

reinforced polyamide by selective laser sintering 3D printing technology, from 18. 

 One concern with protection devices in general is the possibility of simply shifting injury 

locus throughout the body: for instance, a very stiff protection device at the ankle might 

completely shield it from injury during a fall in which the ankle is subjected to moments to 

which it is unsuited, but these moments could then be transferred to the knee and injure it 

instead.  Indeed, this particular outcome would probably be worse than the ankle injury that was 

prevented since the knee is so complex and so crucial to basic walking.  In defense of the 

concept, however, if knee injury would have been avoided by the ankleôs failure, this would be 

the result of energy dissipated in tearing associated ankle ligaments (or even fracturing bones, as 

occasionally occurs in ankle injury), and this energy-dissipation mechanism could be replicated 

in an artificial protection device by engineering material yielding, much as emergency bungee 

cords experience significant plastic strain  

                                                 
18 Image source: http://www.crptechnology.eu/2201-new-frontier-generative-orthotics.html 
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Derived Mechanical Requirements. 

 Ignoring shearing, axial compressive, and axial tensile loads (none of which athletes are 

likely to encounter), there are three modes of joint movement whose allotted safe operating 

ranges could be exceeded: inversion/eversion, plantarflexion/dorsiflexion, and transverse 

rotation.  Figure 1, Figure 4, and Figure 5 show these modes, and Table 1 shows some common 

safe ranges of motion (in quasi-static loading) for the ankle joint.  Inversion is by far the most 

common source of injury, although the safe operating range for inversion tends to decrease with 

other joint displacement (i.e. dorsiflexion/plantarflexion and/or transverse rotation).  This 

coupling of joint motions dictates an important requirement: the system must either limit 

deflections in one direction differently depending upon the instantaneous deflection in another 

direction  During normal walking, no joint direction is constant over any portion of the stroke, 

and the axis of rotation for inversion/eversion changes with respect to the amount of 

inversion/eversion; this complicates analysis of the joint motion, although rigid-body dynamics 

programs have been produced that can use force and motion capture data from real people to 

produce curves of joint forces, motions, instantaneous rotation centers, etc.  

Table 1: Average safe and working ranges for several joint modes for the human ankle. 

Joint Mode Max. Average Safe Angle 

(Uncoupled!) 

Dorsiflexion 10-20°19 

                                                 
19 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and 

Function: A Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p.444, citing 

numerous 



16 

Plantarflexion 20-50°20 

Inversion 20-30°21 

Eversion 5-10°22 

Transverse Rotation ~10°23 

 

 In order to control the ankle joint, a sturdy connection must be established between the 

device, the foot, and the lower leg (this assumes that the device is not directly connected to the 

bone immediately surrounding the ankle, which is a reasonable assumption since it would be 

very difficult to exert an effective torque this close to the ankle).  Thus, the sleeve that goes on 

the lower leg should not slide or rotate relative to the leg, or it will not be able to adequately 

capture the joint rotation or inhibit it.  

  

  

                                                 
20 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and 

Function: A Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p.444, citing 

numerous 

21 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and 

Function: A Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p.450, citing 

numerous 

22 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and 

Function: A Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p.450, citing 

numerous 

23 Levangie, Pamela K., Cynthia C. Norkin, and Pamela K. Levangie. Joint Structure and 

Function: A Comprehensive Analysis. Philadelphia: F.A. Davis, 2011. Print, p.451, citing 

numerous 
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Chapter 2. Preliminary Research into Stiffening-up Materials and Systems 

 
Abstract. 

 A survey of material science literature found no known materials that experience sharp 

but elastic stiffening after a fixed amount of tensile strain.  Most materials become less stiff with 

strain (particularly as they enter a plastic region, if applicable).  Some foams are known to 

become stiffer in large-strain, plastic compression due to increasing self-contact of cells, and 

some polymers have a J-shaped tensile stress-strain curve (some experience stiffening up only in 

plastic deformation; others are elastomers whose stiffening up is indeed elastic but requires high 

strain and is of modest magnitude, which would necessitate undesirably-high thickness in the 

protective device); however, highly-crosslinked elastomers do not even feature J-cure-style 

stiffening.  Various weaves of chainmail, both extant and unique to this team, were also 

investigated, but the chainmail idea was deemed impractical due to manufacturing and 

computational difficulties.  Microstructures that experience stiffening in one-dimensional tension 

were evaluated for stiffening in bending, but with little success.  Finally, a variation on Auburn 

Universityôs classic tubular óopen structuresô of braided composite yarns24 was investigated for 

stiffening in bending.  While it might be feasible to create such structures with very low initial 

bending stiffness, most tested here showed mild stiffening up at best and was not very consistent 

from test to test.  Thus, these investigations were put on hold.  

Introduction.  

                                                 
24 Austin Gurley, ñDesign and Analysis of Optimal Braided Composite Lattice Structuresò  
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 It is easy to think of materials that get softer after a significant amount of strain, usually 

at their yield pointsðductile metals display this phenomenon, as do ductile thermoplastics.  

However, any increase in material stiffness (let alone one significant enough for this application) 

is far rarer.  Many foams exhibit gradual stiffening in crushing; for instance, Figure 8 shows 

plots of stress vs. compressive strain for a certain well-understood industrial foam.  However, 

foam crushing is not an ideal mode of protection for this assignment, mainly because it is highly 

plastic even within the safe region, thus not only wasting energy but causing the protective 

device to quickly deteriorate even absent any excursions outside the safe zone.   
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Figure 8: Compressive nonlinearity of conventional, non-auxetic foams, taken from [25]. 

Hyperelastic Materials and Stiffening Behavior. 

 Many elastomers evince significant stiffening in tension at high strains, often on the order 

of 1 or greater.  However, not only is the magnitude of final to initial stiffness ratios for 

elastomers unlikely to be sufficient for this application, but the transition is broad and takes place 

over much larger strains than could easily be accomplished with a conceivable protective 

                                                 
25 Choi, J. B. and Lakes, R. S., "Nonlinear properties of polymer cellular materials with a negative Poisson's ratio", 

J. Materials Science, 27, 4678-4684 (1992 
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geometry.  Figure 9 shows an example stress-strain curve for an elastomer that stiffens.  Such 

behavior is often referred to colloquially as a ñJ-curveò.  

 

Figure 9: Hyperelastic materials sometimes stiffen greatly in tension.  Taken from26. 

Flexible biological materials, such as blood vessels, also often have J-curve stress 

responses in tension, giving them great toughness and low energy release upon cracking for their 

modest initial stiffnesses27.  For instance, Figure 10 shows the tension-response of human lung 

tissue. 

                                                 
26 "Obtaining Material Data for Structural Mechanics from Measurements." COMSOL Blog. 2015. Web. 03 Aug. 

2015. <https://www.comsol.com/blogs/obtaining-material-data-for-structural-mechanics-from-measurements/>.  

27 "J-Shaped Curves." TLP Library Elasticity in Biological Materials. University of Cambridge. Web. 03 Apr. 2015. 

