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Abstract 
 

Inaccurate estimation of the state-of-charge (SOC) and the state-of-health (SOH) may lead 

to safety issues. Currently, estimations of SOC and SOH that based on electric equivalent circuit 

models (ECMs) have been widely applied. ECMs consist of electrical elements, which do not 

represent electrochemical behaviors, so they lack the ability of long-term prediction of battery 

lives. Alternatively, an electrochemical-based reduced-order model (ROM) can predict internal 

states, such as concentrations and potentials, which are directly related to the SOC. Moreover, 

degradation mechanisms can be modeled and integrated into the ROM to predict change aging-

related parameters such as loss of lithium ions, loss of active materials, consumption of the 

electrolyte solvent and increase of internal resistances, which are related to the SOH. 

In this work, we propose an SOC and SOH estimator in conjunction with the beginning-of-

life (BOL) and aging parameter estimation method based on a ROM. At first, a procedure for 

automatic estimation of parameters of a lithium-ion battery at the BOL is developed, where a two-

step sensitivity analysis is designed to group the parameters and divide them by the best SOC 

window. Then, the genetic algorithm is applied to minimize a multi-objective function that is the 

mean square error of voltage for each SOC window.  

Based on the ROM with accurately estimated parameters, an SOC estimation algorithm is 

developed using an adaptive square-root sigma-point Kalman filter (ASR-SPKF) with equality 

state constraints. Equality state constraints derived from the principle of charge conservation are 

introduced to improve the accuracy of both anode and cathode SOC estimations. Because of its 

fast convergence speed, the cathode SOC is used to represent the bulk SOC. Approaches used to 

adaptively update the covariance matrices of the filter based on the covariance matching method 
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are also incorporated. As a result, the covariance matrix of process noise is adjusted automatically. 

Comparative studies of three nonlinear filters concerning estimation accuracy, error bounds, 

recovery time from an initial offset, and computational time reveal that the ASR-SPKF has the 

most outstanding performance.  

Finally, an online estimator for SOH and aging parameters is developed using a high-fidelity, 

reduced-order physics-based life model, where a pseudo-two-dimensional model coupled with 

degradation model of two types of side reactions—solid electrolyte interphase (SEI) layer 

formation and lithium plating—is used for the negative electrode, and a single particle model is 

used for the positive electrode to increase computational efficiency. A control-oriented 

incremental aging model is developed with the employment of a particle filter, from which the 

SOH and aging parameters are continuously monitored from real-time current and terminal voltage 

measurements. Finally, the developed method is tested in a battery-in-the-loop test station with a 

large format, 42 Ah, lithium-ion battery with Li(NiMnCo)O2/Carbon electrode chemistry. 
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Chapter 1. Introduction 

1.1 Background 

In recent years, lithium-ion batteries have been widely used as rechargeable energy storage 

for hybrid electric vehicles, plug-in hybrid electric vehicles, and electric vehicles, due primarily to 

their high energy density as well as their long cycle life capability.  

A lithium-ion battery is built from a number of principal components, which includes a 

negative electrode, a positive electrode, the electrolyte, a separator, and current collectors, as 

shown in Figure 1.  

 

Figure 1. Schematic diagram of a lithium-ion battery. 
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The negative electrode of a lithium-ion battery is commonly made of graphite, whereas the 

positive electrode is often a metallic oxide—e.g., Li(NiMnCo)O2 for a nickel-manganese-cobalt 

(NMC) cell. When a cell is fully charged, lithium is stored within the negative electrode. During 

discharge, the lithium atoms at the surface of the negative electrode particles give up electrons—

which travel through the external circuit—and become positively charged lithium ions, which 

deintercalate from the negative electrode, and dissolve into the electrolyte. Conversely, lithium 

ions in the vicinity of the surface of the positive electrode particle receive electrons from the 

external circuit and becoming charge-neutral lithium atoms intercalate into the electrode. During 

charge, this process if completely reversed.  

In practice, in order to increase the surface area of the electrodes, allowing easier lithium 

access, decreasing cell internal resistance, and enhancing power delivery capability, the electrodes 

are manufactured from a large number of small electrode particles with porous. In addition, the 

electrode materials are mixed with binders, such as polyvinylidene fluoride (PVdF), and 

conductive additives, such as carbon black, to adhere the particles together as well as enhance 

electron conduction. 

To protect batteries from operating outside of its safe operating range, and continuously 

monitor battery states and parameters, a battery management system (BMS) is required, and two 

of the major tasks of a BMS are the state of charge (SOC) estimation, and state of health (SOH) 

estimation. The SOC is defined as the ratio of releasable charges stored in a battery and the 

maximum capacity of the battery. Electrochemically, SOC is related to the average concentration 

of lithium in the electrode particles. As shown in Figure 2, the SOC is at 100% when the average 

ion concentration in the negative electrode is at the highest while that in the cathode is at the lowest. 

Conversely, at 0% SOC, the ion concentrations of negative and positive electrode are reversed. 
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The SOH is a measure of the changes to battery health-related parameters. It is common to estimate 

SOH in terms of cell present total capacity and internal resistance, which are also known as 

capacity fade, and power fade, respectively.  

 

Figure 2. Relationship between negative-electrode average lithium concentration and SOC. 

1.2 Motivation and objectives 

Inaccurate estimation of SOC and SOH may lead to safety issues. SOC measures the 

releasable charge of an electrode, which is directly related to lithium ion concentration inside 

electrodes. SOH, on the other hand, indicates aging status, which is related obtained by evaluating 

capacity fade and the power fade. Currently, estimations methods based on electric equivalent 

circuit models (ECMs) have been widely applied [1]. ECMs use electrical-circuit analogies to 

approximate voltage response of a cell to different input currents, which lack the ability to predict 

cell internal electrochemical dynamics, so they exhibit limited long-term prediction power of 

battery lives. On the contrary, an electrochemical-based reduced-order model (ROM) can predict 

internal states, such as concentrations and potentials, which are closely related to the SOC. 
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Moreover, degradation mechanisms can be modeled and integrated into the ROM to predict the 

change of aging-related parameters such as loss of lithium ions, loss of active materials, 

consumption of the electrolyte solvent and increase of internal resistances, which are related to the 

SOH.  

However, in order to implement ROM in the battery management system (BMS), several 

technical challenges need to be addressed. One is the difficulty of the identification of the 

parameters of the model. For example, parameters such as diffusion coefficients are dependent on 

the operating conditions and are therefore hard to measure unless carrying out the material 

analysis. The second is the accurate estimation of SOC based on the ROM in conjunction with an 

efficient adaptive estimator, which enables real-time implementation in the BMS hardware. The 

other is the lack of incorporation of different degradation mechanisms such as solid electrolyte 

interphase (SEI) layer formation and lithium plating into online estimation, especially under 

different input profiles and temperatures.  

Therefore, it is imperative to develop a method that can efficiently find a set of optimal 

parameters, as well as can accurately estimate electrochemical and aging states of a battery. The 

objective of this proposal is to develop an online state and parameter estimation method based on 

a ROM, which predicts the end-of-charge/discharge and end-of-life (EOL) under different input 

profiles, and ambient temperatures. More specifically, these objectives are 1) Development of a 

ROM with an automatic parameter estimation scheme. 2) Development of a SOC and internal state 

estimation method. 3) Development of a SOH and aging parameter estimation method up to 20% 

capacity fade with the consideration of input current and temperature effect.  
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1.3 Scholarly contributions and dissertation structure 

The parameter and state estimation methods developed in this work could make certain 

scholarly contributions since it is one of the first attempts to estimate states and parameters for 

lithium-ion batteries based on a ROM through a lifetime. In particular, the contributions are: 

• The parameters of a ROM are automatically estimated and optimized that replaces the time-

consuming manually tuning process or material analysis.   

• An adaptive SOC estimation algorithm based on a square-root sigma-point Kalman filter 

(SR-SPKF) is developed considering charge conservation as equality constraints that improve the 

robustness of the estimator and accuracy of estimated SOC. 

• A new online SOH and aging parameter estimation algorithm is developed with the 

consideration of the physical causes of degradation such as SEI layer formation and lithium 

plating. 

This dissertation is organized as follows.  

• Chapter 1 introduces the research background, motivation and objectives, and scholarly 

contributions.  

• Chapter 2 includes a brief introduction to the electrochemical governing equation and order 

reduction techniques. An automatic parameter estimation procedure is developed including 

grouping, sensitivity analyses, and parameter optimization.  

• Chapter 3 presents an online internal state and SOC estimation method that is developed 

based on an adaptive SR-SPKF with the consideration of cyclable charge conservation as equality 

constraints. A comparative study is conducted and the proposed method is validated against the 

BIL test at different charging conditions and temperatures.  
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• Chapter 4 describes an online aging parameter and SOH estimation method that is 

developed using a particle filter based on a degradation model with the consideration of two 

different side reactions—SEI layer formation and lithium plating. The proposed method is 

validated against the BIL test at different charging conditions and temperatures.  

• Chapter 5 concludes the dissertation.  
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Chapter 2. Automatic parameter estimation for BOL 

2.1 Review of parameter estimation methods 

A number of recent studies have addressed the parameter estimation methods that can be 

divided into gradient and non-gradient based methods. Santhanagopalan et al. proposed a 

parameter estimation method for a ROM based on a least-square framework using the Levenberg-

Marquardt (LM) method, which was validated against the experimental data up to 2C [1]. 

However, with inappropriate parameter initialization, the LM method may drive the objective 

function to a local minimum, which ends up with false optimal values. To resolve the problem of 

local optimum entrapment,  Forman et al. used a genetic algorithm (GA) to find the values of 88 

parameters extracted from a Doyle-Fuller-Newman (DFN) model [2]. The parameters were 

estimated using two driving cycles and then validated using another five driving cycles. 

Simulations showed a good match with the experimental data, but only at low C-rate discharge 

(≤1C). In addition, it took three weeks to complete the calculation of the parameter set on a cluster 

of computers without grouping or ranking the parameters. Jokar et al. proposed another parameter 

estimation method using the GA that considered both low (≤1C) and high (>1C) C-rates discharge. 

Based on a simplified DFN model, the model parameters were separated and optimized by time 

intervals obtained from sensitivity analyses of discharge characteristics [3]. The proposed method 

was tested with batteries with different electrode materials like LiCoO2, LiMn2O4, and LiFePO4 

[4]. However, the parameters estimated using discharge characteristics may not be appropriate for 

validations of charging or driving cycles. A similar heuristic computation method, particle swarm 

optimization (PSO), was employed to estimate four parameters of a LiCoO2 battery [5], where the 

fitness function reached the minimum value within 100 iterations. However, the fast convergence 

was achieved by setting the initial values of estimated parameters as obtained from the literature. 
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The studies mentioned above reveal that LM as a gradient-based algorithm allows for a fast 

convergence but does not guarantee the global minimum. In addition, it is error-prone to calculate 

the derivatives for a complex system like the ROM. Conversely, gradient-free algorithms such as 

the GA and the PSO, allow for easy implementation and convergence of a global minimum but 

consume a relatively considerable amount of time. In this section, we proposed an automatic 

parameter estimation procedure for a lithium-ion battery at the BOL. The procedure enables one 

to find a set of parameters without conducting postmortem analysis, regardless of formats or 

designs, and without putting a vast effort by manual tuning. This procedure consists of a grouping 

of parameters, defining objective functions and optimization. The grouping is carried out based on 

two criteria, sensitivity of the parameters under influences of charging and discharging 

characteristics, and SOC. The objective functions are defined as the L2 norm of the voltage errors 

for each SOC window and are minimized by the GA that results in a set of optimal parameters. 

Constant current charge and discharge profiles at different C-rates are used for the optimization 

process. The ROM with the automatically estimated parameters is validated against data obtained 

from two cycling tests. Additionally, voltage errors are evaluated to assess the performance of the 

proposing procedure. 

2.2 Model development 

2.2.1 Governing equations 

The ROM used in this study is based on the concentrated solution and porous electrode 

theory, coupled with electrochemical kinetics to describe cell physical behavior along electrode 

and separator thickness and the electrode particle radius direction. The governing equations are a 

set of nonlinear PDEs coupled with a nonlinear algebraic equation, as given in Table 1. The 
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equations consider the principles of mass conservation, charge conservation, and electrochemical 

kinetics. Finally, the terminal voltage is calculated according to the difference of cell potential, ϕs, 

at two current collectors in conjunction with the voltage drop caused by the film resistance of the 

cell. These equations can be numerically solved by applying either the finite difference method or 

the finite element method. In fact, the computational power needed for solving such a full order 

model (FOM) is high compared to an ECM. Therefore, the FOM is further reduced in order to 

implement it into the BMS.   

Table 1 Governing equations of the FOM. 

Ion concentration in 
the electrode 

2
2

s s sc D c
r

t r r r

         ; 

0

1
0,

s

Lis s

r r R s s

c c
j

r r D Fa 

 
  

 
. 

Ion concentration in 
the electrolyte 

0( ) 1eff Lie e
e e

c t
D c j

t x x F
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0e e

x x l

c c
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 
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s j
x x
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0

eff effs s
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x x l

I

x x A
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 

 
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 
;  

0
neg neg sep

s s

x xx x  

 

  

 
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 
. 

Potential in the 
electrolyte ln 0eff eff Li

e D ec j
x x x x

                    ; 

0

0e e

x x lx x

 

 

 
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Electrochemical 
kinetics 0 exp expLi a c

s

F F
j a i
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2.2.2 Reduced-order model 

Since solving coupled nonlinear PDEs is computationally intensive, a ROM is derived, which 

is a single-particle model with electrolyte dynamic incorporated that is similar to Ref. [1,6]. 

However, different order reduction techniques, such as Padé approximation and residual grouping 

methods, are applied to further reduced the computational complexity [7]. The reduction and 

simplification methods for each equation are described below. 

2.2.2.1 Ion concentration in solid 

The Padé approximation was used to simplify the equation of ion concentration in electrodes, 

resulting in a linear state-space subsystem: 

A B Li
sx cs sx csc c j   and (1) 

, ,

, ,

C

C
s surf cs surf

sx
s ave cs ave

c
c

c

   
   

    . 
(2) 

The initial conditions for Eq. (1) were obtained by assuming that the system is initially at a 

steady state. When a battery is at rest, the input of the system is 0Lij  . Therefore, no 

concentration gradient is formed, and thus, 
, , ,0s surf s ave sc c c  . 

The states of Eq. (1) contain information regarding the ion concentration of the particle 

surface, cs,surf, and the volume-averaging concentration, cs,ave, which represent the outputs of the 

subsystem. cs,surf  and cs,ave are critical internal variables because of their direct relationship with 

the SOC and overpotential. The order of the subsystem is determined by the order of the Padé 

approximation. A third order was chosen from the tradeoff between accuracy and computational 

complicity, which results in six states in total for positive and negative electrodes.   
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2.2.2.2 Ion concentration in electrolyte 

A third-order residual grouping method was employed to calculate the average lithium ion 

concentration in the electrolyte, where the intercalation current density, as an input to the 

subsystem, was assumed to be uniform for each electrode, as shown in Eq. (3): 

,

Li
neg

s neg neg

I
j

a A
  and 

,

Li
pos

s pos pos

I
j

a A
  . 

(3) 

Similar to Eqs. (1) and (2), a linear state-space representation was derived that contains three 

intermediate states, in conjunction with the electrolyte as the output, 

A B Li
ex ce ex cec c j   and 

C D Li
e ce ex cec c j  . 

