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Abstract 

 

 

          Does any existing technology provide a viable actuator for the high degree-of-freedom 

robots that will soon be ubiquitous in society? If a technology exists that is in any way superior 

to the electric motor for robotics – why has it not come into common use? What are the 

technology’s benefits and flaws, and can these flaws be overcome? This thesis seeks to answer 

these questions. The author believes that, of all known devices which convert electrical energy to 

mechanical motion, shape memory alloy actuators provide the most convincing capabilities to 

fulfil the needs of complex robots over the next decades. The electro-magnetic motor has moved 

industry and automation for over a century, yet modern robotic machines are reaching the 

fundamental limits of its ability as mechanical systems increase in complexity while decreasing 

in size. Shape Memory Alloy (SMA) actuators have benefits of extraordinary high strength, high 

energy density, simplicity, and low cost. These benefits come along with obstacles of complex 

thermo-electro-mechanical behavior, difficult control, fatigue over time, and moderate speed – 

all of which can be overcome – as well as barriers of low energy efficiency and limited life-time 

which cannot be overcome. This thesis addresses all of the obstacles to enable more powerful 

and capable robots, answering the essential question: 

 

How can we enable SMA technology so that it becomes useful for robotics? 
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Symbol Name 
Typical Value 

Units 
Martensite Austenite 

𝜎 Stress  MPa 

𝑇 Temperature  ̊C 

𝜉 Martensite phase fraction   

𝜖 Strain   

x Position (𝐿(𝜖 − 𝜖0))  m 

F Force (𝜎𝐴)  N 

𝜖𝐿 Max. strain of SMA with 0 stress .04  

Ω Max. stress of SMA with 0 strain 3.0 GPa 

𝜃 Coeff. of thermal expansion 0.55 MPa/ ̊C 

𝑐𝑝 Specific heat 836 J/(kg°C) 

Δ𝐻 Latent heat of transformation 24200 J/kg 

ℎ Heat transfer coefficient 121.2 W/(m2C) 

ℳ Subscript for Martensite   

𝒜 Subscript for Austenite   
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𝑑  Distance from 𝑀 centerline   
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𝑏  Distance from 𝑀𝑠 line   

𝐶𝑀 , 𝛼 Slope of 𝐴,𝑀 lines 6.89 - 10.3 MPa / ̊C 
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𝜈𝑀 Distribution skew 0.0 - 2.5  
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𝑀𝑠, 𝐴𝑠 Transformation start temp. at 0 Pa 72 87 ̊C 

𝑀𝑓 , 𝐴𝑓 Transformation finish temp. at 0 Pa 62 98 ̊C 

𝜌0 Resistivity 75 86.5 𝜇Ωcm 

𝛼 Effect of Temperature on  𝜌 0.15 0.05 𝜇Ωcm/°C 

𝐶 Elastic compliance (1/𝐸) 0.0357 0.013 1/GPa 

𝐸 Elastic Modulus 28 75 GPa 

𝐴 Wire cross-sectional area  m2 

𝑑 Wire diameter  m 

𝐿 Wire length  m 

𝐴𝑠 SMA device surface area  m2 

𝑚 SMA device mass  kg 
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Chapter 1 

Introduction & Outline 

 

Introduction 

     Does any existing technology provide a viable actuator for the high degree-of-freedom robots 

that will soon be ubiquitous in society? If a technology exists that is in any way superior to the 

electric motor for robotics – why has it not come into common use? What are the technology’s 

benefits and flaws, and can these flaws be overcome? This thesis seeks to answer these 

questions. The author believes that, of all known devices which convert electrical energy to 

mechanical motion, shape memory alloy actuators provide the most convincing capabilities to 

fulfil the needs of complex robots over the next decades. The electro-magnetic motor has moved 

industry and automation for over a century, yet modern robotic machines are reaching the 

fundamental limits of its ability as mechanical systems increase in complexity while decreasing 

in size. Shape Memory Alloy (SMA) actuators have benefits of extraordinary high strength, high 

energy density, simplicity, and low cost (Table 1). These benefits come along with obstacles of 

complex thermo-electro-mechanical behavior, difficult control, fatigue over time, and moderate 

speed – all of which can be overcome – as well as barriers of low energy efficiency and limited 

life-time which cannot be overcome. This thesis addresses all the obstacles to enable more 

powerful and capable robots, answering the essential question: 

How can we enable SMA technology so that it becomes useful for robotics? 

 

Table 1 – The characteristics of SMA actuators.  'Ugly' characteristics have been overcome by this work 

The Good The Bad The Ugly* 

High specific strength Energy efficiency (3-5%) Low strain 

High specific energy (work) Life-time (100k-1M cycles) Sensors bigger than wire 

Silent operation  Nonlinear and hysteretic 

Excellent DoF/$  Difficult training/processing 

Excellent DoF/m^2  Bandwidth vs size 
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     Actuators for robotics must work in a way that is complementary to both machine designers 

and to control engineers. Most SMA research today is focused on materials science rather than 

creating actuators. When used as an actuator, SMA provides an unconventional challenge 

because the material creates the motion: Models of the material and actuator are one-and-the-

same. Most SMA actuators in modern studies are constrained to operate in very particular 

environmental and loading conditions. To realize the extraordinary specific energy
1
 in SMA 

materials, the complete actuator and feedback system (feedback sensors and energy sources) 

must be considered. SMA wires are very compact actuators; they are so small that most feedback 

sensors are larger than the actuator, and therefore in feedback the effective SMA specific energy 

is often greatly reduced due to the added size and mass of the sensor.  To enable SMA actuators 

for robotic actuators, the material behavior must be modeled under general loading and ambient 

conditions, feedback control must provide robust positioning accuracy in all scenarios, and 

mechanical designs must minimize the burden of sensors and energy sources in the feedback 

control system. Thus, we must understand electro-thermo-mechanical behavior, be able to model 

all of those components, and be able to design and control the actuator within their constraints. 

This thesis addresses all four primary areas of study that must be understood to create robust 

SMA actuators: mechanical, electrical, thermal, and feedback control design.  

 

Mechanical Design & Modelling 

     SMA materials provide benefits of high strength, simplicity, and low cost, but provide those 

with obstacles of low physical strain (maximum of 8%), nonlinear behavior, and sensitivity to 

improper handling. Before diving into mathematical analysis, a sketch of the material behavior is 

provided (Chapter 2). Most work on SMA dives directly into multi-variable constitutive models 

for the material, hiding the useful properties in equations. Presenting a sketch of the behavior 

without a single equation allows students and beginners to expect certain reactions from smart 

materials which would not be seen in common engineering metals. After an intuitive sense of the 

material behavior is found, the models can be developed more clearly. ‘Constitutive models’ 

relate the actuator length and force to temperature and crystal phase transformation (Chapter 3). 

                                                 

 

1
 Specific energy generally refers to energy-per-unit-mass (J/kg), or energy-per-unit-volume 

(J/m
3
). The latter is used throughout this work unless otherwise noted.  
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Crystal phase change affects the shape memory strain, elastic modulus, and electrical resistivity - 

and is the cause of the nonlinear behavior. A primary goal of this thesis is to create and control 

SMA actuators. With that objective, the modeling approach is often a compromise between 

clarity, simplicity, and adherence to underlying physics. The best engineering models are often 

not the best scientific models, but are the ones that describe the bulk behavior most accurately - 

even if that requires some empirical fitting and simplification of underlying physics. Most 

existing SMA models are not continuous in general conditions that an SMA actuator experiences 

– the author has developed a model that ensures continuity and simulation stability (Chapter 3).  

     Most material models assume the SMA material has been trained to provide highly functional 

properties. This is convenient for researchers who can purchases bespoke materials, but 

practicing engineers will find that specialized heat treating and training processes are required to 

get useful transformation properties from SMA material. These processes have been studied and 

schemes for proper training are developed in Chapter 4.  Heat-treatment of the material sets the 

bulk properties, and cyclic training stabilizes their useful range of stress, strain, life, and 

actuation temperatures. The training – working of the material immediately after heat treating – 

stabilizes the material properties so that they do not fade or decay through the actuators life. The 

stabilized properties also ensure the material models will have consistent parameter values 

through the life of the actuator.  

     Engineers who might look to adopt SMA are not only disappointed by lack of clarity in 

material behavior, but also in converting the unusual motion of SMA into useful actuation in 

mechanical designs. The specific energy of an SMA actuator is very high – but this is due to high 

strength and low strain, where most engineering actuators provide high strain with low force. 

Decades of mechanical design research has overcome this obstacle in many ways; the most 

reliable designs and concepts, as well as novel designs created by the author, are presented in 

Chapter 5. 

 

Electrical & Thermal Modelling 

     NiTi materials used in this work are actuated by heating and cooling. The heating is achieved 

by passing electric current through the material. Cooling occurs when the material dissipates heat 

into the surrounding air via convection. Controlling the electric power transferred into in the 

material heats it and thereby actuates it. The design of electrical circuits to drive electricity 
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through the material usually result in a compromise between component cost and resolution. In 

practical actuators, pulse-width-modulation (PWM) provides a reliable and efficient means of 

controlling the current in the material to heat and cool it. Circuits are designed so that they can 

simultaneously drive the heating current and measure it. These PWM systems are designed and 

compared to analog amplifiers which provide smooth control of input voltage, though at higher 

cost, in Chapter 6.  

     Heat transfer from the material to ambient air cools the material. Thermal behavior 

determines actuator efficiency and bandwidth, so it is critical to consider when matching SMA to 

a robotic application. The NiTi material has two interesting interactions to complicate this 

process. First, the material stores internal energy in both specific heat and latent heat of 

transformation: this causes the material to exhibit nonlinear mechanical behavior during heating 

and cooling. Methods and calculations to determine and design SMA actuator bandwidth are also 

presented in Chapter 6. Second, the electrical resistance of the material changes with crystal 

phase change; this can disrupt the expected current flow through the material and change the 

heating rate. If carefully measured, the change in resistivity can be used to help sense the 

material crystal state. The author’s dual measurement self-sensing technique provides reliable 

strain sensing in all ambient and loading conditions, so that robust feedback control is achieved 

without external sensors (Chapter 7).  

 

Feedback Control and State Estimation 

     These thermo-electro-mechanical models can be used to design a controller, or controllers can 

be created that are robust despite lacking a model. To test the models and controllers, a 

hardware-in-the-loop tensile testing machine was designed to simulate external loads on a 

physical SMA system under test (Chapter 8). In the actuator context, the objective is typically 

position control of linear or rotary actuators. The focus in this work is on control of actuator 

position (angle) and force (torque), not motion planning for the entire robotics system. A new 

modelling technique developed in this work presents the SMA models (of Chapter 3) with a 

‘Linear Parameter Varying’ perspective. By considering an equivalent mechanical system 

instead of the bulk material model, a model can be framed as a state space with varying 

coefficients (Chapter 9). These coefficients vary as the actuator moves, but the primary system 

characteristics are maintained. State estimators are designed based on the LPV model. The 
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estimator is very useful to help understand the material behavior since the SMA temperature and 

crystal phase cannot be measured in practice. The LPV model is modified using the Exact 

Velocity Linearization (EVL) technique to make it more reliable for control (Chapter 10). The 

EVL and other linearizing controllers can greatly simplify the control design process. Over the 

life of an SMA actuator, most of these models will fail to remain accurate and so the controllers 

degrade over time. Sliding mode control provides a model-independent method to control the 

SMA material, immediately overcomes the primary nonlinearities of the system, and is robust to 

many disturbances (Chapter 11). Because the material is heated and cooled by rapidly switching 

input regardless (due to the PWM circuits), sliding mode provides an ideal solution to SMA 

control in most applications.  

     To validate the entire suite of modelling and control methods developed in this work, several 

demonstrations have been made which showcase the capability of SMA and the author’s 

progress in creating truly practical actuators from SMA material (Chapter 12).   

 

Contributions 

     Advances to enable SMA actuators made in this work fall into three categories; thermo-

electro-mechanical models for wire actuators, the robust self-sensing discovery using the dual 

measurement technique, and linear-parameter varying perspective of SMA materials that lead to 

improved estimators and controllers. In previous research, SMA actuators have never been 

implemented in physical devices with reliable control using self-sensing techniques; these three 

advances are required to enable SMA actuators for robotics. In the course of this research, the 

author has: 
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      Developed a comprehensive one-dimensional, phenomenological thermo-electro-

mechanical model for SMA wire. This model uses a new inner loop hysteresis condition that 

does not break down in controller simulation (as the common existing models do). By 

coupling the material to a heat transfer model for thin wire, it relates the material states 

(stress, strain, temperature), and constituent states (phase fraction, effective elastic modulus, 

electrical resistance), to driving input (electric power). (published 2016 [1], 2017 [2]) 

      Discovered and analyzed a self-sensing technique which provides a truly linear estimate 

of strain which surpasses all previous attempts to use electrical resistance as a strain sensor. 

The technique reduces RMS self-sensing error from 12% to below 1%; this ‘dual-

measurement’ method is robust to ambient conditions, actuator life (fatigue), and most 

importantly it is accurate regardless of the force on the actuator. Self-sense strain 

measurement makes the SMA model fully observable with no additional sensor. (published 

2016 [3], 2017 [4]) 

      Framed the one-dimensional SMA actuator model as a Linear Parameter Varying (LPV) 

system, creating linear estimators which can estimate both phase fraction and actuator stress. 

This has never been achieved before without relying on unrealistic simplifications about 

material behavior (which do not work well outside the laboratory) and is the first presentation 

of a technique which can accurately estimate SMA phase fraction and stress from simple 

measurement of position. (published 2017 [5]) 

      Modeled SMA behavior as a third order LPV system, with Martensite phase-fraction as 

the varying parameter. It was determined that the entire nonlinearity is contained in a varying 

scalar gain between temperature and phase fraction. Non-linear controllers based on gain-

scheduling and sliding mode were created, providing control very near the ultimate limits due 

to thermal bandwidth. The control performance is validated in constrained testing equipment 

which simulates common loads for SMA actuators (published 2017 [6]) 

      Synthesized multiple SMA actuators which provide reliable transformation of SMA 

tension into joint torque and prevents premature fatigue of SMA wire due to strain of 

curvature. These mechanical joints are used to create a robotic arm which is accurate and 

powerful (for its weight), at a cost much lower than equivalent electric-motor based devices. 

The robotic arm is used as a platform for testing robust controllers (published 2017 [5]).  
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Chapter 2 

Sketch of General Shape Memory Alloy Behavior 

     Shape memory behavior is often explained in a manner that involves Constitutive Models and 

concepts like Green Strain and Statistical Thermodynamics that make the topic inaccessible to 

new students of the science. Here we present an illustrated demonstration of the main features of 

SMA behavior that the designer will encounter, with sufficient detail for those with the intent of 

designing SMA-based systems. Additionally, a ‘design guide’ has been prepared to help 

designers choose whether SMA can be used in their system based on bandwidth, strength, size, 

and cost requirements.  

 

What Causes Shape Memory Motion? 

    Shape memory materials achieve their remarkable properties due to crystal transformations 

that can be reversed without destroying the material. Most metals have multiple crystal phases 

that are different shapes – this is not unique to SMA. However, in most metals a phase change in 

the crystal structure does not change the macroscopic size of the material, and can only be 

changed by annealing in a furnace. SMA phases are unusual since the crystal phases are of very 

different size, and the transition between them is activated by temperatures that do not melt or 

soften the material. Heating and cooling the material causes a change in crystal phase and a 

corresponding change in the physical size of the material.  

 
Figure 1 - The stress-temperature phase diagram shows where different NiTi crystal phases are guaranteed, as well 

as transition regions where the crystal phase percentage depends on the previous history of phase change
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     There are two predominant crystal phases in NiTi which can be drawn on the ‘phase diagram’ 

of stress vs temperature as shown in Figure 1. The high temperature, short and stiff phases is 

called ‘Austenite’ (Figure 1, right). The low temperature, high-stress, long and soft phase is 

called ‘Martensite’ (left). There is another special phase when both stress and temperature are 

low, called ‘Twinned Martensite’, where Martensite crystals are oriented such that the crystal is 

compact (lower left), but the material is soft and with some applied stress is easily stretched into 

the normal ‘de-twinned’ Martensite (upper left). For actuators that are repeatedly actuated, it is 

desirable to keep the stress high enough to ensure twinned Martensite never occurs – the safe 

region to prevent twinning is denoted with a dotted outline in Figure 1. The diagram also 

contains a band between Martensite and Austenite where the phase cannot be determined from 

stress and temperature alone: In this region, the SMA material will have some Martensite and 

some Austenite: the exact proportions depend on stress, temperature, strain, and the history of 

motion in the phase diagram. This middle region is very important – by careful application of 

temperature and stress, the material can be controlled to be partially Martensite and partially 

Austenite.
2
 When both phases are present, the strain will be somewhere between the compact 

size of Austenite and the extended size of Martensite – this is how useful actuators are made 

from SMA. To keep track of how much of each phase is present, the ‘Martensite fraction’ is 

usually tracked, denoted by the Greek letter 𝜉. In many simple applications, designers want an 

actuator to move between two positions – in a wire this might be a certain short length 

corresponding to 100% Austenite and a long length corresponding to 100% Martensite. 

Examples where this is practical include activating a latch or switch, or opening and closing a 

door. A more general-purpose actuator or ‘artificial muscle’ needs to be controlled to 

intermediate lengths. Fortunately, by carefully controlling the stress and temperature, the entire 

body of material can have a fractional phase state.   

     There are two primary behaviors in SMA based on the way they are actuated: whether 

actuated by cycling stress or by cycling temperature. The first one is the ‘super-elastic’ (also 

                                                 

 

2
  This fractional phase does not mean that a single metal crystal could be, for instance, ‘half 

Austenite and half Martensite’. It means that, in the bulk of the material, half the crystals are 

Martensite, and the other half Austenite. 
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called ‘pseudo-elastic’) effect (Figure 2, Top-Right). In common metals, application of stress 

leads to elastic strain and eventual plastic deformation which usually means the material has 

failed. However, in SMA the apparent plastic deformation is not permanent – even a large 

‘plastic’ deformation disappears when the stress is released, and the material returns to the initial 

position. Real ‘plastic’ deformation is not recovered when stress is reduced, and real ‘elastic’ 

behavior does not have a nonlinear load path –the unique SMA stress-strain behavior is called 

‘super-elastic’ motion. The second effect happens when stress is held constant, and the 

temperature is varied – because the temperature variation changes the crystal phase, the material 

exhibits a large strain (Figure 2, Bottom Left).  The shape of the material at high temperature is 

determined by the way it is trained and annealed when manufactured. Since heating the SMA 

will return it to the ‘remembered’ shape, this is called the ‘shape memory’ effect. In an SMA 

wire actuator, the memorized shape is simply a short and straight wire. Both types of loading are 

considered in more detail below. For robotics applications, we are interested in using SMA 

materials as actuators and so most of the focus is on the shape memory effect.  

 
Figure 2- The two extraordinary characters of SMA materials: The super-elastic effect is stress-induced phase 

change. The shape-memory effect is temperature induced phase change. 
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Super-elastic and Shape Memory Effects 

     Now consider three scenarios where temperature is held constant (as in a thermal chamber) 

and stress is cycled (as if by a tensile testing machine). First, the shape memory effect which is 

common in magic tricks and simple two-state actuator devices (Figure 3, red). At low 

temperature, applied stress moves the material from twinned Martensite to de-twinned 

Martensite. When stress is released, the material does not return to the origin but rather it seems 

to have been truly plastically deformed. However, application of temperature can contract the 

material again by transitioning from de-twinned Martensite, to low stress Austenite, to twinned 

Martensite. This cycle is called the ‘shape memory’ effect, and is the most common effect seen 

in SMA magic tricks and gimmicks since it provides easily imagined ‘memory recollection’ 

behavior. Secondly, consider the ‘super-elastic’ effect (Figure 3, blue). At moderate 

temperatures, the material rests in Austenite when no stress is applied. Applied stress first 

elastically deforms the material, and then appears to plastically deform the material as the stress 

induces reorientation of the metal crystals from Austenite into Martensite. Eventually, the entire 

material is 100% Martensite, and it begins to ‘stiffen’ again with the elastic modulus of 

Martensite. The super-elastic effect becomes apparent as stress is relieved; the material ‘un-

plastically’ deforms as stress is decreased and the crystals shift back into Austenite, leaving a 

flag-shaped stress-strain path. When stress is eventually reduced to zero, the material returns 

fully to the starting strain with no permanent deformations. This behavior is called the ‘super-

elastic’ effect because it seems like the material should be ruined, but it has not actually been 

broken in any way. Finally, consider the case where temperature is very high (Figure 3, green). 

The material begins in the Austenite phase, if the temperature is sufficiently high, then applying 

stress will not cause the crystal phase to change to Martensite, perhaps even up to the material 

failing. 
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Figure 3 – SMA behavior at different temperatures. At high temperature, the material remains in Austenite and is 

mostly elastic. At moderate temperature, the material can be force into Martensite, but returns to Austenite when the 

stress is relieved. At low temperatures, the material exhibits the ‘pseudo-plastic’ effect; it deforms permanently until 

temperature is applied to contract it again. 

Shape Memory Actuation & the Effect of Load and Loading Path 

     While motion on the phase plane can be very complex, in many practical applications the 

strain is easy to predict because the load applied to the SMA material is known. It is easiest at 

this stage to speak about SMA wires since the force and length are directly related to the stress 

and strain, respectively. Usually the force trying to extend the wire is called the ‘antagonist’ load 

– the SMA wire and this load together create an ‘agonist-antagonist’ pair, often called simply an 

‘antagonist’ pair. The antagonist load can even be another SMA wire. For now, take the simple 

case where a constant force is applied to the wire and that material is heated and cooled in a 

temperature controlled chamber. This occurs, for instance, if a mass is suspended from the wire. 

Assume that the stress is high enough to de-twin any Martensite (if it is not then no motion 

would occur at all!). Looking to Figure 4, notice first the serpentine path of the temperature vs 
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strain; this path is hard to predict and will be discussed later, so for now we will ignore it and 

look only at the end conditions – where the material is 100% Austenite or Martensite. Note also 

the straight lines of stress – we chose a case with constant stress (hanging weight) so the path 

here is linear and easy to predict. Most importantly, notice the two lines which determine the 

boundaries of the motion – these lines define the 100% Austenite (left dashed line in Figure 4) 

and 100% Martensite (right dashed line) elastic modulus, or stiffness. The Martensite exhibits a 

lower elastic modulus and so has a lower slope. This provides a very interesting effect – the more 

stress applied to the material, the more strain is caused by the shape memory effect when the 

material is heated and cooled. Increasing the load increases the useful strain – increasing both 

stress and strain greatly increases the energy of the wire - for free. Thus, designers should always 

use SMA wires that are small enough to ensure they will be highly stressed during use – in fact 

stress should be kept high as possible without exceeding the limits for the design fatigue goals 

(discussed later). 

 

 
Figure 4 - The shape memory effect at several loads. Notice that higher loads produce larger shape memory strain. 

All cases are above the critical stress which prevents Martensite twinning. 
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     Now consider cases that are slightly more complex than the constant load. These cases could 

produce a variety of different paths on the stress-strain diagram, but for now we consider only 

cases which result in a linear stress-strain path (Figure 5). First, the constant load is plotted for 

comparison (in blue). Now consider a linear spring which provides force proportional to its 

deflection with spring rate ‘k’. Since the spring is arranged as an ‘antagonist’ load, the slope of 

the spring is opposite to the conventional direction, but it maintains the same slope ‘k’. This path 

is shown in red on Figure 5. Because of the different modulus of Martensite and Austenite, the 

total strain between the hot and cold condition is shorter than that of the constant load 

antagonist. In other words, by actuating against a spring instead of a constant load, we decrease 

the total stroke of the SMA actuator! This is not good – typically springs are convenient 

antagonists yet are causing a loss of energy efficiency. Now consider a special spring – perhaps 

created with a mass and cam, spring and lever, or a nonlinear spring like a leaf spring – which 

provides a positive antagonist force but has a decreasing slope. This path (shown in green) is 

longer than the actuating strain of common spring and the constant force. Thus, by clever design 

of the antagonist load, we still create a linear path but get free work from the actuator. Many 

references cite the benefits of ‘leaf-spring’ antagonists without clarification on why it is 

beneficial; this provides a rational basis for that benefit. 

 
Figure 5 - The shape memory behavior with different antagonist loads - springs, masses, and special cases 
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Inner Loop Hysteresis 

     The forgoing discussion was possible without any explicit description of the hysteretic path of 

the material in temperature vs strain. Not only is the hysteresis complex to describe, but in cases 

with high speed or acceleration, the linear paths sketched in Figure 3 through Figure 5 are not 

reliable indicators of the SMA performance during actuation, even with simple loads. The 

inherent hysteresis in the material plays a large role in the material motion, and is critically 

important when creating high-performance feedback controllers. In the previous examples we 

have seen the serpentine path which the strain takes as temperature (or stress) varies. Now we 

look at the crystal phase alone, as it varies with temperature while maintaining constant stress 

(Figure 6). It is informative to see that the peak transformation rate (𝜕𝜉 𝜕𝑇⁄ ) occurs on the 

transformation centerline in the phase diagram (by definition).  

 

Figure 6 - The shape memory effect at constant load. The bands of transformation denote the peak of transformation 

and the band of stress and temperature at which the transformation will occur. 
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When modelling and controlling the material, the designer must be aware of complexity that 

result from switch directions in the middle of transformation. The key aspects can be illustrated 

in two examples. First (Figure 7, left), consider a material that begins in Martensite (1). The 

material is heated until it is 100% Austenite (2), and subsequently cooled until it is partially 

Martensite and partially Austenite (3). By heating again, we can reverse the transformation back 

to Austenite (path 4, red). But, this time only half the material needs transformation; the peak 

rate of transformation is only about half that of a full cycle as indicated by the smaller area under 

the 𝜕𝜉 𝜕𝑇⁄  curve.  

 

 

Figure 7 –(LEFT) The inner loop hysteresis for a change of direction in mid transformation. (RIGHT) The inner 

loop hysteresis for a short 'pause' in heating – many models have trouble describing this effect accurately 

     The second instance of hysteresis causes the ‘inner loops’ in the model (Figure 7, right). 

Consider a situation where the material begins in Martensite (1), is heated until it is partially 

Martensite and partially Austenite (2). It is then cooled slightly causing it to reverse 

transformation directions and start reorienting into Martensite again (3). However, this reversal is 

paused (3), and the material is heated (path 4, red) until it becomes 100% Martensite. In this 

case, the material will have only a small change in phase fraction during the delay, and then 

return to the original transformation path. During this last heating phase (path 4, red), notice the 
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way 𝜕𝜉 𝜕𝑇⁄  ‘jumps up’ to the original slope once the temperature exceeds the first original point 

(2). This behavior is unusual in the SMA material; most existing models cannot accommodate 

this behavior (this is remedied in Chapter 3). These hysteresis concepts were demonstrated with 

a driving temperature input, but can be applied analogously to the super-elastic case by replacing 

temperature in the foregoing discussion with stress.  

     Of course, in real actuators the stress and temperature effects can rarely be separated – the 

temperature and stress and crystal phase are all interrelated in even the simplest cases (see 

Chapter 6 for more details). One great way to see this is by stretching a super-elastic SMA spring 

quickly; it gets noticeably hot as it transforms. Not quite as intuitive is what happens when the 

spring is quickly released – it gets suddenly colder as it draws energy from the surroundings on 

transformation back to Austenite. These more complex coupled behaviors are unfortunately 

much harder to explain pictorially, and are easy to understand with a basis of the underlying 

physics, as described in depth later in this thesis. 

 

SMA Actuator Design Equations 

Before explaining SMA in detail, we provide a set of practical equations for SMA round wire 

actuators used as tensile actuators. The equations are mostly self-explanatory and are based on 

simple calculations and manufacturer specifications. Next, a design method for selecting 

appropriate SMA wire actuators is described. Finally, definitions of common terms used in SMA 

work are provided. 

 

Table 2 - Units and parameters used in the design equations provided in 

Diameter (mm) 𝐷 mm 

Length (mm) 𝐿 mm 

Voltage (V) 𝑉 Volts 

Austenite finish temp 𝐴𝑓 = 90  C 

Martensite finish temp 𝑀𝑓 = 40  C 

Shape memory strain 4 % 

detwinning stress 100 MPa 
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Table 3 - Design calculations for SMA devices. These rules are conservative to provide long life (100k to 1M cycles) 

Area 𝐴 =
𝜋

4
𝐷2 mm^2 (1) 

Max force (for 100k cycles) 𝐹𝑚𝑎𝑥 = 170 ∗ 𝐴 N (2) 

Min. required preload (to ensure 

extension) 
𝐹𝑝𝑟𝑒𝑙𝑜𝑎𝑑 = 100 ∗ 𝐴 N (3) 

Min. expected stroke 𝛿𝑚𝑎𝑥 = 0.04 ∗ 𝐿 mm (4) 

Safe bending radius 𝑟𝑚𝑖𝑛 = 50 ∗ 𝐷 mm (5) 

Cooling time 

(in still, room temp air 25  C) 
𝑡𝑐𝑜𝑜𝑙 = 𝐷

2 0.0172⁄  seconds (6) 

Electrical resistance 
𝑅 = 0.001 ∗ 𝐿/𝐴

= 0.0012 ∗ 𝐿/𝐷2 
Ohm (7) 

Safe continuous current to prevent 

damage 
𝐼𝑚𝑎𝑥 = 20000 ∗ 𝐴 + 40 mA (8) 

Safe continuous voltage to prevent 

damage 
𝑉𝑚𝑎𝑥 = 𝐼𝑚𝑎𝑥𝑅 Volts (9) 

Heating current 𝐼 = 𝑉/𝑅 Amp (10) 

Heating time 𝑡ℎ𝑒𝑎𝑡 = 19000 ∗ 𝐴/𝐼 Seconds (11) 

Cycle time 𝑡𝑐𝑦𝑐𝑙𝑒 = 𝑡ℎ𝑒𝑎𝑡 + 𝑡𝑐𝑜𝑜𝑙 Seconds (12) 

Cost (MuscleWire from Dynalloy) 𝐿 ∗ 0.0045 USD (13) 

SMA Energy (force*stroke) 
𝐸𝑠𝑚𝑎 = 𝛿𝑚𝑎𝑥(𝐹𝑚𝑎𝑥 − 𝐹𝑝𝑟𝑒𝑙𝑜𝑎𝑑) 

= 2.2 ∗ 𝐿 ∗ 𝐷2 
Nm (14) 

SMA steady-state power consumption 𝑃 = 405 ∗ 𝐷 ∗ 𝐿 ∗ (𝐴𝑓 − 20) W (15) 

Heat transfer coefficient 65.5𝑒−
𝑑
4(𝑇 − 𝑇∞)

1
6 W/m^2/C (16) 

Actuator Efficiency 
𝜂 =

0.025309

0.000026
𝑑

(
𝐿
𝑉)

2

+ 1

 
 (17) 

 

Decide if SMA is practical based on energy consumptions 

     In general, it is easy to determine whether SMA actuators will work in a power limited 

application if we know the work done to fully actuate the system. The energy is typically the 

force required multiplied by the displacement (N*m) or, for rotary systems, the torque required 

multiplied by the angular displacement in radians (Nm*rad).  

 

𝐸𝑟𝑒𝑞 = 𝐹 ∗ 𝛿     or     𝐸𝑟𝑒𝑞 = Τ ∗ 𝛿𝑟𝑎𝑑 
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Very quickly, we can eliminate many applications by computing the power required to cycle the 

SMA wire continuously. Note the efficiency 𝜂 is based on the ratio of mechanical work to 

thermal work (heating the SMA), but continual transfer of heat away from the wire into the air 

means that in practice a slow cycle time does not usually improve efficiency. 

 

𝑃𝑚𝑖𝑛 =
1

𝜂

𝐸𝑟𝑒𝑞

𝑡𝑐𝑦𝑐𝑙𝑒
=

𝐸𝑟𝑒𝑞

. 02 ∗ 𝑡𝑐𝑦𝑐𝑙𝑒
 

 

If this power is not achievable (based on battery power or current limits, for instance) then SMA 

should not be considered. Remember, the value of SMA is energy in a small size, not energy 

efficiency.  

 

Design Method A: Desired Energy → Desired Speed → Diameter → Length 

Choose wire diameter based on required bandwidth 

      Because the wire is activated by temperature, we must be sure that the system can cool fast 

enough to actuate at the desired speed. An easy way to determine the worst-case scenario speed 

is to look at the cooling time in still, room temp air. Any small airflow will greatly decrease the 

time to cool. By rearranging equation (6), we can solve for a maximum diameter given a 

maximum cycle time: 

𝐷𝑚𝑎𝑥 = √0.0172 ∗ 𝑡𝑐𝑜𝑜𝑙 
 

 

Compute the length of wire needed 

     By considering the energy first instead of looking at a mechanical design (forces and torques) 

– we can calculate the minimum amount of wire we will need to achieve the desired energy, 

regardless of the mechanism design. Rearranging equation (14) and using the required 

mechanical energy computed above 

𝐿𝑚𝑖𝑛 =
𝐸𝑟𝑒𝑞

2.2𝐷2
 

 

 

For rotary actuators and levers, determine a moment arm length 

     Because the wires only contract 4% of their length, in a rotary actuator the pulley or 

connection radius is often very small. Notice that the moment arm length can be adjusted to 
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directly trade stroke for torque – another benefit of the SMA’s linear actuation. First, consider 

that we only have 𝐿𝑎𝑟𝑚 length between the fixed end of the wire, and the pulley. Then the total 

length of wire required does not change, but the system must have 𝑛 ≥ 𝐿𝑚𝑖𝑛/𝐿𝑎𝑟𝑚 wires in 

parallel. The moment arm or pulley radius is 

𝑟 = 0.04 ∗
𝐿𝑎𝑟𝑚
𝑛 ∗ 𝛿𝑟𝑎𝑑

= 0.04 ∗
𝐿𝑚𝑖𝑛
𝛿𝑟𝑎𝑑

 

 

Based on the simple calculations above, it should now be clear whether SMA is a practical 

choice for your application. Remember that the benefits of SMA are in strength-to-weight, 

simplicity, and cost. They are not good for efficiency nor high speed. This lends them to be 

useful for miniature applications (high strength, small form) and applications with many unique 

degrees of freedom (lower cost, high strength in each DoF).  

