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Abstract

Designing materials that are lightweight while achieving a desirable combination of me-
chanical, thermal, and other physical properties is an aspiration in material science. Lattice
structures are suitable aspirant to achieve lightweight with precisely tailored mechanical proper-
ties because of their porous structures, well-defined geometries of their unit cells, high strength
to weight ratio, compared to traditional structural materials. Mechanical metamaterials are
engineered structures with unique mechanical properties such as negative Poisson’s ratio and
bistability which vary dramatically from those of the base material. The unique properties of
mechanical metamaterials require accurately fabricated arrangements of ligaments in intricate,
periodic structures. AM processes, such as Fused Deposition Modeling (FDM), are able to
produce these structures with filaments, such as Thermoplastic Polyurethane (TPU), Polylactic
Acid (PLA) which enable precisely fabricated lattice structures. Although recent advancement
in AM techniques has enabled the fabrication of various lattice metamaterials with unique
properties, still, the cogent designs of mechanical metamaterials with programmable stiffness
of auxetic structures and multistability are still difficult and exciting topics. In this regards,
we explore the two domains of mechanical lattice metamaterials (i) designing auxetic metama-
terials with programmable stiffness and (ii) exploiting planar and cylindrical bistable lattices
for mechanical response and energy absorption. These emergent domains indicate the transi-
tioning of mechanical lattice metamaterials from traditional materials to smart, adaptive, and
versatile materials, which has applications in realistic problems in energy absorption devices,
wearable devices, and robotics, and continue to push the boundary of possibilities of architected

metamaterials.
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Chapter 1

Introduction to Lattice Metamaterials

“When modern man builds large load-bearing structures, he uses dense solids: steel, concrete,
glass. When Nature does the same, she generally uses cellular materials: wood, bone, coral.

There must be good reasons for it”’- M. F. Ashby, University of Cambridge

1.1 Lattice Structures

Natural cellular materials such as wood, cork and bone have been utilised for centuries, and
their structure is mimicked in modern technical materials such as manufactured honeycombs
and foams. Cellular structures are an attractive option for many design applications, particularly
light-weight, due to the high specific strength and stiffness provided by their porous structures.
The deformation behaviour of cellular structures also means they are useful for energy absorp-
tion applications [1]. Lattice structures are a type of cellular material that has regular repeating
structure of their unit cells. Lattices structure can also be defined as two or three-dimensional
micro-architectures comprised of a network of nodes and beams, or struts, that substantially
reduces the weight and maintain structural integrity. Lattice structures differ from large scale
engineered structures such as trusses or frames in terms of their scale — the unit cells of a lattice
structure have a millimetre or micrometre scale. Lattice structures can divide large load into
smaller stress through multiple-trusses or support structure. Many of the lattice structures are
inspired by naturally occurring crystalline structures, for example honeycomb lattice structures
are inspired from bee honeycombs.

Following are some of the advantages of using lattice structures:



* High strength-to-weight ratio
* Excellent shock absorption and impact protection

* Desirable vibration and noise dampening

1.1.1 Additive Manufacturing of lattice structures

A number of manufacturing methods such as investment casting, deformation forming, brazing,
etc are proposed to manufacture lattice structures. Limitations of such techniques include the
fitness of the structures and the actual cell geometry. AM techniques have been developed over
the years to produce three dimensional objects from a digital model by the successive addition
of materials without the use of specialized tooling. Traditional manufacturing processes are
not capable of building complex lattice structure. AM provides an easy way to fabricate com-
plex lattice structures since AM process brings free-form manufacturing possibility. Table 1.1
shows various popular AM techniques along with the range of materials, advantages and dis-
advantages. SLA used laser to cure liquid resin into hardened plastic to print the parts whereas
laser fuses polymer powder to print parts in SLS. Inkjet 3D printing involves the process of
deposition of liquid materials or solid suspensions to form a part. Fused Deposition Modeling
(FDM) is a widely used AM technique for manufacturing lattice structures. It is chosen from

the rest of the techniques because of its wide range of materials choice and also low cost.

Table 1.1: Various FDM techniques with their advantages and disadvantages

Additive Advantages Disadvantages
Manufacturing

Steriolithography (SLA) Polymers: Higher resolution Applicable only to
PEG,PCL,PEGDA photopolymers and
expansive
Fused Deposition Thermoplastics More choices of Warping
Maodeling (FDM) materials and
inexpensive
Selective Laser Sintering  Polymers, No post processing  Slow and expensive
(SLS) Ceramics required
Inkjet Fibrin, Gelatin Incorporation of Low resolution
drugs and
molecules



The working of Fused Deposition Modelling (FDM) fabrication process is highlighted

below:

* Thermoplastic filament from a spool is first loaded into the printer as shown in Figure
1.1. The nozzle is set at the desired temperature. Once the nozzle reaches the targeted
temperature, the filament is fed to the extruder head. The melted filament then comes out

of the nozzle.

* The extruder head is facilitated with a three axis system that allows it to move in the X, Y
and Z directions. The melted filament is extruded in thin strands and is deposited layer by
layer in the build plate according to design geometry (supplied as input), where it cools
and solidifies. The cooling of the finished part sometimes can be accelerated through the

use of cooling fans attached on the extruder head.

* For the final product to be achieved, multiple layers are required. When a layer is fin-
ished, the extruder head moves up and a new layer is deposited. This process is repeated

until the part is complete.

s—————— Filament

————— Heated Nozzle

—— > Final Product

— Build Plate

Figure 1.1: Schematic of Fused Deposition Modelling (FDM) showing the polymer in the form
of filament that goes into the extruder and comes out from a heated nozzle to print the final
product into the build plate.

1.2 Metamaterials and Mechanical Metamaterials

Metamaterials, artificial structures with counter intuitive properties not found in natural mate-

rials, have garnered increasing attention during the last few years, the concept of which derived

3



from the field of electromagnetic materials [2]. Recent advances in design and manufactur-
ing technology, such as AM, have been enabled to fabricate arbitrary complex structures from
the microscopic to the macroscopic. In addition, with increasing demands for materials with
unusual properties, various metamaterials have evolved, such as electromagnetic metamateri-
als [3], acoustic metamaterials [4], optical metamaterials [5], thermal metamaterials [6] and
mechanical metamaterials [7].

Mechanical metamaterials are engineered lattice structures with properties not found in
naturally occurring materials. These materials acquire their unique properties from structure
rather than the composition of their internal constituents [8—10]. Structures with regular repeat
units possesses desirable properties such as high energy absorption [11-15], vibration isolation
[16-18], shock absorption [19, 20], highly sensitive sensors [21-23] and seismic wave pro-
tection [24]. Further, the geometry of the unit cell can be designed to obtain unconventional
properties such as bistability [25, 26], negative Poisson’s ratio (auxetic structures) [27-29],

negative compressibility [8, 30] and extremely lightweight with high stiffness [31].

1.2.1 Mechanical metamaterials based on Poisson’s ratio

Poisson’s ratio is one of the most important parameter to classify mechanical metamaterials.
It is defined as the negative ratio of strain along transverse direction to axial direction when
uniaxial tensile or compressive load is applied. It is an indicator of what happens in other
directions of a material when a load is applied in one direction. Mathematically,

€
[ transverse (11)

€azial
Generally, mechanical metamaterials can be divided into three main categories based on
the Poisson’s ratio. Mechanical metamaterials can have Poisson’s ratio of positive, zero and,
negative.
Typically, mechanical materials having a positive Poisson’s ratio, often referred as con-
ventional mechanical materials, i.e., a material expands (contracts) in the direction transverse

to the direction of compression (stretching), shown in Figure 1.2. They have found applications
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Figure 1.2: Traditional or non-auxetic materials are shown on the top, zero Poisson’s ratio
material in the middle and auxetic/negative Poisson’s ratio material is shown in bottom. Tradi-
tional materials when subjected to uniaxial tension (compression) contract (expand) in lateral
direction. Zero Poisson’s ratio material only deform in the direction of applied loading. Aux-
etic materials when subjected to uniaxial tension (compression) expand (contract) in lateral
direction.

in areas like the design of lightweight structures, development of bio medically relevant mate-
rials and rational design of actuators for soft robotic applications. In many of these application
areas, lattice structures with positive Poisson’s ratio are not only important in their own right
but also in combination of other metamaterials.

Mechanical metamaterials with a negative Poisson’s ratio are called as auxetic metama-
terials because they expand perpendicular to an applied tension instead of shrinking, shown
in Figure 1.2 (bottom). Numerous studies have been carried out in auxetic metamaterials in
recent years [32-36]. Some of the polymeric structures that achieve negative Poisson’s ratio
are re-entrant honeycomb structures [37-39], chiral structures [40—42], and rotating element
structures [43], which are shown in Figure 1.3. Negative Poisson’s structures have numer-
ous advantage over conventional structures such as improved energy absorption [44], shear
resistance [45], indentation resistance [46] and fracture resistance [47]. Therefore, negative
Poisson’s ratio structures are extensively used in textile materials [48], protective tools [49],
biomedicine [50], and various other fields.

Mechanical metamaterials with zero Poisson’s ratio have constant lateral dimensions un-

der an axial loading (tension or compression). They have applications in areas where shape



change or deformation is required only in one direction without any change in shape or de-
formation in the direction perpendicular to the applied force [51]. Cork is a good example to
understand zero Poisson’s ratio material that has a zero Poisson’s ratio. Cork can be used as
a stopper in blood bottle, since blood bottle are always in tensile load when it is in use (i.e
upside down condition). Since cork has zero Poisson’s ratio, leakage of blood does not occur
as lateral contraction is zero. Lattice structures such as bistable structures are designed that has
zero Poisson’s ratio which are discussed in Chapter 3 and Chapter 4.

In this thesis, two important mechanical metamaterials are presented namely auxetic struc-

tures which has negative Poisson’s ratio and bistable structures which has zero Poisson’s ratio.

1.3 Auxetic metamaterials

In 1991, Evans [52] first introduced the term of “auxetics”, deriving from the Greek word
- “auxetikos” which means “that which tends to increase”, into the study of materials with
negative Poisson’s ratio. Afterwards, man-made negative Poisson’s ratio structures have at-
tracted increasing attention due to their interesting mechanical properties (e.g. negative Pois-
son’s ratio), as well as emergence of advanced manufacturing technology (e.g. 3D printing).
As discussed earlier, negative Poisson’s ratio structures expand laterally when pulled longitu-
dinally. Owing to this unusual characteristic behavior, the materials with negative Poisson’s
ratio have several advantages such as high shear modulus, high damping resistance, high frac-
ture toughness, enhanced crack growth resistance and high energy absorption capability. With
these enhanced properties, these structures have enormous potential in the fields of medicine,
aerospace, sensors and actuators, etc.

With comprehensive investigation of auxetic deformation mechanism, some well estab-
lished auxetic structures are proposed and identified, such as chiral structures [53], re-entrant
structures [54] and rotating rigid structures [55], refer Figure 1.3. Auxetic behavior is usu-
ally obtained through special structural design, i.e., consisting of periodically arranged auxetic
units. Re-entrant structure consists of hexagonal face cells which are protruded inward. A
chiral unit consists of a central cylinder that is tangentially enclosed by ligaments. Rotating

rigid structures has a rigid square that is connected by simple hinges which acts as a rotating

6



Auxetic Metamaterials

! l

Rotating rigid
structures

| l l

Re-entrant structures Chiral structures

Figure 1.3: Classification of most common auxetic structures with their schematics. Re-entrant
structure consists of hexagonal face cells which are protruded inward. A chiral unit consists
of a central cylinder that is tangentially enclosed by ligaments. Rotating rigid structures has a
rigid square that is connected by simple hinges which acts as a rotating structure.

structure. As one of the major focus of this thesis is to study re-entrant structures, upcoming

section gives highlights on re-entrant structures.

1.3.1 Re-entrant Structures

The mechanical properties of the lattice structures can be changed by varying the connectivity
of the struts and the angles between the struts at joints, therefore creating auxeticity. Re-entrant
structure is a typical auxetic structure, which consists of periodic arrangements of hexagonal
units having two negative angles (360° > 0>180°), as shown in Figure 1.4. Any interior angle
in a polygon which is more than 180° is known to be a negative angle. The auxetic behavior in
re-entrant structure is attributed to the bending of diagonal ligaments along with the outward
displacement of vertical ligaments when it is uniaxially stretched horizontally. [56].
Re-entrant structure was first proposed in 1980s and it has gained significant importance
because of its simple structure and auxeticity [57]. Design, analysis and optimization of re-
entrant structures have been a crucial research area in the recent years. Rotation, bending and,
buckling are three major mechanisms of deformation in a re-entrant structure that influences the
mechanical properties [58]. Alderson et al [59] studied the behaviour of re-entrant structures

under out of plane bending and showed that they undergo dome shape curvature deformation.
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Figure 1.4: Schematic of re-entrant structure which shows a unit cell with a positive angle
90° > a > 0°) and a negative angle 360° > 6 > 180°)
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Initial cell angle and cell wall thickness effects on the auxeticity was investigated by Zhang et
al [60]. Researchers have proposed novel negative Poisson’s ratio honeycomb consisting of a
re-entrant hexagonal component [61]. The cell size ratio and the re-entrant angle were varied
to tune the effective stiffness, negative Poisson’s ratio and the rate of cell opening. Researches
have been carried out to investigate the static and dynamic mechanical properties for dynamic

crushing and indentation on re-entrant structures [62].

