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Thesis Abstract

A Study of Pólya’s Enumeration Theorem

Elizabeth C. Williams

Master of Science, August 8, 2005
(B.S., LaGrange College, 1998)

22 Typed Pages

Directed by Edward E. Slaminka

The controversial lemma, known most commonly as Burnside’s Lemma, is stated

and proven. The influential Pólya’s Enumeration Theorem is stated and proven. Com-

putations using Pólya’s Enumeration Theorem are discussed and examples of these com-

putations are given.
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Chapter 1

Introduction

Consider a necklace that consists of n colored beads. On paper this can be repre-

sented as a word of length n over an alphabet of k colors. For example, one such necklace

could be represented as the word bbgbrr (b for blue, g for green and r for red). Now, two

words that differ purely by a cyclic rotation must represent the same necklace and thus

are equivalent. For our above example, bbgbrr, rbbgbr, rrbbgb, brrbbg, gbrrbb and bgbrrb

are all equivalent. So, an (n, k)-necklace is an equivalence class of words of length n over

an alphabet of size k under rotation and reflection.

This raises a commonly-known enumeration question: For a given n and k, how

many unique (n, k)-necklaces can be made [1]? On a broader scale the question becomes,

“How many orbits does the dihedral group Dn have on the set of all necklaces with n-

beads over k-colors?”

Published in 1934, Georg Pólya’s Enumeration Theorem answers the complete ques-

tion of how many necklaces can be formed using n beads of k colors, accounting for sym-

metry of rotation and of reflection. Having applications in Combinatorics and Chemistry,

Pólya’s Enumeration Theorem has led to a new branch of Graph Theory, Enumerative

Graph Theory.

This theorem is stated as: Let A and B be finite sets and let the finite group G act

on A. Let ck(G) denote the number of permutations in G that have exactly k cycles in

their cycle decomposition on A. Then the number of orbits of G on the set BA of all

mappings f : A → B is
1
|G|

∞∑

k=1

ck(G) · |B|k [3].
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Chapter two defines the terms and notations that will be used in the paper. Chapter

three presents and proves LaGrange’s Theorem, Burnside’s Lemma and other theorems

used in the process of proving the main theorem, which is found at the end of the chapter.

Chapter four provides several examples of applications of Pólya’s Enumeration Theorem.
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Chapter 2

Definitions and Notation

Definition: Given any set X, a bijection from X to itself is a permutation.

Definition: For a finite set X, |X| is the number of elements of X.

Definition: Sn is the set whose elements are permutations of the set of positive integers

{1, 2, ..., n}

Definition: Symmetry refers to a rigid motion of a geometric figure. In this paper, we

will specifically look at how rotations and reflections affect vertices of geometric figures.

Any symmetry determines a permutation in Sn by specifying where each vertex goes

under the symmetry.

Definition: A dihedral group, Dn, is the group of symmetries of the regular n-gon.

Definition: For a subgroup, H, of a group G, the number of distinct left cosets of H

in G is the index of H in G. It is written as |G : H|.

Definition: A partition of a set S is a decomposition of S into nonempty disjoint subsets

such that every element of S is in exactly one of the subsets. The subsets of a partition

are called cells of the partition.

Definition: Each cell in the natural partition arising from an equivalence relation is an

equivalence class.

Definition: Let X be a set and G a group. An action of G on X is a map φ : G×X → X

(where φ(g, x) is denoted by gx) such that:

1. ex = x for all x ∈ X

2.(g1g2)(x) = g1(g2x) for all x ∈ X and all g1, g2 ∈ G.
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Definition: Let X be a set, let x be an element of X and let G be any subgroup of

Dn. Then the set of all elements of G which fix x is a subgroup of G and is called the

stabilizer of x in G, denoted by Gx = {g ∈ G|gx = x}.

Definition: Let X be a set, let x be an element of X and let G be any subgroup of Dn.

Then the set of all elements x which remain fixed by an element of G is the set of fixed

points of g in X and is denoted by Xg = {x ∈ X|gx = x}.

Definition: Let σ be a permutation of a set A. The orbits of σ are the equivalence

classes in A determined by the following equivalence relation: For a, b ∈ A, let a ∼ b if

and only if b = σn(a) for some n ∈ {1, 2, 3, ...}. Another way of stating this definition is:

Given x ∈ X, the orbit of x in G, Orb(x), is the set of all images y mapped to by some

φ in G. Orb(x) = {y ∈ X|φ(x) = y for φ ∈ G}.
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Chapter 3

Pólya’s Enumeration Theorem

Theorem 3.1 Let H be a subgroup of a group G. Left cosets of H form a partition of

G.

