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ABSTRACT

In two-phase annular flong thin liquid filmforms around the pipasgas flowsthrough the
pipeline centerSome portion of the liquid isarriedinto the gas coreThe liquid entrainment
fraction, which isdefined aghe flow rate of the entrained liquid dropletglativeto theoverall
liquid flow rate, is an essential parameterdocuratelyestimating pressure drop, flow rate, liquid
holdup, and drnout conditions in annular flowAccurate estimates of these variables are essential
for the design and operation of wet gas transmission pipelines, pipeline corrosion inhibition
wellbore and flow line design, and downstream separation design and optimization. Numerous
first-principle models exist for predicting liquid entrainment fraction in a -phase flow.
However, due to théntricate complexity of the entrainment phenomen@one of the models
incorporates effects from all observationsr can they beextendedacross awide range of
operating conditionswhich results in inaccurate estimation of the liquid entrainment fraction.
Moreover none of these models is developed with ¢apability of quantifying the entrainment
fraction prediction uncertainty.

In this dissertation a hybrid modeling framework combindgst-principle model and data
driven model is developed to estimate the liquid entrainment fraction with its uncertainty- in two
phase flow. A database composed of 1,662 entrainment fraction experimeaslrements

used for predicting the liquid entrainment fraction for three different flow orientafidresfirst
2



principle model predict the liquid entrainment fraction while the -daitz2en model predict the
model discrepancy, which is defined as the difference between the experimental measurements
and the firstprinciple model prediction. iferent machine learning techniquasd uncertainty
guantification methodologies amspplied to estimate entrainment fractiath its uncertainty
within the hybrid modelTo pick the best model, @ovel metrics for evaluating the performance
of machine learning model with stochastic outpalted uncertainty widtis proposed to compare
the model performance and best model is picked for each flow orientation. As a result, Bagging
Gaussian Process Modeling (GPM) with estimated noise is identified as the best model with the
best accuracy and uncertainty calibration.

The hybrid model performands enhanced using different methodologi€e. extend the
hybrid modeb sapplicability from laboratory to field scaledimensional analysigDA) is
performed to obtain dimensionless numbessdasthe updatednputs. To prune the irrelevant
inputs, anovel Gaussian Process embedded feature selection approach called Derivative
Decomposition Ratio (DDR) iproposedand its performance is compared with another feature
selection approach derived from normalizing the sensitvity.e xt end t he hybrid
capability to assistant the development of mechanistmpartial derivative baseftamework
delivering quantitative firsprinciple model refinemerdecisiors is propsed in this study.

The methodology developed in this dissertation can be applied to estimate the liquid
entrainment fraction with iteincertainty for three flow orientations given operating conditions.

The methodologies developed in this stugych as the feature selection method and the first



principle model refinement decisionsan also be used in othapplicationsin addition tothe
liquid entrainment fraction. Those methodologias be considerddr any GPM feature selection

and any mechanism refinemestiidies.
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CHAPTER 1 IN TRODUCTION

1.1 Hybrid model

According to the level of dependency on phenomena understanding versus process data,
mathematical models can be classified into (1) first principle models (FRR)S)atadriven
models (DDMs)and(3) hybrid models (HMs)Zendehboudi, Rezaei, and Lohi 201B)e tybrid
modes refer to thecasewhere part of a model can be formulated on the basis of first principles
and part of the model has to be inferred from data because of a lack of understanding of the
mechanistic detailsAs a combinationthe datadriven part of the hybrid model compensates for
the disagreement due to the absence of process knowledge from mechanistic models. The
mechanistic part expands the ddta i ven model 6s applicability a
extrapolation over aider operang condition range. As a result, the hybrid model enables the
modeling of a system even if a partial mechanism is missing. In general, hybrid models outperform
purely datadriven models in their extrapolation prediction reliability (Psichogios and Ungar,
1992; Thompson and Kramer, 1994).

Within a hybrid modelwhen certain effect is uncoupled and modeled separatelylatiae
driven part of the hybrid model can compensate for the disagreement due the absence of process
knowledge from mechanistic models. The da@t&en model not only increases the overall model

performance but also provides insignts on the refinement of thefiniple models. This hybrid
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model development studies and the resulting model can be utilizeldcade the missing

information from the current mechanism aefine thefirst-principle model

1.2 Challenges and motivations

In two-phase annular flowthe liquid forms a thin film around the pipe while the gas flows in
the core of the pipe. Some portion of the liquid is entrained from the liquid film to the gas core.
The ratio of the entrained |iquid dmateipthet s o
pipeline is defined as the liquid entrainment fracti@moncolini and Thome 2010)he liquid
entrainment fraction is an essential parameter for industrial system design. For example, the liquid
entrainment fraction is required for estimating pressure drop, flow rate, liquid holdup, amat dry
conditions in annular flow. Accurate astites of these variables are essential for the design and
operation of wet gas transmission pipelines (Ismayilov et al., 2019), pipeline corrosion inhibition
(Jauseau et al., 2018), wellbore and flow line design (Magrini et al., 2012), and downstream
sepaation design and optimization (Aarkhi et al., 2012). In addition, the entrainment fraction
also contributes to the modeling of critical heat flux (Ishii and Mishima, 1989) and cooling system
(Yamanouchi, 1968) in a nuclear reactor with the presencetddiement affecting interfacial
mass, momentum, and energy transfer.

Numerous models, semechanistic and empirical, exist for predicting liquid entrainment
fraction in a twephase flow. 8mimechanistic modelsmployempirical correlationso refinethe

mechanisticcomponents derived from fikglrinciples The model forms and the phenomenon

14



determining variables are constructed according to the mechanistic assunsptibresthe force

balance at the wave crest and ¢éjaal droplet deposition and atomization rates. Then, the model
parameters are estimated using experimental data. Thensensih ani sti ¢ model s 0
general, are in better agreement with experimental measurements than purely mechanistic models.
Some pue empirical correlations are also presented. These correlations are built, and their
parameters are estimated usimgerimental measurements. Therefore, their performances highly
depend on the range operatingconditionsto whichthey are applied. In other words, if the
operating condition is within the experimental data range that was used to build the model, the
predictions generally agree with the observations. However, the predictions are not reliable for
operating conditiondhat are extrapolations.