1.4 Multistable Mechanical Metamaterials

Multistable mechanical metamaterials are a class of metamaterials which have two or more
stable configuration. The multiple stable configurations are reversible in nature which can
be utilized to achieve recoverable energy absorption unlike the permanent losses that occur
due to damage, plasticity, friction, or viscosity. Switching from one stable configuration to
another stable configuration is achieved by overcoming the energy barrier that bridges two
stable configurations. Multistable structure consists of arrangements of multiple bistable unit
cells in the shape of curved beam. These materials are extensively researched due to their
considerable potential for energy trapping [63] or wave guiding [64]. Such structures are 2D
patterns extruded into 3D space, therefore, Fused Deposition Modeling is often employed.

Moreover, the amount of energy absorption is dependent on small changes in the geometry or
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Figure 1.5: Curved beam mechanism with the length of [/, thickness of ¢, apex height h. A
vertical force F;, is applied at the top and the instantaneous displacement is denoted by d. The
beam is constrained at both ends.

the modulus, which can both be easily achieved using Fused Deposition Modeling. Scholars
have demonstrated that these 2D snapping structures could be extended into three dimensions
for increased energy absorption and versatility using Fused Deposition Modeling [64, 65]. The
ability to construct these structures in 3D configurations is an important step to employing these

designs in more applications.

1.4.1 Curved Bistable Beam

For design and analysis of the multistable structures, it is important to understand the mecha-
nism of a bistable unit cell. The bistable unit cell is derived from the curved beam as shown
in Figure 1.5. Following section describes the analytical model of a curved bistable beam
mechanism [25]:
The governing beam equation for axially compressed straight beam subjected to the bound-
ary conditions shown in Figure 1.5 is:
d*w d*w

EFl— + F,—
dz? + dx?

=0 (1.2)

where w is the lateral beam deflection, £ is the Young’s Modulus of the material of the beam,

I is the moment of inertia of the beam and F,, is the axial compressive force.



For a beam clamped at both ends as shown in Figure 1.5, the boundary conditions are:

And,

Normalizing the axial force by:

w(0) =w(l)=0 (1.3)
dw dw
<%) =0 N (%>z=l N 0 (14)
2 E,?
N = Foli (1.5)

Non-zero solutions can be obtained, if N satisfies the following criteria:

o 3) ()2

With this, equation 1.2 yields following solultions:

where,

and
at:=1,3,5, ...
and,

att = 2,4,6, ...

w(z) = Z Biw;(x) (1.7)
i=1
w;i(z) = B; [1 — cos (Né)] (1.8)
Ny =(i+1)n (1.9)
And,

T T 2sin (NZ%)
wi(z) = By |1 27 — cos (NZ-7> =t (1.10)
N; = 2.867, 4.927, ... (1.11)

Diftferent buckling modes can be obtained from the above solutions as the beam

switches form one stable state to another stable state. w; () being the mode shape and B; being
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the amplitude at different modes. The equation defining the beam shape is:

(1 — cos (27?%)) (1.12)

where h is the initial apex height of the beam.

wo(r) =

|

From Hooke’s law, the axial compressive force as a result of shortening of the beam’s total

length after the application of vertical force f,, is:
F,=—Fxaxdl (1.13)

where a = bt is the cross-sectional area and dl is the change in beam length.

L
2

d = wy <é> —w (é) (1.14)

The total length of the curved beam with small deflection assumption can be written as:

! dw\? :
ltotal = / 1+ (—> dx (115)
0 dx

! 1 /dw\?
Liotal = 14— d 1.16
total /0 +2(dx) T ( )

If Uy, U, and U, are the variations in bending energy, compression energy and acivation energy

The lateral deflection of the beam at the mid-point (x = ) is given by:

during deflection, the overall potential energy variation is given by:

Usverat = Up + U + U, (1.17)
where,
"EL (dPw, dPw\®
Up = — —— ] d 1.18
’ /0 2 ( dx? dx2) v (1.18)
U, = —Fm(Al) (1.19)
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U, = —F,(Ad) (1.20)

Using normalization’s from [25]:

T w(X1) F,I3
d ltotall Bl h
A=— L= A= —, =— 1.22
h’ h? "’ h t (1.22)
Uyl? U.l3 U3
— Uqr = —5 Uy = —— 1.23
BT B " EIn 4T EIn? (129
Using equations, results in the following normalized equations:
A=1-2 > 4 (1.24)
i=1,5,9,...
AN}
L=1 L 1.25
N?  N? X AZN?
=1 _ U 1.2
1202 16 Z 4 (1.26)

i=1

The normalized overall potential energy variation can be expressed as:
N4 _ N2N2 N4 N2 _ N2N2 N - N2N2
Uoverall: (%Al—f—i—QF) A1—|—(%) Ag+< 3 1 3)A§+

The analysis of the first three modes with second mode constrained yields normalized forces

for first and third mode as:

3mQ? 3 1 4 3 !
F, = AlA-= - — ) (A== /- — 1.27
! 2 ( 27 V1 3Q2> ( 2 V4 3Q2> (1:27)
NQ(NQ —N2) N2
Fy=-—1Y3 ! 5 A 1.28
b 3 (N§ ~ N (1.28)
Fy =8t — 6m%A (1.29)
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Above equations shows the relationship between the normalized compressive force and
displacement of a unit cell. These equations relates the force and displacement based on the
mode of deformation of the curved beam which is further discussed in Chapter 4. F; depends
on () whereas F; and Fj are straight lines which are not dependent on (). The bistability is
achieved when the value of () > 2.31 [25]. Further analysis of these equations on bistability is

discussed in Chapter 4 in detail.

1.5 Additive Manufacturing of mechanical metamaterials using fused deposition modeling

The fabrication of mechanical metamaterials using additive manufacturing provides multiple
benefits over traditional machining. Using traditional machining to manufacture a mechanical
metamaterial structures with complex geometries is very difficult. With additive manufactur-
ing techniques, even the complex metamaterial structures can be fabricated with a great surface
finish making rapid prototyping more cost-effective and efficient. Advances in Fused Depo-
sition Modeling (FDM) printers has enabled the fabrication of flexible planar and cylindrical
and metamaterials structures effectively which has wide applications in energy absorption and
reconfigurale structures [64].

Viscoelasticity and glass transition temperature are two important parameters to be con-
sidered during the fabrication of various simple and complex geometric metamaterials using
polymeric materials. Polymers are usually described as viscoelastic materials, a general term
emphasizes their intermediate position between viscous liquids and elastic solids. If the poly-
mers are heated, there is a temperature at which they change from being a stiff, brittle, and a
glass-like material to a rubbery material, refer Figure 1.6. This temperature is called the glass
transition temperature (7}). If the glass transition temperature of the polymeric filament used
to fabricate metamaterials lies near the room temperature range, viscoelastic effect needs to be
taken into consideration during the mechanical test and simulation of those structures. This
also effects the printing parameters such as nozzle temperature, print velocity and, the build
plate temperature which, overall, effects the print quality.

The polymeric filaments used for 3D printing of the mechanical metamaterials in this

thesis are Polylactic Acid (PLA) and Thermoplastic Polyurethane (TPU). PLA is in glassy
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Figure 1.6: The curve shows the viscoelastic behavior of the polymer plotted as Modulus vs
temperature. The glass transition temperature (7}) is where the polymer switches from glassy
state to rubbery state. The melt temperature (7;,,) is where the polymer starts melting and flows
out of the nozzle

state at room temperature whereas TPU is in rubbery state. It is because the glass transition
temperature (7}) of PLA is approximately 65°C whereas for TPU is around —45°C. TPU is in
flexible state at room temperature. With flexible filament, it’s difficult to print because when it
travels from the inlet of the extruder to the nozzle, there is a good chance of warp inside the
extruding gears. On the other hand, PLA is easy to print with as it is rigid with limited flexibility
at the time of feed to the extruder. 3D printing using Fused Deposition Modeling (FDM)
requires the polymer to melt before the actual part is manufactured. The melt temperature
(1;,) of PLA and TPU are 175°C and 145°C respectively. It is at this temperature where the
polymer starts to flow viscously, refer Figure 1.6. So, the polymer used for 3D printing should
have sufficient viscosity to ensure that the polymer after melting from the nozzle has desirable
velocity. It is always suggested that the nozzle temperature be set higher than 7}, so that
the polymer has sufficient viscosity to ensure that the polymer after melting has a desirable
velocity. Typically, for PLA and TPU, the nozzle temperature is set at a range of 200 — 215°C
and 220 — 235°C respectively. PLA prints well with the default settings of the printer, however,
TPU can be difficult to print with because of the warping issue. Appropriate supports can be
generated using software such as MeshMixer for printing with TPU. This highly reduces the

warping issue. Another factor to consider is the instant adhesion of deposited layers of melted
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polymer. It should also be provided with enough cooling process to ensure final mechanical
properties. With the supports generated using MeshMixer, the print speed of 85%, nozzle

temperature of 220°C and, bed temperature of 50°C seems to work pretty good for TPU.

1.6 Outline of Thesis

This thesis is divided into five chapters. Chapter 1 has explained the background of metama-
terials as well as the recent development of mechanical metamaterials. This chapter further
provided information on practical use cases of these structures in the field. Chapter 2 dis-
cusses on auxetic metamaterials. This chapter focuses on design, fabrication and testing of
various combination of auxetic structures to tune their stiffness. Chapter 3 discusses about the
bistable planar structures. This chapter includes design and fabrication of additively manufac-
tured bistable planar structures which are tessellated to form a multistable structure. Finally,
this chapter discusses the mechanical behaviour of these structures. Chapter 4 discusses recent
developments in the field of multistable structures. This chapter progresses from the bistable
planar structure in Chapter 3 to bistable cylindrical structure. This chapter discusses the me-
chanical behavior of those structures with the changing design parameters. This chapter also
discusses the methods of tuning the energy absorption features of multistable cylindrical struc-

tures. Chapter 5 concludes with the summary of the thesis and future works to be done.
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Chapter 2

Auxetic Metamaterials

This chapter originally appeared in the proceedings for the 2020 SPIE Conference on Smart

Structures and Non-Destructive Evaluation (SS:NDE) [27].

2.1 Abstract

In mechanical metamaterials, geometry and material properties dictate the structural response
to mechanical loads. These materials are comprised of a tessellated array of repeat unit cells,
which form a lattice that populates the domain of the structure. While the mechanical behavior
of 2D lattices is well understood, recent advances in polymer based Additive Manufacturing
(AM) usher in a new era of metamaterials research. However, previous work in this area has
failed to address the effects tessellation of mismatched repeat unit cells of polymer-based me-
chanical metamaterials. We seek to investigate the effects of combination of bowtie and hon-
eycomb unit cells on the mechanical properties of mechanical metamaterials, in particular, the
stiffness. Towards this goal, in the present chapter, an experimental approach is used to inves-
tigate the mechanical behaviour of 2D lattice structures. Experimental samples are prepared
using Fused Deposition Modeling (FDM) AM. These samples are subject to quasi-static me-
chanical tests at room temperature. We investigate the effects of mismatched unit cells (defects)
on the mechanical behavior of the lattice. Mechanical metamaterials with adjustable stiffness
properties have applications in the aerospace and automotive industries, including sandwich

composites, damping and impact protection.

16



2.2 Introduction

Generally, when a material is subjected to a tensile force in the longitudinal direction, the
transverse direction contracts and vice-versa, i.e., the material possesses a positive Poisson’s
ratio [66]. Contrary to this are auxetic materials which exhibit negative Poisson’s ratio, that is,
they expand in transverse direction when subjected to tension in the longitudinal direction and
vice versa [67]. Recently, auxetic materials have gained significant attention because of their
better indentation resistance [68], improved fracture toughness [69], high volume shrinkage
[70], negative swelling behaviour [71], negative thermal expansion [6], graded stiffness [72]
and remarkable energy absorption properties [73]. Auxetic metamaterials with regular repeat
units are difficult to fabricate using traditional manufacturing techniques [74], so there is need
to make use of AM techniques to fabricate these structures.