 

Design Method B: Force & Stroke → Length → Diameter & # Parallel Wires 

In some cases, we know the desired linear stroke and cannot include a lever – this will require 

using a fixed length of SMA wire that will provide the stroke. Using equation (4), we can 

determine the wire length 

𝐿 ≥
𝛿𝑑𝑒𝑠𝑖𝑟𝑒𝑑
0.04

 

If the design must use a single wire, or a fixed number of wires in parallel (𝑛), then the diameter 

can be directly computed 

𝐷 ≥ √𝐹𝑑𝑒𝑠/55𝑛 

Alternately, the wire diameter can be determined using the method shown in the previous design 

method (based on a cycle speed), thus setting the minimum number of parallel wires required.  

 

Electrical Considerations 

The electrical resistance of an SMA wire increases with increased length and decreases with 

increased cross-sectional area (7). Now that the total length of wire has been determined, we 

determine the voltage needed to effectively heat the material. In the linear actuator case, this 

requires connecting the supply voltage the entire length of wire. However, in the rotary case or in 

any other case where multiple wires are mechanically in parallel, we have multiple options for 

electrical connection since the electrical path can zig-zag through the mechanically parallel 
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wires. To increase total resistance, the path should be as long as possible (perhaps the entire wire 

length) – this will increase the voltage required to effectively heat the system. Alternatively, by 

passing current through multiple wires at once the electrical resistance decreases – this will 

require more current to effectively heat the system. Taking the minimum power calculated 

above; 

𝑃𝑚𝑖𝑛 ≤ 𝑉𝐼 =
𝑉2

𝑅
= 𝐼2𝑅 

 

With multiple wires, the resistance is based on the length from positive to negative electrical 

contact (𝐿𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐) and the number of wires (𝑛): 

𝑃𝑚𝑖𝑛 ≤ 𝑉𝐼 =
𝑉2

(
0.0012 ∗ 𝐿𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐

𝑛𝐷2
)
= 𝐼2 (

0.0012 ∗ 𝐿𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐
𝑛𝐷2

) 

 

This equation can be used to solve for voltage or current now that the power and resistance are 

known, and may help determine the ideal electrical path through parallel wires acting on the 

same load. If the power cannot be carefully controlled (as it could by using pulse-width 

modulation, for instance), be sure to also consider equations (8) and (9) which provide 

recommended limits to the electrical power so the wires are not overheated and destroyed.  

 

Definitions 

Because the study of shape memory alloys is not very well-known, researchers are still able to 

stick to their own terminology for different aspects of the field. These definitions clarify what the 

author means when using some of the common overlapping definitions. 

1) "Shape Memory Alloy" or "SMA". A member of the general class of metals that exhibit 

the "shape memory effect" under some condition.  

2) "NiTi". The chemical composition of a common shape memory alloy. It is prevalent due 

to fair cost and high performance.  

3) "Nitinol". The name given to NiTi by researchers who discovered its shape memory 

properties at the Naval Ordinance Lab (NiTi-NOL). 

4) "Super-elastic". A behavior of some shape memory alloys in which the material has 

nonlinear stress (it usually appears to deform plasticity) during straining, but which 

returns to zero stress without residual plastic or elastic strain when fully unloaded. 
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5) "Pseudo-elastic". Exactly equivalent to "super-elastic".  

6) "Shape Memory Effect" or "SME". Material behavior in which a material shows 

apparently permanent deformation when strained, but the strain can be recovered by 

subsequently heating the material.  

7) "One-way SME". A material which contracts (extends) when heated, and will stay 

contracted (extended) until stress is applied.  

8) "Antagonist SME". A mechanism wherein a material which exhibits one-way SME (the 

agonist) is paired with a preload force (the antagonist – a weight, spring, or another SMA 

device) such that said material contracts when heated, and when cooled, it is extended by 

said preload force.  

9) "Two-way SME". A material which contracts (extends) when heated, and extends 

(contracts) when cooled even when no stress is applied.  

10) "Heat treatment" or "annealing". (Sometimes confusingly called "training"). The process 

of holding SMA material in a fixed shape, then raising the alloy temperature to a high 

temperature (for NiTi, above 300C) such that the material has diffusive stabilization of 

the metal crystals. Upon quenching, the material assumes said fixed shape whenever it is 

heated above the 𝐴𝑓 temperature (for most NiTi, above 90C).  

11) "Training". The process of heating and cooling SMA material repeatedly while under 

preload to cause the antagonist shape memory effect. This antagonist SME process 

behaves differently for each of the first few cycles (for NiTi, ~30 cycles) but stabilizes to 

a consistent and repeatable motion afterword.  

12) "Functional fatigue". Fatigue caused by crystal rearrangement during SME, as opposed to 

conventional fatigue due to conventional elastic stressing and straining.  
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Chapter 3 

Constitutive Model for Control Simulation 

     Decades of researchers have contributed to robust and well-validated models for shape-

memory alloy thermomechanical behavior. The most common models contain the same core 

constitutive equations, but vary in their approach to transformation boundaries and phase 

transformation kinetics. These models have varying levels of complexity and accuracy – over 

time the models match better to experiment and become simpler to implement. Before 

constructing a model to use in this work, it is important to provide a clear explanation and 

categorization of these earlier developments. We review the development of 1D constitutive 

models of the past three decades, which are the most practical modelling technique when 

designing controllers for SMA actuators from fine wires, and expand on them to create a model 

with the best compromise of accuracy and simplicity for a servo-actuator model.  

     Many kinetics equations for SMA have been explored and validated in experiment. 

Unfortunately, for realistic choices of parameters and simulation conditions, these models have 

discontinuities that make control simulations fail. Here we present a solution to ‘patch the gaps’ 

in the kinetics model, such that it provides more accurate and more useful control simulation 

results. We introduce a weighted sum of two models: one of them an implicit solution to ensure 

continuity, and the other an outer-loop hysteresis model that ‘attracts’ the phase fraction toward 

the outer loop of its range of behavior.  

 

Introduction 

     One-dimensional phenomenological models for SMA have been developing over the last 30 

years, slowly incorporating newer experiments and realizations, seeking an optimal compromise 

of accuracy and complexity for controls design [7, 8]. Many contributions have been made, and 

several forgotten, over this time. Here we consider the common thread of 1-D SMA constitutive 

modelling initiated by Tanaka in 1986 [9]. Brinson and Huang reviewed the primary models 

developed before 1996 [7]. Paivo presented the most common SMA constitutive models in 2005, 

covering the main details of the models without experimental data [8]. Prahled and Chopra in 

2001, and Sayyaadi et al in 2012, compared two common models to experimental data [10, 11]. 
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Prahlad compared those common models focusing on experimental fitting of phase plane 

transition. For implementing real-time controls reference models, these 1-D tensile constitutive 

models show the best compromise of accuracy and simplicity. The 1-D restriction is not often 

limiting in practice since most SMA actuators are created from fine wires. 

Fundamentals of Shape Memory Alloy Behavior 

     Shape memory alloys such as NiTi can be transformed between the two solid crystal phases, 

Austenite (𝒜) and Martensite (ℳ), due to changes in stress and/or temperature. NiTi has a 

special property in that the material has large strains (on order of 4%) in this transformation. The 

whole bulk of material does not instantly transform in its entirety from one state to another, and 

so fractions of the two phases can be present within the bulk of material at any given time. 

Conventionally, the instantaneous percentage of the two phases is tracked and denoted by 𝜉, 

where 0 ≤ 𝜉 ≤ 1 is the Martensite fraction of the material. The conditions under which the NiTi 

crystal phases exist can be shown on a ‘phase diagram’ (Figure 10). Lines 𝑀 and 𝐴 define the 

midpoint of transformation (50%) between Martensite and Austenite, along lines with slopes of  

𝐶𝑀 and 𝐶𝐴.  

 

Figure 8 - Complete SMA Phase diagram including twinned and de-twinned Martensite states. SMA wire actuators 

are designed to operate in the highlighted (boxed) region. 
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When designing SMA actuators, the mechanical design of the device usually ensures that a 

preload stress is applied to the wire, ensuring it is extended when cooled. If this stress is not 

applied and temperatures are sufficiently low, the SMA material can enter a third crystal ‘state’, 

the twinned Martensite state. This has been considered by many researchers [12, 13, 14, 15], but 

is not important for actuator design and not described in detailed here. This minimum preloading 

stress has the added benefit of eliminating ‘R-phase’ transformation which complicates electrical 

characteristics of the wire [16]. This work therefore focuses on the highlighted region in Figure 

8, which is shown (enlarged) in Figure 9. In some models, the boundaries of transformation are 

needed in addition to the midpoint [7].  These are noted in Figure 9– for instance the start of 

ℳ → 𝒜 transition is denoted 𝐴𝑠 for ‘Austenite Start’ temperature. Similarly, 𝐴𝑓 , 𝑀𝑠, and 𝑀𝑓 

denote Austenite Finish, Martensite Start, and Martensite Finish temperatures, respectively. All 

parameters are measured at zero stress. 

 

Figure 9 - Temperature-Stress Phase Diagram (at stress above 150 MPa) shows the variation of transformation 

regions with stress and temperature 

Because the transformation regions for 𝒜 →ℳ and ℳ → 𝒜 do not overlap, the transition from 

one phase to another is said to have ‘hysteresis’, meaning the history of thermo-mechanical 

loading must be known to determine how the material will transform from the current state. In 

other words, when stress and temperature conditions place the SMA material between the 𝑀𝑓 and 
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𝐴𝑓 boundaries, the crystal state of the wire cannot be known immediately without knowledge of 

the loading and thermal history up to that point. Models of this behavior will determine most of 

the material strain and are critical in defining the material model.  

The energy required to transition from one phase to another can be observed experimentally, for 

instance in a Differential Scanning Calorimeter (DSC) experiment which measures heat flow vs 

temperature (Figure 10). 

 

Figure 10 - Typical (simulated) DSC experiment shows temperature induced phase change from M to A, and back to 

M from A (with constant macroscopic stress) 

As a verbal description of the behavior across the phases, two isolated causes of transformation 

have been named. Stress induced transformation is considered ‘super-elasticity’; increased stress 

moves the material toward ℳ from 𝒜. Temperature induced transformation is the ‘shape 

memory’ effect; increased temperature drives the material toward 𝒜 from ℳ. These loading 

paths are shown in Figure 11. Of course, in general the transformation does not follow either of 

these paths, but a combination of the two based on the thermo-mechanical loading involved.  
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Figure 11 - Graphical explanation of the difference between the 'shape-memory' and 'super-elasticity' effects 

Outline 

To create a useful actuator model, the observed elastic and transformation behavior must be 

matched to mathematical models. In the context of actuators and designing controllers, it is more 

important that the models represent the ‘phenomenon’ of shape memory behavior rather than 

attempting to exactly match micro-mechanical behavior. Many SMA models are closely tied to 

the material physics and are not completely empirical. The key characteristics that will determine 

macroscopic material behavior through these transformations are comprised of four parts: 

 Constitutive model - What are the relevant interacting variables? 

 Mixing rule - Are the two phases acting in parallel, in series, or somewhere in between? 

 Conditions for transformation - When does the phase transformation occur? 

 Kinetics model of transformation - How does 𝜉 change during transformation? 

Each of these elements will be explored. All four stages have seen contributions from many 

researchers in many fields. In the conclusion, we provide a choice of components from each that 

provides the best compromise of accuracy and simplicity for SMA actuator design. This work 
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does not address 2D and 3D mechanics [17, 18, 19, 20], nor using thermal imaging and DIC 

strain field to detect transformation zones in physical samples [21, 22, 23, 24], nor finite element 

implementation [25, 26, 27], since these are not as immediately useful for SMA actuator control 

design.  Our mantra in this model selection process is “minimum complexity with acceptable 

accuracy” – the focus is on ease of simulation and description of the material behavior for 

controls simulation; simple models that are sufficiently accurate are the most valuable ones. 

     Despite much progress, a complete model for actuator design and control still cannot be found 

in the literature. Most of the modelling research on SMA materials is validated using standard 

material tests. Unfortunately, these standard tests do not replicate some common scenarios that 

are encountered with physical SMA actuators. To correct this, this work develops a new model 

which is guaranteed to be continuous in all situations. The new model is shown to match both the 

old experiments and new experiments which would reveal the poor modelling of transformation 

direction change in old models. 

 

Constitutive Modelling 

     The most common phenomenological model of SMA actuation was pioneered by Tanaka [9]. 

His contribution was a ‘constitutive model’ for super-elastic alloys derived from 

thermodynamics, expressed in rate form as 

𝜎̇ = 𝐸(ξ)ϵ̇ − θ(𝜉)Ṫ + Ω(ξ)𝜉̇ 

(  1 ) 

There are four variables; stress (𝜎), strain (𝜖), temperature (T), and the Martensite fraction (𝜉). 

The elastic modulus 𝐸(ξ), coefficient of thermal expansion θ(𝜉), and ‘transformation tensor’ 

Ω(ξ) are functions of the Martensite fraction. These quantities (𝐸, 𝜃, and Ω) could be more 

generally functions of all the constitutive variables, however they are usually approximately 

constant for the individual crystal phases, so their primary dependence on 𝜉 describes the 

‘mixing’ of properties during phase change. 

     Liang & Rogers [28] first noted that this model is only consistent for a certain form of Ω(ξ) 

based on the maximum shape memory strain with no stress 𝜖𝐿 

Ω(𝜉) = −𝜖𝐿𝐸(𝜉) 

(  2 ) 



 

28 

 

     Brinson (with Huang in later publications) made many contributions to the model both 

mathematically and conceptually [7, 12, 29]. First, it was noted that the existing models cannot 

predict the shape memory effect at low stress and temperature because they do not distinguish 

between twinned and detwinned Martensite. This was corrected by separating the components of 

the Martensite into Twinned (𝜉𝑇) and detwinned ‘Single crystal’ (𝜉𝑆) components  

𝜉 = 𝜉𝑆 + 𝜉𝑇 

There has been some controversy about the treatment of twinned and single crystal Martensite, 

but in general this addition must be accepted to fully describe the material [29]. In actuator 

design, the twinned Martensite is not typically encountered (see Figure 8); hence we will neglect 

the two Martensite variants unless specifically stated otherwise.  

 

Mixing Rule 

     The arrangement of the two crystal phases in a 1D model is described using either parallel or 

series components. If the phases are modelled in parallel they have identical strain, if modeled in 

series they have identical stress. This modeling choice has a significant effect on the effective 

elastic modulus.  

     The original Tanaka and Liang models essentially used parallel modulus, despite being 

derived using thermodynamic principals. Ikuta derived essentially the same model form by 

assuming the material was comprised of two crystal phases in a parallel configuration [7] [30] 

leading to 

𝜎 = (1 − 𝜉)𝜎𝐴 + 𝜉𝜎𝑀 = (𝐸𝐴(1 − 𝜉)  + 𝐸𝑀𝜉)𝜖 

(  3 ) 

(Curiously Ikuta used a series model for electrical resistance [30].) This form has been called the 

‘parallel’ model, the ‘Voigt’ model, and the ‘rule of mixtures’ model. Ivshin and Pence were 

perhaps the first to use the series mode for strain [31]: 

𝜖 = (1 − 𝜉)𝜖𝐴 + 𝜉𝜖𝑀 = (
(1 − 𝜉)

𝐸𝐴
 +

𝜉

𝐸𝑀
)𝜎  

(  4 ) 

This form has been called the ‘series’ model and the ‘Reuss’ model. Brinson and Huang also 

recognized that the constitutive model can be derived from a micromechanics perspective 
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without thermodynamics [7]. They note that the constitutive model is most meaningfully 

rearranged as ‘strain decomposition’ which, again, is essentially a series model [29]: 

𝜖 = 𝜖𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝜖𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 + 𝜖𝑡ℎ𝑒𝑟𝑚𝑎𝑙 =
𝜎

𝐸(𝜉)
+ 𝜖𝐿𝜉 +

𝜃(𝜉)

𝐸(𝜉)
(𝑇 − 𝑇0) 

(  5 ) 

This form has become the accepted constitutive model for over a decade. Brinson notes that the 

main controversy is no longer in the constitutive model, but in modeling the transformation 

kinetics [7]. For convenience, we use the model with a series mechanical Compliance (inverse of 

modulus) 𝐶(𝜉) = 1/𝐸(𝜉), such that the final complete constitutive equation is 

𝜖 = 𝐶(𝜉)𝜎 + 𝜖𝐿𝜉 + 𝐶(𝜉)𝜃(𝑇 − 𝑇0) 

(  6 ) 

Where 𝜃 is now considered constant through the Martensite and Austenite phase. More complex 

mixing models such as derived by Boubaker [32] and Tanaka and Mori [33] are not considered 

here – they all provide a mixing rule that is somewhere between series and parallel behavior.     

Many authors significantly simplify the model and math involved by using the average modulus 

of the two phases instead of modeling the changing modulus. This introduces the error shown in 

the super-elastic simulation of Figure 12, where it is seen that varying modulus affects maximum 

strain by over 15%. In typical SMAs such as NiTi this simplification is not acceptable.  

 

Figure 12 – Ignoring the phase-fraction dependent modulus causes large errors in the model (this simulation was 

performed after all the elements of this chapter have been incorporated) 
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Allowing the modulus to vary is important to accuracy (especially outside of the transformation 

region), though the choice to use series, parallel, or any intermediate mixing rule during 

transformation has only a small effect on the total system response (Figure 13). The effect on 

electrical and thermal properties is more pronounced. 

 

Figure 13 - Difference in response between series and parallel modulus models are not very significant. 

 

Contribution of Linear Thermal Expansion 

Because the effect of thermal expansion is small compared to the shape memory effect, the 

constitutive model is sometimes simplified [29]: 

𝜖 = 𝐶(𝜉)𝜎 + 𝜖𝐿𝜉 

(  7 ) 

The error from this assumption is shown in Figure 14. The error caused by this simplification is 

on the order of 3%, and so the simplification will not be employed for now, though it may be 

appropriate in some applications. 
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Figure 14- Ignoring thermal expansion in constitutive model causes error on order of 3% in a constant stress test 

 

Transformation Criteria Development 

Conditions for transformation determine when the phase change will occur. They are mostly 

based on the researcher’s interpretation of the phase diagram (Figure 9). Several of these 

conditions sets were summarized by Elahinia [34, 35]. Tanaka first used the transformation 

conditions [9] 

𝑖𝑓 {
𝜎̇ < 0 𝑎𝑛𝑑 𝜎 ≤  −(𝑇 − 𝐴𝑠)𝐶𝐴 

𝜎̇ > 0 𝑎𝑛𝑑 𝜎 ≥  (𝑇 − 𝑀𝑠)𝐶𝑀
}  𝑡ℎ𝑒𝑛 {

𝜉𝑀→𝐴
 𝜉𝐴→𝑀

} 

(  8 ) 

The symbol 𝜉𝑀→𝐴 is used to denote ‘𝜉 is moving from Martensite to Austenite’, and 𝜉𝐴→𝑀 

expresses ‘𝜉 is moving from Austenite to Martensite’. 

     Liang & Rogers [28] expressed the criteria in terms of temperature and bounded the 

transformation region to use his cosine kinetics model 

𝑖𝑓 {

𝑇̇ > 0  𝑎𝑛𝑑 𝐴𝑓 +
𝜎

𝐶𝐴
≥ 𝑇 ≥ 𝐴𝑠 +

𝜎

𝐶𝐴
  

𝑇̇ < 0 𝑎𝑛𝑑  𝑀𝑠 +
𝜎

𝐶𝑀
≥ 𝑇 ≥ 𝑀𝑓 +

𝜎

𝐶𝑀
 
}  

𝑡ℎ𝑒𝑛 {
𝜉𝑀→𝐴
 𝜉𝐴→𝑀

} 

(  9 ) 

     Brinson [12] used these criteria but returned to a stress-based expression 
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𝑖𝑓 {

𝜎̇ < 0 𝑎𝑛𝑑 (𝑇 − 𝐴𝑠) ≥
𝜎

𝐶𝐴
≥ (𝑇 − 𝐴𝑓) 

𝜎̇ > 0 𝑎𝑛𝑑 (𝑇 − 𝑀𝑓) ≥
𝜎

𝐶𝑀
≥ (𝑇 −𝑀𝑠) 

}  

𝑡ℎ𝑒𝑛 {
𝜉𝑀→𝐴
 𝜉𝐴→𝑀

} 

(  10 ) 

The Brinson model requires additional criteria for low temperature detwinning transformation. 

Chung presents these criteria clearly in [15]. 

     A more recent improvement was made by Elahinia & Ahmadian [34, 35]. Their major 

enhancement is a slight modification to the transformation criteria to account for isothermal 

stress change.  

𝑖𝑓 

{
 

 Ṫ −
𝜎̇

𝐶𝐴
> 0 𝑎𝑛𝑑 𝐴𝑠 +

𝜎

𝐶𝐴
< T < 𝐴𝑓 +

𝜎

𝐶𝐴

Ṫ −
𝜎̇

𝐶𝑀
< 0 𝑎𝑛𝑑 𝑀𝑓 +

𝜎

𝐶𝑀
< T < 𝐴𝑠 +

𝜎

𝐶𝑀}
 

 

 𝑡ℎ𝑒𝑛 {
𝜉𝑀→𝐴
𝜉𝐴→𝑀

}  

(  11 ) 

     Some models do not bound the transformation to lie within exact start and finish conditions 

[30, 31, 14]. While it is physically consistent with thermodynamics to have a discontinuous start 

and finish of transformation (by the Clausius-Clapyron relationship [9]), DSC experiments show 

that there is not a discontinuous start to transformation, and thus perhaps the start and finish 

conditions are merely the tails of a ‘distribution’ of transformation. Considering this concept, 

models can be built for which the transformation criteria are greatly simplified as they rely 

merely on the direction of temperature and stress perpendicular to transformation boundaries: 

𝑖𝑓 

{
 

 Ṫ −
𝜎̇

𝐶𝐴
> 0 

Ṫ −
𝜎̇

𝐶𝑀
< 0 

}
 

 

 𝑡ℎ𝑒𝑛 {
𝜉𝑀→𝐴
𝜉𝐴→𝑀

} 

(  12 ) 

For distinction, we will refer to models with a defined start and finish state as ‘bounded’ criteria, 

and those with a smooth distribution as ‘distributed’ models.   
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Kinetics Model Development 

     During transformation, the Martensite fraction is modeled by a function of the distance 

traversed across transformation boundaries (as seen in Figure 9). Several of these functions were 

reviewed by Zotov when developing the Richards function kinetics [36]. To clarify the following 

descriptions of the phase transformation ‘kinetics’, we define parameters that relates the 

stress/temperature state (within transition regions) to the distance to transformation boundaries 

(see Figure 9). For bounded models (note superscript (∙)𝑏), we look at perpendicular distance 

from the boundary of transformation: 

𝑥𝑀→𝐴
𝑏 ≡ −

𝑇 −
𝜎
𝐶𝐴
− 𝐴𝑓

𝐴𝑓 − 𝐴𝑠
 

𝑥𝐴→𝑀
𝑏 ≡ −

𝑇 −
𝜎
𝐶𝑀

−𝑀𝑠

𝑀𝑠 −𝑀𝑓
 

(  13 ) 

For distributed models (note superscript (∙)𝑑), we look at perpendicular distance from the center 

band of transformation: 

𝑥𝑀→𝐴
𝑑 = 𝑇 −

𝜎

𝐶𝐴
− 𝐴 

𝑥𝐴→𝑀
𝑑 = 𝑇 −

𝜎

𝐶𝑀
−𝑀 

(  14 ) 

The simplest bounded model is a linear transformation, where the Martensite fraction is simply 

the distance across the boundary of (  13 ): 

𝜉𝑀→𝐴 = 𝑥𝑀→𝐴
𝑏  

𝜉𝐴→𝑀 = 𝑥𝐴→𝑀
𝑏  

(  15 ) 

This has been used in multiple studies for its simplicity [37]. On experimental and energy-

balance grounds, Malukhin used square root kinetics. The square-root function is simply [38]: 

𝜉𝑀→𝐴 = √𝑥𝑀→𝐴
𝑏  

𝜉𝐴→𝑀 = √𝑥𝐴→𝑀
𝑏  
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(  16 ) 

Tanaka used an exponential model from his previous experience with phase transformation in 

other materials [9]: 

𝜉𝑀→𝐴 = exp [ln(. 01) (1 − 𝑥𝑀→𝐴
𝑏 )]

 𝜉𝐴→𝑀 = 1 − exp [ln(. 01) 𝑥𝐴→𝑀
𝑏 ]

 

(  17 ) 

Because the exponential does not have a defined finish point, the natural log determines how 

close to complete the transformation should be before rounding 𝜉 to one. This model also does 

not account for conditions where the SMA element reverses transformation direction before 

completing the transformation from one phase to another. When transformation is not complete, 

the hysteresis is still present but creates inner loops of transformation. Because of the need to 

model incomplete transformation and because the discontinuous boundary in the Tanaka kinetics 

model is mathematically unpleasant, Liang and Rogers [28, 39] used the transformation  

𝜉𝑀→𝐴 =
ξM
2
cos(𝜋 − 𝜋𝑥𝑀→𝐴

𝑏 ) +
ξM
2

  𝜉𝐴→𝑀 =
1 − 𝜉𝐴
2

cos(𝜋 − 𝜋𝑥𝐴→𝑀
𝑏 ) +

1 + 𝜉𝐴
2

 

(  18 ) 

This cosine kinetics is widely used [12, 7, 34] because it has smooth boundaries at the start and 

finish of transformation. This model developed allows reversal of transformation when the phase 

fraction is not 0 or 100%.  It does this by tracking the extent of transformation,  

𝑊ℎ𝑖𝑙𝑒 {
𝜉𝑀→𝐴
𝜉𝐴→𝑀

} ,   {
𝜉𝐴 = 𝜉
𝜉𝑀 = 𝜉

} 

(  19 ) 

These ‘history variables’ are important for practical SMA actuator models that often reverse 

direction without complete transformation. The form of these history variables is the same 

regardless of other modelling choices.  

     Distributed models can use any function of temperature and stress which is bounded between 

0 and 1 for all temperatures and stresses. Nearly any of the common population growth models 

[40] could be used for fitting; the function choice is a trade-off between number of fitting 

parameters and complexity.  The most common model is the logistic function (the ‘3 parameter’ 

curve), commonly used in population growth modeling, which can be written [30, 14, 41] 
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𝜉𝑀→𝐴 =
𝜉𝑀

1 + exp(𝑘𝑥𝑀→𝐴
𝑑 )

𝜉𝐴→𝑀 =
1 − 𝜉𝐴

1 + exp(𝑘𝑥𝐴→𝑀
𝑑 )

+ 𝜉𝐴

 

(  20 ) 

Where 𝑘 is a fitting parameter determined from DSC experiments that determines the 

distribution of the transformation band. Or equivalently [31] [7]: 

𝜉𝑀→𝐴 =
𝜉𝑀
2
tanh(

−𝑘𝑥𝑀→𝐴
𝑑

2
) +

𝜉𝑀
2

𝜉𝐴→𝑀 =
1 − 𝜉𝐴
2

tanh(
−𝑘𝑥𝐴→𝑀

𝑑

2
) +

1 + 𝜉𝐴
2

 

Researchers have used constant 𝑘 ranging from 5.44 (𝐴𝑓 − 𝐴𝑠)⁄  [14], 6.2 (𝐴𝑓 − 𝐴𝑠)⁄  [30] or 

higher based on how the data is extracted from a DSC experiment. Preferably, the value of 𝑘 can 

be determined by the ‘confidence’ of 𝐴𝑓 and 𝐴𝑠. If the  𝐴𝑓 and 𝐴𝑠 boundaries are defined as 1% 

transformation locations [42]: 

𝑘 =
ln(1/. 012)

(𝐴𝑓 − 𝐴𝑠)
=

9.21

(𝐴𝑓 − 𝐴𝑠)
 

This form of the kinetics has been widely adopted by controls engineers after Ikuta [30, 41, 43]. 

Of particular interest in simulation are the derivatives of this kinetics model. Jayender and Zhu 

provide analytical expressions for the transformation rate [43, 42]. The author prefers a different 

presentation based on the foundational logistic equation: 

(
𝜕𝜉

𝜕𝑇
)
𝑀→𝐴

= −𝐶𝑀 (
𝜕𝜉

𝜕𝜎
)
𝑀→𝐴

=
−𝑘𝜉𝑚 exp(𝑘𝑥)

(1 + exp(𝑘𝑥))2
= 𝑘 (

𝜉2

𝜉𝑚
− 𝜉) 

(
𝜕𝜉

𝜕𝑇
)
𝐴→𝑀

= −𝐶𝐴 (
𝜕𝜉

𝜕𝜎
)
𝐴→𝑀

=
−𝑘𝜉𝑎 exp(𝑘𝑥)

(1 + exp(𝑘𝑥))2
= 𝑘 (

(1 − 𝜉)2

𝜉𝐴
− (1 − 𝜉)) 

These functions have a maximum value at the center of transformation equal to 𝑘/4. This is an 

important consideration as it is the maximum ‘gain’ between temperature and phase fraction. The 

time rate of change can be computed similarly. Considering that Martensite fraction is a function 

of two variables, the time rate of change can also be presented, when convenient, as: 

𝜉̇ =
𝜕𝜉

𝜕𝑇
(𝑇̇ −

𝜎̇

𝐶
) =

𝜕𝜉

𝜕𝑇
𝑇̇ +

𝜕𝜉

𝜕𝜎
𝜎̇ 
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     More recently, Zotov et al studied the transformation using X-Ray powder Diffractograms 

(XRD) and saw that experimental data could be fit extremely well to the generalized logistic 

function (the ‘Richards’ function or ‘4-parameter’ growth curve) [36, 40]. Zotov only presents 

the model for the Martensite to Austenite transformation, but both transformation directions can 

be modeled: 

𝜉𝑀→𝐴 =
𝜉𝑀

(1 + 𝜈𝐴 exp(𝑘𝑥𝑀→𝐴
𝑑 ))

1
𝜈𝐴

 

𝜉𝐴→𝑀 =
1 − 𝜉𝐴

(1 + 𝑣𝑀 exp(𝑘𝑥𝐴→𝑀
𝑑 ))

1
𝜈𝑀

+ 𝜉𝐴 

(  21 ) 

To practically implement this from the common DSC parameters, find the inflection point of 

transformation by solving the following for 𝜈: 

𝐴𝑓 − 𝐴𝑠

𝐴 − 𝐴𝑠
= (𝜈𝐴 + 1)

1
𝜈𝐴 

𝑀𝑠 −𝑀𝑓

𝑀 −𝑀𝑓
= (𝜈𝑀 + 1)

1
𝜈𝑀 

(  22 ) 

And choose the distribution constant 𝑘 to fit the data (though 𝑘 = 𝑣/2 is a good choice if data is 

lacking). Of course, the Richards function reduces to the simple logistic function when 𝜈 = 1. 

All these functions give a wide range of transformation characteristics. The responses are 

compared in Figure 15. In a super-elasticity experiment, these equations give rise to theoretical 

stress strain curves as shown in Figure 16. 
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Figure 15- Comparing the transformation kinetics equations 

 

Figure 16 - Comparing the various kinetics models in a stress-strain plot showing super-elastic behavior at constant 

temperature 
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An additional, even more complex kinetics model was developed by Heintze and Seelecke based 

on the statistics of thermally activated processes for a single crystal of the material [44, 45, 46, 

47, 48]. This model exceeds the complexity that can reasonably be used for controls modeling. 

 

Summary of Mechanical Model 

    From the above development, we select a compromise of accuracy and implementation 

complexity from all model components. In the ends, equations (  1 ), (  4 ), (  12 ), and (  20 ) are 

employed in our model for constitutive model, transformation conditions, and transformation 

kinetics, respectively. These are here summarized for convenience: 

𝜖 = 𝐶(𝜉)𝜎 + 𝜖𝐿𝜉 + 𝐶(𝜉)𝜃(𝑇 − 𝑇0) 

(  23 ) 

𝑖𝑓 

{
 

 Ṫ −
𝜎̇

𝐶𝐴
> 0 

Ṫ −
𝜎̇

𝐶𝑀
< 0 

}
 

 

 𝑡ℎ𝑒𝑛 

{
 
 

 
 𝜉𝑀→𝐴 =

𝜉𝑀

1 + exp (𝑘 (𝑇 −
𝜎
𝛼 − 𝐴))

𝜉𝐴→𝑀 =
1 − 𝜉𝐴

1 + exp (𝑘 (𝑇 −
𝜎
𝛼 −𝑀))

+ 𝜉𝐴

}
 
 

 
 

, {
𝜉𝐴 = 𝜉
𝜉𝑀 = 𝜉

} 

(  24 ) 

In practice, the slope of the Martensite and Austenite transformation bands are identical, so a 

single term 𝛼 is used in place of separate 𝐶𝐴 and 𝐶𝑀 parameters. The series compliance is a 

function of Martensite fraction: 

𝐶(𝜉) = (
(1 − 𝜉)

𝐸𝐴
 +

𝜉

𝐸𝑀
) 

These equations were implemented in a MATLAB simulation such that the model accepts 

arbitrary stress and temperature inputs as functions of time. Depending on the rate of strain, it 

has been found that equations such as these are numerically ‘stiff’. Improved simulation times 

can be found using adaptive time-step solutions, however the author found that the strain 

equations did not require stiff solvers (c.f. [49, 50]). An example simulation is shown in Figure 

17. These equations have been implemented in MATLAB and in SIMULINK. The way this 

model fits neatly as an actuator model in a controller simulation is shown in Figure 19.  
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Figure 17 - Example strain (model output) response to arbitrary stress and temperature, where stress is cycled 

while temperature slowly increases. The sensitivity to temperature change is significant – a five degree change 

completely alters the behavior. 

 

Figure 18 - Example stress (model output) response to sinusoidal strain of decreasing amplitude at constant 

temperature (𝝐 = 𝟎. 𝟎𝟑 ∗ (𝟏 − 𝒄𝒐𝒔(𝒕))/(𝟏 + 𝒕/𝟓)). Color denotes time (blue at time 0, to red at final time). 