Liquid entrainment is a complicated procekse to the multifaceted interactions between
phases, influenced by a range of factors such as fluid properties, flow geometries, and operational
conditions. Each existing modelsare developed usinga specific source of experimental
measurementand their applicability idimited to the correspondingpecific applicable input
region. This results in significant differences amopigedictionsfrom the models for the same
input conditionsDue to the limitation moddbrmat, rone of the modelgrovides he entrainment
fraction predictionuncertainty which provides the reliability of the estimation. A model
incorporates all the sources of experimental measemts and the existing firprinciples is

needed for the liquid entrainment fraction with its uraiety estimation. While maintaining the

15



prediction performance, the generality capability of the models in the extrapolated regions should

be secured at the same time.

1.3 Scope and Objectives

In thiswork, a hybrid model combines the fisgtinciple model and the datiiven model is
introduced to quantify the liquid entrainment fraction with its uncertainty inphase. The first
principle model provides the mechanistic information and thedfatan modécompensates for
the disagreement due to the absence of process knowledge from mechanisms. As a combination,
the mechanistic part expandsthedata i ven model 6s applicability
extrapolation over a wider operatimgndition rangeThe resulting hybrid model enables the
modeling of a system even if a partial mechanism is missing and outperforms purealyviaia
models in their extrapolation prediction reliability.

The planned project activities are:

1) Collect experimental measurement data andfirstciple models from open source
2) Develop hybrid model combinesxisting firstprinciple model and different datkiven
models which include:
i) Gaussain Process (GP)
ii) Artificial Neural Network (ANN)
lii) Random Forest (RF)

iv) Support Vector Machine (SVM)
16



v) Bayesian Neural Network (BNN)
vi) Multivariate Adaptive Regression Spline (MARS)
vii) Automated Learning of Algebraic Models using Optimization (ALAMO)
3) Build a model evaluation technique to access the model performance considering the
prediction accuracy and uncertainty
4) Extend the model applicability to extrapolation operating conditions and generate the
confidence interval
5) Developnovelfeature selection strategies to enhance the nppddttion accuracy and shrink
the predicted uncertainty
6) Provide quantitative firstprinciple model refinement suggestien for future model
modfication,

7) Deploy the methodology into a tool for liquid entrainment fraction estimation

1.4  Organization

Chapter 2 presents details about the entrainment fraction estimation using hybrid model. The
details about the entrainment phenomena inpase flow and hybrid model are discussed in
Section 2.1. Section 2.2 introduces the hybrid models built usingnexfgst-principle models
and Gaussian Process fit using a database collected from open source. The hybrid model

performance is discussed and concluded in Section 2.3 and 2.4.
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Chapter 3 introduces a novel Gaussian Process embedded feature selection method called
Derivative Decomposition Ratio (DDR) to prune the irrelevant input features. The methodology
is defined in Section 3.2. To validate the effectiveness in feature ramkehgelection, a series of
computational experiments are conducted using three benchmark functions in Section 3.3. The
developed method is compared with another method developed by normalizing the sensitivity.
Both of the two methods are applied to prumelévant dimensionless input variables for liquid
entrainment fraction models in Section 3.5.

Chapter 4 introduces the hybrid model built using different machine learning models. Section
4.2 introduces eight machine learning techniques considered for buildirdri&ta models. The
uncertainty quantification methods used for generating predictiofideoce interval are
discussed in Section 4.3. To pick the best model considering both precision and accuracy, a metrics
derived from area metric called uncertainty width is proposed in Section 4.4. Computational
experiments are conducted in Sectionférbvalidating the effectiveness of uncertainty width at
for distributions with various statistic parameters. Section 4.6 discusses the model performances
comparison results considering accuracy and precision using uncertainty width.

Chapter 5 provides an investigation about a hybrid model based framework delivering
guantitative firstprinciple refinement decisions. The framework assumes that the information
failed to be addressed by the fiminciples can be captured by the ddtaven model within the
hybrid model. Apartial derivativebased feature importance for quantifythgs informatioral gap

from the mechanisns introduced in Section 5.20 validate the effectiveness of the proposed
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method, a set of computational experimentscareductedising three benchmark functions with
known feature importance represented using sobotéffiettvariance in Section 5.%ection 5.4
summarieste result®f applying this methodolog hybrid model foliquid entrainment fraction
and further firsfprinciple model refinement decisions. The conclusions and future work fer first

principlemodel refinement decisions is summarized in Section 5.5.
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CHAPTER 2 ENTRAINMENT FRACTION PREDICTION USING HYBRID

MODEL

2.1 Introduction

In a twophase annular flow, the liquid forms a thin film around the pipe while the gas flows
in the core of the pipe. Some portion of the liquid is entrained from the liquid film to the gas core.
The ratio of the entr ai medhe tothliliggid mass fldw ratgin tket s 6
pipeline is defined as the liquid entrainment fract{@oncolini and Thome 2010which is
depicted in Fig. 1. The liquid entrainment fraction is an essential parameter for industrial system
design. For example, the liquid entrainment fraction is required for estimating pressure drop, flow
rate, liquid holdup, and dfgut conditionsn annular flow. Accurate estimates of these variables
are essential for the design and operation of wet gas transmission pipelines (Ismayilov et al., 2019),
pipeline corrosion inhibition (Jauseau et al., 2018), wellbore and flow line design (Magrini et al.
2012), and downstream separation design and optimizatieS8g¥¢hi et al., 2012). In addition,
the entrainment fraction also contributes to the modeling of critical heat flux (Ishii and Mishima,
1989) and cooling system (Yamanouchi, 1968) in a nucleactor with the presence of

entrainment affecting interfacial mass, momentum, and energy transfer.
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Figure 1 A schematic of liquid entrainment in two-phase flow

Numerous models, sermechanistic and empirical, exist for predicting liquid entrainment
fraction in a twephase flow. 8mimechanistic modelssmployempirical correlationso refine
the mechanisticomponents derived from firgtrinciples The model forms and the phenomenon
determining variables are constructed according to the mechanistic assunsptibresthe force
balance at the wave crest and ¢éjaal droplet deposition and atomization rates. Then, the model
parameters are estimated using experimental data. Thensesih ani sti ¢ model s 0
general, are in better agreement with experimental measurements than purely mechanistic models.
Some pue empirical correlations are also presented. These correlations are built, and their
parameters are estimated using experimental measurements. Therefore, their performances highly
depend on the ranges gberatingconditions they are applied to. Ither words, if the operating
condition is within the experimental data range that was used to build the model, the predictions
generally agree with the observations. However, the predictions are not reliable for operating
conditions that are extrapolations