Proof: Let aH and bH be two left cosets in H. Suppose that aH and bH have at

least one element in common, say c ∈ aH ∩ bH. Then for some h1, h2 ∈ H, c =

ah1 and c = bh2. Thus, ah1 = c = bh2 ⇒ ah1 = bh2 ⇒ a = bh2h
−1
1 . Since H is a

subgroup, h2h
−1
1 must be in H. Let h3 = h2h

−1
1 ∈ H. Thus, a = bh3 and for every

h ∈ H, ah = bh3h = bh4 for h3 · h = h4 ∈ H. Therefore ah ∈ bH for all h ∈ H

and aH ⊆ bH. The opposite containment, bH ⊆ aH, can be shown using a similar

argument. If ah ⊆ bH and bH ⊆ aH then aH = bH, proving that two left cosets that

are not disjoint must be equal . Thus, distinct left cosets of H separate elements of G

into disjoint subsets.

Theorem 3.2 (LaGrange’s Theorem) If G is a finite group and H is a subgroup of G,

then |G| = |H| · |G : H|

Proof: Let G be a finite group of order n. Let H be a subgroup of G with order k.

By Theorem 3.1, the left cosets of H separate the elements of G into mutually disjoint

subsets. Let m = |G : H| = the number of distinct left cosets of H in G. Let aH be any

left coset of H. A mapping φ : H → aH defined by φ(h) = ah, for h ∈ H, is injective

because the cancellation law holds for G. It is also surjective since any x ∈ aH can

be written as x = ah, h ∈ H. Thus φ is bijective and |aH| = |H| = k. So, we have
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the n elements of G divided into m disjoint subsets, each with k elements. Therefore

n = km ⇒ |G| = |H| · |G : H|.

Theorem 3.3 Let G be a subgroup of Dn which acts on a finite set X and let x ∈ X.

Then |Orb(x)|=|G : Gx|= |G|
|Gx| .

Proof: By LaGrange’s Theorem, |G : Gx| =
|G|
|Gx| . To show that this is the same as

|Orb(x)|, we construct a bijection φ : Orb(x) → G

Gx
defined by φ(y)={g ∈ G|y = gx}.

Now, φ(y) is not empty because if y ∈ Orb(x) then there must be at least one g ∈ G

such that y = gx. Choose an element, g0 ∈ G, such that y = g0x. Let g0h ∈ g0Gx (recall

that h ∈ Gx means hx = x). So g0hx = g0x = y ⇒ g0h ∈ φ(y), by the definition of φ.

Now, for the opposite inclusion, let g ∈ φ(y). Then y = gx; however, since y = g0x, we

have that gx = g0x ⇒ g−1
0 gx = x. Thus, g−1

0 g ∈ Gx ⇒ g ∈ g0Gx and φ(y) is well-defined

in
G

Gx
. Suppose that y1, y2 ∈ Orb(x) such that y1 6= y2. Then φ(y1) = {g ∈ G|gx = y1}

and φ(y2) = {g ∈ G|gx = y2}. Clearly these two sets are disjoint. Thus φ is one-to-one.

Take any coset gGx ∈ G

Gx
. Then gGx = φ(gx). Thus φ is onto. Therefore the mapping

φ : Orb(x) → G

Gx
is bijective and |Orb(x)| = |G : Gx| = |G|

|Gx| .

Theorem 3.4 The number of orbits of an action of the group G on an element x ∈ X

is equal to
∑

x∈X

1
|Orb(x)|

Proof: Since X is a disjoint union of orbits, terms in the sum can be collected as
∑

x∈X

1
|Orb(x)| =

N∑

i=1


 ∑

x∈Orb(xi)

1
|Orb(xi)|


 =

N∑

i=1

(1) = N .

Theorem 3.5 (Burnside’s Lemma) Let the finite group G act on a finite set X. Then

the number of orbits is
1
|G|

∑

g∈G

|Xg|.
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Proof: Let S = {(g, x) ∈ G×X|gx = x}. So, |S|=
∑

g∈G

|{x ∈ X|gx = x}| =
∑

g∈G

|Xg| and

|S| =
∑

x∈X

|{g ∈ G|gx = x}| =
∑

x∈X

|Gx|. By Theorem 3.3, |Orb(x)| = |G : Gx| =
|G|
|Gx| ,

so |Gx| =
|G|

|Orb(x)| . Thus,
∑

g∈G

|Xg| = |S| =
∑

x∈X

|Gx| =
∑

x∈X

|G|
|Orb(x)| . Divide by |G|

to get
1
|G|

∑

g∈G

|Xg| =
∑

x∈X

1
|Orb(x)| . By Theorem 3.4,

∑

x∈X

1
|Orb(x)| = N . Therefore,

1
|G|

∑

g∈G

|Xg| = N .