<http://www.doitpoms.ac.uk/tlplib/bioelasticity/j-shaped-curves.php>.  
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Figure 10: Tension-stiffening behavior of lung tissue samples at moderate strains.  This is reminiscent of the behavior of 

synthetic elastomers.  Taken from28 

 Also, many elastomers stiffen in compression after a modicum of deformation due to 

their high Poissonôs ratios and corresponding near incompressibility.  Figure 11 shows a Yeoh 

model of a specific elastomerôs mechanical behavior reflecting this stiffening behavior.  

                                                 
28 ñA distributed nonlinear model of lung tissue elasticityò Geoffrey N. Maksym, Jason H. T. Bates. Journal of 

Applied Physiology Published 1 January 1997 Vol. 82 no. 1, 32-41 
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Figure 11: Yeoh model for an elastomer showing rapid stiffening after around 0.3 strain in compression.  Taken from 29 

 Elastomers exhibit other complexities besides mere tension-stiffening and plasticity, 

including viscoelastic effects and the Mullins Effect, whereby the material is dramatically more 

compliant the second and subsequent times it enters a stress region (i.e. in cyclic loading and 

unloading), although this effect does not really apply to thoroughly-crosslinked elastomers30.  

These effects do not necessarily render them unsuitable for the protective application, but they 

might complicate design. 

Solid Rubber ñSockò Tested for Stiffening-Up. 

                                                 
29 ñMSC.Software: Whitepaper - Nonlinear Finite Element Analysis of Elastomers.ò  

http://www.mscsoftware.com/Submitted-Content/Resources/WP_Nonlinear_FEA-Elastomers.pdf 
30 ñMSC.Software: Whitepaper - Nonlinear Finite Element Analysis of Elastomers.ò  

http://www.mscsoftware.com/Submitted-Content/Resources/WP_Nonlinear_FEA-Elastomers.pdf 
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 A quick FEA of an elastomer having some stiffening behavior after compressional and 

tensile strain was conducted to determine if these material properties alone (absent any special 

geometry) could confer stiffening up.  A ñlegò was modelled as a basic rigid cylinder rotating 

about an axis enclosed by a cylinder of elastomer.  The analysis was quasi-static, with 

viscoelasticity of the rubber and friction in the contact ignored; the material model used was the 

3rd-order Yeoh model, with certain coefficients that conferred stiffening up in tension and 

compression.  Graph 1 shows the material response of the 3rd-order Yeoh model with the specific 

coefficients used in this study. 

 

Graph 1: 3rd-order Yeoh material model's response to uniaxial tension and compression plotted with the coefficients used in this 

study (along with several other potential elastomeric material models with similar behavior). 

Also, rubber self contact along the outer edge was to be checked for (in case complicated 

buckling brought the outer surface into contact with itself).  Figure 12 shows the geometry, mesh 
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(consisting of 2nd-order, mixed u-P formulation, hexahedral elements), and ñlegò rotation 

direction of this simple simulation.   

Initially, using the incompressibility parameters D1, D2, and D3 of the Yeoh model all 

equal to zero (as most literature shows them), the study failed to converge after the slightest leg 

rotation, despite viscoelastic-mimicking stabilization, repeated bisection, loosened convergence 

tolerances, aggressively-updated contact stiffness (especially important given the huge disparity 

in stiffness between ñlegò and the rubber ñsockò).  This may be due to difficulties with those 

regions of the mesh in compression (which could be nearly hydrostatic, given the constraints of 

the symmetry region, leg, and vertical compression effects).  However, setting the 

incompressibility parameters all to 1.2e-11 allowed relatively easy convergence.  As shown in 

Graph 2, there was indeed some stiffening-up behavior in the moment reaction required of the 

leg to rotate (although the data was surprisingly noisy, with a consistent tendency for individual 

points to jump towards zero moment reaction); however, it was not nearly as sudden as desired, 

nor indeed as sudden as the elastomer modelled stiffens in either uniaxial compression or 

tension.  Despite the near incompressibility of the elastomer, its very low shear stiffness likely 

allowed stresses to spread to areas of the sock not directly contacting the leg, thereby reducing 

the concentration of uniaxial tensile and compressive stresses that could provoke stiffening; a 

contour plot of von Mises stress is shown in Figure 13. 
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Figure 12: Thick rubber sleeve to be tested in FEA for gross stiffening in bending. 
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Figure 13: Plots of von Mises stress for the rubber sock, after 12.5° of leg rotation. 

 

Graph 2: Moment reaction for solid rubber sock.  Note that the scatter in the data appears biased consistently towards zero, and 

thus the boundary of the data (which can easily be fit with a separate polynomial) may be the most accurate relationship between 

moment and angular rotation. 
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Though this geometry was unsatisfactory, it may be that a more-complicated geometry 

containing rubber could prove an answer to this question; an interested reader may want to skip 

to Chapter 4 on the ñannular combò concept. 

Chainmail Weaves. 

 Chainmail is a textile traditionally constructed of interlocking metallic links.  In medieval 

times, it was used for relatively-flexible armor, and it is still employed as a glove material by 

butchers who work with very sharp knives.  Due to the axial and bending stiffness of chainmail 

links, most chainmail weaves possess features rarely seen in textiles: significant compressive 

stiffness, resistance to buckling, and, most appealing of all, bending stiffness that begins after a 

zero-stiffness regime.  At the level of individual links, this behavior results from contacts 

between links that can be interrupted (and, when most contacts are open, the links have enough 

kinematic freedom to give the overall weave low or zero stiffness), or that can stably hold links 

(inhibiting global buckling). 

 While the geometric complexity of chainmail poses obvious difficulties for both design 

and manufacture of weaves, the mechanism-like, low-initial-stiffness behavior combined with 

the potential for high post-lockup stiffness made chainmail initially appear an attractive domain 

of research.  Unfortunately, no existing research into the mechanics of chainmail that treat the 

contacts between individual links is known; the only mention of it in literature treats the fabric 

largely as a network array of linked joints, which of course has no initial kinematic freedom.  

However, a modicum of research [31] exists into the computational techniques required to 

produce a chainmail mesh that conforms to complex geometry (for instance, the human body).  

                                                 
31 Efficient Three Dimensional Modelling of Additive Manufactured Textile Structures 

G. A. Bingham 
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In a related vein, a company has developed a process for designing ñfabricsò based on jointed 

rigid bodies by modelling the fabric elements with real-time rigid-body dynamics and then 

printing them with SLS.  However, the joints are more-traditional revolute joints rather than the 

arbitrary and interruptible contacts to be established between solid maille rings32.  

These weaves are manufactured by plastically bending circular, metal links open and 

closed, a time-consuming process that has yet to be mechanized.  Open links have much lower 

stiffness against radial loads than links that have been welded closed, but steel links can 

subsequently be welded closed by laser to improve link radial and bending stiffness by a semi-

automatic process33.  Given their unfavorable stiffness-to-weight ratios relative to composites, 

metals are not the ideal material for this application, but perhaps a gluing process could be 

substituted for bending and welding metal links to allow chainmail links to be made of carbon-

fiber-reinforced polymer. 

