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Abstract

The majority of the research in quantum computation theory is based on quantum mechanical
systems consisting of quantum subsystems that are all of the same dimension. Following and
expanding on the research conducted by Randall R. Holmes and Frédéric Texier in their paper
“A Generalization of the Deutsch-Jozsa Quantum Algorithm”, we generalize several results in
quantum computation theory to quantum systems consisting of quantum subsystems of varying
dimensions, which amounts to a generalization to arbitrary finite abelian groups. These results
include the Bernstein-Vazirani algorithm, Simon’s algorithm, the Pauli group and algebra, the
Clifford group, and stabilizer codes. We also further generalize the Deutsch-Jozsa algorithm
to arbitrary finite groups. Additionally, we expand on the topic of orthogonal complements
of subgroups of finite abelian groups as introduced by Holmes and Texier, and we define the
symplectic complement of a subgroup of a group G & G, where G is a finite abelian group.
Lastly, we define pseudo-unitarity and find results relating this definition to quantum computa-

tion theory, where the prefix ‘pseudo’ comes from the Moore-Penrose pseudo-inverse.
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Chapter 1

Introduction

The idea for quantum computing began to materialize in the last few decades of the 20"
century when scientists sought to combine information theory and quantum mechanics. In
the 1990s, researchers devised the first algorithms that were entirely based on quantum me-
chanics, and they proved that these so-called quantum algorithms could, in theory, outperform
any classical algorithm that used deterministic methods and give the correct answer with cer-
tainty [RP11, p. 1-3]. For example, the Deutsch-Jozsa algorithm (1992), the Bernstein-Vazirani
algorithm (1992), and Simon’s algorithm (1994) offer exponential speedup over their classical
analogues [RP11, p. 141-144]. In 1994, inspired by Simon’s algorithm, Peter Shor developed
a polynomial-time quantum algorithm for factoring integers called Shor’s algorithm [RP11,
p. 163], and this discovery prompted widespread interest in quantum computing [RP11, p. 163].
However, due to the sheer number of unavoidable environmental interactions a quantum com-
puter would suffer, Shor’s algorithm was thought, at the time of its discovery, to not be of any
practical use. Also, at the time no one had any ideas as to how one could perform error cor-
rection on a quantum computer since a straightforward application of classical methods to the
quantum case was impossible. However, thanks to a surprising and clever use of classical tech-
niques to quantum errors, researchers have been able to develop sophisticated quantum error
correction techniques. One such technique for quantum error correction is the class of so-called

stabilizer codes [RP11, p. 245].

Currently, most of the research in quantum computation is based on quantum systems that are
entanglements of smaller quantum systems all of the same dimension. There is also the case

where the smaller quantum systems are of differing, or mixed, dimensions. For example, there



is currently a considerable amount of research being conducted in the dynamics of a qubit-
qutrit system, which is a quantum system in which a two-dimensional quantum system (qubit)

is combined or entangled with a three-dimensional quantum system (qutrit).

The advantages of a quantum computer over a classical computer depend on the existence of a
sufficiently large-scale quantum computer, which is only theoretical at this point. Companies
like IBM, Honeywell, and others are making tremendous headway into the construction of
the first quantum computer large enough to be of practical use. As of the year 2020, IBM’s
largest quantum computer contains 65 qubits, and the company promises to build a 1000-qubit

quantum computer by 2023 [Cho20].

This paper has been inspired mainly by the work done by Randall R. Holmes and Frédéric
Texier in their paper “A Generalization of the Deutsch-Jozsa Quantum Algorithm”, as well as
the work done by Daniel Gottesman in his paper “Fault-Tolerant Quantum Computation with
Higher-Dimensional Systems”. In this paper, we generalize the Deutsch-Jozsa problem and
algorithm even further to arbitrary finite groups in Subsection 2.3, we apply the generalization
of the Deutsch-Jozsa problem and algorithm to finite abelian groups by Holmes and Texier
to generalize the Bernstein-Vazirani problem and algorithm in Subsection 2.4 and Simon’s
problem and algorithm in Subsection 2.5. We also generalize the so-called Pauli group in
Subsection 4.2 and stabilizer codes in Subsection 4.6 to arbitrary finite abelian groups. We
attempt to generalize the so-called Clifford group in Subsection 4.8, but we only get close and

leave the reader with two open problems in this topic, namely Open Problems 4.8.1 and 4.8.2.



Chapter 2

Generalizations of Some Quantum Algorithms

2.1 Dirac Notation and Qudits

Since our goal is to make a generalization about quantum error correction, we will henceforth
use notation from quantum mechanics, the so-called Dirac notation, also known as bra-ket
notation, where the words “bra” and “ket” come from splitting the word “braket”, or “bracket”,
in two. A bra is a row vector represented by (1| and a ket is a column vector represented by
o), with (| = |1)T, and |1} and |¢) belong to a vector space over C with their inner product

being (¢|p). Using this notation, it follows that the outer product of |¢)) and |¢) is given by

|0} (]

2.1.1 Definition. Let n € N. Set H,, = C". We call the space H,, an n-dimensional qudit (or
just qudit if there is no need to refer to the dimension). A 2-dimensional qudit is referred to as a
qubit (a portmanteau of the words “quantum” and “bit”), and a 3-dimensional qudit is referred

to as a qutrit.

2.1.2 Definition. Let (G, -) be a finite group and K be a field. We define the group algebra KG

as the K -vector space with basis G together with the product defined for vectors |v) = Z aglg)
geG

and |w) = Z by|g’) in KG by the formula

g eG



) * Jw) = (Z ag’g>> * <Z bg’|gl>> = Z Z agbylg - g').

geG e geG g'eqG

In addition, it is important to note that GG can be taken to be abelian or non-abelian, where in
the latter case, one has to be careful with the products |g) x |¢') and |¢') % |g) since they need

not be equal in general.

2.1.3 Example. Let G = Z, and K = C. Let |v) = i|0) + (3 — 21)|2) and |w) = 3|0) — 21i|3).
Then |v), |w) € KG and

|v) * [w) = (i]0) + (3 — 21)|2)) » (3]0) — 2i[3))
=3i[0+0) — 2i%[0 +3) + (9 — 6i)|24+0) — (61 —4i?)|2 + 3)
= 3i|0) + 2[3) + (9 — 61)|2) — (4 +61)|1)

=3i|0) — (44 61)[1) + (9 —61)]2) + 2|3).



2.2 The Holmes-Texier Generalization of the Deutsch-Jozsa Algorithm

Let G = Zy, @ Ly @ - -+ ® Ly, for some positive integers m; (1 < i < n), and let m be the
least common multiple of m,,mo, ..., m,. For each integer ¢ with 1 < ¢ < n, let H,,, be an
m;-dimensional qudit. If m; is even, then as an example, ,,, could be taken to be the z-spin
state space of a fermion, and if m; is odd, then H,,, could be taken to be the z-spin state space

of a boson [HTO3, p. 2].

Put H = H,,, ® H,,, ® --- ® H,,,,, where the product ® is the tensor product. We require
an additional m-dimensional qudit H,, for the storage of images f(a), where [ : G — Z,,
is a function. The vector space H := H' ® H,, has basis {|a)|z) | a € G,z € Z,,}, where

|a)|z) : lax) ® - - ® |an) ® |2) [HTO3, p. 2].

2.2.1 Note. For the rest of the paper, we view H,,, as the vector space of m;-dimensional col-
umn vectors over C by identifying |j) for each j € Z,,, with the column vector having a one
in the (j + 1)st position and zeros elsewhere. Thus we view the set {|j) | 7 € Z,,.} as the

standard basis for H,,,.

2.2.2 Definition. For a function f : G — Z,,, define Uy : H — H by

Us(la)]2)) = la)|z + f(a)),

fora € Gand z € Z,,.

Under the assumption that G = Z7, the classical Deutsch-Jozsa Problem is stated as fol-

lows [RP11, p. 140]:



A function f : G — Zs is balanced if an equal number of input values to the function return 0
and 1. Given a function f : G — Zs that is known to be either constant or balanced, determine

whether the function f is constant or balanced.

A traditional, deterministic algorithm must evaluate the function f at least 2" ! + 1 times to
solve the problem with certainty. On the other hand, Deutsch and Jozsa discovered a quantum
algorithm that uses the properties of quantum mechanics to solve the problem with a single

evaluation of Uy [RP11, p. 141].

Instead of presenting the Deutsch-Jozsa Algorithm, we present the generalization of Holmes
and Texier. Before we state the generalization of the problem, we must first state definitions

integral to the problem statement.

Let F denote the additive group of functions G — Z,,, where m is the least common multiple
of the m;. For f,g € F, the sum f + g is defined by (f + g)(a) = f(a) + g(a), where the

addition is modulo m. For a € G, define ¢, € F by
u m
B =aob=> ab ()1,
ta(b) =ao ;a (ml>

where E a;b; (—) € Zand 1 € Zy,. Since Z,, is a Z-module, we have ¢,(b) € Z,, and thus
m;
=1

L, is well-defined in that it maps to the indicated codomain.

Note that when m; = my = -+ = m,, = m, a o b is the usual inner (dot) product of a and b.

Also, observe that for fixed a and b, ¢,(b) = aob =boa = 1(a).

Let € € C be a primitive mt" root of unity, thatis, €® = land ¢/ # 1forall0 < j < m. A

common example is € = €>™/™ where i = v/—1, for instance.



2.2.3 Definition. For f € F, define

2.2.4 Definition. Given a subset P of GG, we shall say that f € F is P-based if (1, — f) =
forall a € G\ P.

The Holmes-Texier generalization of the Deutsch-Jozsa Problem is stated as follows:

Let {Py,..., P} be a partition of G so that G = P, U ---U P, and P, N\ P; = () for i # j.
Let f be an element of F and suppose that f is Py-based for some k. Then this k is uniquely
determined (see Remark 1 below); we present a quantum algorithm for its determination. The

Deutsch-Jozsa algorithm is recovered as a special case (see Remark 2).

The Algorithm. Recall that H,,, is an m;-dimensional qudit (1 < ¢ <n), H = H,,, ® H,,, ®
---®@H,,,,and H = H'® H,,, where H,, is an m-dimensional qudit. Recall that Uy : H — H
is defined by

Ur(la)|2)) = la)]z + f(a))

fora € Gand z € Z,,.

Now, define W : H' — H' and o : H,, — H,, by
W([b) = [A]72Y " éa),
acA

forb € GG, and
o(|z)) = €*]2),

7



for z € Z,,, respectively.

It is straightforward to prove that Uy, W, and o are unitary. We initialize our system to the state

|0)|0) and then apply unitary operators as follows :

0)]0) =55 G172 [a) 0)

acG
U_ _
5 1GI72  [a)] — f(a))
acdG
P3G a)e | - f(a))
aceG
U — —J(a
5 (G2 Jaye T )o)
aceG

FE G Y010y D ete ),

beG aeG

Since Y, el @ = 3 el @e @ = (1, — f), and since (1, — f) = 0 for each

b € A\ Py, due to f being Py-based, this last expression equals

GI7D 1D)10)e (e — f)-

bePy,

It follows that a measurement at this point will produce a state |b) for some b € P, and as a

result, £ will be determined with certainty.

Remark 1. 1f f € F is Py-based, then it follows from the algorithm that f is not P;-based for

any j # k.



2.2.5 Theorem. For a subset P of G and an element a of G, the function ¢, € F is P — based

if and only if a € P.

Let f € F and let B C G. We say that f is balanced on B if f(B) is a coset C of a nontrivial

subgroup of Z,, and the cardinality |f 5 (c)

, where ¢ € C, does not depend on the choice of
c. In other words, f|p takes on each element of C' the same number of times. Note that if f is
balanced on B, then, due to the nontriviality of the subgroup in the definition, f is not constant

on B.

2.2.6 Theorem. Let H be a subgroup of G. A homomorphism f : G — Z,, is either constant

on each coset of H or balanced on each coset of H.

2.2.7 Lemma. If B is a subset of G and f is a function in F that is balanced on B, then

Zef(b) = 0.

beB

Let H be a subgroup of G. Let Fp; denote the set of all functions in F that are either constant on
every coset of H or balanced on every coset of H. Denote by H+ the orthogonal complement

relative to o of H in GG

H+*={geG|goh=0forall hc H}.

2.2.8 Theorem. Let H be a subgroup of G and let f be a function in Fpy.

(1) f is constant on each coset of H if and only if f is H*-based.

(2) f is balanced on each coset of H if and only if f is G\ H*-based.



Remark 2. In the notation of the theorem, { H+, G\ H'} is a partition of G, so the algorithm
can be applied to distinguish between a function that is constant on each coset of H and one
that is balanced on each coset of H. In particular, this applies to the choice H = G. Con-
sidering the special case m; = my = --- = m,, we see that the algorithm can be used to
distinguish between a function that is constant on GG and a function that takes on each of the
values 0,1, 2,...,m — 1 an equal number of times. When m = 2, this is precisely the situation

for the Deutsch-Jozsa algorithm.

10



2.3 A Generalization of the Deutsch-Jozsa Algorithm to Arbitrary Finite Groups

The Deutsch-Jozsa Algorithm takes a function f : Z7 — Z, that is known to be either constant
or balanced on the domain, that is, f either maps all of the domain to one value (constant)
or it maps half to 0 and half to 1 (balanced), and it determines whether f is constant or bal-
anced. This algorithm was generalized by Holmes and Texier to a function f : G — Z,,, where
G=%2m &L, ® - & Ly, and where m is the least common multiple of mq, mo, ..., m,.
Now, we wish to generalize the problem further by replacing G’ with an arbitrary finite group
(not necessarily abelian). Before we state the problem, we define the notion of a function being

balanced on a subset of its domain.

2.3.1 Definition. Let G and G* be groups. A function f : G — G* is said to be balanced on a
subset B of G if f(B) is a coset C of a nontrivial subgroup of G* and the cardinality | f|5'(c)|,

where ¢ € C, does not depend on the choice of c.

Note that if f is balanced on B, then, due to the nontriviality of the subgroup in the definition,

f is not constant on B.

Problem: Let G be a finite group, let H be a subgroup of G, and let f : G — Z,, be a function
that is constant on the cosets of the commutator subgroup G' of G in G. Assuming it is known
that f is either constant on every coset of H or is balanced on every coset of H, determine

which is the case.

2.3.2 Note. When referring to the cosets of a subgroup of a (general) finite group G, we will
not be specific as to whether we are referring to left or right cosets, since the results will be true

regardless.

11



2.3.3 Theorem. Let G and G* be groups, let p : G — G* be a homomorphism, and let H
be a subgroup of G. The function p is either constant or balanced on each coset of H. More
specifically, o is constant on each coset of H if H is contained in the kernel of ¢, and it is

balanced on each coset of H otherwise.

Proof. Suppose H C ker ¢. Thus ¢(h) = e* for all h € H, where e* is the identity in G*. Let
a € G. Consider the coset aH of H in G. We have p(ah) = ¢(a) - p(h) = p(a) - €* = ¢(a)
for all h € H, and ¢ is therefore constant on aH. Since a € G was arbitrary, it follows that ¢

1s constant on each coset of H.

Now, suppose H ¢ ker . Set H := H Nker ¢. Then H C ker ¢, so ¢ is constant on each coset
of H. We see that H = ker |, so by the First Isomorphism Theorem, H/H = H/ker ¢|; =
im |y = (H), which shows there is a one-to-one correspondence between the cosets of H in
H and the elements of p(H ). Moreover, since the cosets of H in H have the same cardinality,
it follows that | takes on each element of p(H) the same number of times; in fact, ¢|y is
a | H|-to-one map onto p(H). Also, since ¢ is a homomorphism, ¢(H) is a subgroup of G*,
which is the same as the coset e* - ¢(H) = ¢(H ), which is nontrivial since H Z ker . Thus ¢
is balanced on H. Now, observe that since H C H, aH is the union of a collection of cosets of
H (in G) in one-to-one correspondence with the collection of cosets of H in H. In fact, if bH
is a coset of H in H, then the corresponding coset of H lying in aH is a(bH) = (ab)H. Now ¢
is constant on a(bH ) for all b € H, and since the cosets of H in H have the same cardinality, it
follows that ¢ takes on each element of p(aH ) the same number of times. Additionally, since
w(aH) = p(a)p(H) and ¢(H) is nontrivial, ¢(aH ) is a coset of the nontrivial subgroup ¢(H)
in G*. Thus ¢ is balanced on aH. Hence ¢ is balanced on each coset of H.

]

2.3.4 Corollary. Let G be a group and H be a subgroup of G. A homomorphism f : G — Z,,

is either constant on each coset of H or balanced on each coset of H.

Proof. (1) Corollary of Theorem 2.3.3.

12



2.3.5 Theorem (Fundamental Homomorphism Theorem [HunS80, p. 43]). Let G and G* be
groups, and let f : G — G* be a homomorphism. If H is a normal subgroup of G such that
H C ker f, then there exists a unique homomorphism f : G/H — G* such that f© = f, where

7 : G — G/H is the canonical epimorphism. The function f is given by f(gH) = f(g).

2.3.6 Definition. For a group G, put G* = G/G’, where ' = [G, G] is the commutator sub-
group of G, which is the subgroup of G generated by the set {[a,b] = a™'b"'ab : a,b € G}.

The group G2 is the abelianization of the group G.

Fix a finite group G. We have G* ~ Z,. & Z,,, & - -+ ® Z,y,, for some n,m; € Z*. Put
m = lem(my, mo,...,my,). Let f : G — Z,, be a function that is constant on the cosets of
G', and let f : G* — 7Z,, be the function defined by f(gG’) = f(g) for each g € G. Given

7 : G — G?" is the canonical epimorphism, we have

fr(9) = f(9G") = f(g)-

Therefore, fr = f and we get the following commutative diagram:

2.3.7 Lemma (R. Holmes). For each a € G and x € f(aH), we have | f|,};(z)| =

|[H N G/”f_‘;(laH)<x)|'

Proof. Leta € G andletx € f(aH). Put

B = fly(z) ={b€al | f(b) =z}

13



and

C' = flatarny (@) = {c € w(aH) | f(c) = x}.

Let R be a set of representatives of the (left) cosets of H NG’ in H. Forb € aH, letr(b) € R
denote the coset representative for which a='b € r(b)(H N G'). Define v : aH — HN G
by ¢(b) = r(b)"'a~'b. It is straightforward to check that ¢ is a function that maps to the indi-
cated codomain. Thus for b € aH, we have a'b = r(b)¢(b), and it follows that the elements
r(b) € R and «(b) € H N G’ are uniquely determined. Define ' : B — (H N G’) x C by
F(b) = (¢(b), 7(b)). It suffices to show that F' is a well-defined bijection.

Claim: F'is well-defined. To prove the claim, it suffices to check that F' is a function that maps
to the indicated codomain. Since both ¢ and 7 are functions, it follows that F' is a function.
Since « maps B to H N G’, it suffices to prove that 7 maps B to C. Let z € 7(B), and let
b € B satisfy z = 7(b). Since b € aH and f(b) = z, we have z = 7(b) € w(aH) and
f(z) = f(x(b)) = fr(b) = f(b) = . Thus z € C, and we have 7(B) C C. Now, let
c € C. Then we have ¢ € m(aH) and f(c) = x. Let h € H satisfy ¢ = w(ah). Then we have
f(ah) = fr(ah) = f(n(ah)) = f(c) = z. Since ah € aH, it follows that ah € B, and thus
¢ = m(ah) € m(B). Therefore, 7(B) 2 C, so m(B) = C. Thus F maps B to (HNG') x C,

and we have that F' is well-defined, as claimed.

