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Abstract

This dissertation considers space-time fractional stochastic heat equation on a regular bounded domain

Bin R%, d > 1 with Dirichlet boundary condition:

N1

luy(x) = — (—A)2 wy(z) + I P[ho(uy(x))W(t, )] for € B and ¢t >0

(0.1)
u(x) =0 for x ¢ B and t >0,

and the initial condition vy : B — R, is a non-random measurable and bounded function that has support
with positive measure inside B, where the time fractional differential operators 8;3 and Itlfﬁ respectively de-
note the Caputo derivative and the Riemann-Liouville fractional integral operator. The fractional Laplacian
operator — (—A)%, where 0 < a < 2, is the L2-generator of a symmetric a-stable process X7 killed when
exiting B. W denotes a space-time white noise and o : R — R is a globally Lipschitz function satisfying
ly|z| < |o(z)| < L,|z| where [, and L, are positive constants. The positive parameter \ is called the level
of the noise. We studied the long time behavior of their solutions with respect to the level \ of the noise and
show how the choice of the order 5 € (0, 1) of the fractional time derivative affects the growth and decay
behavior of their solution. Further, we showed the continuity of the solution u;(x) of (0.1) with respect to the
fractional parameter 5. Our results extend the main results in Foondun [29] to fractional Laplacian as well as
higher dimensional cases.

We also study the temporal Holder continuity of mild random field solutions for space-time fractional stochas-
tic heat equation driven by noise colored in space which can be obtained by constructing relevant moment
bounds for increments of the stochastic convolution (Y ® o(u)):(y). Our techniques are based on connecting
the space-time fractional Green functions Y, Z to the fundamental solution of 0, P + ¢ (—A)O‘/ 2P, =0,Py =0

via the subordination of Wright-type function W_z .. (—p).
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Chapter 1

Introduction

In 1855, Adolf Fick [21] developed his now-famous principle governing the transport of mass through diffu-
sive media. In his second law, Fick showed that u(¢, x) obeys the classical diffusion equation d,u = D0, u
in the spatial dimension, which estimates how the concentration (¢, x) of a diffusive substance varies with
space and time, where D is the diffusion coefficient. The space-time fractional diffusion equation which is
obtained when integer-order derivative operators in space and time are replaced by fractional counterparts (in
Caputo or Riemann-Liouville sense) has been recently treated by several authors (see, for example, Mijena
and Nane [47], Saichev and Zaslavsky [52], and Mainardi, Luchko, and Pagnini[41]). The typical form of
the space-time fractional equation is 85 u = —(—A)*?u, where @ﬂ is the Caputo fractional derivative with
Be(0,1),ae(0,2)and A =317, 92 is the Laplacian. These equations can be used to model anomalous
diffusion processes or diffusion processes in non-homogeneous media with random fractal structures (see, for
instance, Meerschaert et al. [43], Meerschaert, Nane, and Vellaisamy [45], Baeumer, Luks, and Meerschaert
[3], Chen, Kim and Kim [16] and the references therein). Since these space-time fractional equations depend
on the fractional parameters [ and «, in [19] the importance of the continuity of their solutions with respect
to these parameters is discussed. For example, if the partial derivative in time 0, in the classical heat equation
Oyu = —Aw is substituted with fractional derivatives 85 for 0 < g < 1, the processes explains the sticking
and trapping behavior of particle, while if the Laplacian A is replaced with fractional power —(—A)%/? for
0 < a < 2, it describes long particle jumps (see [1]). In [47], Mijena and Nane have recently introduced time
fractional SPDEs, which can be utilized to represent phenomena with random effects and thermal memory.
In [47], Mijena and Nane have recently introduced time fractional SPDEs, which can be utilized to represent
phenomena with random effects and thermal memory. Some other recent results in fraction time SPDEs are

worked out by Xu and Caraballo [62], Lototsky and Rozovsky [39], and Thach and Tuan [55].
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Let B be a regular bounded open subset of R?. Consider the following space-time fractional equation with
Dirichlet boundary conditions (see (2.6) below for a representation of the solution).
P uy(x) = —(=A)?u(z), xzeB, t>0,
(1.1)
w(z) =0, r¢ B, t>0,
where o € (0, 2) and 8 € (0, 1).

The fractional time derivative is the Caputo derivative which first appeared in [10] and is defined by

1 "ou,(z)  dr
o7 _ T . 1.2
tut(x) F(l—ﬁ) 0 87" (t—’f‘)B ( )
and the fractional Laplacian operator (—A)a/ 2 ([33]) is defined by
A /2 _ 1 « —i€-x zf:cd _ F—l af 1.3
(=A) " u(z) = o—5 [ €%, e ")e™"ds = F {[* Flu} (&)} (), (1.3)
(27T) Rd
where F and F ! denote the Fourier and inverse Fourier transforms, respectively.
If uo(z) denotes the initial condition to equation (1.1), then the solution can be written as
= [ GY d
() B (£, y)uo(y) dy,
B
where Gg) (t, =, y) is the space-time fractional heat kernel defined in (2.8).
Now consider
O ur(r) = —(=A)*u(z) + f(t.2), (1.4)

with the same initial condition ug(x) and f(t,z) is some nice function. To get the correct version of (1.4)
we will make use of [56, 57, 58]. The fractional Duhamel principle implies that the mild solution to (1.4) for

t > 01is given by

t
() = / GO(t, 2, y)uoly) dy + / / GOt — s, 2, )0 f(s,y) dy ds. (1.5)
B 0 B



Using the fractional order integral I, defined by

If(t) = —— / (t — vy f(r)dr,

and the property

0717 g(t) = g(v),

forevery 8 € (0, 1), and g € L(R) or g € C(R,), then by the Duhamel’s principle, the mild solution to

(1.4) where the force is f(¢, 2) = I} “g(t, x), will be given by

t
w () = / GO(t, 2, yhuoly) dy + / / GOt — s, w, )P (I P g(s, y)) dy ds
B 0 B

t
Z/G}f)(t, z, y)Uo(y)dy+/ /Gﬁgﬁ)(t—s, z, y)g(s, y) dy ds. (1.6)
B 0 B

Recently, Mijena and Nane [47], Foondun, Mijena, and Nane [27], and Foondun [29] considered the following

time fractional stochastic heat equation on the interval (0, L) with Dirichlet boundary condition:

Oy (x) = % () + TP (g (2))W(E, )] for 0 <2< L and ¢> 0 .

’LLt(O) = Ut(L) =0 for t> 0,

where the initial condition ug : [0, L] — R, is non-random and non-negative bounded function which is
strictly positive on a set of positive measures in [0, L]. W denotes a space-time white noise and o : R — R is
a globally Lipschitz function satisfying I, || < |o(z)| < L, |x| where [, and L, are positive constants. \ is a
positive parameter known as the level of the noise and will play a significant part in this thesis.

Using Walsh [60], we define the mild solution to (1.7) as the random field u = {u(x) }+~0 .ep satisfying

o) = (Pl +2 [ [ DBt — s, @, y)o(un(y))W(ds  dy), 18)



where pﬁB(t, x,y) denotes the probability density function of the time-changed killed Brownian motion upon

exiting the domain [0, L] associated with the fractional time operator, and

(Plup)(x) = / Pt 2, y)uo(y)dy.

In Foondun and Nualart [28] and Foondun, Guerngar, and Nane [25], the authors looked at the behavior
of the solution to equation (1.7) for small and large A when 3 = 1. They showed that if )\ is large enough,
the second moment of the solution u; grows exponentially fast; while if A is small, the second moment of the
solution u; eventually decays exponentially. Nualart [49] and Xie [61] have used precise heat kernel estimates
to sharpen the results in [28]. However, in [29] Foondun has shown that a more complicated situation will
occur instead of such phase transition if fractional time derivative replaces the usual time derivative. That is, for
any fixed 5 € (0, 1), the long time behavior of the supremum of the second moment of the solution to equation
(1.7) behaves differently by considering the cases when 3 € (0, %) and (8 € (%, 1) separately, and the reasons
for considering these cases are also explained. For more details about the interpretation of the results, one can
refer [29]. These findings are interesting from an application standpoint since fractional time derivatives are
commonly used in the modeling of various systems with memory. Therefore, it is very important to realize
that the use of such derivatives can result in considerable change in the qualitative properties of the solution.
The main aim of this work is to investigate the long time behavior of the solution to (3.1) with respect to the
level of the noise A\. Our work extend the main results in Foondun [29] to fractional Laplacian as well as higher
dimensional cases.

The Holder continuity of the mild random field solution of SPDEs has been studied by many authors, see
Balan et. al [4], Bezdek [6], Chen and Dalang [11], Chen et. al [13], Cui et. al [17], Foondun and Nane [26],
Hu et. al [34], Hu et. al [35], Sanz-Solé and Sarra [53], Song [54]. For example, Foondun-Khoshnevisan
[23, 24] studied the the regularity of the mild solution of the following nonlinear SHE defined by (1.9) after

establishing its existence and uniqueness

Drur() = (L) (x) + o (w(x))is(t , ), (1.9)

u(2)]e=0 = ¢(),



where t > 0, z € R, ¢(z) is a measurable and nonnegative initial function, and £ is the L?*(R)-generator of
a Lévy process X := {X,};>¢ which acts only on the variable x, {w(t, x)}+>0.cr is spatially colored noise,
and 0 : R — R be a fixed Lipschitz function.

Chen and Dalang [11] studied space—time regularity of the solution of the nonlinear stochastic heat equa-
tion in one spatial dimension driven by space—time white noise with the initial condition being a locally finite

measure:

Oy () = (Duarir) () = p(w(w))(t, ),
(1.10)

uy ()] =0 = p(),
where t > 0, x € R, u(x) is a measurable and nonnegative initial function. They get the results that on

compact sets in which ¢ > 0, the classical Holder-continuity exponents }l—in time and %— in space remain valid.

J
2

ALY intime and (2A1)-in

However, on compact sets that include ¢ = 0, the Holder-continuity exponents are ( 5

space, provided  is absolutely continuous with an § Holder continuous density.
In [47], Mijena and Nane considered the space-time fractional stochastic heat equations driven by white

noise

(af + g(—A)aﬂ) w() = b(wy) + o(u(t,2)) W(t,z) 2 €REt >0

(1.11)
() |1=0 = () r € RY,
have shown the spatially Holder continuity
’ ’ q 1 ’ (Q*NB)—/\l
Cily —yl < (Elu(y ) —w(y)|)es < Caly —y[ 77 ™, (1.12)
and the and temporal Holder continuity
Colt' — 1373 < (Bluy (y) — w(y)|7)s < Coft’ — 1372, (1.13)

of the unique mild random field solution for which they have proved existence and uniqueness, where o is

globally Lipschitz continuous and W is a space-time white noise with the covariance

E[W (t, )W (s,y)] = 6(t — s)o(z — y). (1.14)



In [7], Binh, Nguyen, and Ngoc studied the spatial-temporal Holder continuity of mild random field solutions

to the initial value problem for space-time fractional stochastic heat equation driven by colored noise given by

(aﬁ + g(-A)a/?) w(x) = buy) + o(w(t, ) W(t,x) = €RLE>0
(1.15)

u ()] =0 = () r € R%

Here 9] and (—A)®/2 stand for the Caputo’s fractional derivative of order 5 € (0, 1), and the fractional
Laplace operator of order a € (0, 2) respectively, where the latter is also the generator of a strict stable pro-

cess X, of order o with E(e***) = e~*Kl*_ The nonlinearity o is assumed to be Lipschitz continuous.

In [12], Chen and Hu used local fractional derivatives to show the Holder continuity of the random field
solution to the following nonlinear time-fractional slow and fast diffusion equation:

(aﬁ + g(—A)aﬂ) u(t,x) =17 [0 (u(t, z)) W(t,x)] . t>0,z€eR

where W is the space-time white noise, o € (0,2], 5 € (0,2), v > 0 and v > 0, under the condition that
26+7)—1—dB/a > 0.