(4) 

Eq. (4) is a third-order linear system with matrices Ace , Bce , Cce , and Dce  with the 

dimensions of 3 3 , 3 2 , 3M  , and 2M  , respectively, where M denotes the number of node 

points along the microcell thickness direction. 

2.2.2.3 Potentials in electrolyte 

The intercalation current density is also the input for calculating the potential in the 

electrolyte, ϕe. Due to the averaged value of the electrolyte concentration, the gradient of ce is zero, 

and the equation can be simplified as follows: 

0eff Li
e j

x x
         . 

(5) 
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Under the assumption that the effective ionic conductivity, eff , in each domain is constant, 

the difference of ϕe  between current collects can be explicitly calculated as 

   
, , ,

2
, 0,

2
neg sep pos

e e eff eff eff
e neg e sep e pos

I
l t t

A

  
 

  
 

      
 

. (6) 

2.2.2.4 Electrochemical kinetics 

The current density is also described using Butler-Volmer equation: 

















 

RT

F

RT

F
iaj ca

s
Li expexp0

, 
(7) 

where i0 is the exchange current density: 

      caa

surfssurfsse ccccki 
,,max,0  . (8) 

Since the same number of charges are transported between the anode and cathode during  

operation, both charge-transfer coefficients, αa and αc, are equal to 0.5, and the activation 

overpotential is expressed as 









 

0

1

2
sinh

ia

j

F

RT

s

Li




, 
(9) 

where 0.5  . 

Note that the activation overpotential can also be expressed as 

s e equU     , or s equ eU     . (10) 

Therefore, the output terminal voltage is computed as 
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           , ,

( , ) (0, )

, 0, , 0, , 0,

t s s film

equ pos equ neg e e pos neg film

V l t t R I

U l t U t l t t l t t R I

 

   

   

       
. (11) 

2.3 Design of automatic parameter estimation method 

2.3.1 Sensitivity analysis 

At the beginning-of-life (BOL), the developed ROM has 20 parameters that are listed in 

Table 2. The values of parameters are obtained from the manufacturer, literature, or measurements. 

In particular, the diffusion coefficients can be measured by examining voltage response to a dc 

current, and the stoichiometric numbers can be measured by doing postmortem analyses [8]. 

However, these tests are time-consuming and often times impractical outside specialized 

laboratory environments. Otherwise, the parameters can be found by manual tuning, which is 

based on trial and error and therefore challenging to find the optimal values. Therefore, it is 

imperative to develop an automatic procedure that can efficiently find a set of optimal parameters. 

Table 2. Sources of parameters at the BOL. 

Source Parameter Symbol Unit 

Manufacturer 

Electrode plate area A cm2 

Thickness δ cm  

Particle radius Rs cm  

Active material volume fraction εs - 

Porosity εe - 

Polymer phase volume fraction εp - 

Conductive filler volume fraction εf - 

Maximum solid phase concentration cs,max molꞏcm-3 

Experimental 
measurement 
or estimation 

Diffusion coefficient in solid Ds,neg ,Ds,pos cm2ꞏs-1 

Diffusion coefficient in electrolyte De cm2ꞏs-1 

Stoichiometry at 0% SOC x0, y0 - 
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Stoichiometry at 100% SOC x100, y100 - 

Film resistance Rfilm Ω 

Literature  

Exchange current density [9] i0 Aꞏcm-2 

Charge transfer coefficients [9,10] αa, αc  - 

Bruggeman exponent [11] P - 

Electrolyte phase ionic conductivity [12,13]  σ Sꞏcm-1 

Li+ transference number [9,10,12] 𝑡ା௢  - 

Equilibrium potential of positive electrode [14] Uequ,pos - 

Equilibrium potential of negative electrode 
[15] 

Uequ,neg - 

 

Out of 20 parameters, we selected eight parameters because of their dependency on operating 

conditions. They are the diffusion coefficients in solid and electrolyte phase (Ds,neg ,Ds,pos, De), the 

stoichiometry numbers at 0% and 100% SOC of positive and negative equilibrium potentials (x0, 

y0, x100, y100), and a film resistance (Rfilm). Values of diffusion coefficients in the solid phase are 

dependent on the size and porosity of particles and temperature, while the value of the electrolyte 

is affected by temperature only. Besides, the values vary widely depending on different chemistries 

used for electrodes and electrolytes [4]. The stoichiometry numbers at 0% and 100% SOC are 

estimated so that the difference of the equilibrium potentials coincides with the measured OCV. 

The film resistance is a sum of the internal resistance of the cell, which is directly related to the 

battery terminal voltage.  

The sensitivity analysis procedure is depicted in Fig. 1, which is performed automatically 

without being interrupted by any manual tuning. It includes two sub-procedures, deviation, and 

Jacobian analysis. The former is used to decide estimation sensitivity of parameters and the latter 

is to study the sensitivity of parameters in the SOC domain. 
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Figure 3. Procedure of parameter sensitivity analysis. 

In order to decide the sensitivity of parameters, a range of variations of each parameter (θ) 

is arbitrarily set, and then several values within the range are selected and used to calculate terminal 

voltages of charge and discharge processes. The resulting relative error that is defined as a root-

mean-square error is calculated for each simulation: 

1
2 2

exp ,

1 exp

[ ] [ ]1

[ ]

N
sim i

i
k

V k V k
Error

N V k

         
 , (12) 

where k and N denote the kth data point and the total number of data points, respectively. i 

represents the ith parameter variation. The subscripts exp and sim denote the voltage data obtained 

from experiments and simulations, respectively.   
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Then, a normalized deviation of the errors (γ) for each parameter is calculated as follows: 

*

1

( )
M

i
i

Error Error

M
 





, 
(13) 

where M is the total number of variations of parameters within its range. Error* is the error 

calculated from the reference value. 

Finally, a threshold value (ε) is introduced to group insensitive and sensitive parameters, 

where ε is set as 10-4 with the standard deviation of 1% of the relative error. The grouping results 

show that the three sensitive parameters are the film resistance (Rfilm) and the solid phase diffusion 

coefficient of the positive and negative electrodes (Ds,p and Ds,n).   

On the other hand, a Jacobian analysis is carried out to determine the sensitivity 

characteristics of SOC domain. The Jacobian matrix, J, is calculated as the first order partial 

derivative of the simulated terminal voltages for the sensitive parameters (θj), as follows:  

( ) sim
j

j

V
J 







. (14) 

Due to the coupled equations showed in Table I, J cannot be expressed as an explicit form, 

so J is expressed using a finite difference method:  

   sim j j sim jsim

j j

V VV   

 

  


 
. (15) 

Because the Jacobian matrices have different orders of magnitudes for different parameters, 

a dimensionless expression is introduced as 

 *

j j jJ J   , (16) 
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where *
j  is the reference value of the corresponding parameter. 

The dimensionless Jacobian matrices as a function of SOCs of the three sensitive parameters 

for 1C are plotted in Figure 4 because of similar trends at other C-rates. For each of the parameters, 

the dimensionless Jacobian values vary with different SOCs. The higher the values are, the higher 

the sensitivity becomes. The magnitudes of Ds,pos are always greater than those of the Ds,neg, which 

implies that the diffusion coefficient of the positive electrode is much more sensitive than that of 

the negative electrode. This is because the magnitudes of the equilibrium potential of the positive 

electrode are much greater than those of the negative electrode. The dimensionless Jacobian values 

of Rfilm is constant except for constant-voltage (CV) charge processes, which indicates that this 

parameter has the same sensitivity over the entire constant-current (CC) region. In addition, the 

signs of the Jacobian matrices at charge and discharge are always opposite. In other words, when 

altering the value of a parameter, if the charge curve goes upward, then the discharge curve goes 

downward, and vice versa. Therefore, both characteristics should be considered to find optimal 

values of parameters.   
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Figure 4. Sensitivity characteristics of charge and discharge curve at 1C. 

Based on the sensitivity characteristics in Figure 4, the SOC domain is divided into two 

regions at discharge and three regions at charge depending upon the magnitudes of J, as shown 

in Table 3. For the charging process, region I starts from 0% SOC to 10%, where Ds,pos and Rfilm 

are considered, while in the region II, all three parameters are considered.  Region III is in the CV 

mode, where Rfilm is considered since its sensitivity is not affected by the SOC. Similarly, the 

discharge process is divided in the same fashion as the charging process without the CV region. 

Table 3. Best SOC domain for estimation. 

Region I II III 

SOC range 0-10% 10%-100% CV (if applicable) 

Charge Ds,pos, Rfilm Ds,pos, Ds,neg, Rfilm Rfilm 

Discharge  Ds,pos, Rfilm Ds,pos, Ds,neg, Rfilm _ 
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2.3.2 Objective function 

The objective functions are defined as the L2 norm of the error given by the difference 

between the experimental and the simulation data for each SOC window. The SOC can be 

estimated using a coulomb counting method, where an initial SOC and the input current are known 

for a charge or discharge profile. 

 

 

 

2

exp ,

2

exp ,

2

exp ,

[ ] [ ]

min [ ] [ ]

[ ] [ ]

j

sim j
k regionI

sim j
k regionII

sim j
k regionIII

V k V k

V k V k

V k V k













 














subject to 
,min ,maxj j j    , 

(17) 

where V represents voltage that is the output of the model or of the experiment. θi,min and θi,max are 

lower and upper bounds of each parameter. 

2.3.3 Optimization 

A goal of optimization processes is to minimize the objective function. An overall estimation 

process with current as input is depicted in Figure 5. The voltage errors between experiment and 

simulation by ROM at every time step, and the corresponding SOCs, are calculated to obtain the 

value of the objective functions. Then the parameters of ROM are updated, and the estimation 

process is repeated until the stopping criterion is met. After the process has been completed, the 

model parameters are produced as outputs. 
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Figure 5. Concept of parameter estimation process. 

A number of optimization methods have been applied to solve the problem. These methods 

can be categorized into deterministic and stochastic approaches. The deterministic approach 

requires an explicit form of the first or second order derivatives. Due to its high sensitivity to the 

initial guess, it likely results in a local minimum. On the other hand, a stochastic approach such as 

the GA guarantees a global optimization and its convergence speed can be increased using a multi-

objective function. Thus, the GA was chosen.  

To start the estimation process, initial values of parameters are randomly selected within a 

given range determined empirically. Then the iteration process begins, in which a new generation 

of parameters produced to replace the old generation based on the objective function. The new 

generation is produced in three ways: selection, crossover, and mutation. The selection is 

established based on the probability that is determined by the value of the objective function 

calculated at each iteration. The crossover and mutation reproduce new parameters by combining 

the old parameters with those randomly selected. Once the value of the objective function reaches 

one of two tolerances, either the minimum relative change in the objective function value or the 

number of generations that exceeds the maximum generation, this process is completed and 

exports the estimated parameters. The tolerances are set to 1e-4 and 50, respectively. 
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2.4 Result and discussion 

The automatically estimated parameters are exported after applying the GA procedure. Units, 

starting ranges as well as estimated values are listed in Table 4.  

Table 4. Estimated parameters. 

Symbol Unit Range Estimated value 
min max 

Ds,pos cm2ꞏs-1 1e-11 1e-9 7.69e-10 
Ds,neg cm2ꞏs-1 1e-11 1e-9 9.50e-10 
Rfilm Ω 0 50 9.68 

 

Even though the optimization takes place in the SOC domain, performance is examined in 

the time domain to check its practicability. Comparisons between simulations and experiments 

carried out with different C-rates show a good agreement, as plotted in Figure 6 and Figure 7.  

 

Figure 6. Voltage comparisons between experiment and simulation of CC charging. Solid lines 
and markers indicate the experimentally obgained and simulated terminal voltage, respectively. 
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Figure 7. Voltage comparisons between experiment and simulation of CC-CV discharging. Solid 
lines and markers indicate the experimentally obtained and simulated terminal voltage, 

respectively. 

In addition, two multiple-cycle tests have been conducted. The first test consists of 40 cycles 

of 2C CC charge and discharge. Figure 8 shows comparisons of terminal voltages over time at 

every ten cycles, which shows excellent agreement. The second test uses a current profile obtained 

from an electric vehicle driving cycle as shown in Figure 9. A comparison of corresponding 

terminal voltages and its absolute error are plotted in Figure 10Error! Reference source not 

found., where the error remains within 12mV. 
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Figure 8. Comparisons of terminal voltages for every ten cycles. 

 

Figure 9. Current profile of a driving cycle. 
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Figure 10. A comparison of terminal voltages of a driving cycle. 

2.5 Summary 

In this section, we present an automatic parameter estimation procedure that estimates BOL 

parameters of the ROM. The procedure consists of grouping, sensitivity analyses and optimization 

of the parameters. We estimate three sensitive parameters from the ROM including the solid phase 

diffusion coefficients of the positive and negative electrodes, and the film resistance. The 

parameters are estimated from charge and discharge experimental data at C/5, C/2, 1C, and 2C. 

Then, a genetic algorithm is employed as an optimization method that considers a multi-objective 

function. Finally, the ROM with the optimized parameters is validated against experimental data 

obtained from a multiple-cycle and a driving cycle test. The results show a great agreement with 

the experimental data up to forty cycles. The overall voltage errors remain within 12 mV.  
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Chapter 3. Online internal state and SOC estimation 

3.1 Literature review 

SOC represents the remaining capacity of a battery that can be released. It plays a crucial 

role in ensuring a safe and reliable battery operation by preventing under- or over-charge, and 

predicting available power and energy because of its close relationship to the lithium ion 

concentration, which is one of the core physical states of a lithium-ion battery. However, SOC 

cannot be directly measured. Many attempts have been made to find the best approach that enables 

an accurate estimation of SOC, and one of the most widely used methods is based on an equivalent 

circuit model (ECM) that uses electrical components–resistors, capacitors, and voltage sources–to 

mimic battery dynamics [16]. Then, parameters of the ECMs, as well as the SOC, are 

simultaneously updated by an estimator. However, the parameters of the ECMs do not provide 

physical information of the battery, such as ion concentrations, potentials, overpotentials, and 

current density, to name a few. The accurate estimation of such variables provides various benefits, 

such as the detection of ion concentration depletion/saturation [17], degradation prediction that 

considers side reactions and lithium deposition reactions [18,19], and the optimization of ultra-fast 

charging protocols that considers concentration and potential limitations [20]. 

In fact, electrochemical models account for the transport of lithium ions, electrochemical 

kinetics, and material properties [21], which are ideal for the above-mentioned applications since 

they offer the advantages of providing information regarding internal physical variables, in 

addition to accurately predicting terminal voltage. The governing equations of the models are a set 

of coupled nonlinear partial differential equations (PDEs), and solving these equations demands 

considerable computational power. In order to use the electrochemical model in a real-time 

application while retaining its physical insights, the model order should be reduced, which results 
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in a reduced-order model (ROM). The order reduction is performed by employing Padé 

approximation and residual grouping to simplify the equations of ion concentrations in both 

electrodes and electrolytes in conjunction with an analytical solution of cell potentials [7].  

The estimator also plays a key role in accurately predicting the SOC. Despite the fact that 

the accuracy of a ROM can be improved by optimizing its parameters, there are still errors caused 

by model inaccuracy, uncertainties in initial conditions of the states in the model, and process and 

measurement noise. Therefore, to further reduce these errors, the nonlinear Kalman-based 

estimators are the potential candidates for the following reasons: 

• The feedback loop can minimize the differences between predicted and measured terminal 

voltages so that uncertainties in the model and initial conditions are compensated.  

• Recursive methods do not require the storage of all the past data but only the results of the 

last recursion. They are particularly suitable for estimating SOC online since the algorithm is 

usually embedded in a microprocessor with limited memory.  

