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Abstract

It is reported that abowhe thirdof the primary energis consumedby friction all over
the world[1], and aboub5% of the machine parts failediel to wear and ted®]. For example,
about one third of the fuel energy is used to overctiraevarious frictions i passenger cdB].
In general, friction is undesirable, such as in gears, bearings and cylinder and piston systems.
However, sometimes it is desirable, such as in belt drives, brakes, cluodesyen small
compartments like electrical connectors and screws. Therefore, it is important to understand the
process involved in friction and to obtain accurate models that predict the friction. Unfortunately,
due to the complexity of friction mechanismt has been extremely difficult to obtain universal
friction models.Modeling friction contacts becomes a challenge due to the complicated multiple
scales of features on surfacd4any researchers have developed different kinds of models to solve
thisproblem.If researchers are successful, engineers could use the results predicted by the models,
to increase or decrease the desirable friction in a controlled manner

There are many methods describing the contact of rough surfaces, such as statisal mo
multi-scale models and deterministic models. Statistical models use the solution of the contact of
an elastic or elastiplastic asperity to stochastically model an entire contacting surface of
asperities with a postulated height distribution. Thdtinacale model considers that a rough
surface profile can be decomposed into smaller asperities stacked on top of larger asperities. A

profile can consist of the superposition of sinusoidal waves with different amplitudes and



wavelengths. Therefore, inishwork, the sinusoidal shaped asperity is considered instead of
considering the spherical shaped asperity considered in most of the existing statistical models.

A study of the sinusoidal surfacentact is investigated comprehensivélyst, the contact
behaviors of a single thrabmensional sinusoidal asperity under normal loading were investigated
for elastic contaciThe complete contact pressure, general stress distribution, maximum von Mises
and critical amplitude under the full stick condition degived analytically. The results show that
these values have the same trend as the corresponding values in the perfect slip condition. It is
shown that the complete contact pressure in t
increases, and is lower than the corresponding valued under the perfect slip condition. It is also

found that the maximum von Mises stress can locate either on the surface or below it, depending
on the Poissonbs ratio. WA tennaximiore vorP Mises drese 0 S 1 ¢

locates on the surface; otherwise, the maximum von Mises stress locates beneath the surface. The
dimensionless critical amplitude is also derived, and it is larger than the corresponding value under
the perfect slip condition. Itlmr eases as t he Poissonbés ratio i nc
slip value.

For the elastiplastic contact under normal loadinige average contact pressure required
to cause complete contact between the deformable sinusoidal surface anflat tigakr the full
stick condition is examined. Complete contact is defined as when there are no gaps between the
contacting surfacethe effect of contact conditions (perfect slip, full stick) on the complete contact
pressure was investigated by usihg finite element method (FEM). This study confirms the
previous studies about sinusoidal contact. From the results, the effect of contact conditions on
complete contact pressure does not apparent to be significant for this case. The dimensionless

completec ont act pressure I s independent of materi.



Then, the contact behavior of a single elaptastic sinusoidal asperity under combined
normal and tangential loading was investigated. The effects of the followiaghetars on the
effective static friction coefficient and junction growth of a single sinusoidal asperity were
investigated: materi al properties (elastic m
parameter (amplitude/wavelength), contact presancethe critical interfacial shear strength. It
was found that the effective static friction coefficient of a single sinusoidal asperity decreases with
increasing contact pressur e, el astic modul us
wavelength,and increases with increasing yield strength and critical shear strength. Empirical
equations of the effective static friction coefficient and junction growth due to tangential load were
provided. These equations then can be used in spectral and fast Famsform (FFT) based
methods for modeling the contact and friction between rough surfaces.

Most of the existing models use the measured surface data directly and consider the shape
between the measured surface data to be straight lines. This midie reslistic, because the
surface is more continuous. The sharp peaks generated by neighboring lines may cause stress
concentrations, which should be influence the accuracy of the results in simulations. Then
guestions then arise: what is the real shagerden the measured surfatata, andvhat is the
appropriate resolution to represents the real rough surfaces?

Therefore, the effect of sampling resolution on the contact behaviors is investigated in this
study. The spectral interpolation method is pregoso smooth the surface and reduce the
resolution in the FE model. This method is based on the FFT interpolation, and assumes that the
original surfaces and interpolation surfaces have the same spectrum. Thep&lagtccontact
between deformable robgurfaces and a rigid flat under combined normal and tangential loading

is the studied. The first loading step, in which a normal load is applied on the rigid flat is initially



studied. During this normal load step, the effects of sampling resolutidre@ontact area ratio,
dimensionless displacement, dimensionless average gap, and maximum von Mises stress were
investigated. It was found that: as the resolution decreases, the contact area ratio and dimensionless
displacement decreases, while the dimamsiss average gap and dimensionless contact pressure
both increase under normal preload and at sliding inception. During the second step, in which the
normal load remains constant and a tangential load is applied and increases gradually, the static
friction coefficient is investigated. The effect of tangential load on the contact behaviors are
studied as well. It was found that the tangential force can increase the contact area ratio,
dimensionless displacement and dimensionless maximum von Mises steés$ecease the
dimensionless average gap and dimensionless contact pressure.

Next, he contact and friction behavior between rough surfaces and a rigid flat is studied
using FEM.Three kinds of rough surfaces (generated fractal rough surfaces, genarssicmy
distribution rough surfaces, and real measured rough surfaces) are used in the FH meodel.
effects of the following parameters on contact area ratio and static friction coefficient of rough
surfaces were investigated: plasticity index, normalé@nd tangent modulus. It is observed that
the static friction coefficient decreases as the dimensionless normal load and plasticity index
increases. The FEM results are then compared to the existing statistical models. The overall trends
of both the FEMesults and statistical models are the same. However, the FEM friction results are
always greater than the values predicted by the statistical models. This might be because of either
the assumptions of the statistical models or the insufficient surfaelidatis also found that the
tangent modulus can decrease the static friction coefficient by hardening the surface.

The results of contact area predicted by the rsghile model is confirmed initially. The

FEM results of single asperity sinusoidal is disgthin the multiscale frame work in for the



normal loading step to predict real contact area. The FEM simulations with different real rough
surfaces are conducted. The results show that the-scale contact model and the FEM data
show a reasonable @gment. Since the existing friction models have some limits, such as did not
consider heavy loads, and the surfaces with very large plasticity indices. A friction model
considering these conditions (heavy loads and the surfaces with very large plasticey) is

still needed. Hence, a new stacked rasitale friction model is developed to predict the static
friction for the rough surfaces in this work. The musitale contact model then is extended to a
friction model. The predictions are compared VAEM results and a statistical model. They show

the same trend, however, they show some differences, the friction coefficient predicted by the
multi-scale friction model is greater than the statistical model predictions and lower than the FEM
results.Thisis probably because one or more of the following reasons: the rough surface is not so
istropic, the asperity summits have different radii, there is a uncertain interaction between
asperities and bulk deformation, the distribution of the asperity areausis{an, and the measured

nominal contact area is anistropic and not large endugh.still needs further investigating.
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CHAPTER 1. INTRODUCTION

1.1.Background
Friction plays an important role in everyday life, especially for engineering comgonent
Frictionis theforce resisting the relative motion of solid surfaces in contact sliding against each
other. There are several types of friction, one of the most common type is dry friction. Dry friction
arises from a combination of interface adhesgurface roughness, surface deformation, and so
on. It is subdivided intstatic friction between nemoving surfaces, arkinetic friction between
moving surfaces.
Thesec al | ed ALaws of foy Amonton, althaughwavineay paveelsoi d e d
been responsible.
1T Amo nt o nldnastheffrictiorsforce;O, is directly proportional to the applied normal
force, O.

T Amont onés second TOasnndepenteat offthe apparentama, f or c e,

T Coul ombdés | aw: Kinetic fretgtion is indepen
Then, Euler summarized these laws, and provided an equation:
0 0 (1.1)
where," is the coefficient of friction.
However, none of t heTHhefricboh @reesanuireddd strtslidmg v er s :

is usually greater than therte require maintaining sliding, and this has given rise to the notion



that there are two coefficients of friction: static friction coefficient (for the surfaces at rest) and
kinetic (for surfaces in motion)Euler is also the first person to presentt thition behaves
different for two surfaces initially at rest then two surfaces in relative sliding motion. That is, the
dry friction is subdivided intstatic friction between nemoving surfaces, arkinetic
friction between moving surfaces.

From thesecondof Amont onés friction | aappaentdreadfct i on
contact. While these laws provide a general guidelinleeo$ensitivityof the coefficient of friction
to the materials in contact, they may not necessarily be representhfiietion that results
between actual contact psjig]. Although some surfaces look very smooth, they are rough to some
degree at the microscale or nanoscale. When two rough surfaces are pressed together, a contact is
mace by the asperitiesr peakson either surfee. These small values contacts makehgpreal
contact area. For rough surfaces, the friction force becomes independent of the load, but
proportional merely to theeal contact aredBowden and Tabdi5] later made a critical insight
into the cause of friction and the physical reason behind the laws. Bowden and Tabor were perhaps
the first to theorize about friction aride real area of contact between surfaces. They presented a
different approach, which considered the sliding inception and static friction as failure mechanism
related to the material properties. Therefore, when two rough surfaces are pressed together onl
isolated asperities on the surface are in contact. fffeassumed that when the sliding occurs
the average shear stress over the real contact area of contact has the valuétad,expression
for the total friction force’O, thencan le given as:

o Tt B (1.2)
To understand the friction, it is important to understand the effect of surface morphology

and load on the tribological performance of different rough surfaces. Hence, numerous models that



predict at the aspeyitscale (10 nr100 micros) static friction were developed by many researchers
[6]. This includes asperity contagtder combined normal and tangenkieds
The three main criteria thhive beemised to theoretically determining the sliding inception are:

1.) Local yield criterion

Based on Bowden and T[&lreatedthe shdiog ikceptio@isaan g et

plastic yield failure mechanism using the von Mises yield strength. They found that the maximum
tangential load that can be supported by a single sphegeeitsgsbefore plastic yield first occurs
either below or at the asperity contact interface. They employed the stress field to calculate the
allowable maximum tangential load of a single spherical asperity contact. Later, similar to the CEB
friction model[7], Kogut and Etsiofi8] investigated the contact between a deformable sphere in
contact with a rigid flat under combined normal and tangential loadimdj,presented a semi
analytical approximate solution that treated sliding inception as a plastic yield failure mechanism
using the von Mises yield criterion. They found the yield can occur either on the contact area or
below it, depending on the plasttatus of normal loading. A plastic volume was found to evolve
and expand to the sphere surface prior to full sliding inception.

2.) Contact stiffness criterion

Brizmer et al[9] analyzed an elastiglastic contact between a deformable sphere and a

rigid flat under combined normal and tangential loading under the full stick condition, and
proposed a stiffnascriterion to find the initiation of full sliding. They assume that when the
instantaneous tangential stiffness become zero, the surface starts sliding. For convenience, they
treated the sliding inception as when the instantaneous tangential stiffnessebdess than a

small defined function of the initial tangential stiffness. It is given as:



0 (1.3)

where 0 is the instantaneous tangential stiffness, and given by:

'0 o 0
1o 6 6 (1.4)

and'Gs loading step mmber, the 0 is the initial tangential stiffness corresponding to the first

tangential loading step, is the predefined number, and it is set to 0.1.

3.) Maximum friction shear stress criterion
This criterion assumdhatthe slidinginitiatesat the interface. When the computed shear

stresses reach the upper local shear stress limit, local sliding takes place at this point. Once all the
points in the contact area slide, the entire surface starts sliding. There are two methods to set the
upperloch shear stress | imit, the first onH] is usi
i mpl emented the fALocal Coul omb Friction Lawbo
stress equal to the local contact pressure times an assumed local static friction coefficient. Eriten
et al.[11] developed a physidsased friction model for the spherical contact by applyirey
ALocal Coulomb Friction | awo JIfistolsetanagmumact i r
shear strength as the upper local shear stress limit, then the maximum steaestset toY 7Vio

based on von Mises thegmyhere™Y is the yield strength of the soft material in contact.

Based on these criteria, numerous studies are carried out on the presiding static friction by
many researchersdlost commoty the roughness consderedusing a statistical model: This
model incorporates the results of the finite element method and sliding inception of a single
asperity in a statistical representation of the surface roughness. In this kind of model, the surfaces
are assumed to cons a certain number of spherical asperities, whose heights #imreean

level are modeled with a probability function, suchaasexponentialor Gaussian distribution.



Chang, Etsion, and Bogy [2] developed a statistical model, in which the von Mateksnyiierion

is used to calculate the tangential force that causes failure of contacting asperities. They found that
the static friction coefficient is affected by material properties, surface topography and normal
contact load. Kogut et dl4] developed a model that shows the strong effect of the external force
and nominal contact area and found that the main parameters affecting the static friction coefficient
are the plasticity index and the adhesion parameter. Caladr{E3] found the static frictions

strongly affected by normal load, nominabntact area, mechanical properties, and surface
roughness. Cohen et §l4] investigated the effect of surface roughnessherstatic friction of

an elastieplastic pherical contact with a low plasticity index. Li et §ll5 extended the
consideration of the plasticity index to a higher range. It should be noted however that in all of
these papers the asperities were modeled as spheres.

Due to the multiscale nature of rough surfacésere are many other methods to model the
contact of rough surfacesrchard[16] developed the first mukscale contact model between
rough surfaces. The rough surfaces used in Archard's model aribegsts "protuberances on
protuberances". By using a concept of multiple scales of the asperities, the modigremmaaller
spheres layered op larger spheres. Ciavarella et [dl7] solved the contact problem of a 2D
WeierstrassMandelbrot fractal sdiace in contact with a rigid flat using the same stacked asperity
assumption. They modeled the surface deformation using thditaensional elastic sinusoidal
solution given by Westergaafd8]. Jackson and Streatpt9] developed a mtilscale rough
surface contact model which considers smaller asperities located on top of larger asperities. In
addition to their work, Gao and Bowg(] also extended the mukicale stacked contact model
by including plastic deformation for-R sinusidal asperities. Based upon the mode[1f],

Wilson et al.[21] used stacked 3D elasydastic sinusoids to model the multiple scales of



roughnessHowever, a multscale stacked model predicting the static friction between rough

surfaces is still missing.