Liquid entrainment is a complicated process, and none of the models capture all relevant

phenomenarlhe predictions of the models for the same input conditions vary significantly. Fig. 2
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shows the entrainment fraction predictions for 30 randomly picked operating conditions from three
different pipeline orientations in a bgot format. Figure 2 (a), (b), and (c) present the
entrainment fraction predictions of the models for vertical, Zooial, and inclined pipeline
orientations, respectively. The plots in Fig. 2 utilize the predictions from models designed for the
corresponding orientation. The central mark in each box represents the median, and the upper and
lower edges are the 2and75" percentiles. The whiskers show the lowest and highest predictions,
excluding any outliers, and the outliers are marked as individual crosses. The plots in Fig. 2 reveal
that the predictions of these models vary widely for the same input conditions, nexpiosi
difficulty of obtaining accurate liquid entrainment fraction predictions in-plvase flow. We
hypothesize that a hybrid model, which combines the knowledge embedded in the semi
mechanistic models with information inferred from experimentad,dean be used to obtain

accurate liquid entrainment fraction estimates.
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Figure 2. Box plot of entrainment fraction predictions from empirical and semi
mechanistic models of 30 randomly selected input conditions f¢a) Vertical pipeline
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Artificial intelligence has been applied to various fields driven by the development of
information technology. The easifjccessible and powerful computing tools accelerated the
application of machine learning approaches to deal with unknown mechanismhigit
nonlinearity in chemical processes. However, applying purelydfatan modeling techniques

such as machine learning to process data, which is generally structured data, may fail. Furthermore,
23



there is significant accumulated kndww regarding processes in addition to data. Therefore, a
hybrid modeling approach that takes advantage of both the existinghmevand the available
data holds tremendous potential for modeling, design, and optiomizaf chemical processes.
Hence, the hybrid model is considered in this study.

Hybrid modeling (HM) combines firgtrinciple models with inference models from data
where there is a lack of understanding of the mechanistic details. There are different definitions of
hybrid models in the literature. Hybrid models can be simply defaisedodels composed of more
than one type of mod€Zendehboudi, Rezaei, and Lohi 2018) narrow definition of hybrid
models is when data is used to adjust or estimate the parameters of a model whose form was
constructed using mechanistic informat{&@ansana et al. 20214 ccording to this definition, the
semimechanistic or serempirical models are type of hybrid models. In this study, a more
general definition is adopted which interprets a hybrid model as a combination of parametric and
nontparametric modelsThompson and Kramer, 19944 parametric model is derived from the
first principle knowledge with a fixed structure while a farametric model is inferred from data
with flexible parameteréson Stosch et al. 2014a)ccording to the structure, the hybrid models
are arranged in two ways, the parallel structure, and the serial structure. The hybrid model with a
parallel structure is preferred when certain effects in the system can be uncoupled, and each effect
can bemodeled separately. The serial hybrid model is suitable for systems with few precise
underlying mechanisms but rich data ggtsn Stosch et al. 2014bAs a combination, the data

driven part of the hybrid model compensates for the disagreement due to the absence of process
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knowledge from mechanistic models. The mechanistic part expands thd datav en mod el
applicability and enables the hybrid model extrapolation over a wider operating condition range.

As a result, the hybrid model enables the modeling of a system eagpaitial mechanism is

missing. In general, hybrid models outperform purely -diteen models in their extrapolation
prediction reliability(Psichogios and Ungar 1992; Thompson and Kramer 1994)

Due to the development of machine learning techniques, hybrid modeling became widely
applied in a range of chemical engineering areas. A table summarizing examples applications of
hybrid modeling including problems solved, modeling strategy and applicdtomain in
chemical engineering is presented in Table 1.

Table 1 Example hybrid modeling applications in chemical engineering

Problem solved Modeling Strategy Application domain
Kinetic parameter A neural network to estimate tt Reaction engineering
estimation in a fedbatch kinetic parameter of a reactor

bioreactor(Psichogios and which is combinederially with

Ungar 1992) a mechanistic model

Modeling and optimal Hybrid model to describe the  Reaction engineering
control of a batch dynamic behaviorfoa batch

polymerization reactor methylby combining mass and

(Tian, Zhang, and Morris  energy balance and

2001) methacrylate (MMA)

polymerization reactor and
recurrent neural network to
model the gel effect.
Model of an industriabcale A deterministic mathematical Reaction engineering

hydro desulphurization model to simulate reactor
reaction(HDR) (Bellos et  combined witha neural network
al. 2005) to model the reaction kinetics.

Modelingethylene oxide  Reaction kinetic model using  Reaction engineering
fixed bed reactofZahedi, artificial neural network (ANN)
Lohi, and Mahdi 2011)
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Model of an ethylene
oxidation reaction with
silver catalys{Luo et al.
2012)

Modeling anindustrial
fixed-bed catalytic reactors
(Azarpour et al. 2017)

Scale up of an FCC model
from a pilot plant to an
industrial unit(Bollas et al.
2003)

Crude separation unit
monitoring and
optimization(Mahalec and
Sanchez 2012)

Oil and gas flowrate
prediction of petroleum
systemgBikmukhametov
and Jaschke 2020)

A novel adaptive weighted
hybrid modelfor process

combined with mass and energ
balance.

Uses support vector machine tc Reaction engineering
model catalyst deactivation rat

and combingit with mass and

energy balance model.

Conservatiorbalancesand Reaction engineering
ANN are combinedo estimate

reaction kinetics.

Uses a pilot plant model athe  Oil and gagprocessing
first-principle model and neural

network asadatadriven model.

Models are connected in

different ways.

Mass and energy balance as Oil and gagprocessing
mechanistic model and partial

least square (PLS) as datave

model. One hybrid model

combines mass and energy

balance and PLS serially to

relate the product properties ar

internal reflux, cut points with

product distillation cowve points.

Another pure PLS relastray

temperature to product

distillation curve point.

