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Abstract

Mechanisms for ion transpordiffusion, and intercalation/dentercalation processes in
batteres during charging and discharging are described by governing equations that consist of
partial differential equations and nonlinear functiamsin electrochemical modéebolving these
equations numerically i£omputationdy intensive, particularly wherthe number of cells
connected in series and parallel for high power or energgases, whereas tolerance of errors
should be kept under specified limits. Reduction of the computational time is required not only
for enabling simulation of the behavior pdicksbut also forthe developmenof a model capable
of ruming in real timeenvironments, so that new advanced estimation methodst&teof
charge (SOC) and state of health (SOH) can be develtpexider to represent the physical
behaviors of a b#aary and optimize the computational timegvanced model order reduction
techniques have been applita reduce the model complexity for individuzdriables.Padé
approximation Residue Grouping and Proper Orthogonal DecompogiR@D) areintroduced
to simplify the calculation ofion concentration in electrode particlasn concentration in
electrolyte and potentials inelectrode and electrolyteespectiely. Meanwhile the Butler
Volmer equation idinearizedand the equilibrium potential curves ditted to different order

polynomials.

Additionally, theagingeffects are considered in the model for prediction of the battery end
of life. Our investigation on aging mechanisms of the lithium ion battbaesevealed that side
reaction is the main caa among otherfor capacity and power fade of the battery. The
production of the side reaction forms thin unsolvable layers that adhere to the surface of the

graphite particles and grow as cycled, which is called solid electrolyte interphase TISEI).



growth of the SEI leads to loss of the lithium ions, loss of the electrolytes and loss of the active
volume fraction. These effects are described using the Biutlener kinetics and aging
parameters. Particularly, electrolyte solvent diffusion describeBidkys law is integrated into

the agingmodel, which results in quantifying the electrolyte solvent concentration in SEI. The
exchange current density of the side reaction is formulated as a function of electrolyte solvent
and lithium ion concentration, wdh justifies the reaction rate in the aspect of reactants. In
addition,thetemperaturelependency of the model parameters is also considered by adopting the

energy equations. Finally, tlagingmodelis incorporated into the ROM.

Performances of the ROMre compared with the experimental data collected from a high

power pouch type lithium ion polymer battery with Li(MnNiC@jGraphite chemistry.
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Chapter 1 Introduction

1.1 Background

Advanced energy storage techniques that were used to capture and retrieve dissipated energy
improved the energy efficiency in grids or in transportations substantially. Batteries are the
desirable choicedue to their highcoulombic efficiency, highenergy and power density. The
most commormechargeable batteries are aqueelestrolyte basebatteries, which include lead
acid, nickel cadmium, nickel metal hydride, aithium ion batteries[1]. Among the various
battery types, lithium ion batteries are mostly preferred because of their highest power and
energy density as well as the reduced manufacturing cost triggered by the rapidly growing
electronic marketThe cells can be manufactured into different tygdependent upon the way of
packaging which include cylindrical, coin, prismatic, and pouch type. Compared to the other
three types of cell packaging, the pouch cells employ large sizes of active areaartsyahe
folding electrodes, electrolytes, and separators together, which facilitates the new applications
such as electric and hybrid vehicles that require increased power and energy density. On the
other hand, these high power cells can be quickly degratledved by fast performance drop
and instability. This is due to the high heat generation associated with high ion transport and
gradient of ion concentrations conjunction with the varying environmental operating

conditions.

The working mechanism of eell is very complex and hard to understand in details, which
presents one of the technical barriam optimal design andtatesmonitoring. Modelbased

battery management is an elegant approach that enables monitoring of &iatesguch as



stateof-charge (SOC) or statdf-health (SOH), which areequired to ensursafe operation of
the battery.Traditionally, empirical or electric circuit modeare preferably used for batteries
because of simplicity to approximate the terminal behavidesierthéess, tleseapproaches
ignore detailed physical effects and operating conditidg. contrast, models based on
electrochemical principles cabetter represeninternal physical quantities that includen
distributions and potential gradients, libe structure is sophisticated and the parameters are

difficult to characterize.

1.2 Working principle and battery chemistry

A pouch type lithium ion polymer single cell is made of stacked microcells that are
connected in paralleby current collectors. The microcelas a sandwich structure in the
thickness direction that comprisesaimposite electrodes mixed with electrolyte and a separator
in between. The composite electrodes are made of active materials, electrolytes and binders,
where the particles dispersed electrodes are modeled as uniformly distributed spheres. A
schematic diagrarof this cell is shown irFigure 1, where the active materifdr the anode is

graphite and that on the cathode is metal oxides.



