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Abstract

Spatial models formulated as partial differential equations, often include space-
dependent parameters that are not readily estimable and are therefore uncertain.
There are two broad classes of methods for computing statistical quantities of inter-
est related to the model solution: Spectral methods, such as the generalized polyno-
mial chaos and stochastic collocation methods, are well-suited for systems with low
parameter complexity. However, their convergence rates deteriorate as the dimen-
sion of the parameter space increases, and hence for systems with high parameter
complexity, methods whose convergence rates are independent of the stochastic di-
mension, such as the Monte Carlo method, are more appropriate. In this work, we
propose a hybrid sampling scheme which uses conditional sampling to combine sparse
grid quadrature rules on a low-dimensional projection of the parameter space with a
Monte Carlo scheme to compensate in the remaining dimensions. Using complexity
arguments, we show that our method is more efficient than either of its constituents.

We include some numerical examples to illustrate our results.
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Chapter 1

Introduction

Many complex physical processes are described in the deterministic language
of partial differential equations (PDEs), yet operate in uncertain environments that
can only be observed partially and/or indirectly. This aleatory uncertainty mani-
fests itself in the underlying system parameters, which are often modeled as random
quantities with known distributions: constants are modeled as random variables
while spatially varying parameters are modeled as random fields. Material proper-
ties such as those of alloys, polymers, or composite materials in predictive materials
modeling, structural properties of biological tissues in biomechanics [8|, or proper-
ties of porous media in subsurface geology appear commonly as complex, multi-scale,
and non-stationary random fields. For example, in a groundwater flow problem the
uncertainties in the soil and sources or sinks can be model by describing the conduc-
tivity coefficient and forcing term as a random fields, as described by the following

diffusion equation

-V - (0Vu) +v-Vu=f, for x € D, (1.1)

subject to appropriate boundary conditions, where D C R? is some bounded admis-

sible region with boundary dD. The solution u is the hydraulic head; The random



field 6 : D x 2 — R is the appropriate conductivity, v is the velocity and the right-
hand side f : D x €2 — R which may also be random are sources or sinks in the
region D. Hence the solution u(z,w) is also random. [18].

In application certain statistics and moments of u(z,w) are of interest. For
example given statistics such as the mean Ey and covariance Covy of the data, we
can compute statistics of the random solution u such as E, or Cov, [9].

Various numerical approaches are available for approximating statistical quan-
tities of interest related to the associated random model output, the choice of which
usually depends on (i) the complexity of the parameter space, (ii) the regularity and
intrinsic dimension of the output, and (iii) the computational cost of solving the
PDE. In particular polynomial-based methods, such as the generalized polynomial
chaos [11], and stochastic collocation methods [21], are well-suited for systems with
low parameter complexity, i.e. those whose uncertain inputs can be expressed in
terms of a moderate number of random variables. These methods can be designed
to exploit anisotropy in the parameter space, and yield fast convergence rates when
the quantity of interest depends smoothly on the random inputs, while also allow-
ing for adaptivity in the case of limited smoothness. However, their convergence
rates deteriorate as the dimension of the parameter space increases, and hence for
systems with high parameter complexity, methods whose convergence rates are only
mildly dependent on the stochastic dimension, such as the quasi-Monte Carlo method
[28, 15, 12], or even independent thereof, such as the Monte Carlo method, are more
appropriate. The Monte Carlo approach is simple to use, permits deterministic codes

to be reused, and can be implemented in parallel. Despite this, the root mean square



rate of convergence is often slow, decaying as \/iﬁ, where ¢ is the standard deviation

of the quantity of interest and n is the number of random samples. To reach an
estimate within an acceptable level of tolerance, a large number of evaluations of the
quantity of interest are required, each of which involves a numerical simulation of
the underlying partial differential equation.

Even when polynomial-based methods such as stochastic collocation are not fea-
sible, e.g. when the parameter space has a meaningfully high dimension (in the case
of rough fields), or when the statistical quantity of interest depends non-smoothly on
the underlying random parameters, they can still be used as surrogate models to effi-
ciently resolve its variations over subsets of the parameter space. In this dissertation,
we propose a hybrid sampling scheme which uses conditional sampling to combine
sparse grid quadrature rules on a low-dimensional projection of the parameter space
with a Monte Carlo scheme to compensate in the remaining dimensions.

Specifically, let 6y be some low-dimensional approximation of the underlying
parameter 6. If 6 is a square integrable random field, #, may represent its truncated
Karhunen-Loéve (KL) expansion [14, 16] or , might be a local spatial average or
filtered version of 6. Using the law of total expectation, we write the statistical

quantity of interest as the iterated integral

E[J(0)] = Eq, [Eqp, [/(0)]60] .

where g, is the expectation over the low-dimensional parameter space and g,

is the conditional expectation given 6. Since the outer integral is computed over



a lower dimensional region, it can be approximated by polynomial-based interpola-
tory quadrature rules introduced in Chapter 3. However, evaluating its integrand
Egjg, [J(0)|00] at a quadrature node requires the computation high-dimensional con-
ditional expectation, which we will approximate by Monte Carlo sampling. Despite
the fact that the computational cost of this approach (in terms of the number of
function evaluations) amounts to the product of the number of polynomial-based
quadrature points (for the outer integral) and the number of Monte Carlo samples
per quadrature point (for the inner integral). There are a two reasons to believe that
this can be done efficiently. Firstly, if the low-dimensional approximation 6, is re-
sponsible for most of the variance of J(6) then the conditional variance of J(f) given
0y will be relatively small and hence the number of Monte Carlo samples required
at each fy-quadrature node will also be small. Secondly, the stochastic simulation
at a given realization of the low-dimensional field 6, can be used to form an approx-
imation of J(6) for 6 near 6y, e.g. by means of linearization at 6y, which can be
used to further improve the efficiency of the Monte Carlo sample through variance
reduction techniques (Chapter 5) or to lower the cost of function evaluations for the
conditional sample.

Using complexity arguments, we show that our method is more efficient than ei-
ther of its constituents. This is achieved through repeated evaluations of the forward

model for different realizations of the random inputs.



1.1 Problem Setting and Notational Conventions

Throughout this dissertation we assume that the probability triple (€2, P, F)
consisting of sample space (2, probability measure P, and o-algebra F, forms a com-
plete probability space. We will use uppercase letters X, Y, and Z to denote random
variables and lowercase Greek letters, such as 7,0 for random fields. The expecta-
tion of a random variable X is written as E[X] while its variance is V(X). The
covariance between random variables X and Y is denoted by Cov(X,Y’) and their
correlation is given by p(X,Y). We will use subscripts on these mappings when we
want to emphasize the underlying distributions. We will denote by LP(£2) the space
of p-integrable random variables and by LP(€2, W) the space of W-valued p-integrable

random fields, i.e.

2 w) = (050wl ([ 10l d)" < oo}

where W is a normed function space with norm || - |ly. The function space C*(D)
consists of k continuously differentiable functions on D, with C*°(D) being infinitely
differentiable functions on D. WP* denotes the Sobolev space of functions with p-
integrable weak derivatives up to order s. Specifically, H*(D) is the Sobolev space
of functions with square-integrable weak derivatives up to order s. We will use
boldface font to indicate vectors, e.g. X = [X1,... X;]T € R, or multi-indices, e.g.

i - (7;17 ...,id) C Nd.



The problem discussed in this dissertation is that of estimating statistical quan-

tities of interest of the form

Q = EJ(6)] = / J(6(w))dw,

where J is a nonlinear functional related to the spatially varying random parameter
0, possibly via the partial differential equation (1.1), and the parameter 6 is contained

in the appropriate parameter space
0 = L*(Q,W(D)),

where W (D) is an appropriately defined function space determined by the parame-

ter’s underlying covariance kernel (see Section 2.2).

1.2 Outline of the Dissertation

The major goal of this dissertation is to propose a more efficient method than
Monte Carlo or sparse grid methods for estimating statistical quantities of interest
associated with a stochastic partial differential equation’s random model output.
First, Chapter 2 will cover the properties, representation, and numerical approxima-
tion of spatially varying Gaussian random fields. Stochastic sampling methods like
Monte Carlo and sparse grid methods will be explored in Chapter 3. The proposed
hybrid sampling method will be introduced in Chapter 4. The algorithm and the
error estimates will be discussed, and I will compare the hybrid sampling method

and the Monte Carlo method, and the sparse grid method. In Chapter 5, I will go



over variance reduction methods used in improving the convergence rate of Monte
Carlo method. Finally, to demonstrate the new method, I will conduct numerical

experiments in Chapter 6.