 

Figure 19 - SMA actuator model located in a feedback control block-diagram 
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Patching Holes in Existing Constitutive Models 

     Models for SMA materials have two main parts; the constitutive relationships between stress, 

strain, temperature, and crystal phase, and the kinetics equations which govern the way the 

crystal phase varies due to stress, strain, and loading history. In most one-dimensional models, 

the kinetics equations are chosen empirically to match experimental data as the phase transforms 

from one state to the other. In an experiment with a Differential Scanning Calorimeter, the 

transformation rate is assumed to be proportional to the heat flow – so good kinetics equations 

are those which match the transformation rates of the material.  A few common kinetics 

equations are shown in Figure 15. These equations do a good job describing the transformation 

when a complete change is made from 100% Austenite to 100% Martensite, or vice-versa. One 

such equation which provides a good compromise of simplicity and accuracy is the logistic 

function, shown in equation (  25 ). A complication arises when the model must be used when 

the loading path switches direction in the middle of the transformation. Typically, this is solved 

by tracking an intermediate history variable, denoted as 𝜉𝐴 and 𝜉𝑀 , which store the extent of 

transformation and therefor change the kinetics equation when the direction of transformation is 

reversed. 

𝑖𝑓 {Ṫ > 0 
Ṫ < 0 

}  

𝑡ℎ𝑒𝑛 

{
 
 

 
 𝜉𝑀→𝐴

inner loop
=

𝜉𝑀

1 + exp(𝑘(𝑇 − 𝐴))

𝜉𝐴→𝑀
inner loop

= 1 −
𝜉𝐴

1 + exp(−𝑘(𝑇 −𝑀))}
 
 

 
 

 

𝑖𝑓 {Ṫ > 0 
Ṫ < 0 

}  𝑡ℎ𝑒𝑛 {
𝜉𝐴 = 1 − 𝜉
𝜉𝑀 = 𝜉

} 

(  25 ) 

In most demonstrations of SMA models, the equations work well to describe the transformation 

even with inner loops. In this section, all examples show the transformation due to simple 

changes in temperature while stress is held constant. Consider the case where the SMA 

temperature starts at room temperature (𝑇 = 20), is raised to cause a 50% transformation 

(𝑇 = 70), dropped to near the nominal 𝐴𝑠 temperature (𝑇 = 50), raised to a high temperature 
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(𝑇 = 100) where Austenite is guaranteed, then reduced to room temperature (𝑇 = 20) (Figure 

20). In this case, the transformation looks smooth and the path is realistic. 

 

Figure 20 - Existing Kinetics models work well when the periods of transformation are wide. Color denotes the 

progress in time; blue is the start and red is the end of simulation 

Now, consider the case where temperature is raised to cause a 50% transformation, dropped 

slightly, then raised to a high temperature where Austenite is guaranteed (Figure 20). In this case, 

the flaw in existing models is revealed – a large discontinuity appears in the response. This is 

caused by the poor modelling assumption that transformation is initialized at 50% (true) at a 

temperature that would ensure 0% Austenite (false!). Thus, the gap is due to forcing the phase 

fraction onto a path that doesn’t correspond to its history.  
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Figure 21 – Unfortunately, existing models do not work well when changing direction quickly within transformation 

bands – notice the large jump in transformation when direction is changed repeatedly 

The first half of the proposed solution is to preserve the kinetics model as stated, but manipulate 

the history variables to ensure that the model is continuous. To do this, at each point where the 

transformation direction reverses, we compute the  𝜉𝐴 or 𝜉𝑀 that would have led, in a complete 

transformation, to the current phase fraction under the current stress and temperature conditions. 

Mathematically, the history variables are recomputed as follows 

𝑖𝑓 {Ṫ > 0 
Ṫ < 0 

} 

𝑡ℎ𝑒𝑛 {
𝜉𝑀 = 𝜉(1 + exp(k(𝑇 − 𝐴)))

𝜉𝐴 = (1 − 𝜉)(1 + exp(−k(𝑇 −𝑀)))
} 

(  26 ) 

Again, this simply solves for the history variable that would have been necessary to reach this 

phase fraction at this temperature. The results clearly ‘patch the hole’ in the model as shown in 

Figure 22. 
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Figure 22 - One method to remove the discontinuity is to implicitly solve for the hysteresis variable such that the 

path is continuous 

However, this model does not quite accurately represent the phase fraction motion seen in 

experiment. In experiment, the phase would not follow the long path inside the hysteresis 

boundaries – it would more quickly approach the outer band. It is well-known that the outer band 

(common) hysteresis model does not accurately describe SMA material behavior. However, in 

this case, it is not much less accurate than the implicit solution of equation (  26 ).  The equation 

that governs the outer-loop model is simple since we simply keep all phase change on the 

boundaries. The resulting path when the SMA material is subjected to the short change in 

direction is shown in Figure 23. 
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Figure 23 - Physically, the ‘outer-loop’ model is simpler and more accurate in controls context 

The outer loop hysteresis can be modelled using: 

𝑖𝑓 {Ṫ > 0 
Ṫ < 0 

}  

𝑡ℎ𝑒𝑛 

{
 
 

 
 𝜉𝑀→𝐴

outer loop
= min(𝜉,

1

1 + 𝑒𝑥𝑝(𝑘(𝑇 − 𝐴))
)

𝜉𝐴→𝑀
outer loop

= max (𝜉,
𝜉𝐴

1 + 𝑒𝑥𝑝(𝑘(𝑇 −𝑀))
)
}
 
 

 
 

 

Finally, we propose that a model which matches the experimental data best is not either of these, 

but rather a weighted sum of the two.  

𝑖𝑓 {Ṫ > 0 
Ṫ < 0 

}  

𝑡ℎ𝑒𝑛 {
𝜉𝑀→𝐴 = 𝛼 𝜉𝑀→𝐴

𝑜𝑢𝑡𝑒𝑟 𝑙𝑜𝑜𝑝
+ (1 − 𝛼)𝜉𝑀→𝐴

𝑖𝑛𝑛𝑒𝑟 𝑙𝑜𝑜𝑝

𝜉𝐴→𝑀 = 𝛼 𝜉𝐴→𝑀
𝑜𝑢𝑡𝑒𝑟 𝑙𝑜𝑜𝑝 + (1 − 𝛼)𝜉𝐴→𝑀

𝑖𝑛𝑛𝑒𝑟 𝑙𝑜𝑜𝑝
} 

weighted with a proportional factor 0 < 𝛼 < 1. The responses to small and large excursions of 

phase transformation path using this model are shown in Figure 24 and Figure 25, respectively. 

The weighting factor is 0.2, giving the outer loop model preference over the implicit inner model 

solution. 
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Figure 24 - The solution that matches physical data best is a weighted sum of the implicit and outer-loop methods. 

This is an example with a small drop in temperature during transformation 

 

Figure 25 - This example shows the weighted model during a large drop in temperature during transformation 
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Experimental Results 

     To validate the 1D SMA model for actuators, a simple SMA wire was tested in super-elastic 

condition in the Hardware-in-the-loop testing machine developed as part of this thesis (Chapter 

8). The super-elastic condition is easiest to test because varying temperature is difficult to control 

for fine wires, while varying stress is easy to apply. Two experiments were performed to show 

the outer loop characteristics and two different cases of inner loop hysteresis.  

     The first experiment demonstrates a large hysteresis loop where stress is applied, relieved to 

50%, then reapplied to the maximum. This situation is usually handled accurately by the existing 

models because it shows such a large motion that any discontinuity when switching direction 

seems to vanish. In addition to matching the hysteresis behavior, the model accurately captures 

the Austenite and Martensite modulus (stress-strain slope) near the boundaries, as well as the 

total pseudo-elastic strain and hysteresis stress levels (Figure 26). The model does show an 

inaccuracy – it is symmetric when entering and exiting the pseudo-plastic region, whereas the 

physical material has different slopes entering and exiting the region. This discrepancy is 

expected: because the model we selected uses logistic function kinetics the nonlinearity is 

assumed to be symmetric. A higher order growth model (as used by Zotov) would slightly 

increase the accuracy, but with a large penalty on model complexity. 

    
Figure 26 - Comparison between the model (left) and experiment (right) when a large stress oscillation causes an 

inner hysteresis loop. This situation is demonstrated in the literature often, and can be replicated by most models 

accurately. 
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     The second experiment demonstrates the model response when a small (10%) drop in stress 

occurs during loading, and load subsequently increases to the maximum value. This deviation is 

small enough that most models would have ‘skipped’ when the load begins to increase again. 

The new model accurately returns quickly and smoothly to the outer loop boundary as predicted 

in Figure 24.  

   

Figure 27 - Comparison between the model (left) and experiment (right) when a small stress deviation causes a 

hysteresis ‘notch’. This situation causes most SMA models to fail with a large discontinuity. The model developed in 

this work is stable and accurately shows the deviation and return to the outer loop.  

Conclusion 

     The intent of this model is to replicate the behavior of SMA materials used as actuators, in a 

model that is reliable in all conditions, and which can represent the phenomenon of shape 

memory behavior accurately. Most importantly, every development made by any researcher was 

evaluated and judged to see if it increased accuracy, and at what cost. The final model has been 

shown to match experimental behavior in all conditions in a simple form. It maintains the exact 

constitutive relationships required by the material science. It models crystal phase change based 

on a model that is common for crystal growth and propagation, which is appropriate for the 

crystal phase change seen in SMA materials. Some simplifying assumptions were seen to be 

acceptable for actuators (e.g. ignoring thermal expansion) and some were seen to have critical 

effects on the behavior (e.g. phase dependent elastic modulus). In experiment, the model 

accurately replicates situations which existing models reveal discontinuities and other flaws. This 

model can now act as a basis for simulations and design work for SMA actuators. Whenever 
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SMA material is simulated in other components of this work, the model described in this chapter 

is used as the reference. This model has been implemented in MATLAB.  The coefficients used 

in these models are presented in the Nomenclature preceding Chapter 1. These coefficients were 

gathered experimentally when possible, and by using averages from values found in the literature 

if they could not be measured by the author.  
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Chapter 4 

Heat & Surface Treatment, Training, and Fatigue 

     While straight Shape Memory Alloy (SMA) wire can be used directly in some applications, 

many of the benefits of shape memory require training the straight wire into a different 

memorized shape. Unfortunately, most treatment and training techniques for SMA actuators are 

proprietary. This chapter is a collection of published data about heat treatment, cycling to 

stabilize strain, two-way training techniques, and surface treatment procedures for NiTi shape 

memory actuators. Much of the existing data is contradictory and cannot be reconciled between 

each researcher’s descriptions of the processes. However, we can conclude that most commercial 

SMA wire should be heat treatment near 500C and quenched in water – this treatment provides 

a wire that can achieve high stress and strain, prevents R-phase transformations, and stabilizes 

within thirty complete actuation cycles. Two-way training in NiTi provides only weak effects, 

and is not recommended over antagonist wires or springs. Surface treatments typically do not 

improve the SMA behavior as actuators. However, some coatings and treatment methods can 

electrically insulate the wire surface. 

 

 Introduction 

     NiTi SMA is often purchased by researchers in the ‘as-drawn’ condition – wire in this 

condition is cheap and available in bulk. This wire usually has a manufacturer designed 

transformation temperature, but usually also has significant residual stress from the drawing 

process which makes it stiff and not useable for actuation. To utilize the shape-memory 

capability of the SMA, the wire must be annealed to remove the residual stress and the transition 

temperature must be changed to something above room temperature so that the material is 

Martensite at room temperature, and heating causes a transition to Austenite. The transition 

temperature can be set be annealing the material at controlled temperatures. Conveniently, the 

same annealing step used to set transition temperature also sets the Austenite ‘memorized’ shape. 

The final shape, the transition temperature, and the maximum recovery/actuation stress 

achievable are all set simultaneously. Wires that are purchased that already exhibit the shape 

memory effect (such as Dynalloy Flexinol [51]) can be retrained in the same manner – despite 
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the manufacturer’s warning that this will decrease the performance we have not found that to be 

the case when proper treatment and training procedures are followed.       

 

Alloy Composition 

      Most research labs purchase off-the-shelf SMA wire or bar and do not have the facilities 

required to create new alloys. However, the alloying determines most of the wire’s ability to 

demonstrate shape memory effects. The most common NiTi shape memory alloys are nearly 

50% Ti; the following suggestions relate to materials of that composition. Transformation 

temperature can be changed in alloying by changing the ratio of nickel to titanium in the metal 

(Figure 28), though this is out of reach to the end-user and is typically set by the manufacture 

(commonly at 70C or 90 C). Dynalloy, one of the largest shape memory NiTi manufacturers in 

the USA, claims that in their Flexinol wire “both nickel and titanium atoms are present in the 

alloy in almost exactly a 50%/50% ratio.” Experimental testing of transformation temperature vs 

atomic fraction of Nickel was performed by Duerig [52], showing that a large range of 

transformation temperatures can be achieved within a range of only 3 percent near 50%/50% 

alloy (Figure 28).  Adding other metals to the alloy can have large effects on performance, but 

almost always with a loss of SMA performance or an increase in cost that makes it less useful for 

most users. 

 

Figure 28 – The effect of alloy composition on Martensite Starting temperature (Tom Duerig [52]) 
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Heat Treatment Temperatures 

     The most obvious processing parameter in NiTi training is by changing the heat treatment 

(i.e. annealing) temperature, disclosed in a US patent [53]. It has since been studied widely with 

much agreement in the general effects but some disagreement about the exact resulting SMA 

properties. Sadiq et al concluded that the transformation temperature is generally increased by 

raising annealing temperature, though in a nonlinear manner (Figure 29) [54]. By annealing at 

high temperatures, the R-phase transformation can be eliminated. Sadiq et al and Huang found 

R-phase was eliminated above 500 C [54, 55], Uchil et al found 410C was adequate to remove it 

[56, 57, 58] .  Elimination of R-phase is very useful for creating actuators that will use electrical 

resistance for strain estimation. They also concluded that annealing above 600 C significantly 

reduces recovery stress – the stress required to de-twin the Martensite when the wire is cooled. 

The recommended maximum training temperature in that study was 450 C for general actuator 

creation [54]. 

 

 

Figure 29 - Effect of annealing temperature on transformation temperature and on recovery stress at 4% strain, 

from Sadiq et al 2010 
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The annealing temperature also affects the permanent deformation in the first cycles after the 

heat treatment; permanent deformation is significantly increased for annealing temperatures 

above 400 C [59]. The heat treatment time has a large effect on the transformation stress and 

ultimate tensile strength as well. Models by Morgan show that higher training temperature 

decreases transformation temperature, decrease stress required to transform from Austenite to 

Martensite, and decrease ultimate tensile strength [60]. Longer heat treatment times have the 

same effect, controlling super-elastic stress more than other parameters (Figure 30).  

 

Figure 30 - Effect of heat treatment temperature and time on super-elastic behavior [60]. ‘Upper plateau stress’ is 

the stress required to force Austenite into Martensite. 

Curiously, the material after annealing is so exactly crystalline that the shape memory behavior 

is extremely high for the first few cycles after training. Thus it has proven necessary to cycle the 

material for as many as 30-150 cycles before shape memory deformation characteristics are 

reliable [57, 61, 62]. The number of cycles required is marginally reduced for low annealing 

temperatures (below 500 C) [57]. The resistance stabilizes in a similar number of cycles [63].  In 

some alloys, forcing the actuator to a large strain while at high temp (Austenite) will immediate 

stabilize the transformation strain behavior [64]. There is an additional consideration beyond the 

training heat cycle – Aging. By aging near 400 C, the transformation temperatures can be 

increased; more time in the forge leads to higher transformation temperatures [65].  
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From these suggestions, we recommend and employ the following training process for one-way 

shape memory: 

1. Constrain into desired hot (memory) shape 

2. Anneal sample at a temperature from 490 ̊C to 510 ̊C for 5 min (while constrained) 

3. Quench in cold water 

4. Remove constraints 

5. Cycle 30 times to stabilize range of motion 

Two-way Memory Effect 

     By a multi-stage training process, most shape-memory alloys can be trained to exhibit some 

two-way shape memory effect [66]. By cold-working into the desire cold shape, and recalling the 

memorized hot shape, the material gains internal flaws which guide the cooling material into a 

preferred orientation when cold. Unfortunately, this training into two-way memory decreases the 

total recovery strain, and decreases the transition temperatures of the material [66]. Luo & Abel 

found that only one of the published two-way training techniques was effective in non-axial 

recovery stress. The training process is outlined as follows: 

1. Heat sample well above 𝐴𝑓, but below annealing temperature 

2. Load it (while heated) to a desired cold shape 

3. Hold in position and cool to below 𝑀𝑓 

4. Unload completely 

5. Repeat 1-4 for at least 30 cycles 

In some cases, it is possible to introduce two-way effect by compressive load cycling - this leads 

to a maximum two-way recovery stress of nearly 2.2% [67].   
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Figure 31 - Two-way training is completed in approximately 30 cycles, the transition temperature is significantly 

decreased by the cold working [66] 

 

Fatigue 

     Fatigue life of super-elastic SMA has been studied in detail previously [68]. The fatigue 

during thermal cycling, termed ‘functional fatigue’ in the SMA community, has also been 

studied to a lesser extent [68, 69]. It has already been stated that SMAs do not achieve repeatable 

behavior until after actuating at least 30 cycles. Unfortunately, as with all metals SMAs also 

fatigue after repeated use. New research shows some alloys (e.g. Ti54Ni34Cu12) are significantly 

more durable than current commercial alloys [70], but for now the engineer must accept the 

fatigue limit of common NiTi SMAs and design accordingly. As with all fatigue processes, the 

stress, strain, and temperature variation amplitudes have a large effect on the number of cycles 

before failure. A thorough review of fatigue mechanisms was made by Robertson et al using both 

their own data and a collection of past researchers data [71]. The focus was not on actuators with 

electrical heating and stress cycling, but on loading of medical devices within the body. They 

showed that survival to 10e7 cycles was only possible with strains below approximately 0.5%. 

Tobushi showed that ‘fatigue training’ NiTi SMA actuators greatly improved their fatigue 

properties [72]. ‘Fatigue training’ refers to simply cycling several times at near maximum strain 

(~6%) before operation at low strains (~1%-2%) [73]. That is, initial training at high strains 

greatly increases the number of cycles at subsequent low strains that can be sustained before 

failure. It has been shown there is large benefit to using only partial transformations in addition 

to decreased cycle strain [74, 75]. Because surface imperfections initiate failure in most cases, 
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protection during heat treatment can greatly affect the fatigue life – vacuum heat treatment is 

generally much better than treatment in air [76]. Also, polished surface treatment of samples can 

create a ten-fold difference in lifetime [77]. Many of the fatigue tests are performed on dogbane 

samples, and results may not be comparable to fine wire results due to surface effects – a 

commercial NiTi wire producer suggests that finer wires have superior lifetimes compared to 

thick wires and strips [78].  

 

Figure 32 - Lagoudas shows the fatigue life varies with applied strain and transformation range [74] 

Bending and Curving 

     There are many applications where it is necessary to warp or curve a NiTi wire around a 

curved surface. Even if the bending radius does not change, this introduces an additional fatigue 

consideration since the strain in the outer edge of the wire experiences increased stress which 

oscillates in magnitude every actuation cycle. Cyclic bending fatigue tests show that strain of 

greater than 1% in bending leads to premature failure of NiTi wire in bending [79, 80]. To 

prevent this mode of failure, the bending radius should be greater than 50 times the wire 

diameter (which keeps the bending strain below 1%) [81].  
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Figure 33 - Bending strain greater than 1% greatly reduces super-elastics NiTi lifetime [79] 

 

Surface Treatment 

     It is essential to NiTi actuator success that the wire is electrically conductive. However, it 

would be desirable in many cases to have an insulating coating on the wire in actuators to 

prevent accidental electrical shorting. An ideal insulating coating would be very thin, flexible 

enough to match the strain of the NiTi wire (~8%), and would not have a high thermal resistance. 

Anodizing of common titanium alloys develops an insulating coating with a thickness 

proportional to the voltage applied during anodizing. Subsequently, the anodized surface is 

insulated against all lower voltages (unless surface defects like cracks form). Unfortunately, the 

Nickel in NiTi prevents direct oxidation from producing an insulating layer (from the author’s 

experiments and [82]). High voltage anodizing in Sodium Acetate buffer was effective in 

growing oxides on the NiTi surface, but did not remove the Nickel and simply formed Nickel 

oxides alongside the Titanium oxides [83]. High temperatures can be used to form controlled 

oxides - however they are generally brittle, and raising a formed NiTi actuator above 300C 

would destroy the shape training so this method is ineffective in practice [84]. In the medical 

community, it is a common concern that toxic Nickel in the NiTi will leach into medical 

implants after insertion, as well as to prevent corrosion. This has led them to seek to isolate 

Titanium and its oxides (and to strip the Nickel) from the NiTi surface [82]. This same process 

can be an effective tool for the electrical insulation - isolate Titanium in the surface, and anodize 

to create an insulating barrier. A simple low-temperature solution is to chemically etch and 
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simply boil the wire in water, providing a 4-fold corrosion resistance [85]. However, a more 

effective method is chemical etching and boiling in Hydrogen Peroxide - the hydrogen peroxide 

etching releases Ni from the NiTi at the surface, and simultaneously oxidized the remain 

titanium 

Ti(s) + O2(g) → TiO2(s) 

Ni(s) +
1

2
O2(g) → NiO(s) 

This is particularly successful since the resulting oxidation forms a continuous gradient from 

surface inward, rather than a discrete layer between oxidized scale and interior NiTi [86].  

Several sources suggest that long-term aging at high temperature (near 400 ̊C) can lead to 

predominantly titanium oxides in the surface increasing both corrosion [65] and electrical [87] 

resistance.  SMA wire can also be coated in plastics such as PEEK [88] and PTFE. 

 

Conclusion 

     A brief review of training and treatment techniques for SMA materials was presented. The 

heat treating process is accessible to most engineers and is able to greatly affect the SMA 

material properties. In general, straight wire should be purchased in the desired condition to 

ensure uniformity. If a shape other than the original straight wire is needed, heat treatment near 

490 ̊C will not change the shape memory performance, but will set the new shape precisely. 

Many studies on fatigue of SMA actuators show that strains in the range of 4% at stress near 100 

MPa is sustainable for 1e5 cycles or more.  Lower stress and strain leads directly to longer life, 

even for functional fatigue caused by shape memory actuation. Surface treatments in practice do 

not have a large effect on the wire, though coatings of various polymers can insulate the material 

from short-circuiting. 
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Chapter 5 

Review of SMA Actuators in Robotic Applications 

     Shape Memory Alloys (SMA) wires that move around when heated and cooled make good 

party tricks with little effort. Creating truly useful actuators is much more difficult. Typically, 

electric actuators are self-contained devices that connect onto robotic mechanisms. To fully 

realize the benefits of SMA strength, cost, and simplicity, the SMA actuator must be designed 

into the robotic mechanism. The designer must match the strength, speed, range of motion, and 

cost to their application. This review covers the mechanical design of robotic actuators with 

built-in SMA actuation. It is shown how these techniques are applied to general robotics, and 

specifically focuses on implementation for anthropomorphic robotic hands.  Finally, a review of 

control methods from previous SMA research shows the state of the art in speed and accuracy of 

SMA actuators. 

 

Introduction 

     What is it about robots that makes them so robotic? Concepts like dexterity and bio-fidelity 

are easy to see, hard to define, and even harder to achieve. Their absence in modern robots is 

apparent at a glance. A clear obstacle to creating robot dexterity is in limits to their versatile 

poses – the degrees of freedom in their motion. While computer science is quickly finding ways 

to control high DoF robots (deep learning, for instance), the hardware is not keeping pace. 

Computer graphics in film can reconstruct 244 degrees of freedom in the human body and 

convince millions of movie-goers that they have seen a living being [89]. The most pressing 

obstacle to dexterity in robots is physical degrees of freedom. 

     Today, actuator design is the limiting factor – motors, pneumatics, and hydraulics are 

simply too heavy and too big to package hundreds of DoF in a single body. This is particularly 

apparent at small scales – common ants have over 20 useful degrees of freedom, but there is no 

mechanical motor today that can match an ant’s leg in size and strength. For commercial 

applications to become viable, the actuators must be extremely low cost because many more will 

be needed in each robot than traditional systems. The ideal actuator must provide extremely high 
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strength-per-weight, while allowing many to fit in a small space (DoF/m^2), at low cost 

($/DOF).  

     Shape Memory Alloys (SMA) are special alloyed metals that undergo a reversible change in 

crystal geometry when heated and cooled, causing the alloy to expand and contract with large 

force.  This motion can be controlled by heating using electric current and cooling in ambient air. 

SMA actuators – in many cases simple fine wires - can provide huge benefits in cost reduction, 

miniaturization, and other aspects of robotic devices.  Especially in high degree-of-freedom and 

miniature robotic systems, SMA exceeds all alternate choices. 

     This review will study the application of shape memory alloy actuators as artificial muscles 

for humanoid robots. Previous reviews have focused on other applications of SMA such as 

automotive [90], aerospace [91], medical [92], or comparison of SMA against other ‘smart’ 

materials [93]. However, no review has focused specifically on the application to humanoid 

robots. Humanoid applications require high dexterity and strength; the combination of refined 

resolution and superior strength could potentially be an excellent place to apply SMA artificial 

muscles. This review will determine their feasibility. We study in particular the use of SMAs for 

anthropomorphic hands, which provide an excellent example where many degrees of freedom 

are needed in a tight space, with high strength.  

 

Types of Smart Materials 

     A smart material in the present context is a material which provides coupling between 

different realms of physics: This stands apart from engines and generators which are machines 

that do the same.  ‘Smart’ implies intelligence, though in this context it means something closer 

to ‘unexpectedly/highly reactive’ more than anything ‘cognitive’ or ‘understanding’. Typically, 

these materials strongly couple mechanical motion with one of electricity, heat, light, or 

magnetism. It is curious that we say only materials which have a mechanical motion are ‘smart’; 

for instance, simple iron wire couple electricity and magnetism but that coupling is not 

considered ‘smart’. Tzou et al group smart materials that they consider to be common into a 

dozen groups [94]. A comprehensive review of SMA and comparison between different 

actuators (both smart and conventional) was made in a review by Jani et al. in 2014 [95]. Chopra 

also reviewed smart actuators of this nature and reported on their various strengths and 

weaknesses [96].  



 

60 

 

     Piezo- materials are typically crystalline, exhibit very low actuation strains, though with very 

high bandwidths. They create large forces during this very low strain. For the current work, the 

low strain of piezo-electric materials is not acceptable, though their speed and linear response 

character would be desirable [96].  

     Shape-memory alloys provide a much higher strain capability (near 10% strain), they create 

high forces though they are relatively slow and exhibit large hysteresis [96]. In general, these 

materials react to a change in temperature by changing their crystal structure. The geometric 

difference between the low temperature and high temperature structure creates a meaningful 

strain (or stress if constrained) that is large compared to ordinary thermal expansion [51] [97]. 

The two crystal states are Martensite (when cold) and Austenite (when hot). Upon cooling, the 

material becomes twinned Martensite, and requires applied stress to return to a fully extended 

length. The most prevalent shape-memory alloy for the past half-century has been Nitinol,  a 

Nickel Titanium alloy developed by William Buehler in the Naval Ordnance Lab and patented in 

1965 (US3174851) [98].  

     Shape Memory Polymers compare to SMAs with characteristics of increased strain 

capabilities but much lower stress [95]. Shape Memory Polymers are far less expensive (by 

mass) than SMAs, their activation is typically based on glass transition and they are much more 

efficient than the shape memory alloys [95]. Electroactive polymers are grouped into two major 

classifications – ionic (based on diffusion of ions in the material) and electronic (driven by 

Maxwell forces such as in a capacitor) [99].  The ionic muscles are not very high stress and 

require an electrolyte medium for actuation. The electronic types are very efficient, very fast, and 

exhibit high strain – but require very high voltages to be activated. They also have a benefit of 

holding steady position under DC current.  

     Inexpensive coil-based actuators from fishing line were developed by the NanoTech Institute, 

University of Texas at Dallas [100]. By putting large amounts of twist into plastic lines such as 

Nylon 6, an inherent coiling winds the line into a spring with major diameter to minor diameter 

ratios near 1.1. By heating the (aligned) polymers in the cable, the contraction of the line 

internally leads to untwisting motion – which in turn creates a reaction force in the coil causing a 

linear force. These actuators were found to be comparable to nitinol – they have faster 

bandwidth, very small hysteresis, and are far cheaper than shape memory alloys. Their volume 

specific work output is smaller, but the mass-specific output is on the same order as nitinol. The 
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overall efficiency is not very impressive (like Nitinol). To actuate these muscles using electricity 

they must be clad with a resistive and conductive layer (source used silver) or otherwise exposed 

to direct heating or cooling. 

     Previous reviews have covered the fundamentals of actuator selection without explicit details 

of any actuation method [101] [93] [102]. Other reviews have focused on applications of SMA 

[91] [103] [104] [105] [106], specific areas of application such as automotive [90], aerospace 

[107], medical [92], small scale [108], mechanism design [109, 110], comparison between SMAs 

and Shape Memory Polymers (SMPs) [111], and other ‘smart’ materials [93]. The ‘holy grail’ of 

shape memory actuation is to create artificial muscle which is equivalent or superior to its 

biological namesake. The concept of biologically inspired actuation is this; if an artificial muscle 

existed which had the weight, strength, stroke, speed, accuracy, and efficiency of a biological 

muscle, then robots could be made based on natural creatures in which we observe accurate and 

fluid motion with abilities no modern robot currently can achieve. In the quest for such motion, 

materials are sought which create linear motion from energy input (heat, light, etc.). Each 

material has some beneficial features and some obstacles. Shape memory alloys, biological 

muscle, and some other technologies are compared in Table 4. ‘Specific work’ provides a useful 

metric for the energy of the system because mechanical advantage can exchange strength for 

stroke and vice versa. Specific work is best normalized against weight, volume, or cost as 

appropriate for the application at hand. Shape memory alloys have the highest power density of 

all known actuators [112]. 

 

Table 4 – The characteristics of SMA and Biological Muscle. Most smart materials have some beneficial feature – 

else they would not be studied. The best technology for each characteristic is also listed. 

Characteristic Units NiTi 
Muscle 

[102] 
Best Technology 

Weight (Density) kg/m^3 6450 1060 Polymeric 

Strength MPa 200 0.35 SMA 

Stroke % 10 20 SMA, Polymeric 

Mass-specific work kJ/kg 1.178 0.066 SMA 

Volume-specific work kJ/m^3 7600 70 SMA 

Speed (Bandwidth) Hz 4 20+ Piezo 

Mass-specific power W/kg 4713 1320 Piezo 

Volume-specific power kW/m^3 30400 1400 Piezo 

Efficiency (Eout/Ein) % 3 30 Electromagnetic 

Cost $/g $3.40 ~$0.25 Polymeric 
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SMA Design Considerations 

     There are several trade-offs in SMA mechanism design – the primary trade-off will be 

between complexity, speed, and strength (Figure 34). The strength is determined by the total 

cross-sectional area being stressed. Speed is determined by the total surface area. Cost is driven 

by the mechanism complexity (the pulleys and routing components required to implement the 

actuator), and by the total length of wire required. Single SMA wires provide a direct trade-off 

between speed and strength. By arranging multiple wires in parallel, we can get both strength 

and speed, but at higher cost. Training the SMA into shapes besides wires can provide other 

benefits. Solid rods and torsion tubes are very strong, but expensive and slow. Forming the SMA 

wire into coil springs or zig-zag ‘snakes’ is inexpensive and increases the effective strain (which 

is useful), but usually decreases total strength.  

 

Figure 34 - The primary trade-off in SMA mechanism design is between speed, strength, and complexity. 



 

63 

 

 

Mechanisms 

     The trade-offs between speed, strength, and cost for the wire alone are clear since they merely 

require knowledge of the size, surface area, and length of wire used. However, none of this 

addresses the primary reason for designing an SMA mechanism: increasing strain. SMA wires 

have a typical actuating strain of 4% - for reference, human muscles provide strains on the order 

of 40% to 100%. The approaches to solve this problem fall into two groups based on the needs of 

linear or rotary actuators. A previous review identified several stand-alone actuator mechanisms 

[113] – this review focuses instead on implanting SMA into the mechanical design.  

 

Linear Actuators 

     Linear actuators practically are constrained to changing the form of the wire into something 

that amplifies the small strain into linear motion. Common examples are springs [59, 114] and 

snakes [115]. Clever arrangements of springs can even provide powered extension and 

contraction (typical SMA actuators only contract strongly) [116]. More complex shapes can be 

3D printed [117] or cut using lasers or wire EDM [115]. Some clever mechanisms can amplify 

the strain by creating tensegrity shapes [118] [119]. Redundant pulley systems allow longer wire 

length to be fit into a smallspace – the free end provides more stroke than a single length [120, 

121]. A special antagonist system called a Bowden or ‘push-pull’ cable allows the SMA wire to 

be laid down out of the way of the mechanism [5, 122]. 

 

 

Figure 35 - Coil-spring greatly increases strain [59] [114] (device #1) 
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Figure 36 - Snake-like shape in wire or laser-cut sheet [115](device #2) 

 

Figure 37 - Parallel, passive antagonist spring [116](device #3) 

 

Figure 38 - Fabrication using Selective Laser Melting [117](device #4) 

 

Figure 39 - Tensegrity Strain-amplification [118] [119](device #5) 
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Figure 40 - Redundant pulley system – longer wire length simply provives more stroke [120] (device #6) 

 
Figure 41 - Bowden tube developed by the author [5]. Asimilar technique was used in [122].  (device #7) 

Rotary Actuators 

     As shown above, there are limited techniques for increasing the linear strain of SMA 

mechanisms. Fortunately, most robotic actuators rotate hinged joints - so actual linear straining is 

not the end goal (think of fingers or elbows). Rotary actuators have many more options for strain 

amplification. By connecting straight SMA wires close to the hinge, the angle of rotation can be 

very large even though the total strain of the wire is small [123]. This can also be done with 

springs for an even larger stroke [124, 125, 126]. Alternately, a long length of wire can be would 

around a spool or pulleys to increase the total length being heated and cooled [127]. 

 

Figure 42 - Convert wire bending and straightening to rotation [128](device #8) 
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Figure 43 - Example of the very common three-bar arrangement [123], see also [129](device #9) 

 

Figure 44 - Wrapping a long length of SMA wire around a single pulley [127](device #10) 

 

Figure 45 - Springs acting as antagonists on a single joint [125](device #11) 
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Figure 46 - Four springs arranged around a central rotating spindle [124](device #12) 

 

Flexing and Bending   

     Some actuators are designed to bend. These are not usually useful for robotic machines except 

in soft robotics where they can completely replace the need for small legs, fins, or wings [130, 

131]. Using extremely fine wires can allow speeds up to 35 Hz [132]. 