Current Collector (Cu)
——  Separator
Current Collector (Al)
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Electrode

particle

Figurel: Schematic diagram of a microcell and a single cell.

While cells are dischargng or chargng, ions transport through the electrolyte and
chemicallyreact at active materialsthen diffuse in the solidparticles andfinally red after
intercalation in a lattice structure. Meanwhile, electrons flow through an external circuit and
complete the redox process. Thus, there are two coextirrent flows during this process
ionic current and electron currerithe currenflowing throughthe battery ighe ionic current,
which flows in the electrolyteand thecurrent flowingin the external circuit iglectron current
A schematic diagram of the current flswnder discharging is shown kigure2. When the cell
is discharged, the lithium ions and electrare separaté at the anode. The lithium ions
transport to the cathode through electrolyte while the electrons transport to the cathode through
an external circuit. Both the lithium ionsdathe electrons finally combine at the cath@ahel

complete the battery reaction. The current flow of lithium ions and electrons are reversed during

thechargingprocess.
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Figure2: Schematic diagram of current flow under discirayg

The electrodematerial hasan intrinsic equilibrium potentialgainst electrolyteéhat is a
function ofthe stoichiometic numberthat presents a ratio betwetd currentand the maximum
lithium ion concentrationn the electrodeAt the equilibrium stateunderno macroscopic current
acrossthe surface,the potential difference betweehe electrode and electrolyte ike same as
that atthe equilibrium state.The difference betweethe equilibrium potentits of cathode and

anode ighe same as that theterminal, which iscall the open circuit voltage (OCV).

The date of charge (SOof a batteryis defined as th@ercentageatio of the releasable
chargeto the maximum charget a particular timeAt 100% SOC, the anode haghe highest
lithium ion concentration whilethe cathode hasthe lowest one At 0% SOGC the ion
concentration is reverseas shown irFigure 3. Changingof SOCimplies shuttlingthe lithium

ions betweentheanode and cathode.



Figure3: Schematic diagram of SOC and ion concentration in electrodes.

The morphology of the electrode particles is an important factor on the performance of
lithium ion battery The porous structure expands the surface of the active ateat power loss
is reduced by lower overpotential at certain current density, iankfis the chemical reaction
thattakes place at the interface between the electrode particles and electrolyte. However, the side
reaction that also takes place at thigrfacecancorrode active material and eventually lead to
capacityloss. A porous structure of a LiCaQelectrodeimaged by the scanning electron
microscopy (SEM)is shown inFigure 4. Multiple interspaces canebdetectedamong the
granular crystalline grain®hen the LiCoQ electrode materiak usedin lithium ion batteries,
the liquid electrolytecan be soaked into the interspacss that it can idectly contact with the
crystalline grainsThus, the lithiumon in the liquid electrolyte can easily diffuse throughout the
LiCoO: electrode which is beneficial for a good electrochemical performance of the maderial

high current density.



Figure4: SEM images oLiCoO: electrode in dferent scales: (a) particles (b) surface

morphology of a particl§?].

In recent years, themostcommonly usednodematerialsare carbonSn and Sbased alloys
metal oxidesand LisTisO12 spine|l while commony usedcathode materials arfgi S, Lii air,
Li2MNnO4 (LMO), Li2MnOzAi[MnNiCo]O2 (NMC), LiFePQ (LFP) and LiMn sNiosO4 [3]. The
separator materials are usually composed of polymers, such as polyetwidand®EO). The
most commonlithium salt for electrolyte is LiPE and thesolutions are usually ethylene

carbonates (EG)ndpropylene carbonate (P()].

1.3 Motivation and objectives

The eliade and safe operation diatteriescan beensured by battery management system
(BMS) that monitors anatontrok operating conditiondasedon knowledge of battery states.
Generally,a computational modas embedded in the BMS and usedestimate the battery
states in real timand predict the battery lifdlodels based othe electrochemicaprinciples are

a preferable choicéecause ofepreserdtion of internal variables during operatiddowever,



solvingthe partial differential equations tfe full order model (FOM) ikighly computationally
intensive so the FOMs inappropriate foreal timeapplications Therefore, it is indispensable to
develop a reduced order model (ROM) that is capable of monitoring the battery performances
and running in real time while the accuraman be maintained proposingROM is developed

by integratng different model reduction techniques targetiaduction of the computationtine

needed fothe FOM. The total computational time can be reduced to less thaerdheof the

FOM, while the gatic and dynamiaccuracycan bemaintained.