• Statistical methods are used to suppress unknown inputs (i.e., process noise) and 

uncertainties in the output (i.e., measurement noise). In particular, the process and measurement 

noises are assumed to be Gaussian distributed random variables. Although this assumption rarely 

holds true in practice, results reported in the research literature [16] and our results demonstrate 

that the method works well. 

• Simple implementation with only several lines of code is even more suitable for a real-time 

application, such as SOC estimation, which is implemented in an onboard battery management 

system (BMS).  
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There are different types of nonlinear Kalman filters (KFs). One of the most widely used 

KFs is called the extended Kalman filter (EKF), which is based on the probability theory and a 

least-square minimization framework. The nonlinearity of a system is linearized by employing a 

first-order Taylor series expansion at each operating point to calculate the mean and covariance of 

the states. However, for a highly nonlinear system, such as an electrochemical model, the actual 

mean and covariance of the states may differ from the linearized results, which causes errors, and 

even divergence, in estimations. To overcome the drawbacks of the EKF, another nonlinear KF, 

an SPKF, takes a set of sample points and propagates them through the nonlinear system, from 

which the mean and covariance are calculated. The set of sample points, called the sigma points, 

is formed by calculating the matrix square-root of the state covariance. The SPKF performs better 

on a highly nonlinear system, such as the ROM, but the calculation of matrix square-root becomes 

one of the most costly operations. To further improve the computational efficiency of the SPKF, a 

square-root sigma-point Kalman filter (SR-SPKF) was developed [22] that propagates the square-

root of covariance directly. 

Some recent studies have focused specifically on utilizing an EKF with a ROM. For example, 

Santhanagopalan et al. applied an EKF to a ROM that simplifies a porous electrode into a single 

spherical particle and ignores the gradients of concentration and potential in the electrolyte [1], 

where the average concentration in the solid is used as the state for calculating the cell SOC. 

However, only the results for the anode were presented. A “three-sigma” error bound is used that 

indicates where the true state should remain 99% of the time. However, the results showed that the 

actual error was outside the error bounds 30% of the time, which implies that the error bounds 

provided by the EKF were not reliable. Domenico et al. applied an EKF to a ROM by averaging 

the input current as the cell kinetic current density [23]. The cell SOC and surface concentrations 
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were estimated and compared with a full-order model. However, neither of these studies addressed 

the problem of initial SOC offset, and the SOC errors were primarily determined by the accuracy 

of the time update using the model. Therefore, it is difficult to evaluate the performance of the 

model and estimator separately. Similarly, Stetzel et al. estimated the SOC and internal variables, 

including ion concentrations, cell potentials, and current density, using an EKF in conjunction with 

a one-dimensional ROM and provided the bounds for errors [24]. Despite their detailed analysis 

of each state, the used simulation profile used was only a driving condition of approximately 60% 

SOC.  

Alternatively, despite the fact that the SPKF was reported more suitable for nonlinear 

systems [25,26], it has not been fully explored with the ROMs. For example, the authors in Ref. 

[1] implemented the SPKF with few details. On the other hand, recent studies have focused more 

on using the SPKF in conjunction with the ECMs. Particularly, the authors in Ref. [27] proposed 

a co-estimator utilizes the recursive least square for parameter identification, the EKF for online 

parameter updating, and the SPKF for SOC estimation. It is reported that the RMSE of the latter 

was less than 2.5% with high robustness. Moreover, Yang et al. conducted a comparative study of 

the EKF, SPKF, and particle filter in conjunction with an empirical model where the RMSE of 

SOC estimation was less than 3% with computational efficiency that is comparable to the EKF 

[28].   

In summary, most of the aforementioned studies employed the EKFs to the ROMs, while the 

SPKF was primarily applied to the ECM and the empirical models. We realized that there is a lack 

of a thorough analysis of the performance of different nonlinear KFs, other than the EKF, in 

conjunction with an electrochemical model. Therefore, the goal of this chapter is to answer 

questions including which nonlinear Kalman filter¬–among EKF, SPKF, and SR-SPKF–has the 
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best performance when employed to the ROM; as well as how to modify the filters to achieve 

higher robustness. Specifically, we chose to investigate three enhanced nonlinear KFs that include 

a modified EKF, SPKF, and SR-SPKF in conjunction with a developed ROM [7,29] that entails a 

similar computational cost to that of an ECM. We investigated how state equality constraints affect 

SOC estimation results and how process and measurement noise can be automatically 

compensated for without manually tuning of filter parameters. Performance of the nonlinear KFs 

was compared with respect to the accuracy, computational time, and ability to reject the initial 

errors, which demonstrates that an adaptive sigma-point Kalman filter outperforms others that are 

validated in real-time using a battery-in-the-loop (BIL) test station. This chapter provides three 

main contributions: (1) the proposed method incorporates additional equality constraints 

systematically without revisiting the structure of the original model, which addresses the problem 

of weak observability from the terminal voltage [23]; (2) estimation of SOC from the cathode 

results in a faster convergence speed when an initial offset of SOC is present; and (3) comparative 

studies as well as systematic analysis on several modified nonlinear Kalman filters are conducted 

to assess the best SOC estimator based on the ROM. 

3.2 Design of SOC and internal state estimator 

Although the performance of the ROM has been demonstrated as described, there are still 

errors, particularly in real-time applications. Potential sources for the errors are listed below: 

• Executing the ROM in real-time requires advanced knowledge of initial states, such as the 

solid ion concentration and SOC. However, these initial states are usually not precisely known.  

• Model uncertainties due to model simplification and unknown physics. 

• Measurement errors caused by a current or voltage sensor.   
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Furthermore, when these errors accumulate over time, predicted states could diverge from 

the true states. To actively compensate for these errors, we propose an online SOC estimation 

algorithm based on the ROM along with an adaptive nonlinear filtering technique, which allows 

for accurate estimation of the states without error accumulation. 

3.2.1 State and output equation 

For the design of an adaptive nonlinear filter, a general discrete-time state-space form is 

needed as follows: 

 1 1 1, ,k k k kx f x u w  
, (18) 

( , )k k k ky g x u , and (19) 

 1 1 1, ,k k k kz h x u v   . (20) 

Eq. (18) is called a “state equation” where xk is the state vector of the system at any time 

index k. The input of the system is denoted as uk, and wk refers to process noise, which represents 

unknown disturbances that affect the state of the system. The internal variable vector, yk in Eq. 

(19), is as a function of uk and xk, while the output of the system in Eq. (20), zk, is a function of yk, 

uk, and vk, where vk represents the sensor noise that only affects measurements of the system. 

Therefore, Eqs. (1) and (3) of the ROM are rewritten from the above form as 

 1
Li

k k k k k kx x j w = A + B
, (21) 

Where A = Acs and B = Bcs. 

Furthermore, the input of the system is the intercalation current density L ij , and the process 

noise is modeled as being added to the input.  
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To estimate the solid ion concentration as well as the cell SOC, csx are chosen as the state of 

the filter, that is, x = csx. The dimension of x is determined by the reduction order of the Padé 

approximation that is 6 1 , which is also the order of the nonlinear filter. Then the estimated 

internal states are calculated from Eq. (2) as 

, ,

, ,

C

C
s surf cs surf

k k
s ave cs ave

c
y x

c

   
    
    . 

(22) 

Finally, the terminal voltage of the cell is the output and Eq. (20) is rewritten as 

, )( Li
k k k k kjV z h y    , (23) 

where the noise, vk, is modeled as being added to the voltage measurement.  

3.2.2 Calculation of SOC 

The estimated internal state, cs,ave, is then used to calculate the SOC of a cell. SOC is defined   

as the ratio of releasable capacity (Qreleasable) to the maximum capacity (Qmax): 

max

SOC 100%releasableQ

Q
  . 

(24) 

The total number of cyclable charges should be governed by the charge conservation. 

Therefore, Qreleasable is the difference between the numbers of charges residing in the electrode and 

those at the lowest stoichiometric number of that electrode, which can be either the anode or the 

cathode: 

, , , , ,max, 00

neg

releasable s neg s ave neg s neg s negQ F c A F c A x dx


            ; or, (25) 

, , , , ,max, 100

neg sep pos

neg sep
releasable s pos s ave pos s pos s posQ F c A F c A y dx

  

 
 

 


          

, (26) 
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where δ is the electrode thickness, subscript neg, sep, and pos denotes the negative electrode, 

separator, and the positive electrode, respectively, while εs is the active material volume fraction, 

and F is the Faraday’s constant; cs,ave and cs,max denote the volume average and maximum 

concentration, respectively, of the solid phase of each particle; A is the plate area, and x0 and y100 

is the anode and cathode stoichiometric number at 0% and 100% SOC, respectively. 

Since the solid ion concentration is calculated using a single particle approximation, Eqs. 

(25) and (26) are rewritten as 

, , , , ,max, 0releasable neg s neg s ave neg s neg s negQ F c A F c A x              ; or, (27) 

, , , , ,max, 100releasable pos s pos s ave pos s pos s posQ F c A F c A y              . (28) 

Qmax is expressed as a function of the difference of charges in the composite electrode, from 

the highest to the lowest stoichiometric number: 

max , ,max, 100 0( )s neg neg s negQ F A c x x      ; or, (29) 

max , ,max, 0 100( )s pos pos s posQ F A c y y     , (30) 

where x100 and y0 is the stoichiometric number at 100% SOC. 

Substituting Eqs. (25) to (30) into Eq. (24) results in 

   
, , ,max, 0 , , ,max, 100

,max, 100 0 ,max, 0 100

100% 100%s ave neg s neg s ave pos s pos

s neg s pos

c c x c c y
SOC

c x x c y y

   
   

 
 . 

 (31) 

Therefore, SOC is calculated as a ratio of the average ion concentration to the maximum ion 

concentration in the solid of either the composite anode or the cathode. The only variable of the 

equation is 
,s avec , which is calculated from Eq. (22).  
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3.2.3 Nonlinear filtering 

On the one hand, we have known that noise is present both in the state equation and the 

output equation, which we denoted as wk and vk. Reasonably, these uncertainties can be further 

assumed to have Gaussian distribution according to the central limit theorem. Because of these 

noises, estimation of cell state becomes a sequential probabilistic inference problem, whose 

propose is estimating unmeasurable states based on a model using only information of input and 

noisy output. This makes the Kalman filter based methods are perfect candidates for such a 

problem. On the other hand, Eq. (7) and (11) of the ROM show severe nonlinearities. Therefore, 

the nonlinear KFs can be used to estimate states of systems that are nonlinear and stochastic. They 

are also recursive, so the states can be predicted in real-time. The EKFs and SPKFs are two types 

of filters that reduce errors caused by model inaccuracy, sensor noises as well as any initial state 

errors. 

3.2.3.1 EKF 

EKF linearizes a nonlinear system by a first-order Taylor series expansion at each time step. 

In the first step, a time update is performed to compute the present state from the prior information 

in conjunction with the system model. Then, a measurement update is performed that uses present 

measurements to further compensate for corruption in the predicted state caused by the noise in 

the system. The details are illustrated as follows. 

Time update (1). Firstly, the expectation of state is calculated based on the system model and 

stored information from the previous time step: 
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 
 

1 1 1

1 1 1

ˆ , ,

ˆ , ,

k k k k

k k k

x E f x u w

f x u w


  


  

   


  

 (32) 

where x̂  indicates an estimated value that is different from the actual state x. A superscript “-“ 

denotes a prediction based on past data, while a superscript “-“ denotes an estimation based on not 

only the past data but also the measurements taken at the current time. [ ]E  is the statistical 

expectation operator.  

Time update (2). Then, error covariance P is calculated as 

   1 1 1 1 1 1ˆ ˆ
T T T

k k k k k k k k k k kE x x x x   
     

       
P A P A B Q B   

 (33) 

where 1Ak and 1Bk   are the first order Taylor-series expansion of state function f with respect to 

xk-1 and wk-1. That is, 

 
1 1

1 1 1
1

1 ˆ

, ,

k k

k k k
k

k x x

f x u w

x 
 

  


 





A

 
(34) 

 
1 1

1 1 1
1

1

, ,

k k

k k k
k

k w w

f x u w

w
 

  


 





B

 
(35) 

Time update (3). Finally, the output zk is predicted that is based on the output equation 

 
 

1 1 1

1 1 1

ˆ , ,

ˆ , ,

k k k k

k k k

z E h x u v

h x u v

  


  

   


  

(36) 

Measurement update (1). The estimator gain is calculated as 

     11
ˆ ˆ ˆ

T T T
k k k k k k k k k k k k k k kE x x z z E z z

               L P C C P C D R D   (37) 

where Ck  and Dk  are calculated by performing Taylor series expansion on the output equation as 
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 
ˆ

, ,

k k

k k k
k

k x x

h x u v

x 





C

 
 (38) 

 , ,

k k

k k k
k

k v v

h x u v

v






D

 
 (39) 

Measurement update (2). Then xk is updated using Lk, 

 ˆ ˆ ˆk k k k kx x z z   L
   (40) 

Measurement update (3). Finally, the error covariance matrix is updated as 

k k k k k
   P P L C P    (41) 

This completes one recursive iteration of the EKF. This is by far the most widely used 

nonlinear filtering method. However, one of the drawbacks of the EKF lies in the linearization 

approach to calculating the mean and covariance, in which they undergo a nonlinear 

transformation. For a highly nonlinear system, the linearized mean and covariance may not 

represent the true distribution of the output [25].  

3.2.3.2 SPKF 

The SPKF addresses the aforementioned problems by taking a minimal set of sample points 

and propagating them through the nonlinear system, from which the mean and covariance are 

calculated. A minimal number of sigma points are chosen according to the dimension of the 

system.  

To apply the SPKF to the ROM, the same state-space formulation used by the EKF is used 

as shown in Eqs. (18) to (20). An augmented state is constructed, which is comprised of the original 

state vector, process noise kw , and measurement noise kv : 
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, ,
Ta T T T

k k k kx x w v     
(42) 

where superscript a denotes an augmented state.  

The corresponding sigma points are then calculated as follows: 

 , ,x x h x h  P P
. 

(43) 

where x  indicates the mean of the system state, and h is a scaling factor that determines how far 

the sigma points are spread out from the mean.  

Scaling factor h is also related to a set of weights that is used to recover the true state from 

the sigma points. A central difference Kalman filter (CDKF) scheme [30] is used that allows fewer 

tuning parameters to be used compared with other SPKF forms. The weights are defined as 

follows: 

 2

( ) ( )
0 0 2

dim a
km c

h x

h
 


 

 and 
(44) 

( ) ( )
2

1

2i i

m c

h
  

, (45) 

where the superscripts m and c represent the weights on the states and covariance, respectively, 

and for Gaussian random noises, 3h  . 

For each iteration, the estimation process of SPKF is similar to that of the EKF but different 

in detail as described below.  

 Time update (1). Firstly, a set of sigma points is chosen so that the mean and covariance of 

the points match the estimated mean ,

1

a

k
x 


 , and covariance ,

, 1

a

x k
P 


 at  the previous time step, k-1, 
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 , , , , , ,

1 1 1 , 1 1 , 1
ˆ ˆ ˆ, ,a a a a a a

k k k x k k x k
x x h x h     

     
  P P

. 
(46) 

The nonlinear state function is then evaluated as  

 , , ,

, 1, 1 1,
, ,x x w

k i k i k k i
f X u X  

  


. (47) 

Finally, the state prediction is computed as a weighted sum of  1 2 dim 1a
kp x     sigma 

points: 

( ) ,

,

0

ˆ
p

m x

k i k i

i

x  



  
. 