Investigaesdatadriven model Oil and gagrocessing
performance and explainability

of different machine learning

andfirst-principle model

combination approaches

Combine a si¥xump kinetic Oil and gagrocessing
model derived from first

modeling(Song et al. 2021) principleknowledge and deep

neural network to model
multiple process output.
Appliedto a cracking process.
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Controlfor a heterogeneou:
batch distillation column
(Engell and Dadhe 2001)

Process controbf
temperature inside the
exothermic batch reactor
(Xiong and Jutan 2002)

Modification of the BACK
thermodynamic equation o
state(Bravo-Sanchez, Rico
Mart énez, -Siva
2002)

A strategy to control the
particle size distribution of
emulsion polymerization in
a semibatch reacto(Doyle,
Harrison, and Crowley
2003)

Model of thekinetic
mechanisraf
biotechnological process
(Curcio et al. 2014)

Cane sugar crystallization
process contrgMeng et al.
2019)

A model of the effluent
total nitrogen and
phosphorus concentrations
in wastewatefHvala and
Kocijan 2020)

Replace part of the differential Process Control
equations with ANN.

A hybrid model describes a Process control
batch reactor combining heat
balance and neural network to
compensate for model
mismatch.
Uses ANN to determine the Thermodynamics
mixing rules for the BACK
thermodynamic equation of
state (EOS)

Uses emulsion Polymerization process
polymerization dynamic
population balance model as
mechanistic modednd gplies
partial least square (PLS) to
predict modetesidual.
Combinedatch reaction syster Biofuels
mechanistic model and ANM
a parallel form teestimae the
formation rate of ethyl oleate.
Another ANNwas used as the
datadriven modefor anaerobic
digestion of biomass waste.
Builds a serial model composet Food engineering
of energy and mass
conservations and population
balance and twin support vectc
regression (TSVR) for process
modeling and control
Combines gaussian process ani Wastewater treatment
carbonnitrogenphosphorus
simulation model in serial and
parallel structure

27



Particle size distribution
prediction br process
dynamic monitoring
(Nielsen et al. 2020)

An extension of work
proposed by Nielsen et al.
(2020) and apply it tthe
particle size distribution
prediction forflocculation
processefNazemzadeh et
al. 2021)

Prediction of eosion rate in
multiphase flow(Dali,
Mohammadi, and
Cremaschi 2022)

Predics particle size Particle process
distribution by combining

population balance model and

deep neural network trained

using sensor data estimating tt

kinetic parameters of the

population balance modéihe

model was pplied to

laboratoryscale flocculation

and an industriascale

pharmaceutical crystallization,

and silica particle flocculation

in water.

Rather than estimate the kineti Particle process
parameter directly using neura

network, this study adds first

principles models on top of the

hybrid model proposed by

Nielsen et al. (2020) to further

improve the estimates of the

kinetic parameters.

Combinedimensionless Pipe erosion
numbersa semimechanistic

model,SPPS 1DandGaussian

process in seriatructureto

predict erosion rate in

multiphase flow.

Some hybrid models have already been deployed for industrial applications in the chemical
process industry. A hybrid process control system for the cane sugar crystallization process has
been developed and applied in a cane sugar factory (Meng et al., 2b&@old leaching rate of
gold cyanidation leaching plant is modeled by a serial structure hybrid model (Zhang et al., 2015).
A hybrid process simulation tool aimed at process simulation and optimization is proposed and

applied to a hydroformylation pia at Evonik (Nentwich et al., 2021). The hybrid modeling
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approach has also been successfully deplapedl tools such as HybridTool from Bayer
Technology Services (Mogk et al., 2002) and, Aspen Hybrid M&defsom Aspen Technology
(Beck andMunoz, 2020)

This paper introduces a hybrid modeling framework to prémjatd entrainment fractiom
two-phase flowand the uncertainty of the predictions. To the best of our knowledge, there are no
hybrid models, in the literature, for liquid entrainment fraction estimafictatabase composed
of 1,662entrainment fraction measurements aighteersemimechanistic models for predicting
liquid entrainment fractiorior three different pipeline orientations constructedThree semi
mechanistic models with the logteprediction errors are selected for each pipeline orientation as
potential candidates to be included in the hybrid modké datadriven modelsare built to
estimatehe model discrepancy, defined as the difference between the experimental and predicted
entrainment fractionfor each selected moddlhedatadrivenmodelsaretrained using Gaussian
ProcesqGP) modeling (Williams and Rasmussen, 200&Yhich is a horparametric Bayesian
regression characterized by its mean and covariance. Thed@gleling provides not only a
predicted mean but also an assessment of prediction uncertainty. As a powerlinleaon
interpolation tool, the GFPnodelinghas been successfully applied as a -daiteen model to
develop hybrid modelge.g.,Wan and Rer2015 Dai et al, 2018 Hvala and Kocijan2020. We
investigate the ability of three GP modeling approaches for incorporating the output noise in the
hybrid model. Two employ a single GP Model (GPM) and differ in their output noise treatments,

one assumes that the noise is knaavpriori (Williams and Rasmussen, 200@&nd the other
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estimates it from the dafd¥cHutchon and Rasmussen 201The third model differs from others

in the model structure, where multiple GPMs are trained, and their predictions are aggregated using
bagging for the final estimaf@. Chen and Ren 2009)he hybrid model performance is evaluated
using three metrics, RotdeanSquareError (RMSE), Area Metric (AM), and Calibration Score

(CS). The three metrics give an overall evaluation of not only the prediction but also the
uncertainty estimates for the entrainment fraction. Our analysis recommends the hybrid model that
incorporates the bagging GPM due to its minimum prediction bias antigtitest estimated

uncertainty with the highest reliability.

2.2 Hybrid Modeling Framework

The liquid entrainment fraction measuremernd | at an operating condition can be

decomposed and expressed by Eq(JiBng et al. 2013)
oH o @

In Eg. (1), is the entrainment fraction prediction of themimechanistianodel, and is
the model discrepancy, which is the difference between the entrainment fraction measurement and
semimechanistianodel prediction. Here, we devel@PMs agdatadriven models(Jiang et al.,
2013)to estimate the model discreparanyd its uncertainty

The underlying mechanisms for liquid entrainment differ significantly with pipeline
orientation due to flow observed in horizontal, vertical, and inclined pipelines. Therefore, one

hybrid submodel is developed for each pipeline orientation, and the mgbddling framework
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incorporates these submodels within a decision tree (Fig. 3). We started with existing empirical

and semimechanistic models and experimental measurement collection. Then, we selected three

top-performing semimechanistic models as candidates for eachlipgerientation For each

candidate seminechanistic model, three GPMs, GPM with known noise, GPM with estimated

noise, and bagging GPM, are trained to estimate the model discrepancy. Then, the performances

of the hybrid submodels are compared, and orwithysubmodel is selected to be incorporated

into the decision tree for each pipeline orientation (Fig. 3). The framework first determines which

hybrid submodel to use using the given pipeline orientation of an operating condition. Then, the

hybrid submodes utilized to estimate the entrainment fraction and its uncertainty (Fig. 3).

