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Abstract

This dissertation focuses on graph decompositions of K (n"; A1, \2), the r-partite multi-
graph in which each part has size n, where two vertices in the same part or different parts
are joined by exactly Ay edges or Ay edges respectively. Assuming one condition, neces-
sary and sufficient conditions are found to embed a k-edge-coloring of K (n"; A1, \y) into
a Hamilton decomposition of K (n"*%;A;,Xs). In the tightest case, this assumption is in
fact proved to be a new necessary condition. In addition, it is also proved that there ex-

ists a maximal set of ¢ edge-disjoint Hamilton cycles in K (n”; A1, Ao) for Aon|™2| < t <

/\2712 7“—1) J

mm{[ é ’ [Al(n—l)-‘;)\zn(r—l)

J}, the upper bound being best possible. The results proved

in both chapters make use of the method of amalgamations.
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Chapter 1

Introduction
1.1 Basic Definitions

A graph G is an ordered pair (V(G), E(G)), where V(G) is called the vertex set and
E(G) is called the edge set. An edge in G is a 2-set {u,v} of vertices. The degree of a
vertex u in G, denoted by dg(u), is the number of the edges incident with the vertex u in
G. An edge {u,v} is called a loop if u = v (so multisets are notatioanally useful here). A
loop contributes two to the degree of its incident vertex. Let ¢g(u) denote the number of
the loops incident with u in G. The multiplicity of two vertices u and v in a graph G is the
number of edges joining u to v, which is denoted by m¢(u,v). Let w(G) denote the number
of components of G. A null graph is a graph whose edge set is empty.

A k-edge-coloring of a graph G is a function from the edge set E(G) to the color set
{1,2,...,k} which assign the colors to the edges of G. For 1 < j < k, G(j) is the spanning
subgraph of G induced by the edges colored with j. Let w(G(j)) = w; for 1 < j < k. A

k-edge-coloring of G is said to equitable if for all v € V(G) and for 1 < i < j <k,

iy (v) — dagy(v)| < 1,

and is said to be evenly equitable if for all v € V(G) and for 1 <i < j <k,
(i) dee(v) is even, and
(@) lda(v) = dag)(v)| € {0,2}.

A Hamilton path in G is a path which contains all the vertices of G. Similarly, a

Hamilton cycle in G is a cycle which contains all the vertices of G. A graph G is said to
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be Hamiltonian if it contains a Hamilton cycle. A k-factor in G is a k-regular spanning
subgraph. So a Hamilton cycle can be considered to be a connected 2-factor, which is an
important fact used in the proof of Theorem 3.7 in Section 3.3.

An H-decomposition of a graph G is a set # = {H, : i € I} of edge-disjoint subgraphs
of G such that for each i € I, H; is isomorphic to H and F(G) = U E(H;). It is useful to
regard to a k-edge-coloring of G' as an H-decomposition of G in tlzleel case where each color
class G(j) is an isomorphic copy of H. If H; is a k-factor for each ¢ € I then # is called a
k-factorization of GG, and if H; is a Hamilton cycle for each ¢ € I then # is called a Hamilton
decomposition of G.

The union of two graphs G and H is a graph, denoted by G U H, whose vertex and
edge sets are V(G) u V(H) and E(G) u E(H), respectively. The join of G and H is the
graph, denoted by G v H, whose vertex set is V(G) u V(H) and edge set is E(G v H) =
E(G)u B(H) u {{u,v} : ue V(G) and v € V(H)}. The complement of G is the graph G
with the vertex set V(G) = V(G) such that {u,v} € E(G) if and only if {u,v} ¢ E(G).

If S is a set of edge-disjoint Hamilton cycles in G, then let F(S) denote the set of edges
in the Hamilton cycles in S. If G — E(S) is not Hamiltonian, then the set S is called a
maximal set of edge-disjoint Hamilton cycles in G. The spectrum for maximal sets of edge-
disjoint Hamilton cycles in G is the set Sp(G) which consists of the sizes of maximal sets of
edge-disjoint Hamilton cycles in G.

Let K, be the complete graph on the vertex set V = {v; | i = 0,1,...,r — 1}.
The edge-difference of an edge e = {v;,v;} in K, (0 < i # j < r — 1) is defined by
D(e) = D({vs,v;}) = min{|i — j|,r — |i — j|}. Notice that 0 < D(e) < |5] for all e € E(K,).
Intuitively, if r is even, the edge-difference r/2 is called the half-difference. Notice that set
of edges of half-difference in K, (r is even) induce a 1-factor of K,. This fact is used later
in the proof of Lemma 3.2.

An amalgamation of a graph G to a graph H is a surjective function f : V(G) — V(H)

associated with a bijective function g : E(G) — E(H) such that



i. For each e = {u,v} € E(G) with u # v, g(e) = {f(u), f(v)} is an edge (a loop if
f(u) = f(v)) in H, and

ii. For each loop ¢ = {u,u} € E(G), g(¢{) = {f(u), f(u)} is a loop on f(u) in H.

The graph H is called the f-amalgamation of GG, and G is said to be a detachment of H.
Notice that the set F = {f~(u) : w e V(H)} is a partition of V(G). The vertices in f~'(u)
are said to be disentangled from u. Intuitively the amalgamation function f identifies the
vertices in each element of F with a single vertex of H while the bijection ¢g turns the edges
and loops in G into the edges (possibly loops) and loops in H, respectively. So notice that
any edge incident with a vertex in G becomes incident with the corresponding new vertex
in the amalgamated graph H, and any edge whose endpoints are identified becomes a loop
on the new vertex in H.

For each w € V(H), let ¢(u) be a positive integer. Then a 1-detachment of H is a
graph obtained by detaching each vertex w in H into ¢ (u) new vertices. So if H is an
f-amalgamation of G then the graph G is a t-detachment of H where 1(u) = |f~'(u)].
Clearly there is a one-to-one correspondence between the edges of the graphs G and H.
Hence an edge-coloring of one of the graphs induces an edge-coloring on the other graph; so

an amalgamation of an edge-colored graph is also an edge-colored graph.

1.2 Outline of the Dissertation

Through this dissertation, all graphs are finite, undirected and usually have loops and
multiple edges. Especially the graph K (n"; A\, A2) is of particular interest, which denotes
the graph with partition {P,..., P.} of the vertex set, each part of size n, in which for
1<i<jy<k

)\1 if u,v e R
mG(u7U) =

Ao ifue P andve P, i #j.

This dissertation contains two topics that are described in their own chapters.



In Chapter 2, assuming one condition, necessary and sufficient conditions are found to
embed a k-edge-coloring of K (n"; A1, A2) into a Hamiltonian decomposition of K (n"2; A1, Ao)
(so each color class induces a Hamilton cycle). In the tightest case, this one assumption is
in fact proved to be a new necessary condition. Unlike previous results, of particular inter-
est here is a necessary condition involving the existence of certain components in a related
bipartite graph.

In Chapter 3, the existence of a maximal set of ¢ edge-disjoint Hamilton cycles in

K (n"; A1, Ao) is proved for any ¢ in the range Aon| ™2 | < t < mm{[Az"Qépl)J, [’\1("71)2’\2”(“1)]}.




Chapter 2

Embedding

2.1 History

Decomposing a graph into edge-disjoint Hamilton cycles has been a subject undergoing
intense study in graph theory for many years. The following are two important questions

that are well-studied in the literature:

Problem 1 When does an H-decomposition of GG exist?

Problem 2 When can a k-edge-coloring of G be embedded into an H-decomposition of G*

regarded as a k-edge-coloring (so G is a subgraph of G*)?