We now briefly give an outline of the dissertation. In this dissertation we used methods similar to that of
Foondun [29] with crucial changes to prove our main results. These method were also used in [23] and [28]
among others. Chapter 2 contains estimates and some preliminary results needed for the proof of main results.
In Chapter 3 we state our main results on long time behavior of the solution for space-time fractional SPDE
driven by a space-time white noise, while in Chapter 4 we state our main results for the case of space colored
noise. In Chapter 5, we present preliminary results with their proof and state the main result on temporally
Holder continuity of the mild random field solution of space-time fractional stochastic heat equation driven
by noise colored in space. Chapter 6 is devoted to the proof of Theorem 3.1, Theorem 3.2, and Theorem 3.3
while the proof of Theorem 3.8 is given in Section 6.2. Further, in Section 6.3 and Section 6.4 we give the
proof of Theorem 4.3, Theorem 4.4, Theorem 4.5 and Theorem 4.8. Finally, the proofs of Theorem 5.9 and

Theorem 5.9 are given in Section 6.5.



Chapter 2

Preliminaries

In this section we give some preliminary results, which are needed for the proofs of the main theorems.
Let X; denote a symmetric stable process of index o € (0,2) in R; and B be a regular bounded open subset
of R;. Let X2 denote the symmetric stable process killed upon exiting B. The following Hilbert-Schmidt

expansion (see Davies [20] ) holds for the probability density function pg of X7,

(e 9]

pu(t, @, y) =Y e o, (2)¢a(y), @.1)

n=1

forall z, y € B, t > 0, where {¢,, },>0 is an orthonormal basis of L?(B),and 0 < p; < pp < p3 < --- isa
sequence of positive real numbers such that, for every n > 1, PPy, = e #lp,,

where { PPt > 0} denote the transition semigroup of X ? (see Chen, Meerschaert, and Nane [15] ), that is

P2 (@) =Bl fOXP)) = [ paltn) fo)dy 22)
B
From Theorem 2.3 of Blumenthal and Getoor [8] and the proof of Theorem 5.1 of Chen, Meerschaert, and
Nane [15], we infer the following lemma:

Lemma 2.1. [8, 15] For any bounded open subset B of R%, the system of eigenfunctions {¢,,}n>1 and the

corresponding eigenvalues {ji, } n>1 satisfy the following:
a) Cini < iy < Cond foreveryn € N,
d
b) |pn(x)| < Cuz® foreveryx € B,

where C, C, and Cy are positive real numbers.



It is also known that

up(x) = E*[uo (X))

_ /B pa(t, ., y) uo(y) dy,

solves the heat equation Jyu,(x) = —(—A)*/?u,(z) defined on B with Dirichlet boundary condition and initial
condition ug.

Let D = {D;,t > 0} denote a [3-stable subordinator and F; = inf{7 > 0 : D, > t} is the inverse, or
first passage time of a stable subordinator D, of index 5 € (0, 1). The process X gt is just a time-changed of
the killed a-symmetric stable process X;” and since 5 € (0, 1), X7 moves more slowly than X . It is known

that the density of the time changed process X EBt is given by the G (¢, z). By conditioning, we have

GOt z) = /OOpB(s,x)ft(s)d& (2.3)
0

where

fils) =B s P ga (s, (2.4)

where ¢3(.) (Cf. Meerschaert and Straka [44]) is the density function of D; and is infinitely differentiable on
the entire real line, with gg(u) = 0 for u < 0; see Meerschaert and Scheffler [46] for more information about
the inverse stable subordinator E.

The function v;(x) := E*[ug(X 2 )] solves the space-time fractional equation

Pvy(z) = —(=A)*?u(x) for € B and t >0
(2.5)
v(z) =0 for x ¢ B,



with initial condition 1 (Chen, Meerschaert, and Nane [15]). Thus, we get the following representation of

vy ()

vi(z) == E*ug(XE))]
:/B/O Ze " ©n(Y) fr(s) uo(y) dsdy

_ / > Bs(—at”)ou(w) ou(y)uo(y)dy

= / Gyt . yuoly) dy, (2.6)
B
this follows since the Laplace transform of f,(s) is fi(A\) = Ez(—Xt?) where Ej(z) = Y reo —F(ffﬁk) is the

Mittag-Leffler function and has the following property,

1 1
< Ey(2)< f 0, 2.7
w0 =g S P S T g e @7

where I'(+) is the gamma function. Thus, we get the following expansion,

Gt =, y) - ZEg —t1nt?) o ()00 (y). (2.8)

Using (2.4) and a change of variable from (2.8) we obtain

GE(t @, y) = /0 > et g (), (1) gs(u)du (2.9)
n=1
00 " B
-/ p3<(—) . y)gs () du. 2.10)
0 u

The following Lemma from Mijena and Nane [47] about the L?-norm of the heat kernel which is a crucial

ingredient for the existence and uniqueness of solution of equation (3.1) is also used in proving Theorem 3.8.

Lemma 2.2. (Lemma 1 in [47]) Suppose that d < 2« then

/ (GO (¢, 2)2de = C*t &, (2.11)
Rg



where the constant C* is given by

Proof. Using the Plancherel theorem and (2.3), we have

(8) _ (6)y> _ e
[ 16D = o [ 1E) s = g [ 18 e Pae

27Td/2 1 00 B N
= T[4y (27 d/ rd 1(E5(—r tﬁ))er.
(5) (2m)4 Jo
(t9)~Ye2md2 1

= Oozd/a_l —2))?dz.
—mm ), e

where (GP))*(t,z) = Eg(— |£]*t?) is the Fourier transform of G® (¢, z) in (2.3). We used the integration in

polar coordinates for radially symmetric function in the last equation above. Now using equation (2.7), we get

0o d/a—1 00
/ a Sdr < / Y (By(—2))%dz
0 0

+I(1 = 5)2)
o0 zd/a—l
< /0 o 5)71Z)2dz. 2.12)

Hence [} z%/*~(Eg(—=2))*dz < oo if and only if d < 2cv. In this case, the upper bound in equation (2.12) is

/oo Sd/a—1 o B(d/Oé,Z—d/a)
0 (1+F<1—|—ﬁ)—12)2 &= F(l—i—ﬁ)_d/a )

where B(d/a, 2 — d/«) is a Beta function. O
The following three results are helpful in proving the finiteness result in Theorem 3.3, and Theorem 4.5.

Lemma 2.3. Forp > 2and 3 € <%, 1), we have

=

t
| Escmtt = sppas s @.13)
0

for everyt > 0.

Proof. Using the Mittag-Leffler function bounds given in (2.7), we get

10



t

/ot Ey(—pia(t = 5)"Vds < C | (1+T(1+ ) pnlt = 5)°) " ds

t

S— S—

<C [ (1A (ut=5")7") ds, (2.14)
where
1 if (pn(t—s)%)">1,
LA (pa(t = 5)°) " = 1 llt=0) (2.15)
(n(t —9)P)" if (pa(t—s)%) " < 1.
Note that

@[=

(1t —35)°) " <1 = t— " = 5. (2.16)
So, from (2.15) using (2.16) we obtain
t t _
/ Eg(—pn(t — 5)?)Pds < C / <1 A (pn(t = 5)7) p) ds (2.17)
0 0

t—in B t
=C / (un(t—s)ﬁ) pd5+/ . ds
0 t—pin

=
i
SN—

1
S ?, (2.18)

t—pB+1

<o

since




Lemma 2.4. Forp > 2, 3 € G” 1) and d < % we have

t 0o
/ > Ep(—pa(t — 5)°)Pds < o0, (2.19)

0 p=1

for everyt > 0.

Proof. Using Lemma 2.1(a) and Lemma 2.3, we obtain the following:

<) nTE < oo, (2.20)

since & > 1

Bd )
[
Lemma 2.5. Forp > 2, B € (1—1), 1) Jifd < % then we have
t 00
/ D Eg(—pn(t — 5)° )Pl (x) ds < oo, 2.21)
0 n=1
for everyt > 0.
Proof. We prove the result using by Lemma 2.1(b) and Lemma 2.3 as follows
t oo o0 t
| Bl = 9P rtia)ds =3 [ Balcimt = 5P ds
0 n=1 n=1"0
0 4 _1
n=1
< Yonttdh
n=1
<Y TR < oo, (2.22)
n=1
since = > 2. O]

Bd

12



The following continuity Lemma is crucial to justify the conclusion of Theorem 3.8.

Lemma 2.6. Assume that {,, },>1 are uniformly bounded by a constant C(B), depending on the geometrical

characteristics of the domain B, i.e.,

Fixt > 0, then for d < a we have

lim sup)(gg)uo)t(x)—( Oug)e(z)| = 0,

=B zeB

where

(G5 uo)i(x) = /B Gt . yyuoly) dy.

Proof. Since the initial datum 1, and Gg) (t, x, y) are given to be bounded from above, it suffices to show
that

hmsup‘(}’(7 (t, =, y) — GP(t, y)‘ 0.
Y=B zeB

Now using the Laplace transform of the Mittag-Leffler function, for any 6 > 0 we have

o] v—1 o0
lim e "E 217) dt = lim —/ e " Eg(—pu,t?) dt.
lim | () db =N e = | 5(—nt”)
This implies that
lim B, (—pnt?) = Eg(—pnt?). (2.23)
Y—=B

Now using the expansions for the heat kernel, we have

GP(t, 2, y) =GPt 2, )| <D [|Bs(—pnt?) — By(—pat”)|lon(@)|n(y)]] - (2.24)
n=1

Taking limit as v — [ on both sides of (2.24) we obtain the required result, since each terms in the summation
can be bounded by a quantity independent of v and (. This is due to the uniform boundedness of the eigen-
functions {,, },>1 and the bounds on the Mittag-Leffler function together with Lemma 2.1(a), and summable

as shown below.

13



For any ¢ > 0, then we obtain

i [|Eﬁ(_ﬂnt’8) - Ew(—Mnt7)||90n(fE)||¢n(y)|] < [C(B)]Qi | Es(—pint?) = Ey(—pint)]
<[e®r g {1 T Jrlﬁ)—luntﬁ TiETa Jrlv)—lunﬂ
< [C(B)F i L (547
< 2[C(B)]* max(1,1/t) in-i‘ < 00, (2.25)
—
where C is a positive constant. O

The following result is useful to justify the next lemma.
Remark 2.7. For any real i, the inequality e=* < €,27" holds for all z > 0.

Proof. From the series expansion of e, for any n > 0, we have

This implies for any n > 0, we have

Thus, the remark follows. [l
The following lemma is useful in the proof of Lemma 2.9(b) and Proposition 6.3.

Lemma 2.8. If 3 € (8o, 51) for some By, 1 € (0,1) and £ < X < ﬁ, then using the inequality

e * < 6,27", we bound the following integral as follows:

o 2 n—2 2 p—2
/ e—205/pid8 < p1—2/\ﬂ0 %“09 " + Cg“le " (2.26)
. 287~ 1—2X =29 2\Bo+2u1 — 1

where 0 < pip < min (% — A, #) and iy > %

14



Proof. Consider the integral

00 1 00 —26'r
/ 6—295/}0 1 2)\5/
o 52\B 0 T2/\ﬂ
1 N 1 67291"
dr + dr
[ /0 7278 / 7278 }

1 e 1
P2 |2 g2 2 g2
ot “0 T2)\,8+2u it O TG0 /1 2N+ dr}
2 2 2 n—2
<o [ G0 G0 2.27)

where 3 € (B, 1) for some By, 51 € (0,1), o < min (l — A %) < min (% — A 1‘;”) and

1— 260)\

H1 > , which implies that the proper integral fo Ty e 5L —mxrang dr and f 1 23++2Mdr are convergent. O]

Lemma 2.9 (Nane and Tuan, 2022 [48]). Assume that {¢,, }»>1 are uniformly bounded by a constant C(B),

depending on the geometrical characteristics of the domain B, i.e.,

a)Let B € (3,1), and & < X < % Then there exists a constant C' = C'(\) independent of B such that
Gt @, y)| < Ot (2.28)

b) Let 5 € (Bo, B1) for some By, 51 € (0,1). Let also 0 < jip < min <% — A, #) and j1; > % Then

ford < there exists positive constant C' which depends on iy, j11, p and independent of 3 such that

e

2,3’

SES eyt e

g
(s, z, y)|2dyds} <Cp

15



Proof. (a) Using the fact that Eg(—p,t%) < for any <A< 35 and C is independent of (3, we find

(1+# t8)A
that
G (e, 2, ) ZEB s (honls)| < C X Bl
n=1
<C L1 <ot 2
< Zuntm\ =, (2.30)
where we used the eigenfunction expansion of GSB (t, z, y) and that the series »  ~ %ﬁ <>, n=% is

convergent since A > g.

