Timely Remote Estimation and Applications to Situational Awareness
by

Tasmeen Zaman Ornee

A dissertation submitted to the Graduate Faculty of
Auburn University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Auburn, Alabama
May 4, 2024

Keywords: Remote estimation, age of information, Gauss-Markov processes, restless
multi-armed bandit

Copyright 2024 by Tasmeen Zaman Ornee

Approved by

Yin Sun, Committee Chair, Associate Professor of Electrical and Computer Engineering,
Auburn University
Anthony Ephremides, Distinguished University Professor Emeritus, Electrical and
Computer Engineering, University of Maryland
Jitendra Tugnait, Professor of Electrical and Computer Engineering, Auburn University
Shiwen Mao, Professor of Electrical and Computer Engineering, Auburn University
SueAnne Griffith, Assistant Professor of Electrical and Computer Engineering, Auburn
University
Yazhou Tu, Assistant Professor of Computer Science and Software Engineering, Auburn
University



Abstract

In real-time monitoring and networked control systems, sensor observations from vehi-
cles, robots, UAVs, or stock markets, are transmitted to a monitoring or controlling unit,
which could be any kind of decision-making device. Real-time services often require fresh and
timely data which are usually in the form of a signal. A key performance metric characteriz-
ing data freshness is the Age of Information (Aol). However, data signals can exhibit diverse
behavior, sometimes evolving slowly and later on evolving very quickly. Therefore, only
considering the time difference is insufficient to characterize the variation of a signal. In this
dissertation, we investigate the performance of a remote estimation system by considering
both the data signal value and its timeliness.

First, we consider the sampling problem for the remote estimation of a scalar Gauss-
Markov process. The optimal sampling problem is a constrained continuous-time Markov
Decision Process (MDP) with an uncountable state space. Our analysis reveals that the
optimal sampling policy is a threshold policy on instantaneous estimation error and the
threshold is found. If the sampler has no knowledge of the process, the optimal sampling
problem reduces to an MDP for minimizing nonlinear age functions. In both problems, the
optimal sampling policies can be computed by low-complexity algorithms.

Next, We generalize this study from single-source, single-channel to multiple-source,
multiple-channel and formulate a scheduling problem for the remote estimation of multiple
Gauss-Markov processes. This problem is a continuous-time Restless Multi-armed Bandit
(RMAB) with a continuous state space. We prove that all bandits are indexable and derive
an exact expression of the Whittle index. Our results unite two theoretical frameworks
that are used for remote estimation and Aol minimization: threshold-based sampling and
Whittle index-based scheduling. In these investigations, the numerical evidence shows that
our proposed policy achieves high-performance gain over existing policies.

Finally, we study a scheduling problem for maximizing situational awareness in safety-
critical systems where a centralized monitor pulls updates from multiple agents monitoring
several safety-critical situations. Based on the received updates, multiple estimators deter-

mine the current safety-critical situations. We provide a novel framework that quantifies
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the loss due to the unawareness of potential danger which depends on the Aol and the
observed signal value. To minimize the penalty, we study an RMAB problem and provide
a low-complexity scheduling algorithm that is asymptotically optimal. Numerical evidence
shows that our scheduling policy can achieve up to 100 times performance gain over periodic

updating and up to 10 times over randomized policy.
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Chapter 1

Introduction

Networked control and cyber-physical systems have become extensively dominant over the
recent years. This rapid growth underscores the significance of timely updates of the system
states for accurate state estimation and effective decision making. For instance, a timely
and precise estimate of the nearby vehicles and pedestrians is essential in autonomous driv-
ing. The real-time knowledge of surgical robot movements is crucial in remote surgery.
Beyond these domains, such as UAV navigation, factory automation, environment watch,
augmented /virtual reality applications, etc, real-time state estimation in optimizing the per-
formance of networked systems is of paramount importance.

To evaluate the freshness of state updates, the concept of Age of Information, or simply
age, was introduced to measure the timeliness of state updates received from a remote
transmitter [1-3]. Let U(t) be the generation time of the freshest received state update at
time t. The age of information, as a function of ¢, is defined as A(t) = ¢t — U(t), which is
the time difference between the freshest updates available at the transmitter and receiver.
Recently, the Aol has emerged as a crucial metric for the extensive applications of state
updates among systems connected over networks. As shown in Figure 1.1, the age A(%)
grows linearly with time and drops to a smaller value whenever a packet is delivered. In
addition to the linear Aol A(t), recent advancements have shown that nonlinear functions
p(A(t)) of the Aol can serve as valuable metrics for information freshness in signal estimation,
control, and, wireless communications (e.g., the freshness of channel state information).

In many real-time systems, the information of interest — e.g., the trajectory of UAV
mobility trajectory, sensor measurements, and stock prices is conveyed through the value
of a time-varying signal X;, which may change slowly at some time and exhibit more rapid
fluctuations later. Hence, the time difference described by the Aol A(t) =t — U(t) or its
nonlinear functions cannot fully characterize how much the signal value has varied during
the same time period, i.e., X; — Xy,. Hence, the status-update policy that minimizes the Aol
is insufficient for minimizing the signal estimation error. One important research question is

how to design efficient status updating policies that improve the system performance better
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Figure 1.1: An evolution of the age A(t) over time where S; is the generation time of the i-th
packet and D; is the delivery time of the i-th packet.

beyond just relying on Aol-based status updating policies, especially in more complex real-time
scenarios. Motivated by this, we seek the answer to the above-mentioned research question
to find structural properties of efficient status updating policies to handle more general signal
models.

In this dissertation, we aim to answer the following questions: (i) how to design an
optimal sampling policy for the remote estimation of scalar Gauss-Markov signal process
over a random delay channel, (ii) how to design a sampling and transmission scheduling
policy for the remote estimation of multiple Gauss-Markov processes over multiple random
delay channels, and (iii) how to design a transmission scheduling policy to maximize the

situational awareness in safety-critical systems.

1.1 Outline and Main Contributions

In Chapter 2, we answer the first question: (i) how to design an optimal sampling
policy for the remote estimation of the Gauss-Markov signal process over a random delay
channel? To answer this question, we consider a remote estimation system, where samples
of a scalar Gauss—Markov signal are taken at a source node and forwarded to a remote
estimator through an ¢.7.d. random delay channel. The estimator reconstructs an estimate
of the real-time signal value from causally received samples. The optimal sampling policy for
minimizing the mean square estimation error is a threshold policy, in which a new sample
is taken once the instantaneous estimation error exceeds a predetermined threshold. When
the sampler does not know current and history signal values, the optimal sampling problem

reduces to a nonlinear Aol minimization problem. A new sample is taken in the Aol-optimal



sampling policy once the expected estimation error exceeds a threshold. The threshold
can be computed by low-complexity algorithms, and the insights behind these algorithms
are provided. These optimal sampling results were established (i) for general service time
distributions of the queueing server, (ii) for both stable and unstable scalar Gauss-Markov
signals, and (iii) for sampling problems both with and without a sampling rate constraint.
In chapter 3, we consider a noisy sample of the scalar Gauss-Markov process over a noisy
channel. We obtain the performance upper and lower bounds for the remote estimation of
the noisy Gauss-Markov process.

In Chapter 4, we answer the second question: i) how to design a sampling and trans-
masston scheduling policy for the remote estimation of multiple Gauss-Markov processes over
multiple random delay channels? To answer this question, we generalize the sampling prob-
lem of scalar Gauss-Markov signals in multi-source, multi-channel scenario, where a scheduler
determines when to take samples from multiple Gauss-Markov processes and send them to re-
mote estimators over multiple 7.7.d. random delay channels. The objective of the scheduler is
to minimize the weighted sum of the time-average expected estimation errors of these Gauss-
Markov sources. This problem is a continuous-time Restless Multi-armed Bandit (RMAB)
with a continuous state space. We prove that all bandits are indexable and derive an exact
expression of the Whittle index. To the extent of our knowledge, this is the first Whittle
index policy for multi-source signal-aware remote estimation of Gauss-Markov processes.
We further investigate signal-agnostic remote estimation and develop a Whittle index policy
for multi-source Aol minimization. Our results unite two theoretical frameworks that were
used for remote estimation and Aol minimization: threshold-based sampling and Whittle
index-based scheduling. In the single-source, single-channel scenario, we demonstrate that
the optimal solution to the sampling and scheduling problem can be equivalently expressed
as both a threshold-based sampling strategy and a Whittle index-based scheduling policy.
Notably, the Whittle index is equal to zero if and only if two conditions are satisfied: (i)
the channel is idle, and (ii) the estimation error is precisely equal to the threshold in the

threshold-based sampling strategy.



In Chapter 5, we answer the third question: (iii) how to design a transmission scheduling
policy to mazimize the situational awareness in safety-critical systems? To answer this ques-
tion, we investigate a status-updating system consisting of multiple agent-estimator pairs.
A centralized monitor pulls updates from multiple agents that are monitoring several safety-
critical situations (e.g., carbon monoxide density in forest fire detection, machine safety in
industrial automation, and road safety). Based on the received updates, multiple estima-
tors determine the current safety-critical situations. Due to transmission errors and limited
communication resources, the updates may not be fresh, resulting in the possibility of misun-
derstanding the current situation. In particular, if a dangerous situation is misinterpreted as
safe, the safety risk is high. In this study, we introduce a novel framework that quantifies the
penalty due to the unawareness of a potentially dangerous situation. This situation-unaware
penalty function depends on two key factors: the Aol and the observed signal value. To min-
imize the penalty, we study a pull-based multi-agent, multi-channel transmission scheduling
problem. Our analysis reveals that for optimal estimators, it is always beneficial to keep
the channels busy. Due to communication resource constraints, the scheduling problem can
be modeled as a Restless Multi-armed Bandit (RMAB) problem. By utilizing relaxation
and Lagrangian decomposition of the RMAB, we provide a low-complexity scheduling al-
gorithm that is asymptotically optimal. Our results hold for both reliable and unreliable
channels. Numerical evidence shows that our scheduling policy can achieve up to 100 times

performance gain over periodic updating and up to 10 times over randomized policy.

1.2 Literature Review

Next, I present the literature review of prior works.

Aol-based Sampling and Scheduling

There exists a significantly large number of studies on the Aol A(t), e.g., [1,4-25].
In [1], the authors provided a simple example of a status updating system, where samples
of a Wiener process W; are forwarded to a remote estimator. The age of the delivered
sample is A(t) = ¢t — U(t) if U(t) is the generation time of the latest received sample.
Furthermore, the MMSE estimate of W, is Wt = Wy and the variance of this estimator



is E[(W, — W,)?] = A(t). In [5], the authors proposed a sampling policy for a discrete-
time source process by incorporating mutual information as a measure for maximizing the
information freshness. The results in [5] were further extended for both continuous and
discrete-time source processes in [4] where the non-linear functions of the age were used to
measure data freshness. In [6], sampling and scheduling policy for multi-source systems was
studied by analyzing the peak age and peak average age. In [7], the authors analyzed the
status age when the message may take various routes in the network for queueing systems. In
8], the optimal control for information updates traveled from a source to a remote destination
was studied and the optimal tradeoff between the updated policy and the Aol was found.
The authors also showed that in many cases, the optimal policy is to wait a certain amount
before sending the next update. The average age and average peak age have been analyzed
for various queueing systems in, e.g., [1,7,9,10]. The optimality of the Last-Come, First-
Served (LCFS) policy, or more generally the Last-Generated, First-Served (LGFS) policy,
was established for various queueing system models in [13-15,19]. Optimal sampling policies
for minimizing non-linear age functions were developed in, e.g., [4,5,8,24]. Age-optimal
transmission scheduling of wireless networks was investigated in, e.g., [11,12,16-18,20,21].
In [25], a game-theoretic perspective of the age was studied and the authors proposed a
sampling policy by studying the timeliness of the status update where an attacker sabotages
the system by jamming the channel and maximizing the age of information. which does not

have a signal model. A broad survey in the area of Aol is presented in [26].

Remote Estimation

The results in this dissertation also have a tight connection with the area of remote
estimation, e.g., [27-33] by adding a queue between the sampler and estimator. In [27],
remote state estimation in first-order linear time-invariant (LTT) discrete-time systems was
considered with a quadratic cost function and finite time horizon. They showed that a time-
dependent threshold-based sampler and Kalman-like estimator are jointly optimal. In [28],
the authors investigated the joint optimization of paging and registration policies in cellu-
lar networks, which is essentially the same as a joint sampling and estimation optimization
problem with an indicator-type cost function and an infinite time horizon. They used ma-

jorization theory and Riesz’s rearrangement inequality to show that, if the state process is



modeled as a symmetric or Gaussian random walk, a threshold-based sampler and a nearest
distance estimator are jointly optimal. This is the first study pointing out that the sam-
pler and estimator have different information patterns. In [29], The authors considered a
remote estimation problem with an energy-harvesting sensor and a remote estimator, where
the sampling decision at the sensor is constrained by the energy level of the battery. They
proved that an energy-level dependent threshold-based sampler and a Kalman-like estimator
are jointly optimal. In [30], [31], optimal sampling of Wiener processes was studied, where
the transmission time from the sampler to the estimator is zero. Optimal sampling of OU
processes was also considered in [30], which is solved by discretizing time and using dynamic
programming to solve the discrete-time optimal stopping problems. In [34], the optimal
sampler of OU processes is obtained analytically. In the optimal sampling policy, sampling
is suspended when the server is busy and is reactivated once the server becomes idle. In
addition, the threshold precisely was also characterized. The optimal sampling policy for
the Wiener process in [35] is a limiting case. Remote estimation of the Wiener process with
random two-way delay was considered in [36]. Remote estimation over several different chan-
nel models was recently studied in, e.g., [32,33]. In [27-34], the optimal sampling policies
were proven to be threshold policies. Because of the queueing model, the optimal sampling
policy in [34] has a different structure from those in [27-33|. Specifically, In [37], a jointly
optimal sampler, quantizer, and estimator design was found for a class of continuous-time
Markov processes under a bit-rate constraint. In [38], the quantization and coding schemes
on the estimation performance are studied. A recent survey on remote estimation systems

was presented in [39].

Restless Multi-armed Bandit Problems

Aol-based scheduling for timely status updating has been studied extensively in, e.g.,
[11,16,24,40-47]. In [11], the authors showed that under inference constraints, the schedul-
ing problem for minimizing the age in wireless networks is NP-hard. In [40], the authors
minimized the weighted-sum peak Aol in a multi-source status updating system, subject
to constraints on per-source battery lifetime. A joint sampling and scheduling problem for
minimizing increasing Aol functions was considered in [24]. When the system state follows

a binary ON-OFF Markov process, Whittle index scheduling policies for remote estimation



were developed in [48]. Aol minimization in single-hop networks was considered in [45].
Aol-based scheduling with timely throughput constraints was considered in [16]. A Whittle
index-based scheduling algorithm for minimizing Aol for stochastic arrivals was considered
in [42]. In [43], [41], the Whittle index policy to minimize age functions for reliable and
unreliable channels was proposed. A Whittle index policy for multiple source scheduling
for binary Markov sources was studied in [47]. For signal-agnostic remote estimation, a
Whittle index policy was obtained in [49] for minimizing increasing Aol functions. In [46],
the authors proposed a Whittle index policy for minimizing non-monotonic Aol functions.
Besides Whittle index-based policies that require an indexability condition, non-indexable
scheduling policies were also studied in [50-54]. In this dissertation, we solve two RMAB
problems in Chapter 4 (by establishing indexability and developing a Whittle Index policy)
and Chapter 5 (by developing a Maximum Gain First policy that does not need to satisfy
indexability).

Related Metrics other than Aol

There exists a large number of studies on minimizing linear and nonlinear Aol functions
[4,8,24,26,34,55,56]. One limitation of Aol is that it only captures the timeliness of the
information while neglecting the actual influence of the conveyed information. To address
this, several performance metrics were introduced in conjunction with Aol [26,47,57-64]. In
[58], the concept of Age of Incorrect Information (Aoll) was introduced which is characterized
as a function of both age and estimation error. In [57], Age of Synchronization (AoS) was
considered along with Aol to measure the freshness of a local cache. Urgency of Information
(Uol) was proposed in [59] that captures the context-dependence of the status information
along with Aol. Version Aol was introduced in [26] which represents how many versions
are outdated at the receiver compared to the transmitter. An Aol at Query (QAol) metric
was investigated in [60], [62], [63] to capture the freshness only when required in a pull-
based communication system. Value of Information (Vol), defined by the Shannon mutual
information was investigated in [64]. In [61], the authors studied the cost of actuation error
which is a goal-oriented measure to capture the costs associated with decisions. Shanon
conditional entropy was utilized as the performance metric in [47] as the Uncertainty of

Information. In addition, several research papers studied information-theoretic measures



to evaluate the impact of information freshness along with information content [4, 46,47,
54,64-67]. In [4,64-66], the authors employed Shannon’s mutual information to quantify
the information carried by received data messages regarding the current signal value at the
source and used Shannon’s conditional entropy to measure the uncertainty about the current
signal value. Based on the studies of [4,64-66], the authors in [47] utilized Uncertainty
of Information (Uol) by using the Shannon’s conditional entropy. However, there exists
a disparity between these information-theoretic metrics and the performance of real-time
applications such as remote estimation and inference. In [46,54,67], a generalized conditional
entropy associated with a loss function L, or L-conditional entropy Hp, (Y|, A(t), Xi—a@)) was
utilized to address this disparity, where Y; is the true state of the source and X;_a() is the
observed value. In Chapter 5, we consider a signal-aware scheduling scheme while the earlier

studies focused on signal-agnostic scenarios.

1.3 Thesis Organization

The thesis is organized as follows: In Chapter 2, we develop a low-complexity sampling
policy for the remote estimation of scalar Gauss-Markov process in single-source, single-
channel for general i.i.d. service time distributions. In Chapter 3, we extend this result
by considering noisy samples and noisy channels for which we derive an explicit expression
of the performance upper and lower bounds. In Chapter 4, we generalize the sampling
problem for the remote estimation of Gauss-Markov processes in single-source, single-channel
case to transmission scheduling problem in multi-source, multi-channel case. In Chapter 5,
we consider a status updating problem for safety critical systems to maximize situational
awareness. Finally, we present the concluding remarks and possible future research directions

in Chapter 6.



Chapter 2

Remote Estimation of Single Gauss-Markov Process over Single Channel

2.1 Introduction

Timely updates of the system state are of significant importance for state estimation and
decision-making in networked control and cyber-physical systems, such as UAV navigation,
robotics control, mobility tracking, and environment monitoring systems. To evaluate the
freshness of state updates, the concept of Aol was introduced to measure the timeliness of
state samples received from a remote transmitter [1-3]. Let U(t) be the generation time
of the freshest received state sample at time ¢. The Aol, as a function of ¢, is defined as
A(t) =t — U(t), which is the time difference between the freshest samples available at the
transmitter and receiver.

Recently, the Aol concept has received significant attention, because of the extensive
applications of state updates among systems connected over communication networks. The
states of many systems, such as UAV mobility trajectory and sensor measurements, are in the
form of a signal X;, that may change slowly at some time and vary more dynamically later.
Hence, the time difference described by the age A(t) =t — U(t) only partially characterizes
the variation X; — Xy () of the system state, and the state update policy that minimizes the
Aol does not minimize the state estimation error. This result was first shown in [35], where
a sampling problem of Wiener processes was solved and the optimal sampling policy was
shown to have an intuitive structure. As the results therein hold only for signals that can
be modeled as a Wiener process, one would wonder how to, and whether it is possible to,
extend [35] for handling more general signal models.

In this chapter, we generalize [35] by exploring the problem of sampling a Gauss-Markov
process X;. From the obtained results, we hope to find useful structural properties of the
optimal sampler design that can be potentially applied to more general signal models. The

Gauss-Markov process X; is defined as the solution to the stochastic differential equation
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Figure 2.1: A single-source, single-channel remote estimation system.

(SDE) [68,69]

where pu, 6, and o > 0 are parameters and W, represents a Wiener process. Based on the
parameter 6, X; can be classified into three different cases. If 8 > 0, then it is called a stable
Ornstein-Uhlenbeck (OU) process which is the continuous-time analog of the well-known
first-order autoregressive process, i.e., AR(1) process. It is the only nontrivial continuous-
time process that is stationary, Gaussian, and Markovian [69]. If § = 0, then it becomes
a Wiener process. If § < 0, it is known as the unstable Ornstein-Uhlenbeck (OU) process.
Examples of first-order systems that can be described as the Gauss-Markov process include
interest rates, currency exchange rates, and commodity prices (with modifications) [70],
control systems such as node mobility in mobile ad-hoc networks, robotic swarms, and UAV
systems [71,72], and physical processes such as the transfer of liquids or gases in and out of
a tank [27].

As shown in Figure 2.1, samples of a Gauss-Markov process are forwarded to a remote
estimator through a channel in a first-come, first-served (FCFS) fashion. The samples expe-
rience i.1.d. random transmission times over the channel, which is caused by random sample
size, channel fading, interference, congestions, etc. For example, UAVs flying close to WiFi
access points may suffer from long communication delay and instability issues, because they
receive strong interference from the WiFi access points [73]. We assume that at any time
only one sample can be served by the channel. The samples that are waiting to be sent are

stored in a queue at the transmitter. Hence, the channel is modeled as an FCFS queue with
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1.7.d. service times. The service time distributions considered in this paper are quite general:
they are only required to have a finite mean. This queueing model is helpful in analyzing
the robustness of remote estimation systems with occasionally long transmission times.
The estimator utilizes causally received samples to construct an estimate X, of the real-
time signal value X;. The quality of remote estimation is measured by the time-average

mean-squared estimation error, i.e.,

T—o0

1 g ;
mse = lim sup TIE [/ (X — Xt)th] : (2.2)
0

Our goal is to find the optimal sampling policy that minimizes mse by causally choosing
the sampling times subject to a maximum sampling rate constraint. In practice, the cost
(e.g., energy, CPU cycle, storage) for state updates increases with the average sampling rate.
Hence, we are striving to find the optimum tradeoff between estimation error and update
cost. In addition, the unconstrained problem is also solved. The contributions of this paper

are summarized as follows:

e The optimal sampling problem for minimizing the mse under a sampling rate constraint
is formulated as a constrained continuous-time Markov decision process (MDP) with an
uncountable state space. Because of the curse of dimensionality, such problems often
lack low-complexity solutions that are arbitrarily accurate. However, we were able
to solve this MDP exactly: The optimal sampling policy is proven to be a threshold
policy on instantaneous estimation error, where the threshold is a non-linear function
v(B) of a parameter 5. The value of § is equal to the summation of the optimal
objective value of the MDP and the optimal Lagrangian dual variable associated with
the sampling rate constraint. If there is no sampling rate constraint, the Lagrangian
dual variable is zero, and hence 3 is exactly the optimal objective value. Among the
technical tools developed to prove this result is a free boundary method [74], [75] for

finding the optimal stopping time of diffusion processes.

e The optimal sampler design of the Wiener process in [35] is a limiting case of the
above result. By comparing the optimal sampling policies of OU process and the

Wiener process, we find that the threshold function v(/3) changes according to the
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signal model, where the parameter § is determined in the same way for both signal

models.

Further, we consider a class of signal-agnostic sampling policies, where the sampling
times are determined without using knowledge of the signal value of the observed
Gauss-Markov process; the parameters of the process are known. The optimal signal-
agnostic sampling problem is equivalent to an MDP for minimizing the time-average
of a nonlinear age function p(A(t)), which has been solved recently in [4]. The age-
optimal sampling policy is a threshold policy on ezpected estimation error, where the
threshold function is simply v(8) =  and the parameter § is determined in the same

way as above.

The above results hold for (i) general service time distributions with a finite mean and
(i) sampling problems both with and without a sampling rate constraint. Numerical
results suggest that the optimal sampling policy is better than zero-wait sampling and

classic uniform sampling.

One interesting observation from these results is that the threshold function v(f) varies

with respect to the signal model and sampling problem, but the parameter § is determined

in the same way.

2.2 Model

This section describes the single-source, single-channel model as shown in Figure 2.1.

2.2.1 System Model

We consider the remote estimation system illustrated in Figure 2.1, where an observer

takes samples from a Gauss-Markov process X; and forwards the samples to an estimator

through a communication channel. The channel is modeled as a single-server FCFS queue

with 7.7.d. service times. The system starts to operate at time t = 0. The i-th sample is

generated at time S; and is delivered to the estimator at time D; with a service time Y;,

which satisfy S; < Siv1, Si+Y; < D;, D; + Y1 < D;yq, and 0 < E[Y;] < oo for all 4.
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Figure 2.2: Evolution of the age A(t) over time.

Each sample packet (S;, Xg,) contains the sampling time S; and the sample value Xg,. Let
U(t) = max{S; : D; <t} be the sampling time of the latest received sample at time ¢. The

age of information, or simply age, at time t is defined as [1,2]

A(t)=t—U(t) =t —max{S; : D; < t}, (2.3)

which is shown in Fig. 2.2. Because D; < D; 1, A(t) can be also expressed as

A(t)=t—S;, ift € [Di, Dit1), i =0,1,2,... (2.4)

The initial state of the system is assumed to satisfy Sy = 0, Dy = Yy, Xo and A(0) are
finite constants. The parameters u, 6, and o in (2.1) are known at both the sampler and
estimator.

Let I; € {0,1} represent the idle/busy state of the server at time ¢. We assume that
whenever a sample is delivered, an acknowledgment is sent back to the sampler with zero
delay. By this, the idle/busy state I; of the server is known at the sampler. Therefore, the

information that is available at the sampler at time ¢ can be expressed as { X, I : 0 < s < t}.

2.2.2 Sampling Policies

In causal sampling policies, each sampling time S; is determined based on the up-to-
date information that is available at the sampler, without using any future information. In

probability theory, such sampling times are represented by stopping times.
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To define stopping time precisely, the concepts of o-field and filtration are needed. Let
us define the o-field

Ny=0o(X,,I,:0<s<t),

which is the set of events whose occurrence is determined by the realization of the process
{Xs, 15,0 < s < t} up to time ¢. Filtration is a non-decreasing sequence of o-fields. Our
analysis requires a strong Markov property, which is satisfied when the filtration is right-

continuous. Define

-/\/;5+ - ﬂs>15 S9 (25>

then {N;",¢t > 0} is a right-continuous filtration of the information process {Xj, I,,t > 0}

[76]. In a causal sampling policy, each sampling time is a stopping time with respect to

{NF t >0}, ie.,
{S; <t} e N, vt >0. (2.6)

In other words, whether sample i has been generated by time ¢ (i.e., whether {S; < t} or
{S; > t}) is determined by the realization of the process { X, I5,0 < s <t} up to time ¢.
Let m = (54, Sa, ...) represent a sampling policy. We use II to represent the set of causal
sampling policies that satisfy two conditions: (i) Each sampling policy 7 € II satisfies (2.6)
for all ¢. (ii) The sequence of inter-sampling times {7; = S;41 — S;,i = 0,1,...} forms a
regenerative process [77, Section 6.1]: There exists an increasing sequence 0 < ky < kg < ...
of almost surely finite random integers such that the post-k; process {Tj,4i,7 = 0,1,...}
has the same distribution as the post-ko process {7y, +i,7 = 0,1,...} and is independent
of the pre-k; process {1;,i = 0,1,...,k; — 1}; further, we assume that E[k;;; — k;] < oo,

E[Skl] < 00, and 0 < E[Sk — Sk]] <oo, j=1,2,.. A

Jj+1

'We will optimize limsupy_, . E| fOT(Xt — X,)%dt]/T, but operationally a nicer criterion is

limsup,_, . E[ fODi (X, — X;)2dt]/E[D;]. These criteria correspond to two definitions of “average cost per
unit time” that are widely used in the literature of semi-Markov decision processes. These two criteria are
equivalent, if {T1,T5,...} is a regenerative process, or more generally, if {T},Ts,...} has only one ergodic

14



From this, we can obtain that S; is finite almost surely for all i. We assume that the
Gauss-Markov process {X;,t > 0} and the service times {Y;,i = 1,2,...} are mutually
independent, and do not change according to the sampling policy.

A sampling policy 7 € II is said to be signal-agnostic (signal-aware), if 7 is (not nec-
essarily) independent of {X,,t > 0}. Let Ilgnal-agnostic C II denote the set of signal-agnostic

sampling policies, defined as
Hsignal-agnostic = {7 € II : 7 is independent of {X;,¢ > 0}}. (2.7)

2.2.3 MMSE Estimator

According to (2.6), S; is a finite stopping time. By using the expression of OU process
for stable scenario [83, Eq. (3)] and the strong Markov property of the OU process [74, Eq.
(4.3.27)], a solution to (3.1) for ¢ € [S;, 00) given by the following three cases:

Xg,e 0¢=5) 4 u[l — e‘e(t_si)] + L e SIW sy, if 6 >0,

V20
Xy =< oW, if 9=0, (2.8)
XN, e 0050 4 pf1 = e70050] 4 —Zoe ™ SIW,_ psy, i 0 <0,

At any time t > 0, the estimator uses causally received samples to construct an estimate
Xt of the real-time signal value X;. The information available to the estimator consists of
two parts: (i) M; = {(S;, Xs,, D;) : D; < t}, which contains the sampling time S;, sample
value Xg,, and delivery time D; of the samples that have been delivered by time ¢ and (ii) the
fact that no sample has been received after the last delivery time max{D; : D; < t}. Similar
to [30,35,84], we assume that the estimator neglects the second part of the information.?

Then, as shown in Appendix 2.C, if t € [D;, D;11),i =0,1,2,..., the minimum mean square

class. If no condition is imposed, however, they are different. The interested readers are referred to [78-82]
for more discussions.

2We note that this assumption can be removed by considering a joint sampler and estimator design
problem. Specifically, it was shown in [27-29,32,33] that when the sampler and estimator are jointly optimized
in discrete-time systems, the optimal estimator has the same expression no matter with or without the second
part of information. As pointed out in [28, p. 619], such a structure-property of the MMSE estimator can
be also established for continuous-time systems. The goal of this paper is to find the closed-form expression
of the optimal sampler under this assumption. The remaining task of finding the jointly optimal sampler
and estimator design can be done by further using the majorization techniques developed in [27-29, 32, 33];
see [37] for a recent treatment on this task.
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error (MMSE) estimator is determined by

. Xg,e 0t=5) 4 1 — e 0=5I] " if § £ 0,
oW, it §=0.

Hence, the estimation error of the MMSE estimator for t € [D;, D;11),i =0,1,2,...is

Z e_e(t_si)Weze(tfsi)_l, if >0,

V26
X = Xe =9 o(W, — Ws,), if =0, (2.10)
e TIIW sy, if 0 <0,

2.3 Problem Formulation

The goal of this paper is to find the optimal sampling policy that minimizes the mean-
squared estimation error subject to an average sampling-rate constraint, which is formulated

as the following problem:

. . 1 T N
MSEopt = T1r1€11f1 hjrﬂn_}s;p ?E {/0 (X — Xt)th} (2.11)
. liminf *E zn:(s syl > -t (2.12)
o lggg n 1=1 ! Z N fmax, ‘

where mse,p, is the optimum value of (2.11) and fiax is the maximum allowed sampling rate.

When fi.x = o0, this problem becomes an unconstrained problem.

2.4 Signal-aware Sampling

2.4.1 Optimal Sampler without Sampling Rate Constraint

Problem (2.11) is a constrained continuous-time MDP with a continuous state space.

However, we found an exact solution to this problem.
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To present this solution, let us consider a Gauss-Markov process O; with the initial state

Op = 0 and parameter p = 0. According to (4.4), O, can be expressed as

ﬁe—etwem,l, if >0,
O = U(Wt - WSi)? it =0, (213)
ijwe*‘)twl_em, if 9 <0.
Define
0.2
msey, = E[O}] = %E[l — e, (2.14)
0.2
mse,, = E[O2] = %" (2.15)

In the sequel, we will see that msey, and mse., are the lower and upper bounds of mse,;,
respectively. According to (2.10) and (2.13)-(2.15), msey, represents the estimation error
when the estimation is made based on a sample that was generated Y; seconds ago, and
mse,, represents the estimation error for the case that no sample has been delivered to the

estimator before. We will also need to use the function?®

G(x) :—/ e P dt= e—g erf(x), = € [0,00), (2.16)
0 T

where erf(+) is the error function [85], defined as

erf(x) = % /Ox et dt. (2.17)

We first consider the unconstrained optimal sampling problem, i.e., fi,.x = 00, such that
the rate constraint (2.12) can be removed. In this scenario, the optimal sampler is provided

in the following theorem.

Theorem 2.1 (Sampling without Rate Constraint). If fmax = 00 and the Y;’s are i.i.d. with
0 < E[Y;] < o0, then (S1(B), S2(8), .. .) with a parameter 5 is an optimal solution to (2.11),

3If 2 = 0, G(x) is defined as its right limit G(0) = lim,_,o+ G(z) = 1.
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where
&+ﬂﬁ):hﬁ{tzlzuﬁ:L&——Xﬁzvuﬁ}, (2.18)
Di(B) = Si(B) + i, v(B) is defined by

o(8) = L1 (w) | (2.19)

mse,, — 3

G~Y(+) is the inverse function of G(-) in (2.16) and B is the unique root of

Diy1(8) R
/ (X, — X,)%dt
D;(B8)

E —BE[Diy1(8)—Di(5)] =0. (2.20)

The optimal objective value to (2.11) is given by

D;1(8 O
]Mh@%&—&%t

E[Di1(8)—Di(5)]

MSeopt = (2.21)

Furthermore, [ is exactly the optimal value to (2.11), i.e., 5 = mseqp.

The proof of Theorem 2.1 is explained in Section 2.6. The optimal sampling policy in
Theorem 3.1 has a nice structure. Specifically, the (i 4+ 1)-th sample is taken at the earliest
time ¢ satisfying two conditions: (i) The i-th sample has already been delivered by time ¢,
i.e., t > Dy(f3), and (ii) the estimation error | X, — X;| is no smaller than a pre-determined
threshold v(/3), where v(-) is a non-linear function defined in (2.19). In Section 2.6, it is shown
that msey, < 8 < mse,,. Further, it is not hard to show that G(x) is strictly increasing on
[0,00) and G(0) = 1. Hence, its inverse function G~!(-) and the threshold v(j) are properly
defined and v(5) > 0.