Among the many results on this topic are the following that are particularly germane to
this chapter. In the 1890s, Walecki proved that the complete graph K, has a Hamiltonian
decomposition if and only if n is odd [15]. In 1982, Hilton [10] found necessary and sufficient
conditions to embed a k-edge-coloring of K, into a k-edge-coloring of K,,,, whose color
classes are Hamilton cycles. In 1976, Laskar and Auerbach [13] proved that complete 7-
partite graphs in which each part has n vertices is the union of n(r — 1)/2 Hamilton cycles
and a 1-factor which are mutually edge-disjoint if n(r — 1)/2 is odd and > 1 or is the union
of n(r — 1)/2 edge-disjoint Hamilton cycles if n(r — 1)/2 is even and > 2. Additionally,
Hilton and Rodger [11] provided a procedure which constructs a Hamiltonian decomposition
of the r-partite graph K,, _, when (r — 1)n is even, and also conditions which are necessary

and sufficient to embed a k-edge-coloring of the complete ¢-partite graph K, ., into a

t
Hamiltonian decomposition of the r-partite graph K, , for2t<r, 1 <a;,<---<a; <n.
Bahmanian and Rodger [3] found necessary and sufficient conditions to settle the ex-

istence of a Hamiltonian decomposition of the graph G = K(n"; A1, A\2). They partially
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succeeded in embedding a k-edge-coloring of G = K(n"; A1, \2) into a Hamiltonian decom-

position of G* = K (n"*%; A1, A\2) in Theorem 2 of [4] proving the following result under the

t

k
assumption Y} s; = kt — Aon? (]

j=1
a k-edge-coloring of G' can be embedded into a Hamiltonina decomposition of G* if and only

) where s; = w; (mod r) with 1 < s; < r for 1 < j < k that:

if: (i) 2k = M(n—1)4+Xon(r+t)—1, (i) Ay < Aon(r—+t—1), (iii) every component of G(j) is
a path (of possibly length of 0) for 1 < j < k, and (iv) w; < nt for 1 < j < k. In particular,

a corollary of this result is solved in the case where G = K (n"; A1, A2), G* = K(n"t; A\, \a),

1(n—1)+Xan(r—1)
Aan(n—1)

and H is a Hamilton cycle of G*, in the cases t = 1 and ¢ > 2 (see [4, Theorem
3 and Corollary 1]).

In Theorem 2.4 of this chapter, the work in [4] is extended to the case where t = 2,
providing necessary and sufficient conditions for the embedding of a k-edge-coloring of
K(n"; A1, \2) into Hamiltonian decomposition of K(n"*2; A, \s) under a general condition
(see (x) of Theorem 2.4). We conjecture that this general condition is also necessary, prov-
ing in Corollary 2.6 that it is indeed necessary in a tightest case (i.e, when |Cs, defined
in Section 3, satisfies equality in Condition (v) of Theorem 2.4). At first sight, consider-
ing just one more of the unsolved values of ¢ may not seem to be a lot of progress. But
as will be clear, the nature of the necessary conditions changes dramatically when t = 2.
Until now, the embedding has been completely determined by reasonably clear numerical
necessary conditions. But now, when ¢t = 2, the structure of a graph related to the given
edge-coloring can determine whether or not the embedding is possible. This drastic change
is reminiscent of the long-standing unsolved embedding problem for partial idempotent latin
squares of order n into idempotent latin squares of order n + t when ¢ is small: when ¢t > n
numerical conditions do prove to be sufficient, but for smaller values of ¢ the existence of
certain components in a closely related graph can prevent such an embedding (see [1, 2]).

For this reason, being able to make the jump in Theorem 2.4 to the case where ¢t = 2 is in

fact substantial progress over the existing state of knowledge.



2.2 An Edge-coloring Lemma

Hilton proved that there exists an evenly equitable k-edge-coloring of every finite even
graph (all vertices have even degree) for all £ > 1 in [9, Theorem 8|. In the following lemma,
his proof is manipulated to settle an interesting generalized notion, which produces a 2-edge-
coloring of a bipartite graph that is evenly equitable on specified vertices and equitable on

all the others.

Lemma 2.1. Let B be a finite even bipartite graph with bipartition {V,C} of its vertex set.

For any subset X < C, there ezists a 2-edge-coloring o : E(B) — {1,2} such that
(i) dp(v) = dp)(v) for allve V,
(17) dpy(c) = dp)(c) for all ce X,
(4ii) |dpy(c) — dp)(c)| = 2 for all ce C\X
if and only if
(iv) V(D) n (C\X)| is even for each component D of B.

Proof. To prove the necessity, let o : E(B) — {1,2} be a 2-edge-coloring of the bipartite
graph B satisfying conditions (i) — (7i7) for a given subset X < C. Notice that the number
of the edges with color 1 equals to the number of the edges with color 2 in each component
D of B by (i). This, together with (i7) and (i77), implies that the number of the vertices
ce V(D) n (C\X) with dp)(c) = dp()(c) + 2 is the same as the number of the vertices
ce V(D) n (C\X) with dgp)(c) = dp@y(c) + 2. Therefore |V (D) n (C\X)] is even for each
component D of B.

To prove the sufficiency, assume that X < C and that |V(D) n (C\X)] is even for each
component D of B. Form a new graph B’ from the bipartite graph B by adding exactly
one loop on ¢ (i.e., a single edge contributing two to the degree of ¢) for each ¢ € C\X. For

all v e V, dg(v) is even by (i). So each component D of B has an even number of edges



(including loops). Also notice that the degree of each vertex in B’ is even (a loop contributes
2 to the degree of its incident vertex). Therefore each component of B’ has an Euler tour
of an even length. Alternately color the edges of each of these Euler tours with colors 1
and 2. Since the length of each Eulerian tour is even, the color on its first edge is different
from the color on its last edge. Therefore this results in a 2-edge coloring of B’ in which:
for all v € V dp1y(v) = dp2)(v); and for all ¢ € C, dpn)(c) = dp(2)(c). The restriction
of this edge-coloring onto the edges of the bipartite graph B is the required 2-edge coloring
o : E(B) — {1,2} satisfying the conditions (i) — (i7i) (condition (i7i) follows since each

vertex in C\ X loses exactly one loop in forming the restriction). m

2.3 Main Results

In this section the main result, Theorem 2.4, is proved by using the method of amalga-
mations. This relies on the following result of Bahmanian and Rodger, a more generalized
version of which is proved in [3, Theorem 3.1]. In Theorem 2.2, ¢ is the detachment function

producing H from G.

Theorem 2.2 ([3]). Let G be a k-edge-colored graph and let 1) be a function from V(G) into
N such that for each u € V(G),

(1) ¥(u) = 1 implies Lg(u) = 0,
(2) daj(u)/v(u) is an even integer for 1 < j <k,

(3) (1) divides (¢(u),

(4) Y(w)(v) divides me(u,v) for each ve V(G)\{u}, and
(5) G(j) is connected for 1 < j < k.

Then there exists a v-detachment H of G in which each u € V(G) is disentangled into

vertices uy, ..., Uy (), such that for all u e G:



(i) my(u;,uy) = KG(u)/(w(Qu)) forall 1 <i < <p(u) if (u) = 2,
(13) my(ui,vi) = mg(u,v)/(u)p(v) forve V(G)\{u}, 1 <i<(u), and 1 < < (v),
(4i1) dpe)(wi) = dugy(w)/Y(u) for 1 <i<y(u) and 1 < j <k, and

(iv) Color class H(j) is connected for 1 < j < k.

Vv

G(5) B = B(G,a)
The dotted path on V in B is solely used to indicate the components of G(j).

Figure 2.1: The Bipartite Graph B(G, «)
Define two bipartite graphs B = B(G, «) and B* = B(w(«a)) associated with a special
edge-coloring, «, of G = K(n"; A1, A2) as follows; these are critically important in the state-

ment and proof of Theorem 3.2. Recall that {P,..., P,} is the partition of V(G). For a

given k-edge-coloring o : E(G) — {1,...,k} of G in which

each component in each color class is a path (possibly of length 0), (2.1)



define the bipartite graph B = B(G,«) with bipartition {V,C} of its vertex set where

V=P, C={c,...,c} is the set of color vertices, and for all ve V and ¢; € C,
i=1

,

0 if dg(j) (’U) =2

mB(UaCj) =931 if dg(j)<’U) =1 (22)

2 if dg(j)(v) = 0,

\

(see Figure 2.1). Notice that dp(c;) = 2 and is even for 1 < j < k by (2.1). Under the
assumption that &k = (A (n — 1) + Agn(r — 1)) /2, it will also be important later to establish

properties (2.3) and (2.4) below.

dp(cj) =

mp(v,c;)
)

= D, 2—dag(v)
eV (Q)

= 2nr — Z dej)(v), so

veV(G)

k
Z B(cj) = 2nrk — Z Z daj)

Jj=1lveV (G

v

v

= 2nrk — 2|E(G)|

=2nrk —nr (A (n—1) 4+ Aan(r — 1)), so

i dp(c;) = 2X\gn’r. (2.3)
Also by (2.2)
Z (v,¢;) = 2k — da(v). (2.4)

10



B B*

The edges indicated with x and y are selected to be joined with c;1 because they are

in the same component of G(j).