(b) Using part (a) of this lemma together with Lemma 2.8, we obtain

oo oo 1
/ / e’295/p‘G§§8)(3, x, y)|2dy ds < / e’zas/p—%ﬂ ds
0 B 0 S

< p1—2)\,80 %509—2/10 + (5,319_2M1

~J

(2.31)

where 8 € (B, 1) for some Sy, 31 € (0,1), o < min (l — A\ %> < min (% — A\ 17;”) and

1— 260)\

> , which implies that the proper integral fo ey ey HQHO —sxz—dr and f 1 2ﬁ++2u1d7" are convergent. It follows

from (2.31) that for any p > 0

0o p/2 - 2 n—2p0 2 n—2p1 p/2
|:/ / 6_268/p|G(é8)(8, z, y)|2 ds dy:| ,S pw |: Cg,uoe n Cgm@ :| ’
o JB 1=2X—=2p0  2\Bo + 2 — 1

which allows us to deduce (2.29). That is, each terms in the summation can be bounded by a quantity inde-

pendent of 5.

Next we give an example where the sufficient condition of Lemma 2.6 is satisfied.

Example 2.10. Let X; denote a Brownian motion in R? and XP denote the Brownian motion killed upon

exiting the rectangular domain B := [0, L] x [0, Lo]. The eigenvalues of the Dirichlet Laplacian are fi,, , =
(FE) ()% and @ (2, Y) = om(2)pn(y) = \/L21T sin("7-*) sin(“7? ) are the corresponding eigenfunction

50 that |, n(x.y)| < ﬁfor all (x,y) € B. A similar result is valid for the Brownian motion in higher

dimensional rectangular boxes.
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The next theorem is the Burkholder-Davis-Gundy inequality which is one of the tool frequently used in

the proof of our results.

Theorem 2.11. ( [51]) For every p € (0, c0) there exist constants c,, C, € (0, co) such that for any continu-

ous local martingale M vanishing at 0 we have

c,B[< M, M >P?] < E[(M2)P] < C,E[< M, M >*/?, (2.32)

where <M,M> denotes the quadratic variation of a process M and M = sup, ¢ 1 | M.
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Chapter 3

The long-time behavior of space-time fractional SPDE driven by space-time white noise
3.1 Introduction

Consider the following stochastic heat equation on a regular bounded domain B in R?, d > 1 with Dirichlet

boundary condition:

N1}

O uy(z) = — (=A)2 wy(x) + I P[Ao(up(x))W (t, z)] for € B and t >0

3.1
w(z)=0 for z¢ B and t >0,

and the initial condition uy : B — R, is a non-random measurable and bounded function that has support
with positive measure inside B. The operator — (—A) 2, where 0 < o < 2, is the L?-generator of a symmetric
a-stable process X killed when exiting B. IV denotes a space-time white noise and o : R — R is a globally
Lipschitz function satisfying [, |z| < |o(x)| < Ls|x| where [, and L, are positive constants. The positive
parameter A is called the level of the noise.

W (t, x) is a space-time white noise with 2z € B, which is assumed to be adapted with respect to a filtered
probability space (2, F, F;, P), where F is complete and the filtration {F;, ¢ > 0} is right continuous.

W (t, x) is a generalized process with covariance given by

E W (t, x)W(s,y)| = do(t — $)do(x —y),

where dy denotes the Dirac delta distribution. That is, W (f) is a random field indexed by function f €

L?((0, o) x B) and for all f,g € L?((0, c0) x B), we have

E [W(f)W(g)] = / ) / £(t, 2)g(t, x) de dt.
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Hence W ( f) can be represented

:/OOO/Bf(t,x)W(dxdt).

Note that W ( f) is F;-measurable whenever f is supported on [0, t| x B.
We need to make sense of the stochastic integral in the mild solution [18, 60]. The Walsh-Dalang Integral
that is used in equation (3.3) is defined as follows. We use the Brownian filtration {F;} and the Walsh-Dalang

integral [18, 60] defined as follows:

e (t,z) = ®4(z) is an elementary random field when 30 < a < b and an F,-measurable X € L*(Q2) and
¢ € L?*(B) such that
@t(x) = Xl[&b}(t)(b(x) t>0,z € B.

* If h = hy(x) is non-random and & is elementary, then

/ hbdW = X he () ()W (dtdr).
(a,b)xB

» The stochastic integral is Wiener’s, and it is well defined iff h(z)¢(x) € L*([a, b] x B).

* We have [t6-Walsh isometry,

E(’/ ) /ds/dy YPE(|2.(y)[). (3.2)

We can make sense of equation (3.1) using Walsh theory [60] again by using the integral equation below.

w(r) = (QB Up)¢ +)\// — s, x, y)o(us(y))W(ds, dy), (3.3)

(ﬁ)(

where G;’(t,x,y) denotes the heat kernel of the space-time fractional diffusion equation with Dirichlet

boundary conditions in (1.1), and
(G wh(e) = [ Gt 2, pualy) .
B
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If d < (2A871)a, the proof for the existence of a unique random-field solution of (3.1) whose second moment

satisfying

2a
cotAa—pBd

sup E|u,(7)]? < cre
€D

for all ¢ > 0 can be found in Theorem 1.1 of Foondun et al. [27].
Next we state our main results of this chapter.
We first note that when o = 2 and B = (0, 1), (3.1) becomes (1.7). Thus, our new results are consistent with

that obtained in Foondun [29].

3.2 Main results

Theorem 3.1. Suppose that d < (2 A f7')a. Let u; denote the unique solution to (3.3). Then the second
moment of u; cannot decay exponentially fast, regardless of what ) is. Indeed, if we further suppose that
2

B € (0, %] then as t gets large, sup,. g E|u,(z)|* grows exponentially fast for any \.

Theorem 3.2. In Theorem 3.1 if € (%, 1), then there exist a strictly positive real number )\, such that for all

A > Ay, sup,cp E|uy(2)|? grows exponentially fast as time gets large.

Since the Mittage-Leffler function EB(—th) (Gorenflo et al.[32]) behaves as a stretched exponential for

t—0;
Ep(—t!) =1 — e g <t<l
1—1(/3 + 1) ) )
and as a polynomial decay for ¢ — oo,
i r
Eg(—t7) = sin(fm) [(5) for t>1,

T 87

the polynomial decay behaviour of Ejg(—t”) illustrates the need for the sharp condition of 3 € (0, %] in
Theorem 3.1. So the representation Gg) in equation (2.8) which is defined interms of Ej(.) is crucial to our

results.

Theorem 3.3. In Theorem 3.1, suppose that 3 € (3, 1). Suppose also that d < /203 or {¢,}ns1 are
uniformly bounded by a constant C'(B), then there exist a strictly positive real number \; such that for A < \,

the quantity sup,. , sup,c g E|u;(z)|? is finite.
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Remark 3.4. The assumption of a uniform bound C(B) on the eigenfunctions {, } n>1 look artificial, however
there is no known bound for these eigenfunctions except the cases given in Lemma 2.1 and the uniform bounds

as in Example 2.10 for the Brownian motion in higher dimensional rectangular boxes.

From the three results above in line with the interpretation given in Foondun [29], we note that whenever
B e (0, %] the killed time changed «-stable process X gt defined in Section 2 reaches the boundary of B
slower which allows the non-linear term to grow exponentially for any A when ¢ becomes large. On the other
hand, for 5 € (%, 1), this process does not have time to generate such growth unless \ is large enough, since
it proceeds quickly enough to the boundary.
Fractional parameters play an important role in many problems involving space-time fractional equations.
However, in modeling problems, these fractional parameters are unknown a priori. As a result, continuity of
the solutions with respect to these parameters is essential for modeling purposes. The following continuity

B

theorem of the unique solution uy (x) of equation (3.5) with respect to the parameter /3 is Theorem 4.3(b) of

Dang et al. [19].

Theorem 3.5 (Dang, Nane and Nguyen [19]). Let uﬁw and ugﬁ ) denote the solution to the following equation

for parameters v, € (0, 1) with v — (3. The initial condition ug = f(x) is the same for both equations.

ra,@

wut(x) = Aw(z), ze€B, t>0,

u(x) =0,z € 0B, t>0, (3.4)

u(0, ) = f(x), =z € B.

\

Then, we have

lim |[ul” (z) — u{” (2)[|% = 0,
Y—=B

where H is the Hilbert space of all functions with the bounded norm induced by

1l = | D i3IS @),
k=1

where . is a sequence of eigenfunctions of the Laplacian operator A with the corresponding eigenvalues iy,

foreach k =1,2,---, which are specified in the preliminaries.
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Remark 3.6. Meerschaert et al. [45] established the existence of a unique solution for equation (3.4).

The following continuity theorem of the unique solution uf () of equation (1.7) with respect to the

parameter (3 is Theorem 1.3 of Foondun [29].

Theorem 3.7 (Foondun [29]). Let ugﬁ ) and u; denote the solution to equation (1.7) and the solution to equation
(1.7) for B = 1 respectively. The initial condition uq is the same for both equations. Then, for any p > 2, we
have

lim sup Eluy(z) —ul” (z)|P = 0.

B—=1 e [0, L]
In the next theorem, we show the continuity of the solution u,(z) of (3.3) with respect to the fractional

parameter /3.

Theorem 3.8. Assume that {0, },>1 are uniformly bounded by a constant C(B). For d < i min{%, %}oz, let

(

uﬂ) and uE’B ) denote solutions to equation (3.3) for parameters 3,7y € (1

> 1) respectively with v — (. The

initial condition uy is the same for both equations. Then, for any p > 0, we have

lim sup Elu{” (x) — u{” (x)|P = 0.

=B zeB

Here we observe that Theorem 3.8 extends Theorem 1.3 in Foondun [29] to fractional Laplacian case,

and Theorem 4.3(b) of Dang et al. [19] to stochastic case.
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Chapter 4

The long-time behavior of space-time fractional SPDE driven by space colored noise

4.1 Introduction

The other class of equations that we consider in this thesis is equation with space colored noise stated as

v

Puy(z) = — (=A)2 wy(z) + I} Mo (uy(z))E(t, 2)] for 2 € B and t > 0

4.1)
u(zx) =0 for x¢ B and t >0,

and the initial condition ug : B — R, is a non-random measurable and bounded function that has support with
positive measure inside B. The operator — (—A)%, where 0 < o < 2, is the L2-generator of a symmetric a-
stable process X7 killed when exiting B. The function o : R — R is a globally Lipschitz function satisfying
lo|z| < |o(x)| < L,|x| where [, and L, are positive constants. The positive parameter \ is called the level of
the noise.

The noise F'(t, x) is white in time and colored in space satisfying

Cov(E(t, 2), F(s, y)) = do(t — s)f(x,y),

where dy denotes the Dirac delta distribution, 0 < f(x, y) < g(z — y) and g is a locally integrable function

on R? with possible singularity at 0 satisfying

9(8)
/Rd Tr e <o (4.2)

where ¢ denotes the Fourier transform of g.