In addition prediction of battery lifés of great significance in BMSA physicsbased model
is developedthat describes the aging procemsd facilitates diagnosis and prognosis of the
battery statesobatery state of health (SOHpan beestimaed. Several improvements for aging
mechanism$iave been madéat includeeffects of the solverdiffusion on the side reacticand
effects of the solvent concentration on exchange current deridign, the tempeature
dependency of the model parametersncorporatedusing the energy equationginally, the
ROM with the aging model igalidated against experimental datehich enables pdiction of

the battery life.

1.4 Dissertation structure

The basic structure difie dissertation is shown as follows:

1. Introduction

This section involves the research backgrowattery working principlesmotivation and

objectives.



2. Reduced order model

Firstly, the model order reduction techniques are reviewed, followed bytraaluction of
the electrochemical full order modgiitially developed byother researcher$l3]. Then, the
mathematicaformulationsfor the individual part in the ROM are explained in detail and the
performarces are shown in simulation analysis. The experimental validetioonducted with

respect to théerminal voltage during constant chargargddischarge and driving cycles.

3. Experimental investigation

Since the developmentof aging modelrequires abunént experimental data analysis,
especially parameter identification part, the experimental investigaéieds preparation ¢ést
statiors, analysis of cycling data and EIS data, temperature dependent parameter detegmination

which is described below

4. Aging model

This section describabte developmentof aging model The aging mechanism and existing
modeling techniques ameviewed initially, followed by the detailed modeling steps. Then, the
change of model parameterith respect to prolonged cycle mbers are analyzed at%5 The
aging model is validated against experimental data that includes discharge characteristics and

capacity changes at different temperatures.

5. Conclusion



Chapter 2 Reduced order model

2.1 Review of modebrderreductiontechniques

Lithium ion batteles have been widely adopted as energy storage for different power
systems due ttheir high power and energy density and reduced manufacturing costs triggered
by the growing marketfor electronic devices. However, improper operating conditsuth as
continuous overcharge or undercharge can accelerate degradation processes and lead to early
failures. Model basedbattery management is an elegant approach that enables monitoring of
battery performances such stateof charge (SOC) or state oé&lth (SOH), which are crucial

for the safeoperation obatteries

The models can be classified into two categories, equivalent circuit models (BCi)d
electrochemical thermal models (ETM)2]. The ECM is easy to construct and fast in
simulation, but cannot represent battery behavior compleBapversely, the ETM based on
electrochemical kinetics, mass balance, charge conservation and thermal princigeslis ci
representing the battery behavior accurately and providing internal variables like ion
concentrationsHowever it is inappropriate for implementation into microcontrollers that work
in real time due tahe large amountf calculations caused byumerically solving discretized
partial differential equations as well as nonlinear equatidhs. first electrochemicalimodel
proposed by Doyleet al. [5] assumed that a cell is made of sevéhat-film layers and he
working mechanism is described with electrochemical principleler et al.[6] then extended
the modelby considering other cathode materials, such as LiGo@ LiMnOs, to investigate

the effects omaterial property parameters on the performance of aFeether improvement of



the modelhas considered the inclusion ofteansference numbg¥], an activity coefficient for

the electrolyte[8], a diffusion coefficient for LiP§&electrolyte[9], and multiple particle size
distributions[10]. ETM describeghe chargetranspot phenomenomn compositeelectrodesand
electrolyteby a setof coupledpartial differential equations(PDESs). The PDEsare discretized

and numerically solved in radial and throughthe-plane direction using the finite difference
method (FDM). The resultig Full Order Model (FOM) provideshigh accuracyalthoughthe
calculationof largeamountstatesvariablesis quitetime consumingIn particular,the electrodes

are modeledwith sphericalparticles,and the evaluationof ion concentrationsn the particles

should be carried out in the sphere radial direction that requires an extra discretization, which

multiplies the number of state variables as well as the computational time.

Models for reatime control purpose should be able to represent key physicabplema
within a reasonable time given by the implementation. Therefore, the ETM should be simplified
while considering the accuracy and computational time. Several model order reduction
techniques have been proposed in the literature to reduce compuitexipease. Review of the
literature has shown that those methods can be sorted into two groups: one is based on numerical

calculations and thetherone is based on analytical expressions.