Researchers have investigated the mechanical properties of auxetic materials comprised of
re-entrant honeycomb (bowtie) shapes under tension and compression [75-77]. Most research
efforts have focused on the mechanical properties of metallic lattice structures. An analysis of
the effects of geometric design parameters on the mechanical properties of metallic bowtie and
honeycomb structures has been carried out [78, 79]. Further, these studies have been performed
under quasi-static loading conditions. For instance, Zhang et al. [75] fabricated re-entrant hon-
eycomb structure using stainless steel and loaded the structures at a rate of 3 mm/min. How-
ever, there are limited studies on polymeric auxetic metamaterials AM [80-84]. Rafsanjani et
al. [85] fabricated structures made up of rubber possessing both auxeticity and bistability and
assessed their performance through mechanical testing. Other examples include the mechani-
cal behaviour of Nylon 12 [86], PLA [87, 88], and TPU [89] lattices fabricated by FDM. These
studies have focused primarily on honeycomb structures. Thus, limited experimental investiga-
tions of auxetic polymer lattices have been performed with no attempt to combine bowtie and
honeycomb repeat units to study their mechanical behaviours.

This chapter focuses on performing quasi-static tensile and compression tests on re-entrant
honeycomb (bowtie) and honeycomb structures fabricated using FDM 3D printing of PLA fila-

ment. Additionally, we will discuss the possibility of tuning stiffness of the fabricated samples
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with the introduction of various kinds of defects in the form of mismatched repeat units. The

compliance of the systems in tension and compression will then be compared.

2.3 Design and Experiments

This section discusses the basic design and geometric parameters of the repeat unit cells (Sec-
tion 2.3.1). It also reports the properties of parent material, PLA, in Section 2.3.2. It is followed

by Section 2.3.3 on experimental setup and test fixture.

2.3.1 Design

The bowtie and honeycomb structures were designed using SOLIDWORKS. Views of the in-
dividual unit cells with their final dimensions are shown in Figure 2.1. All the dimensions are
in millimeters (mm). The out-of-plane thickness out of the structures is 8 mm. The structures
were printed with PLA using a Makerbot Replicator+ 3D printer. The overall dimensions of
the samples were limited by the build volume of the 3D printer, which was 295 L X 195 W X

165 H mm.

40 mm X

a=75° L}Y

F 3
A4

40 mm

y
[\
3
3
A 4
|

1 mm -

20 mm
20 mm

Figure 2.1: Sketch of : (a) bowtie unit cell (b) honeycomb unit cells with the actual dimensions
used for 3D printing. Note the orientation of local coordinates in the 2D drawing of the unit
cell.
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Individual unit cells were arranged in an array of m=3 rows by n=3 columns adjacent to
each other as shown in Figure 2.2. This led to the naming convention of a 3*3 array. In total,
eight 3*3 arrays were designed. Four arrays were composed primarily of bowtie repeat units,
and the rest were composed of primarily honeycomb repeat units. Within each of these sets,
three of the arrays contained defects, or mismatched repeat units. The mismatched repeat units
occupied either the central repeat unit cell location (cell (2,2), referred to as the spot defect),
the central row (m = 2, referred to as the row defect), or the central column (n=2, referred to as
the column defect). A schematic representation of defects is shown in Figure 2.3. The overall

dimension for 3*3 bowtie and honeycomb were 35.40*61 and 53.06*61 respectively.

Figure 2.2: Array of three rows and three columns of bowtie unit cell with space for roller
mounting.

2.3.2 Properties of PLA

PLA has a glass transition temperature of approximately 45-60°C and a modulus of 0.35-
3.5GPa at room temperature 25°C [90]. In order to have a general idea of the mechanical
property of the fabricating polymer (PLA), a dog bone sample of PLA (shown in Figure 2.4)
was 3D printed in Makerbot Replicator+ at a temperature of 215°C and infill density of 90%.

The value for Young’s modulus of elasticity was found to be 1.3 GPa using ASTM D638-14.
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Figure 2.3: Schematic of array with and without defects along with direction of loading.

2.3.3 Experimental Setup

The specimens were subjected to uniaxial tensile and compression test at room temperature
( 25°C) to measure the mechanical behaviour of the printed structures. A universal testing
machine, Instron 5565 with a 5 kN load cell, was used for the experiment under displacement
controlled loading. A custom test fixture was designed as shown in Figure 2.5. The edges of
the structure were modified with thick struts that could fit a circular strut going through the
hole. Rollers were incorporated on each circular strut, except on the central repeat unit. This
allowed to hold the sample while allowing for transverse expansion and contraction. Each
sample was tested in two principal directions, X and Y as shown in Figure 2.3, by rotating the
sample in the test fixture. The unit cell was modified at the sample boundaries to incorporate
tabs for mounting the sample. Rollers were used along the tabs to allow lateral displacement of
the sample. The test was conducted at at strain controlled rate of 4 mm/min, and the test was

stopped when the strain was approximately 10%.

2.4 Experimental results and discussion

Each of the printed 3*3 arrays were subjected to tensile and compression tests using the setup

shown in Figure 2.5. The results are presented as force-displacement curves due to the similar
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Figure 2.4: Stress-strain curve for PLA dogbone sample.

external dimensions of the compared structures within a set and the porous nature of the lat-
tice. As expected, bowtie samples loaded in tension in the X-direction expanded in Y-direction.
When these samples were loaded in compression in the X-direction, they contracted in the Y-
direction. Similar behavior was seen for tension and compression loading in the Y-direction.
This indicates the negative Poisson’s ratio for both testing directions. As expected, the honey-
comb arrays displayed a positive Poisson’s ratio, contracting in the transverse direction when
loaded in tension, and expanding in the transverse direction when loaded in compression.

In general, relatively linear force-displacement curves were obtained for all structures
tested in X-direction as shown in Figures 2.6, 2.8, and non-linear curves were obtained when
loaded in Y-direction as shown in Figure 2.7 and, Figure 2.9. Comparing the results obtained

for tensile loading in Y direction shows similar trends as reported by Zhang et al. [75].

2.4.1 Bowtie arrays
2.4.1.1 Bowtie arrays with and without defects loaded in X-direction

The first set of experiments evaluated the stiffness of lattices containing primarily bowtie unit
cells. Results for samples tested in the X-direction are shown in Figure 2.6. The curve for pure
bowtie array in Figure 2.6, left, is low compared to the other curves in this set. During the

experiment, it was observed that the rollers did not exactly rest on the surface of test fixture
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Figure 2.5: Experimental setup: Bowtie array with spot defect oriented for loading in X direc-
tion.

due to a loading error. Thus, the array was not able to take load during testing. However, the
results are included here for the completeness of the data-set. In Figure 2.6, it is seen that the
position of the defects within the primarily bowtie lattice varied the stiffness of the structure.
It is observed in Figure 2.6, left, that the honeycomb row array (i.e. a bowtie array with a row
of honeycomb unit cells) loaded in tension, has the highest stiffness. However, in compression,

the honeycomb column array shows the highest stiffness, as shown in Figure 2.6, right.

S g ISE EEE 4,

Bowtie Honeycomb Spot Honeycomb Column Honeycomb Row
80 I p—
——Bowtie 0
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Figure 2.6: Force-displacement curves for bowtie structures loaded in the X-direction: (left) in
tension and (right) in compression.
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Figure 2.7: Force-displacement curves for bowtie structures loaded in the Y-direction: (left) in
tension and (right) in compression.

2.4.1.2 Bowtie arrays with and without defects loaded in Y-direction

Results for tension tests of the bowtie lattices conducted in the Y-direction, Figure 2.7, left,
indicate that the array with a column of honeycomb repeat units is less complaint. Incorpo-
rating a row defect results in an initial decrease of the stiffness compared to the regular 3*3
bowtie structure. Compression tests in the Y-direction for the bowtie structures could only be
performed for two structures because the other two samples failed during the unloading from
tension. The two arrays tested in compression are the bowtie array and the bowtie array with
a single honeycomb repeat unit in the middle (honeycomb spot). The latter of these two ar-
rays was stiffer, as shown in Figure 2.7, right. The sudden upsurge in force in the results for
the bowtie structure seen in Figure 2.6, right, is due the misalignment of rollers inside the test

fixture.

2.4.2 Honeycomb arrays
2.4.2.1 Honeycomb arrays with and without defects loaded in X-direction
The second set of tests were conducted for the structures containing primarily honeycomb

unit cells, and the results are shown in Figure 2.8 and, Figure 2.9. Substituting in a row of
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bowtie repeat units in the honeycomb array makes the structures softer, i.e., less stiff, in both
tension and compression when loaded in X-direction as represented by Figure 2.8. Substituting
in a column of bowtie units does not necessarily mean that the structure is the most stiff in

compression, although it is true for tension in the X-direction as seen in Figure 2.8, left.

2.4.2.2 Honeycomb arrays with and without defects loaded in Y-direction
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Figure 2.8: Force-displacement curves for honeycomb structures loaded in the X-direction:
(left) in tension and (right) in compression.

Adding a row of bowtie elements in the honeycomb array makes the structures softer, i.e.,
less stiff, when loaded in the Y-direction in both tension and compression, as seen in Figure
2.9. However,the stiffness of the bowtie row array surpasses the bowtie column array beyond
a compression of 2.1 mm in the Y-direction. Adding column of bowtie elements as a defect
makes the structure more stiff in tension in the X-direction, as seen in Figure 2.9, left, but not

in compression.

2.5 Conclusion

This chapter experimentally investigated two-dimensional, polymer based mechanical metama-

terials. Lattice structures consisting of honeycomb and bowtie repeat units were printed with
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Figure 2.9: Force-displacement curves for honeycomb structures loaded in the Y-direction:
(left) in tension and (right) in compression.

PLA in a Makerbot Replicator+, which uses FDM. A custom test fixture was designed and
constructed to test the lattices. The effects of friction were highly reduced by the use of rollers
for mounting the lattices to the test fixture. The samples were subjected to tension and com-
pression loading to investigate the mechanical behavior of the lattices and the effect of defects
on primarily bowtie and honeycomb structures.

The results indicated a fairly linear response for lattices loaded in the X-direction, as load-
ing in the direction transverse to the diagonal ligaments caused these regions to bend with a
spring-like behavior. Nonlinear force-displacement results in the Y-direction result from load-
ing along the direction of the diagonal ligaments, which caused these regions to rotate into
alignment with the loading direction before stretching. This study showed that the stiffness
of the system can be tuned by adding defects and changing the loading direction of the sys-
tem. For the geometries tested, the bowtie element is more compliant in the Y-direction, due
to the higher angle of inclination of the diagonal ligaments. Introducing a column of defects
was found to have increased the system stiffness (except in X-direction for bowtie arrays with
defects). On the other hand introducing a row of defects in a bowtie array decreased the system

stiffness. This study elucidates the effects of geometry and defects on the tunable stiffness of
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the lattice arrays for specific applications such as energy absorption, dissipation, and tunable
Poisson’s ratio.

The structures presented in this Chapter returned to their initial state after the tensile force
was removed. The design and testing of these structures triggered a question: Can we design
and analyze lattice structures that can remain in the deformed state even after the removal of

the tensile force? Next two chapters are answers to this question.
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Chapter 3

Bistable Planar Structure

3.1 Abstract

Advances in additive manufacturing have resulted in the ability to accurately produce lattice
structures with novel mechanical properties. For example, the incorporation of bi-stable ele-
ments, e.g. chevrons and sinusoidal beams, and the use of flexible polymers, e.g. thermoplastic
polyurethane (TPU), enable lattices with multiple stable states. The ability to print these struc-
tures to conform to non-planar surfaces further complicates the mechanical behaviors of the
lattices. Previous studies have focused on planar lattice structures with multiple stable states
and on auxetic lattices, i.e. structures with negative Poisson’s ratio. Herein, we investigate
experimentally the axial mechanical behavior of multi-stable lattice structures based on the
printing configuration. Repeat units of the lattice are printed using fused deposition model-
ing (FDM) with various number of repeat units which are tested under uniaxial tension and
compression loads. Further, we evaluate the effects of the initial printing configuration (e.g.
extended or collapsed), the shape of bi-stable elements and, the number and size of repeat units
on the mechanical behavior of the lattice structures. The results provide insight into the me-
chanical behavior of mulitstable planar lattices, which have application in impact absorption,

vibration damping, and reconfigurable structures.
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3.2 Introduction

As discussed in Chapter 1, mechanical metamaterials, which acquire their properties from the
geometry rather than their composition, have gained great interest due to their unique and tai-
lored mechanical properties [8—10, 25]. Structures with regular repeat units based on elastic
buckling exhibit desirable properties such as high energy absorption [11-15], vibration isola-
tion [16, 17], shock absorption [19, 20], bistability [91]. Bistable metamaterials have two stable
states and tessellation of bistable unit cells can be used to achieve multistable metamaterials.
Bistable metamaterials possess domains of negative stiffness,i.e., the structure continues to de-
form under decreasing force, offer high energy absorption, and are able to undergo significant
changes in shape without plastic deformation. These properties make bistable structures a suit-
able alternate for traditional energy absorption structures, which perform their function only
once and are not reusable.

