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Abstract

Hopfield neural network model is a continuous deterministic model proposed by John J.

Hopfield in the early 1980’s. The model was proposed in an attempt to produced an artifi-

cial neural network architecture that mimic the activity of the brain neurons. The continuous

deterministic model was developed so that it incorporate one of the basic properties of biolog-

ical neurons which is a continuous input-output relations. The model captured the attention

of many researchers and since then, the model has been extensively studied, modified and

extended. As of the time of writing this dissertation, the paper where the model was first intro-

duced has received more than eight thousand citations.

In this dissertation, we start by looking at the very first motivational part of the model, which

is the brain. An average human brain has about 86 billion neurons, with this fact in mind,

we have created a Hopfield neural network model where the number of neurons is increasingly

large, that is a Hopfield neural lattice model is developed as the infinite dimensional extension

of the classical finite dimensional Hopfield model. In addition, random external inputs are con-

sidered to incorporate environmental noise. The resulting random lattice dynamical system is

first formulated as a random ordinary differential equation on the space of square summable

bi-infinite sequences. Then the existence and uniqueness of solutions, as well as long term

dynamics of solutions are investigated.

In the second part of the dissertation, we study infinite dimensional extension of the classi-

cal Hopfield model and its corresponding finite dimensional approximations. The existence of

global attractors is established for both the lattice system and its finite dimensional approxima-

tions. Moreover, the global attractors for the finite dimensional approximations are shown to

converge to the attractor for the infinite dimensional lattice system upper semi-continuously.

In the final part of the dissertation we present the ongoing works, which are the stochastic

Hopfiled neural lattice model and the non autonomous Hopfield lattice model.
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Chapter 1

Introduction

Neural networks have been gaining increasing attention of researchers, due to their wide range

of applications such as character recognition (see, e.g., [56]), image compression (see, e.g.,

[29]), stock market prediction (see, e.g., [35, 48]), traveling saleman’s problem (see, e.g., [32]),

etc. In particular, one of the most popular mathematical models for (artificial) neural network is

the Hopfield neural model proposed by John Hopfield in 1984 [46], described by the following

system of n ordinary differential equations (ODEs):

µi
dui(t)

dt
= −ui(t)

γi
+

n∑
j=1

λi,jgj(uj(t)) + Ii, i = 1, ..., n, (1.1)

where ui represents the voltage on the input of the ith neuron at time t; µi > 0 and γi > 0

represents the neuron amplifier input capacitance and resistance of the ith neuron, respectively;

and Ii is the constant external forcing on the ith neuron.

Here n is the total number of neurons coupled by an n × n matrix (λi,j)1≤i,j≤n, where

the entity λi,j represents the connection strength between the ith and the jth the neuron. More

precisely, for each pair of i, j = 1, . . . , n, λi,j is the synapse efficacy between neurons i and j,

and thus λi,j > 0 (λi,j < 0, resp.) means the output of neuron j excites (inhibits, resp.) neuron

i. The term λi,jgj(uj(t)) represents the electric current input to neuron i due to the present

potential of neuron j, in which the function gj is neuron activation functions and assumed to be

a sigmoid type function.
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In this dissertation we focus on

µi
dui(t)

dt
= −ui(t)

γi
+

i+N∑
j=i−N

λi,jgj(uj(t)) + Ii, i ∈ Z. (1.2)

which is the infinite extension of the classical Hopfield neural network model in (1.1).

The remaining part of the dissertation is organized as follow; In chapter 2 we will study a long

term behavior of (2.1) where the input function Ii is replaced by Ii(θtω) to incorporate the en-

vironmental noise, in chapter 3 we will study (2.1) together with some of its finite dimensional

approximations and their relationship.
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Chapter 2

Long term behavior of a random Hopfield neural lattice model

2.1 Introduction

In this chapter we are interested in studying dynamics of the above Hopfield neural network

model (1.1) when its size becomes increasingly large, i.e., n → ∞. To this end, we extend

the n dimensional ODE system (1.1) to an infinite dimensional lattice system, that models

the dynamics of an infinite number of neurons indexed by i ∈ Z, in which each neuron is

still connected with other neurons within its finite N neighborhood. More precisely, the ith

neuron is connected to the (i − N)th, · · · , (i + N)th neurons through the strength matrix

(λi,j)i−N≤j≤i+N and the activation functions gj for j = i−N, · · · , i + N . In addition, to take

into account random perturbations of the environment, we introduce a noise in the equations in

(1.1) by replacing each constant input Ii by a random forcing Ii(θtω) represented by a measure-

preserving dynamical system {θt}t∈R acting on a probability space (Ω,F ,P). System (1.1) then

becomes the following random lattice dynamical system, namely the random Hopfield neural

lattice model:

µi
dui(t)

dt
= −ui(t)

γi
+

i+N∑
j=i−N

λi,jgj(uj(t)) + Ii(θtω), i ∈ Z. (2.1)

Over the past two decades, extensive studies have been done on dynamics of lattice dy-

namical systems (see, e.g., [9, 20, 21, 62, 64, 66, 67, 75] and references therein). However, most

of the existing works consider a simple linear diffusion described by a linear operator such as

ui−1 − 2ui + ui+1. Very often the lattice dynamical system under consideration arises from

discretization of a partial differential equation. Notice that the terms
∑i+N

j=i−N λi,jgj(uj(t)) in

3



system (2.1) model a nonlinear finite neighborhood connection structure, which is intrinsically

discrete and does not arise from a continuous operator. Such models have not been studied in

the literature of lattice dynamical systems.

The goal of this work is to investigate the long term dynamics of the random lattice dy-

namical system (2.1), in particular, the existence of random attractors. The main tool is the

theory of random dynamical systems and random attractors (see, e.g., [6, 24, 25, 41, 34]). The

paper is organized as follows. In Section 2.2 we provide necessary preliminaries on random

dynamical systems and random attractors. In Section 3.2 we first reformulate system (2.1) as

a random ordinary differential equation (RODE) on the space of bi-infinite sequences and then

show that the resulting RODE has a unique solution that generates a random dynamical system

(RDS). In Section 3.2.2 we investigate the existence of a random attractor for the RDS obtained

in Section 3.2. Some closing remarks will be given in Section 3.4.

2.2 Preliminaries

In this section, we present some basic concepts and theory of random dynamical system (RDS)

required in the sequel (for more references on RDS see, e.g., [6, 11, 15, 18, 31]).

Let (X, ‖ · ‖X) be a separable Banach space and let (Ω,F ,P) be a probability space where F

is the σ-algebra of measurable subsets of Ω (called “events”) and P is the probability measure.

To connect the state ω ∈ Ω at time 0 with its state after a time of t elapses, define a flow

Θ = {θt}t∈∈R on Ω with each θt being a mapping θt : Ω −→ Ω that satisfies

(1) θ0 = IdΩ;

(2) θs ◦ θt = θs+t for all s, t ∈ R;

(3) the mapping (t, ω) 7→ θtω is measurable;

(4) the probability measure P is preserved by θt, i.e, θtP = P.

Then (Ω,F ,P,Θ) is called driving dynamical system [6].
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Definition 1. A stochastic process {ϕ(t, ω)}t≥0,ω∈Ω is said to be a continuous random dy-

namical system (RDS) over (Ω,F ,P,Θ) with state space X if ϕ : [0,∞) × Ω × X → X is

(B[0,+∞)×F × B(X),B(X))-measurable, and for each ω ∈ Ω,

(i) The mapping ϕ(t, ω, ·) : X → X , x 7→ ϕ(t, ω, x) is continuous for every t ≥ 0;

(ii) ϕ(0, ω, ·) is the identity operator on X;

(iii) (cocycle property) ϕ(t+ s, ω, ·) = ϕ(t, θsω, ϕ(s, ω, ·)) for all s, t ≥ 0.

Definition 2. A set-valued mapping K : Ω → 2X\∅ is said to be a random set if the mapping

ω 7→ distX(x,K(ω)) is measurable for any x ∈ X . A random set K(ω) ⊂ X is said to be

tempered with respect to Θ if for a.e. ω ∈ Ω

lim
t→∞

e−βt sup
x∈K(θ−tω)

‖x‖X = 0, ∀ β > 0.

A random variable ω 7→ r(ω) ∈ R is said to be tempered if for a.e. ω ∈ Ω,

lim
t→∞

e−βt sup
t∈R
|r(θ−tω)| = 0, ∀ β > 0.

Throughout this paper, denote by D(X) the set of all tempered random sets of X .

Definition 3. Let {ϕ(t, ω)}t≥0,ω∈Ω be an RDS over (Ω,F ,P,Θ) with state space X and let

A(ω)(⊂ X) be a random set. Then A(ω) is called a global random D attractor (or pullback

D attractor) for {ϕ(t, ω)}t≥0,ω∈Ω if ω 7→ A(ω) satisfies

(i) (random compactness) A(ω) is a compact set of X for a.e. ω ∈ Ω;

(ii) (invariance) for a.e. ω ∈ Ω and all t ≥ 0, it holds

ϕ(t, ω,A(ω)) = A(θtω);
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(iii) (attracting property) for any K ∈ D(X) and a.e. ω ∈ Ω,

lim
t→∞

distX(ϕ(t, θ−tω,K(θ−tω)),A(ω)) = 0,

where

distX(A,B) = sup
a∈A

inf
b∈B
‖a− b‖X

is the Hausdorff semi-metric for A,B ⊆ X.

The existence of random attractors usually requires the existence of random absorbing set

defined below.

Definition 4. A random set Γ(ω) ⊂ X is called random absorbing set in D(X) if for any

K ∈ D(X) and a.e ω ∈ Ω, there is TK(ω) > 0 such that

ϕ(t, θ−tω,K(θ−tω)) ⊂ Γ(ω) ∀ t ≥ TK(ω).

The following theorem is one of the most widely used results for the existence of random

attractors.

Proposition 1. [11, 18, 31] Let Γ ∈ D(X) be a closed absorbing set for the continuous RDS

{ϕ(t, ω)}t≥0,ω∈Ω and satisfies the asymptotic compactness condition for a.e. ω ∈ Ω, i.e., each

sequence xn ∈ ϕ(tn, θ−tn ,Γ(θ−tnω)) has a convergent subsequence in X when tn →∞. Then

the RDS ϕ has a unique global random attractor with component subsets

A(ω) =
⋂

τ≥tΓ(ω)

⋃
t≥τ

ϕ(t, θ−tω,Γ(θ−tω)).

If the pullback absorbing set is positively invariant, i.e., ϕ(t, ω,Γ(ω)) ⊂ Γ(θtω)) for all t ≥ 0,

then

A(ω) =
⋂
t≥0

ϕ(t, θ−tω,Γ(θ−tω)).
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2.3 Basic properties of solutions

In this section we study the existence and uniqueness of solutions to the lattice system (2.1),

and show that the solutions generate a random dynamical system. To this end, we consider the

separable Hilbert space of square summable bi-infinite sequences:

`2 =

{
u = (ui)i∈Z :

∑
i∈Z

u2
i <∞

}

equipped with inner product and norm

(u,v) =
∑
i∈Z

uivi, ‖u‖ =

(∑
i∈Z

u2
i

) 1
2

, ∀u = (ui)i∈Z,v = (vi)i∈Z ∈ `2.

For any u = (ui)i∈Z ∈ `2, define the operators Au = ((Au)i)i∈Z and Λu = ((Λu)i)i∈Z

by

(Au)i =
1

µiγi
ui, (Λu)i =

1

µi

i+N∑
j=i−N

λi,jgj(uj).

Throughout this paper it is assumed that

(A1) the efficacy among neurons is finite, i.e., there exists Bλ > 0 such that

sup
i,j∈Z
|λi,j| ≤ Bλ.

In addition, it is assumed that

(A2) for each i ∈ Z, µi ∈ [bµ, Bµ], γi ∈ [bγ, Bγ] with bγ, bµ > 0;

(A3) for each i ∈ Z, gi ∈ C1(R,R), gi(0) = 0, and there exists a continuous function L(r) ∈

C(R+,R+) such that

sup
i∈Z

max
s∈[−r,r]

|g′i(s)| ≤ L(r) ∀ r ∈ R+.

It follows immediately from the assumption (A2) that Au ∈ `2 for every u ∈ `2. In

addition, notice that the assumption (A3) implies that given any u = (ui)i∈Z ∈ `2, for each
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i ∈ Z there exists ξi ∈ R with |ξi| ≤ |ui| such that

|gi(ui)| = |g′j(ξi)ui| ≤ L(|ui|)|ui| ≤ L(‖u‖)|ui|. (2.2)

Then by the assumptions (A1) and (A3) we have

∑
i∈Z

(Λu)2
i ≤

(2N + 1)

b2
µ

∑
i∈Z

i+N∑
j=i−N

λ2
i,jg

2
j (uj)

≤ (2N + 1)

b2
µ

B2
λL

2(‖u‖)
∑
i∈Z

i+N∑
j=i−N

u2
j

≤ (2N + 1)2

b2
µ

B2
λ · L2(‖u‖) · ‖u‖2,

and thus Λu ∈ `2 for every u ∈ `2.

At last, define I(θtω) =
(
Ii(θtω)
µi

)
i∈Z

and assume that

(A4) Ii(θtω) is continuously differentiable for each i ∈ Z and satisfies

∑
i∈Z

I2
i (θtω) <∞ ∀ t ∈ R.

Then I(θtω) ∈ C1(R, `2) and the lattice system (2.1) can be rewritten as the random ordinary

differential equation (RODE):

du(t, ω)

dt
= −Au+ Λu+ I(θtω). (2.3)

The theorem (3.1) states the existence and uniqueness of a global solution to the RODE

(2.3). The proof needs the following general Gronwall type Lemma.

Lemma 1. Let a(t) be non-negative and non-decreasing, b(t) be non-negative and continuous,

and c(t) be non-negative and integrable on [t0, T ], and assume that the function w : [t0, T ] →

[0,∞) satisfies

w(t) ≤ a(t) +

∫ t

t0

b(s)w(s)ds+

∫ t

t0

c(s) ln[w(s) + 1]w(s)ds, ∀ t ∈ [t0, T ]

8



Then

w(t) ≤ max

{
2a(t)e

2
∫ t
t0
b(s)ds

, 2e
2
∫ t
t0
c(s)ds

− 1

}
∀ t ∈ [t0, T ].

Proof. Since all functions and integrals are nonnegative, we have

w(t) ≤ 2 max

{
a(t) +

∫ t

t0

b(s)w(s)ds,

∫ t

t0

c(s) ln(w(s) + 1)w(s)ds

}
(2.4)

for all t ∈ [t0, T ].

With w(t) ≤ 2a(t) + 2
∫ t
t0
b(s)w(s)ds and the assumption that a(t) is non-decreasing it

follows directly from Gronwall’s inequality that

w(t) ≤ 2a(t)e
2
∫ t
t0
b(s)ds

. (2.5)

With w(t) ≤ 2
∫ t
t0
c(s) ln(w(s)+1)w(s)ds and the assumption that c(t) is nonnegative we

have

w(t) + 1 ≤ 2

∫ t

t0

c(s) ln[w(s) + 1](w(s) + 1)ds+ 1

≤ 2

(∫ t

t0

c(s) ln[w(s) + 1](w(s) + 1)ds+ 1

)
.

Then by using a generalized Gronwall-like integral inequality [30], we obtain

w(t) + 1 ≤ 2e
2
∫ t
t0
c(s)ds

.

which means that

w(t) ≤ 2e
2
∫ t
t0
c(s)ds

− 1. (2.6)

Inserting the inequalities (2.5) and (2.6) into (2.4) gives immediately the desired assertion.

The proof is complete.

Theorem 2.1. Let assumptions (A1) – (A4) hold. In addition, assume that there exist κ1, κ2 > 0

such that L(r) ≤ κ1 ln(r2 + 1) + κ2 for all r ≥ 0. Then for any ω ∈ Ω, t0 ∈ R and any initial
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data uo = (uo,i)i∈Z ∈ `2, the RODE (2.3) has a unique solution u(·; t0, ω,uo) ∈ C([t0,∞), `2)

with u(t0; t0, ω,uo) = uo. In addition, the solution u(·; t0, ω,uo) is continuous in uo ∈ `2.

Proof. Given ω ∈ Ω and u ∈ `2, let

F (u, θtω) = −Au+ Λu+ I(θtω).

Then F is continuous in u and measurable in ω from `2 × Ω into `2. First for any u,v ∈ `2,

we have

‖Au− Av‖2 =
∑
i∈Z

1

µ2
i γ

2
i

(ui − vi)2 ≤ 1

b2
µb

2
γ

‖u− v‖2. (2.7)

Second, by using assumptions (A2) and (A3) we have

‖Λu− Λv‖2 =
∑
i∈Z

1

µ2
i

(
i+N∑
j=i−N

λi,j (gj(uj)− gj(vj))

)2

≤ 1

b2
µ

(2N + 1)
∑
i∈Z

i+N∑
j=i−N

λ2
i,j (gj(uj)− gj(vj))2

≤ B2
λ

b2
µ

(2N + 1)
∑
i∈Z

i+N∑
j=i−N

L2(2 max{|uj|, |vj|})|uj − vj|2

≤ B2
λ

b2
µ

(2N + 1)2L2(2 max{‖u‖, ‖v‖})‖u− v‖2. (2.8)

Hence by summing (3.3) and (3.4) we obtain

‖F (u, θtω)− F (v, θtω)‖2 ≤ 2‖Au− Av‖2 + 2‖Λu− Λv‖2

≤ 2

b2
µ

(
1

b2
γ

+B2
λ(2N + 1)2L2(2 max{‖u‖, ‖v‖})

)
‖u− v‖2,

which implies that F (u, θtω) is locally Lipschitz in u. Therefore the RODE (2.3) has a unique

local solution.
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We next show that given any T > t0 fixed the solution u(t) is bounded for all t ∈ [t0, T ].