Start

Obtain:

1083 vertical. 479 horizontal
and 100 inclined pipeline
orientation data points

i

Expenimental data
collection

Empirical and
semi-mechanistic
model collection

L 4

Obtain:

12 vertical. 4 horizontal
pipeline and 2 inclined pipeline
orientation models

Data , Obtain:
preprocessing Training/testing datasets

Model

discrepancy fitted

Empirical and using GPM with Obtain:

. 1 known noise Performance of 27 hybrid
3 = -
S mecllams-hc submodels evaluated using
model evaluation Model three metrics

discrepancy fitted
using GPM with

. . The best hybrid
estimated noise

. submodel for
Obtain: Model e
Top 3 best performance models . e snal e
for each pipeline orientation discrepancy fitted orientation
based on P, value using baggi]lg

Model discrepancy calculated '
for each flow orientation GPM

Figure 3 The hybrid modeling framework for predicting liquid entrainment fraction
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221 First-principle models for liquid entrainment fraction prediction

Due to the complexity of the liquid entrainment phenomena, there is not a single model that

captures the entrainment mechanism for all relevant flow regimes in all pipeline orientations. The

models are generally designed for a select pipeline orientatlast empirical and semi

mechanistic models predict liquid entrainment fraction in vertical pipeline orientation. Several

models are developed for horizontal pipeline orientation, and very few models are built to predict

liquid entrainment fraction in incled pipeline orientatiorfhere are eighteen empirical and semi

mechanistic modeldevelopedor predicting entrainment fraction collected from open sources.

Grouped by their designed pipeline orientatidwglve models are applicable for vertical pipeline

orientation. Four models are designed for horizontal pipeline orientatiah twomodek for

inclined pipeline orientation. A list of entrainment fraction modeith their applicability for

pipeline orientatioais summarizedh Table2.

Table 2 Entrainment fraction models and their applicable pipeline orientations

Model Name

Pipeline orientation

Cionwlini andThome (2012)
Cioncliniand Thom&2010)
Sawant et al. (2009)
Sawant et al. (2008)

Zhang et al. (2003)

PanandHanratty (2002a)
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Vertical

Vertical

Vertical

Vertical

Vertical

Vertical



UtsunoandKaminaga (1998)
NakazatomandSekguchi (1996)
Ishii andMishima (1989)
Oliemans et al. (1986)
Hughmark (1973)

Wallis (1969)
PanandHanratty (2002b)
PaleevandFilippovich (1966)
Wicks andDukler (1960)
Mantilla (2008)

Ousaka et al. (1996)

BhagwatandGhajar(2015)

Vertical

Vertical

Vertical

Vertical

Vertical

Vertical

Horizontal

Horizontal

Horizontal

Horizontal

Inclined

Inclined

33

One of the earliest attempts to model entrainment fraatasfor flows inhorizontal pipeline
orientation.Wicks and DukleX1960)developed a correlatidior estimating the mass flow rate of
the liquid droplets byassuming the mass and momentuamsport forthe single and twphase
flows wereidentical Then, an entrainment variab¥ which depends on the gas flow rate, liquid
flow rate, gagphase pressure gradient, and the critical Weber number (the value at which droplet
breakup occurs), was used to calculate the entrainment fraP@deev and Filippovickl966)
defined gas velocity number, which is obtained by excluding the characteristic length from two

dimensionless variables, Weber number and a fluid property number proposed by nozzle spraying



anal ysi s. Then, this gas velocity number is
gas density with mixture density, and correlated whih entrainment fractiolPan and Hanratty
(20020) developeda model for horizontal pipeline orientation based on their vertical pipeline
orientation model (Pan and Hanratty, 2002a) by incorporatingasgenmetry of liquid film
thickness and droplet concentration caused by gravigntilla et al.(2009)developed a model
for entrainment fraction in horizontal pipeline orientation, which considered the onset of
entrainment, maximum entrainment, and entrainment fraction. Correlations of wave
characterizations such as wave celerity, wave frequency, wavéwdapbnd wave spacing were
developed and served as the basis for predicting the entrainment fraction. The entrainment fraction
was calculated via the force balance at the wave.crest

Wallis (1969) modified Paleev and Filippovich (1966) approach by replacing the liquid
viscosity with the gas viscosity and the core mixture density with the gas density to build a model
for the vertical pipeline orientationHughmark (1973) derived a correlation between a
dimensionless film thickness aritie entrainment fractionand fitted the correlation using
experimental measuremen@liemans et al(1986)fitted a purely empirical model considering
contributiors from nine independentariablesusing theHarwell databanklshii and Mishima
(1989)related theentrainment fraction ttwo dimensionless groups, the superficial liquid Reynold
number and a modified Weber numbEiakazatomi and Sekoguc{ii996)employedthe liquid
Weber number and the gas Froude nunioedevelop two correlations using experimental

measurements under different pressurfdssuno and Kaminagg1998) updated Ishii and
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Mishimab £§1989) model parameters using the data collected from their experimentalPnd
and Hanratty (2002a) presented a correlation in terms of the balance between the droplet deposition
and atomization rates. The ratio of the entrainment fraction and the maximum entrainment fraction
was considered a function of a modified Weber numBbang et al.(2003) rearranged the
variables of the model developed by Oliemans et al. (1986) and converted the inputs to
dimensionless numberSawant et al(2008)first used the same dimensionless groups from the
model built by Ishii and Mishima (198@nddivided the droplet entrainment into three regions:
region dependent on Weber number, region dependent on Weber number and the liquid Reynolds
number, and region dependent on the liquid Reynolds number. The model wasditigd
experimental measurementmder high flow rates and high pressur8sawant et al(2009)
proposed a modification to Sawant et al. (200®)del by replacing the maximum entrainment
fraction withtheonset of liquid entrainmemd ensure the entrainment fraction was zero before the
liquid starts to atomize in the gas cofeioncolini and Thome(2010) initially related the
entrainment fraction aslogistic functionof thecore flow Weber numbea dimensionless group
determining the wall shear stress and associated frictional pressure gradient of annular flows. Then,
Cioncolini and Thome(2012) simplified their initial model and significantly expanded the
experimental data used to estimate the model parameters.