Chapter 2

Spatially Varying Random Fields

In this chapter, we present some background information on spatially variable
random fields, which will be utilized to define the random inputs to the system.
We shall talk about their representation, approximation, and properties that will
be relevant in the coming chapters of this book. Further, there is a spectral form
of the square integrable random field that allows us to write it as an infinite sum
that we may truncate, which is a more particular representation. A more in-depth
discussion of Gaussian random fields is presented since they are frequently employed
in modeling and because they lend themselves well to marginalization, conditioning,

and simulation.

2.1 Preliminary Definitions and Results

We begin by introducing some standard mathematical definitions that will be
useful in the subsequent chapters. Constants are described as random variables,
whereas spatially varying parameters are modeled as random fields to represent the
uncertainty in the models underlying system parameters. We assume in this work

that the random variables and random fields are explicitly defined.

Definition 2.1 (Probability Triple [29]). A probability space is a triple (Q, F,P)

where 2 is a sample space (set of outcomes); F is a collection of events that include

8



the sample space Q and the empty set () with the property that F is closed under
countable intersections and unions, complements; P is a probability function that

assigns probability to events in F, i.e. P(2) =1 and P(()) = 0.

Definition 2.2 (Random Variable [29]). A real valued random variable X on (92, F,P)

is an F/B(R)-measurable mapping X : (Q, F,P) — (R, B(R)).

Certain statistics and moments of the random variables X, such as expectations,

or higher order moments are of interest in the context of applications.

Definition 2.3 (Expectation and Variance [33| ). The expectation and variance of

a random variable X are defined by,
E[X] := / X(w)dw, and V(X):=E[(X —E[X])?],
Q

respectively.

Definition 2.4 (Correlation and Covariance). Suppose we have two random vari-

ables X; and X, then, the covariance and correlation of X; and X, are defined

as
COV(Xl, XQ) = ]E(Xng) — E(Xl)E(Xz)
and
Cov(Xq, X
p(X1, Xy) = oV, Xa)
VV(X1)V/V(X2)
respectively.

As we will see in Chapter 4, the hybrid sampling method is dependent on specific

conditioning arguments, and the rate at which the conditional variance decays plays

9



a significant role in the process. As a result, we provide the following definitions and

go into greater detail about the conditioning of random fields in Section 2.4.

Definition 2.5 (Conditional Density). Given two random variables X; and X, with
conditional probability density function f(z1|X3). The conditional expectation of

X, given X is

E[X,|X,] = /Q 1 f (21| Xo)da (2.1)

and the conditional variance of X; given X, is given by:

VXX, = / (1 — E[X0|Xa])? f (21| Xa)d (2.2)

Notice that the above conditional statistics are also random variables since they
depends on Xo.
The Strong Law of Large Numbers, stated below, is commonly used to show

convergence of the Monte Carlo sampling method, presented in Chapter 3.

Theorem 2.1 (Strong Law of Large Numbers [34]). let {X;}°, be a sequence of
independent and identically distributed random variables with values in R?. Assume

that

V(X;
(2 ><OO.

i

E[X;] < o0,i=1,2,..., >
=1

Forn > 1, denote the empirical mean of X1,..., X, by

. 1 <&

10



Then,

lim S, = E[X1], P-almost surely.

n—o0

Because Gaussian random fields and their properties are frequently used to char-
acterize the uncertainties in stochastic modeling, we will define them and their prop-
erties below. Also, Marginalization, conditioning, and simulation work effectively

with them.

Definition 2.6 (Gaussian random vector [24]). A real-valued random vector X :

Q) — R?is said to be Gaussian (or normally distributed) if it has the density function

V]IS

1

- 2 )T )
et _— 2
pz) (27ra> P ’

where 1 € R? is the mean of X and is a positive definite covariance matrix. We

abbreviate this by writing X ~ N(u,X).

Definition 2.7 (Random Fields [33]). Let D C R, a random field is a mapping
0 : D x Q — R, such that (z,.) is measurable for every x € D. A random filed is

called centered if E[f(z)] = 0 for all x € D and is mean square continuous if

lim E[0(y) — 6(z)] =0

Yy—x

for any x € D.

Definition 2.8. Let 6 : D x 2 — R be a Random Field. For a fixed w € 2, we

define 0(-,w) : D — R by x + 6(z,w) to be a realization of the random field.

11



Definition 2.9. The covariance function R(x,y) of a random field 6 is defined as

R(z,y) = E[0(x) —EO(x)][0(y) — EO(y)]

. 15]

Definition 2.10. Consider a random field 6. If the joint distribution

Fopoom (21, ooy 2m) = PlO(21) < 21, .0, 0(x0) < 23]

is invariant under translation

(T1y s Ti) = (X1 + T, ooy Ty + 7),

0 is said to be stationary or homogeneous. For a stationary random field 6, we can

show

and subsequently

for some function f. [5]

Definition 2.11. A random vector X = (Xi,...,X,,) is multivariate normal if

> X, is Gaussian for every possible ¢; € R [5].

12



Definition 2.12. A random field 0 is a Gaussian random field if 6(x,), ..., 0(x,,) are

multivariate normal for every (z1,...,x,,) € R™ [5].
Definition 2.13. 6 is a mean zero Gaussian field if Ef(z) = 0 for all .

Definition 2.14. The integration of Gaussian fields is also Gaussian ( see[5]).

2.2 The Karhunen-Loéve Expansion

The Karhunen-Loéve (KL) expansion is a spectral expansion that is frequently
used to provide a computationally feasible representation of a random field. Through
the separation of deterministic and stochastic variables in the coefficient 0(x, w), it is
possible to reduce the problem (1.1) to a deterministic (albeit infinite dimensional)
one [9]. Specifically, let § € © be a second order random field on D with mean
p(x) = E[f(x)] and continuous, symmetric, positive semi-definite covariance kernel
k: DxD — Rdefined by k(z,y) = E[(0(z) — u(x))(0(y) — 1(y))]. Mercer’s theorem
[19] stated below, asserts that the integral operator defined via k is a compact Hilbert-
Schmidt operator on L?(D) and therefore has a countable complete orthonormal

spectral basis.

Theorem 2.2 (Mercer’s Theorem [19]). The operator K : L*(D) — L*(D) defined
by
Kula) = [ Ka.g)ulw)dy. (2.3)
D

where k is given as above, is a Hilbert-Schmidt operator and hence there exists a

complete set of L*(D)-orthonormal eigenfunctions {¢;}52, and a decreasing set of

13



ergenvalues \y > Ao > --- > X\, = 0 as n — 0o, so that

k(xa y) = Z )‘ngbn(x)gbn(y)

The eigenfunctions guaranteed by Mercer’s theorem can be used to construct

the Karhunen-Loéve expansion, as stated in the well-known theorem below.

Theorem 2.3 (Karhunen-Loéve expansion of Random Field [9, 16]). Let §(z,w) €
© be a square-integrable random field with mean p(x) continuous, symmetric, and
positive semi-definite covariance kernel k(x,y) defined on D x D. Then it can be

expanded as

0(z,w) = p(r) + Z \/)\—n¢n(x)yn<w) (2.4)

where

Y, (w) = /DG(x,w)¢n($)da:, n=1,2,..

are centered, pairwise uncorrelated random variables on the probability space (2, P, F)
and {N\,}52, and {p,}o°, are the eigenvalues and eigenvectors of the covariance
kernel K, guaranteed by Mercer’s theorem. The convergence is in the L?(2)-sense in

probability and uniform over D. Moreover, the variance satisfies

V(0(2) == E [(0(2) — n(2))?] = 3 An (00(2))? (2.5)

As a direct result of Equation (2.5) and the orthonormality of {¢,}°, we have

E (6 = 1l3my] = D Ao
n=1

14



When the underlying random field is Gaussian, then the random variables
{Y,.}5°, are independent standard normal. This renders Gaussian fields easy to

simulate.

Corollary 2.1 (KL Expansion of Gaussian fields). The random wvariables in the
Karhunen-Loéve expansion of a Gaussian random field are independent standard nor-

mal random variables, i.e. Y, ~ N(0,1) forn=1,2,....

Remark 2.1. In general, the joint distribution of the random variables {Y,}22 is
difficult to determine. Nevertheless, researchers often use the KL expansion as an

Ansatz, considering random fields of the form

0(zr,w) = p(x) + Z \/)\_ngbn(x)yn(w)v

where Y,, ~ U(—1,1) are independent, identically distributed uniform random vari-

ables.

