
All You Need is Tensor Decomposition:
A Better Understanding of Sparse Tensors

by

Bo Hui

A dissertation submitted to the Graduate Faculty of
Auburn University

in partial fulfillment of the
requirements for the Degree of

Doctor of Philosophy

Auburn, Alabama
May 6, 2023

Keywords: Tensor decomposition, hyperbolic space, ODE

Copyright 2023 by Bo Hui

Approved by

Wei-Shinn Ku, Chair, Professor of Computer Science and Software Engineering
Cheryl Seals, Professor of Computer Science and Software Engineering

Anh Nguyen, Assistant Professor of Computer Science and Software Engineering
Shubhra Kanti Karmaker, Assistant Professor of Computer Science and Software Engineering

Yin Sun, Assistant Professor of Electrical and Computer Engineering



Abstract

Tensor is widely employed in data sciences to represent multi-dimensional information.

Due to the low-rank nature of many tensors in the real world, predicting the unobserved entries

of a partially observed tensor has gained much interest in many applications such as knowledge

base completion and recommendation. Tensor decomposition is a widely-used method to solve

these problems. However, existing works decompose the tensor into Euclidean vectors and as-

sume a multilinearity relationship between tensor entries. In real applications, the input tensors

tend to exhibit complex factor interactions. We propose to model these complex interactions

for a better understanding of the sparse tensors.

We first study if the side information can be used to improve the performance of tensor

decomposition. Specifically, we design a neural tensor model to estimate the values in a user-

item-time tensor. A regularization loss head based on a novel social Hausdorff distance function

is designed to optimize the reconstructed tensor. Despite the success of neural tensor models

which is defined in Euclidean space, recent works shows that hyperbolic space is roomier than

Euclidean space. To leverage the power of hyperbolic vector, we propose to decompose tensor

in hyperbolic space instead of Euclidean space. Considering that the most popular optimiza-

tion tools such as SGD (Stochastic Gradient Descent) have not been generalized in hyperbolic

space, we have designed an adaptive optimization algorithm according to the distinctive prop-

erty of hyperbolic manifold. In addition, we raise a new question: can we model the interaction

between latent factors with neural ODEs (Ordinary Differential Equations)? Studying this re-

search problem is particularly interesting since we can parameterize the derivative of the latent

factors using a neural network. We design a neural ODEs tensor model to optimize the decom-

posed factors. Concretely, we aggregate the decomposed factors and feed it into a Neural ODEs

model to reconstruct the input tensor. An ODE solver is introduced to minimize the difference

between the original tensor and reconstructed tensor. We experiment with multiple real world

datasets spanning diverse domains to demonstrate the effectiveness of the proposed methods.
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Chapter 1

Introduction

Tensor is a natural higher-order generalization of matrix and is widely employed in data sci-

ences to represent multi-dimensional objects or information. For example, knowledge graphs

can be treated as partially observed third-order binary tensors where the value of each entry rep-

resents the existence of a relationship between two entities; a three-dimensional user-item-time

tensor can represent the shopping events in the recommender systems. Due to the low-rank

nature of many tensors in real applications, predicting the unobserved entries of a partially ob-

served tensor has gained much interest in many machine learning applications such as knowl-

edge base completion [78, 45], recommendation [22, 16], spatiotemporal analysis [77], health

data analysis [33, 30], to name just a few.

Tensor Decomposition is a fundamental framework to solve these problems by decompos-

ing the input tensor into a few low-rank embedding matrices. Then the value of an unknown

entry can be estimated by a sequence of elementary operations on the decomposed matrices.

CP (CANDECOMP/PARAFAC) [28] and Tucker decomposition [69] are the two conventional

tensor factorization methods. Both CP and Tucker decompose the partially observed tensor into

latent factors through multilinear multiplication. Based on CP and Tucker, many tensor decom-

position algorithms have been developed, such as PARAFAC2 [27] and P-TUCKER [55].

However, in real applications, the input tensors tend to exhibit complex non-linear factor

interactions and many recent works [31, 31] have shown that nonlinear factorization models

have superior performance over linear models. With the prosperity of deep learning, many

neural tensor models have been developed to leverage neural networks to solve the problem.

For example, CoSTCo [47] utilizes the expressive power of convolutional neural network to
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model the complex interactions inside tensors and NTM [16] combines neural networks and

tensor algebra to capture nonlinear interactions among multi-aspect factors.

Despite the success of these neural tensor models, these methods have not utilized the side

information which can further improve the overall performance. For example, in recommender

systems, two users tend to interact with the same items according to the social homophily

theory. Therefore, the social network can be used as side information of a user-item-time ten-

sor. Also, existing works have not considered the latent structure of entries. Recent studies

have found that many real-world tensor can be well described by a framework with an under-

lying non-Euclidean hyperbolic geometry. It is intuitive to investigate tensor decomposition

in hyperbolic space. A challenge is that all operations in Euclidean space such as vector ad-

dition, matrix-vector multiplication, and vector inner product are defined in Euclidean space.

Therefore, existing tensor decomposition methods including neural network models are not ap-

plicable anymore for hyperbolic vectors. Lastly, while neural ordinary differential equations

(ODE) have been used to parameterize the derivative of the hidden state in various research

problems, the gap between neural ODE and tensor decomposition has not been filled.

To this end, we have finished three projects, each with the aforementioned motivations

regarding tensor decomposition. (1) In the first work, we investigate if the side information can

be used for tensor completion in POI recommendation. Specifically, we propose a regulariza-

tion loss head based on a novel social Hausdorff distance function to optimize the reconstructed

tensor. To address the sensitivity of negative sampling, we train the model on the whole data by

treating all unlabeled entries in the observed tensor as negative, and rewriting the loss function

in a smart way to reduce the computational cost. Empirical results demonstrate the superior-

ity of our model over state-of-the-art tensor completion methods. The details are discussed

in Chapter 3. (2) Our second work studies tensor decomposition in hyperbolic space. With

the same dimension, a hyperbolic vector can represent richer information (e.g., hierarchical

structure) than a Euclidean vector. Considering that the most popular optimization tools (e.g,

SGD) have not been generalized in hyperbolic space, we design an adaptive optimization algo-

rithm according to the distinctive property of hyperbolic manifold. To address the non-convex

2



property of the problem, we adopt gradient ascent in our optimization algorithm to avoid get-

ting trapped in local optimal landscapes. Our extensive experiments validate the superiority of

our method over these baselines that solve the problem in Euclidean space. (3) In our third

work, we propose to parameterize the derivative of the latent factors using a neural network.

By learning a differential equation solver based on continuous-depth residual networks, we can

model the deeply hidden relations between latent factors. With this intuition, we have filled

the gap between neural ordinary differential equations and tensor decomposition. Concretely,

we aggregate the latent factors and feed it into a Neural ODEs model to reconstruct the input

tensor. A ODE solver is introduced to minimize the difference between the original tensor and

reconstructed tensor. We empirically demonstrate the superiority of the Neural ODE over these

methods without modeling the derivatives in tensor decomposition tasks.

Our key contributions are:

1. We propose a regularization loss head based on a novel social Hausdorff distance function

to leverage side information in tensor decomposition.

2. To the best of the author’s knowledge, our paper is the first work that studies the tensor

decomposition problem in hyperbolic space.

3. We fill the gap between neural ODEs and tensor decomposition.

4. We experiment with multiple real-world datasets spanning diverse domains to demon-

strate the effectiveness of the proposed methods

3



Chapter 2

Related works

In this section, we review the formulations of tensor completion, and recent related works on

neural tensor completion models.

Tensor Factorization and Completion. Tensor as a data structure has been widely employed

in the database and data mining community to represent multi-dimensional objects. In many

application scenarios (e.g., recommender systems, knowledge base completion, and temporal

health data analysis), only a sample of tensor entries are revealed to users, and the goal is to infer

the values of all missing entries. A common prior knowledge leveraged for tensor completion

is the low-rank tensor structure [7], which assumes that the unknown ground-truth tensor can

be factorized into a few low-rank embedding matrices. CP (CANDECOMP/PARAFAC) [28]

and Tucker decomposition [69] are two classical tensor factorization models, which can be

considered as higher order generalizations of the matrix decomposition (e.g., singular value

decomposition, or SVD). Without loss of generality, we consider 3D tensors. Formally, a rank-

r CP model factorizes an order-3 tensor X ∈ RI×J×K into three factor matrices: U1 ∈ Rr×I ,

U2 ∈ Rr×J and U3 ∈ Rr×K , such that a tensor entry can be predicted as:

X̂i,j,k =
r∑

t=1

U1
t,iU

2
t,jU

3
t,k. (2.1)

In contrast, Tucker decomposition factorizes a tensor X ∈ RI×J×K into a core tensor

G ∈ Rr1×r2×r3 and three factor matrices such that:

X̂i,j,k =

r1∑
t1=1

r2∑
t2=1

r3∑
t3=1

Gt1,t2,t3U
1
t1,iU

2
t2,jU

3
t3,k. (2.2)
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Based on CP and Tucker decomposition, many low-rank tensor factorization algorithms

were developed. INDSCAL [9] is a special case of CP for three-way tensors that are symmetric

in two modes. PARAFAC2 [27] is a variant of CP that can be applied to a collection of matrices.

CANDELINC [10] is a CP variant with linear constraints. PARATUCK2 [29] groups the mode-

1 objects and the mode-2 group into latent components.

Scalable Tensor Factorization and Completion. Among recent works, P-TUCKER [55] is

a scalable Tucker factorization method for sparse tensors. SPALS [19] is a method to sample

intermediate steps of alternating minimization algorithms for computing low-rank tensor CP

decompositions. MAST [65] tracks the subspace of general incremental tensors for completion.

GigaTensor [40] designs a scalable distributed algorithm for large-scale tensor decomposition.

D-Tucker [39] compresses the tensor by computing randomized SVD.

To reconstruct a ground-truth tensor X based on a set, Ω, of observed entries at hand, the

strategy of most existing works is to resort to the following least-squares formulation:

minimize f(U1,U2,U3) :=
∑

(i,j,k)∈Ω

(X̂i,j,k −Xi,j,k)
2. (2.3)

Due to its highly nonconvex nature, however, solving this optimization problem exactly

is computationally intractable. A line of polynomial-time approximation algorithms have been

proposed, such as convex relaxation [63], sum of squares hierarchy [58], alternating minimiza-

tion [38], vanilla gradient descent [7], and structure-aware proximal iterations [75].

Nonlinear and Neural Tensor Completion. While the above-mentioned works assume a

multilinearity relationship between latent factors, recent works favor nonlinear factorization

models to consider complex interactions in the real world. For example, in [31], the author

introduces a kernel-based CP model to capture nonlinear relationships, and in [22], a Gaussian

radial basis function is used for nonlinear tensor completion.

More recently, some works have proposed replacing the multilinear operations in tensor

completion with multi-layer perceptrons (MLP), to utilize the non-linear activation layer of

neural network models. CoSTCo [47] leverages the power of convolutional neural networks to

5



model the interactions inside tensors. NTF [41] combines generalized CP and tensorized MLP

to compute the tensor.

6



Chapter 3

Tensor Completion with Side Information for POI Recommendation

3.1 Motivation

Context has been recognized as an important factor to consider in personalized recommender

systems [41]. With the prosperity of location-based social network (LBSN) services such as

Foursquare and Yelp, a large number of check-ins have been collected by the LBSN companies

and utilized for POI recommendations. The time dimension has always been a key context

factor in such recommendations [47], since users’ visiting preferences are highly time sensitive.

For example, the season plays an important factor in where people visit; hot pot restaurants are

the most crowded in the winter season, while holiday hotspots can transition from aquatics

centers in summer to ski resorts in winter.

Since such time-awareness cannot be captured by a conventional collaborative filtering

approach such as low-rank matrix completion over a low-rank user-item rating/purchase matrix,

we adopt a three-dimensional user-POI-time tensor to effectively represent the check-in events.

Figure 3.1(a) (resp. Figure 3.1(b)) shows the check-ins by User A and User B (resp. User C

and User D) who are friends, in an order-3 user-POI-time tensor. The check-ins are obtained

User

POI

Time

(i2, j, k2)

(i1, j, k1)

A
B

(a) An order-3 tensor

UserPOI

Time
C
D

(b) An order-3 tensor

A

B

C

D

(c) User friendship pairs (A-B and C-D)
and their visited POIs

Figure 3.1: Low-Rank Tensor Completion with Time and Social-Spatial Context
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from the Gowalla dataset used in our experiments. We can observe that friends tend to visit

similar POIs, such as the two markers at (i1, j, k1) and (i2, j, k2) which indicate that both A and

B visited POI j albeit at different time slots k1 and k2, respectively.

Tensor completion is a popular approach to fill the missing entries of a partially observed

tensor in recommender systems [65], based on the fact that tensors in real applications of-

ten exhibit a low-rank property. The approach reconstructs a partially observed tensor through

multilinear multiplication of latent factors, such as CP (CANDECOMP/PARAFAC) and Tucker

factorizations [44]. However, real-world tensors in recommender systems often exhibit com-

plex non-linear factor interactions, so recent works CoSTCo [47] and NTM [16] combine deep

neural networks with tensor algebra in order to capture the nonlinear interactions among the

tensor factors.

While these works can utilize the time dimension as a factor, they do not utilize the social-

spatial information present in LBSNs, which is a very important factor when users decide where

to visit. For example, we tend to turn to our friends for recommendations of nice restaurants,

shopping stores and/or maintenance/repair services in our daily life, which aligns well with he

social homophily theory [52]. Moreover, people tend to visit places that they are familiar with

most of the time, so the visited POIs tend to form localized clusters which aligns well with

Tobler’s first law of geography [67]. As a result of these observations, we can conclude that

two users tend to check in the same or nearby places if they are friends.

We have verified this observation using real data and we found it to be generally true and

robust. As an illustration, Figure 3.1(c) plots the check-in locations of the two pairs of friends

(A-B and C-D) on a map. We can see that the check-in locations of Users A and B (blue

markers and purple circles) are highly overlapped, and so are the check-in locations of Users C

and D (green markers and red circles). This shows that friends’ check-ins tend to colocate more

than non-friends’ check-ins (e.g., those of Users A and C).

Social network information is proven to benefit the performance of recommendation [51]

and the locations information can also improve the performance of POI recommendation [34].

