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Abstract

Lightweight structures have many applications in different engineering areas, such as au-
tomotive, aerospace, or medical industries, among many others. Optimal design of lightweight
structures deals with finding the most economical distribution of the material in the design do-
main. This concept becomes even more important when additive manufacturing (AM) is con-
sidered for fabrication of the parts, since it allows for exceptional freedom in the design process.
In this dissertation, we consider the design optimization problem for additively manufactured
planar frame structures. We specifically consider three different optimization approaches in
tackling the problem of finding lightest planar frames which can withstand the external loads.
We apply exact optimization methods in Chapter [3] where we propose a novel mixed integer
quadratically constrained optimization model for the problem and compare its performance to
the existing models from the literature. We then propose a problem-specific heuristic method
in Chapter [ which is capable of solving large-scale problems that couldn’t be handled by ex-
act optimization methods. This heuristic method is a combination of a member-node adding
approach and nonlinear optimization, in which the solving process starts from a version of
ground structure with a minimal number of elements and then gradually includes elements
with the most promising contribution in reducing the stress in the structure. In Chapter [5| we
test the ability of metaheuristics, specifically Genetic Algorithm (GA) to solve this mathemat-
ical optimization problem. In the proposed hybrid approach, we combine GA with nonlinear
optimization. To this end, we designed a new encoding of the candidate solutions together
with the GA operators that in addition to the stochastic nature of the GA in solving combina-
torial problems, combined with the deterministic exactness of nonlinear optimization provides
a novel way to solve the design problem. We conclude the dissertation by providing the main

findings and future research in Chapter[6]
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Chapter 1

Introduction and Motivation

1.1 Introduction

New technologies affect our world mostly in positive ways as they bring ease to control, under-
stand, and analyze our environment, and also allow us to get the most benefit from the scarce
resources that are available to us. On the other hand, they also bring some challenges to be
tackled by the scientific community. One of the recently emerged technologies, which has been
able to find its own place in various branches of engineering, is Additive Manufacturing (AM).
AM has its bases in prototyping, it originated from the idea of combining three-dimensional
designs with the possibility of printing two-dimensional designs. In its traditional form manu-
facturing activities usually entailed removing or subtracting material from a bulk initial piece to
reach eventually a near-net desired shape. On the other hand, in additive manufacturing, a thin
layer of material is added to previous layers, based on a 3D model, to build the desired shape.
As a new branch of manufacturing, in comparison to traditional manufacturing, AM relaxes
some of the limitations that were conventionally imposed by traditional manufacturing on the
design of fabricated parts. The most effective contribution of AM, in general, is the possibility
of optimizing the distribution of material in different interior and exterior locations of a part.
This aspect of fabrication of the parts was partially possible using traditional manufacturing
techniques such as casting, machining, etc. but it can never be compared to the freedom that
the design stage gets when additive techniques are considered for the fabrication. Material
distribution control by AM brings new opportunities for design and fabrication of lightweight
structures in which mechanical characteristics of the part remain the same, but volume and as
a result of that, the weight of the part is reduced considerably by removing surplus material

from ineffective locations of the part’s interior. These lightweight parts are especially useful in



some branches such as aerospace, medical, mechanical, and civil engineering. For example, as
of NASA’s reportﬂ on October 19" 2020, the newly landed Mars Perseverance Rover took 11
additively manufactured parts to the red planet. Although we focus on the control of the mate-
rial distribution throughout the design domain of the part, AM also paves the way to relax other
limitations related to traditional manufacturing. For instance, structures containing enclosed
hollow parts cannot be produced by conventional manufacturing techniques without a post pro-
cessing or assembly step but AM can produce such fully closed internal hollows (Gibson et al.
2014).

Selecting the most beneficial distribution of material throughout the design domain can
be approached as an optimization problem in which the amount of the material is minimized
while some engineering limitations and constraints are forced to hold. In this dissertation, we
investigate the mutual effect of optimization approaches and additive manufacturing limitations
on the design of lightweight structures. More precisely, we model the design of load-bearing
lightweight structures as a mathematical programming problem to optimize the weight of the
structure while keeping the mechanical characteristics in some given range, with reasonable
tolerances. Those mentioned mechanical characteristics can be stresses on different locations
of the part, displacements caused by the external or internal loads, buckling, bending, etc.
The main motivation behind this research is that using lightweight structures in many applica-
tions such as aerospace, transportation, and automotive industry can considerably save energy
and reduce fuel consumption and air pollution. On the other hand, lightweight structures and
specifically lattice structures (defined as meso-scale or micro-scale truss-like structures with a
certain repeated arrangement in 3-D space (Tang et al.|2017; |Choy et al.|2017)) have specific
characteristics that cannot be achieved using parts fabricated by conventional manufacturing.
For instance, in some medical applications, it is desired that the an implant’s mechanical prop-
erties matches to the surrounding bone and tissue (Burton et al. 2019) or the implant reacts to
the environmental forces in a specific manner that can be achieved by lattice structures rather
than bulk material. These lattice structures are specific versions of the lightweight structures

that can be designed and fabricated using mainly additive manufacturing.

Thttps://www.nasa.gov/feature/jpl/nasas-perseverance-rover-bringing-3d-printed-metal-parts-to-mars



In this dissertation we will consider the design optimization problem for 2D, so-called
planar frame structures. These structures consist of discrete beam elements that are rigidly
connected in the joints. Topology optimization of planar frames is known as an NP-hard prob-
lem while the AM imposed manufacturability constraints increase the complexity even more in
this type of mathematical problems.

In the remaining parts of this dissertation, we investigate new modeling and solving ap-
proaches to partially handle the current limitations of this era of multidisciplinary optimization
problems. To frame this work, in Chapter 2] we provide a state-of-the-art literature review of
various approaches to solve the structural optimization problems and then narrow down the dis-
cussion to cover the mutual effects of optimization approaches on one hand and AM constraints
on the other hand.

In Chapter 3} we compare three exact modeling approaches to find the lightweight planar
frame structures designed for AM. We observed that when the size of the structure gets larger,
the number of variables increases dramatically, the problem quickly becomes intractable. These
models struggled to be solved even by using state-of-the-art commercial solvers. In our first
article, we compare the results of three modeling approaches in terms of solving time and
results’ quality. From those three modeling approaches one is proposed by the author, to the
best of our knowledge, for the first time in the literature. We also proposed a two-stage heuristic
method to reduce the solving time while aiming for getting at least a feasible solution for the
very hard instances which wouldn’t be solved without the two-stage approach.

Observing the limitation of exact mathematical models in solving large-scale problems,
in Chapter 4 we proposed a novel problem-specific heuristic method to solve large-scale de-
sign problems for AM. We implemented an adaptive member adding technique to solve those
problem that are not possibly solvable by using exact methods. The results reported in this
chapter show the that, using the proposed heuristic method, large-scale instances can be solved
near-optimally, while for smaller instances the proposed method is capable of finding the opti-
mal solution in a fraction of time than otherwise required by the exact method to find the same

solution. The superiority of the heuristic method in terms of computational requirement, even



for relatively simple instances is confirmed. The research discussed in this chapter has been
submitted to Optimization and Engineering journal.

In Chapter [5] we investigate the effectiveness of metaheuristic methods on solving struc-
tural optimization problems where there are also constraints in the model imposed by AM. We
especially investigate the quality of results of Genetic Algorithm (GA) metaheuristic approach
for additively manufactured frame structures’ design problem. Unlike the GA in its traditional
form, we combined the mathematical optimization approaches together with the randomness
in the assembly of generations and individuals in the GA to enhance the convergence time.
The results reported in this chapter show the potential of the proposed hybrid GA in handling

large-scale design problems.

1.2 Contributions

The novelty of this research, in general terms, is in combining various concepts of additive
manufacturing from a mechanical engineering point of view, planar and spatial frame struc-
tures characteristics from a civil engineering perspective, and the optimization concepts from
industrial engineering and operations research disciplines. In this section, we summarize all
the contributions and novelty that our works bring to the literature.

In Chapter [3] we investigate the applications of exact mathematical models in solving the
design problem of lightweight planar frame structures for AM. The followings are the summary

of main contributions and novelties presented in Chapter 3| of this dissertation:

* Non-linear and linear models investigated from the literature for frame structures have

been modified to cover the manufacturability constraints imposed by AM.

* A new mixed-integer quadratically constrained programming model is proposed for the

planar lightweight frame structure design problem.

* A new two-stage solving approach to tackle the difficulty of finding an initial feasible

solution for the frame structures mathematical models has been proposed.



* A comparison of various modeling approaches for frame structures in terms of accuracy

and solving time has been conducted.

Observing the long solving time required by the models that are investigated in the Chapter
Bl and also the inverse effect of problem’s size on the performance of the available solvers for
exact mathematical models, in Chapter |4| we developed a novel iterative heuristic method with

the following innovations:

» The proposed approach is capable of solving large-scale problem which can not be solved

using the exact method.

* The iterative nature of the proposed approach constructed upon the interactions between
mechanical properties of the part on one hand and the constraints in the mathematical
model on the hand which in turn allows to search the solution-space in an informed

manner.

* Instead of using the traditional ground structure method, in this approach a simplified

version of the ground structure with less number of candidates has been adopted.

* Adaptive member adding and removing approach has been developed which allows the
addition of new nodes and candidate element to the ground structure which in turn pave
the way to investigate those locations of solution-space which otherwise remained unex-

plored.

Observing the successful applications of metaheuristic approaches in solving the structural
analysis problems mainly in the civil engineering area, in Chapter [5] we enhance one of the
famous metaheuristic methods, Genetic Algorithm, to solve the problem at hand. Although
the mentioned method is originally designed to solve the unconstrained optimization problems,
we investigate new approaches to enable GA to solve our constrained problem. In Chapter 5]
we present the results of applying GA to the problem of finding near-optimal solutions to the
design problem of lightweight frame structures for AM. The main contributions of this chapter

can be listed as follows:



* We modified the simple GA in order to enhance the convergence speed by applying
a modification in which results from mathematical optimization model can be used to

calculate the fitness values of the individuals.

* We guided the GA’s search process using the problem specific information. Matrix-
based representation of the structures and a novel encoding of the individuals based on
the paths in the structure as a graph are some of the innovations that we implemented in

the application of GA.

* GA has been used to solve the problem where both integer (binary) and continuous vari-

ables involved in the mathematical representation.

* AM imposed manufacturability constraints, such as elements’ cross-sectional limitations

and removing crossing-member have been considered in the proposed hybrid GA.

Chapter [6] will conclude this dissertation by summarizing the main findings and providing
the road map for future research in the area of optimizing the design for additive manufacturing.
In Appendix [A] we present the transition from mechanical properties to the mathematical mod-
els by explaining all the relations and formulations used in defining the optimization models.
Appendix [B] gives the pseudo code for generating the ground structure which is further used
in all approaches that we mention in other chapters. Appendix [C] depicts the initial and final

population of the instances solved in Chapter [5



Chapter 2

State-of-the-art Literature Review

In this chapter, we summarize the works from the literature that is most relevant to the design
of additively manufactured lightweight structures. Two factors are considered in the ordering
of the works, first we consider the chapter of this dissertation that the article most relevant,
second, the type of structure that considered in the work. In Chapter [3] we consider the exact
mathematical models to solve the problem of lightweight frame structure design for additive
manufacturing. Next in Chapter [4] the heuristics to tackle the problem and in the Chapter 3]
the selected metaheuristic method, genetic algorithm, will be considered to solve the problem.
Consequently, we follow the same order in the literature review, meaning that, we first cover
the most related works from the literature of implementing the exact methods, then the heuris-
tics and finally genetic algorithm related works will be presented. For each of these categories,
we first, focus on the mathematical modeling of truss structures because it can pave the way
for a better understanding of the challenges that appear in the frame structures’ modeling ap-
proaches. On the other hand truss structures in which the elements of the structure are pinned
bar elements, although possible to be fabricated, are not appropriate for additive manufactur-
ing. That’s also because fabricating the elements separately, using the traditional manufacturing
techniques, and then assemble them to get the final part, is more appropriate and cheaper than
designing and fabricating the same structure as a whole, by using additive manufacturing. The
next natural step in reviewing the literature is to focus on the works that consider various mathe-
matical modeling approaches in designing the frame structures in which the elements are beam
elements that are fixed on the connections or, in other words, rigid-joined structures. Finally,
we focus on the applications and works related to using additive manufacturing techniques for

the fabrication of the designed lightweight structures, especially frame structures.



To understand all of the works presented here, we begin this chapter by summarizing some
works related to the optimization perspective to the structures. Then we discuss related works
in the literature following the specific approaches that we consider for our research, i.e., appli-
cations of exact mathematical models to solve the problem, considering the heuristics to find
the near-optimal solutions for large-scale problems and finally applications of metaheuristics

to tackle the optimization problem in hand.

2.1 Exact methods related literature review

The concept of lightweight structures, or in other words, distribution of the material in the
most economical way first appeared in Michell (1904)’s work. Since then, many advance-
ments happened in various aspects of structural optimization. The methods under this branch
of optimization can be categorized as, Size optimization, Shape optimization and Topology op-
timization (for definitions see (Querin et al. 2017) and (Bendsoe and Sigmund|[2013)). Two
main stream of the research in topology optimization for structures, namely for discrete and
continuum structures, have been established in the literature by the appearance of the works of
Dorn| (1964) and Bendsoe and Sigmund| (2013)) respectively. Considering ground structure or
design domain as the base of the optimization procedure is one of the widely used approaches
in structural optimization. In this approach, design domain consists of nodal locations which
are mainly assumed to be fixed, and all the candidate elements (bar or frame elements). In addi-
tion, applied load(s), boundary conditions, and some additional design restrictions are assumed
to be given. According to Bendsoe and Sigmund (2013)), the unknowns of the design problems
are the physical size, the shape, and the connectivity of the structure. An enhanced review of
the related literature is given by Stolpe (2016)) for discrete structures, and by Eschenauer and
Olhotf (2001), and Deaton and Grandhi| (2014) for continuum structures. Stolpe| (2016) further
categorized the applications of modeling based on the ground structure method, into three main
categories. The author also considered the objective functions of the model as the major criteria

in the categorization. These divisions are given as:

* Minimum compliance (maximum stiffness) problem with volume constraint.



* Minimum weight problem with a constraint on the compliance.

* Minimum weight problem with a constraint on the nodal displacements and constraint

on the allowable element stresses.

The type of problem that we consider in this work falls in the third category. The dis-
placements are controlled while the size of the elements can be one of the variables in the
mathematical model. The disappearance of the candidate connections between nodes in the
ground structure specifies the type of structural optimization problem. In other words, we can
categorize the structural optimization problems by checking that whether all the elements of
the ground structure remain in the final solution, or some of the elements vanish during the
optimization process. According to Stolpe|(2016) if during the optimization iterations some of
the elements of ground structure vanish, the topology of the structure changes, and this problem
categorized as topology optimization. On the other hand, if all the given members of the ground
structure remain in the final outcome of the optimization procedure, potentially with optimized
size, cross-sectional area, or shape, this problem is called shape or size optimization. Figure

[2.1] best describes the mentioned categorization and the type of problem that we tackle in this

dissertation.
Structural
Optimization
Topology Shape Size
Optimization Optimization Optimization
Continuum Discrete
Structures Structures
Continuum Discrete Continuum Discrete
Structures Structures Structures Structures
Truss Frame
Structures Structures

Figure 2.1: Categorization of Structural Optimization
For a better understanding of the frame structures, in the following, we first summarize

some of the works in the literature related to the truss structures. Using the bar elements and
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consequently optimizing trusses as a discrete structure is a very popular problem in the liter-
ature. Mostly the cross-sectional area of the bars is the main variable of the truss topology
optimization problems. |Grossmann, Voudouris and Ghattas (1992)) best described the charac-
teristics of these problems in their own words as follow:

“Many problems in engineering design give rise to non-convex nonlinear programming
(NLP) problems. Furthermore, quite often due to manufacturing constraints, design variables
are restricted to take discrete values for selecting standard sizes which give rise to mixed-integer
nonlinear programs (MINLP)”.

Mixed Integer Linear Programming reformulation of such problems with separable ob-
jective functions and bilinearities in the constraints is given by (Grossmann, Voudouris and
Ghattas| (1992). Since then, various approaches for tackling truss topology optimization have
been contributed to the literature. |Bollapragada, Ghattas and Hooker (2001) showed that for the
truss structures topology optimization problems with discrete cross-sectional areas of the bar
elements, the Logic-Based Branch-and-Cut method can solve larger problem instances than a
branch-and-bound used for a Mixed Integer Programming (MIP) (in which non-linearity of the
relaxed problems can disappear). None of these formulations contain design-dependent con-
straints that’s why they are more sizing rather than topology problems (Stolpe and Svanberg
2003). This downside of the mentioned approaches tackled by |Stolpe and Svanberg| (2003)
where topology optimization problem modeled as a Mixed 0-1 program with linear inequality
and bilinear equality constraints which can further converted to linear inequality constraints.
Stolpe later proposed a branch-and-bound method (Stolpe||2004) and a parallel branch-and-cut
method (Rasmussen and Stolpe|2008) to solve this problem. Global optimization of truss struc-
tures with discrete cross-sectional areas of the bars using the Branch-and-Bound method later
considered by Achtziger and Stolpe| (2007). In their work, authors modeled the problem as a
MIP and solved a set of benchmark problems. Objective function is weighted average of the
compliance of multiple load cases while they consider a constraint on the total volume of the
structure. Cerveira et al.| (2013) further developed the solving approach by proposing a two-
stage branch-and-bound procedure for the stiffest truss structure with discrete cross-sectional

area. In addition to the MILP and MINLP, other mathematical programming methods are used

10



to model the discrete design problems as well. Mathematical Program with Complementarity
Constraints (MPCC) implemented for the truss design problem with discrete cross-sectional
area by |[Kocvara and Outrata| (2006). Authors proposed three methods to be used for numerical
solution of the problem while considering the uniqueness of the displacements of the nodes and
areas of the bars from ground structure in the final solution. Second Order Cone Programming
(SOCP) for truss structures implemented by Lobo et al.| (1998) and Makrodimopoulos, Bhaskar
and Keane|(2010). In the latter, authors proposed a heuristic scheme for adding members to the
ground structure after each iteration of the finite element analysis.

Makrodimopoulos, Bhaskar and Keane| (2010)) stated that the popularity of truss structures
is due to the simplicity of designing and the ease of mathematically formulating these struc-
tures. In contrast, Stolpe (2016) explaining the difficulty of the modeling of these structures

from an optimization point of view by stating the followings in the authors’ own words:

Due to the number of variables and constraints, the problem can be large-scale.