 

Figure 47 - Simple flexures used as fingers [130](device #13) 
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Figure 48 - 35 Hz bending actuator with 38 um (0.0015 inch) wires in a thin sheet [132](device #14) 

 

Figure 49 - Flexure with axial SMA wires, used to control a nozzle [131]. Similar to [133]. (device #15) 

 

Figure 50 - Using SMA as the skin of a honeycomb composite structure [134](device #16) 

Comparison 

     As a final comparison, the techniques of each reference are plotted in Figure 51 on the 

original trade-offs diagram to show how they fit the constraints of complexity, strength, and 

speed. Each device listed above was considered for the published speed, cost, stroke, and 

strength reported by the creator. The compromise of these four characteristics is compared in 

Figure 51. Each device is placed to show the relative speed, cost, and strength, and the marker 

for each is colored by the device’ ability to get the high strain needed for practical actuators. 
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Devices near the center provide a fair trade-off of all characteristics. One of the biggest 

advantages of SMA over other technologies is the simplicity. Based on these performance trade-

offs presented here, the best results for robotics will be to use straight SMA wires (cheaper and 

simpler than coil springs), and find a way to route the required length of wire through the robot 

so that sufficient strain is achieved. The following section describes ways that these different 

methods were applied in actual design situations.    

  

Figure 51 - The references in this report are compared for strength, speed, complexity, and ability to amplify strain 

Complete Robotic Humanoid Hands 

     The techniques reviewed above have been implemented in many complete robotic systems. 

Though none of them have become commercial products with large success, they all show the 

great potential for SMA, and continue to solve the problems of implementing SMA tightly into 

the robot design. Prosthetic or robotic humanoid hands provide the ultimate test of actuators. A 

human hand has 24 discrete degrees of freedom all fit in a very tight space. Creating a robotic 

hand with electric motors usually requires significant gear reductions to get sufficient strength – 

this leads to slow and loud actuation.  

     Many researchers focus on design of single finger – this is already a complex system with 

four distinct degrees-of-freedom [135]. In most cases the finger is 3D printed, and straight wires 

are routed like tendons along each side. Generally these designs fail to solve the critical issue – 

where will the length of wire be beyond the finger?  
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Another hand was made with five fingers, this one was controlled by selectively heating the 

SMA wires in a grid that allowed precise control of the stroke [136]. The complete length of wire 

needed to curl the finger around into a fist is present – the wire rides in a cradle in the wrist area. 

This robotic hand provides a huge range of control (24 degrees of freedom in total), and could 

create all the gestures of American sign-language. Unfortunately, the research seems to have 

stalled – this hand is not practical because the big grid of SMA wires is not compact and 

integrated into the robot’s wrist.  

     One solution was found by using SMA springs instead of straight wires [137]. By using SMA 

springs instead of straight wires, the actuators can be fit entirely in the palm – a good choice for 

prosthetics where only a hand needs to be replaced. Unfortunately, the springs are too large, and 

only eight total actuators could be fit into the palm. 

Recently, a research group created a simple three-finger prosthetic hand using straight SMA 

wires [138]. In each joint of each finger, six wires are placed in parallel to increase the stress. 

The wires extend down through the wrist and into a base, providing a long length of wire and 

more strain. Each finger can be actuated at 1 Hz – slow compared to humans but fast enough to 

make a practical prosthetic. This hand was successful in showing the strength and speed of SMA 

is adequate. However, the design does not provide means for accurate control (no sensors) so 

some work remains to be done.  

 

Figure 52 - A single finger with several degrees of freedom [135, 139] 
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Figure 53 - Prosthetic hand with clever open-loop control system [136] [140] 

 

Figure 54 - Using many SMA springs in parallel to get high stroke and high strength [137] 
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Figure 55 - Prosthetic hand [138] 

Control Methods 

     There are always many ways to solve control problems, especially to nominally difficult 

problems such as SMA control, and researchers test many complex techniques making small 

gains in performance. The ideal control schema for SMA is self-sensing, robust, and simple 

enough that it can be repeatedly implemented. Control methods that rely on external sensing are 

included here, as well as literature focusing on sensing ability alone and of course controls 

utilizing self-sensing. The schemes are compared for tracking ability, ability to be implemented 

using self-sensing, and to focus only on necessary complications. Elahinia reviewed SMA 

controls in 2010 [141]. He concluded several key concepts: 

1. Bandwidth is limited by passive cooling 

2. Rapid heating to near transformation temperature should always be included 

3. Adaptive control laws help maintain stability to disturbances and un-modeled parameters 

4. A biasing force is required for controlled, two-way motion 

5. Combining position, force, and temperature control helps reduce sensitivity to 

disturbances and un-modeled parameters 

Another review by Sreekumar et al covered nonlinear control methods with no strong 

conclusions about which models were most capable, but suggesting that resistance feedback 

would soon be perfected for micro-actuator applications (though this is known to be 
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unobservable for strain control, see Chapter 7) [142]. Fuzzy control, adaptive control, and 

techniques that account for actuator hysteresis were found to be most effective.  

     It was found experimentally that the open-loop phase response of NiTi wires (force output / 

power input) is shifted proportional to the wire diameter and independent of wire stress and 

strain (similar to first order low-pass filter if cutoff frequency is proportional to diameter) [143]. 

The magnitude response is affected by stress and strain equally at all frequencies. The conclusion 

is made that decreasing wire diameter farther will continue to increase bandwidth, in agreement 

with others, as the speed energy is transferred away from the wire is the limiting factor [143] 

[144].  Some of the many control techniques applied to SMA are compared in Table 5, along 

with their accuracy and speed if reported: 

 

Table 5 - Comparison of control schemes for SMA 

Category Method Mechanism Sensing 

Demonstrated 

Positioning (Force) 

Accuracy 

Demonstrated 

Bandwidth 

Feedback 

Control 

     

 Modified  Prandtl-

Ishlinskii FF + PI [145] 

NiTi Springs, 

rotary joint 

Angular 

Potentiometer 

19.87% PI, 

8.65% FF+PI, F 

rejection 

0.5 Hz P 

tracking 

 anti-slack, rapid-heating, 

anti-overload, differential 

PID [146] [147] 

antagonist pair Angular 

encoder, load 

cells 

(0.017%), F 

rejection 

2 Hz F tracking, 

<1Hz P tracking 

 Generalized Prandtl-

Ishlinskii FF [148] 

passive 

antagonist beam 

Linear 

potentiometer 

not specified .02 Hz 

 Fermi-Dirac Statistics 

Model, Robust H_infinity 

loop shaping [149] 

  2.78%, F rejection N/A 

 Nonlinear PID 

Temperature-feedback 

[150], heat transfer FF 

antagonist pair temperature 0.14 degrees C .2 Hz 

 ‘Relay’ control. Force 

feedback [151] 

antagonist pair load cell 2%, but has limit 

cycles 

2 Hz 

 VSC sliding mode [152] antagonist spring rotary pot   

 Temperature feedback 

[153] 
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 Neural Network 

Feedforward [154] 

antagonist spring LVDT 15% 0.1 Hz 

 Sliding Mode [127] antagonist spring Rotary 

potentiometer 

0.2% 1/60 Hz 

 Feedback Linearization 

polynomial model [155] 

beam bending 

spring 

Strain gage(?)  1/4 Hz 

 Neural Network 

Feedforward [156] 

beam bending strain gage   

 Nonlinear stress-model 

based control VSC [157] 

antagonist spring 

and mass 

potentiometer  ~1/2 Hz 

 Self-tuning fuzzy PID 

[158] 

antagonist mass potentiometer  0.033 Hz 

 FF Neural Network and 

Sliding Mode [159] 

bias spring LVDT 0.8% 1/30 Hz 

 Sliding Mode [160] bias spring laser 

displacement 

1.3% RMS 1/15 Hz 

 PID-P^3 [161] beam spring    

Sensing      

 Resistance modelling [30] 

[162] [163] [164] [165] 

[166] [167] [168] [169] 

[61] 

variable load resistance N/A N/A 

 Inductance modelling and 

circuit for measuring 

[170] 

static strain inductance N/A N/A 

Self-Sensing 

Control 

     

 Polynomial strain-

resistance model, fuzzy-

tuned PID [171] 

Preloaded Wire Resistance 3% RMS, load 

independent, F 

independent 

0.2 Hz P 

tracking 

 Polynomial strain-

resistance model, FF hyst. 

comp., PID [172] 

Preloaded 

antagonist pair 

Resistance 1.093%, 1.628% 

PID only, F 

rejection 

0.15 Hz P 

tracking 

 Fuzzy tuned PID [173] Antagonist pair Differential 

Resistance 

0.4% 1.0 Hz Tracking 

 assumed linear R [130] beam flexure Resistance N/A N/A 

 SMC and PID [123] antagonist pair Differential 

Resistance 

  

 Neural Network resistance 

feedback [174] 

antagonist spring resistance 7% Steady state 1/30 Hz 
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Concepts      

 Resistance priming used to quickly heat from ambient temp [175] 

 Rapid Heating technique using circuits and control laws [147] [176] 

 Nonlinear state estimator (not actually a Kalman filter as they claim) [177] [178] 

 L2 Stability Analysis, PI control [41] 

 Dissipativity Stability study – model is probably too simple for this to be meaningful [179] 

 Preisach hysteresis model system identification [180] 

 Relating Power consumption to airspeed estimation [61] 

 Strain-rate dependent properties can affect control at very high speed (1000/s strain) [181] 

 Uncertainty quantification for better modelling and estimation [182] 

 

Conclusion 

     While highly complex humanoid robotic systems are still out of reach, technology such as 

shape memory alloys are bringing the world closer to realizing lifelike actuation. This report 

reviewed the success over the last 30 years of work to bring SMA actuators closer to this goal. 

Electromagnetic motors have become such an entrenched method for robotic motion, it is hard to 

push designers and dreamers away from the standard tool. We must realize that electric motors 

are hitting fundamental limits of capability – they can never be as strong (for their size) and 

accurate as human muscles, and are so complex that their cost cannot be decreased much further. 

Shape memory alloys may not be the final solution, but with benefits of high strength, simplicity, 

and low cost, these ‘artificial muscles’ have a chance to redefine the future of robotics.  
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Chapter 6 

Energy Balance and Electrical Heating 

 

    While in practice it is nice to think of SMA actuators as electro-mechanical devices, the shape memory 

effect is entirely driven by temperature change. Electric current is used to heat the wire, and ambient air 

or conductive heat sinks are used to cool it, but the crystal phase change is caused directly by change in 

temperature. Passing electric current through the material heats it by Ohmic or ‘Joule’ heating which 

converts directly to thermal energy in the material and mechanical work. Circuits and techniques for 

driving the current are discussed. The temperature of the material is decreased only by dissipating to the 

environment (primarily by convection). The heat energy is unfortunately all dissipated. Most SMA 

actuators are made from fine wires and are cooled in open air; this heat transfer scenario is considered in 

detail here. Calculations and experiments confirm that heat transfer from round wires is a limiting factor 

to SMA actuation rate, and is also an important consideration in control and mechanical design.  

______________________________________________________________________________ 

Energy Equations 

     Consider a nitinol wire as a single thermal mass. Energy can enter, be stored in, and leave the 

system a few ways as shown in Figure 56. 

 

Figure 56 - Energy balance for a 'lumped mass' of shape memory material. The material receives energy from 

electrical current passed through it, stores most energy internally as sensible and latent heat, and dissipates energy 

mostly via convection 

The primary source of energy is from the electrical power, while most energy is stored as 

sensible and latent heat, and dissipated by convection [42]. Other sources and sinks are relatively 

small, even the strain energy which we are using as the actuator – the efficiency from electrical 

heating to mechanical work is on the order of 4% [183]. The balance of power in the system 

results in a change in temperature, summarized as follows: 
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𝑚𝑐𝑝𝑇̇ − 𝑚𝛥𝐻𝜉̇ = 𝑃 +  𝐴𝐿𝜎𝜖𝐿𝜉̇ − ℎ𝐴𝑠(𝑇 − 𝑇∞) 

(  27 ) 

Which is equivalent to: 

(𝑚𝑐𝑝 −𝑚𝛥𝐻
𝜕𝜉

𝜕𝑇
) 𝑇̇ = 𝑃 +  𝐴𝐿𝜎𝜖𝐿𝜉̇ + 𝑚Δ𝐻

𝜕𝜉

𝜕𝜎
𝜎̇ − ℎ𝐴𝑠(𝑇 − 𝑇∞) 

(  28 ) 

 

Where P is electrical power,  𝑚 is the material’s mass, 𝑐𝑝 is the specific heat, 𝛥𝐻 is the latent 

heat of transformation, ℎ is the coefficient of convective heat transfer, 𝐴𝑠 is the surface area, and 

𝑇∞ is the ambient air temperature (and other terms have been previously defined). Consider the 

terms in this equation individually. First, sensible heat is stored in the metal as with all materials: 

𝑚𝑐𝑝𝑇̇ 

Second, the material can also store energy in the crystal as latent heat: 

−𝑚𝛥𝐻𝜉̇ = −𝑚Δ𝐻 (
𝜕𝜉

𝜕𝑇
𝑇̇ +

𝜕𝜉

𝜕𝜎
𝜎̇) 

This is similar to ice melting and freezing – there is energy stored in phase transformation. The 

negative sign is required because transformation from Austenite is exothermic (it releases the 

energy increasing the temperature of the material or environment), while the Martensite to 

Austenite transformation is endothermic (it draws heat from the environment or decreases the 

material temperature). The input power 𝑃 is typically input by passing electric current through 

the material. This is discussed at length in a following section. Generally, this can only be a 

positive input except with a special device such as a thermo-electric generator. Heat is dissipated 

to the environment mostly by convection: 

−ℎ𝐴𝑠(𝑇 − 𝑇∞) 

This is most true for SMA wires in air, although in some cases conduction or radiation would be 

the dominant heat transfer mechanism. Finally, the pseudo-elastic (seemingly ‘plastic’) 

deformation during the super-elastic motion is also coupled in the energy balance: 

𝐴𝐿𝜎𝜖𝐿𝜉̇ 

This term is simplified by assuming the only plastic-like deformation occurs due to phase 

change. This effect is very similar to the ‘pressure (𝐴𝜎) times volume change (𝐿𝜖𝐿𝜉̇) studied in 

elementary thermodynamic analysis.  
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     The effects of the latent heat can be clearly seen when heating or cooling a normal mass (with 

sensible heat alone) compared to a mass with both sensible and latent heat during a phase change 

(Figure 57). In this simulation, a common material is heated with a constant power source until 

reaching steady state (blue). The response is compared to a material which changes phase during 

the heating period (red). The shape memory effect – diffusionless crystal phase change with 

small change in temperature – propagates through the material and causes contraction or 

expansion at the speed of sounds once the transformation is initiated. The practical limit to 

actuation speed is only restricted by the speed at which the temperature can be changed. The 

topics of this chapter are: (1) determining how to generate the input power 𝑃 from an electrical 

power source, (2) computing the total energy stored in the material and needed to raise it to a 

certain temperature, and (3) determining the rate of heat loss to convection – which is the driving 

factor in SMA actuator bandwidth limitations. 

 

Figure 57 - The energy stored as latent heat is clearly seen when comparing the step response of a standard mass 

(blue) to a mass with phase transformation (red). In this simulation, phase change occurs from 40 to 60 ̊C. 

     When the material is in the super-elastic state, the interaction between stress, strain and 

temperature provides some exciting effects. Consider a simulation of perfectly insulated super-

elastic SMA wire which is being stretched and released (Figure 58). The wire temperature at first 

increases as the exothermic A to M transformation begins – the temperature rises as energy is 

stored as sensible heat in the material since it can no longer be stored as latent heat. The 

transformation also heats the material due to the plastic deformation. When stress is relieved, the 

energy from latent heat is perfectly recovered (dropping the material temperature), but the energy 
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of the plastic deformation cannot be restored. The final temperature of the material is raised 

exactly proportional to the energy dissipated by the area inside the hysteretic stress-strain plot: 

∫𝐴𝐿𝜎𝑑𝜖 = ∫𝐴𝐿𝜎𝜖𝐿𝑑𝜉 = 𝑚𝑐𝑝(𝑇𝑓𝑖𝑛𝑎𝑙 − 𝑇∞) 

(  29 ) 

During the round-trip, the total elastic energy is conserved so that component of the integral is 

not considered.  

 

Figure 58 - A perfectly insulated, super-elastic SMA wire is stretched and released. After stress is relieved, the 

material temperature has risen. The material acts like a damper: energy is dissipated by the process. 

Consider the same SMA wire but with no insulation, allowing convection to the surrounding air 

(Figure 59). In this case, the system is able to constantly release or absorb energy from the air 

with first order dynamics. When the stress is increased, the wire temperature begins to increase – 

but this energy is slowly released to the environment. When the stress is relieved, the 

endothermic transformation from Martensite to Austenite draws energy from the temperature of 

the wire and eventually stabilizes with the environment. This causes the curious effect of the 

wire cooling to below room temperature when the stress is relieved. The heating and cooling 

greatly affect the stress-strain behavior of the material (compare Figure 58, right and Figure 59, 

right). The balance between latent heat oscillation and dissipation of heat to the ambient air was 

studied in detail previously [184, 185]. 

     This effect can be easily reproduced in the lab with a super-elastic SMA spring. Have 

someone quickly pull the spring and touch it while holding it extended – it will be hot for a few 

seconds until it cools to room temperature. After it cools, quickly release the stress and feel the 

spring now – it will be cold, even to the point of creating condensation.  
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Figure 59 - An un-insulated SMA wire is stretched and released in an ambient 100̊ C environment. Due to the 

endothermic M to A transformation, the temperature of the wire can decrease below ambient    

Electrical Heating 

    As with most conductive materials, when electric current is passed through the material an 

SMA wire converts some electrical energy into heat. In most systems, this would be considered 

inefficiency, but when creating NiTi actuators we will use it to our advantage. Fortunately, it is 

usually possible to apply sufficient electrical current to heat SMA wires very quickly. As the 

most common shape memory material, NiTi will be used in examples in this chapter. The most 

common form for NiTi devices is still round wires, so all effects will be quantified in terms of 

the diameter and length of those wires.  

     Common NiTi has an electrical resistivity 𝜌 of 76e-8 Ohm*m when in the Martensite phase, 

and 84e-8 Ohm*m when in the Austenite phase [51]. This variation can have a large effect on the 

behavior of the wires when heated using constant voltage or constant current sources [61]. It has 

also been used as a strain estimation tool, though the author has shown that to be unreliable (c.f. 

Chapter 7). For some simple comparisons, take the average of 80e-8 Ohm*m as the typical 

value. The resistivity of Copper is 1.7e-8 Ohm*m and the resistivity of Nichrome is 100e-8; 47 

times lower and 1.2 times higher than NiTi average, respectively. The relationship between the 

metal’s intrinsic resistivity 𝜌 and a wire’s total electrical resistance 𝑅 is  

𝑅 =
𝜌𝐿

𝐴
=
4𝜌𝐿

𝜋𝐷2
 

(  30 ) 

where 𝐿 is the wire length from power to ground, 𝐴 the cross-sectional area, and 𝐷 the diameter.  
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For now, consider only the heating and storage without dissipation. Assuming any power source 

desired could be obtained, it is easy to say that the power input 𝑃 to the wire can be driven by 

any current I or voltage 𝑉 source: 

𝑃 = 𝐼2𝑅 =
𝑉2

𝑅
= 𝑉𝐼 

 In practice, most supplies provide a fixed voltage and can supply current up to a maximum limit. 

Once a supply voltage and length of wire (chosen, perhaps, to obtain a given strain) is selected, 

the choice of wire to be heated does not affect the heating rate. This can be shown with the 

following computation. Since the energy stored in the material is proportional to its mass, 

consider the balance of power assuming a perfectly insulated wire: 

𝑃 =
𝑉2

𝑅
= 𝑉2

𝜋𝐷2

4𝜌𝐿
= 𝛿 ∗

𝜋𝐷2𝐿

4
𝐶𝑇̇ 

(  31 ) 

Where 𝛿 is the density (kg m3⁄ ) and 𝐶 is the energy stored per degree of temperature increase 

(average of specific and latent heats). Then the heating rate 𝑇̇ can be computed from (  31 )  as: 

𝑇̇ =
1

𝜌𝛿𝐶

𝑉2

𝐿2
 

(  32 ) 

and is completely independent of the total mass of wire. Thus, to improve the heating time of any 

SMA device, we must increase the allowable voltage, or decrease the length of wire between 

power and ground.   

     A complimentary concept is the effect of current on the heating rate. Some circuits can be 

designed (as detailed later in this chapter) to provide a regulated current through the SMA 

material, regardless of the voltage required to do so. If such a supply is provided: 

𝑃 = 𝐼2𝑅 = 𝐼2
4𝜌𝐿

𝜋𝐷2
= 𝛿 ∗

𝜋𝐷2𝐿

4
𝐶𝑇̇ 

Rearranging; 

𝑇̇ =
16𝜌

𝜋2𝛿𝐶

𝐼2

𝐷4
  

(  33 ) 

The heating rate is a function of current and the diameter – but is independent of the length. 

Datasheets (e.g. [51]) commonly provide suggested current for a given diameter – because it is 
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more likely for a designer to know their wire length and cut a ‘useful’ length from it, than to 

know an exact length beforehand.  

     To connect SMA wires to a computer or microcontroller, the power must be sourced in a way 

to heat the wires quickly while ensure no damage is done to the controller. The most effective 

and efficient way to heat SMA wire is to use a field-effect transistor as a voltage controlled, 

solid-state, ‘valve’ which allows the low power controller to regulate the flow of current from a 

high power (possibly high voltage) source. The circuit to connect an N-channel, enhancement 

mode MOSFET (a very common variety) as such a valve is show in Figure 60. In this case, 

microcontroller provides a voltage to switch the FET on, and the supply voltage provides power 

to the SMA – no high current passed through the microcontroller itself. A FET can be used as a 

variable valve or as a switch. Both modes of operation have benefits and problems.  

 

Figure 60 - Circuit for electrically heating SMA actuators using a PWM signal from a microcontroller, and using 

an n-channel MOSFET as a solid-state switch. The diamond element is an SMA wire. 
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FET as a Switch for PWM 

     In the first case, the design uses a pulse-width modulated (PWM) signal as shown in Figure 

60 to switch the current on and off. This switch happens hundreds or thousands of times per 

second – so much faster than the heating and cooling speed of the wire that the wire only feels 

the average effect. PWM is a clever substitute for adjustable voltage; by keeping the switch 

closed (connected) for a long time and open (not connected) for a short time, the wire receives 

significant power. By keeping the switch closed for only a little time, and open for a long time, 

the wire receives little power. This percent of time the switch is turned on (closed) is called the 

‘duty cycle’ 𝐷𝑢𝑡𝑦. The duty cycle proportionately affects the power in the circuit, not the 

voltage, following the equation: 

𝑃 =
𝑉𝑠
2

𝑅
∗ 𝐷𝑢𝑡𝑦 

While it is usually only complicating to consider it this way, the equivalent average voltage can 

also be written: 

𝑉𝑎𝑣𝑒𝑟𝑎𝑔𝑒 = √𝐷𝑢𝑡𝑦 ∗ 𝑉𝑠  

Note that this effect is very convenient for SMA control – since we wish to control temperature, 

and temperature (in steady-state) is proportional to power, there is nominally a linear relationship 

between 𝐷𝑢𝑡𝑦 and 𝑇 while ambient conditions are stable. However, this is not exactly right, 

since the electrical resistance of the SMA wire changes with temperature and phase fraction. To 

calculate the power in any case, both the voltage across the wire and the current through it must 

be measured (this also allows calculation of the SMA resistance). Typical microcontrollers 

measure voltage directly, but not current. To measure the current, a very small (0.1 Ohm or less) 

shunt resistor is place in series with the SMA wire. By measuring the voltage across the known-

value shunt resistor, the current can be directly calculated. A possible location for the shunt 

resistor is shown in Figure 61 – note that this circuit would not be a good design if the supply 

voltage was higher than the micro-controller logic voltage since 𝑉𝑆𝑀𝐴 is connected to the high 

power supply.  



 

84 

 

 

Figure 61 - An alternate circuit for PWM heating, with additional components to measure voltage and calculate 

current in the SMA device 

It is also important when using this circuit to synchronize the pulsing and measuring times, since 

the voltage measurements must be taken when FET switch is closed and current is flowing 

through the SMA material. A slight modification of the circuit allows a single ADC input to 

measure both the supply and shunt voltage (Figure 62). When the FET is conducting, a 

measurement is taken which can be used to determine the current in the SMA material. When the 

FET is open, a measurement is taken which is equal to the supply voltage, and can be used to 

compute the resistance of the wire, the total power, and to ensure the supply is stable. This 

technique requires a very stable supply voltage that does not dip or spike when the FET is 

switched. 
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Figure 62 - Another variation of the PWM heating circuit which uses only a single ADC channel. When the FET is 

open, the ADC measures the supply. When the FET is closed, it measures the shunt voltage. These two 

measurements can be used to calculate wire voltage drop, current, resistance, and power. 

This is the circuit that is implemented on most devices designed during this research since it is 

very inexpensive and powerful. When cost is a critical factor, the FET switch was replaced with 

Bi-junction Transistors. When accuracy was most important, the 𝑅𝐷𝑆 of the FET must be very 

low – DMN1019 N-FETs were an effective choice though only available as surface mounted 

devices.  

 

Figure 63 - Four switching/sensing circuits shown in a prototype SMA driver. The switch here is a BJT for low cost, 

although FETs provide higher performance in most cases 
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FET as an Amplifier 

     For some control and characterization experiments, the PWM signal interferes with the ability 

to take measurements of the material since the voltage pulse must be synchronized with the 

measurements. For this and other situations, it may be valuable to control the power in the SMA 

continuously without any effect from the PWM. This capability comes with increased cost in 

electrical components, but the primary burden is efficiency: a PWM signal reduces the total 

power draw based on the duty cycle, while most ‘amplifier’ circuits will dissipate significant 

energy in heating transistors and resistors in the circuit. For the precise Hardware-In-The-Loop 

equipment (detailed in Chapter 8), the need for smooth and stable control was more important 

than component cost, so an amplifier was built. When testing general wires of known diameter 

but generally unknown length (for instance, in a NiTi coil-spring), it is valuable to drive a known 

current through the wire instead of a known voltage – this ensures the heating rate is independent 

of the wire length and prevents melting and short circuits from destroying testing equipment. 

Another desirable characteristic is to perform all regulation on the high voltage end of the SMA 

device being testing – this ensures it remains grounded when unheated and is not a threat to short 

circuit equipment nearby. A high-side driven analog voltage-to-current amplifier was designed 

and built to accomplish this, developed based on a similar concept by Texas Instruments [186]. 

The schematic of this device is shown in Figure 64. The circuit has three stages. First, a 1
st
 order 

low pass RC filter converts the microcontroller PWM into a smooth voltage signal with 

bandwidth of 40 Hz. A second stage uses an op-amp feedback circuit which controls the voltage 

across a shunt resistor using a FET – this voltage produces a known current since the shunt 

resistance is known. A second op-amp feedback loop forms a 100x current amplifier between the 

shunt current and the SMA wire. This design was validated in LTspice software and built; the 

prototype device is shown in Figure 65. An INA219 IC is used to precisely measure the resulting 

voltage and current through the SMA device which is under test.  
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Figure 64 – PWM-to-current converter and amplifier 

 

 

Figure 65 – PWM-to-current converter and amplifier prototype 

Binary control of SMA Heating 

     One other method of controlling the heating of SMA is quite different than these two. By 

providing many connections to the SMA at spaced intervals, small segments of the wire can be 

heated without heating the entire device. Instead of trying to delicately balance the device 

temperature so that the inner structure is partially transformed from Martensite to Austenite, 

fixed regions are selected for heating and are heated as to guarantee 100% Austenite. The best 

resolution of control with the fewest number of electrical connections is made by spacing the 

taps in a binary spacing – doubled length with every added tap (Figure 66). This method was 
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abandoned when the author could control the position of SMA wires faster and more accurately 

using PWM across the entire device. It remains a useful tool for situations where it is 

exceedingly difficult to maintain a balanced temperature in the device, or where the position (or 

stiffness) control needed is not variable, but remains constant for long periods. Another benefit is 

that this scheme does not require a sensor for position – it can be ‘open-loop’ so long as we are 

ensured that the heated segments receive enough power to achieve complete Austenite 

transformation. Because of the stepwise motion and open-loop nature, these devices are to a 

normal SMA wire as a stepper motor is to a servo.  A prototype is shown in Figure 67. 

 

Figure 66 - Binary segments allow control resolution based on the number of divisions 

 

Figure 67 - A 5 'bit' segmented SMA device. For this simple wire it is not very useful, but for slow and stable motion 

on larger objects, the segmented heating is predictable and reliable. 

 

Heat Dissipation to the Environment 

     In practice, the most limiting factor in SMA adoption is the slow cooling speed which directly 

leads to slow actuation speeds. By understanding the mechanism behind cooling, appropriate 

SMA actuators can be selected when bandwidth is a limiting factor, and techniques can be 

developed that increase the speed of heat transfer. The science of heat transfer uses equations 

that are notoriously complex and nonlinear and empirical – when considering SMA wire 

actuators we reduce the complexity by treating the wire as a lumped mass with a single ‘heat 
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transfer coefficient’ ℎ which contains the complexity. Choosing a constant ℎ is adequate for most 

applications, but if the most accurate models of the wire temperature many additional 

considerations can be made, as studied by the author’s lab group [1]. The temperature of an SMA 

wire typically follows the heat transfer law presented in equation (  27 ). Consider the 

homogeneous case without applied power, and ignore for now the latent heat of transformation. 

The mass is easily calculated using the density and volume, resulting in a first order differential 

equation:  

𝜌𝜋𝐿𝑐𝑝

4
𝑇̇ = 𝑃 − ℎ𝐷2𝐿𝑇 

 

𝑇̇ = (
4ℎ

𝜌𝐷𝑐𝑝
)𝑇 = 𝜆𝑇 

The constant 𝜆 is the eigenvalue of the equation, which determines the time it takes for the 

actuator to cool from a given temperature to room temperature. It is noteworthy, and logical, that 

the wire length does not play a role in determining the time constant, and that the time constant is 

inversely proportional to diameter. This equation is only straightforward because it hides 

significant complexity in determining ℎ.  The heat transfer coefficient for small SMA wires was 

measured experimentally by considering the first order heat transfer equation in steady state: 

 

𝑃𝑠𝑠 = ℎ𝜋𝐷2𝐿𝑇 
 

A coil-spring formed from 0.25mm SMA wire was heated using a known current source. The 

temperature was measured using an infrared camera, and ℎ was computed to be 121.8 W m2K⁄ . 

The experimental setup is shown in Figure 68. 
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Figure 68 - Experiment to determine heat transfer coefficient using the steady state temperature measured by a 

FLIR camera 

Curiously, more detailed modeling by the author’s lab reveals that the diameter, wire orientation, 

and ambient temperature influence ℎ though these effects are relatively small [1]: 

 

ℎ(𝑇, 𝑇∞, 𝐷) ≈ 65.5𝑒
−
𝐷
4(𝑇 − 𝑇∞)

1/6 
(  34 ) 

The computed value for small NiTi wires was in the range 100-130 W m2K⁄ . After validating 

equation (  34 ) and comparing to experimental values of ℎ [1], the eigenvalue for SMA wire 

near room temperature in still air is seen to be a function of 𝐷2: 

 

𝜆 ≈
0.0086

𝐷2
 (𝐻𝑧) 

(  35 ) 

The time it takes to cool to room temperature is approximately 3/𝜆. This provides a practical 

lower limit to the bandwidth of the actuator. Changes such as blowing air across the device 

(forced convection) and immersion in water can greatly increase the speed. In practice, the 

actuator can be fully cycled at speeds that exceed this bandwidth because this eigenvalue 

determines the bandwidth of cooling completely to room temperature air – but the nonlinear 

SMA behavior occurs in a temperature range 𝑀𝑓 to 𝐴𝑓. Different SMA alloys and heat treating 
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process can lead to higher transformation temperatures – the higher these are above the ambient, 

the faster the actuator operates and the more power it consumes. All these must be considered 

when designing an SMA actuator since they lead to a compromise of simplicity, strength, and 

speed (Figure 69). 

 

 

Figure 69 - the compromise between actuation force and bandwidth as wire diameter changes 

Conclusion 

     It is critical to understand the heat transfer of SMA wires when designing controllers and 

mechanisms. Shape memory effect is completely driven by temperature; temperature change 

stands as the intermediate block between electrical input and shape memory motion. Increasing 

heat transfer can improve actuation speeds but also introduces disturbances. Consider a control 

situation in which the heating bandwidth is faster than the closed-loop control bandwidth (Figure 

70). In this case, the controller performs well when the air around the wire is perfectly still (in a 

testing chamber), but is inadequate in ‘still’ room temperature air. As a rule, mechanical 

designers should increase bandwidth up to the needs of the control situation, but stop there: any 

increased bandwidth usually results in higher cost (finer wires), lower efficiency, and less natural 

stability to temperature disturbance.  
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Figure 70 (Left) Control performance in a thermal chamber shows smooth regulation. (Right) Normal 'calm' 

ambient air has fast changes in heat transfer that greatly affects this slow controller 

     Using the relationships developed in this chapter, a mechanical design guide can be formed 

which balances the required actuator strength and bandwidth as in Figure 69. The relationships 

also suggest design improvements: it is known that NiTi films (sheets) can actuate faster than 

wires due to their high surface area, although such sheets are currently prohibitively expensive. 

Any method to increase the surface area is beneficial – the author has formed SMA material into 

braids and cords which have much higher surface area and cool faster than single wires (Figure 

71). Another experimental device – a ‘Bowden tube’ - made by the author can increase the 

bandwidth by placing the SMA wire in an insulating tube which increases greatly the heat 

transfer surface area, as well as providing other mechanical benefits [5]. 

 

Figure 71 - Braided NiTi rope offers improved flexibility, much lower cost, and much faster heat transfer than a 

solid rod of equal weight 
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Chapter 7 

Dual Measurement Self-Sensing Technique 

     Using a Shape Memory Alloy (SMA) actuator as both an actuator and a sensor provides 

huge benefits in cost reduction and miniaturization of robotic devices. Despite much effort, 

reliable and robust self-sensing (using the actuator as a position sensor) had not been achieved 

for general temperature, loading, hysteresis path, and fatigue conditions. Prior research has 

sought to model the intricacies of the electrical resistivity changes within the NiTi material. 