2.2.1 Karhunen-Loéve Eigenvalue Decay

For purpose of computation, the Karhunen-Léve expansion given by Equation
(2.4) is impractical and is usually replaced with a truncated KL expansion 6, of the

form

Oo(z,w) = p(x) + Z VAidi(2)Yi(w), (2.6)

15



where k is some fixed truncation level. In light of Equation (2.5), the mean-squared

truncation error is given by

E[II0—60] = > N, (2.7)

i=k+1

which in depends on the decay rate of the covariance operator’s eigenvalues. This
decay rate also influences the stochastic regularity of the random field. Here we will
discuss the decay criteria for the KL eigenvalue sequence {);}52, since the stochastic
regularity and complexity of the stochastic methods used in solving the model are
determined by the KL eigenvalue decay (see Chapter 3). The smoother the covariance
kernel of the coefficient, the faster the KL eigenvalue decay, with analyticity giving

exponential decay and finite Sobolev regularity implying algebraic decay [9].

Definition 2.15 (Smoothness of covariance kernels [9, 26|). If D is a bounded
domain in R? a covariance function & : D x D — R is said to be piecewise
analytic/smooth/HP? on D x D if there exists a finite family (D;);<j<; C R? of

open hypercubes such that

J
Dcl|/Jb; (2.8)
j=1

Djn Dy =0 Vj+#j and k|p,«xp, has an analytic/smooth/H” ® H? continuation

in a neighborhood of D; x D/ for any pair (j, /). Here D denotes the closure of D.

16



Proposition 2.1 (see [9]). If the covariance kernel k is piecewise analytic on D x D
with D C R? and if (\;);>1 1 the eigenvalue sequence associated with 2.3, then there

exist constant c1,co > 0 such that

/d

0< N\ <ece @ vj>1. (2.9)

Proposition 2.2 (see |9]). If k € L*(D x D) is symmetric and piecewise HP?(D)
withp > 0 and D C R?, then for the associated symmetric, non-negative and compact

covariance operator defined by (2.3) it holds
0< )\ <cgi P4 Vj>1, (2.10)

for some constant c3 > 0 independent of j or p.

The eigenvalue decay rate outlined in the previous two propositions, implies the

following decay rate in the truncation error of the Karhunen-Loéve expansion.

Proposition 2.3 (Truncation Error (see [9])). If k(x,y) is piecewise analytic/smooth

on D x D, then the truncated KL expansion 0y of 0 converges in L*(D x ) as

cqem 21/ 29kt if k piecewise analytic
16— Gollr2(px0) = (2.11)
cskt—Pi=s)/d if k piecewise smooth

forall k € N, for any s > 0,p > 0 and with constants ¢4 and c5 depending on d, s, ¢,

and c¢s.

17



2.2.2 Numerical Approximation of KL expansions Using Finite Element

Methods

An efficient numerical approximation of the eigenpairs of the operator connected
to the covariance kernel via (2.3) is needed for the efficient numerical approximation

of Problem (1.1) [9]. The variational form of the eigenvalue problem is:

/D . k(z,y)o;(y)v(z)dydr = A, /D ¢i(z)v(z)dr Vv € L*(D). (2.12)

To compute KL eigenpairs, finite elemenent (FE) discretization of (2.12) is done
with piecewise polynomial functions on a regular, quasi-uniform triangulation of D
with meshwidth h. [18], [9]. Let S denote the finite element space of discontinous,
piecewise constant functions. The Galerkin approximation of (2.12) with the finite

element space Sj C L*(D) reads: Find 0 # A}, ¢" € S such that

/D . k(z,y)b;(y)"v(x)dyde = )\?/ngj(x)hv(x)dx Vv € S). (2.13)

For the eigenpair approximation error we have the following pointwise bound

Proposition 2.4 (see [9]).

lé; — ¢}l = O(h), as h — 0, (2.14)

|A; = M| =O(h), as h — 0.

18



The calculation of KL eigenpairs involves the solution of the dense matrix eigen-

problem corresponding to proposition (2.4), i.e of
Pv =AM, (2.15)

where both matrices P and M are symmetric and positive definite, with the mass
matrix M being diagonal if we choose as basis of S the characteristic functions of

elements in the triangulation.

2.3 Approximation of Random fields by spatial averaging method

The spatial averaging approach is another method for approximating the random
field, which approximates the random field ¢ by a set of random variables 0,1 =
1...,d, where each random variable represents the local average of 6 over the domain

2; defined by the following integral. [27] [33]

N ; 1
0; = B —/ 0(w)dw (2.16)
Vi Ja,

2

where V; is the volume of the spatial domain ;. R; is the local integral of 6(x) over
the domain ;.

For Gaussian random fields, the averaging random variables are fully define by
a mean vector and a covariance matrix that have been determined through spatial
integration of the Random field moment functions. The mean of the random variable

0; is determined by integrating the mean Ey(x) over the averaging domain 2; and is

19



define by:

1

E(6;) = v /Q Ep(w)dw (2.17)

and the variance is found by integration over the spatial autocovariance Ky(z1,2):

~ 1
V(@l) = W/Q /Q KQ(W1,W2)dW1dW2 (218)

[27](33].

The spatial averaging methods’ approximation error often propagates through
the model response, and the error in the model response may be higher or smaller
than the error in the random field model, depending on the quantity of interest.
If Q and Q(a:) represent the quantity of interest and its approximation, then the
point-wise approximation error is defined as e(z) = Q(z) — Q(z). The normalized

mean bias and normalized variance bias are defined using the bias error measure as

follows [27], [31]:

eu(X) = (2.19)

ev(X) = (2.20)

Taking the weighted integral of (2.19) and (2.20) over the domain 2 gives the corre-

sponding global error measures [27], [23]:
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€, = v/ €,(X)dx (2.21)
_ 1
€y = V/QEV(X)dx (2.22)

2.4 Conditional Random Fields

In Chapter 4, we decompose the random field into a low dimensional approxi-
mation 6y and a high dimensional residual. The KL expansion lends itself readily to

such a decomposition, i.e. the approximation is given by

k
0o = >V Aies(@)Y(w),

while the residual is

AO=0—00= > /Ae(x)Y;(w).
Jj=k+1

Note that for Gaussian fields, the residual is independent of the approximation, and

hence the conditional random field # given samples of 6 is simply

0o + AG.
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This decomposition, while convenient may not be how the random field is usually
approximated in practice. Sometimes some prior information about the random field
may be known observations or coarse-scale simulation. The observation may take
several forms such as direct measurements of the field in a region i.e ;5 = b with
i, C {1,...,n}, or its image under a linear mapping define by A0 = b with A € R*
or a process D with D|@ ~ N(A0,%,) [25]. A conditioning of random field can be

on the following:

e Conditioning on a subset of points [25]: for ¥ = 0, i4 C {1,...,n}
and 4, := i be its complement and if we partition 8 ~ N(u, Q') such that
0 = [04,05]" where
Qaa Qas

Q =
Qpa BB
then 045 := 04/{0p = 0p} ~ N(pa)8, Q;‘lB) where
(A = ta — QuaQas(05 — 1), (2.23)
and

Qap = Qaa (2.24)

e Conditioning on Hard Constraints [25]: For 6 define as above and A €

R¥*™ a full rank matrix with 0 < k < n, the conditional distribution of 8 given
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the linear constraint A@ = e for some vector e € R” is :

(7] 1 Y  XAT
~ N :
A6 Ap| |AS AnAT
with
u{A0 = e} = u— $AT (ADAT) ™ (Ap —e) (2.25)
and
S|{A0 = e} = X — AT (AnAT) 7 (A%) (2.26)

Conditioning on the truncated Karhunen-Loéve Expansion Here we
consider the conditioning of a Gaussian random field on known measurements
or samples of its truncated KL expansion as a specific instance. Because the
terms in the series are independent, the conditional mean and covariance are

calculated as follows:
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]E(kao) = E(eko Z \/_¢J (2'27)

0+ Z VR ) + élwﬁjwm
= Ey(2)
and
V(010,) = EL(010x, — E(0]6k,))? (2.28)
E[(0), + ;ﬂf@ 2)Y; — Eo(x))’
+Zf¢] )Y + kzﬂmj )Y — By(x))’]
Zf by(2)Y; + ;f j5(
- EK; VAi65(2)Y5)
:iE \jo%(z)

e Conditioning on Soft Constraints|25| : Suppose the linear transformation

Af of 0 is observed with some additional noise i.e e|d ~ N(Af,3,), then f|e ~
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Ne(bgieQole), where

b = Qu+ ATE e (2.29)

. 2.30
Q@le = Q + ATEE 1A ( )
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Chapter 3

Stochastic Sampling Methods

Let J : © — R be a smooth function depending on the parameter § € ©, possibly
via the solution u of the associated partial differential equation (1.1). Suppose we

are interested in computing a quantity of interest @) := E[J(6)] defined by:

This chapter will discuss two different sampling methods that are used in ap-
proximating the quantity of interest (), specifically the Monte Carlo method and the

stochastic collocation method. Both approximate the integral ) by a weighted sum,

where wy,...,w, are a set of quadrature weights and 6y, ...,60, the corresponding
quadrature nodes. Both methods can be implemented fully in parallel, since evalu-
ations of J are computationally independent. Differences in efficiency are therefore
directly attributable to the sample size required to reach a given level of accuracy.
In Section 3.1 we will outline the Monte Carlo sampling method, based on indepen-

dent random sampling of the underlying parameter and in Section we will introduce
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stochastic collocation, an interpolation-based quadrature scheme that can be adopted
to moderate dimensional problems.