Claim: F is injective. Let by, by € B. Suppose F'(by) = F(b2). Then we have (¢(by), 7(b1)) =
(t(ba), m(b2)) so that ¢(by) = ¢(be) and w(by) = m(b2). Thus b1G" = 7(by) = m(by) = b,
SO bl_lbz € G'. Since by, by € aH, by = ahy and by = ahy for some hy, hy, € H. Thus
hi'hy = hi'a tahy = (ahy)"'(ahy) = b'by € G'. Therefore, hy'hy € H N G', which
implies hy (H N G') = ho(H N'G’). Thus

rO)(HNG) = r(b)ub)(HNG)

= a_lbl(Hﬂ G/)

14



= h(HNG)

= hy(HNG)

= a'L(HNG)

= 7(b2)u(b2)(HNG)

= r(b)(HNG.

Since 7(by) and r(by) are coset representatives of the (left) cosets of HNG" in H, it follows that
r(by) = r(by). Therefore, by = a(a b)) = a(r(b1)u(by)) = a(r(ba)i(bs)) = alatby) = bo.

This proves the claim.

Claim: F is surjective. Let (g,¢) € (HNG') x C. Thus ¢ € 7(B). Letb € B satisfy ¢ = 7(b).

Then we have

for uniquely determined r(b) € R and «(b) € H N G". Thus
n(a)te=a(r(b)  L(b)G =a(r(b) - G'=n(r(b) - gG" = 7(r(b))7(g) = 7(r(b)g),

and hence ¢ = 7(ar(b)g). Put y = ar(b)g. Observe that since g € H N G' and r(b) € R, y €
aH. Since ¢ € C, we have f(y) = fr(y) = f(n(y)) = f(c) = x, and thus y € B. Then we
also have 7(b)g = a'(ar(b)g) = a~'y = r(y)c(y), which shows r(b)g € r(y)(H N G’). Since
r(b)g € r(b)(H N G’) as well, we must have that r(b) = 7(y). Therefore, g = r(b)~'r(b)g =

r(y) "N (r(0)g) = r(y) "' (r(y)e(y)) = t(y). It follows that F(y) = («(y),7(y)) = (g,c), and

thus F’ is surjective.

Therefore, F' is bijective, which implies

|[fla(@)| =Bl = [(HNG) x Cl=[HNG||C| = [HNE

Pty (x)‘ -

15



The claim follows.

]

2.3.8 Corollary. Let the notation be as above and let H be a subgroup of G. Then f is constant

(resp. balanced) on each coset of H if and only if f is constant (resp. balanced) on each coset

of m(H).

Proof. First, we claim that an arbitrary coset of 77(H ) in G can be written as 7(aH ) for some
a € G. To that end, let C be a coset of w(H). Then we have C' = z - 7(H) for some z € G=°.
Since 7 is a surjection, x = 7(a) for some a € G. Therefore, C = x - 7(H) = 7w(a) - 7(H) =
m(aH ) for some a € GG, and the claim is proved. For the rest of the proof, we fix an a € G that

satisfies C' = w(aH).

(=) Assume f is constant on each coset of H (*). Let z,y € C. Thus z,y € w(aH), so

x = m(ah) and y = w(ah') for some h, h' € H. Thus

(@) = [r(ah) = f(ah) = f(al') = fr(ah’) = [(y),

for some h, h' € H, proving f is constant on C.. Thus f is constant on each coset of 7(H).

Now, assume f is balanced on each coset of H (**). Since f(C) = fn(aH) = f(aH) and
f(aH) is a coset of a nontrivial subgroup of Z,, by assumption, we see that f(C) is a coset of

a nontrivial subgroup of Z,,.

k%

Letz,y € f(C). Thus x,y € f(aH), so we have ‘f|;ﬁ,(m) floi(y)

, and by Lemma 2.3.7,

- @) AW
Pl @] = T = g = )]

It follows that f is balanced on each coset of 7(H).
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(<) Assume f is constant on each coset of 7(H) (*). Leta € G, and let 2,y € aH. Then

x = ah and y = ah’ for some h, h’ € H. Thus

f(x) = flah) = fr(ah) = [(x(a)m(h)) = f(m(a)m (k) = fr(ak’) = f(al') = f(y),

for some h, h' € H, which proves f is constant on aH. Thus f is constant on each coset of H.

Now, suppose f is balanced on each coset of 7(H) (**). Leta € G, and let 2,y € aH. Since
f(aH) = fr(aH) = f(r(aH)) = f(w(a)m(H)) and f(7(a)7(H)) is a coset of a nontrivial

subgroup of Z,, by assumption, f(aH ) is a coset of a nontrivial subgroup of Z,,.

Additionally, by Lemma 2.3.7

[floa(@)| = [HN G =|HNG|

ﬂ;(laH)(m)

Tlatn )] = 2w

It follows that f is balanced on each coset of H.

]

We can see that the previous corollary, together with the results in the paper by Holmes and
Texier, solves the problem described at the beginning of the section, which we recall was stated

as:

Problem: Let G be a finite group, let H be a subgroup of G, and let [ : G — Z,, be a function
that is constant on the cosets of the commutator subgroup G' of G in G. Assuming it is known
that f is either constant on every coset of H or is balanced on every coset of H, determine

which is the case.

The generalized Deutsch-Jozsa algorithm of Holmes and Texier solves the previous problem
under the additional assumption that G is abelian. In this case, we observe that G’ = {e} and
thus G&» = @ /G’ = G, so the condition on f stating it needs to be constant on the cosets of G’

can be dropped.
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As a special case by setting H = G, if we are given a function f : G — Z,, that is known to
be constant on the cosets of G’ in GG and is known to be either constant or balanced on G, then
f defined above must be either constant or balanced on 7(G) = G, Since G is abelian, the
results in the Holmes-Texier paper give a determination on whether f is constant or balanced

on G*", at which point we apply Corollary 2.3.8 to determine whether f is constant or balanced

on (.
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2.4 A Generalization of the Bernstein-Vazirani Algorithm

Let G = Zp, @ Ly ® - -+ ® Loy, withn, m; € Z*, and let m be the least common multiple of

mi, Ma, ..., my,. The Bernstein-Vazirani problem is stated as follows:

For some unknown u € G, determine u where one is only allowed queries of the form q o u for

some known q € G.

Assume m; = 2 for all ¢. Thus m = 2, and we obtain the classical Bernstein-Vazirani prob-
lem. The best non-quantum algorithm uses O(n) calls to the function f, : G — Z,, given
by fu(q) = ¢ - u. On the other hand, the problem is solved by applying the Deutsch-Jozsa
quantum algorithm to some initial state in one call to Uy,, where Uy, was defined in Defini-
tion 2.2.2 [RP11, p. 141]. We make extensive use of the paper written by Holmes and Texier
which generalizes the Deutsch-Jozsa algorithm, including notation used in that paper, for ease

of transferability of the ideas presented there.

The Algorithm. Define f, : G — Z,, by
fula) =aou.

From the Deutsch-Jozsa quantum algorithm, beginning with the initial state |0)|0), we obtain

the following (recall the Deutsch-Jozsa quantum algorithm from Section 2.2):

0)]0) = 1GI7H Y 1B)I0) D epte,

beG a€eG

=|GI7' > B)j0) Y et )
beG acG

|G’ 1Z‘b ‘O aob aou
beG a€eG

=G IBI0) Y e
beG a€G
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=1GI7' Y 1D)10)¢(es — ta)

beG

Set P = {u} and a = u. Applying Theorem 2.2.5, we find that ¢, is {u} — based, that is,
©(tp — ty) = 0 for all b € G\{u} by Definition 2.2.4. Thus

G 10)0) (e — ) = |G| u)[0)(0)

beG

= |G| u)]0) Y et

acG
= |G7"w)|0)|G]
= [u)[0).

Thus u is determined with certainty.
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2.5 A Generalization of Simon’s Algorithm

Recall that G = Z,,, & Zyy, B -+ B Ly, With n,m; € Z* and that m is the least common
multiple of my, mo, ..., m,. Let p be a prime number, and assume that m; = p for all 7. Thus

m = p and Z,, is a field.

Letd € Z*. Let f : G — G be a d-to-1 function such that for all z € G, we have

f@)=fle+s)=-=fr+sa),

where s1,...,s,4-1 € G are distinct nonzero unknowns. Our goal is to find s1, ..., s4_1.

2.5.1 Note. In the case where m; = 2 for all = and d = 2, we have m = 2, and we obtain the
classical version of Simon’s problem. In the aforementioned case, Simon’s algorithm can find
s1 in only O(n) calls to Uy, followed by O(n?) additional steps, whereas the best non-quantum

algorithm requires O(2"/?) calls to f [RP11, p. 144].

Set S = {0,81, e ,Sd—l}-

2.5.2 Theorem. S is a subgroup of G.

Proof. First, observe that 0 € .S so that S contains the identity. Put s = 0. Let0 < j, k < d—1.
The assumption on f with x = s; yields f(s;) = f(s; + 1) = -+ = f(s;+s,) = -+ =
f(s;+ sq-1). Since f is d-to-1, f(S) = f(s;), and |S| = d, we conclude that f~'(f(s;)) = S.

Thus f(s;) = f(s; + si) implies s; + s € f~*(f(s;)) = S. Therefore, S is closed under

addition.
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Now, observe that f(—s;) = f(—s; + 1) = -+ = f(—=s;+ ;) = -+ = f(—s; + s4-1),
which becomes f(—s;) = f(—-s; +s1) = -+ = f(0) = -+ = f(—s; + s4_1). From
the reasoning above, we have f~1(f(0)) = f~*(f(so)) = S. Thus f(—s;) = f(0) implies

—s; € f71(f(0)) = S, so S is closed under inversion.

Therefore, S'is a subgroup of G.
]

Letting S be the subgroup H in the language of Theorem 2.2.8, and observing that f is constant
on each coset of S, we see that f is S*-based. Thus (1, — f) = 0 for all b € G\S*, and

(1, — f) # 0 forall b € S+ by Definition 2.2.4.

The Algorithm.

Beginning in the same manner as the Bernstein-Vazirani Algorithm but with f replacing ¢,,, we

initialize our system to |0)|0) and apply unitary operators to get the following:

0)]0) = 1GI7 Y 10)[0)(es — f)

beG

=G ) D)I0)e( — f).

beS+

Measuring the left register gives a random element |b) such that b € S+, that is, such that

bos; = 0forall s; € S. Thus, for each s; € S, we get a linear equation
= m
Z;bisji (E) =bo S5 = 0.

We need to repeat the algorithm until we have n linearly independent equations in the un-

knowns s;1, Sj2, . . ., S;, for each j. From this, we may compute the unknowns s;i, 52, ..., S,
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and thus s; for each j, and thus we may compute each element of S.

We have the following special case (pointed out by R. Holmes) of our generalization of Si-
mon’s algorithm that solves for only one unknown, like in the original formulation of Simon’s

problem:

Let p be a prime number, and assume that m; = p for every i so that m = p. Let a be a nonzero
element of G, and let f : G — G be a p-to-1 function such that f(x) = f(x + ka) for every

x € G and every 0 < k < p. The task then is to find a.

solution. Since f(x) = f(x + ka) for every z € G and every 0 < k < p, we have that
f(x)=f(x+a)="---= f(x+(p—1)a). Claim: a, 2a, ..., (p— 1)a are distinct and nonzero.
Let 0 < 7,k < p. Assume ja = ka. Thus (j — k)a = 0, and since G is a Z,,-vector space, we
must have that j —k = 0, so j = k. Thus a, 2a, ..., (p—1)a are distinct. Since 1,2, ..., (p—1)
are nonzero elements of Z,, and G is a Z,,-vector space, it follows that each of the elements
a,2a,...,(p—1)a are nonzero. This proves the claim. We may then apply the generalization of
the algorithm in this section to compute the elements of the subgroup S = {0,a,...,(p—1)a}

of G. In particular, we can find a.
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Chapter 3

Bilinear Forms and Complements

3.1 General definitions and results

Let R be aring with 1z # 0 and let  be a two-sided ideal of R. The set R/ of cosets of I in R
is aring (called the quotient ring R mod 7). Let M be an R-module that is annihilated by /. For

r € Rand m € M define (r+1)-m = r-m. This action gives M the structure of R//-module.

Now, let R also be commutative, and let M/ and N be R-modules. Define Hompg(M, N) :=
{¢ : M — N | ¢ is an R-module homomorphism}. Put M/* = Hompg(M, R). We have that

M* is an R-module with action on M given by (r¢)(m) = p(rm) (p € M*;r € R,m € M).

For the rest of the section, we let R be a commutative ring with unity and M be an R-module.

3.1.1 Definition. An R-bilinear form (or simply bilinear form if the ring R is understood)
on M is a function f : M & M — R such that, for each m € M, fi1(m) : M — R and
fa(m) : M — R givenby fi(m)(n) = f(m,n)and fo(m)(n) = f(n,m) are R-module homo-
morphisms. The bilinear form f on M is said to be symmetric, alternating, or skew-symmetric
if, forall m,n € M, f(m,n) = f(n,m), f(m,m) =0, or f(m,n) = —f(n, m), respectively.
Additionally, the bilinear form f is said to be left non-degenerate if f(m,n) =0 foralln € M

if and only if m = 0 and right non-degenerate if f(m,n) = 0 for all m € M if and only if
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n = 0. A bilinear form that is both left and right non-degenerate is called non-degenerate.

3.1.2 Definition. A symplectic bilinear form on M is a bilinear form that is alternating and

non-degenerate.

For the following, let N be a submodule of M, and let f be a bilinear form on M. Put N g =
{me M| f(m,n)=0foralln € N}and N}, := {m € M | f(n,m) =0foralln € N}.

3.1.3 Theorem. We have that N { and N }; are submodules of M.

Proof. Claim: Ng is a submodule of M. Let z,y € Ng and r,s € R. Then foralln € N we

have

flratsy,n) = fa(n)(re+sy) = rfa(n)(z)+sfa(n)(y) = rf(z,n)+sf(y,n) = r-0+s0 =0,

and thus rz + sy € N g . This proves the claim. By a similar argument, N }; is a submodule of

M.

3.1.4 Theorem. If f is symmetric or skew-symmetric, then N I — N };.

Proof. Assume f is symmetric. Thus f(m,n) = f(n,m) for all m,n € M, and we have

Nl ={me M| f(m,n)=0foralln € N} = {m e M| f(n,m)=0foralln € N} = NL.

Now, assume f is skew-symmetric. Thus f(m,n) = —f(n, m) for all m,n € N, and we have

N ={me M| f(m,n) =0foralln € N}
={meM|—-f(n,m)=0foralln € N}

={me M| f(n,m)=0foralln € N}
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The claim follows.

]

3.1.5 Note. When N{ = N}, we will simply write N/ = {m € M | f(m,n) = 0 foralln €
N}.

For the following, define f; : M — M* (i = 1,2) such that f;(m)(n) = f(m,n) and
fa(m)(n) = f(n,m).

3.1.6 Theorem. The maps f; : M — M* (i = 1,2) are R-module homomorphisms.

Proof. 1t is straightforward to prove that each f; maps to the indicated codomain, so each f; is

well-defined. Now, let m,n € M and r, s € R. Then we have

filrm +sn)(z) = f(rm+ sn,x)
= fa(x)(rm + sn)
= rfa(z)(m) + sfa(z)(n)
= rf(m,z)+ sf(n,z)
= rfilm)(x) + sfi(n)(z)
= (rfilm) +sfi(n))(x)

for each z € M. Thus fi(rm+sn) = rfi(m)+sfi(n), so fi is an R-module homomorphism.
By a similar argument, f5 is a R-module homomorphism.

]

3.1.7 Theorem. The bilinear form f is non-degenerate if and only if f, and f5 are injections.
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Proof. Assume f is non-degenerate. Let m,n € M. Suppose fi(m) = fi(n). Thus for all

p € M we have

fa(p)(m) = fi(m)(p) = fi(n)(p) = fa(p)(n).

Therefore, f(m — n,p) = fo(p)(m —n) = 0 for all p € M. Since f is non-degenerate, we
have m — n = 0, and thus m = n. Hence f; is an injection. By a similar argument, f5 is an

injection.

For the other direction, assume f; and f, are injections. Let m € M. Suppose f(m,n) = 0 for

alln € M. Thus
film)(n) = f(m,n) = 0= f2(n)(0) = f1(0)(n)

for all n € M, so fi(m) = f1(0). Since f; is an injection, we have m = 0. Suppose

f(n,m)=0forall n € M. Thus

fa(m)(n) = f(n,m) = 0= fi(n)(0) = f2(0)(n)

for all n € M, so fo(m) = f2(0). Since f, is an injection, we have m = 0. Thus f is non-

degenerate.
[
3.1.8 Theorem. If f is skew-symmetric, then f; = — fs.
Proof. Assume f is skew-symmetric. Let m € M. For all p € M, we have
fulm)(p) = f(m,p) = = f(p.m) = — fo(m)(p)
Thus f1(m) = — fo(m). Since m was arbitrary, it follows that f; = — f.
[

3.1.9 Theorem. If f is alternating, then f is skew-symmetric.
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Proof. Suppose f is alternating. Since f; and f, are R-module homomorphisms, we have

0= f(m+n,m+n)
= film +n)(m +n)
= film +n)(m) + fi(m +n)(n)
= f(m+n,m) + f(m+n,n)
= fa(m)(m +n) + fa(n)(m +n)
= fa(m)(m) + fa(m)(n) + fa(n)(m) + f2(n)(n)
= f(m,m) + f(n,m) + f(m,n) + f(n,n)

= f(nvm) +f(m7n)'

Therefore, f(m,n) = —f(n,m), so f is skew-symmetric.

For the following results, set M5 := {p € M* | N C ker ¢}.

3.1.10 Theorem. M3} is a submodule of M*.

Proof. First, it is immediate that Mz, C M*. Let p,p € My andr,s € R. Letn € N. Then

we have
(re +sp)(n) = re(n) + sp(n)

=7-0+s-0

Thus N C ker(rp + sp), so ro + sp € M3,. Therefore, M}; is a submodule of M*.
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3.2 The Finite Abelian Group G and its Dual

Recall (Section 2.2) that G = Zy, & Zyy B + -+ D Ly, With m;,n € ZT. In the paper by
Holmes and Texier, m was defined to be the least common multiple of my, ms, ..., m,. For
our purposes in the rest of this paper, we relax this condition on m and let it be a common

multiple of my, mo, ..., my,.

Now, the set [ = mZ is a two-sided ideal of Z and mZ annihilates G, since, for any a € G, we
have

m-a=m-(ay,as,...,a,) = (m-a,m-as,...,m-a,)=(0,0,...,0).

Hence Z/mZ = 7Z.,, induces a Z,,-module structure on GG by Section 3.1.

Recall (Section 2.2) that ¢, € F, for a € G, is defined by

where Zaibi (ﬁ> € Zand1 € Z,,.
i=1

m;
We identify 7Z,,, and Z,, with the quotient groups Z/m;Z and Z/mZ., respectively, and for an

integer x we denote by 7 the coset « + m;Z or x + mZZ, respectively, with context making the

meaning clear.

While the o product was defined in the paper by Holmes and Texier and was therein assumed

to be well-defined, we provide a proof that it is indeed well-defined.

3.2.1 Proposition. The product o is well-defined.
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Proof. Leta,b € G. Then we have a = (a;)!; and b = (b;)}_,, where a;, b; € Z,,,. For each i
let a; and b, be integers such that @; = a} and b; = 1/, and denote a’ = (a})?_, and ' = (b)) ,.