Most recently, bistable metamaterials have been exploited with novel 2D and 3D con-
figurations to create recoverable energy absorbing materials in elastic systems. The current
studies have focused on analyzing the mechanical behavior of collapsed (closed) configuration
of bistable structures. In spite of these studies, the study of their mechanical behavior when
fabricated in different configurations remains unstudied. In this chapter, the mechanical behav-
ior of various combination bistable planar metamaterials fabricated in collapsed (closed) and

expanded states (open) is investigated.

3.3 Fabrication

The planar structures were additively manufactured in the polymer Thermoplastic Polyurethane
(TPU) via Fused Deposition Modeling (FDM). The parts were modeled using Computer Aided
Design (CAD) and printed using Prusa i3MK3s printer. The infill density of the print was
100%.

The mechanical response of the base material was characterized with uniaxial loading

of a dog bone sample of TPU printed with filaments along the loading direction. The initial
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elastic modulus of the base material was obtained approximately as 100 GPa from the uniaxial

stress-strain curve shown in Figure 3.1.
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Figure 3.1: Stress- Strain curve for dogbone sample of TPU

3.4 Design of repeat unit geometry

The basic design of a single bistable repeat unit cell is shown in Figure 3.2 (a) . It consists of
a sinusoidal beam along with its mirrored image about the central horizontal axis. These two
snapping elements are centrally clamped to relatively stiffer supporting segments. When we
tessellate this repeat unit together with other repeat units, the thick bars overlap at the central
dashed white line. This repeat unit geometry is incorporated into larger lattice array as shown
in Figure 3.2 (b), where the single repeat unit is highlighted in green. The repeat unit can be
tessellated or patterned horizontally to obtained individual rows (shown in yellow) or vertically
to obtain columns (shown in blue). The nomenclature is such that, for instance, the yellow box
represents 1 row and 3 columns.

The lattice structures that are discussed above are in collapsed state but these structures
can also be designed in expanded state as shown in Figure 3.3. All the geometric parameters

are the same except the re-entrant sinusoidal beam is replaced by expanded beam.

29



n =3 (columns)

v

40 mm
m = 3 (rows)
A
Y
[\S]

40 mm

==

Y
2

w—

(@) (b)

Figure 3.2: Collapsed state (a) single repeat unit geometry with all the necessary dimensions
used for 3D printing (b) unit cell arranged in an array of three rows and three columns

Figure 3.3: Bistable repeat unit in expanded state (left) and unit cell arranged in an array of
three rows and three columns (right)

3.5 Experiment

The force - displacement relationships for investigating the mechanical behavior, was studied

by conducting tension and compression tests in an Instron 5565 with a 1 kN load cell. Tests
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were conducted under displacement controlled cross-head speed of 50 mm/min at room tem-

perature.

3.6 Results and Discussion

Various combination of bistable lattices were printed in collapsed and expanded configuration

whose results are presented and discussed below:

3.6.1 Bistable lattices printed in collapsed configuration

The first set of results were obtained for planar lattices printed in collapsed configuration. For
this, two sets of experiments were conducted. First set of tension and compression were per-
formed with lattices that were printed in collapsed configuration and initially subjected at col-
lapsed state. The results are shown in Figure 3.4. For 1*1 array shown in blue, there are two
local maximum and minimum which correspond to two snap-through. After both have snapped
- through in tension to the expanded state, there is rapid increase in the force required to further
expand the lattice unit. Similar result is seen for a single row with three repeat units patterned
horizontally. For a single column of three repeat units stacked on top of each other, the local
maximum and minimum of the snap-through phenomenon are not clear. This is attributed to
the rotating of the repeating units as the structure is pulled along the column direction. Finally,
for the 3*3 array, six local maximum and local minimum are clearly seen, corresponding to the
snap-through of sinusoidal beam in each layer.

Next set of tests were performed in lattice that were printed in collapsed configuration but
initially held at expanded state prior subjecting the lattice to compressive load, refer Figure
3.5. For 1*1 and 1%*3 results, we see a similar trend as discussed earlier with two clear local
maximum and minimum corresponding to the snap through of sinusoidal beams. For 3*1 array,
we do not see a clear trend of local maximum and minimum because of the rotation caused by
the repeat units along the column. For 3*3 array, there are six local maximum and minimum
corresponding to snap-through of each repeat unit both at the top and bottom of sinusoidal

beams.
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Figure 3.4: Mechanical response of bistable lattices printed and tested in collapsed configura-
tion for the lattices with number of rows and columns varying from 1*1 to 3*3
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Figure 3.5: Mechanical response of different bistable lattices printed in collapsed configuration
but tested in expanded state for the lattices with number of rows and columns varying from 1*1
to 3*3

3.6.2 Bistable lattices printed in expanded configuration

Next set of tests were performed in the lattice that were initially printed in expanded configu-
ration and placed in collapsed state prior to testing, refer Figure 3.6. Similar to the first set of

results discussed earlier, we see similar trends with 1*1 and 1*3 where the 1*3 has the higher
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force required to initiate the snap-through due to the three repeat units. For 3*1, the local max-
imum and local minimum are more clear compared to the previous results. For 3*3, the peaks

for each of the sinusoidal beam snap-through is slightly different.
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Figure 3.6: Mechanical response of different bistable lattices printed in expanded configuration
and tested in collapsed state for the lattices with number of rows and columns varying from 1*1
to 3*3

The last permutation for the test was performed on lattices printed in expanded configu-
ration and subjected to expanded state prior to testing, refer Figure 3.7. We see similar trend
as on the Figure 3.6 where 1*1 and 1*3 have very similar local maximum and minimum. The
results for 3*1 still has unclear local maximum and minimum because of the rotation of the
repeat units along the column. Also, the magnitude of snapping force for 3*3 varies as the

snapping progresses.

3.7 Conclusion

We experimentally investigated bistable lattice structures. Lattice structures were fabricated
using additive manufacturing. We used TPU which enabled flexible bistable structures. The
lattices were subjected to compressive and tensile mechanical displacements under displace-

ment control.
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Figure 3.7: Mechanical response of different bistable lattices printed and tested in expanded
configuration for the lattices with number of rows and columns varying from 1*1 to 3*3

The bistable structures exhibited non-linear mechanical response. Force-displacement re-
lationships indicate dependence on number of repeat units, printed configuration and initial
state. All the lattice structures exhibited clear bistable behavior except for a column of 3*1
because of the rotation of the repeat units. These tests and results motivated us to look at the
more complex geometries of the multistable structures like cylinders which is discussed in the

next chapter.
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Chapter 4

Multistable Cylindrical Metamaterial

This chapter was originally published in International Journal of Mechanical Sciences [64].

4.1 Abstract

Mechancial metamaterials comprising bistable unit cells utilize a sinusoidal beam to enable
significant deformation between stable states, which is associated with energy absorption. A
stack of similar bistable unit cells, i.e., multistable metamaterials, will snap to a second sta-
ble state in a seemingly random sequence that is influenced by minute variations in manu-
facturing. However, it is desirable to tailor the energy absorbed and the snapping sequence
to obtain predictable geometric reconfiguration in multistable cylindrical metamaterials. AM
processes, such as FDM, are able to produce these structures with flexible filaments, such as
TPU, to enable flexible, multistable cylindrical structures. In this study, we investigated exper-
imentally and computationally the mechanical behavior and controlled snapping sequence of
bistable lattices incorporated into cylindrical shells. Individual layers are printed using FDM
and assembled into a cylinder. Experimental and computational results for uniaxial tension and
compression tests, applied along the length of the cylinder, are used to evaluate the non-linear
mechanical behavior and quantify energy absorption of the system during both loading (ten-
sion) and unloading (compression). It was shown that energy absorption during loading was
always greater than unloading and increased with an increasing number of layers. The energy
absorbed by individual layer was approximately 1.25 J in loading and 0.52 J in unloading for
a layer with sinusoidal beam thickness of 1.5 mm. The direction dependence of the energy ab-

sorption is attributed to the printed configuration of the lattices. Individual layers can be stacked
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to tailor the amount of energy absorption. In addition, the energy absorbed and the snapping
sequence of the multistable cylinder could be controlled by changing the thickness of the si-
nusoidal beams in each layer. The variation of energy absorbed is strongly influenced by the
thickness of the sinusoidal beam. By increasing the beam thickness from 1 mm to 2 mm, energy
absorption increased by approximately a factor of three. Beam thickness accurately controlled
the snap-through behavior in experimental samples, but the computational model experienced
re-distribution of strain and snap-close forces that cause less predictable snap-through behavior
in unloading (compression). The design, analysis and control of snapping sequence of cylindri-
cal shells with multistable states provides new opportunities in practical application of control

of elastic waves, energy absorption and reconfigurable structures.

4.2 Introduction

Mechanical metamaterials are engineered structures with properties not found in naturally oc-
curring materials. These materials acquire their unique properties from structure rather than
the composition of their internal constituents [8—10]. Structures with regular repeat units pos-
sesses desirable properties such as high energy absorption [11-15], vibration isolation [16-18],
shock absorption [19, 20], highly sensitive sensors [21-23] and seismic wave protection [24].
Further, the geometry of the unit cell can be designed to obtain unconventional properties such
as bistability [25, 26], negative Poisson’s ratio [27-29], negative compressibility [8, 30] and
extremely lightweight with high stiffness [31]. Bistable metamaterials possess domains of neg-
ative stiffness, offer high energy absorption, and are able to undergo significant changes in
shape without plastic deformation. These properties make bistable structures a suitable alter-
nate for traditional energy absorption structures, which perform their function only once and
are not reusable [26, 92]. Previous studies have focused on planar bistable lattice structures,
but advances in additive manufacturing [93, 94] have lead to the incorporation of bistable unit

cells into non-planar structures, such as multistable cylindrical shells [95-100].
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Bistable structures incorporate mechanical instabilities, such as buckling or snap-through,
to transition the structure to its second stable state. Mechanical instabilities enable energy ab-
sorption by imparting the structure with domains of negative stiffness, i.e., the structure contin-
ues to deform under decreasing force. Negative stiffness is achieved when beams are subjected
to loading such as compression and bending [101]. One such structure that demonstrates bista-
bility is the doubly curved sinusoidal beam constrained at both ends. Sinusoidal beams enable
bistable behavior without the use of latches, hinges, or residual stress [25]. Qui et al. [25]
investigated the buckling behavior of sinusoidal beams for application in microelectromechan-
ical systems (MEMS) components such as relays, valves, clips, threshold switches and memory
cells. Analytical results indicated that bistability requires a critical ratio of beam amplitude to
thickness, termed the geometric parameter, Q. The resulting structures were stable in two con-
figurations and thus did not rely on hinges or latches. Further studies proposed quantitative ana-
lytical and theoretical models aimed at tailoring the snap-through behavior of the curved beams
using an array of bistable lattice structures [26, 102—-104]. For instance, Phase Transforming
Cellular Structures (PTCS) comprise compliant planar bistable or metastable mechanisms that
enable the structures to switch between multiple stable configurations [26, 63, 105], and Shan
et.al [63] designed a reusable material with controlled trapping of elastic energy which pos-
sessed bistable elements. In all of the PTCSs, transition from one stable phase to another stable
phase is achieved via deformation of the bistable elements which exhibit negative stiffness
during snap-through [26].

Bistable lattices in one-, two-, and three- dimensions were studied analytically and ex-
perimentally in terms of mechanical response [26], thermal behavior [106], dynamic behavior
[103], wave propagation [107], deformation sequence [108], magnetic multistable metamate-
rial [109], rotational multistability [110], and morphing applications [111]. Previous studies
investigated the effects of small geometric variations [108], Young’s Modulus variation [112],
temperature dependence [106], and fiber reinforcement [113] on snapping of planar bistable lat-
tice structures. Recently, theoretical and analytical analysis of cylindrical structure with multi-
stable states has been performed to propose the criteria for bi-stability of cylindrical layers [95].