This is of the form above, were the w; = [. Li(y)p(y)dy. For one-dimensional
interpolatory quadrature rules, Gauss nodes are often preferred, i.e. the nodes corre-
sponding to the roots of polynomials that are orthogonal in the p- weighted L2 space.
This guarantees a precision of 2n+1, i.e. polynomials of this degree can be integrated
exactly using these quadrature rules. If we assume a Gaussian random field, then
Hermite basis is natural (orthogonal w.r.t. Gauss weights). Other useful quadrature
points are the Chebyshev points, which are applicable on bounded domains. In the
multi-dimensional setting, sparse grid methods give us a way to produce efficient

high accuracy rules by taking tensor products of appropriate one-dimensional rules.

3.1 The Monte Carlo Method

The Monte Carlo method is the most widely used method for approximating
high-dimensional integrals. Implementation of the Monte Carlo approach is straight-
forward, as it makes use of already existing deterministic codes. The rate of conver-
gence, on the other hand, is quite slow, depending on the reciprocal of the square
root of the sample size as well as the variance of the integrand. It would thus take a
hundredfold increase in the sample size to achieve every additional digit of accuracy.
On the other hand, the dimension of the underlying parameter space has only a mild

influence on the error, namely via its influence on the variance [21].
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In the classical Monte Carlo method, we estimate the statistical quantity of

interest () by
1 n
~ OoMCi .t ,
Q~ QV*[J] = " ;:1 J(0;), (3.1)

where 61, 0,, ...,0, is a sequence of identically distributed samples of the parameter
0, generated according to the underlying distribution P.
Since the parameter sample is independent and identically distributed (i.i.d),

the estimator QM is an unbiased estimator of ) since

The convergence of this estimate is guaranteed by Theorem 2.1, which states

that QMC converges almost surely to the true expected value, i.e.

lim QM°[J] = Q, P-a.s.,

n—oo

provided the variance of the individual terms is bounded i.e V[f] is bounded [35].

Suppose V[f] < oo, we have

V(J)

V(@'Y = E[(@ - @) =

and the root mean square error of QM€ is v/C, which means the error estimates of

the estimator is of order n='/2 written as RMSE = O(n~'/?). The error estimate
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may be inverted to show the number of samples needed to yield a desired error € [17]:

One of the strength of Monte Carlo Method is that the sample values can be

used for error estimation [35]. The most common used estimators of V(J) are

o= 15 (0 — Uy, (3.2)

=1

Z — QMey?, (3.3)

and the estimator in (3.2) is unbiased since E[o?] = V(J) for N > 2. From the
central limit theorem, the error @QM¢ — Q has approximately a normal distribution
with mean 0 and variance —~ [35] we summarise the Monte Carlo Method in the

folllowing algorithm:
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Algorithm 1 Monte Carlo Sampling Algorithm
1: Identify the random Field # form the model

2: Identify the variablity of # by assuming a probability density function py
3: Generate n € N i.i.d samples from p;heta, {6;,...,0x5} ~ piheta

4: fort=1,..n do

5. compute J(6;)

6: end for

7: Compute E[J(0)] ~ QMC ="

L
i=1 N

J(0:)

Some variance reduction approaches are used to increase the convergence rate of
the Monte Carlo method, where the knowledge about the sensitivity of the function
J is exploited [3] (see chapter 5). Correlation between subsequent samples can also
be used to one’s advantage. Control variates employ an easy integrand to reduce
variance, and if successive random variables are negatively associated, the variance
will be less than if they were independent. The antithetic variates technique takes
use of the reduction in variance that occurs when negatively correlated samples are

purposefully formed and grouped together [17].

3.2 The Stochastic Collocation Method

Before we get onto the other component of the hybrid sampling (Sparse Grid
Methods). We shall define the various sorts of polynomials that are used in approx-

imating functions based on the type of random field we are utilizing. Polynomials
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such as the Lagrange polynomial are employed in uniform random fields, whereas

Hermite polynomials are utilized in Gaussian random fields.

3.2.1 One-Dimensional Interpolation

It is known that given n points in a plane (yg, fx), & = 1,...,n with distinct y;’s,
there is a unique polynomial in y of degree less than n whose graph passes through

the points. Suppose we fit a polynomial of degree n-1,

Py) = an,y" " + an_2y" > + a1y + ag

through the n known points (yx, fx), & = 1,...,n. This polynomial is called the
interpolating polynomial because it exactly reproduces the given data: P(yx) =
fr k=1...n. There are many different formulas for the polynomial, but they all

define the same function [10].

Global Polynomial Interpolation

One way to construct the polynomial P(y) is to use the Lagrange polynomials

of degree n — 1:

Definition 3.1. Let

L= [] (y_y"), k=1,...,n (3.4)

i1 itk Y — Yi

The Lagrange form of the polynomial of degree n-1 interpolating the set of points

{(yk, fx)|k = 1,...,n} and satisfying P(yx) = f is defined by,
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Ply) =Y fliw)=>_ £ [] (y — ) (3.5)

b1 sk NIk T Y
[10].

Theorem 3.1. (The error term in global polynomial interpolation) If f is
a function that is n times differentiable in [a,b] with continuous derivatives then

Yy € [a,b], there exist n € (a,b), that depends on y, such that

(n) n
)~ Ply) = Lo T - ). (3.6)

n!
k=1

Hermite Polynomial

The Hermite interpolation matches the function f, and the observed value of its

first n derivatives. The Hermite polynomial of degree n is defined as

H, = (—1)"61’26?l—yney2 (3.7)

physicist’s Hermite polynomials and

(3.8)
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probabilist’s Hermite polynomials [6].

The Hermite polynomials are orthogonal i.e

/ W) Ha(y) H(y)dy = 0 ifn#m. (3.9)

o0

for w(y) = e7¥" in case of physicist’s Hermite polynomials or w(y) = e~ ®/2” for
probabilist’s Hermite polynomials. The nth Hermite polynomial satisfies the follow-

ing differential equation:

d2

v [Hp1(y)] — Qy% [Hn(y)] + 2nHn(y) = 0 (3.10)

and have the following recurrence relation:
Hpy1(y) = 2yHn(y) — 2nHn 1 (y) (3.11)
In addition we have:
H, =2nH, 1(y) (3.12)

Local Piecewise Polynomial Interpolants

The most common local piecewise polynomial interpolant are the hat functions

obtained by dividing the interval into n subinterval of equal lengths h. [20]
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Definition 3.2. The family of first (n + 1) 1D-hat basis functions on the interval
[0,T] are defined as

h;hm 0>z>h
¢0(1’)Z:

0, otherwise

2==Dh (G — 1)h > 2 > ih

h
¢i(x) = B2 > 0 > (14 1)h
0, otherwise

and

eIl P h>a>T

¢n(x) =

0, otherwise

3.2.2 Sparse Grid Tensorization

Here we will describe two different types of collocation techniques used in solving

numerical integrals namely the full grids methods and the sparse grid methods.

Collocation Techniques on Uniform Random Fields

Suppose J : [0,1]¢ — R, To study J and to solve problems involving .J, the idea
in the sparse grid methods is to replace J with another function f : [0, 1] — R that
approximates J well and is much cheaper to evaluate[32]. f is been constructed by
interpolation of J i.e evaluate J at a small number of points x) and use the values
J(xx) to define f. We use the following definitions to show how the sparse grids

method on uniform random fileds is obtained.
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Definition 3.3 (See [32]). Suppose we discretized the domain of J by splitting it
into 2™ segments of equal size. The d dimensional full grid of level n is given by the

following cartesian product:

Q1= QX oo X Qy,

of the one dimensional grids €2,,, and d—dimensional grid points are defined as

Xni = (xmim ) mndid)

Definition 3.4. The multivariate basis function is constructed from the univariate

basis functions ¢, ;, : [0,1] — R as a tensor product:

¢n7i(xn,i) = ¢n1,i1 (l‘nlyil)“‘gbnd/id ($nd7id)'

Each grid point x,,; corresponds to one basis function ¢, ;. The most common choice

of ¢n; are the hat functions defined by

¢Nj7ij (I) = max(l - |2n]'x - ij|7 O)

[32].
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Definition 3.5. The nodal Space V,, of level n is defined as the linear span of all

basis functions ¢y ;:

Vo =span{¢n;li; =0,...,2" for j =1, ...,d}.