Three Algorithms for Solving (2.20)

We now present three algorithms for computing the root of (2.20). Because the S;(3)’s

are stopping times, numerically calculating the expectations in (2.20) appears to be a difficult
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Figure 2.3: f(3) in (2.30) for 4.i.d. exponential service time with E[Y;] = 1, where the parameters

of the Gauss-Markov process are 0 = 1 and 6 = 0.5. For these parameters, msey; = 0.5 and
mses = 1.

task. Nonetheless, this challenge can be solved by resorting to the following lemma, which is

obtained by using Dynkin’s formula [75, Theorem 7.4.1] and the optional stopping theorem.

Lemma 2.1 In Theorem 2.1, it holds that

E[D;y1(8) — Di(8)] = Emax{R;(v(3)) — R1(Oy,), 0}] + E[Y}], (2.22)

E

Diy1(8) N
/ (X, — X,)2dt| —Emax{Rs(v(8)) — Ra(Oy.),0}]

D;(B)

+ mse [E(Y;) — 1] + E [max{v*(8), 03 }] v,  (2.23)

where
N S— 22
20 ’ '
2 3 46
Ri(v) = S50 (1,155,250 ], (2.25)
o? 2" o2
v 0P 3 0
= —— 4+ —Fy [ 1,1;=2,2: =% . 2.2
Ry(v) 20‘1‘292 2<7 o ,02?1) (2.26)



Proof 2.1 See Appendiz 2.1.

In (2.25) and (2.26), we have used the generalized hypergeometric function, which is
defined by [86, Eq. 16.2.1]

. N (an)a(a2)n o (ap)n 2
pFyar,as, -+ @y b1, by, by ) = 7; bt (2.27)
where
(a)o =1, (2.28)
(@), =ala+1)(a+2)-(a+n—1), n>1. (2.29)

Using Lemma 1, the expectations in (2.20) can be evaluated by Monte Carlo simulations
of scalar random variables Oy, and Y;, which is much simpler than directly simulating the
entire random process {O;,t > 0}.

For notational simplicity, we rewrite (2.20) as

f(B) = £(B) = Bfa(B) = 0, (2.30)

where f1(8) = E | [/ "(X, = X)%dt| and f(8) = E[Dy11(8)~ Di(3)). The function f(5)
has several nice properties, which are asserted in the following lemma and illustrated in

Figure 2.3.

Lemma 2.2 The function f(3) has the following properties:

(i) f(B) is concave, continuous, and strictly decreasing in 3,

(ii) f(msey,) >0 and lim f(8)= —o0.

B—mses,

Proof 2.2 See Appendiz 2.A.

The uniqueness of the root of f(3) follows immediately from Lemma 2.2.
Because f(/3) is decreasing and has a unique root, one can use a bisection search method
to solve (2.20), which is illustrated in Algorithm 1. The bisection search method has a

globally linear convergence speed.
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Algorithm 1 Bisection search method for solving (2.20)

given [ = msey,, u = mse,,, tolerance € > 0.
repeat
= (+u)/2.
0:= fi(8) — Bfa(B).
if 0>0,1:=03; else, u:= (.
until v — [ <e.
return [.

Algorithm 2 Newton’s method for solving (2.20)

given tolerance € > 0.
Pick initial value Sy€[mseqpt, mses).
repeat
Bry1 = Br — f/((%i))-
until [L8] < ¢

f'(Br)
return Gy .

Algorithm 3 Fixed-point iterations for solving (2.20)

given tolerance € > 0.
Pick initial value fSy€[mse,pt, Mses).
repeat

s = 8
until |51 — .
return [y, .

to solve (2.20), as shown in Algorithm 2. We suggest choosing the initial value 3 of Newton’s

value [y can be found by taking a few bisection search iterations, or by using the mse of a

is twice continuously differentiable. Therefore, Newton’s method is known to have a locally

To achieve an even faster convergence speed, we can use Newton’s method [87]

f(Br)
J'(Br)

Br1 = Br —

method from the set [mseypt, Mses ), i.e., fy is larger than the root mseyp. Such an initial
sub-optimal sampling policy [88]. Because f(/3) is a concave function, the choice of initial
value Sy € [mseqpt, Mses,) ensures that f is a decreasing sequence converging to mse,p [89].

Moreover, because R;(-) and Rs(-) are twice continuously differentiable, the function f(3)

quadratic convergence speed in the neighborhood of the root mse,p; [87, Chapter 2.
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Figure 2.4: Convergence of three algorithms for solving (4.56), where the service times are i.i.d.
exponential with mean E[Y;] = 1, the parameters of the Gauss-Markov process are ¢ = 1 and
0 =0.5.
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Figure 2.5: Convergence of three algorithms for solving (4.56), where the service times are i.i.d.
exponential with mean E[Y;] = 1, the parameters of the Gauss-Markov process are ¢ = 1 and
6 = 0.5. For bisection search, we plot the difference |u — [| between the upper bound w and lower
bound [, which is an upper bound of |8y — msegpt.
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Newton’s method requires to compute the gradient f’(fy), which can be solved by a
finite-difference approximation, as in the secant method [87]. In the sequel, we introduce
another approximation approach of Newton’s method, which is of independent interest. In

Theorem 2.1, we have shown that

MSeypt =  argmax hi(p)

. (2.32)
ﬁe[mseyi,mseoo) f2<ﬁ)

Hence, the gradient of fi(8)/ f2(/) is equal to zero at the optimal solution § = mse,p, which

leads to

fi(mseqp ) fa(mseoy) — f1(mseop) fo(mseqpt) = 0. (2.33)

Therefore,

I
MS€opt = Ji(mseop) = fi(mseop) (2.34)

fa(mseqp) fé(mseom).

Because f1(f) and fo(8) are smooth functions, when fj is in the neighborhood of msegp,
(2.34) implies that f{(5k) — Bef5(Bk) = f1(mseopt) — mseopt f5(mMseqpt) = 0. Substituting this
into (2.31), yields

J1(Br) — B fa(Br)

s =P = f1(Be) — fo(Br) — Brf5(5Bk)
g, — N1B) = Bifo(Br)
— L)
A(B)
(B (2.35)

which is a fixed-point iterative algorithm (see Algorithm 3) that was recently proposed
in [88]. Similar to Newton’s method, the fixed-point updates in (2.35) converge to msegpt
if the initial value fSy€[mse,pt, mses,). Moreover, (2.35) has a locally quadratic convergence
speed, see [88] for a proof of this result. A numerical comparison of these three algorithms
is shown in Figure 2.4 and Figure 2.5. One can observe that the fixed-point updates and

Newton’s method converge faster than the bisection search.
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Figure 2.7: The function ¢(f) in (2.40) for i.i.d. exponential service time with E[Y;] = 1 and

fmax = 0.8, where the parameters of the Gauss-Markov process are ¢ = 1 and 8 = 0.5. For these
parameters, msey, = 0.5 and mse,, = 1.
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We note that although (2.20), and equivalently (2.30), has a unique root mse., the

fixed-point equation

_ 1(B) ~ B(8)
£2(8)

=0 (2.36)

has two roots mse,,, and mse.,. See Figure 2.6 for an illustration of the two roots of h(/f).
As shown in Appendix 2.0, the correct root for computing the optimal threshold is msegpy.
Interestingly, Algorithms 1-3 converge to the desired root mse,, instead of mse.,. Finally,
we remark that these three algorithms can be used to find the optimal threshold in the
age-optimal sampling problem studied in, e.g., [4,5].

2.4.2 Optimal Sampler with Sampling Rate Constraint

When the sampling rate constraint (2.12) is taken into consideration, a solution to (2.11)

is expressed in the following theorem:

Theorem 2.2 (Sampling with Rate Constraint). If the Y;’s are i.i.d. with 0 < E[Y;] < oo,
then (2.18)-(2.20) is an optimal solution to (2.11). The value of 5 > 0 is determined in two
cases: [ is the unique root of (2.20) if the root of (2.20) satisfies

E[Derl(B) - Dl(ﬁ)] > 1/fmax; (237)

otherwise, (3 is the unique root of

E[Di1(8) = Di(B)] = 1/ fnax- (2.38)
The optimal objective value to (2.11) is given by

Dit1(B O
E | fons(Xe = X

E[Di11(8)—Di(5)]

Mseqpt =

(2.39)

The proof of Theorem 2.2 is explained in Section 2.6. One can see that Theorem 2.1 is

a special case of Theorem 2.2 when f,., = oc.
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Algorithm 4 Bisection search method for solving (2.38)

: given [ = msey,, u = mse,, tolerance € > 0.
repeat
= (+u)/2.

0 :=E[D;+1(8) — Di(8)].

if 0> 1/ fax, u = G; else, [ := .
until v — [ <e.
return [.

In Theorem 2.2, the calculation of 3 falls into two cases: In one case, # can be computed
by solving (2.20) via Algorithms 1-3. For this case to occur, the sampling rate constraint
(2.12) needs to be inactive at the root of (2.20). Because D;(/5) = S;(5) + Y;, we can obtain
E[D;11(8) — Di(B)] = E[Si+1(8) — Si(5)] and hence (2.37) holds when the sampling rate
constraint (2.12) is inactive.

In the other case, [ is selected to satisfy the sampling rate constraint (2.12) with equality,
as required in (2.38). Before we solve (2.38), let us first use fo(5) to express (2.38) as

1
fmax

9(B) — f2(B) = 0. (2.40)

Lemma 2.3 The function g(3) has the following properties:
(i) g(B) is continuous and strictly decreasing in 3,

(i) g(msey,) > 0 and lim g¢(B) = —oo if the root of (4.56) does not satisfy (2.37).

B—rmseg

Proof 2.3 See Appendiz 2.B.

According to Lemma 2.3, (2.38) has a unique root in [msey,, mse,, ), which is denoted as §*.
In addition, the numerical results in Figure 2.7 suggest that g(/5) should be concave, for
which we do not have proof.

The root 8* can be solved by using bisection search and Newton’s method, which are
explained in Algorithms 4-5, respectively. Similar to the discussions in Section 2.4.1, the
convergence of Algorithm 4 is ensured by Lemma 2.3. Moreover, if g(f) is concave and
Bo € [B*, msew), B in Algorithm 5 is a decreasing sequence converging to the root * of

(2.38) [89)].
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Algorithm 5 Newton’s method for solving (2.38)

given tolerance € > 0.
Pick initial value Sy€[8*, msey,).
repeat
5k+1 = 5]@ - 5/((%2)) .
until |9,(B’“) | <e.
g’ (Br)
return 5.

2.4.3 Special Case: Sampling of the Wiener Process

In the limiting case that ¢ = 1 and 6 — 0, the Gauss-Markov process X; in (3.1)
becomes a Wiener process X; = W;. In this case, the MMSE estimator in (2.9) is given by

X, =Ws, if t € [D;, Dijq). (2.41)
As shown in Appendix 2.E, v(-) defined by (2.19) tends to

v(B) = V/3(8 - E[Yi]). (2.42)

Theorem 2.3 If 0 = 1, § — 0, and the Y;’s are i.i.d. with 0 < E[Y;] < oo, then
(51(8), 52(8),

..) with a parameter 5 is an optimal solution to (2.11), where

St (8) = inf {t > Di(B) :| X, — %] > V3B BN} (2.43)

D;(B) = S;(B) +Y;. The value of >0 is determined in two cases: [ is the unique root of

Diy1(8) R
/ (X, — X,)%dt

D;(B)

E —BE[D;11(8)—Di(B)]=0, (2.44)

if the root of (2.44) satisfies E[D;11(8) — Di(B)] > 1/ fmax; otherwise, B is the unique root
of E[Di11(8) — Di(8)] = 1/ fmax- The optimal objective value to (2.11) is given by
E [f£i+1(ﬁ)(Xt _ Xt)th

(8)
MS€qpt =

E[Di1(8)—Di(B)]

(2.45)
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Theorem 2.3 is an alternative form of Theorem 1 in [35] and hence its proof is omitted.
The benefit of the new expression in Theorem 2.3 is that it allows to character § based on
the optimal objective value mse,,, and the sampling rate constraint (2.12), in the same way
as in Theorems 2.1-2.2. This appears to be more fundamental than the expression in [35].
The new form of optimal sampling policy of Wiener processes was also discovered in [36]

without considering the constraint on (2.12).

2.5 Signal-agnostic Sampling

In signal-agnostic sampling policies, the sampling times S; are determined based only

on the service times Y;, but not on the observed Gauss-Markov process {X;,t > 0}.

Lemma 2.4 If 7 € Ignai-agnostic; then the mean-squared estimation error of the Gauss-

Markov process X; at time t s

2
o —20A
7T,Y1,Y2,...]:—29(1—e2 ), (2.46)

P(A() =E | (X, - X)?

which is a strictly increasing function of the age A(t).
Proof 2.4 See Appendiz 2.D.

According to Lemma 2.4, for every policy 7 € Ilggnal-agnostic;

E UOT(Xt - X’t)th] —E MTp(A@))dt} . (2.47)

Hence, minimizing the mean-squared estimation error among signal-agnostic sampling poli-
cies can be formulated as the following MDP for minimizing the expected time-average of

the nonlinear age function p(A(t)) in (2.46):

1 T
MS€age-opt = inf limsup =K {/ p(A(t))dt] (2.48)
0

71'erIsignal»agnostic T—o00 T

1
S.t. liminf —E

n—oo M

Xn:(si—i-l - Sz)] > 1 (2.49)
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where mseage opt 15 the optimal value of (2.48). By (2.46), p(A(t)) and mse,ge opt are bounded.
Because ILggnal-agnostic C 11, it follows immediately that mseqp; < mseage-opt-

Problem (2.48) is one instance of the problems recently solved in Corollary 3 of [4] for
general strictly increasing functions p(-). From this, a solution to (2.48) for signal-agnostic

sampling is given by

Theorem 2.4 If the Y;’s are i.i.d. with 0 < E[Y;] < oo, then (Si(5),S2(B),...) with a

parameter [ is an optimal solution to (2.48), where

Scr(B) = inf {t > Di(8) “El(Xessiy, ~Xiwi))2 5}, (2.50)

D;(8) = S;(B) +Y; and 5 is the unique root of

Diy1(8) R
/ (X, — X,)%dt
D;(B)

E —BE[Di1(8)—Di(B)] =0, (2.51)

if the root of (2.51) satisfies E[D;11(8) — Di(8)] > 1/ fmax; otherwise, B is the unique root of

E[Dl-i-l(ﬁ) - D’L(/B)] = 1/fmax- (252)
The optimal objective value to (2.48) is given by

[~ o] .

m seage—opt

Theorem 2.4 follows from Corollary 3 of [4] and Lemma 2.4. Similar to the case of
signal-aware sampling, the roots of (2.51) and (2.52) can be solved by using Algorithms 1-5.

In fact, Algorithms 1-5 can be used for minimizing general non-decreasing age penalty [4].

2.5.1 Discussions and Remarks

The difference among Theorems 2.1-2.4 is only in the expressions (2.18), (2.43), (2.50)
of threshold policies. In signal-aware sampling policies (2.18) and (2.43), the sampling time

is determined by the instantaneous estimation error |Xt — Xt

, and the threshold function
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v(+) is determined by the specific signal model. In the signal-agnostic sampling policy (2.50),
the sampling time is determined by the expected estimation error E[(X; 1y, , — Xty )7 at
time ¢ + Y; ;1. We note that if t = S;11(8), then t + Y11 = Si1(8) + Yig1 = Di1(f) is the
delivery time of the new sample. Hence, (2.50) requires that the expected estimation error
upon the delivery of the new sample is no less than 5. The parameter 5 in Theorems 2.1-2.4
is determined by the optimal objective value and the sampling rate constraint in the same
manner. Later on in (2.67), we will further see that /3 is exactly equal to the summation of
the optimal objective value of the MDP and the optimal Lagrangian dual variable associated
with the sampling rate constraint. Finally, it is worth noting that Theorems 2.1-2.4 hold for
all distributions of the service times Y; satisfying 0 < E[Y;] < oo, and for both constrained

and unconstrained sampling problems.

2.6 Proof of the Main Results

We first provide the proof of Theorem 2.2. After that Theorem 2.1 follows immediately
because it is a special case of Theorem 2.2. We prove Theorem 2.2 in four steps: (i) We
first show that sampling should be suspended when the server is busy, which can be used to
simplify (2.11). (ii) We use an extended Dinkelbach’s method [90] and Lagrangian duality
method to decompose the simplified problem into a series of mutually independent per-
sample MDP. (iii) We utilize the free boundary method from optimal stopping theory [74]
to solve the per-sample MDPs analytically. (iv) Finally, we use a geometric multiplier
method [91] to show that the duality gap is zero. The above proof framework is an extension

to that used in [4,35], and the most challenging part is Step (iii).

2.6.1 Preliminaries

The Gauss-Markov process O, in (2.13) with initial state O; = 0 and parameter y = 0
is the solution to the SDE
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In addition, the infinitesimal generator of O, is [92, Eq. A1.22]
G=—0u—+——+. (2.55)

According to (2.18) and (2.9), the estimation error (X; — X;) is of the same distribution with
O;_s,, if t € [D;, D;y1). By using Dynkin’s formula and the optional stopping theorem, we

obtain the following lemma.

Lemma 2.5 Let 7 > 0 be a stopping time of the Gauss-Markov process O, with E[1] < oo,
then

E /TOth =E - ~ Lo (2.56)
o T 20" 207 ‘

If, in addition, T is the first exit time of a bounded set, then

E[r] = E[R:(O;)], (2.57)

E UO Ofdt} = E[R»(0,)], (2.58)

where Ry () and Ry(-) are defined in (2.25) and (2.26), respectively.

Proof 2.5 See Appendiz 2.F.

2.6.2 Suspend Sampling when the Server is Busy

By using the strong Markov property of the Gauss-Markov process X; and the orthog-

onality principle of MMSE estimation, we obtain the following useful lemma:

Lemma 2.6 Suppose that a feasible sampling policy for problem (2.11) is m, in which at least
one sample is taken when the server is busy processing an earlier generated sample. Then,
there exists another feasible policy ' for problem (2.11) which has a smaller estimation error
than policy w. Therefore, in (2.11), it is suboptimal to take a new sample before the previous

sample is delivered.

Proof 2.6 See Appendiz 2.G.
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A similar result was obtained in [35] for the sampling of Wiener processes.
Because {X; — X;,t € [D;, Diy1)} and {O,_g,,t € [D;, D;11)} are of the same distribu-

tion, for each e = 1,2,.. .,

Djy1 . Diy1 Yi+Zi+Yit1
E U (X; — Xt)th} =E [/ Of_Sidt} =E U O?ds} . (2.59)
D; D; Y;

Because T} is a regenerative process, the renewal theory [93] tells us that 1E[S,] is a conver-

gent sequence and

s 28 [ [ (- X%at] = i - o = P
m sup — — t| = lim

S E [ YitZi+Yit1 OQdS]

= li . 2.
no i BIY; + Z] (2:60)

Hence, (2.11) can be rewritten as the following MDP:

3 E[ Yi+Zi+Yit1 Ost]
=1
mseqp; = inf lim

w€ll; n—o0 Zz’:l E [Y; + Zz]

(2.61)

1 — 1
s.t. lim —ZE[Y;—FZZ-] >

n—0o0 71 © N fmax
=1

where mse, is the optimal value of (2.61).

2.6.3 Reformulation of Problem (2.61)

In order to solve (2.61), let us consider the following MDP with a parameter ¢ > 0:

Y +Z;+Yi1 )
— inf i § E — (Y + Z; 2.62
h(C 7r1€nl_[1nl—>r{olon |:/ OSdS C( l+ l) ( 6)
t 1 1§n E[Y; + 7] > —
S m — i i = )
n—oo 1, “ fmax

where h(c) is the optimum value of (2.62). Similar to Dinkelbach’s method [90] for nonlinear

fractional programming, the following lemma holds for the MDP (2.61):
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Lemma 2.7 [35] The following assertions are true:
(a). mseqpt % c if and only if h(c) % 0.

(b). If h(c) =0, the solutions to (2.61) and (2.62) are identical.

Hence, the solution to (2.61) can be obtained by solving (2.62) and seeking ¢ = msep; >
0 such that

h(mseqpt) = 0. (2.63)

2.6.4 Lagrangian Dual Problem of (2.62)

Next, we use the Lagrangian dual approach to solve (2.62) with ¢ = mse,,;. We define

the Lagrangian associated with (2.62) as

1 n Yi+Zi+Yi1 A
L(m;A\) = lim — ZE{/ O%ds — (mseopt + N (Yi+2Z:) | + (2.64)

Y; fmax7

where A > 0 is the dual variable. Let

e(A\) = inf L(m;\). (2.65)

melly

Then, the dual problem of (2.62) is defined by

d = maxe(\), (2.66)

A>0

where d is the optimum value of (2.66). Weak duality [91] implies d < h(mse,p). In Section
2.6.6, we will establish strong duality, i.e., d = h(mseqp).

In the sequel, we decompose (2.65) into a sequence of mutually independent per-sample

MDPs. Let us define

B = msegpt + A (2.67)
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As shown in Appendix 2.H, by using Lemma 2.5, we can obtain

Yit+Zi+Yit1 Yi+Z;
B[ Oias—ovi+2)| [ [ (0= pids 4105,

0.2

+ %[E(Yiﬂ) — 7] = BE[Yi], (2.68)

where 7 is defined in (2.24). For any s > 0, define the o-fields F; = 0(Osy — O : 1 € [0, 1])
and the right-continuous filtration F7* = N+, F5. Then, {F " ¢ > 0} is the filtration of
the time-shifted Gauss-Markov process {Ogy; — Os,t € [0,00)}. Define M as the set of

integrable stopping times of {Os.; — O, t € [0,00)}, i.e.,
M;={r>0:{r <t} e FE[r] < oo} (2.69)

By using a sufficient statistic of (2.65), we can obtain

Lemma 2.8 An optimal solution (Zy, Z1,...) to (2.65) satisfies

Yit+Z;
: 2 _ 2
ZiIE%Jf?Yi " |:/YZ (Os B)ds " VOYF’_ZZ.

On,Yi] , (2.70)

where >0 and v > 0 are defined in (2.67) and (2.24), respectively.
Proof 2.7 See Appendixz 2..J.
By this, (2.65) is decomposed as a series of per-sample MDP (2.70).

2.6.5 Analytical Solution to Per-sample MDP (2.70)

We solve (2.70) by using the free-boundary approach for optimal stopping problems
[74]. Let us consider a Gauss-Markov process V; with initial state V5 = v and parameter
@ = 0. Define the o-fields FY = o(V, : s € [0,t]), F/" = N.=F)/, and the filtration
{FY*,t > 0} associated to {V;,t > 0}. Define 9y as the set of integrable stopping times of
{Vi,t € [0,00)}, ie.,

My ={r>0:{r<t}ecF T E[r] <o} (2.71)
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Our goal is to solve the following optimal stopping problem for any given initial state

veER

sup E, [—’ny - /Z‘/f - B)ds} : (2.72)
0

TEMy

where E,[] is the conditional expectation for given initial state Vo = v, 7 and 3 are given by
(2.24) and (2.67), respectively. Hence, (2.70) is one instance of (2.72) with v = Oy,, where
the supremum is taken over all stopping times 7 of V;. In this subsection, we focus on the
case that § in (2.72) satisfies msey, < < mse.,. Later on in Section 2.6.6, we will show
that this condition is indeed satisfied by the optimal solution to (2.62).

To solve (2.72), we first find a candidate solution to (2.72) by solving a free boundary
problem; then we prove that the free boundary solution is indeed the value function of

(4.128):

A Candidate Solution to (2.72)

Now, we show how to solve (2.72). The general optimal stopping theory in Chapter I
of [74] tells us that the following guess of the stopping time should be optimal for Problem
(2.72):

7. = inf{t > 0: |V}| > v.}, (2.73)

where v, > 0 is the optimal stopping threshold to be found. Observe that in this guess,
the continuation region (—v,,v,) is assumed symmetric around zero. This is because the
Gauss-Markov process is symmetric, i.e., the process {—V;,t > 0} is also a Gauss-Markov
process started at —V; = —v. Similarly, we can also argue that the value function of problem

(2.72) should be even.
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According to [74, Chapter 8], and [75, Chapter 10], the value function and the optimal

stopping threshold v, should satisfy the following free boundary problem:

2
%H"(v) —OvH'(v) =v* — B, v € (—v.,0,), (2.74)
H(+v,) = —y02, (2.75)
H'(+v,) = F27yv.. (2.76)

In Appendix 2.K, we use the integrating factor method [94, Sec. 1.5] to find the general
solution to (2.74), which is given by

H(v) =
v? 1 3, 0 Vo
bR <% - g) o (1, L5 ﬁ”2> v? + Cherfi (71)) + Gy, v € (—vw,04), (2.77)

where €} and Cj are constants to be found for satisfying (2.75)-(2.76), and erfi(z) is the

imaginary error function, i.e.,

erfi(z) = % /Ow et dt. (2.78)

Because H(v) should be even but erfi(x) is odd, we should choose C; = 0. Further, in order

to satisfy the boundary condition (2.75), Cy is chosen as

1 —20Y; 2 1 B 3 . 0 2 2
02 :%E(B )U*_ %_; 2F2(1717§72)§U*)U*7 (279)

where we have used (2.24). With this, the expression of H(v) is obtained in the continuation
region (—uvy, v,). In the stopping region |v| > v,, the stopping time in (2.73) is simply 7. = 0,
because |Vy| = |v| > v.. Hence, if |v| > v,, the objective value achieved by the sampling

time (2.73) is

E, [—mﬂ — /0 E)Vj — ﬂ)ds] =—yv? (2.80)
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Combining (2.77)-(2.80), we obtain a candidate of the value function for (2.72):

—o5 t (% — %) 2 I (1, L; %7 2;%02)?}2 + Oy,
H(v) = if |v| < v, (2.81)

—yv2, if |v| > v,.

Next, we find a candidate value of the optimal stopping threshold v,. By taking the
gradient of H(v), we get

=t (2 2\ (Ve .
H'(v) = 9—1—(93 J\/@>F<av>, v E (—Vk, Uy), (2.82)

where

F(z) = ¢ / et dt. (2.83)
0

The boundary condition (2.76) implies that v, is the root of

_g 4 (53 - 02_\%) F <\/7§v> = —270. (2.84)

Substituting (3.10), (2.15), and (2.24) into (2.84), yields that v, is the root of

(mses — ) G(?v) = mse,, — Msey;, (2.85)

where G(-) is defined in (2.16). Because msey, < < msey,, G(x) is strictly increasing on
[0,00), and G(0) = 1, we know that (2.85) has a unique non-negative root v,. Further, the
root v, can be expressed as a function v(f) of 5, where v(5) is defined in (2.19). By this,

we obtain a candidate solution to (2.72).

Verification of the Optimality of the Candidate Solution

Next, we use Ito’s formula to verify the above candidate solution is indeed optimal, as

stated in the following theorem:
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Theorem 2.5 Ifmsey, < < msey, then for allv € R, H(v) in (2.81) is the value function
of the optimal stopping problem (2.72). In addition, the optimal stopping time for solving
(2.72) is 7 in (2.73), where v, = v(B) is given by (2.19).

In order to prove Theorem 4.7, we need to establish the following properties of H(v) in
(2.81), for the case that msey, < 5 < mse, is satisfied in (2.72):
Lemma 2.9 H(v) = E,[—V? — [[" (V2 = B)ds].
Proof 2.8 See Appendix 2.L.
Lemma 2.10 H(v) > —yv? for allv € R.
Proof 2.9 See Appendiz 2.M.

A function f(v) is said to be exzcessive for the process V; if
E,f(Vi) < f(v),¥t > 0,v € R. (2.86)

By using 1t0’s formula in stochastic calculus, we can obtain
Lemma 2.11 The function H(v) is excessive for the process V.
Proof 2.10 See Appendiz 2.N.
Now, we are ready to prove Theorem 4.7.
Proof 2.11 (Proof of Theorem 2.5) In Lemmas 2.9-2.11, we have shown that H(v) =

E,[-V2 = [ (VE = B)ds], H(v) > —yv?, and H(v) is an excessive function. Moreover,

s

from the proof of Lemma 2.9, we know that E,[1.] < co holds for all v € R. Hence, P,(7. <
o0) =1 for allv € R. These conditions and Theorem 1.11 in [74, Section 1.2] imply that T,
is an optimal stopping time of (2.72). This completes the proof.

Because (2.70) is a special case of (2.72), we can get from Theorem 2.5 that

Corollary 2.1 If msey, < < msen, then a solution to (2.70) is (Z1(5), Z2(B),...), where
Zi(B) = inf{t > 0 : |Oy, 14| > v(B)}, (2.87)

and v(f) is defined in (2.19).
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2.6.6 Zero Duality Gap between (2.62) and (2.66)

Strong duality is established in the following theorem:

Theorem 2.6 If the service times Y; are i.i.d. with 0 < E[Y;] < oo, then the duality gap
between (2.62) and (2.66) is zero. Further, (Zo(B), Z1(B),...) is an optimal solution to both
(2.62) and (2.66), where Z;(B) is determined by

Zi(B) = inf{t > 0 : |Oy,a| > 0(B)}, (2.88)

v(B) is defined in (2.19), 5 > 0 is the root of

Yi+Z;i(8)+Yit1
/ OZdt

Yi

E — BE[Y; + Z;(B)] = 0, (2.89)

if EIY; + Z;(B)] > 1/ fmax; otherwise, [ is the root of E[Y; + Z;(6)] = 1/fmax.- In both
cases, msey, < [} < msey, is satisfied, and hence (2.19) is well-defined. Further, the optimal
objective value to (2.61) is given by

E |:in+Zi(ﬁ)+Yi+1 O?dt]

Y;

EY; + Z:(5) (2.90)

MSEopt =

Proof 2.12 We use [91, Prop. 6.2.5] to find a geometric multiplier for (2.62). This suggests
that the duality gap between (2.62) and (2.66) must be zero because otherwise there exists no

geometric multiplier [91, Prop. 6.2.3(b)]. The details are provided in Appendixz 2.0.

Hence, Theorem 2.2 follows from Theorem 2.6. Because Theorem 2.1 is a special case of

Theorem 2.2, Theorem 2.1 is also proven.

2.7 Numerical Comparisons

In this section, we evaluate the estimation error achieved by the following four sampling

policies:
1. Uniform sampling: Periodic sampling with a period given by S;11 — S; = 1/ fimax-
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Figure 2.8: MSE vs fiax tradeoff for i.i.d. exponential service time with E[Y;] = 1, where the
parameters of the Gauss-Markov process are o = 1 and 6§ = 0.5.

2. Zero-wait sampling [1,8]: The sampling policy given by

Sip1 =S+, (2.91)

which is infeasible when fi.x < 1/E[Y;].
3. Age-optimal sampling [4]: The sampling policy given by Theorem 2.4.

4. MSE-optimal sampling: The sampling policy given by Theorem 3.1.

Let mseyniform, MS€ero-wait,; MS€age-opt; aNd Mseqpt, be the MSEs of uniform sampling, zero-wait

sampling, age-optimal samplin -optimal sampling, respectively. We can obtain
pling, age-optimal pling, MSE-optimal pling, pectively. We btai

Mmsey; < MSEopt, < MS€;ge-opt < MS€uniform < MSs€,

MSE€,ge-opt S MSE ero-wait S MS€, (292)

whenever zero-wait sampling is feasible, which fit with our numerical results. The expecta-

tions in (2.25) and (2.26) are evaluated by taking the average over 1 million samples. The
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parameters of the Gauss-Markov process are given by ¢ = 1, # = 0.5, and p can be chosen
arbitrarily because it does not affect the estimation error.

Figure 2.8 illustrates the tradeoff between the MSE and f.x for i...d. exponential
service times with mean E[Y;] = 1. Because E[Y;] = 1, the maximum throughput of the
queue is 1. The lower bound msey, is 0.5 and the upper bound mse., is 1. In fact, as Y; is an

; ‘2’—;(1 — e72%%) has a uniform distribution on [0, 1].

exponential random variable with mean 1
Hence, msey, = 0.5. For small values of fy.x, age-optimal sampling is similar to uniform
sampling, and hence mse,geopt and mseypitorm are close to each other in the regime. However,
as fmax ErOWS, MSeuiform reaches the upper bound mse,, and remains constant for fi,.. > 1.
This is because the queue length of uniform sampling is large at high sampling frequencies.
In particular, when f.x > 1, the queue length of uniform sampling is infinite. On the other
hand, mse,geopt and mse,p decrease with respect to frax. The reason behind this is that
the set of feasible sampling policies satisfying the constraint in (2.11) and (2.48) becomes
larger as fuax grows, and hence the optimal values of (2.11) and (2.48) are decreasing in
fmax- As we expected, Mse,ero-wait 1 larger than mseq,; and mseyge ope. Moreover, all of them
are between the lower bound msey, and upper bound mse,.

Figures 2.9 and 2.10 depict the MSE of ¢.i.d. normalized log-normal service time for
fmax = 0.8 and frax = 1.2, respectively, where Y; = ¢®Xi /E[e®Xi] a > 0 is the scale parameter
of log-normal distribution, and (X7, X5, ...) are 7.i.d. Gaussian random variables with zero
mean and unit variance. Because E[Y;] = 1, the maximum throughput of the queue is 1. In
Fig. 2.9, since fuax < 1, zero-wait sampling is not feasible and hence is not plotted. As the
scale parameter o grows, the tail of the log-normal distribution becomes heavier.