To this end, existing chainmail weaves sourced from hobbyists were first inspected, with 

most being two-dimensional sheets (that is, while they might have multiple rings through their 

thicknesses, the weave can be extended in only two dimensions, not three), but a couple being 

solely one-dimensional chains.  Nearly all weaves showed some freedom in uniaxial tension and 

(unlike traditional fabrics) compression, followed by stiffening as contact between links engaged 

the radial and bending stiffness of the rings; planar weaves also saw some limited freedom in in-

plane shear.  Intriguingly, one linear weave saw a clear transition in bending stiffness, going 

from kinematic behavior in which links experienced almost no elastic strain, to elastic behavior 

                                                 
32 http://n-e-r-v-o-u-

s.com/blog/?p=6644&utm_source=feedburner&utm_medium=feed&utm_campaign=Feed%3A+NervousSystem+%

28Nervous+System+-+explorations+in+generative+design+and+natural+phenomena%29 
33 http://theringlord.com/cart/shopdisplayproducts.asp?id=164& 
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as contacts restricted link freedom and transferred loads to them.  Since the links were made of 

metal, the overall structure would then become quite stiff.  However, none of the planar weaves 

exhibited the desired stiffening behavior in bending.  Since this might have been due to 

excessively-large clearances between cylindrical rings, unlinked rings of various ratios of inner 

to outer diameters were ordered, and some basic weaves attempted with rings of thicker sweep-

cross-section relative to the diameter of the sweeping circle, but unfortunately these too failed to 

produce the desired bending lockup. 

The failure of these basic weaves was thought to be due to the lack of constraint on rings 

sliding past each other due to their simple toroidal shapes.  Link geometries with curves of 

changing curvature could allow links to slide in-plane inside a certain window, then forbid 

further sliding (or direct it in another direction); in turn, since gross bending of the structure 

should require rotation of individual links, gross bending could translate to local link sliding, 

which would need to be constrained by appropriate link geometry.  Thus, link geometries were 

generated in CAD by sweeping circular profiles not along simple circular paths, but along 

regular curves generated with parametric equations containing mainly sinusoidal terms; note that 

the curves also had to interlock to prevent the fabric from falling apart (this made geometry 

generation somewhat more difficult).  As for the rule for patterning links, it was initially deemed 

preferable to use a simple geometric tessellation (such as close-packed rectangular or hexagonal 

patterns) rather than an arbitrary one that might demand a multiplicity of link designs for fabric 

stability.  Granted, in the final product, each link might need a different initial geometry from its 

neighbors to produce the proper conformation to the leg and lockup properties for the ankle joint; 

however, this might still be accomplished with a relatively simple tessellation, and, at any rate, it 

was necessary to first prove that the chainmail concept could stiffen in gross bending. 
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The first chainmail pattern generated is rendered in Figure 14; a single link geometry was 

patterned in a square packing.  As shown in Figure 15, the structure had some initial freedom in 

both biaxial compression and biaxial tension before it locked up.  Moreover, as illustrated in 

Figure 16, the entire structure could bend virtually freely until link geometry produced lockup at 

a constant curvature.  As might be expected from the fourfold rotational symmetry of the weave, 

the radii of curvature for lockup at 0° and 90° angles seemed the same. 

 

Figure 14: Rendering of square chainmail pattern developed by this researcher. 
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Figure 15: One chainmail weave produced by SLS in planar, biaxial compression (left) and tension (right) until stiffness is 

encountered (whereupon the structure still has some compliance). 
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Figure 16: Bending the fabric until resistance ("lock-up") is encountered. 

 

Figure 17: Another chainmail weave (with metal rings manually added in an attempt to decrease bending freedom before 

lockup).  The weave has been compressed biaxially in-plane to the maximum extent of the rings' kinematic freedoms. 
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Figure 18: The same chainmail weave as above, but expanded biaxially in-plane to the maximum kinematic extent. 

 

Figure 19: Same chainmail weave as above, bent to the maximum kinematic extent about an axis parallel to the horizontal. 
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Figure 20: Same weave as above, bent to maximum kinematic extent about a diagonal axis (this direction gave more freedom 

before kinematic lockup). 

 While these chainmail weaves did indeed stiffen up from nearly-zero bending stiffness, 

they were far from the solution to the problem posed by the sponsor, mainly because the 

individual links were themselves fairly compliant and thus could not precipitate a high final 

stiffness.  Beyond this, both weaves experienced far more bending before lockup than the ankle-

protection problem could allow.  Consequently, the individual links needed to be given much 

more radial stiffness and see modifications to the main curves that control link sliding to ensure 

faster lockup.  To this end, the square array was given truss-like members for added radial 

stiffness; of note, those on the top had to be curved into a swastika-like shape to avoid interfering 

with the freedom of the sliding faces of the rings.  Figure 21 shows a rendering of this second 

iteration of the chainmail design, with the sliding portion of the rings painted red and the 

reinforcing members painted blue (these would be 3D printed as one single part, however, with 

no material differences indicated by render color). 
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Figure 21: Proposed alteration to a chainmail weave, with added curved beams in blue for increased link stiffness without 

altering kinematic compatibility much. 

 Some highly-outlandish designs involving cams on the beam-like features defining the 

link that could not only restrict sliding to within a definite range but even cause sympathetic 

deformations (that were anticipated to be incompatible with surrounding links, thereby causing 

lockup that might even be intensified in stiffness by auxetic-like local densification) were also 

generated before it was realized that these would be difficult to fabricate even by SLS and were 

time-consuming to generate.  These geometries were modifications of a structural mechanism 

based on the 4R Bennett spatial mechanism that could expand from a sheet into a cylinder that 
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was developed in [34], but with some joints removed and an interlocking structure generated 

instead that should give the structure initial freedom in multiple modes, including tension and 

compression; renderings of this geometry are shown in Figure 22.  Figure 23 shows a modified 

version of this geometry with special cams that should further restrict motion. 

 

                                                 
34 ñDesign of Structural Mechanismsò by Yan Chen 
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Figure 22: ñStructural-mechanism chainmailò based on removing joints from the  
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Figure 23: Yellow-blue anaglyph stereoscopic rendering of ñstructural-mechanism chainmailò with added restrictive features. 

 Ultimately, the concept of the linear comb (described in Chapter 3) seemed much more 

promising than chainmail for its relative ease of manufacture and design, and thus the chainmail 

concept was abandoned without being fully investigated.  That said, the expense of designing 

and manufacturing even simple chainmail weaves, let alone those that lock up under the 

complicated cylindrical boundary conditions of the leg-protection problem, will probably prevent 

this idea from being applied to the problem.  

Layup-Varying Approaches. 

 It is well known that the anisotropy of high-strength fibers can be exploited to produce 

coupled deformations with an input deformation; the primary application of this property is to 
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aircraft wings that are given a sympathetic counter-twist in response to vibratory excitement in a 

bending mode in order to alter their shape in an orthogonal direction after bending (which in turn 

gives different aerodynamic properties)35.  Coupled deformations can also be achieved through 

complex networks of beams of isotropic materials having cross-sections biased towards higher 

bending stiffness in one direction than in another (e.g. with an I-cross section)36  However, this 

sympathetic force has not been stated to produce nonlinearity in the force-deflection relationship 

of the main bending mode; thus, it was interesting to see if nonlinearity could indeed be 

produced thus.   