These authors fabricated multistable cylindrical shells and showed that the force—displacement
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response under sequential loading and unloading formed a hysteresis loop, which indicated the
structure was able to absorb and dissipate energy. Scholars also investigated the influence of
the number of unit cells in each layer and the unit cell geometric parameter, Q (introduced
earlier), on the mechanical response for a single layer for planar and cylindrical metamaterials
[96]. However, the sequence in which individual layers of the multistable cylindrical shells
deform, which we will call guided snap-through behavior, has not been investigated. Further,
the influence of number of layers and changing beam thickness to tailor the energy absorption
of cylindrical shell metamaterials has not been investigated. Such development is thus the fo-
cus of the current investigation, where the novel contribution lies in the determination of the
controlled energy absorption and snapping sequence which is desirable in several applications
such as control of propagation of elastic waves [114—-117] and deployable and morphing struc-
tures [118—123]. Cylindrical structures have numerous applications in mechanical engineering,
including from morphing skins in airspace industry [124, 125]. In addition, the incorpora-
tion of bistable structures into cylindrical shells can be used in heat redistributing tubes in air
conditioning and bio-medicine such as stents, and catheters [125].

In this study, we investigate the effects of varying the number of layers and thickness of
the sinusoidal beams on the energy absorption and snapping/deformation sequence of a multi-
stable, cylindrical shell. Two types of multistable cylindrical layers were fabricated using FDM
and their mechanical behaviors and energy absorption were measured and discussed. Finally,
the thickness of the bistable, sinusoidal beams in each layer was used to guide the sequence of
snap-through responses in the cylinder. Experimental results are compared to analytical and fi-
nite element models to provide additional insight into the behavior of the multistable cylinders.
This investigation contributes insight into the behavior of bistable unit cells incorporated into
the walls of cylindrical structures. We study the mechanical behavior of the cylinders in both
loading (tension) and unloading (compression) and quantify the energy absorption during de-
formation. Additionally, we investigate techniques to tailor the energy absorption and snapping

sequence of multistable cylinders.
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4.3 Materials and Methods

In this section, the mechanical response of a bistable unit cell configuration is discussed in
Section 4.3.1. This is followed by the discussion of important parameters to consider while
designing bistable structures in Section 4.3.2 The design parameters of bistable cylindrical
structures are mentioned in Section 4.3.3. The fabrication and experimental techniques are
briefly discussed in Section 4.3.4 and Section 4.3.5, respectively. The Finite Element Analysis
(FEA) methodology is explained in Section 4.3.6. Lastly, the material model is presented in

Section 4.3.7.

4.3.1 Design of Bistable unit cell

The multistable cylindrical structures presented here consists of an array of bistable unit cells.
The mechanics of planar bistable unit cells have been proposed in the previous studies [25, 26].
The shape of the curved beam as shown in Figure 4.1a can be represented by the equation

y = 2[1 — cos(%~)], where h is the amplitude of sine wave and [ is the span of the curved

beam. If we consider the vertical displacement d with the application of a concentrated force
f, the behavior of the elementary beam can be studied as shown in Figure 4.1b. As the beam
deforms from the initial stable configuration (d = 0) to second stable configuration (d = 2h)

the force-displacement curve can be divided into three regions:
» State 1: 0 < d < d;: elastic deformation until f = f,,., (positive stiffness)
 State 2: d; < d < dy: snap-through deformation until f = f,,,;, (negative stiffness)
» State 3: dy < d < d = 2h: elastic deformation (positive stiffness)
The total potential energy U has three noticeable points:
* (d=0,f =0): undeformed (stable)
* (d=h, f=0): maximum strain energy (unstable)

* (d =2h, f =0) : local minimum strain energy (stable)
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State 1 and state 3 represent stable states, wherein increased force is required to increase
displacement, i.e., the regions of positive stiffness. Reduction of the force in these states results
in the sample returning to a stable configuration. State 2 represents the transition of the bistable
mechanism between stable State 1 and stable State 3, which is indicated by a region of negative
stiffness. As the transition state, State 2 has the highest strain potential energy and a state
transformation point at d = h. At this point, the structure is most unstable, and release of the

structure will result in immediate switching to stable State 1 or stable State 3.
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Figure 4.1: Mechanical response of a curved beam (a) Curved beam with span 1, thickness
t, applied force f and its three different states after the application of transverse force f. The
structure is stable in State 1 and State 3. The beam takes on an unstable, buckled configuration
in State 2. (b) Force-displacement and potential energy-displacement response for a bistable
beam in three different states.

4.3.2 Relation between F and Q

The snap-through of the bistable beam enables the unit cell to absorb energy without undergo-
ing plastic deformation. When the two ends of the beam segment are constrained, the transverse
(vertical) displacement of the center of a curved beam is related to the transverse (vertical) force
applied to the center of a beam for the three modes, refer to Figure 4.2a, respectively, are as

follows [25]:
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where F; and A are normalized force and normalized displacement variables, respectively. The
normalized variables are related to the applied transverse force f and transverse displacement

d as follows:

_ AP _d _

where F and I are the modulus of elasticity of the cell wall and second-area moment of inertia,
respectively. The important parameter here to obtain bistability from snap-through is ) which
is the ratio of the amplitude of the sine wave / to thickness of curved part of beam ¢. Figure 4.2b
shows a plot of equations 4.1, 4.2 and 4.3. F; and Fj are straight lines with a negative slope
that do not depend on Q whereas F; depends on Q. In this plot, bistability is realized when
F; < 0 for normalized displacement A > 1. When () < 2.31 the planar beam has just one
stable state, and when () > 2.31 the planar beam has two stable states with a region of negative
stiffness from approximately 0.5 < A < 1.5. In realistic tests of bistable structures, the force
displacement curve will transition between F, F5, and Fj, depending on the current mode
shape. For instance, at Q=10.08, the relationship between normalized force and displacement
starts from A = ( and follows the F} curve. Depending on the buckling mode, refer to Figure
4.2a, it switches to either the F, curve (second mode) or the F3 curve (third mode, which is
equivalent to shape during State 3, Figure 4.1a), both of which have a negative slope. The curve
then rejoins F; curve before reaching the second stable state at A = 2. The values of Q chosen
for the present study vary from 7.56 to 15.12, all of which exhibit bistability [95]. The peak and
bottom forces, when the second mode is constrained, are approximated by the dimensionalized

forces:[25]:

EIh EIh
f3(peak) ~ 87]-4[_37 f3(b0ttom) ~ 47T4l_3 (45)
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Figure 4.2: (a) Three buckling modes of a curved beam constrained at both ends. Mode 2 and
Mode 3 are possible mode shapes during the unstable State 2. (b) Normalized force versus
normalized displacement for three different modes. F5 and Fj are straight lines with a negative
slope that do not depend on Q. Bistability is attained at Q=2.31, shown for reference.

4.3.3 Design of Cylindrical Bistable Structures

The design of our bistable structure is inspired by previous studies, which used planar arrays

of bistable cells [26, 91, 108]. The bistable unit cells in each cylindrical layer were designed

Print direction
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P P projected unit cells
Type 2 (bottom) Type 2 (bottom)
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Figure 4.3: Geometries of basic unit cells for Type 1 (top) and Type 2 (bottom) multistable
cylinders. (a) Dimensions of planar unit cells (units in mm). (b) Unit cells projected onto a
cylinder with a radius of 74.2 mm and extruded 12.7 mm outward to obtain a cylinder with an
outer radius, R = 86.69 mm. (c) Arrays of six unit cells patterned around the cylinder. The
orientation of the structure during 3D printing is indicated by the arrow in the upper right-hand
corner.
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Figure 4.4: (a) Cylinder comprising six Type 1 layers (1-6) with outer radius R, and height H.
(b) Cylinder comprising three Type 2 layers (1-3) with same radius R and height H as in (a).

in the closed, or collapsed, configuration as shown in Figures 4.3 and 4.4. Dimensions for the
printed structures were selected based on the minimum print resolution and maximum build
volume of typical FDM printer. Thicker vertical stems aid in replicating the fixed constraints at
the ends of the beams and partially restricts the second (asymmetric) buckling mode. Further,
higher Q values (h/t) ensure clear bistable behavior and have remained largely unstudied in the
literature. Sketches of the basic bistable unit cells are shown in Figure 4.3a, where ¢ is the
thickness of the sinusoidal beam which is taken initially as ¢ = 1.50 mm for all layers while
investigating the mechanical behavior and energy absorption. Additional layers were modeled
in which the thickness was varied from 1 mm to 2 mm, with an increment of 0.2 mm, to study
the effects of beam thickness on the guided snapping sequence behavior. The wave amplitude is
h = 15.12 mm and the span of the beam is [ = 77.48 mm for all geometries. The unit cell with
these dimensions was sketched in the 2D plane and projected onto a cylinder with a radius of
74.2 mm, and extruded radially outward by 12.7 mm. The fabricated cylindrical shells therefore
have an in inner radius of 74.2 mm and an outer radius (R) of 86.69 mm . The overall dimension
of Type 1 unit cell (with one row of snapping elements) was 77.48 x 41.78 x 12.70 mm. This

parent unit cell was reflected vertically, as shown in Figure 4.3, bottom, to create the Type 2
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unit cell. Thus the height of Type 2 unit cell (with two rows of snapping elements) was twice
that of the Type 1 unit cell. The overall dimension of Type 2 unit cell was 77.48 x 83.56 x 12.70
mm. These two types of unit cells were patterned as an array of six unit cells around a cylinder
which formed radius (R) of 86.69 mm as shown in Figure 4.3c. Individual layers were stacked
to form the full cylinder as shown in Figure 4.4. The overall height, /7, of both Type 1 and
Type 2 cylinder after stacking was kept same with a value of 250.68 mm. For the same height,
H, of both types of cylinders, there are six individual Type 1 layers, labeled as 1-6, or three

Type 2 layers, labeled as 1-3, as shown in Figure 4.4.

4.3.4 Fabrication

All the designs mentioned above were modeled in a 3D computer aided design (CAD) software
and converted to a 3D Manufacturing Format (3MF) file for slicing using PrusaSlicer . The
structures were then printed with flexible TPU filament using FDM (Prusa i3MK3s) with infill
of 100%. TPU was selected for its excellent flexibility and durability, which enable the snap-
through behavior at room temperature. Six layers of Type 1 unit cells and three layers of Type 2
unit cells were printed individually, as shown in Figure 4.3c. Layers were printed individually
due to the build volume of the 3D printer and to enable a modular study of the metamaterial
cylinders. The layers were stacked to form multistable cylinders and fastened with 3.5mm
screws. Twelve screws (2 screws per unit cell and 6 unit cells per layer) were used to connect
two layers. The center-to-center distance between fasteners was 27.90 mm within each unit
cell and 54.95 mm between adjacent unit cells. Eighteen screws at an equal spacing were
used on the top and bottom to connect the layers to custom circular test plates (12 mm thick
aluminum discs). In addition, a tensile test of the material was performed on three dog-bone
specimen according to ASTM D638-14 [126], and the Young’s Modulus was obtained to be
approximately 100 MPa. The sample was subjected to 700% strain, and the modulus was

linear up to 4% strain.
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Figure 4.5: Test setup showing the testing machine Instron 5565 with a 1 kN load cell, camera
setup, specimen, and the customized test fixture. The custom test fixture consists of 12 mm
thick aluminum plates with 12 mm diameter aluminum rods for mounting to the tensile tester.

4.3.5 Experiment

The force - displacement relationships for investigating the mechanical behavior, energy ab-
sorption and guided snapping sequence was studied by conducting loading (tension) and un-
loading (compression) tests with a customized test fixture, shown in Figure 4.5. The test fixture
was installed in an Instron 5565 with a 1 kN load cell. Tests were conducted under displace-
ment control at a cross-head speed of 50 mm/min at room temperature. The bistable cylindrical
structures were subjected to loading until fully stretched and then compressed back to the col-
lapsed state. Herein, the printed configuration will be referred to as collapsed state and the fully

stretched state will be referred as expanded state.

4.3.6 Finite Element Analysis Methodology

The experimental analysis was complemented by a three-dimensional finite element analysis
to obtain additional insight into the mechanical behavior of the bistable structures. A dynamic,
implicit computational algorithm was used. Dimensions for the finite element model were
the same as the models used experimentally to print Type 1 cylinders. The geometries were
meshed with tetrahedral elements, and a linear elastic material model with stiffness proportional

damping was applied.
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Representative finite element models are shown in Figure 4.6. Figure 4.6a shows an iso-
metric view of a single layer, Type 1 cylinder with beam thickness t = 1.5 mm. Figure 4.6b
shows an isometric view of a six-layer Type 1 cylinder in which all sinusoidal beam thicknesses
are t = 1.5 mm. Boundary conditions for the model are shown in Figure 4.6c. The bottom of
each cylinder was pinned to prevent translation, and the top of each cylinder was constrained
from motion in the transverse directions. An axial displacement boundary condition was ap-
plied to the top of each model in two steps. In step 1, the cylinder was fully extended, and
in step 2 the cylinder was returned to its original shape. Throughout this process, the axial
reaction forces and the axial displacement at the top of the cylinder were recorded. Separately,
the model was analyzed with an additional step between loading and unloading to show that

the geometry was bistable after full extension.