In this paper, we aim to leverage the social-spatial information in LBSN as the side information

to improve neural tensor completion based POI recommendation.

8



Our neural tensor completion model associates each user, POI and time unit with an em-

bedding vector to learn, so that the value for each entry (i, j, t) in the tensor can be recovered

from the embedding vectors of User i, POI j and time unit t. Most existing tensor completion

models initialize the embeddings randomly or with one-hot encoding, especially when the con-

tent information of users and items (POI in our case) is not available due to privacy reasons.

However, careful initialization is critical in various tensor problems, particularly for neural ten-

sor models where gradient descent could get trapped in undesirable stationary points (e.g., a

saddle point) if it starts from an arbitrary point. We, therefore, adopt a spectral method to obtain

rough estimates of the initial user, POI and time embeddings for embedding initialization.

Our neural tensor completion model is trained to minimize the least-squares error between

the reconstructed tensor and the original tensor. Generally, only positive data (check-ins) are

observed in a POI recommender system. To train the model additionally with negative data,

existing deep learning methods use the strategy of negative sampling to generate the negative

samples, the performance of which is highly sensitive to the sampling strategy and the number

of negative samples [14]. In particular, negative sampling is a biased approximation and often

does not converge to the same loss as computed from all entries, making it difficult to converge

to the optimal ranking performance regardless of how many update steps have been taken. In-

spired by [15] which solves matrix completion without negative sampling, we train our neural

tensor model with the whole data including all unlabeled data to combat the drawback of nega-

tive sampling; to address the high computational cost of directly computing a least-squares loss

over all the tensor entries, we rewrite this loss function in a smart way to allow more efficient

calculation and learning.

A key contribution of our model design is a backpropagatable formulation of the social

Hausdorff distance function. The Hausdorff distance metric measures how far two sets of

points are from each other. In our model design, we want to minimize the Hausdorff distance

between two sets of check-in locations from each pair of friends to enforce the social homophily

theory, but several challenges exist. Firstly, the inputs to the original Hausdorff distance metric

are locations, not the outputs of our neural tensor model (i.e., the probability of each user-POI-

time interaction). Secondly, even if we revise our social Hausdorff distance function to admit
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user-POI-time interaction probabilities, the minimization operator min(·) in the original Haus-

dorff distance function is not a smooth function with respect to its inputs, so it does not support

backpropagation. We, therefore, need to modify this operator to support learning with back-

propagation. The proposed social Hausdorff distance function enables our model to integrate

both the social relations and POI locations to regularize the tensor completion formulation. To

boost the diversity of recommendation, we leverage location entropy [20] to allow those less

frequently visited POIs to be recommended, considering that they often better reveal the real

user social strength than those places that everyone visits.

We hereby summarize our major contributions as follows:

• We present a backpropagatable formulation of the social Hausdorff distance-based loss

function which enables our model to leverage both social graph and POI locations to

regularize the tensor completion formulation.

• We integrate the social-spatial loss head with location entropy POI weights to improve

recommendation diversity.

• We train our model with the whole data including all unlabeded data to combat the draw-

back of negative sampling in tensor completion, and rewrite the least-squares loss smartly

to reduce the time complexity.

• We carefully initialize the latent user/POI/time embeddings with a spectral method to

avoid being trapped in stationary points during training.

3.2 Related Works to POI Recommendation

The problem of POI recommendation aims to predict where a user will visit next. The most

common approach for recommendation is known as collaborative filtering[73]. Matrix com-

pletion [61] is used as a popular collaborative filter algorithm. These methods decompose

the uer-POI matrix into two smaller matrices to discover the potential relationship between

users and POIs. While the majority of matrix completion models apply an inner product on

the latent factors, recent works tend to replace it with more complicated operation, such as

10



neural network architecture [32]. Content-based filtering is another common approach for rec-

ommendation. Content-based recommender systems associate each user or POI with content

information, such as location contexts [46] and spatial topics [34]. However, the performance

of content-based methods relies on the quality of user and item features, and the content infor-

mation is not always available due to privacy concerns. Graph neural networks [43, 37, 35] has

also been used for recommendation [36]. TenInt [74] also formulates the recommendation as

the tensor completion problem. There are several differences between TenInt and our model.

First, TenInt does not integrate the spatial information (i.e., the distances between POIs) into

tensor completion. It solves the problem by minimizing the squared loss regularized by the

difference of user factors between each pair of friends. Thus, spatial information is not in-

volved in their problem formulation. In contrast, our solution is able to leverage the spatial

information. Instead of simply minimizing the difference of user factors between each pair of

friends, we minimize the Hausdorff distance between check-ins of two users with friendship

relations. Moreover, TenInt simply employs CP decomposition, while our model is a nonlinear

factorization model that captures the complex interactions in the real world.

As a separate line of research different from the tensor completion formulation, many

spatial-temporal models [79] have been developed to leverage both the location information

and the temporal order of check-ins.

3.3 Preliminary

3.3.1 Problem Formulation

We use X ∈ RI×J×K to denote the check-in tensor of an LBSN, where I , J and K refer to the

number of users, POIs, and time units (aka. intervals), respectively. The set Ω = {(i, j, k) | ∀i ∈

{1, · · ·, I},∀j ∈ {1, · · ·, J},∀k ∈ {1, · · ·, K}} contains indexes to all entries in X . If ith user

checks in j th POI at time interval k, then Xi,j,k = 1 (Xi,j,k is an observed entry), otherwise

Xi,j,k = 0 (unlabeled). Let Ω+ = {(i, j, k)|Xi,j,k = 1} and Ω− = {(i, j, k)|Xi,j,k = 0} be the

set of positive entries and unlabeled entries, respectively.

11
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Figure 3.2: The Model Framework

Given a social graph G = (V,E), each node vi corresponds to an LBSN user. If two users

vi and vi′ are friends, there will be an edge ei,i′ between vi and vi′ . We use lj to denote the

location of j th POI, which is a tuple of longitude and latitude. Then the problem is formulated

as reconstructing tensor X as X̂ with a social graph G = (V,E) and geolocations of POIs

{lj|∀j ∈ {1, · · ·, J}}. The goal is to estimate the values of the unobserved entries X̂i,j,k as the

scores among User i, POI j, and time interval k to recommend high-score entries.

3.3.2 Model Framework

Figure 3.2 overviews the framework of our model. Specifically, we first associate each user,

POI and time interval with an embedding by a spectral initialization method. Then, the value

of each entry is learned from corresponding embeddings by a neural network. The key novelty

of our model is to use a hybrid loss function with two heads: (1) a weighted Hausdorff distance

head to leverage the social-spatial information; and (2) the mean-squared error between the

original tensor and reconstructed tensor on the whole data. We use the strategy of joint training

to optimize the reconstructed tensor.

3.4 Methodology

3.4.1 Embedding Initialization

Tensor factorization models usually use gradient descent (GD) as the optimization algorithm.

However, GD could get trapped in undesirable stationary points (e.g., saddle point) if it starts

from arbitrary points. Therefore, careful initialization is important in tensor factorization, and

often necessary in order to achieve fast convergence [18]. In this paper, we use a spectral
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method to obtain rough estimates of the initial user, POI and time unit embeddings. Specif-

ically, we first “unfold” the tensor X into three subspace matrices: the mode-1, mode-2 and

mode-3 matricizations A ∈ RI×(JK),B ∈ RJ×(IK) and C ∈ RK×(IJ), respectively, where

Ai,(j−1)K+k = Xi,j,k, Bj,(i−1)K+k = Xi,j,k, and Ck,(i−1)I+j = Xi,j,k. To estimate the rank-r

factors, a natural choice is to explore the principal subspace of AAT , BBT and CCT . Specifi-

cally, we zero out the diagonal entries of the three matrices, and then use the top-r eigenvectors

of all off-diagonal matrices as the estimated factors in each subspace:

U1 = eigen((AAT )|off-diag, r) ∈ RI×r

U2 = eigen((BBT )|off-diag, r) ∈ RJ×r

U3 = eigen((CCT )|off-diag, r) ∈ RK×r,

(3.1)

where |off-diag extracts out the off-diagonal entries of a squared matrix, and eigen(., r) extracts

the top-r eigenvectors of the input matrix as the r columns of the output matrix. We zero

out all diagonal entries because the diagonal entries bear too much influence on the principal

directions and should be down-weighed [6]. Intuitively, we conduct PCA along one mode, by

treating the values in the other two modes as features. The benefit of this initialization method

is that the roughly estimated tensor factors can result in fast convergence, and we shall justify

this in our experiments.

3.4.2 Tensor Factorization Formulation

We model the ternary interactions among users, POIs and time intervals, by computing the

value of each entry Xi,j,k with the corresponding embedding vectors. Specifically, given the

embedding vectors U1
i , U

2
j and U3

k for User i, POI j and time interval k, we first compute a

vector that equals their element-wise product:

ϕ(U1
i ,U

2
j ,U

3
k) = U1

i ⊙U2
j ⊙U3

k, (3.2)

where ⊙ denotes the element-wise product of vectors. Note the similarity between Eq (3.2) and

the CP formulation in Eq (2.1). To predict the value of Xi,j,k, we pass the vector ϕ(U1
i ,U

2
j ,U

3
k)
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through a dense layer with parameter h ∈ Rr:

X̂i,j,k = hT (U1
i ⊙U2

j ⊙U3
k) =

r∑
t=1

htU
1
i,tU

2
j,tU

3
k,t, (3.3)

where ht corresponds to the importance weight of the tth factor dimension. Semantically, we

treat X̂i,j,k as the probability that Xi,j,k = 1, i.e., User i visits POI j in time interval k.

We remark that the CP model is a special case of our formulation. Specifically, assume

that h is a vector filled with all ones (i.e., h = [1, 1, ..., 1]T ∈ Rr). Then Eq (3.3) becomes∑r
t=1 U

1
t,iU

2
t,jU

3
t,k, which is exactly Eq (2.1). Compared with CP, our model with learnable

parameter h is more expressive and can capture more complicated interactions of multiple

factors in recommender system.

To optimize the embeddings U1, U2, U3 and parameter h, we may simply minimize

the squared error (Xi,j,k − X̂i,j,k)
2 for observed entries. However this error head alone does

not utilize the rich social-spatial information in an LBSN. We, therefore, design a hybrid loss

function with two loss heads: one is the prediction error head computed over observed entries,

and the other is a novel social Hausdorff distance function which measures how far friends’

subsets of POIs are from each other, which we introduce next.

3.4.3 Social Hausdorff Distance

In our daily life, people frequently turn to their friends for recommendations of nice restaurants

and other places to visit. According the social homophily theory, social networks tend to form

clusters of nodes with similar properties or interests. In the meanwhile, Tobler’s first law of ge-

ography states that near things are more related than distant things, implying that, for example,

a user is more likely to have dinner in a restaurant visited and liked by his friends; moreover, if

the user decides to go shopping after the dinner, he/she is more likely to check in at a nearby

shopping mall.

Let us denote the ith user’s vertex in an LBSN by vi, and we use i and vi interchangeably

in the following discussion. Formally, if a user vi′ is a friend of another user vi in an LBSN,

then the set of vi′’s check-ins tend to overlap with or at least close to vi’s check-ins. Therefore,

14



it is natural to recommend a POI to a user if it is visited by his/her friends, or close to a POI

visited by his/her friends. We thus add a regularization term to the loss function to enforce such

a social-spatial cluster structure in our reconstructed tensor.

Hausdorff distance is metric to measure how far two point sets are from each other. Let us

denote by S(vi) the potential POIs that will be visited by a user vi, and denote by N (vi) the set

of POIs that were checked by vi’s friends:

S(vi)={j | ∃k ∈ {1, · · ·K}, X̂i,j,k > 0}, (3.4)

N (vi)={j | ∀(vi, vi′) ∈ E : ∃k ∈ {1, · · ·K},Xi′,j,k = 1} (3.5)

Then, the average Hausdorff distance [3] (AHD) between S(vi) and N (vi) is formulated as:

dAH(S(vi),N (vi))=
1

|S(vi)|
∑

j∈S(vi)

min
j′∈N (vi)

d(j, j′)

+
1

|N (vi)|
∑

j′∈N (vi)

min
j∈S(vi)

d(j, j′), (3.6)

where d(j, j′) denotes the distance between POIs j and j′.

Intuitively, the AHD formulation above calibrates on average how far each point in S(vi)

is to its closest point in N (vi), and vice versa to make the distance measure symmetric.

Figure 3.3 illustrates AHD calculation. Specifically, the dashed pink circles represent

those potential POIs that user vi may be interested in and the yellow circles are the ground-truth

POIs that are checked in by vi’s friends. For each dashed pink node j ∈ S(vi), minj′∈N (vi) d(j, j
′)

is the distance between j and its nearest neighbor in N (vi). The first term in Eq (3.6) averages

such distances for all j ∈ S(vi). Likewise, the second term averages such minimum distances

for all j′ ∈ N (vi).

To regularize our loss function with social homophily and Tobler’s first law of geography,

we want to minimize the AHD between S(vi) and N (vi). However, there are two challenges.

First, recall from Eq (3.3) that our neural tensor model estimates the probability of each user-

POI-time interaction, not the locations of POIs. The function must be learnable with respect to

the output of the neural tensor model. The potential locations of S(vi) could be as large as the
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Figure 3.3: Average Hausdorff Distance (Arrows Highlight Nearest Neighbors)

entire set of POIs in an LBSN, and we need to generalize the AHD definition to allow S(vi) to

be set of locations with occurrence probabilities. Second, the minimization function min(·) is

not a smooth function with respect to its inputs, so it does not support backpropagation.

To address these two challenges, we devise a weighted Hausdorff loss function counterpart

based on the idea of AHD:

dWH(S(vi),N (vi)) =
1

|A+ ϵ|
∑

j∈S(vi)

pi,j min
j′∈N (vi)

d(j, j′)

+
1

|N (vi)|
∑

j′∈N(vi)

Mα
j∈S(vi)

[pi,jd(j, j
′) + (1− pi,j)dmax],

(3.7)

where pi,j = 1−
∏K

k=0(1−X̂i,j,k) estimates the probability that User vi will check in the j th POI

(in any of the K time intervals we consider). In the first term of Eq (3.7), A =
∑

j∈S(vi) pi,j is

the normalization factor for taking the weighted distance average (where weights are given by

probabilities pi,j), and the value of ϵ is set as 10−6 to avoid division by zero. The second term

of Eq (3.7) approximates the second term of Eq (3.6), where minj∈S(vi) d(j, j
′) is now approx-

imated by Mα
j∈S(vi)

[pi,jd(j, j
′) + (1− pi,j)dmax] which allows the loss to backpropagate through

Mα[.] into pi,j to tune the parameters in Eq (3.3), as we shall discuss in the next paragraph.