The numerical methods require discretization of the PDEs andimgdile matrix size by
assortingeigenvalues of the system. A representative methatieésesidue grouping (RG)
method that lumps states with similar eigenvalues, which reduces the order of the rfiatfices
Proper Orthogonal Decomposition (POD) technique approximates FOM behavior by a low order
submodel derived from the most significant eigenvalues of matfidgds Single particle model
(SPM) is also widely adoed in theliteratures which ignores the variation in the thickness

direction and considers only oneagle particle in each electrofi&g].

1C



The anal ytical met hods ar e r e pdllasathatdesarites o f
theion diffusion process that takes place in electrode particles. One of the analytical approaches
employed a parabolic profile based on volume average equdiin Accuracy is further
improved using a quartic profile instegtl8]. Another analytical approach eliminated the
independent spatial variables in the diffusion equation by appllygygseudo steady state (PSS)
method, which is origirtad from finite integral transform techniquékd]. In addition, the
Galerkin method has also been adopted to reduce the computational complexity of the ion
concentration[20][22]. Furthermore, Padé approximation is applied to the transfer function
between current density and ion concentratif#8, which is derivedfor the study of the

diffusion impedance in spherg2?].

The two groups of approaches aforementioned have their own superiorities and limitations.
The numerical methods are generally applicafoleeach part of the ETM andllew for
systematic reduction of a model to a certain level that meets requirements for accuracy.
Numerical methods have better frequency responses compared to the analytical expressions.
However, the inevitable discretization increases the complexityechigorithms. The analytical
expressions describe the model dynamics as a function of time and space in a more
straightforward way and avoid discretization of the PDEs. Nevertheless, those approximations
usually provide less accuracy in thegh frequencyrange and the determination of the
coefficients is quitdime consumingespecially in the PSS method. In spite of the fact that the
Padé approximation is based on the analytical transfer function of the ion diffusion impedance, it
has excellent performar in a wide frequency range because the transfer functions are exact
solutions of the PDE. The features of high accuracy and efficiency enable it to be a promising

replacement of the diffusion equation in electrode particles.

11



In our previous research worfor the development of ROM, order reductions and
simplifications were performed, including polynomial approximation for ion concentration in
electrode particles, residue grouping (RG) for ion concentrationghenelectrolyte and
linearization of the Bueér-Volmer equation[24]. Time analysis was carried out usitige
MATLAB profiler, as shown inTable 1, where the time measured in seconds indicates the
calculation duraion for 1C discharge from 100% SOC to 0% SOC witample rate of 1s. The
calculation time for the major variables time model are listed individually, wherg,, C, and
Phi denote the ion concemtion in electrode particles, in electrolytes, and potential in
electrodes and electrolytes, respectively. ROM can reduce computational time to approximately

onefifth of FOM, whereby C; and Phi remain the mostime consuming parts of the

calculation.

Tablel: Comparison of computational time (seconds) between FOM and previous ROM.

FOM PreviousROM [24]
Total 50.74 10.09
C, 1925 6.05
C, 1.93 0.05
Phi 7.01 3.36
Others 22.55 0.63

To reduce the calculation time for ion concentrations and potentials, different techniques

were investigated to simplify the model. Four potential candidatesoh concentration in

12



el ectrode particles g opognomia apprdximation iPely), Padé k 6 s
approximation (Pade), POD and Galerkin Reformulation (GR), whose performances are
compared and analyzgd4]. Computational time and error of the four methods are plotted in

Figure 5, where the time denotes the simulation duratiorCof,; when a pulse current is

applied for 1 hour while the m\r is the accumulated difference given by comparing themavith

FDM solution.

The results of the analysis showed that the performance of the Padé approximation was
superior to the other options since the calculation time remained within a reasonahleéole
and the error quickly converged to zero when the order number increased. Moreover, the
approximation allowed for a systematic reduction of orders dependent upon the level of accuracy

required.

0.2 r T T r r
[ —— Poly

5 O19[] —*— Pade e
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§ 0.17 GR [T e I

0.08—
0
2 25 3 35 4 45 5
Order
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O’JE o 06\ [ —— POIy i
g . \ —&— Pade
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= \s\ GR
5 0.02
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Figure5: Time and error angsis of four order reduction methods for ion concentration in

solid.

On the other hand, RG is retained for ion concentratidhdrlectrolyte The POD method
as applied for reduction of largeeale ODE systems is used to reduce the matrix size for

potentals in electrode and electrolyte.