O B

(a) Single Layer

B B BB

(b) Uniform Cylinder (c) FEA Boundary Conditions

Figure 4.6: Depiction of finite element models. (a) Single layer Type 1 cylinder with sinusoidal
beam thickness of t = 1.5 mm. (b) Six-layer Type 1 cylinder with uniform sinusoidal beam
thickness of t = 1.5 mm. (c) Depiction of boundary conditions applied to six-layer cylinder.
The bottom is pinned in place and the top displaces axially by a prescribed amount, §. The
meshes in all three images were determined by a mesh convergence analysis.

4.3.6.1 Mesh Convergence Analysis for FEA

A mesh convergence analysis was performed on a single, Type 1 layer with beam thickness of
1.5 mm. The global mesh seed was varied to obtain meshes with 1598 (coarse), 3130 (medium),
10597 (medium-fine) and 15054 (fine) elements. Force-displacement results for the various
meshes are shown in Figure 4.7. Significant differences in the results are observed as the mesh

is refined from coarse to medium-fine. As the mesh is refined from medium-fine to fine, the
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changes in the force-displacement curves are less significant. To further evaluate the mesh
convergence, the maximum force required to initiate snap-through and the energy absorbed
during tension and compression were determined, as shown in Figure 4.8. Significant variation
in these parameters is observed from the coarse to medium-fine meshes, and a less significant
variation is observed as the mesh is refined to the fine mesh. Therefore, the global mesh seed
required for the fine mesh is applied to all models.
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Figure 4.7: Mesh convergence analysis for a single Type 1 layer with beam thickness of 1.5
mm.
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Figure 4.8: Mesh convergence analysis based on maximum force to initiate snap-through (left)
and energy absorption (right). The results are for a single Type 1 layer with beam thickness of
1.5 mm.

4.377 Material Model

A linear elastic material model with stiffness proportional damping was utilized for FEA. The
material modulus, £ = 100 MPa, was determined by performing uniaxial tensile tests as de-

scribed in the experimental section. In addition, the material used to fabricate the metamaterials
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was evaluated using differential scanning calorimetry (DSC) and dynamic mechanical analysis
(DMA) to characterize the thermomechanical properties.

DSC experiments were conducted using a TA Instruments DSC 25 and utilized a heat-
cool-heat sequence between 0°C and 100°C. The results are shown in Figure 4.9. An apparent
glass-transition is observed at approximately 55.5°C during the second heating cycle, which
is well above the room temperature at which mechanical tests of the metamaterials were per-

formed. Thus, we do not anticipate significant viscoelastic effects.
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Figure 4.9: Thermogram from differential scanning calorimetry of TPU filament. There is an
apparent Tg at 55.5°C during the second heat.

Two DMA experiments were conducted using a TA Instruments DHR-20 with DMA mode
using a torsion test fixture to further evaluate any viscoelastic behavior of the material. In the
first test, the sample was subjected to a frequency sweep from 0.001 — 100 rad/s at 26°C. The
results are plotted in Figure 4.10. These results indicate that the loss modulus, i.e., the damp-
ing portion, scales with the storage modulus, i.e., the elastic portion. The average ratio of the
loss modulus to the storage modulus is calculated to be 5 = 0.164, which is taken to be the
stiffness proportional damping coefficient used in the computational model. The second DMA
experiment was a relaxation test. In this test, the sample is subjected to an initial strain at
room temperature, and the stress output is recorded as a function of time. From this, the relax-
ation modulus is calculated, and the results are shown in Figure 4.11. It is observed that for a
timescale from approximately 1072 seconds to 5x10? seconds that the modulus remains largely
unchanged, although there is a slight decrease throughout the duration of the experiment. The

total time for mechanical tests of the cylindrical structures in the Instron was ~500 seconds,
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and during this time the load in the structure varies constantly. Based on the DMA and DSC
results, it is assumed that the material is not viscoelastic, but instead it has some viscous damp-
ing behavior in which the damping is proportional to the stiffness of the material. This viscous
damping is attributed to a block copolymer structure in the TPU in which the soft phase has a
T, significantly below room temperature and the hard phase has a T, of approximately 55°C.
At room temperature, the soft phase imparts viscous damping to the structure.
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Figure 4.10: Dynamic mechanical analysis (DMA) results for a frequency sweep at 26°C.
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Figure 4.11: Relaxation modulus calculated from relaxation test in DMA.

4.4 Results and Discussion

In this section, results obtained from the sequential loading (tension) and unloading (compres-
sion) of cylinders comprising Type 1 and Type 2 layers are discussed. Section 4.4.1 discusses
the force - displacement behavior for a varying number of Type 1 and Type 2 layers with con-
stant thickness (1.5 mm) of sinusoidal beam in every layer. Section 4.4.2 analyzes the force

- displacement results for energy absorption capacity of the bistable cylindrical structures. It
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also discusses the programmability of energy absorption capacity of these structures. In Sec-
tion 4.4.3, the effects on snapping sequence of varying the thickness of the sinusoidal beams
between layers is discussed. Results from the Finite Element Analysis (FEA) are discussed in

Section 4.4 4.

4.4.1 Mechanical behavior of Type 1 and Type 2 layers

We first investigated the effects of the number of bistable layers and the type of unit cell used
to assemble the cylinders using six Type 1 layers or three Type 2 layers, fabricated separately.
The geometric parameters for each unit cell remained constant (! = 77.48 mm, h = 15.05
mm, ¢t = 1.50 mm, and () = 10.08). Recall, the only difference between the two unit cells
is that the height of Type 2 layer (with two sinusoidal beam layers) was twice the height of
Type 1 (with one sinusoidal beam layer). The force - displacement curve obtained for single
Type 1 and Type 2 cylinder layers are shown in Figure 4.13. Each curve is the representative of
nine tests performed on the same structure. It is seen that the loading (tension) and unloading
(compression) curves do not coincide irrespective of the type of layer. Tests were conducted for
a total of 6 Type 1 layers and 3 Type 2 layers. Although this number of specimens represents
the total number of layers tested, the assembled structures were each tested in loading (tension)
and unloading (compression) a total of 9 times. We also note that the snapping sequence does
not follow the same order for each loading and unloading cycle. When the cyclic loading is
applied to a single layer consisting of Type 1 unit cells, all of six unit cells around the perimeter
of the layer snap at the same time which creates one local maximum and one local minimum
force point. Similarly, for an individual Type 2 layer, one half of the layer, i.e., one sinusoidal
beam around the cylinder, snaps first, and then the remaining half deforms creating two local
maximum and two local minimum force points during loading and unloading. Up to six Type
1 layers or three Type 2 layers (see Figure 4.14) were assembled into cylinders and tested in a
similar fashion. The number of peaks and valleys in the force - displacement curves increased
with an increasing number of layers. Cylinders comprising Type 1 layers had a number of
local maxima and minima forces that corresponded to the number of layers. Type 2 cylinders

had twice as many local maxima and minima as the number of layers due to the presence of
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two sinusoidal beams within a single Type 2 layer. All cylinders demonstrated a bistable state
between snap-through responses.

We observed that the progression of snapping from one layer to another was random when
the unit cells in all layers were identical for both Type 1 and Type 2 cylinders. Pictures of a six-
layer, Type 1 cylinder with uniform beam thickness of £ = 1.5 mm are provided in Figure 4.12.
In the Type 2 cylinders, there was no sequential snap-through within the two snapping segments
of an individual Type 2 layer. In other words, one-half of a layer might snap-through, followed
by snap-through of one-half of a different layer. It was observed that the number of snap-
through responses depended on the number of layers in the cylinder, but the local maximum
and minimum forces were not affected by the number of layers or type of unit cell (Type 1 or
Type 2). For cylinders comprising 1 to 6 layers of the Type 1 unit cell, the peak and bottom
forces in loading (tension) and unloading (compression) varied from 51 to 68 N and -8 to -15 N,
respectively, with an average of 63 N and -12 N. For cylinders comprising 1 to 3 layers of the
Type 2 unit cell, the peak and bottom forces in loading (tension) and unloading (compression)
varied from 56 to 73 N and -5 to -18 N, respectively, with an average of 63 N and -15 N.
The small variations in the local maximum tension and minimum compression forces during
loading and unloading is attributed to repeated use of same structure which might introduce
residual stress and variations in 3D printing process [26, 127]. Additionally, our use of screws
to assemble individual layers may have had a small influence on local maximum and minimum
forces. Experimentally, it was observed that the vertical stem in the midspan of the sinusoidal
beam tended to constrain the rotation of midspan [128], resulting in a mode shape that more
closely resembled that of Mode 3. The magnitude of the expected peak and bottom forces
for planar snap-through in loading (tension) and unloading (compression) were approximately
54 N and 27 N, respectively, as obtained using the equation 4.5. The peak and bottom forces
obtained analytically using equations 4.5 are in good agreement with the experimental forces
which shows that projecting the bistable unit cell onto a cylinder has a negligible effect on
the snapping forces. Overall, the mechanical behavior in terms of force and displacement was
similar for Type 1 and Type 2 cylindrical layers which had the same value of parameter (Q) and

height (h) of 10.08 and 250.68 mm respectively, as evidenced by Figure 4.14. This suggests
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that multiple Type 1 layers could be used to estimate the behavior of Type 2 layered structures.
Meanwhile, the snap-through process for the structure used here with () = 10.08 is smooth
when compared to the experimental results obtained for () = 3to Q = 6 [95] and Q) = 7.5
[96]. This is attributed to the higher Q value, which leads to a more distinct snap-through
behavior, and an increased thickness in the stiffening portions of the unit cell (horizontal and
vertical walls).
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Figure 4.12: Experimental pictures for random snapping sequence when the thickness of sinu-
soidal beam in all the layers is uniform (1.5 mm).

4.4.2 Energy Absorption of Bistable Cylinders

Next, we evaluated the energy absorption of cylinders comprising one to six Type 1 layers.
Only the Type 1 unit cell was considered due to the similarities between the force-displacement
curves for the Type 1 and Type 2 cylinders. When Type 1 layers were subjected to sequential
loading (tension) and unloading (compression) loading, the loading and unloading curves did
not coincide, which resulted in a hysteresis region as evidenced in Figures 4.13 and 4.14. This
indicates that these structures are capable of energy absorption. The area under each loading or
unloading curve provides a quantitative measure of the energy absorbed by the structure. These
parameters are shown schematically in Figure 4.15a. For comparison of energy absorption
during loading (tension) and unloading (compression), we separately extracted the data from

the collapsed state to the fully expanded state and the fully expanded state to the collapsed
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Figure 4.13: Force-displacement curves for single layer of (a) Type 1 (green) (b) Type 2 layer
(dark red) cylinders. Solid lines show loading (tension) and dashed shows unloading (compres-
sion) curves for Type 1 and Type 2 layers.
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Figure 4.14: Comparison of force-displacement curves for Type 1 and Type 2 cylindrical layers
with same height and radius. Type 1 consists of six layers and Type 2 consists of three layers.

state. The amount of energy absorbed was calculated by numerically integrating the force
with respect to displacement. Trapezoidal integration was performed on the experimental data
whose results are presented in Figure 4.15b.

