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Abstract 

Mechanisms for ion transport, diffusion, and intercalation/de-intercalation processes in 

batteries during charging and discharging are described by governing equations that consist of 

partial differential equations and nonlinear functions in an electrochemical model. Solving these 

equations numerically is computationally intensive, particularly when the number of cells 

connected in series and parallel for high power or energy increases, whereas tolerance of errors 

should be kept under specified limits. Reduction of the computational time is required not only 

for enabling simulation of the behavior of packs but also for the development of a model capable 

of running in real time environments, so that new advanced estimation methods for state of 

charge (SOC) and state of health (SOH) can be developed. In order to represent the physical 

behaviors of a battery and optimize the computational time, advanced model order reduction 

techniques have been applied to reduce the model complexity for individual variables. Padé 

approximation, Residue Grouping and Proper Orthogonal Decomposition (POD) are introduced 

to simplify the calculation of ion concentration in electrode particles, ion concentration in 

electrolyte and potentials in  electrode and electrolyte, respectively. Meanwhile, the Butler-

Volmer equation is linearized and the equilibrium potential curves are fitted to different order 

polynomials. 

Additionally, the aging effects are considered in the model for prediction of the battery end 

of life. Our investigation on aging mechanisms of the lithium ion batteries has revealed that side 

reaction is the main cause among others for capacity and power fade of the battery. The 

production of the side reaction forms thin unsolvable layers that adhere to the surface of the 

graphite particles and grow as cycled, which is called solid electrolyte interphase (SEI). The 
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growth of the SEI leads to loss of the lithium ions, loss of the electrolytes and loss of the active 

volume fraction. These effects are described using the Butler-Volmer kinetics and aging 

parameters. Particularly, electrolyte solvent diffusion described by Fick's law is integrated into 

the aging model, which results in quantifying the electrolyte solvent concentration in SEI. The 

exchange current density of the side reaction is formulated as a function of electrolyte solvent 

and lithium ion concentration, which justifies the reaction rate in the aspect of reactants. In 

addition, the temperature dependency of the model parameters is also considered by adopting the 

energy equations. Finally, the aging model is incorporated into the ROM.  

Performances of the ROM are compared with the experimental data collected from a high 

power pouch type lithium ion polymer battery with Li(MnNiCo)O2/Graphite chemistry. 



 iv 

Acknowledgements 

I would like to express my gratitude to my advisor, Dr. Song-yul Choe, for generously 

offering me this research opportunity. His guidance, support, and encouragement assisted me to 

the fulfillment of my study. I would also like to acknowledge my committee members, Dr. 

Jeffrey Fergus, Dr. Roy Knight and Dr. Junshan Lin, for providing interdisciplinary insight. 

Special thanks to my lab colleagues for their assistance in my research work, especially 

Rujian Fu, Xueyan Li and Meng Xiao. 

Finally, I would like to convey my deep appreciation to my parents, Gang Zhang and Jiyu 

Zhao, for their unselfish support of my academic endeavor. Special thanks to my dear husband, 

Siwei Wang, for his love, support, and encouragement throughout my graduate school 

experience.  

 



 v 

Table of Contents 

Abstract ..................................................................................................................................... ii  

Acknowledgements .................................................................................................................. iv 

List of Tables ........................................................................................................................... ix 

List of Figures ........................................................................................................................... x 

List of Symbols ...................................................................................................................... xiv 

List of Abbreviations ........................................................................................................... xviii  

Chapter 1 Introduction ......................................................................................................... 1 

1.1 Background ................................................................................................................. 1 

1.2 Working principle and battery chemistry ................................................................... 2 

1.3 Motivation and objectives ........................................................................................... 6 

1.4 Dissertation structure .................................................................................................. 7 

Chapter 2 Reduced order model .......................................................................................... 9 

2.1 Review of model order reduction techniques ............................................................. 9 

2.2 Setup of the full order electrochemical model [13] .................................................. 14 

2.2.1 Ion transport and charge conservation .............................................................. 15 

2.2.2 Butler-Volmer equation and equilibrium potentials ......................................... 17 



 vi 

2.2.3 Energy equation ................................................................................................ 19 

2.3 Development of a reduced order model .................................................................... 20 

2.3.1 Ion concentration in electrode particles ............................................................ 20 

2.3.2 Ion concentration in electrolyte ........................................................................ 23 

2.3.3 Potentials in electrodes and electrolyte ............................................................. 25 

2.3.4 Electrochemical kinetics ................................................................................... 27 

2.4 Analysis of the ROM performances ......................................................................... 28 

2.4.1 Order reduction of ion concentration in electrode particles .............................. 28 

2.4.2 Order reduction of ion concentration in electrolyte .......................................... 33 

2.4.3 Order reduction of potentials in electrode and electrolyte ................................ 34 

2.4.4 ROM for a single cell ........................................................................................ 37 

2.4.5 Effects of sampling time ................................................................................... 38 

2.5 Experimental validation of the ROM ........................................................................ 39 

2.5.1 Discharging and charging ................................................................................. 40 

2.5.2 Multiple cycles and EV driving cycles ............................................................. 45 

2.5.3 Comparison with the previous ROM ................................................................ 47 

2.6 Summary of the ROM ............................................................................................... 49 

Chapter 3 Experimental investigation and parameter identification ................................. 51 



 vii  

3.1 Experimental setup.................................................................................................... 51 

3.2 Analysis of aging cycling data .................................................................................. 53 

3.3 Analysis of EIS data.................................................................................................. 58 

3.4 Determination of temperature dependent parameters ............................................... 64 

Chapter 4 Aging model...................................................................................................... 69 

4.1 Literature review ....................................................................................................... 69 

4.1.1 Review of aging mechanism ............................................................................. 69 

4.1.2 Review of aging modeling ................................................................................ 73 

4.2 Development of aging model .................................................................................... 75 

4.2.1 Modeling of the main reaction and the side reaction ........................................ 76 

4.2.2 Modeling of solvent diffusion ........................................................................... 78 

4.2.3 Modeling of side reaction effects ...................................................................... 83 

4.3 Simulation analysis at 25oC ...................................................................................... 87 