Figure 2.2: The Detached Graph B* = B*(G,7(«)).

In this context, it is convenient to partition C' into two sets Cy and Cs: for each i €
{0,2} define C; = {¢; € C|dp(c;) = i (mod 4)}. For each ¢; € C, choose a set C(c;) =
{{c;,vj1},{cj,vj2}} of 2 edges incident with ¢; in B such that v;; and v, are in the same
component of G(j) (i.e., are the two ends of a path). Let m(a) be the set of all k such
2-element sets C(c¢;). Now define the detached graph B* = B(w(«)) (see Figure 2.2) from
B by detaching each color vertex ¢; € C, 1 < j < k, into two new vertices c¢;; and ¢;2
such that the edges {c;,v;1} and {c;,v;2} become incident with ¢;, and all the other edges
incident with ¢; in B become incident with ¢;;. Note that dg(v) = dp«(v) for all v € V' and
dp(cj) = dpx(cj1) + dp=(cj2) for all ¢; € C. Since dp«(cj2) = 2 for 1 < j <k, if dp(c;) = 2,
then dp«(cj1) = 0. It turns out to be notationally useful to have such vertices of degree 0,
since by themselves they form components of B* containing an odd number of vertices of
degree divisible by 4, namely one. The number of such vertices is critical in the statement
of Theorem 2.4.

In the following, edges in K (n"; A;, Ay) joining vertices in the same part (or different

parts) are said to be pure (or mixed, respectively). Note that it is assumed that A; # A, since
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otherwise K (n", A1, A2) = A\ K-, in which case the part structure of the graph is irrelevant.

Proposition 2.3. Letn > 1, \{ =0, Ay = 1 and Ay # X\o. Let a be a k-edge-coloring of G =
K (n"; A1, A2). If the k-edge-coloring o can be embedded into a Hamiltonian decomposition

of G* = K (n"*%; X1, \a), then

(1) k=1 (n—1)+Xn(r+1)),

(17) A < dan(r +1),
(14i) Each component of G(j) is a path (possibly of length 0) for 1 < j <k,
(iv) wj <2n for1 <j <k, and

(v) |Co| < 2M1(5) + Aan®.

Proof. Under different conditions, the necessity of conditions (i) — (iv) are proved in [4,
Theorem 2|. Nevertheless the following proofs of (i) — (iv) are essentially the same. Suppose
that the k-edge-coloring « of G is embedded into a k-edge-coloring o of G* in which each
color class is a Hamilton cycle. Obviously dg«(v) = 2k for all v € V(G*). Also, there are
exactly A\j(n — 1) pure edges and Aon(r + 1) mixed edges incident with v in G*. Hence
2k = dgx(v) = A (n — 1) + Aan(r + 1). This proves the necessity of (7).

As each color class G*(j) is a Hamilton cycle in G*, it has at most n — 1 pure edges in
each part of G*. Since n > 1 and each part of G* has \; (Z) pure edges, as was shown in [4]

the necessity of (i7) follows from the following inequalities:

= (n; D (A1(n—1) + Xan(r + 1)), so

An < Aj(n—1) 4+ Agn(r + 1), thus

)\1 < /\gn(r + 1)

12



For 1 < j < k, G(j) is a subgraph of G*(j) which is a Hamilton cycle in G*. So the
components of G(j) can be only paths (possibly of length 0). This proves the necessity of
(i)

For 1 < j < k, the components of G(j) are paths (possibly of length 0), so the Hamilton
cycle G*(7) has exactly two mixed edges joining vertices in V(D) to vertices in P11 U Prio

for each component D of G(j). Hence w; < 2n since for 1 < j <k

2 dg*(j) (’U) = 4n.

’UEPT+1 UPT+2

This proves the necessity of (iv).

Suppose ¢; € Cy and G*(j) contains no mixed edge in G*[ P11 U Pr12]. Let D be the
set of all the components of G(j). For each D € D, let T;(D) be the set of the two edges in
the path in G*(j), each of which joins a vertex in V(D) to a vertex in P,;1 U P,;. For each
component D of G(j), if both edges in T;(D) are incident with vertices in P,4; or P, then
place them in 7,1 or 7,2 respectively, and otherwise place them in 7;5. So {7;1,7;2,7j3} is
partition of UpenT;(D). Notice that G(j) contains 31°_, |7;,|/2 components. Clearly |7; ]
and |7;9| are even. So, since 2| Py = 3 cp | dow()(v) = 2|E(G*[Pry1 ] ()] + [ 7j0] +[753]/2,
it follows that |7;3|/2 is even; that is, there are an even number of the components of G(j)
which have vertices joined to vertices in the different parts of G*[P,41 U Pr1a]. As ¢; € Oy,
G(j) contains an odd number of components. Then |7;1|/2 and |7;2|/2 have different parity

since |7;3|/2 is even. In particular, we can assume that |7;1]/2 = |7j2//2 + 1. Thus, since

2n = Y daxgy(u) = 27l + [is] + 2 E(G*[Prua](4))], and

uePr 1

2n = Y dasg(u) = 27l + 78] + 2/ E(G*[Pra2] () ]

uEPH_z
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it follows that |E(G*[Pr42](j))| > |E(G*[Pr4+1](j))|- Therefore, if ¢; € Cy then either there
is at least one mixed edge or there is at least one pure edge in G*[P.11 U P,42](j). This

proves the necessity of (v). O
Theorem 2.4. Letn > 1, \y =2 0, \y = 1 and \; # Xo. Let a be a k-edge-coloring of
G = K (n"; A1, \2). Suppose that

(x) m(a) can be chosen such that in the detached graph B* = B(w(«)), the number of the

components having an odd number of color vertices of degree divisible by 4 is at most

/\2n2.

Then the k-edge-coloring o can be embedded into a Hamiltonian decomposition of G* =

K (n"*2;, Xy, X2) if and only if:

(1) k=1 (n—1)+Xn(r+1)),

(17) A\ < Aan(r+1),
(1ii) Each component of G(j) is a path (possibly of length 0) for 1 < j <k,
(iv) w; <2n for1 < j <k, and

(v) |Co| < 22X (5) + Aan®.

Proof. The necessity of conditions (i) — (v) follows from Proposition 2.3.

To prove the sufficiency, consider a k-edge-coloring « : E(G) — {1, ..., k} of the graph
G = K (n"; A1, \2). By necessary condition (iii), the property (2.1) is satisfied by «, so form
the bipartite graph B = B(G, «) and the detached graph B* = B(w(«)), as described in the
preamble to Theorem 2.4, choosing 7(«) so that Condition (x) is satisfied.

Recall that the detached graph B* is a bipartite graph with the parts {V,C*} where
V = Ul_ P and C* = {¢j1,¢j2 : 1 < j < k}. Notice that for all v € V and 1 < j < F,

dpx(cj2) = 2 and dp«(v) and dp=(c;j1) are even. Also by the necessary condition (iv):

dp(cj1) < 4n — 2 with equality iff w; = 2n (in which case ¢; € Cj) (2.5)
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For the sake of convenience, define a partition of C* into two sets: C5 = {c¢j1 :
dpx(cj1) =2 (mod 4) and 1 < j < k} U {cjo 1 1 < j < k} and Cf = {¢j1 : dpx(cj1) =

0 (mod 4) and 1 < j < k} (recall that some vertices in C§ may have degree 0). Clearly

Gl = 1Cal. (2.6)

Let D* be the set of the components of B*. For each D € @*, choose a set S(D) of
n(D) vertices in V(D) n C§ such that >, n(D) is as large as possible subject to the two

DeD*
conditions:

(1) n(D) = |V(D) n C§| (mod 2) for all D € D*, and
(2)) 3 n(D) < \n?
Den*

Clearly such a set S(D) exists providing that there is at least one set S of n(D) vertices
satisfying (1’) and (2’). Construct such a set S* as follows. If |V (D) n C§| is even, then let
S* contains no vertices from V(D) n C§, and if |V (D) n C| is odd, then let S* contain any
single element in V(D) n C§; then S* satisfies condition (1’), and Condition (x) guarantees
that |S*| < A\an?, so S* satisfies condition (2').