32|

Therefore, the corresponding interpolant function is simply:

2"1 2™d
f(X) = Z Z Cn,i¢n,i(x)7 Cn,i € R,
11=0 1q=0

where ¢n; = J(Xni). The size of Q grows rapidly in higher dimensions (curse of
dimensionality). To address this a change of basis described below is performed so
that basis functions and their grid points have different levels of importance, but the

same functions that is continuous and piecewise linear [32].

Definition 3.6. Let

{1,3,5,....,2" =1} for n>1
I, =

{0,1} for n=0.

Then,
Qn = Uy, Q= {xnili € I}

The corresponding interpolating function is
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n

f(I) = Z Z an,i¢n,i<x>7 (8 77% e R.

1=0 i€ly
Where {¢,:|0 <1 < n,i € I,} are called the hierarchical basis and {a,;|0 < n <

n,i € I} are called hierarchical surpluses.

Definition 3.7. (Full Grids) The d-dimensional full grid

ni ng
Q= | Qux o x
n1=0 ng=0

and the interpolant function is given by:

f(l') = Z Z@n,i(bn,i(x); Qn j € R.

1=0 i€ln
Regular Sparse Grids

"1 js smaller in high levels which means

The size of the support of ¢,; = 2~
that these functions only have little influence on the resulting linear combination f
whereas basis function of a low level n < 1 even have a large support. In d dimension,

the area of the support of ¢y ; is
(2hn1)-"(2hnd) = 2”n”1+d, ||n||1 =Ny + ... +ng,

where ||n||; is the norm of n, i.e the area decreases with increasing ||n||;. Sparse

grid supposed that functions with high ||n||; only contribute little to the solution

37



and omits it. Hence we only use the levels n whose 1-norm doesn’t exceed a specific

threshold n > 0 :

f<X> = Z||1||1§nzi61nan’i¢n’i(X)7 an,i € R
The corresponding grid points from the regular sparse grid 2} ; of level n is:
Qa = {Xnilllls <n, iel,}.

Smolyak Approximation

Given an ensembles {J(y;)}",, the interpolation approach finds an approxi-
mation 2(J) of J that fulfils the condition 2(J)(y;) = J(v;) j =1,...,m. Such

that
2()(y) =>_ I Li(y) (3.13)

where L;(y) are the Lagrange polynomials.
To get the approximation in multiple dimensions (k>1), the following full tensor

product rule can be use

DM@ @2 ()= Y T yim)-(Lin ® - @ Ly) (3.14)

i1=1 i1=1
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A more efficient method is the Smolyak grids interpolation It takes a subset

of the full tensor define by

d(whk)y= Y (=17 il (M- @ 2™) (3.15)

w—k+1<i]<w w — |i]
where w > k is an integer denoting the level of construction. To compute the operator

o/ (w, k), one needs to evaluate J on the set of points

Hwd)y = |J " xoxr?) (3.16)

w—k+1<[i|<w
where 78 = {yi,..., 4., } C [~1.1] is the collection of nodes used by univariate
interpolating operator 2, where 7° denotes the set of abscissas used by 2°,the choice
of which can be the Clenshaw-Curtis abscissas or the Gaussian abscissas. The set

H(w,d) is a much smaller subset of those required by the full tensor product rule.

Collocation Techniques on Gaussian Random Fields

Suppose J : R — R. The procedure for getting the sparse quadrature for
E(J(0)) When 6 is a Gaussian random field is similar to what we discussed above
only that in this case the so called Gauss-Hermite quadrature rule is used [4]. The
density p is used as the weight function, where yy = 0 and wy = 1 for n = 0, and

forn > 1, y;,1=0,...,m, — 1 are the roots of the orthonormal (with respect to p)

39



Hermite polynomial H,, for n = m;, where

R L)

Valp(y)

and the weights w;, k =0,1,...,m, — 1 are given by

1
mi (Hm,_, (9:))?

(3.17)

W; =

Therefore the full tensorization of J takes the form
J) =Y JnHn (3.18)
meM

where the multivariate Hermite polynomials H, and Js are define as:

Hoo(y) = Hony (), and J,, = / J(5) Hon()d2y) (3.19)

and the sparse quadrature is define as:

() =) Q2 — 2m1()) (3-20)

meN k
3.2.3 Error Estimates

In this section we cite some well-known convergence results |21, 2| for the sparse
grid stochastic collocation method. The cited estimates were derived from inter-
polation error estimates for the constituent one-dimensional rules, which were then

combined within the Smolyak grid. For the purpose of this section, we suppose that

40



the random parameter € has been approximated by its finite noise approximation
Oy:T'x D — R, where I' = Hle I'; C R* is a hyper-rectangle denoting the range of

the random variables Y7, ..., Y} with joint probability density function p. Further, let
QL7 (60)) ~ E[J(00)

be the numerical approximation of the statistical quantity of interest using the sparse
grid stochastic collocation method. Since these are based on polynomial interpola-
tion, their convergence requires some degree of smoothness for J(fy) as a function
of the random variables Y7, ..., Yy, as summarized in the following two assumptions,

which can generally be established on a case-by-case basis.

Assumption 3.1 (Bounded Mixed Derivatives). Assume that the mapping J : I' = R
given by v1,...,yr — J(0o(y1, ..., yx)) is continuously differentiable in each variable

with bounded partial derivatives in each direction.
A stronger assumption is given by the following.

Assumption 3.2 (Analytic Extension). Assume that in each component y;, the func-
tion J(v1,..,Yj, .., yx) has an analytic extension to a region in the complex plane for
every fixed points yi, .., Yj—1, Yjt1s ---s Yk-

The error estimates for the low-dimensional quadrature rules depend primarily
on the dimension k of the parameter space and the smoothness of the integrand and

is stated in the following theorem.

Theorem 3.2 (Smolyak Convergence [21]). Suppose that the mapping J satisfies

Assumption 3.1 or Assumption 3.2. Then there are constants independent of the
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sample size n so that

1Q1J(60)] — Ely]|] 2> < Cn™ TFosm .

42



Chapter 4

The Hybrid Sampling Approach

In this chapter, we will derive the hybrid sampling method, obtain an estimate of
its error, and compare it to the error estimates obtained from each of its constituents
(Monte Carlo and Sparse Grid). We describe the conditions in which the hybrid
approach performs much better.

Suppose 6, is a lower scale, kp-dimensional finite-noise approximation of the
random field 6, obtained for example by means of a truncated Karhunen-Loéve (KL)
expansion or some other low-resolution representation. By the law of total expecta-
tion,

Q =E[J(0)] = Eg, [Egp, [J]] , (4.1)

where g, is the marginal expectation with respect to 6y and [Egg, is the conditional
expectation of J with respect to 6, given 6.

The hybrid sampling approach we proposed uses an efficient quadrature rule
Qp, suited to low dimensional parameter spaces to approximate the outer integral,
while employing a sampling method Qpg, that is more robust to the parameter
space dimensionality, such as the Monte Carlo method, to resolve the inner integral.

Specifically, let 65, ..., 6° and wy, ..., w,, be the quadrature nodes and weights that

ng

determine the low-dimensional quadrature rule Qp, and let {J]’ it =1,...,n0 be

independent and identically distributed samples of the quantity J(#) given 6y = 6}.
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Identity (4.1) now suggests the series of approximations
Eoy o107 (8)160]] = Qa, [Eoja, [J(6)]60]] szEewo 0)160 = 65)
1 i
~ Qg [Qaje, [J(0)160]] sz <n_2 Zl Jj> :
J:

Note that the ‘finite noise’ truncation parameter & moderates the contributions of
the sparse grid stochastic collocation and the conditional Monte Carlo sampling,
with £ = 0 corresponding to a full Monte Carlo sample, and the contribution of the
sparse grid collocation growing as k — oo. As shown in Chapter 2 on the trun-
cated Karhunen-Loéve (KL) expansion, the decay rate of the covariance operator’s
eigenvalues suggests a level of k£ above which the contributions of successive KL
terms are negligible, i.e. a practical upper bound for the truncation level. When the
field is smooth and J is a smoothly varying function in 6, then The resulting full
tensor product quadrature rule requires n; Monte Carlo simulations for each low-
scale quadrature point 6}, i = 1,...,ny, amounting to a total of Y °, n; function

evaluations.

4.1 Hybrid Sampling Algorithm

The approach above is summarized in Algorithm 2 below.
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Algorithm 2 Hybrid sampling algorithm
1: Set truncation levels ky < k

2: fori=1,..ng do

3:  Sample field 6} on sparse grid
4: forj=1,..,n;do

5: Sample 67, given that 6y = 6}
6: Compute J; = J(¢/).

7. end for

Qo10,[/160] = ,% >t

9: end for

10: Q=" w;i Qoo J65)-

*®

4.2 Convergence Analysis of The Hybrid Sampling Method

In this section we establish the convergence of the hybrid sampling method for

any truncation level k, as the sample sizes ng, and {n;}°; approach infinity.