 To this end, a cylindrical tube was modelled in FEA as a composite layup having fiber 

orientations that varied according to a power law (producing significant differences over the 

radius of the tube, without the randomness of orientation that would actually approximate 

isotropy).  The overall geometry, with fiber orientation superimposed, is shown in Figure 24.  Of 

note, actual aircraft wings tailored thus also tend to have significant variations in fiber angles 

over their geometries, just as the solution to the ankle protection problem might require 

significant variation in some property over the geometric domain (however, this hardly proves 

that the aeroelastic concept can be adapted to this application).  Some examples of complicated 

layup orientation variations in the geometric domain can be found in reference 37. 

                                                 
35 ñAeroelastic Tailoring-Theory, Practice, and Promiseò, M.H. Shirk, T.J. Hertz, and T.A. Weisshaar, 1986. 
36 ñAeroelastic Tailoring of the NASA Common Research Model via Novel Material and Structural Configurationsò 
37 ñAeroelastic Tailoring-Theory, Practice, and Promiseò, M.H. Shirk, T.J. Hertz, and T.A. Weisshaar, 1986. 
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Figure 24: FEA model of a cylindrical tube (the body of which is shaded deep blue) with meaningful angular fiber angle 

variation, shown with short green arrows. 

 When the above-shown composite tube was cantilevered at one end and subjected to a 

bending force in one plane in the other (with no constraint on out of plane motion, nor any force 

out of plane) and analyzed in a large-deflection static analysis, the beam accordingly experienced 

coupled deformation, resulting in a sympathetic out-of-plane bending moment as shown in 

Figure 25.  Unfortunately, the relationship between applied force and deflection in the y direction 

(i.e. that of the applied force, not the coupled direction) was highly linear.  This suggests that it is 

difficult if not impossible to obtain nonlinear stiffness behavior from anisotropic but linearly 

elastic materials, even with concerted orientations.  Thus, research into this subject was dropped. 
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Figure 25: Sympathetic bending behavior of the composite tube with a complex layup.  Note that the only bending force applied 

was vertically oriented in the y direction; the x displacement is solely the result of deflection coupling. 

 

Graph 3: Force-deflection (resolved in y axis, as shown in the previous figure) response for the composite tube.  Despite the 

deformation coupling, the overall response was linear in magnitude.  

Auburn University Composite Open Structures. 

 Researchers at Auburn University have pioneered an inexpensive method of 

manufacturing composite beams with superior stiffness-to-mass ratios compared with solid-
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cross-section (or even honeycomb-cored) beams, in which prepreg and carbon-fiber yarns are 

braided around a mandrel and then cured, solidifying not only the matrix around the carbon 

fibers, but also bonding yarns to each other.  A modification to the braiding regime instead 

produces a compliant, springy structure that has limited stiffness in bending and (to a lesser 

extent, given the proper weave) axial compression/tension: this configuration is known as a 

biaxial braid (in which all axial members are removed from the ñtrue triaxialò braid, also 

developed at Auburn).  Figure 26 shows an example biaxial braid that has moderate bending 

compliance, and Figure 27 shows a much-stiffer ñtrue-triaxialò braid for comparison (note its 

numerous axial fibers that strongly inhibit bending).  Figure 28 and Figure 29 show the high 

axial and bending compliance of one particularly compliant 8x8 weave (note that biaxial weaves 

produced on our machinery must have carriers in a multiple of 12 for even coverage). 
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Figure 26: Generic biaxial braid of cured carbon-fiber prepreg.  This particular braid was formed over a mandrel with 

rectangular cross-section, although most studied had circular cross-sections. 

 

Figure 27: A true-triaxial weave that is quite stiff in bending thanks to its axial yarns. 
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Figure 28: These braids have significant axial compliance, much like a spring.  Left: compressed axially, right: original, 

undeformed.  Below, find this braid in bending. 

 

 

Figure 29: Open-structure braids also have significant bending compliance. 
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Given Auburnôs expertise concerning open structures, it was deemed worthwhile to 

investigate whether any braiding configuration could produce a significant and rapid stiffening 

effect.  Some structures indeed saw modest stiffening in bending (albeit only when bent to much 

greater curvature than would be needed for protecting human joints), but no structure appeared to 

rapidly and strongly lock up.  Plus, repeatability (between tests and between sections of the same 

braid) was poor.  The precise cause of the moderate stiffening effect seen in some braids is 

unknown: potential causes include effects from reorientation of the highly-anisotropic carbon 

fiber yarns such that the bending load path is better aligned with the stiff direction of the fiber, 

and also perhaps warp and weft yarns having limited freedom to rotate relative to each other.  

This latter phenomenon would specifically cause the braids to stiffen in gross compression, and 

might be expected to cause stiffening in gross bending since some regions of the braid will be in 

effective axial compression.  Graph 4 and Graph 5 show axial compression tests of two braids, 

the former of which did not appear to stiffen in compression, the latter of which did.  Indeed, in a 

subsequent four-point bending test, this braid also had some stiffening in bending (at least at 

first, before softening precipitously), as shown in Graph 6.  Graph 7 and Graph 8 show force-

deflection curves for three- and four-point bending of two other open structure braids and 

corresponding regressions that show a mild stiffening effect, at least for part of the deformation 

range.  Note that plenty of braids tested showed softening effects from the onset, and their 

deflection curves were not included as they were not interesting. 
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Graph 4: Force-displacement curve for axial compression of a short section of a 40° biaxial-weave tube.  Note that the relation 

is highly linear. 

 

Graph 5: Axial compression of high-braid-angle tube.  It stiffened by 8.75x over the entire range, although simple bending is not 

likely to entail so much compression, and anyways the data were quite noisy. 

-100

0

100

200

300

400

500

600

0 5 10 15 20 25 30 35 40 45

F
o

rc
e

 [
[N

]]

Deflection [[mm]]

Axial Compression of 1.16" 12x12 Biaxial 40° Tube

y = 0.152x2 + 1.3418x - 1.7229
R² = 0.978

-50

0

50

100

150

200

250

-5 0 5 10 15 20 25 30 35

F
o

rc
e

 [
[N

]]

Compression [[mm]]

Axial Compression of 3" Tube (High Braid Angle)



47 

 

Graph 6: Four-point-bending test results from the 3ò high-braid-angle tube (whose response to axial compression is shown in 

the previous figure).  The bending stiffness of the tube increased by 109% over the range circled, although it promptly reversed 

this behavior afterwards and began to soften. 
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Graph 7: Four-point-bending test of 1.16ò inner diameter 12x12 40Á tube.  In the circled region, there was a stiffness increase 

ranging from 16% to 90% across the four tests, although overall there was a decline in stiffness over the full test range. 
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Graph 8: Force-deflection curve for four-point-bending test of open structure biaxial tube with a high braid angle and 3ò 

diameter.  The test was repeated four times, with the first seeing a stiffness increase of 206%, the second a 79% increase, the 

third a 149% increase, and the fourth a 129% increase (after smoothing with fitting parabolas). 