In contrast, we do not apply Mα[·] in the first term since pi,j (and hence X̂i,j,k) is outside the

min(.) function.

Here, Mα[x1, . . . , xn] = ( 1
n

∑n
i=1 x

α
i )

1
α is the generalized mean, which equals min{x1, . . . , xn}

when α → −∞. However, the more negative α is, the less smooth Mα becomes, and existing
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research found that α = −1 is already sufficient to strike a good balance between its approxi-

mation quality to min(.) and the smoothness for effective backpropagation [62].

With the first term of Eq (3.7), we multiply the distance by pi,j to penalize the POI j with

larger value of pi,j where there is no nearby POI checked by friends. In other words, if POI j

is far from any of POIs that are checked by the friends of user vi, pi,j tends to be 0.

Also in the second term of Eq (3.7), dmax corresponds to the maximum distance between

any two POIs and it varies in different datasets. When we denote f(j) = pi,jd(j, j
′) + (1 −

pi,j)dmax, then we can see that the second term of Eq (3.7) approximates minj∈S(vi) d(j, j
′)

with Mα
j∈S(vi)

[f(j)]. Note that when pi,j → 1, f(j) → d(j, j′) as desired; while when pi,j → 0,

f(j) → dmax so the “soft” minimum Mα[.] tends to ignore j even if d(j, j′) is small, which

makes sense since User vi is unlikely to visit POI j. In other words, POIs with a low visit-

probability by vi near “friend” POIs j′ ∈ N (vi) will be penalized. While f(.) is not the only

function that enforces f |pi,j=1 = d(j, j′) and f |pi,j=0 = dmax, this linear function form is

favored due to its numerical stability.

Note that in the deterministic scenario where pi,j is either 1 or 0, Eq (3.7) will become

Eq (3.6) if we regard Mα[.] as min(.). Therefore, our loss function can be interpreted as average

Hausdorff distance (AHD) extended with input uncertainty.

We remark that both terms in Eq (3.7) are necessary or we will get extreme results. Specif-

ically, if the first term is removed, then pi,j = 1 will always optimize dWH(S(vi),N (vi))

since d(j, j′) ≤ dmax. While if the second term is removed, pi,j = 0 will always optimize

dWH(S(vi),N (vi)) to be 0.

Diversifying Recommendation by Location Entropy. Recommending popular POIs already

known by most users does not provide much additional information. Ideally, a user vi would

like to see recommended POIs that well match vi’s current interest but are not already visited by

many people (but rather known by only a few who frequently pay visits). We measure the pop-

ularity of a POI using the concept of location entropy. Specifically, let Φi,j = {⟨i, j, k⟩ |Xi,j,k =

1} be the set of all check-ins at POI j by a user i, and let Φj = {⟨i, j, k⟩ |Xi,j,k = 1} be the set

of check-ins at POI j by all users. Then the location entropy is defined as:
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Ej = −
∑

i:∥Φi,j |>0

|Φi,j|
|Φj|

log
|Φi,j|
|Φj|

. (3.8)

A high value of Ej implies that POI j is visited by different users and thus known by many

users, such as a local Costco wholesale warehouse. In this case, POI j plays a less important

role in reflecting the social strength: two users who visit the same Costco warehouse are mostly

likely not mutual friends; while in contrast, if two users show up in the same tennis court, they

are more likely to be friends sharing the same hobby.

We thus further adjust d(j, j′) in the first (resp. second) term of Eq (3.6) by ej = exp(−Ej)

(resp. ej′ = exp(−Ej′)). Note that this weighting strategy naturally addresses the diversity

of recommendation: a new French restaurant tends to have a higher weight in the learning

process than Burger King, though it occurs sparsely in the check-in tensor. Combining the

above location-entropy weighted distance with the input uncertainty, our final social Hausdorff

distance for User vi becomes:

dWH(S(vi),N (vi)) =
1

|A+ ϵ|
∑

j∈S(vi)

pi,jej min
j′∈N (vi)

d(j, j′)

+
1

|N (vi)|
∑

j′∈N(vi)

ej′ Mα
j∈S(vi)

[pi,jd(j, j
′) + (1− pi,j)dmax],

(3.9)

Note that Eq (3.9) defines the social Hausdorff distance for just one user vi. The final

social Hausdorff loss function is defined as the sum of social Hausdorff distance for all users:

L1 =
∑
vi∈V

dWH(S(vi),N (vi)). (3.10)

The next subsection describes how to combine this social-spatial loss with the least-squares

regression problem in Eq (2.3).

3.4.4 Learning with Whole Data

Most existing tensor completion models are formulated to minimize the difference between the

original data tensor X and the reconstructed tensor X̂ . Since only the positive entries (check-

in records in LBSNs) are observed, negative sampling is commonly used to generate negative
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entries for training. However, the performance of negative sampling is highly sensitive to the

sampling strategy and the number of negative samples [71, 14]. In this paper, we propose to

train our model on the whole data instead of by negative sampling. Then, the task is to minimize

the mean-squared error of all entries:

L2 =
I∑

i=1

J∑
j=1

K∑
k=1

wi,j,k(Xi,j,k − X̂i,j,k)
2, (3.11)

where wi,j,k is the entry weight for class balancing:

wi,j,k =

w+, if entry (i, j, k) ∈ Ω is positive

w−, if entry (i, j, k) ∈ Ω is unlabeled

where we treat unlabeled entries simply as negative. Since the number of unlabeled entries is

much larger than that of the positive entries, we set w+ to be much larger than w− so that a

positive sample is as important as many unlabeled ones.

We remark that our method is a special case of negative sampling where all negative sam-

ples are sampled exactly once. Traditional negative sampling is a biased approximation and

often does not converge to the same loss as computed from all entries [72, 4], making it dif-

ficult to converge to the optimal ranking due to the sensitivity to the sampling strategy. Our

method is proposed to combat the drawback of negative sampling. Also, computing our new

loss formulation naı̈vely as in the existing negative sampling scheme would lead to a prohibitive

computational cost due to the large number of negative samples, and that is exactly what we

address in this subsection. The time complexity of calculating Eq (3.11) is O(I × J × K).

Considering that the numbers of users and POIs (i.e., I and J) are large in recommender sys-

tems, this time cost is intractable. We, therefore, rewrite this loss function as follows to make
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its evaluation affordable:

L2 =
∑

(i,j,k)∈Ω+

((w+ − w−)X̂ 2
i,j,k − 2Xi,j,kX̂i,j,k)

+ w−

r∑
r1=1

r∑
r2=1

hr1hr2(
I∑

i=1

U1
i,r1

U1
i,r2

)(
J∑

j=1

U2
j,r1

U2
j,r2

)

(
K∑
k=1

U3
k,r1

U3
k,r2

),

(3.12)

where Ω+ and Ω− are the set of positives and unobserved entries in the train set, respectively.

We next establish the equivalence of Eq (3.12) to Eq (3.11), and then explain how Eq (3.12)

reduces the time cost.

Remark 1: Eq (3.12) is equivalent to Eq (3.11).

Proof: First, we factorize (Xi,j,k−X̂i,j,k)
2 in Eq (3.11) and eliminate the constant term

∑
(i,j,k)∈ΩX 2

i,j,k:

L2 =
∑

(i,j,k)∈Ω

wi,j,kX̂ 2
i,j,k − 2

∑
(i,j,k)∈Ω

wi,j,kXi,j,kX̂i,j,k (3.13)

Note that the set of all entries Ω can be split into positive set Ω+ and unlabeled set Ω−, and

Xi,j,k is 0 for entries in Ω− since we treat unlabeled entries as negative as in negative sampling.

Therefore, Xi,j,kX̂i,j,k can also be eliminated for the unlabeled set Ω− which gives:

L2 =
∑

(i,j,k)∈Ω

wi,j,kX̂ 2
i,j,k − 2

∑
(i,j,k)∈Ω+

wi,j,kXi,j,kX̂i,j,k (3.14)

Now we replace wi,j,k with w+ (resp. w−) for entries in Ω+ (resp. Ω−):
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L2 =
∑

(i,j,k)∈Ω+

w+X̂ 2
i,j,k +

∑
(i,j,k)∈Ω−

w−X̂ 2
i,j,k

− 2
∑

(i,j,k)∈Ω+

w+Xi,j,kX̂i,j,k

=
∑

(i,j,k)∈Ω+

((w+ − w−)X̂ 2
i,j,k − 2w+Xi,j,kX̂i,j,k)

+
∑

(i,j,k)∈Ω+

w−X̂ 2
i,j,k +

∑
(i,j,k)∈Ω−

w−X̂ 2
i,j,k

=
∑

(i,j,k)∈Ω+

((w+ − w−)X̂ 2
i,j,k − 2w+Xi,j,kX̂i,j,k)

+ w−
∑

(i,j,k)∈Ω

X̂ 2
i,j,k (3.15)

In Eq (3.15), the first term and the second term can be regarded as the loss of the positive data

and the whole data, respectively. Since the positive entries account for only a small portion of

the whole data, the time complexity of the second term is the bottleneck of computation.

Recall from Eq (3.3) that X̂i,j,k =
∑r

t=1 htU
1
i,tU

2
j,tU

3
k,t, so we rearrange

∑
(i,j,k)∈Ω

X̂ 2
i,j,k in

the second term as:

I∑
i=1

J∑
j=1

K∑
k=1

(
(

r∑
r1=1

hr1U
1
i,r1U

2
j,r1U

3
k,r1)(

r∑
r2=1

hr2U
1
i,r2U

2
j,r2U

3
k,r2)

)

=
I∑

i=1

J∑
j=1

K∑
k=1

( r∑
r1=1

r∑
r2=1

(hr1U
1
i,r1U

2
j,r1U

3
k,r1hr2U

1
i,r2U

2
j,r2U

3
k,r2)

)

=

r∑
r1=1

r∑
r2=1

hr1hr2(

I∑
i=1

U1
i,r1U

1
i,r2)(

J∑
j=1

U2
j,r1U

2
j,r2)(

K∑
k=1

U3
k,r1U

3
k,r2).

(3.16)

This reduces the time cost of computing the second term from O(I × J × K × r) in Eq (3.11) to

O(r2(I + J +K)) here. Since I, J,K ≫ r, the time cost of computing L2 now becomes much more

tractable.

By replacing it into the second term in Eq (3.15), we obtain Eq (3.12). Note that this rewriting pro-

cess is unique to our special case rather than general negative sampling, since the last term of Eq (3.15)

sums over all entries in Ω, which translates to
I∑

i=1

J∑
j=1

K∑
k=1

as in Eq (3.16), rather than a subset of sampled

entries.
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3.4.5 Loss Function

We combine the social-spatial loss head L1 and the least-squares loss head L2 into the final loss function

L to train the model:

L = λL1 + L2 (3.17)

where λ is a hyperparameter to adjust the importance of social Hausdorff distance loss. We use the

strategy of joint training to optimize the parameters in our neural network model by directly minimizing

the final loss L. Note that a conventional tensor completion method only minimizes the difference

between X̂ and X , so it is not utilizing the social graph and POI locations.

3.5 Experiment

In this section, we report our comprehensive suite of experiments that answer the following questions

regarding our model, named as TCSS (Tensor Completion with Social-Spatial regularization):

• Is it necessary to incorporate the time dimension for recommendation instead of considering just

a user-POI interaction matrix?

• Can TCSS outperform existing state-of-the-art tensor completion models for time-aware recom-

mendation?

• How does the time granularity along the time dimension influence the performance of recommen-

dation?

• Is the performance consistent on different categories of POIs?

• Ablation study: how does training performance of TCSS compare with its counerparts using

negative sampling and other initialization methods?

• How do the model hyperparameters influence the result quality?

3.5.1 Dataset

Three datasets are introduced in the experiment:

• Gowalla1. Gowalla was a worldwide location-based social network where users can check in at

POIs. The dataset was collected from November 2010 to May 2011, including information such
1https://www.yongliu.org/datasets/
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as users’ friendship and check-in history. We only consider those users with at least 15 POI check-

ins and at least one friend. We also filter out those POIs with fewer than 50 visitors. Locations

in Gowalla are grouped into categories, and our preprocessing results in 6,392 shopping POIs,

5,667 entertainment POIs, 3,824 restaurant POIs and 2,272 outdoor POIs. The final preprocessed

dataset contains 18,737 users and 1,666,455 check-ins in total.

• Yelp2. The original Yelp dataset contains 8,635,403 reviews for 160,585 worldwide businesses.

We only consider those users that have at least 15 check-in records and 1 friendship relation.

We filtered out those POIs with fewer than 50 visitors. The pre-processed data contains 718,214

check-ins from 17,534 users in 7,757 businesses.

• Foursquare3. This dataset includes global-scale check-in data collected from Foursquare during

April 2012 to January 2014 (22 months). As before, we filtered out those users with fewer than

15 check-in POIs as well as those POIs with fewer than 50 visitors. The dataset also contains a

user social network and we only consider those users with a least one friend. The preprocessed

data contains 20,359 users, 5,777 POIs and 939,394 check-ins.

• GMU-5K4. This is a dense LBSN dataset generated by a simulator that simulates patterns of life.

There are 11,189,377 check-ins at 8,901 POIs from 5,000 users. The density of the user-POI-time

tensor is 3.21%.