This can be interpreted more formally as
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Cov( Joar. [ wdF) _ /0 ) / dr / Ay () ) (o~ ), (4.3)

where we use the notation | ¢dF' to denote the wiener integral of ¢ with respect to F, and the right-most
integral converges absolutely.

We will need the following non degeneracy condition on the spatial correlation of the noise.

Assumption 4.1. Assume there exists some positive number Ky such that

inf f(x, y) > Kj. (4.4)

z,yeB
This assumption is very mild as it is shown by the following examples.
Example 4.2. For the following list of examples Assumption 4.2 is satisfied.

* Riesz Kernel:

flz,y) =

with v <dA a.
[z =yl

The Exponential-type kernel: f(x,y) = exp|—(x - y)].

The Ornstein-Uhlenbeck-type kernels: f(x, y) = exp[—|zv —y|°]  with 6 € (0, 2].

Poisson Kernels:
d+1

e = (=)

Cauchy Kernels:

o =11 ()

Jj=1

Following Walsh [60], u; is a mild solution to (4.1) if

w(z) = (G ug)(z) + A /B /0 GOt — s, x, y)o(us(y))F(ds , dy), (4.5)
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where Gg_f) (t,x,y) denotes the heat kernel of the space-time fractional diffusion equation with Dirichlet

boundary conditions in (4.1), and

(6P ug)e(z) := / GO(t, z, y)uoly) dy.

We note that when the correlation function is given by the Riesz Kernel, the proof for the existence of a unique

random field solution w; of (4.1) whose second moment satisfies

_2a
sup Eluy (2)]* < caeth
reB

for all £ > 0 can be found in Theorem 1.3 of Foondun et al. [27].

Next we give the statement of the main results of this chapter.

4.2 Main results

Theorem 4.3. Suppose that the Dalang condition (4.2) holds. Let u; denote the unique solution to (3.3). Then
no matter what X is, the second moment of u; cannot decay exponentially fast. In fact, if we further assume
that 8 € (0, 3] and Assumption 4.1 holds, then as t gets large, sup, g E|u,(x)|* grows exponentially fast for

any \.

Theorem 4.4. In Theorem 4.3, if § € (%, 1) and Assumption 4.1 hold, then there exist a strictly positive real

number X\, such that for all X > \,, sup,.p E|u:(2)|* grows exponentially fast as time gets large.

Theorem 4.5. In Theorem 4.3, suppose that 3 € (%, 1), d < 35> and Joup @, y)dedy < oo. If {pn}nz1
are uniformly bounded by a constant C(B), then there exist a strictly positive real number \; such that for

A\ < \; the quantity sup,- o sup, .5 E|u,()|? is finite.
Corollary 4.6. In Theorem 4.5, if d = 1 and o« = 2 then the conclusion of theorem follows.

Corollary 4.7. In Theorem 4.5, if d = 1 and f is Riesz Kernel function, then the conclusion of theorem follows.
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Theorem 4.8. Assume that {,,},>1 are uniformly bounded by a constant C'(B), and
Jowp [z, y)dedy < co. Ford < %min{%, %}a, let ugﬁ) and up) denote solutions to (3.3) for parameters
B,y € (%, 1) with v — (. The initial condition uq is the same for both equations. Then, for any p > 0, we

have

lim sup E\up) (x) — Ugﬁ) ()" = 0.
y—B reB
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Chapter 5

Temporal Holder continuity of the mild random field solution of space-time fractional stochastic heat
equation driven by colored noise

In this chapter, we consider space-time fractional stochastic heat equation driven by noise colored in space

defined by

(af + Z(—A)a/2> u(t,z) =17 [a(u(t, D) Wit,z)| zeRLt>0

2

S.D
u(0, ) = up(x) z € RY,
where the fractional differential operators oy, (—=A)2/2 and I respectively denote the Caputo derivative,
the fractional Laplacian and the Riemann-Liouville fractional integral operator, the noise, W, is a centered
Gaussian noise that is taken to be white in time and colored in space, and study the temporal Holder continuity
of mild random field solutions, which can be obtained by constructing relevant moment bounds for increments
of the stochastic convolution (Y ®c(u));(y). Our techniques are based on connecting the space-time fractional
Green functions Y, Z to the fundamental solution of 0, P, + g(—A)a/ 2P, =0, Py = J; via the subordination of
Wright-type function W_g . (—p). In other words, I is a 0-mean Gaussian processes on the space of Schwartz

functions, . (R4*1), with the following covariance functional:

EWOWW) = [ ds [ sy sl -, o0 e SRS 62)

where 0, denotes the Dirac delta distribution.
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5.1 Preliminary results

5.1.1 Asymptotic Behaviors of Green functions for stochastic space-fractional heat equations

Let us consider the following space-fractional SPDE

(0 + 2(=A)2) u(t,z) = I} [o(u(t,z)) W(t,x)] z€RLE>0

(5.3)
u(0, ) = up(x) r € R%
Let us denote the fundamental solution of
P +%(—A)PP=0 zeRLt>0
(5.4)
PO = 507
by P, = Py(z), for (t,x) € R, x RY, which can be obtained by the inverse Fourier transform as follows
P(z) = F He " (z), t>0, z €R% (5.5)

We use the Walsh theory [60] to interpret the stochastic equation (5.3) by the random integral equation as

follows

u(y) = (Pox o) (y) + / / Py — y)olu ()W (d, dr). (5.6)

The function F, is called the space-fractional Green function, which satisfies the following asymptotic prop-
erties (Binh-Tuan-Ngoc [7], Bogdan-Jakubowski [9], Chen-Kim-Song [14], Foondun-Joseph-Li [31], and
Jakubowski-Serafin [36]):

Lemma 5.1. (Asymptotic behavior of P). For allt > 0 and x € R,

Clt
(tl/a + |x|)d+a

Cgt .
tl/a + |x|)d+a7

a) <pt($) < (

tlef
(tl/a + |x’)3+a’

b) |VP(z)| <

1
c) ~A)?p(2)] < —.
(AP RIS

where ¢y and ¢, are positive constants depending on a.
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5.1.2 Space-time fractional stochastic heat equations

/2

Here we consider the space-time fractional heat equation 6’;;3 u + (—A)*?u = v with the initial condition

u(z)]1=0 = () to obtain the mild setting of the equation given in (5.1), which is the integral equation

w(y) = (Zyx o) (y) + /0 /]Rd Yoo (z — y)v(z)dxdr. (5.7

by driving the equation

07 (&) + €170 (&) = 0(8), (&) = ¢(9),

using the Fourier transform.
In the equation (5.7), the fundamental solutions Z; and Y; are called the space-time fractional Green

functions and can be formally expressed in terms of Mittag-Leffler functions by

— - a 1 i§-x — ot
Z(x)=F 1(1%7“ﬂ (=27 "t7¢| )) = \/—27/[@66 Eg g (—27'9t%1€]%) d¢, (5.8)
and
Vi) = F (09 By g (2 0lel) ) = o [ o e (—2 el 59
i(7) = t 5,64 ( WE) ) = T Rde 5,84+ ( Yt71€]*) dg, (5.9
e J
where E ,.(z) := Z F(Z——H (for s > 0,r € R, and z € C) is the Mittag-Leffler function. For more details
js+r

§=0
about Z and Y refer Binh-Tuan-Ngoc [7] and Kemppainen-Siljander-Zacher [37].

5.1.3 Absolute moment of the Wright-type function

The classical Wright function, that we denote by W), ,(2), is defined by the series representation convergent in

the whole complex plane,

00 o
W,\ju(z) = Z m, A > —1, ne (C, (510)

n=
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The integral representation reads as:

1 ado
_ o+zo -
WW@»_EEZQf o A>-L peC (5.11)

where Ha_ denotes the Hankel path: this one is a loop which starts from —oo along the lower side of negative
real axis, encircles with a small circle the axes origin and ends at —oo along the upper side of the negative real
axis. The equivalence of the series and integral representations is easily proved using Hankel formula for the
Gamma function and performing a term-by-term integration.

We now present the probability density function (pdf) known as the Wright-type function [40] W_, ;_,(_.),

which is defined in equation (5.12) as

Woviv(=2) = 7; n!F[—1/<n_ i)u - (-12)

with support in R*. Its absolute moments of order 6 > —1 in R™ are finite and turn out to be:

6 e S J— <
/0 2 W_, 1 (x)de Ts+1)’ o> —1, 0<r<l. (5.13)

Lemma 5.2. Let W_g .. (—p) be the Wright-type functionin R;, 0 < < 1 and 6 > 1. Then,

the (finite) absolute moments of order 0 are given by:

0> —1, 0<p<1. (5.14)

9 B ~ Ie+1
A pWHm(pr—FW+B+Bm,

Proof. The proof is based on the integral representation of the Wright function W_g ,(—p):

1 dO'

(4 (Y o—poP

o'W —n)dp = 0’ | — Po” | dp
/0 ﬁ»'Y< ) /0 [2li/Hae ’Y]

1 > d
— e [/ e_pgﬁpedp] _U
21 J o 0 o7

IO +1) / e’ o
‘ Ha_

2mi oV +B+69
(6 +1)
_ . 9>-1, 0<pB<l (5.15)
L(v+ 8+ p0)
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Since, by integral definition of a Gamma function I', we have

[e.9]

['(z)= /sxlesds, s > 0. (5.16)
0

The exchange between two integrals and the following identity contributed to the final result for Lemma 5.2:

o 09 +1)
B 0 -
/O e Py — CIE (5.17)

Proposition 5.3 (Theorem 1.5 [50]). Suppose x > 0,y > 0, and 0 < p < 1. Then
2P —yP| < |z =yl (5.18)

Proof. Assume w.lo.g > y. Then the statement becomes z¥ — y? < (x — y)P. Since y > 0, divide through
out by y”. So we need to show (7)? — 1 < (§ — 1)” whenever z >y > 0and 0 < p < 1. Let¢ = £. Then
t > 0. So we need to show ¥ — 1 < (¢ — 1)? whenever ¢ > 1land 0 < p < 1.

Let f(t) = (t—1)» — (* — 1) where 0 < p < 1.

We claim that the function f(¢) is increasing for ¢ > 1 and when 0 < p < 1.

So f(t) = f(1) and f(1) = 0. So, we get the desired result.

To show f(t) is increasing for t > 1 and when 0 < p < 1, we need to show 0 < f'(t) = p(t — 1)P~! — ptP~L.
Since p > 0, all we need to show is that (t — 1)P~1 > 71 V¢ > 1and 0 < p < 1.

Since 0 < p < 1, we need to show ¢'~7 > (¢ — 1)' 7 which is true since p < L and ¢t > ¢t — 1 > 0. O

5.1.4 More on the space-time fractional Green functions

By connecting the space-fractional Green function P with the space-time fractional Green functions Y, Z, we

shall look for solutions to the problem. For 3 € (0, 1) and z € RY, we can use the Fourier transforms (5.8),
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(5.9) and the definitions of Y; and Z; to form the following relationship between P and Y;, Z;:

$o+7—1

- Qi€ g (/Oo W o (—ple=2 "lEl%rg ) d
\/% o o 5,7( p) P 5

$B+y-1 OOW igw ,—p2 P E qe ) g
_ N /0 “54(—p) </RN€ e 5) P
=t /0 Wepr (=) Plp2-100) (2)dp,

Yi(x)

where P is the density of the stable process and where s = 5 + v and

1 ; & —1 «
Zy(z) = \/_2_7r /Rd ol g (/0 W7ﬁ717ﬁ<_p)€72 A g| pdp) d¢

1 &0 ; —1.4B8 ¢
_ Wont a(— / P P A U R | )d
\/%/0 8,1 ﬂ( p) ( o g Y
:/ W_g1-5(=p) Ppa-1ye)(x)dp.
0

Next we give some basic properties of the space-fractional Green function P, including its spatial and
temporal continuities, which are essential to establish spatially and temporally continuities of the space-time
fractional Green functions Y, and Z. These can be found in many studies, such as, Asogwa et. al [2], Bezdek
[[6], Lemmas 2,3], and Li [[38], Lemmas 1,2]. The first part of this lemma can be proved by using Part b of

Lemma 2.1. The second part can be proved due to Part ¢ of Lemma 2.1.