The models for inclined pipeline orientation are developed by introducing a correction
parameter to existing models. Ousaka et al. (1996) proposed a correlation by adding a pipe

inclination anglerelated factor to the horizontal orientation model develdyyddhii and Mishima
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(1989) Bhagwat and Ghajg2015)modified themodeldesigned byCioncolini and Thomé2012)
by multiplying thecore flow Weber number witharrection factor accounting for pipe inclination
angle and high system pressure.

We compiled an extensive database containing 1,662 liquid entrainment fraction
measurements at different experimental conditions from open lite(Btaltenan 1978; Deryabina
et al. 1989; Fore 1993; Gawas 2013; Karami et al. 2015; Laurinat 1982; Magrini et al. 2012; I.
Mantilla et al. 2012; Ivan Mantilla 2008; Okawa, Kotani and Kataoka 2005; Olieeta@hd986;
Ousakal996; Paras and Karabelas 1991; Schadel et al. 1990; Tetyed2000; Williams 1990)
to assess the performance of the existing models and to develop the hybridGresilied by
the pipeline orientation, tie arel,083 479,and 100 liquid entrainment measuremeémtgertical
horizonta) and inclinedbrientationsrespectivelyThe experimental conditions are defined using
pipe diameter’Q inclination angle-6&, gas density’( ), liquid density { ), gas viscosity‘( ),
liquid viscosity ( ), gasliquid surface tensiofy, ), superficial gas velocityy( ), and superficial
liquid velocity © ). A summary including the flow pipeline orientation, the fluid system, the
operating condition and measurement ranges for each source is listed in Agpendix

We evaluated the performance of the eighteen empirical andnsedhianistic models using
the compiled dat abase. Each model 6s perfor man
The metric used to assess the performatieefraction of predictions within 210% error band

compared to the experimental measuremants ( ), is defined in Eq.2).

I 100talPt e dutele "we>a®™ Fira: 3] Purri-" (<)
p 1 <o gl i «v
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The metric evaluates the percentage of prediction bias that is within 10%. A higheg
indicates a better model performance. he pvalues of the eighteen models for the three
pipeline orientations are presented in Fig. 4. The plot in Fig. 4 reveals that tiEetiesning
empirical and semmechanistic models for either vertical or horizontal pipeline orientation has a
0 pvalue of about 0.6, which means only 60% of predictions are within 10% error band. The
highest0 dor inclined pipeline orientation is above 0.9, indicating over 90% of predictions

are within 10% error.

Probability
000000000
ORLNWAUITON®©
AN
DA

ESSARAR LAY

AN
AN NANNGAY
N

il Vertical Orientation Pipeline Flow Horizontal Orientation Pipeline Flow
~ Inclined Orientation Pipeline Flow

Figure 4 Performance of empirical and semimechanistic models for the experimental data
We selected thresemimechanistianodelswith the highesd pvalues as candidatésr
the hybrid model for each pipelinientation. Thesemimechanisticmodels selected aray
Oliemans et al. (1986), Zhang et al. (2003), and Cioncatidirfhome (2010) for vertical pipeline
orientation by PanandHanratty (2002b), Mantilla (2008), and NakazatamiSekoguchi (1996)

for horizontal orientationby Paleevand Fillipovich (1966), Wallis (1969), and Sawant et al.
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(2008) for inclined pipeline orientatioMost of the selected semiechanistic models for vertical

and horizontal orientations were designed for predicting entrainment fraction in the corresponding
orientation. The only exception is tidakazatomiand Sekoguchi (1996model, designed for
vertical pipeline orientation but selected for horizontal pipeline orientation. Of the inclined

pipeline orientation models, two were developed for vertical and one for horizontal orientation.

2.2.2 Basics ofGaussian Process Modeling
The Gaussian Process (GRydelingis a supervised learning method with a theoretical basis
in statistics. A GP is characterized by its mean function and covariance function or kernel function
(Williams and Rasmussen, 2008)his study employed aonstant mean function and square
exponential kernel function with different length scales for each input dime(aidomatic

relevance determination (ARD) kernelhe correspondingsP prior is represented in E@)(

(0)

In Eq. @), f represents the underlying function value at the inpdt @ is the mean function
of the GP, and® ho is the covariance function representing the spatial covariance between
any two points® andw ) at the process. In the covariance functi@is the dimension of input
) a represents the characteristic length scale corresponding 1 thdanension of inputy ,,
is the output variance, the parameteris outputscale amplitudeandw is Kronecker delta,

which is one iff 1; and zero otherwise. The hyperparameters for the GP in3Eqré—
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ah, h, M B K |, and theyare estimated by the Maximum Likelihood Estimation (MLE)
(Rasmussen, 2008sing a Pythotbased package, GR&Py, 2012)
The value of the mean function and its variance for the unseen test labasioninferred by

calculating the posterior distribution using the training datadst via Eq. @),

Bstivil I Wit
LLp LRt q bk 3 (1)
Ao B LLRL  LLRL LLRE gl LRy
where"Qis the outputs of the test data given the inpugnd outputs of the training data and the
inputs of the test data. In Eq. (4),0 is the covariance matrixand'Qs the identity matrix. Eq.
(5) is employedo estimatenodel discrepancdy and its variance using the GPM at an unseen
testlocation
* B (V)
o 4B