(48) 

Time update (2). Using the sigma points computed from Eq. (46). The error covariance is 

computed as  

  ( ) , ,

, , ,

0

ˆ ˆ
p

Tc x x

x k i k i k k i k

i

x x    



  P  
. 

(49) 

Time update (3). Next, we compute a set of transformed sigma points by evaluating the output 

equation using   

 , ,

, 1, 1 1,
, ,x v

k i k i k k i
h u 

  
  

. (50) 

Then, the system output is estimated as 

( )

,

0

ˆ
p

m

k i k i

i

z 


  
. 

(51) 

Measurement update (1). This step is to compute the estimator gain using covariance 

matrices: 

  ( )

, , ,

0

ˆ ˆ
p

Tc

z k i k i k k i k

i

z z 



  P  
 and (52) 
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  ( ) ,

, , ,

0

ˆ
p

Tc x

xz k i k i k k i k

i

x z  



  P


 
. (53) 

Then, we compute 

 , ,

1

xz k z kk

 
 P PL

. 
(54) 

Measurement update (2). This step updates the predicted state, which is the same as shown 

in Eq. (40). 

Measurement update (3). The final step updates the error covariance, which is the same as 

in Eq. (41). 

3.2.3.3 SR-SPKF 

Although an SPKF can accurately capture the distribution of the output of a nonlinear system, 

one of its drawbacks is a high computational complexity due to the matrix square root calculation 

when updating a new set of sigma points at each time step. Computational efficiency can be 

improved by a square-root form [22] that updates the state covariance in a Cholesky-factored form. 

This method involves using three linear algebra techniques [22,26]; 

• QR decomposition. The QR decomposition factors a matrix into an orthogonal matrix, Q, 

and an upper triangular matrix, R, that can be used to compute the Cholesky factor of covariance 

in Eqs. (43), (46) and (47). This process is denoted as qr{.}. 

• Cholesky factor update. Cholesky factor update solves the square-root when a matrix is 

negative definite, which is denoted as cholupdate{.}. It is useful when the weights of the sigma-

points are negative.  
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• Efficient least squares. This method solves the least square problem xA=B efficiently using 

back-substitution, that is, x=B/A. Specifically, the estimator gain is solved from  , , ,

T

z k z k xz kk

S SL P , 

which is computed via efficient least-squares twice: first, find 
, ,

/ T

xz k z k
x  SP , and then solve 

,
/

z kk x SL . 

Implementing an SR-SPKF is similar to that of an SPKF, except that the error covariance 

update is replaced with an update of a new square-root form. The SR-SPKF used in this study is 

summarized in Table 5. 

Table 5. The SR-SPKF algorithm. 

Nonlinear state and output equations Eqs. (18) to (20)  

Definition of the augmented states and 

the sigma points 

Eqs. (42) and (46) 
 

Initialization  0 0ˆ , Px    

Time update (1)  State prediction: 

Eqs. (47) and (48). 

(2) Error covariance prediction:  

  ,

( )
1 1: , ˆ

x k

c
p k kqr x    S Q  

 , ,

( )
0, 0ˆ, ,

x k x k

c
k kcholupdate x    S S   

(3) Output estimation: 

Eqs. (50) and (51). 

Measurement update (1) Estimator gain:  

  ( )
, 1 1: , ˆc

y k p k kqr z   S R  

 ( )
, , 0, 0ˆ, , c

y k y k k kcholupdate z  S S   

  ( ) ,

, , ,

0

ˆ ˆ
p

Tc x

xz k i k i k k i k

i

x z  



  P    
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 , , ,/ /T

xz k z kk z k
 SL P S  

(2) State correction: 

Eq. (40). 

(3) Error covariance correction: 

 , , ,, , 1x k x k k z kcholupdate  S S L S  

 

3.2.4 State equality constraints 

When a nonlinear filter is employed in the ROM, the voltage errors may be overcompensated. 

As plotted in Figure 11, the potential of the cathode is higher than that of the anode; hence, any 

potential changes in the cathode will affect the terminal voltage error more than that of the anode. 

As a result, the estimated SOC does not correspond to the actual SOC. As an example, which is 

shown in Figure 12, under the assumption of a 20% initial SOC error, the estimation of the cathode 

converges to values that are higher than the actual SOC, while the estimation of the anode remains 

biased by the initial error.  
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Figure 11. Open circuit voltage and equilibrium potentials of both electrodes. 
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Figure 12. SOC estimation without adding equality state constraints. 

In fact, the number of charges transferred from one electrode is equal to that left from the 

other electrode during operations when there is no ion loss, as shown in Eq. (31). However, this 

charge conservation as an equality constraint is not incorporated into the state equation. To solve 

this problem, the constraint is incorporated as follows.  

Firstly, we rewrite Eq. (31) as 

   
, , 0 100

, ,,max, 100 0 ,max, 0 100 100 0 0 100

1 1 s ave neg

s ave poss neg s pos

c x y
cc x x c y y x x y y

   
            , 

(55) 

where , , , , ,

T

s ave s ave neg s ave posc c c     is one of the internal variables computed from Eq. (22), that is, 

, ,Cs ave cs ave kc x . (56) 

Combining  Eqs. (55) and (56) results in 

eq k kD x d , (57) 
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where     ,
,max, 100 0 ,max, 0 100

1 1
Ceq cs ave

s neg s pos

D
c x x c y y

 
  

   
, and 0 100

100 0 0 100
k

x y
d

x x y y
 

 
.  

The goal is to minimize the mean square error subject to the state equality constraints, that 

is, 

   min
T

x
E x x x x   

   such that 
eqD x d , 

(58) 

where x  indicates an updated state estimation after incorporating the constraint:  

    ˆ ˆ ˆ2
T T T TE x x x x x x x x x x           , and  x̂ E x . 

Therefore, the cost function can be rewritten as 

     2
T T

L eqJ E x x x x D x d       
. (59) 

where λ is the Lagrange multiplier. 

To find a minimum of the function, its first order derivatives are taken, which results in 

0,and 0L LJ J

x 
 

 
  , (60) 

Finally, the solution is 

ˆ ˆ( )( )T T
eq eq eq eqx x D D D D x d  

, (61) 

which is integrated after the measurement update (2).  

The results of SOC estimation with the incorporated equality constraint are shown in Figure 

13, where the SOC of both electrodes were consistent with the experimental result after 

convergence. Additionally, it took 45 seconds for the cathode SOC to converge, which is 87% 

faster than that of the anode (345 seconds), because the cathode equilibrium potential has a larger 
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magnitude. Therefore, the SOC calculated from the cathode, rather than the anode, is used for 

further SOC estimation because of its fast convergence speed. 

 

Figure 13. SOC estimation after adding equality state constraints. 

 

3.2.5 Adaptive noise covariance matrices 

As previously mentioned, process and measurement noise are assumed to be normally 

distributed random variables. In fact, it is also required that the distribution has a zero mean. 

Therefore, the process and measurement noise can be expressed as  

~ (0, )w Q  and ~ (0, )v R , 

where Q and R are the covariance matrices of w and v, respectively.  

Usually, the noise covariance matrices are constant parameters determined offline before the 

estimation process begins. In practice, the characteristics of noises vary depending on the choice 

of sensors and the operating conditions. Hence, the previously found noise covariance matrices do 

not work optimally, but they can be improved by a covariance-matching technique. The method 
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estimates Q and R adaptively by making the covariance computed from the output error consistent 

with their theoretical values, that is, 

 T T T
k kE r r     C APA Q C R

 (62) 

where ˆr z z   is the residual. We can also compute the covariance 
T

k kE r r    as 

0

0

1 m i
T T

k k i i
i i

E r r rr
m





    
 

(63) 

where m is an empirically selected moving window that determines the amount of data considered, 

and i0 indicates the first element of the estimation window.  

Therefore, when R is determined, Q can be updated as follows:  

   11ˆ T T T T
k k k k k k k k k k kE r r

     Q C C A P A C R C
. (64) 

For the EKF, when Q is known, then R is updated as, 

1

1ˆ
m

T T
k i j i j k k k

j

r r
m


 



 R C P C
. 

(65) 

Similarly for the SPKF and SR-SPKF [31], 

  ( )

, ,

01

ˆ ˆ
1ˆ

p
Tc

i k i k k i k

i

m
T

k i j i j
j

z zr r
m

 


 



  R  

. 
(66) 

To analyze the performance of the proposed method, noise is added to the input and the 

output equations. Comparison of terminal voltage is plotted in Figure 14(a). The blue, red, and 

yellow lines show the noisy, actual, and simulated voltage, respectively. The simulation shows a 

good match with the actual voltage, and the voltage error quickly converges to within 15 mV while 
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the residual varies between ± 200 mV as shown in Figure 14(b). Additionally, although the 

magnitude of the noises changed after 18 and 36 minutes, respectively, the simulated terminal 

voltage was not affected since the covariances are adjusted adaptively. Figure 14(c) shows the 

results of the SOC estimation, which match well with the experimental results. After convergence 

from an 18% initial error, the SOC error is kept within 2%. Overall, since the covariance was 

changed adaptively, the predicted terminal voltage, as well as the estimated SOC, were not 

affected. Likewise, the adaptive method was applied to the SPKF and SR-SPKF, which are referred 

to as ASPKF and ASR-SPKF, and finally, their performance is compared. 

 

Figure 14. Performance of the adaptive algorithm. (a) Terminal voltage; (b) voltage error and 
residual; (c) estimated SOC; (d) SOC error. 
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3.3 Result and discussion  

3.3.1 SOC errors and error bounds 

The absolute SOC estimation error and predicted error bounds for the hybrid pulse power 

characteristic (HPPC) test using the AEKF are shown in Figure 15(a), where the initial SOC value 

was correctly initialized to 100%. The solid blue and gray lines show the absolute error and error 

bounds, respectively. The absolute error is defined as the difference between the experimentally 

calculated SOC and the estimated SOC, which was less than 5%, of which one of the dominant 

sources is due to the Taylor series approximation of the nonlinearity in the voltage equation. 

Moreover, the error bound was unable to encompass the true errors 35% of the time. In Figure 

15(b) and (c), the results are plotted for the ASPKF and ASR-SPKF, respectively, which are nearly 

the same since the mathematical treatments for deriving the square-root form only affect 

computational efficiency. Additionally, the RMSEs and the maximum SOC errors of ASPKF and 

ASR-SPKF were 1.68% and 3.1%, respectively, as listed in Table 6. Improvements against the 

AEKF were 35% and 45%, respectively. Furthermore, the error bounds are correctly included the 

calculated error 100% of the time.   

In real-time applications, initial states might be different from actual states, when the prior 

state of a battery is unknown. To mimic such cases, an offset was added to the estimated SOC. 

The results of the HPPC test are shown in Figure 15(d) to (f). Although the AEKF, ASPKF, and 

ASR-SPKF had the same initial error covariance matrices, it took the AEKF 18 minutes to recover 

from the initial state, while the ASPKF and ASR-SPKF took less than five minutes, which was a 

72% improvement. After convergence, the error of the AEKF remained less than 6%, which was 

50% greater than of the other two filters. Similar to the previous case, the SOC errors of the AEKF 



48 
 

exceeded the bounds more than 30% of the time, while errors of the ASPKF and ASR-SPKF 

remained within bounds during the entire time. Additionally, the ASPKF and ASR-SPKF 

improved the RMSE by about 30%. Finally, for comparison, the RMSEs, maximum errors, and 

the convergence times are listed in Table 6. Particularly, the convergence speed of ASPKF and 

ASR-SPKF are 8.25 and 7.82 times faster than the results reported in Ref. [26] (~1138 s), 

respectively. 
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Figure 15. SOC estimation errors with error bounds of the HPPC test. (a-c) No initial SOC 
errors; (d-f) 20% initial SOC errors. 

Table 6. Comparison of AEKF, ASPKF, and ASR-SPKF on the HPPT test of estimated SOC. 

 No initial SOC errors 20% initial SOC errors 
 RMS error 

(%) 
Maximum 
error (%) 

RMS error 
(%) 

Maximum 
error (%) 

Time to 
converge (s) 

AEKF 2.57 5.60 2.50 20.38 1116 
A-SPKF 1.68 3.10 1.68 20.38 123 
ASR-SPKF 1.68 3.10 1.76 20.38 129 

 

3.3.2 Computational time 

The average computational time of each filter per step is measured using a desktop computer 

with an eight-core 2.60 GHz Intel® i7-860 CPU and 6 GB RAM, and the results are listed in Table 

7. The results were obtained by calculating the average value of the total time taken for 1000 time 

steps. As shown in Table 7, the computational time per step of AEKF is comparable to that of the 

ASPKF but more than that of the ASR-SPKF, which makes it 23% and 19% faster than the former, 

respectively. As a result, the ASR-SPKF is the most efficient method to implement in the BMS 

hardware.   

Table 7 Average computational time per step. 

 AEKF ASPKF ASR-SPKF 

Avg. computational time/step (ms) 0.586 0.559 0.451 

 

3.3.3 Validation at different temperature 

Based on the above comparative studies, we have concluded that the ASR-SPKF had the 

most outstanding performance. In order to test the performance of the proposed method at different 
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temperatures, comparisons of SOC of CC discharging were made and are plotted in Figure 16(a) 

and (c). The solid lines and dots represent the experiments and simulations, respectively. Since a 

constant current was applied, the slope of the SOC should be a constant. Moreover, some 

parameters, such as diffusion coefficients of the solid and electrolyte phase are highly sensitive to 

the temperature variation. Capacity is especially affected by the diffusion coefficient of the solid; 

thus, the discharge time at 45 oC was longer than at 25 oC, even with the same discharge rate. 

Therefore, the temperature dependence of the diffusion coefficients is modeled using the 

Arrhenius-type equation. 

0
0

1 1
exp a

s s

E
D D

R T T

  
    

   , 
(67) 

where Ea is the activation energy. 

 The SOC estimations were in a good match with the experimental results. Figure 16(c) and 

(d) show that the estimated errors quickly converged from the initial offset and remained within ± 

1%. This is comparable to the results of using the ECM that is reported in Ref. [32] (that is, less 

than 1.5%). In the next section, we show that by using the ROM, the internal variables could also 

be predicted, which becomes an improvement when compared with an ECM-based method. 
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Figure 16. SOC estimation results when using the proposed method at different temperatures. (a-

b) Comparison of SOC and SOC errors at 25 oC; (c-d) comparison of SOC and SOC errors at 45 

oC. Solid lines and dots indicate the experimentally obtained and estimated SOC, respectively.  

3.3.4 Validation of BIL test 

Finally, the proposed method was implemented into a BIL test station. Figure 17 depicts the 

configuration of the testing station that consists of a computer that embeds LabVIEW, a data 

acquisition board, a power supply, an electric load, and a battery that is placed in a thermal 

chamber. The ROM with the SOC estimation algorithm was written in a MATLAB script and 

embedded in the LabVIEW. At each time step, the input current profile was updated. The terminal 
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voltage and temperature were also measured, and the difference between the measured and 

estimated voltage was calculated to estimate SOC and ion concentrations.  

 

Figure 17. Schematic diagram of the BIL testing station. 