Lemma 5.4 (Lemma 2 of Li [38]). Forallt,t >0, and x € RY, there holds that
0 JoulPie =)~ Pl dy S (e n1);

b) fow [Po(y) — Piy)l dy < (| log(t') — log(t)| A 1);

Proof. (a) For all r > 0, define

pa(r) = pa(r,t) ;== sup lpe(y — 2) — pe(y)|dy- (5.19)

2€R4 |z|<r JRY

We first consider the case d = 1. Then

mjz]) = sup / w( /yyz 8p§§€)d§]dy. (5.20)

z€(0,|z|) J —oc0
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By (2.3) of [36] (or Lemma 5 in [9]), we have

Ip(§) tle]
‘ o€ ’< (t1/e 4 [g])3te (5.21)

where C' only depends on «.

Taking (5.21) into (5.20) to get

e
plle) < ﬂﬂ/ tW+mww%

_ Cl v
- |
C
<O sem (5.22)

For d > 1, integrating one coordinate at a time and then applying the triangle inequality, we have ji4(|x|)

Z;.lzl p(|z]) < ilc—/@fl, where * = (21, -+ ,24) € R On the other hand, since |p;(y — z) — pi(y)| <

pi(y — o) + pi(y) and [, pe(y)dy = 1, we have p1q(|2]) <

(b) From (5.4) and Proposition 2.1 in [59], we show that

Op(y) < Cp(y)

| T | < P (5.23)

Then letting t' =t + ¢, we have

/Rlpm(y)—pt(y)|dy=/R\/tt+€ 8p5—iy)ds{dy // Py 4 dy

= C’/tHE éds = C(log(t +¢) — log(t)).

(5.24)
On the other hand, we have [, [pi4-(y) — pi(y)|dy < 2
[
Lemma 5.5. Forall t, t such that 0 < t < t’, there holds
[ 12,0 )1dy < sllos(t) ~ tog(0) 1. 529
R
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where 3 € (0, 1), v € (0, 1), « € (0, 2), and

Zt,t' (y) = Zy(y) — Zi(y), (5.26)

and

Zy(y) = /0 W_g1-5(=p) Pp2-15)(y) d p. (5.27)

Proof. Forallt,t suchthat0 <t < t, there holds

[ Zewldan= [ 12,6) = Zewldy

:/Rd / W—ﬁ,l—ﬁ(—P)P(pz17(t/)ﬁ)(y)dp—/0 W_p(=p) P15 (y) d p| dy
/ w_ B,1— 5 / ’P(pQ 1 ) P(p2*1'ytf8)(y)‘dydp
< [ Wonios(pl g2 (¢ %) ~ (e 9t%)| A 1)

< / W1 s(—p)|B((log(t')) — log(t))| A1) dp

— (B(log(f') — log(t)) A 1) / T Wopns(—p)dp,

< B(log(t) —log(t)) A1, (5.28)

where [°W_g1_5(—p)dp =1, and by Lemma 5.4 (b). O

Lemma 5.6. For all t,t such that 0 <t <t , using Proposition 5.3 there holds

/Rd Y, s ()| dy < 71 (B(log(t) — log(t)) A1) + ) ), (5.29)
where 5 € (0, 1), v € (0, 1), and a € (0, 2) such that s = 4+ v < 1,
Yio(y) =Yy (y) = Yily), (5.30)
and
Yi(y) =t /0 ) W_p(=p) Ppz-1e9)(y) d p. (5.31)
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Proof. Forallt,t suchthat0 < t < t', there holds

[ ewldy = [ i) =Yl dy

- /0 W_pa(=p)Ppa-15)(y) d p
— ! /Oo W_ g4 (=p) Ppz-1ye9)(y) d p| dy
/ W_gq(— /|Pp21 (y) = Ploa-1ymy(y)| dydp
SO =0 [ W) / Pyt () dydp
)" 1/ W, (— /|logp2 Y(t)%) —log(p2 ' 4t")| A1) dydp
FEPEE =0 [ W) / Plya1us) () dydp

Ot [ W /w (log(t)) — log(£))| A 1) dyd p

+ (t )Silt&l(t - t)lis Wfﬁ,v( P)/ P(p2*1'yt5)(y) dydp
0

ST (Bllog(t) —log(t) A1) + ()" (' =)'~

where s = 3 + 7, fooo W_g(=p)dp= (S), and by Lemma 5.4(b).

Lemma 5.7. Ift,t € (0, T| are positive such that t V t < 2(t At'), then

where 5 € (0, 1), v € (0, 1), and a € (0, 2) such that s = 4+ v < 1,

-/\/’tﬂj’ ('I7 ZY, y) = }/;f,t/ (,QT - y)}/;,t/(z - y)7

YViy(x—y) =Yy (x —y) —Yi(z —y),

and

Yi(x —y) =t°~ 1/ W_g~(=p)Py-148(x —y) dp.

35

/ —s/,! s—Br_1,,s— s—1/4"\s—
/ N,y (@, 2,9,9) frle — 2)dzda| < | — 750 A~ 4071 (1),
R4 JRA

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)



Proof. Let us denote

Sp2717t57p2717(t’)5 (fL’, Y, Z) = fk(x - Z)(Pp2*1w(t')5 (Z - y) - Pp2*1'ytﬁ (Z - y))? (537)
and
S,o-18(1,y, 2) i= fr(x — 2) Pyg-148(2 — y). (5.38)
Then
/ Ny xzyy)f,\(x—zdzdx—/ / v (T = Y)Y,y (z—y) Az —z)dzdz
Rd JRd R4
= ()" 1/ /Rd/ W_g (= tt (z — y)sp2*1'ytﬁ p2*1'y(t/)/3(x7y7z)d2dxdp
+ ()t =Y / / W_p(—=p)Y, (& = 4)Spa-100 (2,9, 2) dzd x d p. (5.39)
Rd JRd

We note that |(¢')*~! — 71 < (£) P vis~t = (£ At)*"'and (£)*' < (' At)*~! whenever ¢, ¢ > 0. Upon

using the triangle inequality and maximization over variables, once can get the inequality

’

f)\(l' — Z)‘PpQ—l,ytﬂ(Z -y ) Ppg 1,Ytﬁ( )‘ dZ (f)\ * Pp2—1,yt,6)<0). (540)

Rd

See also the inequality (16) of Bezdek [6]. On the other hand, the asymptotic behavior of P (in Lemma 2.1 of

Tuan et al. ) ensures that (f, * P,)(0) < Ct~a forall £ > 0. So, we have

‘/Rd/Rd/\Qt,(m,z,y,y)fA(x—z)dzdm
<R [T [ W)Yo @ = DI 5 PO+ (5 Prsi)(O) i
+Mt“//w_ﬁw DYy (& = DI (i * Praosses)(0) ddlp.
SO a0 [T Woan a2 ) E 4 2 ) (e -l dady
tms“/ L W% 4 ) R le = ldady

@t S [T W alY, e pldedp, (5.41)
R
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since (t/)*% +t < 2(15' A t)*% fort, t' > 0. In addition, w.l.o.g. we can assume 0 < t < ¢ < 2t (and so
(t' —t)/t € (0, 1)). Further, we have |log(a’) — log(a)| < ((a' — a)/a)’ forall 6 € (0, 1),a < @’ < 2a, we

imply that | log(t') — log(#)| < (|t — t|/t)**. As a result, using Equation (5.2) and Lemma 5.6, we obtain

’/Rd/ N (@, 2,y,y) fa(z — 2)dzd =
SEaE [T [ oG- plasds

S e 1ol MLTLRILE
S0 e B e P o) —log(0) A1) + () 1))
S| =5 AR (). (5.42)

O
Lemma 5.8. Forallt > 0, y € RY, there holds that
/ / Yi(w = g)Vilz — y)fale — 2)dzda S 82, (5.43)
Re JRd
where s = 3 + 7.
Proof. For short, we first denote
£p2—lvtﬂ,p’2—1wtﬂ<377 y,z) = t2872pp2*17t‘3 (z — y)Pp'Tlvtﬁ (z =y)fala = 2), (5.44)

for all positive numbers p, ¢, and z, y, z € R% where s = 3 + ~. By the relation (5.31) between the Green

functions Y and P, we obtain the identities

[ [ Yite =it~ )il - ) da
Rd Rd
:/0 / /Rd g W,M(—p)W,gﬁ(—pl)‘,@/ﬁ_lwg’p/2_17tﬁ(:c,y,z)dzda:dp/dp

— t2$_2 / / 5 W_ﬁﬁ(_,0)W_ﬂ’7<_p/)P(p+p/)2717tB (.ZU) f/\(l’) dxd IOI d P, (545)
0 0
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where we have used the semigroup property of P; below to get Equation (5.45)

/Rd /Rd 218 (T — Y)Pro1 (2 —y) falz — 2)dzdx —/ P26 (@) fr(z) dz. (5.46)

Rd

By asymptotic behavior of F;, we have

/Rd P(P+P/)2—1'ytﬁ (*T) f)\(l’) dz 5 ((p + pl)217tﬁ) : (5.47)

Q>

From Equation (5.45) using Equations(5.47) and Lemma 5.2 we deduce the following chain

/]Rd /Rd Yifx —y)Yi(z —y) falz — 2)dzdz

e 00 %) Y , ,
St 2/ / (p+p) aW_pg(=p)W_ps(—p)dp dp

By ,
<P a 2y / / 275 (pp ) B W (—p)W_p(—p ) dp dp
sy D1 —=35)
e [m]
2a
<R (5.48)

N[

where p + p > 2(pp/) . We also used the absolute moment of Wright-type function W_g , in the last

computations. ]

5.2 Main result

In the next theorem, we will obtain the temporally Holder continuity of the stochastic convolution (Y ®
o(u))¢(y) by estimating the increment E|(Y ® o(u)), (y) — (Y ®o(u)):(y)|? This can be proved by applying

Lemma 5.8 and Lemma 5.7.

Theorem 5.9. If \ € (0, d A\ a) and 8 > A,then

(BI(Y ® o)) (v) — OV @ o))t (5.49)
¢t 55 S |
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forallt, t € (0, T) such that 0 # |t — t| is small enough, where s = 3 + 7,

¢
(Y ®o(u))(y) = / / Yi_s(z —y)o(u(s,z))W(ds,dz), (5.50)
0 Jrd
and
Hrrlw) = sup sy (e Elua)f]) 9> 12 551
t€[0,T] zeR4

Next, we shall obtain the temporally Holder continuity of the mild random field solution u. It only
requires to establish the temporally Holder continuity of the convolution (Z; * ug)(y) and the stochastic con-

volution (Y ® o(u)).(y). The later is done in the previous theorem.

Theorem 5.10. If \ € (0, d A ) and 8 > 25, then

Q. A
3-3

S sup [o(2)| + A5 g 1 (u), (5.52)

r€R4

1
(Eluy (y) — u(y)|?)
it — t’(%sf%*l)/\(lfﬁ)*

forall t,t € (0, T) such that 0 # |t — t| is small enough and 1 < T?(t' — t)'=P, where s = § + ~,

o(x) = up(x), and

o%%ﬂmzsm>wp@ﬂwwmmwoﬂv>Lq>z (5.53)

te[0,T) zeR4

39



Chapter 6

Proof of Main Results

6.1 The space-time white noise case
In this section we give the proof of first three main theorems of the dissertation. We denote
A(O) := / e " Ep(—pit?)? dt, (6.1)
0
for 6 > 0. Here it is crucial to note that we can use the bounds in (2.7) to observe that A(f) tends to infinity as
6 approaches to zero if and only if 25 < 1.
Lemma 6.1. For §§ € (1, 1), the function A(6) is bounded.
Proof. Using the bounds in (2.7) and the fact that e~ < 1for 6,t > 0 we obtain that

A(6) := R (— t”dtg/ dt<1+—/ —dt < 6.2
0= [ et Bmeras | 2 ), il 62

if 28 > 1for 6 > 0. O

Proof of Theorem 3.1. Let us first establish the second statement of the theorem. Since {¢,, },>0 is an or-

thonormal basis of L?(B), from the mild formulation given in (3.3), using (2.7) and Stochastic Fubini theorem
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we have

(o) = [ wla)ea(x) d
// )t x, y)uo(y) o1(x) dy dx
o[ / Ba(—pua(t — )" )¢ ()01 () (vs(y)) W (ds , dy) dx
= Bx(-nt?) [ wly) Wealy) dy
3 [ [ Bttt = P ents)oton5)W s )
= Eg(—pmt”){uo, 1)

i\ / / Es(—ua(t — )1 (y)o (0s(y)) W (ds, dy).