Now consider the subset N* = Upep+S(D) < Cf of size Y]« n(D). We now show
that |[N*| = min{\yn?, |C&|}. If |CF| < Agn?, then clearly N* = C¢ since the maximality
of > n(D) forces S(D) to be V(D) n C¢ for each D € @*. If |Ck| > A\an?, then, since (1')
implies that |[N*| = |C§| (mod 2), it follows by (2') and the maximality of Y n(D) that
IN*| € {\an?,|Ci}; the following argument shows that |C¥| = Aan (mod 2), so this parity

forces |N*| = Agn?.
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Note that for allve V and 1 < j <k,

mgp(v,¢;) + dagy(v) = 2, so
dB<U) + dg(v) = 2k
dp(v) =2k — Ai(n — 1) + Agn(r — 1)

= 2)X9n by (7).

Therefore

0 (mod 4) if Agn is even
D dp(v) =

veV 2 (mod 4) if Agn is odd.

If A\an is even, then the size of Cf is even since

21C3] = 2/Cs] by (2.6)

= Z dg(c;) (mod 4)

CjGCQ
= Y dp(v) = ), ds(c;)
veV cjeCo

=0 (mod 4) by (2.7).

If Agm is odd, then r is odd by (i) and hence |C{| is odd since

2|C5| = 2|Cq| by (2.6)

= ) dg(cj) (mod 4)

Cj€02
= Z dp(v) — Z dp(c;) (since |V| = nr is odd)
veV c;eCo

= 2 (mod 4) by (2.7).

Therefore in both cases |Cg| = \an? (mod 2) as required.
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Apply Lemma 2.1 to the detached graph B* with the subset X = C5 u N* < C* to

obtain a 2-edge-coloring 5* : E(B*) — {1, 2} such that

(a1) dpx1)(v) = dpx@)(v) = Agn for all v e V,

(az) dpx(1)(cj2) = dpx2)(c;j2) = 1 for all ¢, € C*,

(as) dpx1y(cj1) = dpx2)(cj1) =1 (mod 2) for all ¢;; € C3,
(as) dpx1y(cj1) = dpx2)(cji) =0 (mod 2) for all ¢;; € N*,
(a5) |dp+a)(ci1) — dpx(2)(cjp)| = 2 for all ¢;; € CF\N*, and
(ag) dpx1)(cj1) = dpx2)(cji) =1 (mod 2) for all ¢;, € CF\N*.

Let N = {c¢; : ¢;; € N*} < Cy. By way of the the natural one-to-one correspondence between
E(B) and E(B*), * can be used to define the 2-edge-coloring 8 : E(B) — {1,2} with the

following properties:
(b1) dpa)y(v) = dp)(v) = Aon for allv e V,
(b2) dpy(c;) = dp)(c;) = 0 (mod 2) for all ¢; € C,
(b3) dpay(c;) = dpe)(c;) =1 (mod 2) for all ¢; € N,
(bs) |dpy(cj) — dp)(c;)| = 2 for all ¢; € C5\N, and
(b5) dpay(c;) = dp)(c;) =0 (mod 2) for all ¢; € Co\N (by (az) and (ag)).

Let u; and ug be two distinct vertices not in V' = V(G). Define a new k-edge-colored
graph GGy by adding u; and uy to the given k-edge-colored graph G together with the edges
of B as follows: for each edge {v,¢;} colored i € {1,2} in B (so v e V and ¢; € C), add the

edge {v,u;} colored j to G. So for each ve V and 1 <7 < 2,

ma, (v,u;) = dp, (v) = Aan by (by). (2.8)
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Define a new graph G5 from G by adding Ayn? mixed edges joining u; and us, and \; (;)
loops on each of u; and us. We now extend the k-edge-coloring of G; to a k-edge-coloring

of G5 in the following two steps.

Step 1: To make the degrees of the vertices u; and us in each color class of G both even and

the same as each other,

(A;) Color exactly one mixed edge joining u; to ug with color j for each ¢; € N, and

(Ay) For each ¢; € C5\N, color exactly one loop with j at one of u; and uy , whichever

has a smaller degree in Gy (7).

By (2), |N| < X\gn?. So there are enough mixed edges to complete step (A;). To see
that there are enough loops to carry out step (As), consider the following. For 1 < 4; < 2 and
is € {1,2}\{i1}, let ;, be the number of the colors j € {1,...,k} for which dg, () (u;,) +2 =
da,(j)(Uiy); 50 K1 + Ko = |Co\N| loops are colored in (As). By (b1), |[E(B(1))| = |E(B(2))|.
So K1 = Ko by (by), (b3), and (bs). Therefore there are enough loops to complete (As) since

if |Cy] = Agn? (otherwise (Ay) does nothing), then

1 Cs| — [N
H1=/€2=§’02\N‘=%

. ‘CQ’ — )\2712
a 2

<\ ( 2> by necessary condition (ii7)

= (g, (u;) for each i € {1,2}.
Let n: {1,...k} — N be the function defined by

. dB(Cj) if Cj € Co
2(j) =
dB(Cj) +2 if cj € Cs.
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So after Step 1, considering only the edges in G5 colored so far, for 1 < 7 < kand 1 <i < 2,

dan ) (ui) = (7). (2.9)

Notice that n(j) < 4n for 1 < j < k by (2.5).

Step 2: Greedily assign a color j € {1, ..., k} to each of the loops and mixed edges in G5 which

are left uncolored in Step 1 as follows:

Let & be a set of all the loops and mixed edges of G4 left uncolored after Step 1. Let
A(&) be a partition of € into subsets of size 2 each of which consists of either two

mixed edges joining u; to uy or a loop on u; and another loop on uy. Now partition

A(8) into sets Ej, ..., Ej such that |E;| = M%W for each 1 < 7 < k. Then color all

the edges in £; with color j for all 1 < j < k.

k
Notice that the sum )] |E;| counts the uncolored edges (including loops) in G after
j=1
Step 1 since

k

7j=1

k 1 k
= Z n-— 1 Z 2n(5)
Jj=1 j=1
1 1
=kn—7 2 dp(ey) =7 2 (ds(e)) +2)
cj€Co cjeCs
1 1
jil CjECQ

1 1
= k’I’L — Z;dB(Cj) — §|CQ|

(AM(n—1)+ Xan(r + 1))n — i(2)\2ﬂ27ﬁ) - %|C’2| by (i) and (2.3)

(2)\1 <Z) + )\2712 - |Cg|> .
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Therefore all the edges and loops in G5 have been colored.

Let ¢ be the function on V(Gy) defined by ¢ (v) = 1 for each v € V(G) and ¢(u;) = n
for 1 < ¢ < 2. We now show that G, satisfies conditions (1 — 5) of Theorem 2.2. Since
n = 2 and v is loopless for each v € V(G), condition (1) is clearly satisfied. For all v € V/(G),

ng(j)(U) =2by (22). Forl<j<kand1<i<2

day ) (us) = 1(j) + 2|E;] by (2.9)

So condition (2) is met. By the construction of Gy, lg,(u;) = M\ (;L) for 1 < i < 2, so
condition (3) is satisfied since ¢ (u;) = n. Notice that for all v € V(G) and 1 < i < 2,
ma, (v, u;) = Aan by (2.3) and mg,(u1,us) = Aon? by the definition of G5. Then condition
(4) follows since for all vy,v € V(G) and for 1 < i < 2, ¥(v)(ve) = 1, Y(v)Y(u;) = n
and ¥(uy)w(uz) = n?. By considering the k pairs of the edges in 7(a), it is clear that for
1 < j < k the color class Go(j) is connected, since in the 2-edge-coloring /3 of the bipartite
graph B, ¢; is joined by two edges with different colors to vertices that correspond to the
endpoints of a path forming a component in G(j). So G, satisfies (5).