2.2 Setup of the full order electrochemical mof3]

A FOM for a pouchtype lithium ion polymersinglecell is a quasithreedimensionaimodel
developedasedon electrochemicathermalprinciples.The FOM of the singleis assumedo be
madeof stackedmicrocellsthat are connectedn parallel by currentcollectors.Due to the high
conductivityof the currentcollectors,the lateralcurrentflow from onemicrocellto anothercan
be neglectedand the potentialson current collectors for each microcell are assumedio be
identical. Thus, the entire single cell canbe regardedas a microcell with only a pair of current

collectors. A schematiaiagramfor modelingof a singlecell is depictedin Figure®.

a \ \

B
Current Collector (Cu)
Separator
Current Collector (Al)

Composite Composite
\ Anode | Cathode /
"

Electrolyte

Electrode / . ’

particle
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Figure6: Sandwich structure of the micoell in a pouch type single cell

The input variables and initial operating conditions are current, voltage and ambient

temperature as a function of time. The output variables are dynamic responses of the loads,

including terminal voltage, current, SOC, temperature distributions

, lithium concentrations,
potentials, and curredensities.

2.2.1 lon transport and charge conservation

Chemical reactions take place at the surface of electrode patrticles, followed by ion diffusion
in electrodes untilull intercalation. The electrode particles are modeled as porous spheres where
ions diffuse only in the radial direction driven by the gratliehion concentration. The ion

concentration in electrode particles can be described by the Fick's second law if diffusion

c,_D, pa 5 1)
= :_2£8§ 8
r
with boundary conditions:
- ju 2
176, =0 ana 1% =7 )
r qr *qr aF

wherer is the radial coordinate of an electrode partiBgs the radius of electrode particlé3

is the solid phase diffusion coefficiefj s t he F ar g'tiatyeccwrent demsisgtisa nt

the interfacial surface area calculatedfrd WRs andW is the active material volume fraction

Distribution of ion concentration in electrolyte and its boundary conditions are shown as
follows:



o ~ _ (0] ] 3
Wec.) _ 1 zép:ff LY MES T )
X T F
LC LC
_ex: :_eX: =0
ux| ° ux| :

where [} is the electrolyte phase volume fractid® is the transference numbddsf is the
effective diffusion coefficient accounting for tortuosity by correcting diffusion coefficient with
electrolyte phase volume fractidd and Br u g g e maas Glsowneirx theofallewing

equation:
D =D, %’ 4)
The charge transport in solid electrode is governed by the Ohm's law:

Tow J ©
—(S 1-"./3)_]

1l

with boundary conditions:

_sdfljs :-Sdfljs :I_ (6)
ﬂx x=0 ﬂx x=L A

T . T .

</ s =<t s =0

ﬂX x=L. ﬂX X=L. +Lgy

where Lis the thickness of the cell-lis the thickness of the negative electrodgepis the
thickness of the separatdk,is the plate area of electrode, aiffl is the effective solid phase
conductivity that is obtained from thelconduc

as shown in the following equation:
seﬁ =s Q? (7)

S

The amount of charges producedoxidation process should be equal to those consumed in

thereductionprocess. The charge conservation in electrolyte is governed by the Ohm's law:
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ﬂé of M 6+£é f£|nC§+'Li:0 (8)
wéLM@wng@J
M

The ionic cis ohtanedi fiom elgalyte phase volume fractiotd and

Br ugge ma n 6psas shewn i the flollowing equation:

k" =k xgf €)

2.2.2 ButlerVolmer equation and equilibrium potentials

The currenproduced by chemical reactions at therifatee between electrode and electrolyte

is obtained from the Butlevolmer electrochemical kinetic equation:

a.F 2 (10

(/7 he )Hj

L . é ealF
g (

7 =alo1 eXPg h- hSEI)

e
o “PE Rrr
whereio is the exchange current densitg,and U are the anodic and cathodic charge gfan
coefficient, R is the universal gas constart,is the temperature, ang is the overpotential
defined as the potential difference between the solid, electrolyte and the equilibrium. The SEI on

anode side is approximated with a resisRyg, that cases an additional overpotentdye, as

shown below:

h=f.-f,-U (12)
h JLIRSEI
a

The OCVSOC curve is obtained by pulse discharge, where terminal voltage and the SOC

are measured after the battery is discharged with a Shraliefor a short time and compléye

17



relaxed. The measured OCV is the difference between the equilibrium potentifisgositive
and negative electrode, where the potential for the negative eledtrodes, approximated with
an emjrical equation, as provided in equat{®dB). The equilibrium potentials versus

stoichiometric numbers are plottedRigure?.