1.2. Organization

The key research objectives this work areto: 1) investigate the contact and friction
behaviors for a single sinusoidal aspefor both the elastic and elas{tastic case; 2) investigate
static friction for rough surface$his work is focused on the further development of the sinusoidal
based multscale modeling contact technique. Most of the previous modl@sntact beveen
rough surfaceassume a sphere or elliptical shape for the geometry of the asperities on the surfaces.
Hence both single sinusoidal asperitiasd rough surfaces are analyzed.

Chapter 1 gives a general introduction of the background and outlmebjtttives of
this dissertation.

The first section, covered in Chapter 2, 3 and 4, formulates the details of contact and
friction for a single asperity. In l@pter 2, the contact behaviors under full stick contact
considering sinusoidal geometry werealgmed. In this chapter, an elastic contact between a
deformable sinusoidal surface amgid flat is studied. In Gapter 3, a finite element analysis, for
an elastieplastic sinusoidal surface normally loaded by a rigid flat is analyzed, and the effect of
contact conditions and interfacial strength on the contact area and complete contact pressure is
investigated. In Chapter 4, the behavior of an elgdtistic contact between a deformable
sinusoidal surface and a rigid flat under combined normal andrtiabloading is investigated.

In the second section, covered in Chapter 5, 6 and 7, an gdstiic contact and friction
between a rough surface and a rigid flat are investigated. In Chapter 5, the effect of resolution on

the behaviors of contact afrittion. In Chapter 6, the static friction coefficient is studied, and the



FEM results are compared with the existihgoreticalmodels. Three kinds of rougturface
models(generated fractal rough surfacgenerate®Gaussian distribution rough surfacand real
measured rough surfageare used in the FE model. The effects of roughness, normal load and
plasticity on static friction coefficient are investigated. In Chapter 7, the generated and real
measured surface data are usedntaracterizehe rowgh surface. A multscale friction model is
developed to predict the static friction coefficient.

In Chapter 8, all the conclusions of these topics in this dissertation are summarized, and

the future work is recommended.



CHAPTER 2. ELASTIC SINUSOIDAL CONTACT UNDER NORMAL LOADING IN
FULL STICK

2.1. Introduction

The normal contact of linear, isotropic, homogeneous linear elastic bodies is a fundamental
problem in contact mechanics. For this kind of problem, the sotutferg., the contact and
interfacial shear stress) strongly rely on the types of boundary conditions at the interface which
can be generally divided into two categories: normal and tangential ones. This work will consider
a nonadhesive contact case. Thermal boundary condition for the n@udhesive contact is
characterized by the KukRhucker inequality{22]. Different cohesive models might be applied
together with the KuhiTucker inequality to the interface when adhesion is introduced. The three
main commonly used tangential boundary conditions in the analytical and numerisds rae:
1.) Perfect slip condition: Interfacial shear stress is not considered, i.e. there is no frictiog exist
between the two surfaces in contact. 2.) Full stick condition: The interfacial shear stress is
sufficient to prevent any slip between thentact interfaces of the elastic bodies. 3.) Partial slip
condition: The contactraa is divided into two regionshe stick region and the slip region. In the
stick region, the friction at the interface is sufficient to prevent any slip; in the sli;mrelge

relative displacement can tagkace.

The full stick condition is considered in the current work. When contact interfaces are
under the full stick condition, the mating points from both interfaces have zero relative
displacement along their tangedirection. This type of boundary condition occurs in many

situations. Experimental results of a glass lens in torsif#fl24] and sliding contac{25]



confirmed the existence of the stick region before the onset of the global rotation and sliding.
Recently, a delicate experiment done by Sxiefland Fineberf26] showed that the stick and slip
result in presliding can be modeled as the propagation of the interfacial crack. This clearly
indicates that the contact region is under the full stick itandright before being penetrated by

the slip region. Due to the complex nature of the contact problem under the full stick condition,
very little work was done on analytically solving the interfacial states for plane (2D) and spatial
(3D) contact probles.

For the elastic contact under the plane stress/strain condition, several researchers have
focused on the indenter with simple geometries and some of the results are summarized in
Johnson's classic bogR7]. Johnsorj27] gave the interfacial normal and shear stress between the
rigid flat end punch and an elastic hafface under the fufitick condition. The solutions were
solved based on the integral governing equation developed by[@3lirBince all the points on
the flat end come into contact simultaneously, the punch results do not rely on the loading history.
Johnsor{27] also gave a solution for the sliding contact of the cylindrical punch under full stick
assuming that the interaction between the interfacial normal and shear stresses are decoupled.
Adhesive plane antact between a cylinder and a stretched flat of similar materials where the
substrate was stretched was studied by Chen an{PGlaand later they solved the similar contact
problem between dissimilar materigl30]. A similar contact betwen a rigid cylinder and an
elastic haspace was studied by ZhupanfBdl. I n Zhupans kasgaccismame | , t h
stretched. Block and KedB2] applied Galin's formulatiop28] for the nonperiodic contact
problem to the periodic ctact problem based on the periodic Green's function. The sol@2pn
to the rigid periodic flat end punches in contact with an elastiespalfe was given by analytically

solving the coupled integral equations. The Goodman's approxini&®pnvas applied to the



problem where the punch profile is a periodically sinusoidal profile and efos@dsolutions
were obtained for the interfacial normal and shear stresses.

Most works on the analytical modeling of tardimensional fulktick contact belong to
the axisymmetric case. Mossakovgl34, 35 was the first to solve the axisymmetric notma
contact problem under the full stick condition. MossakoVi&8| presented the solutions for an
elastic half space in caatt with a rigid indenter of different shapes: a-#at cylinder, a parabolic
shaped punch and a power law shaped punch. Because the interfacial normal and shear stresses
are dependent on the loading history, Mossako&dj 35] modeled the interfacial state of
stresses incrementally. Goodmgs8] gave an approximate solution of the Hertzian contact
between dissimilar materials under the full stick condition. The interfacial normal stress is found
by Hertzian contact based on Goodman's approximation. God@&3jaadso used the incremental
formulation to solve the interfacial shear stress. A more efficient analysis to the axisymmetric
contact under the fulitick condition was given by Spen&s$]. He found similar interfacial states
of stresses are yielded at each step during the progressive loading and this behavior is usually
referred to as seHimilarity. He pointed out that the solution to the -s#thilar problem can be
obtained diectly without the application of the incremental technique. Solving the governing dual
integral equations by the Wienrklopf technique[37] yields the interfacial normal and shear
stresses. Based on the sahhilarity technique, Borodic[88] solved the Hertzian contact between
two nonlinear elastic anisotropic bodies under the full stick condition. Based on Mossakovskii's
andysis, Borodich and Ked39] considered a contact between a rigid, yxisietric punch and
an isotropic elastic half space under the adhesive (full stick) condition, and found a relation

between the contact stiffness, the contact area and the elastic modulus.

1C



Numerical simulation is an effective approach for investigatingitbation for both elastic
and elastic plastic contact. This method was used to find the stress distribution and displacement
for elastic contact by Conwd¥0]. He considered that an elastic strip was compressed by a punch
with the shapes of cylindrical and circular rollers in the full stick condition. Kosior [tlhalused
a numerical method to analysis the contact problem with friction between two elastic bodies. They
used a domain decomposition method coupled with the boundary element method (BEM) to solve
the contact problem of twolastic bodiesln an additional papdd?2], they solved the same
problem numerically by the finite element method (FEM) considering the contact between both a
deformable spherical indenter and a deformable support. Chen and[¥8hdgveloped a three
dimensional numerical model for the contact of elastic dissimilar materials. A simulation was
performed for a ball againsthalf space contact under normal loading and tangential loading. The
effects of shear tractions on the contact area, the stick zone, pressure and so on were considered.
An incremental algorithm which assumed that the loading history are considered wde used
analyze the coupled elastic contact by Gallego d#4d]. They used this algorithm to solve the
stick-slip contact problem under batiormal and tangential loading.

All the previous workassumed a spherical shaped asperity. Recently, Greerjd/fjcat
the 2015 Leed&yon tribology Symposium suggested that more realesjmerity models similar
to wavy surfaces should be considered. Several researchers have also investigated the elastic
contact between a rigid flat and a sinusoidal or wavy geometry. Sinusoidal contact has been studied
since the works of WestergadrB] and Johnson, Greenwood, Higginson (198%]. The two
dimensional elastic sinusoidal contact was first solved bst®¥vgaard18]. Johnson, Greenwood
and Higginson (JGHJ]46] developed asymptotic solutions for teé&astic contact of a three

dimensional sinusoidal profile. In their work, they presented the average contact pressure that

11



causes complete contagf, It implies that if the average pressure is equal to or greater than the
value off°, then the contact is complete, i.e. there are no gaps remaining between the surfaces.
They also provided a relationship between pressure and contact area fionitimg regimes: at

the early stages of contact and near complete contact. Jackson and §i@gboovided an
empirical equation based on the experimental and numerical data, linking the two regimes.
Recently, a twalimensional symmetric sinusoidal contact model was developed by Saha et al.
[47]. In their work, an empirical expression for the average contact pressure that causes complete
contact was provided. All the literatures introduced above only consider the sinusoidal contact
underthe perfect slip condition.

As canbe seen from the above literature review, most of the existing literature are about
either spherical contact under full stick condition or sinusoidal contact under the perfect slip
condition. Very little work was done so far on the sinusoidal contact timeléull stick condition,
and an analytical solution for complete contact pressure is still missing for elastic contact under
the full stick condition. The main goal of this chapter is to analyze the behavior of sinusoidal
contact under the full stick odition. Therefore, the effects of contact conditions (perfect slip or

full stick) is investigated in the present study for an elastic sinusoidal contact.

2.2. Methodology

2.2.1. Problem Statement

12
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Fig. 2.1.Schematic representation of a hgface withbi-sinusoidal waviness in contact with a
rigid flat surface. Only th&zcrosssection is shown.
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Fig. 2.2. Threedimensional plot of bsinusoidal waviness surface
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Fig. 2.3. Schematic representationdéinusoidal waviness. Points A, B, C, D andrE the
peaks. Points B6, CoO,

A half-space with a bsinusoidal waviness contour is in purely normal contact with a rigid

D6 and EO

flat. The haltspace is homogeneous, isotropic and linear elastic. The periediuisbidal surface

hasthe following expression:

Q YAT @WAT QW

2.2)

where only one period is consideredidto so8 1. oy 1. . The wavelengths are

¢“A and_ ¢“ ¥r . The 3dimensional view and the contour of the surface are showigin F

2.2 and Fig. 2.3, respectively. In order to compare the results with the Equafid€isand[49],

in which the geometry are described as:

N Yp Al @AT QW

a special cage T will be considered in the section 2.3. The only difference is a constant term,

the amplitudeg-. It should be much less than the wavelengthszile._
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large defledbns. The small ratio of amplitude to wavelength was also observed experimentally by
Jacksonj49] andZhang and Jacksdb(Q]. The contacting interface is under the-&tick condition.
Since the interfacial normal and shear stresses depetie loading stad@3, 35|, generally, the
contact problem should be formulated incrementflg, 35]. In some special cases, (e.g.,
spherical contact), sefimilarity can be used to simplify the formulatif@v/]. In order to avoid
the complexity brought by the loatkpemlency, the contacting points are assumed to be achieved
simultaneously, i.eg ofchimt 6 ahufm 1

Tangential loading and adhesion are not considered. Consider the special stage where the
bi-sinusoidal waviness is initially in contact with the rigid flat everywhere. This stage is referred
to as complete contact. Atmplete contact and under full stick, the contact problem belongs to
the second type boundary value problem where the surface displacement compadidhtatin

the boundary are prescribed by:

0 ofvfimt T
6O dhvhm T
0 oot "Qahw (2.3)

2.2.2. Displacements for Plane Contact (2D)
The periodic seminfinite elastic body can be treated as a pktnan problem, and the

stress field can be calculated by using the Airy stress fun&inThe general form is given as:

e 1 B o

o e e (2.42)
e 1 B

L (2.4b)
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T B G

T o T o &

To calculate the strain and displacement

law. The componentsf strain are given by:

ol Jlo

From the strairdisplacement relations

6 o - o AQ

6 it - dHAD

The two traction conditions at the surface Tare each discussed separately.

2.2.2.1. Normal Stress Condition

The body is subject to the periodic normal stress and free of shear stress. The periodic

normal stress imposed on the seénfinite elastic body used ifb2] is
, it ot ®
Tripp et al.[52] provided the Airy Stress function
B o |n—p|¢(‘Q DEN @
Substitute equation (2.6) and (2.8) into (2.4),
0

0 | 4Q Qéli &
o P < I« |

PN

0

0 | aQ ©fli
o P < ¢ |

P2
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(2.4¢)

(2.5a)

(2.5b)

(2.6a)

(2.6b)

(2.7)

(2.8)

(2.9a)

(2.9b)



The components of strain are from thgs. (2.5a) and (2.9h)then substituting:gs.
(2.9a) and (2.9b) intkgs.(2.6a) and (2.6b) respectively, we can calculate the displacement

tangent and normal to thetbndary respectively from:

p

0 dan 0 o

P cu | 40 1 Qe (2.10a)

6 ot N

o | ¢V ¢ welle (2.10b)
Next, leting & T, the interfacial displacement components under kegpstrain

condition at the surface are given as:

I ‘ D p e
O oo m n ) i Qe w (2.11a)

6 afd m —,g&)éﬂ & (2.115)
2.2.2.2 Shear Stress Condition
On the contrary, the body is subject to tleei@dic shear stress and free of normal stress.

Similarly, Tripp et al[52] provided the stress distribution for a stress applying at the interference:

T odm Aoéli o (2.12)
and the Airy stress function:

o n 0Q I Qtw
| (2.13)

Substituting Eq. (2.6) and (2.13) into Eq. (2.4), the components of strain are obtained:

0
0O

T N ¢ QU | ¢Q i Qtw (2.144a)

f np.o G | @Q I Qtw (2.14b)

Substituting Eq. (2.14) into Eq. (2.5), the components of displacement are obtained:

17



- . P

6 ¢t N ——g5 ¢ cv | 4 p QEli® (2.15a)
L , PO o r e
0 o "o la ¢ pQ | Qw (2.15h)

Lettinga T, the interfacial displacement components under the plane strain condition are given

as.