4.3.1 Analysis of side reaction rate ............................................................................ 87 

4.3.2 Analysis of aging parameters ............................................................................ 88 

4.4 Experimental validation at different temperatures .................................................... 90 

4.4.1 Validation of SEI resistance.............................................................................. 91 

4.4.2 Validation of discharge characteristics ............................................................. 92 



 viii  

4.4.3 Validation of capacity ....................................................................................... 94 

4.5 Summary of aging model .......................................................................................... 97 

Chapter 5 Conclusion ........................................................................................................ 99 

Appendix ............................................................................................................................... 103 

References ............................................................................................................................. 106 



 ix 

List of Tables 

Table 1: Comparison of computational time (seconds) between FOM and previous ROM. ....... 12 

Table 2: Low orders Padé approximation of surfsC , . .................................................................... 21 

Table 3: Comparison of computational time (second) among FOM, previous ROM, and the new 

approach. ............................................................................................................................... 48 

Table 4: Test matrix. ..................................................................................................................... 51 

Table 5: Summary of degradation mechanisms ............................................................................ 69 

Table 6: Summary of side reaction effects ................................................................................... 72 

Table 7: Effects of the side reaction. ............................................................................................ 86 

Table 8: Parameters of the ROM [45]......................................................................................... 103 

Table 9: Parameters of the degradation model. .......................................................................... 104 

 



 x 

List of Figures 

Figure 1: Schematic diagram of a microcell and a single cell. ....................................................... 3 

Figure 2: Schematic diagram of current flow under discharging. .................................................. 4 

Figure 3: Schematic diagram of SOC and ion concentration in electrodes. ................................... 5 

Figure 4: SEM images of LiCoO2 electrode in different scales: (a) particles (b) surface 

morphology of a particle [2]. .................................................................................................. 6 

Figure 5: Time and error analysis of four order reduction methods for ion concentration in solid.

 ............................................................................................................................................... 14 

Figure 6: Sandwich structure of the micro cell in a pouch type single cell. ................................. 15 

Figure 7: Open circuit voltage and equilibrium potentials of both electrodes. ............................. 18 

Figure 8: Block diagram of the POD algorithm. ........................................................................... 27 

Figure 9: Frequency responses of the surface concentration of a particle on the anode side: 

analytical exact solution, parabolic and quartic polynomial and the different order of Padé 

approximation. ...................................................................................................................... 30 

Figure 10: Time responses of surface concentration of a particle on anode: FDM, quartic 

polynomial, and 2nd and 6th order of the Padé approximation. ............................................. 31 

Figure 11: Stoichiometry number of the anode during full discharge: 0.5C, 1C and 2C rate. ..... 32 

Figure 12: Ion concentration in the electrolyte at various times during 1C discharge. ................ 33 

Figure 13: Eigenvalue spectrum of the potential data set obtained from the model with FDM 

during discharge at 1C rate. .................................................................................................. 34 

Figure 14: Electrolyte potential in the center of the cell during discharging with 1C rate. .......... 36 

Figure 15: Electrode potential at the interface between the separator and composite cathode 

during discharge with 1C rate. .............................................................................................. 37 

Figure 16: Schematic diagram for the ROM for a single cell. ...................................................... 38 



 xi 

Figure 17: Computational time and error with respect to different sample rate. .......................... 39 

Figure 18: Comparison of terminal voltage between simulations and experiments during 0.5C, 

1C, 2C and 3C discharge. ..................................................................................................... 41 

Figure 19: Comparison of terminal voltage between simulations and experiments during 0.5C, 

1C, 2C and 3C charge. .......................................................................................................... 42 

Figure 20: Percentage errors of the terminal voltage at discharge and charge. ............................ 42 

Figure 21: Comparison of SOC between simulation and experiments during 0.5C, 1C, 2C and 3C 

discharge. .............................................................................................................................. 43 

Figure 22: Comparison of SOC from simulation and experiments during 0.5C, 1C, 2C and 3C 

charge. ................................................................................................................................... 44 

Figure 23: Comparison of surface temperature between simulation and experiments during 0.5C, 

1C, 2C and 3C discharge. ..................................................................................................... 44 

Figure 24: Comparison of surface temperature between simulation and experiments during 0.5C, 

1C, 2C and 3C charge. .......................................................................................................... 45 

Figure 25: Comparison of terminal voltage between simulation and experiments at multiple   

charging and discharging cycles. .......................................................................................... 46 

Figure 26: Comparison of terminal voltage between simulation and experiments at a current 

profile measured at an EV driving cycle. .............................................................................. 47 

Figure 27: Comparison of computational time and error vs. sample time between the previous 

ROM [24] and the new proposing ROM. ............................................................................. 48 

Figure 28: Schematic diagram of a test station. ............................................................................ 52 

Figure 29: Cycle data with 4C current rate at 25oC. ..................................................................... 53 

Figure 30: 0.2C discharge curves for Qmax measurement at 60oC. ............................................. 54 

Figure 31: 0.2C discharge curves for Qmax measurement at 40oC. ............................................. 55 

Figure 32: 0.2C discharge curves for Qmax measurement at 25oC- high SOC range. ................. 55 

Figure 33: 0.2C discharge curves for Qmax measurement at 25oC- low SOC range. .................. 56 

Figure 34: 0.2C discharge curves for Qmax measurement at 0oC. ............................................... 57 



 xii  

Figure 35: Capacity measurement for every 30 cycles at different temperatures......................... 58 

Figure 36: EIS measurement vs. model fitted data at 60oC. ......................................................... 59 

Figure 37: EIS measurement vs. model fitted data at 40oC. ......................................................... 60 

Figure 38: EIS measurement vs. model fitted data at 25oC - high SOC. ...................................... 60 

Figure 39: EIS measurement vs. model fitted data at 25oC - low SOC. ....................................... 61 

Figure 40: EIS measurement vs. model fitted data at 0oC. ........................................................... 61 

Figure 41: EIS equivalent circuit model. ...................................................................................... 62 

Figure 42: Model fitted parameter - R0. ........................................................................................ 63 

Figure 43: Model fitted parameter - RSEI. ..................................................................................... 64 

Figure 44: 1C discharge curves at various temperatures. ............................................................. 65 

Figure 45: Curve fitting of the diffusion coefficient and film resistance at various temperatures.