In both figures, mse,ge-opt and mseqpe drop with . This phenomenon may look surprising
at first sight, because mse,ge opt anid mse,y, grow quickly in «v in the previous study [35] on the
Wiener process. To understand this phenomenon, let us consider the age penalty function
p(A(t)) in (2.46) for the OU process. As the scale parameter a grows, the service time tends
to become either shorter or much longer than the mean E[Y;], rather than being close to E[Y}].
When A(t) is small, p(A(t)) reduces quickly in A(), and hence the service time smaller than
E[Y;] leads to a fast decrease in the average age penalty; when A(t) is quite large, p(A(t))

cannot increase much because it is upper bounded by mse.,, hence the service time much
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Figure 2.9: MSE vs. the scale parameter « of i.i.d. normalized log-normal service time distribution
with E[Y;] = 1 and fiax = 0.8, where the parameters of the Gauss-Markov process are o = 1 and
0 = 0.5. Zero-wait sampling is not feasible here as fimax < 1/E[Y;] and hence is not plotted.
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Figure 2.10: MSE vs. the scale parameter « of i.i.d. normalized log-normal service time distribution
E[Y;] =1 and fiax = 1.2, where the parameters of the Gauss-Markov process are o = 1, 6 = 0.5.
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longer than E[Y;] would not increase the average age penalty by much. By combining these
two trends, the average age penalty mse,eeopt decreases in . The dropping of mseyp; in «
can be understood similarly. On the other hand, the age penalty function of the Wiener
process is p(A(t)) = A(t), which is quite different from the case considered here. We also

observe that in both figures, the gap between mse,,; and mse,ge opt increases as o grows.

2.8 Conclusion

In this chapter, we have studied the optimal sampler design for remote estimation
of the scalar Gauss-Markov processes through queues. We have developed optimal causal
sampling policies that minimize the estimation error of Gauss-Markov processes subject to
a sampling rate constraint. These optimal sampling policies have nice structures and are
easy to compute. A connection between remote estimation and nonlinear age metrics has
been found. The structural properties of the optimal sampling policies shed light on the
possible structure of the optimal sampler designs for more general signal models, such as

Feller processes, which is an important future research direction.
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2.A Proof of Lemma 2.2

Part (i): According to (2.64) and (2.67), the Lagrangian L(m, 5) is linear and strictly
decreasing in 3. Further, (2.65) tells us that f(f) is the infimum of L(w, /) among all
policies 7 € II;. Because the infimum of a linear and strictly decreasing function is concave
and strictly decreasing, f(3) is concave and strictly decreasing in 5. Moreover, because f(f)
is concave, it is also continuous.

Part (ii): We first show that f(msey,) > 0. According to (2.19), v(msey;) = 0. This,
together with (2.25), (2.26), and (2.30), implies

f(msey;) =f1(msey,) — msey; fo(msey;)

=mse{E[Y}] — 7} + E[O}.]y — msey,E[Y]]

2

:g_H{E[K-] — SpE[1 e %{E[l — ] }2 —E[l- e‘wWE[Y&J}'

(2.93)
Therefore, it suffices to prove that
1 1 ?
E[Y;] — @Eu — e 4 %{E[l - 6—29’4’]} —~E[1 — e E[Y]] > 0, (2.94)
which can be simplified as
1
(Em] - 2—01[*3[1 - e—Wi]> E[e™21] > 0. (2.95)
Because © > 1 — e * for all z > 0 and E[Y;] > 0, we get
E[20Y;] > E[1 — e™2%1]. (2.96)

By this, f(msey;) > 0 is proven.
Finally, we prove that f(mse.) < 0. When 5 — mse_, (2.19) tells us that v(3) grows
to infinite. Further, according to (2.25) and (2.26), R;(v(8)) and Rs(v(B)) are quite large
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compared to R;(Oy;) and Ry(Oy;). Therefore,

1
lim f(B8) =— — lim o*(B)E[e”?"] — msey
B—rmseqo 20 [B—rmses
= — 00. (2.97)

This completes the proof.

2.B Proof of Lemma 2.3

Part (i): From (2.22), it is evident that the function f5(/5) is continuous and hence,
from (2.40), g(5) is also continuous. The derivatives of R;(v) in (2.25) and v(f3) in (2.19)

are given by

R, (v) :a@erf(\?u)efﬁ, (2.98)

Denote

1 { mses,, — msey,
G /= %) =y, 2.100
( mse,, — 3 ) y ( )

Then, by using the derivative of inverse function [95], v'(/3) in (2.99) becomes

iy 01 mses — msey,
v (ﬂ) - QG/(y) (mseoo . 5)2 9 (2101)

where

: i 1
G'(x) = Vme® erf(x) — Z—Qgerf(:p) + = > 0 (2.102)

for all > 0. Hence, v(f) is strictly increasing in 5. From (2.98), we know R} (v) > 0, i.e.,
Ry (v) is strictly increasing in v. Therefore, Ry(v(3)) is strictly increasing in 8. This further

implies that in (2.22), max{R;(v(8)) — R1(Oy;),0} is strictly increasing in . Therefore,
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E[max{R;(v(5)) — R1(Oy,),0}] is also strictly increasing in § and hence, fo(f) is strictly
increasing in 5. Then, by (2.40), g(/) is strictly decreasing in /3. This completes the proof.

Part (ii): We first show that g(msey,)>0. If the root of (2.20) does not satisfy (2.37),
then, let 5* is the root of (2.40). Therefore, g(8*) = 0. As msey, < 8 < mse,, and from part

(i), g(B) is strictly decreasing in 3, we get that

g(msey,) > g(B*) = 0. (2.103)

Hence, g(msey,) > 0.
Finally, as f—mse_, because v(3) grows to infinite, R;(v(8)) becomes quite large com-

pared to R1(Oy;). Hence,

= — 0. (2.104)
This complete the proof.

2.C Proof of Equation (2.9)
The MMSE estimator X; can be expressed as

X, = E[X,|M,]
= E[X|{(S;j, Xs,, D;) : D; < t}]. (2.105)

Recall that U; = max{S; : D; < t} is the generation time of the latest received sample
at time t. According to the strong Markov property of X; [74, Eq. (4.3.27)] and the fact
that the Y;’s are independent of {X;,t > 0}, {U;, Xy, } is a sufficient statistic for estimating
X; based on {(S}, Xs;, D;) : D; < t}. If t € [D;, Diy1), (2.4) suggests that U, = S; and
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. This and (2.8) tell us that, if t € [D;, D;11), then

Xt = E[Xt‘{(SMXSNDZ) : Dz S t}]
= E[X}|S;, X,

= Xg,e 0075 4 pf1 — 70050, (2.106)
This completes the proof.

2.D Proof of Lemma 2.4

In any signal-ignorant policy, because the sampling times .S; and the service times Y; are
both independent of {X;,¢ > 0}, the delivery times D; are also independent of {X;, ¢ > 0}.
Hence, for any t € [D;, D;y1),

E [(Xt ~ X,)|S;, Dy, Dm}

(a) o? 90(t— 81112
= [ %e i Weze(tfsi)_l Si, Di, Diyq
2
5 ) o

where Step (a) is due to (2.8)-(2.9) and Step (b) is due to E[W?] = ¢ for all constant ¢ > 0.

We note that in signal-aware sampling policies,
o 0° —20(t—5;) 772
(Xt — Xt) = %6 ¢ Wegg(t_si)_l (2108)

could be correlated with (S;, D;, D;y1) and hence Step (b) of (2.107) may not hold. Substi-
tuting (2.4) into (2.107), yields that for all ¢ > 0

2
. o
E [(Xt—Xt)Z\w,lﬁ,ﬁé,...] = 25 (1=, (2.109)

which is strictly increasing in A;. This completes the proof.
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2.E Proof of Equation (2.42)

When o = 1, (2.85) can be expressed as

(1-208)G (\/521) —E [e 2],

The error function erf(x) has a Maclaurin series representation, given by

exf(z) — % [:c _ %3 + 0(:33)} |

Hence, the Maclaurin series representation of G(x) in (2.16) is

Let 2 = vv, we get
2) 9
G (\/51}) =1+ 591} + 0(0).
In addition,
E [e ] =1 — 20E[Y;] + o(0).

Hence, (2.110) can be expressed as

(1 - 286) [1 + ;902 + 0(9)] =1 20E[Y;] + o(0).

Expanding (2.115), yields
2) 9
20E[Y;] — 250 + §9v +o0(0) = 0.
Dividing by 6 and letting § — 0 on both sides of (2.116), yields
v —3(8 —E[Y])) = 0.
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Equation (2.117) has two roots —/3(8 — E[Y;]), and 1/3(8 — E[Y}]). If v, = 3(8 — E[Y))),

the free boundary problem in (2.74)—(2.76) are invalid. Hence, as § — 0 and o = 1, the root
of (2.19) is v, = 1/3(8 — E[Y;]). This completes the proof.

2.F Proof of Lemma 2.5

We first prove (4.100). It is known that the OU process Oy is a Feller process [96, Section

5.5]. By using a property of Feller process in [96, Theorem 3.32], we get that

- /Otg(()g)ds

t
=0? - / (—00,20, + 0)ds

0

t
=0? — ot + 29/ O%ds (2.118)
0

is a martingale, where G is the infinitesimal generator of O, defined in (4.89). According
to [76], the minimum of two stopping times is a stopping time and constant times are stopping
times. Hence, tAT is a bounded stopping time for every t € [0, 00), where zAy = min{z, y}.

Then, by Theorem 8.5.1 of [76], for every ¢ € [0, 00)

[ / 0%15}: [ (w)}-@%@fm]. (2.119)

Because E [ AT Ost] and E[tAT] are positive and increasing with respect to ¢, by using the

monotone convergence theorem [76, Theorem 1.5.5], we get

tAT T
lim E U Ogds] =E U Ogds] : (2.120)
t—o0 0 0

lim E[(tA7)] = E[7]. (2.121)

t—o00

In addition, according to [97, Theorem 2.2],

E [max 02] < %E {log (1 + %T)] < glE 7] < . (2.122)

0<s<t
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Because O}, < supg<,<, O2 for all t and sup,,, O? is integratable, by invoking the domi-

nated convergence theorem [76, Theorem 1.5.6], we have

T

lim E[07,,] =E[07]. (2.123)

Combining (4.105)-(4.108), (4.100) is proven.
We now prove (4.101) and (4.102). By using the solution of the ODE in Appendix 2.K,
one can show that R;(v) in (4.37) is the solution to the following ODE

0.2

5 R (v) — OvR(v) = 1, (2.124)

and Ry(v) in (4.38) is the solution to the following ODE

0.2

5 RY(v) — OvRL(v) = v (2.125)

In addition, R;(v) and Rs(v) are twice continuously differentiable. According to Dynkin’s
formula in [75, Theorem 7.4.1 and the remark afterwards], because the initial value of Oy is

Op = 0, if 7 is the first exit time of a bounded set, then

E()[Rl(OT)] = Rl(O) + EO |:/OT 1d8:| = Rl(O) + ]Eo[T], (2126)

0
Because R1(0) = R2(0) =0, (4.101) and (4.102) follow. This completes the proof.

2.G Proof of Lemma 2.6

Suppose that in the sampling policy 7, sample ¢ is generated when the server is busy
sending another sample, and hence sample i needs to wait for some time before being
submitted to the server, i.e., S; < G;. Let us consider a wirtual sampling policy n’ =
{So,...,Si—1,G4, Sit1, ...} such that the generation time of sample i is postponed from S;

to G;. We call policy 7" a virtual policy because it may happen that G; > S;,1. However,
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this will not affect our proof below. We will show that the MSE of the sampling policy 7’ is
smaller than that of the sampling policy m = {So, ..., Si_1,S;, Sit1,-- -}

Note that {X; : t € [0,00)} does not change according to the sampling policy, and the
sample delivery times {Dy, D1, Ds, ...} remain the same in policy 7 and policy 7’. Hence,
the only difference between policies m and 7’ is that the genmeration time of sample i is
postponed from S; to G;. The MMSE estimator under policy 7 is given by (2.9) and the
MMSE estimator under policy 7 is given by

A

Xy =E[Xe|(S;, Xs;, Dj)j<i-1, (Giy Xa,, Dy)]
_ ) EXXe,, Gl [ +1) (2.128)
E[X:|Xs;, Sj], t € [Dj, Djia), j #i.
Next, we consider a third virtual sampling policy 7" in which the samples (Xg,, G;) and
(Xs,,S;) are both delivered to the estimator at the same time D;. Clearly, the estimator
under policy 7" has more information than those under policies m and 7’. By following the

arguments in Appendix 2.C, one can show that the MMSE estimator under policy " is

X} =E[X.[(S), Xs;, D))j<ir (Gi, Xa,, Di)]
E|X:| Xq,,G;l, te€[D;,D;iy1);
_ ) ElXXe;, Gl [ +1) (2.120)
E[X:|Xs;,S;], t€[Dj,Djy1), j#1i.
Notice that, because of the strong Markov property of OU process, the estimator under policy
7 uses the fresher sample (X¢,, G;), instead of the stale sample (Xg,, S;), to construct X/
during [D;, D;y1). Because the estimator under policy 7”7 has more information than that
under policy 7, one can imagine that policy 7" has a smaller estimation error than policy ,

ie.,

E {/DM(Xt - X’t)th} >E {/DM(Xt - Xt")2dt} . (2.130)

D;
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To prove (4.82), we invoke the orthogonality principle of the MMSE estimator [98, Prop.
V.C.2] under policy 7" and obtain

D1 . N N
E { / DX, — X)XV — Xt)dt} 0, (2.131)
D;

where we have used the fact that (Xg,, G;) and (X, S;) are available by the MMSE estimator

under policy 7”. Next, from (4.83), we can get

Dit1 .
E {/ (X, — Xt)Zdt}
D;

Ditq . ~ .
-k {/ (X, — X2+ (X] — Xt)th}

D;

Dit1 . . .
+E {/ 2X, — X)XV — Xt)dt}

D;

Diy1 . . .
—F {/ (X, — X2+ (X] — Xt)th}

D;
Diyq .
>R {/ (X, — X;’)th} : (2.132)
D;

In other words, the estimation error of policy 7" is no greater than that of policy 7. Further-
more, by comparing (4.80) and (4.81), we can see that the MMSE estimators under policies
7" and 7" are exact the same. Therefore, the estimation error of policy 7" is no greater than
that of policy .

By repeating the above arguments for all samples ¢ satisfying 5; < G;, one can show
that the sampling policy {So, G1,...,Gi—1,Gi, Giyq, ...} is better than the sampling policy
7w =1{S50,51,...,5i-1,S5i, Sit1,...}. This completes the proof.

2.H Proof of Equation (2.68)

According to Lemma 4.7,

Yi+Zi+Yi11 ) o2 1 ) )
E { /Y B Osds} = ZEYin] = 2B | 0% 7y, — OYMZ,] . (2.133)
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The second term in (2.133) can be expressed as

2
2 2 _ —0Y;41 ") 2
E 0% zvis — Obiszs]| —=E (omzie e M W ) = Oy,

2
= |:O?/i+zi<e_20yi+1 _ 1) + 0_6—29)/,-+1 W2 :|

20 o20Yiq1 _q

+E |:20yi+Zi€_0Yi+1L6_6E+1W629Yi+1_1:| . (2.134)

V20

Because Y4, is independent of Oy, 7 and W;, we have
E[0} 7 (e —1)] =E [0} 5| E[e7* —1], (2.135)
and

—0viy1 9 -y
E |:2OY«;+Z1‘6 H——e +1V[/ve2eyi_~_1_1:|

V260

—E[20y,,7]E {eWi“ \;LQ_ee"mlWemM_ll

YE 20y, 2, ]E []E [6%1 \;LQ_QGW"“WGMYM _1

Ym”. (2.136)

where Step (a) is due to the law of iterated expectations. Because E[W;] = 0 for all constant

t > 0, it holds for all realizations of Y;,; that

—0Y; 0 oy
E [e e W oy,

V20

Yi+1} = 0. (2.137)

Hence,

E |20y, 5 e it
[ Yi+Z; \/ﬁ

Le—"mlWegemll] — 0. (2.138)
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In addition,
o20Yiy1_q

E 0—26729“’“ w2
20

o20Yip1_q

W2 R [E {ewmlwﬂ

]

2
@g_@E |:1 _ 6—293/i+1] 7 (2139)

where Step (a) is due to the law of iterated expectations and Step (b) is due to E[W2] = ¢

for all constant ¢ > 0. Hence,

YitZi+Yiq1
E {/ Ofds}
Yi+Z;

o 2 o’ 20Y;
=5 ElYin] + 1B [07,, ] — JmE [1 -]
2
o
:%[E(YHI) — ) +E [0, 2], (2.140)

where v is defined in (2.24). Using this, (2.68) can be shown readily.

2.1 Proof of Lemma 2.1

According to (2.8) and (2.9), the estimation error (X, — X;) is of the same distribution
with O;_g, () for t € [D;(3), Diy1(5)). We will use (X; — X,) and Oy—_s,(3) interchangeably
fort € [D;(B8), Di+1(B)). In order to prove Lemma 2.1, we need to consider the following two

cases:

Case 1: If | Xp, (s —)A(Di(ﬂ)| = |Oy;| > v(B), then (4.55) tells us S;11(5) = D;(S). Hence,

Di(B) = Si(B) +Yi, (2.141)
Dit1(B) = Siya1(B) + Yig1r = Di(B) + Yiqa. (2.142)

Using these and the fact that the Y;’s are independent of the OU process, we can obtain

E | Dis1(8) = Di(8)|Oy,,|0v] = v(8)| = ElYiu) (2.143)
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and

Diy1(8) R
E / (X, — X,)2dt

Oy,, |Oy;| > U(ﬁ)]
D;(8)

Yi+Yir
| [ 0o lox] = v(s)
Y;
2 2
(a)O' ag _ 9 i
:%E[K+1] + "}/032/I - @E [1 —e 2 Y+1]
=mse[E(Y;11) — 7] + 077, (2.144)

where Step (a) follows from the proof of (2.140).
Case 2: 1f | Xp, s — XDi(5)| = |Oy;| < v(p), then (4.55) tells us that, almost surely,

|X5i+1(5) - X5i+1(5)| = U(B) (2'145)

Let us consider the following equation:

E[Di41(8) = Di(8)|Ov:. 10x:] < v(8)]
:E[(Diﬂ(ﬁ) — Sit1(B)) + (Six1(B) — Si(5))

~ (Di(B) = $i(B)) |0, 10w] < v(8)] . (2.146)

Because D;.1(8) = Si+1(8) + Yii1, the remaining task is to find
E [S041(8) — Su(8)|Ox:.10v] < v(8)]. and E [Di(8) — S,(8)]Orc.[0w] < v(8)] to compute
(4.208). By invoking Lemma 4.7, we can obtain

E[$i41(8) = Si(8)|Ov., 10v] < v(8)] = Ri(v(8)), (2.147)

E [Di(8) = 5i(8)|Ox,,|0x| < (8)] = Ra(|Ox]). 2.148)
Substituting (4.206), (4.207), and D;1(8) = Si+1(8) + Yiy1 in (4.208), we get that

E [ Dia(8) — Di(8)|Ox:. 0w < ()]

—E[Vi1] + Ri (v(8)) — Ra(|Ox,)). (2.149)
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In addition, let us consider the following equation:

L+1(/3)
E / ~ X)) dt‘Oy,\Oy|<v()

—L+1(ﬁ) Si+1(/8) N
—E / X) dt+/ (X, — X;)%dt
7.+1 Sl(ﬁ)

i(B) .
- / (X - Xt Oy, [0 < v(ﬁ)]
Si(8)

(2.150)

Next, we need to compute the expectations in (2.150). By invoking Lemma 4.7 again, we

can obtain

Siy1(8) .
E/ (Xt—Xt)th‘Oyi,
S
Yi+Z;
:E/ O2ds
0

i Di(B) N
E / (X, — Xt)th’Oyi,
S,

| < v(ﬁ)]

Oy,, Oy,

(B)| = Ra(v(P)),

| < v(ﬁ)]

i(B)

—E/ O2ds
LJo

By substituting (4.210), (4.211), and (2.140) in (2.150), we have

).

Oy, |Ox,| < vw)} _ Ry(lOv,

E
D;(B)

Dit1(8) o
JRCESY dt‘OYm 0y] < v(8)

=mse [E(Yit1) — 7] + v*(8)y + Ra2(v(5)) — Ra(|Oy,

By combining (2.143) and (2.149) of the two cases, yields

E [Dis1(8) - Di(8)| 0]

=E[Yi] + max{ Ry (v(5)) — £1(|Oy]), 0}
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(2.151)

(2.152)

(2.153)

(2.154)



Similarly, by combining (4.200) and (4.212) of the two cases, yields

Diy1(8) R
E / (X — Xt)th‘Oyi

D;(B)

=mseo[E(Yi11) — 7] + max{v*(8), O3, }y + max{R(v(8)) — Ra(|Oy;

),0}. (2.155)

Finally, by taking the expectation over Oy, in (4.214) and (4.217) and using the fact that

Ry (+) and Ry(-) are even functions, Lemma 2.1 is proven.

2.J Proof of Lemma 2.8

Because the Y;’s are i.i.d., (2.68) is determined by the control decision Z; and the
information (Oy;,Y;). Hence, (Oy,,Y;) is a sufficient statistic for determining Z; in (2.65).
Therefore, there exists an optimal policy (Zy, Z1,...) to (2.65), in which Z; is determined
based on only (Oy;,Y;). By this, (2.65) is decomposed into a sequence of per-sample MDPs,
given by (4.126). This completes the proof.

2.K Proof of Equation (2.77)

Define S(v) = H'(v). Then, (4.130) becomes

- (v? — B). (2.156)

Equation (2.156) can be solved by using the integrating factor method [94, Sec. 1.5], which
applies to any ODE of the form

S'(v) 4+ a(v)S(v) = b(v). (2.157)
In the case of (2.156),
20 2
a(v) = =0 b(v) = ;(U - B). (2.158)
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The integrating factor of (2.156) is
M(v) = ef a0 — o= 7z%° (2.159)

Multiplying e~ +7"" on both sides of (2.156) and transforming the left-hand side into a total

derivative, yields

[S(v)e_o%ﬁ]/ = b(v)e_%UZ. (2.160)

2 2
:/—26_:5”2112%—/;56_:2”2(1@. (2.161)
The indefinite integrals in (2.161) are given by [99, Sec. 15.3.1, (Eq. 36)]
2 2 0 2
/—26_:2” vidv = \/iaerf <\/—_v> L Ch, (2.162)
o 202 o 0

/%Be_o%”zdv = ;/jgerf (?U) + Oy, (2.163)

where erf(-) is the error function defined in (2.17). Combining (2.161)-(4.134), results in

_(V7mo /7B VO \ o, v 602
S<U)—(29§ 0_—\/5 erf 711 €o 9+C3€f’ y (2164)

where C3 = Cy + Cy. We need to integrate S(v) in (2.164) again to get H(v)

H(v) = / S(v)do

SO ) e [

+ /Cgefzvgdv, (2.165)
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which requires the following integral [100, Sec. 8.250 (Eq. 1,4)]:

/ erf(ﬁv) G%U2dv
o

0 3 .0
\/50-\/%91)22172 (1, 1, 5, 2, ;’U2> + C.

By using (2.166), we can compute the first integral of (2.165)

/(ggg_%>erf(\gv)eﬁvgdv

1 B\ , 3.0,
= (% — ;) 2F2 (17 1, 5,2, EU + 04.

The remaining integrals in (2.165) are as follows [100, Sec. 3.478 (Eq. 3)]

/036:2“2611) = Cyerfi (ﬁv> + Cs,
o
2
v v
/gdv = —% + 07,

where erfi(-) is the imaginary error function defined in (4.140).

(2.166)

(2.167)

(2.168)

(2.169)

Hence, by substituting

(2.167), (2.168), and (2.169) in (2.165), H(v) in (2.77) follows. This completes the proof of

(2.77).

2.LL. Proof of Lemma 2.9

The proof of Lemma 2.9 consists of the following two cases:

Case 1: If |v| > vy, (4.129) implies 7. = 0. Hence,

lv| > v,] :]EU[/ 1lds
0

Ev [7_*

o] > } o,

and
Ev[/ V.2ds
0
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lv| > v*] =0.
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(2.171)



Because V) = v, we have

E,[V2] = E,[V?] = v2.

Tx

By combining (2.170)-(2.172), we get

E, {—’YVE —/ (Vsz — B)ds||v| > v*] = —yv?.
0

Case 2: If |v| < vy, (2.73) tells us that, almost surely,

V.

*

= V.
Similar to the proof of Lemma 2.1, we can use Lemma 2.5 to obtain

E, [T*HU\ < v*}

:Ev[/ lds
0

:Rl (’U*) - R1 (1})

2 3 0 2 3
:%2172 <1, L; B% 2; ;UE) - %2F2 (17 L; 9 2, —v

lv| < v,

E[/ Vi2ds
0

:R2 (U*) — R2 (U)

0] < v

v w2 3 0
—— 24 1,129 22
20 " 20 ° 2(’ ) ’ﬁ”*)
v2 0 3 0
— = — ok 1,1:2.2: —?
+20 202 2<772770_QU)7

and

E, [V |[v] < v.] =02,
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(2.173)

(2.174)

(2.175)

(2.176)

(2.177)



Combining (2.175)-(2.177), yields

lv| < v,

E, [—Wi— | w2 = pas
0
v? 1 I} 3 0
= — — - F 11_2_2 2
29+<29 0—2)2 211552 50°)v

Fo B (e2%) 2 — (%— g)QFQ (1,1; g 2; %vf)vf. (2.178)

By combining (2.173) and (2.178), Lemma 2.9 is proven.

2.M Proof of Lemma 2.10

The proof of Lemma 2.10 consists of the following two cases:

Case 1: If |v| > vy, (2.81) tells us that
H(v) = — % (2.179)

Hence, Lemma 2.10 holds in Case 1.
Case 2: |v| < v,. Because H(v) is an even function and H(v) = —yv? holds at v = v,

to prove H(v) > —yv? for |v| < v,, it is sufficient to show that for all v € [0, v,)
H'(v) < [-y? = —27v. (2.180)

Hence, the remaining task is to prove that (2.180) holds for v € [0, v,).

After some manipulations, we can obtain from (2.85) that

(mses — 3) G (?m) = mse, E(e 27Y). (2.181)

Because G(-) > 0 is an increasing function, it holds for all v € [0,v,) that

(mse,, — ) G (?v) < (mse,, — B) G (?m)

=mse, E(e 2. (2.182)
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One can obtain (2.180) from (4.144) and (2.182). Hence, Lemma 2.10 also holds in Case 2.

This completes the proof.

2.N Proof of Lemma 2.11

We need the following lemma in the proof of Lemma 2.11:

Lemma 2.12 (1 —22?)G(z) <1 for allz > 0.

Proof 2.13 Because G(0) = 1, it suffices to show that for all x > 0

(1 —22%)G(x)] <0.

We have
2 / 1 z? ¢ —t2 1 2 2 ! —t2
[(1=227)G(2)] = ——e e "dt + — —4z%e e " dt —2x.
z 0 z 0
Because e is decreasing on t € [0,00), for all z >0
/ e dt 2/ e dt = xe
0 0
Hence,
1 N 1
——2er/ e dt + = < 0.
x 0 x

Substituting (2.186) into (2.184), (2.183) follows. This completes the proof.

Now we are ready to prove Lemma 2.11.

(2.183)

(2.184)

(2.185)

(2.186)

Proof 2.14 (Proof of Lemma 2.11) The function H(v) is continuously differentiable on

R. In addition, H"(v) is continuous everywhere but at v = tv,. Since the Lebesque measure

of those time t for which V, = twv, is zero, the values H"(£v,) can be chosen in the sequel
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arbitrarily. By using Ito’s formula [101, Theorem 7.13], we obtain that almost surely

H(V) — H(v)
-/ )~ 0V ()~ (VE - B dr + / H(V)W,.

For allt >0 and all v € R, we can show that

E, {/Ot [oH’(VT)]er} < 0.

This and [101, Theorem 7.11] imply that f(f oH'(V,)dW, is a martingale and
¢
E, V aH’(Vr)dWr} — 0,V t>0.
0
Hence,
E, [H(V;) — H(v)]

_E, { |5 1) = v ) - (v = ]|

Next, we show that for all v € R
o2
?H"(v) —OvH'(v) — (v* — B) <0.

Let us consider the following two cases:

Case 1: If |v| < vy, then (2.74) implies

SH'(v) = 00l (v) = (v = B) =
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(2.188)

(2.189)

(2.190)

(2.191)



Case 2: |v| > v,. In this case, H(v) = —yv?. Hence,

o2
?H”(v) — OvH'(v)

0.2

== (=27) = 6v(=2)

= — 0%y 4 20y0?

= — msey, + E[1 — e 2"i]0?
Substituting (2.192) into (2.190), yields
E[e2]v? > B — msey,.
To prove (2.193), since |v| > v., it suffices to show that
E[e2 w2 > B — msey,,

which is equivalent to

2

Uy

(mse,, — msey; )
msese

We now prove (2.195). By Lemma 2.12, we get

2
(1 - ”*39> a (ﬁv*> <1
o o

Hence,
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> (mse,, — msey.) — (mse,, — 3).

(2.192)

(2.193)

(2.194)

(2.195)

(2.196)

(2.197)



By substituting (2.85) into (2.198), we obtain

2
(msey, — msey; ) (1 _ % ) G (ﬁm)
mMsen, o

< (msen. — B) G(ﬁv*). (2.198)
o
Because G(x) > 0 for all x > 0,
02
(mse,, — msey; ) (1 - — ) < mse,, — 3, (2.199)
MSens

which implies (2.195). Hence, (2.190) holds in both cases. Thus, E,[H(V;) — H(v)] < 0
holds for all t > 0 and v € R. This completes the proof.

2.0 Proof of Theorem 2.6

According to [91, Prop. 6.2.5], if we can find 7* = (Z;, Z,...) and A\* that satisfy the

following conditions:

n—1
€ Iy, lim % ;E Y; + Z] — fiax >0, (2.200)
A >0, (2.201)
L \%) = Triélé1 L(m; X¥), (2.202)
= 1
2 {,}L‘Eo - ;]E Y+ Z;] — fmax} =0, (2.203)

then 7* is an optimal solution to (2.62) and A\* is a geometric multiplier [91] for (2.62).
Further, if we can find such 7* and A*, then the duality gap between (2.62) and (2.66)
must be zero, because otherwise there is no geometric multiplier [91, Prop. 6.2.3(b)]. The
remaining task is to find 7* and A* that satisfy (2.200)-(2.203).

According to Theorem 4.7 and Corollary 4.2, a solution 7 = (Zy(B), Z1(B),...) to
(2.202) is given by (4.159), where 5 = mse.,, + A*. In addition, because the Y;’s are u.i.d.,
the Z;(f3)’s in policy 7* are i.i.d. Using (2.200), (2.201), and (2.203), the value of \* can be
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obtained by considering two cases: If A\* > 0, because the Z;(f)’s are i.i.d., we have from

(2.203) that

1
1 E[Y; + Z(8)] = E[Y; + Zi(B)] = —. 2.204
nggonz + Vit Zi(B) = 5— (2.204)
If A* = 0, then (2.200) implies
1
I E[Y; + Z(8)] = E[Y; + Z; 2.2
S Z + i+ Zi(B)] > . (2.205)

Next, we compute mse,,; and 5 = mseyp; + A*. To compute mse,,, we substitute policy

7 into (2.61), which yields

Zn 1 E |: Yi+Z; (5)+Yi+10§ds]
mse, lim
M S TEYi+Zi(8)
_E [ ;/+Z (ﬁ)+Yz+102dS:|
Y+ Z(O]

(2.206)

where in the last equation we have used that the Z;(3)’s are i.i.d. Hence, the value of

B = msegpy + A* can be obtained by considering the following two cases:

Case 1: If \* =0, then (2.205) and (2.206) imply that

E[Y; + Zi(8)] > f1 (2.207)
E Yi+Z; (ﬁ)-‘ryi—o—102d
B = mseyy = UY" i (2.208)
v E [Yi+Z;(8)]

Notice that (2.208) can rewritten as (2.36), which is a fixed-point equation on 8. According
to Lemma 2.2, one root of (2.36) is in the set (msey;, msey,), which is also the unique root of
(2.89); we denote this root as 5;. We choose 7* = (Zy(51), Z1(p1)...), where Z;(-) is given by
(2.88). In addition, A* must be 0 in Case 1. Because \* = ; — mse,, we get mseyp, = [,

which is required in (2.208). Case I occurs if the root §; of (2.208) satisfies (2.207). We

67



note that 5 = msey, is another root of (2.208), but we do not pick policy 7* based on this
root.

Case 2: If \* > 0, then (2.204) and (2.206) imply that

E[Y+ Zi(3)] = 7 (2.200)
E [IE+Z¢(5)+Y¢HO§d8
B > mseqp = i (2.210)
E[Y;+Z;(5)]

When the root 5; of (2.208) does not satisfy (2.207), Lemma 2.3 tells us that (2.209)
has a unique root in the set [msey;, mse,,), which is denoted by f,. We choose 7 =
(Zo(B2), Z1(B2)...), where Z;(-) is given by (2.88). Further, we choose A\* = 3 — mseqpt.

Theorem 4.7, together with the fact that 1, fo€[msey;, mse,,) and the arguments above,
implies that the selected 7 and \* satisfy (2.200)-(2.203). By [91, Prop. 6.2.3(b)], the duality
gap between (2.62) and (2.66) is zero. A solution to (2.62) and (2.66) is 7*. This completes
the proof.
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Chapter 3

Performance Bounds for Remote Estimation with Noisy Samples
3.1 Introduction

Many real-time applications, such as state estimation, tracking, and decision-making
require fresh and timely updates about the system state. In recent years, to measure the
freshness of state updates, the concept of Aol has received significant attention from the
research community due to its extensive importance in real-time systems [1,2,102]. Aol is
expressed as a time difference between the current time and the generation time of the latest
received sample.

In practice, the system states are usually in the form of a signal X, such as interest
rate, currency exchange rate, price of the stock market, and the trajectory of a flying UAV.
These real-time signals are random, sometimes the variations are small and later may become
huge. Hence, the time difference is not sufficient to distinguish the variation of the signal
state and the update policy that minimizes Aol does not produce a smaller estimation error.
The problem of sampling an Ornstein-Uhlenbeck (OU) process is recently addressed in [34]
and another problem of sampling a Wiener process in [55]. However, the optimal sampling
policy provided in [34] is only for the stable scenario. In practice, real-time applications of OU
processes consider both stable and unstable cases [103]. Therefore, a sampling problem that
considers only the stable scenario is insufficient for practical and more dynamic systems, and
a generalization of this problem that considers both stable and unstable cases is necessary.