I . Gp U v
0 oo m nTp weéli w (2.16a)

., P U p cO .
0 oo T n o] i Qe w (2.16b)

The sign of the normal stress follows the convention common in contact mechanics, i.e.,

compressive stress is positive and tensile stress is negative.

2.2.3. Displacements for SpatiaContact (3D)

Similarly, we calculate the displacement componentgi®normal stress and shear
stress conditiojrespectively.
2.2.3.1. Normal Stress Condition

The elastic displacements due to ssiniusoidal dstribution of surface pressure) , is
used instead af , because the amplitude of caat pressure might be differefithe pressure is
given as:

n ., ot 1 AT |O0ATIO® (2.17)

The normal elastic displacements of the surface for Eq. (2.17) is given by JpAéison

P AT IOGAT 106

0 ofw Nl —
N —7"o (2.18)

EqQ. (2.17) can be extended to three different cases:

18



Ao, ot R oéll o Qe
Ao, ot A i QEGDET @

n ., aimw n i Qéd Qeawd

Since the amplitudes may be differeit,, 1 andny was used here.

(2.19a)
(2.19b)

(2.19¢)

Following the method ifi52], the displacements caused by the pressure in equations

(2.19a) to (2.19c) are obtained:

From Eq. (2.19a)

. b o
o ot P _F,)O O Der i 0td QG
. b o )
o ot P _F,)O O DEr o D i QEG
0 ww qn Al |OwOEIl w

From Eq. (2.19b)

-, . P U P ¢
n

6 ot — HEf p GEN 6 Qe D
. 5 5
o oo n P _F,’O D i QEd QR G
o R
0 ww cn 0 IE wAlT0w
From Eg. (2.19¢)
. 0 o . )
6 ot P _‘,)Oc OEf | "QEADEN @
. b b )
o ot Ho _‘,’O SO g HEl i Qe
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(2.20a)

(2.20b)

(2.20c)

(2.21a)

(2.21b)

(2.21c)

(2.22a)

(2.22Db)



— OEBTwOET w
-0 ' = (2.22c)

6 oy cn
2.3.2.2 Shear Stress Condition
For the shear stress on the surface or the traction distributionsxditieetion, the

corresponding Airy potential function and displacement components were foumgbpyedal.

[52]:

T oo T Q&) abéli o (2.23)
and
0 Y g ¢ T e Y N g 2
%o G — Q wéli wifi ® (2.24)
and
6 — k5 cug b
T "Oc ¢ ‘ (2.25a)
6 . coB 4B
I 0° - (2.25b)
6 — p cbB ds
 oP & - (2.25¢)

Substituting Eqg. (2.24) into Eq. (2.25), the displacement components are obtained:

pp | L e
0 ——— 0 — — 1 aQ T wéli awéli w
¢o- ¢ P C . | ! (2.26a)
6 Pl —@ t iara atoe
co- © : (2.26b)
Plo o —d t Oilid Q6
co- P S : (2.26¢)

Foll owing Tripp6s fheextendedtd:i on , Eq. (2. 23)

20

an



T oftim T Q& ¢ Qe (2.27a)
t ot T 0 QEORET ® (2.27b)
Tt oftdim T 1 Q¢cdd Qe (2.27¢)

and the corresponding Airy steefunction:

%0 Gt C_— Q wéli i Qe w (2.28a)
%0 o — QO 1 Qeowell w (2.28b)
%0 G — Q 1 Qed Qew (2.28¢)

The displacement components for the 3 cases given by the distributlegq2127) are

derived:
, pp N L
0 —_—= 0 — — ] aQ T wéli ad Qew
co- ¢ vz Zlh¢ b (2.29a)
Pl @ t i arabén o
co- ¢ : (2.29b)
Plpo o —d t iqtabel o
co- P ¢ : (2.29¢)
, pp N L e
0 —_—= 0 — — ] aQ T iMQ8 wE if w
co- ¢ vz Zlh¢ 8 ! (2.30a)
6 2Ll — t Giid s
co- © : (2.30b)
Plo o —d t BEl wbén o
co- P ¢ : (2.30¢)
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, pp | L
0 —= 0 — — ] adQ T i Qtd Qew
GO ¢ 0z . ? ¢ (2.31a)
6 2l —w ot ird Qo
co- ¢ : (2.31b)
6 2L @ t béider @
co- P S : (2.31c)

Likewise, the displacement components are given by the tracttbe sdirface stress
distributionst Q& woéfi @T Q& woéli @t wéli aoéfi «and

T wéli awéfi « This displacement componemtethenderived as:

plr T . L s s s
o ¢ | aQ T i Qtdd Qe (2.32a)
, pp ‘ L e
o} —_—= 0 — — ] aQ T weéli awéli w
U I | 1 (2320)
Ply - t Geid Qo
co- P ¢ : (2.32¢)
Py | ga t i Qeabén o
co- S : (2.33a)
6 PPl Lige t Geiaao
¢O- - T (2.33b)
6 Pl o o 0 t Geli cbén @
co- P ¢ : (2.33¢)
6 2Ll a0t Gendaio
co- © : (2.34a)
, pp T L
0 —=— v — — 1 aQ T I Qtaweéli w
co- ¢ vz ¢ Q T (2.34b)
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——p o - t iQd Qo

(O ' (2.34c)
6 Pl a0 t Genaben @
co- © : (2.34a)
, pp 1 L
o} —=— 0 — — 1 adQ 1T i Q¢td Qtw
co- ¢ vz Zlh¢ Qedl (2.34b)
Pl o w0 t i aEabén e
co- P v (2.34c)

2.3. Results and Discussion
2.3.1. Interfacial State of Stress
Generally, the unknown contact pressutesfto , and the interfacial shear stresses,
n aw, and oo, can beexpressed by the Fourier series with an infinite number of terms.
Since the normal displacemeat, ofufit , only contains a single sinusoidal term, a simplified
form of the boundary stresses may be written as:
Rofd N wéli GOET @ N wéli of Ttw
M i QEonélil @ /| Qo Qe (2.35a)
B al t AT|O0ATIO0 t AT |On Gt
T i QEooéli @ T 1 QEwl QEO (2.35b)
nau t AT|IOwAT10w t AT|0d "Qtw
T i QEodéfi o T i Qo Qtw (2.35c)
where the normal stress constaits, ) ,n ,n and shear stress constahts , T ,T ,

t ,t ,t ,t ,t , are initially unknown. Note that the meanluamofy ahw and

i i over each period are zero. The average valup 6fw is ffand is the minimum of the
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value which can exclude all the negative valuey infto . The addition ofj[would be achieved
by the applicatiomf a sufficient normal load.

Similarly to the calculation of displacement components on the sinusoidal surface of the
plane contact in Appendix A, the elementary solutions of the interfacial displacement components
due to different bsinusoidal/cosinusdal stress boundaries are listed in subsection 2.2.3. The
resultant interfacial displacement componeats,afvdrt , 6 ofudt, andé  afutit , due to the
stress boundaries in Eq. (2.3) are the superposition of the corresponding elementary solutions.
Substituting the interfacial displacement components into the boundary conditions fdeteom
contact under full stick (see Eq. (2.3)) and combining the sarsi@dmsidal/cosinusoidal terms,
then the above boundary conditions can be decomposed into 12 linear equations. After solving this

linear system, only three out thfe twelveunknowns g norzera

. ¢YO—-p 0
d d P L W pO v (2.36a)
+ . YOl p ¢

" 5 0w po v (2.36b)
; . YO1 p ¢

d P LW poO v (2.36¢)

wheres | 1

Note the complete contact presswwedgached when the average contact pressure is equal
to 1) in the full stick condition. lts now denoted)” , Eg. (2.36a) becomes for T
([

, e FQp U
P U W po v (2.37)

In contrast, theamplete contact pressure for a special caset  ¢“ ¥_ inthe

perfect slip condition is given by Johnson e{4f]:
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n’ O YA (2.38)

whereO —
6 T T T T T T T T T
55 ——Eq. (2.37), Under the full stick condition . |
' =+ Eq. (2.38), Under the perfecr slip condition - y
— i
<]
=
‘o

35 1 1 1 1 1 1 1 1 1
0 0.05 0.1 015 0.2 025 03 035 04 045 05

1%

Fig. 2.4.Dimensionless complete contact pressure in full stick and prefect slip condition

Since both Egs. (2.37) and (2.38) hav@Ya(term, the complete contact pressimeghe
perfectslip conditionf)” , and inthefull stick condition, ;"  are normalized usin@Y"Q Then
the normalized compl ete contact preslscartbe i s p
seen from Fig. 24. thats t he Poissonds ratio incratases,
pressure also increases in both stick and slip. The complete contact pressure is also much lower in
stick than itis in slip. This is because the addition of traction in the stick case increases the overall
stress in the contact and therefore lowess fghessure needed to cause strain to compress the
surface. The difference betwettretwo curves decreases’afcreases, and they converge to the

same value dt 1@®. This is because the influence of tangential traction on the normal pressure
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is small for high values of Poissonds rati o,
are low enough tmake the complete contact pressure in stick and in slip similar. This observation
was also found for the rigid flat [@Q.kathe i nden
compressible material ( ™), the complete contact pressures in stick are lower than their
corresponding value in slip; For the incompressible material {®), the completecontact

pressure in stick is exactly equal to the value in slip.

Dividing Eq. (2.37) by Eg. (2.38), then the ratio is given by the following function: of

N Tp U
\Z

n w po U (2.39)

0.95 7

0.85r §

08 l 1 1 1 1 1 1 1 1
0 0.05 041 015 0.2 025 03 035 04 045 05

1/

Fig. 2.5.The ratioof complete contact pressure in full stick over perfect slip

Fig. 2.5. presents the ratio of the complete contact pressure in full stick over that in
perfect slip. The ratio was found to be independent of the geometry and material properties

exceptfoPoi ssonds rat o7 Fr ofmhdbg . 1t ahd g 9 7Y p
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when’ ™. Therefore the ratio increases as Poissor

tangential traction does not affect the ratideq. (2.39s0 much atthe i gh val ues of
ratio.
Consequently, the final forms of the contact pressure and the interfacial shear stresses

under the full stick condition are:

nau n° AT|O0ATIO0 nr (2.40a)
n AU i QEATIOn (2.40b)
n a0 N oéli BT (2.40c)

Note that the complete contact is initially reached wiienn’

2.3.2. General State of Stresses at Complete Contact

In order to determine the state of stresddle halfspace under the action of the boundary
stresses, Eq. (2.37) can be decomposed into threstatels for each surface tractigriail ,
R @U andfi @U individually. Then they can be superposed to find the complete solution. First,
we will neglect the finali[in Eq. (2.40a). Tripp et dl52] provided the state of stresses of the-half
space due to the application of a-coisinusoidal normal stress distributiof) @)

z

n° AT |OwA T 1Owon the boundary of a hadpace:

A o

" g — — ¢TI~ Q Al|O0ATTOW
! - = | T (2.41a)
v L o 0 ATI0GATI0G

" - - (2.41b)
., 0 p —dQ AT|OwATIOw (2.41¢)
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t o o o wo oBTeoET®

- (2.41d)
T/ ruQ AT 1000 ET @ (2.41e)
T UQ AT 00O ET o (2.41f)

In addition, Tripp et al[52] also gave the closeidrm solution of the state of stress of the
half-space due to the action of a-dusinusoidal shear stress distributiaip, @
R° OE1 ®A 110w on the boundary. Thisobindary problem is solved by a known potential

function. Following the same methodology, the state of stresses due to the boundary stress

R Al Ni QtwAlOmare

; Nl 7-¢ ¢t 71— | 7- 1 ¢ Q AD wAl0w (2.42a)
v L ¢tI - Q AT|O0ATOw

" L (2.42b)
; Nl @ AT |O00AT 100 (2.42c)

, ¢cO | U f et s s

TT-p — — Q OBTwOEI®
P S — T 0Ol (2.42d)

t wiloe AijoeoEle

B (2.42¢)
T Ap | a-Q OBI®AITION (2.42f)

Similarly, a boundary stress distributiopn, @J  1i°i Q& GA T 1Owill result in the

following state of stress:

T a e
" 1T7-¢— — Q AT|O0ATTO®
T “C - | ! (2.43a)
» MIT-¢ ¢t 7= 171 ¢Q Ail|O0ATION (2.43b)
., T Q AT |0O0ATI0Ow (2.43c)
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. ¢cO 1 U,
T T— — — Q OHBHIwOEI w
Nl T- p — = | = (2.43¢)
T Ap 1T @-Q ATIO0OET® (2.43¢)
t 7 00 0B wkiton
B (2.43f)

Then the state of stress due to the mutual action of the boundary tragtidns,

A ow, andy ofw in Eq. (2.40), are the superpositiontioé contributions listed above:

2 | e L2 f ,
n — — i Nl 7=c ¢t - |- 1 a
AT I- ¢ L |—¢( Q Al |O0AT 10w
- - (2.443)
.z f (. 2 ] I a |
. n — — GFIT- Nl — — ¢f =
e p - p - Y Q AT |O0AT 10C
nf ¢ ¢t f I a |IOWA | TOW (2.44b)
. 0P =@ AT AT aQ ATIOWATIOM (2.44c)
. | T . ] cp | U
f o PO Nz —
U A
r'f'— p LI Q OBTwOET®
— — B (2.44d)
P o0 e e = 0 ATOGOET 6
- -~ (2.44¢)
oo o0 e a7 Yoo 0B10Ai106
i K (2.44f1)

After algebraic manipulation by instituting §f , Eq. (2.44) yields the following simplified

forms of the state of stress:
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0 | & = o Aj 100A 11060
) Py pdg v (2.45a)

20 T S = 4 Aj 100A T 1060
? p W pd v (2.45b)

30 -4 cu - gy 10GA T 100
) p W pd v (2.45¢)

p 3OIT 8a @ -y wei 0BT o
o W p& U (2.450)

; 30 —ap ¢
5

TR —Q ATI00OET & (2.450)
30 —ap cf

T ;
p

% p & U Q OHIwAITOW (2.45f)