 Two sandwiches of braids were also investigated in bending.  Both had inner cores with 

high braid angles to give high radial stiffness, preventing the outer braid (which had a low braid 

angle) from experiencing shell buckling (which was otherwise a common occurrence, even in 

bending, for biaxial braids with low braid angles).  The inner braid was first braided on a 

mandrel, then the outer braid produced on top of the inner braid, and then the structure was cured 

and removed from the mandrel.  Graph 9 shows the bending response of the two-part sandwich, 

and Graph 10 the response of the three-component sandwich.  
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Graph 9: Four-point bending test of a sandwich consisting of a core with a high braid angle and a jacket with a low braid angle.  

Areas of apparent yielding (or perhaps sudden slippage in the test fixture) are circled in green.  The fitting parabolaôs stiffness 

saw an increase of 68.9% over the entire range. 
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Graph 10: Four-point-bending test of sandwich consisting of low-braid-angle inner and outer braids and high-braid-angle 

central braid.  The test was performed three times. 

Many of the braids also showed unusual mechanical behavior: bending about one axis 

often produced a ñsympatheticò, coupled torsion or bending about a different axis.  The most 

common coupled behavior was ñsympatheticò distortion into a shape resembling the arctangent 

function, as shown in Figure 30 (although this greatly exaggerates the magnitude of the coupled 

deformation).  This same phenomenon is exploited in ñaeroelastic tailoringò as described in the 

previous section in this chapter, in which deformation-coupling is employed to control flutter in 

aircraft wings.  However, there is no obvious way to exploit this phenomenon to produce any 

change in bending stiffness, let alone a suitably-sharp one. 
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Figure 30: General shape of sympathetic bending in biaxial tubes. 

Given the high initial stiffness of these braids and the moderate magnitude of the 

stiffening effect that even the best showed, this approach was abandoned.  However, this 

researcher observed that, unlike ñtrue triaxialò braids, traditional triaxial braids also showed 

significant bending compliance when joints between yarns were unglued: this behavior appeared 

principally to be the result of sliding between yarns, which gave a mechanism-like quality to the 

braid (although some axial yarns also appeared to experience elastic bending).  Previous braids 

were primarily jacketed with tufted nylon to improve bonding between yarns (which 

correspondingly increased sliding friction and stiction coefficients between the yarns), so, to 

promote this sliding, the jacket was replaced with Teflon® fibers, and experimentation with 

weaves that would allow sliding to an extent and then lock up was undertaken.   
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Figure 31: Teflon-coated true-triaxial braid.  Left: braid in neutral position, right: mechanism-like behavior--to get to this 

position from neutral, it takes almost no force.  Subsequently, the braid has more bending stiffness. 

The compliant triaxial structure also experienced sympathetic, coupled deformation: 

bending along a single neutral axis produced a complicated curve that is sketched in Figure 32. 

 

Figure 32:Rough shape of coupled deformation of triaxial tube in bending. 

 ñMicrotrussò Structure. 
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 Some closely-guarded research appears to be occurring into the use of very small 

compliant mechanisms oriented into arrays that give special macromechanical properties, called 

ñmechanical metamaterialsò.  For instance, a 3D network of reentrant hexagons has been 

designed to produce a material having auxetic properties in all 3 dimensions38, much as 2D 

networks of reentrant hexagons produce a structure with auxeticity in the plane.  Similarly, a so-

called ñpentamodeò metamaterial having a very low initial shear modulus relative to its bulk 

modulus has been developed from conical beams with compliant joints39.  So far, there is no 

known research into producing the specific property of stiffening with respect to deformation 

(especially bending deformation), but it was thought that a material geometry that stiffens up 

when the overall material is in bending could be developed by first creating a truss-like network 

(as in the metamaterials above) and then introducing interrupted contacts that only engage after 

sufficient leg movement, which would probably entail stiffening the individual members in 

tension or compression rather than bending.  This would in significantly stiffen the overall 

structure by limiting force paths.  If interrupted contacts in truss elements proved successful in 

producing stiffening up in bending, the structure could be optimized with one of several well-

understood optimization methods.  Figure 33 shows a rendering of the overall concept, although 

the beams have not been given the precise geometry that would allow them to stiffen in 

compression and/or tension. 

                                                 
38 ñTailored 3D Mechanical Metamaterials Made by Dip-in Direct-Laser-Writing Optical Lithographyò 
39 http://arxiv.org/ftp/arxiv/papers/1203/1203.1481.pdf 
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Figure 33: Rendering of the ómicrotrussô concept, with the envelope of conformity shown in pink and lines of force shown in 

grey.  The precise geometry that would produce lockup 

 Geometrically speaking, the simplest modification to a basic truss-based metamaterial 

(for instance, modifying the metamaterial in Figure 34, which is the trivial case of the idea and 

does not have any special properties) would be to replace some or all of the links with two links 

joined by cylindrical or translational joints whose axis would lie on the line between their two 

endpoints, as sketched in Figure 35.  Stops (governed by the lengths of the translating members) 

would cause the joint to stiffen instantly in compression or tension after a set amount of 

displacement, which might have to vary with respect to some geometrical parameters over the 

volume of the metamaterial.  If enough joints locked up in this way, it would eliminate the 

kinematic freedom of the structure; however, given its low volumetric density and the fact that it 

would probably have to be 3D printed out of plastic, the locked-up structure might still have 
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insufficient stiffness.  Admittedly, if the beams enter a large-deformation bending regime, the 

constraint afforded by simple translational joints could become incompatible (even before lockup 

was desired), so the joint geometry might need to be modified with tangentially-contacting 

followers instead.  As for the ideal joints at link intersections, it may be that they should be 

connected with spherical joints in 3D or revolute joints in 2D (as in a true truss), or it may be that 

they should be cantilevered together (as in a framework pseudo-truss). 

 

Figure 34: A basic metamaterial with no special properties (trivial case).  It is to be modified into a metamaterial that stiffens 

after some bending. 
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Figure 35: A drawing illustrating how one link of the metamaterial might be separated into two separate links connected by a 

cylindrical (or translational) joint, the two halves of which are drawn in red and black.  Replacing many to all of the links with 

such translational joints (with maximum and minimum stops set independently depending on the stiffening-up point desired) 

would be one implementation of the microtruss idea. 

 To calculate the translational clearances that should be ñprogrammedò into the material 

by setting maximum and minimum stop positions for the translational joints, a simple FEA study 

of a truss system having a square base and two levels was conducted.  The joints were pinned, 

not cantilevered, and the truss was not overconstrained (in fact, there might be some advantage 

in overconstraining the microtruss with extra members).  The initially-flat structure was given an 

arbitrary displacement boundary condition of parabolic shape on the bottom edge, and the axial 

strains in the members were plotted.  It was this researcherôs idea that, to produce instantaneous 

lockup at this shape, the beams in this microtruss would be replaced with translational joints, 

each having one stop set to correspond to the amount of strain the elastic beams saw in the model 

at this point (the other stop could be set to produce the same shape in lockup in the opposite 
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direction, or a different shape if desired).  Figure 36 shows contours of stress, visually separated 

between compression and tension. 