However, for the models to be solvable, nearly every previous technique only models the 

actuator with very specific boundary conditions. Here, we measure both the voltage across the 

entire NiTi wire and of a fixed-length segment of it; these dual measurements allow direct 

calculation of the actuator length without a material model. We review previous self-sensing 

literature, illustrate the mechanism design that makes the new technique possible, and use the 

dual measurement technique to determine the length of a single straight wire actuator under 

controlled conditions which show the method is reliable despite loading and temperature 

changes. This robust measurement can be used for feedback control of wire length in unknown 

ambient conditions and unknown end loads. 

 

Introduction and Motivation 

     A clear obstacle to creating robot dexterity is in limits to their versatile poses – the degrees of 

freedom in their motion. While computer science is quickly finding ways to control high degree-

of-freedom (DoF) robots (deep learning, for instance) [187], the hardware is not keeping pace. 

For example, computer graphics in film can reconstruct 244 degrees of freedom in the human 

body and convince millions of movie-goers that they have seen a living being [188]. The most 

pressing obstacle to dexterity and dexterous manipulation in modern robotics applications is 

physical degrees of freedom [189]. 

     Today, actuator design is the limiting factor – motors, pneumatics, and hydraulics are simply 

too heavy and too big to package hundreds of DoF in a single system. This is particularly 

apparent at small scales – common ants have over 20 useful degrees of freedom that have been 

mimicked in prior research [190], but there is no mechanical motor today that can match an ant’s 
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leg in size and strength. For commercial applications of highly dexterous robotics to become 

viable, the actuators that give the robots their dexterity must be extremely low cost because many 

more actuators will be needed than in more traditional systems. The ideal actuator must provide 

extremely high strength-per-weight, while allowing many to fit in a small space (𝐷𝑜𝐹 𝑚2⁄ ), at 

low cost (𝐷𝑜𝐹 $⁄ ). This research outlines how Shape Memory Alloys (SMA) can be utilized to 

create actuators that fit this mold. A primary discovery of this work is a self-sensing technique 

that allows accurate control of simple SMA wire actuators.  

     Because both the models and controls are very complex, SMA actuators have not become 

prevalent in robot or machine design except in places where binary (two-position) motion is all 

that is needed. Binary control allows the model to be as simple as two known positions; the state 

of the SMA when heated and when cold.   A more useful actuator will be easily commanded to 

obtain a desired position (or force) anywhere within its range of capability, not just at the limits. 

In order to accomplish this, a position (force) sensor is generally used in a feedback loop with the 

actuator. While sensor feedback is feasible in many cases, the great benefits of SMA actuators 

(high payload-to-weight ratios, simplicity, and small size) cannot usually be realized in this 

configuration because the added sensor adds complexity, weight and volume. Ideally the 

changing electrical properties of the SMA material itself could be used as a position (load) 

sensor. Because the behavior of the SMA motion and electrical properties are nonlinear and 

exhibit hysteresis, it has proven difficult to create a robust self-sensing control scheme [191, 192, 

173]. No previous research has successfully modeled the electrical properties accurately for 

general loading and ambient conditions – this is crucial for a robotic actuator since the ‘artificial 

muscle’ must control motion under varying loads and reject disturbances during use.  

     We have developed an SMA actuator “dual measurement” method that allows self-sensing 

without complex models. This method is simple, only requiring one additional voltage 

measurement at a stationary point along the length of the actuator, and can easily be incorporated 

in practical robotic devices.  By making the secondary measurement, the length of the actuator 

can be calculated directly and accurately with no assumptions about ambient conditions or loads 

except that they are constant along the entire actuator length.  The method is not affected by 

hysteresis, twinning, or R-phase transformations which cause other methods to fail. 

     In this work, we begin by reviewing existing SMA self-sensing techniques, in particular 

resistivity modeling and attempts to utilize measurements of wire resistance to determine 
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actuator length. While these models do seem to model the material correctly, this work finds that 

no previous self-sensing method is robust to both unknown ambient conditions and unknown 

loads. Our robust dual measurement technique is described, and relevant equations are derived. 

An experiment is performed that shows the robust length sensing ability of the actuator. The dual 

measurement technique is compared to the use of resistance alone, and shown to be superior. A 

control example with several relevant scenarios demonstrates the ability of the dual-

measurement condition to remain accurate in conditions that cause the resistance-based methods 

to fail. Finally, the accuracy improvements of this method, and potential sources of inaccuracy if 

the method is incorrectly applied, are discussed. 

 

Literature Review 

Resistance Modeling 

    It has been generally accepted in the SMA community for many years that the resistance of 

SMA materials can be used for self-sensing of strain. However, when trying to apply the 

concept, it is found that strain is only one component of the resistance variation; the actual 

response is affected by strain, stress, temperature, and Martensite phase fraction. In many cases, 

the easy solution is to assume the wire position is proportional to heating power applied [192], or 

to operate the actuator in only two positions at the end of the travel [130, 138]. Because of the 

large effect of transformation on strain (compared to other terms in the constitutive model) it has 

been proposed in several works that the relationship between strain and resistance is sufficiently 

linear to use for control [168, 193]. Wu has shown that the resistance is a very linear function of 

strain for super-elastic wires at constant temperature [63]. 

     However, a more general sensing technique should allow control to intermediate positions. 

Most researchers approach self-sensing by modeling the resistivity of the material and the 

change with temperature, load and crystal phase fraction. A model employed by several 

researchers is the linear phase-fraction model with temperature dependent coefficients. Ikuta 

(1991) modeled the electrical resistivity (𝜌) of an SMA wire as a function of Martensite phase 

fraction (𝜉) consistent with the ‘Voigt model’ of the SMA [162, 30]: 

𝜌 = (1 − 𝜉)𝜌𝐴 + 𝜉𝜌𝑀 

(  36 ) 
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𝜌𝐴 and 𝜌𝑀 denote resistivities of the material in Austenite and Martensite phases, respectively.  

The resistivity of each phase can be computed as a function of the wire temperature: 

𝜌𝐴 = 𝜌𝐴0 + 𝛼𝐴(𝑇 − 𝑇0) 

𝜌𝑀 = 𝜌𝑀0 + 𝛼𝑀(𝑇 − 𝑇0) 

(  37 ) 

𝑇 is the temperature of the wire actuator, 𝑇0 is the initial measured temperature of the wire,  𝛼𝑀 

and 𝛼𝐴 are the temperature dependence of the resistivity, and  𝜌𝑀0 and 𝜌𝐴0 are known quantities 

of the resistivities at the initial measured temperature. This model is simplified by neglecting the 

additional terms that account for the R-phase; R-phase transformation confuses many 

experimental results as it seems to behave macroscopically like Martensite, but has very different 

electrical resistivity than either Martensite or Austenite [165]. It has been demonstrated in many 

cases that transformation to the R-phase can be precluded by maintaining actuator stress above a 

critical value, often given as approximately 150 MPa [168]. The R-phase can also be eliminated 

by shape-setting at high temperatures, though this may have other adverse effects [57].  To be 

certain the change in electrical resistivity is due to crystal transformation and not another 

mechanism, Antonucci confirmed the effect of the crystal phases on resistivity using differential 

scanning calorimetry [165].  

  However, attempts at self-sensing with varying temperatures and stresses further complicate the 

model. Novak uses a similar model to Ikuta and adds an additional correction term for the 

resistivity dependence on wire stress (𝛽𝐴, 𝛽𝑀) [163]: 

𝜌𝐴 = 𝜌𝐴0 + 𝛼𝐴(𝑇 − 𝑇0) + 𝛽𝐴𝜎 

𝜌𝑀 = 𝜌𝑀0 + 𝛼𝑀(𝑇 − 𝑇0) + 𝛽𝑀𝜎 

(  38 ) 

These equations again neglect the R-phase components of the model in this equation, since it can 

be eliminated by preloading. This does indeed fit better to experimental data than the Ikuta 

model, especially for constant stress [163, 164, 194, 166].  

     There is, however, a realistic and more practical interpretation of the impact of applied stress 

than the addition of a stress term to the formulation of the resistivity. Because the stress causes 

strain (change in length) and contraction of area (due to Poisson contraction), the additional 

resistance can be found to be caused by this elastic strain and modeled by the definition of 
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resistance [167, 61, 45]. This can be modelled by noting that the wire resistance is defined as 

linearly proportional to the resistivity:  

𝑅 =
𝜌𝐿

𝐴
 

(  39 ) 

R denotes the total resistance of the wire, L denotes the length of the SMA actuator and A 

denotes the cross-sectional area of the SMA wire. Both properties can be found in terms of initial 

wire dimensions and the wire stress and strain [16]: 

𝐿 = ℓ0(1 + ϵ) 

(  40 ) 

𝐴 = 𝜋𝑟0
2 (1 −

𝜈𝜎

𝐸
)
2

 

(  41 ) 

𝜖 denotes the elastic component of strain, 𝑟0 the initial wire radius, ℓ0 the initial wire length, and 

𝜈 is the wire’s Poisson ratio.  

     It is clear that models to predict resistivity and resistance grow more complex, but are not 

accurate enough to use for practical controllers. These techniques have not yet explained: 

 The plastic deformation the actuator incurs over its life 

 Determination of constants for general SMA materials 

 Temperature measurement techniques for very fine wires 

 Temperature prediction techniques where measurement is not possible. 

 

Empirical Techniques  

      All of the aforementioned resistance models are difficult to employ for self-sensing since 

they do not include any model of the  hysteresis, and require knowledge of parameters that are 

difficult or impossible to measure (such as the phase fraction and temperature). These concerns 

are magnified for very thin wire actuators. Attempts have been made to reduce the error of 

neglecting hysteresis by employing polynomial models to fit the relationship between strain and 

resistance separately on the heating and cooling paths. However, these models rely on explicit 

knowledge of the wire stress [192, 191, 195, 196]. 

     One clever solution for elimination of some nonlinear error is to arrange two SMA actuators 

in antagonistic manner and measure the difference in resistance between them [173, 123]. 

However, the material behavior is different for antagonist pairs than with single wires, and 
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requires additional consideration during implementation [197]. This method also does not 

sufficiently eliminate the effects of hysteresis, and cannot account for the effect of differing 

stress in the two antagonist wires.  

     Empirical techniques are good for cases where load is known, but not for general actuators. In 

particular, these techniques still cannot account for: 

 The plastic deformation throughout the actuator’s lifetime 

 In situ fitting to data requires a temporary position sensor 

 Arbitrary changing loads during actuation, or simultaneously changing the loading and 

temperature conditions of the wire [34]. 

 

Desired Self-Sensing Characteristics  

     A complete model of shape memory resistivity must model many aspects of the behavior to 

provide robust self-sensing. The following are some broad characteristics that a robust self-

sensing scheme should include: 

 Ability to obtain accurate measurements independent of the wire loading and stresses. 

 Ability to obtain accurate measurements for all ambient air temperatures and currents 

 Elimination of any errors associated with the hysteresis associated with both the shape 

memory and super-elastic behaviors of SMA actuators 

 Ability to account for wire strains due to fatigue 

 Ability to obtain accurate measurements independent of the specific alloy used. 

 Ability to obtain accurate measurements without an exact knowledge of the SMA 

temperature 

 

None of the self-sensing models considered to-date can account for all of these important factors. 

Most existing self-sensing controller schemes employ some form of a simplifying assumption or 

constraint on the physical model, such as: 

 Electrical resistance is linearly proportional to Martensite phase fraction [198, 199, 130] 

 Hysteresis between heating and cooling curves is adequately small [168] 

 SMA temperature is a known property [165] 

 SMA temperature is proportional to input power [61, 45, 192] 

 SMA temperature is a constant property [63] 

 SMA stress versus actuator length is known or held constant [194, 166, 195] 

 For two SMA wires in an antagonist orientation, the wires have the same stress [123, 

173] 

 Hysteresis is not affected by stress [191] 



 

99 

 

 

The Dual-Measurement Technique 

     The measurement system is comprised of two main components. The first is a high-side 

measurement of voltage across the entire SMA wire (𝑉3) across and current (𝐼) through the entire 

SMA wire. The high-side voltage lead is directly connected to the end of the SMA wire, such 

that it moves as the wire changes length. The second component is a set of two voltage probes 

(𝑉1 and 𝑉2), set a fixed distance (𝑙0) from the stationary end of the wire and a fixed distance from 

one another (𝑙𝑠) (Figure 72) . 

 

Figure 72. Dual Measurement Technique Schematic 

The useful quantities that can be computed using the dual measurement are now presented. It is 

easily shown that, if 𝑙𝑠 and 𝑙0 are constant, then 

𝐿 = 𝑙0 + 𝑙𝑠 (
𝑉3 − 𝑉1
𝑉2 − 𝑉1

) 

(  42 ) 

Thus we can directly solve for actuator length with no knowledge of the actuator properties 

besides initial length and slider position, nor a model of the material. This is only accurate if the 

material properties are equal along the entire length of the wire, thus it provides a better estimate 
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for larger 𝑙𝑠. Because sensor noise is unavoidable, it is best to maximize the denominator in 

Equation 9 by having 𝑙𝑠 as large as is practical, and 𝑙0 as small as is practical. Thus, if possible, 

𝑉1 should be measured at ground (𝑙0 = 0), and 𝑙𝑠 should be as close to the contracted length of 

the wire as possible. This also reduces inaccuracies arising due to varying conditions along the 

length of the wire. If these recommendations are made, then the model reduces to 

𝐿 = 𝑙𝑠 (
𝑉3
𝑉2
) 

(  43 ) 

Notice that this provides the total length without ever measuring the total length. This alone 

could be beneficial in manufacturing where the lengths may not be consistent. The electrical 

resistivity is easily calculated using: 

𝜌 = (
𝐴

𝑙𝑠
)
(𝑉2 − 𝑉1)

𝐼
 

(  44 ) 

Experimental Setup 

     The device being tested is a simple, straight SMA wire. The physical characteristics of the 

wire are listed in Table 6, where 𝐴𝑓 is the Austenite finish temperature at which the wire is 

nominally fully contracted, according to the manufacturer [200]. 

Table 6. Example SMA actuator characteristics  

Characteristic Value 

Initial (Hot) Length 160 mm 

Cold Length 168.1 mm 

Diameter 0.125 mm 

Mass 12.6 mg 

Expected 𝐴𝑓 90 °C 

Treatment Kroll’s Reagent 

Manufacturer Dynalloy Flexinol HT 

 

The experiment is performed on a custom-built dynamic tensile testing machine that implements 

the features of Figure 72 (Figure 73). This machine controls the electrical input to the SMA 

actuator, and simulates a system for the SMA actuator to control. In this experiment, the 

simulated system is a simple suspended mass subjected to a constant force. 
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Figure 73. Tensile Testing Machine 

The 𝑉3 voltage lead is soldered to the end of the SMA wire, such that it moves as the wire 

changes length. Two voltage probes (𝑉1 and 𝑉2) make sliding contact with the SMA wire on a 

1.5mm Chrome-plated steel cylinder (Figure 74).  

 

Figure 74. Sliding Probe for second measurement. Note that the yellow bar prevents wire tangling while slack 

These probes are mounted on a plate in the testing machine such that they can be moved up and 

down to change 𝑙0.  Electric current is controlled through the SMA wire in a slow saw-tooth 
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manner, and the load is regulated. Three simulated masses are used; 100 gm, 200 gm, and 300 

gm. By repeating the test with these different loads, we will see that the model can estimate 

actuator length regardless of the stress applied – a valuable result for robust sensing. The ambient 

temperature is approximately 25C throughout the duration of the test. 

 

Characterization Experiment 

     The experimental results validate the dual measurement technique. The experiment is 

performed in 3 parts. The driving input is SMA current, driven from 40 to 250 mA in a saw-tooth 

manner, and the load is regulated to 300, 200 and 100 gf during three current sweeps (Figure 75).  

 

Figure 75. Driving inputs for the experiment are three loads held constant (top) while current is swept in a saw-

tooth manner (middle) which extends and contracts the actuator (bottom) 

The stresses due to these loads are approximately 80, 160, and 240 MPa, respectively. The 

ambient temperature is approximately 25 °C throughout the duration of the test, though no 

enclosure is provided to limit air currents since that is not typically realistic for general actuators. 

Before each new load, the actuator is allowed to stabilize at the new equilibrium position – 
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measurements during this transition are not recorded (causing data discontinuity at 40 and 80 

seconds). The initial position, with the wire completely heated with no load is listed in Table 7. 

Table 7. SMA actuator parameters required for length calculation 

 

 

Characterization Test Results 

     The test shows the inadequacy of assuming the resistance directly relates to actuator strain; 

electrical resistance is plotted against true actuator displacement in Figure 76. Also, a line is fit 

through the data using least squares, and percent error is calculated from the difference between 

resistance and this line.  

  

Figure 76. Self-Sensing Displacement Measurements and Errors using SMA Resistance versus actual Displacement 

(colored by loading condition). Resistance of the SMA wire, by itself, makes a poor displacement sensor due to 

combined effects of elastic strain, temperature, and shape memory hysteresis. 
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Several observations can be made about this plot: 

 The main trend of resistance versus actuator displacement is linear away from the 

transformation boundaries 

 There is large hysteresis when near 100% Martensite (longest length) 

 There is a very wide hysteresis band at low load (100 gf) 

 The relationship between resistance and displacement reverses near the ends due to 

temperature effects. 

 

By computing a length estimate using Equation 9, we can directly calculate the actuator length as 

seen in Figure 77. The estimate is very linear and matches well to the measured position. The 

estimate becomes accurate soon after the wire touches the probe – this can be seen in the middle 

of the plot as the wire initially heats and contacts the sliding probe (near 3 mm). 

 

Figure 77. Self-Sensing Displacement Measurement and Errors using Dual Voltage Measurement Technique 

(colored by loading condition) 
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Feedback Control Experiment 

     An experiment was performed to determine the ability of the sliding-sensing method, 

compared to feedback with a position encoder, and feedback using the assumption that length is 

linearly related to wire length. The linear fits used are shown in Figure 76 and Figure 77 as 

dashed black lines. 

     The dynamic tensile testing machine was used to provide a constant antagonist force while 

the SMA wire was controlled using a PI feedback controller. The closed loop system is Type 1, 

and as such has zero steady state error with an unbiased measurement of position. The bandwidth 

of the machine is much higher than the bandwidth of the SMA actuator, which is 

characteristically very low [1, 201, 202, 203], and so its dynamics do not directly affect the SMA 

controller. The control experiment maintains a constant load on the SMA wire while a position 

set-point is changed. The load is regulated to 100, 200 and 300 gf during each experiment, 

respectively, to determine whether the two self-sensing techniques are reliable with changing 

loads. The experiment using the encoder serves as a reference to ensure the controller is capable 

of tracking the reference, and so any error is due to flaws in the self-sensing method.  

 

Controller Test Results 

The three trials showed nearly consistent results, with the encoder providing the most accuracy. 

The dual measurement self-sensing technique provides nearly as accurate a measurement as the 

encoder, while the resistance based position measurement lacks the accuracy of the encoder or 

the dual measurement technique’s measurements. The control reference was set to two different 

points, ensuring the sensing method was accurate across the range of SMA wire motion.  To 

understand the control motion and the meaning of positioning accuracy, the performance of the 

control using encoder feedback is provided (Figure 78. Wire position feedback with 200 gf load. 
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Figure 78. Wire position feedback with 200 gf load 

 

The controller quickly drives the system to the desired set-points, settling in less than five 

seconds at each point. By observing the resistance and slide-sense position estimates during this 

test, we get a first understanding of the inaccuracy they will induce. The resistance-based method 

has large deviations from the true position both dynamically and in steady-state. The slider-based 

self-sensing is accurate and nearly matches the encoder position measurement.  

     A better presentation of the relative accuracies of these three methods is given by using the 

respective position estimates for controller feedback. By comparing the tracking error between 

different methods (encoder, resistance, and slide-sense feedback), and loadings (100, 200, and 

300 gf loads), the range full range of ability can be seen in Figure 79. 
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Figure 79. Position error using encoder feedback and the resistance model of self-sensing at three antagonist loads 
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Figure 80. Position error using encoder feedback and the dual measurement technique at three antagonist loads 

     First looking to the encoder feedback, we see the performance of the PI controller. In all 

cases, the controller is able to regulate the position with no steady-state error. The controller 

stabilizes the system within five seconds in all cases. At high loads, the controller has some 

difficulty stabilizing at the second set-point when the wire is soft (cold, long) after fifteen 

seconds in each test. This is due to the decrease in the plant natural frequency (lower spring rate, 

increased load), which has shifted the problem such that the controller gain is too high for the 

plant. This is not a problem in this experiment, but it shows the value of reviewing encoder 

feedback to know this is an effect of the controller, not the sensing method. 

        The resistance-based feedback shows two primary flaws. First, the initial accuracy in the 

measurement is very poor, as this is when the wire is completely cold and in either a twinned 

Martensite or R-phase state, so the hysteresis error is exaggerated. Because of the simple PI 

control law, this causes a ‘windup’ in the integrator, and impacts the stability of the system 

(slowing down tracking and causing nonlinear overshoot). At high loads, the windup of the 
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integrator is particularly poor. While this can partially be avoided by incorporating anti-

integrator windup feedback, a more accurate measurement technique could allow for an 

avoidance of this complication altogether. The second primary concern of this measurement 

technique is that the hysteresis in the heating and cooling response for the electrical resistance 

causes steady-state error in the regulator – the system is never driven to the correct position 

because the resistance measurement has error that is never resolved.  

     The dual-measurement feedback quickly provides an accurate estimate of the position. The 

controller has no steady state error because the method provides a linear, unbiased estimate, 

except in the case of a very high load. At such a high load, the controller scheme does have some 

steady state error because the physical sliding probes deflected slightly under the pressure of the 

taut wire and this physical movement altered the measurement. For a more robust conductive 

probe, this concern is eliminated. The dual measurement technique does fall short of the encoder 

with respect to the signal noise, as the sliding does generate some electrical noise, and the 

resolution of the voltage measurements is a limiting factor.  

 

Discussion & Conclusion 

     In more than thirty repeated tests, the measurement error is typically banded within 0.5 mm of 

the true length. This is true even as the wire shows permanent deformation in the form of fatigue 

with repeated cycling. Error is calculated by subtracting the estimated length from the true 

length; the error in all experiments shows standard deviation of error of 0.154 mm.  As an 

actuator, we often care about the error as a percentage of the total travel, not length. With an 

effective stroke of 8.2 mm in the 160 mm wires used, this implies 1.7% standard deviation. For 

comparison, the linear resistance assumption provides a 9.95% standard deviation of error. Noise 

in the estimate appears to be solely related to noise in the voltage measurements made. Hardware 

or software filtering can effectively improve the noise. 

      In a control scenario using a generic, stable PI control law, the slide-sense method provides 

an unbiased, accurate estimate of position. The method is consistent until the test setup was 

physically bent due to high load on the probe. For comparison, the resistance feedback method 

shows integrator windup errors and steady-state error, both due to real hysteresis in the wire.  

     The dual measurement technique has allowed us to estimate the length of a general SMA wire 

without prior knowledge of: 
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 Macroscopic electro-mechanical material properties of the SMA actuator 

 Applied loads and temperature conditions of the wire 

 Ambient conditions of the cooling fluid 

 The electric current being passed through the SMA actuator 

 The initial wire geometry or configuration. 

 

Thus we have created a robust mechanism for self-sensing in SMA actuators for use in robotics 

applications. Without a sensor for feedback, accurate robots cannot be built; the dual 

measurement technique has the potential to make SMA actuators more cost effective by 

eliminating the need for position sensors. It also allows the actuators to be smaller and to fit more 

degrees of freedom in a smaller space. Dual measurement provides a reliable and simple 

technique to implement robust self-sensing in SMA actuators.  

     The dual measurement method eliminates the major sources of error in existing methods, but 

introduces some new concerns: 

 The wire surface must be conductive, meaning to use this method a surface treatment will 

be required. 

 Corrosion of probe contact surface may affect the quality of the measurement over time 

 Sliding contact may decrease the life of the SMA actuator 

 Electrical noise in the form of Nyquist-Johnson noise or inaccuracies due to discretization 

in the ADC. 

 End crimps or solder affects measurement accuracy for short wires. 

 The assumption of constant resistance across the wire may not hold for short wires due to 

the effects of boundary conditions (this concern is alleviated for wires over 14.8 cm in 

length) [204]. 

Future work will study these potential issues. Superior surface finish of the wire could prove to 

eliminate corrosion and maintain electrical conductivity. Improved mechanical design of the 

sliding contact can eliminate wear – techniques from electric motors and slip rings may be 

adopted for this purpose. Electrical noise is directly related to the quality of the ADC and the 

level of filtering used. Empirical evidence suggestions that placement of the sliding probe affects 

the amount of electrical noise. In situations where the sample rate is fast compared to the 

required sensing bandwidth, software or hardware filtering can significantly eliminate the noise.  
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Chapter 8 

Hardware In-the-Loop Testing Machine 

     To facilitate Shape Memory Alloy (SMA) robotics research, an experiment station is needed 

to test physical actuators as Hardware In-the-Loop (HIL). Finding no commercially available 

alternative, it was necessary to design and construct a tensile testing machine appropriate for 

SMA actuator research. No commercial tensile testing machine within this project’s budget had 

the required features: 

 High speed measurement and controls feedback 

 Ability to simulate dynamic loads 

 Programmable actuation inputs in coordination with measurements 

 High strain rates and accelerations (requires low cross-head inertia) 

 A regulated environment control chamber 

A new machine was designed for this research that contains all those features. The SMA 

actuators studied in this thesis have a bandwidth below 2 Hz – the control system has a 

mechanical bandwidth near 25 Hz and sample rates of 50 Hz to ensure testing device dynamics 

do not interfere with the experimental data. Several common experiments are presented in this 

chapter that demonstrate the ability of the machine, more detailed experiments are shown in 

other chapters where this system was used to gather characteristic data about SMA wires and 

other devices, to validate material models, and to test control laws and heating methods. 

 

Design Requirements 

     The design requirements for this machine are derived directly from the expected hardware to 

be tested; primarily, the devices studied in this research are formed from NiTi wires ranging in 

diameter from 0.075mm to 0.25mm. These are often used as straight wires (with high strength 

and low strain), but can be formed into springs, snakes, and braids as well (see Chapter 5). The 

devices range in length from 2 cm to 30cm – practical lengths for actuators in robots from insects 

to humanoid hand and arm muscles. A straight SMA wire even 30cm long would only have a 

strain of a centimeter or less, but a coil-spring or braid can exhibit strains beyond 400% of their 

contracted length. NiTi wire of 0.075mm diameter with an 𝐴𝑓 temperature near 90 C in room 
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temperature air has a bandwidth near 1.5-2.0 Hz. The machine therefore should have a 

bandwidth well above 2 Hz to ensure its tracking dynamics do not intermingle their effect with 

the measured effects of the NiTi. A 20Hz bandwidth is selected as the target for tracking control 

– this is 10x the device-under-test bandwidth (and compatible with the 50Hz sampling limits of 

the electronics). While high strength devices can be formed from many SMA wires in parallel, 

this machine will be used to measure simpler mechanisms. Straight, super-elastic SMA wires can 

be completely deformed into Martensite under stress of 400 MPa. For 0.25mm diameter wires, 

the largest expected in this research, this corresponds to an axial stress of 25 N (2.55 kgf). The 

machine should accept loads of 50 N (5.1 kgf) as a safe overload. Finally, the maximum 

actuation speed is determined based on the 2Hz bandwidth and maximum practical stroke 

amplitude of 2 cm: under sinusoidal inputs this requires a speed of 25 cm/s. These requirements 

are summarized in Table 8. 

Table 8 - Design requirements for the HIL testing machine 

 Max Value 

Travel 30 cm 

Load 50 N (5.1 kgf) 

Speed 25 cm/s 

Bandwidth 20 Hz 

 

Design Details 

     The testing machine has five main components; crosshead positioning, load measurement, 

SMA power control, SMA electrical monitoring, and thermal chamber. All the components were 

purchased to provide acceptable range and resolution, and to keep the entire project budget 

below $200.00 (2016). The entire system is controlled using an ARM CORTEX M4 

microcontroller; a Teensy 3.1 development board. Programming of the embedded electronics 

was completed in C and compiled for the ARM microprocessor. The user interface for the 

machine was built in MATLAB for recording and plotting experimental results. A computer 

model of the final design is shown in Figure 81. The complete machine with all mechanical and 

electrical components labeled is shown in Figure 82. The final machine has the specifications 

and performance capabilities shown in Table 9. 
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Table 9 - Final components and performance specifications of the HIL testing machine 

 Mechanism Detail Range Precision Accuracy 

Linear 

Positioning 
Stepper Motor 

NEMA 17,  

8mm lead screw 

0-

250mm 

0.04mm/step 

0.625um/μstep 
≈ precision 

Load 

Measurement 
Load Cell 

shear beam cell & 

HX711 24bit ADC 

0-1kg 

0-5kg 

0.425 μg  

2.127 μg 

0.15g 

0.75g 

SMA Power 

Input (A) 
PWM Voltage 

16 Bit PWM 

738 Hz 
0-12 V 0.18 mV ≈ precision 

SMA  Power 

Input (B) 

Direct current 

drive 

16 Bit input, 

analog filter and 

amp 

0-2 A 30 μA ≈ precision 

SMA  

Measurement 

Voltage/power 

monitor circuit 
INA219 sensor 

0-16V 

0-3.2A 

6 mV 

0.8 mA 
≈ precision 

Environment 

Control 

Thermo-electric 

cooler/heater 
40 Watt TEG 0-95 C 0.25 C 1.0 C 

 

 

Figure 81 - CAD model of the HIL Testing Machine 
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Figure 82 - Layout of the mechanical and electrical components that comprise the testing machine. 

 

Position Control 

     Position is controlled using a NEMA17 size stepper motor. A dedication integrated circuit, 

the ST Microsystems L6470, is used to offload the computing of stepper motion from the main 

computer. The controller sends desired position, speed, and acceleration via SPI serial, and the 

L6470 drives the stepper to follow the commanded profile autonomously. Positioning is 

calculated using the number of steps taken by the motor in open-loop. A stepper motor of 

sufficient torque was selected such that it will not skip steps until the load on the crosshead 

exceeds 20kg – well beyond the range of use. The maximum speed is approximately 400 mm/s, 

which is fast enough for most SMA control simulations with SMA actuator bandwidths near 2 

Hz, and strokes of less than 2 cm. A lead screw drives the crosshead along linear bearing rails. 

The total stroke length is 250 mm – in most experiments the range used is much less than an inch 

– but the long range allows many forms of actuators to fit in the one machine. Positioning 

resolution is directly determined by the number of steps per revolution of the stepper motor (400 

steps/rev) and the lead screw pitch (16 mm/rev). Without micro-stepping, the resolution is 

0.04mm per step. Using micro-stepping, the resolution is 0.625 micrometers. For reference, the 
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typical stroke of an SMA actuator is 4mm – so the resolution is as low as 0.01% of the actuator 

stroke. Because of the plastic machine frame, there is some potential for compliance between the 

screw motion and SMA movement. Much of this is eliminated by gravity keeping the 

components preloaded. Experiments in the useful range from 0-5kg load showed the compliance 

to be near 0.01mm, near the resolution of the stepper. The machine compliance was precisely 

calibrated by measuring deflection of the machine when pulling on a rigid rod, and is removed 

from the test data in the embedded software.  

Load Control 

     A shear beam load cell is used for measuring force in the SMA actuator. These are special 

arrangement of strain gages that mechanically compensates for temperature variation and is 

insensitive to misaligned loading. The strain gages in this transducer are read using a bespoke 

integrated circuit (HX711) with a 24-bit differential ADC. Due to the choice of IC, this 

component is limited to 80 Hz sampling – though much faster than the bandwidth of the SMA 

actuator this IC limits the sample rate used for the entire machine logging and control system. 

However, with a desired sample rate of 50 Hz, this is not a concern. Two load cells are used – 

one with a maximum load of 1 kg, and the other with a maximum load of 5kg. The more 

sensitive cell is used for testing high strain devices (springs and braids) while the larger cell is 

used most often for straight wire devices, and straight wire characterization experiments.  

SMA Electrical Driver and Measurement 

     The SMA power is controlled by applying a pulse-width-modulated (PWM) signal to a filter 

& current amplifier. The circuit for this device is presented in Figure 83 (A detailed explanation 

of this system was provided in Chapter 6). The PWM signal is easily generated by the 

microcontroller with a duty of 16-bit resolution, 11 kHz frequency. This signal is filtered using a 

first order low-pass RC filter with a cutoff frequency of 40 Hz. The filtered signal is input to a 

voltage-to-current conversion circuit, which uses op-amp feedback to maintain the current 

through the circuit proportional to the input voltage, regardless of load. This current is then used 

as the input to final circuit which acts as a 100x current amplifier – the high current side is 

connected to the SMA load. A ‘high-side monitor’ IC, the INA219, is used to measure the 

current and voltage across the SMA device. These measurements are not used for feedback – the 

circuit independently maintains current proportional to duty, and the INA219 is used to 

determine the voltage, resistance and power through the SMA device. This system is provided a 
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feedback controller within the embedded software so that it can quickly track any desired 

voltage, current, or power reference. For example, a constant power input can hold an SMA wire 

at constant temperature –but with constantly changing electrical resistance, the actual current 

must be adjusted (in feedback) to maintain constant electrical power.  

 

Figure 83 - Analog Circuit for converting PWM signal at 3.3 V into controlled current. The current is maintained 

using feedback (op-amps) regardless of the load on the circuit 

Mechanical Frame 

     These components are all mounted in a 3D-printed ABS frame. The base houses the stepper 

motor and load cell. The crosshead (with no load-cell nor motor) is very light and therefore can 

be moved more quickly. The base dimensions are 6 inches wide by 3.5 inches deep. The entire 

machine is 18 inches tall. Most features of the device have proven satisfactory for this research. 