By Theorem 2.2, there exists a 1-detachment G3 of G,
all of whose color classes are connected, (2.10)
in which the vertex w; is detached into n new vertices w;1,...,u; for 1 < ¢ < 2 such
that:
(B1) mey(uij,uiy) = (3)/(5) =M for all i € {1,2} and j,5' € {1,...,k};

(B2) may(urj,usy) = Aan?/n* = Ay for all 3,5 € {1,... k};

(B3) mey(v,u;j) = Aan/n = Xy for all v e V(G), i € {1,2}, and j € {1,...,k};
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(Ba) dayjy(wij) =2n/n =2 for all i € {1,2} and j,j" € {1,... k}.

So for 1 < j < k, G3(j) is an Hamilton cycle in Gz (by (2.10) and (By)), which clearly
contains G(j) as a subgraph. Furthermore, G5 is isomorphic to G* = K(n""; A\;, \y) (by
B(i_3)). Therefore the k-edge-coloring a of K(n"; A1, A2) is embedded into a Hamiltonian

decomposition of K (n"*%; A1, \2), as required. O

We think that Condition (*) of Theorem 2.4 is in fact a necessary condition, so we make

the following conjecture.

Conjecture 2.5. Letn > 1, A\ =0, Ao = 1 and A1 # \y. Let a be a k-edge-coloring of G =
K (n"; A1, Aa). If the k-edge-coloring o can be embedded into a Hamiltonian decomposition
of G* = K (n""% X\, \a) , then w(a) can be chosen such that in the detached graph B* =
B(m(«)), the number of the components having an odd number of color vertices of degree

divisible by 4 is at most \on?.

Three corollaries of Theorem 2.4 are now presented. The first corollary shows this
conjecture is true in the tightest case, namely when |C3| meets equality condition (v) in
Theorem 2.4, thus completely settling the embedding problem in this case. The other two

corollaries describe interesting cases where Condition (%) is clearly satisfied.
Corollary 2.6. Letn > 1, Ay = 0, Ay = 1 and \y # Ay. Let o be a k-edge-coloring of

G = K (n"; M1, \2) with

n
|Cs| =2\ <2) + Ao’ (#)
Then a can be embedded into a Hamilton decomposition of G* = K (n"*%; A1, Xo) if and
only if:
(1) k=1 (n=1)+Xn(r+1)),

(Z’L) )\1 < /\gn (T + 1),
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(14i) Each component of G(j) is a path (possibly of length 0) for 1 < j <k,
(iv) w; <2n for1 < j <k, and

(v) w(@) can be chosen such that in the detached graph B* = B(mw(«)), the number of the
components having an odd number of color vertices of degree divisible by 4 is at most

/\2712.

Proof. The necessity of conditions (i)-(iv) follow from Proposition 2.3. So it remains to
prove that condition (v) is necessary. For 1 <i <2 and 1 < j <k, let E(i,j) be the set of
the edges in G*(j) joining the vertices in V' = V(G) to vertices in P,,;. Let ¢; € Cy. If G*(j)
has no edges in G*[P,11 U P,42], then |E(1, j)| = |E(2,7)| = 2n which contradicts ¢; € C.
Therefore, by Condition (#),

|E(G*[Pr11 U Pris](j))] = 1 for each ¢; € Cy, and (2.11)
2.11

|E(G*[PT+1 U PT+2](j))| = 0 for each ¢; € Cy.

That is, for each ¢; € Cy, since G*[ P41 U Pr42](j) must have exactly one mixed or exactly
one pure edge, it follows that |E(1,7)| = |E(2,4)| or [|E(L, j)| — |E(2,j)|| = 2 respectively.

It also follows that
2n = |E(1,7)| = |E(2, )| for each ¢; € Cy. (2.12)

The embedding of a into a Hamilton decomposition of G* yields the 2-edge-coloring
of the bipartite graph B = B(G, o) with colors 1 and 2 defined as follows: an edge {v, ¢;}
in B is colored with color ¢ for 1 < i < 2 if and only if the vertex v is joined to a vertex in
P,,; by an edge colored j. Let X be the subset of C consisting of all the color vertices in Cj

together with all the color vertices in Cy for which |E(1,j)| = |E(2,7)|. Notice that

|X| = |Co| + Xon? and | X N Cy| = Agn?. (2.13)
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Also, 8 has the following properties:

(di) dpay(v) = dp)(v) = Aon for allv e V,
(d2) dpqy(c;) = dp)(c;) for all ¢; € X, and
(d3) |dpay(cj) — dpa)(c;)| =2 for all ¢; € Co\ X.

The 2-edge-coloring 3 satisfies (dy) since mg«(v,u1) = mgx(v,uz) = Ay for all v € V' and
u; € Py (1 <i<2);and (i) and (i) are satisfied by (2.11), (2.12), and (2.13).

Suppose ¢; € Cyn X. Then as noted above, (2.11) implies that there is exactly one edge
in G*[P,41 U Pry2](j), and it is mixed, so |E(1,7)| = |E(2,7)| = 2n — 1, which is clearly
odd. So, since each component in G(j) is a path (see (iii)), there is at least one component
in G(j) with exactly two vertices, say v;; and v;2 (which are the ends of the path), such
that v;; is joined to a vertex in P,; for 1 <i < 2. So the edge {v;;,¢;} in B is colored i for
I1<e<2.

Now suppose ¢; € Cp U (Co\X). Then G*[P.41 U P.12](j) has no mixed edges. So,
since G*(7) is connected, there is at least one component in G(j) (see (iii)) with exactly two
vertices, say v;; and v (which are the ends of the path), such that for 1 < i < 2 v;; is
joined to a vertex in P,.;. So the edge {v;;,¢;} in B is colored i for 1 < i < 2.

Therefore for each ¢; € C, define the set C(c;) = {{c¢;,v;1},{c;,vj2}} to be the set
of these two edges in B, and let m(a) = {C(¢;) : 1 < j < k}. This can be used to
define the 2-edge-colored detached graph B* = B(w(«)) derived from the 2-edge-colored
bipartite graph B. So it remains to check that B* satisfies condition (v). (Recall that
since dp+(cj1) = dp(cj) — 2, ¢j1 € Cf or Cy if and only if ¢; € Cy or Cj respectively.) Let

X* = {Cj71 1 G € X} Then
(f1> dB*(l) (U) = dB*(Q) (U) = )\gn for all v e V,
(f2> dB*(l) (Cj72) = dB*(Q)(Cj’Q) =1 for all Cj2 € C*,

(fg) dB*(l) (Cj71) = dB*(Q)(Cj’l) =1 (mod 2) for all Cj1 € C;,
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(f4> dB*(l) (Cj71) = dB*(Q) (CjJ) =0 (TTLOd 2) for all Cj1 e X*n C()k,
(f5> dB*(l) (Cj71) = dB*(Q) (cj,l) =0 (mod 2) for all Cj1 € CS\X*, and
(fﬁ) |dB*(1)(Cj’1) — dB*(g) (Cj’1)| = 2 for all Cj71 € CS\X*

By (f2), (fs) and (f4), each of the vertices ¢;2 € C* and ¢j; € C5 U (X* n Cf) is
incident with the same number of the edges colored 1 as the number of the edges colored 2
in each component of B*. So each component of B* must have an even number of vertices
in CH\X* by (f5) and (fs) since it is guaranteed by (f1) that each component of B* has the
same number of the edges colored 1 as the number of the edges colored 2. (That is, for each
component D of B*, half the vertices in V(D) n (C\X*) are incident with 2 more edges
colored 1 than 2; and the other half of these vertices are incident with 2 more edges colored 2
than 1.) So, for each component D of B*, the number of color vertices of degree divisible by
41in D is [V(D) n (CA\X*)|+ V(D) n (Ckn X*)| = [V(D)n (Cg n X*)| (mod 2). Therefore,
condition (v) is necessary since |C§ n X*| = Ayn? by (2.13).