Theorem 4.1 (Convergence). For any fized truncation level k and tolerance level

e >0, we can find ng and n;, 1 =1, ...,ng large enough so that

10, [Qo16 [7(0)[66] = E[TO)][| 20y < &
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Proof. Using the law of total expectation and adding and subtracting Qg, [Egje,[/(6)|60]],

we decompose the error

E[J(0)] = Qa, [Qoja, [J(8)]60]]

= (o, — Qun) [Eoi, [700)10c]] + Qo [EoiaaI(0)106] — Quta, [7O)160]] - (4:2)

For simplicity we do not include spatial discretization. To be more specific, we shall
require that both error contributions be of size €.

The first term describes the quadrature error for the sparse grid method in
integrating the conditional expectation f () := Egjg, [J(#)|0o] over the range of 6.
Under the appropriate smoothness assumptions, of f on 6, it can be shown using

the results outlined in Chapter 3. That is, [21]

2

|(Bee, = @5.) (B, 11,

) ~ Okon;<+log(k0) ) (43)

The sample size ny needed to achieve an error of € must therefore satisty

¢+log(kg)

no > <C:> 7 (4.4)

The second term is the weighted sum of quadrature errors associated with
computing various conditional expectations by means of the dimension-independent

Monte Carlo quadrature rule. To control the second error term, let of, =/ Vg, (J),
016k, 10kq
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where Vg, (J) is the conditional variance of J given Oy, i.e.
2
Voo, (/) = Eopoy,, [(J— Eojoy, [JI%]) |0k’0] :
ol 2
If we choose n; > (%) for e =1,...,n9 we have, by independence,

| 20, [Ban, 11 - Qoo 1]

s, [Ean, 171 - Qua, 1]))| (45

2

il
:;Ziwae)KEewko[] Dojo, [/ )] ; (Glek()) <Zw<€ = &*[|lwlli,

(4.6)

where w = [wy, ..., wy,]" is the vector of quadrature weights for Qp,,- It can be
shown [22] that the sparse grid quadrature weights, while not non-negative in general,

are bounded in norm by

lw]liz = O((log(ng))™") = O(log(e)* ™), (4.7)

if ng is chosen as above.

Substituting (4.7), (4.5) and (4.3) into (4.2), we have

[, [Boe, 171] — Qu,, [Qon, L7016

L2(Q)

N2
ko, ~ CroetRg) S 2 (05‘90>
< CMpyy TN 4 Zwi < 2. (4.8)

n.
i=1 v

47



4.3 Efficiency of The Hybrid Sampling Method

With the error estimates on hand, we can analyze the efficiency of the hybrid

sampling algorithm.

Definition 4.1. The e-cost of a sampling algorithm is the computational work (num-

ber of samples) required to achieve an error below a given ¢ > 0.

For example, The ¢ cost of the Monte Carlo sample is

M<€:>71>V(J>.

2

Letting agwko = max 0{(0§|9k0)2}, the e-cost of the hybrid approach is approxi-

mately
¢+log(kg)

2
T6/65, \ 2 5 1\t~
No Naglek -
9 0 9

Hence, efficiency of the hybrid sampling method hinges both on:

e The efficiency of the low-dimensional quadrature rule in resolving the low-

dimensional approximation of @,

e The efficiency of high-dimensional rule in computing the conditional expecta-

tions to sufficient accuracy.
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4.3.1 Comparison of The Hybrid Sampling Method and Monte Carlo
Method

To justify using the hybrid approach over Monte Carlo sampling in terms of

computational complexity, we compare the e-costs of both methods and require

1
2
7 (2)

In comparison with the Monte Carlo method, the hybrid sampling scheme is

24+ <+los(k0>

2

2 2
1 T9)0 ¢+log(kg)
<ol (—) = 0o (4.9)

thus favored when (i) the low-dimensional quadrature rule has a high convergence
rate and (ii) when the conditional variance given 6y, is low relative to the quantity

of interest’s total variance.

Lemma 4.1 (Yakasai and Van Wyk). If vy is piecewise analytic/smooth on D x D,

and the family Y = (Y;); > 1, then the KL expansion of 6 converges uniformly on
D x Q and

e~ ko f vy pw analytic

V(T (0)|0ky) S 11T (01112
ky?"  if vy pw smooth

for ko large enough and any any b, r > 0 depending on the decay of the eigenpairs of

Vg
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Proof. Let 0 be a random field and dff = 6 — Oy, = > 72, 1 \/Aj¢;Yj(w)

Then,

V(J(0)[0k,)
—V(J(6y, + db))

=V (J(eko) + J' (O, )dO + %d& + )

=J'(61,)Cov(d8) (J' (6r,))"

=T(0) Y E(N6@)) (J'(0,)"

Jj=ko+1

Recall from Proposition(2.3) we have,

e %0 if vy pw analytic
He - eko”Lz(DXQ) é Vky € N

ko™ if vg pw smooth
for any b, r > 0 depending on the decay of the eigenpairs of vy [21].

e~k if vy pw analytic

Cov(df) = E((dh)?) <
ky?"  if vy pw smooth
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for ko large enough and any s > 0, p > 0.

Hence substituting in equation(4.10) we have,

—2bko

e if vy pw analytic

V(I (0)10k,) S 117 (001
ky?"  if vy pw smooth

for ko large enough and any any b, » > 0 depending on the decay of the eigenpairs
of vy O

Therefore for vy pw analytic and using equation(4.9), we have

T, V) comn || T(O) [P coosrn

2 < ¢ - (4.12)

4.3.2 Comparison of The Hybrid Sampling Method and Sparse grid
Method

Now consider a comparison of the e-cost of the hybrid method with that of
applying the low-dimensional quadrature rule to the finite noise approximation of .Jy
of J. To ensure an overall error of order O(e), we must bound both the truncation
error and the quadrature error of the resulting finite noise problem. In particular,

we decompose the approximation,
EolJ] = Qa,, [Jo] = (EolJ] — By, [Jo]) + (Bo,, [Jo] — Qa,, [So]) = &, (4.13)

where the first term on the right hand side represents the truncation error and

the second represents the quadrature error. Now suppose 6 is truncated then, the
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truncation error is:
]E@[J] — Egko [JO] < (ko) (4.14)

for some monotonic decreasing function d(k) — 0 as kK — oo such as in (2.3)

and the quadrature error is of the form:
oy
<E0ko [JO] — Q9k0 [JO]) < Ckons CFloglko) c

and given the value of ko(e), the number of collocation points

¢s+log(kg)

ny(e) ~ (Ck0> b (4.15)

3

can be found and compare with the number of samples needed to achieve accuracy

¢ with hybrid sampling, which is

24+ (+10$(k0)

3

)~ o3, ) (1)

For exponential truncation error with d(kg) = ae "0, where a and b are constants,

ko(e) = %log (g) (4.16)
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and

¢s+log(4 log(2))

%log(%) Vs
ns(e) ~ <O—) (4.17)

3

¢+Hlog($ 1og(2))
Y

n(e) ~ o, () (1)

€

Hence for exponential truncation error case the Hybrid sampling method would

be more efficient than sparse grid if

Lo log(3 log (£)) _ Gt log( log (%))_
v Vs

2

(4.18)

Similarly, for Algebraic truncation error with aky,™", where a and r are positive

constants. Then,

ko(e) = <5) - (4.19)

and

¢sHlog((£)™7)

()
nae) ~ (Cg ) (4.20)
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CHlog((£)™7)

n(E) ~ 2 () (1) ”

3

Hence for algebraic truncation error case wen can partially say the Hybrid sam-

pling method would be more efficient than sparse grid if

n ¢+ log((i)_r) < Cs + log((i)_r)
Y Vs

2 (4.21)

54



Chapter 5

Sensitivity Enhanced Hybrid Methods

First-order Taylor method is used in place of a traditional Monte Carlo simu-
lation to avoid the prohibitive computational expense. Indeed, because of its slow
convergence rate and the costly generation of correlated input variables in the mul-
tivariate case, Monte Carlo methods are usually reserved to establish a reference
against which other methods are compared. However, by identifying and generat-
ing stochastic versions of only those parameters to which the output variables are
most sensitive and at the same time improving the convergence characteristics of
traditional Monte Carlo methods, it is possible to perform simulations utilizing the
original model to capture the more intricate behavior that a low-order approxima-
tion, such as a first-order Taylor expansion, might otherwise sacrifice.The modified
Monte Carlo method(s) we describe below is a step towards this goal [7]. A common
approach to improve the convergence rate of the classical Monte Carlo Method, is
known as variance-reduction methods. In this section, we review the theory under-

lying the methods and compare the convergent rate of the two methods.