Thus a; = a; + mj and b; = b, + mk, for some j, k € Z, and we have

n
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The claim follows.

]

Define . : G & G — Z,, by t(a,b) := a ob. Then we have 1,(b) = aob = i(a,b) and
(a) = boa =aob = i(a,b). Itis straightforward to check that ¢ is a symmetric Z,,-
bilinear form, and thus for each a € G the map ¢, : G — Z,, given by 1,(b) = aobisa
Z.,-homomorphism so that for each a € G, 1, € G*. Itis also true that ¢ is non-degenerate, but

we postpone the proof of this to the next section (see Lemma 3.3.3).

Define ¢ : G — G* by ¢(a) = t,. Since 1, € G* for every a € G, the function ¢ is well-
defined in the sense that it maps into the indicated codomain. Moreover, since ¢ is Z,,-bilinear,
it follows that ¢,y = ¢t + 1 and ¢, = rt, for every a,b € Z,, and r € Z,,, which implies in

turn that ¢ is a Z,,-homomorphism.
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In fact, every element of G* can be written in the form ¢,, for some a € GG, as we now show.

For a finite group G, let o(x) denote the order of the element = € G.

3.2.2 Lemma. Let j, k € Z*, and set d = ged(j, k). For each 0 < a < d — 1 there exists a
homomorphism vy, : Z; — Zj, such that v,(1) = (k/d)a - 1. Moreover, the homomorphisms ,
(0 < a < d— 1) are distinct and for every homomorphism f : Z; — Z;, we have f = ~, for

some Q.

Proof. Set D = {0,...,d — 1}. Let a € D. Define the function f, : {1} — Z; by f,(1) =
(k/d)a - 1. Here, we view (k/d)a as an integer and 7, as a Z-module so that (k/d)a - 1 is an
element of Zj, where we take 1 € Zj. Now, since Z is free on the set {1}, the universal property
of free groups guarantees a unique homomorphism fa : Z — Zj such that the following

diagram commutes (i : {1} — Z is the inclusion map):

Z
/ la!fa

ny 2z,

Thus fo(1) = fui(1) = fu(1) = (k/d)a -1, 50 fu(j) = j - fu(1) = j - ((K/d)a-1) =
k-((j/d)a-1) = 0. Thus jZ C ker f,. By the fundamental homomorphism theorem, there is
a homomorphism f; : Z; — 7Zj, such that the following diagram commutes (here, we identify
Z/jZ with Z; in the statement of the FHT and replace Z/jZ with Z; in the codomain of the

canonical epimorphism 7):
Z —— ZL/jZ=7;

e 4y

ay Lz,
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Observe that f*(1) = f*m(1) = f,(1) = (k/d)a - 1. Setting 7, := f;* for each a € G, we have

Ya(1) = f¥(1) = (k/d)a - 1. This completes the first statement of the lemma.

a

Claim: each a € D yields a distinct ,. To that end, let a, b € D, and suppose v, = 7. Thus, in
particular, we have (k/d)a-1 = 7,(1) = (1) = (k/d)b- 1, which implies (k/d)(a—b)-1 = 0.
Hence k = o(1) | (k/d)(a — b), so (k/d)(a — b) = pk, for some p € Z. Therefore, for some
p € Z,wehave a — b = pd, or a = b+ pd, soa = b (mod d). Hence a = bin D. The claim

follows.

Let f : Z; — Zj be an arbitrary homomorphism. We claim that f = ~, for some a € D.
Since 7 - f(1) = f(j) = f(0) = 0, it follows that o(f(1)) is a divisor of j. In addition,
o(f(1)) = |im f| | |Zx| = k, so o(f(1)) is a divisor of k as well. Therefore, o( f(1)) must be a
common divisor of j and k. Thus o(f(1)) | d. Since f(1) € Zj we have f(1) = x - 1 for some
integer x with0 < 2z < k. Nowdz-1=d-(x-1) =d- f(1) = 0, so k | dz and hence we have
dz = ka for some integer a. Thus ka = xd < kd, which implies a < d. Hence a € D, and we
have f({) = (f(1) =l(x - 1) = L((k/d)a - 1) = lv,(1) = ,(¢) for all ¢ € Z;. This proves the
claim and completes the proof.

]

3.2.3 Corollary. Let j,k € Z* such that j | k. For each 0 < a < j — 1 there exists a
homomorphism vy, : Z; — Zj, such that v,(1) = (k/j)a - 1. Moreover, the homomorphisms -,
(0 < a < j — 1) are distinct and for every homomorphism f : Z; — Zj, we have f = ~, for

somnie Q.

Proof. Observe that j = ged(j, k), so by invoking the previous lemma with d = j, we obtain

the result.
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For the following result, recall that G = Z,,,, @ Zy, B - -+ ® Ly, forn,m; € Z* and m is a

multiple of my, mo, ..., my,.

3.2.4 Lemma. The function Z,,, — Homg, (Z,,, L) given by a; — 7,, is an isomorphism.

Proof. Fix 1 < i < n. Since m; | m, we can apply Corollary 3.2.3, which implies there
are exactly m; = gcd(m;, m) homomorphisms from Z,,, to Z,,, all given by ~v,, : Z,,, —
Zim, where 0 < a; < m; — 1, such that 7,,(1) = (m/m;)a; - 1. Thus the function Z,,, —

Homg,, (Z,,, Zm) given by a; — 7, is a bijection. Observe that, for z; € Z,,,, we have
Ya, (%) = Ti7a, (1) = mi((m/ms)a; - 1) = (m/mi)a; - z;.

Let a;, b; € Z,,,. Then we have

m m m
use) = (22 ) ortbiyan = (2 ) vt (22 ) by = o)+ 02) = 2 30) 00
Thus the function Z,,, — Homg, (Z,, Zy) given by a; — ~,, is a homomorphism and is
therefore an isomorphism. The claim follows.

]

3.2.5 Lemma. Let f; : Z,, — Zy, (i = 1,...,n) be homomorphisms. The function f : G —

Ly, given by f(a) = >_7"_, fi(a;) is a homomorphism.

Proof. First, observe that {Z,,, }, is a family of Z,,-modules. It is straightforward to check
that G = Z,,, ® - - - ® Z,,, with the natural injections ; : Z,,, — G given by ¢;(z); = 6;;(z)
is a coproduct of the family {Z,,, };, in the category z, Mod, where 6;; : Zy,, — Zy,, is the

identity map if ¢ = j and the zero map otherwise.

33



In the usual proof that (G, ¢;) is a coproduct, the function f : G — Z,, given by f(a) =

>, fi(a;) is a homomorphism with the property that f; = fy, for each i.

For the following result, recall the definition of ¢, : G — Z,,, for a € G:

where (ﬁ> (a;b;) € Zforalliand 1 € Z,,.
my;

3.2.6 Lemma. Every element of G* is of the form v, for some a € G.

Proof. Applying Corollary 3.2.3 and Lemma 3.2.5 and observing that m; = ged(m,, m) for all

1, the claim follows.

3.2.7 Theorem. The map ¢ : G — G* given by p(a) = t, is an isomorphism.

Proof. Recall from the remarks preceding Lemma 3.2.2 that ¢ is a homomorphism, and the
previous result gives us the needed bijectivity to make ¢ an isomorphism.

O

3.2.8 Note. While the previous theorem implies that G is isomorphic to G*, we now state a
more general result that proves G =2 GG* irrespective of a particular isomorphism from G to G*.

We keep the previous result since it will prove useful in the next section.

3.2.9 Lemma. We have G = G*.

Proof. By Lemma 3.2.4, we have Z,,, = Homy,, (Z,,,, Zy,) for each i, and thus G = @, Z,,, =
@, Homy, (Z,,,, Zy,). Now, we have @, Homy, (Z,,, Zy,) = Homg,, (D, Zm,, L),

which is a special case of [Hun80, Theorem 4.7, p. 202]. Therefore, we obtain
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G= é L, = é Homg,, (Zin,, Zin) = Homg,, (@ /S ) = Homgy, (G, Z,,) = G*.
=1 i=1

]

3.2.10 Theorem. Let 3 : G & G — 7Z,, be a non-degenerate bilinear form on G. Then
Bi: G — G* (i =1,2) givenby $1(g)(h) = B(g, h) and B2(g)(h) = B(h, g) are isomorphisms.

Proof. By Theorems 3.1.6 and 3.1.7, the maps 5; : G — G* (i = 1,2) defined such that
B1(g)(h) = B(g,h) and Ba(g)(h) = B(h,g) are monomorphisms. The previous lemma then
implies |G| = |G*|, so surjectivity of 3; and /35 follows. Thus 3; (i = 1,2) are isomorphisms.

O
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3.3 Orthogonal Complements of Subgroups of G

Let H be a subgroup of the fixed group G = Z,,,, ® Zy,, ® - -+ & Zyy,, . It follows that H is a
Z.p-submodule of G. Let 5 : G & G — Z,, be a Z,,-bilinear form on G. Recall from Section
3.1 the sets Hy = {g € G | B(g,h) = Oforallh € H} and Hy = {9 € G | B(h,g) =

0 for all h € H}. By Theorem 3.1.3, H f and H g are submodules, and thus subgroups, of G.

For the following results, set G5, := {f € G* | H C ker f}. By Theorem 3.1.10, we have that

Gy 1s a subgroup of G*.

3.3.1 Lemma. If § is non-degenerate, then H f = Gy and H g = Gy

Proof. Assume (3 is non-degenerate. Then Theorem 3.2.10 implies 3; : G — G* is an iso-
morphism. Observe that HY = {g € G | 81(g9)(h) = Oforall h € H}. Thus the restriction
B1|Hf . HY — G%; of By to HY is well-defined since H C ker f1(g) for all g € H.. Since S
is an isomorphism, /3, is a surjection, so for every f € G}; C G* there exists a g € G such that

f = Bi(g), and thus H C ker f = ker 51(g), whence g € Hf. Thus (4| ,,s is a surjection. It

|Hl€j

follows that G; is the isomorphic image of HJ. In other words, H} = G4,

Replacing 3; with 5 and H 5 with H g in the preceding argument, we see that H 15:3 = Gy
[

3.3.2 Theorem. Let 5 : G & G — Z,, be a non-degenerate bilinear form on GG. Then we have

that H] = G/H and H;, = G/H.

Proof. Let f € G7;. Then we have that H C ker f, so by the Fundamental Homomorphism
Theorem, there is a unique homomorphism f : G/H — Z,, such that fr = f, where 7 : G —

G/ H is the canonical epimorphism. We have the following diagram:
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G—>Z

4

G/H

Since G is a Z,,-module and H is a Z,,-submodule of G, it follows that G/H has a natu-
ral structure of Z,,-module, so we may write (G/H)* = Homg, (G/H,Z,,). It follows that

fe(G/H)".

Now, define p : G% — (G/H)* by p(f) = f, where f is as in the Fundamental Homomor-
phism Theorem above. The argument above shows that p is well-defined in that it maps to the

indicated codomain. Let «, ¢ € G;. Then we have that

(a+¢)(gH) = (a +¢)(g)
= (a+¢)(9)
= alg) +»(9)
=an(g) +or(g)
=a(gH) +o(gH)

= (@+9)(9H),

ie., a+ @ =a+ p, so we have

showing p is a homomorphism.

Claim: p is surjective. Let v € (G/H)*. Theny : G/H — 7Z,, is a homomorphism. Given the
canonical projection map 7 : G — G/H, we see that § := vrw : G — Z,, is a composition of

homomorphisms and is thus a homomorphism. Additionally, for all h € H, we have 6(h) =
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yr(h) =~(hH) =~(H) =0,s0 H C ker §, and thus # € G};. Moreover, by the FHT, - is the

unique homomorphism from G /H to Z,, for which § = y7. Therefore, p(f) = 0 = ~.

This proves the claim.

Claim: p is injective. Let o, ¢ € G%,;. Suppose @ = p(«) = p(p) = @. For g € G, we have

al(g) = an(g) =a(gH) = p(gH) = 27(g) = v(9)-

Hence o = ¢, and this proves the claim.

Y

Therefore p is an isomorphism, so G%, = (G/H)*. By the previous lemma, H} = G% and
HP = G%. Since (G/H)* = G/H by Theorem 3.2.9, it follows that HY = G%, = (G/H)* =
G/H and H}, = G% = (G/H)* = G/H, as claimed.

]

Recall that the map ¢ : G & G — Z,, defined by ¢(a,b) = a o b is a bilinear form, and recall the

map ¢ : G — G* defined by p(a) = ¢,.

3.3.3 Lemma. The bilinear form v is non-degenerate.

Proof. By Theorem 3.1.7, it suffices to prove that ¢; and ¢, are injections. Since ¢ is symmetric,
it follows that we need to prove that ¢y is an injection. Let g, h € G. Suppose ¢t1(g) = t1(h).
Thus ¢(g) = tg = t1(9) = t1(h) = v, = @(h). By Theorem 3.2.7, ¢ is an isomorphism. Thus

 1s an injection, so g = h. Therefore, ¢; is an injection. The claim follows.
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3.3.4 Note. Since ¢ is symmetric, Theorem 3.1.4 gives H; = H},. By Note 3.1.5 we may write
H'={ge€ G|ig,h) =0forall h € H}. From Section 2.2, we observe that H"* is in fact the

orthogonal complement of H in GG, which we will henceforth denote by H-*.

3.3.5 Theorem. We have H+ =~ G/H.

Proof. Since ¢ is non-degenerate by Lemma 3.3.3, Theorem 3.3.2 and the previous note give

the result.

3.3.6 Theorem. We have (H')* = H.

Proof. Since (H+)t ={g€ G |1,(a) =0 Vae H*+},and 1y(a) = goa =aog = 1,(g) for
alla,g € G, it follows that H C (H*)L. By Lagrange’s Theorem and Theorem 3.3.5, we have

G G

= 18 = e

Thus (H+)+ = H. O

3.3.7 Corollary. We have G/H*+ =~ H.

Proof. By the previous theorem, (H+)+ = H, and Theorem 3.3.5 gives G/H+ = (H+)! =
H.
]

3.3.8 Definition. A self-orthogonal subgroup of G is a subgroup O of G such that O = O*.

3.3.9 Theorem. Let O be a subgroup of G. If O is self-orthogonal, then |O] = \/|G]|.

Proof. By Theorem 3.3.5 and Lagrange’s Theorem, we have

O is self-orthogonal = O = O*
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= 0=0"~G/0
= [0]* = |G|

= 0| = /|G|

O

3.3.10 Note. Observe that the contrapositive of the previous theorem states that if |O| # /|G,
then O is not self-orthogonal. Thus it follows that, if |G| is not a perfect square, then G contains

no self-orthogonal subgroups.

3.3.11 Theorem. Let H and K be subgroups of G. We have K C H if and only if H+ C K+

Proof. For the forward direction, suppose K C H. Leta € H L. Thenaoh =0forallh € H,
and thus a o k = 0 for all k € K. Hence a € K, and therefore, H+ C K. For the other
direction, assume that H+ C K*. By Theorem 3.3.6 and what we have just shown, we have
K = (K+)+ C (H')* = H. The claim follows.

[

3.3.12 Definition. By an orthomorphism of G we mean a permutation f of G with f(a)o f(b) =

aobforalla,be G.

3.3.13 Theorem. If f is an orthomorphism of G, then f is an automorphism of G.

Proof. Let f be an orthomorphism on G. Let x,y € G. Since f is by definition a permutation

of GG, it suffices to show only that f is a homomorphism. Thus for any a € GG, we have

Lf(x-i-y)(a) = f(x+y)oa
= fl@+y)of(f(a))
= (z+y)of(a)
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= zof a)+yof(a)

= fl@)o f(f () + fly)o f(f(a))
= f@)oa+ fy)oa

= (f(x)+ f(y)) oa

= lfe)+1w) (@),

which implies ¢f(z1y) = L)1 f(y)- Since ¢ : G — G* given by ¢(g) = ¢, is an isomorphism
and

e(f(x+Y) = tya+y = tr@+rw = e[ (@) + (),

we obtain f(x +y) = f(x) + f(y). Hence f is an automorphism of G.
O]

3.3.14 Theorem. For every orthomorphism f of G and subgroup H of G, we have f(H*) =
f(H)™

Proof. Let f be a orthomorphism of GG, and let H < G. Let g € GG. Then

g€ f(HY) <= f(9) e H*
> f(g)oh=0, VheH
= f(f ' (9)of(h)=0, VheH
< gof(h)=0, VheH

—ge f(H)"

The claim follows.

]

3.3.15 Corollary. Orthomorphic images of self-orthogonal subgroups of G are self-orthogonal

subgroups of G.
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Proof. Let f be an orthomorphism of G, and let O be a self-orthogonal subgroup of GG. Observe
that f(H*) = f(H)* for all H < G from the previous theorem and O = O=, respectively.
Therefore, we get f(O) = f(O+) = f(O)*. The claim follows.
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3.4 Symplectic Complements of Subgroups of G

Set G = G & G. We have

C=GOGC= L, ®Ln,; D ® L) D Zimy, ® Loy ® -+ D Ly, ),

where m,,; = m;, since G = Zy,, ® L, B+ - - D Zyy,,,. Thus observe that an element x € G can
be expressed as z = (a, b), for some a,b € G; hence, x = (T1,%2, ..., Tp, Tpi1,---,Top) =

(Cbl,CLQ, .. ,an,bl,bg, .. ,bn>, where ©; = Ay Tyyj = b; € Zml (1 <1< n)

For the following, let K be a subgroup of G.

3.4.1 Definition. The symplectic product of two elements (a,b),(c,d) € G is defined by

(a,b) % (¢,d) := boc— aod, where the product o is defined as it is in Section 3.2.

3.4.2 Definition. Define ) : G & G — Z,, by

1/’((@7 b)’ (C’ d)) = <a7 b) * (Cv d)

For x € G, define ¥, : G — Zy, by ¥, (y) = ¥(z, y).

3.4.3 Note. It is straightforward to check that ¢ is a bilinear form. Moreover, 1) is alternating
since ¥((a, b), (a,b)) = 0 for all (a,b) € G. Thus by Theorem 3.1.9, 1 is skew-symmetric, so

by Theorem 3.1.4 and the note following it, K¥ = {z € G | ¢(z,y) = 0 forally € K} .

3.4.4 Definition. Define the symplectic complement K» of K by K® = {z € G | v xy =
0forally € K}.
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3.4.5 Note. Observe from the previous definition that indeed, K2 = K¥. By Theorem 3.1.3 it

follows from the fact that 1) is bilinear that K is a subgroup of G.

3.4.6 Note. Substituting G for G in the definition of o, we obtain a bilinear form (x, %) + zoy
on G having the property that for every (a, b), (c,d) € G we have (a,b) o (¢,d) =aoc+bod,

with each o on the right being the operator defined on G.

3.4.7 Corollary. Let (a,b), (c,d) € G. Then we have (a,b) * (¢,d) = (a,b) o (—d, c) and also
(a,b) * (¢,d) = (b,—a) o (c,d).

Proof. This fact follows immediately from the definition of (a, b) * (¢, d) and the previous note.

]

3.4.8 Note. Recall that since v is a bilinear form, we have that v,, is a Z,,-module homomor-
phism, and thus ¢, € G* for each 2 € G. Define p : G — G* by p(z) = 1,. Recall
from Theorem 3.2.7 the isomorphism ¢ : G — G * defined by () = 1,. Then the previous

corollary implies

w(a,b)((c, d)) = (a,b) * (¢,d) = (b,—a) o (¢,d) = L(b7_a)((c, d))

for all (c,d) € G. Thus p(a,b) = Yup = tp-ao = @(b,—a) for (a,b) € G. Since
¢ : G — G*is an isomorphism by Theorem 3.2.7, it follows that p : G — G * is an iso-

morphism.