The proof sufficency is identical with the proof of Theorem 2.4 except for that here
condition (v) is used instead of condition (x).

]

The second corollary replaces the assumption (x) in Theorem 2.4 with a condition more

clearly related to the given edge-coloring.

Corollary 2.7. Let G = K (n"; A\, A2) withn > 1, \y =0, Ao = 1 and Ay # Ay and let v be
a k-edge-coloring of G such that the number of the color classes G(j) with an odd number of

components is at most \an?®. Then o can be embedded into a Hamiltonian decomposition of

K (n""2;, Xy, X\2) if and only if
(1) k= %()\1 (n—1)+ Xon (r + 1)),

(ZZ) >\1 < /\2?1 (7’ + 1),
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(i7i) Each component of G(j) is a path (possibly of length 0) for 1 < j < k, and
(iv) w; <2n for1<j<k.

Proof. In Theorem 2.4, since dg(c;) = 2 (mod 4) if and only if G(j) has an odd number of
components, it is clear in this case that |Cy| is postulated to be at most Ayn?; so condition
(v) of Theorem 2.4 is satisfied. This also implies that Condition (x) in Theorem 2.4 is always
satisfied, regardless of the choice of C(c;) for 1 < j < k, as the following shows. Each vertex
¢;1 in B* has degree divisible by 4 if and only if ¢; has degree 2 (mod 4) in B. So clearly the
number of the components containing an odd number of vertices c;; of degree divisible by 4

is at most |Cy|, which is itself at most Ayn? by assumption. This completes the proof. [

A case that may be of particular interest is where each color class is a Hamiltonian path.

The following settles this problem in a more general setting.

Corollary 2.8. Let G = K (n";A1,\0) withmn > 1, Ay = 0, Ay = 1 and A\ # A2 and
let a be a k-edge-coloring of G such that each color class G(j) either has an even number

of components or is a Hamiltonian path. Then o can be embedded into a Hamiltonian

decomposition of G* = K (n""%; Xy, Xo) if and only if

(i) k=200 (0= 1) + dan r + 1),

(17) A\ < Xon(r+1),
(1ii) Each component of G(j) is a path (possibly of length 0) for 1 < j <k,
(iv) w; <2n for1 < j <k, and

(v) |Cy] < Agn?.

Proof. Assume « is embedded into a Hamiltonian decomposition of G*. Conditions (i) — (iv)
are necessary by Proposition 2.3. Since G(j) is a subgraph of the Hamilton cycle G*(j),

G*|P, 41U P, ,5](j) is a Hamiltonian path in G*[ P, ;U P, ] so there is at least one mixed edge
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colored j in G*[P,;1 U P,,5]. Since there are exactly A\yn? mixed edges in G*[P,,1 U P, s],
the necessity of (v) follows.

By assumption the only color classes with an odd number of components are the Hamil-
tonian paths, so Condition (%) in Theorem 2.4 is satisfied by the same reasoning used in the

proof of Corollary 2.7. O]
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Chapter 3

Maximal Set of Hamilton Cycles

3.1 History

Determining whether a graph is Hamiltonian (contains a Hamilton cycle) or not is
one of the earliest problems in the history of Graph Theory (see [8]). Another interesting
problem releted to determining if there are Hamilton cycles in a graph is to find a maximal
set of edge-disjoint Hamilton cycles. In 1989, Hoffman, Rodger, and Rosa [12] determined
that the spectrum for the maximal sets of edge-disjoint Hamilton cycles in K, is Sp(K,) =
{[%J , [%J +1,..., [%J} In 2000, Bryant, El-zanati, and Rodger [5] proved that there
exists a maximal set of x edge-disjoint Hamilton cycle in K, , if and only if <z < %.

In 2002, Daven, MacDougall, and Rodger [6] solved the existence problem of a maximal
set of z edge-disjoint Hamilton cycles in the complete multipartite graph K (n") = K(n";0,1)
except for the smallest value of x in the case n = r = 1 (mod 2) by showing in all other
cases that there exists a maximal set of x edge-disjoint Hamilton cycles in K(n") if and
n(r—1)

only if: [M=U] < 2 < |20

|; and z > @ if either n is odd and » = 1 (mod 4) or

p = 2and n = 1. In 2005, Logan and Rodger [14] solved the existence problem in the

case where r is odd and n = 3 by proving that if [@] +1 <2<

(n+1)(r—1)—2

T | when

r =3 (mod 4) or ["(Tl)] +1l<z< [WJ when r = 1 (mod 4), then there exists a

maximal sets of x edge-disjoint Hamilton cycles in K (n"). In [16], Noble and Rodger proved

@] edge-disjoint

that if r = 1 (mod 4) and n = 3, then there exists a maximal set of |
Hamilton cycles in K (n").

In Theorem 3.7 of this chapter, these results are extended to multipartite graphs with
2 associate classes. Using the result in [12], here it is proved that if Aon|™2| < ¢, then

there exists a maximal set of ¢ edge-disjoint Hamilton cycles in K (n"; A\, A2) if and only if
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t < min{| ’\2" (r= 1)J, [Al(n ! +’\2” (r= 1 } by using the method of amalgamtions. It is still an
open problem whether or not Aen|™2| is a lower bound for the spectrum Sp(K (n"; A1, As))

(see Problem 5).

3.2 A Useful Result

Theorem 3.1 ([15], Walecki Construction). AK, = K(17;0,\) has a Hamilton decomposi-
tion (or a Hamilton decomposition with a 1-factor leave) if and only if X(r — 1) is even (or

odd, respectively).

Let K5 be the complete graph with the vertex set V' = {v; : j € Zy,}, and let P be the
Hamilton path (el, €9yt 625_1) in the complete graph Ky, whose vertices are ordered as
follows: wvg, Vos_1, V1, V52, V2, ..., Vs_1,Vs. For 0 <7 < s—1, let P; be the Hamilton path in

K5, obtained from P as follows:
e+ 1= {vjy;, vy} € E(P;) if and only if e = {v;,v;} € E(P)

(reducing the sum in the subscript modulo 2s). Then Py, ..., P,_; are edge-disjoint, and
so form a Hamilton path decomposition of Kys made using the Walecki Construction (a
companion result to Theorem 3.1). Here, we can make effective use of this structure. For
1 < ¢ < 2s, define ¢ = [27¢]. For 0 <i < s— 1, let P;;(¢q) and P,»(q) be the two subpaths
(61 +i,e0+10...,¢€4 —H') and (egs_q +1, €25—g1+ 0. .., €251 F z) of length ¢ in P; respectively.
For 0 <i < s—1, P,1(q) and P;2(q) are edge-disjoint simply because: they consist of the
first and last ¢ edges of P; respectively; the length of P; is 2s — 1; and 2s — 1 — 2¢g > 0.
Notice that for 0 < i < s — 1, ¢ is the number of the components in P;;(q) U Pi2(q) or

P,1(q) U P,2(q) U {es + i} if ¢ is even or odd, respectively.
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Let Q9(2s) be the graph with the vertex set V and edge set E = E(Q?(2s)) defined

as follows: if ¢ is even and 2s — ¢ = 2q > 2,
s—1
E(Q"(29)) = | (E(Pi1(9) v E(P.2(q))),
i=0
and if ¢ is odd and 2s —c = 2¢ + 1 > 1, then
E(Q“(2s)) = BE(Q*Y(2s)) U{es+i:i=0,1,...,5 —1}.

For 1 < ¢ < 2s, define an s-edge-coloring of Q(°)(2s) as follows:

e if ¢ is even, then color all the edges in E(P;1(q)) v E(P;2(q)) with color i for 0 < i <

s —1, and

e if ¢ is odd, then color the edge es + i and all the edges in E(P;;1(q)) v E(Pi2(g)) in the

graph Q(¢*1)(2s) with color i for 0 <i < s — 1.