3.5.2 Baselines

In order to verify the necessity of introducing the time dimension for POI recommendation, we imple-

ment two matrix-completion baselines that predict user-POI interactions:

• MCCO5 [8]. This work recovers the low-rank matrix from an incomplete set of entries. The

matrix is recovered from multiplicative factors, and semidefinite programming is used to solve

the convex relaxation of nuclear norm minimization.
2https://www.yelp.com/dataset
3https://sites.google.com/site/yangdingqi/home/foursquare-dataset
4https://osf.io/e24th/wiki/home/
5https://github.com/JoonyoungYi/MCCO-numpy
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Table 3.1: Results Comparison

Model
Gowalla Yelp Foursquare GMU-5K

Hit@10 MRR Hit@10 MRR Hit@10 MRR Hit@10 MRR

Matrix completion
MCCO 0.3309 0.1804 0.3951 0.1847 0.2880 0.1367 0.3321 0.2192

PureSVD 0.3779 0.2107 0.4307 0.2087 0.5584 0.2856 0.6651 0.3772

POI recommendation

STRNN 0.3203 0.1908 0.3294 0.1363 0.2586 0.1288 0.4847 0.3481
STAN 0.5239 0.3311 0.5112 0.3345 0.4723 0.3215 0.6328 0.2667
STGN 0.5230 0.4127 0.4880 0.2485 0.5101 0.3185 0.4646 0.2810

LFBCA 0.3513 0.2470 0.3945 0.1575 0.3541 0.1909 0.3828 0.1963

Tensor completion

CP 0.4544 0.2683 0.5522 0.2479 0.5156 0.2955 0.7072 0.4917
Tucker 0.3742 0.2168 0.5902 0.2701 0.5585 0.3188 0.6989 0.4864

P-Tucker 0.8162 0.3793 0.6255 0.2627 0.7843 0.3401 0.7473 0.3981
NCF 0.7891 0.3453 0.6574 0.3057 0.8079 0.4279 0.8077 0.4629
NTM 0.6181 0.3074 0.1719 0.0839 0.7699 0.3886 0.7897 0.3493

CoSTCo 0.7571 0.2806 0.5565 0.2106 0.8336 0.3252 0.7465 0.4420
TCSS 0.9177 0.6206 0.7276 0.3408 0.9298 0.6133 0.9598 0.6376

Table 3.2: Ablation Study

Model Variants
Gowalla Yelp Foursquare GMU-5K

Hit@10 MRR Hit@10 MRR Hit@10 MRR Hit@10 MRR

Random initialization 0.8833 0.6107 0.6892 0.3275 0.9163 0.6095 0.9045 0.5196
One-hot initialization 0.8688 0.6036 0.6704 0.3061 0.8851 0.5613 0.8968 0.4926
Remove L1 (λ = 0) 0.8442 0.5763 0.6308 0.2896 0.8670 0.5115 0.8421 0.4854
Negative samping 0.8549 0.4098 0.5637 0.2218 0.8917 0.4348 0.9231 0.5550

Self-Hausdorff 0.8614 0.5858 0.6478 0.3029 0.8783 0.5354 0.8654 0.5071
Zero-out 0.8574 0.5571 0.6538 0.3064 0.8321 0.5248 0.8047 0.5012

Full-Fledged TCSS 0.9177 0.6206 0.7276 0.3408 0.9298 0.6133 0.9598 0.6376

• PureSVD6 [21]. The method treats all missing values as zeros, and performs conventional sin-

gle value decomposition (SVD) to factorize a sparse user-item matrix as the product of a user

orthonormal matrix, a diagonal matrix of singular values, and an item orthonormal matrix.

We further introduce 10 baselines, including 6 tensor completion methods, 3 spatiotemporal POI

recommendation models that predict the user-POI-time interactions, and an algorithm that predicts user-

POI interactions. We feed the historical check-ins as input to these baseline methods.

• CP & Tucker7 [44]. Eq (2.1) and Eq (2.2) define the tensor completion method of CP and Tucker

decomposition, respectively. CP decomposes an order-3 tensor as a sum of three rank-one tensors,

while the Tucker model factorizes an order-3 tensor into one core tensor along with three factor

matrices.
6https://github.com/yoongi0428/RecSys PyTorch
7http://tensorly.org/stable/user guide/tensor decomposition.html

24



Month Week Hour
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Hi
t@

10

Shopping

Month Week Hour

Entertainment

Month Week Hour

Food

Month Week Hour

Outdoor

TCSS CP Tucker NTM NCF P-Tucker CoSTCo

Figure 3.4: Hit@10 on Different Categories

• NTM [16]. Nonlinear Tensor Machine also learns multi-aspect factors in recommender systems.

It combines deep neural networks and tensor algebra to capture nonlinear interactions among

multi-aspect factors.

• NCF8 [32]. Neural Collaborative Filtering is a neural network model that uses a multi-layer

perceptron learn the nonlinear interaction relationship between the latent features. We follow

NTM to feed the element-wise product of three MF vectors (user, POI, time) as the input of GMF

Layer and concatenate three MLP vectors as the input of MLP Layer.

• P-Tucker9 [55] is a scalable Tucker factorization method for sparse tensors. It performs alternat-

ing least squares with a row-wise update rule in a fully parallel way, which significantly reduces

memory requirements for updating factor matrices.

• CoSTCo10 [47]. This work proposes a novel convolutional neural network (CNN) for tensor

completion. It leverages the expressive power of CNN to model the complex interactions inside

tensors and its parameter sharing scheme to preserve the desired low-rank structure.
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Figure 3.5: MRR on Different POI Categories

• STRNN [49]. This work extends recurrent neural networks (RNN) and proposes a Spatial Tem-

poral RNN to model local temporal and spatial contexts for POI recommendation.

8https://github.com/yihong-chen/neural-collaborative-filtering
9https://github.com/sejoonoh/P-Tucker

10https://github.com/USC-Melady/KDD19-CoSTCo
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• STAN [50]. This work proposes the Spatio-Temporal Attention Network (STAN) to exploit spa-

tiotemporal information of all the checkins with self-attention layers along the trajectory.

• STGN [79] This work proposes the Spatio-Temporal Gated Network (STGN) by enhancing long-

short term memory network, where spatio-temporal gates are introduced to capture the spatio-

temporal relationships between successive checkins.

• LFBCA [70] This work proposes the location-friendship bookmark-coloring algorithm (LFBCA)

to reconcile social interaction and location similarity in POI recommendation.

3.5.3 Performance Metrics

We adopt two widely used performance metrics that are designed to evaluate recommender systems:

(1) hit ratio (Hit) [76] and (2) mean reciprocal rank (MRR) [76]. Given each entry (i, j, k) in the test set,

we sample 100 random POIs j1, . . ., j100 and predict the values of these entries (i, js, k), s = 1, . . . , 100.

We then sort the 100 values {X̂i,js,k} plus X̂i,j,k (i.e., 101 values in total) in non-increasing order.

Hit@10 counts the proportion of observed interactions (i, j, k) in the test set such that X̂i,j,k is

within top-10 of the previous sorted list of length 101; while MRR averages the reciprocal ranks of

X̂i,j,k in the sorted list over all interactions (i, j, k) in the test set, where the rank corresponds to the

position of X̂i,j,k in the sorted list. We first average the reciprocal ranks of each user i along time

dimension k, and then report their average over all users in the test set. On each dataset, we use 80% of

check-ins as the observed tensor entries in X for training, and the remaining check-ins are used as the

test set.

3.5.4 Model Configuration

In our experiments, we configure TCSS with the following default hyperparameters which were exten-

sively tested and found to work consistently well. We set the weights w+ and w− as 0.99 and 0.01,

respectively, by default. We use the default value λ = 0.1 as the weight of L1 in the loss computa-

tion. The length of embedding vectors is set as 10 by default, so we extract top-10 eigenvectors as the

initialized embedding factors. For the time dimension, we set the granularity as month in a year (i.e.,

k = 0, 1, · · · , 11). For example, if a check-in occurs in February, then k = 1. Recall Eq (3.9), where

we set the default smoothing parameter α of the soft minimum function as −1, and set ϵ = 10−6 to
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Figure 3.7: Similarity on Other Categories
avoid zero division. We use the Haversine formula11 to calculate the distance between POIs considering

that the POIs are distributed in a large area. All the parameters of baseline models are configured as

described in the corresponding paper. We train our models using an Adam optimizer with a learning rate

of 0.001 and a weight decay of 0.1. Our experiments were run on a machine equipped with a 2.20 GHz

CPU, 26 GB RAM, and an NVIDIA Tesla P100 GPU.

3.5.5 Model Comparison

Table 3.1 shows the performance comparison of our TCSS model with the selected representative base-

line models. Note that we include not only various tensor completion approaches but also matrix com-

pletion methods. For matrix completion, we omit the time dimension and calculate Hit@10 and MRR

based on the rank of entry (i, j) in the test set. It is clear from Table 3.1 that tensor completion methods

outperform matrix completion. The reason is that recommendation is time-sensitive, and most POIs

have a peak period of visits in a year. For example, one may prefer to go to an aquatics center in summer

instead of winter. It demonstrates the necessity of introducing the time dimension to conduct tensor

completion for recommendation.

Our model achieves the best performance at around 92% Hit@10 and 0.62 MRR on Gowalla and

Foursquare, outperforming the best-performing baseline, P-Tucker, by 0.1–0.2 in Hit@10 and doubles

11https://pypi.org/project/haversine/
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MRR. On Yelp, the performance drops since the sparsity of the data tensor in Yelp is lower than that

in Gowalla and Foursquare. It implies that with more entries being observed, the recommendation

performance can be further improved. We also observe that neural tensor networks perform much better

than CP and Tucker decomposition. It verifies the effectiveness of using neural networks to solve the

tensor completion problem. Compared with these tensor completion approaches, our model is able to

utilize side information and whole data for model training. The improvements verify the effectiveness of

our design. Also, those predictive baselines based on spatial-temporal neural networks (STRNN, STAN,

STGN) or social networks (LFBCA) do not show advantage over the tensor completion formulation as

adopted by us. Note that TCSS is able to model the spatial-temporal factors and simultaneously leverage

the social relations. TCSS achieves the best performance on all datasets, which verifies the effectiveness

of our social Hausdorff distance and PU learning strategy for recommendation.

3.5.6 Ablation Study

We also conduct ablation study to consider several variants of TCSS to validate the effectiveness of our

techniques in model design.

Social Hausdorff distance. To verify the effectiveness of the proposed Social Hausdorff distance,

we introduce two variants of our model: Self-Hausdorff and Zero-out. Specifically, (i) Self-Hausdorff

replaces N (vi) in Eq(3.10) with the set of POIs already visited by User vi, to remove the social influence

from the loss; (ii) Zero-out is trained with L2 only, and it disregards any POI that has a distance greater

than a threshold σ to its nearest POI of User vi, where σ is configured as 1% of the maximum distance

between any two POIs.

In both the variants, those POIs that are far from the POIs checked by User vi before are unlikely

to be recommended to vi. However, in a real scenario, vi may turn to friends for POI recommendations,

and some recommended POIs could be far from those POIs already visited by vi. This scenario cannot

be captured by these two variants, but is well captured by our social Hausdorff distance loss head L1.

As shown in Table 3.2, replacing our Social Hausdorff distance module with Self-Hausdorff or Zero-out

leads to a performance degrade.

To further verify the effectiveness of our social Hausdorff distance loss head L1, we introduce

another variant that only minimizes the least-squares error head (i.e., λ = 0). This method is marked

by “Removing L1 (λ = 0)” in Table 3.2, and we can see that the performance of this variant degrades
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significantly on all three datasets. This further verifies that our social Hausdorff loss head is important

to improve the performance of timely recommendation.

Initialization. To verify the effectiveness of our spectral method for initializing latent factors, we in-

troduce two variants which replace our initialization method with (i) naı̈ve random initialization and

(ii) one-hot encoding. In particular, the naı̈ve random initialization associates U1
i , U2

j and U3
k with a

random vector, which is also the initialization strategy of CP and Tucker. The variant of one-hot encod-

ing uses the method of NCF [32], which indexes each user i (resp. POI j or time k) with its corresponding

position being 1 and others being 0. This high-dimensional vector is then converted to embeddings using

a learnable embedding layer. We use the same value for tensor rank in both model variants that adopt

the baseline initialization methods. As Table 3.2 shows, neither of the two variants outperforms TCSS

on any of the 3 datasets. Note that our spectral initializing method additionally enjoys fast convergence,

which we will demonstrate later.

Learning on Whole Data. Different from existing approaches, we train TCSS with all entries (including

all unlabeled entries) instead of sampling a subset of unlabeled entries as negative entries. Alternatively,

we introduce a variant which adopts the strategy of negative sampling in [32] to randomly sample some

negative entries, the number of which equals that of the observed entries. During training, we minimize

the squared error between the original tensor and reconstructed tensor over all the observed entries and

the sampled negative entries. Note that the loss head based on social Hausdorff distance remains in this

variant and we only replace L1. This variant is marked as “Negative Sampling” in Table 3.2. We observe

that our training strategy on the whole data achieves better performance than negative sampling in terms

of both metrics on all three datasets.

3.5.7 Analysis on POI Types and Time Granularity

Effect of POI Category. The Gowalla dataset assigns each POI a category, which provides us an

opportunity to investigate how recommendation performance may vary depending on different types of

POIs. Figures 3.4 and 3.5 show the results of TCSS and other baselines on four different POI categories:

shopping, entertainment, food and outdoor. Note that we only consider one category in the training

and test process, i.e., each tensor only involves one specific category of POIs. We observe that our

model consistently outperforms all the baselines by a largin margin on all categories. Also interestingly,

the performance on outdoor POIs is stronger than others. Intuitively, this is because outdoor POIs

exhibit more seasonal characteristics (e.g., few people go to swimming in winter, so it is less likely to
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Figure 3.8: Effect of Different Weight Combinations (Gowalla)

Table 3.3: Performance with different (w+, w−)

(w+, w−)
RMSE

Hit@10 MRR
Positive Negtive

(0.9, 0.1) 0.4254 0.1627 0.9061 0.5875
(0.95, 0.05) 0.4197 0.1601 0.9077 0.6008
(0.99, 0.01) 0.4148 0.1577 0.9177 0.6206

(0.995, 0.005) 0.4163 0.1593 0.9198 0.6198
(0.999, 0.001) 0.4171 0.1602 0.9184 0.6039

recommend an aquatics center to a user with a high score). Also surprisingly, the performance on the

food category is relatively weak. There are two possible reasons. First, food POIs are less seasonal:

people can go to a restaurant at anytime of the year. Second, people taste different types of food on a

daily basis. Therefore, it is difficult to infer the potential check-in. In all four POI categories, TCSS

outperforms the baselines by a large margin thanks to its leverage of social homophily that is naturally

present in LBSNs.