 ............................................................................................................................................... 66 

Figure 46: Self-discharge data and fitted EC diffusivity over time. ............................................. 68 

Figure 47: Schematic diagram of the main and side reaction on graphite particles. .................... 70 

Figure 48:  Concentration of EC molecule in the SEI layer. ........................................................ 82 

Figure 49: EC concentration at the anode graphite particle surface. ............................................ 83 

Figure 50: Schematic diagram of the SEI formation in a microcell. ............................................ 84 

Figure 51: Accumulated side reaction rate along the anode thickness direction. ......................... 88 

Figure 52: Change of electrode volume fraction and SEI resistance along the anode thickness 

direction. ............................................................................................................................... 89 



 xiii  

Figure 53: Change of electrolyte volume fraction and deposit layer resistance with increasing 

cycle number. ........................................................................................................................ 90 

Figure 54: Change of SEI resistance with increasing cycle number. ........................................... 92 

Figure 55: Discharge characteristics of the degraded cell at different number of cycles at 25oC. 93 

Figure 56: Discharge characteristics of the degraded cell at different number of cycles at 40oC 

and 0oC. ................................................................................................................................. 94 

Figure 57: Relative capacity at different temperatures. ................................................................ 96 

Figure 58: Error of the relative capacity estimation at different temperatures. ............................ 97 

 

 

 

 

 

  



 xiv 

List of Symbols 

A sandwich area of the cell (cm2) 

as specific surface area of electrode (cm-1) 

c ion concentration (mol L-1 ) 

D diffusion coefficient(cm2 s-1)  

Ea activation energy 

F Faraday constant (96,487 C mol-1)  

h heat transfer coefficient 

I current of the cell (A) 

i0 exchange current density of intercalation (Acm-2) 

jLi
 reaction rate (Acm-3) 

kiso isolation coefficient due to SEI 

L thickness of the micro cell (cm) 

Q capacity of the cell (Ah) 

q amount of ion loss caused by the side reaction (Ah) 

R resistance (ɋ cm2) or universal gas constant (8.3143 J mol-1 K-1) 

Rs radius of spherical electrode particle (cm) 



 xv 

r coordinate along the radius of electrode particle (cm) 

T cell temperature (K) 

t time (s) 

 
initial transference number 

U potential (V) 

V voltage (V) or volume of the composite electrode (cm3) 

V
~

 molar volume (cm3 mol-1) 

x stoichiometric number of the anode 

y stoichiometric number of the cathode 

 

Greek symbols 

Ŭ transfer coefficient for an electrode reaction 

ŭ thickness (cm) 

Ů volume fraction of a porous medium 

f Finite difference method (FDM) solution of potentials 

ɖ surface overpotential of electrode reaction(V)  

ə ionic conductivity of electrolyte (S cm-1)  



 xvi 

ů conductivity (S cm-1) 

 

Subscripts and Superscripts 

a anodic 

ave average value 

c cathodic 

D diffusion 

EC ethylene carbonate 

e electrolyte phase 

eff effective 

equi equilibrium 

Li    Lithium ion 

main main reaction 

max maximum 

r radial direction in electrode particle 

s solid phase 

sep separator 



 xvii  

side side reaction 

surf electrode particle surface 

T terminal 

0% 0% SOC 

100% 100% SOC 

+  positive electrode (cathode) 

- negative electrode (anode) 

 



 xviii  

List of Abbreviations 

BMS Battery Management System 

BOL Beginning of Life 

BV Butler-Volmer 

DL Deposit Layer 

ECM Electric Circuit Model 

EIS Electrochemical Impedance Spectroscopy 

EOL End of Life 

ETM Electrochemical Thermal Model 

FDM Finite Difference Method 

FOM Full Order Model 

LiPB Lithium ion Polymer Battery 

OCV Open Circuit Voltage 

PDE Partial Differential Equation 

POD Proper Orthogonal Decomposition 

RG Residue Grouping 

ROM Reduced Order Model 



 xix 

SEI Solid Electrolyte Interphase 

SEM Scanning Electron Microscopy 

SOC State of Charge 

SOH State of Health 

SPM Single Particle Model 

SVD Singular Value Decomposition 



 1 

Chapter 1  Introduction 

1.1 Background 

Advanced energy storage techniques that were used to capture and retrieve dissipated energy 

improved the energy efficiency in grids or in transportations substantially. Batteries are the 

desirable choices due to their high coulombic efficiency, high energy, and power density. The 

most common rechargeable batteries are aqueous electrolyte based batteries, which include lead 

acid, nickel cadmium, nickel metal hydride, and lithium ion batteries [1]. Among the various 

battery types, lithium ion batteries are mostly preferred because of their highest power and 

energy density as well as the reduced manufacturing cost triggered by the rapidly growing 

electronic market. The cells can be manufactured into different types dependent upon the way of 

packaging, which include cylindrical, coin, prismatic, and pouch type. Compared to the other 

three types of cell packaging, the pouch cells employ large sizes of active areas by means of 

folding electrodes, electrolytes, and separators together, which facilitates the new applications 

such as electric and hybrid vehicles that require increased power and energy density. On the 

other hand, these high power cells can be quickly degraded followed by fast performance drop 

and instability. This is due to the high heat generation associated with high ion transport and 

gradient of ion concentrations in conjunction with the varying environmental operating 

conditions. 