In addition to tle sinusoidal stresses, there is an average uniform pressure given in the

last term in Eq. (2.40). Due to this uniformpressufg 1° , and by empl oying

the stress on the half space is derived by:

. T
. n N (2.46a)
2 T
S (2.46b)
S (2.46c)

Note that the sign of the stresses in EqQ. (2.46) follows the convention in contact mechanics,
i.e. compressive stress is positive and tensile stress isveedadirrying out the superposition, the

stress field can be recombined from the Egs. (2.45) and (2.46) with the following results:

30 N w2
” ; " -Q Al|IOwAlOw ¢t
p gt pd¢ v | & | T 6 (2.47a)
>0 [ ¢ -0 AT|OwATIO6 ct

30



, 5 W pE U - ¢— cL-Q Al OWAITOW ¢ c¢f (2.47¢)

30| 1 a

T ETIY —Q OBTWOET G (2.47d)
30 —dp ¢t o .

t AT —0Q AT|000ET 6 (2.47¢)
30 —ap C¢F ko,

T T pE o Q OBTwATTO0 (2,470

2.3.3. The Maximum von Mies Stress

When considering the initiation of the plastic deformation, the von Mises (or distortion

energy) criteria is considered to be a very effective method. It is given by:

(2.48)

By substituting, ,, ,, ,T ,T ,andt from Eq. (2.47) intceq. (2.48)Since for the

current case, wavelengthsthre x andy directiors are equall( T ), the equation becomes

3 0- O 41t cQ AlOGATIO06G Tt <
) P W pd v g
?—qQ i Q¢ a Q¢ w

o) - .
——ap ¢t Q Qi W VE @ 0 adEl ®
C (2.49)

In order to find the location of the maximum von Mises stress ixythkane, the maximum

of Eq. (2.49) will occur at the inflection point or where the gradient is nil. Therefore, carrying out

the second aler derivation, and letting— T, the location of the peak points, i.erdt ,
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mh_, _ht, _h ,and¢h).of, are determined. Substituting the 5 points results in the same

equation:

0~ ° a 1t Q f
) 5 T W p¢ v o ¢ < G (2.50)

The differential of Eq. (2.50) is then

2 >0~ a2
Q¢ p " @ pd v ¢ ° q (2.51)

The maximum von Mises stress is obtained by solving for the dvcatvhere
Q, FTQd& 1 Hence, we can find the valueaivhere the von Mises reaches the maximum

value. ltis:

o (2.52)
sinces Wg , & —

The locationd is dependent only on the geometry parametevavelength,_, and the

mat eri al par ameatMestof ReHoissents raios of typecal engineering materials

are in the range af & T1@®. Considering this rangegt 1, whenmt & -and @ Tt
when- & T1@®. By definition,& should be always greater than zero, and therefore we need to

discuss these two cases: When 4 -, there is no solution for the Eq. (2.52) ath H> .
Considering that Eq. (2.51) is a decreasing function, whenT, it should be sett@ 1t This

physically means that the maximum stress is on the surface. When 1@, a isat th H

and then found to bex —= = The values ofx —= _and @ Tare then substituted

back into Eq. (50) to find the maximum value of the von Mises stress:
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e s Px Wi p ¢t 3
wM&s —h " - -0
) P T w pg v_
e s p. oic* 'Q T WL tUgs,
oMy —h y - -0
W7 p f W p¢ v _ (2.53)

In contrast, lte corrected maximum von Mises stress expressiahéatip condition in[48] is

given as:

p GU
b U (2.54)

— O
» N¢“'03'Q-Q !
C
The dimensionless maximum von Mises stress is plotted in Fig. 2.6. It is shown that the
ratio will decrease as the Poisson's ratio increases for both in stick and slip. The maximum von

Mises stress under the full stick condition is lower than or equal to the corresponding value in slip.

From the previous discussion, the maximum von Mises stress caneitbeuron the surfaceq (

= 0), or somewhere under the surface, — = depending on the value of Poisson's ratio.

This is similar to that found in cylindrical contact. The transition is at-, while the transition

found in[53] was at T w gfgr the cylindrical contact.
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Fig.26.Di mensi onl ess maxi mum von Mises stress

2.3.4. Critical Value of Amplitude

The value of, is valid in the elastic deformation range, and is used to calculate th
critical amplitude during complete contact denoted-gsdefined by Jackson et d48]. The
definition of the critical amplitude is: whan  the sinusoidal contact will deform purely
elastically for all loads, even until the sinusoidal surface geometry has completely flattened out.
However, whemw «, plastic deformation may occur before complete contact is reached. By
settingthe von Mises stress equal to the yield strengthy, and solving foiY, the critical
amplitude during complete contast , is given ag54):

o P F W pg v

oM L _ 3
Y g p ¢t O (2.55)
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In addition the critical amplitude during complete contact for the perfect slip given in
[48] is incorrect and the corrected equation is givejb8ls
MCY?

. P Co
oo T ¢ 5 (2.56)

=——=Eqg. (2.55), Under the full stick condition
«+== Eq. (2.56), Under the perfect slip condition
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Fig. 2.7. Dimensionless critical amplit

The critical value of amplitude; , for the perfect slip and full stick conditioaseplotted
in Fig. 2.7. It is noted that the value of the critical amplitudesutitke full stick is greater than the
one in the perfect slip condition. This is because the tangential stresses in the contact interface
under the full stick condition are nonexistent in the perfect slip condition. The additional tangential
stresses reduin higher von Mises stresses in the material below ashprii.e. full stick) surface

compared to the slip case.

35



2.4. Conclusion

An analytical, closedorm solution was provided to make predictions of the average
pressure required to obtain completateat between elastic wavy or sinusoidal surfaces in full
stick. The value of the complete contact pressure in stick is lower than the value in slip. The ratio
of the average complete contact pressure between perfect slip and full stick conditionslgre most
affected by Poisson's ratio.

This work also determines the location of the maximum von Mises stress in sinusoidal
contact based upon the distortion energy theory as well. Similar to the cylindrical contact, the

maximum von Mises stress occurs on thes atisymmetry, and it can occur either on the surface

or under the surface, depending on Poisson's ratiat For -, the maximum von Mises stress

occurs on the surface; fer '’ T®, the maximum von Mises stress occurs beneath the surface.

A critical amplitude of the sinusoidal surface is also derived. When the amplitude of the
sinusoidal surface is less than the critical value, the deformation is always in the elastic range up
to the initiation of complete contact; when the amplitude is greaser tie critical value, the
deformation will be able to enter the elagtiastic range prior to complete contact. The critical

value of amplitude is higher in stick than in slip.
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CHAPTER 3. ELASTIC -PLASTIC SINUSOIDAL CONTACT UNDER NORMAL
LOADI NG IN FULL STICK

3.1. Introduction

The behavior of an elastflastic contact between a deformable single asperity and a rigid
flat under normal loading in full stick have been investigated by many researchers. As we discussed
in Chapter 2, the three nmacommonly used tangential boundary conditions are perfect slip, full
stick and partial slip condition. The slip condition assumes that there is no friction on the surface
in the contact area. Since this idemlsumption of perfect slip mayot be realistc, several
researchers have considered the full stick condition, in which the surfaces and the flat are bonded
together and there is no relative displacement. Brizmer giGlanalyzed the effect of contact
conditions and material properties on the yield inception of a ispheontact. They found that
thenormalizedyield inception is independent of the geometric parameters and material properties
except for Poissonds ratio. The yield incepti
for brittle materials, whiletioccurs at the single point on the axis of symmetry for ductile materials.
For the ductile materials, the critical interference, critical load and yield inception depth in full
stick are lower than the corresponding values in slip with lower values sfPoin 6s r at i o.
unloading process of an ela$fitastic spherical contact undtre stick contact condition was
analyzed for various material properties usihg FE method by Zait et a[57]. There is no
difference was between the two contact conditions for the interference load behavior, however a

substantial difference wa®ticed for the area load curves.
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The asperities of rough surfaces are typically described by spherical or parabolic
geometries in most rough surface contact models. However, the geometry of actual asperities is
much different than this, especially at these of the asperity. This is especially important when
an asperity is under a heavy load. Therefore, wavy or sinusoidal surface models are important for
the consideration of rough surface contatte elastigplastic contact problem between sinusoidal
suifaces has been investigated by many researchers. Gaf26} aked the finite element method
(FEM) to investigated the twdimensional elastic plastic solid body with a sinusoidal surface.
Krithivasan and Jacksdm8] provided empirical equations for the contact area as a function of
contact pressure considering elagtiastic contact. Later, Jackson et{dB] confirmed their work
in [58] by using an analytical solution, and provided an expression for the critical interference
during complete contact. Rostami et [@9] provided a model to pdict the average surface
separation between a sinusoidal surface and a rigid flat as well as the contact stiffness. Some fast
Fourier transforms (FFT) based modgl®, 49 were presented using the relationships from
sinusoidal asperity contact. These models can be used to predict electrical and thermal contact
resistanc¢21, 60, 61].

It can be seen from the above introduction, very little work was done on trsisialu
contact in the full stick condition. The main goal of this chapter is to find the difference in
behaviors of sinusoidal contact between the perfect slip and the full stick condition. We analyze
the elastieplastic contact under the full stick condit with different material properties, and to

compare the results with the results of an existing-saralytical model of perfect sli@g].

3.2 Modeling Approach

3.2.1 Theoretical Model
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The schematic of the deformable sinusoidal surface with a rigid plat under normal loading
is shown in Fig. 3. In Fig. 3.13is the amplitude of the sinusoidal surfades the wavelength

of the sinusoidal surface contact, dQds the substrate depth for the sinusoidal surfaces.

Rigid flat Normal load

hs
Z
X Al
y
Fig. 3.1.The schematic of the deformable sinusoidal surface with aftegidnder normal

loading
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Threedimensional

X/

Fig. 3.2.The sinusoidal surface geometry considered ir-thmodel

elastiplastic contact between sinusoidal
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surfaces has been

investigated by Krithivasan and Jack$68] and Jackson et §62]. The geometry is given by:

r

.
W, ,

N wp 0

— WE

,C“ d)
i_

(3.1)

where'Qis the height of the sinusoidal surfages the amplitude of the sinusoidal sugaand_
is the wavelength of the sinusoidal surface, and the contour of the sinusoidal surface is shown in
Fig. 3.2.

Johnson et a[46] provided two asymptotic solutions to the elastic cantée sinusoidal

shaped surface
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Jackson and Streatft9] developed an empirical equation linking Egs. (3.2) and (3.3)
basedn the experimental data provided by Johnson §44l.
O I D 0 0 - 0 -
T P n n (3.4)

@i NF @D 6 & (3.5)
The critical values for sinusoidal contact under normal load in the perfect slip condition are

given by[58]:

oY p
I Tom s (3.6)
P P 0.
¢ 3QCxe ¢ (3.7)
| ¢ O
' “ B QCe (3.8)
where the constairit is related to the Poisson's ratio by:
0 p& WRWIEK ¢’ (3.9)

and] is the critical interferencéQis the critical force, and is the critical area under the
perfect slip conditionNote that the above equations aredobsn spherical contact, but atied to

a sinusoidal shaped surface. In these equatithrescritical values for the sinusoidal contact are
based on spherical contact. The effect of contact conditions and material properties on the
termination of elasticity in spherical contact was investigated by Brizmer[&6hl.They found

that the ratiosfoeritical interference and load in the full stick condition over that in the perfect slip
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condition are independent of materi al propert

between the critical values for spherical contact with ductile nadgein full stick and slip
conditions is given b}56]

1

: oWE x@O  TBIL YO (3.10)
5 Wo pBo My (3.11)
where ] and O are the critical interfence and force under the full stick condition

respectively.

Since the sinusoidal contact in the initial contact is similar to the spherical contact, Egs.
(3.10) and (3.11) can be used to calculate the critical vafugausoidal contact in the full stick
By substituting Eg. (3.6) and (3.7) into Eq. (3.10) and (3.11), the expressions for the critical

interference and force under the full stick condition are obtained:

o T8t oY P
1 ¢ X v llJCP@2 > (3.12)
0 Wy pdho mrypes L Oy
¢ 3QCe ¢ (3.13)

Ghaednia et a[55] present an empirical equation for the average pressure that causes complete

contact for the elastiplastic caseThe equation is giveas:

T8O W C

hz

X Z

(3.14)
wherew is the analytically derived critical amplitud&hen the amplitude is less than this value,
the sinusalal surface deforms elasticalliYhen he amplitude is greater than this value, it deforms

plastically w is given by:
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o 7 p <
an o ¢ (3.15)
And6 i s a function of Poissonés ratio, and give
6 minmpdh@Prw T8rL ey (3.16)

Note that whes 3, 1)’ n°. Eq. (3.3) results is the same overall prediction as give@dh
Ghaednia et a[55] also provide an correct version of critical ratio of amplitude to wavelength,
0 , which was original presented[i#48].
'
‘ eeoQ 7 ¢ &5 (3.17)

If the ratio of amplitude to wavelengthf sinusoidal surface, is less tha , it will deform
elastically. Likewise, whefis greater thad , the surfaces deforms elastiasticly.
Using Eqg. 3.6, an equation to the finite element results to predict contact area as a function of

average contact pressyfs)

. nt . nf
0 0 p ) Z 0 N7
f N (3.18)
Where
0 onf’
(0] ¢ — Ty —

C T0Y™ (3.19)

. 8

A © ——

¥ Y_ (3.20)

However, for many applications it is also important to be able tigirédhne separation.

Asymptotic solution®f the surface separatidor elastic contacivas given by 46|
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An equation was fitte at the total rangley Rostami and Jacksof59|

) nr 7
o 3 =~
PR (3.29)

Rostami and Jacks¢b9] also provides an equationthie surface separatidor elastieplastic

contact
‘ 7
0 = p ‘fjl_
n (3.24)
Whered and0 are given by:
0 mat Y 16706 (3.2%)
7 p

[3) ﬂ ” {14 8 "
o) 5 UoIFo P T8 o (3.20)

Note that The Egs. (3.2) (3.9) and Egs. (34) - (3.26) are all for the perfect slip condition.