Effect of Time Granularity. In both Figures 3.4 and 3.5, we also show the model performance when

the granularity of time is varying. Specifically, for “month”, the length of the time dimension is 12 since

there are 12 months in a year. For example, if a check-in occurs in August, the entry has k = 7 (k starts

from 0). Likewise, “week” indicates during which week in a year a check-in occurs. Since there are

53 weeks in year, the length of time dimension is 53. Different from “month” and “week” using the

index inside a year, “hour” uses the index of hour in a day. For example, if a user visits a bar at 22:00,

the time index will be 21. Generally, few users will visit a bar during the daytime, so a recommender

system would be able to utilize this time-unit specific knowledge when a proper time unit is chosen to

build the data tensor. From Figures 3.4 and 3.5, we observe that recommendation in the granularity

of “month” maintains a stronger predictive accuracy than “week”, which justifies that our month-based
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Figure 3.9: Effectiveness of Initialization

Table 3.4: Training Time (One Epoch)
Methods Gowalla Yelp Foursquare

Original Loss: Eq (3.11) 2.29× 105 s 2.49× 105 s 4.51× 105 s
Negative Sampling 30.12 s 11.03 s 30.61 s

Rewritten Loss: Eq (3.12) 0.13 s 0.11 s 0.17 s

time granularity in the previous subsections is a fair setting. Again, we see that TCSS significantly

outperforms the baseline approaches in all the three granularity units being considered.

To further investigate the correlation of time units when using different time granularity, we calcu-

late the cosine similarity between the latent factors (columns of U3) of two months, weeks and hours,

respectively, the heatmaps of which are shown in Figure 3.6 where a darker color means that the factors

of two time units are more similar (cosine similarity closer to 1). In Figure 3.6(a), we highlight two dark

blocks in the heat map using red boxes, which suggest that the learned monthly temporal factors cap-

ture seasonal changes for recommendation. For example, one dark block in Figure 3.6(a) indicates that

March, April, May and June are similar to each other. We also observe some blocks in Figures 3.6(b)

and 3.6(c), but the seasonal changes revealed by weekly and hourly factors are weaker, partially explain-

ing why their recommendation performance is not as good as the model using the “month” granularity

in Figures 3.4 and 3.5.

Note that Figure 3.6 only shows the cosine similarity of different time units for the shopping POI

category. Figure 3.7 further shows the cosine similarity between months for different POI categories,

where we see that dark block patterns vary with the POI categories. Compared to other categories,

there are fewer dark blocks on heatmap of “food”, which further explains the poorer recommendation

performance on the “food” category. To sum up, the more seasonality that is present in the time units

adopted to re-construct the data tensor, the better TCSS prediction performance would be.
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Figure 3.10: Varying r

3.5.8 Setting of weights

Since the number of negative entries is much larger than that of positive entries, we give more weight

to positive entries to balance their importance during training. We have carefully tuned the setting of

w+ and w− to obtain good default values. As shown in Figure 3.8, given a fixed w−, the MRR will

increase and the RMSE will decrease as w+ increases. It verifies that setting the positive weight w+ to

be much larger than the negative weight w− can improve the overall performance. Note that the weight

scale matters. For example, w+ = w− = 0.1 is not equivalent to w+ = w− = 0.9, because only L2 in

Eq (3.12) contains the weights so its relative importance w.r.t. L1 changes with weight scaling.

We also fine-tune (w+, w−) beyond (0.9, 0.1). As Table 3.3 shows, as the ratio w+/w− increases,

the performance improves till (w+, w−) = (0.995, 0.005), beyond which the performance drops. Our

default (w+, w−) = (0.99, 0.01) achieves the highest Hits@10.

3.5.9 Training Efficiency

We next report the experiments to verify the training efficiency of our initialization method and the

rewritten loss function. Recall that we introduced two TCSS variants that utilize different initialization

methods: (i) random and (ii) one-hot. We compare the training process of our model to these two vari-

ants. Figure 3.9 shows the change of Hit@10 and MRR in the training process. Compared with random

and one-hot vector initialization, our method can lead to a much faster convergence rate and a slight

performance gain in both metrics. This is because our method initializes the factors with eigenvectors

which are the estimation of the genuine factors. However, random or one-hot vector initialization may

get trapped in undesirable stationary points when we use gradient descent to learn the factors.

32



 0.2

 0.4

 0.6

 0.8

 1

0 0.001 0.01 0.1 1

H
it
@

1
0

λ

Yelp Gowalla Foursquare

(a) Hit@10

 0

 0.2

 0.4

 0.6

 0.8

0 0.001 0.01 0.1 1

M
R

R

λ

Yelp Gowalla Foursquare

(b) MRR
Figure 3.11: Varying λ

We also compare our training time of each epoch with two other variants: (i) negative sampling

and (ii) learning on the whole data directly by Eq (3.11) without rewriting. Note that we follow [32] to

generate the negative samples. Since the number of samples is large, if we put all samples in a single

batch, it will crash due to memory limit. Therefore, we fill each batch with 8096 samples instead of using

a single large batch. Recall that the original loss function based on the whole data has a time complexity

of O(I×J ×K× r), while our rearrangement method reduces the complexity to O((I+J +K)× r2).

Table 3.4 shows a comparison of training time. Considering that the values of I and J are large

in recommender systems (e.g., I = 20,359 in “Foursquare”), our rearranged loss can save a lot of

computational resources. We observe in Table 3.4 many orders of magnitude speedup in the training

time of our method over the variant that directly computes Eq (3.11). While learning on the whole data

combats the sensitivity of negative sampling, our rewritten loss function makes it truly practical to learn

on large real-world data. Note that our training time is only around 1% of that of negative sampling

(8096 entries per batch), while being more accurate as Table 3.2 has indicated.

3.5.10 Parameter Sensitivity

The value of tensor rank r (i.e., the length of embeddings) plays a vital role in tensor completion. In

Figure 3.10, we plot the performance of our model when the value of rank r varies. On all our three

datasets, we see that a large value of r leads to significant gains in performance. Note that r is limited

by the number of units along the time dimension (12 when month is used), K, which is much smaller

than I and J . Due to the limitation of eigenvectors computation process, the maximum of r is 10 (less

than K − 1). We can see that r = 10 gives the better performance than smaller values, since it allows

TCSS to capture more factors.
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Figure 3.12: POIs with High Scores

The value of λ indicates the weight of the social Hausdorff distance in the loss function L =

λL1+L2. Figure 3.11 shows the effect of the regularization weight λ of the social-homophily loss head

on the overall recommendation performance. We can see that as λ increases towards 0.01, the model

performance improves in terms of all metrics on all three datasets; but the performance degrades as λ

increases further to 1. It indicates that there exists a tradeoff in weighing the social Hausdorff distance

loss head with the least-squares error.

3.5.11 A Case Study

We next conduct a study case to investigate the recommendation scores from TCSS. Figure 3.12 shows

the locations of all POIs in green. For a randomly selected user i, we sort his/her recommendation scores

at a specific time k. The red points in Figure 3.12(a) highlight the top-100 scored POIs, and we can see

that the POIs are clustered in small areas, which verifies the presence of Tobler’s first law of geography

in recommendation. As shown in Figure 3.12(b), the top-200 POIs are distributed in a much larger area,

meaning that we can find a diverse set of recommended POIs as we move down the list.
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Figure 3.13: Score Along the Time Dimension

We also investigate how the scores vary along the time dimension for different methods. As shown

in Figure 3.13(a), for a randomly selected observed entry (i, j, k), we fix User i and POI j and compute

the scores along the time dimension. Compared with baselines, our model leads higher scores though

the score values vary over time. For a randomly selected negative (i.e., unobserved) entry, Figure 3.13(b)

shows that the scores predicted by TCSS are near 0 as expected. In summary, our model associates a

possible check-in with a higher score than baselines and assigns a negative entry with a low score in the

meanwhile, which verifies its recommendation accuracy.

3.6 Conclusion

In this paper, we studied the tensor completion problem for timely POI recommendation in an LBSN. We

proposed a tensor completion model called TCSS to take advantage of the social-spatial side information

to enforce social homophily and Tobler’s first law of geography. TCSS adopts many techniques to im-

prove recommendation quality, including a spectral based factor initialization, a novel social Hausdorff
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distance head to encode the social-spatial side information, and a smart way to reduce the computational

cost of least-squares error over the whole data, the latter of which improves model stability compared

with negative sampling. The effectiveness of these techniques has been empirically verified.
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Chapter 4

Tensor Decomposition in Hyperbolic Space

4.1 Motivation

Despite the success of existing tensor decomposition models, all previous works study the problem in

Euclidean space, where the tensor is decomposed into Euclidean vectors. Recent studies show that hy-

perbolic space is roomier than Euclidean space due to the underlying hyperbolic geometry, i.e., space

with constant negative curvature [11]. Hyperbolic vectors can represent richer information than Eu-

clidean vectors with the same dimension. To the best of the author’s knowledge, tensor decomposition

in hyperbolic space remains unexplored. Therefore, we propose to decompose the input tensor not in

Euclidean space but in hyperbolic space.

We remark that the benefits of tensor decomposition in hyperbolic space are two-fold. First, the

hyperbolic vectors can embed hierarchical information efficiently [53]. For example, for the knowledge

graph completion task, many knowledge graphs exhibit an underlying tree-like structure. It is intuitive to

preserve hierarchical information while representing nodes or edges in the knowledge graph. As another

example, [12, 68] recent studies show that hyperbolic geometry is a more suitable underlying geometry

for recommendation systems. In fact, the empirical analysis indicates that many power-law distributed

data and real-world interactions can often be traced back to hierarchical structures [60, 2]. Second, the

tensor decomposition is especially challenging for large and high-dimensional tensors, since the number

of parameters to be optimized scales linearly or exponentially with the tensor dimension and the length

of each dimension. At the same time, as the length of decomposed vector increases, the performance

of tensor decomposition models will also increase [47, 16]. A distinctive property of hyperbolic space

is that the circle circumference and disc area grow exponentially with respect to radius. It means that

hyperbolic space is in some sense larger than Euclidean space and the hyperbolic vectors are more

expressive than Euclidean vectors with the same dimension. Therefore, we can reduce the number of
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Figure 4.1: Distance ratio and step size of update

parameters to be optimized and further increase training speed while achieving the same performance as

these methods in Euclidean space.

A challenge of tensor decomposition in hyperbolic space is the absence of optimization tool for

hyperbolic vectors. The most popular optimization tools such as Stochastic gradient descent (SGD) and

Adam have not been generalized in hyperbolic space. The reason is that existing Euclidean gradient

based optimization makes no sense as an operation in hyperbolic space. For example, the basic addition

operation of Euclidean vectors is not defined on hyperbolic manifold. To address this challenge, we

design an adaptive optimization algorithm according to distinctive property of hyperbolic manifold. We

learn the decomposed hyperbolic vectors using the gradient of loss function. To perform backpropaga-

tion of the gradient, we develop a gradient descent algorithm on hyperbolic manifold. Specifically, we

first calculate the derivatives of our loss function based on hyperbolic distance metrics. Then we update

the decomposed hyperbolic vectors with the derivatives of loss.

An important novelty of our algorithm is that we adaptively set the step size of update regarding the

distance to the original point. In hyperbolic space, the disc area and the distance ratio grow exponentially

with respect to radius. As depicted in Figure 4.1, the hyperbolic distance ratio increases exponentially as

x moving towards the boundary, where Euclidean distance ratio is constant. To address this distinctive

feature, we propose to assign different step size of update for factors with different distance to the

original point in the space. Specifically, as x moves toward to the boundary, we reduce the step size

of update exponentially in the optimization process. A unified step step will result in different moving

distance for difference points. With our method, the parameters can be tuned carefully as the latent

factor is moving towards the boundary in the optimization process.

Owing to the highly non-convex nature of the optimization, tensor decomposition is in general

daunting to solve. The decomposed vectors may get trapped in undesirable stationary points when we
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use gradient descent to learn the factors. Also, in many real-world tensors, only positive entries are

observed. To train with negative data, existing methods use the strategy of negative sampling to generate

the negative samples. However, the sampled data may be noisy since some potential positive entries can

be treated as negative. Moreover, there is noise in the observed data since the value of an entry may

be labeled by mistake. To achieve global optimal estimation instead of local minimum and decrease

uncertain of negative sampling, we further improve the optimization based on positive-unlabeled data by

gradient ascent trick. Specifically, instead of employing early stopping or the small-loss trick, we go up

the landscape for these mini-batches whose loss reaches a fluctuation level. We employ the exponential

function on the loss and use the upper-bound of local Lipschitz constant instead of the gradient to

dynamically adjust the step-size of climbing according the loss. With this strategy, the negative effect of

noisy data can be erased. And the optimization can jump out from the local optimal landscape.

We summarize our major contributions as follows:

• To the best of the authors’ knowledge, this is first work that studies the tensor decomposition

problem in hyperbolic space.

• We develop an adaptive optimization algorithm to address the distinctive feature of hyperbolic

geometry.

• We adopt gradient ascent in the training process with the positive-unlabeled data to address the

non-convex nature of the optimization and negative effects of noisy data.

• We verify the superiority of our tensor decomposition method on various tensors including knowl-

edge graph tensors, user-item-time tensors and weather tensor.

4.2 Related Works to Hyperbolic Space

Hyperbolic embeddings [53, 54] are first successfully introduced in the natural language processing

(NLP) motivated by the innate ability of hyperbolic spaces to embed hierarchies with low distortion [11].

Specifically, [53, 54] proposed Poincaré for learning hierarchical representations of symbolic data. Hy-

perbolic embeddings have also been extended to images embeddings in computer vision [42] and graph

representations learning [24]. Rather than determining the hyperbolic embedding directly, Sarkar’s con-

struction is used by [66] to extract tree structure on the data. By applying the prior advancements of
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hyperbolic representation learning, [1] proposes to embed the state set into the hyperbolic space and

create a model of the environment in reinforcement Learning.

Despite the advancements of hyperbolic embeddings, how to use hyperbolic embeddings for down-

stream tasks such as classification is a challenge due to the absence of corresponding hyperbolic neural

network layers. To bridge this gap, [25] combines the formalism of Möbius gyrovector spaces with

the Riemannian geometry of hyperbolic spaces in a principled manner to derive hyperbolic versions of

feed-forward and recurrent neural networks. Based on this framework, hyperbolic graph neural net-

works [48, 13] have also been developed and lead to substantial improvements on various tasks. Atten-

tion mechanism has also been introduced in hyperbolic neural networks and Klein models and extended

to Klein models [26]. Different from these works based on the tangent spaces of hyperbolic mani-

folds, H2H-GCN directly works on hyperbolic manifold to avoid the distortion caused by tangent space

approximations.