The working mechanism of a cell is very complex and hard to understand in details, which 

presents one of the technical barriers from optimal design and states monitoring. Model-based 

battery management is an elegant approach that enables monitoring of battery states such as 
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state-of-charge (SOC) or state-of-health (SOH), which are required to ensure safe operation of 

the battery. Traditionally, empirical or electric circuit models are preferably used for batteries 

because of simplicity to approximate the terminal behaviors. Nevertheless, these approaches 

ignore detailed physical effects and operating conditions. By contrast, models based on 

electrochemical principles can better represent internal physical quantities that include ion 

distributions and potential gradients, but the structure is sophisticated and the parameters are 

difficult to characterize. 

 

1.2 Working principle and battery chemistry 

A pouch type lithium ion polymer single cell is made of stacked microcells that are 

connected in parallel by current collectors. The microcell has a sandwich structure in the 

thickness direction that comprises of composite electrodes mixed with electrolyte and a separator 

in between. The composite electrodes are made of active materials, electrolytes and binders, 

where the particles dispersed on electrodes are modeled as uniformly distributed spheres. A 

schematic diagram of this cell is shown in Figure 1, where the active material for the anode is 

graphite and that on the cathode is metal oxides. 
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Figure 1: Schematic diagram of a microcell and a single cell. 

 While cells are discharging or charging, ions transport through the electrolyte and 

chemically react at active materials, then diffuse in the solid particles, and finally rest after 

intercalation in a lattice structure. Meanwhile, electrons flow through an external circuit and 

complete the redox process. Thus, there are two coexisting current flows during this process, 

ionic current and electron current. The current flowing through the battery is the ionic current, 

which flows in the electrolyte, and the current flowing in the external circuit is electron current. 

A schematic diagram of the current flows under discharging is shown in Figure 2. When the cell 

is discharged, the lithium ions and electrons are separated at the anode. The lithium ions 

transport to the cathode through electrolyte while the electrons transport to the cathode through 

an external circuit. Both the lithium ions and the electrons finally combine at the cathode and 

complete the battery reaction. The current flow of lithium ions and electrons are reversed during 

the charging process. 
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Figure 2: Schematic diagram of current flow under discharging. 

The electrode material has an intrinsic equilibrium potential against electrolyte that is a 

function of the stoichiometric number that presents a ratio between the current and the maximum 

lithium ion concentration in the electrode. At the equilibrium state under no macroscopic current 

across the surface, the potential difference between the electrode and electrolyte is the same as 

that at the equilibrium state. The difference between the equilibrium potentials of cathode and 

anode is the same as that at the terminal, which is call the open circuit voltage (OCV). 

The state of charge (SOC) of a battery is defined as the percentage ratio of the releasable 

charge to the maximum charge at a particular time. At 100% SOC, the anode has the highest 

lithium ion concentration while the cathode has the lowest one. At 0% SOC, the ion 

concentration is reversed as shown in Figure 3. Changing of SOC implies shuttling the lithium 

ions between the anode and cathode. 
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Figure 3: Schematic diagram of SOC and ion concentration in electrodes. 

The morphology of the electrode particles is an important factor on the performance of 

lithium ion battery. The porous structure expands the surface of the active area so that power loss 

is reduced by lower overpotential at certain current density, which benefits the chemical reaction 

that takes place at the interface between the electrode particles and electrolyte. However, the side 

reaction that also takes place at this interface can corrode active material and eventually lead to 

capacity loss. A porous structure of a LiCoO2 electrode imaged by the scanning electron 

microscopy (SEM) is shown in Figure 4. Multiple interspaces can be detected among the 

granular crystalline grains. When the LiCoO2 electrode material is used in lithium ion batteries, 

the liquid electrolyte can be soaked into the interspaces, so that it can directly contact with the 

crystalline grains. Thus, the lithium ion in the liquid electrolyte can easily diffuse throughout the 

LiCoO2 electrode, which is beneficial for a good electrochemical performance of the material at 

high current density. 
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Figure 4: SEM images of LiCoO2 electrode in different scales: (a) particles (b) surface 

morphology of a particle [2]. 

In recent years, the most commonly used anode materials are carbon, Sn and Si-based alloys, 

metal oxides and Li 4Ti5O12 spinel, while commonly used cathode materials are LiïS, Liïair, 

Li 2MnO4 (LMO), Li 2MnO3ĀLi[MnNiCo]O2 (NMC), LiFePO4 (LFP) and LiMn1.5Ni0.5O4 [3]. The 

separator materials are usually composed of polymers, such as polyethylene oxide (PEO). The 

most common lithium salt for electrolyte is LiPF6 and the solutions are usually ethylene 

carbonates (EC) and propylene carbonate (PC) [4]. 

 

1.3 Motivation and objectives 

The reliable and safe operation of batteries can be ensured by a battery management system 

(BMS) that monitors and controls operating conditions based on knowledge of battery states. 

Generally, a computational model is embedded in the BMS and used to estimate the battery 

states in real time and predict the battery life. Models based on the electrochemical principles are 

a preferable choice because of representation of internal variables during operation. However, 
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solving the partial differential equations of the full order model (FOM) is highly computationally 

intensive, so the FOM is inappropriate for real time applications. Therefore, it is indispensable to 

develop a reduced order model (ROM) that is capable of monitoring the battery performances 

and running in real time while the accuracy can be maintained. A proposing ROM is developed 

by integrating different model reduction techniques targeting reduction of the computational time 

needed for the FOM. The total computational time can be reduced to less than one-tenth of the 

FOM, while the static and dynamic accuracy can be maintained. 

In addition, prediction of battery life is of great significance in BMS. A physics-based model 

is developed that describes the aging process and facilitates diagnosis and prognosis of the 

battery states, so battery state of health (SOH) can be estimated.  Several improvements for aging 

mechanisms have been made that include effects of the solvent diffusion on the side reaction and 

effects of the solvent concentration on exchange current density. Then, the temperature 

dependency of the model parameters is incorporated using the energy equations. Finally, the 

ROM with the aging model is validated against experimental data, which enables prediction of 

the battery life. 