» Non-convexity can be another hardness.

Stiffness matrix is only positive semi-definite.

There may be multiple solutions for the displacements in the design which make objec-

tive and constraint functions non-differentiable.

Notice that the number of design variables such as nodal displacements for planar frame
structures is 1.5 times larger than the number of variables in truss structures. Moreover, the
necessary equations for finite element analysis of frame structures are more complicated than
the equations for truss structures. For example, the stiffness matrix’s size for a truss structure
with 10 members is 40 x 40 but a frame structure with the same number of elements has a
stiffness matrix of size 60 x 60. This leads us to the conclusion that solving optimization
models for frame structures’ design is much harder than the truss structures.

Frame structures’ optimization problem has been approached by either the Civil and Struc-
tural Engineers or by Mechanical and Aerospace Engineers. Chan| (1992) best described the

necessity of discretization in the optimization models for applications in civil engineering by
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stating that: “Structural members of a steel building structure are rarely custom-fabricated and
these sections are only available in discrete standard sizes from commercial steel fabricators”.
That’s why early attempts to solve structural optimization problems for frame structures gener-
ally adopt nonlinear models with continuous design variables and then round-up the results to
get the nearest discrete sizes. Chan|(1992) proposed an Optimality Criteria (OC) based discrete
variable method for steel frames.

Mixed-integer nonlinear programming is used for modeling by (Klansek et al. |2007),
where the authors implemented Outer-Approximation/Equality-Relaxation iterative algorithm
for solving the problem. Takezawa et al.[(2007), by using continuous ellipsoidal cross-sectional
area, optimized the rotational angle denoting the optimal principal direction of frame element
implementing a procedure based on Karush-Kuhn-Tucker (KKT) conditions and the comple-
mentary strain energy concept. An extensive review of mathematical and meta-heuristic meth-
ods for optimization of frame structures is given by Saka and Geem (2013).

Most of the above works do not consider the vanishing members; they consider all of the
elements in the ground structure (composed of steel framed storey and bays) to remain during
the optimization procedure and in the final/optimal structure. That’s why these problems can
be considered as size optimization rather than topology optimization.

For frame structure, Kureta and Kanno (2014} implemented a similar approach that Stolpe
and Svanberg| (2003), Rasmussen and Stolpe (2008)), and Stolpe| (2007) developed for truss
structures. In their chapter, they considered the design of periodic frame structures with neg-
ative Poisson’s ratio. The main idea of the mentioned papers developed around the decompo-
sition of the stiffness matrix. In Chapter 3] we propose a new modeling approach for frame
structures by implementing a similar idea as the aforementioned papers in this paragraph.

Other mathematical programming approaches such as Mixed-integer second-order cone
programming (Kanno|2016), Robust optimization (Changizi and Jalalpourj2017a) and Gradient-
based optimization (Changizi and Jalalpour|2017b) have been used for efficiently modeling and
solving frame structure optimization.

In recent years, rapid growth in the applications of additive manufacturing has led to a

radical change in the way designers describe the design for fabrication. Although it has its own
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limitations, additive manufacturing provides freedom in the design of manufacturable complex
geometries (Schmidt, Pedersen and Gout/[2019). A review of medical implants produced by
applying additive manufacturing for the fabrication and using topology optimization for con-
tinuum material in the design step is given by Wang et al.| (2016)). Authors mentioned that in
the fabrication of porous metal implants a combination of topology optimization and additive
manufacturing is of great interest because the design of the internal architecture of the desired
parts can be optimized by topology optimization while the fabrication of optimized complicated
shapes has been achieved by additive manufacturing.

Another review paper (Liu and Ma|2016)) discussed manufacturing-oriented topology opti-
mization. They further categorized the manufacturing methods which affected the topology op-
timization under three main categories. They investigate the effects of machining methods and
injection molding/casting methods on topology optimization by figuring out the limitations that
these two conventional manufacturing methods bring to the optimization of structures. Then
they explained that additive manufacturing for topology optimization can be implemented for
tackling these limitations.

Cansizoglu et al.| (2008)), used Electron Beam Melting (EBM) to fabricate three dimen-
sional optimized frame structures. The design variable was joints’ locations and the objective
function was the compliance of the structure. Authors implemented Quasi-Newton line search
for unconstrained optimization and sequential quadratic programming (SQP) for the models
with constraints on the mechanical properties of the structure. They mentioned as a results
that, they found “discrepancies between the performance of the theoretical structures and the
physical EBM structures due to the layered fabrication approach”. Smith et al.|(2016) proposed
a work-flow to start the design process from a design domain (which is not ground structure,
because of continuity) by finding an optimized layout for the structure. Throughout a set of
post-optimization steps, the resulting layout is converted to a continuum structure viable for
additive manufacturing. In fact, the resulting layout design of simplified truss structure con-
verted to a frame structure imposing some constraints such as buckling response and removal of

crossing members (by creating nodes at the intersections). |Wu, Clausen and Sigmund (2017),
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combined “a coating approach to obtain an optimized shell that is filled uniformly with a pre-
scribed porous base material, and an infill approach which generates optimized, non-uniform
infill within a prescribed shell” to obtain the optimized design for additive manufacturing. An
iterative smoothing and projection procedure has been used for material removal in this work.

To the best of our knowledge, there are only a few works focused on the applications
of additive manufacturing in the fabrication of optimized discrete structures. Most of the ap-
plications in the literature focused on the continuum structures when the material distribution
among the design area is optimized by removing the material that is less desired (making holes
in the continuum design space). For example [L1u et al.[(2017), used moving morphable com-
ponents/voids topology optimization method to design graded lattice structures considering the
additive manufacturability. A similar approach to optimize the lattice structure design for addi-
tive manufacturing has been done by Bai et al.|(2018)), where the size optimization of the strut’s

cross-sectional area has been solved using the Firefly meta-heuristic search algorithm.

2.2 Heuristics related literature review

In order to handle the large number of variables in the mathematical optimization models for
structural design problems, many approaches have been proposed in the literature. These
include defining a penalty on the number of nodes (Parkes||1975), adaptive member adding
(Gilbert and Tyas|2003}; |Soko6t and Rozvany|2013), defining ground structures based on princi-
pal stress trajectories (Gao, Liu, Li and Q1ao0/[2017), growing ground structure (Hagishita and
Ohsaki1/[2009), among others. All of these heuristic approaches aim for finding a near-optimal
solution to the large-scale design problems when the number of variables in mathematical op-
timization problems grow exponentially and the model soon become intractable for exact ap-
proaches which mainly use branch-and-cut or interior point methods.

In the “iterative adding method” in which instead of having the fully connected ground
structure, the process begins with a reduced number of members in the mesh. Gao, Liu, L1 and
Q1a0 (2017)) categorized “iterative adding methods” into two categories, “only member adding”
and “node and member adding” methods. In this work an extension of “node and member

adding” method which enables not only node addition but also node removal to enhance the
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problem solving time, is proposed. In the literature, “iterative adding methods” have been used
to solve problems dealing with both truss and frame structures. In the following, we first discuss
(generally simpler) applications to the former, and then the latter.

Truss structures: \Gilbert and Tyas|(2003) proposed the member adding method for the first
time and showed that with the proposed adaptive layout optimization approach they could solve
large-scale weight optimization problems for truss structures (e.g. > 100, 000, 000 potential
members). Later this concept was implemented by |He, Gilbert and Song| (2019)). However,
the results of this approach included many cross-passing members which made the building
of the resulting truss structures almost impossible. To alleviate this downside, Fairclough and
Gilbert (2020) applied the idea of iteratively imposing lazy constraints in the mixed integer
linear programming model aiming to reduce the number of crossover members and to obtain
a simplified version of the resulting structure. |Weldeyesus and Gondzio| (2018) proposed a
specialized primal-dual interior point method to iteratively solve the sub-problems. Member
adding approach was also used by Weldeyesus et al.| (2019) where the relaxation of nonlinear
model for the truss structures was modeled as a semidefinite programming problem. |Gao,
L1, Pan, Chen and Liu (2017) extended the member adding approach by considering those
members inside the principal stress trajectory area on the design domain. In this approach parts
of the design domain which include members and nodes with no potential contribution to the
optimal structure are removed. Due to the significantly different mechanical properties, none
of these methods can be directly implemented for frame structures, where the rigidity of the
joints causes moments and consequently calculating the stresses is more complicated.

Frame structures: Structural optimization for frame structures, specifically for additive
manufacturing has been well-studied in the recent years (Ribeiro, Bernardo and Andrade|2021)).
The ground structure method (Dorn|1964)) is still the main approach used for discrete structures
such as truss and frame topology optimization (Gao, Liu, Li and Q1a02017). Larsen, Sigmund
and Groen| (2018]) used a two stage process to optimize the frame structures where, they first
solve the truss analog using the homogenization-based topology optimization method, and then

implement a size optimization to obtain a near-optimal frame structure. They note that with
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any post-processing, the resulted truss loses its optimality and the process output will be a
near-optimal frame solution.

L1 and Chen| (2010) implemented an iterative approach to find the optimal frame structure
in which the mechanical properties of the resulting structure on each iteration is calculated us-
ing a finite element analysis software. In another attempt to find the optimal frame structure, He
et al.[(2019) start with modeling and solving truss layout optimization as a linear programming
problem and, in the second step, use nonlinear programming for geometry optimization of a
frame structure by adjusting the node coordinates in the layout resulting from the first step. In
their approach the number of nodes in the ground structure is constant (no node adding) but
the coordinates of nodes could be changed. During this post-processing rationalization step,
two issues with the resulting truss structure (many members with non-zero areas and overlap-
ping members) were addressed. |Gally et al.|(2015) proposed a nonlinear semidefinite program
(SDP) for the robust truss topology design problem with beam elements. They considered mo-
ment in the rigid nodes of the structure and derived the element stiffness matrices from the
principle of linear momentum with the Galerkin method. Reintjes and Lorenz| (2021) imple-
mented a post-processing step on the optimized initial truss structures for the design problem
of lattice structures for additive manufacturing. Member adding method together with the con-
cept of principal stress lines have been introduced by L1 and Chen| (2010) for frame structures
designed for additive manufacturing. While the authors used these principal lines for the design
of initial structure on the design domain, they indicated the following important properties of

principal stress lines for beam elements in a frame structure:

The displacements of the nodes is proportional to the external load.

The displacements are inversely proportional to the stiffness matrix or the elastic modu-

lus.

The direction of the principal stress is not related to the scaling of the external forces, nor

the material type for an isotropic material within the range of elastic deformation.

The principal stress field is mainly related to the topological variables of the given struc-

tural design such as the position of external forces and the types of constraints.
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Smith, Todd and Gilbert (2013) solved the design problem of frame structures for additive
manufacturing while they initially solved the problem as a truss and then defined a threshold
(Euler buckling criteria) to be considered on the elements cross-sectional value to overcome the
buckling on the elements. As they indicated, although using this approach (linear programming
without considering the moments in the joints) is a significant simplification, there are advan-
tages in keeping the problem linear. These advantages include the possibility of finding the
guaranteed optimal solution and tackling large-scale problems. Smith et al.| (2016) proposed
a multi step process to design components for additive manufacturing. They implemented
member adding scheme at the initial step of their approach and via a post-processing step they
impose minimum area of the members, buckling constraints, and overall stability constraints to
modify the resulted truss structure from previous steps for fabrication.

As we mentioned a couple of those implementations, member adding approach have been
used to solve mainly truss structures. This is because, for truss structures, the optimization
model can be linearized and the dual form can be easily obtained. Also because of linear form
of the sub-problems, it is easy to find global optimal solutions via the interior point method
(Gao, Li, Pan, Chen and Liu|/2017). On the other hand, frame structures with rigid joints
and constrained displacement on the nodes, can only be modeled as mixed integer nonlinear
nonconvex models, for which the dual form cannot be obtained and their solution process is
known to be computationally demanding. Furthermore, the additive-manufacturing-imposed
constraints, make the problems even more difficult to solve. That’s being said implementa-
tions of member adding approach for frame structures composed of multi-step/post-processing
procedures which usually yield near-optimal solutions. In an attempt to solve these problems
optimally, Toragay et al.| (2022) modeled the design problem of frame structures as mixed in-
teger quadratically constrained problem. They showed that commercial solvers are still limited
by the size of the problem and only small-size problems can be solved to optimality. They also
provide a comparison of three different modeling approaches to solve this problem for additive
manufacturing. To the best of our knowledge, there are few member adding approaches for the
frame structures, specially when those structures are being designed for additive manufactur-

ing.
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In Chapter [ instead of solving the linear sub-problems or implement multi-step ap-
proaches, we relax some of the constraints in the nonlinear model and based on interaction
between the mathematical model and mechanical properties we iteratively approximate the
large-scale design problems for frame structures considering the additive manufacturability
constraints. By interaction we mean, the results of mathematical model reveals the mechanical
properties of the structure (specifically the displacements in the degrees of freedom) based on
which we add necessary constraints to the mathematical model. We keep the non-linearity of
the model as we consider the moments on the rigid joints. As mentioned by Larsen, Sigmund
and Groen| (2018)), the location of the nodal joints has a large influence on the performance of
the design. To take that into account, the proposed heuristic method iteratively adds members
to the ground structure, and also adjusts the geometry of the base ground structure by adding

new nodes to it. Details of the method are given in Chapter A

2.3 Metaheuristic related literature review

As discussed above, design optimization of frame structures for AM can be mathematically
modeled as mixed integer nonlinear programming (MINLP) models. In general, there are
two classes of optimization methods for these problems: stochastic search methods and de-
terministic search methods. Despite the state-of-the-art enhancements in commercial solvers
and computational power of modern computers, using exact methods for deterministic search
approaches to optimally solve these nonconvex optimization problems is still a big challenge
when implementing these methods to large-scale instances (Toragay et al.[2022). One approach
to handle the large-scale topology optimization problems is to design problem-specific heuris-
tic methods which are stochastic but can find near-optimal solutions. In recent years, nature
inspired metaheuristics have been adopted to solve structural optimization problems. The most
important and promising ones have been surveyed by |Sakal (2007); Saka and Geem! (2013));
Zavala et al.| (2014); Kaveh and Zolghadr| (2014). The inadequacy of exact mathematical opti-
mization approaches and optimality criteria methods for large instances explain the necessity of
implementing metaheuristics in the structural optimization (Kicinger, Arciszewski and De Jong

20035)).
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On the other hand, as mentioned in (Rao and Xiong|2004)), the drawbacks of stochastic

methods or metaheuristic approaches include the following:
* They are independent of the specific characteristics of the problem.
* Generated information in each step is barely used in nest iterations/generations.
* They slowly converge and sometimes with a low accuracy.

Another drawback of metaheuristics is the increased solution evaluation requirement with
an increase in the number of design parameters (Ahrari, Atai and Deb|2020). On the other hand
applications of metaheuristics in topology optimization area are comparatively scarce, possibly
because of the complexity of these problems, which demand sophisticated specialization of
the standard metaheuristics. This drawback may explain why most common test problems for
topology optimization are simple, small-scale problems rather than real structures with higher
complexity (Ahrari, Atal and Deb|[2020).

Because the essential differences between truss and frame structures were often ignored
(Sui, Du and Guo|2006), and similarly to other approaches to solve the optimization of discrete
structures, research on the topology optimization of frame structures using metaheuristics is
very limited (An and Huang 2017)). However, the promising performance of these approaches
in solving topology optimization of truss structures might also be effective in frame topology
optimization (Cheng and Guo |1997). Various approaches have been suggested to reduce the
complexity of using metaheuristics in structural optimization problems, such as using problem-
specific knowledge to customize the metaheuristics (Ahrari, Atai and Deb|2020), reducing the
solution space size (Dede, Bekiroglu and Ayvaz 2011)), solving structural optimization with
a layered method based on an optimization theory of multi-layer systems (Wang and Ohmori
2013)), and two-level approximation (Huang and Xial[1995; [Li, Chen and Huang| 2014} based
on approximating the fitness functions to decrease the structural analyses, amongst others.

Inspired by evolution, Genetic Algorithms (GA) are a family of metaheuristic methods
to solve combinatorial problems. In GA, each candidate solution is encoded via an encoding

scheme and through recombination operators critical information of individual representations
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are preserved from generation to generation. Each generation is composed of new offspring
which are created via proportional reproductive opportunities that are given to good solutions
in the previous generation (Whitley|1994).

The nature of the problem that we consider in this work, which is a design optimization
with mixed type of variables, makes GA a good candidate for solving the problem. That’s be-
cause, GA, unlike exact optimization methods, iterates on generations of designs rather than on
a single design (Balling, Briggs and Gillman|2006). This characteristic of the GA can poten-
tially yield a variety of good designs in the final generation. For a designer in the conceptual
design stage, having the choice of different topological ideas is beneficial (Balling, Briggs and
Gillman/2006). According to Erbatur et al.|(2000) the main three components in the operation

of a GA are:

* the creation of an initial pool of designs,

* combination of the designs in a pool in order to produce better designs,

* obtaining new generations of designs.

Various modifications have been suggested to interpret and convey all the necessary data
for the success of GA whenever this method has been implemented for topology optimization.
For instance, binary encoding of discrete cross-sectional values for truss structures has been
implemented in (Rajeev and Krishnamoorthy||1992)) where a modified objective function has
been defined to take in account the total constraint violation which in turn convert the con-
strained problem to an unconstrained one. Tree encoding of structures has been implemented
in (Madeira, Pina and Rodrigues 2010) where the authors used the finite element program
ABAQUS (Smith/2009) to compute the fitness for individuals. They considered finite elements
in a continuum structure where the connectivity of the individual is guaranteed via graph theory
concepts such as minimum spanning tree. Specific operators such as simulated binary crossover
and parameter-based mutation has been defined for the GA used for truss structures where a
real-number encoding is implemented (Deb and Gulati2001). A modified GA based on the
segmentation of the design domain has been proposed in Khodzhaiev and Reuter| (2021)) to si-

multaneously optimize the size, shape and topology of transmission towers. A variable length
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genome was defined for each segment of the design domain. The fitness of each individual was
calculated via the application of third-party FEM software. |/Azad and Hasancebi (2013)) pro-
posed an upper bound strategy for reducing the number of structural analyses in metaheuristic
based design optimization of steel frame structures. For the most recent applications of meta-
heuristic methods in structural optimization problems we refer the readers to the literature, such
as|Azad| (2021)); [Kaveh and Ghafari (2019); Talatahari and Azizi| (2020))

Increasing applications of hybrid GAs in the literature validate these approaches’ appli-
cability. These approaches, formed by the combination of a GA with local search methods
(Seront and Bersini 2000), combine the advantages of random search and deterministic search
and provide increased performance when compared to a GA in its simple form or local search
algorithms alone. Hybrid methods can improve the convergence speed and computational effi-
ciency.