To assess voltage and SOC estimation accuracy during a fast charging test. A profile from 

0% to 98% SOC was generated as an example, which includes pulse charging, CC charging with 

decreasing C-rate and CV charging, as shown in Figure 18(a). The maximum charge and discharge 

rates were 5 C and 2 C, respectively. In Figure 18(b), the solid blue line, solid purple line, and 

dashed red line represent the terminal voltage of experiments, the ROM, and the ROM with the 

ASR-SPKF, respectively. Based solely on the plots of voltage, both simulated voltages are 

consistent with the experimental data. However, the voltage errors plotted in Figure 18(c) show 

that the voltage errors during the pulse charging and discharging were higher. This is because when 

a high-current pulse is applied, overpotential builds rapidly. Thus, when a negative pulse is 

subsequently applied, the terminal voltage of the cell decreases drastically, which also occurs with 
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the concentration gradient. Furthermore, due to model simplification, the concentration gradient 

inside an electrode is ignored, so the drastic change in voltage cannot be accurately predicted. The 

ASR-SPKF took voltage measurement into consideration, and the voltage error decreased from 35 

mV to 22 mV. Additionally, in the CV region, using the proposed method further decreased errors 

by 4 mV. The SOC calculated from the average ion concentration also had a good match with 

experiments, as shown in Figure 18(c). It is also noticed that the SOC changes smoothly compare 

to the terminal voltage, due to the change in overpotential is affected by the surface concentration 

instead of its average. The SOC error was shown in Figure 18(d), which was less than 2%. Figure 

18(e) shows the surface (dashed line) and average (solid line) ion concentrations of the composite 

anode and cathode, respectively. During charging, the surface concentration was higher than the 

average concentration in the anode due to the diffusion process of lithium ions. On the surface of 

an electrode particle, the accumulated lithium ions easily saturated the plated as metallic lithium. 

Therefore, the surface concentration should be estimated in conjunction with the average 

concentration.  
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Figure 18. Results of a BIL test using a fast charging profile. (a) Current profile; (b) estimated 
and experimentally-measured terminal voltage; (c) voltage errors; (d) estimated and 

experimentally obtained SOC; (e) SOC estimation errors; (f) ion concentration in solid. 

SOC and voltage estimation performance was also tested using a driving cycle profile. The 

current profile, as shown in Figure 19(a), is an electric vehicle driving cycle with a maximum 

current rate of 1.5 C. Although the terminal voltage of experiments, the ROM, and the ROM with 
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the ASR-SPKF matched well with each other as shown in Figure 19(b), the maximum voltage 

error produced using the ASR-SPKF was 20 mV less than when using only the ROM, as shown in 

Figure 19(c). The ASR-SPKF also eliminates the accumulation of voltage errors in the ROM. This 

shows that the proposed method can accurately predict the terminal voltage up to 10 Hz. The 

estimated SOC and SOC errors are plotted in Figure 19(d) and (e), where the maximum SOC errors 

were less than 2%. That is four times smaller than the results reported in Ref. [6], where a similar 

driving cycle input profile was used. Moreover, recently published data-driven methods produce 

SOC error that is comparable to that of this work [33,34]. In Figure 19(e), the dashed and solid 

lines show the surface and average ion concentrations in solid of the anode and cathode, 

respectively. The magnitude of the surface and average ion concentrations are nearly the same due 

to the current of the profile was primarily small, that is, within 1 C. 
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Figure 19. Results of a BIL test using a driving cycle profile. (a) Current profile; (b) estimated 
and experimentally-measured terminal voltage; (c) voltage error; (d) estimated and 

experimentally-obtained SOC; (e) SOC estimation error; (f) ion concentration in solid. 

3.4 Summary 

In this section, a new SOC estimation algorithm is proposed based on a reduced-order 
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Kalman-based nonlinear filter by adding extra equality constraints to the state vector and an 

adaptive algorithm that automatically adjusts the covariance matrices of process and measurement 

noise of the system. Specifically, the constraints were introduced that is based on the principle of 

the charge conservation, which allows for estimating the SOC from the ion concentration in solid 

of the cathode, rather than the anode, due to a higher magnitude of the equilibrium potential, which 

accelerates the convergence of the estimation. Second, an adaptation algorithm was integrated that 

is based on covariance-matching method, which allows for updating the covariance matrices of 

unknown process noise. Third, the performance of three candidates–AEKF, ASPKF, and ASR-

SPKF–was evaluated in terms of accuracy, error bounds, convergence time, and computational 

time. The accuracy of SOC estimation by ASR-SPKF and ASPKF is similar and better than the 

AEKF with reliable error bounds, while the computational time of ASR-SPKF and AEKF is 

comparable and shorter than the ASPKF. Therefore, the ASR-SPKF was used for estimating SOC 

in real-time. Finally, the proposed method was verified at 25 oC and 45 oC, respectively, and finally 

tested using a BIL test station. Voltage and SOC errors observed using the fast charging profile 

were less than 22 mV and 2%, respectively, whereas these were less than 10 mV and 2%, 

respectively, during the driving cycle. Internal variables, such as surface and average ion 

concentration, were also estimated. 

In conclusion, the proposed SOC estimation algorithm is able to estimate the SOC and 

internal variables with high accuracy and speed. An extension of the presented algorithm is a 

SOC/SOH co-estimator that is based on the ROM incorporated with a degradation model. Since 

the ion consumption inside the negative electrode reduces the number of cyclable ions, the charge 

conservation would always constrain the estimator that results in accurate SOC. On-going work is 

also focused on the development of optimal charging schemes that utilized the proposed algorithm 
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to reduce charging time and aging process while within safe and reliable operations constraints 

imposed on the SOC as well as internal variables.   

 



59 
 

Chapter 4. Online aging parameter and SOH estimation 

4.1 Literature review 

Lithium-ion batteries age during charging and discharging, and consequently their available 

energy and power decrease over time, which is directly related to the state of health (SOH) as an 

important metric to assess the performance of a battery. The SOH is commonly indicated by a 

decrease in cell capacity and an increase in internal resistance, which is mainly caused by 

undesirable side reactions that eventually lead to the loss of lithium ions and active materials, 

consumption of electrolytes solvents, and increase in solid electrolyte interphase (SEI) layer 

thickness, thus results in changes to aging parameters, such as the number of cyclable ions, volume 

fractions, and cell internal resistances. Therefore, an accurate estimation of the SOH and aging 

parameters is crucial for fulfilling load requirements, ensuring safe operations, extending lifespan, 

and reducing maintenance costs [35]. 

SOH is referred to as the percentage loss of capacity or power compared to the initial 

conditions. For instance, the end-of-life (EOL) is defined when the present capacity reaches 80% 

of the initial nominal capacity [36]. In order to determine the SOH directly, the present capacity 

or resistance needs to be measured accurately in a laboratory environment [37]. However, such 

methods require fully charging or discharging of a cell, or the impedance measurements and cannot 

be used for onboard applications. 

In addition, during aging, numerous degradation processes take place that are functions of 

operating conditions. One of the dominant causes of degradation is the formation of an SEI layer 

that takes place at the interface between solid electrode particles and the electrolyte of the anode 

[9,38]. The growth of the SEI layer consumes cyclable lithium ions and the electrolyte solvent, 
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which decreases the effective surface area of electrode particles and the ionic conductivity, 

eventually leading to irreversible capacity and power fade [36]. Moreover, at low temperatures or 

high charging rates, another degradation mechanism called “lithium plating” takes place on the 

surface of the anode solid particles, predominantly near the separator. During charging, lithium 

ions from the electrolyte are inclined to form solid lithium metal and are deposited on the surface 

of the anode particles. Under certain circumstances [39,40], during discharging, the plated lithium 

can be partially dissolved and recovered as cyclable ions, which results in reversible capacity, 

known as “lithium stripping”. Meanwhile, the other portion of the plated lithium will further 

combine with electrolyte solvents to form compounds known as the “secondary SEI layer”, 

resulting in irreversible lithium loss [41]. 

These degradation processes make it challenging to mathematically and comprehensively 

describe the aging phenomenon. On the one hand, the SEI layer formation reaction has been 

modeled using a linearized Tafel equation to compute the flux rate of this side reaction, and it has 

been suggested that the layer thickness can be modeled as a time-dependent, one-dimensional film 

[42]. Using such a model, Ramadass et al. studied the effects of aging parameters, including film 

resistance, exchange current density, and side reaction overpotential [38]. On the other hand, Arora 

et al. first proposed a lithium deposition reaction model to describe the overcharge of the negative 

electrode and also studied related parameters [43]. Later, the model is modified to describe plating 

at the subzero temperatures [41]. Most recently, researchers have developed degradation models 

that combine the SEI layer formation with the lithium plating to achieve higher model fidelity. 

Studies using such models have shown that SEI growth is dominant in early cycles, while lithium 

plating starts to occur after a certain number of cycles, which causes an acute decrease of capacity 

[44]. However, the lithium stripping process has not been considered and the simulated results 
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were not validated against experimental data as a function of cycle numbers. Song et al. 

incorporated the lithium stripping into the degradation model and enables a separate calculation of 

capacity fade with respect to SEI layer formation, lithium plating, and lithium stripping [39].  

Based on the aging model, approaches for parameter and SOH estimation have been 

developed. Fu et al. [45,46] estimated the decrease in the volume fraction of the active materials, 

and the increase in the resistance of SEI layer as the cycle number increases. In addition, the 

relationship between aging parameters and capacity and power fade was calculated, resulting in 

2% and 3% error, respectively [19]. Without the consideration of aging mechanisms, another study 

used a pseudo-two-dimensional (P2D) model to optimize five parameters, including the maximum 

ion concentration, diffusivity and cell resistance by minimizing the terminal voltage error of aged 

cells using the genetic algorithm [47]. However, for each cell, an empirical relationship between 

the aging parameters and the battery degradation rate needs to be established, which is difficult to 

be generalized. Overall, the methods mentioned above might be easy to obtain high accuracy in a 

laboratory environment. However, an aging model alone is not suitable for online and onboard 

estimation for the following reasons: 

1. An FOM is not appropriate for real-time implementation, which requires a simple and 

incrementally discretized model.  

2. Degradation speed largely depends on operating conditions. Therefore, results from a 

single testing condition cannot be generalized to onboard operations. 

3. Computing the degradation model in real time requires knowledge of the present capacity 

of a cell, which in practice, is difficult to measure.   
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Therefore, in order to estimate the SOH and parameters based on a physics-based model, 

first, the FOM should be simplified and discretized to create a platform of a real-time model that 

is, an incremental reduced-order degradation model, in which a future state can be updated based 

on the present state and an arbitrary input current [9]. Secondly, an adaptive filter can be applied 

that enables estimation in real-time. Since the model describes a highly nonlinear, non-Gaussian 

process, the particle filter is appropriate for this application [48,49]. 

Although many efforts have been made to develop algorithms for SOH estimation, 

challenges still remain, such as SOH prediction under various operating conditions, and the 

optimization of battery performance to minimize the degradation rate. Therefore, in this work, the 

objective is to develop algorithms for accurate estimations of not only the SOH but also aging 

mechanism-related parameters. The proposed method is able to estimate parameters, including the 

loss of lithium ions, decreases in the volume fraction of particles, and increases in the internal 

resistance due to the growth of the SEI layer and plated lithium based on a ROM. In addition, a 

particle filter is applied to facilitate the estimation of the SOH online even when a present capacity 

is not available. Moreover, the proposed method is well validated with different operating 

conditions, including different temperatures and current rates. Therefore, three contributions are 

made: 

1. A new ROM is developed for onboard applications, where a single particle model (SPM) 

is applied to the cathode for maximum reduction of computation complexity, while a P2D 

model is used in the anode, making available the potential gradient across the thickness 

direction so that lithium plating and stripping can be predicted.  
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2. A sensitivity analysis of aging parameters is conducted by studying analytical derivation 

of sensitivity functions of the terminal voltage and the SOC with respect to five key 

parameters.    

3. To the best of the authors’ knowledge, for the first time, a particle filter is incorporated into 

the physics-based aging model for online parameter and SOH estimation, which enables 

online diagnosis even when a laboratory test is not available. The proposed method is also 

validated against experiments conducted at different temperatures and current rates. 

4.2 Degradation model  

Of all the degradation mechanisms, side reactions that occur at the electrode-electrolyte 

interface on the anode are considered to be the primary cause [42]. In particular, two dominant 

degradation mechanisms are the formation of the SEI layer and lithium plating. The SEI layer 

formation reaction is more likely to occur at elevated temperatures, where a passive layer is formed 

on the surface of the anode particles. When the active material of the anode is graphite and the 

electrolyte solvents are ethylene carbonate (EC), the main compounds of the deposits are Li2CO3 

and (CH2OCO2Li)2, which are described by Eqs. (68) and (69), respectively.  

2Li-+2𝑒ି+EC→C2H4↑+Li2CO3↓, (68)  

2Li-+2𝑒ି+2EC→C2H4↑+ሺCH2OCO2Liሻ2↓. (69)  

When a cell is charged for the first time, an initial SEI layer is created that protects the 

graphite from further reactions with the remaining solvent in the electrolyte, due to its permeability 

to ions and the impermeability to the electrons. As a cell ages, the pores of the particles are covered 

with the SEI layer, which leads to a decrease in the accessible active electrode surface area and an 

increase in the internal impedance. In addition, the reduction reaction that produces the SEI layer 
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consumes lithium ions at the same time and, eventually, a number of particles will be isolated with 

ions trapped inside, which leads to the further and simultaneous loss of ions and active materials. 

As a result, the SEI layer grows, which leads to both power and capacity fade.  

The second mechanism, lithium plating, usually occurs acutely at subzero temperatures or 

under high charging rates when ion diffusion inside the solid particles is slow. When charging a 

cell under such cases, the surface solid-electrolyte potential difference becomes negative, 

especially near the separator, which causes lithium ions from the electrolyte to be reduced to 

metallic lithium, which deposits on instead of intercalating into the anode particles. This process 

can be described as 

Li++𝑒ି↔Li(sሻ. (70)  

Furthermore, the plated lithium metal tends to react with the electrolyte and to form insoluble 

deposits with a composition similar to that of the SEI layer, called the “secondary SEI layer”, 

therefore leading to irreversible ion loss and increased impedance. On the other hand, under certain 

conditions, a certain amount of plated lithium can be dissolved and recovered as ions before further 

reactions, which is called “lithium stripping”  [40,50].  

In order to develop a physics-based degradation model, the following assumptions are made: 

 Only side reactions that take place in the negative electrode are considered and theses 

reactions are regarded as occurring independently [36]. 

 During SEI layer formation, the oxidation reaction rate is much slower than the rate of 

reduction and is therefore neglected. In other words, SEI layer formation is an irreversible 

process.  
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 Lithium deposition reaction is semi-reversible, which implies that the reduction reaction 

rate is twice as that of the oxidation rate.  

 Both the primary and secondary SEI layers are a mixture of Li2CO3 and (CH2OCO2Li)2. 

 Other degradation mechanisms, such as mechanical stress and the dissolution of cathodic 

active materials, are not considered. 