 

1.4 Dissertation structure 

The basic structure of the dissertation is shown as follows: 

1. Introduction 

This section involves the research background, battery working principles, motivation, and 

objectives. 
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2. Reduced order model 

Firstly, the model order reduction techniques are reviewed, followed by an introduction of 

the electrochemical full order model initially developed by other researchers [13]. Then, the 

mathematical formulations for the individual part in the ROM are explained in detail and the 

performances are shown in simulation analysis. The experimental validation is conducted with 

respect to the terminal voltage during constant charging and discharge and driving cycles. 

3. Experimental investigation 

Since the development of aging model requires abundant experimental data analysis, 

especially parameter identification part, the experimental investigation needs preparation of test 

stations, analysis of cycling data and EIS data, temperature dependent parameter determination, 

which is described below. 

4. Aging model 

This section describes the development of aging model. The aging mechanism and existing 

modeling techniques are reviewed initially, followed by the detailed modeling steps. Then, the 

change of model parameters with respect to prolonged cycle numbers are analyzed at 25oC. The 

aging model is validated against experimental data that includes discharge characteristics and 

capacity changes at different temperatures. 

5. Conclusion 
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Chapter 2 Reduced order model 

2.1 Review of model order reduction techniques  

Lithium ion batteries have been widely adopted as energy storage for different power 

systems due to their high power and energy density and reduced manufacturing costs triggered 

by the growing market for electronic devices. However, improper operating conditions such as 

continuous overcharge or undercharge can accelerate degradation processes and lead to early 

failures. Model based battery management is an elegant approach that enables monitoring of 

battery performances such as state of charge (SOC) or state of health (SOH), which are crucial 

for the safe operation of batteries.  

The models can be classified into two categories, equivalent circuit models (ECM) [5] and 

electrochemical thermal models (ETM) [12]. The ECM is easy to construct and fast in 

simulation, but cannot represent battery behavior completely. Conversely, the ETM based on 

electrochemical kinetics, mass balance, charge conservation and thermal principles is capable of 

representing the battery behavior accurately and providing internal variables like ion 

concentrations. However, it is inappropriate for implementation into microcontrollers that work 

in real time due to the large amount of calculations caused by numerically solving discretized 

partial differential equations as well as nonlinear equations. The first electrochemical model 

proposed by Doyle et al. [5] assumed that a cell is made of several thin-film layers and the 

working mechanism is described with electrochemical principles. Fuller et al. [6] then extended 

the model by considering other cathode materials, such as LiCoO2 and LiMn2O4, to investigate 

the effects of material property parameters on the performance of a cell. Further improvement of 
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the model has considered the inclusion of a transference number [7], an activity coefficient for 

the electrolyte [8], a diffusion coefficient for LiPF6 electrolyte [9], and multiple particle size 

distributions [10]. ETM describes the charge transport phenomenon in composite electrodes and 

electrolyte by a set of coupled partial differential equations (PDEs). The PDEs are discretized 

and numerically solved in radial and through-the-plane direction using the finite difference 

method (FDM). The resulting Full Order Model (FOM) provides high accuracy although the 

calculation of large amount states variables is quite time consuming. In particular, the electrodes 

are modeled with spherical particles, and the evaluation of ion concentrations in the particles 

should be carried out in the sphere radial direction that requires an extra discretization, which 

multiplies the number of state variables as well as the computational time. 

Models for real-time control purpose should be able to represent key physical phenomena 

within a reasonable time given by the implementation. Therefore, the ETM should be simplified 

while considering the accuracy and computational time. Several model order reduction 

techniques have been proposed in the literature to reduce computational expense. Review of the 

literature has shown that those methods can be sorted into two groups: one is based on numerical 

calculations and the other one is based on analytical expressions.  

The numerical methods require discretization of the PDEs and reducing the matrix size by 

assorting eigenvalues of the system. A representative method is the residue grouping (RG) 

method that lumps states with similar eigenvalues, which reduces the order of the matrices [14]. 

Proper Orthogonal Decomposition (POD) technique approximates FOM behavior by a low order 

sub-model derived from the most significant eigenvalues of matrices [15].  Single particle model 

(SPM) is also widely adopted in the literatures, which ignores the variation in the thickness 

direction and considers only one single particle in each electrode [16]. 
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The analytical methods are replacements of the PDE for the Fickôs second law that describes 

the ion diffusion process that takes place in electrode particles. One of the analytical approaches 

employed a parabolic profile based on volume average equation [17]. Accuracy is further 

improved using a quartic profile instead [18]. Another analytical approach eliminated the 

independent spatial variables in the diffusion equation by applying the pseudo steady state (PSS) 

method, which is originated from finite integral transform techniques [19]. In addition, the 

Galerkin method has also been adopted to reduce the computational complexity of the ion 

concentration [20][22]. Furthermore, Padé approximation is applied to the transfer function 

between current density and ion concentrations [23], which is derived for the study of the 

diffusion impedance in spheres [22]. 

The two groups of approaches aforementioned have their own superiorities and limitations. 

The numerical methods are generally applicable to each part of the ETM and allow for 

systematic reduction of a model to a certain level that meets requirements for accuracy. 

Numerical methods have better frequency responses compared to the analytical expressions. 