Theorem 3.6 (Pólya’s Enumeration Theorem) Let A and B be finite sets and let the

finite group G act on A. Let ck(G) denote the number of permutations in G that have

exactly k cycles in their cycle decomposition on A. Then the number of orbits of G on

the set BA of all mappings f : A → B is
1
|G|

∞∑

k=1

ck(G) · |B|k.

Proof: From Theorem 3.5, the number of orbits is given by N =
1
|G|

∑

g∈G

|Xg|. Let |Xg|

denote the number of mappings, f , left fixed by a permutation g ∈ G. This holds true

if and only if f is constant on each of the cycles of g. These mappings are obtained by

assigning an element of B to each cycle of g. If g has k cycles, then |B|k is the number

of mappings fixed by g.
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Chapter 4

Applications of Pólya’s Enumeration Theorem

Pólya’s Enumeration Theorem (restated) The number of orbits of a finite set G on

the set BA of all mappings f : A → B is
1
|G|

∞∑

k=1

ck(G) · |B|k.

Let A be a finite set denoting the vertices of an n-gon, or the possible positions of

beads on a necklace.

Let B be the finite set of colors available.

Let G be the appropriate dihedral group: D3, D4, D5 or D6.

D3 = {ρ0, ρ1, ρ2, µ1, µ2, µ3} where ρi corresponds to rotating the triangle clockwise

2πi

3
radians and µi corresponds to reflecting the triangle about the three angle bisectors.

D4 = {ρ0, ρ1, ρ2, ρ3, µ1, µ2, δ1, δ2} where ρi corresponds to rotating the square clock-

wise
πi

2
radians; µi corresponds to reflecting the square about the mi axes; δi corresponds

to reflecting the square about the diagonals, di.

D5 = {ρ0, ρ1, ρ2, ρ3, ρ4, µ0, µ1, µ2, µ3, µ4, µ5} where ρi corresponds to rotating the

pentagon clockwise
2πi

5
radians and µi corresponds to reflecting the pentagon about the

lines joining angles and the midpoints of their opposite sides.

D6 = {ρ0, ρ1, ρ2, ρ3, ρ4, ρ5, µ1, µ2, µ3, µ4, µ5, µ6} where ρi corresponds to rotating the

hexagon clockwise
2πi

6
radians and µi corresponds to reflecting the hexagon about the

lines connecting opposite vertices and the lines joining midpoints of opposite sides.

The preferred method for representing permutations in Sn is disjoint cycle notation.

With this notation, start with a left parentheses, ’(’, followed by some number in the

domain {1, 2, ..., n}. The next number to the right is the image of the first under the
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mapping. This process continues until the first number is reached. As soon as one gets

back to the starting number, this string of numbers is closed off with a right parentheses,

’)’. Repeat this entire process, beginning with ’(’ and a number not yet listed. If a

number is fixed by the permutation (if it is equal to its image) then it is denoted as a

single number in parentheses.

We begin with an example of a plain necklace made of three beads with two color

options. As we are dealing with three beads, the set A, positions of the beads, is the

vertex set of a triangle; A = {1, 2, 3}. Let G be the dihedral group D3; therefore, |G|=6.

Let B be the set of possible colors; in this example |B|=2. Label the vertices clockwise,

beginning at the top of the triangle. We first write the cycles formed by permuting the

necklace into itself. In other words, we apply the elements of D3 to the set A and write

down, using the disjoint cycle notation detailed at the beginning of this chapter, the

results of each permutation. Doing so for this example yields the following:

ρ0 (1)(2)(3)

ρ1 (123)

ρ2 (132)

µ1 (1)(23)

µ2 (2)(13)

µ3 (3)(12)

Next, we use these cycle decompositions to find the number of permutations in D3

that have exactly k cycles; simply, we count the number of permutations above that have

one set of parentheses, two sets of parentheses, three sets, etc. We denote each number
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as ck(G). Thus, c1(G) = 2, c2(G) = 3 and c3(G) = 1. Now, apply Pólya’s Enumeration

Theorem, with A, G and B as defined earlier and N , the number of orbits, being the

number of possible unique necklaces.

N =
1
|G|

3∑

k=1

ck(G) ·2k =
1
6
[c1(G) ·21 +c2(G) ·22 +c3(G) ·23] =

1
6
[2 ·21 +3 ·22 +1 ·23] = 4.

Thus there are four possible plain, unique necklaces to be made with three beads and

two color options.

Now, if we add one more color option, obviously the number of possible unique

necklaces increases. However, since we are still using three beads, the only value from the

preceding example that changes is |B|=3. Thus, using Póyla’s Enumeration Theorem,

the formula becomes:

N =
1
6

3∑

k=1

ck(G) · 3k =
1
6
[2 · 31 + 3 · 32 + 1 · 33] = 10.