An improved design would provide for two identical steppers, one on each side of the crosshead, 

which would eliminate nearly all compliance. The load cell could be monitored using a faster IC, 

such that the machine sample rate is not limited to 80 Hz. The materials and electronics choices 

in other components are satisfactory.  
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Thermal Chamber 

     An enclosed chamber has been built around the tensile testing machine to regulate the 

ambient air currents, which can have a large effect on the motion of fine SMA wires. This 

chamber was later equipped with two, 40W Thermo-electric generators (TEGs) which can 

actively cool and heat the chamber from 0C to 95C. These are monitored using a K-type 

thermocouple (converted using a MAX31850 IC). A dedicated PID controller regulates the 

temperature to the user’s desired set-point.  

Possible Improvements 

     Although this HIL testing does not simulate every disturbance and load that will be seen in 

practice, it covers the most common functional situations where NiTi actuators are used. It 

characterizes the nonlinear actuators in terms of some common linear control concepts (such as 

open-loop and closed-loop bandwidth from sine-sweep inputs) and is an excellent way to test 

controllers against each-other with repeatable loads. The one situation which has been most 

difficult to simulate with this device is high-speed Sliding Mode Control (SMC). The rapid 

switching interferes with measurements of the wire properties during simulation, and can 

produce oscillations outside of the controllable bandwidth of the machine. 

     Another potential improvement would be to determine a robust method for measuring SMA 

wire temperature. Unfortunately, thermocouples are very large compared to the SMA wires and 

their mass skews the temperature near the probe. They are also generally conductive unless 

isolated from the wire – adding further bulk and mass. Potential solutions might include narrow-

beam IR sensors or thermal cameras.  

Simulation Suite 

     A suite of standard test procedures was implemented in the embedded software. The tests 

cover material characterization, open-loop device characterization, and closed loop control 

testing. Some of the procedures are for material characterization: direct strain (load) control 

simply oscillates the cross-head at constant speeds between a lower and upper set-point of 

position (force). This can be used to plot the shape memory or super-elastic effects. Other 

procedures compute the open-loop performance of the device: by sweeping the power input 

between set limits while holding force (position) constant, the effective bandwidth of the device 

with no control law is determined. These tests can be run with step, saw-tooth, or sinusoidal 

inputs of voltage, current, or power into the SMA device. Finally, closed loop control allows 
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control laws to be tested back-to-back in identical conditions. The simulation provides the cross-

head a set ‘mass’, and a Proportional-Integral controller tracks the position to maintain a constant 

‘gravitational’ load – thus simulating a hanging weight (the proportional term provides some 

‘damping’ stability). During these tests, step disturbances in load can be introduced at any time. 

Simple position regulation, and tracking saw-tooth or sinusoidal waves, allows controllers to be 

tested and quickly tuned in software. Tracking sine waves with increasing frequency (sine-

sweep) reveals the closed loop bandwidth of the feedback control device. These testing and 

simulation methods are built into a total of seven testing routines: 

 Direct Strain Control – oscillates at constant speed between specified strains, while the 

device is heated with a fixed voltage/current/power 

 Direct Load Control– oscillates at constant speed between specified loads, while the 

device is heated with a fixed voltage/current/power 

 Constant Force Sine Sweep – load is held constant regardless of strain while the input 

voltage/current/power is swept in a step/saw-tooth/sinusoid of increasing frequency 

 Constant Strain Sine Sweep – position is held constant regardless of load while the 

input voltage/current/power is swept in a step/saw-tooth/sinusoid of increasing frequency 

 Simulated Plant Position Regulation – a series of reference positions are toggled every 

few seconds for a custom feedback controlled actuator to try to match 

 Simulated Plant Position Tracking – a smoothly varying reference position is provided 

for a custom feedback controlled actuator to try to match 

 Simulated Plant Tracking Sine Sweep – a smoothly varying reference position of 

increasing frequency is provided for a custom feedback controlled actuator to match 

Software Interface 

     Embedded electronics are powerful for collecting and recording data, but they are not 

adequate for analyzing it. To remedy this, a graphic-user interface program was built in 

MATLAB GUIDE which can connect to arbitrary text data streams (such as the one generated 

by the HIL machine) and plot and parse the data at high speed. The tool was designed to 

1) Easily connect to a generic USB serial stream 

2) parse the stream regardless of number of data channels being reported 

3) quickly plot the data for quick inspection and 

4) saves the data to the MATLAB workspace for post-recording analysis 

The final interface is shown in Figure 84, where a device is attempting to track a sinusoid 

reference position that is beyond its bandwidth. This tool currently only allows reading and 
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recording the data. A future addition will add output control so that control laws can be written in 

MATLAB environment and directly implemented in the physical system. Currently the sample 

rate is sufficient (up 500 Hz*channels), but the latency (round-trip delay in communication) is 

too high for this to be practical. 

 

Figure 84 - Streaming Serial Plotter - connects to an arbitrary USB/UART serial stream and plots the incoming 

data 

Example Experiment 1:  Material Characterization 

     The results of a characterization experiment performed with this machine are shown in Figure 

85. This test was performed to determine the stress-strain behavior of an SMA wire as 

temperature is varied. To maintain a constant temperature in the wire, the power 

(voltage*current) input to the SMA wire was regulated. In each of seven tests, the electrical 

heating power was held constant and the machine controlled the strain in the wire in a saw-tooth 

oscillating manner between 0 and 12 mm. The electrical power was increased in each experiment 

until the material would return to Austenite upon returning to the initial position (instead of 

slacking into twinned Martensite) – thus demonstrating the ‘super-elastic’ response of the SMA 

wires. 
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Figure 85 - A 100 micron wire was tested with several different constant-power heating inputs. On the left, load vs 

displacement curves show the behavior ranging from shape memory at low power (yellow) to super-elastic at high 

power (blue). On the right, load vs time is shown for each of the tests. 

Example Experiment 2: PID vs Sliding-Mode Control 

     The most productive application of this HIL machine is in comparing control laws while 

maintaining identical ambient and plant conditions, for fair comparison. This particular data was 

generated from a test using a NiTi coil-spring (Figure 86). Coil-spring actuators have large strain 

(on the order of 200%), but provide low force compared to straight wires (20gf vs 200gf). 

Because the device is formed from a single wire, it can be heated electrically just like a straight 

wire, and cools approximately as quickly. This experiment compares a well-tuned PID controller 

and first-order sliding-mode controller when controlling a (simulated) 20 gf mass hanging in 

earth gravity with no damping. The results are seen in Figure 88 and Figure 88: The linear PID 

control does regulate the position with zero steady-state error, but is poorly damped in closed 

loop. This oscillatory performance is consistent with expectations of such a controller as 

presented later in Chapter 10. The sliding mode controller here was chosen with a slow sliding 

surface time constant. The nearly exponential decay to steady state is the expected response, 

which the switch controller tracks nicely. However, the SMC also reveals a flaw in this 

simulated plant: Because the switching interferes with measurements, the SMC switch is reduced 

to the controller’s 50 Hz bandwidth which is not fast enough to prevent it from exciting motion 

in the machines internal feedback and tracking system. This simulation relic results in the 

‘twitching’ in Figure 88, right. This problem is eliminated with faster sample rates in the 

physical system.  
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Figure 86 - A NiTi coil-spring actuator with a contracted length near 50mm and extended length of 125mm. The 

maximum load this small spring can create is only 30 gf. 

 

 

Figure 87 - Comparing the tracking control of a PID controller (left) with a sliding mode controller (right) during a 

step change in the position reference 
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Figure 88 - Comparing the tracking control of a PID controller (left) with a sliding mode controller (right). All 

quantities measured by the testing machine are shown, plotted against time. 

 

Conclusion 

     A Hardware In-the-Loop testing machine was designed for experimenting with SMA 

actuators. In the context of this research, the hardware is an SMA device, and the loop is a virtual 

mass-spring-damper system or an explicit load/position profile. The design requirements for the 

machine were derived from the range of expected properties in NiTi wire devices. The machine 

can perform accurate characterization and control tests, and allows rapid fitting of SMA models 

and validation of control schema. In the other parts of this thesis, all experimental data for 

modelling or control was collected using this HIL system, unless specified otherwise.  
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Chapter 9 

Linear Parameter Varying Modelling & Estimation 

    Shape memory alloys such as NiTi exhibit a nonlinear and hysteretic relationship between 

their input heating power, and their motion. The hysteresis and nonlinearity is caused solely by 

the crystal phase transformation. Because the instantaneous crystal phase fraction determines the 

nonlinearity, the SMA constitutive and kinetic models can be written in Linear Parameter 

Varying (LPV) form, with phase fraction as the varying parameter. LPV for general hysteretic 

systems has proven useful for improved controller design as it allows some linear controls design 

to be applied to the nonlinear system under specific conditions. No existing literature 

demonstrates the creation of a complete LPV model for SMA state estimation. The estimator was 

implemented with a physical system that represents many common robotic systems such as robot 

arms. Using only position measurement (such as the dual-measurement of Chapter 7) the 

estimator can predict states such as temperature and phase fraction which cannot be measured – 

the performance agrees well with simulation. Estimators designed using the LPV method will 

enable controllers (Chapter 10) that take full advantage of SMA actuator performance. 

 

Introduction 

     Analysis tools for linear systems provide a wide range of robust solutions to control and 

estimation problems [205, 206, 207]. Many nonlinear control and estimation techniques attempt 

to either frame the nonlinear problem in a format where the linear tools apply or to invert 

nonlinearities with the control such that the dynamics appear linear [208]. This chapter focuses 

on the former method. Because the SMA material model has quickly varying nonlinearities and 

hysteresis, the most common methods like Taylor-series linearization are not relevant; the 

method must constantly adapt to the varying nonlinearities. The power of Taylor-series 

linearization is that it reveals the eigenvalues of the system, knowing the eigenvalues leads to 

selection of control laws and easy tuning of their transient and frequency response 

characteristics. Here, we frame the SMA control problem as a Linear Parameter Varying (LPV) 

state-space [209]. For many nonlinear systems this is not possible, but the form of the SMA 

‘constitutive’ equations works well in this format. The method has proven useful for general 
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hysteretic systems [210]. In LPV system analysis, the system is written, with no simplifying 

assumptions, into a state-space format where the coefficients in the state matrices can vary but 

the state contains the system states directly. The system is said to be ‘parameter varying’ because 

the state matrices vary as the state variables themselves change (as opposed to ‘time varying’ 

where the evolution in time is independent of the system motion).  In practice, the range of 

eigenvalues which the state space assumes as the parameters vary will be used to design 

controllers. This does not guarantee stability for all systems, but in practice it is very effective. 

The average or typical eigenvalues can be used to design a decent linear feedback controller or 

estimator, or gain-scheduling techniques can be used to adapt the control gains as the state 

matrices vary. For the SMA system, the ability to use this model for estimation is greatly 

beneficial since temperature is the major driver of SMA motion and is difficult to measure, and 

phase fraction cannot be measured in a live device in any practical manner. SMA actuators has 

never been framed as an LPV system with the model presented in Chapters 3 & 6, nor used for 

estimation of phase fraction (c.f.  [211]), though gain-scheduling controllers have been designed 

with very simplified models [149].  

     This chapter reviews the SMA model developed in earlier chapters and removes some 

components that do not have a large influence on the control behavior, for simplicity. In 

particular, super-elastic effects where stress changes the phase fraction are ignored. Two 

equivalent LPV models are presented and compared – one uses stress as a state variable while 

the other uses crystal phase fraction. The range of instantaneous eigenvalues this model exhibits 

as the parameters vary is shown. Essentially, the SMA actuator controlling position of a Spring-

Mass-Damper (SMD) plant provides a stable, fourth order system with one zero. State estimators 

are designed using the average and varying model and shown to track simulated states very well. 

The fourth order LPV model is not useful for controller design because it is not fully controllable 

– phase fraction and temperature have an instant or ‘kinematic’ relationship (this fact produces 

the open-loop system zero). Techniques in Chapter 10 consider a reduced-order system for 

controller design.  

 

Model Review & Simplification 

The following is a review of the final models developed in Chapters 3 and 6, with a spring-mass-

damper plant under control by SMA wire. Previous sketch of the SMA behavior arises from 
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material behavior that can be characterized by three equations. Primarily, the strain has 

constitutive components due to temperature, stress, and phase fraction. 

𝜖 =
𝜎

𝐸
+ 𝜖𝐿𝜉 + Θ𝑇 

Where 𝐸 is the elastic modulus, 𝜖𝐿 is the maximum shape memory strain, and Θ is the coefficient 

of thermal expansion. Because the thermal expansion is small compared to the other strain 

components, it is usually ignored. For controller design, the elastic modulus is considered to be 

constant. It is valuable now to rearrange such that stress rate is the dependent variable, the first 

important constitutive equation: 

𝜎̇ = 𝐸𝜖̇ + 𝐸𝜖𝐿𝜉̇ 

(  45 ) 

The second equation governs the hysteresis of the crystal phase fraction. It is useful to 

characterize the transformation with a population growth equation to represent the propagation of 

the crystal transformation through the material. We chose the piecewise logistic function which 

accurately models the hysteresis, with enhancements that ensure the model is continuous. During 

simulation the Martensite phase fraction hysteresis behavior can be represented using conditions 

for transformation derived from the phase diagram: 

𝒊𝒇 (𝐓̇ −
𝝈̇

𝜶
> 𝟎) 𝒆𝒍𝒔𝒆 𝒊𝒇 (𝐓̇ −

𝝈̇

𝜶
< 𝟎) 

𝜉 =
𝜉𝑀

1 + exp (𝑘 (𝑇 −
𝜎
𝛼 − 𝐴))

 

𝜉𝐴 = (1 − 𝜉)(1 + exp(−𝑘 (𝑇 −
𝜎

𝛼
−𝑀)) 

𝜕𝜉

𝜕𝑇
= 𝑘 (

𝜉2

𝜉𝑀
− 𝜉) 

𝜕𝜉

𝜕𝜎
= −

1

𝛼

𝜕𝜉

𝜕𝑇
 

𝜉 =
1 − 𝜉𝐴

1 + exp (−𝑘 (𝑇 −
𝜎
𝛼 −𝑀))

+ 𝜉𝐴 

𝜉𝑀 = 𝜉(1 + exp(𝑘 (𝑇 −
𝜎

𝛼
− 𝐴)) 

𝜕𝜉

𝜕𝑇
= 𝑘 (

(1 − 𝜉)2

𝜉𝑀
− (1 − 𝜉)) 

𝜕𝜉

𝜕𝜎
= −

1

𝛼

𝜕𝜉

𝜕𝑇
 

(  46 )
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And the time rate of change of 𝜉 is computed using the partial derivatives: 

𝜉̇ =
𝜕𝜉

𝜕𝑇
𝑇̇ +

𝜕𝜉

𝜕𝜎
𝜎̇ 

(  47 ) 

Where 𝐴 (𝑀) is the temperature for the center of Austenite (Martensite) transformation with no 

stress, 1/𝛼 is the slope of the transformation centerline in the phase diagram, 𝑘 determines the 

width (or distribution) of the transformation region, and 𝜉𝑀 denotes the extent of the previous 

transformation (it drives the hysteresis). In addition to the material model, it necessary to model 

the energy balance between electrical heating power (𝑃 = 𝑉𝐼), wire temperature, and ambient air 

temperature: 

𝑚𝑐𝑝𝑇̇ = 𝑃 +𝑚𝛥𝐻𝜉̇ + 𝐴𝐿𝜎𝜖𝐿𝜉̇ − ℎ𝐴𝑠(𝑇 − 𝑇∞) 

(  48 ) 

Where 𝑚 is the SMA mass, 𝑐𝑝 the specific heat, ℎ is the heat transfer coefficient, 𝛥𝐻 is the latent 

heat of transformation, and 𝐴𝑠 is the wire surface area. Many SMA materials have a response 

that is nearly independent of stress. Also, in many applications the stress of preloading is large 

compared to dynamic load variations. In these cases, the material model is simplified, when 

designing controllers, to assume stress cannot affect the phase fraction (there is no super-elastic 

behavior), resulting in the following simplification to equation (  47 ): 

𝜉̇ =
𝜕𝜉

𝜕𝑇
𝑇̇ 

(  49 ) 

This reduces the complexity of (  48 ) greatly: 

(𝑚𝑐𝑝 −𝑚𝛥𝐻
𝜕𝜉

𝜕𝑇
) 𝑇̇ = 𝑃 − ℎ𝐴𝑠(𝑇 − 𝑇∞) 

(  50 ) 

Notice that the effect of transformation effectively changes the thermal mass in an otherwise 

linear ODE. Equations (  45 ),(  46 ), (  49 ), and (  50 ) provide a complete thermo-mechanical 

model for controls design and analysis. 

     Why is it acceptable to ignore the effect of stress on phase fraction? When SMA wire is used 

in the super-elastic condition, it is an important factor. However, when an SMA actuator is used 

to control a reasonable payload, the temperature is the primary driver of phase change. This can 
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be seen in a simple demonstration where a constant power is applied to heat an actuator that is 

driving a spring-mass-damper (Figure 89). It was shown in (  47 ) that phase change rate is 

comprised of stress and temperature components. In a simulation, the phase change rate is 

tracked as well as these two components. It is clear that the temperature component (red) has a 

much larger effect than stress (blue); the total phase change (black) is almost equal to the 

temperature component alone.  

  

Figure 89 – The phase change rate (black) is comprised of stress (blue) and temperature (red) components. 

Temperature is the primary driver of phase change for actuators, not stress. This data is from the same simulation 

shown in Figure 97 later in this chapter. 

Actuating a Mechanical System  

     Consider an SMA wire controlling the position of a linear spring-mass-damper system with 

external preload or disturbance force. This general model can represent many physical systems 

such as robot arm joints, linear positioning systems, etc. Based on the simplified equations just 

reviewed, the convention and physical view of the SMA actuator control system is shown in 

Figure 90. This model has an SMA wire connected between a fixed wall and the spring-mass-

damper plant. The actuation arises from change in the internal state of the material. However, the 

change of internal material states is not intuitive. For clarity, the system can be reformed into an 

equivalent mechanical system as in Figure 91. This model breaks the single SMA material with 

internal changes into two parts; the inelastic ‘shape memory strain’, and an elastic spring. This 

view of the system makes it clear where the nonlinearity occurs (between temperature change 

and crystal phase fraction), and eliminates the need to keep stress as a state variable. 

     The spring-mass-damper has equation of motion: 
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𝑀𝑥̈ + 𝐵𝑥̇ + 𝐾𝑥 = −𝐹𝑆𝑀𝐴 + 𝐹𝑝𝑟𝑒𝑙𝑜𝑎𝑑 + 𝐹𝑒𝑥𝑡 

(  51 ) 

Where 𝑥 is the position, 𝑀 is the plant mass, 𝐵 its damping, and 𝐾 its spring rate. The force of 

the SMA actuator (𝐹𝑆𝑀𝐴) has a negative contribution, as the coordinates in the figure are 

labelled, since tensile stress is positive. To prevent Martensite twinning (see Chapters 2&3), a 

minimal external preload (𝐹𝑝𝑟𝑒𝑙𝑜𝑎𝑑) on the SMA wire is required. Other external forces might 

arise from external payloads or disturbances (𝐹𝑒𝑥𝑡). When considering the material behavior, 

stress and strain are more convenient variables than force and position. They can be easily 

transformed using 

𝐹 = 𝐴𝜎 

𝑥 = 𝐿𝜖 

The SMA material has an elastic modulus 𝐸 which results in an equivalent spring rate 𝐾𝑆𝑀𝐴 of 

the entire wire: 

𝐾𝑆𝑀𝐴 = 𝐴𝐸/𝐿 

 

 

Figure 90 - A representation of the SMA material controlling an SMD system which isolates the SMA device entirely 

from the plant.  
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Figure 91 - An equivalent SMA system illustrates the behavior in a useful manner for controller design 

Linear Parameter Varying Model 

     The model presented above can framed in a LPV state space in two different ways; either 

with stress or phase fraction as a state variable. As represented in Figure 90, the material 

perspective considers the stress as a result of material behavior. This completely isolates the 

SMA actuator equations from the plant creating an actuating force (𝐹 = 𝐴𝜎) that pushes on the 

plant to be controlled.  

{

𝑥̇
𝑥̈
𝜎̇
𝑇̇

} =

[
 
 
 
 

0 1 0 0
−𝐾/𝑀 −𝐵/𝑀 −A/M 0

0 𝐸/𝐿 0 𝐸𝜖𝐿ℎ𝐴𝑠/𝑄
𝜕𝜉

𝜕𝑇
0 0 0 −ℎ𝐴𝑠/Q ]

 
 
 
 

{

𝑥
𝑥̇
𝜎

𝑇 − 𝑇∞

} +

[
 
 
 
 

0
0

−
𝜕𝜉

𝜕𝑇
/𝑄

W ]
 
 
 
 𝑃

 

𝑄 ≡ 𝑚𝑐𝑝 −𝑚Δ𝐻
𝜕𝜉

𝜕𝑇
 

(  52 ) 
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The new variable 𝑄 combines all the thermal energy storage mechanisms (sensible heat, latent 

heat, and plastic deformation) into a single parameter that acts like a varying ‘thermal mass’. 

Note that this thermal mass can only be larger than the common thermal mass (𝑚𝑐𝑝) since 

𝜕𝜉 𝜕𝑇⁄  is always negative.  An alternate view uses the phase fraction as the state as shown in 

Figure 91. This equivalent model eliminates stress as a state variable by considering the SMA 

material as an elastic spring (𝐾𝑆𝑀𝐴) being pushed by the shape-memory strain (𝑒𝐿𝜉). This 

reframing is compatible with (  45 ). Consider the state space representation of Figure 91: 

{

𝑥̇
𝑥̈
𝜉̇

𝑇̇

} =

[
 
 
 
 

0 1 0 0
−(𝐾 + 𝐾𝑆𝑀𝐴)/𝑀 −𝐵/𝑀 KSMA𝐿ϵL/M 0

0 0 0 −ℎ𝐴𝑠
𝜕𝜉

𝜕𝑇
/𝑄

0 0 0 −ℎ𝐴𝑠/Q ]
 
 
 
 

{

𝑥
𝑥̇
𝜉

𝑇 − 𝑇∞

} +

[
 
 
 
 
0
0

𝜕𝜉

𝜕𝑇
/𝑄

1/Q ]
 
 
 
 𝑃

 

(  53 ) 

The model uses the same ‘varying thermal mass’ Q as in (  52 ). Usually this model is preferable 

since it is more directly clear how temperature drives phase change, and phase change 

subsequently acts to move the plant. The stress can be recovered as a ‘measurement’ by using a 

new output matrix, if desired, for state estimation or other purposes.  

𝑦 =

{
 
 

 
 

𝜖
𝜖̇
𝜉

𝑇 − 𝑇∞
𝜎 }

 
 

 
 

=

[
 
 
 
 
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
−𝐸 0 𝐸𝜖𝐿 0]

 
 
 
 

{

𝜖
𝜖̇
𝜉

𝑇 − 𝑇∞

} 

(  54 ) 

As equivalent systems, these two models have identical eigenvalues; the following discussion 

focuses on the model with phase fraction 𝜉 as a state. The only varying parameter is the partial 

derivative of phase fraction with respect to temperature. This parameter takes on a value in the 

range 

−
𝑘

4
<
𝜕𝜉

𝜕𝑇
< 0 

As seen in Chapter 3, this parameter has a minimum in the center of phase change when a small 

change in temperature greatly affects the phase fraction. The parameter is near zero when the 

temperature is far from the transformation range, and when the hysteretic phase change direction 

has recently reversed. The variation changes both the gain and the first order eigenvalue of the 

response from power to temperature and from power to phase fraction (Figure 92). The resulting 
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response has two different effects when near and far from the peak transformation region. 

     When 𝝏𝝃 𝝏𝑻⁄  is small (far from transformation region, or immediately after phase reversal) 

the gain from power to temperature is very high, but the gain from power to phase change is 

negligible. A small change in power will affect the temperature greatly since only 𝑚𝑐𝑝 stores 

thermal energy and not latent heat. A small change in power will not affect the phase fraction 

because of hysteresis or because temperature is outside the transformation region. Because the 

thermal mass 𝑄 is lowest when far from the transformation region, the homogeneous decay of 

temperature is faster when far from the transformation region. However, phase is most ‘stable’ 

when far from the transformation region, so the pole is smallest in this condition. 

     When 𝝏𝝃 𝝏𝑻⁄  is large (in the middle region of transformation) the gain from power to 

temperature is low because the effective thermal mass 𝑄 is at a maximum. However, the gain 

from power to phase fraction is very high because a small change in temperature has a relatively 

large effect on the phase fraction. For the same reason, the homogeneous decay of temperature is 

slow when the effective thermal mass is highest in the center of transformation. However, a 

small change in temperature affects the phase change greatly in this condition, so the 

homogeneous response of phase fraction is highest here. 

   

Figure 92 - Varying Real pole and Gain in the model with phase fraction (𝜉) as a state variable. The variables are 

labelled according to their location in the state-space model (  53 ) 
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     Consider a ‘snap-shot’ of these models where 𝜕𝜉 𝜕𝑇⁄  is frozen (though not acceptable in 

general, this is fair since the nonlinearity is first order with negative definite eigenvalue [208]).  

Both models are observable, but not controllable. The lack of controllability can be seen in two 

ways. Consider (  54 ) where 𝜉 is a state: Mathematically, the third and fourth rows are clearly 

not linearly independent. This leads to a controllability matrix with rank 3 – proving the system 

is not controllable for any value of 𝜕𝜉 𝜕𝑇⁄ . Practically, it is easy to see that we cannot drive the 

system to have a unique temperature and unique phase fraction simultaneously because 

temperature and phase fraction are constitutively coupled.   

 

State Estimator with Gain-Scheduling 

     The LPV model presented was used to create a state estimator
3
. This estimator has gains 

designed based on pole placement, with the estimator time constants selected to be more than ten 

times faster than the closed loop system behavior, so that the estimator does not interfere with 

the control transient response. The estimator is implemented using: 

𝑥̇̂ =  𝐴̅𝑥̂ + 𝐵̅𝑢 + 𝐿(𝑦 − 𝑦̂),      𝑦̂ = 𝐶̅𝑥̂ 
 

𝑥̇̂ = (𝐴̅ − 𝐿𝐶̅)𝑥̂ + 𝐵̅𝑢 + 𝐿𝑦 

 

If the assumed model (𝐴̅, 𝐵̅, 𝐶̅) and the exact system (𝐴, 𝐵, 𝐶) coincide, then the dynamics of the 

error are determined by: 

𝑒 ≡ 𝑥 − 𝑥̂ 

𝑒̇ = 𝑥̇ − 𝑥̇̂ 
 

𝑒̇ = (𝐴 − 𝐿𝐶)𝑒 
 

Consider an example SMA wire actuator of 0.125mm diameter. The natural pole of the 

temperature response is 𝜆𝑇 = −0.7228 (1/s). The estimator is designed using poles that are 

faster than ten times this:  𝑅𝑒𝑎𝑙(𝜆𝑒𝑠𝑡) < −7.228. In the simulations presented below, estimator 

closed loop poles were chosen to be negative real, all faster than this minimum speed.  

     In practice, the estimator gain is too complex to recompute (on a microcontroller) after each 

sample while the controller is running. However, the state transition matrix 𝐴 and input gain 𝐵 

                                                 

 

3
 A review of linear system concepts, including state estimators, is provided in the Appendix 



 

133 

 

can be easily updated if 𝜕𝜉 𝜕𝑇⁄  is known or is estimated. There are three ways to address this: by 

using a constant matrix that represents the average properties, by switching between a few 

controllers based on the region of operation, or by continually adjusting the state model as the 

system varies. The first method is only reliable for the states that are not derivatives of nonlinear 

terms – so it can track the position, speed, and phase fraction accurately, but not temperature. 

However, using the gain scheduled estimator, the temperature and all other states are accurately 

recovered after initial offsets are removed by the estimator.  A simple (poorly tuned) PI 

controller is used to demonstrate both estimators in simulation. The complete non-linear thermo-

mechanical models of Chapters 3 & 6 were used as the physical system, and the LPV model 

developed in this chapter was used for the estimator design. Figure 93 demonstrates the estimator 

using average properties, and Figure 94 demonstrates the gain-scheduled estimator. It is clear 

that both estimators accurately track the position and phase fraction. Both struggle to track 

temperature when far from the transformation region (where 𝜉 is changing and  𝜕𝜉 𝜕𝑇⁄  is near 

zero). The average constant-coefficient model cannot accurately determine temperature. The gain 

scheduled controller can accurately track temperature once initial errors are eliminated, as 

expected. 

 

Figure 93 - Estimator using average properties accurately estimates phase fraction but does not accurately track 

the temperature due to ignored nonlinearities 
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Figure 94 - Estimator using gain-scheduling still struggles when far from the transformation region, but quickly 

tracks all state variable during transients 

Experiment 

    The linear state estimator based on (  53 ) was implemented with a physical spring-mass-

damper shown in Figure 95. The wire is attached to a lever on a shaft – the shaft has a rotary 

encoder and a large flywheel for a mass. An antagonist spring provides preload and a small 

spring force. The specifications are provided in Table 10. This system provides a good trial of 

the state estimator because the rotary encoder cannot be numerically differentiated to determine 

speed and acceleration without excessive filtering, but the estimator can provide smooth 

estimates. The physical properties of the mass and spring were confirmed by system 

identification of the open-loop system with a step input. This experiment confirms that even the 

constant-property estimator can provide acceptable estimates of states which cannot be 

physically measured. The estimator poles (of 𝐴 − 𝐿𝐶) were placed to provide fast settling but 

while allowing some overshoot.  

Table 10 - Experimental device parameters 

 Value Units 

Mass 0.13 kg 

Spring Rate 18 N/m 
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Damping 0.915 Ns/m 

SMA Diameter 0.1 mm 

SMA Length 233 mm 

 

 

Figure 95 - Experimental spring-mass-damper testing platform. The fine wire runs from the white rocker on the left, 

to the white clip on the load cell at right.  

     First,  simple PI controller was used to regulate to a single set-point from initial conditions 

with the wire relaxed at room temperature (Figure 96). After a short transient, the estimator 

quickly filters the position measurement and provides estimates of phase fraction and 

temperature. In practice, the temperature is impractical to measure and phase fraction is 

impossible to measure – so the estimates can only be compared to known acceptable values. 

After the initial transient, phase fraction is in the expected range (0.5 to 1.0) and temperature 

matches the transformation region of the wire.  The system was simulated with the same 

parameters as in the experiment (Figure 97). The transients are response are closely replicated as 

the estimator begins to track after the first half second. The simulation overshoots the setpoint 

where the phsycal  system appears overdamped; this error is likely due to the modelling 

simplification to assume the SMA wire as a spring rate but no damping (i.e. ignoring the super-

elastic effect).  

     Another interesting aspect of the estimator is the poor tracking during transients. Consider the 

experimental estimator during a disturbance caused by blowing air over the wire (Figure 98). 

The increased air current cools the wire, so the PI controller reacts by heating the wire. Of 

course, the estimator does not know about the air-flow which effectively increases heat transfer 
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(in the model, constant ℎ).  Because the controller responds to the disturbance by increasing 

applied power, the estimator predicts that the temperature rises instead of falling. This 

demonstrates one of the limitations of estimators in general. In a more complex implementation, 

the ℎ parameter might be estimated with a nonlinear estimator such as an extended Kalman filter 

(if the system were still observable).  
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Figure 96 - Experimental results of the estimator. After initial transients (before 0.4 seconds) the estimator provides 

reasonable estimates of phase fraction and temperate. Steady state values are close to predicted values. 

  

Figure 97 - Simulation with parameters matched to the experiment, shows reliable tracking once transformation 

begins (near 0.4 seconds).  
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Figure 98 - Experimental response to a disturbance caused by blowing on the wire to cool it. The disturbance is not 

known to the estimator, so the temperature estimate rises since power is increased by the controller. 

Conclusion 

     A LPV perspective of the SMA actuator system was developed from the complete non-linear 

SMA actuator model driving a spring-mass-damper plant. The model made the simplifying 

assumption that phase fraction change is driven primarily by temperature (shape-memory) and 

not stress (super-elasticity) in practical applications. This assumption was used to create the LPV 

state-space model, which is shown to be observable but not controllable. Two estimators were 

developed – one uses average properties in a constant state-space model, while the other allows 

the model to change as the parameters vary – a form of gain-scheduling applied to estimation. 

The gain-scheduled estimator is far superior, but it relies on an accurate model where 𝜕𝜉 𝜕𝑇⁄  can 

be determined. In practice, it is not possible to validate that the phase fraction and temperature 

were accurately estimated except by using their estimates in a feedback control scenario. 

However, it was shown in experiment that even the simple estimator can provide reasonable and 

fast estimates of the material phase fraction and temperature. The temperature estimate was 

easily disrupted by changes in ambient conditions. Future work should include estimation of 

these critical parameters (𝜕𝜉 𝜕𝑇⁄  and ℎ), perhaps requiring additional measurements (perhaps of 

electrical resistance) to ensure the system is observable.   
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Chapter 10 

Linearizing Controllers 

     Nonlinear controllers can greatly increase the speed and accuracy of SMA actuator control. 

By creating new states which invert or offset nonlinearities, linear control tools can be applied to 

the nonlinear system. Two similar methods are employed here. First, Input-Output linearization 

is used to design a classical compensator that cancels the major nonlinearities. It was seen that 

biasing the controller to remove interaction with the heat transfer is the most significant 

improvement to the control law – cancellation of the nonlinear hysteresis played a smaller role in 

improving the closed loop response. Second, linear control techniques are applied to a state space 

model created using the Exact Velocity Linearization method. It is show that the EVL method is 

a convenient method for creating state-space equivalents to Input-Output linearizers. Because it 

is a state-space model, EVL has the added benefit that the controller can be designed using pole 

placement techniques. The EVL model was used to a robust, output-feedback servo controller 

using the estimated state variables as demonstrated previously. 

 

Introduction 

     Analysis tools for linear systems provide a wide range of robust solutions to control and 

estimation problems [205, 206, 207]. Many nonlinear control and estimation techniques attempt 

to either frame the nonlinear problem in a format where the linear tools apply or to invert 

nonlinearities with the control such that the dynamics appear linear [208]. This chapter focuses 

on the latter method. As shown in Chapter 9, the nonlinearity is entirely contained in the 

hysteretic and nonlinear relationship between temperature and crystal phase fraction. The same 

model presented there is used here, with the validated assumption that temperature (the shape 

memory effect) has a much larger influence on phase change than stress (super-elastic effect). 

