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Abstract

We present an efficient numerical algorithm to solve for the optimal random structure in

maximizing the absorptance for thin-film solar cells. Random rough texture can increase the

absorbing efficiency of solar cells by trapping the optical light and increasing the optical path

of photons. The thim-film solar cells consist of several different layers. The interfaces sepa-

rating the layers are modeled as random profiles. The Karhunen-Loève Expansion is used to

represent the random profiles. Two parameters, the root mean square to the average height and

the correlation length, delicate the shape of the random interface statistically with the help of

Karhunen-Loéve Expansion. In maximizing the absorptance, we formulate the design prob-

lem as a optimization problem with PDE constraint to solve for the optimal parameters. The

stochastic gradient method is applied to solve the random optimization problem, which leads

to significant savings in computational cost compared to the full gradient method. The adjoint

state method is employed to calculate the gradient of the objective function at each sample. The

convergency of the stochastic gradient method in optimizing the proposed objective function is

proved. Numerical examples are performed which demonstrate the accuracy and convergence

of the algorithm. It is shown that the optimally obtained random textures yield absorption

enhancement of the solar cells. In addition, the computational cost is reduced dramatically

compared to the full gradient method.
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lation length of the surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1 Scattering problem in the bounded domain D . . . . . . . . . . . . . . . . . . 27

5.1 A mesh for a chosen sample . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 Real part of the total field with ∆ = 3nm . . . . . . . . . . . . . . . . . . . . 60

5.3 Imaginary part of the total field with ∆ = 3nm . . . . . . . . . . . . . . . . . 61

5.4 The cost function Q(α) for all iterations . . . . . . . . . . . . . . . . . . . . . 62

5.5 The cost function R̃α for all iterations with stochastic gradient method . . . . . 63

5.6 One random sample at initial parameter . . . . . . . . . . . . . . . . . . . . . 64

5.7 One random sample at optimal parameter . . . . . . . . . . . . . . . . . . . . 64

5.8 Real part of the total field of one sample after optimal design . . . . . . . . . . 65

5.9 Imaginary part of the total field of one sample after optimal design . . . . . . . 66

5.10 The average of reflectivity for all iterations using stochastic gradient method. . 69

5.11 The norm of average gradient for all iterations using stochastic gradient method. 69

vi



5.12 The cost function Q(α) for all iterations using full gradient method. . . . . . . 70

5.13 The average of R(α) for all iterations using stochastic gradient method. . . . . 70

5.14 The norm of average gradient for all iterations using stochastic gradient method. 71

5.15 The cost function Q(α) for all iterations using full gradient method. . . . . . . 71

5.16 The reflectivity value R̃(α) during the stochastic gradient iterations when {ξ0, ξm,s, ξm,c}
are uniform random variables. . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.17 The norm of the average gradient ‖G̃‖ during the stochastic gradient iterations
when {ξ0, ξm,s, ξm,c} are uniform random variables. . . . . . . . . . . . . . . . 74

5.18 The reflectivity valueQ(α) during the stochastic gradient iterations when {ξ0, ξm,s, ξm,c}
are uniform random variables. . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.19 Random structure with 5 layers. . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.20 The reflectivity value R̃(α) during the stochastic gradient iterations of the
structure with five layers for Problem(I). . . . . . . . . . . . . . . . . . . . . . 78

5.21 Numerical solution of u for a chosen random structure with optimal result. . . . 78

5.22 Numerical solution of u for a chosen random structure with optimal result. . . . 79

5.23 Real part of u for the structure with flat interfaces. . . . . . . . . . . . . . . . 80

5.24 Imaginary part of u for the structure with flat interfaces. . . . . . . . . . . . . 81

5.25 The reflectivity value R̃(α) during the stochastic gradient iterations of the
structure with five layers for Problem(II). . . . . . . . . . . . . . . . . . . . . . 82

5.26 The reflectivity value R̃(α) during the stochastic gradient iterations for Prob-
lem(III). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

vii



List of Tables

5.1 L2-norm of the error for the numerical solution at various mesh size and the
corresponding convergence order. . . . . . . . . . . . . . . . . . . . . . . . . . 57
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Chapter 1

Introduction

1.1 Background

Thin-film silicon solar cell technology is one of the promising photovoltaic [31, 32, 36, 39]

technologies for delivering low-cost solar electricity. Until recently, amorphous silicon (a-Si)

thin-film solar cells have dominated the development of thin-film modules and demonstrat-

ed the potential for lower cost production than can be achieved for crystalline silicon (c-Si).

A typical a-Si thin film solar cell is coated with p-i-n semiconductor film on the transparent

conductive oxide film under the glass surface, and an electrode plate is plated on the back.

Thin-film solar cells consume less materials, which need tens of nanometers to hundreds of

nanometers in thickness to achieve photoelectric conversion. However, the thin-film solar cells

have lower efficiency. A typical a-Si cell structure is shown in Figure 1.1.

Since the first report on practical microcrystalline cells in 1994 [43], much research effort

has been made worldwide into the development of both fundamental knowledge and techno-

logical skills that are needed to improve thin-film silicon multijunction solar cells. In addition,

an efficient trapping structure can be designed to make amorphous silicon films absorb and

utilize sunlight as much as possible. The absorption of more photons also provides a guarantee

for improving the photoelectric conversion efficiency of thin-film cells. There are many ways

to increase the absorption efficiency of solar cells. The commonly used trapping techniques

are surface velvet, antireflection film, surface plasmon, reflector on the back of the battery, etc

[2, 5, 7, 8, 9, 24].

Another way to increase the efficiency is by using randomly textured interfaces to trap the

optical light [1, 4, 41, 46]. When the random interface is introduced into the contact surface
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Figure 1.1: A schematic plot of thin-film solar cells.

of the solar cell, the light is reflected into the cell for many times to increase the optical path.

In this way, the optical thickness of the thin-film cell can be increased as much as possible

without changing the physical thickness of the thin-film cell. The existing solar cells of this

kind include Asahi-U substrate, the Jülich substrate, and the Neuchǎtel substrate. Here we

refer to some deterministic texture optimization designs [16, 19, 20, 21, 33], as well as the

following deterministic shape optimization problems [11, 12, 13, 14, 26, 44, 45] in physics and

engineering. Most of the previous research on random texture optimization are based on certain

ad hoc schemes. Mainly by calculating the absorption of several selected statistical parameters

to select the parameter values that produce the maximum absorptivity. The optimal solution

obtained in this way depends to a largely depends on the selected set of statistical parameters.

If the optimal parameters are not in the set, we will not be able to find the corresponding

parameter values of the optimal solution. A gradient-based method is also used to solve the

optimization problem [6]. The Monte-Carlo method was used for sampling the probability

space and to calculate the expectation of the reflectivity. However the computational cost of the

gradient is very high.

In this thesis, we formulate the optimal design of random surface textures as a random

PDE-constrained optimization problem. The stochastic gradient method is applied to solve the

random optimization problem for obtaining the statistical parameters of the optimal random

textures. The stochastic gradient method uses the gradient of one sample to approximate the
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gradient of cost function in each iteration, which reduces the computational cost dramatically.

It is demonstrated that new random textures gives rise to significant absorption enhancement

and higher photon absorptance.

1.2 Outline

The rest of the thesis is organized as follows. Chapter 2 describes the mathematical model for

the optical wave scattering in solar cells, including the governing partial differential equations,

the outgoing wave condition, and the modeling of the random surfaces. In Chapter 3, we

formulate the design problem as a random PDE-constrained optimization problem. Chapter 4

presents the numerical algorithm to solve the optimization problem, we also derive the gradient

of the cost function and show the convergency of the algorithm. Several numerical experiments

are presented in Chapter 5 to demonstrate the efficiency of the numerical method. It is showed

that the optimally obtained random textures yield an absorption enhancement of solar cells.

The computational cost is reduced dramatically compared to the full gradient method.
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Chapter 2

The Mathematical model

2.1 Maxwell’s equations and continuity conditions

In this section, we consider the Maxwell’s equations and the continuity conditions. The differ-

ential form of Maxwell’s equations is



∇× E = −∂B
∂t
,

∇×H =
∂D

∂t
+ J,

∇ ·D = ρ,

∇ ·B = 0,

(2.1)

where E, H denote the electric and magnetic fields respectively, D, B denote the electric and

magnetic fluxes respectively, J is electric current density and ρ is electric charge density.

The following constitutive hold:

D = εE,

B = µH,

J = σE,

where ε denotes the electric permittivity, µ denotes magnetic permeability which is usually is

a constant, and σ denotes the conductivity.
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Figure 2.1: The reflectivity value R̃(α) during the stochastic gradient iterations of the structure
with five layers for Problem(I).

Suppose that ε, µ are independent of time variable t, we get


∇× E = −µ∂H

∂t
,

∇×H = ε
∂D

∂t
+ σE.

(2.2)

Suppose the whole domain Ω consists two parts Ω1 and Ω2. Denote Ω = Ω1 ∪ Ω2, see

Figure 2.1. For source free problem with ρ = 0, we know that∇ ·D = 0 on Ω from Maxwell’s

equations. Thus the integral over Ω is also zero, that is,

0 =

∫
Ω

∇ ·DdΩ.

By the divergence theorem, it yields

0 =

∫
Ω

∇ ·DdΩ =

∫
∂Ω

D · νds =

∫
τ1

D1 · νds+

∫
τ2

D2 · νds, (2.3)
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and

0 =

∫
Ω

∇ ·DdΩ

=

∫
Ω1

∇ ·D1dΩ +

∫
Ω2

∇ ·D2dΩ

=

∫
τ1∪τ

D1 · νds+

∫
τ2∪τ

D2 · νds

=

∫
τ1

D1 · νds+

∫
τ2

D2 · νds+

∫
τ

(−D1 +D2) · ν12ds,

(2.4)

where τ12 is the unit normal vector form domain Ω1 to domain Ω2. From (2.3) and (2.4), we

have ∫
τ

D1 · ν12ds =

∫
τ

D2 · ν12ds

which implies

τ · (D1 −D2) = 0. (2.5)

Since∇ ·B = 0, the integral over Ω is also zero, that is,

0 =

∫
Ω

∇ ·BdΩ.

By the divergence theorem, it yields

0 =

∫
Ω

∇ ·BdΩ =

∫
∂Ω

B · νds =

∫
τ1

B1 · νds+

∫
τ2

B2 · νds, (2.6)

and

0 =

∫
Ω

∇ ·BdΩ

=

∫
Ω1

∇ ·B1dΩ +

∫
Ω2

∇ ·B2dΩ

=

∫
τ1∪τ

B1 · νds+

∫
τ2∪τ

B2 · νds

=

∫
τ1

B1 · νds+

∫
τ2

B2 · νds+

∫
τ

(−B1 +B2) · ν12ds,

(2.7)
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where τ12 is the unit normal vector form domain Ω1 to domain Ω2. From (2.6) and (2.7), we

have ∫
τ

B1 · ν12ds =

∫
τ

B2 · ν12ds

which implies

τ · (B1 −B2) = 0. (2.8)

From equation (2.1), we have ∇× E = −∂B
∂t

. Take the integral of this equation on both

sides over surface τ1 ∪ τ2, we get

∫
τ1∪τ2

(∇× E) · ds = −
∫
τ1∪τ2

∂B

∂t
· ds = − ∂

∂t

∫
τ1∪τ2

B · ds. (2.9)

By the divergence theorem, we have

∫
τ1∪τ2

B · ds =

∫
Ω1∪Ω2

∇ ·BdΩ,

and from equations (2.1), we know that∇ ·B = 0, thus

∫
τ1∪τ2

(∇× E) · ds = 0.

By stokes theorem, we obtain that

0 =

∫
τ1∪τ2

(∇× E) · ds

=

∫
τ1

(∇× E1) · ds+

∫
τ2

(∇× E) · ds

=

∫
c

E1 · dr −
∫
c

E2 · dr,

(2.10)

which lead to ν × (E1 − E2) = 0.

For electric current free problem with J = 0 and source free problem with∇ ·D = 0, we

have ∇×H =
∂D

∂t
.

7



Take the integral of this equation on both sides over surface τ1 ∪ τ2, we get

∫
τ1∪τ2

(∇×H) · ds =

∫
τ1∪τ2

∂D

∂t
· ds =

∂

∂t

∫
τ1∪τ2

D · ds. (2.11)

By the divergence theorem, we have

∫
τ1∪τ2

D · ds =

∫
Ω1∪Ω2

∇ ·DdΩ,

and from equations (2.1), we know that∇ ·D = 0, thus

∫
τ1∪τ2

(∇×H) · ds = 0.

By Stokes theorem, we obtain that

0 =

∫
τ1∪τ2

(∇×H) · ds

=

∫
τ1

(∇×H1) · ds+

∫
τ2

(∇×H) · ds

=

∫
c

H1 · dr −
∫
c

H2 · dr,

(2.12)

which lead to ν × (H1 −H2) = 0. That is for source free Maxwell’s equation, we have

ν · (D1 −D2) = 0, (2.13)

ν · (B1 −B2) = 0, (2.14)

ν × (E1 − E2) = 0, (2.15)

ν × (H1 −H2) = 0, (2.16)

which means the normal components of D and B are continuous across the interface, the tan-

gential components of E and H are continuous across the interface.
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2.2 Time-harmonic Maxwell’s equations and polarization

Consider the time-harmonic solution E(x, t) = E(x)e−iωt of Maxwell’s equation without free

electric charge 

∇× E = iωµ0µrH

∇×H = −iωε0εrE

∇ · E = 0

∇ ·H = 0

(2.17)

where E is electric field, H is magnetic field, ε0 and µ0 are the permittivity and permeability

of free space. And εr = εr(x) and µr = µr(x) are the relative permittivity and permeability,

respectively.