Moreover, a real-time system often consists of noise along with the signal process. There-
fore, the analysis based on noisy observation of samples to minimize signal estimation error
is practically much more important in real-time networked control and communication sys-
tems. In this chapter, we consider noisy samples of OU process and compute the mse from

which we establish estimation performance bounds of mse.
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The OU process is defined as the solution to the following stochastic differential equation

(SDE) [68,69]

where pu, 6, and ¢ > 0 are parameters and W, represents a Wiener process. In case of stable
OU process, # > 0 [34]. In (3.1), if # — 0, and 0 = 1, X; reduces to a Wiener process. If
0 < 0, then X; becomes an unstable OU process. Examples and properties of OU processes
are explained in [34].

We consider the samples of the Gauss-Markov process pass through a channel in a
first-come, first-serve (FCFS) strategy. A remotely located estimator utilizes these causally
received samples to make an estimate X, of X,. First, we obtain a lower bound of mse in the
absence of any additional noise in the system. Second, our goal is to find the expression of
mse with the presence of noise in the system. This analysis provides an upper bound of mse
when the estimator receives noisy samples. We summarize the contributions of this paper

as follows:

e The optimal sampling problem in the absence of noise is formulated and the solved
optimal sampling policy is a threshold policy on instantaneous estimation error. The
structure of the thresholds v(3) of a parameter 3 are different for the three cases: § > 0
(Stable OU process), § = 0 (Wiener process), and 6 < 0 (Unstable OU process). The
value of (3 is equal to the optimum value of the time-average expected estimation error.

The computation of S remains the same irrespective of the signal models.

e Further, we consider noisy samples and obtain an explicit expression for mse. From

the expression, we establish a performance upper bound of mse.

e QOur results hold for general i.7.d. transmission time distributions of the queueing server

with a finite mean.

3.2 Model

This section describes the single-source, single-channel model as shown in Figure 3.1.
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: N ! !

\ sampler Si | queue Si

i (SZ7XSz) (Sl’USz) : (SzaQSz) i
Xt : : estimator—_X;

e channel

observer

Figure 3.1: A single-source, single-channel remote estimation system consisting of a noisy sample
of X; over a noisy channel.

3.2.1 System Model

We consider a continuous-time remote estimation system that is illustrated in Fig. 3.1,
where an observer takes samples from an Gauss-Markov process X;. After sampling, addi-
tional noises from the sampler and the channel are added to the samples. Then, the noisy
samples are sent to the estimator. The channel is modeled as a single-server FIFO queue
with 7.7.d. service times. The samples undergo random service times in the channel due to
fading, interference, congestions, etc. We also consider that at a time, only one sample can
be delivered through the channel.

The operation of the system starts at time instant ¢ = 0. The generation time of the i-th
sample is S;, which satisfy S; < .S, for all . Then, i-th sample undergoes a random service
time Y;, and is delivered to the estimator at time D;, where S; +Y; < D;, D; +Y;11 < D;1q,
and 0 < E[Y;] < oo hold for all 7. The i-th sample packet (.S;, Xg,) contains the sample value
Xg, and its sampling time S;. Suppose that after sampling, noise Ng, is being added to the

sample Xg, and the noisy observation of the sample Xg, is denoted by Usg,. Hence,

Us, = Xs, + Ns,, (3.2)

where N, is the additive noise with zero mean and variance b;. Each sample packet (S;, Ug,)
contains the sampling time S; and the noisy sample Ug,. If channel noise Ng with zero mean

and variance by is added to the sample during its transmission through the channel, then

71



the sample value becomes

Initially, at ¢ = 0, the state of the system is assumed to hold Sy = 0, and Dy = Y. The
initial state of the Gauss-Markov process X is a finite constant. The process parameters u,
0, and o in (3.1) are known at both the sampler and estimator.

Let, the idle/busy state of the server at time ¢ is denoted by I; € {0,1}. We also assume
that an acknowledgement is immediately sent back to the sampler whenever a sample is
delivered and this operation has zero delay. By this assumption, the sampler is aware of

the idle/busy state of the server and the available information at time ¢ can be given by

{Xs, 1,: 0 < s <t}

3.2.2 Sampling Policies

The sampling time S; is a finite stopping time with respect to the filtration {F;",¢ > 0}
(a non-decreasing and right-continuous family of o-fields) of the information that is available

at the sampler such that [76]
{S; <t} e F"vt>0. (3.4)

Let m = (51,5, ...) denote a sampling policy and II denote the set of causal sampling
policies that satisfy two conditions: (i) Each sampling policy = € II satisfies (4.87) for
all 4. (i) The sequence of inter-sampling times {7, = S;41 — S;,i = 0,1,...} forms a
regenerative process [34, Section IIB]: An increasing sequence 0 < l; < [y < ... of almost
surely finite random integers exists such that the post-l; process {1}, 4+, = 0,1,...} is
independent of the pre-l; process {T;,i = 0,1,...,l; — 1} and has same distribution as the
post-ly process {T},4i,7 = 0,1,...}; We further assume that E[l; 11 — ;] < oo, E[9,] < o0,
and 0 < E[S;, ., —9,] <oo, k=1,2,...
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3.2.3 MMSE Estimator

In this section, we provide the MMSE estimator for noisy samples of the OU process.
By using the expression of OU process for stable scenario [83, Eq. (3)] and the strong
Markov property of the OU process [74, Eq. (4.3.27)], a solution to (3.1) for t € [S;, 00)

given by the following three cases:

X, e 00750 4 p[1 — e 00=50)] 4 e 0=SI0W 555y, if 0> 0,

V20
Xi =4 oW, if 9=0, (3.5)
XN, e 050 4 pf1 = 700 50] 4 e @SIW,_ psy, i 0 <0,

The estimator uses causally received samples to formulate an estimate X, of the real-
time signal value X; at any time ¢ > 0. The available information at the estimator has
two parts: (i) M; = {(S;,Qs,, D;) : D; < t}, which contains the sampling time S;, noisy
sample value ()g,, and delivery time D; of the samples that have been delivered by time ¢
and (ii) no sample has been received after the last delivery time max{D; : D; < t}. Similar
to [30,34,55,84], we assume that the estimator neglects the second part of the information.
Then, as shown in [38], the MMSE estimator for ¢t € [D;, D;y1), i = 0,1,2,... for all of the

cases in (3.5) is given as follows

Xt :E[Xt|Mt]

:QSiG—O(t—Si) + #[1 — e—G(t—Sz‘)] (3.6)

3.3 Main Results

We evaluate the performance of remote estimation by the time-average mean square

error which is expressed as follows:

1 r .
mse = lim sup ?E [/ (X; — Xt)th] : (3.7)
0

T—o0

A lower bound of (3.7) can be obtained when the additive noises are not considered

(N5, = 0,Ng = 0). On the other hand, an upper bound can be found by taking both the
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noises into account. Moreover, we formulate the following optimal sampling problem that
minimizes the time-average mean-squared estimation error over an infinite time-horizon when

no noise is considered.

mell T—o0

1 r .
MS€optwn = Min lim sup TIE {/ (X — Xt)zdt] , (3.8)
0
where mse,pwn is the optimum value of (3.8) without noise.

3.3.1 Lower Bounds for mse

Let us consider a Gauss-Markov process with initial state Oy = 0 and parameter p = 0,

which can be expressed as

O W ey, if 6> 0,

V20
Or = ¢ oW, if 0=0, (3.9)
e "Wy, if 0 <0,

Before presenting the optimal sampler without noise, let us define the following parameter:

2
PRI — e 2%, if 040,
msey, = { % [ ] 7 (3.10)
o’E[Y;], it =0,

where msey; is the lower bound of mse. We will also need to use the following two functions

G(z) = g%erf( ), z € [0, 00), (3.11)

K(z) = ge; erfi(z), z € [0, ), (3.12)

where if x = 0, both G(z) and K (x) are defined as their right limits G(0) = lim, o+ G(z) =
1, and K(0) = lim, ,o+ K(z) = 1. Furthermore, erf(-) and erfi(-) are the error function and

imaginary error function respectively, defined as

erf(z - = / Pt erfi(z) = % /0 C et (3.13)
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Note that G(x) is strictly increasing on = € [0,00) [34], whereas K (z) is strictly decreasing
on x € [0,00). Hence, their inverses G~!(-) and K~!(-) are properly defined.

First, we consider that the system has no noise, i.e., Ng, = 0 and Ng = 0. Therefore,
from (3.2) and (3.3), we get, Xg, = Us, = Qs,. Then, the following theorem illustrates that
the optimal sampling policy is a threshold policy and the threshold is found for all the three

cases of the Gauss-Markov process parameter 6.

Theorem 3.1 If the Y;’s are i.i.d. with 0 < E[Y;] < oo, then (S1(8),S2(8),...) with a

parameter 5 is an optimal solution to (3.8), where
&+ﬂﬁ):hﬁ{tzlzuﬁ:L&——Xﬁzvuﬁ}, (3.14)

D;(B) = Si(B) + Yi, and v(B) is given by

.

26! (—Giﬂy) . if >0,
v(B) =4 /38— E[Y]), if =0, (3.15)

2
LR E) g <o
v—0 ( %—ﬁ )7 f )

\

where G=1(+) is the inverse function of G(-) in (3.11), K~1(-) is the inverse function of K ()
in (3.12), and (3 is the unique root of

Di11(B) .
/ (X, — X;)2dt
Di(8)

E — BE[D;11(8)—Ds(B)] = 0. (3.16)

The optimal objective value to (3.8) is then given by

E [fgii(-gl)(ﬁ)(xt . Xt)th]
E[D;1(8)—Di(8)]

(3.17)

MSE€opt-wn =

In [34], it is proved that the optimal sampling policy for stable OU process, i.e., when
6 > 0 is a threshold policy. The threshold obtained in [34] coincides with v(f5) in (3.15) for
the case of # > 0. For # = 0, the threshold is obtained for ¢ = 1 which represents a Wiener

process [35]. For 6 < 0, the proof procedure works in the same way as explained in [34]
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for stable OU processes. The threshold v(f) is obtained by solving similar free boundary
problems explained in [34] and the optimality of (4.57) for # < 0 is thus guaranteed. However,
the threshold structure is different for all the three cases in Theorem 3.1. The function K (x)
n (3.12) is related to the function G(z) in (3.11) as follows

K(z) = G(jz), (3.18)

where j is the imaginary number represented by j = v/—1. Therefore, the threshold v(5)

for # < 0 can be expressed by the following equation as well:

o) = 11 (;’—9; msem) | (319

Though the threshold functions v(f) varies with signal structure, the computation of
the parameter S remains the same for all cases and the uniqueness of the root of (4.56) is
proved in [34]. The decision of taking a new sample defined in (4.55) works in the same way

as explained in [34].

3.3.2 Upper Bounds for mse

Suppose that the additive noise in the sampler and channel exist in the system, i.e.,
Ns, # 0,Ng # 0. Moreover, the sampler follows the sampling strategy obtained in (3.14).
Because the noises Ng, and Ng. are independent of the sampling times and the observed
Gauss-Markov process, by utilizing (3.2), (3.3), (3.5), (3.6), and (3.17), the mse at the

estimator which is an upper bound of (3.7) can be expressed as

E :fé):(zl)(ﬁ)(Xt _ Xt)Zdt]

E[Dz+1(5)—Di(5)]

E sz+1 Ot s, (NSi+Néi)6_9(t_Si)>2dt]
E[Di1(8)—Ds(B)]

E fDl“ o2 Sdt} E[ DO N, + Ny e 050 dy
E[D;1(8)-Di(B)] E[Dz+1(5)—Di(5)] ’

(3.20)
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where (3.20) follows due to the fact that the Gauss-Markov process O, has initial state Oy = 0
and the noises Ng, and Ng with zero mean are independent of the observed Gauss-Markov
process and sampling times.

To compute (3.20), the first fractional term remains the same as the mseqpt yn in (4.57)
with Ng, = 0 and N fg = (. For stable OU processes, the associated mseypwn 15 computed
in [34, Lemma 1]. The expression of O7 g, is the same for both stable and unstable OU
processes. Therefore, the solution for (3.20) holds for all three cases in (3.9). For computing
the second term, as Ng, and Ng are independent of the observed Gauss-Markov process and

the sampling times, the numerator of the second fractional term in (3.20) can be written as:

Dit+1(B)
/ e‘ze(t_si)dt] . (3.21)

D;(B)

Diy1(B)
]E / (NS¢+Néi)2€_20(t_Si)dt :E[(N51+NA/5'Z)2]E

D;(B)

Then, we have the following lemma for the last term in (3.21).

Lemma 3.1 It holds that

Di1(B) 1 002
/ + e_ge(t_si)dt] :%E |:6—29le- { 1 . m1n <1’ ;Fl (]-7 29 o2 OK)) )E[e—29n+1] }:| )
1

E

D;(B)

Proof 3.1 See Appendiz 3.A.

By using Lemma 3.1 and the expressions obtained in [34, Lemma 1], all the associated
expectations in (3.20) can be obtained by Monte Carlo simulations of scalar random variables

Oy, and Y;, which does not require to directly simulate the entire random process {O;,t > 0}.

3.4 Numerical Analysis

Figure 3.2 illustrates the MSE of i.i.d normalized log-normal service time, where Y; =
e*Xi [E[e®Xi], and o > 0 is the scale parameter of log-normal distribution. The (X7, X5, ...)
are 7.7.d. Gaussian random variables, where E[X;] = 0 and Var(X;) = 1. The maximum
throughput of the queue is 1 as E[Y;] = 1. Both of the noises Ng, and Ng. are considered

to have 0 mean and variance 0.1. With the growth of the scale parameter «, the tail of
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Figure 3.2: MSE vs. the scale parameter « of i.i.d. normalized log-normal service time distribution
with E[Y;] = 1, where the parameters of the Gauss-Markov process are o = 1 and 6 = 0.5.

the log-normal distribution becomes heavier. The MSE with noise curve shows performance

degradation as the additional term due to noise added with the mse without noise.

3.5 Conclusion

In this chapter, we have studied noisy samples over a noisy channel. We have obtained
the performance upper and lower bounds of mse. The additional term added in the upper
bound of mse due to noise is found. An optimal sampler design for noisy samples of Gauss-

Markov processes will be another interesting future research direction.
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3.A Proof of Lemma 3.1

In order to prove Lemma 3.1, we need to consider the following two cases:

Case 1: If ‘XDz(,B) — XD1(5)| = |OYz‘ > U(ﬁ), then S/L+1(6) = Dz(ﬁ) Hence,

Dy(B) = 5i(B) + Vi, (3.23)

Diy1(8) = Six1(B) + Yigr = Di(B) + Yig. (3.24)

Let us consider the following equation:

E

Dit1(B)
/ e 5040y, = 4,Y; = 3,0y, | = 0(5)
D;(B)

Yi+Yit1
) {/ e‘QQSdS‘OYZ- =q,Yi =y,|0y| > U(ﬁ)}

Y;

1 :
| e 0L ) |0y, = 0. = 1.[0x] 2 o(9)

20

1
:%6—29@/{1 — E[e*+1]}, (3.25)

1
= ¢ VR [1 — e 21Oy, = q,Y; = y,|Oy| > v(ﬂ)]

where (3.25) holds due to the fact that Y;;; is independent of Oy, and Y;.
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Case 2: 1f |XD1-(B) - XDi(B)| = |OYZ‘ < U(ﬁ), then

E

:E{

1
:]E |:%€—29y(1 o 6—209Z7;6—29Yi+1>‘OYi =q, Y; — y:|

D;+1(B)
/ efze@fsi)dt‘gyi =q,Y; =y, |0y,
D;(B)

Yi+Zi+Yit1
/ 6—20$d8

Y;

< v(ﬁ)]

Oy, = .Y = . |0v| < v<5>]

:%6_20%@ |:1 . 6—2921'6—29}/1'4-1 ‘OYl =q, YZ — y:|
:%e_ggy{l —E |:6_29Zi Oy, =q,Y; = y] E[e_%Yi“]}

:%e—%y{1 — E[e 7|0y, = q]E[e‘zeY"“]}, (3.26)

where the last equation in (3.26) holds because Z; is conditionally independent of Y; given
Oy.. Next, we need to compute E[e=2%%1|Oy, = ¢|, where Z; is a hitting time of the time-

shifted OU process Oy, given as

Zl' =
inf{t : Oryy; & (=v(B),v(B))|Oy; = ¢ € (=v(B), v(5))}. (3.27)

By using the characteristic function of the hitting time of the OU process in [104, Eq. 15a],
we get that

Oy, = Q] =

g 1F1(1, %7 %02(6))' (3.28)

Therefore, (3.26) becomes

E

Di+1(ﬁ)
/ e—29(t—5i)dt}OYi =q,Yi =y, |0y,
D;(B8)

L oy 1F1(1= %7 %QQ) —20Y; }
=— 1-— z E ] s 3.29
296 { 1F1(1, %7 %02(5)) ¢ | ( )

< v(ﬁ)]
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By combining (3.25) and (3.29), we get that

Di1(B)
. / 6_2e<t—si)dt‘oyi =q.Y;, =y
D;(B)
Fi(1,1 242
:iefwy [1 _min{L 1 1( 1’ 2;90 q ) }E[629n+1]]. (3.30)
20 1F1(1, 2 ?UQ(BD

Finally, by taking the expectation over Oy, and Y; in (3.30), Lemma 3.1 is proven.
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Chapter 4

Remote Estimation of Multiple Gauss-Markov Processes over Multiple Channels
4.1 Introduction

Due to the prevalence of networked control and cyber-physical systems, real-time esti-
mation of the states of remote systems has become increasingly important for next-generation
networks. For instance, a timely and accurate estimate of the trajectories of nearby vehicles
and pedestrians is imperative in autonomous driving, and real-time knowledge about the
movements of surgical robots is essential for remote surgery. In these examples, real-time
system state estimation is of paramount importance to the performance of these networked
systems. Other notable applications of remote state estimation include UAV navigation,
factory automation, environment monitoring, and augmented /virtual reality.

To assess the freshness of system state information, the metric Aol has drawn significant
attention in recent years, e.g., [1], [2]. Aol is defined as the time difference between the current
time and the generation time of the freshest received state sample. Besides Aol, nonlinear
functions of the Aol have been introduced in [8], [64], [4] and illustrated to be useful as a
metric of information freshness in sampling, estimation, and control [26], [4].

In many applications, the system state of interest is in the form of a signal X;, which may
vary quickly at time ¢ and change slowly at a later time ¢ + 7 (even if the system state X; is
Markovian and time-homogeneous). Aol, as a metric of the time difference, cannot precisely
characterize how fast the signal X, varies at different time instants. To achieve more accurate
system state estimation, it is important to consider signal-aware remote estimation, where
the signal sampling and transmission scheduling decisions are made using the historical
realization of the signal process X;. Signal-aware remote estimation can achieve better
performance than Aol-based, signal-agnostic remote estimation, where the sampling and
scheduling decisions are made using the probabilistic distribution of the signal process X,
and the mean-squared estimation error can be expressed as a function of the Aol. The

connection between signal-aware remote estimation and Aol minimization was first revealed
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Figure 4.1: A multi-source, multi-channel remote estimation system.

in a problem of sampling a Wiener process [105]. Subsequently, it was generalized to the
case of (stable) Ornstein-Uhlenbeck (OU) process in [34].

In many remote estimation and networked control systems, multiple sensors send their
measurements (i.e., signal samples) to the destined estimators. For example, tire pressure,
speed, and acceleration sensors in a self-driving vehicle send their data samples to the con-
troller and nearby vehicles to make safe maneuvers [1]. In this paper, we consider a remote
estimation system with N source-estimator pairs and L channels, as illustrated in Figure
2.1. Each source n is a continuous-time Gauss-Markov process X, ;, defined as the solution

of a Stochastic Differential Equation (SDE)
an,t = Qn(,un — Xn7t)dt + Jnde,ty (41)

where 0, 1, and o, > 0 are the parameters of the Gauss-Markov process, and the W, ;’s
are independent Wiener processes. If 6, > 0, X,,; is a stable Ornstein-Uhlenbeck (OU)
process, which is the only nontrivial continuous-time process that is stationary, Gaussian,
and Markovian [69]. If 6, = 0, then X,,; = 0,,W,,; is a scaled Wiener process [101]. If §,, < 0,
we call X,,; an unstable Ornstein-Uhlenbeck (OU) process, because limy_,o E[X? ] = oo in
this case. These Gauss-Markov processes can be used to model random walks [106], interest
rates [107], commodity prices [70], robotic swarms [72], biological processes [108], control
systems (e.g., the transfer of liquids or gases in and out of a tank) [27], state exploration

in deep reinforcement learning [109], and etc. A centralized sampler and scheduler decides
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when to take samples from the N Gauss-Markov processes and send the samples over L
channels to remote estimators. At any time, at most L sources can send samples over the
channels. The samples experience i.i.d. random transmission times over the channels due to
interference, fading, etc. The n-th estimator uses causally received samples to reconstruct
an estimate Xm of the real-time source value X,, ;.

Our objective is to find a sampling and transmission scheduling policy that minimizes the
weighted sum of the time-average expected estimation errors of these Gauss-Markov sources.
We develop a Whittle index policy to solve this problem. The technical contributions of this

work are summarized as follows:

e We study the optimal sampling and transmission scheduling problem for the remote
estimation of multiple continuous Gauss-Markov processes over parallel channels with
i.7.d. random transmission times. This problem is a continuous-time Restless Multi-
armed Bandit (RMAB) problem with a continuous state space, for which it is typically
quite challenging to show indexability or to evaluate the Whittle index efficiently. We
are able to prove indexability (see Theorem 4.1) and derive an exact expression for the
Whittle index (Theorem 4.2 and Lemma 5.2). These results generalize prior studies on
the remote estimation of a single Gauss-Markov process [34,55,110] to the multi-source,
multi-channel case. To the best of our knowledge, such results for multi-source remote
estimation of Gauss-Markov processes were unknown before. Among the technical tools
used to prove these results are Shiryaev’s free boundary method [74] for solving optimal
stopping problems and Dynkin’s formula [75] for evaluating expectations involving

stopping times.

e We further investigate signal-agnostic remote estimation. In this context, the optimal
sampling and scheduling problem becomes a multi-source Aol minimization problem
over parallel channels with ¢.7.d. random transmission times. We establish the in-
dexability property and derive a precise expression of the Whittle index (Theorems
4.3-4.4 and Lemma 4.3). Technically, these results carry forth and expand upon prior
findings on Whittle index based Aol minimization [16,41,42] in the following manner:

In [16,41,42], the transmission time remains constant, resulting in the optimality of
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the zero-wait sampling policy defined in [111,112]. Consequently, the Whittle index
derived in that case consistently maintains a non-negative value. In contrast, our re-
sults take into account scenarios involving ¢.7.d. random transmission times. In such
instances, the optimality of the zero-wait sampling policy is not guaranteed, leading

to the possibility of both positive and negative values for the Whittle index.

e Our results unite two important theoretical frameworks for remote estimation and
Aol minimization: threshold-based sampling [4, 34, 55,110] and Whittle index-based
scheduling [16,41,42]. In the single-source, single-channel scenario, we demonstrate
that the optimal solution to the sampling and scheduling problem can be expressed
as both a threshold-based sampling strategy ( [34,55,110]) and a Whittle index-based
scheduling policy (see Theorems 4.5, 4.6). Particularly noteworthy is that the Whittle
index is equal to zero at time t if and only if two conditions are satisfied: (i) the
channel must be idle at time ¢, and (ii) the threshold condition is precisely met at
time t. Moreover, the methodology used for deriving threshold-based sampling in the
single-source, single-channel scenario plays a pivotal role in establishing indexability
and evaluating the Whittle index in the more complex multi-source, multi-channel

scenario.

e Our numerical results show that the proposed policy performs better than the signal-
agnostic Aol-based Whittle index policy and the Maximum-Age-First, Zero-Wait (MAF-
ZW) policy. The performance gain of the proposed policy is high when some of the

Gauss-Markov processes are highly unstable.

4.2 Model

This section describes the multi-source, multi-channel system depicted in Figure 4.1

4.2.1 System Model

Consider a remote estimation system with N source-estimator pairs and L channels,
which is shown in Figure 4.1. Each source n is a continuous-time Gauss-Markov process

Xot, as defined in (4.1). The sources are independent of each other and the parameters 6,
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lin, and o, may vary across the sources. Hence, the N sources could be a mixing of scaled
Wiener processes, stable OU processes, and unstable OU processes. A centralized sampler
and transmission scheduler chooses when to take samples from the sources and transmit the
samples over the channels to the associated remote estimators. At any given time, each
source can be served by no more than one channel. In other words, if there are multiple
samples from the same source waiting to be transmitted, only one of these samples can be
transmitted over a single channel simultaneously. Sample transmissions are non-preemptive,
i.e., once a channel starts to send a sample, it must finish transmitting the current sample
before switching to serve another sample. Whenever a sample is delivered to the associated
estimator, an acknowledgment (ACK) is immediately sent back to the scheduler.

The operation of the system starts at time ¢ = 0. Let S,,; be the generation time of the
i-th sample of source n, which satisfies S, ; < S, ;+1. This sample is submitted to a channel
at time G,,;, undergoes a random transmission time Y, ;, and is delivered to the estimator n
at time D, ;, where S,,; < G,,;, and G,,; +Y,,; = D, ;. Because (i) each source can be served
by at most one channel at a time and (ii) the sample transmissions are non-preemptive,
D, ; < G, it1. The sample transmission times Y, ;’s are ¢.7.d. across samples and channels
with mean 0 < E[Y,,;] < co. In addition, we assume that the Y, ;’s are independent of
the Gauss-Markov processes X, ;. The i-th sample packet (S, ;, X, s, ) contains the sample
value X, g, , and its sampling time S, ;. Let U,(t) = max{S,; : Dn; < t,i = 1,2,...} be
the generation time of the freshest received sample from source n at time t. The Aol of

source n at time ¢ is defined as [1, 2]
Ay (t)=t—=U,(t)=1t— mlax{Sm Dy <tii=1,2,...}. (4.2)
Because D,,; < D, 11, Ap(t) can also be expressed as
An(t) =t — Sp;,ift € [Dys, Dpisr), i =0,1,.... (4.3)

At time t = 0, the initial state of the system satisfies S, o = 0, and D, o = Y}, 0. The initial

value of the Gauss-Markov process X, ¢ is finite.
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4.2.2 MMSE Estimator

At any time t > 5, ;, the Gauss-Markov process X,,; can be expressed as

(

Xn’snﬂe—en(t—sn,z) + /’L’n |:1 _ e_en(t_Sn’p]%W 1_6*29?’14(7:7371,,2')7 if en > 0,

n n,

Xnt =0, W, if 6,=0, (44)

Xnysnje—en(t—sn,i) + /J’TL |:1 _ e—en(t—sn;p\/]f—#wn 6726"“75”@)—1’ lf HTL < 07

\

where three expressions are provided for stable OU process (#,, > 0), scaled Wiener process
(6, = 0), and unstable OU process (6, < 0), respectively. The first two expressions in (4.4)
for the stable OU process and the scaled Wiener process were provided in [83]. The third
expression in (4.4) for the unstable OU process is proven in Appendix 4.A.

At time ¢, each estimator n utilizes causally received samples to construct an estimate
th of the signal value X, ;. The information that is available at the estimator contains

two parts: (1) My = {(Sni, Xns

n,i?

Gni,Dni) @ Dpy < t,i = 1,2,...}, which contains the
sampling time S, ;, sample value X, g, ;, transmission starting time G, ;, and the delivery
time D,,; of the samples up to time ¢ and (ii) no sample has been received after the last
delivery time max;{D,,; : D,; < t,i = 1,2,...}. Similar to [30,34,55,84], we assume that
the estimator neglects the second part of the information. If ¢ € [D,,;, D, ;+1), the MMSE

estimator is given by [34,110]

A

Xt =E[X, | M, 4]
_ Xn,s, € 05 gy, [1 — e=0n(=Sadd | if g, 0, (45)
o Whs, .5 if 6, =0.
The estimation error €,(t) of source n at time ¢ is given by
en(t) = Xng — Xy (4.6)
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By substituting (4.4) and (4.5) into (4.6), if ¢ € [Dy, 4, Dy i41), then

oV —20n(t=Sp, 1) s if 6, >0,

V20, nl—e
€n(t) = O'n(Wn,t - ansn,i), if Qn — O’ (47)
\/S;ann,ef29"(tfsn,i)fla 1f en < O

4.3 Problem Formulation

Let 7 = (m,))_, denote a sampling and scheduling policy, where m,= ((Sp.1, Gn1), (Sn2,
Gn2),...) contains the sampling and transmission starting time instants of source n. Let 7,
denote a sub-sampling and scheduling policy for source n. In causal sampling and scheduling
policies, each sampling time S, ; is determined based on the up-to-date information that is
available at the scheduler, without using any future information. Let Il denote the set of
all causal sampling and scheduling policies and let II,, denote the set of causal sub-sampling
and scheduling policies for source n, both of which satisfy (i) each source can be served by at
most one channel at a time, and (ii) the sample transmissions are non-preemptive. At any
time ¢, ¢, (t) € {0,1} denotes the channel occupation status of source n. If source n is being
served by a channel at time ¢, then ¢, (t) = 1; otherwise, ¢,(¢t) = 0. Hence, if t € [G,;, Dp.),
then ¢,(t) = 1. Because there are L channels, Y ¢,(t) < L is required to hold for all
t>0.

Our objective is to find a causal sampling and scheduling policy for minimizing the
weighted sum of the time-average expected estimation errors of the N Gauss-Markov sources.

This sampling and scheduling problem is formulated as

N T
1
inf limsu wyE, | = / Ei t dt} 4.8
e tmnp S wE, |7 [ <0 (45)
N
st Y ca(t) S L, ey(t) €{0,1},n=1,2,... Nt € [0,00), (4.9)
n=1

where w,, > 0 is the weight of source n. The sampling and scheduling policy 7 can be
simplified by simplifying the sub-sampling and scheduling policy 7,. In Appendix 4.B, we
prove that in the optimal policies to (4.8)-(4.9), the sampling time of the i-th sample S, ; and
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the transmission starting time of the -th sample G,, ; are equal to each other, i.e., S, ; = G,;.

)

Therefore, each sub-policy 7, in 7 can be simply denoted as 7, = (S,.1, Sn2,--.).

4.4 Signal-aware Scheduling

Problem (4.8)-(4.9) is a continuous-time Restless Multi-armed Bandit (RMAB) with
a continuous state space, where the estimation error ,(t) of source n is the state of the
n-th restless bandit and each restless bandit is a Markov Decision Process (MDP) with two
actions: active and passive. If a sample of source n is taken and submitted to a channel at
time ¢, we say that bandit n takes an active action at time ¢; otherwise, bandit n is made
passive at time t. If a sample of source n is in service, only the passive action is available
for source n.

An efficient approach for solving RMABs is to develop a low-complexity scheduling
algorithm by leveraging the Whittle index theory [113,114]. If all the bandits are indexable
and certain technical conditions are satisfied, the Whittle index policy is asymptotically
optimal as the number of bandits N and the number of channels L increases to infinity,
keeping the ratio L/N constant [113]. In this section, we develop a Whittle index policy
for solving problem (8)-(9) in three steps: (i) first, we relax the constraint (4.9) and utilize
a Lagrangian dual approach to decompose the original problem into separated per-bandit
problems; (ii) next, we prove that the per-bandit problems are indexable; and (iii) finally, we
derive closed-form expressions for the Whittle index. Because the RMAB in (4.8)-(4.9) has
a continuous state space and requires continuous-time control, demonstrating indexability in
Step (ii) and efficiently evaluating the Whittle index in Step (iii) are technically challenging.

However, we are able to overcome these challenges.

4.4.1 Restless Multi-armed Bandit: Relaxation and Lagrangian Decomposition

In standard restless multi-armed bandit problems, the channel resource constraint needs
to be satisfied with equality. In this paper, we consider a scenario where less than L bandits
can be activated at any time ¢, as indicated by constraint (4.9). Following [115, Section

5.1.1], we introduce L additional dummy bandits that will never change state and hence
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their estimation errors are 0 (i.e., £9(t) = 0). When a dummy bandit is activated, it occupies
one channel, but it does not incur any estimation error. Let ¢y(t) € {0,1,2,..., L} denotes
the number of dummy bandits that are activated at time ¢t. By considering dummy bandits,

the RMAB (4.8)-(4.9) is equivalent to

N

o L[
inf hmsuprnE7r [T/o 6n(t)dt] (4.10)

well T—oo 7

ch = L.co(t) €{0,1,..., L}, t €[0,00),

() € 0,11, =1,2,...,N,t € [0,00), (4.11)

which is an RMAB with an equality constraint.
Following the standard relaxation and Lagrangian dual decomposition procedure in the

Whittle index theory [114], we relax the constraint (4.11) as

hmsupZE { / Cn t)dt] = L. (4.12)

T—o0

The relaxed constraint (4.12) only needs to be satisfied on average, whereas (4.11) is required

to hold at any time ¢. Then, the RMAB (4.10)-(4.11) is reformulated as

N T
1
inf lim sup E wyEr [T/ gi(t)dt] (4.13)
0

el T 500

n=1
1 T
s.t. lim su E, / cntdt] =L,
mow3 {1 o0
co(t) € {0,1,..., L}, cn(t) €{0,1},n=1,2,...,N,t € [0,00). (4.14)

Next, we take the Lagrangian dual decomposition of the relaxed problem (4.13)-(4.14),
which produces the following problem with a dual variable A € R, also known as the activa-

tion cost [114]:
1 T N N
. . - 2 -
;Iellfl llITnj;pEw {T /0 nz:l wpes (t) + A ( Z cn(t) L) dt} : (4.15)
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The term 7 fOT SN ALdt in (4.15) does not depend on policy 7 and hence can be removed.
Then, Problem (4.15) can be decomposed into (N + 1) separated sub-problems. The sub-

problem associated with source n is

T €ll, T—00 T

1 /7
Mpopt = inf limsupE,, {—/ wnei(t)jt)\cn(t)dt}, (4.16)
0

where My, opt is the optimum value of (4.16) and n = 1,2,..., N. On the other hand, the

sub-problem associated with the dummy bandits is given by
1 T
inf i E, |= [ Aeo(t)dt|, 417
nf tmsupEr, [T /0 col?) } (4.17)
where my = {co(t),t € [0,00)} and Il is the set of all causal activation policies 7.