2.2.3 Details of the GPM for estimating model discrepancy and its uncertainty
In this studythree GP modeling approaches are applied to estimate the model discrepancy and
its uncertainty. The difference between the first two approaches is how the output noise of training
data is treated. The first approach keeps the output Ggisé a given constant during training,
i.e., while estimating the GPM hyperparameters. By tuning the output noise manually, the first
GPM with the lowest RMSE is obtained. The second approach considers the output noise a

hyperparameter in the covariance ftioic and estimates it during training.
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The third GPM utilizebootstrap aggregating (baggirtg)train the model in an effotd obtain
more robust and accurate predictions. In bootstrap aggregating, a set of models are developed to
characterize the same relationship between input and output varlaleis. study, we generate
one hundred training data sets with replacement andhese for trainingopne hundredsPMs to
predict model discrepancy that corresponds to eatécted seminechanisticonodel. In these
GPMs, output variance is considdra hyperparameter similar to the second approach. Only data
not included in the training data set I S use
generalizability Themodel discrepancy and its variance are estimasety bagging based on the

property of the Gaussian mixture mgaedshown in Eg. (6) and ) (Chen and Ren, 2009)

# -BE Wy (0)
TH® Bf G [Bf #p ¥ %

wherd is the model discrepancgy w is the varianceln Eqgns. (6) and (7 represents the
number of single GHs, which is equal to 100 in this work.
Combiningeachselectedsemimechanistic model ants correspondingsPM yields one parallel
structure hybridsubmodel, ashown in Fig 5. In the parallel structure hybrid model, the data
driven modeprediction estimatethe residuabf the semimechanistic model§iven an operating
condition, the predictions from the selected semachanistic modeb & and datadriven model

1 yield the final predicted entrainment fractian o (Eq. (8)),and its uncertainty is estimated

as the 95% confidence interval (Cl) calculated using the variance from thdrilata nodel,

w®dl  (Eg. (8)).
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Figure 5 The structure of the developed hybrid submodels

224 Metrics to Evaluate the HybriSubModel Performance
To assess the prediction performance of the hykuisnodek, three quantitative metrics,
RootMeanSquareError (RMSE), Area Metric (AM), and Calibration Score (CS), are adopted.
(1) Rootmeansquareerror (RMSE): The RMSE is a widely used metric to measure the
overall difference between prediction amctual valueThe definition of RMSE is shown
in Eq. (9) wherevis the number of predicted points. A lower RMSE value indicates a
smaller difference between prediction and actual value, which represents a better model

accuracy.

L
{41 F B sem «msg ©)
(2) Area Metric (AM): The AM compares both the mean and the variance of measurement

(w ) and prediction(w ) (Ferson and Oberkampf, 2009 Fig. 6, the AM is the shaded
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area between the cumulative probability distributionsooaindw . A lower AM value
represents a more accurate prediction. An AM value higher than the RMSE indicates that

the experimental measurement is covered by the prediotdatlence interval.

-y

0.8¢
0.6

0.4

},.::u + 5
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0.2} i

A’_,-f"

0.2 0.4 0.6 0.8 1
Entrainment Fraction

=

Figure 6 A schematic illustration of Area Metric (AM)

(3) Calibration Score (CS)The CS is the fraction of experimental measurements covered
within a selected confidence intenaf the predictiongRichardson et al., 2019)n Eq.
(20), [ ]1 represents the Iverson brackEtere the 95% confidence interval is ustd

calculate the CSThis metric is used as a minimum requirement check.

0% -B W ws pRooa] (P It

Three metrics are compared to pick the kseginodel for each pipgme orientation. The

selection approach is composed of two stépee frst one is a qualification stepvherethe
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submodelghatfail to pass the minimum requirement chextka CS value 0.95 and higherare
eliminated Next, the submodel wittihe lowesRMSE and AMvaluesis selected to be employed

for eachpipeline orientation.

2.3 Results and Discussion

For each candidate semiechanistic model (there are nine models, three for each pipeline
orientation), GPMs are trained using all three approaches as thdrid@ta component, which
yields a total 27 hybrid submodels. The performances of the develogad2d submodels are
compiled in Fig7. Figure 7 (a), (b) and (c) summarize the RMSE, AM and CS for submodels with
different GPMs grouped by the corresponding serachanistic models. In genertlere is a 60%
reduction in both the average RMSE and AMhwthe introduction of hybricsubmodels All
hybrid submodels outperform the pure sen@chanistic models. If the results from hybrid
submodels with different GPMs are compareid, 7 (a) reveals that the baggit@PM reduce
the RMSE for all models comparedth usinganysingle GM. The AM and CS for single GPM
based submodels with estimated noise are highest for both vertical and horizontal pipeline
orientations, as can be seen in Fig. 7 (b) and Fig. 7T{®.CS for some single GRbhsed
submodelsvith known noise does not meet the minimum requirenidre.lower AM values and
CS beingabove0.95 for the baggin@PMs indicate that bagging provides a more moderate and

reliable confidence interval.
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Figure 7. The performance metrics (a) RMSE, (b) AM, (c) CS of different hybrid
submodels along with the corresponding semmechanistic models for predicting liquid
entrainment fraction

The CS of the nine submodels for the corresponding pipeline orientation is compared to 0.95

to select the best model for each pipeline orientatdonong nine single GPMbased submodels
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with known noise, only the CS of Sawant et al. (2008) model is above 0.95, which means all the
other eight submodels are excluded from further consideration. Only Olieman et al. (1986) and
Zhang et al. (2003) models pass the qualification filter for si@®t-based submodels with
estimated noiseAmong the remaining submodels, the one with the lowest RMSE and AM
employs the bagging GPM as the ddtaven model for all pipeline orientation$herefore,
bagging GPM with Zhang et al. (2003nodelfor verticd pipeline orientationNakazatomi and
Sekoguchi (1996) model for horizontal pipeline orientation, and Wallis (1969) model for inclined
pipeline orientation are selected as the best models for each pipeline orientation and used in the
hybrid modeling framework. The parameter sfyeation for training the bagging GPRkbr three
submodels are reported Appendix Bfor reproducibility

Comparing the single GPMased submodel sd performances
employing GPMs with estimated noise yield a more accurate prediction and a wider confidence
interval than the ones employing the GPM with known noise (Fig. 7(a) and 7(l§)wider
confidence interval results from the GPM with estimated noise being able to capture better the
noise heterogeneity among the experimental measurements from different sources. The hybrid
submodels using the bagging GPMs outperform those that erapigle GPMs because the
hyperparameter estimates of the single GPMs could be a local optimum, which may not provide a
good prediction performan¢&. Chen and Ren 2009s a combination of multiple single GPMs,
the bagging GPM eliminates the impact of a single bad local optimum hyperparameter set by

utilizing the prediction average of multiple single GPMs, which yields a more robust prediction.
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The effect of data noise heterogeneity is also reduced using bagging, which leads to moderate
confidence intervals.