In Chapter [5|instead of using the traditional encoding that has been used for the GA imple-
mentation in structural optimization, we propose a novel path-based encoding. This encoding
is designed based on the similarity of the planar structures and graph networks containing all
the connections between nodes. This idea is tailored based on the fact that all the elements in
the structure which are located on the principal stress lines can contribute to the distribution of
the stresses among the structure. Using this encoding will reduce the computational burden of
defining and operating on other types of encoding such as binary encoding. This aims to alle-
viate the intractability of GA for large-scale problems in structural optimization. The proposed
encoding paves the way for the construction of a novel hybrid GA which is more powerful
than the traditional approaches which suffer from very large number of variables in structural

optimization problems.
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Chapter 3

Discrete Topology Optimization of Additively Manufactured
Lightweight Planar Frame Structure

3.1 Introduction

Design of lightweight structures is an important task for many engineering fields such as me-
chanical, civil, aerospace, and biomedical engineering. It includes applications in the aerospace,
automotive, and medical industries. Preliminary steps of the design process for load-bearing

structures usually include:

Identifying the ground structure in which all the potential elements of the design domain

are defined.

Identifying loads and boundary conditions on the design space.

Considering the type of material in the fabrication stage (physical characteristics).

Identifying the expected mechanical properties.

In general, based on the type of elements that are considered for the fabrication of the de-
signed structure, design tasks can be divided into two main categories, continuous and discrete
design. For instance, design of a truss structure consists of bar elements and a frame structure
consists of beam elements are two examples of discrete design. In these examples, the ele-
ments of the structure are discrete, most of the time predefined (pre-fabricated), bar or beams
elements. Bar elements can carry axial forces while beam elements can, in addition, convey
bending moments while exposed to external loads. Truss structures consists of pin-joined bar
elements, while frame structures include beam elements that are rigid-joint at the end-nodes of

the elements.

I'This chapter has been published as a journal article in the Structural and Multidisciplinary Optimization
journal (Toragay et al.[2022)
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In recent years, additive manufacturing (AM) has had a significant impact on the design
of lightweight structures, since it removes many of the limitations that conventional manufac-
turing imposed on the fabrication stage (Liu et al.|[2018]). For instance, for truss and frame
structures, AM is capable of fabricating the bar and beam elements of various shapes, sizes
and cross-sectional areas. More generally, AM provides significant control on the density of
material through the design domain. At the same time, it has its own limitations as well. For
instance, when fabricating a frame structure, the angle between the element and printing plane
is important and must satisfy certain constraints.

In this chapter, we focus on modeling and solution approaches to the problem of design
of load-bearing planar frame structure. We assume that the ground structure includes all of
the potential discrete beam elements. The considered ground structure consists of nodes or
connection points (joints) for which the coordinates are fixed and given. Figure shows two
instances of ground structures with 9 nodes and 24 beams in (a) and 16 nodes and 60 beams in
(b). Note that in a designed ground structure with n X n grid, the number of potential elements

isn(n?—1).

(a) 3 x 3 ground structure (b) 4 x 4 ground structure

Figure 3.1: Instances of ground structures

The design problem then consists of finding a subset of the beam elements and their re-
spective cross-sectional areas, such that it can tolerate a given set of external nodal loads, while

minimizing the total weight. The problem combines discrete (which elements are selected) and
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continuous (cross-sectional areas) decision variables. It is further complicated by the nonlin-
ear relationship between node displacement and structural variables, especially for the case of
frame structures (as opposed to the relatively simpler case of truss structures).

This combination of discrete and continuous variables, and non-linear constraints makes
the problem exceptionally computationally challenging. To address this challenge we propose
a mathematical model, formulated as a Mixed Integer Quadratically Constrained Programming
problem, which, to the best of our knowledge, has never been implemented for design of frame
structures for AM before. Further, we implement a two-stage, hybrid approach to solve these
models more effectively. The proposed approach takes advantage of relative simplicity of a
discretized version of the problem in order to improve solvability of the continuous model.

Our computational results show that the proposed model solves the problem more effi-
ciently than the linearized models and faster than the other non-linear models. The necessity
of this research comes from the fact that although in recent years commercial solvers enhance
their ability in solving large scale problems, in some cases they are still limited by the problem
size. The aforementioned complex problem in hand is one of that kind in which state-of-the-art
solvers still can not solve large scale problem. In this study we evaluate the capacity of en-
hanced solvers in handling the design problem in frame structures when solving this problem
which modeled using efficient implementation of different modeling approaches. Specially we
investigate a new approach to model this problem based on MIQCP modeling approach.

This chapter is organized as follows. After a brief explanation of the design problem, sec-
tion [3.2] gives the linear and nonlinear models that are suggested in the literature for the frame
structures’ design problem. We further enhance these models by adding several constraints to
adjust them for the AM related conditions. We also explain in this section, the proposed novel
mathematical model in the form of MIQCPs for the design problem of lightweight planar frame
structures. In section we present the results of a set of experimental instances using lin-
ear, quadratic, and nonlinear models. We compare the models in terms of the solution quality
(resulting structures’ weight) and computational effort. Section concludes this chapter by

summarizing the main results and findings.
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3.2 Mathematical Models

We consider three modeling approaches to the frame structures’ optimization problem, referred
to as: Mixed Integer Non-Linear Programming (MINLP), Mixed Integer Quadratically Con-
strained Programming (MIQCP) and Mixed Integer Linear Programming (MILP). Main ideas
of MINLP and MILP models are adapted from the literature with additional improvements and
modifications that enable these models to cover manufacturability constraints as well. Detail
of these modifications are given in the corresponding sections. In the proposed MIQCP model
we use semi-continuous variables for defining the beam elements’ cross-sectional areas. First,
we present the notation used throughout the rest of the discussion and give a formal problem

statement used for all three models.

List of variables, parameters, and sets

Sqor  Set of all degrees of freedom in the ground structure (3 x number of nodes)
Se Set of all potential elements in ground structure

Sy Set of all nodes in the ground structure

D)  Setof all degrees of freedom on node &

Hky Setof all elements in the neighbourhood of a node &

S Set of all (eq, e5) pairs with ey, e; € S, such that e; may intersects e,
Parameters:

Gmae Maximum possible cross-sectional area of each beam

Gmin  Minimum possible cross-sectional area of each beam

Umaer Maximum possible displacement on each degree of freedom

le Preliminary length of beam element e in the ground structure

Ny (n1,n2) pair of nodes with ny, ny € S, such that element e connects n; and n;

1. Moment of inertia of element ¢
0. Angle between beam element e and horizontal line
k. Stiffness matrix of element e
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K Structure’s stiffness matrix

E Young modulus of elasticity

d Number of all degrees of freedom in the structure

D) External load(rotation or axial force) on degree of freedom j
P Vector of all external nodal loads in the structure

p Density of the used material

Design Variables:

a Vector of all elements’ cross-sectional area

Qe Circular cross-sectional area of the beam element ¢ eR"
Te Indicates the inclusion of beam element e in the resulted structure € {0,1}
Ze.  Indicates that profile c is chosen for element e in the resulted structure €{0,1}
Yk Indicates the inclusion of node £ in the resulted structure €{0,1}
State Variables:

1. Moment of inertia of element e

I Vector of moment of inertia of all elements

U Displacement on degree of freedom j eR
u Vector of displacements on all degrees of freedom € Rx1

3.2.1 Problem statement and stiffness matrix decomposition

We consider the following general form of mathematical models for the frame structures. We
use this general form of mathematical models to find the lightest additively manufactured planar
frame structure composed of beam elements that can tolerate the external nodal load while

keeping the displacements in all connected nodes in some specific, given ranges.

minimize  Weight of the structure
subject to K(a,I)u =P

Manufacturability constraints
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in which the first constraint represents the equilibrium equations that needs to be held in all
the feasible solutions. These equations relate the displacement in the degrees of freedom to
the related external nodal loads. Second constraint represent all the manufacturability related
constraints including the constraints on the cross-sectional areas of the elements, stress on the
elements, and limitation on the displacements in the degrees of freedom. As well as constraints
to remove the hanging members, and constraints to remove the over-crossing members.

As the displacements are assumed to be small in these structures, the Euler-Bernoulli beam
elements can be used in analyzing the mechanical behavior and characteristics of the structure.
We generate the ground structure based on the given length, width and number of nodes in
each dimensions of the desired structure using the pseudo code given in Appendix [B] Each
beam element of the structure connects two nodes. Each node in the structure has 3 degrees
of freedom. By those degrees of freedom we mean displacements in x and y directions, and
the rotational displacement in the node. Hence, each element has 6 degrees of freedom, 3 for
each end-node. In truss structures, each end-node of a bar element have only 2 degrees of
freedom because the bar elements in truss structures are pin-joint, not rigidly connected, so
do not generate moments due to rotational displacements. Unlike truss structures, in frame
structures, where the end-nodes are rigidly connected, elements are fixed in their end-nodes
so the rotational displacement causes moment forces along the elements. These forces in turn
contribute to the stress on the elements that may cause bending or buckling. Truss and frame
structures are not only different because of the type of elements that they are made of, they are
also different in the complication of the analysis because of having different stiffness matrices.
Element stiffness matrix in frame structures are 6 x 6 which can be decomposed (Stolpe and
Svanberg (2003)); |Stolpe| (2004); Rasmussen and Stolpe (2008)); | Kanno| (2016)). Although the
details of mechanical relations that we used in the models are included in Appendix [A] it worth
mentioning the followings here to the sake of smoothness in understanding the models. The

stiffness matrix of the structure can be decomposed as the following equation:

K = kabei(bly) + keabez(bly) + kesbes(bls), (3.2.1)

eeSe
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in which k.; for each element e are defined as follow:

a.E 3a’FE a’FE
ke = —, o = ——, kez = —=—, 322
YT 27 4nl, 57 4nl, (3:22)
and by; is defined as:
bei = T x Trans, x bg;. (3.2.3)

Notice that in equations (3.2.3), be; € R¥*!is a d x 1 vector from which K € R%*? matrix
can be generated. For the definitions of the matrices TeT, ’I‘ransz, and Bei that are used in the
equation (3.2.3) we refer the reader to Appendix [A] We implement this decomposition of the

stiffness matrix in the mathematical models explained in this section.

3.2.2 Mixed Integer Non-Linear Programming Model (MINLP)

The MINLP formulation is applied by directly applying the stiffness matrix decomposition to

the general formulation, as well as enforcing AM manufacturability constraints.

mincibrc}lize Wy = Z pael, (minlp0)
e€S,
subject to
(Z acke1be1(bly) + a2kebez(bly) + agkegbeg(b;)) u = p;Vi € Saot (minlp1)
e€Se i

— UmazYk S Uy S UmazYk Vk € Sn \V/j € D(k)
(minlp2)

UminTe < Ao < AmazTe Ve € Se (m1n1p3)

Tey + ey <1 V(ei,e2) €S (minlp4)

2 <> Vk €S, Ve € Hu
(minlp5)

2$e < Yny + Yny Ve € Se (nlﬁ n2) S Me)
(minlp6)

z. € {0,1} Ve € S, (minlp7)

yr € {0,1} Vk e S, (minlp8)
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The variables can be split into two categories: decision variables are the independent vari-
ables related to element placement and their cross-sectional areas; and state variables, which
are the dependent variables determining the structure response to the external load, i.e., the
internal forces, displacements, etc. Note that fixing the decision variables, fully determines
the state variables (albeit, through nonlinear equations). The objective function (minIp0), de-
noted as Wy, gives the total weight of the structure where p is the material density. Constraint
enforces the equilibrium equations by employing the stiffness matrix decomposition
discussed above. More details on the matrix generation are given in Appendix [A] Note that by
decomposing the stiffness matrix it is possible to separate the variable portion from the fixed
portion in the matrix.

To limit the deformation of the structure under the external load, we bound the displace-
ment on the degrees of freedom to be in a pre-defined range in constraint (minlp2)). Note that
in order to account for the fact that displacement on any nodes can be non-zero if and only if
the node is connected to the resulted structure by at least one element, in the model we define
a binary variable ;. for each node £ in the ground structure to indicate the connectivity of node
k to the body of the resulted structure. In this constraint, without loss of generality we assume
that 4,50, = —Umaz-

The rest of the constraints explicitly account for some of the AM-related limitations. First,
in addition to the upper bound on the cross-sectional area (a,,4.), a lower bound must be en-
forced, due to the laser and powder interactions. Note though that the lower bound is only
applicable to the beams that are present in the structure. Consequently, we define a binary
variable, . , referring to whether beam e is included. Then constraint enforces the
cross-sectional area bounds. Note that this constraint also eliminates the possibility of vanish-
ing elements.

Unlike truss structures, in planar frame structures where the connections are fixed or
welded (rigid joints), it is not desired (or even feasible) to have intersecting elements. Con-
straint (minlp4) eliminates those, by listing all pairs of beams that cannot be simultaneously

included in the structure.
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Constraint makes sure that the problem does not contain any “hanging elements”,
which here are defined as nodes with only single beam attached (with the exception of boundary
nodes and external load locations). Note that in the design of ground structures we considered
another important manufacturibility constraint of the structures which is elements’ angle. All
the potential elements in the ground structure designed to have horizontal angle > 45°.

Overall, the problem given is then a mixed-integer non-convex nonlinear programming
problem (non-convex property refers to the non-convex continuous relaxation rather than the
non-convexity due to integer variables). In general it cannot be linearized without loss of gen-
erality. One possible approach, discussed in the following section, is to restrict the continuous

cross-sectional areas to only a discrete set of values, in which case linearization is possible.

3.2.3 Mixed Integer Linear Programming Model (MILP)

As noted earlier, traditionally, primary reason for discretizing potential cross-sectional areas
(or diameters) of the structural elements in topology optimization was the fact that these el-
ements were usually manufactured and available in pre-defined standard cross-sectional sizes
and shapes. AM naturally relaxes this requirement, allowing for continuous decision variables.
At the same time, if discretization is applied, then it is possible to linearize the formulation
above. Naturally, the resulting problem is not equivalent to the MINLP formulation. Note
also that linearization described below relies on introduction of additional binary variables, and
hence, it is not clear whether the computational benefit of relaxing nonlinear constraints out-
weighs the burden due to the extra variables. Our model is similar to the linear model that has
been proposed by Kureta and Kanno| (2014). We modify it in order to be able to compare the
results to the solutions of nonlinear models.

We define the discrete cross-sectional area candidate set as C' = {0, ¢y, ¢, ..., ¢y} In
general, this set can be element-specific without changing the structure of the model. p?ﬂ is the
number of different non-zero discrete cross-sectional area that we define in the set C' (note that
|C'| = pr+1). For each element e € S, and each ¢ € C, we also define a profile which includes

the cross-sectional area of the element (a..), moment of inertia /.. (calculated using[A.0.2)) and

Zabbreviation for profile
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length of the element (/). We can then define binary variable:

1 if profile c is chosen for element e
Tec = (325)

0 otherwise.

Finally, we can then modify the definitions of k.; as:

) 30> F a’ FE
kec — = ) kec - == 9 kec - £ 3.26
T > 4nl, 7 Unl, (3.2.6)

As a result, the values in (3.2.6) are no longer dependent on the variables, and so can
be pre-calculated for each profile/element combination. Consequently, we can linearize all

constraints with the usual “big-M” method.

mincillenize Wi, = Z ple Z Qee * Tec (milpO0)
ecSe ceC
subject to
pr+1
Z Z keclveclbel (Z) + kec2/0602be2<i) + kec3vec3be3 (Z) = Di Vi € Sdof (mﬂpl)
e€Se ¢=0
pr+1 pr+1 pr+1
- M (1— Zx) <) Vs —bgu< M (1— Zx) VeeS., je{l1,2,3}
c=1 c=1 c=1
(milp2)

pr+1 pr+1 pr+1
- M (Z %c) < Z Veej < M (Z xec> Ve € S, (milp3)

c=1 =1 =1
Z Tee =1 Ve € S, (milp4)
ceC
pr+1 1
Z Tee < B (Yny + Yns) Ve € S. (n1,n2) € Me)
c=1

(milp5)
— Umaz * Yk < Uj < Y * Umaz Vk €S, Vje&€ Dy (milpb)
Tey + Tey <1 V(ey,e2) €S (milp7)
pr+1

<D D e Vk €S, Ve€ Hgyy (milp8)

e c=1
Tee € {0,1} Vee S, Vee C (milp9)
yr € {0, 1} Vk €S, (milp10)
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Here we define a new variable v..; as the elongation of element e with profile c in direction
j, where j € {1,2,3} which represents horizontal (x), vertical (y), and rotational directions
respectively.

The presented formulation modifies constraint and adds constraints (milp2)),
and (milp4). Constraint reformulates the equilibrium equation in the linear form. Con-
straint (milp2)) ensures that that v..; = szu if element e is present in the structure. Constraints
restricts the elongation of each element that is not selected to 0. Finally, constraint
forces exactly one profile from the set C' to be selected for element e. The rest of the

constraints are directly analogous to the MINLP model.

3.2.4 Mixed Integer Quadratically Constrained Programming Model (MIQCP)

Finally, we consider a modification for the MINLP model, that allows to reformulate it as a
mixed-integer (non-convex) quadratically constrained optimization problem. To the best of our
knowledge this formulation has not been considered in the literature before.