3.2.2 Finite Element Model
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The rigid flat can displace
in the Z direction

XZ surfaces are
constrained in the Y
direction

YZ surfaces are
constrained in the X
direction

Bottom surface is /

constrained in all directions

Fig. 3.3.The element plot and boungaconditions useébr the FEmodelunder normal loading

A threedimensional model was developed in commercial ANSY%7.0 Since the

sinusoidal surface is symmetric, it is sufficient to consider only a quarter section of the whole

problem.The twentynode brick element (solid 186) is used to mesh the solid body. Conta 174

and Targe 170 elements are used to form the contact pair. A single element Targe 170 was used to

model the rigid surface, and a pilot node, which governs the motion of rigid flatreated to

associate with the rigid target surface. The sinusoidal surface consiséagp of @ Tarray of

elements. The uniform mesh on the rigid surface is used to predict the ratio of real contact area. In

all, there are 5800 elements in the model. Trewrde method was employeddinulatethe contact
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problem.The force was applied on the pilot node in #direction, by determining the contact
force of each element in each substep. The normalized contact area, which is the ratio of the real
contact areaver apparent area, was obtained by the ratio of the number of the element in contact
to the total number. In order to compare the results in this pap#reavorks, the current analysis

uses the same geometry used in Johnson [@iGhland Krithivasan and Jacks{sg].

3.2.3 Verification of Model Accuracy
In order to verify the accuracy of the FE model, compasswvere performed for both

elastic and elastiplastic contact considering the contact area.

1 T T T T T T T T o 2
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=< : xo % P
2 o] .- -7
04+ » /,,' - - Eqg. (3.2) .
o % e «=e= Eq. (3.3)
ox LT Egs. (3.4, 3.5)
021 o~ © FEM Data i
?;99’ X JGH Data
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Fig. 3.4.Comparison of the elastic FEM contact area results with JGH data and JS equation

For the elastic case, the comparison is achieved by comparingeMedsults with the

Johnson et al. da{d6] and the Jackson et al. {it9]. For this case, the material properties of a
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typical steel are use@@ ¢ WO énd  T® and the geometrical ratesf_ T8t care used

in the FE model. As shen in Fig. 3.4, the FEM results and the equations have the same trend.
Although the FEM data differ from the empirical equation slightly, they are in overall good
agreement. An average error of only 5% was found between the FEM data and the empirical Egs.
(3.4) and (3.5), but it appears that the FEE8UIts are closer to the JGHitd. Note that the variation

may change withB-7_.

09- o o -
0.8 N
0.7 - .

06~ g

—Eq. (3.15)
¢ ¢ FEM Data

0.1 y

O | 1 | 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

p/P,

Fig. 3.5.Comparison of the elastjglastic FEM contact area results with KJ equation

For the elastiplastic contact, the results are compared to the empirical equation provided
by Krithivasan and Jackson (KJ). The material of the sinusoidi@cguis assumed to be bilinear
isotropic solid body. The material used is as followisigistic modulusO ¢ T D0 (the
Poi ss ond g, tha yidldstrengtiY p'O0 énd the tangential moduld®, ¢ PO,
which has an effect on thesults. The geometng described by theatio of the amplitude to

wavelengthand assignedsf_ 1@t ¢ Again, this comparison considers the real contact area. As
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shown, the FEM data and the empirical equation hheesame trend, and the average error

betveen them is less than 4%.

3.3. Results and Discussion

3.3.1. Real Contact Area nder The Full Stick Condition

Table 3.1.0verview of the parameter ranges used for the FE simulation for normal loading

Parameter Name Symbol Range
Elastic Modulus E P L TTTL TOU @
Poi ssonds ’ T T 18 UL
Yield Strength Y ™ T ¢& V00 O©
Geometric Ratio 3 _ T8 1T p T8I L

In order to investigate the behaviors of elaptastic sinusoidal contact under the full stick
condition, a parametric analysis of carttarea thais similar to the work if58] is conducted. The
material properties and geometric paranssdes varied, and the overall ranges for each parameter
are listin therable 3.1. For convenience, a benchmark case was set to analyze the contact problem.
The material properties used for the benchmark cas@ are @0 ¢ T1&®,"Y p'O0 gand
0 1700 ®The dimensionless geometric rati_ is set to 0.02. Whermonductingthe
simulations, only the parameteeinganalyzel and is variedall other parameterare fixedto the
benchmark values.

First, a range of elastic moduli are considered in the model (see Fig. 3.6). The elastic

modulus,O, was varied fronp 10 do T v TT0.AThe average contact pressuiEresulting
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from the elastiglastic modeis normalized using®(elastic cae). Then the normalized contact

areal T_ versus\if” for different elastic modulus values is plotted in Fig. 3.6.

1 | | - o . -
0.8 -
0.6 /o -
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04r & % -v—E=200GPa| -
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02+ WA -a—E=350GPa| |
¥ E=400GPa
fif ~—E=450GPa

0 i I I I 1 I I
0 0.05 0.1 0.15 0.2 0.25 0.3

p/p’

Fig. 3.6.Contact area ratid,7_ versusifi” for different values of elastic modulus

Eq. 2.37 is used to nornizd f[by r°. It can be seen from Fig. 3.6, under the same
dimensionless contact pressurgff’, as the elastic modulus increases, the contact !afea,
increass, (i.e. the contact becomes more complete). For each case, when thizedromntact
area ratio is equal to 1 (the contact is complel@))” is less than one. Thus, for the elagtiastic
cases, complete contact occurs much earlier than when it occurs in elastic contact. This behavior

is very similar to theinusoidl contact undetheslip condition[5§].
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Fig. 3.7.Contact area ratid,7_ versus\)fif’f or di fferent values of

Similarly, the normalized contaarea! ¥_ versusnfn° f or di fferent Poi ¢
values is plotted in Fig. 3.7. As can be seen from Fig. 3.7, a very little difference between each
case is founded. Under the same dimensionless contact preggife,as the Poisséns r at i o

increases, the contact aréd,_ , increases (and the contact becomes more complete).
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Fig. 3.8.Contact area ratid,f_ versus\fif|” for different values of yield strength

Then the normalized contact ated_ versusffy” for different yield strength valuese
plotted in Fig. 3.8. It can be seen from Fig. 3.8, under the same dimensionless contact pressure,
nim°, as the yield strength increases, the contact bifea, decreases (i.e. the contactbmes
less comfete). This agrees with our intiah, since increasing the strength will lower the amount

of yielding and cause the contact to be more elastic.
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Fig. 3.9.Contact area ratid,7_ versus\ff” for different values of7_.

Finally, the normalized contact aréd_ versusnffy” for different values ofthe

dimensionless geometric parametef,_, are plotted in Fig. 3.9. It can be seen from Fig. 3.9,

under the same dimensionless contact pressjifigt,, as tle geometric ratio increases, the contact

area,! T_ , increases, (i.e. the contact becomes more conmplétshould be mentioned thtite

contact behavior in fulltek is very similar to the onenderthe perfect slip condition. Therefore,

this workin affect also confirms the model for the perfect slip condition.

3.3.2. The Effects of Contact Conditions and Parameters on Complete Contact Pressure

In this subsection, the average contact pressureregba cause complete contast i

examined. The arage pressur@, , that causes complete contact is extracted from the finite

element model data for each case. This value corresponds to the average pressure when the area

52



ratio,! 7_ reaches one. When the complete contact occurs, there is no space betwiggsh th

flat and the sinusoidal surface. Thus, the average pressure to cause complete under the full stick
condition can be foundn order to compare the complete contact pressure betweentbhetidr

stick condition and perfect slip condition, FEM dagathe ful stick condition and Eq. (3.34or

the contact model under the perfect slip are plotted in Figs-3.13.

1 T T T T T T T T

09k —o—FEM data for the full stick condition i
) —Contact model for perfect slip condition
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E [GPa]

Fig. 3.10.The dimensionless complete contact pressure versus elastic modulus under different
contact conditions.
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Fig. 3.12.The dimensionless complete contact pressure versus yield strength under different

contact conditions.

54



0.8r 7
—o—FEM data for the full stick condition

— Contact model for perfect slip condition

0.2

0
0 0.005 001 0015 0.02 0025 003 0.035 0.04 0.045 0.05

AYD)

Fig. 3.13.The dimensionless completentact pressure versus the ratio of amplitude to
wavelength under different contact conditions.
First, the material properties are considered. For different values of elastic m&julus,

Poi s s o ndgpand tmegield strengthy, the dimensionless complete contact pressure under
different contact conditions are plotted in Figs. 3.10, 3.11, and 3.12. As it is shown in Fig. 3.10, as
the elastic modulus increases, the dimenssmkomplete contact pressure decreases. Fig. 3.11.
shows the complete contact pressure versus the dimensionless contact pressure with different
Poissonbds ratios. @&iso nséhso whna tsithe dinemgonleSacolaplete as P
contact presagre increases first, and then decreasegjoesthe model undethe slip contact
conditionin[58). For the materials wit hnIhy welerth®foli sonods
stick condition are greater than the responding values under the slip condition; For the materials
with higher Poi somofy urderthe fallsstick dorfdidon ara lesa tham the f

respondingralues under the slip condition. Fig. 3.12. shows the complete contact pressure versus
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the dimensionless contact pressure with different yield strengths. As shown in Fig. 3.12, as yield
strength increases, the dimensionless complete contact pressursescrea

Next, the effect of the geometric ratasf} , on the complete contact pressure is studied.
The dimensionless complete contact pressure under different contact conditions with different
geometric ratios is plotted (see Fig. 3.13). As shown in Fig. 3.13, As the geometric ratio increases,
the dimemionless complete contact pressure increases. Again, there is no significant difference of
the complete contact pressure between the slip, full stick and partial slip conditions, the results
also agree with the existing the model under slip contact conadiit{58].

Overall, from all the cases, one thing is observed, the dimensionless complete contact
pressures undehe full stick and perfect slip conditi@show the same trendnd there is not too
much difference between these two contact conditions (full stick and perfect slip). Hence, the

eqguations fotheperfect slip condition can be used for the full stick condition as well.

3.4. Conclusion

In this chapter, the elastflastic contact between a deformable sinusoidal surface and a
rigid flat under the full stick condition was studied. First, the critical interference and critical force
under the full stick condition were derived. Then, a comparison between the FEM faasiuilis
stick, and the model under perfect slign® was performed. The effexbf material properties,
geometrical parameter and contact conditions on complete contsstifgaeanalyzed. We also
found the differences for complete contact pressure among these contact conditions (full stick,
perfect slip) were independent thie geometriparameter and material properties except for the
Poi s s on 6Ferthe ainusoimlal contact, it is found ti@ind the ratio of complete contact

pressure in full stick condition over that in perfect slip is independent of geometry and it is only
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slightly affected by the material properties.s p e c i a |l | y ratiohthe average diffeemcé s
is less than 4%. Hence, the contact pressure that causes complete contact can be considered to be
approximatelyequal ton* for the slip cas€eThat is, he Eq. (3.1%also can be used in the full stick

condition.
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CHAPTER 4. ELASTIC -PLASTIC SINUSOIDAL CONTACT UNDER NORMAL
LOADING IN FULL STICK

4.1. Introduction

The contact of spheres under combined normal and tangential loading has been studied
quite extensively, from the atsical work of Mindlin in 1949[10] and Mindlin and Deresiewicz
in 1953[63]. Mindlin used a predmed friction coefficient to consider slip and stick between two
surfaces. He set an upper limit on the local shear stress, which is equal to the local normal pressure
multiplied by the coefficient of friction. Whenever the computed shear stress exbeagsper
limit, local slip takes place. This is known as the local Coulomb friction law. The sliding of the
entire surface occurs when the shear stresses over the entire contact area reach the upper limit,
satisfying the Coulomb friction law. Mindlin alsibtained the surface shear stress distribution in
the full stick and partial slip conditions. Keeret/é4 f ol | owed Mi ndl i nds appr
criterionfor complete sliding of elastic bodies in contact. Hami[®] found the yield inception
of spherical sliding contact by using Hertz contact pressure and the Mindlin shear stress
distribution. Hills et al[66] modified the stress distribution by considering #ifect of the shear
stress on surface displacements for two dissimilar elastic cylinders.

Bowden and Tabof67] presented a different approach, whiconsidered the start of
surface slip in relation to the mechanical properties rather than a local friction lajiLéls They
used a failure mechanism related to the material properties to determine the sliding inception. They
suggested that the tangential load at sliding inception was equal to the real contact artba times

material shear strength. CourtrAeyatt and Eisnej68] measured the contact area of a metallic
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sphere pressed normally and tangentially again a smooth flat. They observed an increase of the
contact area when the tangential load was increased. Té@#odefined this phenomenon as

Aj unction growtho, explaining that a contact
preload must giw when it is subjected to an additional tangential loading. Junction growth occurs
because the tangential loading can redbeenean contact pressure in order to accommodate the
additional shear stresses.

Chang et al[7] treats sliding inception as a failure mechanism basededaitre of small
junctions between contact surfaces. They gave an explicit formula to calculate the maximum
tangential loads that a single spherical asperity can support for a given preload against a rigid flat
before sliding inception. Then the total tangential load for the rough surface contact was obtained
by using a statistical method. Improving Changd.47f Kogut and Etsiofi] presented a semi
analytical approximate solution for the sliding inception for both elastic and plastis. ddey
treated the sliding inception as a failure mechanism, and failure occurs either on the contact area
or below it, depending on the status of normal loading.

Brizmer et al]9] presented a new approach using FEM to determine the sliding inception
for the full stick condition, which is known as the stiffness criterion. They considieatdhe
sphere starts sliding when the instantaneous tangential stiffness is equal to a small predefined value.
By using this criterion. Brizmer et 4B] investigated several parameters such as junction stiffness,
static friction force and static friction coefficient. The evolution of the contact area was also
investigated if70] and an empirical relation between the contact area and the normal preload was
found by fitting to the FEM results. The contact of aodefable sphere under combined normal

and tangential loading by a rigid flat in the jsl&ling regime was also investigated by
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Zolotarevskiy et al[71], and they developed a model for the evolutionatisfriction force and
stiffness in the prasliding regime.