4.3 Preliminary

4.3.1 Hyperbolic Geometry

We start the problem formulation by briefly presenting some basic background of hyperbolic space. For-

mally, hyperbolic space is a complete simply connected Riemannian manifold with constant negative

curvature. Due to the property of constant negative curvature, the geometrical properties of the hyper-

bolic space are very different from Euclidean space or Euclidean sphere (which has constant positive
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curvature). Currently, hyperbolic space has five isometric models that one can work with: half-space,

Poincaré, jemisphere, Klein, and ’Loid. In this paper, we use the r-dimensional Poincaré ball model

which is most popular in machine learning:

Bd,c = {x ∈ Rd : ||x||2 < 1

c
}, (4.1)

where −c(c > 0) is the negative curvature. Different from Euclidean addition of two vectors, the Möbius

addition of a and b in hyperbolic space Bd,c is defined as:

a⊕c b =
(1 + 2c⟨a,b⟩+ c||b||2)a+ (1− c||a||2)b

1 + 2c⟨a,b⟩+ c2||a||2||b||2
. (4.2)

Geodesic is the curve of shortest length connecting two points. It is always perpendicular to the boundary

of the disk. Then the geodesic distance between a and b on the manifold Bd,c is given by:

dc(a,b) = (2/
√
c)arcosh(

√
c|| − a⊕c b||). (4.3)

As c → 0, dc(a,b) becomes the Euclidean distance.

A distinctive property of hyperbolic space is that the circle circumference and disc area grow

exponentially with respect to radius. Specifically, given three points: the origin o, a and b with ||a|| =

||b|| = r(a ̸= b), we measure the hyperbolic distance ratio dc(a,b)
dc(a,o)+dc(o,b)

in Figure 4.2. Compare with

Euclidean space where the distance ratio de(a,b)
de(a,o)+de(o,b)

(de(·) represents Euclidean distance) is constant,

the hyperbolic distance ratio approaches to 1 exponentially as r → 1. Equivalently, the shortest path

from a to b is almost the same as the path through the origin as r → 1. It is analogous to the property

of tree data structure in which the shortest path between two sibling nodes is the path through their

parent [64].

4.3.2 Problem Formulation

For simplicity and without loss of generality, we formulate the problem with an order-three tensor. We

use X ∈ RI×J×K to denote the input non-negative order-three tensor, where I , J and K refer to the

length of each dimension respectively. Let Ω = {(i, j, k) | i ∈ {0, · · ·, I − 1}, j ∈ {0, · · ·, J − 1}, k ∈

{0, · · ·,K−1}} be the set of observed entries. Given the value (Xi,j,k ≥ 0) of each (i, j, k) in Ω, we are

asked to find latent factor matrices U1 ∈ RI×r, U2 ∈ RJ×r, U3 ∈ RK×r such that the reconstructed
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tensor X̂ close to the target tensor X . Specifically, we require U1
i , U2

j and U3
k to be in the r-dimensional

hyperbolic space Rr with −c as the negative curvature. Then X̂ is reconstructed by

X̂i,j,k = f(U1
i ,U

2
j ,U

3
k, c). (4.4)

The task is to define the estimation function f(·) and optimize the U1, U2, U3. Note that the formulation

and our solution can be easily extended to higher dimension.

4.4 Methodology

4.4.1 Tensor Decomposition

To solve the research problem, a natural strategy is to resort to the least-squares problem:

Minimize
U1,U2,U3

∑
(i,j,k)∈Ω

(Xi,j,k − X̂i,j,k)
2, (4.5)

where X̂i,j,k can be calculated from the decomposed factors as shown in Equation (5.3).

However, it is a challenge to estimate X̂i,j,k with these latent factors in hyperbolic space, because

existing methods based on Euclidean vector are not available for hyperbolic vectors. Given a pair of two

hyperbolic vectors, the addition and multiplication in hyperbolic space is totally different from that in

Euclidean space. Therefore, the CP model in Equation (2.1) does not work for hyperbolic vectors, since

the inner product is not defined in hyperbolic space. Likewise, the Tucker model does not work anymore.

In fact, any tensor decomposition algorithms (e.g., neural network) based on multilinear multiplication

are not suitable for our setting.

Even though some hyperbolic versions of neural network have been developed, there are some

potential problems. First, these works resort to Möbius gyrovector spaces to implement hyperbolic

neural network. By mapping the hyperbolic vectors to tangent spaces, the mapped vectors can be fed into

the neural network layer. Such mapping may cause distortion because of tangent space approximations.

Second, it is impractical to utilize the same optimization algorithm for both the latent factors and the

parameters of neural network, since the latent factors are in hyperbolic space with negative curvature

while the parameters of Euclidean neural network are defined in the space with zero curvature.
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To address this challenge, we propose to estimate X̂i,j,k based on distance which is well defined in

hyperbolic space. Specifically, we first sum all distances between any pair of two latent factors for an

entry (i, j, k):

Di,j,k = dc(U
1
i ,U

2
j ) + dc(U

1
i ,U

3
k) + dc(U

2
j ,U

3
k). (4.6)

Without loss of generality, for an order-M (M ≥ 3) tensor,

Di1,i2,...iM =
∑

(m,n)⊂{1,2,...,M}
m ̸=n

dc(U
m
im ,U

n
in). (4.7)

Then we estimate X̂i,j,k as:

X̂i,j,k = φ · (1− tanhDi,j,k), (4.8)

where φ is a hyperparameter to scale the range of tensor values. With this formula, we can enforce the

latent factors of an entry with larger value to be close to each other since a smaller Di,j,k will result in

larger X̂i,j,k. The reason for this design is that most tensors in real applications are highly sparse or the

frequency of values follows the power-law distribution. For example, in a knowledge graph, an entity

only has a few relations with other entities. In a recommender system, a user may be able to interact

with a small number of items in a specific period. Recall that the disc area and the distance ratio grow

exponentially with respect to the radius. In the knowledge graph, an entity frequently related with many

other entities is supposed to be located near the original point to make sure that the distance to other

entities is not biased. Considering that only a few ”hot” (frequently related with others) entities and

the distance ratio near the original point is small, it is intuitive to enforce Di,j,k for these entries with

positive interaction to be 0 while most entries in the sparse tensor tend to be larger or infinite.

For a binary-valued tensor, the value of φ will be 1 since the range of (1−tanhDi,j,k) is (0, 1]. For

a real-valued non-negative tensor (e.g., ratings in recommender system), φ is assigned as the maximum

of the tensor values. For example, if the rating in a recommender system varies from 0 to 5, then φ = 5.

In this paper, we focus on non-negative tensor decomposition. For an input tensor with negative values,

we can easily add a constant value to all entries to transform it into a non-negative tensor.

Different from existing works in Euclidean space, our solution provides a new perspective to study

the tensor decomposition problem. A tensor value is directly decomposed into hyperbolic vectors with
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basic operation in hyperbolic space. Also, the activation function tanh can smooth the training process.

In following sections, we will describe how to optimize the decomposed hyperbolic vectors.

4.4.2 Hyperbolic Optimizer

Let g(w) = (Xi,j,k − X̂i,j,k)
2 be the square function regarding w, where w is a parameter in the de-

composed hyperbolic vectors (U1
i ,U

2
j or U3

k) to be optimized. Recall that the target is to minimize the

difference between X̂ and X . To solve the problem in (4.5), we adopt the strategy of SGD to update w

with gradient of g(w).

Theorem 1 The least-square function g(w) is differentiable.

Proof. To prove g(w) is differentiable, we only need to prove X̂i,j,k is differentiable. Note that the first

derivative of tanh(x) in Equation (4.8) is 1− tanh2(x). Therefore, if Di,j,k is differentiable, g(w) will

be differentiable. According to Equation (4.6), Di,j,k is the sum of three distance metrics, where each

of them is the distance between two points in the hyperbolic plane. Suppose s is the curve in hyperbolic

space Rr from point a to point b. For simplicity, we let c = 1. We can approximate the length of a tiny

portion of s (i.e., from s(w) to s(w +∆w)) by the hyperbolic distance between these two points.

To arrive at the distance differential, we map s(w) to the original point o following the approach

in [5]:

T (z) =
z− s(w)

1− s(w)
(4.9)

so that:

dc(s(w), s(t+∆w)) = ln(1 + T (s(t+∆w)))− ln(1− T (s(t+∆w))). (4.10)

We also know that ln(1 + x) ≈ x as x approaches to 0. Thus, for small ∆w, we have:

dc(s(w), s(t+∆w)) ≈ 2 ·

∣∣∣∣∣ s(t+∆w)− s(w)

1− s(w)s(t+∆w)

∣∣∣∣∣
= 2 ·

∣∣∣ s(t+∆w)−s(w)
∆w

∣∣∣
|1− s(w)s(t+∆w)|

· |∆w|

(4.11)

As ∆w → 0, the numerator goes to s′(w) and the denominator goes to 1 − |s(w)|2. Therefore, the

distance from point a to point b can be written as:

dc(a,b) =

∫ b

a

2

1− |s(w)|2
|s′(w)|∆w (4.12)
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Since the g(w) is a continuously differentiable function, we can use the gradient ∇g(w) to optimize

the parameter. At each step of optimization algorithm, standard SGD will perform a gradient descent

by w(t + 1) = w(t) − γ∇g(w), where the step size γ is fixed. However, the fixed step size will result

in different arc-length of movement on the hyperbolic plane while the point is moving along the radius,

since circle circumference and disc area grow exponentially with respect to radius.

Adaptive step size of update. The most popular optimization algorithms such as SGD and Adam

use uniform step size of update in the learning process. To take into account the effects of negative

curvature in hyperbolic space, we propose to calculate the step size γ adaptive according to the location.

Specifically, if w is a value in U1
i we set γ as:

γ = γ0 · e−||U1
i ||, (4.13)

where γ0 is the constant step size of update at the original point. Likewise, if w is the value of U2
j

(resp. U3
k ), we will use |U2

j |(resp. U3
k ) to calculate γ. With our method, the step size of update will be

reduced if U1
i is moving toward the boundary. Therefore, the parameters can be tuned carefully while the

distance ratio is increasing significantly in the optimization process. Also, the optimization algorithm

can be stabilized regarding all factors.

Gradient Ascent. There are some challenges to solve the least-squares problem. First, due to the highly

non-convex nature of the optimization, the problem is in general daunting to solve. In the learning pro-

cess, the parameters may get trapped in undesirable stationary points while using gradient descent to

optimize the factors. Second, in real applications, there is noise in the tensor, where some entries may

be labeled with wrong values. In some scenarios such as knowledge graph completion and recommen-

dation, only positive entries have been observed. To train with negative data, existing methods use the

strategy of negative sampling to generate the negative samples randomly. However, the sampled data

may be noisy since a part of potential positive entries can be treated as negative. Also, the sampling

result is highly sensitive to the sampling strategy and the performance is unstable.

To achieve global optimal estimation instead of local minimum and decrease the uncertainty of negative

sampling, we further improve the optimization based on positive-labeled data by gradient ascent trick.

Specifically, instead of employing early stopping or the small-loss trick, we go up the gradient to prevent

further fluctuation of the training loss when it reaches a small value. By gradient ascent, the landscape is
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Algorithm 1: Hyperbolic latent factor optimization
Input : Latent factor U1

i ,U
2
j ,U

3
k,

w is a parameter in U1
i to be optimized,

fluctuation level l0
Output: New parameter w(t+ 1)

1 Let ∇g(w) be the gradient of loss regarding w
2 while no stopping criterion has been met do
3 if g(w) > l0 then
4 Set step size of update γ = γ0 · e−||U1

i ||

5 w(t+ 1) = w(t)− γ∇g(w)
6 // Gradient descent
7 else
8 Lq(w) = qLg(q−1)(w) + q(q − 1)g(q−2)(2)||∇g(w)||2
9 w(t+ 1) = w(t) + Lq(w)

10 // Gradient ascent with upper-bound of the Lipschitz
constant

11 end
12 end
13 return w(t+ 1)

expected to drift into an area with a loss landscape that leads to better generalization. With our aggressive

strategy, the negative effect of noisy data and negative sampling can be erased with a probability and the

optimization can jump out from the local optimal landscape.

Theorem 2 The upper-bound for the local Lipschitz constant of the gradient of gq(w) at point 2 is

qLg(q−1)(w) + q(q − 1)g(q−2)(w) ||∇g(w)||2 where g(w) has a Lipschitz gradient with constant L.

Proof. At any point w, we compute the Hessian ∇2(gq(w)) as:

∇2(gq(w)) = qg(q−1)(w)∇2g(w) + q(q − 1)g(q−2)(w)∇g(w)∇T g(w) (4.14)

Since ∇2g(w) ⪯ L× I and ∇g(w)∇T g(w) ⪯ ||∇g(w)||2 × I (I is an Identity matrix), we have:

||∇2(gq(w))||2 ≤ qLg(q−1)(w) + q(q − 1)g(q−2)(w)||∇g(w)||2 (4.15)

We describe the details of our optimization process in Algorithm 1. For a parameter in the latent

factor U1
i , we update it based on the loss the input entry (i, j, k). In the learning process, we adopt the

gradient descent policy before we observe that the training loss is lower than l0. We calculate the step

size of gradient descent using Equation (4.13). Once g(w) is lower than the threshold l0, we go up with
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the upper-bound of the Lipschitz constant to update w. We use Lipschitz constant instead of gradient

because the Lipschitz constant L can define how fast the loss can change. To jump out of the local

optimum, we propose to compute the upper-bound of local Lipschitz constant of the gradient of gq(w)

(q > 1). We employ the exponential function on the loss because it allows us to dynamically adjust

the step-size of climbing according the loss. When gq(w) is large, it may be a local optimum with high

probability. Since Lq(w) is monotonic with respect to gq(w), Lq(w) will be large. Then with a large

step, w can jump out of the valley of the landscape.

4.5 Experiment

Our experiments were run on a machine equipped with a 2.20 GHz CPU, 26 GB RAM, and an NVIDIA

Tesla P100 GPU. All sets of experiments were repeated 3 times and the reported experimental results

were averaged over 3 runs to combat randomness.