Recall that a semi-continuous variable is a special kind of variable in a mathematical pro-
gram, that is restricted to either zero or a continuous value from a pre-specified interval (which
does not include zero). In our case, it naturally lends itself to representing corss-sectional ar-
eas, since those are restricted to be either zero or between a,,;, and a,,,,. While in general
a semi-continuous variable can be replaced with a pair of a binary and a continuous variable
and a “big-M” constraint, some modern optimization solvers allow for direct modeling with
such variables. This in addition to the recent progress in non-convex quadratically constrained

optimization motivates the MIQCP formulation below.

minciblgnize Wq = Z Paele (miqcp0)
e€Se
subject to
<Z cke1be1(bly) + zekeabez(bly) + Zeke3be3(b;—3)) u=p; Vi€ Syof (miqepl)
eE€Se i
Ze = a? Ve € Se (miqgcp2)
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- M (Za) <u; <M <Z ae> Vj € {j € Saotlj € Diry, Ve € Hwy}

(miqcp3)

— Umaz < Uj < Unag Vj € Sgot (migcp4)

Uey * Gy = 0 V(ep,e2) €S (migcp5)

(e < Qmaz * Yny * Yno V(n1,n2) € Ny (miqep6)
2y - Ain < Y Vk €S, Vee Hu

e (miqcp7)

ae € {0} U [@min, Gmaz) Ve € S, (miqcp8)

Ze € {0} U [agyims O] Ve € S, (miqcp9)

Using semi-continuous variables for cross-sectional areas eliminates the need for binary
variables x. used in MINLP formulation. Further, in order to preserve the quadratic structure
of the constraints, we also introduce an auxiliary variable z., which is set to the square of a,
by constraint (miqcp2). With these, it is now possible to reformulate the problem as a MIQCP.
Compared to MINLP formulation, some of the constraints have to be updated to eliminate
variables x.. Specifically, constraint (migcp3)) enforces the limits on the displacements with a
“big-M” technique, constraint removes intersecting beams, constraint en-
sures that both ends of an existing beam are included in the structure, and constraint

eliminates hanging beams.

3.2.5 Solution approach

Since most optimization algorithms can usually greatly benefit from either a warm-start or a
quality initial solution, we also propose a simple numerical procedure described here, aimed
at overcoming the computational challenge. Specifically, we consider a two-stage framework,
where in the first stage we solve the simplest possible version of the model: linear formulation
with just two profile levels, which can be expected to be relatively computationally inexpen-
sive; then feed the resulting feasible solution (a valid upper bound) to the three considered
formulations. Specifically, in stage one, we define C' = {0, ¢;,4, } and solve problem (milpO)—
(milp10). It is guaranteed that: 1) if the problem is infeasible, then the underlying design

problem is infeasible; 2) the obtained optimal solution is feasible to both MINLP and MIQCP
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and any version of MILP with {0, ¢,,..} C C. Finally, the resulting optimal solution can be
provided as the incumbent to any of the three formulations (since, MIQCP formulation does

not directly include variables z;;, it needs to be amended in this case, as described in Section

3.3).

3.3 Numerical Experiments

In this section we present the numerical results of using the proposed models and two-stage
solving approach on a set of test instances. First we show the designed experiment, then the
models for solving these instances are given and finally we show the effects of each of design

inputs on the performance of each model.

3.3.1 Test instances

A problem instance in question is defined by: the ground structure (number and position of
nodes), external loads/boundary conditions (locations and magnitude), material properties and
the set C' of cross-sectional area candidates (MILP model only). Next we briefly describe each
component separately.

Ground structures. Observe that, as defined, the problem allows for ground structures
of any shape or form. At the same time, in this case study, for the sake of streamlining the
discussion, we only consider regular structures defined as 3 x 3 (with 9 nodes and 24 elements),
4 x 4 (with 16 nodes and 60 elements), and 5 x 5 (with 25 nodes and 120 elements) grids. We
assume 50mm x 50mm design domain (with proportionally adjusted inter-nodal distance).
The ground structures (along with external loads discussed below) are depicted on Figure [3.2]
Note that, all potential beams at angle less than > 45° to the ground are excluded due to
manufacturability restrictions.

Boundary conditions and external loads. We consider three pairs of boundary conditions
and external loads, which in combination with three ground structures results in the nine cases
given on Figure where blue nodes represent the fixed locations (displacements set to 0)
vertical upward and downward loads are applied at the green and red nodes respectively. For

each of nine cases, we apply three load magnitudes: 25, 50, and 75 kN for the total of 27 test
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(a) (b) (©)
(d) (e) (®)
(2) (h) )

Figure 3.2: Designed experimental ground structures

instances. The loads (and displacement limits) are selected so that the lowest results in fairly
trivial structure with just a handful of beams, while the heaviest requires a more substantial
structure close to infeasible. It is also worth noting that due to symmetry and since we keep
the size of the design space constant, 3 X 3 structures are restrictions of 5 X 5 cases, and so we
expect that the latter should result in strictly lighter solutions.

Material properties. The material related mechanical parameters are, £ = 109 GPa
(Young’s modulus of elasticity for steel) which is assumed to be fixed for all members, dis-
placements are limited to [—0.095 mm, +0.095 mm)] in horizontal and vertical directions. We
also assume beam elements in the structure with circular cross-sections for which the radius
does not change along the members. Without loss of generality, we assume material density (p)
as 1.

Candidate sets. All 27 instances were solved with the two exact formulations (MINLP
and MIQCP) and three versions of the MILP model with the following cross-sectional area

candidate sets:
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o Set; = {0,0.2,0.5} (3 candidate cross-sectional radius)
e Sety = {0,0.2,0.3,0.4,0.5} (5 candidate cross-sectional radius)

» Set; = {0,0.2,0.25,0.30,0.35,0.40,0.45,0.5} (8 candidate cross-sectional radius)

Naturally, all three include O as an option to allow for excluding some of the beams, and
Set; C Sety C Sets. Consequently, we expect that each optimal solution to the subsequent
MILP version closer approximates the exact continuous case. On the other hand, each results
in more binary variables, and thus, is more computationally expensive. Through the rest of this

section we will refer to the models as:

* NL: Mixed integer non-linear model with continuous and binary variables (Sec. [3.2.2).

* QD: Mixed integer quadratically constrained model with semi-continuous variables (Sec.
3.2.4).

 CSI1: Linear model that is solved together with Set; (Sec. [3.2.3).
 CS2: Linear model that is solved together with Set, (Sec. [3.2.3).

* (CS3: Linear model that is solved together with Sets (Sec. [3.2.3)).

Note also that we attempt to solve each instance and each formulation with and without
the two-stage initial solution heuristic described above.

Implementation details and solver selection. All model construction has been imple-
mented in Python Optimization Modeling Objects (Pyomo) (Hart et al.[2017; Hart, Watson and
Woodruff| 2011) and Gurobi’s interface for Python (Gurobipy) (Gurobi Optimization|2021).
Once modelled, all instances were solved with off-the-shelf commercial solvers, selected as
follows. All experiments unless specifically mentioned were performed on a 64-bit Windows
10 Enterprise operating system running on a desktop computer with, Intel® Core™ i7-10700K
CPU @ 3.80 GHz, 64.0 GB installed memory, with solver time limit set to 5 hours (18000 sec-
onds).

MINLP is a general mixed-integer programming problem with non-convex continuous
relaxation. While there exist a few available exact solvers, these can be unreliable and their

relative performance is often instance-dependent. For our experiments we selected BARON
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(Sahinidis|2017), which is often considered as one of the best available general purpose global
optimization solvers (Neumaier et al.[2005; Krongvist et al.|[2019).

MILP formulation results in a standard mixed-integer linear problem. While it is still NP-
hard and computationally challenging, there exist reliable and efficient available solvers. Three
of the popular choices that we have considered are: CPLEX, Gurobi and Xpress. We chose to
use Gurobi, since: 1) in our preliminary experiments we did not observe consistent pattern in
relative performance of the linear solvers for our instances; and 2) Gurobi is the only one that
also allows for non-convex MIQP problems.

MIQCP formulation improves on the MINLP by only using quadratic constraints, which
introduces additional structure to the problem. Note that due to this structure, we would ex-
pect this formulation to outperform the MINLP version even when used with a general global
solver. Further, beginning with version 9.1 Gurobi allows for direct application to non-convex
quadratic constrained problems. Consequently, we select it for this formulation. Note that
Gurobi also allows for explicit use of semi-continuous variables. To facilitate the replication of
our results, we have shared all Pyomo, Gurobipy, and Python codes for all models as well as

the ground structure generation codes in the author’s Github accoun(

3.3.2 Numerical Results

While discussing the results of the experiments, we first mention our overall observations and
conclusions, and then elaborate on those one at a time.

General observations. All resulting structures for each of 27 instances and 5 models are
given in the same Github repository. For the purpose of illustration here we only depict on
Figure [3.3] all load/model combinations for the case of the ground structure shown in Figure
3.2a).

In general, the resulting structures can be compared in terms of three metrics: total weight,
solution time and optimality gap. Observe that in theory, formulations MINLP and MIQCP are
equivalent and hence at optimally should produce structures of the same total weight, while

potentially requiring different computational effort. On the other hand, MILP is a restricted

3https://github.com/oguztoragay
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Model | CS1 CS1 CS2 CS2 CS3 CS3 QD QD NL
Weight | 14.0496  14.0496 14.0496  14.0496 13.7945  13.7945 12.7216  12.7216 13.0247
Time 0.66 0.63 0.58 0.61 1.44 0.86 0.85 1.21 28.563
Gap 0 0 0 0 0 0 0 0 0
Load 25 25 25 25 25 25 25 25 25
WS Yes No Yes No Yes No Yes No No

; g % % % :
Model | CS1 CS1 CS2 CS2 CS3 CS3 QD QD NL
Weight | 26.077  26.077 22.8306  22.8306 21.9525  21.9525 18.6705  18.6705 18.8614
Time 1.77 1.95 1.71 1.76 5.29 4.79 1.11 1.52 134.022
Gap 0 0 0 0 0 0 0 0 0
Load 50 50 50 50 50 50 50 50 50
WS Yes No Yes No Yes No Yes No No

/ 3 g 5 : 5 § 3
Model | CS1 CS1 CS2 CS2 CS3 CS3 QD QD NL
Weight | 65.8955  65.8955 31.6117  31.6117 31.6117  31.6117 28.0921  28.0921 28.292
Time 17.14 16.36 9.54 9.46 63.77 57.77 1.97 2.77 723.117
Gap 0 0 0 0 0 0 0 0 0
Load 75 75 75 75 75 75 75 75 75
WS Yes No Yes No Yes No Yes No No

Figure 3.3: All the structures resulted from solving Figure a) ground structure using all the

models

formulation, and so at optimally it should produce a structure heavier than the optimal MINLP

structure. Further, the more options for cross-sectional areas are considered the closer the MILP

should approximate the exact optimal solution. Note though that since a time limit of 5 hour

was allied to all instances, these relationships may not hold for all cases in the experiments

below. In Tables [3.1] [3.2] and [3.3| we respectively report total weight of the resulted structure,

solution time for the models and the optimality gap when time limit reached by the solver.

Note that we exclude MINLP model from the results after observing that this model cannot

solve most of the models in the allocated time limit.
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Structures from Fig. @l
Load | Model | (a) (b) (©) (d) (e) ® (2) (h) (1)

CS1 | 1405 70.18 77.18 1270 106.15 79.21 14.05 50.03 81.88

)5 CS2 | 1405 38.10 59.63 12770 84.10 69.05 14.05 4334 70.51
CS3 | 13.80 38.10 56.09 1270 82.54 68.27 13.80 38.64 75.32
QD 13.58 33.69 5434 12770 9740 6552 13.58 4048 55.27
CS1 | 26.08 86.67 150.34 29.07 202.62 130.34 26.07 86.67 133.55

50 CS2 | 2283 79.60 110.36 24.84 202.62 112.14 2283 79.60 110.35
CS3 | 2195 77.09 11036 2284 202.62 110.36 19.97 77.54 110.63
QD 18.86 72.04 114.12 2146 202.62 129.02 18.88 78.54 131.05
CS1 | 65.89 130.58 189.61 44.74 - 174.19 39.15 148.53 166.48

75 CS2 | 31.61 130.58 168.41 35.50 - 158.94 31.61 144.99 150.67
CS3 | 31.61 126.85 164.68 34.01 - 157.24 29.19 14325 150.99
QD | 28.29 126.68 163.41 32.19 - 174.10 28.61 148.46 166.39

From Table [3.1) we can infer that there is a direct relationship between the magnitude of
external load and the weight of structure. The trend of increasing weight from top to bottom
of each column (compare the blocks of 4) shows this observation. Also in each block there is

a descending trend. That is, for each load magnitude, “weight of CS1” > “weight of CS2” >

Table 3.1: Weight of all the structures solved by 4 models

“weight of CS3” > “weight of QD”.

Structures from Fig. @l
Load | Model| (a) (b) () (d) (e) ® (8 (h) ®
CSl1 0.76  57.17 1098 252 TL TL 2338 TL TL
)5 CS2 .15 65.69 44459 4.04 TL TL  28.13 TL TL
CS3 0.87 630 TL 4.88 TL TL 6298 TL TL
QD 129 21746 TL 2534 TL TL TL TL TL
CS1 1.00 2470 4199 78.45 TL TL TL TL TL
50 CS2 091 1568.6 6043.4 1004 TL TL 15240 TL TL
CS3 1.54 TL TL 12092 TL TL 1488 TL TL
QD 1.59 TL TL 702.11 TL TL TL TL TL
CS1 234 3197 17.19 696.28 - TL TL TL TL
75 CS2 1.83 3184 8429 4372 - TL TL TL TL
CS3 6.55 TL TL TL - TL TL TL TL
QD 2.44 TL TL 4184 - TL TL TL TL

Table 3.2: Solving time of all the structures solved by 4 models (TL: Time Limit)

Table summarizes the solving time for all instances. We use TL when the model
reaches the dedicated 5 hours (18000 seconds) solving time. For these situation we reported

best known result. We can infer that regardless of the external load’s magnitude, solving time
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for the MIQCP model is relatively higher than the other models. Also, comparing CS1, CS2,
and CS3, for the linear models, the higher the number of variables the longer solving time is.
We further report in Table [3.3] the optimality gap of each model in solving the instances.
Gap = 0 shows the optimality of the model in solving that specific instance, Gap > 0 shows
that the model can not prove the optimality and ‘“dash line” indicate that instance/load/model
combination is infeasible. The design structures in Figure[3.2{e), is infeasible when the external
load is chosen as 75 kN. The infeasibility of the “stage one” for this structure/load combination

revealed that there is no solution for the original problem.

Structures from Fig. l3—2|
Load | Model| (a) (b) (© (d) (e) ® (€9) (h) ®
CS1 0 0 0 0 57.3  62.90 0 62.06 76.36
25 CS2 0 0 0 0 64.06 62.71 0 58.34  74.06
CS3 0 0.01  19.16 0 70.02  65.88 0 5590 79.42
QD 0 0 9.37 0 68.72 5833 245 6479 75.03
CS1 0 0 0 0 67.65 7241 10.02 7534 85.73
50 CS2 0 0.01 0 0 84.28  76.59 0 76.85  82.66
CS3 0 2849  53.52 0 86.93  78.56 0 76.76  84.38
QD 0 1799 3861 001 9123 78.13 17.83 7898 87.77
CS1 0 0 0 0 - 66.78 4247 83.18 87.48
75 CS2 0 0.01 0 0 - 80.59 3990 85.65 86.48
CS3 0 46.76  60.77  19.55 - 83.52 3353 86.72 86.88
QD 0 31.16  39.8 0.01 - 7890 3952 85.64 88.17

Table 3.3: Optimality gap (%) of all the structures solved by 4 models

The discussion here shows the trade off between, on one hand, number of members in the
cross-sectional candidate set, and on the other hand the problem’s solving time and quality of
the result. By increasing the number of members in the set, models can find better solutions
(lighter structures), while solving problems with more variables takes more time and computa-

tional effort.

3.3.3 Influence of the two-stage approach on MIQCP

In Table [3.4] we report the solution time for 54 combinations of structure/load/approach (9 x
3 x 2) when we consider approaches = {“with two-stage”, “without two-stage”} and the loads
= {25kN, 50kN, 75 kN}, for all the 9 ground structure instances given in Figure We set a

solution time limit of 3600 seconds for all problems. We report the optimal solution unless the
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solution time reaches to 3600. For that cases (for instance column (d) load 75) the best known
solution in the termination of the solving process have been reported. Note that in Table [3.4]
4 out of 9 instances could not be solved without using the two-stage approach when the load
= 25. This number for load = 50 increases to 5 out of 9 and for load = 75 reaches to 7 out of 9.
In total for 26/27 structure/load combinations the “with two-stage” approach can find at least a
feasible solution (8 are optimal) while “without two-stage” approach can find at least a feasible
solution for only 11/27 instances (8 are optimal). In 7/8 instances that both approaches can
find the optimal solution, “with two-stage” approach outperform “without two-stage” approach

in terms of solving time. The largest improvement by 69% happened in ground structure (g) as

shown in Figure[3.2]
Structures from Fig. M
Load | Approach | (a) (b) () (d) (® ® (g (h) @)

)5 two-stage | 0.59 852 909.39 30.04 3600 3600 470.76 3600 3600
one-stage | 0.96 10.90 947.62 21.61 - - 1504 - -

5o | two-stage 0.88 3600 3600 117.83 3600 3600 3600 3600 3600
one-stage | 1.27 3600 - 158.51 - - 3600 - -

75 two-stage | 1.77 3600 3600 3600 - 3600 3600 3600 3600
one-stage | 1.90 - - 3600 - - - - -

Table 3.4: MIQCP with vs. without two-stage approach

3.3.4 Comparison of MIQCP and MINLP models

The main difference between MIQCP and MINLP models, which is also one of the contribu-
tions of this article, is that, we defined the semi-continuous variables for the cross-sectional
area and by that, we eliminate some of the binary variables from the MINLP model. To verify
the usability of the MIQCP model versus the MINLP model, we compare the solution time and
the results of these models for all the ground structure instances given in Figure[3.2] Again for
this set of experiment we consider the solving time limit as 3600 seconds for all problems. We
solve the MINLP models using the commercial solver BARON (in which MILP solver is set
to be CPLEX and NLP solver is IPOPT), while for the MIQCP the solver is Gurobi 9.1. Table
[3.5] presents the solving time of MINLP compared to MIQCP which is solved using two-stage

approach.
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Structures from Fig. |3—2| (Solving time)
Load | Model | (a) (b) (c) (d) (e) ® (€9) (h) ®
75 MIQCP | 0.59 852 909.39 30.04 3600 3600 470.76 3600 3600
MINLP | 5.83 3600 3600 3600 - 3600 - - -
50 MIQCP | 0.88 3600 3600 117.83 3600 3600 3600 3600 3600
MINLP | 28.98 3600 3600 3600 - 3600 3600 - -
75 MIQCP | 1.77 3600 3600 3600 - 3600 3600 3600 3600
MINLP | 28635 - 3600 3600 - 3600 - - -

Table 3.5: Comparison of solving time (in second) for MIQCP vs. MINLP

MINLP model can find at least a feasible solution for 15/27 instances while this number
for the MIQCP model is 26/27. Also MINLP model could prove the optimality in only 3
instances while MIQCP model using two-stage approach could find 8 optimal solution in the
dedicated solution time limit of one hour. In Table[3.6]the structural weight of the solved ground
structure instances are reported. When both models can find the optimal solution, the reported
weight are the same (ground structure (a) with all the load options). In 24 /27 solved instances
we can see that MIQCP outperform MINLP in terms of structural weight of the solved (at least

feasible) instances.