4.2.1 Main reaction 

The main intercalation reaction rate, jint, which is governed by the Butler-Volmer equation, 

is described by the main electrochemical reaction that takes place at the interphase between the 

solid and electrolyte as 

𝑗௜௡௧ ൌ 𝑎௦𝑖଴ ቀexp ቀఈೌி
ோ்

𝜂ቁ െ exp ቀെఈ೎ி

ோ்
𝜂ቁቁ , (71)  

where 𝑎௦ ൌ 3𝜀/𝑅௦, is the specific interfacial surface area, 𝜂 is the surface overpotential, 𝛼௔ and 

𝛼௖ are the anodic and cathodic charge transfer coefficients, respectively, and 𝑖଴ is the exchange 

current density of the main intercalation reaction that is expressed as 

𝑖଴ ൌ 𝑘ሺ𝑐௘ሻఈೌ൫𝑐௦,௠௔௫ െ 𝑐௦,௦௨௥௙൯
ఈೌ൫𝑐௦,௦௨௥௙൯

ఈ೎, (72)  

where k is a kinetic rate constant, and 𝑐௦,௠௔௫  and 𝑐௦,௦௨௥௙  are the maximum and surface 

concentration of the solid particles, respectively. The direction of ion flux is dependent upon the 

overpotential 

𝜂 ൌ 𝜙௦ െ 𝜙௘ െ 𝑈௘௤ െ
ோೄಶ಺
௔ೞ

𝑗௧௢௧, (73)  
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where 𝜙௦  and 𝜙௘  are the potential of the solid and electrolyte phase, respectively. 𝑈௘௤  is the 

equilibrium potential, and 𝑗௧௢௧  is the total reaction rate that is given by a sum of the main 

intercalation, SEI layer formation, and lithium deposition reaction rates 

𝑗௧௢௧ ൌ 𝑗௜௡௧ ൅ 𝑗ௌாூ ൅ 𝑗௅௉, (74)  

where 𝑗ௌாூ and 𝑗௅௉ denote the reaction rate for the SEI growth and lithium plating, respectively. 

𝑅ௌாூ denotes the total resistance of the SEI layer that includes the initial, primary, and secondary 

SEI layers 

𝑅ௌாூ ൌ 𝑅ௌாூ,଴ ൅ 𝑅ௌாூ,௣௥௜ ൅ 𝑅ௌாூ,௦௘௖, (75)  

where 𝑅ௌாூ,଴ refers to the resistance of the initial generated SEI layer, 𝑅ௌாூ,௣௥௜ denotes the primary 

SEI resistance that corresponds to the SEI layer formulation reaction, 𝑅ௌாூ,௦௘௖  denotes the 

secondary SEI that corresponds to the SEI layer generated by the further reaction of the plated 

lithium with solvents of the electrolyte. 

4.2.2 Side reaction 

The SEI layer formation reaction rate, 𝑗ௌாூ, is described using a Tafel equation, where only 

a reduction reaction takes place. This is consistent with the assumption that the reaction is 

irreversible and 

𝑗ௌாூ ൌ െ𝑎௦𝑖଴,ௌாூ exp ቀെ ఈೄಶ಺௡ೄಶ಺ி

ோ்
𝜂ௌாூቁ, (76)  

where 𝜂ௌாூ is the side-reaction overpotential that is determined as 

𝜂ௌாூ ൌ 𝜙௦ െ 𝜙௘ െ 𝑈ௌாூ െ
ோೄಶ಺
௔ೞ

𝑗௧௢௧, (77)  
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where 𝑈ௌாூ is the equilibrium potential of SEI layer formation reaction that is chosen to be 0.4 V 

[13]. 𝑖଴,ௌாூ is the exchange current density of the reaction and it is a function of temperature, and 

𝑛ௌாூ is the moles of ions involved in Eqs. (68) and (69) with a value of two.  

On the other hand, the reaction rate of lithium plating and stripping is expressed using a 

modified Butler-Volmer equation: 

𝑗௅௉/ௌ ൌ 𝑎௦𝑖଴,௅௉ ቀexp ቀ
ఈೌ,ಽುி

ோ்
𝜂௅௉/ௌቁ െ exp ቀെ

ఈ೎,ಽುி

ோ்
𝜂௅௉/ௌቁቁ , (78)  

where 𝑖଴,௅௉ is the exchange current density, and 𝜂௅௉/ௌ denotes the overpotential of lithium plating 

or stripping. In fact, during charging, the lithium plating occurs only at locations in the anode 

where 𝜂௅௉/ௌ ൏ 0, i.e., 

𝜂௅௉ ൌ min ቀ0,𝜙௦ െ 𝜙௘ െ 𝑈௅௉ െ
ோೄಶ಺
௔ೞ

𝑗௧௢௧ቁ, (79)  

where 𝑈௅௉ is the equilibrium potential for lithium plating and stripping, which is measured with 

respect to Li and is thus equal to zero [51]. Eq. (79) restricts the reaction rate of lithium plating, 

𝑗௅௉ ൌ 0 where 𝜂௅௉ ൒  0, and 𝑗௅௉ ൏ 0 where 𝜂௅௉ ൏  0.  

Conversely, during resting or discharging, lithium stripping takes place, and the plated 

lithium dissolves and is released as lithium ions. However, it should be noted that if the plated 

lithium has already reacted with the electrolyte solvents to form the secondary SEI, or if it has 

been completely covered by the SEI layer to become dead lithium, then it can no longer be 

dissolved. Therefore, a favored condition for lithium stripping to occur is when 𝜂௅ௌ ൐ 0,  

𝜂௅ௌ ൌ max ቀ0,𝜙௦ െ 𝜙௘ െ 𝑈௅௉ െ
ோೄಶ಺
௔ೞ

𝑗௧௢௧ቁ. (80)  
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4.2.3 Analysis of degradation effect 

Once the side reaction rates have been calculated, the amount of loss of lithium ion (LLI), 

𝑞௅௅ூ, due to SEI growth, and lithium plating can be obtained by a summation of integration of  𝑗ௌாூ 

and 𝑗௅௉ over the thickness of the negative electrode, respectively: 

డ௤ಽಽ಺
డ௧

ൌ
డ௤ಽಽ಺,ೄಶ಺

డ௧
൅

డ௤ಽಽ಺,ಽು

డ௧
െ ఋ௤ಽೄ

ఋ௧
ൌ െ𝐴׬ 𝑗ௌாூ 𝑑𝑥

ఋ೙೐೒
଴ െ 𝐴׬ 𝑗௅௉ 𝑑𝑥

ఋ೙೐೒
଴ ൅ 𝐴׬ 𝑗௅ௌ 𝑑𝑥

ఋ೙೐೒
଴ . (81)  

where a dimensionless coefficient, 𝜆, is introduced to express the fraction of the plated lithium that 

forms the secondary SEI, and the coefficient is obtained through validation against the 

experimental data.  

The SEI layer thickness as a function of electrode thickness can be calculated by the ordinary 

differential equation: 

డఋೄಶ಺
డ௧

ൌ െ ௏෩ೄಶ಺
௡ೄಶ಺௔ೞி

∙ 𝑗ௌாூ െ
௏෩ೄಶ಺

௡ಽು௔ೞி
∙ 𝜆𝑗௅௉, 

 

(82)  

where 𝑉෨ௌாூ is the molar volume of SEI. The coefficient 𝑛ௌாூ ൌ 2 indicates that the consumption of 

two moles of lithium ions produces one mole of SEI [18,46]. This allows the loss of active 

materials to be computed as  

డ୼ఌೞ,೙೐೒

డ௧ 
ൌ െ𝑘஺ெ𝑎௦

డఋೄಶ಺
డ௧

, (83)  

where Δ𝜀௦,௡௘௚ is the change of solid phase volume fraction, and 𝑘஺ெ is a dimensionless coefficient 

that describes how fast the anode materials are lost from SEI layer growth. The coefficient is 

obtained by validating the model simulation against the experimental data. The formation of the 

SEI layer and plated lithium also leads to an increase of surface film resistance:  
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𝑅ௌாூ ൌ 𝑅ௌாூ,଴ ൅
ఋೄಶ಺
఑ೄಶ಺

, (84)  

where 𝑅ௌாூ,଴  corresponds to the resistance of the initial formed SEI layer, and 𝜅ௌாூ  is the 

conductivity. Moreover, increases in the deposit layer thickness and resistance from the plated 

lithium can be expressed as 

డఋವಽ
డ௧

ൌ ௏෩ಽ೔
௡ಽುி

ሺ1 െ 𝜆ሻ 𝑗௅௉, (85)  

𝑅஽௅ ൌ 𝑅஽௅,଴ ൅
ఋವಽ
఑ವಽ

, (86) 

where 𝑉෨௅௜ is the molar volume of the plated lithium, 𝑅஽௅,଴ corresponds to the initial resistance of 

the deposit layer that is equal to zero, and 𝜅஽௅ is the conductivity of the deposit layer. Finally, the 

formation of the primary and secondary SEI also consumes the electrolyte solvents as shown in 

Eq. (68) and (69), which is modeled by the decrease of the volume fraction of electrolyte: 

డఌ೐
డ௧

ൌ  െ ఈ௏෩೐
ఋ೙೐೒ி

׬ ൫𝑗ௌாூ,௞ିଵ ൅ 𝜆𝑗௅௉,௞ିଵ൯
ఋ೙೐೒
଴  𝑑𝑥, (87)  

where 𝑉෨௘ is the molar volume of the electrolyte, and 𝛼 is a dimensionless coefficient indicating the 

number of moles of electrolyte solvents that are involved in the reaction when one mole of the 

plated lithium is consumed and is equal to 0.75 when assuming the same reaction rate of Eq. (68) 

and (69). 

4.2.4 Optimization of ROM 

To estimate the degradation state and parameter in real time requires information of the 

internal variable such as ion concentrations, electrode potentials, and the main reaction rate. These 

variables can be computed using a high-fidelity electrochemical model. However, such a model 

consists of a set of coupled nonlinear partial differential equations, which are derived from the first 
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principles of thermodynamics, transport theory, and electrochemical kinetics, which are solved 

numerically by finite difference method or finite element method. Solving these equations is very 

computationally expensive. For real-time applications, the model needs to be simplified while 

maintaining decent accuracy. In this work, a ROM where calculations of the anode and the cathode 

internal states are carried out by approximations of multiple particles, and a single particle, 

respectively. Specifically, because numerous side reactions take place in the anode with different 

stages of degradation across the thickness direction and increasing severity toward the separator, 

computation of internal variables is needed at more than one spatial location in the electrode. 

Conversely, because of the assumption for the cathode, the sub-model is simplified to an SPM, 

where only one particle is considered in the calculation. The concept is shown in Figure 20. With 

a separate degree of simplification, the computational time of the proposed ROM, referred to as a 

P2D-SPM, is greatly reduced, while its fidelity is maintained. The P2D-SPM parameters were 

obtained using a genetic algorithm-based automatic tuning method that was developed in our 

previous work [52]. The values of optimized parameters, as well as design parameters given by 

the manufacturer, are listed in Error! Reference source not found.. Temperature-dependent 

parameters, such as the diffusivities, were optimized by means of the Arrhenius relationship.  
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Figure 20. A schematic diagram of a P2D-SPM model. 

 

4.2.5 Model validation  

The simulated and measured capacity is compared as a function of the cycle number at 

different temperatures and charging rates, as shown in Figure 21(a), where more than 20% capacity 

fade are achieved. The simulations, represented by the solid lines, are in agreement with the 

experimental data, and are denoted by the dots. In addition, Figure 21(b)-(d) show the individual 

amount of ion loss due to SEI layer formation, lithium plating, and active material loss. At 25 oC, 

the rate of degradation increases when the current rate increases, despite the ion losses due to SEI 

layer formation being comparable between 2 C and 3 C. Therefore, the rate increase is caused by 

the increased rate of lithium plating. As can be seen in Figure 21(b), no plated lithium is formed 

until the 60th cycle. Conversely, as shown in Figure 21(c), lithium metal starts to plate from the 

very first cycle. In other words, the rate of lithium plating is higher when the charging current is 

greater, where the lithium plating overpotential, 𝜂௅௜, is lower; therefore, plating is more likely to 

occur. On the other hand, the rate of SEI layer growth increases as the temperature elevates, which 

can be observed by comparing Figure 21(c) and (d). By contrast, lithium plating is less likely to 
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take place when the temperature is higher, for instance, the simulation indicates no lithium plating 

at 45 oC. Moreover, the active material loss has a similar magnitude to that of the loss due to both 

SEI layer formation and lithium plating, which indicates its strong correlation to the loss of lithium 

ions [53]. The EIS spectra of the cell cycled at 25 oC, 3 C CC-CV is shown in Figure 21(e), where 

the impedance spectra shift rightwards as the cycle number increases, which implies an increase 

of Ohmic resistance. The resistance includes the resistance of electrodes, electrolytes, and current 

collectors. The SEI resistance, which is represented by the radius of the semi-circle in the 

impedance spectra, also increases as the cycle number is augmented, as shown in Figure 21(f).  
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Figure 21. Validation of degradation at different temperatures and C rates: (a) comparison of 
simulated and measured capacity fade; (b) sources of ion loss at 25 oC, 2C CC-CV charging;  (c) 
sources of ion loss at 25 oC, 3C CC-CV charging;  (d) sources of ion loss at 45 oC, 3C CC-CV 

charging; (e) impedance spectra of the cell cycled at 25 oC, 3C CC-CV; (f) Ohmic and SEI 
resistance extracted from the EIS measurement. 
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4.3 Online aging parameters and SOH estimation 

4.3.1 Effect of aging parameters on SOH 

The aging parameters related to the SOH are the change in the loss of lithium ions, the solid 

active material volume fraction, the electrolyte volume fraction, the deposit layer resistance, and 

the SEI layer resistance, of which the first two cause the capacity fade, while the last three lead to 

the power fade. In addition, the loss of lithium ion affects the OCV characteristic, which causes a 

shift in the stoichiometric operating windows. In this section, definitions of SOH with respect to 

capacity (SOHQ) and power (SOHP) are given, respectively, and the effects of aging parameters 

on the SOH are analyzed.  

Capacity fade is one of the most important indicators for evaluating the performance of 

degraded cells. A definition of SOH with respect to capacity is given as 

𝑆𝑂𝐻ொ ൌ
ொೌ೒೐೏
ொ೑ೝ೐ೞ೓

ൈ 100%, (88)  

where 𝑄௔௚௘ௗ and 𝑄௙௥௘௦௛ are the maximum capacity of an aged and a fresh cell, respectively. The 

maximum capacity can be calculated either from the positive or negative electrode as 

𝑄௠௔௫,௣௢௦ ൌ ሺ𝑦௠௔௫ െ 𝑦௠௜௡ሻ𝜀௦,௣௢௦𝛿௣௢௦𝐴𝐹𝑐௦,௠௔௫,௣௢௦ /3600, (89)  

𝑄௠௔௫,௡௘௚ ൌ ሺ𝑥௠௔௫ െ 𝑥௠௜௡ሻ𝜀௦,௡௘௚𝛿௡௘௚𝐴𝐹𝑐௦,௠௔௫,௡௘௚ /3600. (90)  

 Because our assumption is that the degradation takes place mainly at the anode, parameters 

of Eq. (90) is updated. Specifically, the loss of active materials is reflected in the changes in the 

volume fraction of solid particles εs, and the loss of lithium ions is reflected in the changes in the 

operating window of the stoichiometric number, xmax-xmin. When lithium ions are lost because of 

side reactions, the stoichiometric number operating window shifts by  
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𝑥௦௛௜௙௧ ൌ
௤ಽಽ಺

ఌೞ,೙೐೒ఋ೙೐೒஺௖ೞ,೘ೌೣ,೙೐೒ி
, (91)  

This makes the stoichiometric number, 𝑥, less than that of the fresh cell. At the same time, a 

certain amount of active material of the negative electrode is lost, which is reflected in a decrease 

of the volume fraction. Furthermore, the stoichiometric numbers, 𝑥௠௔௫, 𝑥௠௜௡,𝑦௠௔௫,𝑦௠௜௡ must be 

adjusted during aging. Figure 22 shows the simulated OCV as a function of both the SOC and 

maximum capacity. As a cell is aged, the maximum capacity is decreased, and the shape of the 

OCV curve becomes smoother.  

 

Figure 22. Change of OCV as functions of SOC and Qmax. 