Regardless of whether ¢ is even or odd, Q(©)(2s) is regular of degree 2s — ¢ and each color

class of the edge-coloring has 2s — ¢ edges. So for 1 < ¢ < 2s,
Q' (2s) satisfies the conditions required to apply Lemma 3.3 (3.1)

Lemma 3.2. If c is even, then the complement of Q¥ (2s) in Ky, contains a 1-factor.

Proof. The result is clear in the case ¢ = 2s, since the graph Q(*)(2s) has no edges; in other

words,
QO (25) = Ko, (3.2)

Now let ¢ = 2m with 1 < m < s. For each e = {v;,v;} € E = E(Q®™(2s)), the

edge-difference D(e) is positive since Q*™(2s) is a loopless graph. It is also obvious that
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forall ee E and for 0 <i < s— 1,

D(e +1i) = D(e) (3.3)

since for all e = {v;,v;} in E by considering j > j" without loss of generality,

D(e+ 1) =D({vj1i, vjrii})
=min{(j +i) — (j' +14),25 = (( +1) — (7' + )}
=min{j — j',2s — (j — i)}
=D({v;, vjr})

=D(e).

By (3.3), after now we consider only the case i = 0 for convenience.

e1 € €3 €4 es €q
° ® ® ® ® ® -+ o— o
(%1 V2

2
%
e

e
%
o

KN

Figure 3.1: The Path Py;(q) in Q®™(2s).

For 1 < j < g, let e; be an edge in P ;(q) (see Figure 3.1), so

ej = {U%,%r%} if j is odd, and

ej = {0257%#“%} if j is even.

Then for 1 < j <gq,
D(e;) = min{2s — j, j} = j (3.4)

since ¢ = s —m and m < s.
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Figure 3.2: The Path Py2(q) in Q®™)(2s).

For 1 < j < g, let eg,_; be an edge in Pys(q) (see Figure 3.2), so

Then for 1 < j < g,

D(ess—j) = min{2s — j,j} = j (3.5)

since ¢ = s —m and m < s. Now, notice that the differences of the edges in Py 1(¢q) increase
from 1 to ¢ through the path Fy;(q) by (3.4) while the differences of the edges in P2(q)
decrease from ¢ to 1 through the path P 3(q) by (3.5). Sofor0 <i<s—land1<j<2s—1

it is always the case that

1< D(ej+1i) <s—m. (3.6)
Therefore, by (3.2) and (3.6), all the edges of half-difference of Ky, are in the complement
of the graph Q™ (2s) which induce a 1-factor. O

As stated in (3.1), let G = Q(©)(2s) in the following lemma which was proved in [12].

Lemma 3.3 ([12]). Suppose 1 < ¢ < 2s. Let G be a graph with 2s vertices that is reqular of
degree 2s — ¢ for which there exists an s- edge-coloring in which each color class consists of
25 — ¢ edges that induce a subgraph of G consisting of vertex disjoint paths. Then K. v G

has a Hamilton decomposition.
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Lemma 3.3 was then used in [12] to prove the following theorem.

Theorem 3.4 ([12]). For r > 3, there exists a mazimal set of x edge-disjoint Hamilton

cycles in K, if and only if

xeSp(KT)z{VZ?)J,VZSJ+1,...,V;1J}.

In the following proposition, (a;) is explicitly stated at the end of the proof of Lemma

3.4 in [12]. However, (as) is a new result we prove here.

Proposition 3.5. For each x € Sp(K,.), there ezists a mazximal set M, of x Hamilton cycles

i K, such that
(1) K, — E(M,) is disconnected, and
(ag) if r is even, then K, — E(M,) contains a 1-factor.

Proof. For each x € Sp(K,),if v = (r—1)/2 (so r is odd), then define H, = K,; otherwise, let
H, = K,_y, v QU2 (2x). Notice that for each x € Sp(K,), H, is a spanning subgraph of K,
and it can be decomposed into x Hamilton cycles by Theorem 3.1 or Lemma 3.3 respectively.
Then let M, be the set of the Hamilton cycles in any Hamilton decomposition of H,. Since
H,=K,—F (M,) is obviously disconnected, M, is a maximal set of x edge-disjoint Hamilton
cycles in K.

To prove (as), let r be even. As defined above, H, = K,_5, v Q") (22) where K,_o,
and QU~2%)(2x) are vertex disjoint subgraphs of K,. Then the complement of H, in K, is
the graph H, =K, 5, U Q(”T@(Zx) Notice that K, 5, has a 1-factor simply because it has
an even number of vertices. Also the complement Q(’“T)(Qx) has a 1-factor by Lemma 3.2

since r — 2x is even. So (agy) follows. O

The following theorem, which is also known as Petersen’s Theorem in literature, is very

important for the proof of the main result of this chapter, Theorem 3.7.
Theorem 3.6 ([17]). Every reqular graph of even degree has a 2-factorization.
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3.3 Main Result

If S is a set of Hamilton cycles in any graph G, then let E(S) = | J,cq £(C). Define the
edge-cut [Vi,Vi]g = {e: e = {v1,v:} € E(Q),v; € Vi, vy € V1 } for a subset V; < V(G). Now

we are ready to prove the main result of this chapter.

Theorem 3.7. Let G = K(n", A\, A2) withn > 1, r > 2 A\ = 1, Ao =1, and A\ # .

Assume that t > )\gn[%J. Then there exists a maximal set of t edge-disjoint Hamilton

cycles in G if and only if:

Aon?(r— 1), A(n—1)+ dan(r — 1)
T : it 37)

t < min{|

Proof. To prove the necessity, let M be a maximal set of ¢ edge disjoint Hamilton cycles in

G. Forallv eV, dg(v) = AMi(n—1) + Aan(r — 1). Sot < [’\1("71)2’\2"(“1)]. Furthermore,

there must be at least r mixed edges in a Hamilton cycles in the graph G simply because

every Hamilton cycle is connected (see Figure 3.3).

Figure 3.3: The Parts of G = K (n", A1, \a).
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Then

rt <Agn? (;), SO

Aon?(r — 1)

<
l 2

|

So Condition (3.7) is necessary. In what follows, we give the proof of the sufficiency.

For each = € Sp(K,), let M, be a maximal set of x edge-disjoint Hamilton cycles
in K, on the vertex set V which is obtained as described in Proposition 3.5, and let
S(Aon?z) = {C4,...,C\,n2.} be the set of Hamilton cycles in A\yn?K, formed by exactly
Aon? copies of each Hamilton cycle in M,. Then K, — E (M,) is disconnected by Proposition
3.5 (a1), so K, has an edge-cut [V1,Va]k, < E(M,). Clearly each e € [V}, V2]k, appears in
exactly Ayn? Hamilton cycles in S(Aan?z), so [V1, Va]am2k, is an edge-cut of Agn? K, which is
a subset of E(S(Aan?r)). So the set S(Ayn’r) is a maximal set of Hamilton cycles in \yn?K,.

Aan?(r—1 Aan?(r—1
[t [

By Theorem 3.1, Ayn? K, can be decomposed into Hamilton cycles or

Hamilton cycles and one 1-factor if Ayn?(r —1) is even or odd, respectively. Notice that if r is

odd, then [%J = Aon?|5]; so let S([WJ) = S(Aen?|%51]) as defined in the last

paragraph. But if r is even then \on?|’5%] < [%J, so in this case define an additional
set S ([wj) to be the set of all the edge-disjoint Hamilton cycles in A\yn?K, obtained by

—/\2n2§r_1)J) is a maximal set of Hamilton cycles

Theorem 3.1. So when r is even, the set S(|
Aon? K, since \gn’K, — E(S([mj)) is either a null graph or a 1-factor if A\yn?(r — 1) is

even or odd, respectively.

If ¢ is in the range Aon|™2] <t < Ayn|%52], then there exists an element z € Sp(K,)

such that \onz < t < \yn’x since
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2< 1z
= % < z
= n< (n—1)x
< an?< An(n—1)z
<= Aonxr < \gnlz — Aon?
< Anr < Ani(z —1);

so greedily form a partition S(t) = {Si, ..., S;} of the set S(Agn?z) in which 1 < |S;] = s; < n
for 1 <4 < t. This is possible simply because |S(\an?z)| = Agn’z, so at the extremes of ¢ in

the range \onx < t < M\yn’z, either all sets in S(t) have size n or they have size 1.