 

Figure 36: Deformed microtruss (with bottom subjected to a parabolic displacement boundary condition), with deformation as 

shown (not scaled).  Note that colored shading indicates the member is in tension, greyscale compression.  Note the slight 

instability at the very tip that puts the members in tension instead of the expected compression. 

  Unfortunately, the clearances required to successfully manufacture translational joints 

between already-small links would be very small indeed and not likely feasible even with SLS, at 

least if the material is to be printed in one piece (adopting manual assembly might allow much 

smaller tolerances, but this would cause a cost explosion).  Consequently, it was thought 

beneficial to replace the kinematic translational joints with compliant translational joints: while 

they have more geometric features, they do not require as much geometrical resolution to 

produce.  Lockup would need to be accomplished by interrupted facial contacts between halves 

of the joint; while it is easy to envisage how to accomplish lockup by this mechanism in 

compression, to produce lockup in tension requires more-complex geometry.  However, these 

joints do not have zero initial stiffness and tend to have more out-of-plane compliance than a 

comparable kinematic translational joint, so they may decrease the feasible stiffening-up ratio 

that can be obtained.  Beyond this, as shown in Figure 37, they tend to consume significant 
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physical real estate (in order to accommodate long beams that will be compliant in bending about 

one axis). 

 

Figure 37: Instead of using kinematic joints (which require small clearances that would be difficult to manufacture and might 

jam easily), translational freedom could be approximated with a compliant translational joint such as this one, shown in the 

context of a microtruss.  The joint is naturally limited in its compressive freedom by faces that will contact each other after a set 

amount of compression.  However, it must be noted that the small beams making up the joint have been made long to give the 

joint low initial stiffness; if these are shortened (as they must be to accommodate many of them in a truss structure), the joint will 

naturally become stiffer. 

 One other potential stiffening-up mechanisms conceived of was to produce very small 

tooth-like appendages normal to the length of the constituent beams of the metamaterial; they 

should have a small initial gap between them, and as the beam curves in bending (which, of note, 
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it would do only if the beam joints were cantilevered fairly firmly as in a frame, rather than free 

to rotate as in a true truss), the teeth would be brought into contact with each other, transferring 

moment to the beam and stiffening the beam (ergo, hopefully, the entire structure) significantly.  

The proposed geometry is rendered in Figure 38; note that the absence of translational joints here 

is not intended to imply that the concept could not employ selective translational freedom (as 

suggested above) in addition to the self-contacting principle outlined in this paragraph.  While 

the entire microtruss concept was soon dropped for its extreme complexity of manufacture and 

design, this interrupted tooth concept was carried over with interest into the next chapter, where 

it became the ñcombò concept, the first concept to date that demonstrated significant stiffening-

up in bending. 

 

Figure 38: A single frame from the microtruss concept modified with teeth to stiffen it suddenly when the beams to which teeth 

are attached curve in bending. 

 As an aside, a similar concept to the one above, a 2D microstructured material that 

stiffens in tension through the action of numerous small compliant mechanisms, was developed 

in Chapter 5 and applied to the ñannular combò concept in the hopes it would stiffen a leg-like 
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spherical joint.  Unfortunately, despite the 10x magnitude of tensile stiffness increase obtained 

for the metamaterial itself (plus the addition of interrupted self contact between teeth like those 

shown in the above figure), the overall structure had poor performance overall and was dropped 

from investigation.  
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Chapter 3. Interrupted-Contact, 1D, ñCombò-based Systems. 

 

 

Abstract. 

 A relatively-simple geometry is disclosed featuring a backbone that may be straight or 

curved with perpendicular protrusions.  In bending, when these ñteethò are not touching, the 

system is initially relatively compliant; after a certain amount of deflection, the backbone brings 

the teeth into contact, producing greatly-increased bending stiffness.  A system of mechanical 

joints to engage the combôs bending with actual leg movement has also been developed.  The 

effects of basic comb parameters, including tooth length, the gap between teeth, and the shape of 

the backbone (linear vs. curvedðwhich imposes constraints on tooth shape as a function of 

backbone curvature) on mechanical properties before and after the onset of stiffening are also 

investigated.  Finally, efforts to optimize post-lockup stiffness with respect to weight (via 

composite reinforcement) are discussed. 

Introduction.  

 The comb approach is a sort of compliant mechanism (as the backbone experiences 

moderate deflection, usually in a regime similar to that of a simple beam in Eulerian bending) 

that also incorporates the geometrically-interrupted contact of chainmail to produce increases in 

stiffness.  Unlike chainmail, however, the geometry is much simpler to model and 

analyze/optimize under load, and manufacturing prototypes is vastly easier than producing the 

intricate chainmail link shapes.   
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Geometry of a Linear Comb. 

 Figure 39shows an early finite-element model of a simple, linear-backbone comb, with 

the nomenclature used in this thesis highlighted.  

 

Figure 39: Nomenclature used to describe geometry of a linear comb. 

 

Figure 40: 4-point bending boundary conditions for quasistatic FEA. 

 In pure, 4-point bending (with boundary conditions shown in Figure 40), Figure 

41 shows the von Mises stress contours immediately before and after the deflection at which the 

teeth lock upðnote the constant radius of curvature of the backbone (ergo all teeth lock up at 

exactly the same point), and note how contours of stress slowly enter the teeth even before 

lockup. 

Tooth gap at tip 

Comb backbone Comb tooth 
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Figure 41: FEA on a simple, linear comb immediately before (above) and after (below) tooth lockup. 

Preliminary FEA easily confirms that the comb structure sees a sharp increase in overall 

bending stiffness once enough bending is achieved to produce tooth contact, with the above 

combôs bending stiffness illustrated in Graph 11; note that the stiffness post lockup stiffness 

increases quite sharply to attain 51x the original stiffness. 
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Graph 11: The first FEA comb model in 4-point bending. 

Graph 12 and Figure 42 show an FEA investigation of a different tooth profile.  At this 

time, it was believed that tooth shape, particularly as regards attachment to the backbone, would 

have a significant impact on pre-lockup and post-lockup comb stiffness in our final design.  FEA 

does indicate that tooth shape has some effects on the stiffening-up ratio.  However, the 

constraints on the width of protrusion off from the leg, the low angle at lockup (i.e. high radius 

of curvature of the locked-up comb), and limited 3D printing precision appear to render the fine 

details of tooth shape irrelevant to this project, even though they are mechanically significant. 
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Figure 42: Contours of von Mises stress of a comb with a trapezoidal tooth profile immediately after tooth lockup 

 

Graph 12: Bending moment of a trapezoidal-toothed comb before and after lockup, at which point stiffness increases to 119x pre-

lockup stiffness.  Pre-lockup stiffness is in turn 38% lower than that of the rectangular-toothed comb, even though both have the 

same backbone thickness. 

Convinced of the stiffening-up effect of a linear comb, this author began to produce 

combs in a nylon copolymer called Taulman 618 on a fused freeform fabrication (FFF) 3D 

printer.  As discussed in the chapter on 3D printing techniques, this is an economical yet versatile 
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setup that seems well-suited to printing moderately-complex geometries in flexible yet tough 

nylon.   

First Test Fixture. 