4.5.1 Setup

Datasets. Since tensor decomposition can be applied into various tasks, we conduct experiments on

three kinds of tensors: knowledge graph tensors, user-item-time tensors, weather tensor.

For the knowledge graph tensor, we choose two Benchmark datasets: DBpedia and Yago. In the

tensor, each entry represents the existence of relation between two entities. Specifically, DBpedia is a

knowledge graph containing 15,000 entities and 165 relations. The number of observed triples (head

entity, the relation, the tail entity) is 30,291 on this knowledge graph. Yago contains 15,000 entities and

28 relations. Likewise, 26,638 triples have been observed on this dataset. We use the observed entries

as Ω+ and sample the same amount of entries as negative entries Ω−.

For the user-item-time tensors, we choose two widely used datasets: Gowalla1 and Yelp2 and we

adopt a three-dimensional tensor to represent the check-in events. Gowalla was a worldwide location-

based social network where users can check in at POIs. The dataset was collected from 2010 to 2011,

including users’ check-in history. We only consider those users with at least 15 POI check-ins. The final

preprocessed dataset contains 18,737 users and 1,666,455 check-ins in total. For the Yelp dataset, we

only consider those users that have at least 15 check-in records. The pre-processed data contains 718,214

check-ins from 17,534 users in 7,757 businesses. For both datasets, we set the month in a year as the

1https://www.yongliu.org/datasets/
2https://www.yelp.com/dataset
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Table 4.1: Result of KG tensor
Metric MAE RMSE

Dataset model/rank 5 10 15 20 25 5 10 15 20 25

DBpedia

CP 0.2492 0.2403 0.2228 0.2142 0.2162 0.3359 0.3268 0.3179 0.3091 0.3006
Tucker 0.2282 0.2294 0.2150 0.1960 0.1897 0.3341 0.3358 0.3177 0.3095 0.2933

P-Tucker 0.1659 0.1634 0.1627 0.1536 0.1529 0.2383 0.2265 0.2276 0.2192 0.2177
NCF 0.1565 0.1478 0.1451 0.1467 0.1368 0.2299 0.2106 0.1915 0.2021 0.2029
NTM 0.1755 0.1794 0.1704 0.1609 0.1611 0.2463 0.2421 0.2454 0.2366 0.2255

CoSTCo 0.1305 0.1328 0.1282 0.1094 0.1062 0.2090 0.2015 0.1873 0.1734 0.1767
AGH 0.0651 0.0711 0.0623 0.0635 0.0596 0.1405 0.1560 0.1445 0.1475 0.1290

Yago

CP 0.2168 0.2157 0.2076 0.1936 0.1888 0.3511 0.3493 0.3440 0.3321 0.3128
Tucker 0.2060 0.1993 0.1952 0.1855 0.1741 0.3362 0.3124 0.3104 0.2927 0.2873

P-Tucker 0.1750 0.1778 0.1651 0.1627 0.1670 0.2927 0.2878 0.2979 0.2768 0.2799
NCF 0.1801 0.1711 0.1595 0.1553 0.1503 0.2998 0.2798 0.2917 0.2983 0.2726
NTM 0.1411 0.1381 0.1320 0.1330 0.1343 0.2457 0.2310 0.2409 0.2138 0.2355

CoSTCo 0.1320 0.1319 0.1220 0.1183 0.1077 0.2334 0.2336 0.2348 0.2581 0.2468
AGH 0.0503 0.0541 0.0569 0.0515 0.0615 0.1077 0.0977 0.1123 0.0913 0.1466

Table 4.2: Result of user-item-time tensor
Metric MAE RMSE

Dataset model/rank 5 10 15 20 25 5 10 15 20 25

Gowalla

CP 0.3005 0.2991 0.2585 0.1646 0.1625 0.3588 0.3335 0.3050 0.2052 0.2066
Tucker 0.2766 0.2765 0.2346 0.2087 0.1845 0.3350 0.3209 0.2908 0.2575 0.2185

P-Tucker 0.2057 0.1881 0.1667 0.1792 0.1574 0.2748 0.2351 0.2151 0.2211 0.1982
NCF 0.1474 0.1370 0.1451 0.1571 0.1511 0.2005 0.1729 0.1828 0.2006 0.1838
NTM 0.1434 0.1305 0.1204 0.1206 0.1232 0.1901 0.1748 0.1576 0.1602 0.1558

CoSTCo 0.1247 0.1133 0.1142 0.1077 0.1040 0.1652 0.1485 0.1493 0.1397 0.1352
AGH 0.0984 0.0992 0.0959 0.0945 0.0763 0.1341 0.1325 0.1287 0.1383 0.1036

Yelp

CP 0.3725 0.3717 0.3418 0.3315 0.3417 0.4088 0.4069 0.3816 0.3652 0.3644
Tucker 0.3355 0.3041 0.2985 0.2910 0.2818 0.3640 0.3350 0.3391 0.3329 0.3237

P-Tucker 0.2625 0.2737 0.2672 0.2291 0.2192 0.3156 0.3299 0.3022 0.2443 0.2283
NCF 0.1648 0.1620 0.1595 0.1546 0.1390 0.2067 0.1972 0.1829 0.1771 0.1601
NTM 0.1839 0.1784 0.1504 0.1495 0.1317 0.2161 0.2029 0.1834 0.1716 0.1582

CoSTCo 0.1572 0.1428 0.1412 0.1392 0.1380 0.2032 0.1981 0.1896 0.1637 0.1626
AGH 0.0893 0.0812 0.0857 0.0772 0.0785 0.1143 0.1021 0.1083 0.0937 0.0991

time dimension. Likewise, we use the check-in as positive entries Ω+ and sample the same number of

entries for the set of negative entries Ω−.

For the task of predicting extreme climate, we use the simulated dataset ExtremeWeather [59]

including 768x1152 images of the global atmospheric state. We organize the weather data as an order-4

tensor recording 16 climate variables for 90 days.

We split the set of all entity pairs Ω (Ω = Ω+ ∪ Ω−) for the datasets of KG tensors and user-item-

time tensors into 70%/30% as training and test sets.

We further introduce 6 tensor decomposition baselines:
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• CP & Tucker3 [44]. Equation (2.1) and Equation (2.2) define the method of CP and Tucker

decomposition, respectively. CP decomposes an order-3 tensor as a sum of three rank-one tensors,

while the Tucker model factorizes an order-3 tensor into one core tensor along with three factor

matrices.

• NTM [16]. Nonlinear Tensor Machine also learns multi-aspect factors in recommender systems.

It combines deep neural networks and tensor algebra to capture nonlinear interactions among

multi-aspect factors.

• NCF4 [32]. Neural Collaborative Filtering is a model that uses a multi-layer perceptron to learn

the nonlinear interaction relationship between the latent features. We follow NTM to use the

element-wise product of three MF vectors as the input of GMF Layer and concatenate three MLP

vectors as the input of MLP Layer.

• P-Tucker5 [55] is a scalable Tucker factorization method for sparse tensors. It performs alternat-

ing least squares with a row-wise update rule in a fully parallel way, which significantly reduces

memory requirements for updating factors.

• CoSTCo6 [47]. This work proposes a novel convolutional neural network (CNN) for tensor

completion. It leverages the expressive power of CNN to model the complex interactions inside

tensors and its parameter sharing scheme to preserve the desired low-rank structure.

Model Configuration. In our experiments, we configure our tensor decomposition algorithm named

as AGH (Adaptive Gradient-based optimization in Hyperbolic space) with the following default hy-

perparameters which were extensively tested and found to work consistently well. We set the negative

curvature as -1 (c = 1). We initialize the hyperbolic factors with Xavier normal initializer. The rank

(length) of hyperbolic factor is set as 20 by default. The value of φ is assigned as the maximum of the

tensor values. The fixed step size of update γ0 the origianl point is set as 0.01. In Algorithm 1, we set

q = 2 by default. All the parameters of baseline models are configured as described in the corresponding

paper.

3http://tensorly.org/stable/user guide/tensor decomposition.html
4https://github.com/yihong-chen/neural-collaborative-filtering
5https://github.com/sejoonoh/P-Tucker
6https://github.com/USC-Melady/KDD19-CoSTCo
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Table 4.3: Result on extreme weather tensor
Metric MAE RMSE

Dataset model/rank 5 10 15 20 25 5 10 15 20 25

ExtremeWeather

CP 0.1804 0.3951 0.1847 0.1735 0.1665 0.2245 0.2167 0.2125 0.2084 0.2054
Tucker 0.2361 0.2344 0.2319 0.2294 0.2270 0.2893 0.2879 0.2858 0.2837 0.2817

P-Tucker 0.0449 0.0584 0.0649 0.0832 0.0904 0.0786 0.0996 0.1120 0.1226 0.1241
NCF 0.0351 0.0369 0.0395 0.0393 0.0378 0.0652 0.06591 0.0662 0.0679 0.0684
NTM 0.0449 0.0484 0.0439 0.0422 0.0394 0.0786 0.0796 0.0720 0.0698 0.0684

CoSTCo 0.0347 0.0341 0.0341 0.0337 0.0333 0.0631 0.0622 0.0621 0.0609 0.0589
AGH 0.0343 0.0326 0.0329 0.0331 0.0325 0.0587 0.0574 0.0567 0.0564 0.0551

4.5.2 Result and Analysis

Following existing [47, 16], we report the MAE (Mean Absolute Error) and RMSE (Root Mean Square

Error) between the ground-truth and the estimated value by tensor decomposition algorithms. The result

of KG tensor, user-item-time tensor and weather tensor are shown in Table 4.1, Table 4.2 and Table 5.1,

respectively. It is clear from tables that our methods outperform these baselines with a large margin

in terms of all performance metrics. Compared with CP, Tucker and P-Tucker, our AGH addresses the

non-linear interaction in the tensor. Different from all these baselines, our AGH is the only algorithm

using hyperbolic vectors instead of Euclidean vectors. The advantages of our AGH over these baselines

are two-fold. First, hyperbolic space is much roomier than Euclidean space and hyperbolic latent factors

can deliver rich information such as hierarchical structure. For example, the knowledge graph and the

user relationships in the datasets often exhibit hierarchies. Second, our optimization algorithm based

on gradient ascent trick can avoid getting trapped in local optimal landscape, which can lead to overall

improvement.

We also investigate the effectiveness of rank (the length of latent factor) on the result. We can see

that the performance of these baselines will further improve as the rank is increasing. It implies that

more parameters enable the algorithm to tune the latent factors carefully. However, the GPU memory

cost and running time will also increase significantly. We also observe that the performance of our model

is consistent over different ranks. It verifies that the hyperbolic vector can carry richer information than

Euclidean vectors with the same dimension. Compared with these approaches in Euclidean space, our

model is able to reduce the number of parameters by using small rank.

4.5.3 Ablation Study

Effectiveness of gradient ascent. To demonstrate the impact of gradient ascent in the optimization

algorithm, we compare our model with one variant that only employs gradient descent. As shown in
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Figure 4.3: MAE over epoches

Figure 4.4: Visualization of factors in hyperbolic space

Figure 4.3, removing gradient ascent (labeled as ”Only gradient descent”) will cause the overall perfor-

mance to drop. We can observe that MAE on the test starts to rise in the training process. Compared

with ”Only gradient descent”, our gradient ascent can avoid the phenomenon and the factors can drift

into an area with a loss landscape that leads to better generalization.

Effectiveness of adaptive step size. To verify the effectiveness of using adaptive step isze of update,

we introduce a variant which uses fixed step size of update (labeled as ”Fixed step size”). As shown

in Figure 4.3, with fixed step size, MAE on the test set will increase. This is because that fixed step

size will ignore the dynamic distance ratio on the hyperbolic manifold. With our method, the step size

of update will be reduced and the parameters can be tuned carefully while the latent factor is moving

toward the boundary.

4.6 Visualization

We visualize the rank-2 factors of entities and relations for KG tensor from dataset ”DBpedia” in 2-

dimensional Poincaré disk. Figure 4.4 shows factors of 15000 entities and 165 entities, where entities
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are marked with yellow circles and the relations are marked with blue triangles. We can see that only a

small portion of entities are located near the center. It verifies our motivation that only a small portion

frequently related with many other entities. Also, we can see the relations tend to be placed near the

most dense part (left-bottom corner). This is because a significant portion of relation is general, such as

”birthPlace” and ”genre”. Most entities have these general relations with other entities. Therefore, these

relations tend to be placed near the most dense area.

4.7 Conclusion

In this paper, we introduce a tensor decomposition algorithm to factorize an input tensor into a number

of latent factors in hyperbolic space. Compared with Euclidean factors, hyperbolic factors can carry

more information with the same number of parameters. We also devise an optimization algorithm based

on adaptive step size of update to address the distinctive property of hyperbolic manifold. To address the

non-convex property of the problem, we adopt gradient ascent in our optimization algorithm. We verify

the effectiveness of our method through extensive experiments on several tasks.
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Chapter 5

Tensor Completion with Neural Ordinary Differential Equation Networks

5.1 Motivation

The ordinary differential equation describes evolution in time of some process that depends on variables

and the change in time can be described via a derivative such as:

x+
dx

dt
= 1, (5.1)

One of solutions to this differential equation is Euler’s method. It approximates the solution function

step by step using tangents lines and we will see how the process will evolve up to some final state with

initial condition.

At the same time, recurrent neural network extract hidden information from input by composing a

sequence of transformations:

h(t+ 1) = h(t) + f(h(t), t, θt), (5.2)

where θt is the parameters in tth layer. Intuitively, these iterative updates can be considered as an Euler

discretization of a continuous transformation. An ODE solver is proposed in [17] to parameterize the

derivative of the hidden state using a blackbox differential equation solver based on a neural network.

This neural ODE solver has been applied to various tasks including traffic prediction [23] and node

classification [56]. However, there is still a gap between neural ODE and tensor decomposition.