2.2.1 Transverse electric polarization

Let E =


0

0

u(x1, x2)

 andH =


H1

H2

0

, and take curl operator on both sides of the first equation

of (2.17), we have

∇× (
1

µ0µr
(∇× E)) = iω∇×H = iω(−iωε0εrE) = ω2ε0εrE. (2.18)

By simple computation yields

∇E =


∂x2u

−∂x1u

0

 ,

9



∇× (
1

µ0µr
(∇× E)) =


∂x3(

1

µ0µr
∂x1u)

−∂x3(
1

µ0µr
∂x2u)

−∂x1(
1

µ0µr
∂x1u)− ∂x2(

1

µ0µr
∂x2u)



=


0

0

−∂x1(
1

µ0µr
∂x1u)− ∂x2(

1

µ0µr
∂x2u)

 ,

which leads to

−∂x1(
1

µ0µ
∂x1u)− ∂x2(

1

µ0µ
∂x2u) = ω2ε0εu,

It is equivalent to

∇ · ( 1

µ0µr
∇u) + ω2ε0εru = 0.

In case µr ≡ 1, we have the Helmholtz equation

4u+ k2
0εru = 0,

where k2
0 = ω2ε0µ0 is the wave number in free space.

D
2

D
1

ν = (ν1, ν2, 0)
T

ν
2
1 + ν

2
2 = 1

εr,1, µr,1, E1 = (0, 0, u1)
T

εr,2, µr,2, E2 = (0, 0, u2)
T

Figure 2.2: Continuous condition for transverse electric polarization.
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For the continuous condition for transverse electric polarization, denote E1 and E2 as the

electric field in D1 and D2, respectively as shown in Figure 2.2, we have

E1 =


0

0

u1

 and E2 =


0

0

u2

 ,
By direct calculation,

ν × E1 =


ν2u1

−ν1u1

0

 and ν × E2 =


ν2u2

−ν1u2

0


The continuity condition (2.15): ν × E1 = ν × E2 leads to

u1 = u2.

Since

H = (iωµ0µr)
−1∇× E,

we have

H = (iωµ0µr)
−1


∂x2u

−∂x1u

0

 ,
thus

ν ×H =


0

0

−(iωµ0µr)
−1(ν1∂x1u+ ν2∂x2u)

 =


0

0

−(iωµ0µr)
−1∂u

∂ν
.


Therefore, from the continuous condition (2.16): ν ×H1 = ν ×H2, we get

−(iωµ0µr)
−1∂u1

∂ν
= −(iωµ0µr)

−1∂u2

∂ν
,

11



which is
∂u1

∂ν
=
∂u2

∂ν
,

when µr ≡ 1 and ν is the unit normal direction along the interface.

The perfect electrically conducting condition on a surface S is

ν × E = 0 on S.

Denote ν =


ν1

ν2

0

 , with ν2
1 + ν2

2 = 1. Thus

0 = ν × E =


ν2u

−ν1u

0

 .

Thus,

u = 0, on S.

Therefore, we have the boundary value problem with Dirichlet boundary condition


∆u+ k2

0εru = 0, in D1 ∪D2,

∂u1

∂ν
=
∂u2

∂ν
on interface,

u = 0 on on boundary.

(2.19)
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2.2.2 Transverse magnetic Polarization

Let H =


0

0

u(x1, x2)

 and E =


E1

E2

0

, and take curl operator on both sides of the first equation

of (2.17), we have

∇× (
1

ε0εr
(∇×H)) = iω∇× E = iω(−iωµ0µrH) = ω2µ0µrH.

Similar calculation as in TE polarization yields

∇ · ( 1

ε0εr
∇u) + ω2µ0µru = 0.

In case µr ≡ 1, we have the generalized Helmholtz equation

∇ · (ε−1
r ∇u) + k2

0u = 0,

where k2
0 = ω2ε0µ0 is the wave number in free space.

D
2

D
1

ν = (ν1, ν2, 0)
T

ν
2
1 + ν

2
2 = 1

εr,2, µr,2, H2 = (0, 0, u2)
T

εr,1, µr,1, H1 = (0, 0, u1)
T

Figure 2.3: Continuous condition for transverse magnetic polarization.
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For the continuous condition for transverse magnetic polarization, see Figure 2.3, we have

H1 =


0

0

u1

 and H2 =


0

0

u2

 ,
By direct calculation,

ν ×H1 =


ν2u1

−ν1u1

0

 and ν ×H2 =


ν2u2

−ν1u2

0


Continuous condition (2.15): ν × E1 = ν × E2 leads to

u1 = u2.

Since

E = (−iωε0εr)
−1∇×H,

we have

E = (−iωε0εr)
−1


∂x2u

−∂x1u

0

 ,
thus

ν × E =


0

0

−(iωε0εr)
−1(ν1∂x1u+ ν2∂x2u)

 =


0

0

−(−iωε0εr)
−1∂u

∂ν
.


Therefore, from continuous condition (2.15): ν × E1 = ν × E2, we get

(−iωε0εr)
−1∂u1

∂ν
= (−iωε0εr)

−1∂u2

∂ν
,
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which is
1

εr,1

∂u1

∂ν
=

1

εr,2

∂u1

∂ν
,

when µr ≡ 1 and ν is the unit normal direction along the interface.

The perfect electrically conducting condition on a surface S is

ν × E = 0 on S.

Denote ν =


ν1

ν2

0

 , with ν2
1 + ν2

2 = 1. From the second equation of (2.17), we have ∇×H =

−iωε0εrE, that is, E = − 1

iωε0εr
(∇×H). By direct calculation, it yields

∇×H =


∂x2u

−∂x1u

0

 ,

0 = ∇× (
1

ε0εr
(∇×H)) =


0

0

−ν1(− 1

ε0εr
)∂x1u− ν2(− 1

ε0εr
)∂x2u

 ,
which leads to

ν1∂x1 + ν2∂x2u = 0,

that is,

ν · ∇u = 0⇒ ∂u

∂ν
= 0.
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Therefore, for TM polarization, we have problem with Neumann boundary condition



∇ · (ε−1
r ∇u) + k2

0u = 0 on D1 ∪D2,

1

εr,1

∂u1

∂ν
=

1

εr,2

∂u1

∂ν
on the interface,

∂u

∂ν
= 0 on the boundary .

(2.20)

2.3 Mathematical model for scattering by multiple interfaces

We consider a two-dimensional model by assuming that the structure is invariant along the x3

direction. The whole structure consists of several layers D1, D2, · · · , D` and it is periodic with

the period Λ. Let εr(x) = εr,j, x ∈ Dj, j = 1, · · · , ` be the relative permittivity in each

layer. The bottom of the structure Γ1 and the interface Γj, j = 2, · · · , ` between the two layers

D1

D2

Γ2

ΓℓDℓ−1

Dℓ

Γℓ−1

Γ1

Figure 2.4: Schematic plot of the geometry.

Dj−1 and Dj are textured in a random manner(see Figure 2.4). For each random sample ζ ,

the interface Γj is represented as Γj(ζ) := {(x1, x2) | x2 = fj(ζ;x1)}, j = 1, · · · , `. Let

D∞ =
⋃`
j=1Dj be the whole domain, and Γ =

⋃`
j=1 Γj denote the union of the interfaces.

We first consider the transverse electric (TE) polarization, in which the electric field is

of the form E = (0, 0, u). Let k0 the free-space wavenumber, θ ∈ (−π
2
, π

2
) be the incident

angle and q` :=
√
εr,` be the refractive index of D`. When the random structure is illuminated

by a time–harmonic incident plane wave ui = eik0q`(sin θ,− cos θ)·x , the total field u after the

16



scattering consists of the incident wave ui and the scattered wave us. We get the incident wave

ui = ei(τx1−ρx2) by denoting τ = k0q` sin θ and ρ = k0q` cos θ.

For each sample ζ , the total field u satisfies


∆u(ζ; ·) + k2

0εru(ζ; ·) = 0 in D∞(ζ)\Γ(ζ)

u(ζ; Λ, x2) = eiτΛu(ζ; 0, x2),

u(ζ;x1, f1(x1)) = 0, 0 < x1 < Λ.

(2.21)

Along the surfaces Γj(ζ), j = 2, · · · , `, the continuity of the electric field and magnetic field

implies that

u+(ζ;x1, fj(ζ, x1)) = u−(ζ;x1, fj(ζ, x1)), (2.22)

∂νu+(ζ;x1, fj(ζ, x1)) = ∂νu−(ζ;x1, fj(ζ, x1)), (2.23)

where ν denotes the unit normal vector along Γj pointing toward Dj , u± and ∂νu± denote the

limits of u and ∂νu from above and below the surface, respectively. In addition, the diffracted

field us is outgoing in the domain D`(ζ) that lies above the interface Γ`(ζ) [5, 9].

To formulate the scattering problem in a bounded domain, we use x2 = b as an artificial

upper boundary of the region, where b > max
0<x1<Λ

f`(x1). By the Rayleigh expansion and the

radiation condition [37, 42, 30] , the diffracted field in the region D`(ζ) := {(x1, x2) | x1 ∈

(0,Λ), f`(ζ;x1) < x2 < b} can be expressed as

us(ζ; ·) =
∞∑

n=−∞

ûsn(ζ; b) eiκnx1+iηn(x2−b), (2.24)
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where κn := τ +
2πn

Λ
for n ∈ Z, and

ηn =


√
k2
` − κ2

n, k` > κn,

i
√
κ2
n − k2

` , k` < κn.

(2.25)

ûsn(ζ; b) are the Fourier coefficients of us(ζ;x1, b) defined by

ûsn(ζ; b) =
1

Λ

∫ Λ

0

us(ζ;x1, b)e
−iκnx1dx1. (2.26)

We assume κn 6= k` to exclude resonance. Then we have the Dirichlet-to-Neumann map T on

the line x2 = b,

∂us

∂x2

(ζ;x1, b) =
∞∑

n=−∞

iηnû
s
n(ζ; b)eiκnx1 =: T [us(ζ;x1, b)]. (2.27)

Since u = ui + us, we obtain

∂u

∂x2

(ζ;x1, b) = T (u(ζ;x1, b)) + g,

where g = −2iρeiτx1−iρb. Therefore, for each sample ζ , the scattering problem can be formu-

lated in a bounded domain (showed in Figure (2.5)) D :=
⋃`
j=1Dj as



∆u(ζ; ·) + k2
0εru(ζ; ·) = 0 in D(ζ) \ Γ(ζ),

u(ζ; Λ, x2) = eiτΛu(ζ; 0, x2), 0 < x2 < b,

u(ζ;x1, f1(x1)) = 0, 0 < x1 < Λ

∂u

∂x2

(ζ;x1, b) = T (u(ζ;x1, b)) + g 0 < x1 < Λ.

(2.28)

Additionally, the continuity conditions (2.22), (2.23) are imposed along the interfaces Γj, j =

2, · · · , `− 1.
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D1

D2

Γ2

ΓℓDℓ−1

Γℓ−1

Γ1

Dℓ

x2 = b

Figure 2.5: Schematic plot of the bounded domain.

The transverse magnetic (TM) polarization in which H is of the form of (0, 0, u) works

analogously with a small change in the boundary condition and continuous condition.



∇ · (ε−1
r ∇u(ζ; ·)) + k2

0u(ζ; ·) = 0 in D(ζ)\Γ(ζ),

u(ζ; Λ, x2) = eiτΛu(ζ; 0, x2), 0 < x2 < b,

∂νu(ζ;x, 0) = 0, 0 < x < Λ,

∂u

∂x2

(ζ;x1, b) = T (u(ζ;x1, b)) + g 0 < x1 < Λ.

(2.29)

In addition, the continuity conditions are satisfied along the interface Γj, j = 2, · · · , `−1

is given by

u+(ζ;x1, fj(ζ, x1)) = u−(ζ;x1, fj(ζ, x1)), (2.30)

ε−1
r,j ∂νu+(ζ;x1, fj(ζ, x1)) = ε−1

r,j−1∂νu−(ζ;x1, fj(ζ, x1)), (2.31)

2.4 Representation of random surfaces

This section is dedicated to the modeling of the random surfaces that separate each layer. It

is structured as follows. First, there will be a description of the Karhunen–Loève expansion

which explains the expansion and where it originates. This description follows the lead of
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[17, 18, 29, 28]. From there, the Karhunen–Loève expansion will be used to represent the

random surfaces in our framework.

In what follows we consider a probability space (Ω,F , P ), where Ω is a sample space,

F is σ-algebra on Ω and P is a probability measure. A real valued random variable X on

(Ω,F , P ) is an F/B(R)-measurable mapping X : (Ω,F , P ) → (R,B(R)), where R is the

real number set and B(R) is the Borel set on R. The expectation and variance of a random

variable X is denoted by,

E[X] :=

∫
Ω

X(ζ)dPζ, V ar[X] := E[(X − E[X])2].

A stochastic process Xt is called centered if E[Xt] = 0. It is mean-square continuous if

lim
δ→0

E[(Xt+δ −Xt)
2] = 0.

A stochastic process {Xt}t∈I is mean square continuous if and only if its auto correlation

function c(s, t) := E[XsXt] is continuous.

Assume that X : I × Ω → R is a centered mean square continuous stochastic process

such that X ∈ L2(I × Ω). Define the integral operator K : L2(I)→ L2(I) by

[Kϕ](s) :=

∫
I

c(s, t)ϕ(t)dt, ϕ ∈ L2(I),

Such defined K is compact, positive and self-adjoint. Therefore, K has a complete set of

eigenvectors {ei} in L2(I) and real eigenvalues {λi}:

Kei = λiei.

The basis {ei} of L2(I) can be used to expand Xt as follows,

Xt =
∑
i

xiei(t), xi =

∫
I

Xtei(t)dt.
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Theorem 2.4.1 (Karhunen–Loève expansion) Let that X : I × Ω → R is a centered mean

square continuous stochastic process such that X ∈ L2(I × Ω). There exist a basis {ei} of

L2(I) such that for all t ∈ I ,

Xt =
∞∑
i

xiei(t), in L2(I),

where the coefficients xi are given by xi(ζ) =
∫
I
Xt(ζ)ei(t)dt and satisfy the following.