To this end, multiplying both sides of the equation (2.1) by ui(t) and sum over all i ∈ Z to give

1

2

d ‖u(t, ω)‖2

dt
= −

∑
i

u2
i

µiγi
+
∑
i

1

µi

i+N∑
j=i−N

λi,juigj(uj) +
∑
i∈Z

ui
µi
Ii(θtω). (2.9)

First by Assumption (A2), we have

−
∑
i

u2
i

µiγi
≤ − ‖u‖

2

BµBγ

. (2.10)

Then by using the fact that xy ≤ 1
2
(ax2 + 1

a
y2), for some a > 0 (to be determined later), it

holds

∑
i∈Z

ui
µi
Ii(θtω) ≤

∑
i∈Z

1

2

(
au2

i +
I2
i (θtω)

aµ2
i

)
≤ a

2
‖u‖2 +

1

2a

∑
i∈Z

I2
i (θtω)

µ2
i

≤ a

2
‖u‖2 +

1

2ab2
µ

∑
i∈Z

I2
i (θtω). (2.11)

Then by assumptions (A1) and (A2),

∑
i

1

µi

i+N∑
j=i−N

λi,juigj(uj) ≤
Bλ

bµ

∑
i

i+N∑
j=i−N

|uig(uj)|

=
Bλ

bµ

∑
i

i+N∑
j=i−N

|uiuj| · |g′(ξj)|

for some ξj with |ξj| ≤ |uj|. Thus by Assumption (A2), (A3) and the fact that xy ≤ 1
2
(x2 + y2)

we have

∑
i

1

µi

i+N∑
j=i−N

λi,juigj(uj) ≤
Bλ

2bµ
L(‖u‖)

∑
i

i+N∑
j=i−N

(
u2
j + u2

i

)
≤ (2N + 1)

Bλ

bµ
L(‖u‖)‖u‖2. (2.12)
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Inserting estimations (3.7) – (3.10) into (3.6) we obtain

d ‖u(t)‖2

dt
≤ 2

(
− 1

BµBγ

+
(2N + 1)BλL(‖u‖)

bµ
+
a

2

)
· ‖u‖2 +

1

ab2
µ

∑
i∈Z

I2
i (θtω).

Pick a > 0 such that − 1
BµBγ

+ a
2
< 0. In particular, let a = 1

BµBγ
, and for simplicity denote

χ1 :=
1

BµBγ

, χ2 :=
2(2N + 1)Bλ

bµ
, M(θtω) :=

BµBγ

b2
µ

∑
i∈Z

I2
i (θtω).

Then the above inequality becomes

d ‖u(t)‖2

dt
≤ −χ1‖u‖2 + χ2L(‖u‖)‖u‖2 +M(θtω). (2.13)

Multiplying both sides of (2.13) by eχ1t gives

d ‖eχ1tu(t)‖2

dt
≤ χ2e

χ1tL(‖u(t)‖)‖u(t)‖2 +M(θtω)eχ1t.

Integrating the above inequality from t0 to t results in

eχ1t ‖u(t)‖2 ≤ ‖uo‖2eχ1t0 + χ2

∫ t

t0

eχ1sL(‖u(s)‖)‖u(s)‖2ds+

∫ t

t0

M(θsω)eχ1sds,

and hence

‖u(t)‖2 ≤ ‖uo‖2e−χ1(t−t0) +

∫ t

t0

M(θsω)e−χ1(t−s)ds

+χ2

∫ t

t0

e−χ1(t−s)L(‖u(s)‖)‖u(s)‖2ds. (2.14)

First notice that the assumption (A4) implies that
∫ t
t0
M(θsω)e−χ1(t−s)ds < ∞ for all

t ≥ t0. Now using the assumption that L(r) ≤ κ1 ln(r2 + 1) + κ2 in (2.14) we obtain

‖u(t)‖2 ≤ ‖uo‖2 +

∫ t

t0

M(θsω)e−χ1(t−s)ds+ χ2κ2

∫ t

t0

‖u(s)‖2ds

+χ2κ1

∫ t

t0

ln(‖u(s)‖2 + 1)‖u(s)‖2ds.

12



Since M(θsω) ≥ 0 for all s ∈ R,
∫ t
t0
M(θsω)e−χ1(t−s)ds is non-negative and non-decreasing.

It then follows directly from Lemma 1 that

‖u(t)‖2 ≤ max
{

2(‖uo‖2 + M̂(θtω))e2κ2χ2(t−t0), 2e
2κ1χ2(t−t0) − 1

}
. (2.15)

for all t ∈ [t0, T ], where

M̂(t, ω) :=

∫ t

t0

M(θsω)e−χ1(t−s)ds <∞ ∀ t ≥ t0. (2.16)

We have just shown that the solution exists for all t ≥ t0. It remains to show the continuous

dependence of solutions on initial data. To this end, let uo,vo ∈ `2 and consider two solutions

of system (2.3) with initial value u(t0) = u0 and u(t0) = vo, respectively, and write

X(t) = (Xi(t))i∈Z := u(t; t0, ω,u0), Y (t) = (Yi(t))i∈Z = u(t; t0, ω,v0).

Let h(t) = (hi(t))i∈Z = X(t)− Y (t), then h(t) satisfies the random lattice system

dhi(t)

dt
= − 1

µiγi
hi +

1

µi

i+N∑
j=i−N

λi,j (gj(Xj)− gj(Yj)) , i ∈ Z. (2.17)

Multiplying the equation (2.17) by hi(t) and summing over i ∈ Z gives

1

2

d

dt
‖h(t)‖2 ≤ −

∑
i∈Z

1

µiγi
h2
i +

∑
i∈Z

1

µi

i+N∑
j=i−N

λi,j (gj(Xj)− gj(Yj))hi

≤ − 1

BµBγ

‖h(t)‖2 +
Bλ

bµ

∑
i∈Z

i+N∑
j=i−N

|gj(Xj)− gj(Yj)| · |hi|.

By Assumption (A3) again, we have

|gj(Xj)− gj(Yj)| ≤ L(max{|Xj|, |Yj|})|hj| ≤ LT |hj|,

where LT is a constant depends on T according to (2.15). Therefore,
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d

dt
‖h(t)‖2 ≤ − 2

BµBγ

‖h(t)‖2 +
4BλLT
bµ

∑
i∈Z

i+N∑
j=i−N

h2
i

≤
(
− 2

BµBγ

+
4(2N + 1)BλLT

bµ

)
‖h(t)‖2. (2.18)

Integrating the above inequality gives

‖h(t)‖2 ≤ e

(
− 2
BµBγ

+
4(2N+1)BλLT

bµ

)
(t−t0) · ‖h(0)‖2,

which implies that

sup
t∈[t0,T ]

‖X(t)− Y (t)‖2 ≤ max

{
e

2
(
− 2
BµBγ

+
4(2N+1)BλLT

bµ

)
(T−t0)

, 1

}
· ‖u0 − v0‖2.

The solution depends continuously on the initial data. The proof is now complete.

It is straightforward to check that

u(t+ t0; t0, ω,uo) = u(t; 0, θt0ω,uo), ∀ t ≥ 0, u0 ∈ `2, ω ∈ Ω,

and this allows us to define a continuous random dynamical system ϕ(t, ω, ·) by

ϕ(t, ω,u0) = u(t; 0, ω,uo), ∀ t ≥ 0, u0 ∈ `2, ω ∈ Ω.

From now on, we will write u(t;ω,uo) instead of u(t; 0, ω,uo).

2.4 Existence of random attractors

In this section we investigate the existence of attractors for the random dynamical system

ϕ(t, ω) defined by the solutions to the RODE (2.3). To this end, we first construct a closed and

bounded absorbing set for ϕ(t, ω) and then prove the asymptotic compactness of the absorbing

14



set. For simplification of exposition, throughout this section we assume that L(r) ≡ L > 0 in

Assumption (A3). In addition, assume that the functions gi satisfy the dissipative condition

(A5) there exist α ≥ 0 and β = (βi)i∈Z ∈ `2 such that

sgj(s) ≤ −αs2 + β2
j , ∀ s ∈ R.

Lemma 2. Assume that assumptions (A1) - (A5) hold. Then the continuous random dynamical

system ϕ(t, ω) generated by the RODE (2.3) has a random absorbing set Γ(ω) provided

bλ := inf
i∈Z

min
j=i−N,··· ,i+N

λi,j 6=0

|λi,j| > 0; (2.19)

σ :=
1

BµBγ

+
α(2N + 1)bλ

Bµ

− (2N + 1)
LBλ

bµ

(
9

2
+
L

α

)
> 0. (2.20)

Proof. We will start from the equation (3.6) and still use the inequalities (3.7) and (3.8). It then

remains to estimate
∑

i∈Z
1
µi

∑i+N
j=i−N λi,juigj(uj). To this end first note that

i+N∑
j=i−N

λi,juigj(uj) =
∑

j=i−N,··· ,i+N
λi,j>0

λi,juigj(uj) +
∑

j=i−N,··· ,i+N
λi,j<0

λi,juigj(uj). (2.21)

Also, by Assumption (A5),

ujgj(uj) ≤ −αu2
j + β2

j , ∀ j ∈ Z.

Then by Assumption (A3) with L(r) ≡ L and the fact that xy ≤ 1
2

(
x2

a
+ ay2

)
we get

gj(uj) · (ui − uj) = g′j(ξj)uj(ui − uj) for some ξj with |ξj| ≤ |uj|

≤ L ·
(
u2
i

2a
+
au2

j

2
+ u2

j

)
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for some a > 0 (to be determined later). Therefore

uigj(uj) = (ui − uj)gj(uj) + ujgj(uj)

≤
(a

2
L− α

)
u2
j + Lu2

j +
L

2a
u2
i + β2

j , ∀ i, j ∈ Z. (2.22)

Pick a such that a
2
L − α < 0 in (2.22). In particular, let a = α

L
. Then multiplying (2.22)

by λi,j > 0 and summing over all j with λi,j > 0 we have

∑
j=i−N,··· ,i+N

λi,j>0

λi,juigj(uj) ≤ −
α

2

∑
j=i−N,··· ,i+N

λi,j>0

λi,ju
2
j

+Bλ

(
L

i+N∑
j=i−N

u2
j +

(2N + 1)L2

2α
u2
i +

i+N∑
j=i−N

β2
j

)

≤ −αbλ
2

i+N∑
j=i−N

u2
j +Bλ

(
L

i+N∑
j=i−N

u2
j +

(2N + 1)L2

2α
u2
i +

i+N∑
j=i−N

β2
j

)
. (2.23)

Next with λi,j < 0 we have

∑
j=i−N,··· ,i+N

λi,j<0

λi,juigj(uj) ≤ Bλ

∑
j=i−N,··· ,i+N

λi,j<0

|ui||gj(uj)|

≤ Bλ

i+N∑
j=i−N

L|ui||uj|

≤ BλL

i+N∑
j=i−N

u2
j +

BλL

4
(2N + 1)u2

i . (2.24)

Using (2.21), (2.23) and (2.24) we obtain

i+N∑
j=i−N

λi,juigj(uj) ≤ −
αbλ
2

i+N∑
j=i−N

u2
j + 2BλL

i+N∑
j=i−N

u2
j

+Bλ
(2N + 1)L

4α
(2L+ α)u2

i +Bλ

i+N∑
j=i−N

β2
j . (2.25)
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Multiplying both sides of (3.9) by 1
µi

and summing over i ∈ Z we obtain

∑
i∈Z

1

µi

i+N∑
j=i−N

λi,juigj(uj) ≤ − αbλ
2Bµ

∑
i∈Z

i+N∑
j=i−N

u2
j +

2Bλ

bµ
L
∑
i∈Z

i+N∑
j=i−N

u2
j

+
Bλ

bµ

(2N + 1)L

4α
(2L+ α)

∑
i∈Z

u2
i +

Bλ

bµ

∑
i∈Z

i+N∑
j=i−N

β2
j .

It then follows from the assumption (2.19) and a shift of index that

∑
i∈Z

1

µi

i+N∑
j=i−N

λi,juigj(uj) ≤ (2N + 1) ·
(
− αbλ

2Bµ

+
BλL

4αbµ
(2L+ α)

+
2BλL

bµ

)
‖u(t)‖2 + (2N + 1)

Bλ

bµ
‖β‖2. (2.26)

Now inserting the inequality (3.7), the inequality (3.8) with a = 1
BµBγ

, and the inequality

(2.26) into (3.6) results in

d‖u(t, ω)‖2

dt
≤ −σ‖u(t, ω)‖2 + 2(2N + 1)

Bλ

bµ
‖β‖2 +M(θtω), (2.27)

where σ is defined as in (2.20) and M(θtω) = BµBγ
b2µ

∑
i∈Z I

2
i (θtω).

Integrating (2.27) from 0 to t gives

‖ϕ(t, ω,uo)‖2 ≤ e−σt‖uo‖2 + e−σt2(2N + 1)
Bλ

bµ
‖β‖2

∫ t

0

eσsds

+

∫ t

0

M(θsω)e−σ(t−s)ds

≤ e−σt‖uo‖2 + 2(2N + 1)
Bλ

bµσ
‖β‖2 +

∫ t

0

M(θsω)e−σ(t−s)ds.

Then replacing ω by θ−tω in the above inequality we finally obtain

‖ϕ(t, θ−tω,uo)‖2 ≤ e−σt‖uo‖2 + 2(2N + 1)
Bλ

bµσ
‖β‖2 +

∫ 0

−t
M(θτω)eστdτ. (2.28)
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Note that
∫ 0

−tM(θτω)eστdτ is a tempered random variable due to Assumption (A4) and

the integrability of eστ for τ < 0. Define

Γ(ω) :=

{
u ∈ `2 : ‖u‖ ≤

(
2(2N + 1)

Bλ

bµσ
‖β‖2 +

∫ 0

−∞
M(θτω)eστdτ + 1

)1/2
}
. (2.29)

Then for any K(ω) ∈ D(`2) and given uo(ω) ∈ K(ω), there exists TK(ω) > 0 such that

‖ϕ(t, θ−tω,uo(θ−tω))‖2 ≤ 2(2N + 1)
Bλ

bµσ
‖β‖2 +

∫ 0

−∞
M(θτω)eστdτ + 1

for all t ≥ TK(ω), i.e., ϕ(t, θ−tω,K(θ−tω)) ∈ Γ(ω). The proof is complete.

Remark 1. The dissipativity condition (A5) on gi’s is sufficient but not necessary. In fact, even

if α < 0, an absorbing set can still exist provided 1
BµBγ

is large enough compared to L. But

with gi’s being dissipative, the convergence rate of solutions toward the absorbing set is faster.

We next show that the absorbing set defined in (2.29) is asymptotically compact under the

RDS ϕ(t, ω) by following the techniques introduced in [9]. This will be done by a tail estimate

of solutions, presented in the lemma below. Note that as a particular case of Lemma 6, there

exists TΓ(ω) such that

ϕ(t, θ−tω,Γ(θ−tω)) ∈ Γ(ω), ∀ t ≥ TΓ(ω).

Lemma 3. Assume that assumptions (A1) - (A5) and (2.19) – (2.20) hold. Then for any

ε > 0 there exist T̂ (ε, ω,Γ) ≥ TΓ(ω) and ι(ε, ω) ∈ N such that the solution ϕ(t, ω,uo) =

u(t;ω,uo) = (ui(t;ω,uo))i∈Z of the RODE (2.3) with uo = (uo,i)i∈Z ∈ Γ(θ−tω) satisfies

∑
|i|≥ι(ε,ω)

|(ϕ(t, θ−tω,uo))i|2 =
∑

|i|≥ι(ε,ω)

|ui(t, θ−tω,uo)|2 ≤ ε ∀ t ≥ T̂ (ε, ω,Γ).
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Proof. Given k ∈ N fixed (to be determine later), let ρk : R+ → [0, 1] be a continuous,

increasing and sub-additive function such that

ρk(|i|) =


0, |i| < k,

∈ [0, 1], |i| ∈ [k, 2k]

1, |i| ≥ 2k,

i ∈ Z.

For any solution u(t;ω,uo) = (ui(t;ω,uo))i∈Z of (2.3), set v = (vi)i∈Z where vi =

ρk(|i|)ui, then v ∈ `2. Taking the inner product of v with (2.3) we get

1

2

d

dt

∑
i∈Z

ρk(|i|)u2
i (t;ω,uo) = −

∑
i∈Z

ρk(|i|)
u2
i

µiγi
+
∑
i∈Z

ρk(|i|)ui
1

µi
Ii(θtω)

+
∑
i∈Z

1

µi

i+N∑
j=i−N

λi,jρk(|i|)uigj(uj). (2.30)

First by Assumption (A2),

−
∑
i∈Z

ρk(|i|)
u2
i

µiγi
≤ − 1

BµBγ

∑
i∈Z

ρk(|i|)u2
i . (2.31)

Second, similar to (3.8) there exists some a > 0 such that

∑
i∈Z

ρk(|i|)
ui
µi
Ii(θtω) ≤ a

2

∑
i∈Z

ρk(|i|)u2
i +

1

2ab2
µ

∑
i∈Z

ρk(|i|)I2
i (θtω). (2.32)

It remains to estimate the last term of (3.14). To this end, multiplying (3.9) by 1
µi
ρk(|i|)

and summing over i ∈ Z to get

∑
i∈Z

ρk(|i|)
1

µi

i+N∑
j=i−N

λi,juigj(uj) (2.33)

≤ − αbλ
2Bµ

∑
i∈Z

ρk(|i|)
i+N∑
j=i−N

u2
j +

2Bλ

bµ
L
∑
i∈Z

ρk(|i|)
i+N∑
j=i−N

u2
j

+
BλL(2N + 1)(2L+ α)

4bµα

∑
i∈Z

ρk(|i|)u2
i +

Bλ

bµ

∑
i∈Z

ρk(|i|)
i+N∑
j=i−N

β2
j . (2.34)
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Choose k > N . Then

ρk(i) = ρk(j), ∀ |i− j| ≤ N. (2.35)

In fact, for any j = i − N, · · · , i + N , we have ρk(|i − j|) = 0 and due to the increasingness

and sub-additivity of ρk we obtain

ρk(|i|) ≤ ρk(|i− j|+ |j|) ≤ ρk(|i− j|) + ρk(|j|) = ρk(|j|),

ρk(|j|) ≤ ρk(|i|+ |j − i|) ≤ ρk(|i|) + ρk(|j − i|) = ρk(|i|).