Some researchers also considered the partial slip condition, which means there is some
local slip even though gross slip does not happen. Eriten tlhldeveloped a physics based
modelconsideringthis I n t heir FE based model, the | ocal
interfacial strength. They set the product of the frictioafficient and normal stress to a critical
friction shear stress. Following this approach, Patil and Efite&hshowed that the static friction
coefficient strongly depends on the interfacial strength, a material property. Mulvihill[ @8Jal.
set the interfacial adhesional sheagesgth equal to a few different values related to the bulk yield
strength. Based on the von Mises theory, Wu ¢13] fixed the strength equal to a constant value,
and proposed a frictional model that transitioned from the KE nji8pted the BKE mode]9] for
the partial slip condition.

All of the previous works assumed a spherical asperity. Howevdrasparities on
surfaces are not shaped like spheres, especially at their base. At lower loads where the asperity
base does not influence the result, the sphere works well. However, at higher loads, the effect of
the complete asperity geometry and intéoactvith adjacent asperities becomes important. Even
though statistical models use the assumption that only the peaks of the asperities are in contact,
the taller asperities can still be heavdgded and deformed (practically crushed in some cases)
[74].

Recently, Greenwoof#5] at the 2015 Leedkyon tribology Symposium suggested that
more realistic asperity models similar to wavy surfaces should be considered. The current work
uses a sinusoidal or wavy geometry. In addition, for spectral based amstateltough surface

contact models it is logical to use sinusoidal shapes for the asperities because the surface is often
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treated as a series of superposed harmonic waves (i.e. Fourier Series or for fractals, the Mandelbrot
Function). For either statisat or multiscale models, when the sinusoidal asperities are under
heavy loads they behave much differently than spheéuesto the difference in geometry and also

their periodic nature. Theoretically, a portion of the asperities will always be under highe
pressures, no matter the load applied. This is because the pressure is magnified with decreasing
scales, as predicted by the nusitiale model$49, 75, 76]. The periodicity may also capture the

effect of adjacent asperities better than spheres. With the development of moscatalthodels
between roughwsfaceq 20, 49, which could be applied to electriddl7] and thermal conta¢60,

61], the contact problem of an elasgitastic deformable sinusoidal surface and rigid flat was
investigated by severaésearcherp48, 58, 59, 78] . Gao et al[78] found a relationship between
contact pressure, contact size, effective indentatiordet residual stress for thé2sinusoidal

contact. Krithvasion and Jacks@b8] provided an approximate solution for the elagl@stic

regimes and an empial expression for predicting the contact area as a function of contact
pressure. Jackson et p8] provided an analytical expression foitical amplitude that causes

yield andthe average pressure that causes complete contact. Rostami and [Bjksmvided

close form equations that predict surface separation and ssiffoeboth elastic and elasptastic

cases.

As seen from the literature review above, most existing model&eomg the sinusoidal
geometry are only under normal loading. Several researchers have investigated the case of
deformable sinusoidal surface in contact with a flat. However, very little work was done on the
sinusoidal contact under combined normal amgy¢atial loading. The main goal of this Chapter
is to use the FEM to investigate the contact performance parameters based on junction growth and

the static friction coefficient for a deformable sinusoidal surface contacting a rigid flat. These
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relationshig then might be used in spectral and fast Fourier transform (FFT) based methods for
modeling the contact and friction between rough surfaces (along with other rough surface contact
models).
4.2. Modeling Approach
4.2.1. Theoretical Model

The current angbis use the same geometry used by Johnson iG] Krithivasan and
Jacksori58 and Jackson et §8] , as shown in Fig. 4.1. The equation defining this sinusoidal

surface was already given by Eq. (3.2).
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Fig. 4.1.Topographical depiction of the threlgmensional sinusoidal surface geometry
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Fig. 4.2. The contact of a deformable sinusoidal surface angicaflat under combined normal
and tangential loading

The crosssection of a deformable sinusoidal asperity in contact with a rigid flat under
combined normal and tangential loading is schematically shown in Fig. 4.2. The tangential load,
"0, is applied gradually, while the normal preloda,remains constant. The thick and thin dashed
lines show the contours of the sinusoidal asperity before and after applying the normal preload,
respectively, while the solid line shows the finahtour of sinusoidal asperity after the application
of the tangential load. The normal load produces an initial interferenceyhile the additional

tangential load combined with the normal preload produces the final interfgrence,

4.2.11 Normal Loading

Complete contact is defined as when there are no gaps remaining between the two surfaces.
The average contact pressure that causes complete contact for the elastic case is given by Johnson
et al.[48], the equation was introduced in Eq. (2.38), and they provided two asymptatiorss

to the real contact area as well. They are given in the Egs. (3.2) and (3.3). Based on the
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experimental and numerical data, Jackson and Stid&gorovided an empirical fit in Egs. (3.4)
and (3.5).

For the elastic plastic case, Jackson €i&. defined a critical amplitude of a sinusoidal
surface When the amplitude is less than this value, the sinusoidal surface deforms elastically.
When the amplitude is greater than this value, it deforms plastically. The critical amplitude is given
in [48] and the equation was given in Eq. (3.13). The resulting fit equation for cpreastire to
cause complete contact was given in Eq. (3.AB)empirical expression for the contact area in
elastieplastic sinusoidal contact is obtained by fitting the FEM results by Krithivasan and Jackson
[58], and is given in Eq. (3.15). These previous results are all for perfect slip and without tangential
load.

Three main contact conditions are generally considered: the perfect slip condition, the full
stick condition, and the partial slip condition. The full stick condition implies that the contact
points of the surface and the flat are prevented from further relative displacement once touching.
While the perfect slip condition assumes no tangential sg@sgbe contact area. The effect of
contact conditions and material properties on the termination of elasticity in spherical contact was
investigated by Brizmer et d556]. They found that the ratios of critical interference and load in
the full stick conditbn over that in the perfect slip condition are independent of material properties,
except for Poi s s [@9 investigatad he mfluende rofi fricteom on ¢he onset of
plastic yielding in these three contaonditions for spherical contact.

As we discussed in Chapter 3, for the sinusoidal contact, we found the ratio of complete
contact pressure in the full stick condition over that in perfect slip is independent of geometry and
it is only slightly affected by he mat er i al properties, especi al

contact pressure that causes complete contact can be considered to be gqu@ado
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4.2.2.1 Combined Normal and Tangential Loading

The behavior of a contabetween a deformable elaspilastic sphere and a rigid flat under
normal and tangential loading was investigated by several resedi@h&rg0, 71] . The sliding
inception is treated as a failure mechanism based on plastic yj&ld amd sliding might actually
initiate in the yiéded material below the surface in some cases. The static friction coefficient

equation found by fitting to FEM results[i@] is given as:

8

“O -|
|‘|” “O “O ‘O —| (4. )

Considering the full stick contact condition, trentact stiffness criterion was used to
determine the sliding inception |8, 70, 71] such that

0
0 (4.2)

where 0 is the corresponding instantaneous tangential stiffness & ttangential loading

step, andtheb is the initial tangential stiffness of the joint correspondaidpe first tangntial

loading step. Ang is a predefined number that was chosen to determine the sliding inception by
the criterion, i.e. the spherical asperity initiated sliding when the tangential stiffness drops by a
factory, which is typicdly 0.1. The corresponditangential force at the moment of initial sliding

is the maximum static friction force}O

From[9], the empirical equation dfie static friction coefficient is given as a function"@f"O

or

. 0 8
* D £ —

And as a function of— given by
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TS @ i XW (4.4)
Another method for determining slip between surfaces is the maximum shear stress
criterion. There is some local slip even though the gross slip does not happen (i.e. partial slip). For

partial slip, Patil and EritefY2] used Coulomb friction to determine the contact interfacial strength,

and proposed the phenomenological equation

o L . O
‘ I EI H A —
@ o (4.5)
wherey m™rwds f |, and T® C'O TBITTMFC TEBC Q,p is

the assumed local static friction coefficient.

Another model was proposed by Wu et &P], in which the critical friction shear
stress;t , was set by the shear strength of the weaker material. i.e. once the frictional
shear stress in the contact area reaches the shear strength, the local sliding occurs at this
element. Once all the elements in the contact slides, the whole surfastiditay.

Considering the partial slip, the static friction coefficient is given by:
- 1 8
‘ W DT X —
1 (4.6)
Note that Egs. (4.1)(4.6) are for spherical contact, but these equations can still be used for
formulating empirtal equations for the sinusoidal contact. Eq. (4.1) and Eg. (4.3) are also used
to compare with the results in the current work. Once the static friction coefficient is given, the

maximum tangential load can be easily obtained by:

"0 C & (4.7)
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Note thatthe static friction coefficient predicted in Eq. (4.1) and Eqgs. (4(&)6) andthe
static friction predicted by Eq. (4.7) are not the static friction coefficient or static friction measured
between real surfaces but theoreticlesfor single point contact

Brizmer et al[70] developed a model for junction growth of a spherical contact uhder
full stick condition and gave an empirical expression that approxistatedimensionless contact

area at sliding inception

8

~ oA N

Al O 9
0

olo

5
— T
0 (4.8)

4.2.2. Finite Element Model

YZ surfaces are
constrained in the X
direction (Symmetry)

Fig. 4.3.The finite elemenmodel and boundary conditians
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In the current work, a thre#imensional model was developed and the commercial FEM
software ANSYSM 17.0 was used to further analyze the combined normal and tangential loading
of an elastieplastic sinusoidal contact prawh. Due to the symmetry about the xz plane, it is
sufficient to consider only one half of the sinusoidal volume, (see Fig 4.3). Thalthrersional
mesh consisted of more than 121,000 twertdgle brick elements (Solid 186). The sweep mesh
option is seleted. Conta 174 and Targe 170 elements formed the contact pair to model interaction
between the surfaces. In order to make the simulation more efficient, the contacting surface of the
rigid flat was modeled by a single element (Targe 170) with the sizedhacover the largest
contact area. The contact surface comprised of 174 elements arranged in a uniform mesh of
60 120 elements. The rigid target surface was associated with a "pilot node" which is an element
with one node, whose motion governs the motaf the entire target surface. Forces and
displacements for the entire target surface can be prescribed on just the pilot node. Note that this
is still double the size needed for normal contact because the problem is no longer symmetrical in
the sliding drection.

For the volume below the sinusoidal surface, the nodes on the bottom surface were
constrained in all directions. All the nodes with the sgmeocation on theouteryz plane were
coupled to enforce periodicity, and the nodes onotltexz plane were constrained to the zero
displacement in the y direction to apply the symmetric boundary con¢f8emFig. 4.3)

The states of contact elements on the sinusoidal surface is used to predict the real contact
area.An uniform mesh on the surface isad, and therefore the contact area is just the ratio of
elements in contact to the total number of the elements. By checking the contact status of each
element during pogtrocessing. The sticking contact area ratio is the sticking contact area

normalizedby apparent contact area, and it is given by the number of sticking elements over the
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total number of elements in contact. Similarly, the sliding contact area ratio is defined as well. The
total contact area ratio is equal to the sum of the contactaies of sticking and sliding. In other
words, the real contact area normalized by the apparent area of contact was given by the ratio of

the number of elements in contact to the total number of elements over the surface.

Verify the Three-dimensional FEModel
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Fig. 4.4.Comparison of the elastic FEM contact area results with JGH for meshing in Fig. 4.3
data and JS equation

In order to verify the accuracy of the thv@ienensional FE model. The normal loading case
is compard to existing data if46]. As shown in Fig. 4.4, the FEM data differs from the empirical
equation slightly, but is in overall good agreement. The FEM results and the equations have the
same trend. An average error of on®g vas found between the FEM data and the empirical Egs.
(3.4) and (3.5), but it appears that the FEM results are closer to the JGHG}laiote that this

is the case fathetangential load mesh in Fig. 4.3.
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In order to verify the methodology of loading the surfaces, the complete contadi case (
0 ) was used. A critical interfacial shear strendth,was defined a& Mo, the static friction is

calculated by:"O T 0 . As expected, the maximum tangential force extracted from the
FEM results is exalst equal to the theoretical value when in complete contact.

A constant normal loadQ, was applied as a single force at the pilot node, and then a step
wide increase of the tangential displacemént,of the flat was added to simulate the gatju
increasing tangential load. The instantaneous tangential f@cayas obtained from the-x
component of the reaction at the pilot node. The sliding incepiionrswhen all the contact

elements are sliding. When this ocguhe static frictiorcoefficient is’ O T0.

4.3. Results and Discussion

Before tangential loading, the sinusoidal surface and the rigid flat are assumed to be in the
full stick condition. Once the tangential loading is applied, the maximum fratishear stress
criterion is used for governing the local sliding initiation. The local sliding occurs when the
frictional shear stress at one element on the contact area reaches the critical interfacial shear
strength valuet . The sliding of the sperity occurs when all the elements on the contact area
slide. At that moment, the average shear stress over the real area of contact is equal to the critical
shear strength, i.ef tT.

The elastic plastic sinusoidal behavior was investiaover a wide range of material
properties, geometry properties, dimensionless average contact pressures and dimensionless
critical shear stresses. In order to formulate a fit for the FEM data, a bench mark case was set to
analyze the problem between teformable sinusoidal surface and a rigid flat. The material

properties used for the benchmark case@re:¢ T'm0,AY p' 0,And’ 1®. The material
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of the sinusoidal surface was assumed as elplstatic bilinear isotropic material widntangent
modulusO ¢ PO. The dimensionless geometry rati#_ was set to 0.02. The dimensionless

averagesontact pressumgff)° was set as 0.05. Based on the distortion energy (von Mises) theory,
the critical shear strengtth,, should satisfy the expression: Yo 1@ Xx"X. Therefore,
the dimensionless critical shear strgmt 7'Ywas set as 0.577 for the benchmark cé#igen we

are analyzing one specific parameter, all the other parameters are fixed, and only that one is varied
in a certain range. The overall parameter ranges are listed in Table 4.1.

Table 4.1.0verview of the parameter ranges used for the FE simulation for under normal and
tangential loading case

Parameter Name Symbol Range

Elastic Modulus E pumT ULUTOA
Poissonds Ratio o T T 1T UL
Yield Strength Y TIu ¢cg U 0 A
Geometric Ratio 3 _ T8t T p TP
Dimensionless Contact Pressure N’ TS TT p T
Dimensionless Critical Interfacial Shear Strength T TY ™ T X X

4.3.1. Junction Growth (Contact Area Increase Caused by Tangential Loading)
The contact status can be swhdied into three types: sticking state, sliding state and non
contact in ANSYSWhen two separate elements first touch each other, they are in the sticking

state, and they can carry some shear stvésde when the tangential shear stress exceeds the
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critical shear strength, the two elements slide relative to each other, and they are in sliding state.