The energy absorption of cylinders made of one to six Type 1 layers is plotted in Figure
4.15b. Itis observed that the energy absorption in loading (tension) is always greater than in un-
loading (compression) irrespective of the number of layers. For instance, the energy absorbed
by individual layer with 1.5 mm thickness of sinusoidal beam is 1.25 J in loading and 0.52 J in
unloading. We attribute this difference to fabrication of the lattice in the collapsed state, such
that this state has zero residual strain energy. When the structures were subjected to loading
in tension, the finite thickness of the sinusoidal beam resisted deformation. To overcome this

resistance to deformation and snap to another stable state, there was an increase in peak forces
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thereby increasing the area under force - displacement curve. In the second stable state, there
was residual strain stored in the sinusoidal beam. Upon unloading, the structure transitioned
from a higher energy, deformed state to a lower energy collapsed state, which was attained with
lower compressive forces. This resulted in lower area under the force - displacement curve and
reduced energy absorption during unloading. The energy absorption results from the energy
barrier that must be overcome when transitioning between stable states (Figure 1b). The en-
ergy barrier results from the high Q value of the fabricated structures. Preliminary DSC and
DMA results (see Figure 4.9 and Figures 4.10 - 4.11 respectively) indicate that 7, is not within
+ 20°C of room temperature. Thus, viscoelasticity is not expected to have a significant im-
pact on energy absorption. However, as evidenced by the storage and loss modulus for a room
temperature frequency sweep presented in Figure 4.10, there is a significant amount of viscous
damping in the polymer at room temperature ((G”(w)/G’'(w))awy = 0.164). TPU is a block
copolymer, and the data suggests that the blocks are immiscible for our material. Thus, viscous
motion of soft segments (7, less than room temperature) leads to enhanced damping during
snap-through at room temperature. It is also observed that there is a steeper linear increase
in energy absorption capacity in loading compared to unloading as the number of layers was
increased, Figure 4.15b. When the number of layers was increased, with the dimensions of all
layers being identical, every layer progresses simultaneously toward snap-through, but just one
layer snapped through at a time. As an individual layer transitioned to its second stable state,
the axial forces in the remaining layers was relieved. During the experiments, we observed
slight separation between individual layers, which may contribute to an increase in energy ab-
sorption. As a result, energy absorption in a six layer cylinder in loading is slightly higher than
6x the energy absorption for a single layer. Conversely, energy absorption during unloading
in compression has a steady increasing trend because there is less influence of interfaces as the
layers are compressed together, which reduces the gap between the layers.

The energy absorbed during loading and unloading can also be tuned by varying the thick-
ness of the sinusoidal beam with all other geometric parameters constant. To demonstrate
this, six Type 1 layers were printed with different sinusoidal beam thicknesses, ranging from

1.00 < ¢t < 2.00 mm, with an interval of 0.2 mm. The individual layers were mechanically

54



oo

Il Loading [ Unloading

e (o2}

Energy Absorption (J)
N

o

1 2 3 4 5 6
Number of Layers

(a) (b)

Figure 4.15: (a) Schematic representation of area under cyclic loading obtained by Trapezoidal
integration. The energy absorbed during loading is represented by the green area, during un-
loading is represented by the red area, during sequential loading and unloading. (b) Energy
absorption during loading (tension) and unloading (compression) for varying number of Type
1 layers.

tested in loading (tension) and unloading (compression). The results are shown in Figure 4.16.
This plot compares the energy absorption capacity of single layers, tested individually from the
fully collapsed state to fully extended state and vice versa. As the beam thickness increases, so
does the stiffness of the layer and the peak force required to switch between stable states. This
becomes more significant for higher sinusoidal beam thicknesses, which in turn increases the
energy absorption during loading (tension). For unloading (compression), there is just a slight
increasing trend in energy absorption compared to loading. These characteristics of varying
sinusoidal beam thickness helps to control the energy absorption in the individual layers. For
instance, a single layer with ¢ = 2.00 mm (Figure 4.16) absorbs a similar amount of energy as

two Type 1 layers with a beam thickness of ¢ = 1.5 mm (Figure 4.15).

4.4.3 Effects of sinusoidal beam thickness on snap-through sequence

Our final set of experiments considered the effects of varying the thickness (t) of the sinusoidal
beam between layers to control the snapping sequence in a six-layer cylinder. Although the

thickness varies from layer-to-layer, it is constant within each layer. As a demonstration, the
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Figure 4.16: Energy absorption of individual layers during loading and unloading with thick-
ness of sinusoidal beam ranging from 1 mm to 2 mm at an interval of 0.2 mm.

individual layers tested for Figure 4.16 were assembled in non-sequential order of beam thick-
ness such that tg > t5 > t3 >ty > t, > t1, as shown in Figure 4.17a. The subscript represents
the layer number starting from the bottom. By changing the thickness of the sinusoidal beam,
each layer had a different Q value (Figure 4.2b), beam stiffness, and force - displacement be-
havior.
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Figure 4.17: (a) Six Type 1 cylindrical layers with varying thickness were assembled in non-
sequential order. (b) Snapshots showing the snapping sequence of the multistable cylinder
when subjected to cyclic loading. The top row shows the loading (expansion) process in tension
with a guided snapping of layers. The bottom row shows the guided collapse of layers in
unloading (compression). Red arrows and white text boxes indicate which layer snaps-through
in each image.

When subjected to loading (tension) and unloading (compression), the sequence of snap-

through responses is shown in Figure 4.17b, wherein the red arrows and the inset white text
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boxes indicate the snapping layer in each image. When load was applied starting from the
undeformed (collapsed) state for the assembled cylinder, the least stiff layer, ¢;, which was the
first layer from bottom, snapped first. Once this layer had deformed fully, the snapping was
initiated in other layers in order of increasing beam thickness. This corresponded to a higher
local maximum force with increasing beam thickness. Upon unloading, the beam with lowest
stiffness layer, ¢1, snapped first, followed by other layers in order of increasing beam thickness.
The video of the snapping is provided in the online version of this article [64].

The force - displacement curve for the loading and unloading of layers with varying thick-
ness is shown in Figure 4.18a. The six local maximum and minimum forces in this plot cor-
respond to the snapping of six layers of the Type 1 cylinder. The amplitude of the force -
displacement curves (Figure 4.18a) during unloading (compression) appears smaller than dur-
ing loading (tension), which occurs due to difference in stiffness between layers. The least
stiff beam, t = 1.00 mm, had peak force values of 45.3 N (local maximum) and 4.1 N (local
minimum) in loading and unloading respectively. Conversely, the stiffest beam, t = 2.00 mm,
had peak force values of 145.2 N and -48 N. Between these values, the local maximum forces
differ in magnitude in an increasing order, which indicates that the stiffness guides the snapping

sequence.
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Figure 4.18: (a) Force - displacement curve for the Type 1 cylinder with layers of varying
thickness. The sequence of snapping occurs in order from the least thick beam layer to the
thickest. (b) Magnitude of difference between local maximum and minimum forces (AF)
along the region of negative stiffness region plotted against the number of snap-through.

Figure 4.18b shows the magnitude of the difference, AF', between the local maximum

and minimum forces in the negative stiffness region during each snap-through for the six Type
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1 layers in Figure 4.18a. It is seen that by varying beam thickness, the AF increases with
each progressive snap-through, as expected. The value of AF in the negative stiffness regions
during loading increases from 20 N to 95.2 N, while the snapping progresses sequentially
from beam thickness of 1.00 mm to 2.00 mm. For unloading, AF' changes from 17.2 N to
79.1 N, as the compressive snap-through progresses from the layer with t = 1.00 mm to the
layer with t = 2.00 mm. For a cylinder in which each layer has matching dimensions, the
magnitude for A F' during loading and unloading (Figure 4.14) are nearly constant, as evidenced
by the plot shown in Figure 4.18b. We observe in all four curves in Figure 4.18b that the
difference in local maximum and minimum forces at every point during loading is greater
than during unloading. This strongly supports the argument that was made earlier why energy
absorption during loading (tension) is always greater than unloading (compression) due to the

initial printed configuration.

4.4.4 Finite Element Analysis (FEA) Results

In this section, the FEA results are presented and discussed. Section 4.4.4.1 discusses the
computational force-displacement results obtained for a single layer, uniform thickness cylin-
der and varying thickness cylinder to obtain controlled snapping sequence. It also compares
the computational and the experimental results. Section 4.4.4.2 quantifies the energy absorp-
tion obtained computationally. It also discuses the programmability of energy absorption by

varying beam thicknesses and the number of layers.

4.4.4.1 FEA Force-Displacement Results

Three Type 1 geometries were converted to finite element models. These models included a
single layer with sinusoidal beam thickness of ¢ = 1.5 mm, a six-layer cylinder in which the
sinusoidal beam thickness in each layer was ¢ = 1.5 mm, and a six-layer cylinder matching the
configuration shown in Figure 4.17a. The six-layer cylinders were modeled as a single piece,
rather than having discontinuities at the layer interfaces to evaluate any differences between
a single piece structure versus the assembled experimental specimens. As shown in Figure

4.21, it is observed that the stresses in the computational models are localized to the sinusoidal
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beams, which experience significant deformation throughout the extension and compression
cycle. Additionally, it is observed that a residual stress is present after snapping through from
the initial state to the second stable state. Images showing the deformed computational models
can be found in Figure 4.19 and Figure 4.20. For the six-layer cylinder with uniform beam
thickness, it was observed that the snap-through response occurs first in the central layers of the
cylinder, with the top and bottom layers snapping through last. For the six-layer cylinder with
varying beam thickness, it is seen that beam thickness determines the snap-through sequence
during loading, and the order matches the experimental results (i.e., the snapping sequence is 1-
4-2-3-5-6). However, during unloading, the snapping sequence progresses from bottom to top
and is affected by the peak forces required to initiate snap-through and interactions between

layers as discussed later.
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Figure 4.19: Computational images for random snapping sequence when the thickness of sinu-
soidal beam is uniform (1.5 mm).

Force displacement results from the finite element analysis of a single layer are shown in
Figure 4.22. The FEA results (solid lines) are overlaid with the experimental results (dashed
lines). It is seen that the computational model slightly overpredicts the peak force required to
initiate snap-through. This mismatch results from an overshoot of the force as snap-through
begins. Between the local maximum and minimum forces, the loading and unloading curves
nearly coincide, which does not agree with the experimental results. This disagreement may

result from the material model.
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Figure 4.20: Computational images for controlled snapping sequence when the thickness of
sinusoidal beam varies from 1 mm to 2 mm.

von Mises Stress (Pa)

Figure 4.21: Example from FEA of a deformed Type 1 layer. Contours are for von Mises stress
with units in Pa. The inset shows a closeup of the stress contours on the deformed structure.
Even though the structure is in its second stable state, the residual stress persists.

Results from the finite element analysis of six Type 1 layers having a uniform sinusoidal
beam thickness of 1.5 mm are shown in Figure 4.23 (snap-through sequence shown in Figure
4.19). The FEA results (solid lines) are overlaid with the experimental results (dashed lines).
It is seen that the model again slightly overpredicts the maximum and minimum forces dur-
ing both loading and unloading. During loading, the strain for snap-through gradually shifts
towards the left relative to the experimental results. During unloading, the strain for each snap-

through agrees well with the experimental results. It is also observed that the loading and
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Figure 4.22: FEA results for a single, Type 1 layer with t = 1.5 mm. Computational results

(solid lines) are overlaid with experimental results (dashed lines). The green lines are for the
loading portion and the red lines are for the unloading portion.

unloading curves do not coincide in the negative stiffness region as they did for the single layer

model.
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Figure 4.23: FEA results for a six-layer, Type 1 cylinder with t = 1.5 mm. Computational
results (solid lines) are overlaid with experimental results (dashed lines). The green lines are
for the loading portion and the red lines are for the unloading portion.

Results from the finite element analysis of six Type 1 layers wherein the sinusoidal beam
thickness varies between layers are shown in Figure 4.24 (snap-through sequence shown in
Figure 4.20 ). The configuration for this model matches the configuration in Figure 4.17a.
The FEA results (solid lines) are overlaid with the experimental results (dashed lines). In
this analysis, it was observed that the snap-through sequence during loading agreed with the
experimental result. However, during unloading, the snap-through sequence was 1-2-3-4-5-6.
Close observation of the computational model during these segments indicates that as layers

with ¢ > 1.2 mm collapse, their strain is redistributed throughout the cylinder. Because the
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force required to initiate an opening snap-through of the layer with ¢ = 1.0 mm is similar to
the contracting force of the other layers, the former tends to re-open as the other layers close.
Once again, the computational model tends to overpredict the experimental force-displacement
results, but the overall trends agree well. Unexpected spikes during the second through sixth
snap-throughs are observed during the unloading portion in Figure 4.24. Upon comparison,
these spikes coincide with jogs in the experimental results, which have been observed by other

researchers [95].
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Figure 4.24: FEA results for a six-layer, Type 1 cylinder with varying beam thickness. Com-
putational results (solid lines) are overlaid with experimental results (dashed lines). The green
lines are for the loading portion and the red lines are for the unloading portion.

4.4.4.2 FEA Energy Absorption Results

Results from the finite element analysis were used to calculate energy aborption for cylinders
with a varying number of layers having ¢ = 1.5 mm, as shown in Figure 4.25a, and for in-
dividual layers with varying thicknesses from 1 mm to 2 mm, as shown in Figure 4.25b. The
comparison of the energy absorption during loading and unloading indicates the energy absorp-
tion in loading is always greater than the energy absorption in unloading, which has also been
discussed earlier in experimental section. The energy absorption in loading is in good agree-
ment with the computational results. However, the computational results slightly overpredicts
the compressive forces, resulting in higher value for energy absorption during unloading as

compared to experimental results.
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Figure 4.25: Computational results for energy absorption during loading and unloading when
(a) varying the number of layers with t = 1.5 mm and (b) individual layers with thickness of
sinusoidal beam ranging from 1 mm to 2 mm at an interval of 0.2 mm.