Using (2.35) in the inequality (2.34) results in

∑
i∈Z

ρk(|i|)
1

µi

i+N∑
j=i−N

λi,juigj(uj)

≤ − αbλ
2Bµ

∑
i∈Z

i+N∑
j=i−N

ρk(|j|)u2
j +

2Bλ

bµ
L
∑
i∈Z

i+N∑
j=i−N

ρk(|j|)u2
j

BλL(2N + 1)(2L+ α)

4bµα

∑
i∈Z

ρk(|i|)u2
i +

Bλ

bµ

∑
i∈Z

ρk(|i|)
i+N∑
j=i−N

β2
j .

Then it follows from a shift of index that

∑
i∈Z

ρk(|i|)
1

µi

i+N∑
j=i−N

λi,juigj(uj) ≤
Bλ

bµ

∑
i∈Z

(
i+N∑
j=i−N

ρk(|j|)

)
β2
i

+ (2N + 1)

(
− αbλ

2Bµ

+
2BλL

bµ
+
Bλ(2L

2 + αL)

4bµα

)∑
i∈Z

ρk(|i|)u2
i . (2.36)

Inserting estimations (3.15), (3.16) with a = 1
BµBγ

and (3.17) in (3.14) we get

d

dt

∑
i∈Z

ρk(|i|)u2
i (t) ≤ −σ

∑
i∈Z

ρk(|i|)u2
i +

2Bλ

bµ

∑
i∈Z

(
i+N∑
j=i−N

ρk(|j|)

)
β2
i

+
BµBγ

b2
µ

∑
i∈Z

ρk(|i|)I2
i (θtω),
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where σ is as defined in (2.20). Integrating the above inequality from 0 to t then replacing ω by

θ−tω gives

∑
i∈Z

ρk(|i|)u2
i (t; θ−tω,uo) ≤ e−σt

∑
i∈Z

ρk(|i|)u2
o,i(θ−tω)

+
2Bλ

σbµ

∑
i∈Z

(
i+N∑
j=i−N

ρk(|j|)

)
β2
i +

BµBγ

b2
µ

∫ 0

−t

∑
i∈Z

ρk(|i|)I2
i (θτω)eστdτ. (2.37)

First notice that
∑

i∈Z ρk(|i|)u2
o,i(θ−tω) ≤ ‖uo(θ−tω)‖2. Then for any ε > 0, there exists

T̂ (ε, ω) > 0 such that

e−σt
∑
i∈Z

ρk(|i|)u2
o,i(θ−tω) <

ε

3
, ∀ t ≥ T̂ (ε, ω). (2.38)

Second, since β ∈ `2, given any ε > 0 there exists N1(ε) > 0 such that

∑
|i|≥N1(ε)

β2
i <

σbµ
6Bλ(2N + 1)

ε.

Pick k such that k > N1(ε) +N . Then

∑
|j|≥k

β2
i <

σbµ
6Bλ(2N + 1)

ε, for each j = i−N, · · · , i, · · · , i+N,

and consequently

2Bλ

σbµ

∑
i∈Z

(
i+N∑
j=i−N

ρk(|j|)

)
β2
i ≤

2Bλ

σbµ

 ∑
|i−N |≥k

β2
i + · · ·+

∑
|i+N |≥k

β2
i


≤ 2Bλ

σbµ
(2N + 1) · σbµ

6Bλ(2N + 1)
ε =

ε

3
. (2.39)

Next by using Assumption (A4), for any ε > 0 there exists N2(ε, ω) > 0 such that

∑
i∈Z

ρk(|i|)I2
i (θtω) ≤

∑
|i|≥N2

I2
i (θtω) <

σb2
µ

3BµBγ

ε, ∀ t ∈ R.
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Therefore

BµBγ

b2
µ

∫ 0

−t

∑
i∈Z

ρk(|i|)I2
i (θτω)eστ ≤ BµBγ

b2
µ

·
σb2

µ

3BµBγ

ε ·
∫ 0

−t
eστdτ <

ε

3
. (2.40)

In summary, letting k := max{N1(ε) + N,N2(ε, ω)}, and applying (3.19) – (2.40) to

(3.18) we obtain ∑
i∈Z

ρk(|i|)u2
i (t; θ−tω,uo) < ε, ∀ t ≥ T̂ (ε, ω),

which implies that

∑
|i|≥2k

u2
i (t, θ−tω,uo) ≤

∑
i∈Z

ρk(|i|)u2
i (t, θ−tω,uo) < ε ∀ t ≥ T̂ (ε, ω).

The proof is complete.

Remark 2. The function ρk(|i|) above serves the same purpose as e.g., the function θ(|i|/k) in

[9], the function ρ(|i|/k) in [17]. The difference is that we do not need the smoothness of ρk in

this work. Instead we need a sub-additivity property to handle the nonlinear interaction term.

One example for ρk could be

ρk(x) =


0, x < k,

x
k
− 1, x ∈ [k, 2k]

1, x ≥ 2k,

x ∈ R.

Lemma 4. Assume that assumptions (A1) - (A5) and (2.19) – (2.20) hold. Then the absorbing

set Γ(ω) defined in (2.29) is asymptotically compact under the RDS ϕ(t, ω) defined by solutions

of the RODE (2.3).

Proof. For a sequence {tn} with limn→∞ tn =∞, let xn(ω) ∈ Γ(θ−tnω) ∈ D(`2) and

pn(ω) = ϕ(tn, θ−tnω, xn), n = 1, 2, · · · ,

where pn,i = (ϕ(tn, θ−tnω, xn))i for i ∈ Z.
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First since limn→∞ tn =∞ there exists N1(ω,Γ) ∈ N such that tn ≥ TΓ(ω) if n ≥

N1(ω,Γ) and hence

pn(ω) = ϕ(tn, θ−tnω, xn) ∈ Γ(ω), ∀ n ≥ N1(ω,Γ).

Then there is a subsequence of {pn} (still denoted by {pn}), and u∗ ∈ `2 such that

pn = ϕ(tn, θ−tnω, xn) ⇀ u∗ weakly in `2.

We now show that this convergence is actually strong. Given any ε > 0, by Lemma 8 there

exists ι1(ε, ω) > 0 and N2(ε, ω) > 0 such that

∑
|i|≥ι(ε,ω)

|(ϕ(tn, θ−tnω,u0))i|
2 ≤ ε2

8
, ∀ n ≥ N2(ε, ω). (2.41)

Also, since u∗ = (u∗i )i∈Z ∈ `2, there exists ι2(ε) > 0 such that

∑
|i|≥ι2(ε)

|u∗i |2 ≤
ε2

8
. (2.42)

Set ι(ε, ω) := max{ι1(ε, ω), ι2(ε, ω)} and since ϕ(tn, θ−tnω, xn) ⇀ u∗ in `2 then

(ϕ(tn, θ−tnω, xn))i −→ u∗i for |i| ≤ ι(ε, ω), as n→∞.

Therefore there exists N3(ε, ω) > 0 such that

∑
|i|≤ι(ε,ω)

| (ϕ(tn, θ−tnω, xn))i − u
∗
i |2 ≤

ε2

2
, ∀ n ≥ N3(ε, ω). (2.43)
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Set N̂(ε, ω) := max{N1(ε, ω), N2(ε, ω), N3(ε, ω)}, then using (3.21) − (3.23) we have for

n ≥ N̂(ε, ω)

‖ϕ(tn, θ−tnω, xn)− u∗‖2 =
∑

|i|≤ι(ε,ω)

|(ϕ(tn, θ−tnω, xn))i − u∗i |2

+
∑

|i|>ι(ε,ω)

|(ϕ(tn, θ−tnω, xn))i − u∗i |2

≤ ε2

2
+ 2

∑
|i|>ι(ε,ω)

|(ϕ(tn, θ−tnω, xn))i|2 + |u∗i |2 ≤ ε2.

Hence pn (the subsequence) is strongly convergent in `2, and therefore Γ(ω) is asymptotically

compact. The proof is complete.

The following theorem follows directly from Lemma 6, Lemma 4 and Proposition 1.

Theorem 2.2. Assume that assumptions (A1) - (A5) and (2.19) – (2.20) hold. The random

dynamical system {ϕ(t, ω)}t≥0,ω∈Ω generated by the RODE (2.3) possesses a unique global

random attractor with component subsets

A(ω) =
⋂

τ≥T̂Γ(ω)

⋃
t≥τ

ϕ(t, θ−tω,Γ(θ−tω)),

where Γ is defined as in (2.29).

Corollary 1. Assume that assumptions (A1) - (A4) hold. In addition, assume that all gj’s are

uniformly globally Lipschitz with Lipschitz constant Lg. Then the attractor A(ω) for the RDS

{ϕ(t, ω)}t≥0,ω∈Ω is a singleton provided

(2N + 1)BλLg <
bµ

2BµBγ

.

Proof. Let u(t;ω,uo) = (ui(t;ω,uo))i∈Z and v(t;ω,vo) = (vi(t;ω,uo))i∈Z be two solutions

of the RODE (2.3). Since gj’s are uniformly globally Lipschitz,

|gj(uj)− gj(vj)| ≤ Lg|uj − vj|.
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Thanks to (2.18) we have

d

dt
‖u(t)− v(t)‖2 ≤

(
− 2

BµBγ

+
4(2N + 1)BλLg

bµ

)
· ‖u(t)− v(t)‖2, ∀ t ∈ R,

which implies that

‖u(t)− v(t)‖2 ≤ e
−( 2

BµBγ
− 4(2N+1)BλLg

bµ
)t‖uo − vo‖2

−→ 0 as t→∞.

The proof is complete.

2.5 Closing remarks

This work was motivated by the increasing size of a Hopfield neural network under the influ-

ence of random forcing. In the context of Hopfield models, there are two novelties in this work:

(1) the underlying system is an infinite dimensional system of ODEs, i.e., lattice dynamical sys-

tem; and (2) the forcing on each neuron is described by a random process. In the context of

lattice dynamical systems, the major novelty as well as difficulty is the consideration of a non-

linear interconnection structure described by the nonlinear operator
i+N∑
j=i−N

λi,jgj(uj(t)). Such

systems have never been studied in the past. The main contribution of this work is showing the

existence of a global random attractor for the random Hopfield lattice system. Along with the

construction of the random absorbing set, another interesting discovery is that inhibit relation

among neurons contribute more to the convergence of solutions towards the attractor.

We also discussed special scenarios under which the attractor consists of a singleton so-

lution. Further details of geometric structure of the attractor provide more insight of the long

term dynamics of the underlying model, but are not included in this work. Nevertheless the

results obtained in this work serve as an important initial step towards the study on more inter-

esting dynamical behavior of neural networks, such as upper semi continuity of the attractors

and synchronization behavior of discrete neural networks under random perturbation.
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Chapter 3

Upper semi-continuous convergence of attractors for a Hopfield-type lattice model

3.1 Introduction

Extensive studies have been done on Hopfield-type neural networks during the past decades.

For example, Hopfield neural networks with delays were studied in [4], [5], [14], [54], [63],

[60], [65], [68], [72], etc. Complex-valued Hopfield neural networks have been used to study

a wide range of applications such as image storage (see e.g., [51], [59]), associative memory

(see, e.g., [27], [50], [57], [70]), land cover detection (see, e.g., [69]), agriculture (see, e.g.,

[61]), neurohydrodynamics and Hydraulic (see, e.g., [45], [71]). Memoristic Hopfield neu-

ral network was considered in [58], and also used in harmonic current estimation [19] and

self-modeling [73]. Other modifications of Hopfield neural network include Octonionic Hop-

field neural network [26], Hyperbolic Hopfield neural network [52], random reaction-diffusion

Hopfield neural network [53], etc. When the size of an underlying neural network becomes in-

creasingly large, and approaching infinity, the finite dimensional system (1.1) can be extended

to the following lattice dynamical system (see [44]):

µi
dui(t)

dt
= −ui(t)

γi
+

i+n∑
j=i−n

λi,jfj(uj(t)) + gi, i ∈ Z. (3.1)

In this lattice model, the total number of neurons are assumed to be infinitely large, but each

neuron is only interacting with the neurons within its n-neighborhood. More precisely, the ith

neuron interacts with the (i − n)th through the (i + n)th neurons. Notice that the operator

describing interactions among neurons,
∑i+n

j=i−n λi,jfj(uj), is nonlinear when fj is nonlinear.
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This makes the lattice system (4.4) different from most of the lattice systems considered in

the literature (see, e.g., [9], [20], [21], [62], [64], [66], [67], [75] and references therein).

Very recently, Han & Kloeden studied an Amari type neural field lattice model with nonlocal

interactions and a Heaviside operator in [42], and Faye investigated the traveling fronts for a

simplified version of the model considered in [42] with linear reaction in the absence of external

input [33].

The goal of this work is to study the long term dynamics of the lattice system (4.4) and

compare to the dynamics of its finite dimensional approximations. In particular, we want to

investigate the relation between the attractor for the lattice system (4.4) and the attractors for

its finite dimensional approximations. This will be done by proving the upper semi-continuous

convergence of the attractor for the finite dimensional approximations to the attractor for the

infinite dimensional lattice system. Upper semi-continuous convergence of attractors have been

investigated for different types of lattice dynamical systems (see, e.g., [1], [2], [9], [36], [74]),

infinite dimensional dynamical systems generated by partial differential equations (see, e.g.,

[7], [8], [16], [38] and reference therein), and in numerical dynamics (see, e.g., [40]). However,

all existing studies on upper semi-continuity of attractors considered lattice systems with linear

interactions within the nearest neighborhood such as ui−1 − 2ui + ui+1. This work is the

first attempt on upper semi-continuous convergence of attractors for lattice dynamical systems

with nonlinear finite neighborhood operators, and in particular the first result on upper semi-

continuous convergence of attractors for lattice dynamical systems arising from neural network

models.

The rest of the chapter is organize as follows. In Section 3.2 we first reformulate the lattice

system (4.4) as an ordinary differential equation (ODE) on a sequence space, and then study the

existence and uniqueness of global solutions, as well as the existence of a global attractor for the

resulting ODE. In Section 3.3 we propose three different finite dimensional approximations of

the lattice system (4.4), and show that each of them possesses a global attractor that converges

upper semi-continuously to the global attractor for the lattice system (4.4) as the dimension

approaches infinity. Some closing remarks will be provided in Section 3.4.
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3.2 Properties of solutions

In this section we first establish the existence and uniqueness of solutions to the lattice system

(4.4), and show that the solutions generate a dynamical system. We then prove that the resulting

dynamical system possesses a global attractor. To this end, we first rewrite the lattice system

(4.4) as an ordinary differential equation in an appropriate state space. In particular, consider

the separable Hilbert space of square summable bi-infinite real-valued sequences:

`2 =

{
u = (ui)i∈Z :

∑
i∈Z

u2
i <∞

}

equipped with the inner product and the norm

〈u,v〉 =
∑
i∈Z

uivi, ‖u‖ =

(∑
i∈Z

u2
i

) 1
2

, ∀ u = (ui)i∈Z, v = (vi)i∈Z.

3.2.1 Existence and uniqueness of solutions

Throughout this paper it is assumed that

(A1) the connection strength between each pair of neurons is finite, i.e., there exists Mλ > 0

such that

sup
i,j∈Z
|λi,j| ≤Mλ;

(A2) the neuron amplifier input capacitance and resistance of neurons are uniformly bounded,

i.e., there exist positive constants mµ, Mµ, mγ , and Mγ , such that

mµ ≤ µi ≤Mµ, mγ ≤ γi ≤Mγ, ∀ i ∈ Z;

(A3) the forcing on the whole network is square summable, i.e., letting g := (gi)i∈Z then

‖g‖ =

(∑
i∈Z

g2
i

)1/2

<∞;
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(A4) for all i ∈ Z, the neuron activation function fi is globally Lipschitz with Lipschitz con-

stant L and satisfies fi(0) = 0.

Given any u = (ui)i∈Z, define the operators Au = ((Au)i)i∈Z, Λu = ((Λu)i)i∈Z by

(Au)i =
ui
γiµi

; (Λu)i =
i+n∑
j=i+n

λi,j
µi
fj(uj),

and define the operator F to be

F (u) = −Au+ Λu+

(
gi
µi

)
i∈Z

. (3.2)

Lemma 5. Let the assumptions (A1) – (A4) hold. Then the operator F : `2 → `2 is globally

Lipschitz with

‖F (u)− F (v)‖ ≤
√

2

mµ

(
1

m2
γ

+M2
λ(2n + 1)2L2

)1/2

‖u− v‖, ∀ u,v ∈ `2.

Proof. First given any u,v ∈ `2, we have

‖Au− Av‖2 =
∑
i∈Z

1

µ2
i γ

2
i

(ui − vi)2 ≤ 1

m2
µm

2
γ

‖u− v‖2. (3.3)

Second, by assumptions (A2) and (A4) we have

‖Λu− Λv‖2 =
∑
i∈Z

1

µ2
i

(
i+n∑
j=i−n

λi,j [fj(uj)− fj(vj)]

)2

≤ M2
λ

m2
µ

∑
i∈Z

i+n∑
j=i−n

[fj(uj)− fj(vj)]2

≤ M2
λ

m2
µ

∑
i∈Z

i+n∑
j=i−n

L2|uj − vj|2 =
M2

λ

m2
µ

(2n + 1)2L2‖u− v‖2. (3.4)
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Hence by summing (3.3) and (3.4) we obtain

‖F (u)− F (v)‖2 ≤ 2‖Au− Av‖2 + 2‖Λu− Λv‖2

≤ 2

m2
µ

(
1

m2
γ

+M2
λ(2n + 1)2L2

)
‖u− v‖2,

which implies that F (u) is glocally Lipschitz in u.