Both linear and nonlinear control methods for SMA actuators have been studied extensively in 

the literature [141, 142]. Unfortunately, most of the controllers seen in the literature have no 

basis in a model of the material; they consider the principles characteristics of the behavior 

(hysteresis, etc.), though a few draw meaningful conclusions from the model that improve 

control performance or accuracy (c.f. [212, 213, 149, 211]). Two modelling approaches, not 
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found in the SMA control literature, are employed here: Input-Output linearization [208] and 

Exact Velocity linearization [214, 215, 216]. The actuator is employed to control the spring-

mass-damper system shown in Figure 99. 

 

Figure 99 - The equivalent SMA actuator system controlling position of a spring-mass-damper plant 

Input-Output Feedback Linearization 

     In many cases, system nonlinearities can be ‘cancelled’ between the input and output by using 

a control law which inverts the nonlinear components of the system behavior. The controller 

which does this is said to linearize the system from input to output since an input reference will 

be tracked with apparently linear response due to the controller inverting or offsetting 

nonlinearities. One reliable way to implement this concept is appropriately called the Input 

Output Linearization (IOL) technique [208]. The technique involves three steps for designing the 

controller: 

1. Differentiate the system output (position measurement) until the input appears 

2. Design a controller that cancels nonlinearities and introduces desired linear dynamics 

3. Determine whether any hidden or ‘internal’ dynamics are unstable 

Applying these steps will yield a model that mathematically achieves desired dynamics where 

the response appears linear – in practice this often requires full state measurement (or estimate), 

in this case even knowledge of the hidden state. The first I-O linearization step is performed as 

follows for the SMA system. Starting with position measurement 𝑦: 
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𝑦 = 𝑥 

𝑦̇ = 𝑥̇ 

𝑦̈ = 𝑥̈ = −
𝐾 + 𝐾𝑆𝑀𝐴

𝑀
𝑥 −

𝐵

𝑀
𝑥̇ +

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

𝜉 

𝑦 = 𝑥 = −
𝐾 + 𝐾𝑆𝑀𝐴

𝑀
𝑥̇ −

𝐵

𝑀
𝑥̈ +

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

𝜉̇ 

(  55 ) 

The important revelation here is to rewrite the time derivative of 𝜉, using the chain rule of 

differentiation, as: 

𝜉̇ =
𝜕𝜉

𝜕𝑇

𝑑𝑇

𝑑𝑡
=
𝜕𝜉

𝜕𝑇
𝑇̇ =

𝜕𝜉

𝜕𝑇

1

𝑄
(𝑃 − ℎ𝐴𝑠(𝑇 − 𝑇∞)) 

𝑄 ≡ 𝑚𝑐𝑝 −𝑚Δ𝐻
𝜕𝜉

𝜕𝑇
 

(  56 ) 

There is a ‘kinematic’ relationship between 𝜉 and 
𝜕𝜉

𝜕𝑇
, as shown in a previous chapter, though it is 

difficult to estimate this quantity. Combining (  55 ) and (  56 ) yields: 

𝑦 = −
𝐾 +𝐾𝑆𝑀𝐴

𝑀
𝑥̇ −

𝐵

𝑀
𝑥̈ +

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

𝜕𝜉

𝜕𝑇

1

𝑄
(𝑃 − ℎ𝐴(𝑇 − 𝑇∞)) 

(  57 ) 

The controller that cancels the nonlinearity and hidden dynamics is comprised of a nonlinear 

inverting element 𝛼 and offsetting element 𝛽: 

𝑃 = 𝛼𝑢 + 𝛽 = (
1

𝜕𝜉
𝜕𝑇

𝐾𝑆𝑀𝐴 + 𝐾

𝐾𝑆𝑀𝐴𝑒𝐿
𝑄)𝑢 + ℎ𝐴(𝑇 − 𝑇∞) 

(  58 ) 

Which yields third order linearized dynamics from the new input 𝑢 to output 𝑦. A useful 

perspective of this model is to consider that the control law schedules a gain (𝛼) and an offset (𝛽) 

to the control effort based on measured conditions. The accuracy of this method will be 

dependent on the ability to accurately cancel the nonlinearities and hidden dynamics – essentially 

only limited by the model and measurement accuracy.  

     A compensator can now be designed using classical control methods. Assuming the 
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linearization technique can be applied perfectly, the apparent transfer function from input 𝑢 to 

output 𝑦 is:  

𝑌

𝑈
=

𝐾 + 𝐾𝑆𝑀𝐴
𝑚𝑠3 + 𝐵𝑠2 + (𝐾 + 𝐾𝑆𝑀𝐴)𝑠

= (
1

𝑠
) (

𝐾 + 𝐾𝑆𝑀𝐴
𝑚𝑠2 + 𝑏𝑠 + (𝐾 + 𝐾𝑆𝑀𝐴)

) 

(  59 ) 

If the desired control capability is step response with no overshoot, a simple proportional 

controller will suffice for demonstration (𝑢 = −𝑥). Obviously the inversion was already chosen 

such that this system has a stable step response. As expected, the IOL method has eliminated the 

first order delay from temperature to phase change, resulting in an integrator in the transfer 

function.  

     Finally, to complete the I-O modelling process, the stability of the internal or ‘zero’ dynamics 

of this system should be considered. The concern is that our offset (𝛽) could be mathematically 

cancelling a function which is not bounded, and so in practice the controller would break. This is 

not a concern with our system since the only hidden state is temperature, which we know has a 

first order, stable response. For completeness, this internal state can be considered – assuming 

the controller drives all the states it can control to zero, what dynamics remain? For our system  

𝑇̇ =
1

𝑚𝑐𝑝
𝑃𝑠𝑠 −

ℎ𝐴

𝑚𝑐𝑝
(𝑇 + 𝑇∞) 

So regardless of the final value of 𝑃, the internal dynamics stabilize to a constant value. 

 

Simulation 

     In practice, the estimation of 𝜕𝜉 𝜕𝑇⁄  will cause concerns. However, two factors move in our 

favor. First, the temperature can be estimated fairly accurately (Chapter 9). Since 𝜕𝜉 𝜕𝑇⁄  enters 

most effectively as a control gain, we can look directly to the linear transfer function root locus 

to determine the effect of poorly modeling that gain when implementing the controller: 
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Figure 100 - Apparent linear root locus of the I-O linearized system with a proportional controller. If the 

nonlinearities are not well known, it has the effect of changing the closed-loop eigenvalues on this locus but does 

not affect the form of the locus itself 

Essentially the closed-loop response is stable so long as the gain is not chosen too high. So even 

if there is an error, the controller will stabilize the system. Two approaches can be taken at this 

point; either estimate 𝜕𝜉 𝜕𝑇⁄  and continually update the controller so that it perfectly inverts the 

nonlinearity, or choose a constant 𝜕𝜉 𝜕𝑇⁄ . Using the estimated values provides acceptable 

response, however the estimator introduces some oscillation since the control overshoots (Figure 

101). This is because 𝜕𝜉 𝜕𝑇⁄  can become very small when far from the transformation region, 

leading to unreasonable control effort which disturbs the system if the estimated states are not 

perfectly tracked.  

     Fortunately the controller is successful even if the inverting term is not used. Setting 𝜕𝜉 𝜕𝑇⁄  

to the constant value -0.05 provides the response shown in Figure 102. This shows that the 

largest contribution of the IOL technique was not the inversion of phase change, but feeding 

forward the temperature response lag. Input-output linearization reveals the power of ‘cancelling 

out’ the slow heat transfer.  
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Figure 101 - IO Linearization using estimated coefficients introduces oscillation due to sensitive inversion when far 

from the transformation region. 

 

Figure 102 – I-O linearizing controller simulation using constant gains (𝜕𝜉 𝜕𝑇⁄ = −.05) acts like feedforward. 
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Perspective 

The input-output linearization can be seen in a few lights. Most obviously, it provides an offset  

term that varies with the temperature state. One way to see this varying offset is that it acts to 

feedforward and cancel a temperature ‘disturbance’ in the model. Secondarily, the input-output 

method provides a varying gain. This can be seen as a ‘scheduled’ gain, which is common when 

treating the system as an LPV model when using state-space techniques. Unfortunately, the 

varying gain is very large when far from the transformation region so it affects controller 

stability when implemented. In the end, the offset is the more important term in providing quick 

stability. The ability to achieve zero steady state error (in the proportional controller) depends 

heavily on an accurate measurement or estimate of T, but does not require an accurate estimate 

of the gain. 

 

Exact Velocity Linearization 

     The Exact Velocity Linearization is a method for both state-space and transfer function 

controller design which provides a linear system representation without introducing any 

simplification to the model [216, 214, 215]. The concept arises from Leith and Leithart who 

considered that the flaw in Taylor series expansion is that a linearization point must be chosen 

and adjusted to change the local linearization region. 

     The simplification of a nonlinear system using Taylor series assumes that only first order 

effects are significant in the operating region. In other words, it requires nonlinearities to be 

negligible during operation. Adjusting the ‘operating region’ by changing equilibrium points can 

extend the method for application to nonlinear control and estimation, but has limitations. 

Considering a general first order nonlinear differential equation: 

𝑥̇ = 𝐹(𝑥(𝑡), 𝑢(𝑡)) 

𝑦 = 𝐺(𝑥, 𝑢) 

Where 𝑥(𝑡) is the state vector, 𝑢(𝑡) is the input, and 𝑡 is time. If this model is linearized about an 

equilibrium point using a Taylor series expansion, the resulting model is:  

𝛿𝑥̇ = 𝐴𝛿𝑥 + 𝐵𝛿𝑢 

𝛿𝑦 = 𝐶𝛿𝑥 + 𝐷𝛿𝑢 

Where: 
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𝐴 ≡ ∇𝑥𝐹(𝑥, 𝑢)|𝑥0,𝑢0 𝐵 ≡ ∇𝑢𝐹(𝑥, 𝑢)|𝑥0,𝑢0 𝐶 ≡ ∇𝑥𝐺(𝑥, 𝑢)|𝑥0,𝑢0 𝐷 ≡ ∇𝑢𝐺(𝑥, 𝑢)|𝑥0,𝑢0 

𝛿𝑥 ≡ 𝑥 − 𝑥0  𝛿𝑢 ≡ 𝑢 − 𝑢0 

This method essentially ‘freezes’ the system and assumes the state and input will stay very near 

the initial point such that only first order effects are significant. If the system is nonlinear 

compared to the range of 𝛿𝑥 and 𝛿𝑢 then the model is not accurate. In some cases, the model can 

be re-linearized in real time (as in Extended Kalman Filters, for instance). This leads to a large 

loss of information about the system behavior – unless the nonlinearities are very simple and the 

range of 𝛿𝑥 and 𝛿𝑢 are very small, these methods require design of new controllers for each 

operating point.  

     The Exact Velocity Linearization (EVL) method guarantees the ability to create an equivalent 

‘linear-parameter varying’ model from any system, with no approximation error. This is 

achieved by replacing the differences 𝛿𝑥 and 𝛿𝑢 with true derivatives. The entire nonlinear state 

equations are differentiated once – the chain rule ensures this pulls a time derivative of each state 

out of any operator it might be hidden in. The EVL model creation process is simply: 

𝑥̈ = 𝐴𝑥̇ + 𝐵𝑢̇ 

𝑦̇ = 𝐶𝑥̇ + 𝐷𝑢̇ 

𝐴 ≡ ∇𝑥𝐹(𝑥, 𝑢) 𝐵 ≡ ∇𝑢𝐹(𝑥, 𝑢) 𝐶 ≡ ∇𝑥𝐺(𝑥, 𝑢) 𝐷 ≡ ∇𝑢𝐺(𝑥, 𝑢) 

Mathematically, this is just differentiation using the chain rule, and preserves all information 

about the original system besides initial conditions. However, we have the added concern that 

𝐴, 𝐵, 𝐶, & 𝐷 vary as the state changes – thus the resultant model is a ‘Linear Parameter Varying’ 

system. A controller can be designed based on these state matrices under different conditions, but 

general stability is not guaranteed even if stability is achieved for every ‘snapshot’ of the state. 

However, it has been shown that stability is guaranteed if the control law cancels (typically by 

inversion) any nonlinear dynamics directly such that the input-output response appears linear 

[216]. Because effective input-to-output linearization is our desire in most cases, EVL is an 

excellent tool for controller design. The second apparent problem with this method is that it uses 

time derivatives of all states; this causes concern since differentiation in practice introduces noise 

and other concerns [206]. Fortunately, it is nearly always possible to design a controller based on 

EVL then integrate it analytically such that no differentiation is required when the controller is 

implemented.  
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The EVL method is an effective tool to control the SMA system. Using the model developed in a 

previous chapter, the EVL model is found by simply differentiating the state equations and 

separating states from parameters: 

𝑥 = −
(𝐾 + 𝐾𝑆𝑀𝐴)

𝑀
𝑥̇ −

𝑀

𝑀
𝑥̈ +

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑚

𝜉̇ 

(  60 ) 

Not coincidentally, it was seen when examining the input-output linearization that: 

𝑥 = −
𝐾 + 𝐾𝑆𝑀𝐴

𝑀
𝑥̇ −

𝐵

𝑀
𝑥̈ +

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

𝜕𝜉

𝜕𝑇
𝑇̇ 

𝑄 ≡ 𝑚𝑐𝑝 −𝑚Δ𝐻
𝜕𝜉

𝜕𝑇
 

(  61 ) 

Finally, we include the last state to complete the SMA model: 

𝑇̈ =
1

𝑄
(𝑃̇ − ℎ𝐴𝑠𝑇̇) 

(  62 ) 

And can write the EVL state equations: 

{
𝑥̈
𝑥
𝑇̈
} =

[
 
 
 
 

0 1 0

−
𝐾 + 𝐾𝑆𝑀𝐴

𝑀
−
𝐵

𝑀

𝜕𝜉

𝜕𝑇

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

0 0 −
ℎ𝐴𝑠
𝑄 ]

 
 
 
 

{
𝑥̇
𝑥̈
𝑇̇
} + [

0
0
1

𝑄

] 𝑃̇ 

𝑦̇ = 𝑥̇ 

(  63 ) 

This model is very useful since it is already in the correct form to implement a robust servo 

controller (see Appendix) but, improving on the initial LPV model (Chapter 9), it is both fully 

controllable and observable! It has a pair of underdamped, stationary poles (due to the spring-

mass-damper plant), and a single, real, stable pole that varies with 𝜕𝜉 𝜕𝑇⁄ . The gain also varies.  

     A control law is now to be designed for this system. Either transfer function or state-space 

techniques can be used. So long as the control law cancels the nonlinearities, then a resulting 

stable linearized controller is guaranteed to be stable for the nonlinear system [216]. Here we use 

this model to create a robust servo control system – this is especially convenient for the EVL 

model since it is already in derivative form! As in a linear robust servo model, the integration is 



 

148 

 

analytical so the resultant control law is simple, although all nonlinearity in this EVL state-space 

must be cancelled to guarantee stability. The robust servo controller is designed by constructing 

a new state which includes error (𝑥 − 𝑥𝑑𝑒𝑠) as a state variable: 

𝑧 ≡ {
e
𝑥̇
} 

𝑧̇ =

[
 
 
 
 
 
0 −1 0 0
0 0 1 0

0 −
𝐾 + 𝐾𝑆𝑀𝐴

𝑀
−
𝐵

𝑀

𝜕𝜉

𝜕𝑇

𝐾𝑆𝑀𝐴𝐿𝜖𝐿
𝑀

0 0 0 −
ℎ𝐴𝑠
𝑄 ]

 
 
 
 
 

𝑧 +

[
 
 
 
 
0
0
0
1

𝑄]
 
 
 
 

𝑃̇ 

(  64 ) 

Because it is already differentiated, the EVL model allows us to quickly build a robust controller. 

It is clear where to cancel the nonlinearity (the gain on the third state will vary). The feedback 

gain matrix can be designed using any standard linear techniques (such as pole-placement) as 

desired. First consider the symmetric root locus of this system which will reveal the set of Linear 

Quadratic Regulator ‘optimal’ pole locations (Figure 103). The nonlinear term is set to 𝜕𝜉 𝜕𝑇⁄ =

−.05, a typical value, for plotting. The plot suggests that, for low gains, the first pair of closed-

loop poles should be placed near the spring-mass-damper plant poles. The other two closed loop 

poles should be real, located between the heat transfer eigenvalue and the origin (integrator) pole 

that was introduced by the servo method.  

  

Figure 103 – Symmetric root locus with 𝜕𝜉 𝜕𝑇⁄ = −.05. The selected closed loop poles (shown as triangles) were 

chosen with a 𝑄 = [25𝑒4 0  0 0] and 𝑅 = 1 

A controller was designed where the effort/speed compromise is based only on driving integral 

of error - 𝑄 = 𝑑𝑖𝑎𝑔(25𝑒4 0 0 0) and 𝑅 = 1. The wide disparity is related to the low strain of the 
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actuators and high stiffness of the SMA equivalent spring. The resulting controller has closed-

loop poles that are underdamped as shown in Figure 103.  

     The controller was simulated using the same method as with the I-O Linearizer – the models 

from Chapters 3 and 6 represent the nonlinear plant, the estimator of Chapter 9 was employed to 

determine the states, and the EVL robust servo controller is employed for control. The controller 

is implemented by analytically integrating; the gains designed using the symmetric root locus are 

used, but the state feedback uses the state and the integral of error: 

𝑧𝑖 = ∫𝑧 ≡ {∫𝑒

𝑥
} 

(  65 ) 

To account for the nonlinearity, the state-feedback gain matrix 𝐾 must change as 𝜕𝜉 𝜕𝑇⁄  

changes. The full range of variations for the four terms of 𝐾 is shown in Figure 104. In the active 

transformation region (𝜕𝜉 𝜕𝑇⁄ < −.05) the control gains are consistent except for 𝑘4 which 

enters the control effort through the temperature and is proportional to 𝜕𝜉 𝜕𝑇⁄ . The controller is 

first implemented by recalculating gains based on the current value of the varying parameter, but 

holding the gain constant when it is very small so the inversion does not lead to excessive control 

effort. The result is shown in Figure 105. When outside the transformation region the controller 

is mediocre, but rapidly becomes effective once transformation starts (beyond 4 seconds).  

 

Figure 104 - The four components of the 'optimal' gain vector can vary. Most are near constant in the center of 

transformation except 𝑘4  
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Figure 105 - Robust servo using gain-scheduling. The initial response is poor until the transformation region is 

reached.  

Alternately, the controller can be designed using typical properties and leaving the gain K 

constant when the controller runs. The controller using the constant parameter model (a true 

linear control law) provides underdamped response with 26% overshoot (Figure 106). The 

controller reliably drives the steady state error to zero even with the poor modelling assumption 

introduced by holding the gain constant.  It is not quite as fast as expected from the root locus 

due to the excessive overshoot.   
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Figure 106 - The robust servo controller using a static gain, designed using the EVL servo model 

Conclusion 

     Two control methods have been applied to the SMA actuator system. The IOL method was 

shown to provide quick control primarily due to feeding-forward and eliminating a lag due to 

temperature rise time. The EVL modelling approach was shown to easily transform nonlinear 

systems into reduced order LPV systems. The EVL model was used to design a robust servo 

controller. The robust servo controller was not found to be reliable as it depends too heavily on 

quickly varying states which are known to be difficult to estimate. The two methods do have 

some similarities. Consider the transfer function that can be constructed from the EVL state-

space: 

𝑠𝑋

𝑠𝑃
= (

𝑠𝑇

𝑠𝑃
) (
𝑠𝑋

𝑠𝑇
) = (

1

𝑄𝑠 + ℎ𝐴𝑠
)(

𝜕𝜉
𝜕𝑇
𝐾𝑆𝑀𝐴𝐿𝜖𝐿

𝑀𝑠2 + 𝐵𝑠 + (𝐾 + 𝐾𝑆𝑀𝐴)
 ) 

(  66 ) 
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This system is similar to the model found using Input-Output linearization. In fact, the model is 

essentially identical, the only difference is that with EVL we created a State-Feedback Controller 

which controls the temperature directly, whereas with IOL we ‘cancelled’ the temperature as 

possible. The EVL model therefore has a first order pole in place of the integrator seen in the 

IOL model. In practice, both methods require state measurements or estimates to be 

implemented, since the performance is directly tied to the accurate estimation of the varying 

parameters. A control method which does not require a model is presented in Chapter 11.  
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Chapter 11 

Sliding Mode Control when Input Power is Limited 

    Both the linear and nonlinear controllers considered previously are able to accurately control 

the SMA actuator system, but in many cases are critically dependent on knowledge of the state 

and the material behavior. Sliding-model control provides a method that is robust even without a 

detailed model of the system. SMC is particularly easy to implement with SMA actuators 

because they are heated electrically using PWM: The PWM signal can be directly replaced by 

the SMC switching effort when the sample rate is sufficiently fast. However, the method cannot 

be applied without some design consideration since the electrical power input saturates and 

cooling speed is limited by SMA actuator size in practice. It is important to choose a sliding 

surface that is slow enough that the control effort to reach and maintain it. The limitations are 

maximum electrical power available (for heating), the difference between the SMA temperature 

and room ambient temperature, the expected range of all state variable, and uncertainty in the 

model used to design the controller. A controller designed within these limits leads directly to a 

maximum sliding mode ‘bandwidth’ for which the controller is guaranteed to be stable. 

Experiments confirm that sliding mode control is an excellent technique for SMA actuators.  

______________________________________________________________________________ 

Introduction 

     Sliding mode control provides a powerful and robust method to control very nonlinear 

systems which might have un-modelled dynamics or uncommon complexities like hysteresis or 

friction [208, 217, 218, 219]. In short, sliding mode control switches the control input very 

quickly between fully forward and fully reversed based on special measured conditions which 

ensure this fast switching will stabilize the system. However, the power of the method is only 

available when the physical system provides opportune conditions. The most critical such 

condition is that control effort (the push or pull on the system) can be switched very quickly 

without exciting the system in undesired ways. This can be achieved if the switching is very fast 

compared to the plant bandwidth. For shape memory actuators, the primary input is electric 

current which can be switched at speeds from 1 kHz to beyond 10 kHz using common electrical 

components such as MOSFETs or other transistors (see Chapter 6). These speeds are far beyond 



 

154 

 

the typical 2Hz to 10Hz thermal bandwidth of SMA actuators, so the switching itself provides no 

disturbance to the actuator. In practice, a sliding mode controller for SMA will turn the electrical 

power fully on to heat the material, or fully off to allow it to cool. The mathematical design of a 

sliding mode controller focuses on determining conditions for switching between these two 

inputs (rather than designing a continuously varying control effort). More specifically, a sliding 

mode control law designs a ‘sliding surface’ in the phase plane with our desired dynamics of the 

plant, applies the effort expected to keep the system in this plane (the equivalent control), then 

switches between positive and negative control effort to force the system to remain on this plane 

(the switching control). The control designer must satisfy two conditions:  

1. The sliding surface is stable and of sufficient order to create a reachable sliding surface 

2. The sliding surface has a bandwidth that does not exceed the ability of the control 

effort to reach and maintain the sliding surface. 

Curiously, after these conditions are met there is very little need for a model of the plant for this 

controller to perform well. This provides a huge benefit in SMA where unmeasured conditions 

such as ambient temperature can change the behavior of the plant drastically and frequently. This 

chapter provides a background on sliding mode controller design, a method to determine stable 

bandwidth limits when controlling the LPV SMA model, and application examples for a physical 

SMA system. The practical intention of this control method is to provide robust control with 

little need for a model, so the switching control is more important than the equivalent control. 

Also, because the control effort can so easily be switched, this chapter does not consider ‘soft’ 

switching (such as sigmoid functions instead of sign functions) nor add intentional hysteresis to 

the controller – there is plenty of that in the physical plant.  

     Because the SMA devices are typically heated using electric current, sliding mode control has 

proven to be a reliable control method since fast switching does not disrupt the device. Simple 

implementation can be effective, and requires very little knowledge of the material behavior to 

implement at fair speeds [220, 221, 142, 152].  Sliding mode control has been used for SMA 

actuators in several cases: Song uses a first order sliding surface to control a slow jet nozzle 

outlet and other devices [222, 223, 159, 224]. Only Ashrafiuon has used a model to help design 

the controller [211, 225]. To implement the controller, the bandwidth of the sliding surface must 

be matched to the capabilities of the actuator. The sliding surface must be based on models or 

simulation since power input and ambient cooling speed are limited in implementation and 
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should drive the selection of an attractive sliding surface. A solution to this problem has not been 

studied previously, although the importance of ensuring attractive sliding surfaces was noted by 

Crews and Smith [226].  

 

Sliding Mode Control Review 

     Sliding mode control is a form of variable structure control in which a system is driven onto a 

chosen stable dynamic equation (a ‘surface’ in the phase plane). Rather than driving the error to 

zero with a control law, the controller pushes the system onto a trajectory which is inherently 

stable. The sliding mode controller can implicitly cancel nonlinearities, poor models, and 

uncertainties in the system so long as the maximum control effort is sufficient, even without 

knowledge of these disturbances. To achieve this incredible ability requires a nonlinear control 

input which switches (infinitely quickly) between maximum and minimum inputs. This is not a 

problem for actuators which can accept fast input switching; it’s especially easy to implement in 

systems which already accept pulse-width modulated input signals (electric motors, Ohmic 

heating devices like SMA actuators, etc.). Comprehensive design for a sliding mode control in 

these devices is performed in three steps: selecting a sliding surface, choosing a soft switching 

function (if needed), and validating that the controller can provide the equivalent input which 

would track the desired trajectory if the system and uncertainty amplitudes were known.  

 

Selecting a Sliding Surface 

     The sliding surface is a stable dynamic equation. If the controller is used for an 𝑛th order 

system, the sliding surface must be of order 𝑛 − 1 [218]. A reliable method to select the surface 

is: 

𝜎(𝑥) = (𝑠 + 𝜆)𝑛−1 

The controller will drive the system to behave, dynamically, like this equation by driving the 

system such that 𝜎 = 0.  This differential equation with repeated Real roots is a good choice for 

hysteretic shape memory alloys or other cases where overshoot leads to long settle times. The 

bandwidth of the sliding surface is determined by 𝜆. Given unlimited control effort, 𝜆 can be 

very fast compared to the system open-loop dynamics. However, in practice 𝜆 will be limited by 

the maximum control effort and by the switching speed, though switching speed is not 

considered here (c.f. [219]). 
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The Switching Control 

     A sliding mode control is implemented by switching the control effort between maximum and 

minimum limits to drive the system toward the sliding surface. The control effort is switched 

based on the current phase-plane location relative sliding surface: 

𝑢𝑠𝑤𝑖𝑡𝑐ℎ = 𝑖𝑓 {
𝜎 < 0
𝜎 > 0

} 𝑡ℎ𝑒𝑛 {
𝑈𝑚𝑖𝑛
−𝑈𝑚𝑎𝑥

}  

This is more easily written: 

𝑢𝑠𝑤𝑖𝑡𝑐ℎ = −𝑈 ∗ 𝑠𝑖𝑔𝑛(𝜎) 

In many systems, it is not possible to instantly switch the control effort. In these cases, the 

signum (sign) function can be replaced with a softer switch such as a sigmoid or tanh function. 

This change will cause steady state errors in the controller. For SMA devices, soft switching is 

not necessary because the electric heating current can be switched on and off in nanoseconds 

using Field Effect Transistors, for instance. 

     For demonstration, an unstable second order system was controlled using a hard switching 

law. The dynamic system is second order, governed by: 

𝑥̈ − 2𝜁𝜔𝑛𝑥̇ + 𝜔𝑛
2𝑥 = 𝑢 

In the demonstration, 𝜔𝑛 = 1 and 𝜁 = 70%. The sliding surface is chosen to be first order, since 

the plant is second order: 

𝜎 = 𝑥̇ + 𝜆𝑥 

For this demonstration, the sliding surface eigenvalue is 𝜆 = 2. If the controller is successful, the 

trajectory of the system will remain on 𝜎 = 0, and the dynamics will be first order: 

𝑥̇ = −𝜆𝑥 

The controller is implemented assuming the maximum control effort is 𝑈 = 8, results for the 

initial condition 𝑥0 = 0, 𝑥̇0 = 0 are shown in Figure 107. Looking to the left plot, the position is 

shown quickly driven to the origin in ~2 seconds, consistent with the selected sliding mode time 

constant. The red line shows the difference between the sliding surface desired trajectory and the 

actual trajectory – the sliding mode is reached in approximate 0.2 seconds. Another way to see 

the system reaching then maintaining the sliding mode is shown in the lower right of Figure 107 

where the phase plane is shown. The controller initially applies full effort in one direction to 

drive the system toward the sliding mode (shown in red). Once the sliding mode is reached, the 
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control effort switches rapidly to keep the system on the sliding mode – which is does 

successfully. Looking now to the top right figure, this switching control effort is very obvious as 

the controller switches rapidly between maximum and minimum value while on the sliding 

mode. The other lines on this chart (𝑢𝑙𝑝 and 𝑢𝑒𝑞) will be discussed in the following section. 

 

Figure 107 - Sliding mode control of an unstable second order system. The controlled position quickly tracks the 

sliding mode – position vs time is shown on the left, the phase plane is shown in the lower right. Control effort is 

shown in the top right – while on the sliding mode, the control effort switches rapidly between maximum and 

minimum values. 

The Equivalent Control  

     Why does such a simple switching control law work? The stability of the controller can be 

analyzed in detail using a Lyapunov argument to ensure that the controller drives the system 

toward the sliding mode, and that it is able to maintain the sliding mode once it is reached. First, 

consider that the system is momentarily on the sliding surface – can the control effort keep the 

system on the sliding? Consider the class of nonlinear systems which can be modelled by: 

𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢 + 𝜂 

Where 𝑓 and 𝑔 are potentially nonlinear functions and 𝜂 contains all unknown disturbances. The 

equivalent control effort 𝑢𝑒𝑞 which would ensure 𝜎̇ = 0 such that the system does not leave the 

sliding mode once it is reached, is found by solving: 

0 = 𝜎̇ = (𝛻𝑥𝜎)𝑥̇ = (𝛻𝑥𝜎)(𝑓(𝑥) + 𝑔(𝑥)𝑢𝑒𝑞) 

Secondly, determine whether this controller can guarantee that the sliding surface is reached at 

all. The so called ‘reachability condition’ considers the controller which ensures: 
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𝜎𝜎̇ < 0 

(  67 ) 

In general, the result will include all known linear and nonlinear plant dynamics, as well as an 

estimate of the maximum uncertainty or disturbances that might be encountered. It is often easy 

to design a linear controller to augment the switching control if the plant model is accurate, since 

a continuous control law can ensure reachability for the system except uncertainties or modeling 

errors.  

     The critical result of this analysis is to determine whether the control effort is sufficient to 

reach and maintain the sliding mode. Note that it is not necessary to implement the equivalent 

control, though in some systems that could reduce chatter or better ensure the sliding system is 

reached. Consider the switching control alone: The switching does not disturb the system 

because the switching is fast compared to the plant bandwidth. In other words, only the low 

frequency component of the control effort actually affects the system. Consider the control effort 

to have both low-pass 𝑢𝑙𝑝 and high-pass 𝑢ℎ𝑝 components: 

𝑢 = 𝑢𝑙𝑝 + (𝑢 − 𝑢𝑙𝑝) = 𝑢𝑙𝑝 + 𝑢ℎ𝑝 

The result is that, given sufficient control effort, the 𝑢𝑙𝑝 component of the switching control will 

provide perfect equivalent effort. Now consider the reaching condition (  67 ) with the switching 

control: 

0 > 𝜎𝜎̇ = 𝜎 (𝑢𝑒𝑞 + 𝜂 − 𝑈 ∗ 𝑠𝑖𝑔𝑛(𝜎)) 

The controller which ensures reachability simply must have more effort (𝑈) available than the 

maximum equivalent control and the maximum of any unknowns.  

     Consider the same unstable 2
nd

 order system example from the previous discussion. The 

equivalent control which would maintain the sliding mode if the model was perfect is: 

0 = 𝜎̇ = 𝑥̈ + 𝜆𝑥̇ = 𝜆𝑥̇ −
𝑘

𝑚
𝑥 −

𝑏

𝑚
𝑥̇ + 𝑢𝑒𝑞 

𝑢𝑒𝑞 = (
𝑏

𝑚
− 𝜆) 𝑥̇ +

𝑘

𝑚
𝑥 

Because the model used in the controller is exact, the control effort required for reachability is 

easily determined based on initial conditions. Looking back to Figure 107, the comparison 

between this analytical equivalent control and the low pass component of the actual controller 

are shown in the top right plot in red and cyan, respectively. It is clear that, after a delay during 
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reaching, the controller provides the equivalent control effort and can therefore maintain the 

sliding mode. If the maximum control effort was reduced to 𝑈 = 2.8, for instance, the system 

has a long delay before reducing speed enough to allow the controller to track the needed 

equivalent control effort (Figure 108). The same error could be introduced by increasing the 

initial condition magnitude, adding uncertainties, increasing sliding surface bandwidth, etc.  This 

could be improved by adding the equivalent control effort to the switching control or by 

augmenting the switching control with a linear control law, anything which pushes the system 

into a region where the switching is effective.  

 

Figure 108 - control where the maximum input effort is barely sufficient to reach the sliding model 

The main difficulty when designing a reliable sliding controller is balancing the maximum 

control effort against known system dynamics, modelling uncertainties, disturbance magnitudes, 

and sliding bandwidth. In most implementations, the control effort limits are fixed, the maximum 

range of the state is known, and the uncertainties are not known precisely. A sliding mode should 

be chosen of order 𝑛 − 1, and an appropriate switch chosen. The remaining design parameter 

available is the sliding mode bandwidth to balance everything else.  