 It would be useful to quantify the bending stiffness per angle of joint rotation of a 

particular comb in a given mounting arrangement before and after lockup.  As discussed above, 

every motion common to the healthy ankle jointðplantarflexion, dorsiflexion, transverse 

rotation, inversion, and inversionðentails rotation about an axis that is itself constantly rotating 

in space.  Thus, after some inversion, for instance, the new axis of rotation effectively entails a 

component of rotation about the original plantarflexion-dorsiflexion axis.  While this 

phenomenon will almost certainly need to be taken into account to develop the final product, for 

simple, proof-of-concept structures, it is vastly preferable to work with a simple spherical joint 

representing the ankle-joint complex.   

 A part was designed to mount a spherical joint that could join two parts, one representing 

the leg above the ankle, the other the foot.  To further simplify the problem, the leg was treated 

as a simple cylinder, the only important parameter of which was a radial offset from the axis 

running through the center of the sphere of the jointôs constraint (this axis is shown in Figure 43). 

Given that the most attractive point at which to mount the base of the comb might very well be in 

the sole of the athleteôs shoe (given the significant thickness it would provide for attachment of 

whatever fastening system would be required), the test fixture should position the base of the 

comb a corresponding distance below the ankle joint.  For ease of production, the parts were 3D 

printed, but, for maximum stiffness and strength attainable without resort to metal cutting, 

instead of being produced in solid ABS, they were printed as hollow shells and then filled with 

polyester resin (by hand pouring) after glass fibers were laid up by hand therein.  The test system 
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allows easy alteration in the distance between the fixed base of the comb and the ankle joint 

center (as this was considered a possible variable of optimization)ðduring a test, it is to be 

fixed, of course.  Figure 43 shows a rendering of this test fixture. 
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Figure 43: Test fixture for Instron measurement machine; the blue arrow shows the direction of displacement applied by the 

Instron machine, and the orange arrow shows the rotation of the ñlegò that results from the cam interaction.  The central axis 

referenced in the above paragraph is shown with a thick, white dashed line. 

Boundary Conditions for Linear Comb. 

 For the simplest case of joint motion (i.e. only in one direction at onceðgiven the higher 

probability of injury from excessive inversion/eversion rather than from plantarflexion / 

dorsiflexion, it makes sense to prefer angular constraints appropriate for inversion/eversion at 

first), there are several conceivable boundary conditions to apply to the comb.  Clearly, the base 

should be cantilevered (i.e. position and angle fixed)ðbut how should the rest of the comb 

interact with the upper leg?   
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 Pinning and cantilevering the comb to a position on the leg was found to produce high 

initial stiffness (regardless of the horizontal distance away from the leg, comb angle relative to 

leg, or vertical distance of attachment point on leg away from the center of ankle rotation with 

respect to comb length), presumably because the comb was being compressed axially (and, 

depending upon the orientation of the axial load, often cannot even buckle).  While intuitive, this 

is quite unfortunate as this is would be the easiest and most reliable boundary condition to 

enforce on the leg.   

 In contrast, a T-slot joint running parallel to one of the joint axes along the length of the 

leg seems an excellent boundary condition.  As shown in Figure 44, a rotation of approximately 

15° about the main axis of interest for now suffices to bring the comb teeth into contact for the 

chosen tooth shape and length; the slider slides around 1cm in the T-slot over this period.  With 

the base of the comb stiffly cantilevered to the foot, cursory inspection shows the joint 

experiences a sudden and significant increase in bending stiffness when the teeth lock up.  The 

slight downward angle from perpendicular given to the T-slot slider was selected to ensure that 

all teeth, even the topmost two, lock up nearly at once.  Note that the backbone of the comb takes 

on an almost constant curvature along its entire length. Figure 45 shows a computer rendering of 

the comb tooth geometry that was printed; note that the gap between teeth was constrained to be 

quite small to ensure lockup after only around 15° of rotation, much smaller than was intuitively 

expected; fortunately, it was within the capabilities of our printer to produce a gap of this size.  

 

Ds 
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Figure 45: Close-up of successful comb tooth geometry. 

In a final product, it would be ideal to minimize the length of T-slot required to allow free 

bending to minimize the footprint of the attachment system: note that the bending direction 180° 

opposite the one that engages comb teeth also adds to the required T-slot length.  If a very long 

T-slot were required (for instance, for the comb that protects against excessive 

plantarflexion/dorsiflexion), it might need to conform to the contours of the leg instead of being 

purely linear (as is the one shown above).  This is because a straight-line T slot would protrude 

from the leg significantly in some areas, and such protrusion is subjectively felt to reduce the 

comfort afforded by the system and increase the chance of the system catching accidentally on 

foreign objects.  This consideration applies mainly to the T-slot that would run along the rear of 

the calf, as this part of the leg has significant curvature and would need a lot of sliding length to 

accommodate the large safe amounts of dorsiflexion and plantarflexion that athletes experience. 
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While this solution ultimately seems quite promising for its sharp ramp up in stiffness 

and simple geometry, it has a glaring defect: the comb currently must bend along an axis 

perpendicular to that along which it stiffens up when the joint simulates 

plantarflexion/dorsiflexion.  While this does not engage the teeth (which might make the joint so 

stiff as to be immobilized), it will obviously waste the athleteôs energy through dissipative forces 

and add undesired elastic stiffness that would greatly alter his biodynamics.  Figure 46 shows 

how the comb stiffens the joint undesirably when bent perpendicular to the direction in which the 

teeth can stiffen up. 
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Figure 46: Simulated plantar/dorsiflexion sees greatly-increased bending stiffness throughout the entire range as the comb's 

backbone is quite thick in this direction.  Obviously, this is unsatisfactory. 

One option, although unsatisfying for its complexity (and the subjective sense that sliding 

joints are prone to jamming) is to add a curved slot that will free the joint in 

plantarflexion/dorsiflexion, only engaging the comb in inversion/eversion; this interrupter would 

then be fitted to the main leg T-slot.  Presumably such a slot should be curved with its center of 

curvature and radius roughly corresponding to the distance between the ankle center and the 

attachment point on the comb; however, the radius of curvature will obviously change with the 

main deformation (inversion/eversion in this case)ðit is unclear what the optimum geometry 
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would be, given this fact, but it is likely that the interrupterôs ability to  slide up and down along 

the legôs main T-slot renders this more a question of limiting friction (from interrupter-slot 

normals that are oriented in such a way as to be likely to catch the interrupterôs slider from non-

zero friction in this joint) than preventing joint locking or added stiffness when friction is 

ignored.  Figure 47 and Figure 48 show the function of the interrupter.  Figure 49 shows CAD 

geometry of one possible interrupter configuration.  (Note that it is an open question whether the 

two or more points of contact along the slider required for an extra degree of constraint are ideal 

or whether just one point, which would give two degrees of freedom, would be preferred).   

 

Figure 47: The interrupter allows for free (neglecting friction) plantarflexion/dorsiflexion.  Note that the interrupter can 

suddenly engage at the end if desired. 
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Figure 48: The interrupter still engages the comb teeth in inversion. 