3.4.9 Lemma. The bilinear form 1) is non-degenerate.

Proof. By Theorem 3.1.7, it suffices to prove that 1)y and v, are injections. Since v is skew-
symmetric, Theorem 3.1.8 implies 1)1 = —1),, and it follows that we only need to prove that ¢,
is an injection. Let ,y € G. Suppose 1 (z) = ¥ (y). Thus p(z) = 1, = ¥1(z) = Y1(y) =

1, = p(y). By Note 3.4.8, p is an isomorphism. Thus p is an injection, so x = y. Therefore,
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11 1s an injection. The claim follows.

]

3.4.10 Note. Since v is alternating and non-degenerate, we have that 1) is a symplectic bilinear

form by Definition 3.1.2.

3.4.11 Theorem. We have K+ =~ G /K and K* = G /K.

Proof. Sinceboth 1 : G & G — Z,, and ¢ : G & G — Z,, are non-degenerate by Lemmas
3.3.3 and 3.4.9, respectively, Theorem 3.3.2 implies K+ = G/K and K* =~ G/K.

3.4.12 Corollary. We have (K*)» = K.

Proof. Since (K2)2 = {z € G | ¥.(y) = 0Vy € K2} and ¥, (y) = *y = —y*x = —1,(z)
forall z,y € G, it follows that K C (K2)2. The previous corollary implies (K2)» = G/K2.

By Lagrange’s Theorem, we have

G G
B <

ANA
= 13 = @ik~

Thus (K2)2 = K.

3.4.13 Corollary. Let H and K be subgroups of G. Then K C H if and only if H® C K*.

Proof. The proof of Theorem 3.3.11 applies with L replaced by A and o replaced by x.
3.4.14 Definition. A Lagrangian subgroup of G is a subgroup L of G such that L = L.

3.4.15 Theorem. Let L be a subgroup of G. If L is Lagrangian, then |L| = |G|.

45



Proof. By Theorem 3.4.11 and Lagrange’s Theorem, we have

L is Lagragian = L = L~
=G/L=2L* =1L
= |G]* =G G| =G| =|L”

= |G| = |L].

]

3.4.16 Definition. By a symplectomorphism of G we mean a permutation f of G with f(x) *

fy) =z xyforalz,ycd.

3.4.17 Theorem. If f is a symplectomorphism of G, then f is an automorphism of G.

Proof. Let f be a symplectomorphism on G. Let (a,b), (c,d) € G. Since f is by definition a
permutation of G, it suffices to show simply that f is a homomorphism. Let (g, ) € G. Thus

(g,h) = f(g', h') for some (¢’, ') € G. Then

Vtab+eap(9:h) = flat+eb+d)*(g,h)
= fla+c,b+d)* f(g,h)
= (a+c¢,b+d)=(4,n)
= (b+d)og —(a+c)oh
= bog —aoh'+dog —col/
= (a,0)*(¢g",h) + (c,d) = (¢, 1)
= fla,b) = f(g', 1) + flc,d) = f(g', )
= (fla,b) + flc,d)) = (g, D)

= wf(a,b)—&-f(c,d) (g7 h)a
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which implies ¥ ¢((a,b)+(c,d)) = Vf(ab)+f(c,d)- SINCE p : G — G* given by p(a,b) = Y(a,p) 18 an
isomorphism, we obtain f((a,b) + (¢,d)) = f(a,b) + f(c,d). Hence f is an automorphism of
G.

[

Let Sp(G) denote the collection of symplectomorphisms of G. It is straightforward to prove

that Sp(G) is a subgroup of the group Aut(G) of automorphisms of G.

The next theorem says that symplectomorphisms preserve symplectic complements.

3.4.18 Theorem. For every symplectomorphism f of G and subgroup H of G, we have f(H?) =
fUH)A.

Proof. Let f be a symplectomorphism of G, and let H < G. Let (a,b) € G. Then

(a,0) € f(H?) <= f'(a,b) € H®
— fYa,b) % (h,k) =0, Y(hk)e H
> f(f Ya,b)) * f(h,k) =0, V(hk)e H
— (a,b) % f(h,k) =0, Y(hk)eH

> (a,b) € f(H)>.

The claim follows.

O

3.4.19 Corollary. Symplectomorphic images of Lagrangian subgroups of G are Lagrangian

subgroups of G.

Proof. Let f be a symplectomorphism of G, and let L be a Lagrangian subgroup of G. Ob-
serve that f(H?) = f(H)* for all H < G from Theorem 3.4.18 and L = L, respectively.
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Therefore, we get f(L) = f(L?) = f(L)*. The claim follows.
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Chapter 4

Generalizations of the Pauli Group, the Pauli Algebra, and the Clifford Group

4.1 Pauli Maps

Recall that G = Z,,, @ Zpp, ® - -+ ® ZLy,,, with n,m; € Z*. Henceforth, we let m be a fixed
common multiple of the set {2m; | 1 < i < n}. Putm’ = m/2. It is straightforward to prove
that m' is a common multiple of the set {m; | 1 < ¢ < n}. Thus we may apply the results from

Section 3.2 to G with m’ = m /2. Recall again the definition of a o b for a,b € G:

- m
b= il — )L

where we take a;b; (ﬂ> € Zand 1 € Z,,. Thus

)

7

n m/
b=2% ab; [ — )1,

n !
where 1 € Z,,. Since m'/m; € Z for all i, we have that Zaibi (ﬁ> € Z, and thus

i=1 i

n ! n /
Z a;b; (ﬂ) -1 € Z,,. Therefore, for a,b € G, we have aob = 2 Z a;b; <ﬁ) -1 e€2Z,,.
my; i
i=1

i=1 ?
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Recall that the group algebra CG of GG over C is the algebra over C having as its underlying
vector space the vector space with basis G and having as its product the product in the group
G extended linearly. Let (- | -) be the inner product on CG uniquely determined by the assign-

ment (g | h) = 0,4, where d,, is the Kronecker delta function.

For each g € G, let X9 denote the linear operator on CG uniquely determined by X9|h) :=

X9(|h)) = |h + g), for h € G. Written explicitly, we see that X9 = Z |h + ¢)(h| and hence
hea

X7 (Z ah|h>) = Z%Vl +9).

heG heG

Similarly, for each g € G, let Z9 denote the linear operator on CG uniquely determined by
Z9|hy = Z9(|h)) = €%°h|n), for h € G, where ¢,, = e*™/™, where i = \/—1. Written

explicitly, we see that Z9 = Z ¢%°"|h) (h| and hence
heG

Z9 (Z ah|h>) = aned|h).

heG heG

For general k € Z*, define ¢, € C by ¢, := e*™/* where i = v/—1.

Define X, Z : G — GL(CG) by X(g) = X9 and Z(g) = Z9.
4.1.1 Theorem. The maps X and Z are monomorphisms. In particular, X9" = XIX" and
Z9th = 797" for any g, h € G.

Proof. Let g, h € G. For any a € (G, we have

X(g+h)la) = X7|a) = a+ g+ h) = X9a + h) = X' X"|a) = X(9)X (h)|a).
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Thus X (g + h) = X(g)X(h), so X is a homomorphism. It is straightforward to prove that
X is injective. Thus X is a monomorphism. In particular, we have X9*" = X (g + h) =

X(g)X(h) = X9X".

Similarly, for any a € GG, we have
Z(g+h)|a) = et a) = el e |a) = ep* Z%a) = Z9(ehe?la)) = Z9Z"a) = Z(g)Z(h)|a).

Thus Z(g + h) = Z(g)Z(h), so Z is a homomorphism. It is also straightforward to prove
that Z is injective. Thus Z is a monomorphism. In particular, we have Z9™" = Z(g + h) =
Z(9)Z(h) = Z9Z".

O

4.1.2 Definition. The generalized Walsh-Hadamard transform of CG is the linear operator W

on CG given by

W= 1617230 ea) (b

beG aeG

4.1.3 Theorem. Forall g € G, W X9 = Z9W.

Proof. Let g, h € G. Then

WX9h) = Wih+g)
:(mwzzm )mm
beqG aceG
= Gy t0ay
acG
e 1/22 aoh €29|q
aceG
|G Y e 7))
aceG
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- 7z <|G\-1/22ezshra>>

acG
— Z9W|h).

Since h € (G was arbitrary, the claim follows.

]

4.1.4 Note. It is routine to check that W is invertible. Therefore, since W ! exists, we have

WXIW—1 =279

4.1.5 Note. The above linear operators on CG generalize the notion of the bit flip and phase

flip operations in the case G = Zo @ - - - @ Zso.

The following theorem describes the commutation relationship between X9 and Z" under mul-

tiplication for g, h € G.

4.1.6 Theorem. Let g, h € G. Then Z"X9 = 9 . X9 7",

Proof. Letb € G. Then

ZM'X0b) = Z" b+ g) = eV |b + g) = et Xb) = € X (€,1b) = €4 - XIZ"b).

The claim follows.
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4.2 Pauli Group

Again recall that G = Z,,, & Zy,, ® -+ ® Z,,, with n,m; € Z*, and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

4.2.1 Definition. Define the (General) Pauli group P¢ of G to be the subgroup of GL(CG)
generated by the set {¢* I, X9, Z" | k € Z,,, g,h € G}.

4.2.2 Theorem. The (General) Pauli group is equal to the set {¢X X9Z" | k € Z,,, g,h € G}.

Proof. Since Pg is defined as the subgroup of GL(CG) generated by the set {€* I, X9, 7" |
k € Zy, g,h € G}, we have that P is the collection of all products of elements from
the set {* 1, X9 Z" | k € Z,,, g,h € G}. By Theorems 4.1 and 4.1.6, it follows that
Pe C {" X9Z7" | k € Z,,, g,h € G}. Since the other inclusion is immediate as each
element of {e¥ X97" | k € Z,,, g,h € G} is a product of elements from {e* I, X9 Z" | k €
Lo, g, h € G}, we obtain Pg = {e* X9Z" | k € Z,,, g,h € G}. The claim follows.

[

A basis for CG is {|g192- - gn) | 9i € Zm,}. For g; € Z,,,, an equivalent way to express
|g1g2 -+ gn) 18bY |g1)|92) - - - |gn), which is itself shorthand for |g;) ® |g2) ® - - - ® |gy), and this
is due to the identification of the spaces CG and CZ,,,, ® CZ,,, ® - - - @ CZ,,,.

4.2.3 Theorem. Let g € G. We have X9 = X9 @ X2 ® --- @ X9 and 79 = 79 ® 79> ®

Proof. Let h € G. Then h = (hq, ho, ..., h,) for some h; € Z,,,. Thus

X9h) =g+ h)

= |g1 + h1)|g2 4 ha) - - - |gn + hn)
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:Xgl‘h1>X92|h2>-"Xg"|hn>
—(XP @ X® @ @ XO) () ha) -+ )

— (Xgl ® X92 R---® Xgn)|h>
Also, we have

Z9h) = e"|h)

— exiz1(m/mi)gih i

i=1

)ha) - [hn))

)ha) - [hn))

~.

= (el (e ) - (e )

m

— ((627r\/?1/m)(m/m1)91h1|hl>)((e2ﬂﬁ/m)(m/m2)92h2|h2>) ... ((e%\/jl/m)(m/mn)gnhn‘hn))
= (2™ m) It ) ) (€202 By ) ) - (7Y Tyt ) )
= (em ) (e |ha)) - - (€ | 7))
= Z9hy) 2% |hy) -+ Z9 | hy).
— (29 7%® - ® Z97)|h)|hs) - - |hn)

— (Zgl ®292 ® - ®Zgn>|h>

The claims follow.

4.2.4 Lemma. Let g, g € G. The following statements are equivalent:

(a) gog' =0
(b) g€ (9"

(c) g € {g)*
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Proof. (a) = (b): Suppose g o ¢’ = 0. Let x € (¢’). We have x = kg for some k € Z. Then

gorx=gokg =go(g+g+-+g)=gog+gog +---+gog =0,

k times k times

implying g € (¢')*.
(b) = (a): Trivial.

(a) < (c): This follows from (a) < (b) and the fact that the form o is symmetric.

The claim follows.

4.2.5 Definition. Let g, h € G. We say X9 and Z" are compatible if X97" = Z"X9.

4.2.6 Theorem. Let g,h € G. Then X9 and Z" are compatible if and only if g € (h)*

(equivalently h € (g)=).

Proof. By Theorem 4.1.6, Z"X9 = "9 X 97" We have

X9 and Z" are compatible = X97" = Z"X?9
X9Z" = o xozh
1= eﬁfg

hog=0

[

g e (h)*.

The implications (b) < (¢) in the preceding lemma complete the proof. O

4.2.7 Theorem. Let a,b,c,d € G. Then (X22°)(X°¢Z%) = eb>e=e°d( X e 77)(XZb).
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Proof. We have

Xo(ZbXe) 20 = XO(eexezb) 7
= boexatregbid
= oo xe(xezd) 2
= boexe(e-acd zd ya) b

_ El;;c—aod(Xczd)(Xazb)‘

]

4.2.8 Note. Utilizing the notation for the symplectic product on G, the previous result could be
expressed as

(XZ°)(XcZ%) = elebled(xez4) (X2 2% for all a, b, ¢, d € G.

m

k(k—1)

4.2.9 Theorem. Let g, h € G. Forany k € Z, (X9Z")* = ¢, (90 kg 7k,

Proof. We first prove by induction that the equality holds for all £ > 0. The case for £ = 0 is
(k—1)(k—2) .

trivial. Now let & > 0. By induction, (X9Z")k1 =¢,, ? (91) x (k=1)g 7k~ Then we

have

(X9ZME = (X9ZMF1(X972")

(E=(k=2) (o)

= €n X(k—l)g(Z(k—l)th)Zh

_ EW'(goh)X(k—l)g(éﬁ—l)gthgZ(k—l)h>Zh
_ 6%‘(90’1))@92%

_ E%-(goh)ngZkh

k(k—1)

2 '(goh)Xk;ng‘h‘

= €m
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: . : : 2D (goh
Now, observe that inverting both sides of the equation (X972 h)’C =€m° (goh)

XF9ZM gives

_EE=D) o,

(X9IZM™F = ¢, 2

)Z—th—kg

e TR (ko) Xk 7—hh)
— K24k

—e ? “(goh) (Eﬁj(goh)X—ng—kh>

— k24 k+2k2 A(
2

goh)X—ng—kh

:em
K24k oh

— 2 (9 )X—ng—k:h
—k(=k=1) (. h

—e ® (g )X—ng—k:h.

S iGen
Thus, for k > 0 and j = —k, we obtain (X9Z") = ¢, 7 **"

X797 Thus the formula holds
forj =—k <O.

]

Recall that o(x) denotes the order of the element = € G. By Theorem 4.1, X : G — GL(CG)
and Z : G — GL(CG) given by X(g) = X9 and Z(h) = Z", respectively, are monomor-
phisms. Thus for all g, h € G, we have o(g) = o(X?) and o(h) = o(Z").

4.2.10 Theorem. Let g, h € G, and set { := lcm(o(g), o(h)) = lem(o(X9),0(Z")). If { is odd,
then o(X9Z") has order {, and if { is even, then X9Z" has order { when o(g o h) divides (]2,

and X9Z" has order 20 otherwise.

k(k—1)

Proof. Let k € Z*, and assume that (X9Z")* = [. Thus e, ? (9h) kg kb _ T by the
previous theorem. In particular, this implies X*9 = [ and Z** = I so that k is a common

multiple of o(X?) and o(Z"). Therefore, / | k.

Now, suppose / is odd, i.e. £ = 25 + 1 for some j € N. Thus

Le=1)

(ngh)e — ernT (Qoh)ngzﬂh

£(25)

_ emT'(!]Oh) (Xg)e(Zh)E

— EK ‘(goh)I

J
m
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_ (it T

= €

SO

If £ is even, i.e. £ = 2j for some j € N, then

£(6-1)

(ngh)Z — ETnT‘(goh)Xégzéh
= 6;%.(90}1)]
— E%K—l)(goh)l

- 6%(90h)—j(90h)_]

— J((g)oh)—j(goh)

_ E;lj(goh)[
Therefore, if ¢ = 2j for some j € N, then
(X9ZMf =1
= M=
= i =1
< —jlgoh)=0
< o(goh)|j=1)2.

In particular, if o(g o h) | £/2, then X9Z" has order £. On the other hand, if o(g o h) { £/2, and
thus (X92")¢ = €,79"" [ + I, then the equations (X92")% = e, /9N = ¢, (WM — T
and (X92Z")* + I, together with the fact established earlier that the order of X9Z" is a multiple

of ¢, yield the conclusion that X9Z" has order 2¢. The claim follows.
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For the following, recall from the opening statements in Section 4.1 that for a,b € G,ao0b €
27, Tt follows that, for a,b € G, we have a o b = 2k for some k € Z,,, and thus (a o b)/2 can

be taken to mean k.

4.2.11 Corollary. Let g, h € G. If{ = lem(o(XY),0(Z")) is even, then 92 X9 70 has order
l.

Proof. From the previous proof, we observe that for / = 2j, with j € N, the equation

(X92ZM) = €,79°M [ implies €{7°" (X 92")¢ = I, which implies

(eggoh)/Qngh)é — Géb(goh) (XgZh)f _ 6Zr(Lgoh) (ngh)f — I

The claim follows.

]

4.2.12 Theorem. Let N and M be groups, and let p, o : N — M be homomorphisms. The
product p - ¢ : N — M given by (p - ¢)(n) = p(n)p(n) is a homomorphism if and only if

p(b)p(a) = ¢(a)p(b) forall a,b € N.

Proof. Leta,b € N. By direct computation, we have

p - is a homomorphism <= (p - p)(ab) = (p- )(a)(p- ©)(b)
<= p(ab)p(ab) = p(a)p(a)p(b)p(b)
<= p(a)p(b)p(a)p(b) = p(a)p(a)p(b)p(b)

> p(b)p(a) = @(a)p(b).
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4.2.13 Definition. Let NV and M be groups, and let /K be a subgroup of N. Letp, o : N — M
be homomorphisms. We say p and ¢ are compatible on K if (p - ¢)|x : K — M is a homo-

morphism. Otherwise, we say they are incompatible on K.

4.2.14 Note. We make a few quick observations. First, if M is abelian, then p and ¢ are com-
patible on N. Second, p and ¢ are always compatible on the trivial subgroup of N. Lastly, if
either p or ¢ is the trivial homomorphism that maps all of NV to the identity of M, then p and ¢

are compatible on V.

Observe that we could apply the previous theorem to the maps X : G — GL(CG) and
Z : G — GL(CQG) given by X(g) = X9 and Z(g) = Z9, since these are homomorphisms.

4.2.15 Corollary. Let o and (3 be endomorphisms of G, and let X, Z° : G — Pq be maps

defined by X°(g) = X9 and Z°(g) = ZP9). The following are equivalent:

(i) The product X*ZP : G — Pg defined by X*Z"(g) = X9 759 is a homomorphism.
(ii) a(g) o B(h) = 0 for all pairs g, h € G.

(iii) a(G) C B(G)* (equivalently, 3(G) C o(G)* by Theorem 3.3.11.).

Proof. First, it is straightforward to show that X and Z? are homomorphisms.