Structures from Fig. (weight)
Load | Model | (a) (b) (c) (d) (e) ® (g) (h) ®
75 MIQCP | 13.58 33.73 4229 1270 108.22 69.35 12.19 4592 59.01
MINLP | 13.58 39.19 65.34 17.76 - 86.11 - - -
50 MIQCP | 18.86 70.96 114.06 19.01 202.62 137.78 20.38 86.67 149.80
MINLP | 18.86 80.55 125.10 21.46 - 164.6  35.18 - -
75 MIQCP | 28.29 130.58 163.67 29.05 - 1472 494 130.6 166.5
MINLP | 28.29 - 169.14 32.19 - 218.7 - - -

Table 3.6: Comparison of objective value for MIQCP vs. MINLP

3.3.5 Two examples of the solved structures

Here we show two more instances that we solved using all the models. For the QD model
in solving both instances, we set the following parameters for Gurobi: NonConvex = 2,
Threads =16,FeasibilityTol=1e° Heuristics=1,MIPFocus=1,Presolve
=2,PreQLinearize =2,and TimeLimit =7200. We reduced feasibility tolerance to en-

force finding a feasible intermediate solution in both linear and quadratic models which causes
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slight differences in the solutions comparing to the results that we provided previously in Table
B.11B.2} and[3.3]

The ground structure of the first instance is shown in Figure [3.4) where we indicate the
boundary conditions with blue nodes and the 50 kN load with an upward arrow on the green
node. In the remaining sub-figures of Figure[3.4] we show the optimal solutions which obtained
using CS1, CS2, CS3, QD, and NL (best known result is shown). Note that in Figure [3.4 we
magnify the cross-sectional areas to be visually notable. The following Table shows the

solution time and weight of the optimal structure resulted from these models.

Model CS1 CS2 CS3 QD NL
Solving time | 341.36 326.66 400.31 369.86 7200
Optimal weight | 29.07 24.84 2284 21.46 21.46

Table 3.7: Solution for instance Fig. d)

AN

Ground structure

AAA

Figure 3.4: Optimal structures resulted from Figm (d)
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In the second example we solved a 5 x 5 structure. Load magnitude is changed to 25
kN which is indicated with a downward arrow on the ground structure of Figure Table
[3.8 shows the best weight that found by the models in the limited solving time as well as the

optimality gap at the termination of solving process. Notice that none of the models could
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guarantee the optimality in the dedicated solution time. Moreover the NL model could not

generate a feasible solution during the specified time.

Model CSl1 CS2 CS3 QD NL
Best weight 76.42 5444 52.82 68.67 -
Optimality gap | 79.6% 73.72% 74.76% 79% -

Table 3.8: Solution for instance Fig. i)

Ground structure

CS3
Figure 3.5: Optimal structures resulted from Fig (1)

3.4 Conclusions

In this chapter we modeled and solved the design problem of planar frame structures for ad-
ditive manufacturing fabrication. We modeled the problem using three different mathematical
modeling approaches and compare the results of these models in terms of structures’ weight
and the solving time. Although for all the models the objective function is a linear combina-
tion of the elements’ volume, because of the non-linearity in the equilibrium equations in the
constraint, the base models is a nonlinear, non-convex model (MINLP). Using “big M”” method

and decomposition of the stiffness matrix we linearized the model using the cross-sectional sets
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SC1, SC2, SC3. All three formulation can be solved with off-the-shelf commercial solvers.
Note though, each poses significant computational challenges. Specifically, MINLP formula-
tion is explicitly non-convex, and while there exist general-purpose global optimization tools
(e.g., BARON, used in our experiments), they are still rather limited in their ability to solve
practical problems, in the absence of some particular problem structure. MIQCP formulation
partially alleviates this issue by relying on quadratic constraints only. At the same time, the
formulation is still non-convex and so still poses significant computational challenge. All these
models could be successfully implemented to solve various ground structures. Our results show
that the proposed quadratic model out-performs the MINLP model and in most cases (including
all the cases that reached optimality) resulted in lighter structures compared to the linearized
models. Using quadratic model together with the proposed two-stage approach to solve the
designed experimental instances, we could find at least a feasible solution for 26 out of 27
structure/load combinations. We observe that two-stage approach helps solving the problem in

two directions:

* Infeasibility of the first stage proves the infeasibility of the instance.

* At least a feasible solution can be found for all of the instances for which the first stage

resulted in a solution.

Finally, the linear formulation can rely on extremely efficient modern MIP solvers (CPLEX,
Gurobi, etc). The drawback of this formulation is that in order to eliminate non-convexity
it introduces a large number of binary variables, especially if more than a handful of profile
options is considered. Consequently, while linear, this model is still hard to solve, as evidenced

by our experiments discussed in this chapter.
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Chapter 4

On optimization of lightweight planar frame structures: an
evolving ground structure approac

4.1 Introduction

Lightweight structures have many applications in different engineering areas such as, auto-
motive, aerospace or medical industries, among many others. Optimal design of lightweight
structures becomes even more important when additive manufacturing (AM) is considered for
fabrication of the parts, since it allows for exceptional freedom in the design process. For ex-
ample, functionally graded lattice structures have been considered for design and fabrication of
patient-specific orthopedic implants considering individual parameters of synthetic bone grafts
such as porosity, pore size, shape, and permeability for better biological performance (Becker
et al.2009). The aim of this chapter is to revisit mathematical optimization-based approaches
to the problem of designing light-weight frame structures, focusing on additive manufacturing
and its corresponding manufacturability constraints.

We specifically consider a particular approach to design AM lightweight parts — mathe-
matical optimization of planar frame structures. [Weaver and Gere|(2012) defined a planar frame
as a collection of members lying in a single plane where the joints between members are rigid
(as opposed to truss structures, where connections are not rigid). The forces acting on a frame
and the translations of the frame, naturally, are in the plane of the structure. The internal stress
resultants, acting at any cross section of a frame member, may consist in general of a bending
moment, a shearing force, and an axial force. Frames are different from the trusses in terms
of conveying the moments in their rigidly connected members. In AM frames the designer
can choose any size or shape for the members, making the problem distinct from the usual

steel frame design (with column and story) that have been studied in civil engineering and the

I'This chapter, as a journal article, is under review with the Optimization and Engineering Journal
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construction industry. In the latter case, the elements can only be selected from a pre-defined
set of commercially available cross-sections and the design requirements were imposed from
specific design codes such as the ‘“steel construction manual” by American Institute of Steel
Construction(AISC|2005)).

For the considered AM frame structure optimization problem we assume a given design
domain with given boundary conditions and static external loads. We also adopt the well known
ground structure method, which is often used in the literature for analysis of discrete structures
(Dorn| [1964; Bendsoe and Sigmund| 2013). Here, a grid consisting of nodes and potential
connections between nodes (candidate members or beam elements) on the design domain is
given. Figure[4.1(a) shows an example of a design domain, which is meshed into a 5 x 9 grid in
Figure 4.1|b). Note that in general the design domain is not restricted to any particular shape,
but we will use rectangular areas without loss of generality to simplify the discussion. Using
this grid, Figure {.1|c) shows the ground structure with all possible connections. Note that,
importantly, not all of those members are valid for the design process because of AM imposed
manufacturability constraints, which limit the extent to which overhanging layers are allowed.
We will assume that potential elements at angles to the ground below certain critical value
are disallowed. Without loss of generality, following (Wang, Yang, Y1 and Su|2013)), we will
use 45° as the threshold in this research effort. Consequently, Figure #.1|d) shows the ground
structure with all the invalid candidate members excluded.

The problem then is to find the lightest load-bearing planar frame structure, while con-
trolling the displacement on all nodes over the design domain. The decision variables in the
mathematical model for this design problem are the subset of beams selected from the ground
structure and the cross-sectional areas of the elements. Equilibrium equations are used to ex-
plain the governing mechanical behaviour and characteristics of the selected structure. These
equations need to hold for a design to be feasible. In addition, we also explicitly model man-
ufacturability constraints, which include: disallowing over-crossing elements, lower and upper

bounds on the cross-sectional area of each element, and a minimum build angle of the beams in
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the resulting structure. Both of these sets of constraints (mechanical equilibrium and manufac-
turability) play important roles in the particular computational challenge of solving the problem
under consideration, as will be discussed below.

L/2 L/2
e

- o

2L

Y
\

Figure 4.1: (a) design domain with boundary conditions and external load; (b) nodes of a
ground structure; (c) a fully connected ground structure; (d) a restricted ground structure
excluding non-manufacturable elements.
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The resulting optimization problem can be formulated as a mixed integer nonlinear math-
ematical program with a nonconvex continuous relaxation (from here on we will refer to such
problems as simply nonconvex mixed-integer nonlinear programs, or nonconvex MINLP). In
general, having an order of O(n?) variables (where n is number of nodes in the ground struc-
ture), such models are known to be very hard to solve to optimality, even given significant
recent progress in both software and hardware tools. In a previous effort, Toragay et al. (2022)
investigated the potential to employ off-the-shelf commercial solvers to obtain exact solutions
by considering different approaches to formulating the mathematical model itself. We have ob-
served that even the most powerful solvers are still severely limited by instance size, and global
optimal solutions can only be obtained for very small structures (up to at most 16 nodes in the
ground structure depending on the instance).

Consequently, the goal in this chapter is to consider heuristic approaches that can achieve
good (or even near-optimal) solutions in a reasonable run time. Specifically, we propose a

problem-specific iterative heuristic method to solve larger-scale problems of this type. The
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approach starts with a severely reduced ground structure (referred to as minimal ground struc-
ture) with relaxed manufacturability constraints, for which a (locally optimal) solution can be
obtained easily. We then iteratively add promising elements to the ground structure and re-solve
the resulting problem. Importantly, we avoid having to model the master problem with integer
variables by reformulating manufacturability constraints. Specifically, we avoid intersecting
beams by adding a new structure node at the places where intersections occur, a technique that
has not been explored in the literature before for frame structures specifically. The build an-
gle constraint is accounted for through the design of the ground structure, and the bounds on
cross-sectional elements are enforced directly.

The main contribution of the chapter is in developing a heuristic approach to lightweight
planar frame optimization problem. We propose an iterative method that allows for both ele-
ment and node addition. Unlike existing approaches, our algorithm is not based on solving a
truss reformulation, and instead relies on obtaining locally optimal solutions to nonlinear frame
subproblems. Consequently, we argue that it is better suited for identifying near-optimal so-
lutions to the overall design problem, since it does not rely on postprocessing. Further, our
approach allows for a collection of AM-specific manufacturability constraints, which, in gen-
eral, significantly complicate the problem. Most importantly, we are able to avoid the issue of
crossing beams by allowing for new node creation, which further improves solution quality.

The remainder of this chapter is organized as follows. After briefly outlining the design
problem in general, in Section[#.2] we first present the general form of the master mathematical
model and then the relaxed version of it, obtained by relaxing manufacturability constrains
and implementing a stiffness matrix decomposition technique. We then present the proposed
heuristic approach. We test the performance of the proposed method in solving various design
optimization benchmark problems as reported in Section[d.3] Section.4]concludes the chapter

by summarizing the main findings and providing a road map for future research.
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4.2 Methodology

4.2.1 General mathematical programming formulation for frame structures

The problem of designing a lightweight additively manufactured frame structure under given
load is constructed as a mixed integer, nonlinear, nonconvex program, for which the relaxations
are also non-convex. As discussed in[Smith, Todd and Gilbert (2013)), the existence of moments
at the joints is the main reason for the need for nonconvexity, and the problem is known to be
NP-hard (Wang, Wang, Yang, Liu, Tong, Tong, Deng, Chen and Liu 2013). The mechanical
behavior of the structure can be described through the equilibrium equations. These define the
mechanical interactions between the external nodal loads and the elongations on the elements,
or equivalently, displacements on the end nodes, which in turn cause the internal stresses on
the elements. From a structural analysis point of view, these equations should be coupled and
considered for all the elements simultaneously. To this end, the equilibrium equations can be
written in the following matrix form, where K represents the stiffness matrix of the structure, U
indicates the vector of displacements on the degrees of freedom and P is the vector of external
nodal loads,

KU = P. 4.2.1)

The expression is a system of N equations, where N is the total number of degrees of
freedom in the structure, K is a N x N matrix while the U and P are NV x 1 vectors. The
equilibrium equations, coupled with constraints bounding node displacements can serve to en-
sure that the resulting structure is mechanically acceptable. Another set of constraints arises
from the manufacturability limitations imposed by AM. As mentioned before these constraints
eliminate over-crossing members, impose bounds on the cross-sectional areas of each element,
and aim for reducing failure in the fabrication process of AM by controlling the print angle of
the elements in the structure.

The primary design variables are cross-sectional areas for each potential element (includ-
ing zero, if an element is not included). Secondary variables can be defined for node displace-

ments, elements of matrix K, etc., which are all directly determined based on the values of
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primary variables through the equilibrium equations. Finally, note that in order to model the
manufacturability constraints, binary variables should also be defined for each node and each
element indicating their presence or absence, which significantly complicates the model.

The problem can be categorized as a topology optimization problem in which both geom-
etry and size of the structure can be modified. For the categorization of other types of problems
in the field of structural optimization we refer to Dorn/(1964) and Bendsoe and Sigmund! (2013)).

The following optimization problem outlines the resulting model,

minimize weight of the structure (4.2.2a)
s.to (4.2.2b)
KU=P (4.2.2¢)

Unin < U < Umaw (4.2.2d)
manufacturability constraints. (4.2.2e)

A detailed description of how each element can be mathematically expressed is given by
Toragay et al. (2022), where three variations are presented: a general nonlinear, a linearized
version (with a discrete set of element diameters) and a quadratic version. As previously dis-
cussed, exact globally optimal solution can only be obtained for very small instances. Two
distinct sources of computational challenges can be identified: non-convex equilibrium equa-
tions and binary variables required to formulate manufacturability constraints.

In the remainder of this section we present an approach to constructing an iterative approx-
imation scheme, where a specially constructed relaxed master problem is repeatedly re-solved
for gradually more advanced ground structures. The relaxed problem is constructed by elim-
inating manufacturability constraints, which allows us to reformulate the problem without bi-
nary variables. Note that while obtaining a provably global optimal solution for a non-convex
problem (e.g., equality constraints with nonlinear terms) is still a challenging optimization
problem, in the proposed scheme we only require locally optimal solutions on each iteration.
Next, we present a detailed mathematical description of the relaxation and then discuss the

main algorithm.
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4.2.2 Relaxed master optimization model

For a given ground structure, i.e., a set of candidate edges £ and candidate nodes NV, a relaxed
model, which considers the equilibrium equations and feasibility of the structure (i.e., bounds

on node displacements), is given as follows. The notation is explained in more detail below.

minimize Z aele, (4.2.3a)

e

subject to (Z eke1be1(bly) + a2keabez(bly) + aﬁkegbeg(b§3)> u=p; (42.3b)
J

e

0 S Qe S Amag (423C)
— Umaz S Uy S Umazx (423d)
e, uj € R. (4.2.3e)

Variables a. and parameters [. give respectively the cross-sectional area and the initial
length of beam element e € £. Recall that each beam element e € £ has 6 degrees of freedom
(three for each end node). Consequently, we can define u; representing the displacement for
each degree of freedom j. Objective function (4.2.3a) minimizes the volume of the structure
which is directly proportional to its weight. Constraint bounds the cross-sectional
area for all candidate beams, while (4.2.3d)) restricts the displacements on all of the degrees
of freedom in the structure. Note that a non-zero lower bound on cross-sectional area would
require a binary variable, and so we do not include it in the relaxation. We also consider, without
loss of generality, that w,,;, = —Uma,. Finally, (#.2.3b) is a formulation of the equilibrium
equations in the matrix form, using a decomposition scheme proposed in |[Kureta and Kanno
(2014) and Hirota and Kanno| (2015)), which is obtained as follows. Components of the stiffness

matrix for element ¢ € £ are defined as:
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0 2/1, 0
o | 1 D
bel = 1 | be2 = 0 5 beS =1 0 | Ve € Sea (424)
0 —2/1, 0
0 1 1
hy = 2B g, 23 LE (4.2.5)

As a result, the member stiffness matrix in local coordinates can be obtained as follows,
3 A~ —~
ke =) ke:bes(be,), (4.2.6)
z=1

where b, (B;) represents the outer product of the two vectors be, € IR®*! and b/ € IR'*,

which results in a matrix in IR®*®. Considering circular cross-sections we can define the mo-

ment of inertia I, = a2 /47 and rewrite the equations in (4.2.5) and the decomposition of (4.2.6)

as follows,
aF~ =~ 3a2E~ ~ a’E~ ~
k, = be1(bl;) + bez(bly) + ~“bes(bls). 4.2.7)
l, 4, 4,

Here we omit some technical steps for the sake of brevity but the details on transforming the
stiffness matrices from local to global coordinate system and building the structure’s stiffness

matrix K can be found in Toragay et al.|(2022)), which results in the following expression:

K = ackeiber(bgy) + aZkesbea(bly) + aZkesbes(bls), (4.2.8)

eE€Se

used in to generate the equilibrium equations.

Solving this problem to global optimality gives the lightest frame structure, restricted to
the given ground structure, which can withstand the given external load, while ignoring man-
ufacturability constraints (most notably, crossing elements). Further, we expect that, even for
this relaxed version, a (locally) optimal solution can only be obtained efficiently for relatively

restricted ground structures. Consequently, the proposed iterative heuristic scheme should, on
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one hand, provide a way to repair manufacturability constraints for a given solution of the
relaxed problem, and, on the other, give an algorithm for adding promising candidate beams

and/or nodes to the ground structure, which are two ideas that we discuss in detail next.