Similarly if ¢ is in the range Xon|"3*] < t < mz’n{[)‘wzr*l)J, [)‘1(”71)2’\2”(“1)]}, then
greedily form a partition S(t) = {51, ..., S} of the set S([WJ) inwhich1 < |S;| =s; <n
for 1 < i < t. Notice that » must be even for this range of ¢ existing. So such a partition

S(t) of the set S([%J) exists since if Agn is even, then

2< n
= :_;1 < n
= n< (n—1)z
n2 T— r—
= RS e
[A2n2(r—1)
<= 2 < )\QHQL%J,
n
and if A\9n is odd, then
2< n
- e
RN 0< n(r—2)—(r—1),so
0< Nn?(n(r—2)—(r—1))+1
= /\an(gfl)fl < )\2n3%
[A2n2(r—1)J

For Agn| 72| < ¢ < min{|22220=) | | Mle=D*danlr=d) b oy §1(4) = (S .. S1} in which

each S} is the union of the Hamilton cycles in S;; that is,
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st=Jc

CESi
Notice that for 1 < i < ¢, S} is both connected and regular of degree 2s; < 2n since it is the
union of s; Hamilton cycles.

Now let G (t) be the union of the graphs in the set S*(¢); that is,

t
Gi(t) =S
i=1
So G4(t) is both connected and regular of even degree. Then define

G1(t) =\n’K, — E(Gy(t))

=\on’K, — E(S(t))

to be the complement of G(¢) in the multigraph A\n?K,. So G;(t) is disconnected and

regular.

If G1(t) is regular of even degree, then it has a 2-factorization F by Theorem 3.6. Now

suppose that G;(t) is regular of odd degree. Then A\on?(r — 1) = 1 (mod 2). This is possible

if and only if s =n=7r —1=1 (mod 2). So r must be even. If Aon|™2| <t < Ayn?| |,

then there exists an element = € Sp(K,) such that Agnz < t < Agn’z; so Gi(t) can be
decomposed to a 2-factorization F and a 1-factor F' by Theorem 3.6 and Proposition 3.5
(as) since Gy (t) is the union of Ayn? copies of K, — E(M,). If Mn?| S <t < [WJ,
then G1(t) can be decomposed to a 2-factorization F and a 1-factor F' due to the Walecki
construction.

Let G’ and G5 () be the graphs obtained from \yn? K, and G4 (t), respectively by adding
exactly A; (g) loops on each vertex. Notice that Ga(t) is a spanning subgraph of G’ simply

because G(t) is a spanning subgraph of A\yn®K,.
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Define a partition £ = {L,...

7L/\1(;‘)} of the set of the A;(})r loops in G’ such that

for1<i< ) (g), each vertex in G’ is incident with exactly one loop in L;; so |L;| = r.

Now let &(t) = {En,. ..

each set E; has size n — s;.

partition &(t) exists since

, B} be a partition of a subset of the union F u £ in which

For Xon|™2| < ¢ < min{|

)‘2n2§r_1)J, |-)\1(n—1)+2/\2”<7"_1)J}, such a

4

A(n—1) + Xon(r —1)

t< | . | by Condition (3.7)
PENTRYICED —;)\gnQ(r —1)
- wo (hn=1) ;A2n2(r 1),
- T 1)2— 2ABEO) Aln@; U, 15s0)
o o |BS@y) < 2R 1)2— 2ABEO) Aln(g —1)
o _; P 1)2— 2BSE, , 5
T L S LTINS
< Yoo B < |F]+ 1L

Now define a (¢t + 1)-edge-coloring of G’ by coloring all the edges in S} and in E; with

color 7, and color all the other edges in G’ with color ¢ + 1. For 1 < i <t + 1, let S? denote

the i*" color class in the (¢ + 1)edge-colored graph G’. Notice that for 1 < i < t, S? is regular

of degree 2n since for all v e V,

dg2(v) =dg1 (v) + 2| Ei]
=2s; + 2(n — ;)

=2n
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Also notice that
the color class S? is connected for 1 < i <t (3.8)
since it contains S} which is the union of s; Hamilton cycles. However,
the color class S7,, is disconnected by Proposisition 3.5 (ay). (3.9)

Let ¢ be a function from the vertex set V into N defined by ¢(v) = n for all v € V.
We now show that ¢ satisfies the conditions (1) — (5) of Theorem 2.2. Condition (1) is
satisfied simply because n > 2. For all v € V, dg,(v) = 2nt, so dg,(v)/¢(v) = 2t. Then

condition (2) is satisfied. For all v € V, (MQU)) = (3), so (w(”)) divides £g,(v) = Ai(3). So

2 2

condition (3) is satisfied. For all v;,vy € V, ¥(v;)(vy) = n? divides mg,(vj,vy) = Aan?.

So condition (4) is satisfied. By (3.8) and (3.9), condition (5) is satisfied for all the color
classes S%,...,S? but for S2 ;. In Theorem 2.2, the condition (5) is needed only for (iv), so
if a color class G(j) is disconnected then definitely the color class H(j) is also disconnected
simply because |E(G(j))| = |E(H(j))| while |V(H)| = |V(G)]. So by Theorem 2.2, there
exists a 1)-detachement G” of the graph G’, in which the vertices v;,v; € V are detached

into n new vetices v;1,...,v;, and vj 1,...,v5 , such that:
(g1) dery(vjr) =2n/n=2for 1 <i<tand1<7<n,

(92) mer(vjr,v5) = M (5)/(5) = M for 1 <7 <7/ <n, and
(93) mar(Vjr,vp ) =Xon?/n* =X for 1 <7< 7 < n.

Now notice that G” is isomorphic to the graph G = K(n"; A1, A2) by (g2) and (g3). So let
S2 be the " color class in the (¢ + 1)-edge-colored graph G induced from the edges in the
color class S?(t). Then for 1 < i < t, the color class S? is a Hamilton cycle in G by (3.8) and
(g1). Let S3(t) = {S?,...,S?}. Then S3(f) is a maximal set of Hamilton cycles in G since

G — E(S*(t)) = 52, is disconnected by (3.9). Therefore, the proof of the sufficiency follows.
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Chapter 4

Future Directions
4.1 Some Open Problems

In this dissertation, Chapter 2 focusses on the embedding problem: when can a edge-
coloring of K (n"; A, \2) be embedded into a Hamiltonian decompostion of K (n" "% \j, A)?
The embedding problem has not been settled completely for quite some time. So solutions of

the following open questions are of great interest to those working on these types of problems.

Problem 1. Prove Conjecture conjecture 2.5.
For convenience, this conjecture is restated here.

Conjecture 2.5. Letn > 1, A\ =0, Ao = 1 and \y # \o. Let a be a k-edge-coloring of G =
K (n"; M\, Xo). If the k-edge-coloring o can be embedded into a Hamiltonian decomposition
of G* = K (n"*%; X\, \g) , then w(a) can be chosen such that in the detached graph B* =
B(7(«)), the number of the components having an odd number of color vertices of degree

divisible by 4 is at most \on?.

Perhaps this is currently intractible, but it would still be of interest to settle the con-

jecture with some additional restrictions, such as the following problem.

Problem 2. Show that Conjecture conjecture 2.5 is true if |Cy| > ~ for some particular

v < 2)\1 (g) + )\2”2.
The following problem also appears to be very difficult.

Problem 3. Solve the embedding problem in case t = 3.
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Problem 4. What can be the largest value of t in the embedding problem in order for nu-
merical conditions to be suffcient for the embedding (i.e., until the components are not an

issue in the embedding problem)?

In Chapter 3, maximal sets of ¢ edge-disjoint Hamilton cycles in K (n"; A1, A2) is studied.

The following problem is left open:

Problem 5. Prove whether or not Aon| ™2 | is a lower bound for the spectrum Sp(K (n"; Ay, A2)).
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