4.4.2 Indexability

We now establish the indexability of the RMAB in (4.10)-(4.11). Let 7,(¢t) € [0,00)
denote the amount of time that has been used to send the current sample of source n at
time t. Here, if no sample from source n is currently in service at time ¢, then ~,(t) = 0;
if a sample from source n is currently in service at time ¢, then 7, (¢t) > 0. Consequently, if
7n(t) > 0, the active action is not available for source n at time t.

Let U,,(A) be a set of states (g,7) € R x [0, 00) such that if €,,(t) = ¢ and ~, () = 7, the

optimal solution for (4.16) (or (4.17) when n = 0) is to take a passive action at time ¢.

Definition 4.1 (Indexability). [115] Banditn is said to be indexable if, as the activation
cost X increases from —oo to 0o, the set W, (\) increases monotonically, i.e., Ay < Ay implies
U,(A) C U,(A\y). The RMAB (4.10)-(4.11) is said to be indexable if all (N + 1) bandits

are indexable.

In general, establishing the indexability of an RMAB can be a challenging task. Because
the per-bandit problem (4.16) is a continuous-time MDP with a continuous state space,
determining the indexability of (4.16) appears to be quite formidable. In the sequel, we

will utilize the techniques developed in our previous work [34] to solve (4.16) precisely and
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analytically characterize the set W,,(\). This analysis will allow us to demonstrate that (4.16)

is indeed indexable.

Define
G(x) = g%erf(x), (4.18)
K(x) = \/ge; erfi(z), (4.19)

where erf(z) and erfi(z) are the error function and imaginary error function, respectively,

determined by [85, Sec. 8.25]

exf(x) Z% /0 e, (4.20)
2 [,
efi(a) = /0 e dt. (4.21)

If x = 0, both G(z) and K(x) are defined as their limits G(0) = lim, o G(z) = 1 and
K(0) = lim,_,0 K (z) = 1, respectively. Both G(-) and K (-) are even functions. The function
G(z) is strictly increasing on = € [0,00) and G(0) = 1 [34]. On the other hand, K(z) is
strictly decreasing on x € [0,00) and K (0) = 1 [110]. Hence, the inverse functions of G(z)
and K (x) are well defined on z € [0,00). The relation between these two functions is given

by [110]
K(z) = G(jx), (4.22)

where j = y/—1 is the unit imaginary number.

Proposition 4.1 If the Y, ;’s are i.i.d. with 0 < E[Y,,;] < oo, then (Sn1(Bn); Sn2(Bn);---)

with a parameter (3, is an optimal solution to (4.16), where

Sn,i+1 (ﬁn> = i?f {t > Dn,i(ﬁn) : ‘gn(t” Zvn(ﬁn)} ) (423)
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Dn,i (ﬁn) = Sn,z(ﬁn) + Yn,i; Un(ﬁn) 18 deﬁned by

( w, Zh [ ~20n Yy i) _
\%17 —1( i ), if 6, >0,

29n 7571

U (Bn) = J%l\/?,(ﬁn —w,o2E[Y,,]),  if 6, =0, (4.24)

o2 26
On K anQ’ZLIE[e " nl}

- < " Y ), if 0, <0,
29

G7'(:) and K~'(-) are the inverse functions of G(x) in (4.18) and K(z) in (4.19), respec-

\

tively, defined in the region of x € [0,00), and (3, is the unique root of

Dn,i+l(ﬁn)
/ wpe? (t)dt

The optimal objective value to (5.11) is given by

E o wnel(t)dt] + AB[Y 1]
77_/ln,o
pt — E[Dn,i+1(6n)_Dn,i(ﬁn>]

(4.26)

Furthermore, 3, is exactly the optimal objective value of (4.16), i.e., B, = My opt-
Proof 4.1 Appendiz 4.C.

Proposition 4.1 complements earlier optimal sampling results for the remote estimation
of the Wiener process (i.e., the case of 6, = 0 and A = 0) [35] and stable OU process (i.e.,
0, > 0 and A = 0) [34], by (i) adding a third case on unstable OU process (i.e., #,, < 0) and
(ii) incorporating an activation cost A € R.

By using Proposition 4.1, we can analytically characterize the set W,,(A). To that end,
we first show that the threshold v,(3,) in (4.23) is a function of the activation cost A. For
any given A, (3, is the unique root of equation (4.25). Hence, (3, can be expressed as an
implicit function (,(A) of A, defined by equation (4.25). Moreover, the threshold v, (/,)
can be rewritten as a function v, (5,())) of the activation cost A. According to (4.23) and
the definition of set W, (), a point (,(t), v.(t)) € ¥, (N) if either (i) v,(f) > 0 such that a
sample from source n is currently in service at time ¢, or (ii) |&,(¢)| < v, (Bn())) such that the

threshold condition in (4.23) for taking a new sample is not satisfied. By this, an analytical
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expression of set W, (\) is derived as
U,(A) ={(e,7) € Rx[0,00) :v>0o0r|e| <v,(Bn(N))} (4.27)

Using (4.27), we can prove the first key result of the present paper:

Theorem 4.1 The RMAB problem (4.10)-(4.11) is indezxable.

Proof sketch. According to Proposition 4.1, for any A, the optimal solution to (4.16) is
a threshold policy. Using this, we can show that the unique root ,(\) of (4.25) is a strictly
increasing function of A. In addition, v,(5,) in (4.24) is a strictly increasing function of
Brn. Hence, v,(8,())) is a strictly increasing function of A. Substituting this into (4.27), if
A1 < Ay, then W, (A1) C W, (A2). For the dummy bandits, it is optimal in (4.17) to activate a
bandit when A < 0. Hence, dummy bandits are always indexable. The details are provided

in Appendix 4.D. [

4.4.3 Whittle Index Policy
Next, we introduce the definition of the Whittle index.

Definition 4.2 [11}] If bandit n is indexable, then the Whittle index W, (g,v) of bandit n
at state (,7) is defined by

Wy(e,y) = ir;f{A ER:(g,7) € U, (N}, (4.28)

which 1s the infimum of the activation cost X for which it is better not to activate bandit n.

Theorem 4.2 The following assertions are true for the Whittle index W,,(,v) of problem
(4.16) at state (g,7):
(a) If v = 0, then the Whittle index W, (g,~) is presented in the following three cases:
(1) Case 1: If 6, > 0 (i.e., X, is a stable OU process), then

W, (g,0) =
Wy, o2 < E[BQG"Y”’i]> [/DMH(E) 2 ]}
E[Dyi1(e) — Dya(e) o (1-— ") _E 2(s)ds| b, (4.29
st {EDaiea(€) — Dutell g2 T [ e (129
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(11) Case 2: If 0, =0 (i.e., X, is a scaled Wiener process), then

W, (g,0) =

e { BP0 - Dustel (5 + 25 ) -E| | st seas| | (@)

Dy, i(e)

(111) Case 3: If 0, < 0 (i.e., X,,; is an unstable OU process), then

W, (g,0) =
w, o2 ( E[e—%nYn,i]) [/Dn,m(a) , }}
E[Dyit1(e) = Dpi(e)]z=7-(1— ——F—=—=— | —E er(s)ds| ¢, (431
sty {EDwinn(@) - Dutel g " [ ] @

where G(-) and K(-) are defined in (4.18) and (4.19), respectively.
(b) If v > 0, then

W,(e,v) = —o0. (4.32)

Proof sketch. When v = 0, by (4.27), (4.28), and the monotonicity of v,(-) and f,(+),
the Whittle index W), (g,0) is equal to the unique root A of equation

le] = vn(Bn(N)). (4.33)

Hence, W, (£,0) = 8. (v, (Je]). By substituting (4.24) and (4.25) into (4.33) and using
the fact that G(-) and K(-) are even functions, statement (a) in Theorem 4.2 is proven.
When v > 0, (g,7) is always in the set ¥, () for any A € R. Hence, by using (4.28),
W, (e,\) = —oo. By this, statement (b) in Theorem 4.2 is proven. The details are provided
in Appendix 4.E. [J

In Theorem 4.2, the delivery time D,, ;(¢) is expressed as a function of ¢ for the following
reason: in the optimal solution to (4.16), the sample delivery time is a function of the
activation cost A. If the activation cost A in (4.16) is chosen as A = W, (e,7), then the

sample delivery time in the optimal solution to (4.16) is a function of . We use the notation
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D,.;i(¢) to remind us that the expectations E[D,,;11(¢) — D, ()] and E[fli:j(z)l(a) e2(s)ds] in
(4.29)-(4.31) change as € varies.

In order to compute the Whittle index W, (e, ), we need to calculate the expectations
E[D,,i+1(¢) — Dy.(€)] and E[fgn’f;ié)l(a) e2(s)ds] in (4.29)-(4.31). Because S, ;(¢) and D, ;(¢)
are stopping times of the process X, ;, numerically evaluating these two expectations is
nontrivial. This challenge can be addressed by resorting to Lemma 5.2 provided below,
which is obtained by using Dynkin’s formula [75, Theorem 7.4.1] to simplify expectations
involving stopping times.

To that end, let us introduce a Gauss-Markov process O,,; with a zero initial condition

Op o = 0 and parameter p,, = 0, which is expressed as

\/E_nTanJie—ZGnt, lf 9n > 0,
Ont =94 0,.Wys, if 6, =0, (4.34)
— 2 W, o200t 1, if 6, <O0.

V=26,

By comparing (4.7) with (4.34), the estimation error process €,(t) has the same distribution
with as the time-shifted Gauss-Markov process Op s, ;(c), Where t € [Dy,i(€), Dniy1(€)).

Then, we have the following lemma for computing the expectations in (4.29), (4.30),
and (4.31).

Lemma 4.1 In Theorem 4.2, it holds that

E[Dn,i+1 (5) — Dn,l<€)] =E [Rn71 ( max {|€|, |On7Yn,i
Dy it1(e)
/ £2(s)ds

Dnyi(z-:)

IR (4.35)

E =E[Ry2(max {|e], |Ony,,|} + Onypiii)] = E[Ru2(Ony,.)], (4.36)

where if 0,, # 0, then

g? 3.0, ,
Rn,1<€> - O__TQLQFQ (17 ]-7 572a 0__7218 > ’ (437)
g2 g2 3 0w,
ng(é) = —E—FEQFQ (17175,2,0—28 ) ) (438)
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if 0, =0, then

Rui(e) == (4.39)

SN

82
15
= (4.40)

g,
Rn72<€) = 6_

Proof 4.2 See Appendiz 5.A.

In (4.37) and (4.38), we have used the generalized hypergeometric function, which is
defined by [86, Eq. 16.2.1]

o hs) — (a1)n(a2)n - - (ap)n 2"
oFy(ar, as, Ay b1, ba, - - by 2) ; B2 () g (4.41)
where
(@) =1, (4.42)
(a),=ala+1)(a+2)-(a+n—1), n>1. (4.43)

Lemma 5.2 is more general than Lemma 1 in [34], because Lemma 5.2 holds for all three
cases of the Gauss-Markov processes, i.e., 8, > 0, 8, = 0, and 6, < 0, whereas Lemma 1
in [34] was only shown for 6, > 0. Moreover, (4.35)-(4.36) in Lemma 5.2 are neater than
(22)-(23) in Lemma 1 of [34].

The expectations in (4.35) and (4.36) can be evaluated by Monte-Carlo simulations of

scalar random variables O, y, , and O, y,

.iz1 Which is much easier than directly simulating

the entire process {e,(t),t > 0}.

The Whittle index of the dummy bandits is derived in the following lemma.

Lemma 4.2 The Whittle index of the dummy bandits is 0, i.e., Wy(e,v) = 0.
Proof 4.3 See Appendiz 4.G.

This policy activates the L bandits with the highest Whittle index at any given time ¢.
As stated in Lemma 4.2, each dummy bandit has a Whittle index of Wy(go(?),
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Algorithm 6 Whittle Index Policy for Signal-aware Remote Estimation

1: Initialize the set of passive bandits A = {1,2,..., N}.

2: for all time ¢ do

3: Update X,,; and )A(m foralln=1,2,..., N using (4.4) and (4.5), respectively.

4: Update €,(t), v,(t), and the Whittle index W, (g, (t), v, (t)) for all n = 1,2,.... N
using (4.6) and (4.29), (4.30), (4.31), (4.32), (4.35), and (4.36).

5: Update A={n € {1,2,...,N} :7,(t) =0} foralln =1,2,..., N.
6: Initialize total number of selected bandits k& = 0.

7: foralll=1,2,...,L do

8: if channel [ is idle and max W, (en(t), va(t)) > 0 then

9: n = argmax,,c 4 Wi, (e, (t), 7a(1)).

10: Take a sample of bandit n and send it on channel [.

11: Update total number of selected bandits k = k + 1.

12: A+ A—{n}.

13: end if

14: end for
15: Select L — k dummy bandits.
16: end for

7(t)) = 0. Consequently, if a bandit n (for n = 1,2,...,N) possesses a negative Whittle
index, denoted as W,,(e,,(t), 7.(t)) < 0, it will remain inactive. Furthermore, if source n is
being served by a channel at time ¢ such that 7,,(¢f) > 0, then W, (&,(t),y.(t)) = —oo and
no more channel will be scheduled to serve source n.

The Algorithm for solving (4.10)-(4.11) is provided in Algorithm 6. The set A of
available bandits is initialized as A = {1,2,...,N}. At any time ¢, the set A is up-
dated for the bandits that do not have samples currently under service and the total
number of selected bandits for transmission £ is initialized as 0. If channel [ is idle and
max,ea Wi (en(t), 7,(t)) > 0, then one sample is taken from bandit n = argmax,,. 4 W, (e,,(t),
Yn(t)) and sent over channel; meanwhile, the total number of selected sources k is increase
by 1 and bandit n is removed from the set A. Then, L — k dummy bandits are selected
for activation. Algorithm 6 can be either used as an event-driven algorithm or be executed
on discretized time slots t = 0,7, 275, .... When Ty is sufficiently small, the performance

degradation caused by time discretization can be omitted.

99



Algorithm 7 Whittle Index Policy for Signal-aware Remote Estimation

1: Initialize the set of passive bandits A = {1,2,..., N}.

2: for all time ¢ do

3: Update X,,; and )A(m foralln=1,2,..., N using (4.4) and (4.5), respectively.

4: Update €,(t), v,(t), and the Whittle index W, (g, (t), v, (t)) for all n = 1,2,.... N
using (4.6) and (4.29), (4.30), (4.31), (4.32), (4.35), and (4.36).

5: Update A ={n € {1,2,...,N} : v,(t) = 0}.

6: foralll=1,2,...,L do

7 if channel [ is idle and max Wi (en(t), va(t)) > 0 then
8: n = argmax,,c 4 Wy, (&,(%), 7a(1)).

9: Take a sample of bandit n and send it on channel /.
10: A+ A— {n}

11: end if

12: end for

13: end for

Now, we return to the original RMAB (4.8)-(4.9). The Whittle index scheduling policy
for solving the original sampling and scheduling problem (4.8)-(4.9) is illustrated in Algo-
rithm 7. Because RMAB (4.8)-(4.9) and the RMAB (4.10)-(4.11) are equivalent to each
other, the Whittle index policy in Algorithm 6 and the Whittle index policy in Algorithm 7
are equivalent. Specifically, at any time ¢, L bandits having the highest non-negative Whittle
index W,(e,7v) will be activated. Because in the relaxed RMAB (4.13)-(4.14), a bandit n
having W,,(e,v) < 0 will never be made active, the dummy bandits with Wy(e,~) will be
made active. As there are L dummy bandits, the constraint (4.11) will be satisfied.

In Algorithm 7, the set A of passive bandits is initialized as A = {1,2,...,N}. If
channel [ is idle and max,e AWV, (,(t), v (t)) > 0, then one sample is taken from bandit
n=argmax,,c 4V, (e, (t), 7,(t)) and sent over channel; meanwhile, bandit n is removed from

the set A of passive bandits.

4.5 Signal-agnostic Scheduling

A scheduling policy 7w € I is called signal-agnostic if the policy 7 is independent of the

observed process {X,,+,t > 0}Y_,. Let I gnostic € IT denote the set of signal-agnostic, causal
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policies, defined by
Hagnostic = {m € Il : @ is independent of {X,,;,t> 0}5321}. (4.44)

In a signal-agnostic policy, the mean-squared estimation error of the process X, ; at

time ¢ is [35], [34]

Zo(1— e i) i g, £ 0,
E[e2(t)] =pn(An(t)={ * (4.45)
02N, (1), if 6, =0,

where A, () is the Aol and p,(-) is an increasing function defined in (4.45). By using (4.45),

for any policy m € I, gnostic

E[ /0 Tgi(t)dt] :E{ /0 Tpn(An(t))dt}. (4.46)

Hence, the signal-agnostic sampling and scheduling problem can be formulated as

inf  limsup f: wnE, {% /0 ' pn<An(t))dt] (4.47)

7I'el_[agnostic T—o00

st > calt) < Loco(t) € {0, 1}t € [0, 00). (4.48)

4.5.1 Restless Multi-armed Bandit: Relaxation and Lagrangian Decomposition

Problem (4.47)-(4.48) is a continuous-time Restless Multi-armed Bandit (RMAB) with a
continuous state space, where A, () of source n is modeled as the state of the restless bandit.
Following the procedure developed in Section 4.4.1, we consider L additional dummy bandits

where ¢y(t) € {0,1,2,..., L} denotes the number of dummy bandits that are activated at
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time ¢ and reformulate (4.47)-(4.48) as

N T
1
inf limsu wplE, | = (A, (1))dt 4.49
ot TS w7 [ (1.49)

N 1 T

s.t.  limsu E. —/ Cn(t dt} =1L,
Y [ e

co(t) € {0,1,...,L},c,(t) € {0,1},n =1,2,...,N,t € [0,00). (4.50)

which is an RMAB with an equality constraint.
By relaxing constraint (4.50), the RMAB (4.49)-(4.50) is reformulated as

T
inf limsu wplE, | = Pn(A,(1))dt 4.51
well agnostic Tﬁoop Z |: / ( ( )) :| ( )

N 1 T
s.t.  limsu E, —/ cn(t dt} =L,
T—>oopn2% |:T 0 ( )

co(t) €{0,1,...,L},co(t) € {0,1},n=1,2,...,N,t € [0,00). (4.52)

Next, we take the Lagrangian dual decomposition of the relaxed problem (4.51)-(4.52),

which produces the following problem with a dual variable A € R:

inf limsupE, E /0 Z Wy Pn(An(t)) + A ( iv: cn(t) — L) dt} : (4.53)

71'El_langno@tlc T—o00 0
n=

Then, problem (4.53) can be decomposed into (N + 1) separated sub-problems. The sub-

problem associated with source n is

1 T
Mpageopt = nf  limsupE, WnPpn (AR (1)) + Acp(t)dt |, (4.54)
T €lly ,agnostic T'—00 " T 0

where My, age-opt 15 the optimum value of (4.54), 7, = (S, 1, Sn2, . . .) denotes a sub-scheduling

policy for source n, and I, 4enostic is the set of all causal sub-scheduling policies of source n.

4.5.2 Indexability

An optimal solution to problem (4.54) is provided in the following proposition.
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Proposition 4.2 For signal-agnostic scheduling, if the Y,,;’s are i.i.d. with 0 < E[Y,,;] < oo,
then (Sn1(Bn.age)s Sn2(Bn.age), - - -) with a parameter B a5 is an optimal solution to (4.54),

where

Sn,i—i—l (/Bn,age):inf {t Z Dn,i(ﬁn,age):E[ n(An(t + Yn,i-i—l))] Z ﬁn,age} 3 (455)

D,,.i(Bnage) = Sn.i(Bn,age) + Yni, and By age 15 the unique root of

Dn,i+1 (Bn,age)
/ wye (t)dt

Dn.i(Bn,age)

E _Bn,ageE[Dn,i—‘rl (ﬁn,age) - Dn,i (ﬁn,age)} + AE[Yn,i—l—l] =0. (456)

The optimal objective value to (4.54) is given by

E [ [ o0 wapa (B (0)dt] + Y]

n 1 Bn age

mn,a e-0
ge-opt = E[Dn,i—l—l(ﬁmage) _Dmi (ﬁn,age)]

(4.57)

Furthermore, B, age 15 exactly the optimal objective value of (4.54), i.e., B age = Min age-opt -

Let W, a0e(A) be a set of states (6,7) € [0,00) x [0,00) such that if A,(t) = ¢ and

Yn(t) = 7, the optimal solution for (4.54) is to take a passive action at time ¢.

Definition 4.3 (Indexability). [115] Bandit n is said to be indezable if, as the activation
cost A increases from —oo to 0o, the set W, ,5.(\) increases monotonically, i.e., Ay < Ao
implies Wy, 40e(M1) C Uy 0ge(X2). The RMAB (4.47)-(4.48) is said to be indexable if all
(N + 1) bandits are indexable.

By using Proposition 4.2, the set W,, o0e(A) in Definition 4.3 can be simplified as
W age(A) = {(6,7) € [0,00) X [0,00) : v > 00r E[p,(0 + Yy it1)] < Brage(N)}. (4.58)

Following the techniques developed in Section 4.4, we can obtain

Theorem 4.3 Ifp,(0) is a strictly increasing function of 6, the RMAB problem (4.47)-(4.48)

18 indezable.
Proof 4.4 See Appendiz 4.1.
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4.5.3 Whittle Index Policy

Theorem 4.4 In the RMAB problem (4.47)-(4.48), if p,(8) is a strictly increasing function

of §, the Yy, ;’s are i.i.d. with 0 < E[Y,,;] < oo, then the following assertions are true for the
Whittle index of source n at state (6,7):

(a) If v =0, then

Wn,age(57 0) =
w,, Dni41(9)

{EIDwi10) - DB 6 + Vo] -E| [ | b a0

EYal Dy i(5)

where Dy, ;(8) = S,:(0) + Y., and
Sni+1(0) = Dy i(6) + max{d — Y,,;,0}. (4.60)
(b) If v > 0, then

Wi, age(d,7) = —o0. (4.61)

Proof 4.5 See Appendix 4.J.

The expectations in (4.59) can be easily evaluated using the following lemma:

Lemma 4.3 In Theorem 4.4, it holds that

E[D,,;+1(0) — Dyi(6)] = E[max{0, Yy, }], (4.62)
Dp,i+1(9)
E |:/ pn(S)dS:| :E[Rn’g(max{é, Yn,z} + Yn’iJ’,l)] — E[ng(Yn’i)], (463)
Dy, i(9)
where
1)
Ros(8) = /O pu(8)ds. (4.64)
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Algorithm 8 Whittle Index Policy for Signal-aware Remote Estimation

1: Initialize the set of passive bandits A = {1,2,..., N}.
2: for all time ¢ do
3 Update A, (t) for all n =1,2,..., N using (4.3), (4.59), (4.61), (4.62), and (4.63).

4: Update A= {n € {1,2,..., N} : v,(¢t) = 0}.

5: Initialize total number of selected bandits k£ = 0.

6: foralll=1,2,...,L do

7 if channel [ is idle and max W (Ap(t), va(t)) > 0 then

8: n = argmax,,c 4 Wy, (A (1), 7. (1))

9: Take a sample of bandit n and send it on channel /.
10: Update total number of selected bandits k = k + 1.
11: A+~ A—{n}.

12: end if

13: end for

14: Select L — k dummy bandits.
15: end for

Proof 4.6 See Appendiz 4.K.

Theorems 4.3-4.4 and Lemma 4.3 hold for all increasing functions p,(J) of the Aol 6,
not necessarily the mean-square estimation error function in (4.45). The Algorithms for
solving RMAB (4.49)-(4.50) is provided in Algorithm 8 and for solving the original RMAB
is provided in (4.47)-(4.48) Algorithm 9.

Theorems 4.3-4.4, Lemma 4.3, and Algorithms 8-9 generalize prior studies on Aol-based
Whittle index policies, e.g., [16,41,42]. More specifically, the Whittle index policies detailed
in [16,41, 42] were derived for the scenario of constant transmission times where the zero-
wait sampling policy [111,112] is an optimal solution for the sub-problem (4.54), and the
resulting Whittle index always maintains a non-negative value. In contrast, our current
study accommodates scenarios involving i.i.d. random transmission times. In such cases,
the optimality of zero-wait sampling is not assured for sub-problem (4.54), resulting in the

potential for both positive and negative values for the Whittle index derived in Theorem 4.4.
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Algorithm 9 Whittle Index Policy for Signal-agnostic Remote Estimation

1: Initialize the set A of passive bandits A = {1,2,... N},

2: for all time ¢ do

3 Update A, (t), 7, (t), and the Whittle index W, age (A, (), 70 (t)) foralln =1,2,..., N
using (4.3), (4.59), (4.61), (4.62), and (4.63).

4: Update A= {n € {1,2,...,N} : v,(¢t) = 0}.

5: foralll=1,2,...,L do

6: if channel [ is idle and max Wi.age(An (1), 71, (t))>0 then
7 n = argmax,,c 4 Wy age(An(t), 1n(t)).

8: Take a sample of bandit n and send it on channel /.
9: A+ A— {n}

10: end if

11: end for

12: end for

4.6 Unity of Threshold-based Sampling and Whittle Index-based Scheduling

We find an interesting relationship between Threshold-based Sampling and Whittle
Index-based Scheduling for Remote Estimation and Aol minimization. Specifically, for single-
source, single-channel case, both of the policies are equivalent. We provide the details

thorughout this section.

4.6.1 Remote Estimation

Let consider the special case N = L = 1, where the system has a single source and a

single channel. Let wy; = 1, then problem (5.1)-(5.2) reduces to

1 (T
M1 opt = inf limsup E, —/ e2(t)dt|. (4.65)
’ T T 0

T—o00

The single-source, single-channel sampling and scheduling problem (4.65) is a special case
of Proposition 4.1 with n = 1 and A = 0. A threshold-based optimal solution to (4.65) is

provided by the following corollary of Proposition 4.1.

Corollary 4.1 If the Y1,’s are i.i.d. with 0 < E[Y};] < oo, then (S11(B1),S12(61),...) with

a parameter 31 is an optimal solution to (4.65), where

Stiv1(Br) = iftlf {t > D1;(51) :|ea(®)| >v1(B1)}, (4.66)
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D1;(51) = S1:(B1) + Y, vi(Br) is defined by

( o'% ]E[€_26Y1’i]

;—;1@—1(—291 — ) if 61 >0,

=B
vi(B1) = {v/3(B1 — o7E Y1), if 61=0, (4.67)
o? 20,y
o g1 o Ele L] .
\/TQIK a‘% 5 Zf 01 < O,
\ 30, A1

G71(-) and K~'(-) are the inverse functions of G(z) in (4.18) and K(x) in (4.19), respec-

tively, for the region x € [0,00), and By is the unique root of

Dy 11(81)
/ el(t)dt

D1,:(B1)

E —B1E[D1i41(81) —D1,i(51)] =0. (4.68)

The optimal objective value to (4.65) is given by

D1 ;11(B
E[ Dll,i(Eg 1)a§(t)dt]

M opt = E[D1,i41(81) = D1i(B1)]

(4.69)

Furthermore, 1 is exactly the optimal objective value of (4.65), i.e., 1 = M1 opt-

Corollary 4.1 follows directly from Proposition 4.1. For the cases of the Wiener process
(01 = 0) and stable OU process (#; > 0), the threshold-based policy in Corollary 4.1 were
earlier reported in [34]. The case of unstable OU process (6 < 0) is new.

It is important to note that the threshold-based policy in Corollary 4.1 and the Whittle

index policy in the following theorem are equivalent.

Theorem 4.5 If the Y1;’s are i.i.d. with 0 < E[Y;;] < oo, then (S11,512,...) is an optimal
solution to (4.65), where

St = iltlf {t > Sy, :Wi(e1(t),11(t)) >0}, (4.70)

and Wi(en(t),va(t)) is the Whittle index of source 1, defined by (4.29), (4.30), (4.31), and
(4.32).
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Figure 4.2: Illustration of the Whittle index Wj(e,~) and the optimal threshold v1(3;), where the
parameters of the Gauss-Markov process are o1 = 1 and 6; = 0.1 and the i.7.d. transmission times
follow an exponential distribution with mean E[Y7 ;] = 2.

Proof sketch. Because (i) Corollary 4.1 provides an optimal solution to (4.65) and (ii) (4.70)
is equivalent to the solution in Corollary 4.1, (4.70) is also an optimal solution to (4.65).
The details are provided in Appendix 4.H. [J

Corollary 4.1 and Theorem 4.5 reveal a unification of threshold-based sampling and
scheduling policy developed in [34] and the Whittle index policy developed in this chapter.
In particular, if the Whittle index Wi (e1(t),71(t)) = 0, then (i) the channel is idle at time ¢
and (ii) the instantaneous estimation error |1 (t)| exactly crosses the optimal threshold vy (/)
at time ¢. As illustrated in Figure 4.2, ¢ = +v;(f;) are the roots of equation Wi (e,0) = 0.

The threshold-based sampling and scheduling results outlined in Corollary 4.1 and [34]
are applicable specifically to the single-source, single-channel scenario. Nevertheless, our
exploration in Sections 4.4.1-4.4.3 illustrates the methodology for utilizing these findings
to establish indexability and evaluate the Whittle index in the multi-source, multi-channel

scenario.
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4.6.2 Aol Minimization

For single-source, single-channel special case with wy = 1, problem (4.47)-(4.48) reduces

to

1 T
M ageopt = inf  limsupE, {f/ pl(Al(t))dt} (4.71)
0

ﬂ'enagnostic T—00
Theorem 4.6 If pi(§) is a strictly increasing function of 6, the Yy;’s are iid. with 0 <
E[Y1,] < oo, then (S11,S12,...) is an optimal solution to (4.71), where

Sl,i+1 = Htlf{t Z Sl,i : WLage(Al(t),’Yl(t)) Z 0}, (472)

where Wi qge(A1(t), 71(t)) is the Whittle index of source 1, defined by (4.59) and (4.61).

In the Aol literature, threshold-based scheduling and Whittle index have been two dis-
tinct approaches for Aol minimization. Our study unifies the two approaches: for Aol
minimization of a single source, the threshold policy in [4, Theorem 1] and the Whit-
tle index policy based in Theorem 4.6 are equivalent. Specifically, if the Whittle index
Wi age(€1(t),71(t)) = 0, then (i) the channel is idle at time ¢ and (ii) the expected age-

penalty function surpasses the threshold in [4, Theorem 1] at time ¢.

4.7 Numerical Results

In this section, we compare the following three scheduling policies for multi-source re-

mote estimation:

e Maximum Age First, Zero-Wait (MAF-ZW) policy: Suppose that N > L. Whenever
one channel [ becomes free, the MAF-ZW policy will take a sample from the source
with the highest Aol among the sources that are currently not served by any channel,

and send the sample over channel [.
e Signal-agnostic, Whittle Index policy: The policy that we proposed in Algorithm 9.

e Signal-aware, Whittle Index policy: The policy that we proposed in Algorithm 7.
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Figure 4.3: Total time-average MSE vs the parameter o of the Gauss-Markov source 1, where the
number of sources is N = 4 and the number of channels is . = 2. The transmission times are i.7.d.,
following a normalized log-normal distribution with parameter p = 1.5, and E[Y}, ;] = 1. The other

parameters of the Gauss-Markov sources are oo = 0.8, 03 = 0.9,04 = 1, and #; = —0.1,05 = 03 =
0, =0.1.
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Figure 4.4: Total time-average MSE vs the parameter 6; of the Gauss-Markov source 1, where the
number of sources is N = 4 and the number of channels is L = 2. The transmission times are i.1.d.,
following a normalized log-normal distribution with parameter p = 1.5, and E[Y}, ;] = 1. The other

parameters for the Gauss-Markov sources are 01 = 09 = 03 =04 = 1, and 6y = 0.2,03 = 0.3,604 =
0.1.
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Figure 5.3 depicts the total time-average mean-squared estimation error versus the pa-
rameter oy of the Gauss-Markov source 1, where the number of sources is N = 4 and the
number of channels is L = 2. The other parameters of the Gauss-Markov processes are
0o =0.8,03 =0.9,04 =1, and #; = —0.1,05 = 03 = 04, = 0.1. The transmission times are
i.i.d. and follow a normalized log-normal distribution, where Y,,; = e?@ni /E[er@ni] p > 0 is
the scale parameter of the log-normal distribution, and (Q, 1, @n2,-..) are i.i.d. Gaussian
random variables with zero mean and unit variance. In our simulation, p = 1.5. All sources
are given the same weight wy, = wy = w3 = wy = 1. In Figure 5.3, the signal-aware Whittle
index policy has a smaller total MSE than the signal-agnostic Whittle index policy and the
MAF-ZW policy. The total MSE of the signal-aware Whittle index policy achieves up to
1.58 times performance gain over the signal-agnostic Whittle index policy, and up to 1.65
times than the MAF-ZW policy.

Figure 5.5 illustrates the total time-average mean-squared estimation error versus the
parameter 0; of the Gauss-Markov source 1, where the number of sources is N = 4, and
the number of channels is L = 2. The other parameters of the Gauss-Markov processes are
0y =0.2,03 =0.3,0, = 0.1, and 07 = 09 = 03 = 04, = 1. The transmission time distribution
and the weights of the sources are the same as in Figure 5.3. In Figure 5.5, the total MSE
of the signal-aware Whittle index policy achieves up to 8.6 times performance gain over the
MAF-ZW policy and up to 1.32 times over the signal-agnostic Whittle index policy. When
01 < 0, the performance gain of the signal-aware Whittle index policy is much higher than
that in the case of #; > 0. This suggests a high performance gain can be achieved if the
Gauss-Markov sources are highly unstable. For all three policies, the total MSE decreases,

as 6, increases.