4.2.3 TIterative evolving ground structure algorithm

To handle the number of variables in large-scale problems Gilbert and Tyas| (2003) suggested
that instead of considering the full ground structure (FGS) with all the candidate elements in
place, the optimization process can start from a minimal ground structure (MGS), in which
most of the candidate elements are eliminated and only a (relatively) small number of essential
elements exist. Although (Gilbert and Tyas| (2003) proposed this approach for solving large-
scale lightweight truss problems, the central ideas can be adapted for frame structures as well.
We follow a similar idea in the proposed heuristic. However, in addition to adding mem-
bers/elements to the ground structure, we also allow for adding nodes, whenever it is necessary.
Although adding nodes and related elements to the ground structure in each iteration increases
the complexity of the problem and the number of variables, it also serves as an approach to
eliminate one of the manufacturability constraints from the model. In other words, instead
of having a constraint to remove the crossing members (this constraints require binary vari-
ables to be defined for each element), enforce this requirement by defining new nodes on the
intersection of those members that appear in each iteration’s solution with a. > 0 and intersect.

Algorithm (1| outlines the iterations of the proposed approach. Critical elements of the
algorithm are explained in detail below.

MGS generation. There are different possible approaches to choose the candidate mem-
bers in the MGS from which the algorithm is initiated (Gilbert and Tyas[2003). We enforce con-
nectivity of all nodes in the MGS by choosing all vertical FGS elements, and all the elements
that are connected to the boundary (fixed nodes) or load nodes. An example of constructed
MGS can be found in the first column of Figure which presents computational results for a
particular instance. The resulting ground structure is guaranteed to include all nodes, and con-
nect load and boundary nodes. Naturally, it severely restricts the possible structure, and will

need to be updated with other promising elements in the remaining steps of the algorithm. On
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Algorithm 1 Evolving ground structure algorithm

Input: Grid with a defined set of nodes and boundary condition
Output: Near-optimal lightweight frame structure on the given grid
Generate FGS < all the possible candidates with the current set of nodes
Generate MGS < guarantee the connectivity of all nodes in the grid
Solve initial NLP
while Manufacturability condition # satisfied do
while Inner loop condition # satisfied do
Calculate proportional elongation for all members € FGS \ MGS
Choose additional candidates
Update MGS
Solve NLP
if improvement < threshold VV FGS \ MGS = & then
Inner loop condition = satisfied

if set of crossing members # & then
Add new nodes to the set of nodes
Eliminate previously added nodes if not in the current structure
Update FGS
Update MGS
else
Manufacturability condition = satisfied

the other hand, this approach significantly reduces the number of potential elements, and hence,
the number of variables in the mathematical programming formulation. For example, Table d.]
gives the number of elements in such an MGS and FGS for a square m x m grid with two fixed
boundary nodes (in the corners), and one load node. This reduction in the number of candidate
elements directly translates into reduction in the computational time to solve the master prob-
lem in each iteration. Finally, MSG should be selected in such a way that the master NLP is
feasible. This then guarantees that each NLP solved in the iterations of the algorithm are also
feasible. Note that since the master problem allows for crossing elements, MSG constructed as

described is likely to satisfy this condition.

m? Grid FGS MGS % reduction
9

3% 3 18 12 34%
49 7TxXT 410 42 90%
121 | 11 x 11 2346 226 91%
625 | 25 x 25 60096 1237 98%

Table 4.1: Number of elements in FGS and MGS for a square m x m grid with two boundary
conditions and single external load.
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Evaluation of the resulting structure. For the current MSG, relaxed master problem is
solved with a general-purpose nonlinear solver. As discussed above, global optimum may not
be possible to obtain within reasonable time due to non-convexity of the problem. Hence,
locally converging methods can be used. A solution to the problem then gives the weight
of the current structure, which represents the quality of the solution. We then evaluate ways
to improve this solution by adding new elements to the MGS and recover manufacturability
constraints through node addition.

Member adding. In this step, the algorithm should determine the most promising elements
among those that are in the FGS but not in the current MGS. In the case of truss structures
solved in the literature, the dual solution can be used for this purpose, since the underlying
problem is linear. In our case, dual solution is not useful due to non-convexity of the problem.
Instead, we propose the following procedure. After solving the NLP master problem in each
iteration, the displacements in all degrees of freedom and the proportional elongation of each
possible element in the FGS are calculated. Naturally, elongation of the elements reveals the
stress paths in the structure, or in other words, elements in the FGS (but not in the MGS) that
would be most elongated would also be the most impactful, if added to MGS. Consequently, to
choose the new members, we sort the FGS elements in a decreasing elongation order, and then
add a certain number of them in that order. The number of new elements added at each step is a
hyper-parameter in our algorithm and can be selected by trail and error. For our implementation

we use the following formula:
Number of new elements = min{lOO, 0.1 x |[FGS|,|FGS — MGS]},

where |.| denotes the number of elements in the set. In other words, the number of new elements
1s no more than 100, at most 10% of the FGS elements, or all FGS elements that are still not in
the MGS. These are then added to the current MSG.

Inner loop stopping criterion. We continue resolving the master problem and adding new

elements until either no significant (above defined threshold) improvement in the objective
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function have been observed in two consecutive iterations, or no elements in the FGS are re-
maining (i.e., elongated violating displacement constraint), and hence no future improvement
is possible. The inner loop then concludes with a feasible solution that may include crossing
elements, and hence may not be manufacturable. The next step is designed to repair manufac-
turability.

Location of potential new nodes. For each pair of crossing elements we either introduce
a new node located at the intersection point and add the corresponding elements to FGS and
MGS. Importantly, this may lead to computational issues, since the algorithm may result in
creating nodes that are too close to the existing nodes. To avoid this, after node creation, we
check if there exist clusters of nodes within a certain threshold distance from each other. If so,
each node cluster is replaced with a single node, which inherits all the corresponding members
in the FGS and MGS. For our implementation, we use the maximum allowed displacement
(Umaz) as the threshold value. In addition, in each iteration we also check if the previously
added nodes (ones not in the original grounds structure) appear in the current result. If not,
those nodes are eliminated from the set of nodes for the next iteration, in order to reduce the
computational challenge of solving NLP. At the end of this step, the ground structure should be
regenerated by updating FGS and MGS following the same rules as before.

Stopping criterion. The algorithm stops if there are no crossing members in the optimal

result of current iteration.

4.3 Numerical Results

4.3.1 Design of experiments

Material properties. In all cases the following mechanical characteristics are considered:

* maximum allowed displacement in any direction is 0.095 mm,

e cross-sectional lower and upper bounds are 7(0.2)? and 7(0.5)? mm (min./max. radius
0.2, 0.5 mm),

density of material (without loss of generality) is set to 1,

modulus of elasticity is 109000 GPa.
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The value for the maximum displacement is calculated based on the material properties of
steel to remain in the elastic area.

Test instances. We use three sets of instances. The first, which we will refer to as square
instances, are used to compare against the exact global optimization method proposed in Tor-
agay et al| (2022). The corresponding ground structure is depicted on Figure 4.2] where a
dcm X bem design domain is considered. The number of eligible elements in the FGS is 18 and
116 respectively. The external nodal load for these instances is imposed upward (shown with a
blue arrow), the build direction is bottom-up (all elements that cannot be manufactured due to

printing angle constraint are removed from the FGS).
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Figure 4.2: Square test instances (3 X 3 and 5 x 5 grids).

The second set of instances is based on a Michell cantilever beam example from literature
and is depicted in Figure with three grids. Note that the external nodal load in these
instances is located in the middle of the top row of the grid. For the sake of maintaining
readability, the case of fine grid does not depict candidate beams in the FGS. The number of
elements in FGS varies from 460 to 67,872 for the coarse and fine grids respectively. Note that
the cantilever is depicted vertically, which coincides with the AM build direction. With a —90°
rotation, similar to the ones that were analyzed in the literature before (for truss structures),
e.g., (Prager||1977; Stolpe|2007; [Sokot 201 1; Shahabsafa et al.[2021). These instances are too
large to allow for exact global solution. While the instances themselves have been considered

in the literature before, direct comparison to the results previously reported cannot be made,
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since these are usually solved as trusses. At the same time, the resulting topology from the

truss and frame problems are very similar.
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Figure 4.3: Cantilever test instances (coarse, medium and fine grids).

The final set of instances that we will refer to as bridge instances, is given on Figure #.4]
Observe that these correspond to identical design space and external loads, but represent two
different build directions. The distinction is significant due to the manufacturability require-
ment on beam printing angle. The two instances consist of the same number of nodes and 1036
elements for instance (a) and 256 elements for instance (b). Note that in the bridge instances
there are two external nodal loads. Instance (a) is reported in Sokdt and Rozvany| (2013) as a
benchmark in solving multiple load truss-structure design problem.

Implementation details. The algorithm was implemented in Python (Van Rossum and
Drake 2009) version 3.8. The mathematical optimization problems are modelled in Pyomo
version 6.0.1 (Hart, Watson and Woodruff]| 2011; |Hart et al. 2017) which is an open-source
algebraic modeling language for Python. All experiments (unless specifically mentioned) were
performed on a desktop computer with Intel® Xeon® CPU E3-1241 v3 @ 3.50 Gh, 14 GB
installed memory, running on a 64-bit Windows 10 Pro OS. To solve the NLP models in each
iteration we used Ipopt (Wiachter and Biegler|2006) together with pardiso (Schenk et al.[2001)

as the internal linear solver. We have set constraint violation tolerance to 10~% (default 10~%),
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Figure 4.4: Bridge instances (two different build orientations).

and convergence tolerance to 107% (default 10~®). In the implementation of the exact method

we follow the same setup as in [Toragay et al.| (2022). Mixed integer quadraticaly constrained

programming problems are solved using Gurobi version 9.5.1 (Gurobi Optimization|2021)) with

2 hour (7200 seconds) time limit. We do not apply a time limit to the heuristic algorithm, since

it did not exceed 2 hours in any of the test cases.

4.3.2 Numerical results and observations

Square instances. For these instances, we vary the external load in the interval [100kN, 400k V]
with 20k N increments, resulting in the total of 32 instances. Each instance is solved with both
the heuristic and the exact methods. The solutions are then compared in terms of solution time
and structure weight. First, focusing on performance of the heuristic itself, Figure .5 gives a
comparison between 3 x 3 and 5 x 5 instances, giving the weight of the best found structure
and computational times. Note that both cases share the same design domain, i.e., the resulting
solutions can be directly compared. Some of the structures resulted from the heuristic method

are depicted in Figure 4.6] Naturally, finer ground structure allows for lighter solutions, which
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is observed for the cases with higher external loads. Observe that the solution time for the
heuristic is relatively low. Note also that in the case of 3 x 3 grid and the highest load, the
algorithm takes advantage of the ability to add new nodes to the ground structure (depicted in

green), which explains relatively high computational effort in this case.

150
Series . Series
2 3x3 i 2= 3x3
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Figure 4.5: Obtained structure weight and corresponding the solution times (in seconds) for
the square instances for the proposed evolving ground structure method depending on load
magnitude.
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Figure 4.6: Obtained structures for the square instances for the proposed evolving ground
structure method for a collection of external load magnitudes. Green points correspond to
nodes added by the algorithm.

Table [4.2] reports on the comparison between the exact and heuristic methods. Here we
report resulting structure weight (rows W) and solution time (rows T) for the two structures
and 16 external loads. Note that in many cases the exact method did not converge within the

time limit. In this case, whenever possible we report the optimality gap (in percent) and the
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corresponding weight for the best (suboptimal) solution is reported with an asterisk (*). In
some cases, the exact method did not find any feasible solutions, in which case we use symbol
“~". Finally, in two cases, the exact method reported that the instances are infeasible, i.e., no
structure within the constraints of the ground structure and manufacturability can withstand the
load, which are indicated with “inf”’. Note that for these two cases, heuristic method is able to
return a feasible solution, since it allows for introduction of additional nodes, which enables
more possible solutions. In other words, in addition to letting us avoid binary variables to elim-

inate crossing elements, this feature of the methodology is able to improve on the limitations

due to fixed ground structure (to some extent).

o128 Load values
g |2|g

2 § 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400
w H| 377 453 528 604 679 754 83.0 993 102.6 1135 1243 1352 146.0 1579 178.8 1845

33 E| 377 453 528 604 679 754 83.0 944 1026 1134 1243 1352 1460 1579 inf  inf
T H| 072 076 064 066 070 073 074 098 070 065 070 068 070 0.60 207 198

E|970 790 123 174 181 156 164 28 288 30 236 35 386 233 - -
W H| 377 453 528 604 679 754 83.0 100.1 100.8 108.1 116.7 1252 133.8 1424 151.5 1614

55 E | 41.6* 51.5*% 60.35% 69.9* 80.3* — - - - - — - - - — —
| H 1.83 198 244 130 317 135 1.83 139 215 201 165 231 158 132 323 207

E|48% 571% 60% 64% 671% - - - - - - - - - - -

Table 4.2: Solution time (T) and weight (W) of structures resulted from heuristic evolving
ground structure (H) vs. exact (E) methods for square instances. Optimality gap in percent is
reported instead of time for instances terminated due to time limit. “~" indicates that no
feasible solution was found. “inf” corresponds to provably infeasible problems (for the exact
grid).

Comparing the performance of the two methods, observe that only in one case (240kN
load and 3 x 3 grid) the exact solution is lighter compared to heuristic. In all other cases, the
heuristic has either found the global optimum, or found a feasible solution that is better than an
intermediate suboptimal solution reported by the exact method when it terminated due to time
limit. In all cases the solution time is significantly lower for the heuristic method. Overall, we
can conclude that the exact approach can only solve very small instances to optimality (which
are almost always also solved to optimality by the heuristic), and consequently, the heuristic is
preferred in virtually all cases.

Cantilever instances. The cantilever instances (coarse, normal, and fine grids, as specified
above) are solved with a common load of 10k/N, imposed across the x—axis (horizontally).

Figure gives the initial MGS, intermediate steps, and the final best obtained solution for

62



the three cases. As before, green indicates added nodes, and blue and red beams correspond
to tension and compression respectively. Table [4.3| reports the weight as well as total solution
time for the best obtained structure. The results illustrate the trade-off between solution quality
(weights) and solution time that depends on the coarseness of the grid. In this case, the finest
grid results in 6.67% lighter structure, while taking considerably longer time to solve. Note that
the node-adding feature of the algorithm, allows for circumventing grid limitations to some
extent. The fine grid instance is the largest one solved in our experiments, indicating that
the approach is capable of finding solutions for problems with 10,000+ elements and 100+ of
nodes.

grid ‘ # of Nodes # of Elements Solution time (sec) Weight

coarse 45 460 27.27 183.34
normal 153 5088 319.94 175.65
fine 561 67872 2282.57 171.11

Table 4.3: Results for the cantilever instances.

Bridge instances. The bridge instances are solved with three load magnitudes {25, 50, 75}
kN. These instances are designed to emphasize the importance of build direction due to man-
ufacturability constraints. Figure [4.8] gives the final solutions for the six instances, and Table
4.4 reports the weights and solution times. Observe that vertically built bridge in all three load
cases results in both significantly lower weight and shorter solution times. The result is not sur-
prising, since this built orientation allows for incorporating horizontal (or close to horizontal)
elements. This instance also showcases the ability of our approach to handle instances with

multiple loads and/or boundary conditions.

Load 25 50 75

Time (sec) vertical (a) 28.68  70.79  83.57
horizontal (b)  70.72  45.61 260.11

Weight vertical (a) 123.51 256.34 412.04

horizontal (b) 194.60 471.12 803.25

Table 4.4: Vertical and horizontal bridge results with various loads.
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Figure 4.7: Original MGS, intermediate solutions and the resulting structures due to the
heuristic method for the cantilever instances. Red and blue beams correspond to tension and
compression respectively. Green points correspond to nodes added by the algorithm.

4.4 Conclusions

We proposed an iterative heuristic algorithm to solve the nonlinear, nonconvex optimization
problem of designing lightweight load-bearing frame structures for additive manufacturing.
Our numerical experiments show that using the proposed heuristic method, relatively large-
scale instances (up to 10,000s of elements) can be solved. We observe that for small instances

with known optimal solutions, the proposed method is usually capable of finding the exact
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Figure 4.8: Obtained solutions for the two versions of the bridge instance with different load
magnitudes. Green points correspond to nodes added by the algorithm.

global optimum, while using significantly less computational resources. The superiority of the
heuristic method in terms of computational requirement, even for relatively simple cases, is
observed in the tested instances.

We showed that the heuristic method can solve large-scale instances with different load
magnitudes, load locations, and various ground structures. The main contributions of the

heuristic approach developed in this chapter are as follows:

* iteratively expanding the ground structure by adding both members and nodes;

* relaxation of the most challenging manufacturability constraints in the mathematical

model to be able to solve large-scale instances;

* taking into account the moments in the rigid joints of the structure to avoid postprocess-

ing.

Note that we could not compare the heuristic and exact methods in solving large-scale

instances because none of those instances can be solved to optimality using the exact method.
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Nor could we compare the results of benchmark problems solved here directly to the results
reported in the literature because those instances have been either solved as truss structures,
or considered different (sometimes conflicting) sets of constraints in the mathematical models
to account for structure manufacturability or feasibility. Consequently, a thorough comparison
of the existing methods for frame optimization requires a significant additional modeling ef-
fort, and hence is beyond the scope of the current study. On the other hand, the field would
benefit from creating a repository of both standard test instances and implementations of the
algorithms, which could be a direction of future study.

Several other directions for either improving the proposed method or implementing alter-
native ideas can be identified. First, while our algorithm allows for node addition, node coor-
dinates are largely fixed. Naturally, allowing for variable coordinates significantly complicates
the formulation, making a straightforward implementation of the underlying NLP intractable.
On the other hand, a carefully designed iterative procedure, where node adjustment and NLP
solution alternate could be possible.

Secondly, while the method here is designed as a problem-specific heuristic, general-
purpose metaheuristics have been previously considered in the literature. Implementation of
such approaches is often severely complicated by the curse of dimensionality. At the same
time, such approaches could benefit from the mathematical programming formulations pre-
sented here and in [Toragay et al.| (2022)), paving way for potentially efficient matheuristics

implementations.
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Chapter 5

A Hybrid Genetic Algorithm for Topology Optimization of
Frame Structures for Additive Manufacturing

5.1 Introduction

In Chapter [3] of this dissertation, exact optimization approaches were implemented to optimize
the designing problem of lightweight frame structures for additive manufacturing (AM). We
concluded that these approaches are able to solve only small-scale problems. To handle this
downside of the exact methods, in Chapter {] a problem specific heuristic method have been
proposed to solve large-scale problem. This novel heuristic outperformed the exact methods
and inspired us to closely inspect the applications of metaheuristics for the design problems. A
literature review in the implementation of metaheuristics for topology optimization problems
revealed that most of the applications consider truss structures because the frame structures are
more complicated and metaheuristics, in their pure form, do not have promising outcomes when
implemented for topology optimization problems. Observing this gap in the literature, in this
chapter, we tackle the problem of designing lightweight frame structures for AM. We specif-
ically consider a metaheuristic approach, Genetic Algorithm (GA), to solve the mathematical
model of weight minimization for planar frame structures when the AM imposed manufac-
turability constraints are considered. As depicted in Figure a design domain and fixed
boundary conditions (a), a defined grid of nodes (b), a discrete ground structure composed of
all candidate elements (c), and a ground structure excluding all the non-eligible elements from
it (d), are necessary for the initialization of the design problem for discrete structures. Reach-
ing the best design for lightweight structures requires evolving the geometry of the structure, in
addition to just optimizing the properties of the elements such as cross-section of the members
Raich and Ghaboussi| (2000). Therefore, topology optimization, which is the combination of

the geometry (layout) and size optimization for discrete structures is considered in this chapter.
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Note that the mathematical modeling of this problem is possible via implementing the ground
structure approach proposed by |Dorn| (1964) and the decomposition of the stiffness matrix pro-
posed by (Kanno|2016). For the details of decomposition method that we implemented in this
chapter, we refer the readers to Appendix |A|of this dissertation.