U. () =8.00229 +5.0647x - 12.578x" - 8.6322" 10X +2.1765" 10"°x** (12)
-0.46016" exp(15(0.06- x))- 0.55364" exp(- 2.4326(x - 0.92))
X= C;,surf /C;,max

451
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—-—-—-—-—-—-—-—-
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>
=, 02r
=)
0.1F
0 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

s,surf - s,max -

Figure7: Open circuit voltage and equilibrium potentials of both electrodes.
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2.2.3 Energy equation

The emperatureof the cell is described using the energy equation under isothermal

condition.

LB (13)

where} andCpare the density and heat capacidyenis the heat generation rate per unit volume
in a cell during charging/discharging agds the heat transfer rate per unit volume between the

cell and its surroundings expressed as:

q=h(T- T,) (14
whereh andTamp are the heat transfer coefficieand ambient temperatunespectivelyFor the
thermal chambers used in the experimental work, the heat transfer coefficient takes the value

between 5680 W/Kn?.

In general,the heat generain is expressed as a sum of irreversible and reversibe
generationterm The irreversible heasource term at a given currerst determined by the
difference between the terminal voltage and Q@Mile the reversible heat source teisrthe

change of entropy at a given temperature that is the same as the change of OCV over

temperature
3 41 5 1
QgenzI%Jocv'VT'T Uocvg ( 5)
ur =
- - - - - UOCV .
whereUocv is the open circuit voltage/r is the terminal voltage, a T is the entropy
¥

coefficient.
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The equation above becomes zero when the terminal current goes to zero. In fact, heat is
continuously generated even though the terminal current is zero during relaxation after charging
or discharging. This extra heat source term is generatechlzydorrent in electrodes caused by
the gradient of ion concentrations and is called the heat of mixing that is derived from the
relationship between the power input and chemical energy increase and added as an additional

heat generation source as showiolwg13]:

1 . . 2 uU ., 6 (16)
Quo = DU, (1)~ DU Ofr ))al +1 Boc, - V1 T g
L

whereUequandi denote the equilibrium potential and the local current density, respectively.

2.3 Development of a reduced order model

Coupled govening equations consist of nonlinear equations and PDEs that are numerically
solved by thd=DM in FOM. The reductions and simplifications of the equations for each part of

the model are described below.
2.3.1 lon concentration in electrode particles

lon diffusion i n a particle is described by the s

provides gradients of ion concentratiaZ),, alongthe radial direction in electrode particles. For

control orientedmodels, the ion concentration dme partide surface,C and the volume

s,surf ?

average concentrationg are critical variables because of their direct relationship to the

s,ave’

reactions that affect intercalatiam activematerials and SOC. Analytical solutions oéth Fi ¢ k 6 s

law provide two transfer functions where the current dengity, and two ion concentrations,
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C,oui»Csaver are regarded as an input variable and output variables, respectively, as shown as
follows [21]:
Coan(S) _ 1 &R BE tanh(b) g 17

j“(9 ~ aF 8D, %&tann(b)- by
where b=R,/s/D;.

Coneld _ 3 (18)
(9  RaFs

The Q" order Padé approximation f@, . in equation(17) results in the form of:

S,su

Cs,surf (S) - ao + a18+ a’ZSZ +3 aQ—lsQ-1 (19)
j"(s)  s(+bs+bs”+3 bs®)

The coefficientsa,,a,,3 ,a,, andb,,b,,3 ,b, are determined by comparing the derivatives

of equation(17) with equation(19) at s=0. The resulting low order Padé approximations are

listed inTable2, wherem=

aFD,

Table2: Low orders Padé approximation Gf . .