4.8 Conclusion

In this chapter, we have studied a sampling and scheduling problem in which samples
of multiple Gauss-Markov sources are sent to remote estimators that need to monitor the
sources in real-time. The formulated sampling and scheduling problem is a restless multi-
armed bandit problem, where each bandit process has a continuous state space and requires

continuous-time control. We have proved that the problem is indexable and proposed a

111



Whittle index policy. Analytical expressions of the Whittle index have been obtained. For
single-source, single-channel scheduling, we have showed that it is optimal to take a sample
at the earliest time when the Whittle index is no less than zero. This result provides a
new interpretation of earlier studies on threshold-based sampling policies for the Wiener and

Ornstein-Uhlenbeck processes.
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4.A Proof of (4.4) for 0, <0

A solution to (4.1) for initial state X, o = 0 and parameter p, = 0 can be written in

terms of a stochastic integral as follows
th,mv
Xy = e Oni=Sn) / s dWV,, (4.73)
0
which holds for any value of ,,. To derive an alternative formula for 6, < 0, let consider the

following well-known lemma:

Lemma 4.4 Let Y, ; be a Gaussian process with Y, o = 0, E[Y,,;] = 0, and it has indepen-
dent increments. Then the distribution of Y, , can be completely determined by its variance

function E[Y?].

Define
t—Smi
Yy, = =S X, = g, / S (4.74)
0

Lemma 4.4 implies that Y;,; in (4.74) is a Gaussian process and its variance function is given

by

0.2

E[V] = 54 (70 = 1) (4.75)
Consider the following process
On
Tt = Tngern(t,Sw)fl. (4.76)

Because Brownian motion W, ; is a Gaussian process with variance function ¢, Z,; in (4.76)

. . . . . 2 _ . . .

is a Gaussian process with variance function 2‘77”(62‘9”“ Sni) — 1) which is the same as the
n

variance function of Y,,;. From Lemma 4.4, both the processes Y,,;, and Z,; are equal in

distribution.
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When 0,, < 0, consider p,, = —0,, > 0. In this setting, the variance function of Y,,; can

be written as

2

E[Y;] = 207”(1 — ¢ (=5, (4.77)
Let
On
1,7,,t = Tan’l_e—Qﬁn(f—Sn,i), (478)

which implies Z , has the same variance function as Y,,;. Hence, Z, , and Y,,; are equal in

distribution. By using (4.77) and (4.78) in (4.74), we get that

02
Xy =—tepr=Sniyy

=2 (4.79)

from which (4.4) for 6,, < 0 follows. This completes the proof.

4.B Proof of the Simplification of Policy 7,

The sampling and scheduling policy 7, = ((Sn1,Gn1), (Sn2, Gn2),...) consists of the
sampling time S,,; and the transmission starting time G, ; for each sample 7. In policy 7,
sample ¢ can be generated when the server is busy sending another sample, and hence sample
¢ needs to wait for some time before being submitted to the server, i.e., S, ; < G, ;. Consider
a sampling and scheduling policy 7/, = {(Sn1,Gn1), - -+ (Sni-1, Gni-1), Gni, (Snit1, Gnit1),
...} such that the generation time and transmission starting time of sample i are equal to
each other, i.e., S,,; = G,,;. We will show that the MSE of the sampling policy 7/, is smaller
than that of the sampling policy 7.

Note that {X,,; : t € [0,00)} does not change according to the sampling policy, and the
sample delivery times {D,,1, D, 2, ...} remain the same in policy 7, and policy . Hence,
the only difference between policies 7, and 7/, is that the generation time of sample i. The

MMSE estimator under policy =, is given by (4.5) and the MMSE estimator under policy
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P
m, 1s given by

Xyll,t :E[Xn,t| (Sn,j; Xn,Snyj; Gn,ja Dn,j)jgifh (Gn,iy Xn,Gm“ Dn,l)]

EXn anaXn n,il? te DnzaDnz ;
[ BlXuilGuis Xag, ). ¢ € [Dais D) 50,
E[Xnt|Snj, Xns,,]s t € [Dny, Dnjy1), j# i

Next, we consider another sampling and scheduling policy 7/ in which the samples
(Ghnyi» Xn,.) and (Sn, Xy,s,.) are both delivered to the estimator at the same time D,, ;.

Clearly, the estimator under policy 7/ has more information than those under policies m,

and 7],. One can also show that the MMSE estimator under policy 7 is

Xr:ll’t :]E[Xn,t“Sn,jy Xn,Sn’ﬁ Gn,ja Dn,j)j§i7 (Gn,i7 Xn,Gn’ia Dn,z)]

. E[Xn,t|Gn,ia Xn,Gnﬂi]y t e [Dn,i7 Dn,i-i—l); (4 81)

]E[Xn,t|sn7ijn7Sn,j]7 le [Dn7j>Dn7j+1)> J 7é i.
Notice that, because of the strong Markov property of OU process, the estimator under
policy 7, uses the fresher sample (G,;,Xnq,,), instead of the stale sample (S,;, X5, ),
to construct X,’{t during [Dy,;, Dpit1). Because the estimator under policy 7, has more
information than that of under policy m,, one can imagine that policy 7/ has a smaller

estimation error than policy m,, i.e.,

Dy i1 R Dy i1 N
E / (Xos — X))t S > E / (Xpu — X )2t 5 (4.82)
Dn,i Dn,i

To prove (4.82), we invoke the orthogonality principle of the MMSE estimator [98, Prop.
V.C.2] under policy 7/ and obtain

Dy it N . N
E {/ 2(Xn7t — X;;t)(XZ’t — ant)dt} =0, (4.83)

Dn,i
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where we have used the fact that (G, Xnq, ) and (S, Xy s, ) are available by the MMSE

estimator under policy /. Next, from (4.83), we can get

Dy ig1 .
E / (X — X )2dt
Dn,i

D i1 R . R
L E / Xy — X! )XY, — Xy )dt

Dn,i

Dy i1 .
>F / (X — X, )2t p . (4.84)

Dn,i

Dn,i

Dn,ig1 N . .
[ = P+ (R~ K

Dy i1 . ~ R
[ G = R 4 (K0, = Ko

Dn,i

In other words, the estimation error of policy 7/ is no greater than that of policy m,. Fur-
thermore, by comparing (4.80) and (4.81), we can see that the MMSE estimators under
policies 7/ and 7/, are exactly the same. Therefore, the estimation error of policy 7/, is no
greater than that of policy m,.

By repeating the above arguments for all samples ¢ satisfying S,; < G,;, one can
show that the sampling policy {Gn1,Gna,...} is better than the sampling policy 7 =
{(Sn1,Gn1), (Sn2,Gn2),...}. This completes the proof.

4.C Proof of Proposition 4.1

In this section, we present the proof of Proposition 4.1 for unstable OU process, i.e., for
0, < 0. The proofs for stable OU process (i.e., 8, > 0) and Wiener process (i.e., , = 0)
follow the similar steps.

Define the o-field

Nt =0(Xns:0<s<1), (4.85)
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which is the set of events whose occurrence are determined by the realization of the process

{X,s:0<s <t} The right continuous filtration {N,,,¢t > 0} is defined by
Nrj,_t = Us>t/Vn,s- (486)

In causal sampling policies, each sampling time is a stopping time with respect to the filtra-

tion {N,;,t > 0}, i.e., [76]

{Sni <t} e NS vt > 0. (4.87)

n

Let the sampling and scheduling policy m, = (Sp.1, Sn2,...) in (5.11) satisty two con-
ditions: (i) Each sampling policy 7w, € II, satisfies (4.87) for all 7. (ii) The sequence of
inter-sampling times {7},; = Spi41 — Sni,@ = 0,1,...} forms a regenerative process [77, Sec-
tion 6.1]: There exists an increasing sequence 0 < ki < ko < ... of almost surely finite
random integers such that the post-k; process {1y, x,4i,4 = 0,1,...} has the same distribu-
tion as the post-ko process {1, x,+i;¢ = 0,1,...} and is independent of the pre-k; process
{T..,i =0,1,...,k; — 1}; further, we assume that E[k;;; — k;] < oo, E[S, 4] < 0o, and
0 < E[Spp.y — Sup,] <00, j=1,2,....

We will prove Proposition 4.1 in three steps: First , we show that it is better not to
sample when no channel is free. Second, we decompose the MDP in (5.11) into a series of

mutually independent per-sample MDPs. Finally, we solve the per-sample MDP analytically.
The Gauss-Markov process O,,; in (4.34) is the solution to the following SDE

dOn,t = —QnOmdt + Unde,t- (488)

In addition, the infinitesimal generator of O, is [92, Eq. A1.22]

o o2 9
g = —HnU% + ?@ (489)

In Appendix 4.B, by using the strong Markov property of the Gauss-Markov process
and the orthogonality principle of MMSE estimation, we have shown that it is better not
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to take a sample before the previous sample is delivered. Hence, the sampling time and the
transmission starting time are equal to each other. By this, let us consider a sub-class of
sampling and scheduling policies II,, ; C II,, such that each sample is generated and sent out

after all previous samples are delivered, i.e.,

= {m, €1l : Sni=Gpn; > D,y for all i}.

For any policy 7, € II,,1, the information used for determining S, ; includes: (i) the history
of signal values (X,,; : t € [0,5,,]) and (ii) the service times (Y, 1,..., Y, 1) of previous
samples. Let us define the o-fields F,,; = (X, s : s € [0,¢]) and .7-"+t = My>tFpr. Then,
{F,i,t > 0} is the filtration (i.e., a non-decreasing and right-continuous family of o-fields) of
the Gauss-Markov process X, ;. Given the service times (Y}, 1, ..., Y,—1) of previous samples,

Sh,i is a stopping time with respect to the filtration {F,,,¢ > 0} of the Gauss-Markov process

X, that is
{Sni <t}HYnn, ..., Yoia] € F (4.90)
Hence, the policy space 1I,, ; can be expressed as
Ly ={Sni : {Sni < tHYar,... . Yain] € F,
T, is a regenerative process}. (4.91)

Let Z,,; = Spit1 — Dy > 0 represent the waiting time between the delivery time D,, ; of the
i-th sample and the generation time S, ;41 of the (i + 1)-th sample. Then,

i—1

Spi = (Yn] +Z ,]) (4.92)
=0
1—1

Dn,i - (Yn,j + Zn,j) + Yn,i (493)
=0
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foreachi =1,2,.... Given (Y0, Yn1,--.); (Sn1, Sna2, .. .)is uniquely determined by (Z, 0, Zp 1, - - .).
Hence, one can also use m = (Z, 0,
Zn1,-..) to represent a sampling and scheduling policy.

By using (4.6), (4.92), (4.93), and the assumption that the inter-sampling times follow

a regenerative process, the MDP in (5.11) can be transformed as the following.

S| )| - ARV

Mpopt = 1nf  lim

: (4.94)
7"'nenn,l t—o00 Zi:]_ E[Ynﬁ _I_ Zn,i]

In order to solve (4.94), let consider the following MDP with parameter k& > 0:

t
h(k) = inf lim E[
T €lly,1 t—00 <

Yn,itZn,i+Yn,it1
/ wnei(s)ds + /\Yn,i+1 - k(Yn,i + Zn,z) s (495)
Yn,i

where h(k) is the optimum value of (4.95). Similar to the Dinkelbach’s method [90] for

non-linear fractional programming, the following lemma holds for the MDP in (4.94):

Lemma 4.5 [3/], [35] The following assertions are true:
(@). M opt % k if and only if h(k) % 0.

(b). If h(k) = 0, the solutions to (4.94) and (4.95) are identical.

Hence, the solution to (4.94) can be obtained by solving (4.95) and finding k = M, opt,
for which h(m,, opt) = 0.
Define

Bn = mn,opt- (496)

In this sequel, we need to introduce the following lemma.
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Lemma 4.6 For any 5, > 0, it holds that

Yn,z+Zn,z+Yn,z+1
E |:/ wnei(s)ds + )\Yn,i+1 Bn( n,t + Zn z):|
Y, ,2+Z ,1+Yn,z+l
/ (wngi(s) — Bn)ds + wnfynoizfn i+Zn, Z]
Yn,i ’ 1

Yn,i
2

+wn2"77;<E[YJ Vo) + AE[Yoi01] — BuE[Yo ], (4.97)

where v, 18 a constant defined as

T = 55 Bl - e 20n¥ni], (4.98)

Proof 4.7 We can write (4.97) as

n 1+Zn z+Yn i+1
E|:/ MHEi(S)dS + )‘Yn,i—‘rl — Bn(yn,i + Zn,z):|
Yni

Y’n,i‘i‘Zn,i Yo i+Zni+Ynit1
:]E{/ wnei(s)ds} + E{/ wnsi(s)ds}
Yn,i Yn,i+Zn,7L

+ )\]E[ nz+1] Bn ( n,t + Zn 7,) (499>

In order to prove Lemma 4.6, we need to compute the second term in (4.99). First, let us
introduce the following lemma which is more general than Lemma 5 in [34] and works for
any OU process irrespective of the signal structure, i.e., the value of parameter 6. By using

Dynkin’s formula and optional stopping theorem, we get the following useful lemma.

Lemma 4.7 [34] Let 7 > 0 be a stopping time of the OU process O,,; with E[0?] < oo
then

)

E /To2 P I B (4.100)
o ) T 20, 20, '
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If, in addition, T is the first exit time of a bounded set, then

E[7] = E[Rn1(0p1)], (4.101)
E { / Oﬁ,tdt] = E[R,2(0,,)], (4.102)
0
where R, 1(-) and R, 2(-) are defined in (4.37) and (4.38), respectively.

Proof 4.8 We first prove (4.100). It is known that the OU process O,y is a Feller process
[96, Section 5.5]. By using a property of Feller process in [96, Theorem 3.32], we get that

—/Otg(O2

t
—02, - / (—0,0, .20, . + 02)ds
0

t
=0, , — oot + 20, / 07 .ds (4.103)
0

is a martingale. According to [76], the minimum of two stopping times is a stopping time
and constant times are stopping times. Hence, tAT is a bounded stopping time for every

t €[0,00), where xAy = min{x,y}. Then, by [76, Theorem 8.5.1], for all t € [0, c0)

tAT o 2 1
E { /0 Of%sds] :E[#(mﬂ] —EL 0 Oth,\T}. (4.104)

Because E [ AT 0?2 ds} and E[tAT] are positive and increasing with respect to t, by using

the monotone convergence theorem [76, Theorem 1.5.5], we get

lim E [/ O? ds} = [/ O? ds], (4.105)

lim E[(¢tAT)] = E[7]. (4.106)

t—o00

In addition, according to Doob’s maximal inequality [76], we get that

E { sup OEL,S} <A4E[0} ] < . (4.107)

0<s<t
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Because 0 < O . < supgc,, Of , for all t and (4.107) implies that supyc ., Op , is inte-

n,s

gratable, by invoking the dominated convergence theorem [76, Theorem 1.5.6], we have

lim E [O2,,.] =E[02.]. (4.108)

t—00

Combining (4.105)-(4.108), (4.100) is proven.
Next, we prove (4.101) and (4.102). By using the solution of the ODE in Appendiz 4.C,
one can show that R, 1(v) in (4.37) is the solution to the following ODE

2
In

5 Bna(v) = v Ry 1 (0) = 1, (4.109)

and Ry, 2(v) in (4.38) is the solution to the following ODE

2
In

9 Ry 5(v) = 0,0R;, 5(v) = v*. (4.110)

In addition, R, 1(v) and R, 2(v) are twice continuously differentiable. According to Dynkin’s
formula in [75, Theorem 7.4.1 and the remark afterwards], because the initial value of Oy, 4

15 Opo =0, if T is the first exit time of a bounded set, then

Eo[Rp1(Onr)] = Rp1(0) + Eq { /O ' 1ds} = Ry.1(0) + Eo[7], (4.111)

Eo[Rp2(On,r)] = Ry 2(0) + Eo { /0 ' Og,sds} . (4.112)

Because R, 1(0) = R, 2(0) =0, (4.101) and (4.102) follow. This completes the proof.

By using Lemma 4.7, we can write

Yo, i+Zni+Ynit1
E / wpe? (s)ds

Yn,i+Zn,i
oy 1 2 2
:wnﬂ [Yn7i+1] _wnﬂE [Onyyn,i‘i‘zn,i‘i‘yn,i-!—l _Oann,i+Z7b,i:| ? (4113)
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where

2 2
E |:On7Yn,i+Zn,i+Yn,i+1 Onyyn,i+Zn,i

On

:E _
—20,

2
—0nYn i —O0nYn i
<O7’L7Yn,i+Zn,i€ ndn,i+1 + & n ”’1+1W1_629nyn,i+1>

2
- Onvyn,i+Zn,i:| ’

2
_ 2 —20nYnit1 1) _ In —20n Yy it111/2
=E [On,Yn,i+Zn,¢(e 1) 29n € Wn’lfewnyn,i-kl

+E QOn,Yn iz, i€—9nYn,i+1
) ) _2071,

Because Yy, ;41 1s independent of Oy, 4z, and Wy, we have
2 —20nYnit1 _ 1) — 2 —20nYn iv1 _
E |:On7Yn,i+Zn,i(e 1) _E Onvyn,i‘f'Zn,i E[@ 1:| ?

and

On

v —20,

On

v —20,

—0nYn i —0nYni
]E|:2On7yn’i+zn’ie nin,i+1 e " n’l+1Wn,1—629nY"’i+1:|

:E[QOTL,YW,J;+Zn’i:|E|:e_9nYn’i+l e—OnYn,i+1 Wn,l—e20"Y"7i+1:|

Yn,i+1:| :|a

@]E [QOn,Yn,¢+Zn,i]

C0nYain On gy,
E{E [6 OnYnip1__ 70 o QY"”“Wn,l—e?""YM“

v —20,

—0nYn it1
€ I/I/vml_ezeny,wr1 .

(4.114)

(4.115)

(4.116)

(4.117)

where Step (a) is due to the law of iterated expectations. Because E[W,, ] = 0 for all constant

t >0, it holds for all realizations of Y, ;11 that

On

—20,

79nYn i+1
(& Wn,17629nYn,i+1

E |:€9nYn,i+1

Yn,i+1] = 0.
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Hence,

E |:2On7Yn’i+Zn7ieQnYn,ile—eenYn,iJrl Wn,le%"Y"’”l] =0. (4.119)

—20,

In addition,

0'2 0,
n —2 Y, i+1 2
E|—"e¢ o Wn 2 Yn i1

TL

é |: |: —20, n'L+1W2

n,1—e20n¥n it1

Yn,i—&-l] :|

i [ “2nYoitt 1] (4.120)

where Step (a) is due to the law of iterated expectations and Step (b) is due to E[W?,] =t

for all constant t > 0. Hence,

2 2
E [Onyyn,i+zn,i+yn,i+l - Onyyn,i+zn,i:|
2

[On Yo+ 20, J]E[e—ZQnYn,i-H _ 1] + %E[l _ e—207zYn,i+l]' (4'121)

By using (4.121) in (4.113), we get that

Yo, i+Zn,i+Ynit1
E [/ wnOgds]

Yn,i+Zn,i

o2 1 B |
~tngg, El¥nii) = wnog B[OV, vz, JEIETH T 1
2
R[]l — _26nYn,i+1
492 [ ]7
:wnﬁ{E[Yn,M] — T} + 0B 0%z ] (4.122)
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where 7, is defined in (4.98). Substituting (4.122) into (4.99) yields

Yn 2+Zn,z+yn i+1
E |:/ wnOzdS + >\Yn,i+1 - Bn [YTL,Z + Zn,z]

Yn,i

Yn,itZn,i
=K |:/ wnOst} + wn—{E n l+1] ﬁYn}

Yn,i

+ wn’YnE |:O)2/n7i+Zn,i:| + )‘E[ n H—l] /Bn [Yn,z + Zn,i]7 (4123)

Yn,z“l‘Zn,i
=K [/ (w,O? — B,)ds + wn”ynOffnyiJrZ

n,i
Yn,i

2
o
W { B Y] = v} = BuBYoi] + AB[Yoieal, (4.124)

from which (4.97) follows.

For any s > 0, define the o-fields F;, = 0(Opsr — Ons : 7 € [0,]) and the right-
continuous filtration F,§ = My~¢Fy .. Then, {F 7, > 0} is the filtration of the time-shifted

n,t»

OU process {O, 51t — Ops,t € [0,00)}. Define M, 5 as the set of integrable stopping times
of {On 54t — Oy, t € 10,00)}, ie.,

Mo ={7>0:{r <t} e F; E[r] <oo}. (4.125)

By using a sufficient statistic of (4.95), we can obtain

Lemma 4.8 An optimal solution (Z, o, Zy1,...) to (4.95) satisfies

inf E

Oyl, nil| > (4.126)
Zn,i €My,

n,i“l‘an
[ o) -0ds 0%, s,

Yn,i

where B, > 0 and v, > 0 are defined in (4.96) and (4.98), respectively.

Proof 4.9 Because the Y, ;’s are ii.d., (4.123) is determined by the control decision Z,;
and the information (Y, ;, Oy, ). Hence, (Yn;,

Oy, ,) is a sufficient statistic for determining Z,, ; in (4.95). Therefore, there exists an optimal

policy (Zn0, Zn,1, - --) to (4.95), in which Z,; is determined based on only (Y, ;, Oy, ,). By
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this, (4.95) is decomposed into a sequence of per-sample MDPs, given by (4.126). This

completes the proof.

Next, we solve (4.126) by using free-boundary method for optimal stopping problems.
Let consider an OU process V,,; with initial state V,,o = v and p,, = 0. Define the o-fields
]:X,t = 0(Vas 1 s €[0,1]), -FX;F = Nyt Fp

n,r?

and the filtration {F, ¢ > 0} associated to

n,t

{Vit,t > 0}. Define My as the set of integrable stopping times of {V,,+,t € [0,00)}, i.e.,

My ={r>0:{r<t} € F E[r] <oo}. (4.127)

n,t

Our goal is to solve the following optimal stopping problem for any given initial state

v € R and for any 3, > 0

sup E, {—wn”ynVn%T - /(anTZS — Bn)ds} , (4.128)
0

TEMY

where E,[-] is the conditional expectation for given initial state V,, o = v, where the supremum
is taken over all stopping times 7 of V,,;, and v, is defined in (4.98). In this subsection, we
focus on the case that 3, in (4.128) satisfies %E[l — e 2 Yni] < B < 0.

In order to solve (4.128) for 6, < 0, we first find a candidate solution to (4.128) by
solving a free boundary problem; then we prove that the free boundary solution is indeed
the value function of (4.128):

The general optimal stopping theory in Chapter I of [74] tells us that the following guess
of the stopping time should be optimal for Problem (4.128):

T, =1nf{t > 0: |V,,¢| > v.}, (4.129)

where v, > 0 is the optimal stopping threshold to be found. Observe that in this guess,
the continuation region (—uv,,v,) is assumed symmetric around zero. This is because the
OU process is symmetric, i.e., the process {—V,,;,t > 0} is also an OU process started at
—V,.0 = —v. Similarly, we can also argue that the value function of problem (4.128) should

be even. According to [74, Chapter 8], and [75, Chapter 10], the value function and the
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optimal stopping threshold v, should satisfy the following free boundary problem:

2

%H”(v) — 0, 0H' (V) = w,0* — Bn, v E (=4, 0,), (4.130)
H(+v,) = —wpymv?, (4.131)
H'(+v,) = F2w, 0. (4.132)

In this sequel, we solve (4.130) to find H(v).
We need to use the following indefinite integrals to solve (4.130) that can be obtained
by [99, Sec. 15.3.1, (Eq. 36)], [85, Sec. 3.478 (Eq. 3), 8.250 (Eq. 1,4)]. Let 6, = —

Pr-
2 _On, nYn n nU - iv?
o2 20,2 On On
_ ﬁwnan o (]\/P_nv) gl o (4.133)
—QJ/)n\/E On Pn
2, e VB (VO
LB 2" d erf Cy,
e o= 2t (L) .04
_ VB (J\/mv + O (4.134)
]Un\/p_n On
/erf(mv>em”2dv
On
3 0
Fy(1,1;2,2; 2202
\/_\/Eo'nv2 2(7 727 70_%7])"‘07
On 3 pn 2
j\/p—nﬁgnv2 2( 152 TQLU)—FC, (4.135)
/ <ﬁwngn V7B orf \/0_ o dy
26n% Un\/_n
Wy, Bn 2 3 pn 2
_(_Wn _ Pn (1,122~ 41
< 2pn O_n2>1) 2 2( 2 O'n +C47 ( 36)
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/C3ecf:2”2dv =Cserfi ( env) + Cs,
On
=Cjxerfi (—j > pnv) + (s, (4.137)
On
Wy v?
_/ v = w5 4 C, (4.138)

where erf(-) and erfi(-) are the error function and imaginary error functions, respectively.

Hence, H(v) is given by

H(v) :( - - B—Z)U%FQ <1, 1,22 —p—gqﬂ) 4 Crerf <j WT%)
a o

)
2 2 n

+ wp,— 4 Co, v € (=, vy), (4.139)

where C and Cy are constants to be found for satisfying (4.131)-(4.132), and erfi(z) is the

imaginary error function, i.e.,

erfi(x) = % /03? et dt. (4.140)

Because H(v) should be even but erfi(x) is odd, we should choose C; = 0. Further, in order

to satisfy the boundary condition (4.131), C5 is chosen as

1 , 1 B 3 p
Cy =——F (e2¥ni) 24 | —+ 22 )y (1,1; =, 2; — =02 o2 4.141
T L ) LI

n

where we have used (4.98). With this, the expression of H(v) is obtained in the continuation
region (—uv,, v,). In the stopping region |v| > wv,, the stopping time in (4.129) is simply
7. = 0, because |V, 0| = |v| > v.. Hence, if |v| > v,, the objective value achieved by the

sampling time (4.129) is

0
Ev |:_P)/nwnU2 _/<wnvn275 - Bn)d$:| :—")/nwnﬂz. (4142)
0
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Combining (4.139)-(4.142), we obtain a candidate of the value function for (4.128):

s = (g + 25 ) 2Fa(1, 153, 2 20%)0? + G,
H(v) = if |u| < v, (4.143)

— YWy, if |v| > v,.

Next, we find a candidate value of the optimal stopping threshold v,. By taking the
gradient of H(v), we get

v Wy, 0. 20 P
H' (v :wn——<, oy )F(] "v), VE (U4, Vy), 4.144
( ) Pn jpn\/p_n ]O-n\/p_n On ( ) ( )

where
F(z) =" / et dt. (4.145)
0

The boundary condition (4.132) implies that v, is the root of

Wy — ( Wnn 25 )F (;ﬂv) = —2y,wy0. (4.146)
P JPnA/Pn JOn\/Pn On

Substituting (4.98) into (4.146), yields that v, is the root of

2 2
B (wn& + &) G(j W_) = —wng B[] (4.147)

20n n Pn

where G(-) is defined in (4.18). By using (4.22) in (4.147), we get that

2 2
- (wn& + ﬁn> K(\/EU) - _w”;_nE[ezpnYmi]v (4148)

Qpn n n

where K (-) is defined in (4.19). Rearranging (4.148), we obtain the threshold as follows

(8,) On K-l <wn%E[62pnn’i]> (4.149)
v(Bn) = B :
\% Pn wn% + Bn

Substituting p, = —#6, in (4.149), we get (4.24) for 6,, < 0.
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In addition, when 6,, — 0, (4.147) can be expressed as

W, On

The error function erf(z) has a Maclaurin series representation, given by

exf(z) = % [1: _ %3 + o(x?’)} |

Hence, the Maclaurin series representation of G(z) in (4.18) is

Let x = ‘{'—97@, we get

In addition,
E [e_zenyn,i} =1 QQHE[YTM] + 0(971)

Hence, (4.150) can be expressed as

2.0 20
2 nYn 2Un 9 _ 9 B |
(”" 2w, ) {1 5530 T 0l0n)] = ou(1 = 26.E[Y,] + 0(6))

n

Expanding (4.155), yields

0220, E[Y, ] v° +o0(0,) =0.

2 2
oiw, 30

Divided by 6 and let # — 0 on both sides of (4.156), yields
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(4.155)
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Equation (4.157) has two roots —(1/1/w,)+/3(Bn — wa02E[Y,,]), and (1/y/w,)
V3B — waa2E[Y,,]).

If v, = —(1/\/wn)/3(Bn — w,02E[Y,,,]), the free boundary problem in (4.130)-(4.132)
are invalid. Hence, the root of (4.157) is v, = (1/\/wn)\/3(Bn — w,02E[Y,;]), from which
(4.24) follows for 6,, = 0.

Verification of the Optimality of the Candidate Solution

Next, we use Ito’s formula to verify the above candidate solution is indeed optimal, as

stated in the following theorem:

Theorem 4.7 If ]E[l — e 2 Yni] < B < oo, then for allv € R, H(v) in (4.143) is the
value function of the optimal stopping problem (4.128). In addition, the optimal stopping
time for solving (4.128) is 7. in (4.129), where v, = v(B,) is given by (4.24).

In order to prove Theorem 4.7, we need to establish the following properties of H(v) in

(4.143), for the case that 3 Lot E[1 - e~ 2nYni] < B, < oo is satisfied in (4.128):
Lemma 4.9 [3/] H(v) = E,[—7,V;? o (V2 = Ba)ds].

M, Tx

Lemma 4.10 [34] H(v) > —v,v? for all v € R.

A function f(v) is said to be excessive for the process V,, ; if
Eyof(Vat) < f(v),¥t > 0,v € R. (4.158)

By using [t0’s formula in stochastic calculus, we can obtain
Lemma 4.11 [34] The function H(v) is excessive for the process Vi, ;.

Now, we are ready to prove Theorem 4.7.

Proof 4.10 (Proof of Theorem 4.7) In Lemmas 4.9-4.11, we have shown that H(v) =
Eo[—7Vi2,, — [T (V2 = Bu)ds], H(v) > —y,v%, and H(v) is an excessive function. More-
over, from Lemma 4.9, we know that E,[1.] < oo holds for allv € R. Hence, P,(1. < 00) =1
for all v € R. These conditions and Theorem 1.11 in [74, Section 1.2] imply that 7. is an
optimal stopping time of (4.128). This completes the proof.
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Because (4.126) is a special case of (4.128), we can get from Theorem 4.7 that

Corollary 4.2 If %E[l — e WnYni] < B, < oo, then a solution to (4.126) is (Z,1(Bn),
Zn2(Bn),-..), where

Zni(Bn) = inf{t > 0:|Ony, ,+¢| = v(Bn)} (4.159)
and v(f,) is defined in (4.24).
This concludes the proof.

4.D Proof of Theorem 4.1

If v = 0, i.e., no sample from source is currently in service, from Proposition 4.1, we
get that the optimal sampling policy of (5.11) is a threshold policy which is given by (4.55).
Given Proposition 4.1, for an instantaneous estimation error |e,(t) = €[, it is optimal not to

schedule source n if
le] < vn(mn(N)), (4.160)

where

E fg”’i“(m"(’\))wnei(s)ds + AE[Y,,,i41]

0 n,i(Mn(A))
mn( ) - E[Dn,i—i-l (mn()\)) — Dn,z(mn(/\))] ’

(4.161)

and m,(A) is the optimal objective value of (5.11). We use m,, opy as the optimal objective
value in (5.11). For convenience of the proof and to illustrate the dependency of the activation
cost A, we express it as a function of A in this proof. The numerator in (4.161) represents the
expected penalty of source n strating from i-th delivery time to (i + 1)-th delivery time and
the denominator represents the expected time from i-th delivery time to the end of (i+ 1)-th

delivery time. In order to prove Theorem 4.1, we need to introduce the following Lemma.

Lemma 4.12 m,()\) is a continuous and strictly increasing function of \.
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Proof 4.11 The (i + 1)-th delivery time from source n is given by

D i1(Mn(A)) = Spir1(Ma(A)) + Vi, (4.162)

and for (4.55), the (i + 1)-th sampling time is

S i (V) = t{t > Dyi(i1a(N) : |2n(®)] = v (i7n(A)1. (4.163)

Let the waiting time after the delivery of the i-th sample is

Zni(Mmp(X)) =1nf{z > 0 : |e,(Dni(mn(N)) + 2)| > va(mn(N))}, (4.164)

which represents the minimum time z upto which it needs to wait after the delivery of the i-th
sample before generating the (i+1)-th sample. Hence, by using (4.162), (4.163), and (4.164)

the sampling time S, ;(m, (X)) and the delivery time D, ;(m, (X)) can also be expressed as

Sni(My (X)) = Z Yo+ Znj(mu(N)), (4.165)
Dn,i(mn()‘)) = Zz: Yn,j + Zn,j(mn()‘)) + Yn,i- (4'166)

By substituting (4.165) and (4.166) in (4.161), we get that

Ma(A) =
E| [YritZnilmn()Hnin wpe(s)ds| + AE[Y,,i41]

Yn,i
E[Ymi_l,_l + Zn,z<mn()\)>]

(4.167)

The optimal objective value m,(\) in (4.167) is exactly equal to the root of the following

equation:

F(Bn) + AE[Y,41] = 0, (4.168)
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where

Yn,i+Zn,i (ﬁn)+Yn,i+1
/ wpe (s)ds

6,) =]

Y'n,i

Because f(B,) is a concave, continuous, and strictly decreasing function of B, [34, Lemma
2], from (4.168), it is evident that the root of (4.168) is unique and continuous in A. Hence,

mn(N) is unique and continuous in \. From (4.168), we get that

f(Bn) = =AE[Y,, i) (4.170)
For any 0 < X\ < Xy and B, = m, (), from (4.170), we have

Jmn(Ar)) = _AlE[Yn,i—l—l]y (4.171)
f(ma(A2)) = =AE[Yr 1] (4.172)

As f(By) is a continuous and strictly decreasing function of B, for any non-negative Ay > A\

implies my(A1) < myu(Xe). Therefore, m,(\) is continuous and strictly increasing function

of \.