Another crucial indicator for cell performance evaluation is the power fade, which is mainly 

due to the rise of cell resistance. Similar to the SOHQ, SOH with respect to power (SOHP) is 

commonly defined by cell internal resistance as [54] 

𝑆𝑂𝐻௉ ൌ ൬1 െ
ோೌ೒೐೏ିோ೑ೝ೐ೞ೓

ோ೑ೝ೐ೞ೓
൰ ൈ 100%, (92)  

where 𝑅௔௚௘ௗ and 𝑅௙௥௘௦௛ are the cell resistance of an aged and a fresh cell, respectively. 
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4.3.2 Analysis of aging parameters 

The validated degradation model is applied to study the aging state and parameters at 

different temperatures with a variety of current profiles. For real-time applications, we first need 

to convert the continuous-time equations Eqs.(81)-(84) into discrete-time equations, as shown in 

Table 8.  

Table 8. Discretized equation for aging parameter calculation.  

𝜀௦,௞ ൌ 𝜀௦,௞ିଵ ൅
𝑘஺ெ𝑉ௌாூΔ𝑡

𝐹
൬െ

1
𝑛ௌாூ

∙ 𝑗ௌாூ,௞ିଵ െ
1
𝑛௅௉

∙ 𝜆𝑗௅௉,௞ିଵ൰ (93) 

𝑞௅௅ூ,௞ ൌ  𝑞௅௅ூ,௞ିଵ െ  𝐴Δ𝑡 ෍൫𝑗ௌாூ,௞ିଵ ൅ 𝑗௅௉,௞ିଵ െ 𝑗௅ௌ,௞ିଵ൯
ఋ೙೐೒

 (94) 

𝑅ௌாூ,௞ ൌ 𝑅ௌாூ,௞ିଵ ൅
𝑉ௌாூΔ𝑡
𝐹𝑎௦𝜅ௌாூ

൬െ
1
𝑛ௌாூ

𝑗ௌாூ,௞ିଵ െ
1
𝑛௅௉

𝜆𝑗௅௉,௞ିଵ൰ (95) 

𝑅஽௅,௞ ൌ  𝑅஽௅,௞ିଵ െ
𝑉௅௜Δ𝑡

𝑛௅௉𝐹𝑎௦𝜅஽௅
ሺ1 െ 𝜆ሻ ෍ 𝑗௅௉,௞ିଵ

ఋ೙೐೒

 (96) 

𝜀௘,௞ ൌ 𝜀௘,௞ିଵ െ
𝛼𝑉௘Δ𝑡
𝛿௡௘௚𝐹

෍൫𝑗ௌாூ,௞ିଵ ൅ 𝜆𝑗௅௉,௞ିଵ൯
ఋ೙೐೒

 (97) 

 

In order to quantitatively investigate the effects of parameters on capacity and power, the 

sensitivity of the aging parameters is analyzed with respect to the terminal voltage and the SOC. 

First, a dimensionless sensitivity is defined as 

𝑆௭ఏ ൌ
ఏ

௭

డ௭

డఏ
 , (98)  

where the superscript 𝜃 denotes the parameters, while the subscript 𝑧 is the system output. Then, 

the sensitivity is carried out analytically. For instance, the sensitivity of the terminal voltage to the 

solid volume fraction is calculated by applying the chain rule as  
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𝑆௏೟
ఌೞ,೙೐೒ ൌ

ఌೞ,೙೐೒

௏೟

డ௏೟
డఌೞ,೙೐೒

ൌ െ
ఌೞ,೙೐೒

௏೟
൬
డ௎೐೜,೙೐೒

డ௖ೞ

డ௖ೞ
డఌೞ,೙೐೒

൅
డఎ೙೐೒
డఌೞ,೙೐೒

൰, (99)  

where the first term inside the parentheses,  
డ௎೐೜,೙೐೒

డ௖ೞ

డ௖ೞ
డఌೞ

 , accounts for the impact of change in 𝜀௦ 

on the equilibrium potential through 𝑐௦ [55], and the second term accounts for the overpotential. 

Specifically, 
డ௎೐೜,೙೐೒

డ௖ೞ
 can be obtained by differentiating the negative equilibrium potential with 

respect to the ion concentration in the solid, 
డ௖ೞ
డఌೞ

 can be obtained by directly differentiating the state 

space sub-model of 𝑐௦, and 
డఎ೙೐೒
డఌೞ,೙೐೒

 can be further derived via chain rule: 

డఎ೙೐೒
డఌೞ,೙೐೒

ൌ
డఎ೙೐೒
డ௔ೞ,೙೐೒

డ௔ೞ,೙೐೒

డఌೞ,೙೐೒
 ൌ െ ଷோ∙்∙ ௝೔೙೟

ଶఈ∙ி∙௜బ∙௔ೞ,೙೐೒
మ ∙ோೞ

ଵ

ඨଵା൬
ೕ೔೙೟

మ೔బೌೞ,೙೐೒
൰
మ
. (100)  

The rest of the dimensionless parameter sensitivity to the terminal voltage and SOC is 

computed similarly. The sensitivity is calculated using both static and dynamic input profiles, 

namely, the CC discharging, and dynamic stress test (DST) profiles. It is noted that since the SOC 

is not a function of 𝑅஽௅ and 𝜀௘, the sensitivities are equal to zero. Figure 23 visualizes the ranks of 

the averaged dimensionless sensitivity magnitudes over different input profiles.  
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Figure 23. The sorted averaged dimensionless parameter sensitivity. 

As shown in Figure 23, the sensitivity of 𝑞௅௅ூ to the SOC as well as the sensitivity of 𝑅஽௅ to 

the terminal voltage are the highest. This is because, on the one hand, the loss of lithium ions shifts 

the range of the stoichiometric number [56], directly affecting the SOC; while, on the other hand, 

the change of 𝑅஽௅  contributes to the change of cell internal resistance, which is related to the 

terminal voltage by a scaling factor, which is the magnitude of the input current, therefore, it also 

has a relatively high sensitivity, which is also consistent with the results reported in 𝑆௏೟
௤ಽಽ಺ is less 

than 𝑆ௌை஼
௤ಽಽ಺  because the ion loss affects 𝑉௧  through the slope of the anode equilibrium 

potential,
ௗ௎೐೜,೙೐೒

ௗ௫
 , which is small in magnitude. Finally, 𝑆ௌை஼

ோೄಶ಺, 𝑆௏೟
ோೄಶ಺, and 𝑆ௌை஼

ఌೞ  have comparable 

high sensitivity and are larger than 𝑆௏೟
ఌ೐ , and 𝑆௏೟

ఌೞ . Overall, the conducted sensitivity analysis 

provides the following conclusions. 

 Since the volume fraction of the electrolyte, 𝜀௘, has a low sensitivity to 𝑉௧ and no effects 

on the SOC, therefore, it is not considered as an estimated parameter.  
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 Four parameters will be estimated online—that is, the lithium ion loss, 𝑞௅௅ூ, the deposit 

layer and SEI layer resistance, 𝑅஽௅ and 𝑅ௌாூ, and the active material volume fraction of the 

anode 𝜀௦,௡௘௚. 

4.3.3 SOH and parameter estimation using a particle filter 

4.3.3.1 State and output equation 

Despite the performance of the degradation model has been demonstrated, there are still 

errors, particularly in real-time applications, such as: 

 Lack of knowledge of the present states of aging parameters, which are usually not 

precisely known.  

 Model uncertainties due to simplified assumptions and unmodeled dynamics of side 

reactions. 

 Measurement errors caused by a current or voltage sensor.  

To actively compensate for these errors, an online aging parameter and SOH estimation 

algorithm is designed based on the ROM with the consideration of degradation and a particle filter. 

In particular, a general discrete-time state-space form for the particle filter is shown as 

𝑥௞ ൌ 𝑓௞ିଵሺ𝑥௞ିଵ,𝑢௞ିଵ,𝑤௞ିଵሻ, (101)  

𝑧௞ ൌ ℎ௞ሺ𝑥௞,𝑢௞, 𝑣௞ሻ. (102) 

Eq. (101) is the state equation, where 𝑥௞ is the state vector of the system at time index 𝑘. In 

this work, the aging parameters are chosen as the state of the filter, namely, 𝑥 ൌ

ሾ𝑞௅௅ூ 𝑅஽௅ 𝑅ௌாூ 𝜀௦,௡௘௚ሿ ் . 𝑢௞  denotes the input of the system, that is, 𝑢௞ ൌ ሾ 𝑗ௌாூ 𝑗௅௉ሿ் , 
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where the process noises, 𝑤௞, are added to model the unknown dynamics that affect the state of 

the system. 𝑣௞ represents the measurement noise that affects the measurement of the system. The 

output of the system in Eq. (102), 𝑧௞, which is a function of 𝑥௞, 𝑢௞, and 𝑣௞, is chosen to be 𝑧 ൌ

ሾ𝑉௧ 𝑆𝑂𝐶ሿ்.  

The concept of using a particle filter for SOH and aging parameters estimation is shown in  

Figure 24The ROM with a degradation model that comprises the P2D-SPM and aging dynamics 

calculates the side reaction rates that serve as inputs to the state. At each time step, the particle 

filter takes into account the difference between the measured and calculated 𝑉௧ and 𝑆𝑂𝐶 to adapt 

the aging parameters through equations described in Table 8. At the same time, the updated aging 

parameters are also applied to the degradation model for calculation of the next time step.   

 

Figure 24. Concept of PF for aging parameter and SOH estimation. 
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4.3.3.2 Principle of Particle filter 

A particle filter is a state space tracking algorithm that is suitable for state and parameter 

estimation for highly nonlinear systems with non-Gaussian noise. Compared to other commonly 

used nonlinear filters such as the extended Kalman filter (EKF) [57], and sigma-point Kalman 

filter (SPKF) [58], the advantages of the particle filter are summarized as follows: 

 Increased accuracy. Existing online SOH estimation methods assume capacity or internal 

resistance as constant parameters [59,60]. Incorporation of degradation mechanisms model 

provides detailed dynamics about how aging parameters and capacity change are subject 

to input current, temperature, and other operating conditions.  

 Better error bounds. Particle filters release the white noise assumption of the process and 

measurement noises to arbitrary distributions. Particularly for nonlinear systems, a more 

accurate estimation of distribution leads to a tighter error bound and an increased 

confidence level for the estimation. 

 Automatic incorporation of state constraints. Aging parameters are physically reasonable 

within a specific numerical range, which is interpreted mathematically as inequality 

constraints that can be incorporated automatically by defining the region of support of the 

distribution of the states.  

Due to the above advantages, the particle filter is used to estimate aging parameters and SOH 

in real-time. In fact, there are uncertainties in the model and unknown noise in the measurement. 

Due to this randomness in the model and measurements, the estimated states are regarded as 

random variables, each of which is represented by a particle set. These “particles” are obtained by 

drawing samples from the posterior probability density function, which is derived from the 



82 
 

probabilities of state estimates from the last time step. In conjunction with the particle, a set of 

corresponding weights are also propagated through a recursion that utilizes the likelihood of the 

output measurements. There are several types of proposed particle filters, of which the sequential 

importance sampling (SIS) is one of the most widely used forms [61].  

Essentially, the algorithm consists of two steps: prediction and correction. In the prediction 

step, a predicted posterior—that is, a probability of estimation state given all the measurements up 

to the previous time step—is calculated as 

𝑝ሺ𝑥௞| 𝑧଴:௞ିଵሻ ൌ ׬ 𝑝ሺ𝑥௞|𝑥௞ିଵሻ𝑝ሺ𝑥௞ିଵ|𝑧଴:௞ିଵሻ 𝑑𝑥௞ିଵ, (103)  

where 𝑥௞ is the state vector of the system at time index 𝑘, and 𝑧଴:௞ିଵ denotes the output of the 

system from time 𝑡 ൌ 0 up to 𝑡 ൌ 𝑘 െ 1. 

In fact, analytical solutions of the integral are impossible to obtain due to the complexity of 

the physics-based aging model. On the other hand, the computational intensity of using numerical 

integration increases acutely as the dimension of the state increases, which is inappropriate for 

real-time implementation. The particle filter carries out this integration by the Monte Carlo 

method, which approximates the results of integration with a finite number of samples, which is 

called “particles” by convention. It is noted that the term particle here is different from the physical 

electrode particles mentioned in the electrochemical model.  

When the measurement of the present time is available, the posterior can be updated using 

the Bayes' rule 

𝑝ሺ𝑥௞| 𝑧଴:௞ሻ ൌ
௣ሺ௭ೖ|௫ೖሻ௣ሺ௫ೖ| ௭బ:ೖషభሻ

௣ሺ௭ೖ| ௭బ:ೖషభሻ
. (104)  

This expression can be further reformulated by the introduction of weights, 
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𝑤௞
ሺ௜ሻ ൌ

௣ቀ௭ೖ|௫ೖ
ሺ೔ሻቁ௣ቀ௫ೖ

ሺ೔ሻ|௫ೖషభ
ሺ೔ሻ ቁ

௤ቀ௫ೖ
ሺ೔ሻ|௫ೖషభ

ሺ೔ሻ ,௭ೖቁ
𝑤௞ିଵ
ሺ௜ሻ , 

(105)  

where q is the importance density and chosen to be the prior, that is  𝑞ቀ𝑥௞
ሺ௜ሻ|𝑥௞ିଵ

ሺ௜ሻ , 𝑧௞ቁ ൌ

𝑝ቀ𝑥௞
ሺ௜ሻ|𝑥௞ିଵ

ሺ௜ሻ ቁ [61]. As the iteration precedes, the updated weights are likely to deviate and lead to 

the ineffectiveness of the majority of the particles, which is referred to as the particle degeneracy 

problem [62]. This issue is addressed by resampling the particles when the effective sample size, 

𝑁௘௙௙ ൌ
ଵ

∑ ൫௪ೖ
೔ ൯
మ೙೛

೔సభ  
, (106)  

is below a threshold chosen to be 10% of the total number of particles, 𝑁 ൌ 0.1𝑛௣. A detailed 

algorithm of a particle filter can be found in [62]. 

Moreover, the resulting posterior consists of a set of weighted impulses. In order to solve for 

the error bounds of the estimation, a kernel density estimation method is used, that is,  

𝑝̂ሺ𝑥௞ሻ ൌ ∑ 𝑤௡௜𝑏൫𝑥௞ െ 𝑥௞
௜ ൯௜ , 

where 𝑏 denotes the biweight kernel function. 

𝑏ሺ𝑢ሻ ൌ 𝑐ሺ1 െ 𝑢ଶሻଶ𝑝ሺ𝑢ሻ, 

where 𝑐 is a normalizing constant that ensures ׬ 𝑏ሺ𝑢ሻ𝑑𝑢
ஶ
ିஶ ൌ 1, and 𝑝ሺ𝑢ሻ is a unit pulse function.  