 

Design for the SMA System 

     Consider the SMA system described in Chapter 9: 

𝑇̇ =
𝑃

𝑄
−
ℎ𝐴𝑠
𝑄
(𝑇 − 𝑇∞) 
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𝑄 ≡ 𝑚𝑐𝑝 −𝑚𝛥𝐻
𝜕𝜉

𝜕𝑇
 

𝑀𝑥̈ + 𝐵𝑥̇ + (𝐾 + 𝐾𝑠𝑚𝑎)𝑥 = 𝐾𝑠𝑚𝑎𝐿𝜖𝐿𝜉 

𝜉 = 𝑓(𝑇) 

To simplify the design process, consider the design as if the temperature is the control input, and 

the heat transfer equation is a filter through which the switching input 𝑃 passes: 

𝑀x⃛ + 𝐵ẍ + (𝐾 + 𝐾𝑠𝑚𝑎)𝑥̇ = 𝐾𝑠𝑚𝑎𝐿𝜖𝐿𝜉̇ = 𝐾𝑠𝑚𝑎𝐿𝜖𝐿
𝜕𝜉

𝜕𝑇
𝑇̇ 

(  68 ) 

Which can be written, since the first order temperature dynamics are known, as: 

𝑀x⃛ + 𝐵ẍ + (𝐾 + 𝐾𝑠𝑚𝑎)𝑥̇ =
𝐾𝑠𝑚𝑎𝐿𝜖𝐿

𝑄

𝜕𝜉

𝜕𝑇
(𝑃 − ℎ𝐴𝑠(𝑇 − 𝑇∞)) 

(  69 ) 

The sliding surface is chosen to be second order because the system is third order. The sliding 

surface is critically damped so that the actuator does not overshoot during regulation, which 

would cause slow settling and oscillation due to hysteresis.  

𝜎 = 𝑥̈ + 2𝜆𝑥̇ + 𝜆2𝑥 

The equivalent control law is designed considering: 

𝜎̇ = 𝑥 + 2𝜆𝑥̈ + 𝜆2𝑥̇ = 0 

By inserting the dynamics known from (  68 ), the equivalent control can be derived: 

𝐾𝑠𝑚𝑎𝐿𝜖𝐿
𝑀𝑄

𝜕𝜉

𝜕𝑇
𝑇̇ = (

𝐵

𝑀
− 2𝜆) ẍ + (

(𝐾 + 𝐾𝑠𝑚𝑎)

𝑀
− 𝜆2) 𝑥̇ 

𝐾𝑠𝑚𝑎𝐿𝜖𝐿
𝑀𝑄

𝜕𝜉

𝜕𝑇
(𝑃𝑒𝑞 − ℎ𝐴𝑠(𝑇 − 𝑇∞)) = (

𝐵

𝑀
− 2𝜆) ẍ + (

(𝐾 + 𝐾𝑠𝑚𝑎)

𝑀
− 𝜆2) 𝑥̇ 

𝑃𝑒𝑞 =

((
𝐵
𝑀 − 2𝜆) ẍ + (

(𝐾 + 𝐾𝑠𝑚𝑎)
𝑀 − 𝜆2) 𝑥̇)

𝐾𝑠𝑚𝑎𝐿𝜖𝐿
𝑀𝑄

𝜕𝜉
𝜕𝑇

+ ℎ𝐴𝑠(𝑇 − 𝑇∞)  

(  70 ) 

And the switching control is implemented: 

𝑃𝑠𝑤𝑖𝑡𝑐ℎ = 𝑖𝑓 {
𝜎 < 0
𝜎 > 0

} 𝑡ℎ𝑒𝑛 {
𝑃𝑚𝑎𝑥
0
}  
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This is not an ideal scenario because the electrical input can only heat the wire, while ambient air 

cools it. The heating can quickly contract the wire but cooling and extension is limited. The 

result is that tracking when the actuator is contracting can be faster than when extending and 

cooling.  

 

Simulation 

     This switching controller was implemented to control the standard demonstration of SMA 

actuator and spring-mass-damper plant. The maximum input power is 3 W, and cooling is 

limited by the ambient air at 20 ̊C. The sliding surface is a critically damped second order ODE, 

with both poles located at 𝜆 = −10. First, the controller regulates the system to a position in the 

mid-range of actuator motion (Figure 109). The difference between the equivalent input 𝑃𝑒𝑞 and 

the low-pass filtered actual input is very close – errors are likely due to model simplifications 

that were made when designing the controller, not errors in the control itself.  

 

Figure 109 – (LEFT) The trajectory approaching and maintaining the sliding surface is shown. (RIGHT) The 

control effort is sufficient, in this case, to nearly provide the same input as the ideal equivalent controller. 

     A similar simulation with the same constraints was used to regulate the system to two 

different positions in sequence (Figure 110). The first reference is approached mostly by heating 

the wire, while the second requires cooling to reach the reference. Because of this, the controller 

is able to provide the equivalent control sufficiently when driving toward the first (heating) 

position. However, it cannot quickly track during cooling because this speed is limited to the 

heat transfer to the air – this is seen as a gap in control activity from 2 to near 2.6 seconds. 

Overall, the controller performs excellently compared to the continuous controllers of previous 
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chapters. The settle time is near 1 second for both heating and cooling, and no overshoot causes 

long oscillations caused by hysteresis.   

     For comparison, the simulation was repeated with the only change being that input power was 

limited to 1 Watt (Figure 111). In this case, it is clear that the sliding mode was not reached very 

quickly during the heating nor cooling periods. The balance between available electrical power 

and sliding bandwidth was not sufficient, as shown by the long delay before control activity 

when the simulations is first started (from 0 to 1 second) and when the reference is changed (2 to 

3 seconds).  

 

Figure 110 - Sliding mode control regulates to two positions. The control effort is high enough that the heating 

effort needed is  easily achieved, but cooling speed cannot quickly reach the sliding mode.  

 

Figure 111 - Sliding mode control regulates to the same two positions of Figure 110. This time, the control effort is 

too high for a one Watt power source to maintain the desired sliding mode even when heating.  
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Experiment 

     An experiment was performed to validate the sliding mode controller. In addition to 

demonstrating the sliding-mode control performance, this experiment shows that the 2
nd

 order 

sliding surface was an appropriate choice for this system. An SMA wire was attached to a 

physical spring-mass-damper as used for the estimator in Chapter 9. The sliding-mode controller 

was implemented with the same critically damped sliding surface, with eigenvalues at 𝜆 = −10. 

The maximum power in practice was limited by a 6 V supply, which provides peak power near 1 

Watt.  A step reference was reliably tracked with this controller, with no overshoot and minimal 

steady-state error (Figure 112). To reduce the noise in the error derivatives needed when 

computing the sliding surface value, the sample rate was reduced to 200 Hz – this is much fast 

than the SMA bandwidth so the controller works, and provides accurate tracking with a noisy 

position measurement. The problem arises since double-differentiation of most common sensors 

will lead to significant noise which directly disrupts the sliding surface calculation. A first 

reaction to this problem might be to reduce the sliding surface order. However, as expected, this 

greatly disrupts the control accuracy and leads to oscillation around the reference (Figure 113). 

 

Figure 112 - Control using a second order sliding mode is fast and reliable (Compare to Figure 110) 
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Figure 113 - Control using a first order sliding surface leads to limit cycle oscillations 

Conclusion 

     Sliding mode control was reviewed and employed for control of an SMA actuator. It was 

shown that a critically damped second order sliding surface is required, and that the following 

variables interact in selection of the sliding surface bandwidth: 

 Available control effort 

 Range of the state 

 Accuracy of the system model 

 Range of potential disturbances 

The controller is easily implemented in the SMA system since fast switching is easily achieved 

with solid-state electrical switching as with MOSFETs. This controller is very robust to unknown 

models - the SMA actuator has many unknown parameters which are difficult to estimate and 

which may change over time. This control method has been used extensively by the author; the 

excellent capabilities will be made clear as the method is used to control all the experiments and 

demonstrations shown in Chapter 12. There are very few drawbacks to the sliding mode 

controller for SMA. One consideration is that the acceleration of the system must be determined 

for the second order control law – this requires double differentiation of a position sensor such as 

the dual-measurement sensing method shown in Chapter 7. In this case, it may be better to create 

a filter or otherwise create smooth version of the states needed in the sliding surface equation.   
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Chapter 12 

Conclusion 

    The mechanical, electrical, and controls designs presented in previous chapters were applied to several 

mechanical systems which explore and demonstrate that these ideas can be synthesized and do indeed 

enable shape memory alloy actuators for robotics. The devices created during this research range from 

small RC servo mechanisms to robots with multiple degrees of freedom. Conclusions are drawn about the 

success of this thesis, and potential directions for future work are discussed.  

 

Micro-Servo 

     A small PCB demonstrates the dual-measurement self-sensing technique, sliding mode 

control, and the great potential of SMA to reduce cost and complexity of existing RC servos. The 

speed, range, and torque are comparable to an equal weight RC servo. The total cost is less than 

a dollar, even in prototype quantities.  

    

    

Figure 114 - RC Servo on a PCB shows the simplicity and strength of SMA devices with self-sensing 
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Bowden Tube  

     This is another demonstration which shows the potential to replace RC servos. The Bowden 

tube provides a technique to package a long length of SMA wire in a way that is not intrusive. 

Curiously, appropriate design of the tube dimensions increases the heat transfer rate – making 

this device faster than the bare wire in ambient air [5].  

 

 

 

Figure 115 - A rotary actuator with a Bowden tube which allows a long length of SMA wire to be packaged in an 

unobtrusive manner 
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Ball-on-Beam 

     The ball-on-beam is a classic demonstration for controls classes – it provides an unstable, 4
th

 

order plant which is difficult to stabilize and impressive when successful. In this case, the 

problem was solved by using a cascaded controller, with a sliding mode inner loop for the SMA 

to control beam angle, and a PID outer loop where the ball position is controlled. This system is 

robust to disturbances, but is always ‘twitchy’ in ambient air since small air currents can quickly 

cool the SMA wire [4].  

 

  

Figure 116 - A Ball-on-beam demonstration shows that the SMA can provide fast and reactive motion 
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Hexapod  

     An 18 degree-of-freedom (DoF) robot was built from 18 identical servos (similar to those 

shown in Figure 114). The robot stands only 3 inches tall. This machine demonstrates the ability 

to package many SMA actuators in a small space. Controlled by a central PWM driver system, 

all 18 DoF are coordinated to create walking and crawling gaits.  

 

 

      

Figure 117 - A robotic hexapod with 18 degrees-of-freedom. All DoF are created from identical rotary actuators. 
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Ultralight Arm 

     A lightweight arm was designed as an appendage for a small space-craft such as a cube 

satellite. The SMA wire is completely shielded inside the arm’s tubes, which would prevent 

radiation from quickly cooling the wires. Each joint is designed to ensure the wire will not 

fatigue due to curvature. The arm uses a motion-tracking camera for feedback control without 

angular position sensors on the joints. This provides an interesting control problem since the 

kinematics are not known to the controller.  

    

 

Figure 118 - A 2-DoF, ultralight robotic arm for a cube-satellite with a color-tracking camera.  The system provides 

an interesting control problem since the joint angles are not measured, only the position of the camera relative to 

the ball. 
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Dexterous Robot 

     An 8-DoF robot with two arms was created to demonstrate SMA actuators in a 2/3 scale 

humanoid torso. Rotary potentiometers measure the angle of each joint, and machine vision is 

used to track the ball location. The strength, speed, and silence of the SMA actuators are 

displayed by balancing a ball on a flat paddle. 

 

       

    

Figure 119 - A dexterous 8-DoF robot demonstrates that complex robotic devices can be built from SMA at low 

cost. The bottom right image shows an embodiment using Bowden tubes instead of exposed wire. 
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Thesis Conclusion  

     This thesis is, admittedly, not the first time SMA actuators have been studied. However, the 

great bulk of research has been in the material science of SMA, and no one has actually shown 

that SMA can be used as reliable robotic actuators. A critical part of the author’s plan for this 

thesis is that concepts and designs generated during the research be implemented in physical 

hardware. Without physical implementation, this work would not provide any real proof that this 

has been achieved. The mechanisms studied range from simple straight wire devices, to complex 

robots. The simple devices are built up into machines which demonstrate all the key features of 

SMA which make them better, in some applications, than any other artificial muscle technology. 

In the introduction, an outline of the good and bad features was shown. The comparison is shown 

again in Table 11. While some unfortunate aspects of SMA like low energy efficiency will 

always be present (until new alloys are discovered), most of the obstacles to enabling SMA 

actuators for robotics have been overcome in the course of this research. The low strain and low 

speed has been overcome by packaging fine SMA wires in new ways like Bowden tubes and 

parallel arrays which increases heat transfer. The dual measurement technique provides reliable 

estimation of wire length with no sensors. The nonlinear behavior in actuators was modelled in a 

new way that ensures it can be simulated accurately. The hysteresis and nonlinear response was 

overcome with improved estimators and non-linear control methods based on the new models.  

 

Table 11 - The good, bad, and ugly (but solvable) features of shape memory alloy actuators 

The Good The Bad The Ugly* 

High specific strength Energy efficiency (3-5%) 
Low strain 

Solved by mechanical design 

High specific energy (work) Life-time (100k-1M cycles) 
Sensors bigger than wire 

Dual measurement technique 

Silent operation  
Nonlinear and hysteretic 

Improved control & estimation 

Excellent DoF/$  
Difficult training/processing 

Studied heat treatment process 

Excellent DoF/m^2  
Bandwidth vs size 

Solved by mechanical design 

  * solved in this thesis 

 

     Where does the research stand now? The major challenges to implementing any SMA 

actuator are now overcome. It is time to focus in the other direction: promote the beneficial 
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aspects and make use of the incredible potential. The most obvious direction is to move toward 

machines with more degrees of freedom in a smaller package. Prosthetic hands, robotic insects, 

smart fabrics: any device where the size and number of degrees of freedom has ruined the 

potential for other designs. There are opportunities to study the damping and sensing properties 

of super-elastic SMA for smart materials and potentially for armor. In the direction of improved 

materials, the known alloys which are better than NiTi should be studied; NiTiCu can provide 

lower hysteresis and NiTiFe can provide higher strength – perhaps these benefits outweigh the 

increased costs of these alloys. In robotics, shape memory alloys are, of course, not the only 

technology which could disrupt the robotics industry – pneumatics, shape memory polymers, and 

others have some potential. But with the order of magnitude advantage on cost and strength, 

SMA will remain the dominant candidate for the next decade or more. 

 

~~~ 
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Appendix A: Control and Estimation Review 

     The control of linear state-space systems is well-organized now and made easy by computer 

pole-placement tools such as MATLAB. The easiest way to implement controllers that track a 

changing step reference, ‘servo’ controllers, is by imbedding an integrator into the model and 

placing the poles of that new model. For notational consistency and process clarity, the design of 

general linear output-feedback is presented, leveraging computer aided methods without detailed 

explanation of their algorithms. The concepts of observability and controllability are discussed. 

An important extension of this method is addition of integral action which increases the system 

type, eliminates steady state error to step changes in reference, and simplifies the input of 

reference values. It is shown that the Robust Servo technique is a powerful technique for higher 

order system control. Linearization methods are shown, as well as conversion between 

continuous and discrete representations. Finally, estimators to determine the entire state from the 

measured outputs are introduced. 

 

Deterministic/Stochastic State-Space Models 

     The state-space form of differential equations provides an effective structure for 

implementing the navigation filter. A general state-space model with known deterministic inputs, 

stochastic disturbances, and stochastic measurement errors consists of the following equations: 

𝑥̇ = 𝐴𝑐𝑥 + 𝐵𝑐𝑢 + 𝐵𝑤𝑤 

𝑦 = 𝐶𝑐𝑥 + 𝐷𝑐𝑢 + 𝐷𝑣𝑣 

The elements are defined: 

𝑥 – state vector ∈ ℝ𝑛𝑥1 

𝑥̇ - time derivative of the state ∈ ℝ𝑛𝑥1 

𝑢 - vector of known inputs ∈ ℝ𝑚𝑥1 

𝑦 - vector of measurements ∈ ℝ𝑘𝑥1 

𝑤 - noise (disturbance) on the state derivative ∈ ℝ𝑙𝑥1 

𝑣 - noise on the measurement of the state ∈ ℝ𝑗𝑥1 

𝐴𝑐 - the state-transition matrix ∈ ℝ𝑛𝑥𝑛 

𝐵𝑐 - input matrix ∈ ℝ𝑛𝑥𝑚 

𝐵𝑤 - a transformation on disturbance inputs ∈ ℝ𝑛𝑥𝑙 
𝐶𝑐 - the measurement matrix ∈ ℝ𝑘𝑥𝑛 

𝐷𝑐 - the feed-forward matrix ∈ ℝ𝑘𝑥𝑚 

𝐷𝑣 - a transformation on the measurement noise ∈ ℝ𝑘𝑥𝑗 
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Typically some components of the above matrices are not needed, and the model reduces to 

𝑥̇ = 𝐴𝑐𝑥 + 𝐵𝑐𝑢 + 𝐵𝑤𝑤 

𝑦 = 𝐶𝑐𝑥 + 𝑣 

Where the subscript (∗)𝑐 denotes this is a continuous-time model. Also, usually the assumption 

is made that the noise can be approximated by the normal distribution, so 

𝑤 ~ 𝑁(0, 𝑄𝑐) 

𝑣 ~ 𝑁(0, 𝑅𝑐) 

Where 𝑄𝑐 and 𝑅𝑐 are the continuous-time disturbance covariance, and continuous-time 

measurement noise covariance, respectively.  

Many sampled data systems and methods (including the Kalman filter) are traditionally specified 

using the discrete state space form which uses difference equations instead of differential 

equations 

𝑥𝑘+1 = 𝐴𝑑𝑥𝑘 + 𝐵𝑑𝑢 + 𝑤𝑘 

𝑦𝑘 = 𝐶𝑑𝑥𝑘 + 𝑣𝑘 

𝑤𝑘~𝑁(0, 𝑄𝑑) 

𝑣𝑘~𝑁(0, 𝑅𝑑) 

where subsequent 𝑘 sample times are separated by a non-zero step in time of length Δ𝑡. Note that 

the state transition now solves for the state a step from now, not the derivative of the state. The 

transformation from continuous-time to discrete-time equations is the solution to the differential 

equations after a period of Δ𝑡 seconds has elapsed. It is usually assumed that the input is 

essentially constant during this interval (it may actually be constant in physical control systems), 

and thus the equations can be transformed using the following: 

𝐴𝑑 = 𝑒𝐴𝑐Δ𝑡 

𝐵𝑑 = ∫ 𝑒𝐴𝑐𝜏𝑑𝜏
Δ𝑡

0

𝐵 = 𝐴𝑐
−1(𝐴𝑑 − 𝐼)𝐵𝑐 

𝑄𝑑 = ∫ 𝑒𝐴𝑐𝜏𝐵𝑤𝑄𝑐𝐵𝑤
𝑇𝑒𝐴𝑐

𝑇𝜏𝑑𝜏
Δ𝑡

0

 

𝑅𝑑 = 𝑅𝑐/Δ𝑡 

𝐶𝑑 = 𝐶𝑐 

     Note that the exponentials are matrix exponentials, which are not simply the element-wise 

exponent. The matrix exponential has been given much research attention, and several solution 



 

196 

 

processes have been developed [227]. One method is the Taylor series expansion, which 

truncated provides some approximate solutions to the above transformations. For sufficiently 

small Δ𝑡: 

𝐴𝑑 ≈ (𝐼 + 𝐴𝑐∆𝑡) 

𝐵𝑑 ≈ 𝐵𝑐∆𝑡 

𝑄𝑑 ≈ 𝐵𝑤𝑄𝑐𝐵𝑤
𝑇∆𝑡 

Using a program such as MATLAB, routines for computing the matrix exponential efficiently 

have already been implemented. Van Loan published the following tricks for computing the 

discrete system matrices (these are exact solutions if the matrix exponential is computed 

correctly) [228]: 

[
𝐴𝑑 𝐵𝑑
∅ 𝐼

] = 𝑒𝑥𝑝𝑚 ([
𝐴𝑐 𝐵𝑐
∅ ∅

] ∆𝑡) 

[
𝐶11 𝐶12
𝐶21 𝐶22

] = 𝑒𝑥𝑝𝑚 ([
−𝐴𝑐 𝐵𝑤𝑄𝑐𝐵𝑤

𝑇

∅ 𝐴𝑐
𝑇 ] ∆𝑡) 

𝐴𝑑 = 𝐶22
𝑇  

𝑄𝑑 = 𝐶22
𝑇 𝐶12 

 

Linearization of Nonlinear State Equations 

    No physical system is truly linear. Nonlinear equations for a system can be arranged in the 

form of a system of first-order derivatives: 

𝑥̇ = 𝑓(𝑥, 𝑢, 𝑤, 𝑡) 

𝑦 = ℎ(𝑥, 𝑣, 𝑡) 

Many systems are linear within a range near their operating point, and can be adequately 

modeled by linearized equations using the methods shown below [229]. By linearizing about the 

current state estimate, a linear model can be created and updated as the state varies through time. 

First, an ‘operating point’ is chosen, and the linear approximation is formed by taking the first 

term of the Taylor series expansion  

𝛿𝑥 = 𝑥 − 𝑥0 

𝛿𝑢 = 𝑢 − 𝑢0 

𝑓(𝑥, 𝑢, 𝑡) = 𝑓(𝑥, 𝑢, 𝑤, 𝑡)|𝑥0,𝑢0,𝑤0 +
𝜕𝑓

𝜕𝑥
|𝑥0,𝑢0,𝑤0𝛿𝑥 +

𝜕𝑓

𝜕𝑢
|𝑥0,𝑢0,𝑤0𝛿𝑢 +

𝜕𝑓

𝜕𝑤
|𝑥0,𝑢0,0𝑤 +⋯  
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ℎ(𝑥, 𝑢, 𝑡) = ℎ(𝑥, 𝑢, 𝑣, 𝑡)|𝑥0,𝑢0,𝑣0 +
𝜕ℎ

𝜕𝑥
|𝑥0,𝑢0,𝑣0𝛿𝑥 +⋯+ 𝑣 

The matrix equivalent to the partial derivatives above is the Jacobian matrix. The linearized state 

model can be arranged into a linearized state space form 

𝛿𝑥̇ = 𝐹𝛿𝑥 + 𝐺𝛿𝑢 + 𝐺𝑤𝑤 

𝑦 = 𝐻𝛿𝑥 + 𝑣 

𝐹𝑖,𝑗 =
𝜕𝑓𝑖

𝜕𝑥𝑗
     𝐺𝑖,𝑗 =

𝜕𝑓𝑖

𝜕𝑢𝑗
 

𝐺𝑤𝑖,𝑗 =
𝜕𝑓𝑖

𝜕𝑤𝑗
     𝐻𝑖,𝑗 =

𝜕ℎ𝑖

𝜕𝑥𝑗
 

In navigation, the equations of motion employed are non-linear with known derivatives (i.e. 

partial derivatives which have a symbolic solution). In these cases, the linearized state matrices 

can be solved directly. In many cases the partial derivatives are not known and must be solved 

symbolically. An approximate solution to a partial derivative can be found by determining the 

slope of the function at the operating point by sampling two values at that point. For example: 

𝑓 = 𝑓(𝑥1, 𝑥2, 𝑥3, 𝑢1, 𝑢2) 

𝜕𝑓

𝜕𝑥2
≈
𝑓(𝑥1, 𝑥2 + 𝜖, 𝑥3, 𝑢1, 𝑢2) − 𝑓(𝑥10 , 𝑥20 , 𝑥30 , 𝑢10 , 𝑢20)

𝜖
 

In the example 𝜖 is an arbitrarily small value, and the approximate solution approaches the exact 

solution as 𝜖 approaches 0. While this method works in theory, when implemented in a computer 

(using finite-precision math) the use of very small 𝜖 will cause errors in the computation due to 

subtractive cancelation. This can be remedied by the use of the complex step differentiation, in 

programming languages that support complex numbers, by the following approximation (using 

the example from above) [230] 

𝜕𝑓

𝜕𝑥2
≈
ℑ(𝑓(𝑥1, 𝑥2 + 𝜖𝑖, 𝑥3, 𝑢1, 𝑢2))

𝜖
 

ℑ(∗) − 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑝𝑎𝑟𝑡 𝑜𝑓 (∗) 

In the present work, the nonlinear components consist mostly of trigonometric functions and the 

differentiation can be solved directly.  
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Controllability 

     The ability to drive the state to any desired location (equivalently, the ability to select all 

closed loop eigenvalues as desired) is determined using the controllability matrix; if the 

controllability matrix is full rank, the system is known to be controllable [231]. This matrix is 

formed for an 𝑛𝑡ℎ order system 

𝒞 ≡ [𝐵 𝐴𝐵…𝐴𝑛−1𝐵] 

The choice of measurement 𝑦 = 𝐶𝑥 has no effect on controllability. The controllability can be 

determined using the following line of MATLAB code, which returns a logical 0 or 1 

 
>> length(A) == rank(ctrb(A,B)) 

 

 

State-Feedback Controller 

     Assuming the control law has access to all states (i.e. knows their value at all times), a 

feedback control gain is designed such that the input 𝑢 is a function of the current state 

 

𝑢 =  −𝐾𝑥̂ 
 

Assuming accurate models and measurements, this provides closed loop dynamics of 

 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢 = 𝐴𝑥 − 𝐵𝐾𝑥 = (𝐴 − 𝐵𝐾)𝑥 
 

The eigenvalues and stability of (𝐴 − 𝐵𝐾) determines the behavior of the closed loop system. 

Because the system is Controllable we know we can place the closed loop controller eigenvalues 

anywhere we want by appropriate choice of 𝐾. The desired eigenvalues are chosen and gain 

vector 𝐾 is practically determined using a computer-aided tool (>>place() in MATLAB). 

Control eigenvalues can be chosen using many techniques, such as root locus, to achieve desired 

transient characteristics (such as settle time, rise time, and overshoot). The choice of closed loop 

poles is somewhat arbitrary theoretically, but practically there are speed limits based on the 

ability of the actuating input 𝑢 (and by the sample rate if it is slow compared to system 

dynamics). Real-life actuators have limits to their output amplitude (saturation), and may have 

special considerations such as electrical applications such as where the input cannot be negative. 

An ‘optimal’ trade-off between the time response and the control effort can be solved using the 

‘Linear Quadratic Regulator’ technique. The optimality is completely dependent on the 
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designer’s choice of importance between input effort and system response dynamics. Since this 

is essentially subjective anyway in many cases, the rigorous application is neglected here. 

However, we learn from the method that reasonable closed loop poles can be seen using the 

symmetric root locus of the open-loop system. A symmetric root locus can be generated in 

MATLAB 

 
>> rlocus(p*ss(A,B,C,D)*ss(-A,-B,-C,-D)) 

 

Where p is chosen as 1 or -1, whichever keeps the root locus asymptotes away from the 

Imaginary axis. Closed loop poles are selected by considering the locus in the left-half-plane 

only and placing the control poles near these loci. Where the locus is closer to the natural open-

loop poles, the control effort is low and response is slow. The farther from the origin, response 

time is faster but control effort increases to accomplish this. Of course the designer can also 

completely ignore this and place the close loop poles to achieve other objectives such as low 

overshoot, for instance. One of the more useful results of the symmetric root locus is it often 

reveals that faster control can be accomplished with less effort than control which is slower than 

the open-loop poles; this is not intuitive.  

     A more objectively optimal method which will not be applied here is the Model Predictive 

Control technique that allows consideration of the control saturation and other nonlinearities in 

the controller design, at a cost of high online computational costs.  

 

Robust Servo Control 

     It is known from the Internal Model Principle that controllers can only track a reference that 

contains dynamics of equal or lower Type than the system to be controlled. In practice, this 

generally leads to the requirement that a controller include at least one integrator in its dynamics 

so that it can track a step change in reference without error. A method to incorporate this with 

state-space controllers is to embed the integrator in the system model and to drive the integral of 

error to zero – in this regard the method looks like a regulator not a tracking controller which 

makes implementation easier. Define 

e ≡ 𝑟 − 𝑦 

where 𝑟 is the desired (reference) output. Create a new state vector  

𝑧 ≡ {
e
𝑥̇
} 
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𝑥̈ = 𝐴𝑥̇ + 𝐵𝑢̇ + 𝐵𝑤𝑤̇ 

𝑦̇ = 𝐶𝑥̇ + 𝑣̇ 
 

For constant disturbances (𝑤, 𝑣) this reduces to the modified state-space with new model A, B 

 

𝑧̇ = [
0 −𝐶
∅ 𝐴

] 𝑧 + [
0
𝐵
] 𝑢̇ = A𝑧 + B𝑢̇ 

This new model can regulate with zero steady state error even with changing reference output 

and with constant disturbance of both state and output. The controller is now designed using 

pole-placement for the pair (A, B), assuming they are controllable (typically (A, B) is controllable 

if (𝐴, 𝐵) is). The robust controller can be combined with the linear state estimator for output 

feedback. Note that the control law 𝑢̇ will be based on −𝐾𝑥̇. This integration is analytical; only 

the output 𝑦 is actually integrated and the rest of the state (or estimate) is used directly.  

 

Observability 

     In a dual manner to the controllability, observability determines our ability to determine the 

entire state (equivalently, to place all estimator eigenvalues as desired) from the output 

(measurement) [231]. The observability matrix is constructed similarly to the controllability 

matrix – we hope that it also has rank 𝑛 

𝒪 ≡ [𝐶  𝐶𝐴  𝐶𝐴𝑛−1]𝑇 
 

The choice of input 𝐵𝑢 has no effect on observability. The observability can be determined using 

the following line of MATLAB code, which returns a logical 0 or 1 

 
>> length(A) == rank(obsv(A,C)) 

 

System designers often have a choice of measurement based the sensors that are used, so it is 

worth exploring the effect this choice has on observability. In general, it is desirable to measure 

the highest differential state (e.g. position instead of speed, temperature instead of temperature 

rate, etc.).  

 

State Estimator (AKA Luenberger Observer) 

     We tested that the system is observable – assuming it is, then knowledge of that single state 

variable can be used to estimate the entire state. The estimator is formed by creating a new state 
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𝑒 – the error between the actual state and the estimated state – and creating a virtual controller to 

drive the error to 0. Mathematically, we calculate an estimated state 𝑥̂ using our best 

approximation of the plant state-space, and an additional gain designed to drive the error 

between the estimate and the true output to zero.  

 

𝑥̇̂ =  𝐴̅𝑥̂ + 𝐵̅𝑢 + 𝐿(𝑦 − 𝑦̂),      𝑦̂ = 𝐶̅𝑥̂ 

𝑒 ≡ 𝑥 − 𝑥̂ 

𝑒̇ = 𝑥̇ − 𝑥̇̂ 

If the assumed model (𝐴̅, 𝐵̅, 𝐶̅) and the exact system (𝐴, 𝐵, 𝐶) coincide, then the dynamics of the 

error are determined by  

𝑒̇ = (𝐴 − 𝐿𝐶)𝑒 
 

Another view of this technique is to break the estimator into two steps: a prediction and 

correction that both occur at each time step. This is only meaningful for the discrete case, where 

the discrete model 

 

𝑥̂𝑘|𝑘 = 𝑥̂𝑘|𝑘−1 + 𝐿𝐷(𝑦𝑘 − 𝐶̅𝑥̂𝑘|𝑘−1) = (𝐼 − 𝐿𝐷𝐶̅)𝑥̂𝑘|𝑘−1 + 𝐿𝐷𝑦 

𝑥̂𝑘+1|𝑘 = 𝐴̅𝐷𝑥̂𝑘|𝑘  + 𝐵̅𝐷𝑢𝑘 

 

This shows more clearly how 𝑥̂ is essentially a weighted average of the model prediction and the 

actual measurement. In a Kalman Filter, the ‘weight’ L is chosen based on known error variances 

of the model and measurement (𝑤, 𝑣). In a Luenberger observer, the weighting is chosen based 

on desired dynamics of the estimator, similar to methods commonly used with e.g. low-pass 

filters. Note that a Luenberger observer could be designed using an optimization method similar 

to Linear Quadratic Regulator – this is called a Linear Quadratic Estimator. If the weights of the 

optimization were chosen based on expected error and disturbance statistical properties (𝑤, 𝑣), 

then the solution would collapse to the Kalman filter with constant gain (only without the 

advantage of estimate covariance prediction)! 

 

     We choose estimator poles by designing the ‘closed loop state transition matrix’ (𝐴 − 𝐿𝐶) 

which will drive the error asymptotically to zero. This can be done using numerical methods 

(such as >>place() in MATLAB). In the absence of well-characterized model and 

measurement errors, we choose desired poles of the estimator to be significantly faster than the 

controller dynamics such that they do not ‘interfere’ with the time response of the system. One 
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amazing thing about this method is it will generate the proper eigenvalues with very little 

restriction since the ‘effort’ to drive the state error to zero is purely mathematical and involves no 

physical application of control effort. Practically, the estimator poles are chosen as a compromise 

between estimation speed and filtering of noisy measurements. If the measurements are very 

precise, then very fast estimator poles can be chosen. If the model is very precise and 

measurements are inaccurate or noisy, the model can be trusted to predict the state better than the 

measurements by using slow estimator poles.  

 

Output-Feedback Controller 

     In the State-feedback control design, knowledge of the entire state was required to design the 

control gain. With the state estimator, a control law can now be designed that relies on all states, 

using the state estimate for the controller. This provides closed loop dynamics: 

 

𝑥̇ = 𝐴𝑥 − 𝐵𝐾𝑥̂ = 𝐴𝑥 − 𝐵𝐾𝑥 + 𝐵𝐾𝑒 
 

Assuming that the estimator has provided accurate knowledge of the state (that is, 𝑒 has been 

driven to zero), the response will simply be 

 

𝑥̇ = (𝐴 − 𝐵𝐾)𝑥 
 

Thus the closed loop response (eventually!) looks the same as designed. These poles should be 

much slower than the estimator poles; otherwise the response of the two will interact, typically in 

a slow (longer settling time) manner. The choice of estimator and controller poles is completely 

independent (the Separation Principle), but the two can certainly interact in the time response.  

 

To test the performance of the estimator and controller, it is useful to combine the estimator and 

state feedback control into one system. We can do that by creating a new state vector 𝑧 that 

includes the original state 𝑥 and the estimate error 𝑒 (the italicized 𝑒 is estimate error, while e 

was defined previously as the tracking error in the controller.)  

 

𝓏 ≡ {
𝑥
𝑒
} 

 

𝓏̇ = {
𝑥̇
𝑒̇
} = [

𝐴 − 𝐵𝐾 𝐵𝐾
∅ 𝐴 − 𝐿𝐶

] {
𝑥
𝑒
} = 𝐴′𝓏 
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Notice that the eigenvalues of 𝐴′, the augmented state transition matrix, are the eigenvalues that 

were chosen in the pole placement process. This (now stable) system can be simulated for any 

initial conditions. To complete the short notes on optimization, it should be noted that if the 

controller and estimator are designed using LQR and LQE, respectively, then this resulting 

output-feedback control system is called a Linear Quadratic Gaussian.  
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