However, the inevitable discretization increases the complexity of the algorithms. The analytical 

expressions describe the model dynamics as a function of time and space in a more 

straightforward way and avoid discretization of the PDEs. Nevertheless, those approximations 

usually provide less accuracy in the high frequency range and the determination of the 

coefficients is quite time consuming, especially in the PSS method. In spite of the fact that the 

Padé approximation is based on the analytical transfer function of the ion diffusion impedance, it 

has excellent performance in a wide frequency range because the transfer functions are exact 

solutions of the PDE. The features of high accuracy and efficiency enable it to be a promising 

replacement of the diffusion equation in electrode particles. 
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In our previous research work for the development of ROM, order reductions and 

simplifications were performed, including polynomial approximation for ion concentration in 

electrode particles, residue grouping (RG) for ion concentrations in the electrolyte, and 

linearization of the Butler-Volmer equation [24]. Time analysis was carried out using the 

MATLAB profiler, as shown in Table 1, where the time measured in seconds indicates the 

calculation duration for 1C discharge from 100% SOC to 0% SOC with a sample rate of 1s. The 

calculation time for the major variables in the model are listed individually, wheresC , eC  and 

Phi  denote the ion concentration in electrode particles, in electrolytes, and potential in 

electrodes and electrolytes, respectively. ROM can reduce computational time to approximately 

one-fifth of FOM, whereby sC  and Phi  remain the most time consuming parts of the 

calculation. 

Table 1: Comparison of computational time (seconds) between FOM and previous ROM. 

 FOM Previous ROM [24] 

Total 50.74 10.09 

sC  19.25 6.05 

eC  1.93 0.05 

Phi  7.01 3.36 

Others 22.55 0.63 

 

To reduce the calculation time for ion concentrations and potentials, different techniques 

were investigated to simplify the model. Four potential candidates for ion concentration in 
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electrode particles governed by the Fickôs law are polynomial approximation (Poly), Padé 

approximation (Pade), POD and Galerkin Reformulation (GR), whose performances are 

compared and analyzed [24]. Computational time and error of the four methods are plotted in 

Figure 5, where the time denotes the simulation duration of surfsC ,  when a pulse current is 

applied for 1 hour while the error is the accumulated difference given by comparing them with a 

FDM solution.  

The results of the analysis showed that the performance of the Padé approximation was 

superior to the other options since the calculation time remained within a reasonable tolerance 

and the error quickly converged to zero when the order number increased. Moreover, the 

approximation allowed for a systematic reduction of orders dependent upon the level of accuracy 

required.  
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Figure 5: Time and error analysis of four order reduction methods for ion concentration in 

solid. 

On the other hand, RG is retained for ion concentration in the electrolyte. The POD method 

as applied for reduction of large-scale ODE systems is used to reduce the matrix size for 

potentials in electrode and electrolyte. 

 

2.2 Setup of the full order electrochemical model [13] 

A FOM for a pouch type lithium ion polymer single cell is a quasi-three dimensional model 

developed based on electrochemical thermal principles. The FOM of the single is assumed to be 

made of stacked microcells that are connected in parallel by current collectors. Due to the high 

conductivity of the current collectors, the lateral current flow from one microcell to another can 

be neglected and the potentials on current collectors for each microcell are assumed to be 

identical. Thus, the entire single cell can be regarded as a microcell with only a pair of current 

collectors. A schematic diagram for modeling of a single cell is depicted in Figure 6. 
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Figure 6: Sandwich structure of the micro cell in a pouch type single cell. 

The input variables and initial operating conditions are current, voltage and ambient 

temperature as a function of time. The output variables are dynamic responses of the loads, 

including terminal voltage, current, SOC, temperature distributions, lithium concentrations, 

potentials, and current densities. 

2.2.1 Ion transport and charge conservation 

Chemical reactions take place at the surface of electrode particles, followed by ion diffusion 

in electrodes until full  intercalation. The electrode particles are modeled as porous spheres where 

ions diffuse only in the radial direction driven by the gradient of ion concentration. The ion 

concentration in electrode particles can be described by the Fick's second law if diffusion: 

µcs

µt
=

Ds

r 2

µ

µr
r 2µcs

µr

å

çæ
õ

÷ö
 

(1) 

with boundary conditions: 

1

r

¶cs

¶r
r=0=0  and  Ds

¶cs

¶r
r=Rs

=
- j Li

asF
 

(2) 

where r is the radial coordinate of an electrode particle, Rs is the radius of electrode particles, Ds 

is the solid phase diffusion coefficient, F is the Faradayôs constant, jLi is the current density, as is 

the interfacial surface area calculated from 3 Ůs/Rs and Ůs is the active material volume fraction. 

Distribution of ion concentration in electrolyte and its boundary conditions are shown as 

follows: 
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µ(eece)
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å

çæ
õ
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+

1- t+

0

F
j Li

µce

µx
x=0 =

µce

µx
x=L = 0

 

(3) 

where Ůe is the electrolyte phase volume fraction, t0+ is the transference number, De
eff is the 

effective diffusion coefficient accounting for tortuosity by correcting diffusion coefficient with 

electrolyte phase volume fraction Ůe and Bruggemanôs exponent as shown in the following 

equation: 

De

eff = De ×ee

p
 (4) 

The charge transport in solid electrode is governed by the Ohm's law: 

¶

¶l
(s eff ×

¶

¶l
j s) = j Li  

(5) 

with boundary conditions: 

- s eff ¶

¶x
j s

x=0

= - s eff ¶

¶x
j s

x=L

=
I

A

¶

¶x
j s

x=L-

=
¶

¶x
j s

x=L- +Lsep

= 0

 

(6) 

where L is the thickness of the cell, L- is the thickness of the negative electrode, Lsep is the 

thickness of the separator, A is the plate area of electrode, and ůeff is the effective solid phase 

conductivity that is obtained from the conductivity ů multiplied with active material fraction Ůs, 

as shown in the following equation: 

s

eff ess Ö=
 

(7) 

The amount of charges produced in oxidation process should be equal to those consumed in 

the reduction process. The charge conservation in electrolyte is governed by the Ohm's law: 
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µ
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(8) 

The ionic conductivity, əeff, is obtained from electrolyte phase volume fraction Ůe and 

Bruggemanôs exponent p, as shown in the following equation: 

k eff =k ×ee

p  (9) 

 