5.1 Sensitivity Derivative Enhanced Monte Carlo Method (SDMC)

A variance-reduction method was developed that exploits information regarding

the sensitivity of J with respect to the random variable 6 (measured via derivatives
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of J with respect to #) to improve the convergence characteristics of the Monte
Carlo method. The result of their efforts [3] was the sensitivity derivative enhanced
sampling method (SDMC). The first-order SDES method is described below. Under
the tacit assumption that the appropriate derivatives of the function J exist, consider

the first-order Taylor expansion of J about uy :

J1(0) = Ju(po)] + Julu(po)luo (o) (0 — o) (5.1)

where uy is the sensitivity v with respect to # and E(u) = .
Using

Jp(0) =1 and [(0 — pg)p(9)df = 0
We have:

O = N = [(@)p@)as - Tutu)  62)

which yield the SDMC approximation of E(.J):

N

E(J) == Q"M ~ Jlu(ue)] + % > {Tu(6:)] = Ji(6:)} (5-3)

=1

The following inequalities illustrate the extent to which the variance of (5.3) is

reduced compared with the variance of the traditional Monte Carlo Method (3.1).

56



Theorem 5.1. Let m = max|(d/d#)J(0)| and M = max |(d?/d6?).J(0)|, then:

V(J) < 2m?V(6) (5.4)
and

V(J—-J) <

2V +EI0 — o)) (5.5

[3]

Equations (5.4) and (5.5) indicate that the SDMC method is more efficient when
V(0) is small [3]. It must be emphasized that whereas the convergence rate of the
Monte Carlo method depends on /V(J)/N ;| the SDMC convergence rate for the
first-order case depends on \/m , where the quantity V(J — J;) is simply
the variance of the first-order Taylor remainder of the objective function. If the
objective function satisfies certain smoothness properties, the variance of the Taylor
remainder V(J — J;) is always less than that of the objective function V(.J) itself,
leading to an order of magnitude faster convergence of SDMC relative to that of the

Monte Carlo method. 3]

5.2 Control Variate Sensitivity Enhanced Monte Carlo Method

This method reduces the standard error of Monte Carlo Method by adding to

the approximation of @ = E(J) in (3.1) a control variate.|30]
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Let C' : R — R be the control variate so that uc = E[C(u(f))] is known.

Consider the random variable

for some constant o and J¢(u(f)) is an unbiased estimator for Q.

We can estimate Q with the following Monte carlo estimator
1 & e
Q° = B(J%) ~ = D (J°(u0)) = D2 (J(0) — alClul0) — pel)  (57)
i=1 i=1

(5.7) will have a lower standard error than (3.1) if V(J¢) is smaller than V(J) = o2.

This will occur if C' has a high correlation p; o with J. [13]
V(J9) = V[J(0:) — a[C(u(b;)) — pc]] = 0 + &’ — 2a000p,c (5.8)

Where V(C) = 02. Hence, V(J°) will be smaller than o? if

ao
prc > —— (5.9)
20
V(J¢) is minimized by setting
o= P2 (5.10)
oc
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Therefore, from (5.8)
V(%) = 0*(1 - ). (511)

So the convergence rate of the Covariate Sensitivity Enhanced Monte Carlo
Method depends on o*(1 — p% ). [13].

Now, if we choose C7 = AJT (6 — 0), where § = E(),
then E(C) = 0 and V(c) = E[(J'(0)(0 — 0))?] = J'(9)?V(0;) and we have,

s Cov?(J,C)
(1) + IO (L2, - §)3J'(9))>2
- TERV(6,) V() (>19)
_ MOPVO)IOE (520 - 077'0)
. TPV V() o1
2J(0)E (@(ei . 5)3J’(6)>
= 0 (5.15)
Hence,
2 2.J(0)E (J”;ﬁ) (0; — §)3J'(0)>
V() (1= phe) S V() [ 1- T (5.16)
=V(J)—-2J(OE (‘]”2(5) (0; — §)3J’(9)) (5.17)

If we want to compare the SDMC method and the control variate method we

need to compare equation(5.11) and equation(5.4).
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Now, using equation(5.4),

V= o) < (o) 2700 (120 - 0P0) Gy

Let
f(V(9)) = M7(V(9)2 +E[(0 — po)*]) — 2m*V(0) + K (5.19)
_ MTQV(H)Q —2m2V(6) + MTQ(]E[(Q )+ K (5.20)

Notice that equation(5.19) is quadratic in V() with a = MTQ >0, b = —2m? and

¢ = M(B[(0 — ))) + K.
Let A = b? — 4ac then,

e if A < 0 we have no real solutions and f(V(0)) > 0 so, V(J — J;) > V(J)(1 —

P?J,c)

e if A > 0and V() is between the x-intercepts, then f(v(0)) <0, so, V(J—J;) <
V(J)(1 = p3¢). Otherwise,

o f(0(0)) <0and V(J = J1) = V(J)(1 = pjc)

5.2.1 Computing Sensitivity Using Adjoint Method

Let z € R and p € R™.Suppose we have the function f(z,p) : R™ x R"™ — R
and the relationship g(z,p) = 0 for a function g : R™ x R™ — R whose partial

derivative g, is eveywhere nonsingular.
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one method to approximate the gradient d,f is to compute n, finite differences

over the element of p. Each finite difference computation requirea solving g(z, p) = 0.

For moderate large n,, this can be quite costly. [1]

In the program to solve g(x,p) = 0, it is likely that the Jacobian matrix 0,¢ is

calculated. The adjoint method uses the transpose of this matrix, g7, to compute the

gradient d,f. The computational cost is usually no greater than solving g(z,p) =0

once and sometimes even less costly.

Now,

dpf = dpf(2(p)) = Oufdpr(= foy)

then,

g(x,p) =0 everywhere implies
d,g = 0.
Expanding the derivative,

0=dpg=9—p=G2Tp+ gpPp

which implies;

gz Tp +gp =0 = Ty = _g;r_lgp

Subtituting this relationship into the above equation yields

dpf = _fazggzlgp
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Notice that the expression —f,g;' can now be seen as the solution to the linear
equation

g A=—f (5.22)

The matrix conjugate transpose is also called the matrix adjoint and for this reason
the vector A is called the vector of adjoint variables and the linear equation is called

the adjoint equation. In terms of A, d,f = Ag,. [1]

5.2.2 Adjoint Method For Elliptic Equation

Suppose we want to know the sensitivity of the flux on the right boundary with
respect to the variations in the parameter in an elliptic equation i.e we want to

compute

d d
SI(0) = 1 (,0) (5.23)
where u solves the equation:
g(u,0) =0 (5.24)
Then,
daf _of of
@ = % + %ue (5.25)
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where uy = 80 2 solves the sensitivity equation:

d d

207 g(u,0) = d@ (5.26)
which gives the sensitivity equation:
ag dg
=7 2
9u ug + 20 =0 (5.27)
Solving for uy and pluging it back into equation(5.25) we have,
df of of 1 9y
LA = 2
o 00  Ou <8u) 00 (5:28)

To use the Adjoint method, we let A\ = o (jﬁ ) which gives the following

adjoint equation:

T T
99 = of (5.29)
ou ou
and use the following steps:
e Solve g(u,8) =0 for u.

e Solve adjoint equation(5.29) for A.

e Compute % = % — UL \Tdg
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Example 5.1. Suppose f(u,0) = fol.s udu, then,

of ! of
— = Id d = =
9 . u an 20 0
Hence,
af !
% = . UQdU.

Now, g(z,0) =0

dz

99 _ d (,du
00  dx dz

dg d d
ou dr (edxl)

and we get the following adjoint equation:

d 1
dr \ dx 08

and

with corresponding weak form

1 1
/ ON (z)v' (x)dx = / w(x)dz  for all test functions v(x)
0 0

.8
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Once we have A\, we compute

df _of of ydy

g 90  ou” df (5:32)
— /01 _% (Z—D Az (5.33)
= - /0 1 I (2)N (x)dx (5.34)
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Chapter 6

Numerical Experiment

In this chapter we present some numerical results we obtained by implementing
the Hybrid sampling Algorithm 2 on an explicit functional of a random field, and on

an elliptic partial differential equations.

6.1 Hybrid Sampling on a Functional

Here, our goal is to compute the statistical quantity of interest () = E[.J], where

J(w) = / 0w, w)d,

and 0(x,w) is a Gaussian random field with a given covariance structure. Here, we

use the trapezoidal rule to approximate all spatial integrals, i.e.