(i ¢ ii): From the previous theorem, X®Z? : G — P is a homomorphism if and only if
X o) zB(h) — zB(h) x9) for all g, h € G. Due to the commutation relations in P, this is true
if and only if e @B — 1 for all g,h € G, which is equivalent to a(g) o 5(h) = 0 for all

g9,h €qG.
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(ii < iii): Since the statement a(g) o 3(h) = 0 for all g, h € G is equivalent to a(G) C B(G)*

by definition of the orthogonal complement of a subgroup, the claim follows.
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4.3 A Presentation of the Pauli Group

Let S be a set, let Fg be the free group on S, and let R C Fg be a set of words on S. Let
Np, be the normal closure of R in Fs (so Ny is the intersection of all normal subgroups of Fg

containing I?). Put

(S| R) = Fs/Nkg.

4.3.1 Theorem (Universal Property of Free Groups). [Hun80, p. 65] Let v : S — Fs be the
inclusion map. If H is a group and ¢ : S — H is a map of sets, then there exists a unique

homomorphism ¢ : Fg — H such that v = .

4.3.2 Corollary. Ser P = (S | R), and suppose that ¢ : S — H is a function from a set S
toa group H. Let p : Fs — H be the homomorphism granted by the previous theorem that
satisfies pL. = @, where v : S — Fg is the inclusion map. Then p extends to a homomorphism
©* : P — H that satisfies o*m = ¢ if and only if ¢(r) = ey for all v € R, where ey is the

identity in H.

Fg — Fs/NR:P

S —— H

Proof. For the forward direction, assume there is a homomorphism ¢* : P — H that satisfies
p*m = ¢. Letr € R. We have that r € Ng, and thus o(r) = p*n(r) = ¢*(rNg) = ¢*(Ng) =

ey. Since r was arbitrary, the claim follows.
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For the reverse direction, assume @(7) = ey for all » € R. Thus R C ker ¢, and since ker ¢ is
a normal subgroup of Fg and Ny, is the intersection of all normal subgroups of Fs containing
R, it follows that Ng C ker . By the FHT (Theorem 2.3.5), there is a (unique) homomorphism
f : Fs/Nr — H such that fr = ¢, where 7 : Fs — Fg/Np is the canonical epimorphism.

Setting f = ¢* and observing that P = Fg/Ng, we obtain the desired result.
4.3.3 Definition. We say a group H has presentation (S | R) if H = (S | R).

4.3.4 Theorem. P has presentation (S | R), where

S={"I1,X9.2" k€ Zp,g,h G},
R={X° 20, [, X9thX~h X9 z9+hz=hz=9 (k) () (eI]),

(F NX9(e FNX79, (8 N Z9(e F 1) Z79, (9" N XIZ" X927 | g,h € G, j, k € Ly, }.

Proof. Let S and R be defined as they are in the statement of the theorem. Since S C Pg and
S C Fg, we have the inclusion maps ¢ : S — Pg and ¢ : S — Fjg, respectively. By Theorem
4.3.1, there is a homomorphism ¢ : Fg — P¢ such that oo = . We then have the following

diagram:
Fs
-

S —— Pg

Claim: ¢(r) = I forall r € R.
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First, we have that p(X%) = ¢u(X?) = p(X°) = X° = [. Similarly, »(Z°) = I and
P(® 1) = 1. Letg,h € G and j,k € Z,,. Since $ is a homomorphism and X9*", X", and

X 9 are all elements of S, we have

PXTXTIXT) = G(XT)G(XT)p(X )
= QUXTMGUX M) Pu(X )

= p(XT™M) (X M) p(X79)

Showing that @ maps Z9™" Z=" 79 (k) (e k1) (e 71), (" 1) X9(e FI) X9, and (¢* 1) Z9(e ¥ 1) Z~9

to [ are similar. Lastly, we have

PR NXIZMX0Z7") = (e DX )2 (X ) p(Z7")
= G DPUX) U ZM)PuX )G Z7")
= p(en" De(X)p(Z) (X )p(Z7")
= (" NXIZ"X"977"
= (" DX (el X0 2N 27"

=1

The claim follows. Thus by Theorem 4.3.2, ¢ extends to a homomorphism ¢* : (S | R) — Pg.
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We have the following diagram:

FS L) Fs/NR = <S | R>

SL)’PG

By Definition 4.2.1, S generates Py , and thus it follows that ¢ is a surjection. Also, it is
straightforward to see that the elements of R are the reduced words in Fg that are mapped to
I under . Therefore, we have by Theorems 4.1 and 4.1.6, and also by the commutativity of
scalar multiples of /, that Ny contains all words in Fls that are mapped to / under ¢. Thus

ker » = Ng. Therefore, (S | R) = Fs/Ngr = Fs/ker ¢ = im ¢ = Pg. The claim follows.

]

4.3.5 Note. Let the language be as in the previous theorem. Since S C Fjg, we have sNi €

Fs/Npg for all s € S. It follows that for all s € S, p*(sNg) = @*7(s) = @(s) = Pu(s) =

o(s) = s.
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4.4  Abelian Subgroups of the Pauli Group

Again recall that G = Z,,, & Zy,, ® -+ ® Z,,, with n,m; € Z*, and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

For a group H, recall that the commutator subgroup [H, H| of H is the subgroup of H gener-

ated by the set {[a,b] = a"'b"tab:a,b e H}.

4.4.1 Lemma. We have [Pg,Pg] C {51 | k € Z,,}.

Proof. Let a,b,c,d € G. Recall from Theorem 4.2.7 that X*Z°X¢ 74 = ebocmacd Xezd X azb,

We have

[XaZb’ XCZd] _ (XaZb>—1(Xch)—1XaZchZd
S A0 G A G A A
_ Z—bX—az—dX—c(Ezic—aochdeazb)
_ Ezic—aodz—bX—aZ—dX—cXcdeazb

_ _boc—aod
=€, I.

It follows that [Pg, Pe] C {81 | k € Z,,}.

For the following, put N’ = {e¥ I | k € Z,,}. Observe that N is a normal subgroup of Pg.

4.4.2 Theorem. We have that Pg /N is isomorphic to G.
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Proof. Let f : Pe/N — G be defined by f (XgZh) — (g, h), where X9Z% = X9Z'N. Ttis

straightforward to prove that f is well-defined. Let a, b, ¢, d € G. Then we have

[ (XoZ0 Xe27) = [ (X“Z'N X“Z°N))

X*Z'X°ZN)
Xa+ch+d bocI)N))

(X
(
(
(

Xa+czb+dN)

Il
S s S

()
= (a+cb+d)
= (a,b) + (c,d)

:f<ﬁ>+f<ﬁ>.

Thus f is a homomorphism.

Now, suppose f (X“Zb> =f (XCZd). Thus (a,b) = (¢,d), so a = cand b = d. Therefore,

XaoZb = XcZ4 so f is injective. It is straightforward to see that f is surjective. Thus f is an

isomorphism. The claim follows.

]

Let f : Pg/N — G be the isomorphism defined in the previous theorem and let 7 : Py —
Pq /N be the canonical epimorphism. Set ¢ := fr. Thus ¢ : Pg — G is an epimorphism.

Indeed, ¢ is an m-to-1 epimorphism, which is due to ker p = N = {* I | k € Z,,}.

For the following, let A and 3 be subgroups of Pg.

4.4.3 Lemma. A and B commute element-wise if and only if p(A) C p(B)>.
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Proof. Assume A and B commute element-wise. Let z € p(A) andy € ¢(B) so that x = ¢(a)
and y = ¢(b) for some a € A, b € B. By Theorem 4.2.2 we have a = ¢* X97" and
b=¢ X"Z¢ for some k,l € Z,, and g, h,r,s € G. We then have x = p(e* XIZ") = (g, h)

and y = (el X"7%) = (r, s). By assumption, ab = ba, so we have, by Note 4.2.8,

el (elohxre) xr zs X9 zhy — FHXIZhXT 7% = ab = ba = "1 X" 75 XI 7",

g,h)*(r,s)

whence it follows that €% = €Y = 1. Therefore, z x y = 0, so x € ¢(B)?, since

y € ©(B) was arbitrary. Thus p(A) C ¢(B)A.

Now assume that ¢(A) C ¢(B)>. Leta € Aand b € B. By Theorem 4.2.2 we have
a=¢" X97" and b = ¢, X" Z* for some k,l € Z,, and g, h,r,s € G. Thus p(a) = (g, h) and
©(b) = (r,s). By assumption, (g, h) * (r,s) = ¢(a) * ¢(b) = 0. Therefore,

ab= ey XIZ" X" 70 = ep (eI XT 2o X7y = P XT 25 X9 7" = ba,

and we have that A and B commute element-wise.

4.4.4 Lemma. We have ¢(Cp_(A)) = o(A)>.
Proof. Since A and Cp, (A) commute element-wise, the previous lemma yields p(Cp,(A)) C

p(A)=.

Claim: ¢(Cp.(A)) 2 p(A)2. Set B = p~(p(A)?). Since ¢ : Pg — G is a homomorphism,
we have B < Pg. Moreover, since p(B) = o(¢ 7' (o(A)?)) = ¢(A)*, the previous theorem
implies B and A commute element-wise. Since Cp(.A) is the largest subgroup of P that

commutes with A element-wise, it follows that B C Cp_(.A). Thus

P(A)> = 9(B) € p(Cpg(A)).
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This proves the claim. Therefore, ¢(Cp,(A)) = ¢(.A)*, and the claim follows.
[]

4.4.5 Theorem. If A is abelian, then o(A) C p(A)>. Furthermore, if A is maximal among

abelian subgroups, then p(A) = o(A)?, i.e. ¢(A) is Lagrangian.

Proof. If A is abelian, then p(A) C ¢(A)> follows immediately from Lemma 4.4.3. Now,
suppose A is a maximal abelian subgroup of Pg. Since A is abelian, A C Cp,(A). Claim:
A = Cp,(A). Suppose the claim is false; i.e., suppose there exists an M € Cp,(A)\.A. The
subset (AU {A}) is an abelian subgroup of P, and it strictly contains .A. This contradicts the
assumption that A is maximal among abelian subgroups. Hence, the claim is true. Therefore,
©0(A) = p(Cp,(A)) = p(A)>, where the last equality is from the previous lemma. Thus ¢(.A)

is Lagrangian.

4.4.6 Corollary. If A is a maximal abelian subgroup of Pg, then |p(A)| = |G]|.

Proof. Suppose A is a maximal abelian subgroup of P;. By Theorem 4.4.5, ¢(A) is a La-

grangian subgroup of G. By Theorem 3.4.15, we obtain |o(A)| = |G].

4.4.7 Lemma. [Hun80, p. 45] Let p : A — A’ be an epimorphism of groups. Put

S={B|kerpC B <A}

For B,C € S, p(B) < p(C) ifand only if B< C, and p(C)/p(B) = C/B.

4.4.8 Theorem. Let L be a Lagrangian subgroup of G and put H = ¢~ *(L). The set H is an
abelian subgroup of Pg containing N' = {€* | k € Z,,}, and H/N = L.

Proof. Since ¢ is a homomorphism, ¢~'(L) is a subgroup of Pg. Since L is Lagrangian,

L = L?. Observe that o(H) = L, so it follows that o(#H) = ¢(H)?. Thus by Lemma 4.4.3,
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‘H commutes element-wise with itself. In other words, H is abelian.

Now, set S = {B | ker ¢ C B < Pg}. Observe that ker p = o1 ({0}) C (L) = H, where
0 is the identity in G, so H € S. Also, since ker ¢ = A/, we have that ' € S. Moreover, it
follows that A" <. Since ¢ : P; — G is an epimorphism, we can apply Lemma 4.4.7 to see

that o(N) < o(H) and H/N = p(H)/p(N) = L/{0} = L.

4.4.9 Corollary. If A is a maximal abelian subgroup of Pg, then |A| = m|G].

Proof. Suppose A is a maximal abelian subgroup of Pg. By Theorem 4.4.5, ¢(.A) is a La-
grangian subgroup of G. Thus by Theorem 4.4.8, ¢ ~*(¢(.A)) is an abelian subgroup of Pg
containing N' = {e¥ I | k € Z,,}, and o7 (p(A)) /N =2 p(A). Observe that A C ¢! (p(A)),
and due to maximality of A, we have A = ¢~ *(¢(A)). Therefore, A/N = p(A). By Corol-
lary 4.4.6 and Lagrange’s Theorem, we have |A| = |N||¢(A)| = m|G|. O
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4.5 Pauli Algebra

Again recall that G = Z,,, & Zy,, ® -+ ® Z,,, with n,m; € Z*, and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

Identify the vector |a) (¢ € G) with the |G|-dimensional column vector having 1 in the a-
position (using a fixed ordering of the set G) and 0’s elsewhere. For each a,b € G the linear
map |a)(b] : CG — CG identifies (using the basis G with the same ordering) with the element
of Mat(C) having 1 in the (a, b)-position and 0’s elsewhere. Since {|a) | a € G} is the
standard basis for CG, it is straightforward to prove that {|a)(b| | a,b € G} is the standard

basis for the space Mat¢(C) of |G| x |G| matrices over C.

4.5.1 Definition. Let A be a square complex matrix. We say A is unitary if AA* =1 = A*A,

where A* is the conjugate transpose of A.

4.5.2 Note. Let g € GG. Since X9 = Z |h + g)(h| and Z9 = Zeﬁfjﬂh}(h!, we can view the

heG hea
Pauli group operators as elements of Mat(C) and thus identify P as a subset of Mat | (C).

Furthermore, by taking the conjugate transposes of X9 and Z9, we have (X9)* = Z |h) (h+g|
hed
and (Z9)* = Z ¢, 9°" h)(h|, and noting that the identity matrix can be expressed as I =
heG
ROLE

, it follows that X9(X9)* = (X9)*X9 = [ and Z9(Z9)* = (Z9)*Z9 = I so that XY
hea

and 79 are unitary.

4.5.3 Definition. Define the Pauli algebra Pg; to be the subalgebra of Mat|g|(C) generated by
P (identified as a subset of Mat ¢ (C)). By definition, P is the intersection of all subalgebras

of Mat|(C) containing Pg.
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4.5.4 Theorem. The collection { ( Z A > X|abed } is the standard basis for
gEG

the space Mat,|(C), and hence P = Mat g (C).

’

Proof. Tt suffices to prove that for any a,b € G, we have X* <|G| ZZQ> X0 = |a)(b
geG
since the collection {|a)(b| | a, b € G} is the standard basis for Mat,(C). To that end, for any

a,b € G, we have

( |ZZH> by = |ZZ9) 0)
— x@ Z 900‘0 )
= X @l ;1> 0)
= x (gel) o)
= |a)
= ]a> -1

and, for any h € G\{b}, we have

Z9 | X7°h) = Zg> | —b+h) 4.1)
Gz |G|g;
— X° Zé(’ —bth))| b+h>) 4.2)
gEG
— xa ZGL b+n(9)| — b 4 h)) 4.3)
| geG
= X° |Z Lbth 9>> | — b+ h) (4.4)

geG
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4.5)
(4.6)
4.7)
(4.8)

4.9)

where 0 is the zero vector in CG. The connection from (4) to (5) above is due to —b+h & {0} =

G*, which implies the homomorphism ¢_;., is not constant on G, which implies ¢_,, is

balanced on G by Theorem 2.2.6, and lastly, Lemma 2.2.7 gives Z e,f;”h(g) = 0. Therefore,

geG
1
X (@ Z Zg> X~ = |a)(b|. The claim follows.
geG

Let d € Z" and K be an arbitrary field.

4.5.5 Theorem. [GS17, p. 29] Every automorphism of the matrix ring Mat,(K) is inner.

The following corollary follows immediately from the previous two theorems.

4.5.6 Corollary. Every automorphism of the Pauli algebra P¢ of G is inner.
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4.6 Stabilizer Codes

Again recall that G = Z,,, & Zy,, ® -+ ® Z,,, with n,m; € Z*, and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

For a subgroup S of Pg, let Vs denote the subspace of CG that is stabilized pointwise by the
members of S so that, for all |¢)) € Vs, s|ip) = |[¢) for all s € S. Conversely, if W is a

subspace of CG, then we denote the (pointwise) stabilizer of W (in Pg) by Sy .

4.6.1 Definition. [RP11, (11.2.2), p. 257] Let V; and V5 be complex vector spaces. A linear
transformation U : V; — Vj is called an encoding (of V1) if U is an injection. The code associ-

ated with an encoding U : V; — V5 is defined as the subspace of V5 spanned by the image of U.

4.6.2 Theorem. Let S be a subgroup of Pg. For any g € G, |S|7/? Z s|g) belongs to Vs.
sES

Proof. Let g € G. Put |g) = |S|71/2 Z slg). Since S is a subgroup of Py, we have, for any
s€S

te S, tlg) =|SI72) tslg) = |S|7V*Y " §lg) = |g). Therefore, |g) € V.
seES s'eS

]

4.6.3 Note. Using the language and notation of the previous theorem, once we have found the

distinct elements of the set { |S|~1/2 Z slgy |lge G } , we can choose the largest subset H of
seS
G for which the map that sends |h) to |S|~%/2 Z s|h), for h € H, is an injection. Such a map

seS
will be an injective linear transformation from CH to CG and thus an encoding of CH. The
subspace C' of CG' spanned by the set { |S|~/2 Z s|h) | h € H ; is stabilized by the mem-
s€S
bers of S, and thus C'is contained in Vs [RP11, (11.4), p. 283]. We call the code C' spanned by

{\51—1/2 > slh) [ he H} the stabilizer code afforded by S.

seS
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4.6.4 Definition. A principal ideal domain (PID) is an integral domain in which every ideal

can be generated by a single element.

4.6.5 Definition. [Wei9%4, p. 39] Let R be a PID. An R-module M is divisible if for each

a € M and r # 0 € R, there exists an b € M such that a = br.

4.6.6 Definition. [Hun80, p. 193-194] Let R be a ring. An R-module [ is injective if given

any diagram

of R-modules and R-module homomorphisms with f an injective R-module homomorphism,

there exists an R-module homomorphism /5 : N — I making the diagram commutative.

4.6.7 Lemma. [Wei94, p. 39] Let R be a PID. An R-module M is injective if and only if it is
divisible.

For the following, put V' = {¢* | k € Z,,}, and observe that N' C Pg.

4.6.8 Theorem. Let S be a subgroup of Pg. The space Vs is nontrivial if and only if the

intersection S N N is trivial.

Proof. (=) Suppose S N A is nontrivial. Fix a nonzero k € Z,, such that ¥ 7 € S . Let
[v) € Vs. It follows that € |v) = ¢ Iv) = |v). Thus (&, — 1)|v) = 0. Since k # 0, it follows

that € — 1 # 0, so we must have |v) = 0. Hence Vs = {0}, so Vs is trivial.
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(< Proof due to R.R. Holmes) Assume that the intersection S N N is trivial. For each s € S
we have s = ¢ X% 7% for some unique k;, € Z,, as5,bs € G. Put Sy = {s € S | s =
eks 7 for some ky € Zy,,bs € G} C Sand B = {b, € G | ¢": 2% € S for some k; € Z,,} C

G. Claim: S < S. We have:

(i) Since the identity 7 belongs to S and I = €2 Z°, we have I € 8.

(i) Let s,t € Sy. Then we have s = ¢ 7% and t = €* 27" for some k,,k; € Z,, and
bs,b; € G. Since S is a subgroup of Pg, it follows that e¥sTr 7040 — st € S for some

ks, ki € Z,, and b, b; € G. Thus st € 5.

(iii) Let s € Sy. Then we have s = €*: 7% for some k, € Z,, and b, € G. Since s € S and S

is a subgroup of Pg, we have € # 7~ = 571 € S. Thus s7! € S,.
The claim follows. Claim: B < (G. We have:

(i) Since the identity / belongs to S and I = €% Z°, it follows that the identity 0 of G belongs

to B.