Intuitively, if we use neural ODE to reconstruct the tensor, we can model the derivative of the latent

factors. Also, an ODE solver allows us to train the neural tensor models with constant memory. Without

storing all intermediate quantities in deep neural models such as RNNs (Recurrent neural networks), we

can reduce the memory cost significantly.
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5.2 Methodology

Same as our previous work, we use X ∈ RI×J×K to denote the input non-negative order-three tensor,

where I , J and K refer to the length of each dimension respectively. Let U1 ∈ RI×r, U2 ∈ RJ×r,

U3 ∈ RK×r be the decomposed factors such that the reconstructed tensor X̂ close to the target tensor

X . We use the spectral method in 3.4.1 to initialize our decomposed factors. With a neural ODE model,

we reconstruct Xi,j,k by

X̂i,j,k = α(h(T )) = α(h(0) +

∫ T

0

dh(t)

dt
dt), (5.3)

where T is the depth of the neural ODE model and h(0) is the aggregation (e.g., an element-wise mean

or sum, denoted as γ) on U1, U2 and U3:

h(0) = γ(U1
i ,U

2
j ,U

3
k) (5.4)

This aggregation step provides a vector representation of the decomposed factors and enables us to

feed the factors into a neural ODE model. In this paper, we use the concatenation operation as γ.

Empirically we observe significant performance gains when using concatenation operations instead of

the average operation such as element-wise sum, mean and minimization. We will show the difference

in the experiment. The activation function α is used to map the output into the valid tensor value.

We parameterize the continuous dynamics of hidden units using an ordinary differential equation

(ODE) specified by a neural network f(·):

dh(t)

dt
= f(h(t), t, θ) (5.5)

We rewrite Eq. (5.5) by approximation:

h(t+ 1)− h(t) = f(h(t), t, θ)∆t,∆t = 1. (5.6)

Now we replace f(·) with a neural network. Then the output of each layer can be written as Eq. 5.2.

Starting from the input h(0), we can define the output layer h(T ) to be the solution to this ODE

initial value problem and the reconstructed value in the tensor. Figure 5.1 shows the framework of our

Neural ODE model.
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Figure 5.1: Neural ODE for tensor completion

It is straightforward to perform differentiation through the operations of the forward pass. However,

the challenge lies in the high memory cost in training continuous-depth networks. The ODE solver can

be considered as a black box and the gradients can be computed using the adjoint sensitivity method [57].

Concretely, this method estimates gradients by solving a second, augmented ODE backwards in time.

We use L(·) to represent the a scalar-valued loss function which minimizes the squared error be-

tween the original tensor and the reconstructed tensor. At a specific depth t1, the loss can be written

as:

L(z(t0) +

∫ t1

t0

f(z(t), t, θ)dt) = L(ODESolve(z(t0), f, t0, t1, θ)) (5.7)

Euler’s method and Runge–Kutta method are two most representative ODE solvers. In this paper,

we use the implicit Adams in the scipy.integrate package. Compared with explicit methods such as

Runge-Kutta, an implicit method has better guarantees.

To optimize the model parameters, we need to compute the gradients with respect to θ. A key step

is to estimate how the gradient of the loss depends on the hidden state z(t) for each entry in the training

set. The terminology is called the adjoint a(t) = ∂L
∂z(t) . The adjoint sensitivity method can be used to

solve an augmented ODE backwards in steps. It can be considered as the instantaneous analog of the

chain rule:
da(t)

dt
= −a(t)⊺

∂f(z(t), t, θ)

∂z
(5.8)
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Table 5.1: Result of KG tensor
Metric MAE RMSE

Dataset model/rank 5 10 15 20 25 5 10 15 20 25

DBpedia

CP 0.2492 0.2403 0.2228 0.2142 0.2162 0.3359 0.3268 0.3179 0.3091 0.3006
Tucker 0.2282 0.2294 0.2150 0.1960 0.1897 0.3341 0.3358 0.3177 0.3095 0.2933

P-Tucker 0.1659 0.1634 0.1627 0.1536 0.1529 0.2383 0.2265 0.2276 0.2192 0.2177
NCF 0.1565 0.1478 0.1451 0.1467 0.1368 0.2299 0.2106 0.1915 0.2021 0.2029
NTM 0.1755 0.1794 0.1704 0.1609 0.1611 0.2463 0.2421 0.2454 0.2366 0.2255

CoSTCo 0.1305 0.1328 0.1282 0.1094 0.1062 0.2090 0.2015 0.1873 0.1734 0.1767
ResNet 0.1476 0.1436 0.1395 0.1397 0.1381 0.1868 0.1843 0.1751 0.1725 0.1741

Neural ODE (CONCAT) 1.3125 0.1211 0.1180 0.1031 0.0918 0.1829 0.1697 0.1607 0.1702 0.1860
Neural ODE (Mean) 0.1453 0.1380 0.1291 0.1128 0.1125 0.1956 0.1833 0.1693 0.1699 0.1703
Neural ODE (Sum) 0.1425 0.1376 0.1263 0.1178 0.1139 0.1990 0.1894 0.1724 0.1714 0.1757

Yago

CP 0.2168 0.2157 0.2076 0.1936 0.1888 0.3511 0.3493 0.3440 0.3321 0.3128
Tucker 0.2060 0.1993 0.1952 0.1855 0.1741 0.3362 0.3124 0.3104 0.2927 0.2873

P-Tucker 0.1750 0.1778 0.1651 0.1627 0.1670 0.2927 0.2878 0.2979 0.2768 0.2799
NCF 0.1801 0.1711 0.1595 0.1553 0.1503 0.2998 0.2798 0.2917 0.2983 0.2726
NTM 0.1411 0.1381 0.1320 0.1330 0.1343 0.2457 0.2310 0.2409 0.2138 0.2355

CoSTCo 0.1320 0.1319 0.1220 0.1183 0.1077 0.2334 0.2336 0.2348 0.2581 0.2468
ResNet 0.1258 0.1248 0.1131 0.1097 0.1040 0.2405 0.2346 0.2353 0.2702 0.2680

Neural ODE (CONCAT) 0.1150 0.1107 0.1065 0.1047 0.0943 0.2378 0.2268 0.2177 0.2120 0.2229
Neural ODE (Mean) 0.1129 0.1116 0.1095 0.1059 0.1046 0.2317 0.2240 0.2253 0.2290 0.2354
Neural ODE (Sum) 0.1289 0.1230 0.1227 0.1128 0.1087 0.2286 0.2227 0.2214 0.2205 0.2218

With another ODEsolver, we can compute ∂L
∂z(t0)

by running back from its final value z(t1). Then

computing the gradients with respect to θ depends on both z(t) and a(t):

dL

dθ
= −

∫ t0

t1

a(t)⊺
∂f(z(t), t, θ)

∂θ
dt (5.9)

We follow [17] to compute all integrals for solving z, a and dL
dθ with a single call to an ODE solver so

that all gradients will be computed by the ODE solver at once.

5.3 Experiment

In this section, we experimentally investigate the training of neural ODEs for tensor decomposition.

5.3.1 Experimental Setup

In the experiment, the adjoint sensitivity method is implemented in Python’s autograd framework. We

first implement a residual network model which stacks 5 standard residual blocks to reconstruct the

tensor. The output of the model will be the estimated value in the tensor. We use ResNet to indicate this

baseline. To verify the effectiveness of neural ODE, we replace the residual block with an ODESolve

module. We configure the value of T as 1. In the training process, we minimize the squared error

between the original tensor and the reconstructed tensor. Following our previous chapter, we report
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Table 5.2: Result of user-item-time tensor
Metric MAE RMSE

Dataset model/rank 5 10 15 20 25 5 10 15 20 25

Gowalla

CP 0.3005 0.2991 0.2585 0.1646 0.1625 0.3588 0.3335 0.3050 0.2052 0.2066
Tucker 0.2766 0.2765 0.2346 0.2087 0.1845 0.3350 0.3209 0.2908 0.2575 0.2185

P-Tucker 0.2057 0.1881 0.1667 0.1792 0.1574 0.2748 0.2351 0.2151 0.2211 0.1982
NCF 0.1474 0.1370 0.1451 0.1571 0.1511 0.2005 0.1729 0.1828 0.2006 0.1838
NTM 0.1434 0.1305 0.1204 0.1206 0.1232 0.1901 0.1748 0.1576 0.1602 0.1558

CoSTCo 0.1247 0.1133 0.1142 0.1077 0.1040 0.1652 0.1485 0.1493 0.1397 0.1352
ResNet 0.1397 0.1265 0.1235 0.1117 0.1119 0.1566 0.1455 0.1442 0.1350 0.1433

Neural ODE (CONCAT) 0.1263 0.1151 0.1078 0.1037 0.1051 0.1406 0.1364 0.1335 0.1379 0.1383
Neural ODE (Mean) 0.1200 0.1113 01107 0.1181 0.1056 0.1519 0.1531 0.1528 0.1439 0.1356
Neural ODE (Sum) 0.1331 0.1271 0.1268 0.1129 0.1197 0.1507 0.1438 0.1460 0.1353 0.1380

Yelp

CP 0.3725 0.3717 0.3418 0.3315 0.3417 0.4088 0.4069 0.3816 0.3652 0.3644
Tucker 0.3355 0.3041 0.2985 0.2910 0.2818 0.3640 0.3350 0.3391 0.3329 0.3237

P-Tucker 0.2625 0.2737 0.2672 0.2291 0.2192 0.3156 0.3299 0.3022 0.2443 0.2283
NCF 0.1648 0.1620 0.1595 0.1546 0.1390 0.2067 0.1972 0.1829 0.1771 0.1601
NTM 0.1839 0.1784 0.1504 0.1495 0.1317 0.2161 0.2029 0.1834 0.1716 0.1582

CoSTCo 0.1572 0.1428 0.1412 0.1392 0.1380 0.2032 0.1981 0.1896 0.1637 0.1626
ResNet 0.1442 0.1417 0.1357 0.1334 0.1337 0.2322 0.2218 0.2318 0.2263 0.2192

Neural ODE (CONCAT) 0.1299 0.1301 0.1286 0.1197 0.1185 0.1744 0.1666 0.1506 0.1564 0.1486
Neural ODE (Mean) 0.1312 0.1275 0.1285 0.1158 0.1118 0.1753 0.1728 0.1681 0.1686 0.1584
Neural ODE (Sum) 0.1395 0.1372 0.1313 0.1227 0.1240 0.1823 0.1760 0.1753 0.1686 0.1567

MAE and RMSE on two kinds of tensors: knowledge graph tensors and user-item-time tensors. All

factors are initialized with Xavier normal initializer. The rank (length) of factor is set as 20 by default.

The length of hidden state is configured as 32 for all neural network models. The depth of ResNet is 6.

We introduce 7 baselines (including ResNet) for comparison. Our experiments were run on a machine

equipped with a 2.20 GHz CPU, 26 GB RAM, and an NVIDIA Tesla P100 GPU.

5.4 Result and Analysis

We evaluate the performance of neural ODE against the baselines by comparing the MAE and RMSE

for tensor completion. We implement several variants of our proposed method when evaluating perfor-

mance:

• CONCAT performs concatenation operation on the corresponding factors.

• Mean uses the element-wise mean as an aggregation function.

• Mean uses the element-wise sum as a aggregation function.

As shown in Table 5.1 and 5.2, Neural ODE is competitive in terms of both two performance

metrics on all datasets. This is because we can model the derivative of latent factors with the neural

ODE model. Our comparison with ResNet further confirms that the improvement comes from the Neural
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ODE. With a small memory cost, we can implement a deep neural network to estimate the value in the

input tensor. Also, the concatenation operation can achieve the best performance on average. With

both mean and sum aggregation function, we may lose some hidden information in the latent factors.

Instead, with a concatenation operation, the neural network can learn the hidden interaction without

losing information.

5.4.1 Memory Cost

One advantage of Neural ODE is that it does not save the intermediate states of the forward pass. As a

result, we can train the model with constant memory cost as a function of depth. Table 5.3 shows the

memory cost, number of parameters and running time of each batch for both ResNet and Neural ODE.

We can observe that Neural ODE has much fewer parameters than ResNet. Also, we can train Neural

ODE for tensor decomposition with similar memory cost and running time as ResNet.

Table 5.3: Performance on DBpedia

Memory cost # of parameters Time
ResNet 2,081 MB 2,352,394 1.718 s

Neural ODE 2,217 MB 208,266 1.787 s
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Chapter 6

Conclusion

In this dissertation, we leverage the power of tensor decomposition to understand sparse tensors in real

world. In our first work, we study if the side information can be used to improve the performance of

tensor decomposition. This work is inspired by the social homophily theory. We demonstrate the su-

periority of our proposed framework by experimenting with multiple real world datasets. The result

shows that our method can efficiently utilize side information in a tensor decomposition setting. In our

second work, we investigate the problem of decomposing the input tensor in hyperbolic space instead of

Euclidean space. We propose a method to reconstruct the tensor with hyperbolic vectors. To optimize

the hyperbolic factors, we design a special optimization algorithm. Out algorithm is able to address

the distinctive feature of hyperbolic geometry. The empirical result shows that hyperbolic vectors can

carry richer information than Euclidean vectors with the same dimension. In our third work, we pro-

pose to model the derivatives of input factors in tensor decomposition. Concretely, we aggregate the

decomposed factors and feed it into a neural ODE model to estimate the values in the tensor. The exper-

iments reveals that considering the derivatives of factors can further improve the performance for tensor

decomposition.

Up to now, we mainly focus completing the sparse tensor by tensor decomposition. In the last

few years, the diffusion model has achieved a great success in computer vision and natural language

processing. Considering that the diffusion model is powerful and tractable to generate data, we think

that diffusion models are promising to fill the unobserved value in sparse tensors.
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hyperbolic embeddings. In Jennifer G. Dy and Andreas Krause, editors, ICML, 2018.

[65] Qingquan Song, Xiao Huang, Hancheng Ge, James Caverlee, and Xia Hu. Multi-aspect streaming

tensor completion. In SIGKDD, 2017.

[66] Rishi Sonthalia and Anna C. Gilbert. Tree! I am no tree! I am a low dimensional hyperbolic

embedding. In NeurIPS, 2020.

[67] Waldo R Tobler. A computer movie simulating urban growth in the detroit region. Economic

geography, 46(sup1):234–240, 1970.

[68] Lucas Vinh Tran, Yi Tay, Shuai Zhang, Gao Cong, and Xiaoli Li. Hyperml: A boosting metric

learning approach in hyperbolic space for recommender systems. In WSDM, 2020.

[69] Ledyard R Tucker. Some mathematical notes on three-mode factor analysis. Psychometrika,

31(3):279–311, 1966.

[70] Hao Wang, Manolis Terrovitis, and Nikos Mamoulis. Location recommendation in location-based

social networks using user check-in data. In Craig A. Knoblock, Markus Schneider, Peer Kröger,
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