1. E[xi] = 0,

2. E[xixj] = δijλj ,

3. V ar[xi] = λi

By letting ξi =
1√
λi
xi in above theorem, Karhunen–Loève expansion can be written as,

Xt(t, ζ) =
∞∑
i=1

√
λiξi(ζ)ei(t), in L2(I). (2.32)

where ξi are centered mutually uncorrelated random variables with unit variance and are given

by,

ξi(ζ) =
1√
λi

∫
I

Xt(ζ)ei(t)dt.

The Karhunen–Loève expansion of a Gaussian process has the further property that ξi are

independent standard normal variables[29].

The random interfaces in Figure 2.4 are represented by

Γj(ζ) = {(x1, x2) | x2 = fj(ζ;x1)}, j = 1, · · · , `.

We assume that fj(ζ;x1) is a stationary random process with a continuous and bounded covari-

ance function Cj(x1, x̃1) = cj(x1 − x̃1). The following covariance functions are widely used

for the modeling of rough surfaces:

cj(x1 − x̃1) =
(
α

(1)
j

)2

exp
(
−|x1 − x̃1|p/

(
α

(2)
j

)p)
, 0 < α

(2)
j � Λ, p = 1, 2
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where α(1)
j is the root mean square and α(2)

j is the correlation length of the surface Γj(ζ)[35].

The root mean quare of the surface α(1)
j , and the correlation length α(2)

j dictate the shape

of the surface. As the value of α(1)
j is increased, the size (in the x2-direction) of the interface

Γj will also increase, and vice versa. Figure 2.6 demonstrates the effect of increasing the value

of the root mean quare of the surface Γj .

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-1.5

-1

-0.5

0

0.5

1

1.5
α

j
(1) = 0.1

α
j
(1) = 0.2

α
j
(1) = 0.3

α
j
(1) = 0.4

Figure 2.6: Sample surface represented by Karhunen Loéve expansion with varying root mean
square of the surface

As the value of the correlation length α(2)
j is increased, the interface shapes will become

”smoother” (less rough or ”choppy”). Figure 2.7 demonstrates the effect of increasing the

correlation length of the surface Γj .

By the Karhunen–Loève expansion[27], the random process fj(ζ;x1) can be represented

as

fj(ζ;x1) = faj +
∞∑
m=1

√
λjmξjmϕjm
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Figure 2.7: Sample surface represented by Karhunen Loéve expansion with varying correlation
length of the surface

where faj is the average height of fj , ξjm are mutually uncorrelated with zero mean and unit

covariance, λjm and ϕjm, (m = 1, 2, · · · , ) are the eigenvalues and eigenfunctions of covari-

ance operator [Kϕ](x1) :=
∫ Λ

0
cj(x1 − x̃1) ϕ(x̃1)dx̃1, respectively.

Since cj(x1) is even, we expand cj(xj) as

cj(x1) =
(
α

(1)
j

)2
[
ĉj0
2

+
∞∑
p=1

ĉjp cos

(
2pπx1

Λ

)]
, x1 ∈ [0,Λ],

where ĉj0, ĉj1, ĉj2, · · · , are the Fourier cosine expansion coefficients of the correlation function

cj(x1). The covariance operator Kϕ(x1) :=
∫ Λ

0
cj(x1 − x̃1) ϕ(x̃1)dx̃1 attains the eigenvalues

λjm =

(
α

(1)
j

)2

Λĉjm

2
, m = 0, 1, 2, · · · .
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The corresponding eigenfunctions are

ϕjm(x1) =



√
1

Λ
, m = 0,√

2

Λ
cos

(
2jπx1

Λ

)
, m > 1, even√

2

Λ
sin

(
2jπx1

Λ

)
, m > 1, odd.

Hence Karhunen–Loève representation of the random process fj(ζ;x1) is given by

fj(ζ;x1) =faj +
√
λj0ξj0(ζ)

√
1

Λ

+
∞∑
m=1

√
λjm

[
ξm,s(ζ)

√
2

Λ
sin

(
2mπx1

Λ

)
+ ξm,c(ζ)

√
2

Λ
cos

(
2mπx1

Λ

)]
,

(2.33)

where ξj0 , ξm,c and ξm,s are mutually uncorrelated random variables with zero mean and unit

covariance. Particularly, when fj(ζ;x1) is a stationary Gaussian process, ξj0 , ξm,c and ξm,s are

independent and identically distributed Gaussian random variables with zero mean and unit

covariance.

A finite term Karhunen–Loève expansion is used in practical computations since {λjm}∞j=0

converge to 0 exponentially when c(x) is smooth. Therefore, for simplicity, here we use a finite

term approximation of (2.33). By letting λjm =
(
α

(1)
j

)2

λjm where λjm =
Λĉjm

2
, we may

express the profile of the random surface by

fj(ζ;x1) = faj + α
(1)
j · f̄j(ζ;x1), (2.34)

where

f̄j(ζ;x1) =

√
λj0ξj0(ζ)

√
1

Λ

+
M∑
m=1

√
λjm

[
ξm,s(ζ)

√
2

Λ
sin

(
2mπx1

Λ

)
+ ξm,c(ζ)

√
2

Λ
cos

(
2mπx1

Λ

)]
.
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Chapter 3

Optimal design of random surfaces

3.1 Optimal design problem for transverse electric polarization

For each sample ζ , in light of the Rayleigh expansion (2.24), the diffracted field can be rewritten

as

us(ζ; ·) =
∞∑

n=−∞

rn(ζ) eiκnx1+iηnx2 ,

where the reflection coefficient rn(ζ) = ûsn(ζ; b)e−iηnb, and ûsn are the Fourier coefficients of

the diffracted field us as defined in (2.26). Since u = ui + us, rn(ζ) can also be written as

rn(ζ) =


ûn(ζ; b)e−iηnb, n 6= 0

ûn(ζ; b)e−iρb − e−2ik`b, n = 0,

(3.1)

where ûn(ζ; b) are the Fourier coefficients of the total field u(ζ; ·) on x2 = b.

Let N := {n ∈ Z | k2
` − κ2

n > 0} be the set of indices for all propagating modes in the

Rayleigh expansion. The goal is to trap the energy in the structure as much as possible. In other

words, we hope to minimize the energy that propagates away. Denote α = (α1, · · · , α`)>,

where αj = (α
(1)
j , α

(2)
j ), for j = 1, · · · , `. α(1)

j is the root mean square height of the surface

and α(2)
j is the correlation length corresponding to Γj . Let R(ζ;α) be the reflectivity of the

structure. For each sample ζ , the reflectivity associated with this structure is given by

R((ζ;α)) =
∑
n∈N

ηn
η0

|rn(ζ)|2 ,
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where ηn is defined in (2.25). Thus the mean reflectivity is

E[R((ζ;α))] :=

∫
Ω

∑
n∈N

ηn
η0

|rn(ζ)|2 dP (ζ),

where Ω and P denotes the random sample space and the probability measure, respectively.

Let Q(α) := E [R(ζ;α)] be the cost function. Then the optimal design problem is to

minimize the mean reflectivity Q(α), or equivalently, to solve the optimization problem

Problem(I) min
α∈Uα

Q(α) (3.2)

over an admissible set Uα.

Next, we consider the optimization with multiple frequencies. In this case, the refractive

index εr = εr(λ) is a function of the wavelength [46], The total field can be formulated as



∆u(ζ; ·) + k2
0εr(λ)u(ζ; ·) = 0 in D \ Γ2(ζ),

u(ζ; 0, x2) = u(ζ; Λ, x2),

u(ζ;x1, f1(x1)) = 0; 0 ≤ x1 ≤ Λ,

∂x2u(ζ;x1, b) = T (u(ζ;x1, b)) + g,

u+(ζ; ·) = u−(ζ; ·), on Γ1,

∂νu+(ζ; ·) = ∂νu−(ζ; ·), on Γ1.

(3.3)

so does the total field u and the reflectivity R(ζ;α, λ). When the wavelength for the inci-

dent wave is within [λmin, λmax], the optimization problem with multiple frequencies can be

formulated as follows:

Problem(II) min
α∈Uα

Q(α), where Q(α) := E

[∫ λmax

λmin

R(ζ;α, λ)dλ

]
. (3.4)

For the solar cells, the incident angle is no longer constant when the sun moves during the

daytime. It is reasonable to consider the incident angle θ as a variable. Total field u satisfies
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equation 

∆u(ζ; ·) + k2
0εru(ζ; ·) = 0 in D(ζ)\Γ(ζ)(ζ),

u(ζ; Λ, x2) = eiαΛu(ζ; 0, x2), 0 < x2 < b,

u(ζ;x1, 0) = 0, 0 < x1 < Λ

∂u

∂x2

(ζ;x1, b) = T (u(ζ;x1, b)) + g(θ) 0 < x1 < Λ.

(3.5)

For the case that the incident angle is not constant, for a given sample ζ , the total field u is a

function of the incident angle θ. Therefore, the reflectivity R(ζ;α, θ) is also a function of θ.

For the multiple incident angles with θ ∈ [θmin, θmax], the corresponding optimization problem

is formulated as follows:

Problem(III) min
α∈Uα

Q(α), where Q(α) := E

[∫ θmax

θmin

R(ζ;α, θ)dθ

]
. (3.6)

3.2 Optimal design problem for transverse magnetic polarization

The transverse magnetic (TM) polarization case works analogously with a small change in

the continuous conditions along the interfaces, which is discussed below.We simply show the

difference by a two layers structure to illustrate the difference, which showed in Figure (3.1).

Here we consider the magnetic field H under transverse magnetic polarization, that is, H

is of the form of (0, 0, u). Assume that the normal incident wave is of the form ui = e−ik0qx2 ,

where k0 is the free space wave number and q is the refractive index of the TCO layer. The

total field u after the scattering is composed of incident wave ui and scattered wave us, i.e.

u = ui + us.

Figure 3.1: Scattering problem in the bounded domain D
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The TCO and absorption layer are denoted as

D1(ζ) := {(x1, x2) | x1 ∈ (0,Λ), 0 < x2 < h(ζ;x1)}

and

D2(ζ) := {(x1, x2) | x1 ∈ (0,Λ), h(ζ;x1) < x2 <∞}

For any simple ζ , the total field u satisfies


∇ · (ε−1

r ∇u(ζ; ·)) + k2
0u(ζ; ·) = 0 in D(ζ)\Γ(ζ),

u(ζ; 0, x2) = u(ζ; Λ, x2),

∂νu(ζ;x1, 0) = 0, 0 < x1 < Λ,

(3.7)

where

εr =

 εr,1, y < h(ζ;x1),

εr,2, y > h(ζ;x1).

Here ν is the outer normal vector, εr is the relative permittivity value, εr,1 andεr,2 are the relative

permittivity value of the absorption layer and the TCO layer, respectively. The permittivity of

the solar cell is ε = εr · ε0 , where ε0 is the permittivity value in the vacuum. In addition, the

continuity conditions are satisfied along the interface

u+(ζ;x1, h(ζ, x1)) = u−(ζ;x1, h(ζ, x1)), (3.8)

ε−1
r,2∂νu+(ζ;x1, h(ζ, x1)) = ε−1

r,1∂νu−(ζ;x1, h(ω, x1)), (3.9)

To formulate the scattering field in a bounded domain, consider x2 = b as a artificial upper

boundary of the region, where b > max
0<x1<Λ

h(ζ;x1). We will apply the DtN mapping condition

for the scattered field us given by

us(x1, x2) =
∑
n∈Z

ûsn(ζ;x2)eiκnx1
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where κn = 2πn
Λ

, ûsn(ζ, x2) = 1
Λ

∫ Λ

0
us(ζ;x1, x2)e−iκnx1dx1.

Denote k = k0
√
εr,2. For a certain sample ζ , we can get the expression of the scattering

field satisfies



∇(ε−1
r ∇u(ζ; ·) + k2

0u(ζ; ·) = 0 in D(ζ)\Γ(ζ),

u(ζ; 0, x2) = u(ζ; Λ, x2), 0 < x2 < b,

∂νu(ζ;x1, 0) = 0, 0 < x1 < Λ,

∂x2u(ω;x1, b) = T (u(ω;x1, b)) + g 0 < x1 < Λ,

(3.10)

where g = −2ike−ikb and T is the Dirichlet-to-Neumann map.

For each sample ζ ∈ Ω, the reflectivity can be defined as,

R(ζ;h) =
∑
n∈N

ηn
η0

|rn(ζ)|2, (3.11)

where N := {n ∈ N |k2
0εr,2 − κ2

n > 0} is the index of propagating modes,

rn(ζ) =


ûn(ζ; b)e−iηnb, n 6= 0

ûn(ζ; b)e−ikb − e−2ikb, n = 0,

(3.12)

which is inspired by

us(ζ; ·) =:
∞∑

n=−∞

rn(ζ)e−iκnx1+iηnx2

rn = ûsn(ζ; b)e−iηnb,

where ûsn is the fourier coefficient of the scatter wave us. The expectation of reflectivity is

E[R] :=

∫
Ω

∑
n∈N

ηn
η0

|rn(ζ)|2dP (ζ).

Here Ω and P denotes the random sample space and the probability measure respectively. We

define the cost function

J(α) := E(R(ζ;h)),

29



where α := (σ, l) is a vector consists of the root mean square σ and the correlation l of h(ζ, x1).

The optimal design problem is to minimize the mean J(α) of the reflectivity, in other words,

to solve the following optimization problem.

min
α∈Uα

Q(α),

over an admissible set Uα.

We use the stochastic gradient method to solve the optimization problems. The gradient

of the cost function R for a given sample ζ needs to be found during each iteration, which is

discussed in the following section.
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Chapter 4

The numerical algorithm

4.1 The stochastic gradient descent method

To minimize Q(α) = E [R(ζ;α)], from certain initial guess, the full gradient decent method

is defined by the iteration

α(n+1) = α(n) − hn ·DαQ(α(n)), (4.1)

where hn is the step length [4]. If we use the Monte Carlo method to sample the probability

space, we have DαQ(α(n)) = E
[
DαR(ζ;α(n))

]
= 1

MC

MC∑
m=1

DαR(ζm;α(n)). MC needs to be

big enough to get a good approximation for the full gradient. Therefore, computing the gradient

DαQ(α(n)) is very expensive.