/a ) ~ gwiﬂxi),

where g, ..., x, are n + 1 equally spaced points in the interval [a, ], and wy, ..., w,
are trapezoidal quadrature weights, i.e. wg = w, = % and w; = ... = w,_; = h with

h = b-a

n
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The random field @ is given by a Karhunen-Loeve expansion in the form

O(zr,w) = Z VAYii(),

where Y; ~ N(0,1) are iid Gaussians and {\;, ¢;(z)}32, are the eigenpairs of the
covariance operator K : L*[a,b] — L?[a,b] that maps v € L?*[a,b] to Ku(z) =

b
. Bz, y)uly)dy.
Hence, we have 0(z,w) = 0y(z, Y1, ..., Yi) + 0,.(2, Vi1, ....) and we want to com-

pute

J(0) = /0 " (00 + 6,

.75

First, we approximate the eigenfunctions and eigenvalues of the covariance op-

erator IC by

e Using numerical quadrature to approximate K, i.e.
Ku(z) ~ Ku(z) = Zwlk(:c, x)u(x),
1=0

e Estimating the ith eigenfunction ¢;(z) by the vector v; = [¢;(x0), ...0:(x,)]-

This gives rise to the eigenvalue problem

KWUZ' = )\ﬂ)i,
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where

sz = /{7(1}2,1’]), Z’j :O,.-.7n7

and

W = diag(wo, ..., wy).

Letting u; = vWw; and simplifying, we can turn this into a symmetric eigenvalue
problem

VWKV WUZ = )\iui7 1= O, ey N

We used the “karhunen loeve” module in python, which has a convenience func-
tion for computing the eigendecomposition which supports the following covariance

functions:

o Gaussian: k(z,y) = o?exp <_Ifﬂ2—l§/|2>

e Exponential: k(x,y) = o%exp (_‘II;ZA>

e Matern:

e Rational: k(x,y) = m

The semilog plot of the eigenvalues of the matern covariance function is shown
in figure 6.1c.

The true mean is @ = 0.249 and the true mean on truncated field (k = 1) is
@ ~ 0.144. We used sparse grid method on the truncated filed and got approximately

thesame value with true mean of the truncated field i.e Q) ~ 0.144 .
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Matern covariance on a toroidal domain Semilog plot of the eigenvalues

Matern Covariance on a regular domain
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Figure 6.2 shows the convergence rate of the sparse grid method for a fixed k,
different depth values and for different k and different depth values, respectively.
From the graph we can see that for high value of k£ and depth the error is increasing.
it also shows that for different value of k the sparse grid error is basically zero because
polynomial interpolation-based quadrature rules are exact for quadratics and so it
captures the integral for truncation levels 1,5,8.

Using the hybrid sampling to calculate the quantity of interest we got () ~
0.24789 which is approximately thesame with the true mean. Figure 6.3a shows the
maximum Monte Carlo error obtained as k is increasing. As expected for high value
of k we have fewer MC runs.

Since the sparse grid is capturing the integral on truncated field exactly, we

don’t need a high level of sparse grid so we fix the truncated field. i.e no sparse
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Figure 6.2: Convergence rate of the sparse grid approximation

grid error. Therefore, In figure 6.4a for tolerance = 0.1, we look at the number of
Monte Carlo runs required as k is increasing, which shows that for high value of k£ the
conditional variance get smaller and therefore we require fewer MC runs. Similarly
in figure 6.4b the less you worry about getting things right the less you have to work
which is true for any truncation level and if we look at the truncation levels we can
see that if k increases the total work decreases. Hence, in this case the sparse grid is

very efficient to get the integral.
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Figure 6.4: Number of Sample Required for Different k
6.2 Hybrid Sampling on 1D PDE

Consider the problem of determining the expectation of the spatially-averaged

flux over a small region adjacent to the right endpoint, i.e.

J(q,u) = —% /1h q(z, w)u (v, w)dz, (6.1)

where u satisfies the elliptic problem

_d% (q@,w)%u(x)) ~1,  in(0,1)
u(0) =0, u(l)=1

g(a,w) = "),
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where 6 is a Gaussian random field on (0, 1) with Gaussian covariance, specifically

lz—y|?
Ue(%y) =e 2;2! )

with correlation length [ = 0.05.

1.0 15
1.0 4
054
0.5 1
0.0 ME—, ; ; 0.0 L ;
0.00 0.25 0.50 0.75 1.00 -3 -2
x
(a) Sample paths of solution. (b) Distribution of quantity of interest.

Figure 6.5: Statistical properties of the statistic computed via Monte Carlo sample
of size 10°.

The Statistical properties of the J is computed via Monte Carlo sample of size
10° in figure 6.5. Where, E[J] ~ —2.19206 x 10! and variance 62 = 8.9817 x 1072
The root mean square error is thus 2.9970 x 1074

Figure 6.6 shows the effect of truncation on both the Monte Carlo estimates
of E[J] and on the expected conditional variance of .J, given the truncated field 6.
The error estimates in Figure 6.6a were obtained by comparing Monte Carlo sample
averages of J using truncated KL expansions for # with that of the full expansion.
The sample size used for each average was 10°. The expected conditional variances

Eg[Vojg,[J]] in Figure 6.6b were computed using sparse grid approximations in the
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truncated component 6, whose quadrature size was determined to be within € units
of the appropriate truncated Monte Carlo estimates of size 10°. At each quadrature
point 6, the conditional variance Vgjq,[J]|0))] was computed by means of a small
sample of size 100. Note that both the truncation error and the conditional variances

exhibit similar decay rate as k increases.

10~ - —&— mean 10-2 - s
3 °
= -2 = — - — -1
L'.E 10 thb 104 - L g e=10
] —— =102
1073 5 e =103 N
] »
T T T T T T T T T T
1 5 10 15 20 1 5 10 15 20
k Truncation level (k)

(a) Estimated truncation error for E[J] us- (b) Estimated expected conditional vari-
ing Monte Carlo samples of size 10°. ances of J, given 6. ¢ is the estimated ac-
curacy.

Figure 6.6: Conditional dependence

We investigate the accuracy of the sparse grid quadrature rule in Figure 6.7,
compared with a 10° sample Monte Carlo estimate. Note that, due to sampling
error, the error estimates are reliable only above the level 3 x 107*. As predicted
earlier, the convergence rate decays with an increase in k, requiring a greater num-
ber of quadrature nodes for the same tolerance level € for more complex parameter

approximations.
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Figure 6.7: Log-log plot of the sparse grid quadrature error for various truncation

levels.
e=10"" =102 e=10"3
106% e HYB _§ 1 .?’;..'_.'.'_l““
] cede SE “n&
[ »-ocov | 3 | i&TTTTTTTTT %
= 10% === MC
S 5 ] —— SG
& 1073 3
2
g 1074 3
S
101'5 Ky 4
10° 4

Truncation level (k)

1 5 0 15 20 1 5 10 15 20
Truncation level (k) Truncation level (k)

Figure 6.8: Comparison of e-costs of Monte Carlo, Sparse grids, and Hybrid sampling.

In figure 6.8 we compared the e-costs Monte Carlo (MC), Sparse grids (SG),

Hybrid sampling (HYB), Sensitivity derivative enhanced monte carlo (SE) and the

Control variate enhanced Monte Carlo method (COV) for tolerance ¢ = 107}, ¢ =

1072 and ¢ = 1073.

From the graph it seems that combining Mc and sparse grid
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even if just using sparse grid on the first term or dominant term in the KL expansion
and the rest Mc does a better job than Mc.So the Hybrid sampling provides an

improvement of the Monte Carlo Method.
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Chapter 7

Conclusion and Future Work

We have developed the Hybrid Sampling Method which is an efficient sampling
method for estimating a statistical quantity of interest depending on a random field
in a partial differential method E[.J(#)]. This method uses conditional sampling to
combine sparse grid quadrature rules on a low-dimensional projection of the param-
eter space with a Monte Carlo scheme to compensate in the remaining dimensions.
Conditioning on coarse scale field approximations allows for the use of efficient sparse
grid methods in lower dimensions and reduces the conditional variance of the con-
ditioned quantity of interest.We analyzed the error of our method and performed a
complexity analysis where we provided conditions in which the Hybrid Sampling is
more efficient than either of it’s constituent. We extended our algorithm to incorpo-
rate sensitivity-based variance reduction techniques such as the sensitivity derivative
enhance Monte Carlo method and the control variate sensitivity enhanced Monte
Carlo method to further improve the efficiency of our algorithm. We then demon-
strated that our algorithm works by using two numerical examples.

The conditional random field 0|6, typically becomes less smooth and less corre-
lated as k increases (requires a finer spatial grid). Perhaps upscaling methods would
be a more appropriate way to “enrich" the sparse grid sample. It is also plausible

that some quantities of interest don’t require the random parameter to have the same
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high resolution throughout the domain. So, given a low resolution sample, can we
adaptively choose a refinement of the field in regions that determine the variance of

J? We would also like to consider more complex physical problems.
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