Evolution-inspired metaheuristics, specifically Genetic Algorithms (Holland!|1992; Gol-
berg |1989) are a good fit for the topology optimization problems, in the sense that, discrete
variables, which increase the complexity in the mathematical models, can be effectively han-
dled using GA. In addition, the stochastic nature of the GA avoids the drawback of mathemati-
cal optimization, where the latter is prone to getting trapped in the local optima (Alkhatib, Jazar
and Golnaraghi|2004). On the other hand GA itself with mixed type of variables, in its pure
form, is more complex and can also be prone to local optima|Rocha and Neves| (1999).

To tackle this handicap of the simple GA, in this chapter, we propose a modification which
accelerates the convergence of the algorithm benefiting from both stochastic and deterministic
search scheme, i.e., both GA and mathematical optimization methods’ strengths. Our proposed
modification combines the results of mathematical optimization models in the form of nonlinear
programming, representation of the structures as graphs and matrices, and constraint relaxation,
to obtain the fitness values of the individuals.

The main issue in the implementation of GA for various problems is to find a clever rep-
resentation (encoding) of the candidate solutions. We propose a novel encoding based on a
combination of graph theory and matrix algebra to represent the individuals and define oper-
ators in the proposed hybrid GA. We call this the path-based encoding and will explain it in
details in Section Note that a brief review of the most related works from the literature is
presented in Section [2.3] of Chapter 2] The remainder of this chapter is as follows. To explain
the details of the methodology, Section [5.2] includes the overview of the mathematical model
proposed for the problem, the hybrid GA proposed in this chapter, and details of operators
specifically-defined for the hybrid GA. The numerical results of the implementing GA on vari-
ous test instances have been given in Section We conclude the findings and draw the road

map for future work in Section[5.4]
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5.2 Methodology

In all structural analysis problems there are some governing equations or inequalities that need
to be satisfied for an accurate analysis of the structure’s mechanical behaviour and characteris-
tics. These governing equations for the elastic analysis of frame structures are called equilib-
rium equations. Any approach to solve the topology optimization problem should ensure that
the suggested solutions satisfy these equations. In evolutionary algorithms, such as GA, all the
individuals in the population need to have a fitness score which shows how good the individual
is, in terms of representing a solution for the problem. Originally designed for unconstrained
optimization problems, GA can still be used for constrained optimization problems such as
topology optimization. One of the approaches to handle the constrains in these type of opti-
mization problem is to define penalty functions for those individuals that do not fully satisfy
the constraints. Although these functions reduce the credibility of an individuals in terms of
fitness value, they enable the evolving of the inherent heritage of each individual to the next

generations. In its general form a penalty function can be defined as follows:

0 if the individual satisfies all the constraints
(5.2.1)

Ky () if the individual violate constraint h.

in which z is the individual for which each constraint 4 in the model needs to be satisfied. K is
a function that generates a large number, usually proportional to the magnitude of the violation
of constraint h. This value for the minimization problems is a positive value that is added to the
objective function. To calculate the fitness values in this work, we define the fitness function
as the weight of the structure plus constraint penalties. We precisely consider an individual as
a fit one if it satisfies the constraints and also minimizes the weight. To this end, we use the
optimization model’s solutions as individual’s fitness value and we also include some of the so-
lutions which do not completely satisfy the constraints. Those individuals encounter a penalty
and will always have a higher fitness value (worse individual in a minimization problem). As
a topology optimization problem we have both binary and continuous variables in our model.

The presence and absence of each of the candidate elements in the ground structure can be
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modeled as a binary variable. Cross-sectional area of the beam elements are the continuous
variables of the model. As depicted in Figure[5.1] in a layered manner, we first find the binary
variables () using the GA and the values of the continuous variables y(*) are found by solving

a nonlinear optimization problem (abbreviated as NLP).

GA Optimization Population
«<(1) > y(l) — fl(x(l)) > (X(1)7y(1))
X(n) > y(n) e fn(X(n)) - (X(p)’y(p))

Figure 5.1: Generating the initial population

The approach has to be layered because finding the continuous cross-sectional variables
in the optimization model depends on knowing which candidate elements selected by the GA
are going to be part of that specific individual or solution. The layered format and the binary
variables’ decision in the first layer are necessary because the manufacturability constraints can
actually be handled in the first layer. These constraints, imposed by additive manufacturing,
consist of eliminating the over crossing members in the structure. More precisely, after GA
chooses the elements from ground structure, if there are crossing members then a node is added
to the ground structure with the coordinate of crossing point. Doing so, we can ensure that all
the selected individuals can possibly fabricated by AM if they show a good performance in

terms of the fitness function.

5.2.1 Model overview and relaxation

The problem of finding the economical distribution of the material in the design domain, or
more specifically finding the optimal combination of beam element locations and sizes in the
ground structure is an NP-hard problem. A solution approach for this problem using exact

mathematical programming frame work is presented in Chapter [3|where the problem is modeled
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as a mixed integer nonlinear programming. The general form of the suggested model is given
in

The aim of this model is to minimize the weight (or volume) of the structure while keeping
the displacements of the nodes in the structure in a controlled region. As mentioned previously
GA are designed for unconstrained optimization problems (Rajeev and Krishnamoorthy||1992).
We use a penalty function to transform the above mentioned constrained problem into an un-
constrained one. To this end, the following modifications are necessary on the mathematical

model:
* The constraints on the displacement need to be relaxed.

* Manufacturability constraints need to be handled separately, as there is no tractable way

to create penalties for these violations.

The relaxation of the constraints on the displacement can be done by adding auxiliary
variables to the right hand side on those constraints. For instance the following set of constraints
shows a relaxed form of constraint 4.2.2d|in the above mentioned model and will replace this

constraints in the relaxed model:

(
Umin — L S u,

U < Upgy + Lo,

(5.2.2)

x; and x,, can then be used in the penalty function described in [5.2.1] in order to calculate
the penalties and include them in the objective/fitness function. Using the defined variables,

mathematical expression of the penalty function is as follows:
Ky(r) =) (Mx,+ Mz,)  Vz € population (5.2.3)
h

note that M is a large positive number. Manufacturability constraints consist of eliminating the

cross-over elements and lower/upper bounds on the cross-sectional variables for all elements.
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These constraints require binary variables to be assigned to each element. Cross-section limit-
ing constraints are kept in the model but we relax the crossing member elimination and instead
of ignoring the generated candidate individuals we keep them in the population with some

modifications. By that, we mean applying Algorithm [2]on the generated individuals.

Algorithm 2 Modifying crossing members

Input: Randomly generated individual
Output: Feasibility of fabrication by AM
Find all the crossing member pairs
Define a new node on the crossing point
Remove the crossing elements from solution
Replace each removed element with two new elements
Return the new solution with no crossing members

We keep cross-sectional area limiting constraints in the model because these constraints
do not need binary variables anymore. Note that those binary variables have been decided in
the first layer of the method by the GA. Note also that the build angle of the elements should
be controlled in order to decrease the build failure of the structure during the AM fabrication
process. This angles (a.) for each element e should satisfy 45° < a, < 135°. We considered
this manufacturability constraint in the design of ground structure from which the paths are

selected. It’s guaranteed that all the elements in the chosen paths satisfy the angle constraint.

5.2.2 Hybrid genetic algorithm

This metaheuristic algorithm is an iterative procedure to find a near-optimal solution for the
unconstrained combinatorial optimization problem. The whole algorithm can be summarized
as follows.

A Genetic Algorithm starts with an initial population of individuals each of which is an
encoded representation of a solution for the problem. This population is generated randomly
and for each of the individuals a fitness value is calculated. The associated score describes the
adaptability of each individual to survive. The better the fitness value, the higher the individ-
ual’s chance to survive in the evolution process. For a minimization problem (as we are dealing
in this work) a lower fitness value describes a better/lighter solution. After the establishment

of the initial population, in each of the following iterations individuals are evaluated based on
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their fitness and through a selection process some individuals are selected as parents for the
next generation. Reproduction of the individual for the next generation can be carried out via
crossover and mutation operators of the algorithm. A replacement operator then substitutes
new offspring for the individuals from the previous generation with worse fitness values. We
explain all the details and operators of the hybrid GA below.

Encoding of the solutions: A representation for the solutions of the problem is necessary
to encode each potential solution as an unique individual. This step is one of the most crucial
factors in the success of implementing a GA (Kumar|[2013). Many encoding schemes such
as binary representation of the elements, value representation of the elements, permutation
encoding, etc. have been used for the encoding of the structures each of which have its own
downsides (Bekiroglu, Dede and Ayvaz[2009). For example binary coding is not tractable when
there are large number of variables in the problem (elements in the ground structure) which
produce a long string of 0 or 1 values. Alternatively, the binary representation of nodes needs
additional information to be carried on with each individual that explain the connections in the
structure. Considering the large number of variable in the problem and based on the similarities
of the planar discrete structures, on one hand, and graphs, on the other, we introduce a novel
path-based representation to encode the solutions. To the best of our knowledge, this is the first
time a path based representation is used to encode a GA for topology optimization.

The idea for path-based encoding arises from considering the fact that any element in
the ground structure, in order to be useful in distributing the stress, needs to be placed on the
principal stress lines of the structure. In other words, only paths connecting load nodes to any
of the fixed nodes in the structure contribute to reducing the stresses. After defining the ground
structure, we listed all the possible paths in the ground structure connecting each fixed node
to each load node. Each individual will be a combination of paths. Figure [5.2(a) shows all
the simple paths with length < 3, in a 5 x 5 ground structure while [5.2(b) depicts a randomly
generated individual. We only consider so-called simple paths, that is, paths where there won’t
be any loops inside the path. Furthermore, we impose a length parameter for the generated

paths.

73



() (b)

Figure 5.2: (a) Possible paths with length < 3in a 5 x 5 ground structure, (b) An individual

Path-based encoding has two main benefits. First, it guarantees the absence of any hang-
ing elements in the structure. That is, elements that are only connected to a single node and do
not contribute to supporting the load. Second, it mimics the principal stress paths in the struc-
ture. Also, by defining the individual using path-based encoding instead of modifying each
element in the cross-over or mutation process and checking the connectivity and feasibility of
the mutated individual, we can directly modify paths (with all the elements on it) which in
turn reduce the computational complexity of the process. That is, connectivity is guaranteed to
be preserved in the cross-over and mutation operators, removing the computational burden of
checking connectivity for each generated individual.

Individuals. Each individual in the population is expressed as a combination of paths that
connect all fixed nodes to all load nodes in the ground structure. For instance, the example
individual shown in [5.2[b) has 2 paths connecting the fixed point on the left to the load node
and 2 for connecting the fixed node on the right to the load node. A concatenated list of all
paths gives the elements in the ground structure which are selected to appear in this specific
individual.

Initial population. The convergence and performance of GA are critically affected by the
initial population (Togan and Daloglu/2008). Starting the algorithm from an initial population
which includes better individual will decrease the number of generations that are necessary to
find near-optimal solutions. As a parameter of the GA, the size of initial population %k, can

be decided prior to the analysis. In the proposed hybrid GA, we choose £ distinct individuals

74



that are feasible for the relaxed optimization model as the initial population. To do this, we
choose random combinations of paths to generate the individuals (ensuring each fixed node is
connected to each load node) and then solve the relaxed model considering the specifications
of that structure. Considering the geometry that the individual has, and the constraints of the
model imposed on the cross-sectional areas, the mathematical model’s results yield the optimal
cross-sectional areas of the elements for that individual. As shown in [5.1] both binary and
continuous variables are determined during this process for each individual. Moreover, the
solution of the relaxed model reveals 2%, the fitness values of individual ¢ (which also includes
the penalties for violating any constraints in the model). The objective function of the relaxed
model, shown in Equation [5.2.4] reveals the details of the initialization process. Note also that
all the individuals in the initial population are selected to be unique, to allow diversity in the

population.

=) ade+ Y Ki(i) (5.2.4)

e€t heConstraints

in which, ¢ is the individual to be assessed, the first summation calculates the weight of
ind, and second summation represents total penalty values. Obviously z* > " a.l, because
>~ Kj,(¢2) > 0 and also by comparing the real weight of the individual to 2%, the presence of
penalty values for the individual can be detected. Considering the feasibility of the individuals
in their candidacy for the initial population guarantees a better start point for the algorithm, but

also makes the initialization process longer.

5.2.3 Operators of the GA

Here we explain the details of all operators that we use in the GA with an emphasize on the
implementations of those operator on the specific encoding (path-based representation) that we
propose in this work.

Selection. To produce offspring for the new generation, parents are selected randomly
from the current generation. For this selection we choose two unique sets of parents (S; and
Sy) with k/2 number of individuals in each of those. From each combination of pairs (py, p2)

where p; € 57 and p, € S, a new child is generated to be considered for the next generation.
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From those k*/16 children we select the k/4 unique best children to be directly added to the
next generation. Note that these numbers were selected via experimentation and were tested
for k > 4.

Crossover. As mentioned before, for each child we have a pair of parents which consists of
paths connecting each fixed node to each load node. The crossover operator compares the paths
in p; and p- and select the ones that appear in both parents to be added to the set of paths in the
child. Also, paths from p; and p, that are only present in one parent are selected at random to
be added to the child in order to guarantee the integrity of the newly generated child. At a high

level, the crossover operator is described by the following pseudo-code.

1: function CROSSOVER(p1, p2)

2 Compare the paths in p; and p-,

3: Add the shared paths to child’s paths set,
4 For all other paths randomly choose some,
5 return Child individual.

Mutation. A mutation operator is used to generate k/4 additional individual for the next
generation. We implement mutation on the k/2 worse individuals in the current generation
and k/8 worse generated children from the current generation. The mutation of each individ-

ual follows the pseudo-code below. Note that for the selection of a path to be removed from

1: function MUTATION(%)

2 Compare the fitness value (2%) to the real weight of the individual %,
3 if 2* = real weight then

4: Remove randomly selected path

5 else

6 Add randomly selected path

7

return Mutated 2.

an individual we consider all the paths from each of the fixed nodes and compare their num-
bers. Then choose the fixed nodes with larger number of paths and based on their length we
assign a probability for each of the paths on that fixed node and randomly choose one of them.
Obviously there is a direct relation between number of paths and stiffness of the structure on
one hand, and weight of the structure on the other hand. This trade off between stiffness and

weight is the focus of the mutation process. In individuals with larger fitness value than their
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real weight, it can be inferred that there are violated constraints in the mathematical model and
the structure needs to be stiffer to decrease the constraint violation. In this case, we add more
paths to the individual. Again we compare the number of paths from each of the fixed nodes
and choose the one with less connected path. From all the paths in the path set that are not
currently in the structure we choose a path based on probability proportional to their length.
Conversely, if no constraints are violated, we can infer this individual is heavier than necessary
(as its fitness is poor) so we randomly remove a path, checking that connectivity is not broken.

Elitism. Some of the individuals in each generation are selected to be directly added to
the next generation. In this work, this number is considered as k/2 where k is the number
of individuals in the population. The reason of adding these individual directly to the next
generation is all of them show good performance having better fitness value and inherent those
characteristics that should be carried in the next generations.

Stopping criteria. Stopping criteria used in the literature include: a fixed number of it-
erations, improvement in some consecutive generations, number of similar individual in the
population, etc. We consider a combination of quality of the individual in one hand and the
number of iteration on another hand. We consider two parameters to stop the hybrid GA;
maximum number of generations in the process, and maximum number of generation without
improvement. Whenever one of these numbers is reached, the process will stop and report the

final generation.

5.3 Numerical Results

In this section we present the results for two experimental structures that we designed and
solved using the hybrid GA approach. Figure [5.3|shows the two illustrative instances that are
solved by implementing the process. These are square (Fig. (a)) and cantilever (Fig.
(a)) instances. We choose these instances in order to be able to compare the results to what
we had in previous chapters. For the square example GA found the optimal solution that we
showed in Chapter 4. For the cantilever example the best solution that we could find using
heuristic approach in Chapter {] was 183.34 while there we allowed additional nodes to be

considered and the shape could change accordingly. Here we did not include the additional
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nodes during the process except in calculation of fitness values. The best solution that GA

could find for the cantilever instance is 260.97.
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Figure 5.3: (a) Square example (b) Cantilever example

Table [5.1] shows the example ground structures’ characteristics and best found solutions.
Number of individuals in the population is £ = 24. Each individual in the initial population
consist of 3 and 4 paths from each fixed node respectively for square and cantilever examples.
External loads are 400kN vertical for square and 10kN horizontal for the cantilever. Maximum
allowable displacement on the degrees of freedom set to be 0.095mm for both structures in
order to keep them in the elastic region. Without loss of generality we consider material density

p = 1 and modulus of elasticity £/ = 109000 GPa for both structure.

Instance
grid

size (mm?)
# of nodes

# of element
paths

path lengths
best weight

Square |5 x5 2500 25 116 22 3 161.38
Cantilever [ 5 x 9 3200 45 460 890 4 260.97

Table 5.1: Solution for instance Fig.

The initial and final generations of these two examples are given in Appendix |C, Figure
[5.4] depicts the final solution of the test instances. In this figure, we colored the initial ground

structure nodes in the final solution in green while the position of the additional nodes is shown
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in red. Note that we consider these additional nodes only in the calculation of fitness function

and these nodes are not consider for next generations.