Order Padéapproximation
~3Dm  2ZmRs
7
2nd i 2.2
s+ RS
35D

S
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_3D,m 4mRs mRs’
R 11 165D,

3rd 22 13
ot 3Rs + R's
55D, 34652
~3Dm 2mRs 2mRs’ 4mRs’
ath R 5 195D, 7507D’
Rs* 2R's R’s*
S+ + +
15D, 2272 67567D]
5th

~3D,m 8mRs 2ImRs’ 4mRs’  mRs'
R 19 161D, 339117 396805D]
2.2 1.3 64 5
o+ (RS, 3RS 2Rs' | R’s
95D, 226D 30523® 21826302B;

A state space representation in contkd#acanonical form of the transfer function in

equation(18) and(19) is shown as:

¥=AX+B)" (20)
y=CX

where
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€ 0 0 1 3 0 U €u > < U
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A= 4 4 4 6 0 Bl—%b x=e , u
& o 0 0 3 10U o0 & U
o -1 b bog Doy ey o
] by, by by by g . €% d
€y & & & o %l
C _gg bQ bQ bQ bQ 3 )(/:_ ;é:s,surfg
' éao a'()b2 a0b3 a'()b4 3 aO l;l’ ng,aveH
u
ng bQ bQ bQ u

Initial conditions for solving the equations above are steady #at@, zero input]j H=0

=C . The first two conditions result in a linear

s,surf s,ave

and uniform concentrationC
equaton, AX=0 , that yields a solution with one degree of freedom,
>L<’O :[xO 003 O O]T. The third condition gives an initial value of the concentration,
Ceut =Csae =Cso- As aresult, the initial state is presented as follows:

. T 22
= S,O& 003 00y
a, ¥

(D>(?:)CD

2.3.2 lon concentration in electrolyte

The RG method is used to reduce the PDE that describes ion transport in electrolytes, where

current density across each electrode is assumed to be uniform, as shown in &f)ation
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i - (Negativeelectrode (23

" =0 (separator

Jsep

i :i (Positiveelectrode)

4

The PDE is discretized by tHeDM and the resulting equations are converted into the state

space representation:
%= AX+B,| (24)
y=C,x+D,l
The equation above is a singlmput M output linear system with matrices
A,,B,,C, andD, that have dimensions M3 M ,M31 M3 M,M31, where M denotes the

number of discreteade points along the microcell thickness direction. The input variable is the

applied currentand the output is & 2 1 vector that indicates ion concentratia),, at each
node point.

The state egation is transformed toraodalcanonical form with:

K = diad]/, 3 /4] (29
B= 13 1]
E=l7, 1, 3 )
M Co
:i *+a
€ k=1 U

where /, is the eigenvalues of the system mati, Z is the steady state vectoradwated by

Z=-C,A'B,+D, andr; is the residue vector obtained by:
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C_C4nB, (26)
k
/k

o

9 and P< denote the right and left eigenvectors of the system rimad,
andAzck]; :/ka;’ bI’<A2 :/kb;_
The Mth order system is reduced to tNéhorder by grouping the residues according to the

similarity of the eigenvalued.3]. The grouped residue vectors and the grouped eigenvalues are

defined as:

o C (27)
c k¢ a
= ar,/ =g

k=k;_,+1 f
The Nth order state equation is constructed with the cedumatricesaA,,B;,C,,D, that
have a dimension 3 N,N31 M3 N,M 3 1:

A =diad/, /, 3 /] (29)

C,=|r/, r,/, 3 1/,
_S, A Co
D2—§Z+arfl,l
é f=1 .0

2.3.3 Potentials in electrodes and electrolyte

POD is a mathematical procedure that is used to find a basis for a mooaipdsition of a
data set. The data applied here is the rigorous solution of the potentials in electrode and

electrolyte obtained bifDM. The governing equations for charge conservation in electrode and



electrolyte are discretized and the resulting equadicare expressed in the matrix form as

follows:

Af =b (29

WhereF is the FDM solution vector of the potentials at each grid poinfg andbdenotethe

coefficients matrix and constawgctor.

F can be approximated by a linear combination of the flkstproper orthogonal modes

o

(POMSs) as shown in equatidB0), wheref___is the approximation solutiorf; is the POMs

appr
and ais the reduction variables.

—

f =F Céf (Egc»

appr

The POMs are the eigenvectors obtained by singular valcengmsition of the discrete

VI O
kernel given byk':fT J and sorted in a manner that the corresponding eigenvalues are in a
norrincreasing order, as shown in equati81). S is the dagonal matrix of eigenvalues

andN denotes the model order that we applied in POD.

U s Vv]=svdrf, a.,) (31
F=U(,1:N)

The reduction variablesi, are solved bgubstituting equatio(B80) into equation29), which

yields equatior{32):

A(F @)=b (32
S=FTA'D
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The selected POMs form a basiattfacilitates to capture the dominant characteristics of the

system dynamics and enables representation of the most significant information of the variables
A\

under various circumstances. In this wattke potential data seftused to bild the kernelk’is

evaluated under 1C discharge condition.