Both sticking and sliding belong to contact.

@) (b)

Fig. 4.5.Evolution é?)the contact area of the sinusoidal contact: (S)contact area under a smal
normal load only, (b) contact area untlggernormal preload, (c) contact area under combined
normal and a small tangential load and (d) contact area at sliding inception

A typical contact area growtas predicted by*EM results for the benchmadase are
presergd in Fig. 4.5The sliding direction is from left to righiig. 4.5 (a) presents the sinusoidal
surfaceconduct when it isinder a small normal load, and Fig. 4.5 (b) presents the sinusoidal
surfacewhen itis under the normal preload thasiheavier mrmal load than in Fig. 4.5 (dfrom
Fig. 4.5 (a) and Fig. 4.5 (b), the larger normal load results in a larger contact area. Fig. 4.5 (c)
presents the sinusoidal surface is under a small normal tangential load, and Fig. 4.5 (d) presents
the snusoidal surface is at sliding inception, which is under the maximum tangetial load. Fig. 4.5
(c) shows that the loacal sliding occurs on the sinusoidal surface. The contact area of sinusoidal

surface under normal preload only and at sliding inceptiostaren in Fig. 4.5 (b) and Fig. 4.5

(d). It should be clear that the contact area at sliding inception is greater than the contact area under
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normal load alone. Under the same normal preload, the tangential load can cause contact area
growth. This is becae the new points of the surface, which original outside of the initial contact
area coming into the new contact area during the tangential loading. This penomennon was studied
theoritically and experimentally ii4].

A range ofm8t 1t 1T pnim’ p is considered by the model while keeping all other

properties the same as the benchmark case (see Fig. 4.6). Therefore, only the dimensionless contact

pressurg)fif)” is varied parametrically.
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Fig. 4.6. The portion ofsurface that is in slip or stick

An example of the typical growth of the contact area is present in Fig. 4.6. Fig. 4.6 presents
the numerical results for the evolving of both the sticking and sliding states of the contact area.
The lines with no mark arthe contact area ratio of the sticking contact area, while the lines with
different marks are the contact area ratio of the sliding contact area.0NJien T, the sticking
contact area ratio is the sticking contact area before applying the tangential load. Then the sliding

contact area ratio is very low but not zero. For different average contact pressures, the
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dimensionless contact area ratior fsliding increases with increasing normal tangential
displacement. As the dimensionless tangential displacement further increases, the sliding contact
area ratio reaches a constant value. At that moment, all the elements are sliding. The dimensionless
contact area for sticking shows a different decreasing trend. As the dimensionless tangential
displacement increases, the sliding contact area ratio incragely and then decreases until it
reaches to a constant value at last. The increase is caupatttign growth. As seen frofig.

4.6, at the same dimensionless tangential displacement, both the sticking and sliding contact area
ratios of the higher contact pressures are higher than the values at the lower pressures. Another
point that should be ted, is that the total contact area ratio at the sliding inception is much higher

than the one before applying tangential loading. For example: whajffifhe 1 (but the

tangential loading i® 7 ), the total contact area ratio is approximate 0.&8#f8ajned by

adding both conta@rea marked in Fig. 4.6, or 0.8553+0.00268bhile the contact area ratat

the sliding inceptiond X &8 P is approximaty 0.9932 (almost complete contact). The
increase is around 16%. This implies that an additional tangential load can cause the junction
growth. That probably is because of the formation of the additional contact atkea bgrmal

contact pressure canpgport the additional loading.

4.3.2. Effect of Contact Pressure o&ffective Static Friction Coefficient

The case with changing dimensionless contact pressure ¢beateformation range from
elastic to deeply elastiglastic. Fig. 4.7 presents typical results for the instantaneous
dimensionless tangential load as a functiotheinormal dimensionless tangential displacement,
as can be seen from Fig. 4.7. As the tangential loading progresses the slopes of theawass d

and gradually diminish. The tangential stiffness (the slope) decreases as the dimensionless
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tangential load increases. When the tangential load no longer increases, tl@dltyestiffness

becomanil, and gross slip occurs.
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Fig. 4.7. The dmensionless tangential o0& O, versus the dimensionless tangential
displacemené X , for different dimensionless contact pressuij)” .

2 T T T T T T T

15F .

1
f S
—

T

1

h LKL _

0 01 02 03 04 05 06 07 08 09 1
p/pi,

o

Fig. 4.8.Static friction coefficient versus the dimensionless contact pressure
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Adding a tangentidbad to a given normal preload leads to an increase in the contact area,
and as result, it can affect the coefficient of friction. The tangential [@ad at the sliding
inception is the static friction force for a single asperity. It isaetéd from the finite element data
for each case in Fig. 4.8. The static friction coefficient is obtaine@y 7O, however, again
note that this is only for a single asperity. To predict the friction coefficient for an actual rough
surface contact, the asperity model needs to be included in a rough surface contgavicidel
will be done in Chapter.8t can be seen from Fig. 4.8, that the static friction coefficient is
dependent on the average contact pressure. Hence the gtatin froefficient is plotted versus
the dimensionless contact pressure.

As seen from Fig. 4.8, at the low dimensionless contact pressra (T pAf;” 18t Y,
the static friction coefficient decreases sharply with increasing contact pressure. At the medium
contact pressurg@t v NN’ @), the static friction coefficient nearly approaches a constant
value (around 0.23)As the contact pressure further increases, the static friction coefficient
continues to reduce, and the relationship is nearly linear. One point should be noted; at the very
low dimensionless contact pressyresuch asnfm’ T8t T por NS T8t T T, the
coefficient is higher than one. This is because the deformation is in the elastic range, and the
surface can support more shear stress. An interesting finding observed in Fig. 4.8 is that the static

friction coefficient still followsa nearly linear relationship even as the compete contact is reached.

4.3.3. Effecs of Material Properties on Effective Static Friction Coefficient
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A parametric analysis of the material propertiesalso considered. First, the elastic
modulusE, is varied from 10@GPato 400GPawhilet h e P o i s(8=00B0yseld strangth o

('Y p GP3, dimensionless contact press(if)’ 181 Y, the critical interfacial strength ratio
(T 7Y 1 x)are all held constant. As shown in the Fi§, 4s the elastic motlis increases,

the value of the curve decreases. At higher valuds tfe curves seem to converge. The static
friction is then plotted versus elastic modulus, as shown in Ri@. Bhe static friction coefficient
decreases with increasing elastic modullihis is probably because as the elastic modulus
decreases the amount of deformation increases and the contact becomes smaller. Under the same
contact pressure, the contact area with the larger elastic modulus has a smaller value, and therefore

the correponding static friction coefficient is smaller.
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Fig. 4.12.Static friction coefficentves us Poisson6s ratio

Next, t he Pgdsinewvarieddrem (.laat0i4% while the elastic mod(us
¢ m'm0)Avield strength("Y p' 0)Adimensionless contact pressyrfi)’ 8t Y, the

critical interfacial strength ratior 'Y 1@ X ))are held constant. As shown in the Fig.l4Hat

as the Poissonds ratio increases|]attedcloadingr ve d
step, the dimensionless tangent i avhluelThesst@ticwi t h
friction is then plotted versuaThe staticfsictiamdés r a
coefficient decreases nearl y | i nssamalllitcauses t h i n

less expansion in the andy direction, the surface separation is small, and the contact area
thereforebecomes smallghan wheni is large Thus, the static friction coefficiemcreases with

increasing
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Finally, the yield strengthY, is now varied from 0.1 GPa to 2&Pg while the elastic
modulus,(O ¢ mMTO)A t he Poi(s smnyiel strermth(iYo p' 0)Ageometric
parameter®fl 181 §, dimensionless contact pressiingfi’ 181 Y, and the critical shear
stress ratigt 'Y 1@ X))are held constant.HE results aren@wn in the Fig. 4.12. As the yield

strength increases, the magnitude of the curve also increases. This is because the increase in yield
strength causes the asperity to resist more tangential load before slipping. The static friction is then
plotted versusyield strength. It can be seen from Fig. 4.13, that the static friction coefficient

increases with increasing yield strength.

4.3.4. Effect of Geometric Ratio ¥ on Effective Static Friction Coefficient
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Fig. 4.15.The dimensionless tangential |0&¥ O, versus the dimensionless tangential
displacemené 7 , for differentY7_.
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Fig. 4.16.Static friction coefficient versus geometritioa

Next, a range ofwf_ were considered. The geometry propedfy is now varied from
0.001 to 0.05, as shown in Fig. 4.14. All other properties are held to the benchmark case value. As
shown in the Fig. 4.15, asf_ increases, the curve alsacdeases. Thiis because the contact area
decreases by having a larger valueyf (i.e. taller asperities).

The effect of 37_ on the static friction coefficient is shown by the plot in Fig. 4.15. It can
be seen that the static friction coefficientidmses when thér_increases. Andier point should
be noted, thalower values of the ratioYf! can cause vary large static friction coefficients. For
example’ p® whenwi_ 18t T and NiM’ T3t y this is because the smooth surface
reailts in a larger contact area and needs a large force to overcome the shear strength of the material.
This also correlates to the observation that adhesive friction is larger for smoother §8fhces

The shear strength plays an important role in the contact problems.
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4.3.5.Effect of Interfacial Shear Strengthon Effective Static Friction Coefficient

Finally, a range of interfacial shear strength rataee consideredlhe sliding is also
governed by the critical interfacial shear strerigthWhen the shear stress exceeds the critical
interfacial shear strength, local slipping occurs[1#], the critical interfacial shear strength was
set as"Y#/o. However, the interfacial shear strength is not always equalfido , because of
contaminants, lubrication and changes in temperature. Hence, a wide range of the critical shear
stress ratios;t 'Y, areconsidered in the adel (see Fig. 4.17). The interfacial shear strength ratio
T 7Y was varied frontip to @ x.x The elastic modulugE= 200GP3,Poi sson@s r at i c
@), yield strength("Y p GPa), geometryratio (of_ 18t Q, and dimensionless contact

pressurgnffn® T8t Y are held constant
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Fig. 4.17.The dimensionless tangential I0&3¥ O, versus the dimensionless tangential
displacemené 7 , for differentt T°Y.
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As can be seen from Fig. 4.17, as the inteafashear strength ratio increases, the curve
levels off at a higher dimensionless tangential load. The initial stiffness increasesfivtlas

well.

03 T T T T T T T T
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Fig. 4.18.Static friction coefficient versus interfacial shear strength ratio

Fig. 4.18presents the effect of critical interfacial shear strength on the static coefficient of
friction. In this case, the dimensionless contact presgifg, , is chosen as 0.05. As can be seen
from Fig. 4.18, the static friction coefficient increaswith increasing dimensionless critical
interfacial shear strengtot surprisingly, the relationship reearly linear.This occurs because
the asperity needs a larger force to overcome the local strength when the materiidrbas a

critical shear sength.

4.3.6. Empirical Equations and Comparison
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Since the material properties, geometry properties, dimensionless contact pressure, and
dimensionless critical tangential stress, are each varied independently from the benchmark case,
an equation can bé for each trendlt is very convenient to use an additional parameter
proposedby Gao et al[20] to combine several of these parameters in one parantetan be

expressed in the form:

<l O
| @

(4.8)

Effective Static Friction Coefficient
The static friction coefficient as a function of the parametergdimensionless normal
contact pressurgjffi” , and the dimensionless critical shear strenpffi)Y, was fitted to all
of the FEM data. And it is giveby
ne

- t t
‘ A N T —
P T WPYED PD e ™ Y1 e P8 Y oV c,—‘Y

(4.9)
Again, note that Eq. (4.9) does not predict macro scale friction, but the locatyaBpion, as

is the case analyzed in this work.
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Fig. 4.19.Comparison of static friction coefficient between the FEM results and the proposed
modelfor variousvalues ofe .
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Fig. 4.21.Comparison ostatic friction coefficient betweethe FEM results and the proposed
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A comparison between Eq. (4.9) and the FEdults of different case are shownrFigs
4.18- 4.20. In Fig. 4.18ve can see the model ftre static friction coefficien{Eq. 4.9)agres
fairly well with the FEM data based on the parametefhe average error between the new model
given by Eq. (@), and the FEM results when tkeis varied independent is less than 2%. Likewise,
the plots in Fig. 4.19 and Fig. 4.20 show that the model also compares well for the cases where the
dimensionless contact pressuif]” and the dimensionlessitical shear strength ¥'Y, are
also variedthe errors in these cases are less than 4%).

In order to compare the proposed model to the spherical contact moI9]int is

necessary to present the expression of Eq. (4.9) in teri@¥ afinstead of\)fff}” . The term

nfM° in Eq. (4.9) can be exprssed as

nr no 0 0
: 0

':]z r]z (“) r\]z 6 7‘0 “O I}.Iz

clo

(4.10)
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And the new equation is given by:

T - N
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wheren® can be calculated from Eq. (3.12).
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Fig. 4.22.Comparison ostatic friction coeficient betweerthe KE, BKE model and the
proposed model with differes{f_.

Since the geometry and contact condition assumption of the proposed model are different
from the sphere used |8, 9], the same material properties in these papers are used now to make
a comparison. Referenf® by Brizmer et al. is now referred to as the BKE model, while reference
[8] by Kogut and Etsion is refered to as the KE model. First, typical amplitudes to wave length
ratios @ _) are considered while keeping the critical shear stress fafidY() constant at 0.577.

The effective static friction coefficient as a function of the dimensionless tangential load with
different values of3] _ are plotted in Fig. 42 As seen from Fig. 4.21, the proposed model has

the same trend as the BKE model and the difference depends on the vajies Bbth the
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proposed model and the BKE model have higher values of the effective static friction coefficient

than the KE mode

2 T T T T
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——BKE model
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Static friction coefficient, u

Dimensionless normal load, Fn;‘FC

Fig. 4.23.Comparison ostatic friction coefficienbetweerthe KE BKE model and the
proposed model with differeritj "Y.