(i) Let by,b; € B. Then we have that s := €% 7% and t := € Z" belong to S for some
ks, ks € Z,,. Since S is a subgroup of Pg, it follows that e: Trt 7b:+b — st € S for some

ks, ki € Zy,. Thus by + b, € B.

(iii) Let b, € B. Then we have that s := e’fg 7% € S forsome k, € Z,,. Since S is a subgroup

of Pg, we have €, % Z~% = s71 € S. Thus —b, € B.

The claim follows.

Now, define o : B — Sy by a(b) = €*: 7%, where s € Sy is such that b, = b, and define
B: 8y — Zy, by B(s) = k. Since S NN is trivial, « is a well-defined function. Since 3 maps
s = ¥ 7% to ky, it is immediate that (3 is a well-defined function. It is a straightforward proof

that a and 3 are homomorphisms. Put ¢ = Sa. It follows that ¢ : B — Z,, is a well-defined
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Z»-homomorphism defined by ¢ (b) = k,, where s € Sy is such that by = b. Leti : B — G be

the inclusion map. We have the following diagram of Z,,-modules:

The Z-module Z,, is divisible and the ring Z is a PID, so the Z-module Z,, is injective by
Lemma 4.6.7, implying that ¢/ extends to a Z,,-homomorphism G — Z,,, which equals ¢,
for some v € G (by the remarks preceding Lemma 3.2.2), making the following diagram

commutative:

0 > B —— G
2
Lo

Put [v) = )" ¢ s|u), where 1 = —. First, it follows that |[v) € Vs, so it remains to be shown

that |v) # 0. We have, for some ks € Z,, and a, bs € G,

) = (Z mxz) i) = >0 > it + )

seS aeG ses
as=a

It is enough to show that the projection |v), of |v) onto the subspace C|u) of CG is nonzero.

|m=< ﬁwﬂm
s€Sy

for some k, € Z,, and a4, by, € G. For each s € Sy, we have

We have

— ks emrobs — hsmiy(bs) — ks—iyi(hs) — hs—tb(bs) — cks—ks _ q

mm m-m m-m m m m m )
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s0 |v),, = |So| |u) # 0, as desired.
[]

4.6.9 Corollary. Let W be a subspace of CG. If W is nontrivial, then the stabilizer subgroup

Sw of W is an abelian subgroup of Pg.

Proof. Suppose W is nontrivial. By the previous theorem, Sy N A is trivial, and thus Sy is
isomorphic to its image under the canonical epimorphism Pg — Pg/N. Since N contains the
commutator subgroup of Pg by Lemma 4.4.1, it follows that Pg /N is abelian. Therefore, Sy
is abelian.

]

4.6.10 Example. Assume G = Zy @& Zs. Put m = 12 so that m is a multiple of the set {4,6}.
Set Sy = XD and S; = Z(1:0), Let S be the subgroup of P generated by the set {Sp, S;}.

Recall the definition of o from Section 2.2, and observe that

(1,1) 0 (1,0) :%(1-1)+%(1-0):6,

and thus

S(]Sl — X(l,l)z(l,ﬂ) — 61_2(171)0(170)Z(LO)X(LU — 6;265150 ;é 5150~

It follows that S is nonabelian. Applying the contrapositive of the previous corollary, it follows

that Vs is trivial.

Let IV be a nontrivial subspace of CG so that Sy is abelian (by the previous corollary).

4.6.11 Definition. An error E (on W) is any unitary operator on CG restricted to V.

4.6.12 Definition. [RP11, (11.2), p. 259] Let By = {|wy), |wa), ..., |w)} be an (orthonor-
mal) basis for W. A finite set £ = {E}, Es, ..., E}} of unitary transformations E; : CG — CG
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is said to be a correctable set of errors for W' if there exists a matrix M with entries m;; such
that

<wa|E¢*EJ|wb> = mz’j5ab

for all |w,), |wy,) € W and E;, E; € £, where 0, is the Kronecker delta function.

4.6.13 Note. The condition in the previous definition guarantees that two errors never take two
codewords to the same state, and the errors in £ avoid giving information about the state and

hence do not affect the quantum computation.

4.6.14 Note. Even though errors can be any unitary operators on CG by definition, we hence-

forth restrict the errors to be elements of Pg.

4.6.15 Note. [RP11, (11.4), p. 282] Let £ = {E), Es, ..., E;} be a set of errors on CG.
Observe that if EE; € Sy for some 1 < 7,5 < k, then (w,|E} Ej|wy) = (wy|wp) = 0gp. In
particular, if ¢ = j, then since E; is unitary, we have EfE; = I € Sy. If EfE; ¢ C(Sw) for

some 1 <4, j <k, then £ E/; does not commute with some S € Sy, and thus

(walE; Bj|wy) = (wa| E} E;S|wy) = e, (wal SE; Bjlwy) = €, (wa| B} Ejlwy)

for some ¢ € Z,,\{0}, whence it follows that (w,|E; E;|w,) = 0 since (w,|E; E;|wy) € C.

It follows that any set £ = {E), E», ..., Ei} of errors that satisfies the property that, for each
1 <i,j < k,either EfE; € Sy or EfE; ¢ C(Sw) is a correctable set of errors by the previ-

ous definition.

4.6.16 Definition. Let A be a linear operator over C and A € C be an eigenvalue of A. We

denote the A-eigenspace of A by V(, 4).
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For the remainder of the section, let E' € Pg, and let {51, Ss, ..., S;} be an independent gen-

erating set for Syy.

4.6.17 Theorem. For each 1 < r <t there exists a unique k, € Z,, such that EW C V(ef;;" )"

Proof. Since E, S, € Pg forall 1 < r < t, it follows from Theorem 4.2.7 that S, E|w) =
e BS,Jw) = e¥ Elw), and thus E|w) € Vi g, forall 1 < r < tandany |w) € W. Hence
EW C V(e’f,:‘,ST)' Suppose there is some 1 < r < ¢ such that there are j,., k. € Z,, with

EW C Vg gy NV g,y Let |w) be anonzero vector in W. We have

drBlw) = S, E|lw) = ¢ E|w),

which implies (e/ — ¢*) E|w) = 0. Since F is invertible being an element of Pg and |w) # 0,
we have E|w) # 0. It follows that /7 — ek = 0, which implies j, = k,. The claim follows.

O

4.6.18 Definition. Let the notation be as in the previous theorem. The syndrome of E (relative

to the subspace W and the set {5, Ss, ..., S;}) is the t-tuple (ky, ko, ..., k).

4.6.19 Definition. Let the notation be as in the previous theorem. We say an error F is de-
tectable (relative to the subspace W and the set {5}, S, ..., S:}) if, given (ky, ko, ..., k) is

the syndrome of F, k; # 0 for some 1 < ¢ < t.

4.6.20 Note. Let the notation be as in the previous theorem. Since any abelian subgroup of a
group is necessarily contained in its centralizer (in the group), we have Sy C Cp, (Sw) =:
C(Sw). Let lw) € W. We have either £ € C(Sw) or E ¢ C(Sw). In the latter case,
E ¢ C(Sw) implies E' does not commute with some S; € S, and thus the syndrome of F
equals (kq, ko, ..., k) with k, # 0. Thus E is detectable. In the former case, either £ € Sy or

E € C(Sw)\Sw. If E € Sy, then E|w) = |w), so E does not affect |w), and even though £
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is undetectable, F' does not need to be corrected. If £ € C(Sy )\Sw, then for all S € Sy, we

have

SE|lw) = ES|w) = E|w).

Thus EW C V(41,6 forall S € S. Hence the syndrome of £ equals (0,...,0) and is there-
fore undetectable by syndrome measurements. When such a situation occurs, we may wish to
define an encoding based on the action of £ so that, while £ cannot be detected, we can define
our encoding such that we still take F into account. An example at the end of the section will

illustrate this idea.

For the following, let £ := {E4, Es, ..., E.} C Pg be a collection of errors, and for 1 < ¢ < k,

let sy := (ko1, koo, - . ., k) denote the syndrome of Ej relative to the subspace W and the set

(51,85, ..., 8,1,

4.6.21 Theorem. Let 1 < i, j < k. We have that s; # s; if and only if EX E; ¢ C(Sw).

Proof. For the forward direction, suppose (ki1, kiz, ..., ki) = si # s; = (kj1, kja, - -, kji).
Thus there is some 1 < r < ¢ such that k;, # kj,, so eﬁ{ﬁk" # 1. Fix 1 < r < t such that
ki # kjr. Recall from the previous theorem that ;I C V(J#, S0 and E;WW C V(eﬁg'r,sr) SO
that S, E;|w) = ek Bj|w) = ek E;S,|w) and S, Ej|w) = e’ E;|w) = ey” E;S,|w) for any
lw) € W. By the commutation relations in Pg, S} E;S,E;, S;ErS,E; € {eiI | k € Ly},
and thus S, E; = €"r E,S, and S, F; = ef,{r E;S,. Rearranging the first equation in the previous

sentence, we obtain

S,E; = ei B;S, = S, = e} E;S, E;
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Thus
S.EfE; = (e, ErS,)E; = ¢, Fr EBf (fir E;S,) = ek *r E*E.S, # EfE;S,.

Therefore, £ E; ¢ C(Sw).

For the other direction, we argue by contraposition. Suppose (ki1, kiz, ..., ki) = 8; = s; =

kir

(kj1,kj2, ..., kjt). Thus k;, = kj, forall 1 < r < ¢, and we have ekirkir _ 1 forall 1 <r<t.

Fix 1 < r < t. Recall from the previous theorem that F;1V C ‘/(ek" 5) and ;W C V(ekjr 5

so that S, F;|w) = ki Bj|w) = ¢kir B;S,|w) and S, E;|w) = ex” Ej|w) = ex” E;S,|w) for any
lw) € W. By the commutation relations in Pg, Sy E;S, E;, SfES,E; € {ef I | k € Ly},
and thus S, F; = ¢k S, and Sy B = ef,{r E;S,. Rearranging the first equation in the previous

sentence, we obtain

S.E; = ekirE,S, = S, = e E;S, B}

— ¢, " ErS, = S, E;.
Thus
S.EfE; = (e, ErS,)E; = ¢, Fir Ef (efir E;S,) = ebr ¥ E*E.S, = EfE;S,.

Since r was arbitrary, it follows that S, EE; = EE;S, forall 1 < r < t. The claim

follows. L]

4.6.22 Corollary. If s; # s; forall 1 < 1,5 < k with i # j, then £ is correctable.

Proof. Immediate by the previous theorem and Note 4.6.15.
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4.6.23 Corollary. Let |w) € W. If EfE; € Sy for some 1 < i,j < k, then the state E;|w)

can be returned to the state |w) by applying either E} or E to Ej|w).

Proof. Assume EfE; € Sy for some 1 < 4,5 < k. Applying E or E to E;|w), we obtain
EfEjlw) = |w) or B} Ejlw) = I|w) = |w), respectively. The claim follows.

]

4.6.24 Example. Assume G = Zy @ Z3 @ Z3. We wish to encode CZs into CG. Put m = 12
so that m is a multiple of the set {4,6,6}. Set Sy = X199 and §; = X (02 7(0.1.0) Tet S be

the subgroup of Pg generated by the set { Sy, S1}. First, we observe that

12 12 12
(1,0,0)0(0,1,0) = —-(1-0) + (0 1) + (0 0) =0,

and thus X(1.0:0) 7010 — ¢ (1L0:0°(0.10) 7(0.10) x (1.0.0) — 7(0.1.0) X (1L0.0) by Theorem 4.1.6.

Therefore,

SOSI — X(l,O,O)X(O,0,2)Z(O,1,O)

— X(O,O,Q)z(O,l,O)X(LO,O)

— 81S0.

Now, observe that o(Sp) = o( X100 = o(1,0,0) = 2. Also, o(X®*2) = 3 and o(Z(*1) =
3,80 ¢ :=lem(3,3) = 3. Since ¢ is odd, o(S;) = 3 by Theorem 4.2.10. The elements of S are

thus

I,

Sy = X (1,00

Sy = X(002) 7(0,1,0),

512 _ (X(o,o,z)Z(0,1,0)>(X(O,O,Q)Z(o,l,O)) — X(0,0,1) 7(0,2,0)
SoS] = (X(1,070))(X(070,2)Z(071,0)) — x(1.02) 7(0,1,0)
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SOSf _ (X(I,O,O))(X(O,O,l)Z(O,Q,O)) — x(1,0,1) 7(0,2,0)

k(k—1)

Put T := X110 7002 Observe by Theorem 4.2.9 that T = ¢, 0742 xk(1.1.0) 7k(0.0.2) —
XL ZK0.0.2) gince (1,1,0) o (0,0,2) = 0. Thus 7% = X©207000 73 — x(1.00),
T4 = X010 7(002) "and 75 = X (1,20 7(00.1) Therefore, T, 7% ¢ S,but T3 = Sy € S, and
thus T*|w) = T(T3|w)) = T|w) and T°|w) = T*(T3|w)) = T?|w) for all |w) € W, so T*

and T are equal to T and 7 on the vectors in W, respectively.

Recall from Definition 3.4.1 that (a, b) * (¢,d) =boc—aodforall a,b,c,d € G. Since
((1,1,0),(0,0,2)) * ((1,0,0),(0,0,0)) = (0,0,2) o (1,0,0) — (1,1,0) o (0,0,0) = 0

and

((1,1,0),(0,0,2))x((0,0,2),(0,1,0)) = (0,0,2)0(0,0,2)—(1,1,0)0(0,1,0) = 1—32(2.2)—%(1.1) =0,

we have, by Note 4.2.8,

TS, = X (110) 7(0:02) x (1,00)

— 65(21)170)7(01072))*((1u070)7(070’0))X(1,0,0)X(l,l,o)Z(O,O,Q)

= SoT
and

TSl — X(l,l,(])Z(0,0,2)X(0,0,2)Z(0,1,0)

_ eg(;’l’o)’(0’0’2))*((0’0’2)’(0’1’0))X(O’O’Q)Z(O’I’O)X(l’lvo)Z(0’072)
— x(0,0,2) 7(0,1,0) x(1,1,0) 7(0,0,2)

=5T.
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Thus 7" € C(S)\S. By Note 4.6.20, T is not detectable as an error. We let 7" define an encoding

of CZg into CG by the following assignment:

0) +— 7°|000) = |000),
1) = T*000) = |110),
12) — T2|000) = |020),
3) = 7°|000) = |100),
|4) +— T*|000) = |010),

|5) = T°|000) = |120).

Now that we have S written explicitly, we can invoke Theorem 4.6.2 and construct our stabilizer

code by mapping |g), for each g € G, to |g) = |S|_1/QZs|g>. Let ¢ € G. We have that

seS
g = (91,92, g3) for some gy € Zs, go € Z3, and g3 € Z3, and thus:

I1919293) = |919293) = |91)92)193)>

Solg19293) = X100 g1g293) = [(1 4 1)) |g2)|gs),

S1lg19295) = X 0D ZO10 g, 90g3) = €192[91)]92) |2 + gs)
S2g19295) = X OO0V 2020 g, g1g3) = €15 |g1)]g2)|1 + g5).
SoS1|g192gs) = XH0D ZOL0 g1 gy g5) = €221+ g1)|92) |2 + g3),

S053]g192g3) = X0V 20206, g5g5) = €191 + g1)|g2) |1 + g3)-

Thus

|g19~293> = (I + 8o+ S1+ S} + SoS1 + S057)|919293)

Sl

(|91>|92>|93> [(1+ g1))]g2)|g3) + €152191)|92)12 + g5) + €151 g1)]g2) 1 + g3)

%I
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+ 5411‘(2]2|1 + 91)]92)|2 + g3) + €§g2|1 + g1)]92) |1 + g3)).

We have

1000) = 7(|000> +[100) +002) 4 |001) + [102) + [101)).
1110) = %(|110> +]010) + €X5]112) + €5,|111) + €4,]012) + €5,]011)).
1020) = 7(1020> +[120) + €6,]022) + €1,]021) + €5,]122) + €4, |121)).
1100) = 7(|100> +]000) + [102) 4 |101) +[002) + 001)).
1010) = 7(|010> £ [110) + €4,]012) + €5,]011) + €1,|112) 4 €,[111)).
1120) = (1120> +1020) + €5,]122) + €4,]121) + €,]022) + €1,]021)).

%I

Observe that |000) = |100), [110) = |010), and |020) = |120), which is due to the fact that
3 € 8. Put [0) = |000), [1) = |020), and |2) = |010). By Note 4.6.3, it follows that
our stabilizer code is the subspace of CG spanned by the set {W, m,@} and the linear

transformation U : CZs — CG that maps |0) + [0), |1) ~— |1), and |2) ~— |2) is an encoding

of CZs. Also, observe that 7[000) = [000), 72|000) = [020), and 7|000) = |010), and thus
T2 acts in an equivalent manner on the stabilizer code as X € Pz, does on the set {|0), [1), |2)}.
Therefore, 7% is an error belonging to C'(S)\S that we have used to define an encoding, which

was discussed at the end of Note 4.6.20.
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4.7  Automorphisms of the Pauli Algebra of G

Recall again that G = Z,,,, & Zyy, ® - - - ® Zyy,,, for some n, m; € Z* and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

For the following theorem, set X Z(a,b) := X*Z°, for a,b € G. Also, recall from Theorem

4.3.4 that P has presentation (S | R), where

S={1,X92"|kecZngheGY},
R = {XO, ZO’ 62n17 Xg+hX_hX_g, Z{H‘hz—hz—g’ (Ezrj_k[) (E;Lk]_) (6;]]_)’

(E DX FI)X79 (e N Z9(e F1)Z79, (9" N XIZ"X9Z 7" | g, h € G, j, k € Ly, }.

For the following, let S and R be defined as they are above.

4.7.1 Theorem. Let f be a symplectomorphism of G, and define the function o 5.8 = Pg by

0 (X7) = (X Z(g,0)) = e Ve DmUMIZX 7(f(g,0)),
01(Z") = ¢s(XZ(0, h)) = e TOMWemUOMIEX Z(£(0, ),

k k
¢f(€ml) = €,1,
where m; : G — G is the projection onto the i coordinate. Then ¢ ¢ extends to an endomor-
phism of Pg.