Setting v = 0 in (3.3) and (3.4) and using fi(0) = 0 gives immediately

‖F (u)‖ ≤ ‖Au‖+ ‖Λu‖+
1

mµ

(∑
i∈Z

g2
i

)1/2

≤ 1

mµ

(
1

mγ

+ (2n + 1)MλL

)
‖u‖+

1

mµ

‖g‖,

which implies that F maps `2 to `2.

The above Lemma ensures that the lattice system (4.4) can be rewritten as the following

ODE on `2:
du(t)

dt
= F (u), u ∈ `2. (3.5)

The following theorem follows directly from Lemma 5 and standard theory of ODEs on

Banach spaces (see, e.g., [28]).

Theorem 3.1. Let assumptions (A1) – (A4) hold. Then for any initial data uo = (uo,i)i∈Z ∈ `2,

Equation (3.5) has a unique solution u(·;uo) ∈ C([0,∞), `2) with u(0;uo) = uo. In addition,

the solution u(·;uo) is continuous in uo ∈ `2.

Remark 3. The global Lipschitz condition in Assumption (A4) is stronger than needed. It can

be replaced by a local Lipschitz condition such as
∑

i∈Z maxs∈[−r,r] |f ′i(s)| ≤ L(r) for some

positive continuous increasing function L(r) ∈ C(R+,R+) satisfying some growth bound.

Since the main aim of this work is to study attractors, assuming L(r) ≡ L is not a big re-

striction, as eventually we could restrict all calculations to a closed and bounded absorbing

set.
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3.2.2 Existence of attractors

Due to Theorem 3.1, the solution of Equation (3.5) defines a dynamical system {Φ(t)}t≥0 that

maps `2 to `2 by

Φ(t)uo = u(t;uo), ∀ t ≥ 0, uo ∈ `2.

In this section we investigate the existence of attractors for the dynamical system {Φ(t)}t≥0

generated by the solution of (3.5). To this end, we first recall the definition of global attractors

as well as a theorem on the existence of attractors below (see, e.g., [37]).

Definition 5. Assume that A is a subset of metric space X and {Φ(t)}t≥0 is a semigroup of a

continuous operators in X. Then A is called a global attractor for {Φ(t)}t≥0 in X if A is a

compact invariant set which attracts every bounded set in X, that is

(i) A is compact;

(ii) A is invariant: Φ(t)A = A;

(iii) A attracts every bounded set, i.e., for any bounded set B ⊂ X,

distX (Φ(t)B,A)) = sup
b∈B

inf
a∈A

dX(Φ(t)b, a)→ 0 as t→∞

where dX denotes the metric of X.

The existence of attractors for a dynamical system {Φ(t)}t≥0 relies on the existence of a

closed absorbing set and the asymptotic compactness of the dynamical system, defined below.

Definition 6. A dynamical system {Φ(t)}t≥0 is asymptotically compact if {Φ(tm)um} is pre-

compact in X for every bounded sequence {um}m∈N ⊂ X and tm →∞.

Remark that if the global attractor exists, then it must be unique and minimal. The follow-

ing proposition (see e.g., [8]) will be used in the sequel.

Proposition 2. Let (X, dX) be a metric space and {Φ(t)}t≥0 be a continuous dynamical system

in X. If {Φ(t)}t≥0 has a bounded absorbing set and is asymptotically compact, then {Φ(t)}t≥0
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has a global attractor in X. Furthermore, if for each u ∈ X, Φ(t)u is continuous from (0,+∞)

to X, then the global attractor is connected.

We next prove the existence of an absorbing set for the continuous dynamical system

{Φ(t)}t≥0 defined by the solution of (3.5).

Lemma 6. Assume that assumptions (A1) - (A4) hold. Then the continuous dynamical system

{Φ(t)}t≥0 generated by solutions to the system (3.5) has a positive invariant bounded absorbing

set provided

(A5) σ := 1
MµMγ

− 2(2n + 1)LMλ

mµ
> 0.

Proof. First multiplying both sides of the equation (4.4) by ui(t) and summing over all i ∈ Z

to obtain
1

2

d ‖u(t)‖2

dt
= −

∑
i∈Z

u2
i

µiγi
+
∑
i∈Z

ui
µi

i+n∑
j=i−n

λi,jfj(uj) +
∑
i∈Z

ui
µi
gi. (3.6)

By Assumption (A2), we have

−
∑
i∈Z

u2
i

µiγi
≤ − ‖u‖

2

MµMγ

. (3.7)

Using the fact that xy ≤ 1
2
(ax2 + 1

a
y2), for some a > 0 (to be determined later),

∑
i∈Z

ui
µi
gi ≤

∑
i∈Z

1

2

(
au2

i +
g2
i

aµ2
i

)
≤ a

2
‖u‖2 +

1

2a

∑
i∈Z

g2
i

µ2
i

≤ a

2
‖u‖2 +

1

2am2
µ

‖g‖2. (3.8)

Then by Assumption (A4) we have

λi,juifj(uj) ≤MλL|ui||uj| ≤
LMλ

2
(u2

i + u2
j), (3.9)

which after a shift of index implies that

∑
i∈Z

ui
µi

i+n∑
j=i−n

λi,jfj(uj) ≤
LMλ

mµ

(2n + 1)‖u‖2. (3.10)
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Now inserting the inequality (3.7), the inequality (3.8) with a = 1
MµMγ

, and the inequality

(3.10) into (3.6) results in

d‖u(t)‖2

dt
≤ −σ‖u(t)‖2 +

MµMγ

m2
µ

‖g‖2, (3.11)

where σ is defined as in (A5). Integrating the above differential inequality from 0 to t gives

‖Φ(t)uo‖2 ≤ e−σt‖uo‖2 +
MµMγ

m2
µ

‖g‖2

∫ t

0

e−σ(t−s)ds

≤ e−σt‖uo‖2 +
MµMγ

σm2
µ

‖g‖2(1− e−σt).

For any ε > 0, define Kε to be

Kε :=

{
u ∈ `2 : ‖u‖ ≤

√
MµMγ√
σ

‖g‖2

mµ

+ ε

}
. (3.12)

Then given any bounded set B ∈ `2, there exists TB = TB(ε) such that

Φ(t)B ⊂ Kε, ∀ t ≥ TB,

i.e., Kε is a bounded absorbing set for the dynamical system {Φ(t)}t≥0. As a particular case,

there exists TK = TK(ε) such that

Φ(t)Kε ⊂ Kε, ∀ t > TK(ε),

i.e., Kε is positive invariant.

The asymptotic compactness of {Φ(t)}t≥0 will be proved by using a tail estimate of so-

lutions (see, e.g., [9]) to be presented in Lemma 8 below. To that end, for any given positive
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integer k let θk : Z+ → [0, 1] be a continuous, increasing and sub-additive function such that

θk(|i|) ∈


{0}, |i| < k,

[0, 1], |i| ∈ [k, 2k]

{1}, |i| ≥ 2k,

i ∈ Z. (3.13)

Lemma 7. Let θk be a function defined as in (3.13). Then for any k ≥ n it holds that

θk(|j|) = θk(|i|), ∀ j = i− n, · · · , i, · · · , n.

Proof. First notice that since for any j = i − n, · · · , i + n, |i − j| ≤ n, thus θk(|i − j|) = 0.

Then using the increasingness and sub-additivity of θk we obtain

θk(|i|) ≤ θk(|i− j|+ |j|) ≤ θk(|i− j|) + θk(|j|) = θk(|j|),

θk(|j|) ≤ θk(|i|+ |j − i|) ≤ θk(|i|) + θk(|j − i|) = θk(|i|),

i.e., θk(|j|) = θk(|i|).

Remark 4. The function θk(|i|) defined above serves the same purpose as e.g., the function

θ(|i|/k) in [9] and the function ρ(|i|/k) in [17]. The difference is that we do not need the

smoothness of θk here and instead we impose a sub-additivity property of θk to handle the

nonlinear interaction term. One example for θk could be

θk(x) =


0, x < k,

x
k
− 1, x ∈ [k, 2k]

1, x ≥ 2k,

x ∈ R+.

Lemma 8. Let the assumptions (A1) - (A5) hold. Then for any ε > 0 there exist Tε =

T (ε,Kε) ≥ TK(ε) and Iε ∈ N such that the solution Φ(t)uo = u(t;uo) = (ui(t;uo))i∈Z of
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the equation (4.4) with uo = (uo,i)i∈Z ∈ Kε satisfies

∑
|i|≥Iε

|(Φ(t)uo)i|2 =
∑
|i|≥Iε

|ui(t;uo)|2 ≤ ε ∀ t ≥ Tε.

Proof. The proof uses the same idea as in [9], with more complex calculations due to the

nonlinear structure of the operator Λ.

For any solution u(t;uo) = (ui(t;uo))i∈Z of (4.4), let vi := θk(|i|)ui where θk is the

continuous, increasing and sub-additive function as defined in (3.13) with k ≥ n. Then v :=

(vi)i∈Z ∈ `2. Taking the inner product of v with (4.4) we get

1

2

d

dt

∑
i∈Z

θk(|i|)u2
i (t;uo) = −

∑
i∈Z

θk(|i|)
u2
i

µiγi
+
∑
i∈Z

θk(|i|)ui
1

µi
gi

+
∑
i∈Z

1

µi

i+n∑
j=i−n

λi,jθk(|i|)uifj(uj). (3.14)

First by Assumption (A2),

−
∑
i∈Z

θk(|i|)
u2
i

µiγi
≤ − 1

MµMγ

∑
i∈Z

θk(|i|)u2
i . (3.15)

Second, similar to (3.8) there exists some a > 0 such that

∑
i∈Z

θk(|i|)
ui
µi
gi ≤

a

2

∑
i∈Z

θk(|i|)u2
i +

1

2am2
µ

∑
i∈Z

θk(|i|)g2
i . (3.16)

It remains to estimate the last term of (3.14). To this end, multiplying (3.9) by 1
µi
θk(|i|)

and summing over i ∈ Z to get

∑
i∈Z

θk(|i|)
1

µi

i+n∑
j=i−n

λi,juifj(uj) ≤
LMλ

2mµ

∑
i∈Z

θk(|i|)
i+n∑
j=i−n

(u2
i + u2

j).

Notice that by a shift of index and Lemma 7,

∑
i∈Z

θk(|i|)
i+n∑
j=i−n

u2
j =

∑
i∈Z

i+n∑
j=i−n

θk(|j|)u2
i = (2n + 1)

∑
i∈Z

θk(|i|)u2
i . (3.17)
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Inserting estimates (3.15), (3.16) with a = 1
MµMγ

, and (3.17) in (3.14) results in

d

dt

∑
i∈Z

θk(|i|)u2
i (t) ≤ −σ

∑
i∈Z

θk(|i|)u2
i +

MµMγ

m2
µ

∑
i∈Z

θk(|i|)g2
i ,

where σ is as defined in (A5). Integrating the above inequality from 0 to t and using
∫ t

0
e−σ(t−s)ds ≤

1
σ

gives ∑
i∈Z

θk(|i|)u2
i (t) ≤ e−σt

∑
i∈Z

θk(|i|)u2
o,i +

MµMγ

σm2
µ

∑
i∈Z

θk(|i|)g2
i . (3.18)

First notice that
∑

i∈Z θk(|i|)u2
o,i ≤ ‖uo‖2. Then for any ε > 0 and uo ∈ Kε, there exists

Tε > 0 such that

e−σt
∑
i∈Z

θk(|i|)u2
o,i <

ε

2
, ∀ t ≥ Tε. (3.19)

Second, since g = (gi)i∈Z ∈ `2, for any ε > 0 there exists I(ε) > 0 such that

∑
|i|≥I(ε)

g2
i <

σm2
µ

2MµMγ

ε. (3.20)

Therefore letting k = k(ε) = max{I(ε), n} and applying (3.19) and (3.20) to (3.18) we obtain

∑
i∈Z

θk(|i|)u2
i (t;uo) < ε, ∀ t ≥ Tε.

This implies that with Iε = 2k,

∑
|i|≥Iε

u2
i (t,uo) ≤

∑
i∈Z

θk(|i|)u2
i (t,uo) < ε, ∀ t ≥ Tε.

The proof is complete.

Theorem 3.2. Let the assumptions (A1) - (A5) hold. Then the dynamical system {Φ(t)}t≥0

generated by solutions to the system (3.5) possesses a global attractor A which is minimal and

connected.

Proof. Note that we have already established the existence of a bounded absorbing set for

{Φ(t)}t≥0 in Lemma 6, it remains to prove that the absorbing set Kε defined in (3.12) is
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asymptotically compact under {Φ(t)}t≥0. To this end consider a sequence of time {tm} with

limm→∞ tm =∞ and let {xm} be a sequence in Kε. For m = 1, 2, · · · , let

pm = (pmi )i∈Z where pmi = (Φ(tm)xm)i for i ∈ Z.

First since limm→∞ tm =∞ there exists M1(Kε) ∈ N such that tm ≥ TK(ε) when m ≥

M1(Kε) and hence

pm = Φ(tm)xm ∈ Kε, ∀ m ≥M1(Kε).

Then there is a subsequence of {pm} (still denoted by {pm}), and u∗ ∈ `2 such that

pm = Φ(tm)xm ⇀ p∗ weakly in `2.

We now show that this convergence is actually strong. Given any ε > 0, by Lemma 8 there

exists I1(ε) > 0 and M2(ε) > 0 such that

∑
|i|≥I1(ε)

|(Φ(tm)xm)i|
2 ≤ ε2

8
, ∀ m ≥M2(ε). (3.21)

Also, since p∗ = (p∗i )i∈Z ∈ `2, there exists I2(ε) > 0 such that

∑
|i|≥I2(ε)

|p∗i |2 ≤
ε2

8
. (3.22)

Set I(ε) := max{I1(ε), I2(ε)}. Since Φ(tm)xm ⇀ p∗ in `2 then

(Φ(tm)xm)i −→ p∗i for |i| ≤ I(ε), as m→∞.

Therefore there exists M3(ε) > 0 such that

∑
|i|≤I(ε)

| (Φ(tm)xm)i − p
∗
i |2 ≤

ε2

2
, ∀ m ≥M3(ε). (3.23)
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Set M(ε) := max{M1(ε),M2(ε),M3(ε)}, then by using (3.21)− (3.23) we have

‖Φ(tm)xm − p∗‖2 =
∑
|i|≤I(ε)

|(Φ(tm)xm)i − p∗i |2 +
∑
|i|>I(ε)

|(Φ(tm)xm)i − p∗i |2

≤ ε2

2
+ 2

∑
|i|>I(ε)

|(Φ(tm)xm)i|2 + |p∗i |2 ≤ ε2 ∀ m ≥M(ε).

Hence pm (the subsequence) converges strongly in `2, and therefore Kε is asymptotically com-

pact. The desired assertion follows immediately from Proposition 2.

The invariance Φ(t)A = A of the global attractorA holds for all t ≥ 0. In factA consists

of all bounded solutions defined on the whole R, i.e., the bounded entire solutions. The next

theorem shows the backward uniqueness of solutions to (3.5) on A, and hence Φ(t) is indeed a

group on A.

Theorem 3.3. Let the assumptions (A1) - (A4) hold. For any two solutions u(t) = Φ(t)uo and

v(t) = Φ(t)vo of (3.5), if u(T ) = v(T ) for some T > 0, then u(t) = v(t) for all t ∈ [0, T ].

Proof. Let w(t) = u(t) − v(t) and (for the sake of contradiction) suppose there exists t0 ∈

[0, T ) such that w(t0) 6= 0. Then by the continuity of w, there exists t1 ∈ [t0, T ) such that

‖w(t)‖ 6= 0 for all t ∈ [t0, t1) and

0 < ‖w(t1)‖ < ε for any ε > 0. (3.24)

Write w = (wi)i∈Z then w(t) satisfies

d

dt
wi(t) = − wi

γiµi
+

i+n∑
j=i−n

λi,j
µi

(fj(uj)− fj(vj)) .

Multiplying the above equation by −wi and summing over i ∈ Z we get

−1

2

d

dt
‖w(t)‖2 =

∑
i∈Z

w2
i

γiµi
−
∑
i∈Z

wi
µi

i+n∑
j=i−n

λi,j (fj(vj)− fj(uj))

≤
(

1

MγMµ

+
MλL

mµ

(2n + 1)

)
‖w‖2 := σ̂‖w‖2, ∀ t ∈ [0, T )
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which implies that

d

dt
ln

(
1

‖w(t)‖

)
≤ σ̂, ∀ t ∈ [0, T ) and w(t) 6= 0.

Integrating the above differential inequality from t0 to t1 results in

ln

(
1

‖w(t1)‖

)
≤ ln

(
1

‖w(t0)‖

)
+ σ̂(t1 − t0) ≤ ln

(
1

‖w(t0)‖

)
+ σ̂T. (3.25)

On the other side, due to (3.24), ln
(

1
‖w(t1)‖

)
> ln 1

ε
. Now picking ε = ‖w(t0)‖/e2σ̂T ,

then

ln

(
1

‖w(t1)‖

)
> ln

1

ε
= ln

(
1

‖w(t0)‖

)
+ 2σ̂T,

which contradicts with (3.25). Thus w(t) = 0 for all t ∈ [t0, T ).

3.2.3 Special structure of the global attractor

In addition to the existence of global attractors, the structure of global attractors is always of

interest. For example, traveling wave solutions for lattice dynamical systems have been studied

in [3, 10, 22, 23, 55, 76], amongst others. Very recently, Faye investigated the traveling fronts

for a neural lattice system with linear reaction in the absence of external input [33]. While

traveling wave solutions are of particular importance for neural networks, they are generally

challenging to study, especially for a complex lattice system such as (4.4). In what follows we

present a special case where the global attractor of the lattice system (4.4) consists of a unique

steady state.