The stochastic gradient descent method [40, 25, 3] is a widely used in solving stochastic

optimization problems. The stochastic gradient decent method to minimize Q(α) is defined by

α(n+1) = α(n) − hn ·DαR(ζn;α(n)). (4.2)

Here, for each n ∈ N := {1, 2, · · · }, ζn is chosen randomly and hn is a positive step size.

Each iteration of stochastic gradient method is very cheap, involving only the computation of

the gradient DαR(ζn) for one sample. However the iterative sequence is not determined u-

niquely by the function Q(α), the starting point α(1), and the sequence of step size {hn}∞n=1.

Rather, {α(n)}∞n=1 is a stochastic process whose behaviour is determined by the random se-

quence {ζn}∞n=1.
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The stochastic gradient method and the full gradient method offer different trade-offs in

terms of costs and expected improvement in each iteration for minimizing the cost function

Q(α). Mini-batch stochastic gradient method is designed to combine the stochastic gradient

method and the full gradient method, and is defined by

α(n+1) = α(n) − hn ·G(α(n)), (4.3)

where G(α(n)) = 1
M0

M0∑
m=1

DαR(ζm;α(n)) is the average gradient of a small randomly chosen

sample subset {ζm}M0
m=1.

There are several significant advantages of mini-batch stochastic gradient method. First,

the mini-batch stochastic gradient method reduces the variance of the stochastic gradient, which

produces more stable gradient than stochastic gradient. Second,The flexible choice for the size

of the sample subset {ζm}M0
m=1 can easily fits in the memory and it can benefit form vectorization

and parallel computing. And third, if the iteration is stuck in a local minimum, some noisy steps

can lead the way out of it.

Algorithm 1 The algorithm for GD method
1: Initialization α(0)

2: for iteration n = 1, 2, . . . do
• Choose sample {ζm}Mm=1, M is larger enough.

• Solve the scattered equation (3.10) and adjoint equation (4.27).

• Find gradient DαQ(α(n)) ≈ 1
M

M∑
m=1

DαR(ζm;α(n)).

• α(n+1) = α(n) − hn ·DαQ(α(n)) (where hn is the step length).

3: end for
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Algorithm 2 The algorithm for SGD method
1: Initialization α(0)

2: for iteration n = 1, 2, . . . do
• Choose random realization of ζn.

• Solve the scattered equation (3.10) and adjoint equation (4.27).

• Compute sample gradient DαR(ζn).

• Update α(n+1) = α(n) − hn ·DαR(ζn;α(n)) (where hn is the step length).

3: end for

Algorithm 3 The algorithm for mini-batch SGD method
1: Choose initial guess α(0) and the sample size M0

2: while The average gradient of the sample set ‖G(α(n))‖2 > tolerance do
• Choose a random samples subset {ζm}M0

m=1 .

• For each sample ζm, solve the boundary value problem (3.10) and the adjoint problem
(4.27).

• Compute the gradient DαR(ζm; ·) by formula (4.4) and (4.5)

• G(α(n)) = 1
M0

M0∑
m=1

DαR(ζm;α(n)).

• α(n+1) = α(n) − hn ·G(α(n)) (where hn is the step length).

3: end while
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4.2 Computation of the gradient for transverse electric polarization

The shape derivative DαR can be evaluated by the adjoint state approach [22, 34] and its

formula is given in the following theorem.

Theorem 4.2.1 Denote Dαj :=

(
∂

∂α
(1)
j

,
∂

∂α
(2)
j

)
, j = 1, 2, · · · , `. For each sample ζ ,

Dα1R(ζ) =
2

Λ

∑
n∈N

ηn
η0

Re
[
(ûn(ζ; b)− ane−2ik`b+iρb) ·

∫ Λ

0

(
∂ū

∂ν
· ∂u

∗
n

∂ν
ν2) · ∇α1f1dx1

]
(4.4)

DαjR(ζ) =
2k2

0

Λ

∑
n∈N

ηn
η0

Re
[
(ûn(ζ; b)− ane−2ik`b+iρb) · (εr,j − εr,j−1)

·
∫ Λ

0

[ūu∗n]|(x1,fj) · ∇αjfjdx1

]
, j = 2, · · · , `.

(4.5)

where a0 = 1 and an = 0 if n 6= 0, and ν = (ν1, ν2)> is the normal vector pointing inside D

along Γ1. u is the solution to the forward problem (3.10), and u∗n solves the adjoint problem



∆u∗n(ζ; ·) + k2
0εru

∗
n(ζ; ·) = 0 in D(ζ) \ Γ(ζ)

u∗n(ζ; Λ, x2) = eiτΛu∗n(ζ; 0, x2),

u∗n(ζ;x1, f1(x1)) = 0; 0 ≤ x1 ≤ Λ,

∂x2u
∗
n(ζ;x1, b) = T ∗(u(ζ;x1, b)) + eiκnx1 ,

(4.6)

In the above theorem, [u∗nū]|(x1,fj) denotes the restriction of u∗nū to the surface Γj(ζ). T ∗

is the adjoint operator of T such that

〈Tu, v〉 = 〈u, T ∗v〉,

where 〈·, ·〉 stands for the inner product over the function space L2(0,Λ). The proof of the

theorem is shown in next section.

Let H1
0 (D) = {u ∈ H1(D)|u = 0 on Γ1, u(Λ, x2) = eiτΛu(0, x2)}, where

H1(D) = {f(x)|
(∫

D

|f(x)|2dx
) 1

2

<∞,
(∫

D

|∇f(x)|2dx
) 1

2

<∞}.
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The bilinear form for (3.10) is

a(u(ζ; ·), w) =

∫
D

∇u(ζ; ·) · ∇w̄ − k2
0εru(ζ; ·)w̄dx− 〈Tu(ζ; ·), w〉.

The weak solution u ∈ H1
0 (D) for (3.10) satisfies

a(u(ζ; ·), w) = 〈g, w〉 (4.7)

for all w ∈ H1
0 (D).

Define S : α1 =
(
α

(1)
1 , α

(2)
1

)
→ u(x1, b) where u is the solution of boundary val-

ue problem (3.10). Γδi1 denotes the perturbed interface Γ1 due to the small perturbation δi

of αi, i = 1, 2. The shape derivative is defined as Dα1S :=

(
∂S

∂α
(1)
1

∂S

∂α
(2)
1

)
, in which

∂S

∂α
(i)
1

= lim
δ→0

S(Γδi1 )− S(Γ1)

δi
, i = 1, 2.

Lemma 4.2.2 The shape derivative Dα1S exits and
∂S

∂α
(i)
1

= u0i(x1, b), i = 1, 2, where u0i

solves 

∆u0i(ζ; ·) + k2
0εru0i(ζ; ·) = 0 in D(ζ) \ Γ(ζ)

u0i(ζ; 0, x2) = eiτΛu0i(ζ; Λ, x2),

u0i(ζ;x1, f1(x1)) = − ∂f1
∂
α
(i)
1

∂u
∂ν
ν2; 0 ≤ x1 ≤ Λ,

∂x2u0i(ζ;x1, b) = T (u0i(ζ;x1, b)),

(4.8)

ν = (ν1, ν2)> is the normal vector pointing inside D along Γ1, u is the solution of boundary

value problem (3.10).

Proof. Without loss of generality, we provide the proof for
∂S

∂α
(1)
1

. When α(1)
1 is perturbed by

a small number δ, the new root mean square is (α
(1)
1 )δ := α

(1)
1 + δ and the new boundary is

Γδ1 := {(x1, x2)|x2 = f δ1 (ζ;x1)}, where f δ1 = f1 + δ · ∂f1

∂α
(1)
1

+ O(δ2). Let W (x) := δ · V (x) +
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O(δ2) · (0, 1)> and V (x) := [0, ∂f1

∂α
(1)
1

]>, then the perturbed boundary is given by

Γδ1 = {x+W (x)|x ∈ Γ1} = {x+ δ · V (x) +O(δ2) · (0, 1)>|x ∈ Γ1}.

When Γ1 is perturbed to be Γδ1, the region D1 becomes Dδ
1. In the new domain Dδ =

∪`j=2Dj

⋃
Dδ

1, the total field uδ satisfies



∆uδ(ζ; ·) + k2
0εru

δ(ζ; ·) = 0 in Dδ \ Γ

uδ(ζ; Λ, x2) = eiτΛuδ(ζ; 0, x2),

uδ(ζ;x1, f1(x1)) = 0; 0 ≤ x1 ≤ Λ,

∂x2u
δ(ζ;x1, b) = T (uδ(ζ;x1, b)) + g,

(4.9)

By definition, we have
∂S

∂α
(1)
1

= lim
δ→0

S(Γδ1)− S(Γ1)

δ
. Denote

H1
0 (Dδ) = {u ∈ H1(Dδ)|u = 0 on Γδ1, u(Λ, x2) = eiτΛu(0, x2)}.

The weak solution uδ for (4.9) satisfies

aδ(uδ(ζ; ·), wδ) = 〈g, wδ〉 (4.10)

for all wδ ∈ H1
0 (Dδ), where

aδ(uδ(ζ; ·), wδ) =

∫
Dδ
∇uδ(ζ; ·) · ∇w̄δ − k2

0εru
δ(ζ; ·)wδdx− 〈Tuδ(ζ; ·), wδ〉.

Let us extend the definition of W (x) to the closure of D1 such that W (x) is zero away

from Γ1. Then we can obtain a continuous C2 map ψ from D to Dδ: x = ψ(y) = x +

δ · V (y) + O(δ2), y ∈ D. Denote the inverse map of ψ as φ(x), which maps Dδ to D. Let

ũδ = uδ(ψ(y)), w̃δ = wδ(ψ(y)), then ũδ and w̃ are defined on D. It is easy to get that

∂uδ

∂x1
=
∑2

m=1
∂ũδ

∂ym

∂φm
∂x1

where φ1, φ2 are the two components of φ. By change of variables, we
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have

aδ(uδ(ζ; ·), wδ) =

∫
D

[ 2∑
m,n=1

bmn
∂ũδ(ζ; ·)
∂ym

∂w̃δ

∂yn
− k2

0εrũ
δ(ζ; ·)w̃δ

]
Jdy − 〈T ũδ(ζ; ·), w̃δ〉

where J = detDψ, bmn =
∑2

i=1
∂φm
∂xi

∂φn
∂xi

. Define a new bilinear form

ãδ(ũδ(ζ; ·), w) =

∫
D

[ 2∑
m,n=1

bmn
∂ũδ(ζ; ·)
∂ym

∂w

∂yn
− k2

0εrũ
δ(ζ; ·)w

]
Jdy − 〈T ũδ(ζ; ·), w〉

for ũδ, w ∈ H1
0 (D). Then (4.10) is equivalent to finding ũδ ∈ H1

0 (D) such that

ã(ũδ(ζ; ·), w) = 〈g, w〉 (4.11)

for all w ∈ H1
0 (D).

From (4.7) and (4.11), it is easily seen that ũδ(ζ; ·)− u(ζ; ·) satisfies

a(ũδ(ζ; ·)− u(ζ; ·), w) = −(ãδ(ũδ(ζ; ·), w)− a(ũδ(ζ; ·), w)). (4.12)

For the right-hand side,

ãδ(ũδ(ζ; ·), w)− a(ũδ(ζ; ·), w) =

∫
D

[ 2∑
m,n=1

bmn
∂ũδ(ζ; ·)
∂ym

∂w

∂yn
− k2

0εrũ
δ(ζ; ·)w

]
Jdy

−
∫
D

∇ũδ(ζ; ·) · ∇w̄ − k2
0εrũ

δ(ζ; ·)w̄dy

(4.13)

where the Jacobian matrix J = 1 + δ∇ · V + O(δ2). By direct calculation we have (bmn)J =

I − δ(b̃mn) +O(δ2), where I is he 2 × 2 identity matrix. We also have

b̃mn = ∇V + (∇V )T − (∇ · V )I. (4.14)

Therefore we have

a(ũδ(ζ; ·)−u(ζ; ·), w) = δ

∫
D

2∑
m,n=1

b̃mn
∂ũδ(ζ; ·)
∂ym

∂w

∂yn
+k2

0εr(∇·V )u(ζ; ·)wdy+O(δ2). (4.15)
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Denote u′(ζ; ·) = lim
δ→0

ũδ(ζ; ·)− u(ζ; ·)
δ

. Then u′(ζ; ·) satisfies the following equations on D:

a(u′(ζ; ·), w) =

∫
D

2∑
m,n=1

bmn
∂ũδ(ζ; ·)
∂ym

∂w

∂yn
+ k2

0εr(∇ · V )u(ζ; ·)wdy. (4.16)

By the formula (4.14), we have

2∑
m,n=1

b̃mn
∂u(ζ; ·)
∂ym

∂w

∂yn
=∇(V · ∇w̄) · ∇u(ζ; ·) +∇(V · ∇u(ζ; ·)) · ∇w̄

−∇ · [(∇u(ζ; ·) · ∇w̄)V ].

By Green’s formula and the boundary condition u(ζ; ·) = w = 0 on Γ1, it is easy to get that

∫
Γ1

(V · ∇w̄)
∂u(ζ; ·)
∂ν

− (∇u(ζ; ·) · ∇w̄)(V · ν)ds = 0.

Therefore, (4.16) can be reduced to

a(u′(ζ; ·), w) =

∫
D

−∇(V · ∇w̄) · ∇u(ζ; ·) +∇(V · ∇u(ζ; ·)) · ∇w̄ + k2
0εr(∇ · V )u(ζ; ·)wdy

+

∫
Γ1

(V · ∇w̄)
∂u(ζ; ·)
∂ν

− (∇u(ζ; ·) · ∇w̄)(V · ν)ds

=

∫
D

k2
0εru(ζ; ·)(V · ∇w̄) +∇(V · ∇u(ζ; ·)) · ∇w̄ + k2

0εr(∇ · V )u(ζ; ·)wdy

=

∫
D

∇(V · ∇u(ζ; ·)) · w̄ − k2
0εr(V · ∇u(ζ; ·))w̄dy +

∫
D

k2
0εr∇ · (u(ζ; ·)w̄V )dy.