4.4 Results and discussion  

4.4.1 Aging parameters estimation as a function of time 

To analyze the performance of the particle filter, the estimation results of aging parameters 

are investigated at 25oC using 3 C as an example to promote the formation of SEI layer and plated 

lithium. The change of aging parameters as a function of time using a CC-CV charging profile is 
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shown in Figure 25 to Figure 28. In particular, the change of LLI at fifth and 60th cycles are plotted 

in Figure 25 and Figure 26. As shown in Eq. (76) and (78), the side reaction rate is mainly 

determined by the reaction overpotential, namely, 𝜂ௌாூ and 𝜂௅௉. When a cell is being charged, the 

𝜂ௌாூ is firstly decreased during the CC stage, then increased during the CV stage. At the CC, the 

CV transition point, 𝜂ௌாூ, reaches a minimum. In this case, the transition occurs at around 700 s, 

which explains the drastic increase in the change of LLI. In addition, because of the nonlinear 

degradation rate, the change of LLI at the 60th cycle is larger than that at the fifth cycle. By 

comparing the results from model validation and online simulation, the absolute error is kept 

within ± 0.01 Ah, which is around 6% of the maximum change of LLI per cycle. A 95% confidence 

interval is also provided retaining the error within the bound at the fifth cycle; whereas at 60th 

cycle, the error is out of the bound during CC charging. This is because of an increase in the 

uncertainty of the degradation model as a cell is aged. Figure 27 and Figure 28 show the estimated 

resistance of the deposit layer at fifth and 60th cycles, respectively. Because SEI layer formation 

tends to be more severe at the separator side, a distinctive dense layer is formed at the 

anode/separator interface, which is defined as a deposit layer [46]. The layer resistance increases 

as the cycle number increases. After 700 s, the particle filter estimated results match well with the 

model validation.  
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Figure 25. Comparison of change of loss of lithium ion calculated from model and PF with its 
absolute error together with the 95% confidence interval at the fifth cycle. 

 

Figure 26. Comparison of change of loss of lithium ion calculated from model and PF with its 
absolute error together with the 95% confidence interval at the 60th cycle. 
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Figure 27. Comparison of deposit resistance with its absolute error together with the 95% 
confidence interval at the fifth cycle. 

 

Figure 28. Comparison of deposit resistance with its absolute error together with the 95% 
confidence interval at the 60th cycle. 
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4.4.2 Aging parameters estimation as a function of cycle number  

At a larger time scale, estimated aging parameters as a function of cycle number are plotted 

in Figure 29. As shown in Figure 29(a), 𝑄௅௅ூ  increases nonlinearly as the number of cycles 

increases, due to the continuous consumption of recyclable lithium ions involved in the reaction 

of SEI formation and lithium plating. On the other hand, the deposit layer resistance also increases, 

which is proportional to the ion loss. Because the P2D model is applied only to the negative 

electrode, the change in SEI resistance is estimated along the thickness direction, as shown in 

Figure 29(c). The x-axis denotes the dimensionless electrode thickness. Specifically, 

𝛿௡௘௚,ௗ௜௠௘௡௦௜௢௡௟௘௦௦ ൌ 0 and 𝛿௡௘௚,ௗ௜௠௘௡௦௜௢௡௟௘௦௦ ൌ 1 represent the location of the interface between 

the current collector and the composite electrode, as well as that between the composite electrode 

and the separator, respectively. Toward the separator where 𝛿௡௘௚,ௗ௜௠௘௡௦௜௢௡௟௘௦௦ ൌ 1, the Δ𝑅ௌாூ 

increases faster due to the higher side reaction rate. Accordingly, Figure 29(c) shows that the 

volume fraction of the solid decreases as the cycle number increases due to the loss of active 

material, with higher magnitude toward the separator.  
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Figure 29. Estimation of four degradation parameters as functions of cycle number: (a) change in 
lihtium ion loss (b) change in deposit layer resistance; (c) change in SEI resistance along 

electrode thickness direction; (d) change in volume fraction of negative electrode along electrode 
thickness direction. 

 

4.4.3 SOH estimation 
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1100 s, respectively, when the sampling period is selected to be 2.5 s. The convergence time can 

be further reduced by reducing the sampling period. In addition, the convergence speed can be 

‘tuned’ by varying the covariance of the process and measurement error. However, because of the 

slow-changing nature of the SOH, the time constant of the estimator is already much faster than 

that of the dynamics of the SOH, which makes the estimator adequate.  In practice, the performance 

needs to be adjusted by tuning the filter to meet the design requirements.  

 

Figure 30. Comparison between estimated and measured SOHQ with 5% initial error at the fifth 
and the 60th cycle.  
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experimental data and online estimation is shown in Figure 31(b), which is less than 3%. The 

SOHP estimations under different temperatures and C-rates are shown in Figure 32(a). The dots 

and markers denote the experimental data and online estimation results, respectively. With the 

estimation of the change of the SEI and deposit layer resistance, the estimated power decreases as 

the cycle number increases. The overall error of power estimation is within 4%, as shown in Figure 

32(b). 

 

Figure 31. (a) Results of estimated SOHQ as a function of cycle number, where the dots, and 
markers denote the experimental data, and online estimation results, respectively; and (b) the 

SOHQ error. 
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Figure 32. (a) Results of estimated SOHP as a function of cycle number, where the dots, and 
markers denote the experimental data, and online estimation results, respectively; and (b) the 

SOHP error.  
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respectively, as shown in Figure 33(a). In Figure 33 (b), the solid blue line and dashed red line 

represent the experimentally obtained and simulated terminal voltage, respectively. The simulation 

shows a good match with the experimental data, and more specifically, a root-mean-square error 

(RMSE) of 23.6 mV is achieved, which demonstrated the fidelity of the proposed ROM-P2D-

SPM, even under highly dynamic driving cycles. Figure 33(c) to (e) show the estimated and 

experimentally obtained maximum capacity at zeroth, 20th, and 40th cycles, which correspond to 

a capacity fade of 0%, 4.5%, and 10.7%, respectively. At the beginning of every cycle, a 5% initial 

capacity offset was added to mimic the unknown capacity of a cell at the instant. Despite the 

different stages of degradation, the estimated capacities always converge to the actual capacities 

with a convergence time in the range from 828 s to 2556 s. The difference of the convergence time 

is related to the accuracy of voltage and SOC estimation, which may vary slightly at different 

degradation conditions. Figure 33(c) shows the change of the effective sample size of the particle 

filter as a function of time. Specifically, a relatively small sample size of 50 is selected to avoid 

high computation cost. In addition, because of the 10% threshold, the resampling step takes place 

whenever Neff is less than 5. Therefore, this BIL test has demonstrated that the proposed algorithm 

is capable of estimating SOH online and in real-time. 
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Figure 33. Results of a BIL test using a UDDS profile: (a) current profile; (b) estimated and 
experimentally measured terminal voltage; (c) estimated and experimentally obtained maximum 

capacity at zeroth; (d) 20th; and (e) 40th cycles; and (f) effective sample size. 
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4.5 Summary 

An online SOH and aging parameter estimation method is proposed based on an ROM that 

considers two major degradation mechanisms. The degradation model is capable of predicting the 

ion loss from SEI layer formation and lithium plating, in addition to predicting the active material 

loss. A set of incrementally discretized state equations for aging parameter updates was also 

developed, and the effects of these parameters on the OCV, capacity, and power are analyzed. 

Then, a sensitivity analysis was conducted whereby the sensitivity of aging parameters was 

assessed with respect to both the terminal voltage and the SOC. We revealed that the 𝑞௅௅ூ has the 

highest sensitivity with respect to the SOC, whereas the 𝑅஽௅  reflects the terminal voltage. 

According to these analyses, four aging parameters were selected for online estimation via the 

implementation of a particle filter. Specifically, the particle filter is applied to the discretized state 

equations whose inputs are the side reaction rates of SEI layer formation reaction and lithium 

plating, respectively. Both the terminal voltage and SOC are used for measurement updates to 

ensure the observability of the parameters. In addition, the results of the aging parameter and SOH 

estimation were analyzed at different time scales, which demonstrates the estimation accuracy with 

95% confidence interval, and reveals the changing tendency of each aging parameter as a function 

of electrode thickness direction. The latter shows that the SEI resistance and volume fraction of 

the solid particle increases and decreases the most, respectively, toward the separator. This 

facilitates the diagnosis of cell degradation down to the thickness scale. Furthermore, the estimated 

SOHQ and SOHP are compared with the experimental data, which shows that the convergence 

speed within 2560 s and the maximum error is less than 3% and 4%, respectively. Finally, the 

proposed algorithm was tested using a BIL test station and a UDDS profile.   
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Chapter 5. Conclusions and future work 

5.1 Conclusions 

This dissertation develops an online state and parameter estimation algorithm based on a 

ROM with a degradation model. Using a large-format 42 Ah Li(NiMnCo)O2/Carbon battery 

throughout this work, we: 

1. Develop and experimentally validate a parameter estimation procedure to estimate 

sensitive parameters of the ROM at the BOL. This procedure achieves automatic 

estimation without human intervention to obtain accurate and fast key parameter 

estimation.   

2. Design an SR-SPKF based nonlinear estimator with equality constraints and adaptive 

error covariance update to estimate SOC with improved speed and accuracy, and, equally 

importantly, surface and average concentrations inside the battery from only applied 

current and voltage measurements.  

3. Employ a particle filter for online aging parameter and SOH estimation based on a 

reformulated, control-oriented incremental aging model with the consideration of two 

major degradation mechanisms. The SOH and aging parameters are monitored from real-

time current and terminal voltage measurements even when the present capacity is not 

available.  

In summary, this work develops a parameter and state estimation framework throughout 

battery life. When a fresh cell is received from the manufacturer, a set of a baseline test, which 

consists of CC-CV charge and CC discharge under different temperatures, is conducted for 

automatic BOL parameter estimation. This allows for obtaining an optimal parameter set with 
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minimized terminal voltage error (Chapter 2). Once the BOL parameters are obtained, an adaptive 

nonlinear filter is incorporated so that internal states, such as lithium ion surface and average 

concentration, and the SOC are estimated online and in real time. Apart from monitoring cell SOC, 

the estimator also provides accurate information on internal states that can be potentially used for 

online charging strategy design (Chapter 3). During repeated cycles, the developed aging 

parameter and SOH estimator is applied to continuously monitor the health of a cell as it ages 

toward the EOL, which enables detection of local cell degradation and failure (Chapter 4).  

Moreover, the developed scheme exhibits excellent performance that is comparable to ECM-

based and empirical methods presently used in the industry. Specifically, these achievements are: 

 The automatic parameter estimation procedure can achieve accurate terminal voltage 

estimation whose RMSE is less than 12 mV [63].  

 The SOC estimator achieves a maximum SOC error that is less than 3% [26]. 

 The SOH and parameter estimator achieves maximum relative errors of capacity and 

power fade are less than 3% and 4%, respectively, up to 30% capacity and power 

fade [49]. 

5.2 Future work 

5.2.1 SOC and SOH co-estimation at a wider temperature range 

The SOC and SOH should be estimated simultaneously to improve estimation accuracy. 

Generally, co-estimation may be achieved either via a joint estimator (using one filter with 

combined states) or a dual estimator (using two separator estimators within one feedback loop). 

The joint estimator would result in large matrix operations due to the high dimensionality of the 
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combined states and poor numeric conditioning due to the different time scales of SOC and SOH, 

as well as vastly different magnitudes of states and parameters. Therefore, the latter is 

recommended because a dual estimator is able to take consideration of different time scales to 

improve estimation efficiency, as well as incorporate individually developed filters without 

modification. However, additional technical challenges remain, such as by decoupling SOC from 

SOH estimation, the cross-correlations between the two are lost, leading to the possibility of poorer 

estimation accuracy overall. In addition, when initial offsets are present in both SOC and SOH, 

the ‘accuracy’ model assumption of nonlinear filtering would no longer hold, which could 

potentially lead to failure in convergence. To address these challenges, it is important to carefully 

design the updating time scales of SOC and SOH as well as the structure of the dual filter. 

Moreover, in order to develop a complete estimation scheme, experimental validation of subzero 

temperatures (i.e., -30 oC to 0 oC) is as equally important as that of the above-zero temperatures 

discussed in this work. For subzero temperatures, lithium plating and stripping mechanisms need 

to be further investigated to obtain a high-fidelity model for estimation.  

5.2.2 Physical-informed deep neural network for battery state estimation 

Due to the drastic increase of computational power and the availability of a large amount of 

electric vehicle battery data, a number of data-driven methods have been investigated [64,65]. In 

particular, due to the complicated and also not fully understood aging mechanisms of battery, the 

data-driven method may be considered to be a new approach for modeling such mechanisms. 

However, existing implementations are mainly focused on extract information purely from data 

and overlook its underlining physics insight. Therefore, to improve the interpretability of such 

data-driven model, deep neural networks can be combined with PDEs and used for tasks such as 

model order reduction [66,67], and parameter estimation [68] by constructing the network to 
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minimize errors of differential operator, initial condition, and boundary conditions. Moreover, the 

degradation model developed in this work can be incorporated into the data generation process for 

model training to obtain a map between the input data to internal states and aging parameters. One 

the one hand, this proposed approach may release the experimental effort since the training data 

can be generated using the PDEs. On the other hand, once the physical-informed deep neural 

network is well trained, it can replace the original PDE, and hence reduce the computational 

complexity while maintaining the model accuracy. The proposed approach aims to combine both 

the advantages of physics-based and data-driven modeling, and can be easy generalized to any 

chemistry and even next-generation batteries.  
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Appendix 1 
 

Model parameters used in the ROM. 

 

Parameter 
Negative 
electrode 

Separator 
Positive 
electrode 

unit 

Thickness, δ 1.14 × 10-2 m  

Maximum solid phase concentration, 
cs,max 

3.05 × 104 

 

4.98 × 104 molꞏm-3 

Ionic conductivity in solid, σ 100  1 S m-1 

Diffusion coefficient in solid, Ds Ds=f(T) m2 s-1 

Diffusion coefficient in electrolyte, De De=f(T) m2 s-1 

Stoichiometry at 0% SOC, Stoi0 0.0450  0.8818  

Stoichiometry at 100% SOC, Stoi100 0.9550  0.1182  

Exchange current density, i0 13.2 × 104 0 6.79 × 104 A m-2 

Charge-transfer coefficients,αa, αc 0.5,0.5  0.5,0.5  

Bruggeman porosity exponent, p 1.5 1.5 1.5  

Li+ transference number, 0t  0.363 0.363 0.363  

Electrolyte phase ionic conductivity,   4.18900exp06.11 ee cc   S m-1 

Equilibrium potential of NMC 

   0.6379 0.5416exp 305.5309

0.1958 1.0571
0.0440 tanh 0.1978 tanh

0.1088 0.0854

0.0117 0.5692
0.6875 tanh 0.0175 tanh

0.0529 0.0875

posU x x

x x

x x

  

         
   

        
   

 
V 

Equilibrium potential of LixC 

   
 
 

6 3.8003

6 3.7995

3.4323 0.8428 exp 80.2493

3.2474 10 exp 20.2645

3.2482 10 exp 20.2646

negU y y

y

y





  

 

 

 
V 
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Appendix 2 
 

Test matrix used in this work. 

Test for automatic parameters estimation 

Types Temperature Current SOC range Determined parameters 

Initial cycles 25°C 1C 0% – 100% - 

OCV-SOC curve 0,15,25,35,45°C C/3 pulse 0% – 100% 𝑈௘௤,௡௘௚,  𝑈௘௤,௣௢௦ 

Capacity 
measurement 

25°C C/3 0% – 100% 𝑄௠௔௫, 𝑐௦,௠௔௫ 

EIS test 25°C 3 A (AC) 50% 𝑅ௌாூ 

Baseline data 
collection 

0,15,25,35,45°C C/5, C/2, 1C, 2C 0% – 100% 𝐷௦,௡௘௚,  𝐷௦,௣௢௦,𝐷௘ ,  𝑅଴ 

Test for degradation model validation 

Types Temperature Current SOC range Characteristic test 

Cycle test 

0°C 1C/1C 0% – 100% 

 Every 20 cycles 
 Capacity 

measurement at 
C/3, 25°C 

 EIS test at 50% 
SOC, 25°C 

15°C 

2C/1C 
3C/1C 

0% – 100% 

25°C 

35°C 

45°C 

 

 