Next, several interfacial shear strengih$ j "Y) are considered, while keeping the
amplitude to wae length ratio §j _) constant at a value of 0.02 . The effective static friction
coefficient is plotted as a function of the dimensionless tangential load with diffeyéMtvalues
in Fig. 4.22. As seen from Fig. 4.22, the proposed sidasonodel again has the same trend as
the BKE model. As is introduced [86], the BKE model is independeaf contact adius of the
sphere. The sinusoidal model is always close or lower than the BKE model, and differs

quantitatively depending on the valuetof Y. One observation is that whér Y 1@, the

value of the static friction coefficient is close to the value predicted by the KE model at low normal

preloads.
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Junction Growth

By using the same method, the dimensionless contaet ar sliding inception as a
function of the parameter, , dimensionless normal contact pressuif)” , and the
dimensionless critical shear strengthf"Y, was fitted to all of the FEM data. The FEM results
are presented alongsitlee proposed modeindare plotted in Figs. 4.244.26. The plots in
Figs. 4.24- 4.26 show that the contact area at sliding inceptioth@proposed model agree

fairly well with FEM results (the average error in these cases is also than 6%).
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4.3.7.The Yield Inception Due to Tangential Loading
Since these previous works of Etsionds gr ol
the surface from the initiadtick to sliding inception belowhe surface, his is investigated for
sinusoidal contaciThe plastic deformation is related to the normal preload or interfef8n8ge
12] for spherical contact, the same situation is also found for this study. For the sinusoidal contact,
it is also related to therave length ratioj _). A typical metal is chosen with material properties
O ¢n™Old TRY p Ofdimensionless contact pressulfty’ 18t vandthecritical

interfacial shear strength ratio is choserf &Y 1@ X.X

(a) Ft=0 (b) Ft=0.75 Ftmax (c) Ft=Ftmax

Fig. 4.27.Equivalent Plastic strain during tangential loadity ( 18t T)p

(b) Ft=0.625 Ftmax (c) Ft=Ftmax

Fig. 4.28.Equivalent Plastic strain during tangential loadiMp_( 18t )L

92



Fig. 4.27. presents the agalent plastic strain during tangentiedding. As shown in Fig.

4.27 (a), whenthe sinusoidal surface is only under the normal Iagdihere is no yield strain
anywhere.As tangential load is increasetthe yield occurs on the surface and underneath of the
surface on the annulus of the contact area, as shown in Fig. 4.27 (bgr Fantirential loading
results in a larger yield area. The yield areamd$efrom the plastically deformaedlume held

to the surface to the edge of contact. At the sliding inceptioelaatic area exist in the middle of
the contact aea. As shown in Fi§27 (c), for the case &f _ 1@t 11, uhe yield first occurs at
the solid body below the surface. There is no yield on the sanad#he plastiarea on the surface
becomes largrasthe tangential load increases. At the sliding inception, the pkasta is extended

to the whole contact area, and there is no elastic area in it, see Fig. 4.28.

Considering the sliding inception as a failure mechanism, both an M| and
experimental study82] were carried out. They suggested that when the normal preload is less than
the critical load, the failure oacs on the contact area. If the normal load exceeds the critical value,
the failure occurs below the contact area. Et§&8) revisited the Cattanellindlin concept of
interfacial slip in tangentially loaded compliant bodies. He pointed out that sliding occurs under
the surface for typical metallic materials, and interfacial slip can only occur in some special cases
such as when the interface is much weaker than any of the contacting bodies, or lubricated contact.
Different from the full stick model, the sliding inception defined in the current work is when the
gross relative displacement between the two surfacamiact takes place. This may be different
than the other definitions based on the plastic failure. However, the results show they have a
reasonable agreement. For our cases the slipping always occurs on the surface. At high pressures,
an elastic islandfdydrostatic stress can form, but it appears to be restrained by the surrounding

material, and slip still occurs on the surface. It might be possible that slip can occur below the
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surface for higher amplitude to wave length ratd§s | not considerechithis work. However, we
choose a range that seems to be typical for rough surface aspe€titiés 84, 85|.
4.4.Conclusion

Finite element simulations are carried out for a rigid flat on a deformable sinusoidal surface
under combined normal and tangential logcht the asperity scale. This work used a finite element
model to characterize the thrdemensional sinusoidal contact. A maximum shear stress criterion
was used to determine the sliding inception. The static friction coefficient shows strong
dependencyn material properties, contact pressure and interfacial shear strength. The static
friction coefficient of a single sinusoidal asperity decreases with increasing contact pressure,
el astic modul us, Poi ssonds r at ithoThe staticdrictibrh e r a't
coefficient of a single sinusoidal asperity, increases with increasing yield strength and critical shear
strength. An empirical expression tbfe static friction coefficient was given considering these
effects. This equation couletlused in a mukscale or statistical model to predict the static friction
coefficient for the rough surface. The phenomenojuoétion growth of the interference and
contact area are described briefly, and an empirical expression was ¢ioen.the platc
deformation othesinusoidal surface caused by tangential loads sdiatieiction is also studied.

For the cases considered in this work, slip initiates on the surface and not below it.

94



CHAPTER 5. THE EFFECT OF SAMPLING RESOLUTION ON CONTACT
BEHAVIOR

Finite element models of contacting bodaes sensitive to the mesh resolutidherefore,
the effect of the sampling resolution on tREM predicteccontact behaviors has dre studied by
a few researcher®emiric et al. [86] analyzed the contact behaviors for different scale $elvgl
decomposingrbm the real measured rough surface. They also analyzed the effect of the scale of
roughnesson kinetic friction coefficientand found thefine scale of roughness $ia strong
influenceon thefull-film lubrication and mixed lubricationYastrebov et al[87] analyzed the
contactof rough surfacewith by decreasing the sampling points from the meskteal surface
data, and introduced a corrective function to compemsia¢erors inthecontact area computations
caused by mesh, i.e. this technique can be used to evaluate the true contact area using a coarse
mesh. Both of them used an approach fitated the measured surface data. We use an opposite
approach by using Fourier interpolation to increase the sampling points between the measured
points

Most of the researchers use the measured surface data directly, and assume that the shape
betweenwo measured points is a straight line. If the data points are connected using straight lines,
the surface will become discontinuous, and the sharp peaks will cause stress concentrations. It is
possible todevelopsome techniques to create a continuous,o$ingurface modelKown et al.
investigated the effect of surface smoothing and mesh density for real syifgcaad single
asperitieg89]. In their work, they also investigated several contact parameters by smoothing

surfaces and changing the melgmsity. The spline interpolation method was used to smooth the
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surfaces. Thompson90] found that the spline smoothing surface method hagasively small
effect on the contact parameteffsa rough surface contact, while it has a significant effect for a
single asperity contact. In this study, wegosed another possible description the shape
between the measured points. We considered that the surfaces follow a harmonic struaare betw
measured points based on the surface speckssentially, the surface resolution increased while

the surface spectrum is presatwehich may not be the cases for other methods.

5.1. Topography Measurements

Surface roughness is defined as the dmnatf the actual surface topography. The rough
surfaces embody a complex shape made of a series of peaks and troughs of varying heights, depths,
and spacing. Surface roughness is greatly affected by the microscopic structure of the surface of
each part.i this study, a standard miefimish comparator was used for surface data fsge5.]).

the microfinish comparator contains machined surface finish specimens from different machining

pI’OCGSSGS.
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Fig. 5.1.S-22 Micro-finish comparator surface finisicae
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Surface measurement is a process used for obtaining the quantitative information about the
individual or average surface heights. The two most commonly used techniques for roughness
measurement are the stylus technique and the optical techniqumathees that make these
measurements are usually known as profilometers or profilers. For the stylus profilometer, a sharp
stylus with a very light load is drawn at a constant speed over the surface to be examined. The
guantity of height is measured hhetvertical position of the diamond stylus tip at a certain lateral
position. The optical measurement technigees an optical measurementipeiple called Axial
Chromatism, and theysea white light source where light passes through an objective |&émswi
high degree of chromatic aberration. The obj
wavelength of the light, and each separate wavelength of the incident white light will refocus at a
different height. In this study, tidANOVEA ST400white light optical profilometer (see Fig. 5.2)
is used.The 63M surface (milled 6° "Q&Quis measured for use inishchapter The lapped

surface 2L, 8L and 32Gare alsaneasuredndusedin Chaptels, 6 and 7.

Fig. 5.2.NANOVEA ST400 optical profilomete
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5.2. Methodology

5.2.1 Spectral Interpolation Method

Z
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Fig. 5.3. A schematic of the effect of the sampling interval on the surface profile

The choice of lateral resolution will determine whether the data is enougtrésent the
surface accuralg or not. This becomes a challenge for surface characterization. Due to the
precision of the measuring equipment, the surface may not be sampled often enough to describe
the real rough surface. However, real surfaces are continuous, at least theg@asidered that
at scales ab@ the atomic scales. Therefore, they have no lower sample interval. If the sampling
intervals are not small enough, then it could not represent the mafile as the original data.

Since surfaces are muficale in naturegducing scale might introduce more roughness. As shown
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in Fig. 5.3, the blue line presents the real surface, the intervaliid 1.8nd the amplitude is 2.0

t I and the location adhelowest valley is2.0* & If the sampling resolution or sampling interval
issetto 2 ¢ the amplitude becom@s0‘ & and the location dhelowest valley is2.0° & If

the sampling resation or sampling interval is set to' 44 the amplitude becomes 1.0¢, and

the location othelowest valley is1.0° & If the sampling resolution or sampling interval is set
to 8' @ the amplitude remains at 1.06, and the location ofhe lowest valley is-1.0° &
Therefore, the profiles changed significantly for different sampling intervals. This was studied and
confirmed by Majumdar and Tig¢A1] and Kogut and Jacks$82] who made similar observations
and how properties change wgampling length. Most of the researcheosiducting FEM just
usethe measured data, and thegdvertentlyassumehatthe relation between two neighboring
sampling points are linearly distributed. In this study, we present another possibility of the poin

distribution between two sampling points.

The discrete Fourier transfofimmDFT) can convert a signal fro
frequency domain. The equation is given by
T B P Do B _
0 'QhQ =5 ae ke Q
(5.1)
and the inverse discrete Fouriertransf¢rth DF T) i s gi ven by
at ke oQho Q@
(5.2)

The Fast Fourier transform (FFT) algorithm

for many applications in engineering. I'n t hi s
transform tuhd ameasdanad (3 e al numbers) into a ¢
interpolation, the data was converted.Byack by
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Fig. 5.4.The 3D surface plots before and after interpolation

First,ac ¢ o @oints data was extracted from an entire measured dafaseg (tp 1 Q T

of M64 (64* E 1 Ailied). The profile shown in Fig. 5.4. a, is the original measured surface profile,
and he data size is ¢ 0 (data pointsThen, we interpolate one point between each two adjacent
points by using the FFT interpolation method. The size then repeating begames 1 andby

repeatingthe same procedure, the data size is increaspdctayp ¢ gnd¢ v @ ¢ v,qvhose

10C

i nterpol ation.
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profiles are shown in Fig. 5.4 c. and Fig. 5.4 d. The original surface resolutigr isbut is

reduced tptl , @t andm® i , respectively, after the spectral interpolations. It should be
notal that the surfaces still allalve exactly the same spectrum. The comparisons of an example
profile between the interpolated surfaces arel dhginal rough surface are presented insFig

5.5 5.7. Fig. 5.8 shows the detail of the interpolations for one interval. As can be seen, the shape
between two measured points is a smooth harmonic curve after three interpolations, rather than the
traditional assumed a straight line. This reduces the artificial sharp asperity points often seem as

measured data.
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Fig. 5.5.Comparison of the original surface profile (32*32) and the one interpolation surface
profile (64*64)
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Fig. 5.6.Comparison of the aginal surface profile (32*32) and the tvitterpolation surface
profile (128*128)
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Fig. 5.7.Comparison of the original surface profile (32*32) and the timpolation surface
profile (256*256)
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Fig. 59. The maximum and minimum value of the rough surface height versakition
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Fig. 5.9. presents thevolution of the value adhe maximum height and the absolute value
of the minimum height of the mgh surfaceAs shown in Fig. 5.9, as thliesolutionincreasesthe
value of maximum height of the rough surface increasesituntiiches aearlyconstant value.
The absolute value of the minimum height increases, and then does not sigaifgantly any
more as well. When these two values reach the constant values, the surface topography will not
change any more. For this case, the surface topography converges when the resolutiom equal
TP ¢.@ver the resolution considered, thaximum and minimurheightchanges by3.9% and
32.8%, respectivelybut the average value of surface heights does not change at all.
One of the most important parameters that descrdagyh surfaces is the root mean

square (RMS) height, which is calculated by the followeggation:

: P .
Y =
5 a ol
(5.3)
whereN is the total number of the measured pointsis the measured height at tk¥point,

anddlis the average height of all the measured points.
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Fig. 5.10. The RMS roughess versus resolution

The resolution is getting smaller and smaller as the number of interpslatmeases.
First, we analyze the effect of the resolution on the RMS roughness of the surfaces. As can be seen
fromFig. 510, the roughness decrease bmaes lowemfterthe first interpolationthis means that
the surface becomeatightly smoother, and then keepaearlyconstantoughness no matter what
the resolutioris. The roughnesshanges a relative small amoy#it26%).Note that in Figs. 5.9

and 510 that the values of theaxis are reversed so that they decrease from left to right.

5.2.2. Finite Element Model
The commercialinite elementANSYS™ package is used for the analysis. Finite element
simulations are carried out for the thidienensiomal elastieplastic contact between a rigid flat and

rough surface with the different resolutions produced from spectral interpoldtiensame
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criterionfor theinitiation of slipin Chapter 4, which is characterized by loss of tangential stiffness,

is used.

a. FEM model withOriginal surface b. FEM model withthreeinterpolationsurface
Fig. 5.11.The FEM mesh for the modelith surfacedefore and after interpolations

Fig. 5.11presents the mesh in FE model before and afterpolationsFig. 5.11 (a) shows
the mesh with original surface, some sharp peaks in the waniéle seerig. 5.11 (b) shows the
mesh withthe spectrally interpolateslirface The rough surface becomssoothemwith spectral

interpolation which can educe stress concentratioand single node contact
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