(4.17)

We obtain

a(u′(ζ; ·), w) =

∫
D

∇(V ·∇u(ζ; ·))·∇w̄−k2
0εr(V ·∇ū(ζ; ·))w̄dy for any w ∈ H1

0 (D)∩H2(D)

since
∫
D
k2

0εr∇· (u(ζ; ·)w̄V )dy = 0 by the divergence theorem. Then u′ satisfies the following

boundary value problem,
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

∆u′(ζ; ·) + k2
0εru

′(ζ; ·) = (∆ + k2
0εr)(V −∇u) in D(ζ) \ Γ(ζ)

u′(ζ; 0, x2) = eiτΛu′(ζ; Λ, x2),

u′(ζ;x1, f1(x1)) = 0; 0 ≤ x1 ≤ Λ,

∂x2u
′(ζ;x1, b) = T (u′(ζ;x1, b)).

Let u01 = u′ − V · ∇u, then u01 = u′ on x2 = b, and u01 satisfies



∆u01(ζ; ·) + k2
0εru01(ζ; ·) = 0 in D(ζ) \ Γ(ζ)

u01(ζ; 0, x2) = eiτΛu01(ζ; Λ, x2),

u01(ζ;x1, f1(x1))− ∂f1
∂
α
(i)
1

∂u
∂ν
ν2; 0 ≤ x1 ≤ Λ,

∂x2u01(ζ;x1, b) = T (u01(ζ;x1, b)).

With this step we finish the proof of Lemma 4.2.2. Next, let us prove formula (4.4).

From the definition of the reflectivity R(ζ) =
∑
n∈N

ηn
η0

|rn(ζ)|2 , we have

∂R(ζ)

∂α
(1)
1

= 2
∑
n∈N

ηn
η0

<
[
rn

¯∂rn

∂α
(1)
1

]
,

where

rn(ζ) =


ûn(ζ; b)e−iηnb, n 6= 0

ûn(ζ; b)e−iρb − e−2ik0q`b, n = 0.

By direct calculation, we have

∂rn(ζ)

∂α
(1)
1

=
∂ûn(ζ; b)

∂α
(1)
1

e−iηnb.
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Applying Lemma 4.2.2, we have
∂u(ζ; b)

∂α
(1)
1

= lim
δ→0

uδ(ζ; b)− u(ζ; b)

δ
= u0(ζ; b). It follows that

rn
¯∂rn

∂α
(1)
1

=


ûn(ζ; b) · 1

Λ

∫ Λ

0

eiκnx1 u0(ζ;x1, b) dx1, n 6= 0(
ûn(ζ; b)− e−2ik0q`b+iρb

)
· 1

Λ

∫ Λ

0

eiκnx1 u0(ζ;x1, b) dx1, n = 0.

(4.18)

By multiplying the partial differential equation in the adjoint problem (4.27) by u0(ζ; ·) and

multiplying the complex conjugate of partial differential equation in problem (4.8) by u∗n(ζ; ·),

then integrating over the domain Dj, j = 1, · · · , ` respectively. it follows that

∫
Dj

(∆u∗n(ζ; ·) + k2
0εru

∗
n(ζ; ·))u0(ζ; ·)− u∗n(ζ; ·)(∆u0(ζ; ·) + k2

0εru0(ζ; ·)) dx = 0;

By applying Green’s formula on each Dj, j = 1, .., ` and adding the obtained equations to-

gether, we have

−
∫ Λ

0

([0,
∂f1

∂α
(1)
1

]> · ν)

[
∂u(ζ; ·)
∂ν

· ∂u
∗
n(ζ; ·)
∂ν

]
dx1

+

∫ Λ

0

u0(ζ; ·)
(
T ∗(u∗n(ζ; ·) + eiκnx1)

)
− u∗n(ζ; ·)T (u0(ζ; ·))dx1 = 0.

where we have used the boundary conditions in boundary value problem (4.27) and (4.8).

Since T ∗ is the adjoint operator of T , we can get

∫ Λ

0

eiκnx1 u0(ζ;x1, b) dx1 =

∫ Λ

0

∂u(ζ; ·)
∂ν

· ∂u
∗
n(ζ; ·)
∂ν

ν2
∂f1

∂α
(1)
1

dx1.

By substituting into (4.18), we have

∂R

∂α
(1)
1

=
2

Λ

∑
n∈N

ηn
η0

Re
[
(ûn(ζ; b)− ane−2ik0q`b+iρb) ·

∫ Λ

0

∂u(ζ; ·)
∂ν

· ∂u
∗
n(ζ; ·)
∂ν

ν2
∂f1

∂α
(1)
1

dx1

]
.
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Therefore,

Dα1R =
2

Λ

∑
n∈N

ηn
η0

Re
[
(ûn(ζ; b)− ane−2ik0q`b+iρb) ·

∫ Λ

0

(
∂u(ζ; ·)
∂ν

· ∂u
∗
n(ζ; ·)
∂ν

ν2) · ∇α1f1dx1

]
.

To prove (4.5), we need to derive the perturbation of the reflectivity δR due to the pertur-

bation of the interface by δfj caused by the small perturbation of α(1)
j or α(2)

j , j = 2, · · · , `.

When the interface Γj is perturbed to be f δj := fj+δfj , the permittivity becomes εδr := εr+δεr.

It is observed that for any test function v ∈ L2(D), the inner product

(v, δεr) :=

∫
D

v(x) δεr(x) dx =

∫
symdiff(Dj ,Dδj )

v(x) δεr(x) dx.

Here Dj and Dδ
j are the corresponding layers with the interfaces fj and f δ2 , respectively, and

the symmetric difference of the two sets D2 and Dδ
j is given by

symdiff(Dj, D
δ
j ) = (Dj ∪Dδ

j )\(Dj ∩Dδ
j ).

Since the relative permittivity of the domain Dj−1 and Dj are εr,j−1 and εr,j , respectively, the

above inner product can be simplified as

(v, δεr) =

∫ Λ

0

v(x1, fj(x1)) (εr,1 − εr,2) · δfj dx (4.19)

for an infinitesimal δf .

Let δu denote the perturbation of the total field. As a result of perturbation analysis, δu

satisfies the following equations:
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

∆δu(ζ; ·) + k2
0εrδu(ζ; ·) = −k2

0δεru(ζ; ·) in D(ζ) \ Γ(ζ)

δu(ζ; Λ, x2) = eiτΛδu(ζ; 0, x2), 0 < x2 < b,

δu(ζ;x1, f1(x1)) = 0, 0 < x1 < Λ

∂δu

∂x2

(ζ;x1, b) = T (δu(ζ;x1, b)) 0 < x1 < Λ,

δu+(ζ;x1, fj(ζ, x1)) = δu−(ζ;x1, fj(ζ, x1)) 0 < x1 < Λ,

∂νδu+(ζ;x1, fj(ζ, x1)) = ∂νδu−(ζ;x1, fj(ζ, x1)) 0 < x1 < Λ.

(4.20)

By multiplying the partial differential equation in the adjoint problem (4.27) by δu(ζ; ·)

and partial differential equation in (4.20) by u∗n(ζ; ·), and integrating over the domain Dj, j =

1, · · · , `, respectively, it follows that

∫
Dj

(∆u∗n(ζ; ·) + k2
0εru

∗
n(ζ; ·)) δu(ζ; ·)− u∗n(ζ; ·) (∆δu(ζ; ·) + k2

0εrδu(ζ; ·)) dx

=

∫
Dj

u∗n(ζ; ·)k2
0δεru(ζ; ·) dx, j = 1, · · · , `.

Applying the Green’s second identity on the left-hand sides and adding the above equations

together yields

∫
Γj(ζ)

(∂νu
∗
n(ζ; ·))−(δu(ζ; ·))− − (u∗n(ζ; ·))−(∂νδu(ζ; ·))−ds

+

∫
Γj(ζ)

(u∗n(ζ; ·))+(∂νδu(ζ; ·))+ − (∂νu
∗
n(ζ; ·))+(δu(ζ; ·))+ds

+

∫ Λ

0

eiκnx δu(ζ;x1, b) dx1 = k2
0

∫
D

δ̄εr ¯u(ζ; ·)u∗n(ζ; ·) dx,

where we have used the boundary conditions in (4.27) and (4.20). By the continuity conditions

along the interface Γj(ζ), this can be further reduced to the following:

∫ Λ

0

eiκnx δu(ζ;x1, b) dx1 = k2
0

∫
D

δ̄εr ¯u(ζ; ·)u∗n(ζ; ·) dx. (4.21)
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For the cost function after perturbation Rδ(ζ), we have

Rδ(ζ) =
∑
n∈N

ηn
η0

|rn + δrn|2

=
∑
n∈N

ηn
η0

{
|rn|2 + 2<[rnδrn] + |δrn|2

}
= R(ζ, fi) + 2

∑
n∈N

ηn
η0

<[rnδrn] +O((δfi)
2).

The perturbation of the cost function δR := Rδ −R is given by

δR = 2
∑
n∈N

ηn
η0

<[rnδrn] +O((δfi)
2). (4.22)

For each term rnδrn, by virtue of (3.12), it follows that

rnδrn =


ûn(ζ; b) · 1

Λ

∫ Λ

0

eiκnx1 δu(ζ;x1, b) dx1, n 6= 0(
ûn(ζ; b)− e−2ik0q`b+iρb

)
· 1

Λ

∫ Λ

0

eiκnx1 δu(ζ;x1, b) dx1, n = 0.

(4.23)

Therefore, by substituting (4.21), we have

rnδrn =


ûn(ζ; b) · k

2
0

Λ

∫
D

δ̄εrūu
∗
n dx, n 6= 0,(

ûn(ζ; b)− e−2ik0q`b+iρb
)
· k

2
0

Λ

∫
D

δ̄εrūu
∗
n dx, n = 0.

(4.24)

The perturbation of the reflectivity is expressed by

δR =
2k2

0

Λ

∑
n∈N

ηn
η0

<
[
(ûn(ζ; b)− αne−2ik0q`b+iρb) ·

∫
D

δ̄εrūu
∗
n dx

]
+O(δf 2).

Due to equation (4.19), we get

δR =
2k2

0

Λ

∑
n∈N

ηn
η0

<
[
(ûn(ζ; b)−αne−2ik0q`b+iρb)·(εr,1 − εr,2)·

∫ Λ

0

[ūu∗n]|(x1,fj)·δfj dx1

]
+O(δf 2).

The desired formula (4.4) for∇αjR, j = 2, · · · , ` then follows by the chain rule.
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4.3 Computation of the gradient for transverse magnetic polarization

The gradient of the interface for transverse magnetic polarization can be obtained analogously

with the change of the continuity condition with transverse electric polarization. For simplicity,

we assume the domainD has two layersD1 on bottom andD2 on top. We restrict the discussion

of the optimal design under the normal incidence. The random structure is illuminated by an

incident time-harmonic plane wave ui = eik0q2d·x, where k0 is the free-space wavenumber,

q2 (:=
√
εr,2) is the refractive index of the D2 layer. Denote the interface between D1 and D2

as Γ(ζ) = {(x1, x2)|x2 = h(ζ;x1)}.

Theorem 4.3.1 For each sample ζ , the gradient ∇αR for the formula defined in (3.11) can be

expressed as

∇αR =
2

Λ

∑
n∈N

ηn
η0

Re[(ûn(ζ; b)−ane−ikb)(ε−1
r,j−1 − ε−1

r,j ) ·
∫ Λ

0

[W (x1, h(x1)) ·∇αhdx1]. (4.25)

where

W (x, h(x)) :=


lim

(x1,x2)→(x1,h(x1)),
(x1,x2)∈D2

∇u(x1, x2)ū∗n(x1, x2), ∇αh point to D2

lim
(x1,x2)→(x1,h(x1)),

(x1,x2)∈D1

∇u(x1, x2)ū∗n(x1, x2), ∇αh point to D1

(4.26)

a0 = 1 and an = 0(n 6= 0), u is the solution of the scattering problem (3.10), and u∗n is the

solution of the following adjoint problem



∇(ε−1
r ∇u∗n(ζ; ·) + k2

0u
∗
n(ζ; ·) = 0 in D(ζ)\Γ(ζ),

u∗n(ζ; 0, x2) = u∗n(ζ; Λ, x2), 0 < x2 < b,

∂νu
∗
n(ζ;x1, 0) = 0, 0 < x1 < Λ,

∂u∗n
∂x2

(ω;x1, b) = T ∗(u∗n(ω;x1, b)) + eiκnx 0 < x1 < Λ,

(u∗n)+(ζ;x1, h(ζ, x1)) = (u∗n)−(ζ;x1, h(ζ, x1)) 0 < x1 < Λ,

ε−1
r,2(∂νu

∗
n)+(ζ;x1, h(ζ, x1)) = ε−1

r,1(∂νu
∗
n)−(ζ;x1, h(ζ, x1)) 0 < x1 < Λ.

(4.27)
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Where T ∗ is the adjoint operator of T ,

〈Tu, v〉 = 〈u, T ∗v〉

Note that both εr and ∇u∇u∗n attain jumps across the interface Γ(ζ). Denote ∇αh is the

gradient of h with respect to α.