Taking the second moment of (6.3) and using the [to-Walsh isometry (3.2), we get

E<utagpl>2:E( )‘ltﬂ <U07(701>

+)\2// Eo(=M(t — 5)°)202(y)Elo(us(y)) [2dsdy.

Now using (6.4) and the assumption on o gives

/0 " By, 1) dt = A(0) (up, 1) + NA(D) / e / Elo(us(y))? &3(y)dy d.

_/ e " Eg(—p1t”)* (ug, 1)* dt

#3 [Tt [ [ Bt - 9Pt Blo(u(y) Psdy de.

= (ug, p1)* / etE,B( Nltﬂ> dt
0

v e [ [ Bt = 57 P Elo(u () Pasay d.

= A(0) (ug, p1)* + N2A(0) / e_‘%/ E|o(us(y))|? ¢3(y)dy dt.
> A(0) (ug, p1)® + NI2A( / /E\us (y)? o3 (y)dy dt.

> A(0) (g, 91)? + NIZA(0) / Ry, 1) .
0
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If 5 € (0, %], since A(f) tends to infinity as 6 goes to zero, we can choose ¢ small enough and from (6.5) we

obtain

/ e Euy, 1) dt = A(0){ug, 1)* + 2/ e "R (uy, p1)? dt. (6.6)
0 0

This implies that that for sufficiently small ¢, we have

/ e "E{uy, 1)? dt = o0,
0

which implies that for sufficiently large ¢, E(u,, ¢1)? grows exponentially. Now using Cauchy-Schwarz in-

equality we get the following,

S (VAR CRD)

< supE\ut(x)F.
XeB

We can thus conclude that sup,. 5 E|u(x)|? too grows exponentially fast for all values of .

Note that the first part of the conclusion of the theorem merely follows from the fact that the second term of

(6.6) is positive and that the first term cannot have exponential decay. O]

Proof of Theorem 3.2. Following the lines for the proof of Theorem 3.1, we get the inequality (6.5);
/ ™" Eur, 1)* dt 2 A(0){uo, 1)* + NIZA(0) / e "E(uy, ¢1)* dt. 6.7)
0 0

Since 3 € (3, 1), the function A(6) is bounded. Thus, for any fixed § > 0 we can find sufficiently large A, so

that for all A > )\, the above inequality (6.7) yields

/ e_etE<ut, 301>2 dt 2 A(0)(uo, 301>2 + g/ e_etE<ut, g01>2 dt. (6.8)
0 0

The result of the theorem is obtained by following the arguments of the remaining part of the proof of Theorem

3.1. []
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Proof of Theorem 3.3. We establish the required result using [t6-Walsh isometry and the global Lipschitz

assumption on . The second moment of the mild formulation given by (3.3) becomes:

t
Blu(o)? = (050 (x)F + X [ [ 6= s x yBlo(uly)Pdsdy
B JO
(8) 2 \272 L) _ 2 2
UG E + X2 [ [ 6~ s x yPEluly)Pdsdy
B JO

= Jl + JQ. (69)

We observe J; is bounded by the square of the same constant as initial condition, since
[z G t r)dz < [pa GP(t, x) dz = 1 and the initial datum is assumed to be bounded above by a constant.

It remains to bound Js. Since {¢,, },>1 is an orthonormal sequence, for each fixed ¢t > 0 we obtain

t
Jy 1= A?Lg/B/ GOt — s, x, y)*Elus(y)[*ds dy
0

t
ga)\QL?,// Gg)(t—s, X, y)*ds dy
BJO
t [ o 2
< aNL? / / S Bo(—pialt = ) )on(x)aly) | ds dy
B JO n=1
272 ' B8\2 2 2
<aNL? / / S Ea(—pnlt — 5)° 202 ()2y) ds dy
0 n=1

t (o]
< aNL] / Y Es(—pa(t = 5)7)¢i (x) ds < oo, (6.10)
0 n=1

by Lemma 2.5 in the case of d < /23, where a; = supy_ ., Supsc 5 E|us(x)|?. In the case the eigenfunctions

{¢n}n>1 are uniformly bounded by a constant C'(B), it follows from the above that

t ©O©
Jo: < atkzLi/ D Es(—pa(t = 8)°)ph(x) ds
0 n=1

< wN L2 (C(B))? / t f} Eg(—pn(t — 5)°)%ds < a,N*L2 (C(B))* C(ML), (6.11)

where a; = supg. ., Sup,e g E|u(x)|* and C(M L) = / Z Ep(—pin(t—s5)?)2ds. By Lemma 2.4 C(ML) <
0 n=1
oo is a finite constant independent of ¢. That is, since § € (5, 1), we can choose A, sufficiently small that for
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all A < )\, the above estimates shows

1
sup sup E|u, (x)]* <1+ 5 sup sup E|u, (x)[%.

0<s<t xeB 0<s<t xeB

This shows that supy ;... Supye g E|u(x)|? is finite and hence the conclusion of the theorem follows. O

6.2 Continuity of the solution for space-time white noise case

In this section we give the proof of Theorem 3.8 and the following proposition is used in its proof. We can use

the bounds of G’g) (t, x, y) to show the following proposition holds:

Proposition 6.2. Ford < &, let ut ) be a solution to equation (3.3) for parameters [3 € ( 1). Then for some

0, the supremum on the p'" moment of the solution ne (x) is given by

1
29

sup e "Elul® (2)|P, (6.12)
t>0,zeB

is bounded above by a constant independent of 5.

Proof. We use the mild formulation in equation (3.3) and follow similar computations to those used in the

above proof. Now consider

uP () = (6P uo)i( +A/i/ (= 5, %, )o@ (y)W(ds, dy), (6.13)

Now applying the inequality (a + b)? < 2P(a” + bP) for any a,b > 0 and using Burkholder-Davis-Gundy

inequality, the p!” moment of (6.13) becomes

[SiS]

E[ul® ()P < 20D u)(x)P + (20 [/ / GOt — s, %, y)P [E|o—<uﬁ<y>>|p]5dsdy] 614

[MIS]

t 2
B (@) S e (G o) ()P + e { | [169 = s x 3P o)) ds dy]
B JO

— T (6.15)
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Using Lemma 2.2 and since o is globally Lipschitz inequality, the second term becomes

[NI4S]

Jyim e [// 6t~ x 9P (Bl )] dsay]

—20t p/2
[ / / sk y)2e Bl <>\p]2/pdsdy]
20s p/2
< LEh(0) // sxyepdsdy}

Cope p/2
< LPb(6) / sae ds}
0

[e'e) 5d p/2
< LPb(H) / s_ae_esds}
0

< 12000y [~ )]"
p/2
< LPb,(0) lr (1 - %) ‘“1] , (6.16)

where b;(6) = Supg,; SUp,c 6_95E|u§6) (z)|P. Now we fix 6 > 0 sufficiently large so that

Iy < %bt(e). 6.17)

Thus, we have
e PER? (2)P <1+ %bt(e). (6.18)
Taking the supremum of the left side of (6.18) the result follows. [

We are now ready to prove Theorem 3.8.
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Proof of Theorem 3.8. From the mild formulation of the solutions, we have

(@) - o () = (69 w(x) — (GLu)(x) + A / / (t — s, 2, y)o(ul ()W (ds dy)
—A//G (t = 5, 2, y)o(ul®) ()W (ds dy)
— (@9 u) () — (6P u)(x)

+ )\/ / t— S, T, Y) — G(ﬁ)(t — s, z, y)]ow (y))W(ds dy) (6.19)

A f / GOt — 5, 2, o (1) — o(ul ()W (ds dy).

W.lo.g., let p > 0. Now applying the inequality (a + b+ ¢)? < 3P(a” + b + ¢?) for any a, b, ¢ > 0 and using

Burkholder-Davis-Gundy inequality, the p'* moment of (6.19) becomes

Eluf” () —uf” (2)|P < 3°(G5 u)o(x) — (G5 u)(x)]?
t p/2
[/ / Gt — s, 2, y) — GOt — s, 2. y>r2[E|a<ugv><y>>\pP/pdyds} (6.20)
0 B

P {/B /Ot GOt — s, 2, v [Elo(@™(y)) — o(ul® (y))P]Pds dy} p/Q.

For a fixed 6 > 0, the inequality in (6.20) becomes
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Let us first work on the third term. Using Lemma 2.2 and since o is globally Lipschitz, we have

p/2
hme U / (6= s @, y) [E[a(u@(y))—a(ugm(y))]pw/pdsd4
—20t p/2
Ly [/ / GOt —s, x, y)% [Elud(y) — ul (y)[P]*"ds dy}
BJo
! —20(t—s) p/2
< Lgb(0) [// Gg)(t_sa X, Y)2e ) dsdy}
—20s p/2
< LEbi(6) / GO)(s, x, y)2e " dy ds}
R"
_20s p/2
S LEb(9) / sTae =" ds]
LJo
[ [ sa p/2
S Lhby(0) / s ae 0 ds]
LJo
/
< 1b(0) [£4s Y]

p/2
< LPb,(0) {r <1 - @) 9‘?—1] , (6.21)

(07

where b;(0) = supg.,«; SUDP,c 6*93E|u9)(z) — Y (z)|P. Now we fix 6 > 0 sufficiently large so that

1
T3 < 5hi(0). (6.22)

47



Next we work on J,. Since (a + b)? < 4(a* + b?) for a,b > 0, using Proposition 6.12, Lemma 2.9(b) and the

assumption on o, we obtain

t p/2
B {/ / G (t—s, w,9) = G (t = s, 7, y)P[Elo(u? ()T dy dS}
0 /B

e’} p/Q
< sup e B (2)p { | [ emmeg s v - 68z y>|2dsdy]
0 B

t>0,z€B

r oo p/2

< / / 6_295/p|Gg)(s, T, y) — Gg)(s, x, y)|* ds dy}
p/2
S / / _293/p|G (s, =, y)| dsdy+/ / _295/”|G (s, x, y)|2dsdy}
Sl [T [ e s a4 1GE o o) ds dy]
o0 00 p/2

S /0 2N 1B (—pns”) = Eg(—ptns”) |60 ()] dé‘]

L n=1

[ o] 00 p/2
< 2/ 6_298/7’2 (B (—pn8")? + (Eg(—ptns”)?] ds]

L 0 n=1

[ s @2 -2 2 g-21o YR L
< p1—2)\ By Ho + Hq + p1—2)\50 Ho 4 M1
~ 1—2N —2p9  2NBL + 24, — 1 1—2\— 200 ' 2M\Bo + 2pu1 — 1 ’

(6.23)

where 3 € (B, 31) and v € (S3,, 3,) for some Sy, B1, By, B, € (0, 1) <A< %, d o)\ < 5

/

Lo < min (— — 1_22&)‘), ,uz) < min (% — A, ﬂ) > = 2’60)‘ ,and y; > - 250 , where the bound

on right hand side of (6.23) doesn’t depend on 3 and 7.