Lemma 9. Let Assumptions (A1) – (A4) hold. Then the ODE (3.5) on `2 has a unique steady

state u∗ ∈ `2 provided

(2n + 1)M2
γM

2
λL

2 < 1. (3.26)
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Proof. Define a mapping Z : `2 → `2 such that for every u = (ui)i∈Z ∈ `2, Zu = ((Zu)i)i∈Z

where

(Zu)i = γi

i+n∑
j=i−n

λi,jfj(uj(t)) + γigi, i ∈ Z, .

Then Z is continuous, and F (u) = 0 is equivalent to Z(u) = u. It suffices to show that Z is a

contraction mapping. In fact, for any u = (ui)i∈Z ∈ `2 and v = (vi)i∈Z ∈ `2, by Assumptions

(A1), (A2) and (A4) we have

‖Zu− Zv‖2 =
∑
i∈Z

γ2
i

(
i+n∑
j=i−n

λi,j (fj(uj)− fj(vj))

)2

≤ M2
γM

2
λ

∑
i∈Z

(2n + 1) (fj(uj)− fj(vj))2

≤ (2n + 1)M2
γM

2
λL

2‖u− v‖2.

Condition (3.26) ensures that Z is a contraction mapping and thus has a unique fixed point u∗.

Then F (u∗) = 0, i.e., u∗ is a steady state of (3.5).

We next show that the steady state u∗ ensured by the Lemma above is asymptotic stable.

To that end, set ũ = u− u∗. Then ũ = (ũi)i∈Z satisfies the following system of ODEs:

dũi
dt

= − ũi
γiµi

+
1

µi

i+n∑
j=i−n

λi,j
(
fj(uj)− fj(u∗j)

)
. (3.27)

Theorem 3.4. Let Assumptions (A1) - (A5) and condition (3.26) hold. Then the global attractor

A for (3.5) consists of a singleton point u∗.

Proof. Multiplying both sides of the equation (3.27) by ũi then summing over i ∈ Z gives

1

2

d‖ũ‖2

dt
= −

∑
i∈Z

ũ2
i

γiµi
+
∑
i∈Z

ũi
µi

(
i+n∑
j=i−n

λi,j(fj(uj)− fj(u∗j))

)

≤ −
(

1

MγMµ

− Mλ(2n + 1)L

mµ

)
‖ũ‖2.
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Under the assumption (A5), d‖ũ‖2
dt

< 0 for all ũ 6= 0. Thus V (ũ) = ‖ũ‖2 is an appropriate

Lyaponuv functional to ensure that ũ = 0 is asymptotic stable for the system (3.27). Conse-

quently, u∗ is a unique asymptotic stable steady state for the original lattice system (4.4). This

completes the proof.

3.3 Upper-semi continuity of global attractors

In this section we consider finite dimensional approximations of the infinite dimensional lattice

system (4.4), and investigate the upper-semi continuous convergence of the global attractor for

the finite dimensional approximation to the global attractor for the system (4.4). This issue is of

crucial importance when numerical simulations of system (4.4) are sought. More precisely, a

numerical simulation of system (4.4) requires a simplified finite dimensional approximation of

the original infinite system, and the convergence of the global attractor ensures that numerical

solutions based on the simplified finite dimensional system mimic the solutions for the infinite

lattice system in the limit. To this end, we first consider the following (2N + 1)-dimensional

system of ODEs obtained from directly truncating the lattice system (4.4):

µi
d

dt
ui(t) = −ui(t)

γi
+

i+n∑
j=i−n

λi,jfj(uj(t)) + gi, i = −N, · · · , 0, · · · , N. (3.28)

Since every neuron is interacting with 2n neurons in its neighborhood ordered by their indices,

throughout this section we assume that N ≥ n to capture enough dynamics of the network.

Notice that the sum term in the above system involves u−N−n, . . ., u−N−1 and uN+1,

. . ., uN+n, which are not governed by any equation within the system. Thus in order for the

system (3.28) to be well-defined, some boundary conditions need to be imposed. There are

multiple ways to construct such boundary conditions. Here we consider three most intuitive

constructions: a Dirichlet type boundary condition with vanishing tails (A6) below; a periodic

type boundary condition with period 2n+1 (A7) below; and a periodic type boundary condition

with period 2N + 1 (A8) below.

(A6) the neuron activation functions satisfy fi(ui) = 0 for i = −n − N , · · · , −N − 1 and

N + 1 · · · N + n.
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(A7) the neuron activation functions and connection strength among neurons satisfy

fi(ui) = fi+2n+1(ui+2n+1), λi,j = λi,j+2n+1

for i = −n−N , · · · , −N − 1 and N − 2n · · · N − n− 1.

(A8) the neuron activation functions and connection strength among neurons satisfy

fi(ui) = fi+2N+1(ui+2N+1), λi,j = λi,j+2N+1

for i = −n−N , · · · , −N − 1 and N − 2n · · · N − n− 1.

(A6) the neuron activation functions satisfy fi(ui) = 0 for i = −n − N , · · · , −N − 1 and

N + 1 · · · N + n.

(A7) the neuron activation functions and connection strength among neurons satisfy

fi(ui) = fi+2n+1(ui+2n+1), λi,j = λi,j+2n+1

for i = −n−N , · · · , −N − 1 and N − 2n · · · N − n− 1.

(A8) the neuron activation functions and connection strength among neurons satisfy

fi(ui) = fi+2N+1(ui+2N+1), λi,j = λi,j+2N+1

for i = −n−N , · · · , −N − 1 and N − 2n · · · N − n− 1.

Remark 5. Assumption (A6) assumes the neurons out of the index domain i = −N, · · · , N

do not excite or inhibit those within the index domain. Assumptions (A7) and (A8) ensure that

the activation functions for those neurons out of the index domain i = −N, · · · , N can be

replicated by neurons inside the index domain. In particular, in Assumption (A7) each neuron

outside the index domain is substituted by the neuron 2n + 1 index away within the domain

(see Figures 1 and 2 below); and in Assumption (A8) each neuron outside the index domain is

substituted by the neuron 2N + 1 indices away within the domain (see Figures 3 and 4 below).
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−N + n + 2

−N + n + 1−N − n

−N − n + 1

−N − 2

−N − 1

−N

−N + n

−N + 2n

−N + 2n− 1

Figure 3.1: Replacements of neurons −N − n through −N − 1 under assumption (A7).

For any N ∈ N, denote by uN(t) = (u−N , . . . , u0, . . . , uN ) ∈ R2N+1, and

BN :=



− 1
µ−N γ−N

0 . . . 0 0

0 − 1
µ−N+1

γ−N+1
0 . . . 0

...
... . . . ...

0 0 . . . 0 − 1
µ
N
γ
N


∈ R(2N+1)×(2N+1).

In addition, let

gN :=

(
g−N
µ−N

, . . . ,
g
N

µ
N

)
∈ R2N+1.

Under Assumption (A6), the (2N + 1)-dimensional ODE system (3.28) becomes

duN(t)

dt
= BNuN + fN(uN) + gN , (3.29)

N + 2

N + 1N − 2n

N − 2n + 1

N − n− 2

N − n− 1

N − n

N N + n

N + n− 1

Figure 3.2: Replacements of neurons N + 1 through N + n under assumption (A7).
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N − n + 2

N − n + 1−N − n

−N − n + 1

−N − 2

−N − 1

−N

N

N − 1

Figure 3.3: Replacements of neurons −N − n through −N − 1 under assumption (A8).

N + 2

N + 1−N

−N + 1

−N + n− 2

−N + n− 1 N N + n

N + n− 1

Figure 3.4: Replacements of neurons N + 1 through N + n under assumption (A8).

where fN(·) = (fNi (·))i=−N,···N is defined by

fNi (uN) =



1

µi

i+n∑
j=−N

λi,jfj(uj), i = −N, · · · ,−N + n− 1

1

µi

i+n∑
j=i−n

λi,jfj(uj), i = −N + n, · · · , N − n

1

µi

N∑
j=i−n

λi,jfj(uj), i = N − n + 1, · · · , N

.

Under Assumption (A7), the (2N + 1)-dimensional ODE system (3.28) becomes

duN(t)

dt
= BNuN + zN(uN) + gN , (3.30)
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where zN(·) = (zNi (·))i=−N,···N is defined by

zNi (uN) =



1

µi

−N+2n∑
j=−N

λi,jfj(uj), i = −N, · · · ,−N + n− 1

1

µi

i+n∑
j=i−n

λi,jfj(uj), i = −N + n, · · · , N − n

1

µi

N∑
j=N−2n

λi,jfj(uj), i = N − n + 1, · · · , N

.

Under Assumption (A8), the (2N + 1)-dimensional ODE system (3.28) becomes

duN(t)

dt
= BNu + yN(uN) + gN , (3.31)

where yN(·) = (yNi (·))i=−N,···N is defined by

yNi (uN) =



1

µi

(
i+n∑
j=−N

+
N∑

j=i−n+2N+1

)
λi,jfj(uj), i = −N, · · · ,−N + n− 1

1

µi

i+n∑
j=i−n

λi,jfj(uj), i = −N + n, · · · , N − n

1

µi

(
N∑

j=i−n

+
i+n−2N−1∑
−N

)
λi,jfj(uj) i = N − n + 1, · · · , N

.

Remark 6. Notice that when N = n, both systems (3.30) and (3.31) are reduced to

µi
dui
dt

= −ui
γi

+
n∑

i=−n

λi,jfj(uj) + gi, i = −n, · · · , n, (3.32)

which is the classical finite dimensional Hopfield model (1.1). When N = n, system (3.29) also

resembles (3.32) with λi,j = 0 for some i, j.

In what follows we will investigate the existence of global attractors for each of the sys-

tems (3.29), (3.30) and (3.31), and then show that they converge to the global attractor for the

lattice system (4.4) when N → ∞. The following Lemma provides critical estimations to be

used later.
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Lemma 10. Given any uN = (u−N , . . . , u0, . . . , uN ) ∈ R2N+1,

N∑
i=−N

uif
N
i (uN) ≤ LMλ

mµ

(5n + 1)
N∑

i=−N

u2
i ;

N∑
i=−N

uiz
N
i (uN) ≤ LMλ

mµ

(5n + 2)
N∑

i=−N

u2
i ;

N∑
i=−N

uiy
N
i (uN) ≤ LMλ

mµ

(7n + 2)
N∑

i=−N

u2
i .

Proof. First by assumptions (A1), (A2) and (A4) and the definitions of fNi , zNi and yNi we have

N∑
i=−N

uif
N
i ≤ LMλ

mµ

( −N+n−1∑
i=−N

i+n∑
j=−N

|uiuj|︸ ︷︷ ︸
(i)

+
N−n∑
−N+n

i+n∑
j=i−n

|uiuj|︸ ︷︷ ︸
(ii)

+
N∑

i=N−n+1

N∑
j=i−n

|uiuj|︸ ︷︷ ︸
(iii)

)
, (3.33)

N∑
i=−N

uiz
N
i ≤ LMλ

mµ

( −N+n−1∑
i=−N

−N+2n∑
j=−N

|uiuj|︸ ︷︷ ︸
(iv)

+
N−n∑
−N+n

i+n∑
j=i−n

|uiuj|︸ ︷︷ ︸
(ii)

+
N∑

i=N−n+1

N∑
j=N−2n

|uiuj|︸ ︷︷ ︸
(v)

)
, (3.34)

N∑
i=−N

uiy
N
i ≤ LMλ

mµ

( −N+n−1∑
i=−N

( i+n∑
j=−N

+
N∑

j=i−n+2N+1

)
|uiuj|︸ ︷︷ ︸

(vi)

+
N−n∑
−N+n

i+n∑
j=i−n

|uiuj|︸ ︷︷ ︸
(ii)

)

+
LMλ

mµ

N∑
i=N−n+1

( N∑
j=i−n

+
i+n−2N−1∑
−N

)
|uiuj|︸ ︷︷ ︸

(vii)

. (3.35)

Then using |uiuj| ≤ 1
2
(u2

i + u2
j) and shifting of indices repeatedly to obtain

(i) ≤ 1

2

−N+n−1∑
i=−N

u2
i

i+n∑
j=−N

1 +
1

2

−N+n−1∑
i=−N

i+n∑
j=−N

u2
j

≤ 1

2

−N+n−1∑
i=−N

(i+N + 1 + n)u2
i +

1

2

−N+n−1∑
i=−N

(
nu2

i + (−N + n− i)u2
i+n

)
≤ 3n

2

−N+n−1∑
i=−N

u2
i +

n

2

−N+2n−1∑
i=−N+n

u2
i ≤

3n

2

−N+2n−1∑
i=−N

u2
i ;
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(ii) ≤ 1

2

N−n∑
i=−N+n

u2
i

i+n∑
j=i−n

1 +
1

2

n∑
k=0

N−2n+k∑
i=−N+k

u2
i

≤ 2n + 1

2

N−n∑
i=−N+n

u2
i +

n + 1

2

N∑
i=−N

u2
i ≤

3n + 2

2

N∑
i=−N

u2
i ;

(iii) ≤ 1

2

N∑
i=N−n+1

u2
i

N∑
j=i−n

1 +
1

2

N∑
i=N−n+1

N∑
j=i−n

u2
j

≤ 1

2

N∑
i=N−n+1

(N − i+ n + 1)u2
i +

1

2

N∑
i=N−n+1

(
nu2

i + (i−N + n)u2
i−n

≤ 3n

2

N∑
i=N−n+1

u2
i +

n

2

N−n∑
i=N−2n+1

u2
i ≤

3n

2

N∑
i=N−2n+1

u2
i ;

(iv) ≤ 1

2

−N+n−1∑
i=−N

u2
i

−N+2n∑
j=−N

1 +
1

2

−N+n−1∑
i=−N

−N+2n∑
j=−N

u2
j

=
2n + 1

2

−N+n−1∑
i=−N

u2
i +

n

2

−N+2n∑
i=−N

u2
i ≤

3n + 1

2

−N+2n∑
i=−N

u2
i ;

(v) ≤ 1

2

N∑
i=N−n+1

u2
i

N∑
j=N−2n

1 +
1

2

N∑
i=N−n+1

N∑
j=N−2n

u2
j

=
2n + 1

2

N∑
i=N−n+1

u2
i +

n

2

N∑
i=N−2n

u2
i ≤

3n + 1

2

N∑
i=N−2n

u2
i ;

(vi) ≤ 1

2

−N+2n−1∑
i=−N

u2
i

( i+n∑
j=−N

1 +
N∑

j=i−n+2N+1

1
)

+
1

2

−N+2n−1∑
i=−N

( i+n∑
j=−N

u2
j +

N∑
j=i−n+2N+1

u2
j

)
≤ 2n + 1

2

−N+2n−1∑
i=−N

u2
i + n

N∑
i=−N

u2
i ≤

5n + 1

2

N∑
i=−N

u2
i ;
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(vii) ≤ 1

2

N∑
i=N−n+1

u2
i

( N∑
j=i−n

1 +
i+n−2N−1∑
−N

1
)

+
1

2

N∑
i=N−n+1

( N∑
j=i−n

u2
j +

i+n−2N−1∑
−N

u2
j

)
≤ 2n + 1

2

N∑
i=N−n+1

u2
i + n

N∑
i=−N

u2
i ≤

5n + 1

2

N∑
i=−N

u2
i .

Inserting estimations (i) - (iii) in (3.33) implies the first assertion of the Lemma, estima-

tions (ii), (iv) and (v) in (3.34) implies the second assertion of the Lemma, and estimations (ii),

(vi) and (vii) in (3.35) implies the last assertion of the Lemma.

Let the initial condition for systems (3.29), (3.30) and (3.31) be uN(0) = uNo where uNo is

the (2N + 1)-dimensional truncation of the initial value uo of the infinite dimensional system

(3.5), i.e., uNo = (uo,i)i=−N,··· ,N . Then for every uNo ∈ R2N+1, each of the systems (3.29), (3.30)

and (3.31) has a unique solution that generates a dynamical system from R2N+1 to R2N+1. More

precisely, denote by {φN(t)}t∈R, {SN(t)}t∈R and {ψN(t)}t∈R the dynamical systems generated

by solutions of the system (3.29), (3.30) and (3.31), respectively, i.e.,

φN(t)uNo = uN(t; uNo ) where uN(t, uNo ) is the solution to (3.29) with uN(0) = uNo ,

SN(t)uNo = uN(t; uNo ) where uN(t, uNo ) is the solution to (3.30) with uN(0) = uNo ,

ψN(t)uNo = uN(t; uNo ) where uN(t, uNo ) is the solution to (3.31) with uN(0) = uNo .

In the calculations below and throughout the rest of this section, ‖ · ‖ still denotes the norm

of `2, and denote by | · |
N

the Euclidean norm of R2N+1. Moreover, for i = −N, · · · , N

denote by uN,φi (t), uN,Si (t) and uN,ψi (t) the ith component of φN(t)uNo , SN(t)uNo , and ψN(t)uNo ,

respectively. In addition, to avoid redundant computations, the notation \ is used to denote

dynamical system φ, S, or ψ when they share some estimations.

Lemma 11. Let (A1) - (A5) hold. In addition, assume that

σ̃ :=
1

MµMγ

− 2
LMλ

mµ

(7n + 2) < 0. (3.36)
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Then the dynamical system {φN(t)}t∈R has an absorbing set in R2N+1 provided (A6) holds;

the dynamical system {SN(t)}t∈R has an absorbing set in R2N+1 provided (A7) holds; and the

dynamical system {ψN(t)}t∈R has an absorbing set in R2N+1 provided (A8) holds.