Denote H1(D) = {u(x, y)|(
∫
D
|f(x)|2dx)

1
2 < ∞, (

∫
D
|f ′(x)|2dx)

1
2 < ∞ and u(0, y) =

u(Λ, y)}. The variational formula for (3.10) is a(u, v) := 〈g, v〉, ∀v ∈ H1(D), where

a(u, v) =

∫
D

ε−1
r ∇u · ∇v̄ − k2

0uv̄dx− 〈Tu, v〉. (4.28)

Similarly, the variational formulation for (4.27) is denoted as a∗(u∗n, v) := 〈eiκnx, v〉, ∀v ∈

H1(D), where

a∗(u∗n, v) =

∫
D

ε−1
r ∇u∗n · ∇v̄ − k2

0uv̄dx− 〈T ∗u∗n, v〉. (4.29)

With regard to the shape derivative ∇αR, we know that the change of the reflectivity

δR is caused by the change δh of the random surface h. If the interface Γ = (x1, h(x1)) is

perturbed to be Γδ = (x1, h
δ(x1)). For the perturbed interface Γδ = (x1, h

δ(x1)), denote the

total field as uδ and the relative permittivity as εδr. The corresponding variation problem is

aδ(uδ, v) := 〈g, v〉, ∀v ∈ H1(D), where

aδ(u, v) =

∫
D

(εδr)
−1∇uδ · ∇v̄ − k2

0u
δv̄dx− 〈Tuδ, v〉. (4.30)

Let δu = uδ − u and (δεr)
−1 = (εδr)

−1 − ε−1
r , form (4.28) and (4.30) we have

∫
D

ε−1
r ∇δu · ∇v̄ − k2

0δuv̄dx− 〈Tδu, v〉 = −
∫
D

(δεr)
−1∇uδ∇v̄dx (4.31)

Setting v = δu in (4.29) and v = u∗n in (4.31) leads to


∫
D
ε−1
r ∇u∗n∇δu− k2

0u
∗
nδudx− 〈T ∗u∗n, δu〉 = 〈eiκnx, δu〉∫

D
ε−1
r ∇δu∇u∗n − k2

0δuu
∗
ndx− 〈Tδu, u∗n〉 = −

∫
D

(δεr)
−1∇uδ∇u∗ndx

(4.32)
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Therefore, we have

〈eiκnx, δu〉 = −
∫
D

(δεr)−1∇uδ∇u∗ndx (4.33)

= −
∫
D

(δεr)−1∇u∇u∗ndx +O(‖(δεr)−1‖ · ‖δu‖) (4.34)

For any test function v ∈ H1(D), there is an inner product,

(v, (δεr)
−1) :=

∫
D

v(x)(δεr(x1))−1 =

∫
symdiff(D1,Dδ1)

v(x1)(δεr(x1))−1dx1 (4.35)

Here D1 and Dδ
1 are the absorbing layers corresponding to the interface h and hδ, respectively,

and the symmetric difference between the two regions can be expressed as,

symdiff(D1, D
δ
1) = (D1 ∪Dδ

1) \ (D1 ∩Dδ
1).

It is known that the relative permittivity value of the absorption layer and the TCO layer are

εr,1 and εr,2,respectively. For an infinitesimal interface disturbance δh, the inner product can be

simplified to

(v, (δεr)
−1) =

∫ Λ

0

v(x1, h(x1))(ε−1
r,1 − ε−1

r,2)δhdx (4.36)

For the new interface hδ, the reflectivity at the sample ω is

Rδ(ω, h) =
∑
n∈N

ηn
η0

‖rn + δrn‖2

=
∑
n∈N

ηn
η0

{
‖rn‖2 + 2Re[rnδrn] + ‖δrn‖2

}
= R(ω, h) + 2

∑
n∈N

ηn
η0

Re[rnδrn] +O(δh2).

We can get the influence of the disturbance δR := Rδ − R of the random surface h on the

scattering rate is,

δR = 2
∑
n∈N

ηn
η0

Re[rnδrn] + o(δh2)
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With regard to the item rnδrn can be expressed as,

rnδrn =


ûn(ω; b) · 1

Λ

∫ Λ

0

eiκnx δu(ω;x, b) dx, n 6= 0(
ûn(ω; b)− e−ikb

)
· 1

Λ

∫ Λ

0

eiκnx δu(ω;x, b) dx, n = 0.

Since ∫ Λ

0

eiκnx δu(ζ;x, b) = −
∫
D

(δεr)−1∇u∇u∗ndx +O(‖(δεr)−1‖ · ‖δu‖)

Substitute formula (4.36), it can be obtained by calculation from (4.33)

rnδrn = ûn(ζ; b) · 1

Λ
(ε−1
r,1 − ε−1

r,2) ·
∫ Λ

0

[W (x1, h(x1)) · δhdx1] +O(‖(δεr)−1‖ · ‖δu‖), n 6= 0;

rnδrn =(ûn(ζ; b)− e−ikb) · 1

Λ
(ε−1
r,1 − ε−1

r,2) ·
∫ Λ

0

[W (x1, h(x1)) · δhdx1]

+O(‖(δεr)−1‖ · ‖δu‖), n = 0.

where

W (x1, h(x1)) :=


lim

(x1,x2)→(x1,h(x1))
∇u(x1, x2)ū∗n(x1, y2), δh > 0,

lim
(x1,x2)→(x1,h(y1))

∇u(x1, y1)ū∗n(x1, x2), δh < 0.
(4.37)

Finally, the disturbance of the scattering rate can be expressed as

δR =
2

Λ

∑ ηn
η0

Re[(ûn(ζ; b)− ane−ikb) · (ε−1
r,1 − ε−1

r,2) ·
∫ Λ

0

[W (x1, h(x1)) · δhdx1]

+O(‖(δεr)−1‖ · ‖δu‖)],

By chain rule, we have

∇αR =
2

Λ

∑
n∈N

ηn
η0

Re[(ûn(ζ; b)− ane−ikb)(ε−1
r,1 − ε−1

r,2) ·
∫ Λ

0

[W (x1, h(x1)) · ∇αhdx1].

The proof for theorem (4.3.1) is done.
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4.4 Convergence for the stochastic gradient descent algorithm

In what follows, we use ∇ and ∇2 to denote the gradient and the Hessian of a function with

respect to α, respectively. Let C denote generic constant. In this section, we examine the

convergence of the stochastic gradient algorithm for solving the optimization problem (3.2).

Let us focus the case when the random variables {ξj,m}Mm=0 in the Karhunen–Loève expansion

(2.34) are uniformly distributed over [−0.5, 0.5]. We also assume that the iteration sequence

{α(n)}∞n=1 is bounded in the closed region Uα =
(

[0, a] × [b,Λ]
)`

, where a, b are positive

constants.

From (2.34) , we see that
∂fj(ζ;x1)

∂α
(1)
j

= f̄j(ζ;x1), (4.38)

which is bounded when α(1) ∈ [0, a]. Since fj(x1) is smooth, it can be shown that

∂fj(ζ;x1)

∂α
(2)
j

=
λ′0

2
√
λ0

ξj0(ζ)

√
1

Λ

+
M∑
m=1

λ′jm

2
√
λjm

[
ξm,s(ζ)

√
2

Λ
sin

(
2mπx1

Λ

)
+ ξm,c(ζ)

√
2

Λ
cos

(
2mπx1

Λ

)]
,

(4.39)

where λ′jm =
∂λjm

∂α
(2)
j

and λ′jm =
(α(1))2Λĉ′jm

2
, m = 0, 1, 2, · · · , and ĉ′jm is the Fourier cosine

expansion coefficients of the covariance operator

K ′ϕ(x1) :=

∫ Λ

0

∂cj(x1 − x̃1)

∂α
(2)
j

ϕ(x̃1)dx̃1.

By direct calculation, we have
∂cj(x1)

∂α
(2)
j

=
2

(α
(2)
j )3

x2
1exp

(
− x2

1

(α
(2)
j )2

)
. Since

∂cj(x1)

∂α
(2)
j

is smooth

and bounded when α(2)
j ∈ [b,Λ], we have

λ′jm√
λjm

converges to 0 exponentially.
∂fj(ζ;x1)

∂α
(2)
j

is

bounded since the right hand of (4.39) convergent. In the same way, we have
∂2fj

∂(α
(1)
j )2

and

∂2fj

∂(α
(2)
j )2

are also bounded.
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Lemma 4.4.1 For fixed sample ζ ,
∂2R(ζ;α)

∂(α
(1)
j )2

,
∂2R(ζ;α)

∂α
(2)
j ∂α

(1)
j

and
∂2R(ζ;α)

∂(α
(2)
j )2

are uniformly bound-

ed on Uα, j = 1, · · · , `.

Proof. Let δu := uδ − u denote the perturbation of the total field due to the perturbation of the

interface f δj = fj + δfj, j = 2, · · · , `. By the perturbation analysis, δu satisfies (4.20). Recall

that for j = 2, · · · , `,

∂
α
(1)
j
R(ζ;α) =

2k2
0

Λ

∑
n∈N

ηn
η0

Re
[
(ûn(ζ; b)− ane−ik0q`b) · (εr,j − εr,j−1)

·
∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1

]
, j = 2, 3, · · · , `.

(4.40)

By the chain rule, we have

∂2R(ζ;α)

∂(α
(1)
j )2

=
2k2

0

Λ

∑
n∈N

ηn
η0

Re[∂
α
(1)
j
ûn(ζ; b) · (εr,j − εr,j−1) ·

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1

+ (ûn(ζ; b)− ane−ik0q`b) · (εr,j − εr,j−1) · ∂
α
(1)
j

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1.

(4.41)

We have that ∂
α
(1)
j
ûn(ζ; b) · (εr,j − εr,j−1) ·

∫ Λ

0
[ūu∗n]|(x1,fj) · ∂α(1)

j
fjdx1 is uniformly bounded

since ∂
α
(1)
j
fj and ∂

α
(1)
j
ûn(ζ; b) are uniformly bounded. On the other hand,

∂
α
(1)
j

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1

= lim
δ→0

1

δ

[ ∫ Λ

0

[ūδu∗δn ]|(x1,fδj ) · ∂α(1)
j
f δj dx1 −

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1

]
= lim

δ→0

1

δ

[ ∫ Λ

0

[ūδu∗δn ]|(x1,fδj ) · ∂α(1)
i
f δi dx1 −

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
f δj dx1

]
+ lim

δ→0

1

δ

[ ∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
f δj dx1 −

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
fjdx1

]
.

49



For the first limit above, we have

lim
δ→0

1

δ

[ ∫ Λ

0

[ūδu∗δn ]|(x1,fδj ) · ∂α(1)
j
f δj dx1 −

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
j
f δj dx1

]
= lim

δ→0

1

δ

[ ∫ Λ

0

([ūδu∗δn ]|(x1,fδj ) − [ūu∗n]|(x1,fj)) · ∂α(1)
j
f δj dx1

]
= lim

δ→0

1

δ

[ ∫ Λ

0

([ūδu∗δn ]|(x1,fδj ) − [ūu∗δn ]|(x1,fj) + [ūu∗δn ]|(x1,fj) − [ūu∗n]|(x1,fj)) · ∂α(1)
j
f δj dx1

]
.

By definition of δu, we have

lim
δ→0

1

δ

[ ∫ Λ

0

([ūδu∗δn ]|(x1,fδj ) − [ūu∗δn ]|(x1,fj))∂α(1)
j
f δj dx1

]
= lim

δ→0

1

δ

∫ Λ

0

[δ̄uu∗δn ]|(x1,fδj )∂α(1)
j
f δj dx1].

From equation (4.20), there exists a constant C such that ‖δu‖L2(D) < C‖k2
0δεru(ζ; ·)‖L2(D).

‖δεru(ζ; ·)‖L2(D) =
[ ∫

D

|δεru|2dx
]1/2

=
[ ∫

symdiff(Dj ,Dδj )

|δεru|2dx
]1/2

≤ |δ|
[ ∫ Λ

0

|u(x1, fj(x1))|2|εr,j − εr,j−1|2‖max(∇fj(x1))dx1

]1/2

.

Since fj is smooth, there exists a constant C such that

∣∣∣∣limδ→0

1

δ

[∫ Λ

0

[δ̄uu∗δn ]|(x1,fδj )∂α(1)
j
f δj dx1

]∣∣∣∣ < C,

Then, it follows,

∣∣∣∣∫ Λ

0

([ūδu∗δn ]|(x1,fδj ) − [ūu∗δn ]|(x1,fj))∂α(1)
i
f δj dx1

∣∣∣∣ < C

In the same way, we have that

∣∣∣∣limδ→0

1

δ

[ ∫ Λ

0

([ūu∗δn ]|(x1,fj) − [ūu∗n]|(x1,fj)) · ∂α(1)
j
f δj dx1

]∣∣∣∣ < C.
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Then we have ∣∣∣∣∂α(1)
j

∫ Λ

0

[ūu∗n]|(x1,fj) · ∂α(1)
i
fjdx1

∣∣∣∣ < C. (4.42)

From equation (4.41) and the inequalities above, we see that
∂2R

∂(α
(1)
j )2

is bounded. Similarly,

we can prove that
∂2R(ζ;α)

∂(α
(2)
j )2

,
∂2R(ζ;α)

∂α
(2)
j ∂α

(1)
j

are bounded when (α
(1)
j , α

(2)
j ) ∈ [0, σ] × [`,Λ] j =

2, 3, · · · , l.

The derivative on along the bottom Γ1 also exists:

∂
α
(1)
1
R(ζ;α) =

2

Λ

∑
n∈N

ηn
η0

Re[(ûn(ζ; b)− ane−2ik0q`b+iρb) ·
∫ Λ

0

∂ū

∂ν

∂u∗n
∂ν
· ∂

α
(1)
1
f1(x1)ν2dx1].

(4.43)

By chain rule, we have

∂2R(ζ;α)

∂(α
(1)
1 )2

=
2

Λ

∑
n∈N

ηn
η0

Re[
∂

∂α
(1)
1

ûn(ζ; b) ·
∫ Λ

0

∂ū

∂ν

∂u∗n
∂ν
· ∂

α
(1)
1
f1(x1)ν2dx1

+(ûn(ζ; b)− ane−2ik0q`b+iρb) ·
∫ Λ

0

∂ū

∂ν

∂u∗n
∂ν
· ∂2

∂(α
(1)
1 )2

f1(x1)ν2dx1

+(ûn(ζ; b)− ane−2ik0q`b+iρb) ·
∫ Λ

0

∂

∂α
(1)
1

(
∂ū

∂ν

∂u∗n
∂ν

) · ∂
α
(1)
1
f1(x1)ν2dx1].