We combine the above estimates and obtain the following:

1
sup e Eluf? (2) =l (2)|" S "G () = (G wp(@)” + 5bu(6)
S

p/2

" { [ [eme s o -6 s a P dsdy
0 B

Since Lemma 2.6, and Lemma 2.9(b) allows us to use the dominated convergence theorem, taking v — [ the

result of the theorem follows. O
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6.3 The space colored noise case

Proof of Theorem 4.3. First, we establish the second statement of the theorem. From the mild formulation

given in (3.3) and using Stochastic Fubini theorem, we set

(o) = [ wla)ior()x
= [ [ @8 wn0+3 [ [ 68— s xy)otvutsnpias )] nto
= [ [ @t x vunly) e ayax

o / Eu(=pua(t = )3 (x)¢1(y)o (v (y)) F(ds . dy) dx

= [ [ Bacmt ualy) i () dy s
3 [ [ [ Bt = )6t e 5ot Flds )

= Ba(=nt?) [ uals) ) dy
3 [ [ Bttt = anty)otun(s) F(ds )

— Ey(—ut®)(uo, 1) + A / / Es(—pualt — 8)%)or(y)o(va(y)) F(ds , dy).

Taking the second moment of (6.24), we get

E(us, 1)% = Eg(—Mt?)*(uo, ¢1)?

L2 /B ) /O Es(=M(t — $)°)201(y) o1 (2)E|o (us(y))o (us (2))] £y, 2) dsdydz.
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(6.25)



Now using (6.25) and the assumption on o gives

/e_eE(ut,gpl> dt = /e_etEg(—ult’B)Q(uo,gm)th
0

—l—)\Z/ /BXB/ Eg(—=M(t — 5)°)01(y)e1(2)E|o(us(y))o(us(2))| f(y, 2) dsdydzdt.

= (ug, p1)* / etEﬂ( /Mt'@) dt

)\2/0 /B><B/ Es(=(t = 5)°)01(y)p1 (2)E|o (us(y))o (us(2)) f(y, 2) dsdydzd.

= A(0) (g, ©1)* + N2A(0) / e " / e1(y)p1(z) %

0 BxB

Elo(ui(y))o(ui(2))| f(y, 2)dyzdt.
> A(6) (uo, 1) + N22KA(9) /0 /B K )
E|u(y)ui(z)|dy dz dt

= A(0)(uy, g01>2 + )\QZgKfA(H) / e’etE<ut, g01>2 dt.
0

(6.26)

If 5 € (0, 3], since A(f) tends to infinity as 6 goes to zero, we can choose # small enough and from (6.26) we

obtain

o0 1 [e.9]
| e B e a2 AO oo+ 5 [ B )
0 0

This implies that for sufficiently small 6, we have

/ e " Rluy, 1) dt = oo
0
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which also implies that for sufficiently large ¢, E(us, ¢1)? grows exponentially. Now using Cauchy-Schwarz

inequality we get the following,

2

E<ut7 901>2 =K

/But(:c) ¢1(x) dx

<B(( [ lu@pa) ([ dw d))

< supE|ut(x)|2.
xeB

We can thus conclude that sup,. 5 E|u;(x)|? too grows exponentially fast for all values of .

Note that the first part of the conclusion of theorem merely follows from the fact that the second term of (6.26)

is positive and that the first term cannot have exponential decay. O]

Proof of Theorem 4.4. Using the same notations as in the proof of Theorem 4.3, we observe that the inequal-

ity (6.26) holds;
/ OBy, 1) dt > M) (o, 1) + MK A D) / Ry, o) dt. (6.28)
0 0

Since 23 > 1, the function A(6) is bounded. Thus, for any fixed 6 > 0 there exists sufficiently large )\, so that

for all A > \,, from the inequality (6.28) we obtain

/ e V" Bluy, 1) dt > A(0)(ug, 01)* + 2/ e VR uy, @1)? dt. (6.29)
0 0

Again, following similar lines of arguments as in the proof of Theorem 4.3, we get result of the current

theorem. OJ
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Proof of Theorem 4.5. Using (a + b)?> < 4(a® + b?) for a, b > 0, and applying Burkholder’s inequality, the

second moment of the mild formulation given by (4.5) becomes:

t
E|ut(x)|2<4|(Q§f)u)t(x)|2+4)\2/ /Gg?)(t—s, )Gt — s, x, 2)
BxB JO0
Elo(us(y))o(us(2))| f(y, z) dsdy dz
<A@ a0 + L / 5, X Y)GR(E— 5, %, 2) x
BxB

Elus(y)us(z)| f(y, 2) ds dy dz

— Tt (6.30)

We observe .J; is bounded by the square of the same constant as initial condition, since [, GSBB) (t, z)dx <
fRd )(t, 2) dz = 1 and the initial datum is assumed to be bounded above by a constant. It remains to bound

Jy. Now if {®,},>1 are uniformly bounded by a constant C'(B),for each fixed ¢t > 0, by Cauchy-Schwarz
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inequality, Lemma 2.1 and Lemma 2.3 we obtain

—4>\2L2/ / Mt — s, x, )GV (t — s, x, 2)E|us(y)us(2)| f(y, ) dsdzdy

BxB

<4A2L2/ / (t—s, %, Y)GY(t = 5, %, 2)(Elua(y)*)? (Elus(2)*)? f(y, z) ds dzdy
BxB

<aviif / GOt — s, % V)Gt — 5, % 2) [y, 2) ds dy dz

t
< 4)\2[@/ supEHus(x)]Q]/ G%B)(t — 8, X, y)GSE;B)(t — 8, X, z) f(y, ) dsdzdy
0 xz€B BxB
t 00 00

<ANLZq, / ZEEB (—tn(t = ) Ea(—pa(t — ) ) pu(x)0(x) X

| eny)onta) flo. =) ds dzdy

<o [ 303" Bal=palt = ) Eal=plt = 5 on(0)ou()x
/B onts) | [ 1ta) £ 2) dsaz) dy

<4Wat2 /tEﬂ it = 8)°) B (—pui(t = 5)7)on (x) o (x) dsx

n=1 k=1

[ o0 | [ o st 21 o] ay

<tzn - ([ B - ds)% ([ Batomte—s77as) aulmonto) »

< CNLiay, (6.31)
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where C' = Cj (Zzozl n‘ﬁ) <ZZ°:1 k‘ﬁ> Jop fy, 2)dzdy < oo, and
ar = SUPg 4y SUP,c 5 B[|us(x)|%. Since 8 € (1, 1), we can choose \; sufficiently small that for all A < ), the

above estimates shows

1
sup sup E|u, (x)]* <1+ 5 sup sup Elu; (x)[2.
0<s<t xeB 0<s<t xeB

This shows that sup,_, . ., supye g E|u;(x)|? is finite and hence the conclusion of the theorem follows. O

Proof of Corollary 4.6. Since % > 1, if @ = 2 and d = 1, (for the case of the eigenvalues u,, = (”T’T)2 and

eigenvectors ¢, (r) = (%)% sin (*7*) of Dirichlet Laplacian corresponding to a Brownian Motion killed upon
exiting the domain [0, L] so that |, ()| < (%)% for each n) from (6.10) using Lemma 2.1 we obtain the result

of the corollary. ]
Proof of Corollary 4.7. In this case, we note that Cy [, [ [, f(y, 2) dz] dy < oo, since

drdy —9— 2 6.32
BxBf(%Z) “= (1_7)(2_7)<OO. (032)

6.4 Continuity of the solution for the white in time and colored in space noise case

In this section we give the proof of Theorem 4.8 and the following result is useful to guarantee the use of

dominated convergence theorem in the proof of Theorem 4.8.

Proposition 6.3. Assume that {p,, },>1 are uniformly bounded by a constant C'(B), depending on the geomet-

rical characteristics of the domain B, i.e.,

Suppose that |, f(z, y)dvdy < co. For 3 € (3,1)and & < X < %, let 0 < pp < min <%—)\, #) <

min (% — A, 1-3/3,\) and j1; > % where 8 € (8o, 1) for some By, 51 € (0, 1). Also for ~ € (3,1) and

’ ot / /ot
. 1-28, A . _ 1-28)A
g <\ < %, let 0 < ,uz) < min (% -\, 51 ) < min <% -\, 12 227’\ ), and ,ull > 250 where
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v € (B, By) for some By, 3; € (0, 1). Then for d < %min{%, }Y}oz, there exist positive a constant C' that

depends on Jiy, 1y, 11, by, and p, and independent of 3 and ~y such that

t
[ [ [ e s o) - 6P~ s m plIGF e = 5.0, 2) = G =5, 2. 2)lx
0 BxB
p

2 ’ ’ ’ /2
fly, 2)dydz ds] <C [pl_Z’\ Fo (9_2“0 + 9_2"’1> 4 ptT2Ao (672 + 0_2“1)];0 : (6.33)

Proof. Since {¢;},>1 are uniformly bounded by a constant C'(B) and [, . f(z, y)dzdy < oo, for each
t > 0, using Lemma 2.8, Lemma 2.9(a) and the fact that (a + b)? < 2(a® + b?) for a,b > 0, we bound the

integral term as follows:

t
/ / e‘ze(t_s)/p|Gg)(t — S, T, Y) — G%B)(t -8, T, y)HGg)(t —s,x,z) — Gg)(t — s, x, z)|x
0o JBxB
[y, 2)dydzds
t / ’

< / / e~ 0Pt — )™ Lot — )" Lt — )N f(y, 2) dydzds
0 JBxB

< / / e‘zos/p[s_”\/ + s P2 fly, 2) dy dz ds
0o JBxB

< / ~ e=205/p[s= 2N L =28 g
0

€2 920
Ko
1— 2\ — 24

€2 92
Hq
2N By + 2py — 1

2 N—2uo 2 021
€0 ¢ 0

1-2)' 8, +
1—2)\—2/10 2)\60"‘2/11—1 ’

N

P + + p1—2/\ﬁo

(6.34)

where 119 and ,uz) are as given in the hypothesis of the proposition. It follows from (6.34) that for any p > 0 we

obtain

t
{/ / e‘20(t—5)/p|Gg)(t — S, T, Y) — Gg)(t — s, T, y)||Gg)(t — 8, T, 2) — Gg)(t — s, x, 2)|X
0 JBxB
p/2

fly, 2)dydz ds]

p/2

€ -0
Ho
1— 2N — 24

€207
My
2N B +2p) — 1

GG
1— 2\ — 2 2\Bo + 2p1 — 1 ’

< p1—2/\'/3(']

~

+ + pl—QAB()
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which allows us to deduce (6.33). That is, each terms in the summation can be bounded by a quantity inde-

pendent of + and f3.
O]
Proof of Theorem 4.8. From the mild formulation of the solutions, we have
(@) = (@) = (O wn(o) — (@ wi(o) + A [ / )t = 5, 2, y)o(ul) (y)) F(ds dy)
—A//G”rwxy>w<»mwm
= (G5 u)i(x) — (G5 u)i(x)
o f / Gt =5, 2, y) — Gt — 5, 7, y)]o(ud) (1) F(ds dy) (6.35)

+ )\/B/Ot ngﬁ)(t — s, T, y)[g(us’Y)(y>> _ U(Ugﬁ)(y))]F(ds ).