Thus there are ten possible unique necklaces to made using three beads of three colors.

Continuing in this fashion, we see that using three beads and having 1,2,3,4,5,6,... color

options there are 1,4,10,20,35,56,... unique necklaces possible.

Using four beads increases not only the size and aesthetics of the necklace, but also

the calculation of the number of possibilities. Instead of working with the vertices and

symmetries of a triangle as before, we now work with the vertices and symmetries of a

square. Let A be the set of vertices of a square; A = {1, 2, 3, 4}. Let G = D4 with |G|=8.

For illustration purposes, let |B|=4, or let there be four color options for this necklace.
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As in the last example, use the disjoint cycle notation to list the affect of each

permutation of D4:

ρ0 (1)(2)(3)(4)

ρ1 (1234)

ρ2 (13)(24)

ρ3 (1432)

µ1 (12)(34)

µ2 (14)(23)

δ1 (13)(2)(4)

δ2 (24)(1)(3)

Using these decompositions, we get that c1(G) = 2, c2(G) = 3, c3(G) = 2 and c4(G) =

1. Applying all of this information to Pólya’s Enumeration Theorem, we see: N=

1
8

∑4
k=1 ck(G) · 4k=1

8 [c1(G) · 41 + c2(G) · 42 + c3(G) · 43 + c4(G) · 44]=1
8 [2 · 41 + 3 · 42 + 2 ·

43 + 1 · 44]=55.

Thus, there are 55 possible unique necklaces to be made using four beads and

choosing from four colors. In fact, using four beads and 1,2,3,4,5,6,7,... colors of beads,

there are 1,6,21,55,120,231,406,... possible unique necklaces to design.

Now, some of us have expensive tastes, so let us calculate how many unique necklaces

using five beads there are from which to choose. As in the previous two examples, we

let A be the set of vertices of a pentagon, making A = {1, 2, 3, 4, 5}. Label the vertices

clockwise from one to five. This means G = D5 and thus |G|=10. For calculation

purposes, let |B|=3. The cycle decomposition is as follows:
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ρ0 (1)(2)(3)(4)(5)

ρ1 (12345)

ρ2 (13524)

ρ3 (14253)

ρ4 (15432)

µ1 (1)(25)(34)

µ2 (2)(13)(45)

µ3 (3)(24)(15)

µ4 (4)(12)(35)

µ5 (5)(14)(23)

Thus c1(G) = 4, c2(G) = 0, c3(G) = 5, c4(G) = 0 and c5(G) = 1. Applying Pólya’s

Enumeration Theorem for three colors, we get:

N= 1
10

∑5
k=1 ck(G) · 3k= 1

10 [c1(G) · 31 + c2(G) · 32 + c3(G) · 33 + c4(G) · 34 + c5(G) ·

35]= 1
10 [4 · 31 + 0 + 5 · 33 + 0 + 1 · 35]=39.

Thus there are 39 gorgeous, unique necklaces to be designed using five beads and

three possible colors. In general, for five beads and 1,2,3,4,5,6,7,8,... colors, there are

1,8,39,136,377,888,1855,3536,... unique necklaces to be made.

Finally, we will determine how many really glamorous, unique necklaces can be

made using six beads. Let A = {1, 2, 3, 4, 5, 6}, the set of vertices of a hexagon. Label

the vertices clockwise one to six. Let G = D6 making |G| = 12. Let us make this necklace

worthy of giving Momma by using nine colors in the design, thus making |B|=9. The

cycle decompositions are as follows:
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ρ0 (1)(2)(3)(4)(5)(6)

ρ1 (123456)

ρ2 (135)(246)

ρ3 (14)(25)(36)

ρ4 (153)(264)

ρ5 (165432)

µ1 (16)(25)(34)

µ2 (1)(26)(35)(4)

µ3 (12)(36)(45)

µ4 (13)(2)(5)(46)

µ5 (14)(23)(56)

µ6 (6)(15)(24)(3)

Thus c1(G) = 2, c2(G) = 2, c3(G) = 4, c4(G) = 3, c5(G) = 0 and c6(G) = 1.

Applying Pólya’s Enumeration Theorem, the formula becomes:

N= 1
12

6∑

k=1

ck(G) · 5k= 1
12 [c1(G) · 51 + c2(G) · 52 + c3(G) · 53 + c4(G) · 54 + c5(G) · 55 +

c6(G) · 56] = 1
12 [2 · 51 + 2 · 52 + 4 · 53 + 3 · 54 + 0 + 1 · 56] = 1505.

Therefore, we have 1;13;92;430;1,505;4,291;10,528;23,052;46,185;... options for de-

signing an elegant and expensive necklace using six beads (or gems) of 1,2,3,4,5,6,7,8,9,...

colors.
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