Since
∂u

∂ν
,
∂u∗n
∂ν

, ∂
α
(1)
1
f1 are continuous with respect to α(1)

1 when α(1)
j ∈ [0, a] and

∂ûn

∂α
(1)
1

is

bounded, we have
∂2R(ζ;α)

∂(α
(1)
1 )2

is bounded. Similarly,
∂2R(ζ;α)

∂(α
(2)
1 )2

,
∂2R(ζ;α)

∂α
(2)
1 ∂α

(1)
1

are bounded.

Theorem 4.4.2 Assume that the sequence {α(n)}∞n=1 is uniformly bounded in the closed region

Uα. For the iteration, α(n+1) = α(n) − hn∇R(α(n), ζn) with the diminishing step size, that is,∑∞
n=1 hn =∞ and

∑∞
n=1 h

2
n <∞. We have E[‖∇Q(α(n))‖2

2]→ 0 as n→∞,

Proof. From (4.38) and (4.39), it follows that

E

[
‖∂fj(ζ;x1)

∂α
(1)
j

‖2
L2([0,λ])

]
< C

M∑
m=0

‖Λjm‖2 < C, (4.44)
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E

[
‖∂fj(ζ;x1)

∂α
(2)
j

‖2
L2([0,λ])

]
< C

M∑
m=1

‖
Λ′jm

2
√
λjm
‖2 < C. (4.45)

Therefore, E
[
‖∇αjfj(ζ;x1)‖2

2

]
< C, j = 1, · · · , `. Let p(y1, · · · , yM) be the joint probability

density function of the multivariate random variable (ξ1, · · · , ξM). Therefore, from the contin-

uous dependence of the solution of the boundary value problem (3.10) on the interfaces, u can

be viewed as a continuous function of random variables (ξ1, · · · , ξM). Therefore,

E
[
‖u(ξ1, · · · , ξM)‖2

L2(D)

]
=

∫
Ω

‖u(ξ1, · · · , ξM)‖2
L2(D)dP (ξ1, · · · , ξM)

=

∫
RM
‖u(y1, · · · , yM)‖2

L2(D)p(y1, · · · , yM)dx1 · · · dyM

=

∫
[−0.5,0.5]M

‖u(y1, · · · , yM)‖2
L2(D)p(y1, · · · , yM)dy1 · · · dyM

<C.

(4.46)

Similarly, we have

E
[
‖u∗n‖2

L2(D)

]
< C, E

[
‖∂u
∂ν
‖2
L2(Γ1)

]
< C and E

[
‖∂u

∗
n

∂ν
‖2
L2(Γ1)

]
< C. (4.47)

From Theorem 4.2.1, we have

E
[
‖Dα1R(ζ)‖2

2

]
≤ C max

n∈N
E

[
‖ûn(ζ; b) +

∫ Λ

0

(
∂ū

∂ν
· ∂u

∗
n

∂ν
ν2) · ∇α1f1dx1‖2

2

]
≤ C max

n∈N

[
E
[
|ûn(ζ; b)|2

]
+ E

[
‖
∫ Λ

0

(
∂ū

∂ν

∂u∗n
∂ν

ν2) · ∇α1f1dx1‖2
2

]]

By (4.45)(4.46)(4.47), and the Cauchy Schwartz inequality, we have E [‖Dα1R(ζ)‖2
2] ≤ C.

Similarly,

E
[
‖DαjR(ζ)‖2

2

]
≤ C max

n∈N
E

[
‖ûn(ζ; b) +

∫ Λ

0

[ūu∗n]|(x1,fj) · ∇αjfjdx1‖2
2

]
≤ C max

n∈N

[
E
[
|ûn(ζ; b)|2

]
+ E

[
‖
∫ Λ

0

[ūu∗n]|(x1,fj) · ∇αjfjdx1‖2
2

]]
≤ C, j = 2, · · · , `.
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From Lemma 4.4.1, for any fixed sample ζ ,∇R and ∇2R is bounded.

‖∇2Q(α)‖2
2

=
∥∥E[∇2R(α)]

∥∥2

2

≤E
[
‖∇2R(α)‖2

2

]
=E

[
‖∇2R(ξ1, · · · , ξM)‖2

2

]
=

∫
Ω

‖∇2R(ξ1, · · · , ξM)‖2
2dP (ξ1, · · · , ξM)

=

∫
RM
‖∇2R(y1, · · · , yM)‖2

2p(y1, · · · , yM)dx1 · · · dyM

=

∫
[−0.5,0.5]M

‖∇2R(y1, · · · , yM)‖2
2p(y1, · · · , yM)dy1 · · · dyM

<C.

(4.48)

Therefore,

Q(α(n+1))−Q(α(n)) ≤≤ ∇Q(α(n))T (α(n+1) −α(n)) +
1

2
‖∇2Q(α)‖2

2|α(n+1) −α(n)‖2

≤ ∇Q(α(n))T (α(n+1) −α(n)) +
1

2
C‖α(n+1) −α(n)‖2

≤ −hn∇Q(α(n))T∇R(α(n), ζn) +
1

2
h2
nC‖∇R(α(n), ζn)‖2

2

(4.49)

Let us take conditional expectation with respect to ζn. Since Eζn [‖∇R(α(n), ζn)‖2 < C, we

have

Eζn [Q(α(n+1))]−Q(α(n)) ≤ −hn∇Q(α(n))TEζn [∇R(α(n), ζn)] +
1

2
h2
nC

2

≤ −hn‖∇Q(α(n))‖2
2 +

1

2
h2
nC

2.

By taking total expectation, we get

E[Q(α(n+1))]− E[Q(α(n))] ≤ −hnE[‖∇Q(α(n))‖2
2] +

1

2
h2
nC

2 (4.50)
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Denote Q∞ := limn→∞Qn, the reflectivity is positive, then Q∞ > 0. By adding the equations

above from 1 to n, we get

Q∞ − E[Q(α(1))] ≤ E[Q(α(n+1))]− E[Q(α(1)] ≤ −
(n)∑
j=1

hjE[‖∇Q(α(j))‖2
2] +

1

2
C2

(n)∑
j=1

h2
j

We have
n∑
j=1

hjE[‖∇Q(α(n))‖2
2] ≤ E[Q(α(1))]−Q∞ +

1

2
C2

n∑
j=1

h2
j

Since
∑∞

n=1 h
2
n < ∞, we have lim

n→∞

∑n
j=1 hjE[‖∇Q(α(j))‖2

2] < ∞. Due to
∑∞

n=1 hn = ∞,

we have

lim
n→∞

inf E[‖∇Q(α(n))‖2
2] = 0.

Define G(α) := ‖∇Q(α)‖2
2. ∇G(α) is Lipschitz continuous since ‖∇2Q(α)‖2

2 < C on the

closed region Uα and let LG be the Lipschitz constant of∇G(α) = 2∇2Q(α)∇Q(α). Then,

G(α(n+1))−G(α(n)) ≤ ∇G(α(n))>(α(n+1) −α(n)) +
1

2
LG‖α(n+1) −α(n)‖2

2

≤ −hn∇G(α(n))>∇R(α(n), ζn) +
1

2
h2
nLG‖∇R(α(n), ζn)‖2

2

Taking the expectation with respect to the distribution of ζn,

Eζk [G(α(n+1))]−G(α(n))

≤− 2hn∇Q(α(n))>∇2Q(α(n))>Eζn [∇R(α(n), ζn)] +
1

2
h2
nLGEζn‖∇R(α(n), ζn)‖2

2

≤2hn‖∇Q(α(n))‖2‖∇2Q(α(n))‖2‖∇Q(α(n))‖2 +
1

2
h2
nLGEζn‖∇R(α(n), ζn)‖2

2

≤2hnL‖∇Q(α(n))‖2
2 +

1

2
h2
nLG‖∇Q(α(n))‖2

2

By taking the total expectation, it yields

E[G(α(n+1))]− E[G(α(n))] ≤ 2hnCE[‖∇Q(α(n))‖2
2] +

1

2
h2
nLGE[‖∇Q(α(n))‖2

2] (4.51)
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By adding the equations above from 1 to n, we get

lim
n→∞

G(α(n))− E[G(α(1))] ≤ E[G(α(n+1))]− E[G(α(1))]

≤ −
n∑
j=1

hjE[‖∇G(αj)‖2
2] +

1

2
LGC

n∑
j=1

h2
j

Since the first term on the right hand above is bounded

n∑
j=1

hjE[‖∇G(α(j))‖2
2] ≤ lim

n→∞
G(α(n))− E[G(α(1))]

≤ E[G(α(n+1))]− E[G(α(1))] +
1

2
LGC

n∑
j=1

h2
j

the right-hand side above is the term of a convergent sum. Therefore limn→∞ inf E[G(α)] = 0.

Define

S+
n =

n∑
j=1

max(0, E[G(α(j+1))]− E[G(α(j))]),

S−n =
n∑
j=1

max(0, E[G(α(j))]− E[G(α(j+1))]).

S+
n and S−n are both nondecreasing and upper bounded, therefore they converge.

G(α(n)) = G(α(0)) + S+
n − S−n ≥ 0

Then G(α(n)) converges and limn→∞E[G(α(n))] = 0.

55



Chapter 5

Numerical experiments

In this section, we present several numerical examples to demonstrate the efficiency of the nu-

merical algorithms for solving the optimal design problems. The Monte Carlo method will be

used to choose the samples when we apply the full gradient method. In all examples, we use

R̃ := 1
M0

M0∑
m=1

R(ζm;α(n)) and ‖G̃‖ := 1
M0
‖
M0∑
m=1

DαR(ζm;α(n))‖2 to denote the average reflec-

tivity and the amplitude of gradient. For all examples, the average thickness of the each layer

is set as a = 300 nm, and the size of the periodic cell Λ = 1500 nm.

5.1 Transverse electric polarization

Example 5.1.1

In this example, we use the transverse magnetic polarization case to verify the accuracy

of the numerical solver for solving scattering problems. Assume that the wave length Λ0 =

500nm in free space has a refractive index of q1 = 2.0 and q2 = 1.2 in regions D1 and D2,

respectively.

In order to verify the accuracy of the numerical algorithm, consider the model when the

interface is flat. We use the finite element method [10] to solve the boundary value problem nu-

merically. Assuming that the normal incident wave is time-harmonic plane wave ui = e−ik0q2x2 ,

where k0 is the wave number in free space, the analytical solution of the scattering problem u

can be obtained in the following way:

u(x) =

 e−ik0q2x2 + c2e
ik0q2x2 ,

c1(eik0q1x2 + e−ik0q1x2).
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Take the derivative of the above equation,

∇u(x) =

 −ik0q2e
−ik0q2x2 + ik0q2c2e

ik0q2x2 ,

c1(ik0q1e
ik0q1x2 − ik0q1e

−ik0q1x2).

Apply the continuity of the electric field and magnetic field, we have

e−ik0q2x2 + c2e
ik0q2x2 = c1(eik0q1x2 + e−ik0q1x2),

q2
1(−ik0q2e

−ik0q2x2 + ik0q2c2e
ik0q2x2) = q2

2c1(ik0q1e
ik0q1x2 − ik0q1e

−ik0q1x2).

It can be obtained by direct calculation,

c2 =
c1(eik0q1 + e−ik0q1)

eik0q2 − e−2ik0q2
,

c2 =
c1q2(eik0q1 − e−ik0q1)
q1eik0q2 + e−2ik0q2

.

Therefore, we can get

c1 =
2q1e

−ik0q2

q1(eik0q1 + e−ik0q1)− q2(eik0q1 − e−ik0q1)
.

Then we apply the linear finite element method to solve the scattering problem. We set the

mesh size ∆ = 12nm, 6nm, 3nm, 1.5nm, and we give the corresponding L2 − norm form

numerical error in Table 5.1. From Table 5.1, we can see that the convergence order of the

numerical method is about 2, which is consistent with the numerical convergence theory of the

linear finite element method.

Table 5.1: L2-norm of the error for the numerical solution at various mesh size and the corre-
sponding convergence order.

∆ 12 nm 6 nm 3 nm 1.5 nm
||ũ− u∆||L2 0.23134 0.0428 0.0136 0.00294

convergence order 2.01 2.03 1.98

57



Next we consider a sample of Gaussian random interface with the root mean square (RMS)

height σ = 30nm and the correlation length l = 24nm. The regions are divided according to

the mesh size ∆ = 12nm, 6nm, 3nm, 1.5nm. In order to test the convergence of the numerical

solution of the partial differential equation, we choose the numerical solution u of the mesh

size ∆ = 0.6nm as the reference solution, and calculate the L∞ − norm error ‖u − u∆‖∞L

of the numerical solution on the boundary ∆ = 3nm in the case of the above four different

triangulations. We can clearly see the convergence of the finite element method. In order to

illustrate the scattering effect of rough surfaces, we also draw the total field of the scattering

problem(figure 5.2 and figure 5.3). When the mesh size is ∆ = 3nm. Figure 5.1 is the mesh

for the chosen sample when we apple the finite element method.

Table 5.2: ||ũ − u∆||L∞ for various mesh sizes along the boundary x2 = b, where ũ is the
reference solution obtained with ∆ = 0.06nm

∆ 12 nm 6 nm 3 nm 1.5 nm
||ũ− u∆||L∞ 0.2918 0.0692 0.0125 0.0049
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Figure 5.1: A mesh for a chosen sample
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Figure 5.2: Real part of the total field with ∆ = 3nm
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Figure 5.3: Imaginary part of the total field with ∆ = 3nm
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Example 5.2.2

In this example, we still consider a transverse magnetic polarization case. We assume that

the wavelength in the vacuum is Λ0 = 650nm. The refractive index of TCO layer is 1.915, or

its relative permittivity εr1 = 3.667; refractive index of the absorbing layer is 4.2 + 0.045i

when Λ0 = 650nm . This means that the relative index value of the absorbing layer is

εr,2 = 17.6380 + 0.3780i [15, 23, 38]. Figure 5.4 shows an iterative diagram of the objec-

tive function Q(α) using the full gradient method. The iteration point (σ, l) corresponding to

each iteration is given in table 5.3.