Proof. First taking the inner product on R2N+1 of equations (3.29), (3.30), (3.31) with φN(t)uNo ,

SN(t)uNo and ψN(t)uNo , respectively, gives

1

2

d

dt
|φN(t)uNo |2N = −

N∑
i=−N

(uN,φi )2

µiγi
+

N∑
i=−N

uN,φi fNi (φN(t)uNo ) +
N∑

i=−N

giu
N,φ
i

µi
, (3.37)

1

2

d

dt
|SN(t)uNo |2N = −

N∑
i=−N

(uN,Si )2

µiγi
+

N∑
i=−N

uN,Si zNi (SN(t)uNo ) +
N∑

i=−N

giu
N,S
i

µi
, (3.38)

1

2

d

dt
|ψN(t)uNo |2N = −

N∑
i=−N

(uN,ψi )2

µiγi
+

N∑
i=−N

uN,ψi yNi (ψN(t)uNo ) +
N∑

i=−N

giu
N,ψ
i

µi
. (3.39)

Then by assumption (A2),

−
N∑

i=−N

(uN,\i )2

µiγi
≤ − 1

MµMγ

|\N(t)uNo |2, \ = φ,S, ψ, (3.40)

N∑
i=−N

giu
N,\
i

µi
≤ 1

2MµMγ

|\N(t)uNo |2 +
MµMγ

2m2
µ

‖g‖2, \ = φ,S, ψ. (3.41)

In addition, it follows immediately from Lemma 10 that

N∑
i=−N

φNi f
N
i (φN(t)uNo ) ≤ LMλ

mµ

(5n + 1)|φN(t)uNo |2N ; (3.42)

N∑
i=−N

SNi zNi (SN(t)uNo ) ≤ LMλ

mµ

(5n + 2)|SN(t)uNo |2N ; (3.43)

N∑
i=−N

ψNi y
N
i (ψN(t)uNo ) ≤ LMλ

mµ

(7n + 2)|ψN(t)uNo |2N . (3.44)

Collecting (3.37) – (3.44) results in

d

dt
|\N(t)uNo |2N ≤ −

1

MµMγ

+
LMλ

mµ

(7n + 2)|\N(t)uNo |2N +
MµMγ

m2
µ

‖g‖2, \ = φ,S, ψ.
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Integrating the above inequality from 0 to t gives immediately

|\N(t)uNo |2N ≤ e−σ̃t|uNo |2N +
MµMγ

σ̃m2
µ

‖g‖2(1− e−σ̃t), \ = φ,S, ψ,

where σ̃ is defined as in (3.36). Therefore, given any ε > 0,

KNε =

{
uN ∈ R2N+1 : |uN |

N
≤ MµMγ√

σ̃

‖g‖2

mµ

+ ε

}
(3.45)

is an absorbing set for the dynamical systems {φN(t)}t∈R, {SN(t)}t∈R and {ψN(t)}t∈R respec-

tively. The proof is complete.

Remark 7. It is worth noting that the Assumption (A5) along with the condition (3.36) are

equivalent to

2n + 1 <
mµ

Mµ

1

2LMλMγ

< 7n + 2. (3.46)

This implies that the existence of absorbing sets for each of the finite dimensional approxi-

mating dynamical systems depends on a direct comparison of the Lipschitz constant for the

activation functions, the maximum connection strength among neurons, and the maximum neu-

ron amplifier input resistance of neurons with the size of interacting neighborhoods, i.e., the

number of neurons in the neighborhood that each neuron interacts with. The magnitudes of

neuron amplifier input capacitance, on the other hand, plays a different role. In fact, the as-

sumption (3.46) essentially puts a restriction on the range of the input capacitance, i.e., the

existence of absorbing sets depends on the ratio between the minimum and maximum input

capacitance, instead of depending on each of them separately.

It follows immediately from the lemma above that the dynamical systems {φN(t)}t∈R,

{ϕN(t)}t∈R and {ψN(t)}t∈R each possesses a global attractor, denoted by ANφ , ANϕ and ANψ ,

respectively. We next show that natural embeddings of the global attractors ANφ , ANϕ and ANψ

into `2 all approach the global attractor A for the lattice system (4.4) upper-semi continuously

as N →∞. Recall that for every a = (ai)i=−N,··· ,N ∈ R2N+1, its natural extension a = (ãi)i∈Z
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in `2 is defined by

ãi =


ai, i = −N, · · · , N,

0, otherwise
.

Lemma 12. Let assumptions (A1) - (A5) hold. Then given any ε > 0 there exists I(ε) > 0

depending on g, mµ, Mλ, Mµ, Mγ , but independent of N , such that every a = (ai)i=−N,··· ,N ∈

ANφ ,ANS ,ANψ under (A6), (A7), (A8) (resp.) satisfies

∑
I(ε)≤|i|≤N

|ai|2 < ε.

Proof. The proof is similar to that of Lemma 8. Similar to the fact that Φ(t) is a group on A,

we have

φN(t)ANφ = ANφ , SN(t)ANS = ANS , ψN(t)ANφ = ANψ ∀ t ∈ R.

Thus given any uN,φo ∈ ANφ , uN,So ∈ ANS and uN,ψo ∈ ANψ , the solution φN(t)uN,φo of (3.29), the

solution SN(t)uN,So of (3.30) and the solution ψN(t)uN,ψo of (3.31) are defined for all t ∈ R and

φN(t)uN,φo ⊂ KNε , SN(t)uN,So ⊂ KNε , ψN(t)uN,ψo ⊂ KNε ∀ t ∈ R,

where KNε is defined as in (3.45).

For simplicity denote by
(
uN,φi (t)

)
i=−N,··· ,N

,
(
uN,ϕi (t)

)
i=−N,··· ,N

,
(
uN,ψi (t)

)
i=−N,··· ,N

the

component wise solutions of (3.29), (3.30), and (3.31), respectively. Given a fixed k(≤ N)

which will be determine later, define

xφ = (xφi )|i|≤N , xϕ = (xϕi )|i|≤N , xψ = (xψi )|i|≤N ,

where

xφi = θk(|i|)uN,φi , xSi = θk(|i|)uN,Si , xψi = θk(|i|)uN,ψi , i = −N, · · · , N,
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and θk is defined as in (3.13).

Taking the inner product of (3.29) with xφ, (3.30) with xϕ, and (3.31) with xψ, respectively,

in R2N+1, results in

1

2

d

dt

∑
|i|≤N

θk(|i|)(uN,φi )2 ≤ −
∑
|i|≤N

θk(|i|)
(uN,φi )2

γiµi
+
∑
|i|≤N

θk(|i|)
fNi (uN,φ)

µi
+
∑
|i|≤N

θk(|i|)
uN,φi gi
µi

,

1

2

d

dt

∑
|i|≤N

θk(|i|)(uN,Si )2 ≤ −
∑
|i|≤N

θk(|i|)
(uN,ϕi )2

γiµi
+
∑
|i|≤N

θk(|i|)
zNi (uN,S)

µi
+
∑
|i|≤N

θk(|i|)
uN,ϕi gi
µi

,

1

2

d

dt

∑
|i|≤N

θk(|i|)(uN,ψi )2 ≤ −
∑
|i|≤N

θk(|i|)
(uN,ψi )2

γiµi
+
∑
|i|≤N

θk(|i|)
yNi (uN,ψ)

µi
+
∑
|i|≤N

θk(|i|)
uN,ψi gi
µi

.

Then by using Lemma 10 and proceeding as in the proof of Lemma 8 we obtain

∑
|i|≤N

θk(|i|)(uN,\i )2 ≤ e−σ̃t
∑
|i|≤N

θk(|i|)(uN,\o,i )2 +
Mµmγ

σm2
µ

∑
|i|≤N

θk(|i|)g2
i , \ = φ, ϕ, ψ.

Therefore as in the proof of Lemma 8, given any ε > 0 there exists Tε > 0 and I(ε) > 0 such

that with k
2
≥ I(ε), we have

∑
I(ε)≤|i|≤N

(u\i)
2(t) ≤

∑
|i|≤N

θk(|i|)(u\i)2(t) < ε for all t ≥ Tε, \ = φ, ϕ, ψ. (3.47)

For \ = φ, ϕ, ψ consider a = (ai)i=−N,··· ,N ∈ AN\ . Then by the fact that \N(Tε)AN\ = AN\

there exists u\o ∈ AN\ , such that a = \N(Tε)u
\
o = (u\i(Tε))|i|≤N . It then follows from (3.47) that

∑
I(ε)≤|i|≤N

|ai|2 =
∑

I(ε)≤|i|≤N

(u\i)
2(t) ≤ ε for all a ∈ AN\ , \ = φ, ϕ, ψ.

Lemma 13. Let (A1) - (A5) hold. Let aN,φ ∈ ANφ (under (A6)), aN,ϕ ∈ ANϕ (under (A7)) and

ANψ (under (A8)). Then for \ = φ, ϕ, φ there exists a subsequence {aNk,\}k∈N of {aN,\}N∈N and

a∗,\ ∈ A such that {aNk,\} converges to a∗,\ in `2 as k →∞.

Proof. For \ = φ,S, ψ let aN,\o ∈ AN\ and aN,\(t) = \N(t)aN,\o be the solution of (3.29), (3.30)

and (3.31), respectively. Since aN,\o ∈ AN\ , then aN,\(t) ∈ AN\ and aN,\(t) is define for all

52



t ∈ R. For N ∈ N and \ = φ,S, ψ, let aN,\(t) be the natural extension of aN,\(t) in `2. Then

due to Lemma 11

∥∥aN,\(t)∥∥ ≤ MµMγ√
σ̃

‖g‖2

mµ

+ ε := Rε for \ = φ,S, ψ, t ∈ R, N ∈ N. (3.48)

In addition, by (3.29), (3.30) and (3.31) we have

∥∥∥∥daN,φ(t)

dt

∥∥∥∥ ≤ ∣∣BNaN,φ(t)
∣∣
N

+
∣∣fN(aN,φ(t))

∣∣
N

+
∣∣gN ∣∣

N
,∥∥∥∥daN,S(t)

dt

∥∥∥∥ ≤ ∣∣BNaN,S(t)
∣∣
N

+
∣∣zN(aN,S(t))

∣∣
N

+
∣∣gN ∣∣

N
,∥∥∥∥daN,ψ(t)

dt

∥∥∥∥ ≤ ∣∣BNaN,ψ(t)
∣∣
N

+
∣∣yN(aN,ψ(t))

∣∣
N

+
∣∣gN ∣∣

N
.

First notice that

∣∣gN ∣∣
N
≤ ‖g‖,

∣∣BNaN,\(t)
∣∣
N
≤ 1

mµmγ

∥∥aN,\(t)∥∥ for \ = φ,S, ψ.

Then by definitions of fN , zN and yN , and following computations similar to those in the proof

of Lemma 10 to obtain

∣∣fN(aN,φ(t))
∣∣2
N
≤ M2

λL
2

m2
µ

(
−N+n−1∑
i=−N

i+n∑
j=−N

aN,φj (t)2 +
N−n∑

i=−N+n

i+n∑
j=i−n

aN,φj (t)2 +
N∑

i=N−n+1

N∑
j=i−n

aN,φj (t)2

)
≤ (3n + 1)

∥∥aN,φ(t)
∥∥2
,∣∣zN(aN,S(t))

∣∣2
N
≤ M2

λL
2

m2
µ

(
−N+n−1∑
i=−N

−N+2n∑
j=−N

aN,Sj (t)2 +
N−n∑

i=−N+n

i+n∑
j=i−n

aN,Sj (t)2 +
N∑

i=N−n+1

N∑
j=N−2n

aN,Sj (t)2

)
≤ (3n + 1)

∥∥aN,S(t)
∥∥2
,∣∣yN(aN,ψ(t))

∣∣2
N
≤ M2

λL
2

m2
µ

(
−N+n−1∑
i=−N

( i+n∑
j=−N

+
N∑

j=i−n+2N+1

)
aN,ψj (t)2 +

N−n∑
i=−N+n

i+n∑
j=i−n

aN,ψj (t)2

)

+
M2

λL
2

m2
µ

N∑
i=N−n+1

( N∑
j=i−n

+
i+n−2N−1∑
−N

)
aN,ψj (t)2 ≤ (5n + 1)

∥∥aN,ψ(t)
∥∥2
.
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In summary, there exists R̃ε dependent on L, Mλ, mµ, mγ , n, ‖g‖ but independent of N such

that ∥∥∥∥daN,\(t)

dt

∥∥∥∥ ≤ R̃ε for \ = φ,S, ψ, t ∈ R, N ∈ N. (3.49)

Let Jk be a sequence of compact intervals in R such that Jk ⊂ Jk+1 and
⋃
k

Jk = R. Then

it follows from (3.49) that for \ = φ,S, ψ, {aN,\}N∈N is equicontinuous in C(Jk, `2), that is,

for each t ∈ Jk and ε > 0, there is a neighborhood N (t) of t such that

‖aN,\(t)− aN,\(s)‖ ≤ ε, for all s ∈ N (t), and N ∈ N.

We next show that for each fixed t ∈ Jk, the set {aN,\}N∈N is precompact in `2. First of

all by (3.48) the sequence {aN,\}N∈N is bounded in `2, and hence there is a subsequence of

{aN,\}N∈N, still denoted by {aN,\}N∈N, and α\t ∈ `2 such that

aN,\(t) ⇀ α\t weakly in `2, \ = φ,S, ψ. (3.50)

Following similar arguments as in Theorem 3.2 we can show that the above convergence is in

fact strong and hence by the Arzelà-Ascoli theorem {aN,\(t)}N∈N is precompact in C(Jk, `2) for

each k = 1, 2, . . . . Therefore there exists a subsequence {aN1,\} of {aN,\} and a∗,\ ∈ C(J1, `
2)

such that {aN1,\} converges to a∗,\ in C(J1, `
2).

Using the Arzelà-Ascoli theorem inductively it can be shown that there is a subsequence

{aNk+1,\} of {aNk,\} such that {aNk+1,\} converges to a∗,\ in C(Jk+1, `
2). Taking a diagonal

sequence in the usual way we obtain a subsequence {aNN ,\} of {aN,\} and a∗,\ ∈ C(R, `2) such

that

aNN ,\
N→∞−→ a∗,\ in C(J, `2) for any compact interval J ⊂ R, \ = φ,S, ψ. (3.51)

It follows immediately from (3.48) that

‖a∗,\(t)‖ ≤ Rε ∀ t ∈ R, \ = φ,S, ψ. (3.52)
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We next show that that a∗,\(t) is a solution of the original lattice system (4.4) and that a∗,\(0) ∈

A, the global attractor for (4.4) for \ = φ,S, ψ. To simplify notation denote the diaganol

subsequence in (3.51) by {aN,\}. Then by (3.49) and the Banach-Alaoglu theorem we have

that

ȧN,\
N→∞−→ ȧ∗,\ weak star in L∞(R, `2). (3.53)

For i ∈ Z fixed, letN > |i|+n. Since aN,φ(t), aN,S(t), and aN,ψ(t) are solutions to (3.29),

(3.30) and (3.31), respectively, then

µi
d

dt
aN,\i (t) = − 1

γi
aN,φi (t) +

i+n∑
j=i−n

λi,jfj(a
N,\
j ) + gi, i = −N +n, · · · , N −n, \ = φ,S, ψ.

Consider ξ ∈ C∞0 (J), then for each i = −N + n, · · · , N − n

∫
J

d

dt
aN,\i (t)ξ(t)dt = − 1

µiγi

∫
J

aN,\i (t)ξ(t)dt+
1

µi

∫
J

i+n∑
i−n

λi,jfj(a
N,\
j )ξ(t)dt+

1

µi

∫
J

giξ(t)dt, \ = φ,S, ψ,

and using Assumption (A4) and (3.51) to obtain

∣∣∣∣∣
∫
J

i+n∑
j=i−n

λi,jfj(a
N,\
j )ξ(t)dt−

∫
J

i+n∑
j=i−n

λi,jfj(a
∗,\
j )ξ(t)dt

∣∣∣∣∣
≤ Mλ

∫
J

i+n∑
j=i−n

∣∣∣fj(aN,\j )− fj(a∗,\j )
∣∣∣|ξ(t)|dt

≤ MλL sup
t∈J

max
j=i−n,··· ,i+n

|aN,\j − a
∗,\
j |
∫
J

|ξ(t)|dt N→∞−→ 0, \ = φ,S, ψ.

As a result

d

dt
a∗,\i (t) = −a

∗,\
i (t)

γiµi
+

i+n∑
j=i−n

λi,j
µi
fj(a

∗,\
j (t)) +

gi
µi
, ∀ i ∈ Z, \ = φ,S, ψ.

Since J was arbitrarily chosen the above equation hold for all t ∈ R, and hence a∗,\ is a

bounded solution of (4.4) for all t ∈ R. Therefore a∗,\(t) ∈ A for all t ∈ R and finally by

(3.51) we obtain

aNN ,\(0)
N→∞−→ a∗,\(0), \ = φ,S, ψ,
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which completes the proof.

Theorem 3.5. Let (A1) - (A5) hold. Then the attractors ANφ , ANS , ANψ all converge to A upper

semi-continuously as N →∞, i.e.,

lim
N→∞

dist`2(ANφ ,A) = 0 (under (A6)),

lim
N→∞

dist`2(ANS ,A) = 0 (under (A7)),

lim
N→∞

dist`2(ANψ ,A) = 0 (under (A8)).

Proof. Suppose (for contradiction) that the assertions are not true. Then there exists subse-

quences aNk,\ ∈ ANk\ and δ > 0 such that

dis`2(aNk,\,A) ≥ δ > 0, \ = φ,S, ψ. (3.54)

On the other hand due to lemma13 for \ = φ,S, ψ there exists subsequences {aNkl ,\} of {aNk,\}

such that

dist`2(aNkl ,\,A) −→ 0 \ = φ,S, ψ,

which contradict (3.54) and complete the proof.

3.4 Closing remarks

The main aim of this work is to study the upper semi-continuity of global attractors for a

Hopfield type lattice system. To this end, global attractors for three different finite dimensional

approximations of the Hopfield lattice system were studied, and shown to converge to the global

attractor for the infinite lattice system upper semi-continuously as their dimension approaches

∞.

One difference between the models considered here and most of those in the literature

is the nonlinear structure of the interaction term. Moreover, the interaction between a pair

of neurons could be either excitation or inhibition, and thus a dissipativity condition in the
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activation function may not result in an absorbing set. Instead, an assumption on the relations

among the neuron amplifier input capacitance and resistance is needed.