Proof. By Corollary 4.3.2, it suffices to check that ¢(r) = I for all » € R, where ¢; : Fg —

Pe 1s the unique homomorphism afforded by the universal property of free groups (Theorem
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4.3.1). In the statement of the universal property of free groups, we have that . : S — Fj is the
inclusion map and ¢y. = ¢y, soforall s € S, ps(s) = Pru(s) = ¢y(s). We have the following

diagram:

Fs
L l@
S i) Pa

First, observe that

0r(X°) = 95(XZ(0,0)) = ey VOO X Z(£(0,0)) = @0 mOO2 X Z(0,0) = I,

0r(Z2°) = pp(XZ(0,0)) = 1,

o) =€ 1=1.

m

Thus ¢4 (X°) = p(X°) = I, ¢4(Z2°) = ¢;(Z2°) = I, and $;(2,1) = (€2 1) = I. Now, let

g,h € G. Claim: p;(X9") = 5 (X9)@,(X"). We have

(ﬁf(Xngh) — Spf(XgHL)
= ¢s(XZ(g+h,0))

— 6[mm(f(ngh,O))Oﬂz(J”(QHL,O))}/?XZ(jf(g + h,0))

_ (@O (S O)o(ma( (9,072 (1 0))]/2
. X (gh0) Zma(f(g+h,0))

_ ([ (@0)oma(S(6.0)) 71 (7 (0.0)om F(R0) 471 (F (h0))oma( S (g 0) bmi (S 0)oma(F(0))]/2

L XU (@0) X (f(h0) Zma(f(9.0)) 7rma(f(R,0))

_ (M (@0)oma(F(6.0)) 1 (F(0.0)om F(R0) 471 (F(h0))oma( S (g 0) bmr (F(R0)oma(F(0))]/2

U)o (7(9.0)) X (F(@0) Z72(f(6:0)) 71/ (h:0)) 77721 (0)
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— 6%1(f(g,O))owg(f(h,O))er(f(h,O))ow(f(g,O))]/2677:1(f(h,O))ow(f(g,O))

- (en(F(g0)oma(£(9.0))/2 x 1 (£(9.0)) 7ma(f(9.0)
(€ X Z )
- (€m (1 0)oma(f(h0)/2 i (£(10)) F7ma(f(1,0))
(€ X Z )

— [m(f(g,0)om2(f(h,0))+m1(f (h,0))om2(f(9,0))]/2 (=1 (f (h,0))om2(£(9,0))

(€U @em(f @2 X 7(£(g.0)))

m

X (671'1(f(h,o))OWQ(f(hvo))/QXZ(f(h'a 0)))

m

- 67[77;1(f(970))07fz(f(h,D))—Trl(f(h70))07r2(f(.fLO))]/? ~0i(XZ(g,0))p(XZ(h,0))

= el(m(0)ma(f(RON*(m(f(9.0):m2 (900205 . (X 7 (g, 0)) 0 (X Z(h, 0))

m

m

el P01 02 (X 7(g,0))p (X Z(h, 0))
= e (X Z(g,0)) s (X Z(h,0))
= empi(XZ(g,0)p(XZ(h,0))

= ¢r(X2(9,0)er(XZ(h,0))

P (X s (X")

= 25(X9) (X",

The claim follows. Thus for all € G, we have ¢ (X*)gp(X ™) = ¢, (X)) = ¢p(X°) =1
so that @ (X %) = ¢;(X*)~!. We have

89



Similarly, p;(Z9t"Z="7Z79) = I. We also have

Gr((TE D) (e F D) (e, 7 1)) = @p(el " D@ (e, 1) @r (6,7 1)
= o Dep(e D) ep(e, 1)
= (") (6,1 ) (7 1)

=1

Additionally, we have

Pr((en )X (e, 1) XT9) = Gp(en ) @5 (X) Gy (en, ) s (X77)

= Ps(emD)@s(X9)@s (6 s (X))
pr(end) 25X )ps(en Dgs (X7
= (e D) Pr(X9) (6, )y (X)

= (em D) (6" (X)) P (X9~

The proof for @ ;((€X, 1) Z9 (e, F1)Z79) = I is similar.

Lastly, we prove that ¢, ((e%°") - (X92"X~9Z7")) = I. We have

Pr((en D) - (X9Z"X79Z71)) = Gp(en " 1) o (X))@ (2" (X )24 (Z7")
= (e Dps (X (Z") s (X (Z7")
= (e9°h]) . (grml(f(970))o7r2(f(g,O))/2XZ(f(Q7 0)))
- (e OmM)em(FORD/2 X 7(£(0, h)))
(=9 0em (=902 X 7( f(—g,0)))

. (Ez;(f((l—h))om(f(O,—h))/QXZ(f(O7 —h)))
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= (€21 ]) - (e @Mom(f@0)/2 X 7( f(g,0)))
(en U Omem(fOM)/2 x 7(£(0, R)))
- (eEmF@ON(=m(feON/2 X Z(£(—g,0)))
- (eCmU@M=m(TOMN/2 X 7( £(0, —h)))
= (9" ]) - (e @0em I @02 X 7( £(g,0)))
- (emUOmMem(FOM/2 X 7(£(0, h)))
(U @0em(f G2 X 7(£(—g,0)))
- (emU@mMem(FOM/2 X 7(£(0, —h)))

(e ]) . (U @Oem @O ) . (e Om)oma(fOm) 1)

- XZ(f(9,0)XZ(f(0, )X Z(f(=9,0)X Z(f(0, =h))

(ef,fh[) . (Ezll(f(gﬂ))om(f(g,o))]) . <E7Tm1(f(0,h))0ﬂ2(f(07h))[)

. (X7r1 (f(gvo))Zﬂ'Q (f(g»o))) (Xﬂ'l (f(ovh))Zﬂ'Z(f(th)))
. (X_ﬂ'l (f(g,o))Z—Tl'2 (f(g’o))) (X_ﬂ—l (f(o’h))Z_WQ(f(th)))

— (9P T) - (€m U @0Pm 8O T . (m U Om)om(SO M) )

m
. (61(77{1(f(O,h))Jrz(f(O,h)))*(—m(f(970))7—7r2(f(9,0)))])
. (Xm(f(gﬁ))Zm(f(g,O)))(X—m(f(gﬁ))Z—m(f(g,O)))
. (Xﬂl(f(Oyh))Zﬂz(f(O,h))) (X—m(f(oﬂh))Z—m(f(O,h)))

= (E%h_]) . (Egll(f(g@))owz(f(gﬂ))]) . (eﬂml(f(O,h))om(f(Ovh))_])
. (Em((%h)*f(—g,O)])
. x7™1(f(9,0)) (Zﬂz(f(gyﬂ))X—m(f(g,O)))Z—Wz(f(g,o))
. x™(f(0:h)) (ZWQ(f(O,h))X—m(f(O,h)))Z—m(f(o,h))

— (Ef,fhf) . (Eg(f(gﬁ))Oﬂz(f(g,O))[) . (Eﬂml(f(Oyh))Oﬂz(f(O:h))[)

. (67(727}‘)*(7970) I)

. x71(f(9,0)) (egfl(f(g70))07f2(f(g:0))X*7T1(f(gvo))Zﬂz(f(g,O)))Z*ﬂz(f(gﬂ))

L XTI (- OM)om(fOR) X =T (SOR) Zra(fOR)) 7-m2(F(0.)
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= (e9°1]) - (em((90)om(f(g.0) 1) . (m(f(Om)oma(F(O.)) I
(e,""T)
. x™1(£(9:0) (E;M(f(970))07r2(f(g,0))X—7T1(f(910))Zfrz(f(gyo)))Z—Trz(f(gﬁ))
- X1 FOR) (=m(F(Oh))om2(F(0.h)) x—m1 (£(O.h)) Z7ma(F(0.h))) 7=m2(F(0:h))
— (emU(90)ema(f(g.0) Iy . (gma(F(O.m)oma(f(00) )
- (e M)ema(f(9.0) 1) (~m (F(Oh)em2(F(0:h)) )
. (Xﬂl(f(gﬁ))X—m(f(970)))(Zfrz(f(g,o))Z—frz(f(g,o)))
(XmUOR) x=m(fOm))(Zm2(f(Oh) Z=m(FOR))

=1

Thus @¢(r) = I for all » € R, so we can apply Corollary 4.3.2, which implies ¢, extends to a

homomorphism ¢ : (S | R) — Pg. We have the following diagram:

FS L) Fs/NR = <S | R>

/ l@f /
g P i

Now, recall the following diagram from Theorem 4.3.4, with ¢ replaced by v in the proof of

that theorem:
FS L) Fs/NR = <S | R>

S — Pq

In the proof of Theorem 4.3.4, ¢ : S — P was the inclusion map and ¢* : Fs/Nr — Pg was
the homomorphism extension granted by Corollary 4.3.2 that was found to be an isomorphism.

In Note 4.3.5, we observed that forall s € S, 1*(sNg) = ¥*1(s) = ¥(s) = Pu(s) = 1(s) = s.
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Put p = (¢*)"!. Then p : Pg — Fs/Np is a well-defined isomorphism with p(s) = sNg for

all s € S. Therefore, we may update the diagram of this theorem with

Fs —— Fs/Np= (S| R) «—— P¢

/ l@f/
o 3!<pf

S—f>7)G

Put oy = % p. It follows that o5 : Pe — Pg 1s a homomorphism. The claim follows.

]

4.7.2 Note. Let the language be as in the proof of the previous theorem. Observe that, for all

s € 5, we have

©5(s) = ¢yp(s) = ¢5(sNr) = @ym(s) = ¢5(s) = ¢yu(s) = wy(s).

We apply this observation to the following theorem.

4.7.3 Theorem. Let f and g be symplectomorphisms of G, and let s and p, denote the endo-

morphisms of Pq that f and g afford by Theorem 4.7.1, respectively. We have 0§ 9y = Py,
Proof. It is straightforward to prove that fg is a symplectomorphism of G. Thus fg¢ affords the

endomorphism @y, of Pg by the previous theorem.

Let a € G. To improve readability, set g(a,0) = z. By the previous note, we have that

Pa(8) = @a(s) for all s € S, where a is a symplectomorphism of G. Then we have

07 pg(X7) = plpg(X7))
=P (e% (ﬂ?)ow(w)/?Xm(:v)Zﬂz(x))

= Eﬂml(w)om (96)/2@ (Xm(x)) @7 (ZM(»’C))
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— eﬂml(x)OM(w)/?SOf (Xm(l‘)) 0 (Zﬁz(@)
— Eﬂml(fc)om(x)ﬂ]

. (grl(f(m (x),0))om2(f(m1(2),0))/2 xrm1(f(m1(),0)) ZW2(f(7r1(w)70)))

™
- (U Om@Noma(F Oma(@))/2 xm (f(Oima(a)) Zma(FOma(o))
_ (mi@)oma(@)/2 (11 (@), 0)oma (11 (2).0))/2 1 (02 @) oma(F 02 (2)/2
L X (@).0)) Zma(f(m(),0)) o m(f(0,m2(2))) Zma(f 072 (@)
— (m(@oma(@)/2m ( (r1(2).0)om (1 (71(2).0))/2m (fO 72 (@))oma(f Oma(a))) /2
. X (2),0)
- (em2(m@0)em (fOima(a)) X ma(fOima(a)) Zma(f(ma(@)0)) Z72(7 (072 (o))

Eﬂml(x)om (I)/2€;1 (f(m(I)vo))Oﬂz(f(m(ﬂf)vo))/Qdfnl(f(0,7f2(x)))Oﬂz(f(Om(x)))/?

. Ele(f(ffl(96)70))”1(f(Oﬂfz(ffﬂ)))Xﬂl(f(ffl(96):772(93)))foz(f(ﬁl (2),m2()))

For increased readability, we set v = [m1(x) o ma(x) + 7 (f(m1(x),0)) o mo(f(m1(x),0)) +

™1 (f(0,ma(2))) 0 mo(£(0, ma(2)))]/2 + ma(f (m(2), 0)) 0 m1 (£ (0, mo(x))). Simplifying v, we

obtain

7 = [m(x) o ma(z)

+m(f(m(2),0)) o mo(f(m(2),0)) + m1(f(0, m2(2))) 0 ma(f (0, ma(2)))
+2(me(f(mi(x),0)) 0 m (f(0, ma(2))))] /2

= [m(z) o ma(2)
+mi(f(m(x),0)) o mo(f(mi(x),0)) + w1 (f (0, ma(2))) 0 w2 (f (0, ma(2)))
+mo(f(mi(2),0)) 0 mi (0, ma())) + m2(f (m1(2),0)) 0 m (f(0, ma(2)))] /2

= [m1(x) o ma(x)
+m(f(m(2),0)) o m(f(m(2),0)) + ma(f(m(2),0)) o m(f(0, ma(2)))
+m(f(0,ma(x))) 0 ma(f(0, ma())) + m2(f (m1(),0)) 0 m(f(0, ma(2)))] /2
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= [m1(x) o ma(x)
+mo(f(mi(2),0)) o [m(f(mi(x),0)) + m(f(0,ma()))]
+m(f(0,m(x))) o [m2(f(0, m2(x))) + ma(f (w1 (2), 0))]]/2
= [mr1(x) o my(x)
+mo(f(m(2),0)) o mi (f (mi(x), mo()))
+mi(f(0,m2(x))) 0 mo(f (1 (), ma()))] /2
= [m1(x) o mp(x)
+my(f(mi(2),0)) o mi(f(2))
+m(f(0,my(x))) o mo(f(2))]/2
= [m(x) o ma(x)+

+mo(f(m(2),0)) o mi(f(x)) + (Wz(f((h mo(x))) o m(f(x)) — m2(f(0, ma(x))) o m(f(a:)))
+m(f(0,my(x))) o ma(f())]/2

= [m1(x) o ma(x)

+mo(f(m(x), mo(x))) o m(f(2))

= m(f(0,m(2))) o mi(f(2)) + m(f(0,ms(x))) o ma(f())]/2
= [m(z) o ma(2)

+m(f(x)) o m(f(x))

= ma(f(0, m2(2))) o mi(f(2)) + m(f(0, m2(2))) 0 mo(f(2))]/2
= [m(z) o my(x)

+m(f(x)) o m(f(x))

+ [(m(f(2)), ma(f () * (w1 (£ (0, m2(x))), w2 (£ (0, m2(2))))]]/2
= [m1(x) o mp(x)

+ma(f(z)) om(f(x))

+ [f (@) * f0, ma(2))]]/2

= [m1(x) o ma()
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+ma(f(z)) o m(f(z))
+ [z (0, my(2))]]/2
= [m1(x) o ma(x)
+ma(f(x)) om(f(z))
[(m1(2), ma(x)) * (0, ma())]] /2
= [m(z) o ma(x)
+ma(f(x)) o mi(f(2))
[mo(2) 0 0 — () 0 ma(x)]]/2
= [m(z) o ma(x)
+m(f(z)) ome(f(z))
— m1(x) o mo(x)]/2
= m(f(x)) oma(f(2))/2
= m(fg(a,0)) o m(fg(a,0))/2.

Thus
FTE(X7) = €1 xMUE) gma @)
_ en(f(ao))oms(fo(a0)/2 xm(fo(0.0)) gma(fa(a0)
= Prg(X°).
By a similar argument, for any b € G, we have 05 5,(Z%) = $7,(Z°). We also have that

Prpg(eb 1) = pp(eh I) = b I = @y (el I) for all k € Z,,. Since p; and P, are endomor-

phisms of Pg, we have for any a,b € G and k € Z,, that

7 By, X Z%) = [@r@g(eh D)) [o7 2g(X)] [B7 g(2")]
= [@rg(eh)] [ (X)) [@74(Z%)]

= Prg(en, X 2").
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Therefore, we have 0y 9, = P74, as claimed.

]

4.7.4 Corollary. If f is a symplectomorphism of G, then the endomorphism @y of Pg that f

affords by Theorem 4.7.1 is an automorphism of Pg.

Proof. Let f be a symplectomorphism of G. Thus f is an automorphism of G and hence a

permutation of G. Therefore, f~' exists, and it is also a symplectomorphism of G. Therefore,

1

the endomorphism ;1 of Pg that f~* affords by Theorem 4.7.1 exists. By the previous

corollary, we have oy py=1 = Pyy—1 = P1_, where 15 is the identity symplectomorphism on

G. By Theorem 4.7.1, the function ¢y : S — P is defined by

P15(X9) = 01,(XZ(g,0)) = e 00002 X 7(g,0) = 1™/ X Z(g,0) = X Z(g,0) = X?,
01.(Z") = 01 (XZ(0,h)) = elmOmem2OI/2 X 70 ) = M2 X 7(0,h) = XZ(0,h) = Z",

301§<€nt) = Efnla

so it follows that 7 is the identity map on Pi. Hence (P7) " exists and is equal to Gy-1.

Thus ¥y is a bijection, which shows ¢ is an automorphism of P¢. The claim follows.

Before we go further, we present a result from elementary linear algebra as a lemma.

4.7.5 Lemma. Let V be a vector space over a field K and let B be a basis of V. If W is a
vector space and o« : B — W is a function, then there exists a unique linear map 3 -V — W
that extends c. The map [ is defined by 8 (3", kub) = >y kvar(b), for any ky € K with

ky = 0 for all but finitely many b.

4.7.6 Lemma. The set {X9Z" | g, h € G} is a basis of Pg.
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Proof. Claim: {X9Z" | g,h € G} is linearly independent over C. Let T C G. Suppose

Z c(g’h)XgZh = 0 for some ¢, 1) € C, where 0 denotes the zero matrix in Pe. Leta € G.

g,heT
Then we have

D camenlat gy =" cumenX%a) = Y cgmX?Z"a) =0la) =0,

g,heT g,heT g,heT
where 0 denotes the zero vector belonging to CG. Since {|b) | b € G} is a basis for CG, it
follows that c(, )€el>* = 0 for all g, h € T, which due to the fact that €2°* 7 0 forany h € T,

we must have that c(, ) = 0 for all g, h € T'. The claim follows.

Claim: {X9Z" | g,h € G} spans Pg. Since ¢*, € C for all k € Z,,, it follows that for all
k € Z,,, we may take any occurrence of €* in a linear combination of elements from Pg as
simply a scalar belonging to C. Thus every element of P can be expressed as a linear combi-

nation of elements from {X9Z" | g, h € G} over C. The claim follows.

Therefore, {X9Z" | g, h € G} is a basis of Pg.
[

4.7.7 Corollary. Let f be a symplectomorphism of G, and let @y denote the automorphism of
Pq afforded by f as in the statement of the previous corollary. Then ©y can be extended to an

inner automorphism of Pg.

Proof. Put B = {X9Z" | g,h € G}, and observe that B C Pg C Pg. Leta; : B — Pg
be defined as ©; with domain restricted to 5 and codomain extended to Pe. By Lemma 4.7.6,
B is a basis of Pg, and thus by Lemma 4.7.5, the function oy : B — Pc can be extended to
a linear map 3; : Pg — Pg defined by 3, (EMGG c(g,h)XgZh) = Y nec Camp(XIZM),

for c¢(,n) € C. Since f~! exists and is also a symplectomorphism of G, we can define o Fo1

and [y-1 similarly. By Theorem 4.7.3, oy p;—1 = @sr—1 = P1_, where 15 is the identity
symplectomorphism on G. Recall from Note 4.7.2 that $7(s) = ¢;(s), pr-i(s) = ps-1(s),

and p1_(s) = p1_(s) forall s € S. We have
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By (Z C(g,ngZh) = ) cgmar(X92")

9,h€G 9,h€G

= Y comer(X9Z")

g,heG

= > cem@r(X)pr(Z")

g,heG
= > cgmer(X)er(Z")
g,heG

- Z Clon £(g,0))om2(f(g, 0))]/2X7r1(f(970))Zﬂ-Q(f(ng)))

g,heG

(e FOmema(FOM)/2 X ma(FO) Zra(FOM)Y

_ Z C(g h)Eggl(f(g,O))ow(f(g,O))]/2€[m7r1(f( Rh))oma (f(0,h))]/2

g,heG

Xm(f(g,O))erz(f(g,O))Xm(f(O,h))sz(f(O,h))’

= T eI @mieol2 dn(f0memem)/2

g,heG

XU @0) (ma(FOm)oma(§(0) xm(FO8) 77a(7(g0)) 7malf(Om)

— Z [Wl 1(g,0))om2(f (g, 0))}/26[51(f(O,h))om(f(O,h))]/?Ewml(f(O,h))om(f(g,O))
g,heG
X 71(f(g:h) 7m2(f(g:h))

Thus

Bs-1B; (Z Clam) ngh) - 5f_1< S clgmen FENm a0 2(m (FOMema S OM 2 (F0.)oma(f(0.0)

Xﬂl(f(g,h))Zﬂz(f(g,h))>

= 3 gyl EORTT N2 dm FOMmSOM/2m (FO.1)om (5.0

g,heG

O{f—l (Xﬂ'l (f(g7h))Z7T2(f(gzh)))
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m

= Y el omons(Fa )/ 2tm (FOM)ona(FO R/ 2+m (FOm)omalf(5.0)

g,h€eG
oy (Xﬂl(f(g,h))zﬂz(f(gyh)))
_ Z Clgm Pt (421(f(g,O))OTrz(f(g,O))}/2+[7r1(f(O,h))oﬂ-g(f(O,h))]/2+7r1(f(O,h))Oﬂ'Q(f(g,O)))
g,heG

T (Xm(f(g,h))Zm(f(g,h)))

_ Z Clom)PTT <€[m7rl(f(970))07r2(f(g,O))}/2+[7r1(f(O,h))ONQ(f(O,h))]/2+7r1(f(07h))o7r2(f(970)))
g,heG
Pt (X7r1(f(g,h))Z7r2(f(g,h)))
— Z C(gyh)w(g[mm(f(g,O))wrz(f(g,O))]/2+[Tr1(f(Ovh))om(f(O,h))]/2+m(f(O,h))om(f(g,O))
g9,heG
X?fl(f(gyh))Zﬂz(f(g,h)))

= > cumr (77 (X°2"))

g,heG

= cenery (X027
g,heG

= clemPig (X2

g,heG

=Y cnps (X9 o (2")

g,heG

- Z Clgm)P1g (X7) P14 (Z2")

g,heG

= Z C(g7h)XgZh.

g,heG

It follows that 3;-1/3; (and similarly, 8;3-1) is the identity map on Pg. Thus 57 = [
and f3; is a bijection. Hence 3; is an automorphism of Pg. By Theorem 4.5.6, 3; is an inner

automorphism of Pg. -
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4.8 Clifford Group

Recall again that G = Z,,,, & Zyy, ® - - - ® Zyy,,, for some n, m; € Z* and m is a fixed common

multiple of the set {2m; | 1 <i < n}.