 

 

Figure 49: Slot-based interrupter slides in main T-slot in leg. 
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 It may seem a fair question why a joint directly connecting the comb to the leg is required 

in the first place.  After all, the combôs backbone obviously supports its weight when it is not in 

contact with the leg, and once the leg has contacted it, the comb initially has very low bending 

stiffness, until the teeth lock up.  As Figure 50 demonstrates, the deformation of the comb is 

quite as one would expect, with the structure assuming roughly constant curvature (technically, 

the contact stiffness between leg and comb could become important in a human model, with the 

soft tissue of the leg conforming) when the leg contacts it.  

 

Figure 50: Deformation of comb when sole attachment to leg is low-friction contact.  Right: unattached comb stands up roughly 

straight under its own weight. 
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Indeed, this approach nearly eliminates 

one minor problem of the constantly-attached 

comb approach: even when a given motion 

will never engage the teeth in one of the 

combs, the backbone component of the 

unneeded comb adds a little bit of unwanted 

stiffness (and presumably dissipation through 

hysteresis of the deforming nylon) for every 

leg motion, whereas with the unattached 

approach, a considerable subset of motions 

would see no interaction whatsoever with the 

comb.  Unfortunately, this approach is 

practically vulnerable: the protruding comb 

ends could catch on somethingðanother athleteôs body, the opposite leg of the wearer, etc., 

potentially tripping the player.  Plus, attaching the comb to the leg allows the mass-moment of 

inertia of the protection system about the leg axis to be minimizedðalthough how practically 

important this reduction would be to athletic performance is uncertain.  Finally, a foreign object 

would be marginally more likely to come between leg and comb with the top open (also a 

possibility with other mounting regimes), possibly causing premature lockup (which is at least 

conservative, still preventing overextension injury).  If these problems could be surmounted, the 

top of the comb would need to be rounded (and probably made of a soft, albeit low-friction, 

material) to cam gently with the contacting leg instead of catching and ñstabbingò it.   

Curved-Backbone Comb Concept. 
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This setup might also benefit from the use of curved backbones (i.e. before deformation 

is begun) with combs oriented towards the leg to ensure that they are usually in contact.    Such a 

setup would be especially useful for preventing the top of the comb from catching on the leg 

muscle.  Unfortunately, these setups seem to require a significant offset distance between comb 

and foot, which is potentially even less desirable than an equal offset distance between comb and 

leg (as it would require substantial modifications to shoes, which would should be avoided at all 

cost).  Figure 51 shows a comb with an initially-curved backbone, corresponding potential tooth 

geometry, and predicted lockup backbone shape (which was used to generate the tooth shape).  

This geometry was produced intuitively, based on the idea that the desired tooth shape for 

instantaneous lockup is a (complex) function of instantaneous backbone curvature at lockup, 

instantaneous backbone curvature when free, and tooth length. 
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Figure 51: Proposed curved-backbone comb (unbent geometry generated based on predicted bend profile).  Note significant 

offset from leg.  Also, this comb is to engage with the leg in pure sliding, although a T-slot might be superior. 

Improving Comb Mechanical Properties. 

While the simplest comb structure seems promising and mechanically sufficient for the 

task, we have thus far been dissatisfied with its large form factor, the complexity of leg-comb 

connections, and the necessity of employing numerous combs (at least 8) to capture the changing 

safe zone when joint movements in multiple dimensions occur simultaneously.  Consequently, 

reducing the thickness of the overall structure is paramount, and such reductions will presumably 

come primarily from shortening teeth (since the backbone is subjectively felt to be compliant 

enough already, reductions in its thickness do not immediately seem necessary, and in any event 

it is so thin that thinning it further will be of little use in reducing overall size). 
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Reinforcing Teeth to Increase Stiffening-Up Ratio. 

As the teeth become shorter, it seems advisable to somehow stiffen them along their 

length in bending (provided this added stiffness is only minimally imparted to the backbone 

when the teeth are not touching) to maintain a high stiffening-up ratio.  FEA on the linear comb 

in bending shows that stress intensity is concentrated in the combôs backbone even upon tooth 

lockup, with only moderate diffusion into the teeth, which might mean that stiffening-up could 

be intensified by pulling force paths deeper into the teeth after lockup, though it might also 

indicate that tooth bending simply does not play a major role in post-lockup stiffness (at least 

with small tooth gaps as used in these combs).  The author of this paper thus chose to investigate 

the effects of installing spars or sheets of a stiff material (carbon-fiber-reinforced polymer or 

metal, to be glued to the surrounding nylon with a special chemical suited to the bonding task) 

inside the comb teeth, jutting slightly into the backbone proper, to distribute some of this load 

further into the teeth a verbal description of this is insufficient.  It is hoped that this will occur 

only at tooth lockup, however, otherwise it would prove counter-productive.  Figure 52 shows 

contours of von Mises stress in a simple linear comb at lockup, with stress barely travelling into 

the teeth, and Figure 53 shows potential geometries of reinforcement for the teeth of such a 

linear comb. 
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Figure 52: Contours of von Mises stress in FEA of a linear comb that has locked up in bending.  Note that stress is concentrated 

in the backbone even at lockup. 

 

Figure 53: Proposed inserts of stiff material (carbon fiber or metal) that extend a short distance into the backbone and thence 

deep into the teeth to produce greater stiffness at lockup with minimal effects on stiffness before lockup. 

Testing the Reinforced Comb Concept. 

 For simplicity, the first reinforcing concept investigated was that of a long, thin spar.  The 

spars were assumed to fill the depth of the comb teeth, which, being basically two-dimensional, 

would not likely see qualitatively-different lockup behavior if the spar depth were shortened (i.e. 
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the stiffness parameters would likely change, but only proportionally to the depth, without 

introducing new stiffening/softening behavior). 

 For constant tooth and backbone envelope shapes and backbone/reinforcement material 

properties, three variables stand out as most likely to influence pre- and post-lockup stiffness: 

overall length of the reinforcing spar, the length of protrusion of the spar into the backbone, and 

spar width.  These variables are all illustrated in Figure 54.  (Note that other comb parameters, 

mainly tooth length, width, and backbone thickness, could also be manipulated).  

 

Figure 54: Relevant variables for single-spar reinforced comb.  Overall spar length is circled in red, spar width in green, and 

depth into backbone in blue. 
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Figure 55: CAD geometry for first FEA simulation of reinforcing the comb.  The bodies highlighted in blue are to be treated as 

unidirectional carbon-fiber laminates, the body highlighted in yellow is to be made of flexible nylon. 

 The first simulation of a reinforced annular comb was conducted with unidirectional 70% 

395GPa-modulus carbon fiber (30% epoxy) laminates as the reinforcement, and 250Mpa-

modulus nylon as the surrounding material.  Only four teeth were simulated; while any comb in 

service would be significantly longer with far more teeth, just four should be enough to compare 

stiffening-up effects between reinforced and unreinforced teeth with the same perimeter shapes.  

Thus, the model shown in Figure 55 was subjected to four-point bending from moments on rigid, 

dummy teeth added left and right of the actual, compliant teeth, and the vertical displacement of 


































































































































































































































































































































































































































































































































































































































































































































































































































































