The construction of the absorbing set and the asymptotic compactness is done by us-

ing the classical approach initiated by Bates, Lu, & Wang [9], but with significantly different

computations. More specifically, for a Laplacian leading operator with nearest neighborhood

interaction, the periodic boundary conditions were imposed to replace a single element out of

the index domain by one within the domain to obtain a finite dimensional truncation. Whereas

in our work with finite n-neighborhood interactions the finite dimensional truncations require a

replacement of n elements instead of just one.

Numerical simulations provide deeper insight into the behaviour of the lattice systems

shown in the above theorems, especially for differing values of the parameters within the stated

ranges. Since computations can only be undertaken for finite dimensional systems they must be

applied to one of the various finite dimensional approximating systems introduced above (see,

e.g., [43]). The proven theorems provide justification in a qualitative sense of the validity of

such an approximation, but give little information in a quantitative or comparative sense which

numerical simulations can provide. Of course, a numerical scheme is itself an approximation

and care needs to be taken in interpreting the results. This issue has been studied under the

name numerical dynamics, see Han & Kloeden [41].
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Chapter 4

On going work

4.1 Attractors for Hopfield lattice model in weighted spaces

In this section we introduce the one of the ongoing work. We are interested in investigating the

long term behavior of the following stochastic differential equations.

dui =

(
−αiui +

i+n∑
j=i−n

λi,j(θtω)fj(uj) + gi

)
dt+ ui ◦ dw(t) (4.1)

dui =

(
−αiui +

i+n∑
j=i−n

λi,j(θtω)fj(uj) + gi

)
dt+ aidwi(t) (4.2)

where i ∈ Z, αi > 0 ∀i, ui, gi ∈ R, fi ∈ C1(R) and satisfy some boundedness condition ( to

be specify later).

4.1.1 Random dynamical systems generated by stochastic lattice

In this section we show that (4.1) and (4.2) generated a random dynamical system in weighted

space `2
ρ. First the stochastic lattice systems (4.1) and (4.2) are transform into random lattice

systems in `2
ρ, then we show that (4.1) and (4.2) generate a random dynamical system.

Mathematical setting

Here we transform the systems (4.1) and (4.2) to random lattice systems. First of all, we

mention here that throughout the rest of this paper we consider a positive weighted function
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ρ : Z −→ R+ is chosen such that

(A0) 0 < ρ(i) ≤M0, ρ(i) ≤ c0ρ(i± l) for some positive constants M0, c0, andl = 1, · · · , n for

n ∈ N.

Observe that `2 ⊂ `2
ρ and `2 is dense in `2

ρ. If
∑
ρ(i) <∞, then `2 ⊂ `∞ ⊂ `2

ρ ([]). Now, let

Ω0 = {ω ∈ C(R,R) : ω(0) = 0} = C0(R,R) (4.3)

F0 be the Borel σ-algebra on Ω0 generated by the compact open topology (see [], []), and P0

be the corresponding Wiener measure on F0. consider the stochastic lattice system (4.1)

dui =

(
−αiui +

i+n∑
j=i−n

λi,j(θtω)fj(uj) + gi

)
dt+ ui ◦ dw(t)

where i ∈ Z, αi > 0 ∀i, ui, gi ∈ R, fi ∈ C1(R) and satisfy |f ′i(s)| ≤ L(s) for some

positive increasing function L. λi,j(ω) i, j ∈ Z are random variable on the probability space

(Ω0,F0,P0),

θtω(.) = ω(.+ t)− ω(t), t ∈ R

and ◦ denote the Stratonovich sense of stochastic term,w(t) is the Brownian motion on (Ω0,F0,P0).

Then (4.1) can wrutten as

du = (−αu+ A(θtω)u+ g) dt+ u ◦ dw(t) (4.4)

where u = (ui)i∈Z, g = (gi)i∈Z, αu = (αiui)i∈Z, (A(ω)u)i =
i+n∑
j=i−n

λi,j(θtω)fj(uj)

Note! A(ω) is not linear, but if

(A1) sup
i

max
i−n≤j≤i+n

|λi,j(ω)| = λ(ω) <∞ then A(ω) : `2
ρ −→ `2

ρ

To transform (4.1) into random differential equation, let

δ(θtω) = −
∫ 0

−∞
esθtω(s)ds, t ∈ R, ω ∈ Ω0.
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then, δ(θtω) is an Ornstein-Uhlenbeck process on (Ω0,F0,P0, (θt)t∈R), and solves the follow-

ing Ornstein-Uhlenbeck equation

dδ + δdt = dw(t), t ≥ 0 (4.5)

where w(t)(ω) = w(t, ω) = ω(t) see [.,.] for details.

Lemma 14. (see [], []) There exists a θt-invariant set Ω̃0 ∈ F0 of Ω0 of full P0 measure such

that for ω ∈ Ω̃0, we have

(i) the random variable |δ(ω)| is tempered: for ω ∈ Ω̃0, lim
t→∞

e−βt sup
t∈R
|δ(θ−tω)| = 0 for all

β > 0;

(ii) the mapping

(t, ω) 7→ δ(θtω) = −
∫ 0

−∞
esω(t+ s)ds+ w(t),

is a stationary solution of Ornstein-Uhlenbeck equation (4.5) with continuous trajectories ;

(iii)

lim
t→±∞

|δ(θtω)|
t

= lim
t→±∞

1

t

∫ t

0

δ(θsω)ds = 0 (4.6)

Set Π(θtω) := eδ(θtω)Id`2ρ , which is a homeomorphism in `2
ρ and the inverse of Π is de-

fined as Π−1(θtω) := e−δ(θtω)Id`2ρ . By (4.6) we have that ||Π(θtω|| and ||Π−1(θtω)|| have

sub-exponential growth as t→ ±∞ for ω ∈ Ω̃0, thus ||Π|| and ||Π−1|| are tempered. The map-

ping θ posses the same properties as the original one if we choose trace σ- algebra with respect

to Ω̃0, denote that σ- algebra also by F0 . Hence we change the metric dynamical system with

respect to Ω̃0 and still denote it by (Ω0,F0,P0, (θt)t∈R).

Let

v(t, ω) = Π−1(θtω) := e−δ(θtω)u(t, ω), ω ∈ Ω0 (4.7)

where u(t, ω) is a solution of (4.4), therefore system (4.4) can be written as

dv

dt
= −αv + e−δ(θtω)

(
A(θtω)eδ(θtω)v

)
+ e−δ(θtω)g + δ(θtω)v (4.8)
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Let

Ω1 =
{
ω ∈ C(R, `2) : ω(0) = 0

}
F1 be the Borel σ-algebra on Ω1 generated by the compact open topology (see [39]), and P1 be

the corresponding Wiener measure on F1.

θtω(.) = ω(.+ t)− ω(t). t ∈ R

For each i ∈ Z we consider

zi(θtω) = −σiαi
∫ 0

−∞
eαisθtωi(s)ds, t ∈ R, ω ∈ Ω1

Note that each zi(θtω) is an Ornstein-Uhlenbeck process on (Ω1,F ,P, (θt)t∈R) and solve the

following Ornstein-Uhlenbeck equation

dzi = −αizidt+ σidwi(t) (4.9)

where wi(t)(ω) = wi(t, ω) = ωi(t) for any ω ∈ Ω1 and t ∈ R. Moreover using similar

argument as in ([]) we get the following lemma.

Lemma 15. There exists a (θt)t∈R invariant subset Ω̃1 ∈ F of Ω1 of full measure such that for

ω ∈ Ω̃1.

(i) For each i ∈ Z,

lim
t→±∞

|ωi(t)|
t

= 0.

(ii) For each i ∈ Z the random variable given by

zi(ω) = −σiαi
∫ 0

−∞
eαisθtωi(s)ds, t ∈ R, ω ∈ Ω
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is well defined, and the mapping

(t, ω) 7→ zi(θtω) = −σiαi
∫ 0

−∞
eαisθtωi(s)ds,

= −σiαi
∫ 0

−∞
eαisωi(t+ s)ds+ αiσiωi(t)

is a stationary solution of (4.9) with continuous trajectories.

(iii) For each i ∈ Z

lim
t→±∞

|zi(θtω)|
|t|

= 0,

lim
t→±∞

1

t

∫ t

0

zi(θsω)ds = 0,

lim
t→±∞

1

t

∫ t

0

|zi(θsω)|ds = E|zi| <∞.

Lemma 16. There exists a (θt)t∈R invariant subset Ω̃1 ∈ F of Ω1 of full measure such that for

ω ∈ Ω̃1.

(i) For each i ∈ Z,

lim
t→±∞

|ωi(t)|
t

= 0.

(ii) For each i ∈ Z the random variable given by

zi(ω) = −σiαi
∫ 0

−∞
eαisθtωi(s)ds, t ∈ R, ω ∈ Ω

is well defined, and the mapping

(t, ω) 7→ zi(θtω) = −σiαi
∫ 0

−∞
eαisθtωi(s)ds,

= −σiαi
∫ 0

−∞
eαisωi(t+ s)ds+ αiσiωi(t)

is a stationary solution of (4.9) with continuous trajectories.

(iii) For each i ∈ Z

lim
t→±∞

|zi(θtω)|
|t|

= 0,
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lim
t→±∞

1

t

∫ t

0

zi(θsω)ds = 0,

lim
t→±∞

1

t

∫ t

0

|zi(θsω)|ds = E|zi| <∞.

Proof. the proof of (i) and (iii) is similar as in ([]), to show (ii) we proceed as follows ;

(t, ω) 7→ zi(0, ω)e−αit + σi

∫ ∞
0

e−αi(t−s)dwi(s, ω)

is a solution of (4.9), thus replacing ω by θ−tω we have

(t, θ−tω) 7→ zi(0, θ−tω)e−αit + σi

∫ t

0

e−αi(t−s)dwi(s, θ−tω)

= zi(0, θ−tω)e−αit + σi

[
e−αi(0)wi(t, θ−tω)− e−αitwi(0, θ−tω)− αi

∫ t

0

wi(s, θ−tω)e−αi(t−s)ds

]
= zi(0, θ−tω)e−αit − σiwi(−t, ω)− σiαi

∫ t

0

e−αi(t−s) (wi(s− t, ω)− wi(−t, ω)) ds

= zi(0, θ−tω)e−αit − σiwi(−t, ω)− σiαi
∫ t

0

e−αi(t−s)wi(s− t, ω)ds+ σiwi(−t, ω)e−αit
[
eαit − 1

]
using integral transformation τ = s − t and let t −→ ∞ the right hand side tend to zi(ω) for

all ω satisfying the above growth condition. The stationarity of this solution follows by the

invariance of the Wiener measure P with respect to the flow θ. The rest of (ii) follows as in

[].

We remark here that in what follows we consuder θ define on Ω̃1 instead of Ω1. This

mapping posses the same properties as the original one if we choose for F the trace σ-algebra

with respect to Ω̃1 still denoted by F .

Let

ṽ(t, ω) = u(t, ω)− z(θtω), ω ∈ Ω1t ∈ R

Then, (4.2) can be written as ;

dṽ

dt
= −αṽ + A(θtω)(ṽ + z) + g (4.10)
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where A,α(ṽ) are define as before.

Now we make the following assumptions;

(A1) g = (gi)i∈Z ∈ `2
ρ

(A2) sup
i

max
i−n≤j≤i+n

|λi,j(ω)| = λ(ω) <∞, for n ∈ N, λ(θtω) ∈ L1
loc(R)

(A3) there exists a positive, increasing function L such that |f ′(s)| ≤ L(s), s ∈ R, j ∈ Z

and L(r) ≤ κ1 ln(r) + κ2, r ≥ 0.

(A4) α− = inf
i∈Z,λi,j 6=0

min
i−n≤j≤i+n

|αi,j| > 0, sup
i
|αi| <∞

4.1.2 Existence and uniqueness of solutions of random lattice systems

For multiplicative noise.

F (v, ω) = −αv + eω(A(ω)eδ(ω)v) + e−δ(ω)g + δv

Suppose v1, v2 ∈ `2, g ∈ `2, ω ∈ Ω0.

∥∥F (v1, ω)− F (v2, ω)
∥∥ =

∥∥−α(v1 − v2) + e−δ(ω)
(
(A(ω)eω)v1)− (A(ω)eδ(ω)v2)

)
+ δ(v1 − v2)

∥∥
≤
∥∥α(v1 − v2)

∥∥+
∥∥e−δ(ω)

(
(A(ω)eδ(ω)v1)− (A(ω)eδ(ω)v2)

)∥∥+
∥∥δ(v1 − v2)

∥∥
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Now,
∥∥α(v1 − v2)

∥∥ ≤ sup
i∈Z
|αi|

∥∥v1 − v2
∥∥, ‖δ(v1 − v2)‖ ≤ |δ(ω)| ‖v1 − v2‖ and

∥∥e−δ(ω)
(
A(ω)eδ(ω)v1(A(ω)eδ(ω)v2)

)∥∥ = e−δ(ω)
∥∥((A(ω)eδ(ω)v1(A(ω)eδ(ω)v2)

)∥∥
= e−δ(θtω)

∑
i∈Z

[
i+n∑
j=i−n

λi,j(ω)[fj(u
1
j)− fj(u2

j)]

]2
 1

2

≤ e−δ(ω) sup
i∈Z

max
i−n≤j≤i+n

|λi,j(ω)|

∑
i∈Z

[
i+n∑
j=i−n

[fj(u
1
j)− fj(u2

j)]

]2
 1

2

≤ e−δ(ω)λ(ω)

∑
i∈Z

[
i+n∑
j=i−n

f ′j(ξj)(u
1
j − u2

j)

]2
 1

2

where ξj

is between v1
j and v2

j .

Thus,

∥∥e−δ(ω)
(
A(ω)eδ(ω)v1(A(ω)eδ(ω)v2)

)∥∥ ≤ (2n+ 1)
1
2 e−δ(ω)λ(ω)L(||v1||+ ||v2||)‖v1 − v2‖

Therefore,

∥∥F (v1, ω)− F (v2, ω)
∥∥ =

(
α∞ + (2n+ 1)

1
2λ(ω)e−δ(ω)L(||v1||+ ||v2||) + |δ(ω)|

)∥∥v1 − v2
∥∥ .

For any set B ⊂ `2 with

sup
u∈B
||u|| ≤ r

Defined

ξB(ω) :=
(
α∞ + (2n+ 1)λ(ω)e−δ(ω)L(2r) + |δ(ω)|2r + e−δ(ω)||g||

)
Then, ξB(ω) ≥ 0 and

∫ τ+1

τ

ξB(θω)dt =

∫ τ+1

τ

(
α∞ + (2n+ 1)λ(ω)e−δ(ω)L(2r) + |δ(ω)|2r + e−δ(ω)||g||

)
dt <∞ ∀τ ∈ R
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For any v, v1, v2 ∈ B.

‖F (v, ω)‖ ≤ ξB(ω).

and ∥∥F (v1, ω)− F (v2, ω)
∥∥ ≤ ξB(ω)

∥∥v1 − v2
∥∥ .

Therefore, by [13], (4.8) has a unique mild solution v (.;ω, v0, g) ∈ C ([0, Tmax), `
2) with

0 < Tmax ≤ T , satisfying

v(t) = v0 +

∫ t

0

(
−αv + e−δ(θsω)

(
A(θsω)eδ(θsω)v

)
+ e−δ(θsω)g + δ(θsω)v

)
ds (4.11)

To show that Tmax = T , we proceed as follows:

Let
(
λmi,j(t, ω)

)
m∈N be a of function in t such that for each ω ∈ Ω0;

lim
m→∞

∫ τ

0

∣∣λmi,j(t, ω)− λi,j(θsω)
∣∣ ds = 0. ∀τ > 0 (P1)

and ∣∣λmi,j(t, ω)
∣∣ ≤ |λi,j(θtω)| ≤ |λ(θtω)| ;∀t ∈ R (P2)

Consider the following RODE with v0 ∈ `2.

dvm

dt
= −αvm + e−δ(θtω)

(
Am(t, ω)eδ(θtω)vm

)
+ eδ(θtω)g + δ(θtω)vm (4.12)

with vm(0) = v0 where

(Am(t, ω)vm)i =
i+n∑
j=i−n

λmi,j(t, ω)fj(v
m
j )

Using the same argument as in (4.8), (4.12) has a uniques mild solution vm (.;ω, v0, g) ∈

C ([0, Tmmax), `
2) with 0 < Tmmax ≤ T , satisfying

vm(t) = v0 +

∫ t

0

(
−αvm + e−δ(θsω)

(
Am(s, ω)eδ(θsω)vm

)
+ e−δ(θsω)g + δ(θsω)vm

)
ds (4.13)
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by continuity of Am(s, ω) in s we have that

dvmi
dt

= −αivmi + e−δ(θtω)
(
Am(s, ω)(eδ(θtω)vm

)
i
+ e−δ(θtω))gi + δ(θtω)vmi , t ∈ [0, Tmmax)

Multiplying by vmi and summing over i ∈ Z we get

d

dt
||vm(t)||2 ≤ −2

∑
i∈Z

αi(v
m
i )2 + 2

∑
i∈Z

e−δ(θtω)vmi

i+n∑
j=i−n

λmi,j(t, ω)fj(e
δ(θtω)vmj )

+ 2e−δ(θtω)
∑
i∈Z

giv
m
i + 2δ(θtω)

∑
i∈Z

(vmi )2

≤ (2α∞ + a+ 2δ(θtω)) ‖vm‖2 +
1

a
e−2δ(θtω)‖g‖2

+ 2
∑
i∈Z

e−δ(θtω)vmi

i+n∑
j=i−n

λmi,j(t, ω)f ′j(e
δ(θtω)ξmj )eδ(θtω)vmj ,

for some a > 0 and |ξmj | ≤ |vmj |

≤ (2α∞ + a+ 2δ(θtω)) ‖vm‖2 +
1

a
e−2δ(θtω)‖g‖2

+ 2(2n+ 1)λ(θtω)L(eδ(θtω)||vm||) ‖vm‖2

Using (A3) we have

d

dt
||vm(t)||2 ≤ (2α∞ + a+ 2δ(θtω) + 2k2(2n+ 1)λ(θtω)) ‖vm‖2 +

1

a
e−2δ(θtω)‖g‖2

+ 2k1(2n+ 1)λ(θtω) ln
(
e2δ(θtω)||vm||2 + 1

)
‖vm‖2

≤ (2α∞ + a+ 2δ(θtω) + 2k2(2n+ 1)λ(θtω)) ‖vm‖2 +
1

a
e−2δ(θtω)‖g‖2

+ 2k1(2n+ 1)λ(θtω) ln
(
e2|δ(θtω)|(||vm||2 + 1)

)
‖vm‖2

= (2α∞ + a+ 2δ(θtω) + 2k2(2n+ 1)λ(θtω)) ‖vm‖2 +
1

a
e−2δ(θtω)‖g‖2

+ 2k1(2n+ 1)λ(θtω)
(
2|δ(θtω)|+ ln

(
||vm||2 + 1

))
‖vm‖2
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Therefore,

||vm(t)||2 ≤ ||vm(0)||2 +
1

a

∫ t

0

||g||2e−2δ(θsω)ds

+

∫ t

0

(2α∞ + a+ 2δ(θsω) + 2(2n+ 1)λ(θsω)(k2 + 2|δ(θsω)|)) ‖vm‖2 ds

+ 2k1(2n+ 1)

∫ t

0

λ(θsω) ln
(
||vm||2 + 1

)
‖vm‖2 ds

Using lemma 3.1 in [46], we have

||vm(t)||2 ≤ max

{
2

(
||vm(0)||2 +

1

a

∫ t

0

||g||2e−2δ(θsω)ds

)
e2
∫ t
0 (2α∞+a+2δ(θsω)+2(2n+1)λ(θsω)(k2+2|δ(θsω)|))ds,

2e
2
∫ t
0 2k1(2n+1)λ(θsω)ds

− 1

}

Define

η(t)2 := max

{
2

(
||v0||2 +

1

a

∫ t

0

||g||2e−2δ(θsω)ds

)
e2
∫ t
0 (2α∞+a+2δ(θsω)+2(2n+1)λ(θsω)(k2+2|δ(θsω)|))ds,

2e
2
∫ t
0 2k1(2n+1)λ(θsω)ds

− 1

}

Then,

||vm(t)||2 ≤ η(t)2 for t ∈ [0, Tmmax) (4.14)

where η(t) ∈ C([0, T0,R) independent of m, which implies the interval of existence of vm(t)

is [0, T ).