Table 5.3: The value of σ and l for all iterations.
Iteration 0 1 2 3 ... 10 11 12 13 14

σ 21 24.04 27.29 30.57 ... 48.70 49.73 49.74 50.57 51.24
l 36 36.03 36.02 35.87 ... 35.56 35.43 35.43 35.74 35.85

Figure 5.4: The cost function Q(α) for all iterations

Figure 5.5 shows the iterative diagram of the stochastic gradient descent algorithm applied

to the objective function R̃(α). We note that the stochastic gradient method only needs 150

numerical solutions for u and u∗n, whereas, for the gradient decent method, it requires 15000
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solves for the boundary value problems and the adjoint problem when we set the number of

Monte Carlo sample to be 1000 for each step. It is obvious that the stochastic gradient method

is far more efficient than the full gradient method. Figure 5.6 shows one sample realization

for the initial parameters. Figure 5.7 shows one realization of the random surface under the

optimal statistical parameters. In Figure 5.8 and Figure 5.9, we show one sample of total field

at the optimal parameters.

Figure 5.5: The cost function R̃α for all iterations with stochastic gradient method
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Figure 5.6: One random sample at initial parameter

Figure 5.7: One random sample at optimal parameter
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Figure 5.8: Real part of the total field of one sample after optimal design
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Figure 5.9: Imaginary part of the total field of one sample after optimal design
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We also calculate the absorptivity of solar cells with flat surface and the optimal random

surface. It can be calculated that when the optimal random surface texture is obtained, the

average absorptivity E of solar cells is about 0.392. The absorptance with a flat surface is

0.231. Thus the optimal design model significantly improves the efficiency of solar cells.

Table 5.4: The absorptances of solar cells with different types of surfaces

flat surface optimal surface
σ(nm) 0 51.24
l(nm) 35.85
E[A] 0.231 0.402
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5.2 Transverse electric polarization

Example 5.2.1

In this example we consider the transverse electric polarization case. Assume that the

cell consists of two layers only, that is, an absorbing layer (e.g., a-Si:H) sits at the bottom

and a transparent conducting oxide (TCO) layer lies on the top. Assume that the free space

wavelength λ0 = 650 nm. The refractive index of the TCO layer is 1.915, or equivalently,

its relative permittivity εr,1 = 3.667 [15, 23, 38]. The refractive index of the absorbing layer

is set to 4.2 + 0.045i when λ0 = 650 nm [46]. This implies that the relative permittivity

εr,2 = 17.6380 + 0.3780i, the incident angle θ = 0. We consider the interface and the bottom

as Gaussian random processes which are approximated by formula 2.34. The initial guess is

chosen to be α1 =
(
α

(1)
1 , α

(2)
1

)
= (35nm, 20nm), α2 =

(
α

(1)
2 , α

(2)
2

)
= (35nm, 20nm) for the

interface and the bottom, respectivly. We apply both the stochastic gradient decent algorithm

and the gradient decent method to solve the optimization problem (3.2), where the gradient is

computed via formulas (4.4) and (4.5). We stop the optimization iterations when the gradient

is less than 0.05.

Figure 5.10 and Figure 5.12 shows the optimal result for the stochastic gradient decent

method and gradient decent method, respectively. Figure 5.10 shows the reflectivity decrease

at the beginning and then oscillates near the minimum. When the cost function is far away

form the minimum, the gradient dominate the iteration. The gradient leads the iteration to

its minimum. When the cost function approach the minimum, the randomness dominate the

iteration, therefore the cost function oscillates near the minimum. These are the results that

two methods start with the same initial guess converge to the similar optimal parameters and

the minimal reflectivity they attains are almost the same(see Table 5.5).
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Figure 5.10: The average of reflectivity for all iterations using stochastic gradient method.
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Figure 5.11: The norm of average gradient for all iterations using stochastic gradient method.
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Figure 5.12: The cost function Q(α) for all iterations using full gradient method.

Table 5.5: The values of α(1) and α(2) for full gradient method and stochastic gradient method.

optimal result(nm) α
(1)
1 α

(2)
1 α

(1)
2 α

(2)
2 reflectivity

Full gradient method 55 67 40 17 0.364
Stochastic gradient method 57 63 42 15 0.352

We also consider the optimization when the free space wavelength λ0 = 720 nm. In

this case, the reflectivity is larger since the wavelength is larger. The refractive index of the

absorbing layer is 4 + 0.0035i. The results obtained from stochastic gradient method (Figure

5.13) is also very close to the result obtained from GD method (Figure 5.15).
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Figure 5.13: The average of R(α) for all iterations using stochastic gradient method.
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Figure 5.14: The norm of average gradient for all iterations using stochastic gradient method.
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Figure 5.15: The cost function Q(α) for all iterations using full gradient method.

The mini-batch stochastic gradient decent method lowers the computational cost dramat-

ically. For the full gradient method algorithm, we choose the Monte-Carlo sample size to be

1000. Then we need to solve 7000 boundary value problems (3.10) and the corresponding

adjoint problems (4.27) in the optimal algorithm. When we employ the stochastic gradien-

t method algorithm 4.1, no more than 100 boundary value problems and the corresponding
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Table 5.6: The values of α(1) and α(2) for full gradient method and stochastic gradient method.

optimal result(nm) α
(1)
1 α

(2)
1 α

(1)
2 α

(2)
2 reflectivity

Full gradient method 40 37 38 27 0.703
Stochastic gradient method 44 33 41 24 0.695

adjoint problems need to be solved. Figure 5.11 and 5.14 shows that the gradient decreases

as the iteration increasing. So for the rest of the examples, the stochastic gradient method is

employed.
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Example 5.2.2

In this example, we consider the transverse electric polarization case. We compare the

differences between the optimal results for the random process is of uniform type with Example

4. For simplicity we do not explicitly consider glass substrate and assume that the cell consists

of two layers only, that is, an absorbing layer (e.g., a-Si:H) at the bottom and a transparent

conducting oxide (TCO) layer on the top. Assume that the free space wavelength λ0 = 650

nm. The relative permittivity of the TCO layer is εr,1 = 3.667, and the relative permittivity for

the absorbing layer is εr,2 = 17.6380 + 0.3780i [15, 23, 38]. The incident angle θ = 0.

First, we consider interfaces Γj, j = 1, 2 that are random processes with the covariance

function cj(x1−x̃1) =
(
α

(1)
j

)2

exp

(
−|x1 − x̃1|2/

(
α

(2)
j

)2
)
, 0 < α

(2)
j � Λ. The initial guess

is chosen to be α1 =
(
α

(1)
1 , α

(2)
1

)
= (35nm, 20nm) and α2 =

(
α

(1)
2 , α

(2)
2

)
= (35nm, 20nm).

We apply both the stochastic gradient decent algorithm and the gradient decent method to solve

the optimization problem (3.2), where the gradient is computed via formulas (4.4) and (4.5).

The stopping criteria is set as the amplitude of the gradient ‖G̃‖ is less than 0.05.

Figure 5.16 shows the value of R̃ at each iteration for the mini-batch stochastic gradient

method when the interfaces are of uniform type. We see that the reflectivity decrease at the

beginning and then vibrates near the minimum. Figure 5.17 shows the amplitude of the gradient

‖G̃‖ for each iteration. The gradient decreases as iteration goes. Figure 5.18 is the reflectivity

Q for each iteration when the full gradient method is applied. Here, the Monte Carlo method

is used for sampling the random space. Table 5.7 is the optimal solutions obtained by the

stochastic gradient decent method and the full gradient decent method.
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Figure 5.16: The reflectivity value R̃(α) during the stochastic gradient iterations when
{ξ0, ξm,s, ξm,c} are uniform random variables.
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Figure 5.17: The norm of the average gradient ‖G̃‖ during the stochastic gradient iterations
when {ξ0, ξm,s, ξm,c} are uniform random variables.
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Figure 5.18: The reflectivity value Q(α) during the stochastic gradient iterations when
{ξ0, ξm,s, ξm,c} are uniform random variables.

Table 5.7: The optimal values of α(1) and α(2) obtained by the full gradient method and stochas-
tic gradient method for uniform random variable.

optimal result(nm) α
(1)
1 α

(2)
1 α

(1)
2 α

(2)
2 reflectivity

Full gradient method 41 30 38 26 0.503
Stochastic gradient method 44 33 35 24 0.495
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Though the optimal solution obtained by the full gradient and the stochastic gradient meth-

ods are close, their computational cost is significantly different. When we Monte Carlo method

to sample the probability space, the sample size need to be big enough. We choose the Monte

Carlo sample size is 1000 for each iteration. The algorithm stops after 7 steps. In this 7 iter-

ations we need to solve 7000 boundary value problems (3.10) and the corresponding adjoint

problem (4.27). On the other hand the stochastic gradient method only requires solving no

more than 100 boundary value problems and the corresponding adjoint problem. Therefore

the mini-batch stochastic gradient decent method reduces the computational cost dramatically

compared to the full gradient method.
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Example 5.2.3

In this example we consider the transverse electric polarization case and assume the ran-

dom process is Gaussian random process. Consider the multiple-layer solar cell structure as

shown in Figure 5.19, which consists of the glass, absorbing layer, the TCO layers and met-

al. The refractive index of the TCO, the absorbing layer and the glass substrate are 1.915,

4.2 + 0.045i and 1.4, respectively. Let the incident angle θ = 0 and the wavelength λ0 = 650

nm. Assume that all the interfaces are Gaussian random processes.

When the stochastic gradient method in Algorithm 3 is applied, the average reflectivity R̃

for each iterations is shown in Figure 5.20. The reflectivity for the optimal random structure is

around 0.37 and the absoptance is 0.63. As a comparison, we compute the absorptance of the

structure with flat interfaces and its value is only 0.13. Figure 5.21 and Figure 5.22 show the

wave field for a realization of random structure with the optimal result, Figure 5.23 and Figure

5.24 show the wave field for the structure with flat interfaces.

Figure 5.19: Random structure with 5 layers.
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Figure 5.20: The reflectivity value R̃(α) during the stochastic gradient iterations of the struc-
ture with five layers for Problem(I).

Figure 5.21: Numerical solution of u for a chosen random structure with optimal result.

78



Figure 5.22: Numerical solution of u for a chosen random structure with optimal result.
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Figure 5.23: Real part of u for the structure with flat interfaces.
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Figure 5.24: Imaginary part of u for the structure with flat interfaces.
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Example 5.2.4

In this example, we consider the more challenging optimization problem with multiple

frequencies, which is formulated in problem (3.4). Let us still use the multi-layer structure as

shown in Figure 5.19. We consider the transverse electric polarization case and assume the

random process is Gaussian random process. Assume that the interfaces are Gaussian random

processes. The refractive index of the absorbing layer is set as 4.5 + 0.12i and 4.2 + 0.045i

when λmin = 600 nm and λmax = 650 nm, respectively. For simplicity, we assume it is a

linear function of the wavelength between λmin and λmax. The computational cost for this

problem is higher than the problem considered in Example 3. We simply use the summation
1

Mλ

Mλ∑
m=1

R(ζ;α, λm) to approximate the integral
∫ λmax
λmin

R(ζ;α, λ)dλ in problem (3.4), where

λm = λmin +
λmax − λmin
Mλ − 1

(m− 1). We consider the normal incidence with the incident angle

θ = 0.

The reflectivity at each iteration for the mini-batch stochastic gradient approach is shown

in Figure 5.25. The reflectivity of the optimal structure is about 0.28 and its absorptance is

about 0.72. The absorptance is significantly enhanced compared to the absorptance for the

structure with flat surface, which is 0.24.
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Figure 5.25: The reflectivity value R̃(α) during the stochastic gradient iterations of the struc-
ture with five layers for Problem(II).
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Example 5.2.5

In this example we consider the transverse electric polarization case and assume the ran-

dom process is Gaussian random process. Consider the optimization problem with multiple

incident angle for the structure as shown in Figure 5.19. In this example we consider the trans-

verse electric polarization case and assume the random process is Gaussian random process.

This is formulated in Problem (3.6). We still consider the interfaces are Gaussian random

processes and solve the problem with the stochastic gradient method. We need to evaluate a in-

tegral with respect to the incident angle and use the summation
1

Mλ

Mλ∑
m=1

R(ζ;α, θm) to approxi-

mate the integral
∫ θmax
θmin

R(ζ;α, θ)dλ in problem (3.6), where θm = θmin+
θmax − θmin
Mθ − 1

(m−1).

Let the range of the incident angel from θmin = − π
12

to θmax = π
12

, the reflectivity at

each iteration is shown in Figure 5.26. The reflectivity for the optimal structure is about 0.49

and the absorptance is about 0.51. The optimal structure enhances the absorptance since the

absorptance for the structure with flat interface is about 0.11.
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Figure 5.26: The reflectivity value R̃(α) during the stochastic gradient iterations for Prob-
lem(III).

83



Chapter 6

Conclusion and further work

In this work, we have formulated the optimal design problem for random surface and random

bottom shape textures in thin-film solar cells and presented a gradient-based algorithm with

the adjoint state method to solve the problem numerically. The stochastic gradient method is

applied to solve the random optimization problem, this leads to significant savings in computa-

tional cost. The presented numerical results demonstrate the accuracy and convergence of the

algorithm. It is shown that the optimal random textures obtained numerically would yield an

absorption enhancement for the multiple frequency and multiple incident angle.

The mathematical and numerical investigation presented here is the rising field along this

research direction and we are currently exploring further to answer the following questions.

First, in terms of the formulation of the optimal design problems, since the optimal function

only depends on the boundary, it may be possible to apply the boundary integral method instead

of the finite element method. Additionally, the numerical simulations and the optimal design

procedures will be carried out for the three-dimensional models.
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