W.lo.g., let p >. Now applying the inequality (a + b + ¢)? < 3P(a? + 0P + ¢?) for any a, b, ¢ > 0 and using

Burkholder-Davis-Gundy inequality, the p'* moment of (6.35) becomes

Elu)” (z)—u{” (z)|P < 3*|(G %) () — (G5 u) ()]

Mt —s, 2, y) — GY(t — s, 2, y)lou (y) F(ds dy)

p

p

+ (BA)PE (6.36)

+ (3A)E G(ﬁ t—s, 2, y)lou(y) — o(ul (y)]F(ds dy)

Eluf” () —uf” (2)|? < 3°/(G5 w)o(x) — (G5 ) ()]

¢
+ (3)\)”{/ /B . |Gg)(t -8, T, Y) — Gg)(t — s, x, y)HGg)(t -8, T, 2) — Gg)(t — s, x, 2)|X

p/2
[E|o (u (y)o(ul () P/P12P f(y, 2)ds dy dz (6.37)

¢
+ (3\)P [/ / Gg)(t -8, x, y)GSBB)(t — 8, T, 2)X
BxBJo

p/2
[E[(0(u{”(y)) — o (y)(a(u(2)) — o(uP )PP fy, 2) ds dy d=

(6.38)
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For a fixed 6 > 0 the inequality in (6.36) becomes

e Eluy” () — ul” ()P S e (G u)i () — (8 u) ()P

t
+[/ /B G =5, 9) = G (= s 2, G ¢ = 5,1, ) = G e = 5., 2]
X

p/2

[Elo(ul (y))o (i ()27 f(y, 2) ds dy dz

S S

t
+ e [/ / Gg)(t — s, T, y)Gg)(t — 8, T, 2)X
BxB Jo

p/2

[El(o(u(y) = o(u () (0wl (2)) = o (ul ()7 £y, 2) ds dy dz

Let us first work on the third term. Since o is globally Lipschitz, using Lemma 2.4, and Lemma 2.9 (a), we

have
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B

t
Jy = e % {/ / Gg)(t — 8, x, y)G(B)
BxB Jo

B

(y) — ug
r t
[
L/ BxB J0
r t
LJo

s)

ds

BxB

BxB

1-28)
<Lppp( - )

~Y ag

p(28XA—1)

bi(0)(20) =2 I

where b;(0) = supg.,.; SUP,cp 6_95E|ugy) (z) — ugﬁ) (z)]

1
J3 S §bt(0)'
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(t -

—uP® ()P B (z) — u

— s, x, y)GSBB)(t — s, x, z)e

S, T, z)X

p/2
) (o (2) — oW ()PP f(y, ) ds dy dz] .

) p/2
G ())) f(y, 2) dsdy dz} |

—20(t—s)
p

p/2
fly, 2)dsdy dZ}

p/2
Fy, =)dy dz}

p/2
fly, 2)dy dZ}

p/2
z)dy dz}

p/2
{ f(y, z)dy dZ} , (6.40)
BxB

P Fort > 0, we fix 6 > 0 sufficiently large so that

6.41)



Next we work on .J,. Using Proposition 6.4 below and the assumption on o, we obtain

t
7y ::e—“[/O/BBmg)(t—s, 2, y) = GOt — s, 0, PGt =5, 2, 2) — GOt s, 2, 2)|x
p/2
[[Mo(u@(y))a(u@<z>>|p/212/p F(y, =) dyd= ds}

t
< sup e-”tmu@(xnp{ / / G (¢ s 0 y)— GOt — s, 7, )| x
0 BxB

t>0,zeB

p/
]Gg)(t -8, T, 2)— ngﬂ)(t —s,x, 2)| fly, z)dydz ds] . (6.42)
We combine the above estimates and obtain the following.

1
supe”“Elul?(z) — ul? @) $ ¢G5 wi(w) = (G5 u @) + h(0)+

t
sup e-etErum:)rp[ [ [ e e s ) - G5 )l
0 BxB

t>0,z€B
p/2
G =5, 3, 2) = Gt — 5, 2, )| £y, ) ds dydz

Since Lemma 2.6 and Proposition 6.3 allow us to use dominated convergence theorem, taking v — [ the

result of the theorem follows. ]

The following proposition is used in the proof of Theorem 4.8. We use the bounds of Gg)(t, x, y) to

show the proposition holds:

Proposition 6.4. Assume that {p,, },>1 are uniformly bounded by a constant C(B). Suppose that d < 35 and
Jo 5 f(@, y)dedy < co. For some 0, the supremum on the p™ moment of the solution ul? (x) to equation
(4.1) given by

sup e PEjuP ()P (6.43)

0<s<t, zeB

is bounded above by a constant independent of 3.

Proof. We use the mild formulation in equation (4.5) and follow similar computations to those used in the

above proof. Now consider

t
0P (@) = (69 uo)e(x) + A / / GOt — 5, %, y)o (wP(y))F(ds, dy), (6.44)
BJO
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Now applying the inequality (a + b)? < 2P(a” + bP) for any a,b > 0 and using Burkholder-Davis-Gundy

inequality, the p** moment of (6.44) becomes

t
Elu” ()" 2p|<9§’uo>t<x>|f’+<2x>ﬁ[ [ 16905 x 96 s x 2l
BxB J0

p

2/p z
[Ew(ufﬁ<y>>a<uf><z>>|p/2} Fy, =) ds dydz] 7 (6.45)

t
e Bl (2)F < e—ewggﬁ)uo)t(x)yl’+e-9t{ / / IGW (- s, x, y)GD(t — s, x, 2)| X
BxB J0

P

2/p
[Ewugﬂ)(y»a(uf) <z>>rp/2] Fy. =) dsdy dz}

— St (6.46)

Since o is globally Lipschitz, using Lemma 2.4, and Lemma 2.9(a), the second term becomes

[NIiS]

t 2/p
J:[ / / \G‘Bﬁ)(t—s,x,y>G§><t—s,x,z>|[Era< <ﬁ><y>>a<ugﬁ><z>>|p/2] fly, z)dsdydz|
BxB

<Lp[/ / t—s, x, y)Gg)(t—s, x, 2)X
BxB

—20t

. p/2
e (B[ (y)))r B[P (2)P)r £y, 2) dsdyd21 :

—20(t—s p/2
< LPby(0) / / G(ﬁ) — 8, x, y)G( )(t— S, T, z)e T fly, 2)ds dydz}
BxB

t—s p/2
< 120,(0) / (-5 as [ g, z)dydz]

BxB

r [e’e) —28s P/2
souo)| [ e [ z)dydz}
LJ O

BxB

oo —20r

e p/2
< L2pl=28p, (0) [/0 T ds i, Bf(y, z)dy dz]
X

p(1-2BX) p(28A—1) ﬁ

< LPp™ b, (0)(26)

~Y ag.

p/2
-2t [ ] (6.47)
BxB
where b(6) = Supg,; SUp,c 6_95E|ugﬁ) (z)|P. For t > 0, we fix 6 > 0 sufficiently large so that

1
Jo < 5bi(0). (6.48)
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Thus, we have
1
e "Bl (z)P <14 50 (0). (6.49)
Taking the supremum of the left side of (6.49) the result follows. U

6.5 Proof of Temporally Holder continuity of the mild random field solution

Proof of Theorem 5.9. First set V,(x,z) := o(u,(z))o(u,(z)). Then, by applying Holder’s inequality and

the Lipschitz continuity of o, one can observe that

Qo

B[V (z,2)|2])7 < (Ello(ur(2))|)7 (Ello(ur(2))|1)

<23Ewwmmmﬁ

[SEIN]

< Lip; sup (Eur(z)])s.
z€R4

(6.50)

Now assume that 0 < ¢ < ¢, by the definition of Y ® o(u), we can directly compute the difference (Y ®
o(uw)y(y) — (Y ® o(u))(y), where the Minkowski integral and Burkholder-Davis-Gundy inequality can be

combined to show

q

H*Y®dwkw%%Y®dew

q
SFE

/tt, /R Yy _ (& = y)o(ur ()W (dr, dz)
tE ‘ /Ot /R Y, oy (xy)o(u,(x) W(dr,dz)

q

q
2
<
~

/t /]Rd /Rd Yy (v —=y)Yy (2 —y)falz — 2)E[|Vi(z, 2)[3]¢ dzdz dr

[S]5S)

+‘/0 /Rd /Rd‘/\/’t—f,t'—r(xvzay>y)f)\(x—Z)E[VT(,CE)’2])¢1 dzdzx dr

L4 D (6.51)
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where N, ;(z, z,y,y) is given by Equation (5.34). Let us estimate I; and I, separately.

11.—\/ [ [ Yeto = uVo e~ e = BV, 2 2 e

N

N 3
Yy (z—9)Yy (2 —y)fa(z — 2) sup (El|lu,(x)]?))s dzdx dr (6.52)
Rd JRRd rER
By applying Lemma 5.8, we obtain
b
[ e e ¥ - ine - dsae] S @ - (659
Rd JR4
We observe that - A 2_7 - A implies that 3 > 5 A and so we have 2s — 22 —92 >
—1, since s > (3. Consequently, making some direct computation
t b B3y ) 3
S (t — 7)== " sup (Efju(2)[])7 dr
t rER
t g
! s—BA_ T
S Mg () ( | e dT)
1 2aBq+2arg—pFAg—aq
q T 5| 2afet2ere=pra=0q
S ‘/Ky,q,T(u)e’y q(25 _ % — 1)g |t - | ) (654)
where we used the moment boundedness given below
sup (E[]ut(:v)|q]) ' <A gr(u), VE=0, ¢ =2 (6.55)
z€R4
Next we estimate /5. Let us apply Lemma 5.7, which yields
Ny (@, 2,9 9) e — 2) B[V, (2)|#]) dzdrdr|
Rd JRd
—s s—BA_ s— ! s— T 2
'y(,]q,T u —t]' - T T =) T A (7)) T dr
t 3
S A (e — o) /0 (t =)= (= 1)+ 1) dr (6.56)
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We note that the power 3s — == — 3 > —1, since [ > z=x. Thus, we deduce

q
2

t
—s .,/ q—sq s BX_
I S A () TI((T + 1A — ) \/Oa—rf 2 g
—s a=sg 1 3saq—fAg—2aq
S AL (T D (657

Finally, by combining estimates for the terms /; and I, we derive

El(Y ®o(u)y(y) = (Y ®a(u))(y)’

< ,/Vq ( )(|t _t|2al3q+2a7q BAg—aq |t _t‘q sq Ssaq qu 2aq). (658)

~ “y,q,T

Q=

(E[(Y ®o(u)y(y) — Y @a(u))(y)]’)

2afBq+2arg—frg—aq sq  3sa /J‘)\ 2a a
SM,q,T()(|t—| T ) T ) (6.59)

O

Proof of Theorem 5.10. Suppose that ¢ < t'. Similarly as in the proof of Lemma 5.7, we use the estimate
B|log(t') — log(t)| < BtP~1(#' — t)'~P. Hence, by nothing that 1 < T°(¢' — t)!~#, we can apply Lemma 3.1

of [7] to get

(Ze +10)(5) = (Zorua) ()] < sup uo(a)| | 12,000

z€R4

< sup Juo(x)|(B(log(t) —log(1)) A 1)

2€R4

S,Suﬂgluo( )[BT = )P AT~ 1))

< Tﬁ(t' — t)l_ﬁ sup |uo(z)|
z€R4

< (=) sup |ug(2)], (6.60)
z€R4
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where ug is nonrandom and bounded.
The desired continuity follows by combining the above estimates in Equation (6.60) with Lemma 5.9, and

using the Minkowski inequality . ]
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this dissertation, we considered a certain class of space-time fractional SPDE with space-time white noise,
and white in time and colored in space noise in bounded domains. We studied the long time behavior of their
solutions with respect to the level A of the noise. We also showed how the choice of the order 5 € (0, 1) of
the fractional time derivative affects the growth and decay behavior of their solution. Further, we established
continuity results in the time fractional parameter (5. Finally, we showed the temporal Holder continuity of the
mild random field solution of a certain class of space-time fractional stochastic heat equation driven by space

colored noise.

7.2  Future work

a) We will explore the effect of the level of the noise on the long time behavior of the second moment of

the solution of the equation under consideration with Neumann boundary condition.

b) Nane and Tuan (2023+) studied the exact bound for the continuity of solutions of time fractional SPDE
driven by space-time white noise in one space dimension R! with respect to 3 parameter. We want to

extend this results to higher dimensions and equations with other noises.

c) We will investigate spatial Holder continuity of the mild random field solution u of space-time fractional

stochastic heat equation (5.1) driven by space colored noise.
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