2.2.2 Butler-Volmer equation and equilibrium potentials 

The current produced by chemical reactions at the interface between electrode and electrolyte 

is obtained from the Butler-Volmer electrochemical kinetic equation: 

j Li = asi0 exp
a aF

RT
h - hSEI( )è

êé
ø

úù
- exp -

a cF

RT
h - hSEI( )è

êé
ø

úù
ë
ì
í

û
ü
ý
 

(10) 

where i0 is the exchange current density, Ŭa and Ŭc are the anodic and cathodic charge transfer 

coefficient, R is the universal gas constant, T is the temperature, and ɖ is the overpotential 

defined as the potential difference between the solid, electrolyte and the equilibrium. The SEI on 

anode side is approximated with a resistor, RSEI, that causes an additional overpotential ɖSEI, as 

shown below: 

h = f s - f e - U

hSEI =
j LiRSEI

as

 

(11) 

The OCV-SOC curve is obtained by pulse discharge, where terminal voltage and the SOC 

are measured after the battery is discharged with a small C rate for a short time and completely 
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relaxed. The measured OCV is the difference between the equilibrium potentials for the positive 

and negative electrode, where the potential for the negative electrode, -U , is approximated with 

an empirical equation, as provided in equation(12). The equilibrium potentials versus 

stoichiometric numbers are plotted in Figure 7. 

U- (x) = 8.00229+ 5.0647x - 12.578x1/2 - 8.6322 ´ 10- 4 x- 1 + 2.1765´ 10- 5 x3/2

- 0.46016 ´ exp 15 0.06 - x( )( ) - 0.55364 ´ exp - 2.4326 x - 0.92( )( )

x = cs,surf

- / cs,max

-

 

(12) 

 

 

Figure 7: Open circuit voltage and equilibrium potentials of both electrodes. 

 



 19 

2.2.3 Energy equation 

The temperature of the cell is described using the energy equation under isothermal 

condition. 

r Cp

¶T

¶t
= Qgen - q 

(13) 

where ɟ and Cp are the density and heat capacity, Qgen is the heat generation rate per unit volume 

in a cell during charging/discharging and q is the heat transfer rate per unit volume between the 

cell and its surroundings expressed as: 

q = h T - Tamb( )  (14) 

where h and Tamb are the heat transfer coefficient  and ambient temperature, respectively. For the 

thermal chambers used in the experimental work, the heat transfer coefficient takes the value 

between 50-80 W/Km2. 

In general, the heat generation is expressed as a sum of irreversible and reversible heat 

generation term. The irreversible heat source term at a given current is determined by the 

difference between the terminal voltage and OCV, while the reversible heat source term is the 

change of entropy at a given temperature that is the same as the change of OCV over 

temperature. 

Qgen = I UOCV - VT - TÖ
µUOCV

µT

å

çæ
õ

÷ö
 

(15) 

where UOCV is the open circuit voltage, VT is the terminal voltage, and 
T

U

µ

µ OCV  is the entropy 

coefficient.  
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The equation above becomes zero when the terminal current goes to zero. In fact, heat is 

continuously generated even though the terminal current is zero during relaxation after charging 

or discharging. This extra heat source term is generated by ionic current in electrodes caused by 

the gradient of ion concentrations and is called the heat of mixing that is derived from the 

relationship between the power input and chemical energy increase and added as an additional 

heat generation source as shown below [13]: 

Qgen =
1

L
DUequ

+ Öi r, l( ) - DUequ

- Öi r, l( )( )dl + I UOCV - VT - TÖ
µUOCV

µT

å

çæ
õ

÷ö
L

ñ  
(16) 

where Uequ and i denote the equilibrium potential and the local current density, respectively. 

 

2.3 Development of a reduced order model 

Coupled governing equations consist of nonlinear equations and PDEs that are numerically 

solved by the FDM in FOM. The reductions and simplifications of the equations for each part of 

the model are described below. 

2.3.1 Ion concentration in electrode particles 

Ion diffusion in a particle is described by the second order Fickôs law, whose solution 

provides gradients of ion concentration, 
sC , along the radial direction in electrode particles. For 

control oriented models, the ion concentration on the particle surface, surfsC , , and the volume 

average concentration, avesC , , are critical variables because of their direct relationship to the 

reactions that affect intercalation in active materials and SOC. Analytical solutions of the Fickôs 

law provide two transfer functions where the current density, 
Lij , and two ion concentrations, 
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avessurfs CC ,, , ,  are regarded as an input variable and output variables, respectively, as shown as 

follows [21]: 

Cs,surf (s)

j Li (s)
=

1

asF

Rs

Ds

å

çæ
õ

÷ö
tanh(b)

tanh(b) - b

è

ê
é

ø

ú
ù 

(17) 

where b = Rs s/ Ds . 

FsaRsj
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Li
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)(

)(,
-=  

(18) 

The Qth order Padé approximation for surfsC ,  in equation (17) results in the form of: 
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(19) 

 

The coefficients 110 ,,, -Qaaa 3  and Qbbb ,,, 32 3  are determined by comparing the derivatives 

of equation (17) with equation (19) at s=0. The resulting low order Padé approximations are 

listed in Table 2, where 
ssFDa

m
1

= . 

Table 2: Low orders Padé approximation of surfsC , . 
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A state space representation in controllable canonical form of the transfer function in 

equation (18) and (19) is shown as: 

xCy
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(20) 

where 
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(21) 

Initial conditions for solving the equations above are steady state,0=x# , zero input 0=Lij  

and uniform concentration, avessurfs CC ,, = . The first two conditions result in a linear 

equation, 0=xA
C

, that yields a solution with one degree of freedom, 

[ ]Txx 000000 3
C
= . The third condition gives an initial value of the concentration, 

0,,, savessurfs CCC == . As a result, the initial state is presented as follows: 

T

Q
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b
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ú

ø
é
ê

è
= 0000

0

0,0 3
C

 
(22) 

2.3.2 Ion concentration in electrolyte 

The RG method is used to reduce the PDE that describes ion transport in electrolytes, where 

current density across each electrode is assumed to be uniform, as shown in equation (23): 
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(23) 

The PDE is discretized by the FDM and the resulting equations are converted into the state 

space representation: 

IDxCy
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(24) 

 The equation above is a single input M output linear system with matrices 

2222 DandC,B,A that have dimensions of 1,,1, ³³³³ MMMMMM , where M denotes the 

number of discrete node points along the microcell thickness direction. The input variable is the 

applied currentI and the output is a 1³M  vector that indicates ion concentration, 
eC , at each 

node point.  