A schemdéc block diagram that described the general procedure of the POD algorithm is

shown inFigure8.

System Dynamics ;. _— System Equation . i
discretization 4 For certain _ FOM solution n
- g mput <
PDE or ODE X=AxtborAx=0b X
For random
How to get a? 5|  Approximate solution input
»a
> =P-
How to get ®? xapp - a
Proper Orthogonal Modes @ Sineul e d . i
(N order) ' First N rows of U ingular value decomposition (svd) ~
B (T
®=U, [UX V] =svd(x"x)
%: Eigenvalue diagonal matrix;
U, V: Eigenvector matrices.
Reduced Variables a Red. Var. in Sys. Equ. App. Sol. in Sys. Equ.
Xy = O-a
@ =OTA®a+®" b [T ®a=A@atb [ | %,=Ax,tb [
ora=®T-A'p or A(@-a) =b or Ax, , =b

Figure8: Block diagram of the POD algorithm

2.3.4 Electrochemical kinetics

Electrochemical reactions that take place at the interface between electrodes and electrolytes
are described by the Butistolmer equation. The nonlinear functions are linearized basedeo

fact that the overpotentials vary within a linear range under normal operating condiipns
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L . (a,+a.)F (33
- a C h
J aSIO—RT

2.4 Analysisof the ROM performances

Performances of theubmodels are analyzed by comparing the models before and after
reduction. The model before the reduction is numerically solved ubmdnite difference

method EDM), where the number of grids in the radial direction of particles and thickness
direction of the cell are 25 and 15, respectively. The three varighlgs, C.andf are used to

evaluate performances of the subdels.

2.4.1 Order reductiorof ion concentration in electrode particles

Sincethe average concentration in electrode partidles,, is easily obtained by the volume

average equation, only the surface concentratg,,, is the crucial variabléo be considered
for the evaluation of performmaes with respect to frequency, time and static response. The
response ofC s at a current densityj"', can be formulated by different methods including

parabolic, quartipolynomial and the Padé approximation. Thansfer functions reformulated

from a parabolic and a quartic profile are shown in equ&B4n[19].

. . , 34
f,im( ) __15mD, +Rms parabolic o0
i"(s) 5Rs

Coaurt (5) _ 3150/ m+315D mRs+mR's* quartic
i5(9) 35R s(R’s+30D,)

wherem=

a,FD,
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Frequencyesponses of the analytical exact solution given in equétignthe two different
polynomial approaches and the Padé approximation from"th® 20" order with a step of a
two-order forthe surfaceconcentrabn of particles orthe anode side are plotted Figure 9.
Comparisonbetween the analytical solution and the typpraximationmethods showghatthe
Padé approximatiompproaches the analytical exact solutiontapa certain frequency that
depending upon the ordérhe higher the order is, the smaller the difference of the responses in
magnitude and phase. In addition, the range of the response &f tihde4 Padé approximation
is comparable to that of the gtiarpolynomial. Conversely, the parabolic polynomial only
works over the range of very low frequencies, which means that the dynamic performance is of
less satisfactory. Thguartic profilewith an extra statbetter represents its response ovhrgh
frequencyrange, butit is hard toextendthe order of polynomiabystematically to meet the

accuracy requirements.
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Figure9: Frequency responses$ the sirface concentratioaf aparticleon the anode side
analytical exact solutig parabolic and quartic polynomial and the diffeader of Padé

approximation

Time responses o€, by applying different methods at AC currents are compared in
Figure 10. Relative errors arealculated in percentage, whichshown in equatior(35), where

¥ is the simulation datef the different methodsind y, is theFDM solution with 25 grid points

ontheradal direction (or experimental data). The parabolic method is not considered because of

its large error.
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0 =

-y 6 (35
Relativeerror= %u% 100%
¢ Y

The 29 order of the Padé approximation (yellow d@shed line) shows the largest
discrepancyn magnitude and phase compared toRB#V solution. The quartic profile (purple
dashed line) shows improved tracking behavior, while theréer of the Padé approximation
(green line) has the closest match to EIEV solution. The time responses shoinrFigure 10
verify the results of the frequency responses as showigire9 where the Padé approximation
can best represent tieDM solution over a wide frequency rangean appropriate order is

determined.

Figure10: Time responses of surface concentration of a partickemode FDM, quartic

polynomial, and % and @" order of the Padé approximation
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