The next task is to show the properties of the threshold v, (m,())) in (4.160) by using
the (4.24) for the three cases of Gauss-Markov processes. In that sequel, we need to use the

following lemma.

Lemma 4.13 The threshold v,(m,(\)) is continuous and strictly increasing in X irrespective

of the signal structure.

Proof 4.12 For 0, > 0, v,(m,(X\)) is as follows

o wniE[e_ZQHYn,i]
w(Ma(N\) = —=G~1 [ 20 ) 4.173
o) = g ( wn e — (V) A7)
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The derivative of v, (mnp(N)) is given by

Let

(wm Ele ‘29”"”'])
o2 7 =Y.
Wn 20, mn()‘)

By using the property of derivative of an inverse function [116], v (my(N)) in

be expressed as

where G'(x) is as follows

G'(r)=— tZ%er( )+ Ve erfla )—|— > 0,

2

(4.174)

(4.175)

(4.179) can

(4.176)

(4.177)

for all x > 0. Hence, by using Lemma 4.12 and the fact that v],(m,(\)) > 0, it is proved

that v, (Mn (X)) is a strictly increasing function of A.

In addition, for 6, <0, v,(m,(\)) can be expressed as

o ()

wnm

Let

(4.178)

(4.179)

(4.180)



Utilizing the property of the derivative of an inverse function, v),(m,(\)) in (4.179) can be
expressed as

2

1 wy2nE[e20nYni
o (ma(N) = —e— 2 | ] : (4.181)
=00 K'(1) (wy 5= — 1 (V)2
where K'(x) is as follows
= 2 1
K'(x) = _?eﬁ erfi(z) — v/me ™ erfi(z) + ~ < 0, (4.182)

for all x > 0. Hence, from Lemma 4.12 and the fact that v}, (m,()\)) > 0, it is proved that
U (M (X)) is a strictly increasing function of X. By using similar proof arguments, the result
can be proven for 6, = 0. Hence, combining the results for all of the three cases of 8,,, Lemma

4.13 1s proven.

From (4.183), the set W, () is
U, (A\) ={(g,7) : v > 0or|e| < v,(mn(N)}. (4.183)
Moreover, for a given ¢, if v =0 and € € ¥,,(\1), then
le] < vp(mn(Ar)). (4.184)

Because Lemma 4.13 implies that v, (m,(\)) is continuous and strictly increasing in A, we
get that for v = 0, (g,7) € ¥, (A2) for any A; < Ag. Hence, ¥, (A1) € ¥, (A\y). Thus from

the definition of indexability, the arm n is indexable for all n. This completes the proof.

4.E Proof of Theorem 4.2

Substituting (4.183) into the definition of Whittle index in (4.28), we obtain that

Wy (e,7v) = igf{)\ ER:v>0or|e] <v,(N)}. (4.185)
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First, we consider the case when v = 0. By using Lemma 4.13, (4.185) implies that the

Whittle index W, (e, ) is unique and it satisfies the following at A = W, (e, v):

le| = v (mn(Wa(e, 7)),

(4.186)

where v,(-) is defined in (4.24). First, consider the case of stable OU process (i.e., 6, > 0).

Substituting (4.24) for ,, > 0 into (4.186), we get that

T
Vo, wng%; — mn(Wale, 7))

On

el =

)

which implies

w, T [e=20nYn.i
C <\/ﬂ|g|) _ W, _[ ]
w T _mn(Wn(gv’Y))

n nm

After some rearrangements, (4.188) becomes

wagi (G (422[el) — Ele2))

o (Wale,7) = G (L))

The optimal objective value m, (W, (¢)) to problem (5.11) is defined by

M (Wh(g,7)) =

]E’ |: fyi:;n;i‘FZn,i(&Tﬁn(Wn(5)))+Yn,i+1 wnO%7st:| + Wn(f, V)E[Yn,z—i-l]

E[Zn,i<57 mn(Wn(ev 7))) + Ymi-&-l]

Substituting (4.190) into (4.189) implies

- [ Jyp ot Gt wno,%,st] W, VE Y]

E[Zn.i(e, mn(Wn(e,7))) + Yniti]
wagh (G (L) — Ele)
_ G (k)
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(4.188)

(4.189)

(4.190)

(4.191)



which yields

Yn7i+Zn7i(E,Mn(Wn(E,’Y)))+Yn,i+l
E {/ wnOfL’sds] + Wo(e,7)E[Ynit1] =

Yn,i

wn (G (L[] )Ele20nn0])

ElZni(e, mn(Wa(e, 7)) Y] (4.192)
G (L2kl)
After rearranging (4.192), we get that
1
Wi(e1) =gy ELZnsles (Wl 2)) + Yoo
0'2 — .
W 55- (G <‘£f7]8\> —Ele QH"YW])
G (L2kl)
Yn,i+Zn,i(Evmn(Wn(577)))+Yn,i+1
— E[ / wnOi’sds} } (4.193)
Yo

where (4.193) holds because Y,, ;’s are i.i.d.. In Theorem 4.2, we have used Z,, ;(¢) to represent
Zn,i(e, my,(Wy(g,7))) because Z,; is dependent on m,, (W, (e, vy)) through the state ¢.

In addition, for unstable OU process, when 6,, < 0, by using the similar proof arguments,
we can prove (4.31) for 6,, < 0.

Subsequently, when 6, = 0, by using (4.24), (4.28), and Lemma 4.13, at A = W, (e, 7),
we get that

1
v Wn

el = ——=1/3(7n(Wa(, 7)) — wa02E[Y, ), (4.194)
which implies
W,e® = 3(Mn(Wa(e,7)) — wao2E[Y, ). (4.195)

After some rearrangements, (4.195) becomes

wy, (i + aiE[Ym]) = M (Wa(e,7)). (4.196)
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Substituting (4.190) into (4.196), we obtain that

82

- [fé"f”"*i“””"(W"(E’””*YW wnoz,sds] + Wale, VY]

§ , 4.197
ElZns e, mn(Wa(e D) + Yorr] (4.097)
which yields
Yn,i+Zn,i(Svmn(Wn(Ezfy)))+Y’ﬂyi+1
wy K |:/ OrZL,st‘| +W, (67 V)E[Ynﬂ]
Yn,i
52
B[V + Zus(ema (Wl )5 + 2D ) (1.198)

from which (4.30) follows for 6,, = 0.
Next, we consider v > 0. From Definition 4.1 and Definition 4.3, the possible infimum
cost A for which to activate and not to activate are equally desirable is —oo, from which

(4.32) follows. This concludes the proof.

4.F Proof of Lemma 5.2

In order to prove Lemma 5.2, we need to consider the following two cases:

Case 1: If |e,(Dy)| = |On7Dn,i_S

= [Ony,.| = le], then S, ;11 = D, ;. Hence,

n,i

E[Dpiy1(€) — Dn,i(e)] =E[Snit1(€) + Yaiy1 — Snir1(e)],

=E[Y,.i11]. (4.199)
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Using the fact that the Y,,;’s are independent of the OU process, we can obtain

[ Dn,iti1(e)
B [ s On s [Onse | 2
D, i(e)
B Yn,i+Yn,i+1
=K / Oi}sds On,Yn,w On’yn,i Z ‘€|:|
Yn,i
Yn 1+Yn,i+1
=E O?z,sds On,Yn,w On,Yn,i > ‘€|:|
LJO
Yn,i
—E[ / 02 ds|Ony, . [Onyi | = |€|} (4.200)
0

By invoking Lemma 4.7, we get that

Yo, i+Yn it1
E[ / 02 ds|Oyy. . [0uy | > \e@
0

:Rn72(OYn,i+Yn,i+1)’ (4201)
Yn,i
B [ 02,45 0usc[00se.] 2 ] = Rua(Or..) (4202
0
Substituting (4.201) and (4.202) into (4.200), it becomes
Dnit1(e)
B [ s O0n s [Onse | 2
Dy, i(e)
:Rn,2<0Yn,i+Yn,¢+1> - Rn>2(OYn,i)7
=Rns(lel + Ony, i) = Bn2(Oy, ), (4.203)

where (4.203) holds because at t = D,, ;(¢), the estimation error O, y, , reaches the threshold

el
Case 2: If |e(Dpi)| = |Ony, | < |e|, then, almost surely,

len(Snist)] = lel. (4.204)
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Then,

E[Dn,iJrl (e) — Dy, (e)]

=E[Dy,it1(€) = Sn,i1(€) + Sn,iv1(e) = Sni(e) + Sni(e) — Dy i(e)].

(4.205)

Because Dy, ;+1(€) = Spi+1(€) + Yait1, by invoking Lemma 4.7, we can obtain the remaining

expectations in (4.205) which are given by

Onvyn,i

E [$1641() = 54()| O

E[Dui(e) = 5i(2)| Onyis

< |g|} = Ry, (2),

On)Yn,i

< lol] = Rua (O,

Using (4.206) and (4.207), we get that

E [ Drit1(2) = Dui2)|Onviss [0yl < Jel

:]E[Yn,i-i-l] + Rn,1<6) - Rn,l(On,Ymi)-

In addition,

[ [ Dnit1(e)
E / 2(s)ds

L J Dy, i(e)
r /Yn,i+Zn,i(€)+Yn,i+1

On7Yn,i7 |On7Yn,i| < |8|:|

Oiysds] ,

LS Y

B Yn,i+Zn,i(€)+Yn,i+1 Yn,i
=K / Oiysds] —-E [/ Ofwds} .
LJO 0

By invoking Lemma 4.7 again, we can obtain

Yo, it+Zn,i(€)+Yn it1 )
E / O;, ds Ony,.;

, < |6|]

On,Ymi)
0

_RmQ (On7Y;L,i+Zn,i(5)+YIL,i+1 )7

B Yn,i
E / O? .ds
/o ’

Ory s |On | < |s|] — Ros(Ony,).
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By using (4.210) and (4.211) in (4.209), we have

Dnit1(e)
]E[/ e2(s)ds|Ony, ., |Ony, .| < |¢]
Dn,i(e) Y 7
:Rm?(On,Yn,Han,i(E)JrYn,iH) - RN,Q(OmYn,i): (4'212)
:RN,Q(’O%Y};J + On7Yn,i+1) - RH,Q(OTI,Yn,i)7 (4213)

where (4.213) holds because at t = D, ;(¢), the estimation error O, y, , is below the threshold
el

By combining (4.199) and (4.208) of the two cases, yields

E | Dy ivi1(e) — Dn,i(g))On,Yn,i] =max{ R, 1(|e]) = Rn1(Ony,,),0}

+ E[Yoit1]- (4.214)
By taking the expectation over O,,y, , in (4.214) gives

oottt

—Efmax{ Ry (le]) — Run(Ony,,); 0} + Yo
—Efmax{ Ry (le]) — Run(Ony, )0} + Rua(Ony,. ), (4.215)

where (4.215) follows from the fact that Y, ,;’s are i.i.d. and (4.101) in Lemma 4.7. Because

R,1(+) is an even function, form (4.215) we get that

E [Dm-ﬂ(é) — Dm(e)’Omym] = max{ R, 1 (max{|e|, |On’yn’i

1. (4.216)

Similarly, by combining (4.203) and (4.213) of the two cases, yields

Dy, it1(e)
IE[/ e2(s)ds On7yn7i:|
Dn,i(a)
=R, 2(max{|e|,|Ony, |} + Ony,.i1) — Ru2(Ony,.,)- (4.217)
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Finally, by taking the expectation over O, y, , in (4.214) and (4.217) and using the fact that

R,1(+) and R, 5(-) are even functions, Lemma 5.2 is proven.

4.G Proof of Lemma 4.2

Because A represents the cost to activate an arm, it is optimal in (5.5) to activate a
dummy bandit only when A < 0. Conversely, when A\ > 0, it is optimal not to activate the
dummy bandit. Hence, from Definition 4.1, the dummy bandits are always indexable. In
addition, from Definition 4.3 and the fact that the dummy bandits are activated only when

A <0, we get Wy(e,y) =0.

4.H Proof of Theorem 4.5

In order to prove Theorem 4.5, we first show that (4.66) and (4.70) are equivalent to
each other. For single source, the source weight w; = 1 and the transmission cost A = 0.

We first show the proof for stable OU process, i.e., for ; > 0. When ¢ = v(;) in
(4.67), we have

Vo Vo 2L R0
G (—%1(51)) =G< L G—l(”l = ) ,
o o1 Vb, ﬁ - B
2 [, —201 Y1 4
_O—IE[e 1 1,1]
_—0% 205 (4.218)

Substituting (4.218) into (4.29) for single source results

1

Wi (o1 (81),7) =—{E[D17i+1<s>—D1,i<e>1

0_?(1_ Efe2"]
E[Y7,]

20, o2E[e” 1714
o1 —2015

D1 it1(e)
— IE[/ e%(s)ds] } (4.219)
Dl’i(E)
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which becomes

Wi(vi(Br),v) =

@{E[Dl,m(e) ~ Dyi(e)]B — E[ / et 5%(3)(13} } (4.220)

D1 i(e)
The parameter 5y in (4.220) can be found from (4.68) and (4.69), which is exactly equal to

the optimal objective value m; . Hence, substituting £, in (4.220) yields

Wi(vi(b1),7) = 0. (4.221)

If e > v1(B1), as G(x) is a strictly increasing function in [z, 00), we have

G (@) e (@ ). (122)

01 01

which yields

(EED ()

From the above arguments, it is proved that Wi(e,v) > Wi(vi(B1),7)
= 0 for ¢ > vy(By). Similarly, as G(x) is an even function, for ¢ < vy(/31), it holds that
Wi(e,y) < Wi(vi(61),7) = 0.

By using the similar proof arguments we can show that for all 6y, Wj(v1(51),7) = 0,
Wi(e,~v) > 0 for € > v1(B;), and Wi(e,y) < 0 for e < v1(31). Hence, the two statements in
(4.66) and (4.70) are equivalent to each other. This result also illustrate in Fig. 4.2 from
which it is evident that W (e, ) is an even function. We prove the optimality of Proposition
4.1 for any number of sources in Appendix 4.C. Hence, Theorem 4.5 is also optimal. This

completes the proof.
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4.1 Proof of Theorem 4.3

If v =0, i.e., no sample from source is currently in service, from Proposition 4.2, we get

that for an Aol A, (t) = 4, it is optimal not to schedule source n if
E[p(5 + Yn,iJrl)} < mmage()\), (4224)

where

Dn i mn,a re A
E| Jo iy WoPn(Bn($)ds| + XE[Y,i11]

E[Dpi+1(Mn,age(A)) = Dni(Mnage(N)]

M age(A) = (4.225)

and My, age(A) is the optimal objective value to (4.54). We use 1My, ageopt @s the optimal
objective value in (4.54). For convenience of the proof and to illustrate the dependency of
the activation cost A\, we express it as a function of A in the rest of the proofs.

According to (4.45), (4.46), and Lemma 4.12, M, a0e(A) is a continuous and strictly
increasing function of .

By utilizing (4.58), if v = 0, for a given 0, if (6,7) € U, age(A1), then
]E[pn(5 + Yn,i—l—l)] < mmage()\l). (4226)

By using the fact that 7, ,5(A) is continuous and strictly increasing in A, we get that
(0,7) € Uy age(A2) for any Ay < Ay. Hence, U, 40e(A1) € Uy ape(A2). Thus from the definition

of indexability, the arm n is indexable for all n. This concludes the proof.

4.J Proof of Theorem 4.4

When v = 0, from Definition 4.3, we get that

Wa(6,7) = inf{A € R: (5,7) € Wy age(N)}. (4.227)
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By utilizing (4.58) into (4.227), we obtain that

W, (0,7) = ilif{)\ eER:v>00rE[p,(6 + Y it1)] < My age(N)}

At A= W,(6,7), we have

wnE[pn<6 + Yn,i+1>] - mn,age(Wn((S? 7))

Substituting (4.225) into (4.229), we get that

WpE[pn (6 + Yait1)] =

fDnz-H(mnage wnO ds —|—W (5 ’7) [ nz+1]

n,i mn age

E[Dit1(Min,age(A)) = Dini(in,age(A))] ’

which yields

u]n]E[pn((5 + Yn,i—i—l)]E[Dn,i-i—l (mn,age()\)) - Dn,i (mn,age)]

Dy it (mn age()‘))
:E[ / Wapa (D (3))ds |+ Wa(6.7)E Y],

Di,i (Mn,age(N))

from which (4.59) follows because the Y,,;’s are i.i.d..

When 7 > 0, from (4.58) and (4.228), (4.61) yields. This completes the proof.

4.K Proof of Lemma 4.3

In order to prove Lemma 4.3, we need to consider the following two cases:

(4.228)

(4.229)

(4.230)

(4.231)

Case 1: If E[ n(An(Dn,z + Yn,i-‘,—l)] =K [ n(An(Dn,z) + Yn,i—‘rl)] =E [pn(Yn,z + Yn,i—‘rl)] Z

E[ n((s + Yn,i+1)]7 then; Sn,iJrl = Dn,i- Hence?

E[Dn,iJrl((s) - Dn,z((s) |67 Yn,l]
:E[Sn,z—i-l(CS) + Yn,i—i—l - Sn,i+l(5) }57 Ynﬂl]a

=E[Y,..it1] = E[Ya.],

147

(4.232)

(4.233)



where (4.233) holds because the Y,,;’s are i.i.d.. In addition,

[ Dn,i+1(9)
E / pn(s)ds|o, Ym}
L J Dy, i(5)

[ Yn,i+Ynit1
=E / pn(s)ds|d, Yn,z}
LJYn

[ Yn,i+Ynit1 Yo
=E / pn(s)ds|d, YW} — ]E[/ pn(s)ds
L 0

:Rn,3<Yn,i + Yn,i—l—l) - Rn,3(Yn,z’>‘

67 Yn,2:| )

o

(4.234)

Case 2: If E[ n(An(Dn,z -+ Yn,i—i—l)] = ]E[ n(Yn,z + Yn,z’+1)] < E[ n<5 + Yn,i—i—l)], then,

almost surely,

E [ R(An<8’n,i+1 + Yn,i-‘,—l)] =K [pn(6 + sz‘_t,_l)] .

Then,

E[Dp,i+1(6) = Dni(0)

In addition,

n z+1(5)
s)ds

5.V, }

/ n, 1+Zn 1(6)+Yn i+1

>.<

pn<s>ds] |

n, 1+Zn 1(5)+Yn i+1 Yn,i
=E / pn(s)ds] —E [/ pn(s)ds}
0

0

:Rn,?)((s + Yn,i—i—l) - Rn,?)(Yn,i)-
By combining (4.233) and (4.236) of the two cases, yields

E|[D, i (5) — Dm(é)‘é, Yn} = max{6,Y,}.
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(4.235)

(4.236)

(4.237)
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Similarly, by combining (4.234) and (4.237) of the two cases, yields

Dp,it1(9)
E {/ pn(s)ds

Dn,z((s)

Yn,i:|

:ng(ma}({é, Yn,z} + Yn,i-i—l) - Rn,S(sz‘) (4239)

Finally, by taking the expectation over Y,,; in (4.238) and (4.239), Lemma 4.3 is proven.
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Chapter 5

Remote Estimation for Situational Awareness Maximization on Safety-critical Systems
5.1 Introduction

A broad range of safety-critical systems is ubiquitous across the world. For instance, in
industrial automation, it is essential to continuously monitor the safety of various machines
[117]. In patient health monitoring, precise tracking of the glucose level or heart rate is
imperative to swiftly implement precautionary measures when they are required [118]. In
disaster monitoring, it is important to promptly track any consistent changes in temperature
or humidity, as they could indicate a possible disaster [119]. In these safety-critical situations,
the monitoring system needs timely access and accurately interpret the states of remote
systems. Any misunderstanding of the system state can lead to severe consequences.

In practice, multiple sensors are required to track various safety-critical situations. One
challenge to efficiently utilize these sensor information in real-time is the limited capacity
of the communication medium. Moreover, continuous monitoring of all sensors at all times
is unnecessary if sensor measurements change slowly. Conversely, some sensor information
may have more crucial content than others and hence need more attention. Therefore, it is
efficient to adopt an on-demand approach. In this context, we consider a pull-based system
where a receiver selects sensors and requests information when required. This selective
retrieval of information ensures that the system receives essential information in a timely
manner while minimizing unnecessary resource consumption.

In this chapter, we consider a pull-based status updating system consisting of multiple
agents monitoring the status of different safety-critical situations. A receiver selects agents
to transmit their updates through multiple unreliable channels. Due to transmission errors,
the received packet may not be fresh. One performance metric that characterizes data fresh-
ness is the age of information (Aol) [1]. Let U(t) be the generation time of the freshest
observation that has been delivered to the receiver by time t. The Aol, as a function of ¢,
is defined as A(t) =t — U(t) which exhibits a linear growth with time ¢ and drops down

to a smaller value whenever a fresher observation is delivered. However, the time difference
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represented by Aol can only capture the timeliness of the information but it cannot capture
its significance. Hence, relying solely on Aol-based decision-making is not perfect. This is
particularly relevant in safety-critical situations where misunderstanding about the situation
can lead to significant performance loss. By exploiting the knowledge of the signal observa-
tion along with Aol in decision making, the incurred performance loss can be significantly
improved. A key observation in this study is that any misinterpretation of a dangerous situ-
ation yields higher loss compared to the misinterpretation of a safe situation. Based on the
above mentioned insights, we introduce a framework for quantifying the cost of a dangerous
situation that characterizes the performance loss caused by situational unawareness.

In this chapter, we utilize both Aol and the most recently received observation to esti-
mate the current situation in the environment. For any given signal observation, the system
performance degradation due to situational unawareness can be expressed as a function of
the Aol which can be non-monotonic [67,120,121]. The goal of this chapter is to find the
optimal scheduling policy to select agents and to request observations while improving the

system performance. The contributions of this work are as follows:

e We introduce a novel framework where the current status of a safety-critical system
is estimated based on the Aol and the latest received signal observation. The loss
for wrong estimation is modeled by general loss functions L. Specifically, the loss of
wrongly estimating a dangerous situation is significantly high. By considering general
loss functions, we mitigate the limitations of 0-1 loss, quadratic loss, and logarithmic
loss as L can quantify the costs associated with the unawareness of a potentially dan-
gerous situation. By adopting appropriate loss functions L, our results can be applied

to health, safety, and security monitoring, which are paramount.

o We formulate a penalty function that represents the expected loss L given the Aol and
the received observation. This formulation works for both optimal and sub-optimal
estimators. We obtain an information-theoretic bound of the penalty function by uti-
lizing the optimal estimator and the L-conditional entropy (or generalized conditional
entropy) given the Aol and the received observation where L represents general loss

functions [120,122,123]. In literature, there exists numerous metrics that address the
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state of the information content along with Aol such as Age of Incorrect Informa-
tion (Aoll) [58], Age of Synchronization (AoS) [57], Version Aol [26], Aol at Query
(QAol) [60]. These studies could not explain this information-theoretic bound. More-
over, the penalty considered in prior studies was monotonically growing functions of

age whereas our study allows non-monotonic age penalty functions.

In literature, numerous freshness metrics based on entropy and mutual information
were considered [4,53,66]. In this chapter, we demonstrate that for optimal estimators
the penalty function can be expressed as L-conditional entropy. In contrast to earlier
studies, the entropy-based freshness metric in our study holds a significant contribution

to remote estimation and prediction.

We consider a multi-agent, multi-channel pull-based status updating problem. Our
findings demonstrate that when utilizing one-time slot transmission time and optimal
estimators, it is beneficial to always keep the servers busy (see Theorem 5.2). However,
channel resource limitations prevent all agents from transmitting information continu-
ously. To address this issue, we formulate the multi-agent, multi-channel transmission
scheduling problem as a Restless Multi-armed Bandit (RMAB) with expanding state
space. Because the state space contains the information on all historically received
observations and their Aol values. We simplify the state space by showing that the
latest received observation and its age is a sufficient statistic of all historically received

observations and their Aol values.

We utilize relaxation and the Lagrangian method to decompose the original problem
into multiple separated Markov Decision Processes (MDPs). our analysis is different
from existing literature [48,53,121,124,125] that utilizes belief MDP and represents the
state space using belief states, i.e., the probability distribution over all possible states.
In our analysis, instead of formulating any belief MDP, we formulate an MDP where
the state of each MDP is the latest received observation and its age. Our state space
is linearly growing with age whereas in earlier studies the state space is geometrically

increasing with the belief states.

152



7 = | — v,
Yo &» D2 !| — Y2f

)
: PN
Access point/
Central Receiver
YNYtXiE g ! I YN,t

Safety Monitors/
Estimators

Figure 5.1: A multi-agent, multi-channel safety monitoring system.

Agents

e We solve each MDP by dynamic programming [126]. By utilizing the solution to the
MDPs, we provide a low-complexity "Maximum Gain First” scheduling policy which

is asymptotically optimal. Our results work for both reliable and unreliable channels.

e Numerical results illustrate that our multi-agent, multi-channel scheduling policy achieves
up to 100 times performance gain over periodic updating policy and up to 10 times
over randomized policy which randomly selects agents depending on the number of

available channels.

5.2 System Model

This section describes the multi-agent, multi-channel system depicted in Figure 5.1.

5.2.1 Communication Model

Let us consider the pull-based status updating system depicted in Figure 5.1, where
a central receiver pulls the status updates (e.g., car location) of N agents to monitor their
safety (e.g., safe, cautious, dangerous). Let X, ; be the status of agent n at time ¢. The signal
Xn¢ is a finite-state Markov chain with B states, where 2 < B < oo. We assume that the
status updates of N agents are independent of each other. Let Y,,; quantify the safety level
associated with agent n, where X,,; and Y,,; evolve according to the Markovian relationship
illustrated in Figure 5.2, which can be described by the following three Markov chains for all

t:, (1) th,l < Xn,t < Xn,tJrl; (11) Yn,tfl e Xn,t e Xn,tfh and (111) Yn,t e th e Xn,t+1-
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Figure 5.2: Relationship between X, ; and Y, ;.

The status updates of N agents are transmitted through M unreliable wireless channels.
In response to the pull request from the central receiver, each agent n generates and submits
a time-stamped updating message (X, ,t) to one wireless channel. We assume that it takes
one-time slot to transmit a message update to the receiver. Due to wireless channel fading,
the transmission of the status updates becomes unreliable. Let p, be the probability of a
successful transmission from agent n, irrespective of the selected wireless channel.

Our systems consist of NV estimators. The goal of each estimator n is to estimate the
safety level Y, , by utilizing causally received updates from agent n available at the receiver.
Due to transmission errors, the delivered information at the receiver may not be fresh and
is represented by X, ;_a, ) that is generated A, (¢) times ago. The time difference A, () is
usually called age of information (Aol) [1], which represents the staleness of the status of
the n-th agent.

Based on the latest available information, the n-th estimator estimates the safety level
Y, and outputs § = ¢,,(E,,+, H, 1) € Y, where ¢, (-, -) is a function of all historically received
packets H,,; and their Aol values E, ;. The estimator function ¢,/(-,-) is quite general, it

could be an optimal or sub-optimal estimator.

5.2.2 Loss Model for Situational Awareness

The loss due to the unawareness of potential danger is characterized by a loss function
L:YxY — R, where L(y, y) is the incurred loss if Y,,; = y is the actual safety level and g is
estimated value of the safety level. To better understand the behavior of the loss L, consider
the example in Figure 5.1, where the fire and smoke indicates a dangerous situation, only
smoke indicates a cautious situation, and otherwise, it is a safe situation. Let us consider

the following parameters of the loss function L for the event depicted in Figure 5.1:
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L(dangerous, safe) = 1000,

L(safe, dangerous) =5,

h

dangerous, cautious) = 100,

(
(
(
L(cautious, dangerous) =5,
L(cautious, safe) = 10,
(

L(safe, cautious) = 1.

If the dangerous situation is wrongly estimated as safe, the loss will be significantly high
due to the huge risk of damage. Conversely, if the safe situation is wrongly estimated as
dangerous, the loss will be small. This is because even if the estimation is incorrect, the risk of
damage is small. The loss for wrongly estimating a dangerous situation as cautious also has
some impact because a dangerous situation always involves high risk of damage. However,
the parameters used above may change according to the application context. Moreover, the
loss for perfect estimation is zero, i.e., L(safe, safe) = L(danger, danger) = 0. It might look
counter-intuitive that the loss associated with a dangerous situation is 0. However, this is
because even when the actual safety state is dangerous, the situational awareness is good
due to perfect estimation®.

The loss function L effectively captures the impact of situational awareness. Our results
apply to general loss functions including the well-known loss functions in the literature such
as 0-1 loss, quadratic loss, logarithmic loss, etc. The significance of the loss function L lies
in the fact that it can address safety issues based on situational awareness, which existing

loss functions cannot address.

'In this study, we are interested in maximizing situational awareness and not optimizing the control
policy. Hence, we consider L(dangerous, dangerous) = L(cautious, cautious)= 0.The joint design of the
scheduler and controller could be an interesting future direction. However, this is out of the scope of this
study.
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5.2.3 Scheduling Policy

Let m = (un(0), 1, (1),.. )2, denote a scheduling policy, where pu,(t) € {0,1} is the
decision variable to schedule agent n at every time slot ¢t. If agent n is scheduled for trans-
mission at time slot ¢, then p,(t) = 1; otherwise p,(t) = 0. Let II denote the set of all
causal scheduling policies in which every decision is made by using the current and historical
information available at the receiver. If agent n is scheduled for transmission at time slot t,
then p,(t) = 1; otherwise p,(t) = 0. Let II denote the set of all causal scheduling policies
in which every decision is made by using the current and historical information available at
the receiver.

If agent n is not scheduled for transmission, i.e., u,(t) = 0, then Aol will increase by
1, ie., A,(t) = A,(t — 1) + 1. If agent n is scheduled for transmission, i.e., u,(t) = 1 and
the transmission succeeds (with probability p,), then Aol will drops to 1, i.e., A,(t) = 1;
otherwise, if transmission fails (with probability 1 — p,), then Aol will increase by 1, i.e.,

A(t) =An(t—1)+1.

5.3 Problem Formulation

Our goal is to find an optimal scheduling policy that minimizes the time-average sum of
the expected loss of the N agents due to the unawareness of potential danger. The scheduling

problem is formulated as

N 1T—1
I—opt :lnf hm sup e Eﬂ[L(YTL,t? (bn(En,ta Hn,t))] (51>
el To0 n:th=0
N
S£.) pn(t) < M, pa(t) €{0,13,6=0,1,..., (5.2)
n=1

where Lo, is the optimum value of (5.1). Because our system consists of M channels,
ZnN:1 tn(t) < M is required to hold for all time slot ¢.

Problem (5.1)-(5.2) is a Restless Multi-armed Bandit (RMAB) because the age process
of associated with each agent n continues to evolve regardless of whether agent n is selected

for transmission [127]. Solving RMAB problems and finding optimal solutions are generally
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challenging and PSPACE-hard [128]. To find a solution for (5.1)-(5.2) is much harder because
it is a complicated RMAB with expanding state space. This complexity arises because it
involves the history of the signal observations H,,; and their corresponding Aol values E,, ;
at every time slot t. Consequently, a new piece information will be added to the history at
every time slot which makes the problem significantly more challenging to solve. However,
we are able to reduce the state space of problem (5.1)-(5.2) by utilizing the sufficient statistic

of the history information. The details are provided in Section 5.4.

5.4 Problem Simplification

In order to simplify problem (5.1)-(5.2), we leverage the sufficient statistic of the history
[126]. By using the sufficient statistic, we can significantly reduce the complexity of problem

(5.1)-(5.2). In this sequel, we have the following theorem.

Theorem 5.1 If X, ; is a Markov chain and Y, follows the relationship illustrated in Figure
5.2, then (An(t), Xni—a, ) is a sufficient statistic of (E,z, Hpy) for estimating Y, ;.

Then, RMAB (5.1)-(5.2) can be equivalently expressed as the following problem:

N 71
Lopt—mfhmsup T ]E7r (Yot, &n(Dn(2), XTL,t*An(t)))] (5.3)

T—oo 355 100

s.t. Zun(t) < M, pn(t) € {0,1},t=0,1,.... (5.4)

By this, we obtain an equivalent RMAB (5.1)-(5.2) with a reduced state space, where the
age A, (t) and the latest received observation X, ;_a, ) of agent n at time slot ¢ are the state
of the n-th bandit.

In literature, there exists numerous studies that utilized belief states (i.e., the probability
distribution over all possible states) to reduce the state space of each bandit n in RMAB
problems [53,121,124,125]. Such formulations render the state space uncountable and leads
to the curse of dimensionality. Although [53,121,124, 125] made the state space countable
under a positive recurrent assumption and used a sufficiently large truncated age value, the

state space still exhibits a quadratic increase with the age. For a truncated set {1,2,...,7}
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of Aol values, the state space increases as 7 X |X,|?, where X,,;, € X, represents the n-th
bandit process. The difference between the formulation in [53,121,124,125] and problem
(5.3)-(5.4) is that we do not need to utilize belief states. Instead, we use the latest received
observation and the corresponding age value. As a result, our state space remains much
smaller that demonstrate linear growth with age, such as 7 x |A,,|. Consequently, the state

space remains much simpler than [53,121,124,125].

5.4.1 Restless Multi-armed Bandit: Relaxation and Lagrangian Decomposition

To find an optimal solution to RMAB (5.3)-(5.4) is quite challenging and is still PSPACE-
hard. Because constraint (5.4) need to be satisfied at every time slot . A Whittle index
Policy is known to be an efficient approach to solve RMAB problems which requires to satisfy
a condition called indexability [127], [113].

A key challenge in solving problem (5.3)-(5.4) is that indexability is very difficult to
establish. This difficulty arises due to the following reasons: (i) The state of each bandit of
RMAB (5.3)-(5.4) exhibits a complicated transition, (ii) the transmission channels are unre-
liable, and (iii) the expected penalty associated with each bandit can be either monotonic or
non-monotonic function of the Aol while most of the previous studies considered monotonic
penalty function of Aol [4,41,64,112] is a non-monotonic function of the age. In addition, we
allow the estimator function ¢,(+,-) to be both optimal and sub-optimal where most of the
prior studies considered optimal estimators [53,121]. Hence, (5.3)-(5.4) is a more challenging
problem than the problems studied in [4,41,53,64,112,121] and the requirements to solve
RMAB (5.3)-(5.4) become quite complicated. However, we are able to develop a Maximum
Gain First policy that does not need to satisfy indexability.