4.5 Conclusion

Herein, we investigated multistable cylindrical layers consisting of bistable unit cells. Bistable
cylindrical layers were fabricated using FDM with TPU filament. This investigation contributes
insight into the behavior of bistable unit cells incorporated into the walls of cylindrical struc-
tures. We studied the mechanical behavior of the cylinders in both loading (tension) and un-
loading (compression) and quantify the energy absorption during deformation. Additionally,
we investigated techniques to tailor the energy absorption and snapping sequence of multi-
stable cylinders. Comparisons were made between analytical, experimental, and computational
results.

In the experimental studies, force - displacement curves indicated that the loading (ten-
sion) and unloading (compression) curves do not coincide. Clear snap-through responses were
seen in experimental and computational results for the cylinders. Peak forces in the experimen-
tal results agreed well with analytical models for planar bistable structures. The mechanical
responses of Type 1 (single snap-through element) and Type 2 (double snap-through element,
mirrored Type 1 unit cells) cylinders were observed to be similar with a slight discrepancy
attributed to manufacturing variations and the interface between layers. This suggests that
multiple Type 1 layers could be used to estimate the behavior of Type 2 structures. The force-
displacement curves enclose an area, which means that the bistable cylindrical layers are ca-

pable of energy absorption. The energy absorption behavior is attributed to viscous energy
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dissipation of the soft segments of the TPU block copolymer used to fabricate the cylinders.
The number of layers and thickness of the sinusoidal beam in each layer were varied to study
the mechanical response and guided snapping sequence in Type 1 and Type 2 multistable cylin-
ders.

For a multistable cylinder consisting of bistable layers, energy absorption capacity in load-
ing (tension) was always greater than in unloading (compression). This difference was more
significant with an increase in the number of layers and corresponded to the energy dissipation
capacity of these structures. For instance, with a sinusoidal beam thickness of ¢ = 1.5 mm,
the energy absorption for a single layer was 1.25 J during loading (tension) and 0.52 J during
unloading (compression), and the energy absorption for six layers was 7.84 J during loading
and 1.86 J during unloading. Energy absorption capacity can also be tuned by changing the
thickness of the sinusoidal beam in each layer with all other parameters being constant. For a
multilayer cylinder (i.e., two or more than two Type 1 layers or one or more Type 2 layers),
the transition of snap-through from one layer to another was random for the same geometric
parameters. The layer with the minimum peak force snaps-through first to the second stable
configuration and then the snap-through occurs in the rest of the layers as the displacement
progresses. The thickness of the sinusoidal beam in each layer, which changes the geometric
parameter Q of the layer, can be varied to guide the snapping sequence from one layer to an-
other and tailor the energy absorption. It was demonstrated what a layer with a ¢ = 1.0 mm thick
sinusoidal beam has an energy absorption of 0.65 J during loading and 0.42 J during unloading,
and a layer with a ¢ = 2.0 mm thick sinusoidal beam has an energy absorption of 2.08 J during
loading and 0.66 J during unloading.

Results from computational models agreed well with experimental results. The snap-
through behavior of multistable cylinders was modeled using a three-dimensional finite element
analysis using a dynamic implicit algorithm and a linear elastic material model with stiffness
proportional damping. FEA predictions of energy absorption agreed well with experimental
results in loading, but overpredicted energy absorption in unloading. In the FEA during un-
loading, it was observed that contraction forces of stiffer layers had a tendency to reopen the

least stiff layer, resulting in irregularities in the force - displacement results that are observed
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in the experimental results. The computational model also offered a comparison of the dif-
ference in mechanical behavior of the assembled experimental samples and a computationally
modeled, one-piece cylinder. The model indicated that assembling the experimental specimen
from multiple layers has a negligible effect on the bistable behavior. The determination of pro-
grammable energy absorption and guided snapping sequence in multistable cylindrical layers is
desirable in several applications such as control of propagation of elastic waves [114—117] and
deployable morphing structures [118—123]. The findings can have applications beyond cylin-
drical structures where the multistable structure must respond to tensile or compressive loads

with programmable energy absorption.
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Chapter 5

Summary and Future Work

5.1  Summary

In this thesis, negative Poisson’s ratio and bistable mechanical metamaterials were presented
and analyzed. These metamaterials were additively manufactured using FDM. Combination of
mismatched repeat units in auxetic lattice structures was analyzed which led to adjustable stiff-
ness in those structures. Similarly, planar and cylindrical bistable metamaterials were studied
to evaluate their mechanical behavior. Variation of thickness of sinusoidal beams was imple-
mented to control the snapping sequence of the cylindrical layers whereas variation of thickness
of sinusoidal beams and varying the number of layers techniques were used to program the en-
ergy absorption of bistable structures. Here is a brief chapterwise summary:

Chapter 1 laid the background of lattice structures and how humans have been trying to
imitate the natural lattice structures into various applications for improved properties such as
energy absorption, shock absorption and to reduce weight while maintaining the structural in-
tegrity. The chapter then discussed about modern technologies to manufacture these lattices.
AM techniques like Fused Deposition Modeling (FDM), which uses thermoplastic filaments,
are being used to manufacture the lattice structures because of their ability to manufacture
complex geometries. This chapter was then followed by the discussion on mechanical metama-
terials which are lattice structures with unique properties such as negative Poisson’s ratio and
bistability. Then, this chapter discussed the analytical part of bistable unit cell highlighting the
key parameter () (height to thickness ratio) in designing the bistable structures, which deter-

mines the bistability of the structures. This chapter also discussed the recent developments of

66



mechanical metamaterials. This chapter further provided information on practical use cases of
these structures in the field.

Chapter 2 highlighted auxetic metamaterials. This chapter focused on design, fabrication
and testing of various combination of traditional honeycomb and re-entrant structures. Hon-
eycomb and re-entrant honeycomb unit cells were used to tessellate for various combinations
in a 3*3 array. The structures were 3D printed using PLA in a Makerbot Replicator+. Quasi
static tests were performed on all of the lattice structures at room temperature at strain rate
of 4 mm/min. Force-displacement behavior were fairly linear in X-direction and non-linear re-
sponse in Y-direction. It was because of the fact that while loading in X direction, the ligaments
aligned to testing direction whereas while loading in Y direction, the ligaments initially rotated
followed by tension in ligaments. The study showed that the stiffness of the system can be
tuned by adding defects and changing the loading direction of the system. The graphs showed
promising results to tune the stiffness those structures.

Chapter 3 discussed the bistable planar structures. This chapter presented design and
fabrication of additively manufactured bistable planar structures using TPU. The structures
were printed in two different configurations: collapsed and expanded. They were fabricated in
different arrangements of rows and columns from 1*1 to 3*3. It was observed that the bistable
structures had a non-linear mechanical response. The force-displacement curves showed clear
local maximum and minimum points indicating the snap-through. All the lattice structures
exhibited clear bistable behavior except for a column of 3*1 because of the rotation of the
repeat units.

Chapter 4 discussed recent developments in the field of multistable structures. This chapter
progressed from the bistable planar structure in Chapter 3 to bistable cylindrical structure. This
chapter discussed the mechanical behavior of curved bistable beam. This chapter discussed the
effects of changing the geometric parameter () on the mechanical behavior. It was discussed
that bistability is achieved at () = 2.31 and beyond. The structure is monostable when the value
is less than 2.31. Type 1 and Type 2 cylindrical structures were fabricated using flexible filament
(TPU) with the same value of (). Sequential tension and compression tests were performed

at room temperature on Type 1 and Type 2 layers. It was found that the both Type 1 and
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Type 2 exhibit the same mechanical behavior and the snapping forces were in good agreement
with the analytical model. Further, the thickness of sinusoidal beams were varied between the
layers to guide the snapping sequence. It was found that the layer with the least thickness
snaps first followed by increasing thickness. Energy absorption was also computed for varying
number of layers and varying thickness. This chapter concluded that energy absorption of
these structures can be tuned with varying the number of layers and thickness of sinusoidal
beam. The energy absorption in loading was always greater than during unloading for the
printed configuration. The effects of variation of number of layers and thickness were studied
computationally. Computational results were in good agreement with the experimental results
for energy absorption and snapping sequence.

Finally, Chapter 5 summarizes the results of this thesis, complete with details about their
furthered and continued impact as well as a discussion about their contributions to the exist-
ing fields of knowledge. A discussion of further work using this thesis as a starting point is

included.

5.2 Future Work

Mechanical metamaterials being a useful and vast research area, has numerous aspects to be
investigated. Below I present some of the ideas that I think could be done in the field of
mechanical metamaterials that I presented in this thesis.

For the lattice structures presented in Chapter 2:

* It could be interesting to consider the effect of temperature on stiffness while testing
the lattice structures. The test could run for a temperature range of room temperature
to temperature slightly above the glass transition of the material used for the fabrica-
tion of structures. For performing this kind of experiment, a thermal chamber could be
designed using material like polycarbonate and heating elements that goes around the
testing region of tensile testing instrument, refer Figure 5.1. This kind of test is called
thermo-mechanical test where the tensile test is carried out simultaneously with the ap-

plication of heat. The temperature inside the heating chamber could be adjusted using the
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heating rods and sensors within the chamber. The challenge would be to maintain con-
stant temperature all around the chamber for a particular test at particular temperature.
For this, elements could be used inside the chamber with a fan that could circulate the
heat all around the chamber. The fan should work pretty well, upto the desired maximum

temperature, that is, fan that works till 100 °C might work when PLA is used.

* The similar lattice structures could be printed with greater extrusion height and without
the custom test fixture arrangement. The structures then could be investigated for im-
pact test and crushing load. This could help to identify the most suitable arrangement
of defects to tune the impact resistance of these structures. The structures might find

applications in areas where the crushing load and behavior plays an important role.

 For the tests mentioned in above two bullet points, it could be worth performing the
computational modeling. The computational results then could be compared to the ex-
perimental results. The boundary conditions for the computational modeling should rep-
resent the actual experimental setup. The parameters such as Young’s Modulus, Poisson’s
ratio, material density should be computed from the results obtained the test of a dog-
bone sample using ASTM standards. For performing computation involving thermome-
chanical test, input parameters can be used using DMA which characterizes a material’s
properties as a function of temperature, time, frequency, stress, or a combination of these

parameters.
For the bistable structures presented in Chapter 3 and Chapter 4:

* It could be worth analyzing the energy absorption of the structures in two different con-
figuration. It means the bistable structures could be designed and fabricated in collapsed
and extended configuration with same Q value as shown in Figure 5.2. Various arrange-
ment of unit cell along rows and columns could be fabricated as in Chapter 3. Test
procedure similar to Chapter 3 could be applied for each individual structure. The test
fixture could be similar to test fixture in Chapter 4, but instead of circular plate, flat plate
could be used with appropriate screw fixture arrangement. The energy absorption then

could be computed for these two different structures and a conclusion could be drawn
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*L Sliding door

L Door handle

Lattice structure

Figure 5.1: Thermal chamber that could be made with six faces of polycarbonates with a sliding
door mechanism in front to insert the sample. Top and bottom faces could be provided with
openings to connect the sample with the testing machine

whether or not the printing configuration has effect on energy absorption for these kind
of metamaterials. This could be an important conclusion since all lattice metamaterials

are fabricated using AM technique.

* Multistable structures consisting of bistable unit cells have a potential applications in
morphing structures especially in aerospace industry. So, it could be worth studying the
eccentric testing of the cylindrical multistable structures under tension and compression.
The major challenge would be to carry out the test. It would require major investigation
on customizing the testing fixture and also on performing the test with ASTM require-
ments. One potential way to customize the test fixture could be modify the test fixture
that was used for cylindrical layers in Chapter 4. For this, a hole to fit top rod that con-
nects the plate to Instron could be made approximately 3 mm away from the center. The
hole could be made slanted at an angle of 10° with the vertical, refer Figure 5.3. Then
the structure could be tested in tension and compression and its mechanical behavior,
snapping mechanism and energy absorption could be analyzed. The results might not
show clear snap-through since once side of the structure would always try to remain in
compression. The result might show greater reason of hysteresis loop which could be an-
alyzed based on the snapping pattern. The results might be useful for design and analysis

of these structures when used as morphing structures.
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(a) (b)

Figure 5.2: Bistable unit cell in (a) collapsed state (b) expanded state

(a) (b)

Figure 5.3: Eccentric test fixture arrangement of multistable cylindrical structure in (a) col-
lapsed state (b) expanded state
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