We define the Clifford group Cq of G to be the unitary normalizer of Pg. Let f be a symplec-
tomorphism of G. By Corollaries 4.7.4 and 4.7.7, we proved that f affords an automorphism
@y of Pg which can then be extended to an inner automorphism 3y of P¢. Thus there is an
element Cy € P such that 3 ¢ acts as conjugation by C'y on Pe. Since P C P, it follows

that 8y maps P to itself since, for any k € Z,, and g, h € G, we have

Br(eh X902 = ey (X92") = & B7(X92") = Br(ek Va7 (X0 2") = Br(ek X9 2",

and thus it follows that C'; maps Pg to itself via conjugation. Therefore, it follows that C'y
belongs to the normalizer Ngrcq)(Pa) of Pg in GL(CG). We will not prove whether or
not C'y is unitary in this paper (and hence an element of C¢). This yields the following open

problem:

4.8.1 Open Problem. Let f be a symplectomorphism of G, let 3; denote the inner automor-
phism of P afforded by f that is granted by Corollaries 4.7.4 and 4.7.7, and let C; denote
the element of P with the property that Cf_lPC + = [y(P) for all elements P in Pg. Is Cy

unitary?

D. Gottesman states in “Fault Tolerant Quantum Computation with Higher-Dimensional Sys-
tems” [Got99, p. 1753] that the Clifford group of G = Zj, where k € Z*, is generated by the
Walsh-Hadamard operator ¥/, the so-called phase operator P, and S,, operator, where u is a
unit in Z,, (P and S, will be generalized below). We will not prove and thus do not know if the

generalized forms of the aforementioned operators generate the Clifford group C¢ of G. This
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yields the following open problem:

4.8.2 Open Problem. Do the generalized forms of the Walsh-Hadamard operator 1/, phase

operator P, and S, operator (u is a unit in Z,,) generate the Clifford group Cq of G?

We will prove that each of the operators defined below are in fact unitary and thus belong to Cg;.

A quick check shows that each of the following maps is a symplectomorphism of G-
(D) (a,b) = (=b,a),
() (a,b) — (a,a+0),
(3) (a,b) — (ua,u'b), where v is a unit in Z,,.

Treating (a,0) and (0, b) separately, we observe that

(1) (a,0) = (0,a) and (0,b) > (—b,0),
(2) (a,0) — (a,a) and (0,b) s (0,),

(3) (a,0) — (ua,0) and (0,b) — (0,u'b), where u is a unit in Z,,.

Recall from Theorem 4.7.1 and Corollary 4.7.4 that if f is a symplectomorphism of G, then
f affords the automorphism @ of Pg, so the elements of Aut(P) corresponding to the sym-
plectomorphisms above have the following actions, respectively (continuing to treat (a, 0) and

(0,b) separately):

(1) XZ(a,0) — epr@@em0al2x 7 o) = %2 X 7(0,a) = X Z(0, a) and
XZ(0,b) s et T00em 0002 0 7y 0y = P2 X 7 (b, 0) = X Z(—b,0),
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2) XZ(a,0) — epr@nem@al2y 70, o) = l*V2 X 7(a,a) and
XZ(0,b) s e ODemOIN2 x 7y ) = €92 x 7(0,) = X Z(0,b),

(3) XZ(a,0) — epua0emaOl2x 7,0 0) = eli*2 X 7(ua, 0) = X Z(ua,0) and
XZ(0,b) s elmQumi0ema@u=bl/2 x 7 4 =1p) = 0402 X 70,4~ 1b) = X Z(0,u="b),

where u is a unit in Z,,,.

Simplifying the notation, we obtain

(1) X*— Z%and Z° — X b,
(2) X @V/2xazaand 70 s 70,

(3) X%+ XU and Z° — Z%'°, where u is a unit in Z,,,.

We point out that the operator described in (1) is the Walsh-Hadamard operator W defined in
Definition 4.1.2. The operator described in (2) generalizes the phase operator P, and the one in

(3) generalizes the S, operator, where v is a unit in Z,, [Got99, p. 1753].

We have that the Walsh-Hadamard operator defined by W = |G|~/2 Z Z €**|a) (b| is uni-

beG acG
tary [HTO3, p. 320], and thus W &€ Cq. Let u be a unit in Z,,. Define the operators A and B,

on CG by
A=Y e g)(g]

geG

and

B, = Z lug)(gl-

geG

It follows that A* =} €79°9/2|g) (g| and B} = > gec 9 (ugl = 32 luth)(h|. A quick
check shows that AA* = A*A = [ and B, B, = BB, = I, and thus A and B, are unitary.
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4.8.3 Theorem. We have AX9A* = ¢{2°V/2 X279 and AZA* = Z° for all a,b € G.

Proof. Let g € G. By direct computation, we have

AX“A"|g) = AX(50°00%]g))
= ;7 Ala+ g)
= ¢9°9/2(lat9)o(at9)/2 ¢ 4 g))
_ 6;1gog/2<€$zoa+2aog+gog)/2‘a + g>)
= el + g)
= e e X lg)
— 2 X(e0g))

_ emizxozelg),
forall ¢ € G. Thus AX®A* = €2°Y/2 X 74 for all ¢ € G. Also,

AZPA*|g) = AZ(€,7°9|g))
= ¢, AZ"g)
= A )
— 002t Alg)
= sl ()
= en9g)

= 7"g),

forall b € G. Thus AZ°A* = Zb for all b € G.

4.8.4 Theorem. We have B,X"B* = X" and B,Z°B: = Z*'°,
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Proof. Let g € GG. By direct computation, we have

B,X"Bjlg) = B,Xlu""g)
= Byla + u_lg>
= |ua + g)

— Xua’g>’
foralla € G. Thus B, X*B; = X" forall a € G. Also,

B,Z"B|g) = B,Z"u"'g)
= B, (29 |y g))
= B, (e g))

— I ulg)

forall b € G. Thus B,Z'B: = Z* " forall b € G.
O

4.8.5 Note. It follows that A and B, are the generalized phase operator P and .S, operator,
respectively. In other words, A = P and B, = S,,. Therefore, we conclude that P and S, are

unitary, so P, S, € Cq.

Assume G = Zy (k € Z™T). The SUM operator, which acts on a pair of k-dimensional qudits
called a 2-qudit, is defined by SUM(|4)|7)) = |#)|j + i) for i, 7 € G. We have that SUM is the
generalization of the CNOT operator in greater than two dimensions [Got99, p. 1753]. We can

also see how SUM acts on the generators of the 2-qudit Pauli group [Farl4, p. 8], as follows:

XRIT— XX
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IRX—Ix®X
Q1 — 71

IZ—Z o2

For the remainder of the section, assume G = Z,,,, ® Zy, ® - - - ® Ly, for some n,m; € Z*.

4.8.6 Definition. We define the generalized SUM operator on CG @ CG by SUM(|z)|y)) =

|2)]y + ).

4.8.7 Note. Observe that SUM ' (|z)|y)) = |z)|y — z).

4.8.8 Theorem. Let a,b,c,d € G. Then X®Z° @ X°Z% is mapped to X°Z"~¢ @ Xt Z% via

conjugation by the SUM operator.

Proof. Let x,y € G. Then

SUM(X®Z" @ X°Z1)SUM ™ (|z)|y)) = SUM(X?Z° @ X°Z%)(|z)|y — z))
= SUM(X*Z’|z) ® X°Zy — x))
= SUM(%%|a + z) ® W9 |c 4y — 1))
= 2D SUM(la+ 2) @ e+ y — )
v edo=dot(|q + 7) @ |(a+x) + ¢ +y — 7))
= Tl doT(1g + 1) @ |a+ ¢+ y))
= TRV (X @ X)) @ [y)

= (X" ®XT) (el |2) @ € ]y)
= (X" X2 ® 2%)(jx) ® [y))
= (X2 @ X2 (|2)ly)).
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The claim follows.
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Chapter 5

Further Results

5.1 Pseudo-unitarity and a Generalization of the Walsh-Hadamard Operator

5.1.1 Theorem. [Ser02, p. 145] Let A be a complex j X k matrix (j,k € Z7). There exists a

unique complex k x j matrix A" that satisfies the following properties:
(i) AATA=A
(ii)) ATAAT = A"
(iii) (AAT)* = AAT

(iv) (ATA)* = AT A.

5.1.2 Definition. Let A be a complex j x k matrix (j, k € Z*). We define the Moore-Penrose

pseudo-inverse of A to be the unique matrix A™ of the previous theorem.

Let U be a complex matrix.

5.1.3 Definition. We say that U is pseudo-unitary by a factor of z € C if

Ut = 2U*.
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5.1.4 Note. Observe that if U is pseudo-unitary by a factor of 1 and is invertible, then it is

unitary.

5.1.5 Definition. Assume U is a square complex matrix. We say that U is pseudo-idempotent
by a factor of z € C if
U? = zU.

5.1.6 Definition. A unitary representation of a group H is a group homomorphism p : H —

U(n), where U(n) is the group of n X n unitary matrices under matrix multiplication.

5.1.7 Definition. For a finite abelian group H and a unitary representation p of H, define

U= [H[7V2Y " p(h).

heH

5.1.8 Definition. The matrix U is Hermitian if U = U*.

Fix a finite abelian group H and a unitary representation p of H, and put U = Uy ,.

5.1.9 Lemma. U is Hermitian.

Proof. By direct computation, we see that

Ut = (|H|-1/2 me))

heH

= [HFEY plhy’

heH

= [H[2Y ph) !

heH
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= H2Y p(h )

heH

5.1.10 Lemma. U is pseudo-idempotent by a factor of |H|"/?.

Proof. By direct computation, we see that

U = UU

— <|H\—1/22p(h)> <|H|—1/22p(k’)>

heH keH

= |[HI') (Z p(h)) p(k)

keH \heH

= [H[T'D O plh)p(k)

keH heH

= =S S plh+ k)

keH heH

= |[H['?) (!H|‘1/2 > olh+ k))

keH heH

_ ’H|71/22U

keH

= [H[?|H|U

= |H|'*U.

5.1.11 Theorem. U is pseudo-unitary by a factor of |H|™'.

Proof. The claim is that Ut = |H|~'U*. It is enough to show that the four properties of

Theorem 5.1.1 are satisfied with U™ replaced by |H|~'U*.
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O U(H['UNU=U(H|'U)U = [H|TUWUU) = [H]U(|H|V2U) = [H]7V2UU) =
[H[7V2(|H[TPU) = U

(1) Similar to (1).

(i) (U (|H|"'U*))" = (|H|7'U*)" U* = [H|'WWU* = |H|7'UU* = U(|H|~'U).

(iv) Similar to (3).

This proves the claim.

]

5.1.12 Definition. Let f be an endomorphism of GG. Denote by W the linear operator on CG
defined by W;|g) = |G|~/ Z e/ 9°h| 1) We call W, the Walsh-Hadamard operator afforded

heG
by f.

Written explicitly,

Wy = G172y 0% edPa) (.

beG acG

5.1.13 Note. Observe that

Wy = (!Gl’lmzze,ﬁg’)o“\aﬂb\)

beG acG

=GN Y (b a) bl)”

beG a€G

=167 Y e b)al.

a€G beG
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5.1.14 Note. If f is the identity map on G, then IV, is the generalized Walsh-Hadamard oper-

ator as presented in [Holmes-Texier| as well as Definition 4.1.2. In this case, W is unitary.

It turns out that W} is not always unitary, as the next example shows.

5.1.15 Example.

Assume that G = Z,, put m = 8, and let f : Z, — 7Z, be the Zg-homomorphism given by

f(g) = 2g. By definition of W}, we have, for g € Z,

Wilg) = |Za| 772> 9|y

hEZy

1 o
= 5 Z 6;9 h|h>

h€Zy

1
= 5 Z €§Qh|h>

h€Zy

1, o | _ .
= 5 (&7°10) + &1 + &7712) + €7713))

1
=5 (10} +711) + 12) + €713)) -
For g = 0, 2, the formula above yields

Wl0) = 5 (10) + 1) + [2) + [3)) = Wy[2).

1
2

Thus W is not injective, so IW; is not invertible. Therefore, W} is not unitary.

5.1.16 Theorem. Let f be an endomorphism of G. The Walsh-Hadamard transform Wy af-

forded by [ is pseudo-unitary by a factor of | ker f|~*.

Proof. The claim is that W;r = | ker f ]*1W}‘ . It is enough to show that the four properties of

Theorem 5.1.1 are satisfied with U™ replaced by | ker f|~'W}. Let g € G.
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Wy (Iker f|7'WF) Wylg) = | ker f|~ W Wy (IGI_”QZEW”"I}Z))

heG

= |G|7V?| ker f|7'W; (Z eiig>°hw;\h>>

heG
SCRCETAOSEIRCRE LR
heG acG
= |G| ker f| (Z Efyfg)"hze;f(“)c’thla))
heG acG
SCREI)S ezxwohzemﬂ@oh\Gr1/224,5a>°b|b>)
heG aceG beG
|G‘ 3/2|kerﬂ 1 <ZZZ f(g a)oh f(a ob|b>>
heG acG belG

beG acG \heG

6o 1 (ol ) el

beG aeG \heG

_ —_ Lf(g—a)(P a)o
:|G| 3/2|kerf| 122 ZET’fL( )( )> Efn()b|b>

beG acG \heG

_ |G|—3/2| kerf|_1 ZZ Zefn(g)oher—nf(a)oh> E%a)06|b>

Since tf(g—a) : G — Zy, is a homomorphism for each a € G, 15, is either constant
or balanced on G for each a € GG by Theorem 2.2.6 . Let a € GG. Observe that ;g is
constant on G if and only if f(g — a) o h = tp4_q)(h) = 0 forall h € G, that is, if and
only if f(g —a) € G+ = {0}, which is true if and only if g — a € ker f, ora € g +

ker f. Otherwise, if ¢(4_q) is balanced on G, then by Theorem 2.2.7, Z eff;(g*“)(h) =0.

heG
Therefore, the equation above becomes

Wy (ke J17'W7) Wylg) = |G ker /7Y D (Z e%““)(h)) AOMD)

beG acgtker f \heG

|G| 3/2|kerf| IZ Z (Z Lo(h) 6fn(a)ob|b>

beG acgtker f \heG

=G Plker fI7H Y Y (G e b)

beG acg+tker f
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|G‘ 1/2|kerf| IZ Z f(a)ob|b

beG acg+ker f

=G Pker [Ty D )

beG acgtker f

Z\G\1/2!kerfllz€£~f")0b!b>< > 1)

beG acg-+tker f

= |G[7?|ker f|7) "€l @) (| ker f])

beG

=|GI72 ) e D)

beG

= Wylg).

Therefore, Wy (| ker f|7'W;) Wy = W;.
(1) The proof showing (| ker f|='WF) Wy (|ker f|7'W}) = | ker f|~'Wj is similar to (7).

(171) We have

(Wf(| kerf|1w;)) = (|ker f|7'W}) W} = |ker f|7 W, W = Wy(| ker f| "W).

(iv) The proof showing ((| ker f|_1W;)Wf> = (| ker f|7'W})W; is similar to (ii).

Therefore, W/ = |ker f| "W}, so W} is pseudo-unitary by a factor of | ker f|~".
0

5.1.17 Definition. An endomorphism f of G is self-adjoint (relative to o) if f(a)ob = ao f(b)

forall a,b € G.

For example, for k € Z,, the endomorphism f of GG given by f(g) = kg is self-adjoint, since,
for every a,b € G we have f(a) ob = (ka)ob = k(aob) =ao (kb) =ao f(b).
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5.1.18 Theorem. Let f and g be endomorphisms of G and assume that f is self-adjoint relative

to o. Then for every x € G,

WiWglx) = Z |b).

be—f~1(g(x))

Proof. Let x € G. Then

WiWgl|z) = Wy (IGI_l/QZE%m)"“Ia))

acG

=|G|72 Y e Wyla)

acG
_ |G|_126%x)0a26£1(a)0b|b>
acG beG
_ |G|—1 Z Z 67g;ﬁ(baz)oa-l-f(a)ob|b>
acG beG
_ |G|—1 Z Z Egrgx)oa-l-f(b)oa|b>
a€G beG
_ |G‘_1 Z Z 67]"n(b)oa—(—g(ac)oa)‘b>
beG aclCG
_ 2 (@)= (z)(a)
-l e
beG acG
- (L5(v)—t—g(@))(@)
=117 3D en )
beG acG
=G olerm) = tog)Ib),
beG

where we recall the definition of ¢ was given by Definition 2.2.3. Observe that ¢_g,) is
{—g(x)}-based by Theorem 2.2.5. By Definition 2.2.4, p(tfp) — t—gz)) = O forallb € G
such that f(b) € G\{—g(x)}. Equivalently, ¢(tfs) — t_gz)) = 0 for all b € G such that
b¢ —f(g(x)). Observe that L) — t_g) = 0 when b € —f~'(g(x)). Therefore,

WiWolz) = |GI7Y Y olepe) — teg)Ib)
be—f—1(g())

=G Y e(0))

be—f~(g(x))
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eI (zﬁ%@) »

be—f~1(g(x) \acG

e (z 1) "

be—f~1(g(z)) \a€G

=lGte Y )

be—f~1(g(x))

= > b,

be—f~1(g(x))

as claimed.

]

5.1.19 Corollary. WJ? acts as the negation involution on the group G for any self-adjoint au-

tomorphism f of G, in other words W}|g) = | — g) for all g € G.

5.1.20 Corollary. Let f be a self-adjoint automorphism of G. If |G| = 2, then Wy has order 2,
and if |G| > 2, then Wy has order 4.

Proof. The proof follows from Corollary 5.1.19. U
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