5.4.2 Relaxation and Lagrangian Decomposition

In standard RMAB problems, the constraint (5.4) needs to be satisfied with equality,
i.e., exactly M bandits are activated at any time slot t. However, in our problem, constraint
(5.4) activates less than M bandits at any time ¢. Following [115, Section 5.1.1] , [129, Section
IV-A], we introduce M additional dummy bandits that never change state and therefore, they

incur 0 cost. If a dummy bandit is activated, it occupies one channel but does not incur any
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cost. Let po(t) € {1,2,..., M} be the number of dummy bandits that are activated at time
slot t. After incorporating these dummy bandits, the RMAB (5.3)-(5.4) can be expressed as

N 11
Lopt—mfhmsup T ]E7r (Yot, 0n(Qn(t), X s-a, (t)))} (5.5)

T—=oo 355 100

s.t.Zun(t) = M, po(t)e{1,2,.... M}, t=0,1,...,

() € 0,1}, n=1,2,....t=0,1,..., (5.6)

which is an RMAB with an equality constraint. Because the dummy bandits never change
state, problem (5.3)-(5.4) and (5.5)-(5.6) are equivalent. Therefore, a policy that optimizes
(5.3)-(5.4) will also optimize (5.5)-(5.6).

Next, we follow the standard relaxation and Lagrangian decomposition procedure for

RMAB [127] and relax the constraint (5.6) and obtain the following relaxed problem:

T—1
1
Lopt—lnfhmsupZ]E [ LYoz, onQn(t), Xpi—an@))| (5.7)
I 700 n=1 t=0
=
s.t. hrnsupZE {? Z,un(t)] =M,
Tooo 5 t=0

po(t) € {1,2,..., M}, t=0,1,...,

a(t) € 40,1}, n=1,2,...,t=0,1,.... (5.8)

The relaxed constraint (5.8) needs to be satisfied on average, instead of satisfying at every
time slot ¢. To solve the relaxed problem (5.7)-(5.8), we take a dual cost A > 0 (also known

as Lagrange multiplier) for the relaxed constraint. The dual problem is given by

sup L(\), (5.9)

A>0
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where

N
-

LYot onBn(t), X Anm))ﬂ(iun@)—Mﬂ.

(5.10)

N
L(\) = inf limsup E, {Z !

mell 7500 —1 ;

Il
o

T-1

The term T 0 Zf:[:o AM in (5.10) does not depend on policy 7 and hence can be removed.

For a given A, problem (5.10) can be decomposed into (N + 1) separated sub-problems and

each sub-problem associated with agent n is formulated as

m€lln  T00

T-1

_ 1

L,(\) = inf limsupE,, { D LYVt oan(t), Xng—an@)) + Min(t) |, (5.11)
t=0

where L,(\) is the optimum value of (5.11), m, = (1£,(0), 1, (1),...) is the sub-scheduling
policy for agent n, and II,, is the set of all causal sub-scheduling policies of agent n. Problem
(5.11) is a per-bandit problem associated with bandit n. On the other hand, the sub-problem

associated with the dummy bandits is given by

mo€llo T 00

Lo(\) = inf limsupE,, [1 Z )\uo(t)] : (5.12)

where Lo()\) is the optimum value of (5.12), mo = {uo(t),t = 0,1,...}, and Il is the set of
all causal activation policies 7.
5.4.3 MDP Framework of the Decomposed Problem

Given transmission cost A, Problem (5.11) can be cast as an average-cost infinite horizon

MDP. The components of MDP (5.11) are described below:

e State: At any time slot ¢, the state of the MDP is the age A, (t) and the latest received

observation X, ;_a, ) of agent n.

e Action: At any time slot ¢, the action is defined by pu,(t) € {0,1} which denotes the
scheduling decision for agent n. Each bandit n associated with problem (5.3)-(5.4) is a

Markov Decision Process (MDP) with two actions: active and passive. If a packet from
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agent n is requested and submitted to a channel at time slot ¢, then restless bandit n
takes an active action at time slot ¢; otherwise, bandit n is made passive at time slot

t.

e State Transitions: The Aol process A, (t) for agent n evolves as follows

(

1, w. prob. p,, if p, () = 1,

An(t) = An(t—1)+1, w. prob.1—p,, if un(t) = 1,

A,(t—1)+1, w. prob.1, if 1, (t) = 0.

\
The latest received observation X, ;_a, ) evolves as

(

Xnt, w. prob. p,, if p,(t) =1,

Xnt—An(t) = Xnt—an@), W. prob.1 —p,,ifpu,(t) =1,

Xnt—An) W. prob.1, if 1, () = 0.

\

e Penalty: Given A, (t) = 0 and X,,;_a, ) = =, the expected penalty for agent n between

two consecutive transmissions is defined as

Ln((sa QZ') = E[L(Yn,b ¢n<An<t)a Xn,t—An(t))‘An<t> = 57 Xn,t—An(t) = x] (513)

The function L, (6, x) has some interesting properties: (i) L, (6, x) exhibits information-
theoretic interpretation depending on the estimator ¢,(-,-), (ii) L,(d, ) is non-monotonic

with age ¢ given observation x. The details are provided in Section 5.5.

5.5 Properties of L,(d,z) in (5.13)

In this section, we analyze the behavior of the penalty function L,(-,-) in (5.13). Our
analysis reveals two interesting observations: (i) L,(-,-) exhibits an information-theoretic
behavior based on different properties of the estimator ¢,(-,-): (a) If ¢,(-,-) be the optimal

estimator that minimizes (5.13), then L,(+,-) can be represented as L-conditional entropy,
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(b) if ¢, (-, -) be the optimal estimator of another problem, i.e., ¢, (-, -) minimizes any problem
other than (5.13), then L,(-,-) can be represented as L-conditional cross-entropy, and (c) if
¢n(+, ) is not an estimator, then L,(-,-) remains the same as (5.13), (ii) For a given received
observation x, L,(-,-) is not necessarily a monotonic function of the age. Both of these
observations provide useful insights and understanding to solve (5.3)-(5.4). The details are

provided below:

5.5.1 Information-theoretic Interpretation

Assume that Y, ; is conditionally independent of A,(t) given X, ;- a,). Under this
assumption, we present the information-theoretic analysis of L,(d,x) in the following three
cases:

Case 1: If ¢,(-,-) is the optimal estimator of the underlying data distribution given by

¢n (0, z) = argmin EYNPYn,tlxn,t—ézz [L(Y, )], (5.14)

Y

then (5.13) can be expressed as
Lo(8,2) = Hy (Y| Xnss = ), (5.15)

where Hp (Y, :|Xn—s = x) is the generalized conditional entropy of Y,,; given the latest
received observation generated § times ago at time slot ¢ [122,123], [120]. The generalized

conditional entropy is given by

Hy (Yo Xni—s =1x) = 1;161351 Eynpy x5 [L(Y,7)]. (5.16)
For optimal estimator ¢, (d,z) in (5.14), L,(d,x) becomes
Ly(0,2) = minEy.p, [L(Y,9)], (5.17)

R, X 5=

which provides a lower bound of (5.17). This lower bound is closely related to the concept

of generalized entropy [122,123] or specifically, the L-entropy [120]. For a random variable
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Y, the L-entropy is given by

Hy(Y) = minEy.p, [L(Y, a)]. (5.18)

Let ay be the optimal solution to (5.18), or specifically the optimal estimator associated
with the random variable Y, which is also called a Bayes estimator [122]. The L-conditional

entropy of Y given X = x can be defined as [120, 122, 123]
H (Y[|X =2x) = raréijl Eyopyx_, [L(Y,a)]. (5.19)

Comparing (5.14), (5.17), and (5.16), it is evident that for the optimal estimator, L, (d, z)
is indeed L-conditional entropy. By this, we obtain an information-theoretic lower bound
for L,(d,x). It represents the minimum achievable penalty that characterizes performance
degradation due to the lack of knowledge of the situation.

Case 2: If ¢, (-, -) is the optimal estimator of another data distribution given by,

On(6,x) = argmin Epr?n % 5=T[L(Y’ 7], (5.20)
g 5 n,t— v
then (5.13) can be expressed as
qn(0,7) = HL(PYn,z|Xn,t,5=z; Pyn,tpzn,tfé:z), (5.21)

which is the L-conditional cross entropy [120] between Y, ; and ffm given the age and the
latest received observation at time slot ¢. The L-conditional cross-entropy is given by

HL<PYn,t\Xn,t—6:£U; Pf/n,t\f(n,t,g::v) = EPYnyﬂXnytié:z [L(K P, ] (522>

Yn,tlXp t—s=2

For the optimal estimator of (5.20) L, (4, x) can be expressed as

Ln(57 l’) = EPYn,tIXn,tf(S:”—" [L(Y7 QPf/n,t\Xn,t—b':z] : (523>
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Figure 5.3: (a) Safety regions and (b) Penalty (L, (9, x)) vs Aol () for given observations.

This result in (5.23) is closely related to L-conditional cross entropy [120]. The L-cross

entropy between random variables Y and Y is given by
HL(Y;Y) = Eyep, [L(Y, ag)], (5.24)

where ay is the optimal estimator associated with random variable Y. In addition, the

L-conditional cross-entropy between Y and Y given X = x is
Hp(Y:Y|X =) = Eyopy o [L(Y, ay3_,)], (5.25)

where ay z_, is the optimal estimator associated with random variables Y|X = 2. Com-
paring (5.20), (5.22), and (5.23), we can conclude that if ¢, (-, -) is the optimal estimator of
another data distribution, then L, (9, x) becomes L-conditional cross entropy.

Case 3: If ¢, (-, ) is not any optimal estimator, then L, (J, z) remains the same as (5.13).

5.5.2 Non-monotonic Information Aging

Our analysis reveals that L, (d,z) can be a non-monotonic function of age, particularly
when the knowledge of the surrounding situation is considered. Also, we analyze L, (9, )
with received observation = given  which demonstrates that the region for frequent updating

increases with 4.
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To do this experiment, we consider a safety-critical system where N robots are moving
in a region illustrated in Figure 5.3. This region is equally divided into 400 positions and
the received observation X, ; of robot n is represented by the position z = (21, x3) of robot
n at time t. The safety level Y,,; is divided into three regions: {safe, cautious, dangerous}.
A robot n can randomly move in any four directions: up, down, left, and right with equal
probability 0.2. If robot n is in the leftmost position, then moving left means it will stay
in the same position, similar criteria are applied for the rightmost, upmost, and downmost
positions. The losses considered in this experiment are: L(cautious, safe) = 50, L(safe,
cautious) = 10, L (dangerous, safe) = 200, L(safe, dangerous) = 10, L(dangerous, cautious)
= 50, L(cautious, dangerous)= 20, and L (dangerous, dangerous) = L(cautious, cautious)

= L(safe, safe) = 0. We consider the optimal estimator in this experiment.

L,(0,z) for fixed z and varying ¢

The penalty vs Aol curve for the given observation is illustrated in Figure 5.3(b). When
a robot is in a safe, cautious, or dangerous region which is far from the safe and cautious or
cautious and dangerous boundary, the penalty is initially close to zero for small Aol values
and increases gradually with increasing age. This phenomenon tells us that we do not need
to update frequently when a robot is far from the boundary region. However, if the robot
moves closer to the boundary between safe and cautious or cautious and dangerous, the
penalty increases very quickly because of the uncertainty of its position in the subsequent
time slots. Hence, we need to update very frequently if any robot is close to the boundary.
Because situational awareness is not good at the boundary, frequent updating is required to
keep the loss small. With the increase in age, the curves at the boundary start decreasing,
specifically, when Aol becomes large. This is because, for larger Aol values, the best decision
for the estimator is to estimate a “dangerous” and as the loss for wrongly estimating “safe”
or “cautious” as ”dangerous” has less impact, the penalty reduces. Similarly, the other

curves can be explained.
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Aol () = 1 Aol (5) =3

Penalty (Ln (4, x))
Penalty (Ln (9, x))

Penalty (Ln (a9, x))
Penalty (Ln (4, x))

Figure 5.4: Penalty L, (9, z) vs received observation x for fixed Aol 4.

L,(0,z) for fixed ¢ and varying z

Figure 5.4 demonstrates the penalty vs received observation x curve for different Aol §
values. In this figure, when Aol is small, i.e., = 1, the loss is high only at the two boundary
regions which illustrates that we need to update frequently if the received observation is at
the boundary. With increasing 4, the loss curve spreads to the adjacent regions of the
boundaries. Hence, the region for frequent updating is also increasing with increasing 9.

Because the penalty curves are not necessarily monotonic with age, only considering the
non-decreasing functions of the age is not sufficient for performance analysis of safety-critical
systems. The proposed metrics in prior works, i.e., Aoll, VoI, AoS, QAol cannot explain

this non-monotonicity with age.
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5.6 Penalty Minimization: An Information-theoretic Perspective

In Section 5.5.1, we demonstrate that for optimal estimators, the penalty function
L, (6,z) can be represented as L-conditional entropy. By leveraging this insight, we obtain
that for optimal estimators, always sending updates, or specifically taking active actions at
every time slot benefits the system by reducing the average penalty of the system.

Assume the estimator ¢,(-) in (5.3) is the optimal estimator. In addition, we have
available channel resources at every time slot. By this, constraint (5.4) will always be
satisfied. Under these assumptions and by utilizing (5.15) in (5.3), we can write problem

(5.1) as

N T—1
. 1
Lope = inf lim supZE,{—Z Hy (Yol An(t), Xnsoanw) |- (5.26)
el oo A= T

Problem (5.26) can be decomposed into N separated sub-problems and each sub-problem
is a MDP that can be solved by Dynamic programming [126]. The optimal policy of the

subproblem associated with agent n satisfies the following Bellman optimality equation:

Jn(60,2) =Hp (Vs Xno =) — Lpopt + min{J,(6 + 1, 2), (1 — p,)Jn(d + 1, )

+an[Jn(17Xn,0)|Xn,—6 = 35]}, (527)

where J,(9,2) is the value function associated with state (0,2) and L, o is the optimal
value of the subproblem associated with agent n. Because (Y, :|Xn:—s = x) and X,,; are
time-homogeneous, (5.27) holds.

As explained in [126], the optimal value function can be derived by using value iteration

and the sequence of value functions J, x(d, z) can be written as

Jn,k+1<57 3:) :HL(Yn,ﬁ‘Xn,O = 33') - I—n,opt + mln{Jn,k((S + 17 fﬂ), (1 - pn)Jn,k((S + 17 IE)

+an[‘]n,k(17Xn,0)|Xn,—5 = 1’]}, (528)
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which converges to limy_,o Jo 1 = J,, for any J,, 0. After some rearrangements, we can write

(5.28) as

o100, 2) =Hp (Yo 6| Xno =) — Luopt + Jnk(d + 1, 2) + p, min{0, —J, 1 (0 + 1, x)
-+ E[Jn’k(l, Xn,0)|Xn,,5 = SL’]} (529)

Then, we have the following lemma which illustrates sending is beneficial at every k.
Lemma 5.1 For any k, it holds that J,, (6 + 1,2) > E[J, (1, X0n0)| Xn—s = 2].

Lemma 5.1 states that the penalty for not sending at iteration step k is higher than
sending and therefore, taking the active action is beneficial to reduce the penalty. One
interesting observation from (5.29) is that each time a packet is successfully delivered with
probability p,, a new piece of information about the agent’s signal value is added with the
existing information (X, ;—s = x) (see the term E[J, x(1, X, 0)|Xnt—s = ] in (5.28)). This
new information plays a crucial role in reducing the system penalty and hence benefits the
system through sending. In this sequel, we introduce the following useful lemma which

illustrates that more information reduces the L-conditional entropy.

Lemma 5.2 For random variables X,Y, and Z, it holds that H,(Y|Z = z) > H,(Y|X, Z =

z), where

Hy(Y|Z = 2) = minE[L(Y, a)| Z = 2], (5.30)
H(Y|X,Z=2)=) P(X=u|Z=2)H,(Y|X=1,Z=2). (5.31)

Proof 5.1 See Appendiz 5.A.

Given Lemma 5.2, we are ready to prove Lemma 5.1. The proof of Lemma 5.1 is provided

in Appendix 5.B.

Theorem 5.2 For optimal estimators, the optimal policy m in (5.26) chooses the active

action at every time slot t.
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Algorithm 10 Maximum Gain First Policy

At time t = 0O:

Input A* which is the optimal solution to (5.9).

Input o, »+(9, ) in (5.36) for every agent n.

For all time t =0,1,...,

Update (An(t), Xy i—a,)) for all agent n.

Update current “gain” o, a+ (An(t), Xpi—a, ) for all agent n.
Choose at most M agents with highest “gain”.

e g ey

Proof 5.2 See Appendiz 5.C.

Theorem 5.2 states that if ¢,(-,-) is the optimal estimator, then it is always better to
send. Though the penalty L, (d,z) is not necessarily a monotonic function of the age, the
insights obtained from Lemma 5.2 tell us that having additional information helps reduce
the average penalty. Theorem 5.2 holds for the situation when there are no channel resource
constraints. The original problem stated in (5.3)-(5.4) has a channel resource constraint,
therefore, all of the agents cannot submit their updates at every time slot when N > M.
On the other hand, the estimator function ¢,(-,-) in (5.3)-(5.4) is not necessarily the op-
timal estimator. Theorem 5.2 holds for optimal estimators. To solve problem (5.3)-(5.4)
for arbitrary estimators with a channel resource constraint, we have to design an efficient
scheduling policy that minimizes the time-average sum of the expected penalty of the N

sources ensuring that constraint (5.4) is satisfied. We provide the details in the next section.

5.7 Maximum Gain First Policy

For a given transmission cost A, the per-bandit problem (5.11) can be cast as an average-
cost infinite horizon MDP with state (A, (t), Xn—a,@)). We solve (5.11) by using dynamic

programming [126]. The Bellman optimality equation for the MDP in (5.11) is

hox(0,2) = min Q, (5, x, 1), (5.32)

nef{0,1}
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where h, x(9, ) is the relative-value function of the average-cost MDP and Q, (6, x, u) is

the relative action-value function defined as

(
Lo(8,2) — Ly(\) + hon (0 + 1, 2), if p =0,
Qua(0,2,11) = L(8,2) — Ly(A) + (1 = pu)hnn(6 + 1, 2) (5.33)
+pnE[hn (1, X0 0)| Xns = 2] + A, otherwise.
\

The relative-value function h, (0, ) can be computed by using the relative value iteration
algorithm for average-cost MDP [126].
Let 7y y = (p5 5 (1), gy, A(2), - . .) be an optimal solution to (5.11). The optimal decision

at time slot ¢ for agent n is given by

:U/;kz,)\@) = argmin Qn,/\(An (t)v Xn,t—An(t% /L)v (534>
ne{0,1}

where the dual cost is iteratively updated using the dual sub-gradient ascent method with

step size § > 0 [130]:

MG+ 1) = AG) + ?(Z by () — M), (5.35)

for j-th iteration. Let A* be the optimal dual cost to problem (5.9) to which A(¢) converges.
Then, we can apply (m, )2, for the relaxed problem (5.7)-(5.8). But applying this policy
to the original problem (5.3)-(5.4) may violate the constraint (5.4). Following [53, 54], we

define the “gain” a,, (0, ) for choosing the action p, (t) as
ap A (0,7) = Qua(0,2,0) — Qu(d, 2, 1). (5.36)

If Qui(d,2,0) > Qna(6,2,1), ie., a,i(d,x) > 0, it is optimal to schedule agent n. If
Qna(6,2,0) < Qui(d,2,1), ie., apa(d,x) < 0, it is optimal to not to schedule agent n.
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Substituting (5.33) into (5.36), we get
an,)\(é, QZ) = pn<hn,,\((5—0—1, SL’)—E[}I“,)\(L Xn70)‘Xn7,§ = .T}) — A\ (537)

By utilizing the “gain” in (5.37) as the priority measurement for choosing action p, we provide
a low-complexity algorithm for solving problem (5.3)-(5.4) in Algorithm 10 which takes the
optimal dual cost A* and the precomputed gain a, y (6, x) associated with A\* as input. Then,
for all t > 0, the state (An(t), Xy —a, 1)) and the associated “gain” au, a«(An(t), Xni—a,. 1))
are updated. Finally, Algorithm 10 maximizes the “Net-gain” (total gain of all agents) of the
system at time ¢. This is done by selecting at most M agents having the maximum “gain”
at time slot ¢t. The benefit of “Maximum Gain First Policy” in Algorithm 10 is that it does

not need to satisfy the indexability condition.

5.8 Asymptotic Optimality

In this section, we demonstrate that the “Maximum Gain First Policy” in Algorithm 10
is asymptotically optimal in the same asymptotic regime as the Whittle index policy [127].
In this scenario, all N bandits are generalized to N classes, and the number of bandits in each
class and the number of channels M are scaled by a parameter v, while maintaining a constant
ratio between them. Two bandits are said to be in the same class if they have identical
penalty functions and transition probabilities. The dummy bandits belong to the same
class. None of the N agents have the same penalty functions and transition probabilities.
Therefore, we have N + 1 distinct class of bandits.

Let Vﬂlm be the expected long-term average cost under policy mgain. The policy mgain will
be asymptotically optimal if V% .. < V2 forall m € I as v approaches co, while maintaining
a constant ratio yN/yM. To prove the asymptotic optimality, (i) we first introduce a linear
program in Section 5.8.1 for solving the relaxed optimization problem (5.7)-(5.8), (ii) next,
by using the solution to the LP, we define a uniform global attractor in Section 5.8.2. In the
relaxed problem (5.7)-(5.8), we have N 4+ M bandits with N agents and M dummy bandits,
and M channels. We assume that in the state (6, z), large Aol values, i.e., § > Opign are

rarely visited if dp;ep is sufficiently large.
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Let W§,(t) be the fraction of class-n bandits in state (J, z) at time ¢ and Ug/'(t) be the
fraction of class-n bandits in state (9, z) at time ¢ for which decision p € {0,1} is taken.
If 4 = 0, no agent is scheduled for transmission; otherwise, if ¢ = 1, an agent is scheduled
for transmission. Given state (,z) and action p of a class-n bandit, let P((;:g ,)),( 5.z) D€ the
transition probability from state (J, z) to a state (¢, 2’) for a class-n bandit under action pu.
Define

T-1

1
wy, =limsup Z T]E[ngm(t)], (5.38)

T—o0 —0
T—1

1
upt =limsup » _ —E[U;2(t)]. (5.39)

T
T—o00 =0

If 4 = 1, a channel is occupied by a bandit. In this scenario, the time-average expected

fraction of bandits from class-n occupying a channel is determined by

u?; (5.40)
(6,x)

Let V™(t), U™(t), v, and u™ be the vectors that contain Vy’,(t), Us:'(t), vj,, and ugy),
respectively, for all §, x, and pu.
5.8.1 Linear Program for Solving Problem (5.7)-(5.8)
By utilizing ug) in (5.39), the on average constraint in (5.8) can be written as
N

D) upk =N, (5.41)

n=0 p=1
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Let L, be the optimal objective value of the relaxed problem (5.7)-(5.8). By solving the

following LP, we can obtain Lyg:

min ZZL (0, z)u (5.42)

(u)s O n=16zu

s.t. Z > upt =N, (5.43)

n=0 p=1

Zu"“ = Z ug" P(;I“ s V10, 0, T, (5.44)
& x!

Z ugy =1,Vn, (5.45)

6,%, b

0<u"<1,vn. (5.46)

5.8.2 Uniform Global Attractor Condition

For a policy m, we can have the following mapping

W (W")not) = B [(W(E+ 1)), [(W" ()5 = (W) ) (5.47)

We define the ¢-th iteration of the maps W, ;>o(-) as follows
W o(w)) = (W)L (5.48)
Vit (W)5sh) = W (Uit (W"),00))- (5.49)

Definition 5.1 Uniform Global attractor. An equilibrium point (w™ )N_, given by the
optimal solution of (5.42)-(5.46) is a uniform global attractor of Y, >o(+), i.e., for all e > 0,
there exists T(€) such that for allt > T(€) and for all (w™ )N_,), one has ||V +(((w™)N_,)) —

(W)l < e

Theorem 5.3 Under Definition 5.1, the policy Tgain ts asymptotically optimal.

5.9 Numerical Results

In this section, we evaluate the performance of the following policies:
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e Periodic Updating: The agents generate updates at every time slot and store them in

a FIFO queue. Whenever a channel is available, an update from the queue is sent.

e Randomized Policy: If M channel resources are available, this policy randomly selects

at most M agents.

e Maximum Gain First Policy: The policy provided in Algorithm 10.

We consider the same experimental setup of Figure 5.3 where 5 robots follow a deter-
ministic policy (they follow a fixed path). The cost associated with these 5 robots is zero at
every time slot because given an initial state, the position of these robots can be uniquely
determined by following the deterministic policy. The goal of the other N — 5 robots is to
move and scan the environment (e.g., Mars Rovers [131]) and send updates when requested.
We do not consider any termination state for these robots, the goal is to keep scanning for
an infinite time horizon. Our system consists of M = 10 erasure channels and the success
probability is 0.95.

The performance comparison of the three policies mentioned above is provided in Figure
5.5. The normalized average penalty in Figure 5.5 is obtained by dividing time-average cost
by the number of robots. From the figure, until N < M, all of the three policies show the

same performance. Whenever N > M, periodic updating starts getting worse because the
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queue length is getting higher. In our simulation, we have used a buffer size of 20 for periodic
updating. Moreover, the randomized policy randomly selects at most 5 agents for sending
updates, whereas the maximum gain first policy decides a smarter way by considering the
Aol and the state of the surrounding situation. The performance gain of the maximum gain
first policy is up to 100 times compared to periodic updating and up to 10 times compared

to the randomized policy.

5.10 Conclusion

We address the importance of situational awareness in safety-critical systems. The
general loss function L has practical importance and an appropriate design of L can address
many safety-critical issues. In the future, we will study systems where multiple agents can
arrive and leave the system at any time. Another interesting direction is to consider a finite

time horizon problem where there is a termination state while encountering a danger.
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5.A Proof of Lemma 5.2

From the definition of L-conditional entropy in (5.19), we get that

H(Y|Z = 2)

=minE[L(Y,a)|Z = 2],

—min 3" P(Y = 42 = 2)L(y, a),

acA
yey
= %%ZZP(Y:MX:J:, Z=2)P(X=z|Z=%)L(y,a),
yeYzeX
= 1min P(X=z|Z==2) Z PY=y|lX=z2=2)L(y,a),
zEX yey
ZZP(X:x]Z:z) I;gIL‘lZP(YZMX:I, Z=2z)L(y,a), (5.50)
reX yey

where (5.50) holds because min(f(w) + g(w)) > min f(w) + min g(w) for all w. Continuing
from (5.50), we get that

H(Y|Z = z)
> = = i = = z|. .
_;(P(X 1|2 = 2) minE[L(Y, a)| X =2, Z = 4] (5.51)

Utilizing (5.30), we obtain that [120, 122, 123]
HY|X=2,Z=z2) = mi;ll]E[L(Y, a)| X =x,7Z = z|. (5.52)
ac

Substituting (5.52) into (5.51) yields

H(Y|Z = 2)
>3 P(X =a|Z=2)H, (Y|X =2,Z = 2),
TeEX
—H(Y|X,Z = 2), (5.53)

where (5.53) follows from (5.31). This completes the proof.
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5.B Proof of Lemma 5.1

Without loss of generality, we can assume that for all (6, x), J,0(d,2) = 0. At k =0,
(5.28) becomes

Jn1(6,2) =Hp(Y5|Xn0 = ) — Loopt- (5.54)

In this case, a minimum value can be achieved by both sending and not sending. Hence, we

can conclude that sending is beneficial at iteration step k=0. Next, at k = 1, (5.28) becomes

Jn2(8,2) =H(Yns5|Xno =) — Lyopt + min{J,1(0 +1,2), (1 —pp)Jn1(6 + 1, 2)

+ B[ 01 (1, Xo0)| X —s = 2]} (5.55)

Sending will be beneficial at k = 1 if
Jn1(0+1,2) > E[J,1(1, X00)| Xn—s = 2. (5.56)

From the right-side term in (5.56), we get

E[Jn,l (17 Xn,O) |Xn,f5]

:Z Jn,l(la Z)P(Xn,o = Z’Xn,—5 = x)

zeX
= Hy (Y| Xno = 2)P(Xp0 = 2| X0 5 = ) — Luops,
zeX
:HL(Yn,t|Xn,07 Xn,—é = ZE) - Ln,opta (557)

where (5.57) holds from Lemma 5.2.
In (5.54), no new information is obtained because J,,1(6 + 1,2) = H (Y, 541|Xno =
x) — Ly opt. However, in (5.57), a new piece of information is added. By comparing (5.54)

and (5.57) and by utilizing Lemma 5.2, we can conclude that

HL(Yn,5+1|Xn,O = .T) > HL(Yn,t|Xn,07Xn,—6 = SL’) (558>
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from which (5.56) follows. Therefore, sending is beneficial for & = 1. Next, at k = 2, sending

will be beneficial if

Jna(0+1,2) > E[Jna(1, X0o)| Xns = . (5.59)

Utilizing (5.54), (5.56), and (5.57) in (5.55) yields

Jn72(57 ZE) :HL(Yn,5|Xn,O = CL’) - 2I--n,opt + (1 - pn)HL(Yn,5+1|Xn,O = ZE)+
anL(Yn,1|Xn,O; Xn,fé = x) (560)

Similarly, the right-side term of (5.59) is given by

E[Jn,2(17 Xn,O) |Xn,75 :I] :HL<Y7L,1 |Xn,07 Xn,fzg :SL’) _2Ln,opt+ (1 _pn)HL(Yn,2|Xn,O> Xn,fzs :LC)

+anL<Yn,2‘Xn,07Xn,len,f(SZ*/E)- (561)

From (5.60) and (5.61), we observe that every term in (5.61) has a piece of additional
information. Then, by utilizing Lemma 5.2, we can conclude that (5.59) holds. Therefore,
sending is beneficial at k£ = 2.

Next, assume that this result holds up to interation step k so that the following is true:

Jor(0+1,2) > E[ (1, Xp0)| Xn_s = 2]} (5.62)

By using the result in (5.63), we have to prove that for iteration step k + 1, the following
holds.

Tt (6 4+ 1,2) > B[ (1, Xno)| Xn_s = 2]} (5.63)

The right side of (5.63) contains Hp (Y| Xno0, Xna, .-, Xog, Xn—s = ) which has more
information than the left-side term. Similarly, it can be shown that all the terms on the
right side of (5.63) have more information than the left side. By utilizing Lemma 5.2, we

can conclude that sending is beneficial at iteration step k + 1.

179



Hence, it is beneficial to send for all & if a channel is available. This concludes the proof.

5.C Proof of Theorem 5.2

From Lemma 5.1, we get that sending is beneficial at every iteration step k. Hence,

sending is beneficial at every time slot. Therefore, Theorem 5.2 follows from Lemma 5.1.
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Chapter 6
Concluding Remarks and Future Work

In this dissertation, we study how to improve the performance of real-time monitoring ap-
plications by considering both the data signal value and the data freshness. To that end, we
have designed low-complexity sampling and scheduling algorithms. Numerical evidences il-
lustrate that our proposed algorithms achieve high performance gain over existing age-based
scheduling policies. The following research problems could be an interesting directions based
on our findings.

Joint Optimal Scheduling and Control. With the emerging number of intercon-
nected devices, an efficient design of jointly optimal scheduling and control policies has
significant importance where communication delays and uncertainties significantly impact
control performance. This is relevant to systems that have safety requirements. My goal is
to develop joint optimal scheduling and control policies that seamlessly optimize communi-
cation and control actions to improve situational awareness. In contrast with our existing
studies explained in Chapter 4, we can consider the state of the scheduler and controller
to make the system more practical. Leveraging insights from optimization theory, we strive
to design algorithms that dynamically adapt scheduling decisions based on the real-time re-
quirements of the control system. By tightly coupling the scheduling and control aspects, the
system performance can be improved. This research not only contributes to the theoretical
foundations of networked control systems but also holds practical implications for diverse ap-
plications, such as industrial automation to autonomous vehicles, remote surgery to health
monitoring, where the interconnection of wireless communications and control policies is
crucial for achieving optimal system performance.

Differential Privacy for Enhancing Security in Remote Estimation. Differen-
tial privacy offers a rigorous framework for quantifying and mitigating the risks associated
with the disclosure of sensitive information. We aim to incorporate this privacy analysis
with our earlier sampling and scheduling based studies in Chapter 2 and 3. By integrating

differential privacy mechanisms into the data transmission strategies, we aim to establish
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a policy that jointly optimize the privacy protection and the estimation error. This ap-
proach ensures not only the optimization of mean square error and data security but also
addresses concerns related to privacy-preserving data sharing. Practical examples of this
framework can be found in scenarios where remote monitoring of sensitive information, such
as financial transactions or personal health records, requires a balance between accuracy, se-
curity, and individual privacy. Through this approach, our research focuses on contributing
comprehensive solutions that navigate the complex landscape of wireless communication by
simultaneously improving system performance and data privacy.

Demonstration of Designed Policy. Our goal is to implement and validate the re-
search projects by using the designed control and transmission scheduling policy utilizing
robotics as a practical testbed. With a primary focus on safety-critical systems as illustrated
in Chapter 4, the incorporation of advanced control policies and transmission scheduling
strategies is essential for ensuring the reliability of these systems. Practical examples include
autonomous vehicles, where the coordination of control actions and transmission schedules
is crucial for timely and secure communication between vehicles and infrastructure. Addi-
tionally, in manufacturing environments with collaborative robots, the synchronization of
control and communication plays a pivotal role in maintaining safety protocols. Through
this research, I aim to contribute to the evidence of their effectiveness in enhancing the safety

and performance of critical systems.
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