Z

Figure 5.4: (a) Best solution in the final population of square instance, (b) Best solution in the
final population of cantilever instance

To test the performance of the proposed hybrid GA, we tried various random seeds and

reported the results in the following Table [5.2] We also tried different load magnitudes and

include the results of all combinations of seed, load magnitude in the table.

Load
200 250 300 350 400

Seed

Sh 11 gen., 75.44 | 13 gen.,95.98 | 14 gen., 116.65 | 13 gen., 138.11 | 13 gen., 161.38
So 11 gen., 75.44 | 12 gen.,95.98 | 13 gen., 116.65 | 15 gen., 138.11 | 15 gen., 161.38
S3 12 gen., 75.44 | 12 gen.,95.98 | 14 gen., 116.65 | 18 gen., 138.11 | 11 gen., 770.19
Sy 10 gen., 75.44 | 12 gen.,95.98 | 19 gen., 116.65 | 19 gen., 138.11 | 13 gen., 161.38
Ss 12 gen., 75.44 | 20 gen.,95.98 | 22 gen., 116.65 | 10 gen., 159.98 | 13 gen., 161.38
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In two of the combinations, (S5, 350) and (S3, 400), the algorithm could not find the best
solution that could be achieved by other seeds. We also tried various seeds for the cantilever

instance and report the results in Table[5.3]

Seed S, S Ss3 Sa

Generation/weight | 24 gen., 366.63 | 31 gen., 307.17 | 12 gen., 373.77 | 43 gen., 260.97

Table 5.3: Results for cantilever instance with various seeds

Results in Table [5.3] shows that best achieved GA’s result for the cantilever instance is
42% worse than the best known solution achieved by the proposed heuristic in Chapter
Modification of the operators or the self-tuning of the parameters for the hybrid GA can be two

approach to alleviate the weakness that we experience with the GA.

5.4 Conclusion

In this chapter we proposed a novel hybrid genetic algorithm metaheuristic approach to solve
the nonlinear design optimization problem for additively manufactured lightweight planar frames.

The novelty of the proposed algorithm are as follow:
* Implementing a nonlinear optimization approach to calculate the fitness values.

* A novel encoding of the individuals in the population based on the paths in the ground

structure.
* Modified operators for the hybrid GA that can handle the path-based encoding.

Our numerical results showed that although the proposed hybrid GA is able to find solu-
tions for large-scale problems, the accuracy and consistency of the results still needs in depth
research. These large-scale instances could not be solved using the exact methods that we
present in Chapter [3] On the other hand, the results of hybrid GA is comparable to the re-
sults that we obtained for the same instances using the heuristic method that we proposed in
Chapter @] We conclude that the proposed path-based encoding is a good alternative for the

traditional encoding that has been used for the structural optimization problems in the literature
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which makes hybrid GA a promising candidate for solving the engineering optimization prob-
lem that we considered here. More research can be done to accelerate the process and test its
performance against traditional GA approaches. Another continuation of this research can be
determining a self-tuning approach for the parameters that are currently used in the proposed

algorithm.
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Chapter 6

Summary and Future Research

In Chapter [3] we mathematically modeled the design optimization of lightweight frame struc-
tures for additive manufacturing as a mixed integer, nonlinear, nonconvex optimization prob-
lem. Because of nonlinearity and nonconvexity, these models are in the NP-hard category
and cannot easily be solved to optimality. Despite technological advances in computational
resources and commercial solvers, still only small-scale instances of these problems can be
solved to optimality. We proposed a new modeling approach in the form of a mixed integer
quadratically constrained optimization problem. We showed that the proposed approach, al-
though still limited by the number of variables in the problem, performs better than the existed
mathematical models in the literature. Observing the limitations of exact mathematical models
in solving the lightweight frame structures’ design, in Chapter[d we proposed a novel, problem-
specific iterative heuristic method to address the problem. This heuristic approach is based on
the member-node adding scheme in which instead of considering all the possible candidates in
the ground structure, a sub-problems with a small number of members is chosen and gradually,
trough a selection process, candidate elements which were not in the current ground structure
are selected and added to the existing ground structure aiming for better results. Although this
approach does not guarantee the global optimality of the solutions, the results are near-optimal
solutions achieved in a fraction of the time which is otherwise required by the exact methods
to find the answer. For small-scale instances for which we could find the exact global optimal
solutions, the heuristic method is also capable of finding those results. On the other hand, this
approach enables us to find solution for those large-scale problems which couldn’t be solved
using the exact methods. This problem-specific approach can not be easily adopted for other

topology optimization problem raised when the assumptions or the constraints set change in the
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problem. To alleviate this downside general-purpose well-known metaheuristic such as genetic
algorithm or particle swarm optimization can be implemented.

As an alternative to our heuristic approach, in Chapter [5] a modification of genetic algo-
rithm (GA), a metaheuristic method, is proposed. In this method we combined the stochastic
nature of the GAs with the deterministic manner of the exact methods to better guide the process
to the best solution. In other words, we applied the solutions of the exact nonlinear methods to
calculate the fitness value for each individual generated randomly by the GA. Through a novel
path-based encoding of the individuals we guaranteed the connectivity and feasibility of the
randomly generated initial population in the proposed hybrid GA, and maintained these char-
acteristics throughout the duration of the GA. Our numerical results show that although GA is
a powerful metaheuristic method to solve the combinatorial optimization problems, when it is
implemented to solve the design problems, it still has some limitations. Further research in the
applications of metaheuristics in the topology optimization area is suggested. Moreover all the
proposed approaches in this dissertation are designed to solve the 2D planar frame structures.
Modification and application of these methods to 3D additively manufactured frames would be

a good extension of this research.
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Appendix A

Details of Mechanical relations in the modeling part

Using the relations between displacement and external nodal loads from matrix analysis of the
frame structures, we can define the stiffness matrix of each beam element in its local coordinate

system as follow:

ac.F _a.E
;- 0 0 o 0 0
0 12{6E 61.F 0 o 12[,6E 61 FE
12 12 12 12
6[.F 4I.FE 6l F 2I.F
0 0 —
12 le 12 le
ke(aeale) = (A.0.1)
_acE ael) U.
£ 0 0 g 0 0
0 _12I.E _ 6l.FE 0 12I.F __6I.FE
2 2 2 12
€ e e e
6[.F 2I.FE 6l F 4I.FE
0 e 0 —

e

k. € IR®*% is a symmetric positive definite matrix in which, a. and I, represents the two
cross-sectional properties, namely area and moment of inertia, of the element e (Kassimali
2012)). In order to reduce the number of decision variables in our mathematical models, we can
relate the moment of inertia for circular beams to their cross-sectional area as follows (7 is the
radius of element ¢):

[ =—¢="¢ (A.0.2)

Equilibrium state of the structure, where the internal forces and external nodal loads are

balancing each other, can be illustrated in the model by using equilibrium equations:

KU=DP (A.0.3)

Equation (A.0.3) represents d similar constraints in the mathematical model. In (A.0.3)),

K € IR%*? is the global stiffness matrix of the structure. U and P are d x 1 vectors representing
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respectively, displacements and the external nodal loads on all degrees of freedom. Although
we will explain it later in detail, it should be noted here that K is constructed using the mem-
bers’ stiffness matrices in a global coordinate system. Based on the boundary conditions, for
some of the degrees of freedom j, u; = 0 and for some degrees of freedom 7, p; is a variable
representing reaction forces on the fixed nodes. Based on the mentioned boundary condition
effects, we express each equation of (A.0.3)) in the form of the constraints in mathematical

models as follow:

d
> Kty =p; Vi€ Seor (A.0.4)
j=1

where 4; and p; define as:

u; If j is not fixed and free to move
Uj = (A.0.5)

0 If j belongs to a boundary node and fixed

p; If 7 doesn’t belong to a boundary node

RF; 1If i belongs to a boundary node

We assume that external loads exist only on the end-nodes of the elements not along them.
Loads also assumed to be concentrated dead loads which means they are deterministic, fixed,
given, and do not change during the analysis. Moreover in (A.0.6), RF;, is the reaction force
in the direction of degree of freedom 7. Also note that, RF;s are defined only on fixed degrees
of freedom. k. in (A.0.1), and as a consequence, K in , include a. and I, which are
decision variables in the model. In finite element analysis, to avoid matrix inversion in solv-
ing the system of equations in (A.0.3)), usually different decomposition methods such as LU
decomposition, Cholesky decomposition, or Singular Value Decomposition are used. Here,
following the approach that|Stolpe and Svanberg (2003); [Stolpe (2004); Rasmussen and Stolpe
(2008); [Kanno| (2016) suggested, we decompose the stiffness matrices in (A.0.I). We define

the following vectors together with the eigenvalues:
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0 2/l 0
0 1 —1
bor=| 1|, bea=| 0 |, bes=| 0 | Vees., (A.0.7)
0 —2/1, 0
0 1 1
o = 2 oy = L fy = 1 (A.0.8)

The member stiffness matrix in local coordinates can be obtained using the following

matrix multiplication:

3
ke =) ke:bes(bg,), (A.0.9)
z=1

where be,(b],) represents the outer product of the two vectors be, € IR®! and b € IR**®,
which results in a matrix in IR®*®. Using equation (A.0.2) we can replace I, with a?/47 and

rewrite the decomposition in (A.0.9) as:

3a’F a’FE -

k, = be1 (b, ©  bea(bly) + —<—Des(b.. A.0.10
le 1( el)+ 47Tle 2( e2>+4ﬂ'le 3( e3)7 ( )
in which:
a. F RIS a’F
ko = , = ——, ke = —5—. A.0.11
T 27 4ml, 7 4rl, ( )

To be used in the construction of the structure’s stiffness matrix, vectors in (A.0.7) need
to be transformed to global coordinates. Considering the geometry of each beam element, we

define the following transformation matrices:

Trans, =

0 0 0 0 0 1/ 6xs
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in which ¢ = cos(6.), s = sin(0.). To assemble the global stiffness matrix of the structure,
we define the element specified T. € IR®*? matrices. Each T, is a 6 x d binary location
matrix that relates the element’s degrees of freedom to the degrees of freedom in the structure.
Consider element e which connects node 2 (degrees of freedom: {4, 5,6}) and node 4 (degrees
of freedom: {10, 11, 12}), the degrees of freedom of element e are: {4,5,6, 10,11, 12} and the

T, matrix for this element can be defined as:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 ... d
o o0o01o00O0OO0OO0OTO0O O O O O ... 0
o o0 010 o00O0O0O O O O0 O 0
Ty = 0o o0 001O0O0O0OO0O O O 0 0 0
o o0 00O0OO0OO0OO0OT1T 0 0 0 O 0
o0 o0o00O0O0O0OO0OO0ODOTO0O 1T 0 0 O 0
o o0 o00O0O0OO0OO0OO0O O 1T 0 0 0/ 6xd

The following transformation of the b, matrices are used in the generating of equilibrium

equations:

be = T, x Trans, x by, (A.0.12)

for which as mentioned before, T, € RS, ’I‘rans;r € R%*6 and b, € R, so b, € R,
Using these equations and values in (A.0.T1)), equation (A.0.4) can be written as (notice

that be; A b/, and bez A bl, and beg A bly € IR ):

> <Z ke1be1(bly) + keabea(bly) + kegbe3(b§3)) U;=pi,  Vi€Swr (A.0.13)
ij

JE€Sqor \eESe

In the above equation, the inner summation is the global stiffness matrix of the structure

that was generated using the relations (A.0.7) through (A.0.12)).
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Appendix B

Ground Structure’s Pseudo code

Algorithm 3 Pseudo code for generating ground structure

Inputs: m, n, Node coordinates, £
Output: Ground Structure composed of all the potential beam elements
function GS(m, n)
nodes <—m-n
DoF' + 3 - nodes
for : «+— 1 to nodes do
for j < i to nodes do
if ij < OK then
elements < elements + ij
Calculate L : Length, 0 : Angle, sin(f), cos(0)
Generate b,,, by,, b;,e(6 x 1)
Generate k;. = L%, koo = %, ks, = ﬁ
Generate 7,.(6 x d): 1 for DoFs and zero everywhere
Generate ¢.: Transformation matrix (6 x 6)
Calculate by, by, bs(d x 1) as (T," x t.| x bs)

88



Appendix C

Initial and final populations

N:25, E:14, CP:0, ID:2 N:25, E:12, CP:0, ID:9 N:25, E:14, CP:0, ID:14 N:25, E:13, CP:0, ID:18 N:25, E:15, CP:0, ID:19 N:25, E:12, CP:0, ID:28

o o L] L] o L] L] o

° ° [ ° ° ° ° °
5349.1, optimal, 228.97 3038.23, optimal, 165.94 4929.24, optimal, 177.96 5924.59, optimal, 184.96 5401.13, optimal, 249.5 3641.89, optimal, 164.3
N:25, E:14, CP:1, ID:31 N:25, E:13, CP:1, ID:33 N:25, E:13, CP:2, ID:47 N:25, E:12, CP:1, ID:66 N:25, E:17, CP:1, ID:77 N:25, E:14, CP:0, ID:78
° . ° ° ° ° ° ° ° °

L] L] L] L] L] L] L] L] L] L] L] L]
13359.29, optimal, 192.55 6034.73, optimal, 196.81 11679.23, optimal, 201.04 5508.89, optimal, 194.21 3579.12, optimal, 208.16 1469.52, optimal, 146.59
N:25, E:12, CP:1, ID:100 N:25, E:12, CP:3, ID:106 N:25, E:12, CP:0, ID:107 N:25, E:13, CP:1, ID:111 N:25, E:12, CP:2, ID:112 N:25, E:14, CP:0, ID:113

L] L] L]

o L] o L] o L] L]
7167.77, optimal, 128.56 13080.88, optimal, 165.09 3337.76, optimal, 170.22 10109.2, optimal, 210.67 4244.47, optimal, 149.87 2131.38, optimal, 186.59
N:25, E:12, CP:1, ID:119 N:25, E:10, CP:0, ID:131 N:25, E:12, CP:3, ID:132 N:25, E:13, CP:0, ID:137 N:25, E:12, CP:1, ID:140 N:25, E:14, CP:1, ID:142

o L] L] o L] L] o

3250.47, optimal, 178.26 5320.51, optimal, 145.84 16407.88, optimal, 187.6 2753.38, optimal, 172.39 4145.88, optimal, 142.77 9364.8, optimal, 165.09

Figure C.0.1: Initial population for the square instance with k = 24, vertival load= 400k N
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N:6, E:7, CP:0, ID:0 N:6, E:8, CP:0, ID:1 N:8, E:11, CP:1, ID:2

>
>
>
>
>
>

161.38, optimal, 161.38 163.53, optimal, 163.53 165.1, optimal, 165.11

N:8, E:12, CP:1, ID:6 N:8, E:12, CP:1, ID:7 N:7, E:10, CP:0, ID:8

>
>
>
>
>
>

167.23, optimal, 167.23 167.24, optimal, 167.25 167.3, optimal, 167.3
N:7, E:9, CP:0, ID:12 N:8, E:11, CP:0, ID:13 N:8, E:11, CP:0, ID:14

>
>
>
>
>
>

165.16, optimal, 165.16 168.93, optimal, 168.93 171.02, optimal, 171.02
N:10, E:15, CP:1, ID:18 N:10, E:15, CP:2, ID:19 N:10, E:16, CP:2, ID:20

>
>
>
>
>
>

174.77, optimal, 174.78 168.82, optimal, 168.82 171.17, optimal, 171.17

N:7, E:9, CP:0, ID:3

165.15, optimal, 165.16

N:7, E:10, CP:0, ID:9

167.3, optimal, 167.31
N:11, E:17, CP:2, ID:15

172.59, optimal, 172.6
N:9, E:12, CP:0, ID:21

172.81, optimal, 172.81

N:6, E:9, CP:0, ID:4

165.66, optimal, 165.66

N:7, E:10, CP:0, ID:10

167.31, optimal, 167.31
N:10, E:14, CP:1, ID:16

172.73, optimal, 172.74
N:15, E:25, CP:3, ID:22

248.4, optimal, 227.54

N:8, E:13, CP:1, ID:5

166.66, optimal, 166.66

N:8, E:12, CP:1, ID:11

167.44, optimal, 167.44
N:10, E:14, CP:1, ID:17

172.82, optimal, 172.82
N:9, E:13, CP:0, ID:23

253.44, optimal, 199.91

Figure C.0.2: Final population of square instance, best weight = 161.38
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Figure C.0.3: Initial population for the cantilever instance with £ = 24, horizontal
load= 10kN
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N:45, E:18, CP:5, ID:0 N:10, E:17, CP:4, ID:1 N:12, E:19, CP:5, ID:2 N:12, E:20, CP:7, ID:3 N:11, E:19, CP:14, ID:4 N:11, E:18, CP:5, ID:5

G £ S S0 €0

L]
260.97, optimal, 260.97 263.04, optimal, 263.05 264.52, optimal, 264.53 267.57, optimal, 267.58 267.58, optimal, 267.59 269.0, optimal, 269.01

N:9, E:16, CP:5, ID:6 N:45, E:20, CP:4, ID:7 N:45, E:20, CP:6, ID:8 N:45, E:20, CP:4, ID:9 N:45, E:21, CP:8, ID:10 N:13, E:20, CP:5, ID:11

L) (] (] (]
L] L] L] L]
L] L] L] L]
L] L] L] L]
L] L] L] L]

L]
269.33, optimal, 269.34 269.87, optimal, 269.88 269.88, optimal, 269.89 269.92, optimal, 269.93 270.33, optimal, 270.34 270.44, optimal, 270.45

N:14, E:22, CP:8, ID:12 N:12, E:20, CP:7, ID:13 N:9, E:15, CP:1, ID:14 N:9, E:16, CP:3, ID:15 N:12, E:19, CP:4, ID:16 N:11, E:19, CP:6, ID:17

W % £ fe 60

268.32, optimal, 268.33 269.65, optimal, 269.66 270.48, optimal, 270.49 270.88, optimal, 270.88 282.69, optimal, 282.69 292.31, optimal, 292.32

N:9, E:15, CP:3, ID:18 N:45, E:18, CP:11, ID:19 N:45, E:19, CP:5, ID:20 N:45, E:19, CP:6, ID:21 N:45, E:19, CP:6, 1D:22 N:45, E:18, CP:4, 1D:23

L]
L]

)
L]
L]
L]
L]

L] L]
L] L]
L] L]

L]
302.93, optimal, 297.8 272.29, optimal, 272.3 276.65, optimal, 276.65 281.91, optimal, 281.92 289.61, optimal, 289.62 291.9, optimal, 291.91

Figure C.0.4: Final population of cantilever instance, best weight = 260.97
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