So,

|vmi | ≤ η(t) for all m ∈ N, t ∈ [0, T ) (P3)
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and

|Fm
i (vm, θtω)| = | − αivmi + e−δ(θtω)(Am(s, ω)(eδ(θtω)vm))i + e−δ(θtω)gi + δ(θtω)vmi |

≤ K(T, ω), t ∈ [0, T ) for some K(Tω) ≥ 0

For any t, τ ∈ [0, T ) we have

|vmi (t)− vmi (τ)| ≤
∫ t

τ

|Fm
i (vm(s), θtω)|ds

≤ K(T, ω)|t− τ |

by Azéla Ascoli theorem there is {vmki (t)} ⊂ {vmi (t)} such that

vmki −→ ṽ(t) as k →∞ for t ∈ [0, T )

and ṽi(t) is continuous in t ∈ [0, T ), with

|ṽi(t)| ≤ η(t) for t ∈ [0, T )

Therefore, by (P1),(P2), (P3),(A2) and the lebesgue dominated convergence theorem, we have

lim
k→∞

∫ t

0

(λmki,j (s, ω)− λi,j(θtω))ds =

∫ t

0

lim
k→∞

(λmki,j (s, ω)− λi,j(θtω))ds

= 0,

lim
k→∞

(λmki,j (s, ω)− λi,j(θsω)) = 0 a.e s ∈ [0, T ),

and

lim
k→∞

∫ t

0

(λmki,j (s, ω)vmki (s)− λi,j(θsω)ṽi(s))ds =

∫ t

0

lim
k→∞

(λmki,j (s, ω)vmki (s)− λi,j(θsω)ṽi(s))ds

= 0
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replacing m by mk in (4.13) and letting k →∞ we get

v̄i(t) = vi(0) +

∫ t

0

(
−αiv̄i + (e−δ(θsω)A(θsω)(eδ(θsω)v̄)i + eδ(θsω)gi + δ(θsω)v̄i

)
ds

for t ∈ [0, T )

by uniqueness of mild solution of (4.8) we have

v̄i(t) = vi(t) for t ∈ [0, T )

and by

‖vm(t)‖2 ≤ η2(t) we get ‖vi(t)‖ ≤ η(t)

which implies Tmax = T.

Now we show that there is a continuous map

Φ : (`2, ||.||ρ)× (`2, ||.||ρ)→ C([0, T ), `2
ρ)

Let v1
0, v

2
0, g

1, g2 ∈ `2 and let v1,m, v2,m be solutions of (4.12) with initials v1
0, v

2
0 respectively.

define

hm(t) := v1,m(t)− v2,m(t) ∈ `2 ⊂ `2
ρ

Thus, we have

d

dt
hmi (t) = −αihmi (t) + e−δ(θtω)

i+n∑
j=i−n

λmi,j(θtω)
(
fj(e

δ(θtω)v1,m
j )− fj(eδ(θtω)v1,m

j )
)

+ e−δ(θtω)(g1
i − g2

i ) + δ(θtω)hmi
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which implies

d

dt
≤ −2

∑
i

αiρi(h
m
i )2 + 2e−δ(θtω)

∑
i

ρi

i+n∑
j=i−n

λmi,j(θtω)L(eδ(θtω)(||v1,m||ρ + ||v2,m||ρ))|hmj |hmi

+ 2
∑
i

e−δ(θtω)ρi(g
1
i − g2

i )h
m
i + 2δ(θtω)‖hm‖2

ρ

≤ (2α∞ + 2δ(θtω) + a) ‖hm‖2
ρ +

1

a
e−2δ(θtω)‖g1 − g2‖2

ρ

+ 2(2n+ 1)λ(θtω)L(eδ(θtω)(||v1,m||ρ + ||v2,m||)ρ)‖hm‖2
ρ

using (4.14) we have

L(eδ(θtω)(||v1,m||ρ + ||v2,m||)ρ) ≤ LT

where LT depends on T, g1, g2, k1, k2, δ and λ. Thus we have

d

dt
‖hm(t)‖2

ρ ≤ (2α∞ + 2δ(θtω) + a+ 2(2n+ 1)LTλ(θtω)) ‖hm‖2
ρ

+
1

a
e−2δ(θtω)‖g1 − g2‖2

ρ (4.15)

from (4.15) and Gronwall’s inequality it follows that

‖v1,m(t)− v2,m(t)‖2 ≤ CT (‖v1
0 − v2

0||ρ + ‖g1 − g2‖ρ) ∀t ∈ [0, T ) (4.16)

where CT depends on T . Using the same argument as above we have that, there is mk → ∞

such that

lim
k→∞

v1,mk(t) = v(t;ω, v1
0, g

1)

lim
k→∞

v2,mk(t) = v(t;ω, v2
0, g

2) ∀t ∈ [0, T ) (4.17)

by (4.16) and(4.17) we get

‖v(t;ω, v1
0, g

1)− v(t;ω, v2
0, g

2)‖ρ ≤ CT (‖v1
0 − v1

0‖ρ + ‖g1 − g2‖rho) ∀t ∈ [0, T ) (4.18)
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Thus, from (4.18) we see that for any given T > 0, there is a continuous map

Φ : (`2, ||.||ρ)× (`2, ||.||ρ)→ C([0, T ), `2
ρ)

(v0, g) 7→ v(·;ω, v0, g)

Since (`2, ||.||ρ) × (`2, ||.||ρ) is dense in `2
ρ × `2

ρ, Φ can be extended uniquely to a continuous

function

Φ̃ : `2
ρ × `2

ρ → C([0, T ), `2
ρ) for T > 0

Next we need to show that for v0, g ∈ `2
ρ, v(·;ω, v0, g) satisfies the integral equation (4.11).

Now, since (`2, ||.||ρ) × (`2, ||.||ρ) is dense in `2
ρ × `2

ρ we have ∃ {vl0}, {gl} ⊂ (`2, || · ||ρ) such

that

‖vl0 − v0‖ρ → 0, ‖gl − g‖ρ → 0 as l→∞

Let vl,m(t) = v(t;ω, vl0, g
l) ∈ (`2, || · ||ρ) be the solution of (4.12) then we have

vl,mi (t) = vl0,i +

∫ t

0

−αivl,mi + e−δ(θtω)

i+n∑
j=i−n

λmi,j(θtω)fj(e
δ(θtω)vl,mj )

+ δ(θtω)vi,mi + eδ(θtω)gli (4.19)

multiplying (4.19) by ρiv
l,m
i and summing over all i ∈ Z we get for some a > 0

d

dt
‖vl,m(t)‖2

ρ ≤ (2α∞ + 2δ(θtω) + a) ‖vl,m‖2
ρ +

1

a
e−2δ(θtω)‖gl‖2

ρ

+ 2
∑
i

ρiv
l,m
i

i+n∑
j=i−n

λi,j(θtω)fj(e
δ(θtω)vl,mj )

using similar argument as in proof of (4.14) we have

‖vl,m(t)‖ ≤ η2(t)
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and η(t) is independent of l,m. Using similar previous arguments we have that v(t;ω, v0, g) is

the limiting function of the subsequence of the {vl,m} in `2
ρ and v(t;ω, v0, g) satisfies (4.11) for

t ∈ [0, T ).

For additive noise (4.10) we have

F (v, ω) = −αv + A(θtω)(v + z) + g

using (A2) through (A4) we have that F is continuous in v, measurable in ω, locally bounded

and Lipschitz continuous in v.

Thus, for v0, g ∈ `2 (4.10) possess a unique mild solution v(·;ω, v0, g) ∈ C([0, Tmax), `2) which

satisfies

v(t) = v0 +

∫ t

0

(−αv + A(θsω)(v + z) + g)ds t ∈ [0, Tmax)

similar to what we did in (4.8) we consider the following

d

dt
vm(t) = −αvm + Am(t, ω)(vm + z) + g vm(0) = v0 (4.20)

where z is as in (4.9), and Am(t, ω)(vm + z) =
i+n∑
j=i−n

λi,j(θtω)fj(v
m
j + zj).

Then, (4.20) has a unique mild solution vm(·;ω, v0, g) ∈ C([0, Tmmax), `2) ∩ C1([0, Tmmax), `2)
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Thus,

d

dt
‖vm‖2 ≤ 2

(
α∞‖vm‖2 +

∑
i

i+n∑
j=i−n

λmi,j(t, ω)ffj(v
m
j + zj) + (vm, g)

)
≤ (2α∞ + a)‖vm‖2 +

1

a
‖g‖2 + 2λ(θtω)

∑
i

i+n∑
j=i−n

f ′(ξmj )|vmi ||vmj + zj|

for a > 0, |ξmj | ≤ |vmj + zj|

≤ (2α∞ + a)‖vm‖2 +
1

a
‖g‖2 + 2λ(θtω)

∑
i

i+n∑
j=i−n

L(||vm||+ ||z||)|vmi |(|vmj |+ |zj|)

≤ (2α∞ + a)‖vm‖2 +
1

a
‖g‖2 + 2λ(θtω)

∑
i

i+n∑
j=i−n

L(||vm||+ ||z||)|vmi ||vmj |

+ 2λ(θtω)
∑
i

i+n∑
j=i−n

L(||vm||+ ||z||)|vmi ||zj|

≤ (2α∞ + a)‖vm‖2 +
1

a
‖g‖2 + 3(2n+ 1)λ(θtω)L(||vm||+ ||z||)‖vm‖2

+ λ(θtω)L(||vm||+ ||z||)‖z‖2

≤ (2α∞ + a)‖vm‖2 +
1

a
‖g‖2 + 3(2n+ 1)λ(θtω)k2‖vm‖2

+ 3(2n+ 1)k1λ(θtω) ln((||vm||+ ||z||)2 + 1)‖vm‖2

+ k2λ(θtω)‖z‖2 + k1λ(θtω) ln((||vm||+ ||z||)2 + 1)‖z‖2

= (2α∞ + a+ 3(2n+ 1)λ(θtω)k2)‖vm‖2 +
1

a
‖g‖2

+ k2λ(θtω)‖z‖2

+ (k1λ(θtω)‖z‖2 + 3(2n+ 1)k1λ(θtω)‖vm‖2) ln((‖vm‖+ ‖z‖)2 + 1)

Let

w(t) =
1

a
‖g‖2 + k2λ(θtω)‖z‖2, γ(t) = 2α∞ + a+ 3(2n+ 1)λ(θtω)k2

and

ν(t) = 3(2n+ 1)k1λ(θtω)
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Then,

d

dt
‖vm‖2 ≤ ν(t) ln((‖vm‖+ ‖z‖)2 + 1)(‖vm‖2 + ‖z‖2) + γ(t)‖vm‖2 + w(t)

therefore,

‖vm‖2 ≤ ‖v0‖2 +

∫ t

0

(
ν(s) ln((‖vm‖+ ‖z‖)2 + 1)(‖vm‖2 + ‖z‖2)

)
ds+

∫ t

0

γ(s)‖vm‖2ds

+

∫ t

0

w(s)ds

≤ ‖v0‖2 +

∫ t

0

(
ν(s) ln(2(‖vm‖2 + ‖z‖2 + 1))(‖vm‖2 + ‖z‖2)

)
ds

+

∫ t

0

γ(s)(‖vm‖2 + ‖z‖2)ds+

∫ t

0

w(s)ds

= ‖v0‖2 +

∫ t

0

(
ν(s) ln(‖vm‖2 + ‖z‖2 + 1)(‖vm‖2 + ‖z‖2)

)
ds

+

∫ t

0

(γ(s) + ln(2)ν(s))(‖vm‖2 + ‖z‖2)ds+

∫ t

0

w(s)ds

which implies

‖vm‖2 + ‖z‖2 ≤ ‖v0‖2 + ‖z‖2 +

∫ t

0

(
ν(s) ln(‖vm‖2 + ‖z‖2 + 1)(‖vm‖2 + ‖z‖2)

)
ds

+

∫ t

0

(γ(s) + ln(2)ν(s))(‖vm‖2 + ‖z‖2)ds+

∫ t

0

w(s)ds (4.21)

Let h(t) = ‖vm‖2 + ‖z‖2 then (4.21) becomes

h(t) ≤ ‖v0‖2 + ‖z‖2 +

∫ t

0

ν(s) ln(h(s) + 1)h(s)ds

+

∫ t

0

(γ(s) + ln(2)ν(s))h(s)ds+

∫ t

0

w(s)ds (4.22)
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applying lemma 3.1 in [46], we have

h(t) ≤ 2 max
{

(‖v0‖2 + ‖z‖2 +

∫ t

0

w(s)ds)e2
∫ t
0 (γ(s)+ln(2)ν(s))ds,

2e
2
∫ t
0 ν(s)

− 1
}

hence

‖vm(t)‖2 ≤ η2
1(t) ∀t ∈ [0, Tmmax)

for some η2
1(t) independent of m, which implies ( using the same argument as in the proof of

the solution of (4.8) ) the interval of existence of vm(t) is [0, T ).

To complete the proof we need to show that for ṽ0, g ∈ `2
ρ, (4.10) has a mild solution v(t;ω, ṽ0, g)

on [0, T ) that satisfies v(0;ω, ṽ0, g) = ṽ0. Like in the previous case (4.8) it suffices to proof

Lipschitz continuity of the solution on bounded subset of (`2, || · ||ρ)× (`2, || · ||ρ).

Let g1, g2, v1
0, v

2
0 ∈ `2 and v1,m(t;ω, v1

0, g
1)&v2,m(t;ω, v2

0, g
2) be the solution of (4.20). Let

hm(t) = v1,m − v2,m ∈ `2 ⊂ `2
ρ then,

d

dt
hmi (t) = −αhmi

i+n∑
j=i−n

λi,j(θtω)(fj(v
1,m
j + zj)− fj(v2,m + zj)) + g1

i − g2
i

Thus we have

d

dt
‖hm‖2

ρ ≤ 2(α∞ + 1)‖hm‖2
ρ + ‖g1 − g2‖2

ρ + 2
∑
i

ρi

i+n∑
j=i−n

λi,j(θtω)f ′j(ξ
m
j )hmj h

m
i

≤ 2(α∞ + 1 + 2(2n+ 1)λ(θtω)LT )‖hm‖2
ρ + ‖g1 − g2‖2

ρ (4.23)

where LT is similar as before. From (4.23) and Gronwall’s inequality we get

‖v1,m(t)− v2,m(t)‖2
ρ ≤ C1(‖v1

0 − v2
0‖2

ρ + ‖g1 − g2‖2
ρ) (4.24)

where C1 depends on T, λ(ω), v1
0, v

2
0 .

76



4.2 Non autonomous Hopfield-type lattice model

Recently, the dynamical behavior of (1.1) has been studied when the number of neurons is

increasingly large (that is n → ∞) see [46]. Our aim in this section is to study the dynamical

behavior of (1.1) when, in addition to n → ∞, the forcing is dependent on time ( that is

I = I(t)).

To this end our interest is in the dynamics of the following nonautonomous lattice model

µi
dui(t)

dt
= −ui(t)

γi
+
∑
j∈Z

λi,jgj(uj(t)) + Ii(t), i ∈ Z. (4.25)

Nonautonomuous differential equation has shown to be very useful in application for example

see ([21],[47],[12], [49], [37], [15]). The rest of the work is to investigate the existence of

pullback, forward and pullback exponential attractors.
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