The state equation is transformed to a modal canonical form with: 
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(25) 

where 
kl is the eigenvalues of the system matrix, 2A , Z  is the steady state vector evaluated by 

22

1

22 DBACZ +-= -  and 
kr
C

 is the residue vector obtained by: 
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kq
C

and kp
C

 denote the right and left eigenvectors of the system matrix 2A  

and kkk qqA
CC

l=2 , kkk pAp
CC

l=2 . 

The Mth order system is reduced to theNthorder by grouping the residues according to the 

similarity of the eigenvalues [13]. The grouped residue vectors and the grouped eigenvalues are 

defined as: 
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The Nth  order state equation is constructed with the reduced matrices *

2

*

2

*

2

*

2 ,,, DCBA  that 

have a dimension of 1,,1, ³³³³ MNMNNN : 
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(28) 

2.3.3 Potentials in electrodes and electrolyte 

POD is a mathematical procedure that is used to find a basis for a modal decomposition of a 

data set. The data applied here is the rigorous solution of the potentials in electrode and 

electrolyte obtained by FDM. The governing equations for charge conservation in electrode and 
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electrolyte are discretized and the resulting equations are expressed in the matrix form as 

follows: 

bA =f
C

3  
(29) 

where f
C

 is the FDM solution vector of the potentials at each grid points , 3A  and b denote the 

coefficients matrix and constant vector.  

f
C

 can be approximated by a linear combination of the first N  proper orthogonal modes 

(POMs) as shown in equation (30), where apprf
C

is the approximation solution, F is the POMs 

and a is the reduction variables. 

aappr

CC
ÖF=f  (30) 

The POMs are the eigenvectors obtained by singular value decomposition of the discrete 

kernel given by ffk
CCC
Ö= T

 and sorted in a manner that the corresponding eigenvalues are in a 

non-increasing order, as shown in equation (31). S is the diagonal matrix of eigenvalues 

andN denotes the model order that we applied in POD. 
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The reduction variables, a
C
, are solved by substituting equation (30) into equation (29), which 

yields equation (32): 
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(32) 
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The selected POMs form a basis that facilitates to capture the dominant characteristics of the 

system dynamics and enables representation of the most significant information of the variables 

under various circumstances. In this work, the potential data set f
C

used to build the kernel k
C

is 

evaluated under 1C discharge condition. 

A schematic block diagram that described the general procedure of the POD algorithm is 

shown in Figure 8. 

 

Figure 8: Block diagram of the POD algorithm. 

2.3.4 Electrochemical kinetics 

Electrochemical reactions that take place at the interface between electrodes and electrolytes 

are described by the Butler-Volmer equation. The nonlinear functions are linearized based on the 

fact that the overpotentials vary within a linear range under normal operating conditions [13]. 
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2.4 Analysis of the ROM performances 

Performances of the sub-models are analyzed by comparing the models before and after 

reduction. The model before the reduction is numerically solved using the finite difference 

method (FDM), where the number of grids in the radial direction of particles and thickness 

direction of the cell are 25 and 15, respectively.  The three variables,surfsC , , eC andf are used to 

evaluate performances of the sub-models. 

2.4.1 Order reduction of ion concentration in electrode particles 

Since the average concentration in electrode particles, avesC , , is easily obtained by the volume 

average equation, only the surface concentration, surfsC , , is the crucial variable to be considered 

for the evaluation of performances with respect to frequency, time and static response. The 

response of surfsC , at a current density, Lij , can be formulated by different methods including 

parabolic, quartic polynomial, and the Padé approximation. The transfer functions reformulated 

from a parabolic and a quartic profile are shown in equation (34) [19]. 
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Frequency responses of the analytical exact solution given in equation (17), the two different 

polynomial approaches and the Padé approximation from the 2nd to 10th order with a step of a 

two-order for the surface concentration of particles on the anode side are plotted in Figure 9. 

Comparison between the analytical solution and the two approximation methods shows that the 

Padé approximation approaches the analytical exact solution up to a certain frequency that 

depending upon the order. The higher the order is, the smaller the difference of the responses in 

magnitude and phase. In addition, the range of the response of the 4th order Padé approximation 

is comparable to that of the quartic polynomial. Conversely, the parabolic polynomial only 

works over the range of very low frequencies, which means that the dynamic performance is of 

less satisfactory. The quartic profile with an extra state better represents its response over a high 

frequency range, but it is hard to extend the order of polynomial systematically to meet the 

accuracy requirements. 
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Figure 9: Frequency responses of the surface concentration of a particle on the anode side: 

analytical exact solution, parabolic and quartic polynomial and the different order of Padé 

approximation. 

Time responses of surfsC , by applying different methods at AC currents are compared in 

Figure 10. Relative errors are calculated in percentage, which is shown in equation (35), where 

iyĔ is the simulation data of the different methods, and 
iy is the FDM solution with 25 grid points 

on the radial direction (or experimental data). The parabolic method is not considered because of 

its large error.  
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(35) 

The 2nd order of the Padé approximation (yellow dot-dashed line) shows the largest 

discrepancy in magnitude and phase compared to the FDM solution. The quartic profile (purple 

dashed line) shows improved tracking behavior, while the 6th order of the Padé approximation 

(green line) has the closest match to the FDM solution. The time responses shown in Figure 10 

verify the results of the frequency responses as shown in Figure 9 where the Padé approximation 

can best represent the FDM solution over a wide frequency range if an appropriate order is 

determined.  

 

Figure 10: Time responses of surface concentration of a particle on anode: FDM, quartic 

polynomial, and 2nd and 6th order of the Padé approximation. 


























































































































