The hybrid model including the best submodels are presented in Fig. 8 (a), (b) and (c) for
vertical pipeline orientation, Fig. 8 (d), (e) and (f) for horizontal pipeline orientation, and Fig. 8
(9), (h) and (i) for inclined pipeline orientation. Similao{d for all 27 submodels are Appendix
B. Figure 8 includes three plots for each orientation: (1) the predicted model discrepancy versus
actual model discrepancy on the left (a, d, and g), and (2) entrainment fraction predictions plotted
against the coesponding measurements in the middle (b, e, h), and (3)mseatianistic (SM)
model predictions versus the experimental measurements on the right (c, f, and i). The black dots
are the predicted mean of model discrepancy (Fig. 8(a), (d), (g)), entraimatiarf (Fig. 8(b),

(e), (h)) and the seamechanistic model predictions (Fig. 8(c), (f) and (i)), while the grey bars
show the 95% confidence interval. The blue line in the plots is the parity line, which helps to
present the disagreement between eadfligiten and the experimental measurement. The hybrid
and semimechanistic model performance metrics are also included in the plots.Fggo(c),

(M, () to (b), (e), (h), itis observed that the predictions of the hybrid model are significantly closer
to the parity line when compared with the predictions of the-se@shanistic models for all three
pipeline orientations. The predicti@ccuracy improvement is also observed by comparing the
RMSEs included on the plots. The RMSE is decreased by 58%eifocal, 78% for horizontal

and 85% for inclined pipeline orientation. Apart from accuracy, the hybrid models also provide an

estimate of the prediction uncertainty, which is not available from thesechanistic models.
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From Figure 8 (a), (d) and (g), the width of predicted uncertainty is larger at regiorangéh
prediction residual to make sure the actual model discrepancy is covered by the predicted
confidence intervalThe results in Fig. 8 show that the hybrid model performance for the inclined
pipeline orientation model is best among all three pipeline orientations. Experimental
measurements with a relatively low or high actual model discrepancy tend to have a larger
prediction bias.

The overall performance of the hybrid model incorporating the three submodels for 1662 data
points is given in Fig. 9. The overall RMSE for three selected-ssuhanistic models is 0.161,
while the overall RMSE of the developed hybrid model is 0.05, wihidicates a 70% reduction
in the RMSE. The overall AM is reduced by 65%. The overall CS is 0.96, which is close to the

statistical expectation of 0.95.
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Figure 8 Data-driven model estimates of model discrepancy for vertical (a), horizontal (d),
and vertical (g) pipeline orientations. Hybrid model estimates of liquid entrainment
fraction for vertical (b), horizontal (e), and vertical (h) pipeline orientations. Semi

mechanistic model estimates of liquid entrainment fraction for vertical (c), horizontal (f),

and vertical (i) pipeline orientations
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Figure 9 The model discrepancy estimates of the datiriven model and liquid entrainment
fraction predictions of the hybrid model

2.4 Conclusions and Future Directions

In this study, a hybrid modeling approach, which combssestmechanistiand GPMbased
datadrivenmodels, is developed to estimate the liquid entrainment fraatidnts uncertaintin
atwo-phase flowNine candidate empiricand semimechanistic modelshree for each pipeline
orientation explaining the underlying physical phenomenacaresideredwhile the GPM is used

as adatadriven model to estimate the difference between experimental measuremeriteeand
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candidatemodel predictionsThree GPMs, (1) GPM with a fixed output noise, (2) GPM with
output noise as a model hyperparameter, anblg@yingGPM, are applietb obtain a more robust
and accuratdatadrivenmodel. The performances of the 27 hybrid submodels are evaluated using
three metrics, RMSE, AM, and CS, to pick the best model for each pipeline orientation.

The results reveal that the hybrid modeling approach yafdedel that ha alower RMSE
than theempirical and semmechanisticmodels. Furthermore, the GRb&sed hybrid model
estimates the prediction uncertainty, which is not availabte the empirical or seminechanistic
models.The bagging GPM yielded the best hybrid model with the lowest RMSE and AM values
and a CS value closer to the statistical expectafitve. overall performance shows that the
proposed hybrid model reduces the RMSE by 70% and AM by BG#re work will investigate
data clustering and input and output transformatio@f®re hybrid model training to increase

prediction accuracy and shriitk confidence interval.
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CHAPTER 3 A GAUSSIAN PROCESS EMBEDDED FEATURE SELECTION

METHOD BASED ON AUTOMATIC RELEVANCE DETERMINATION

3.1 Introduction

Datadriven models are developed based on the relationship inferred from process data to
simulate and predict the system behavior. The feature space of the process data is composed of
measurable properties of the system being obsd@badndrashekar and Sahin 201When a
model is built to map the input to the output space, redundant input variables could result in extra
computational time, model overfitting, and poor model performéndeo vi | , Br ki I, and
2015) The model complexity due to irrelevant input features also impedes visualization. Building
a model with relevant input features reduces model complexity and computational resources
required to develop and execute the model, helps to understand thangdateyproves model
performancéCarlos Molina, Belanche, and Nebot 200&elevant feature removal is considered
a data preprocessing step to en(dlin2010) he model

Machine learning is believed to be a valuable tool for system modeling, monitoring,
management, and optimizatigiRangeiMartinez, Nigam, and Ricarde&zandoval 2021)In
machine learning model fitting, feature selection is defined as a way to reduce the dimensionality
of data to improve machine learning performafide Liu 2010) An implementation of this is

demonstrated in deploying a nonlinear support vector machines (SVMs) based feature selection
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algorithm for fault detection in the Tennessee Eastman benchmark pfocessKieslich, and
Pistikopoulos 2019)The method improves fault detection accuracy and latency and minimizes the
loss of information compared to other techniques. The approach is applied to address the challenge
of processing higlilimensional batch process data and offers a promising deasjport tool

for enhancing process efficiency, safety, and profitahiipel et al. 2018)The development of

feature selection in machine learning paves the way for further exploration eiarel
operational performance enhancement. Generally, feature selection methods can be classified into
three categories: filter, wrapper, and embeddezthods(Guyon and Elisseeff 2003)ilter
methods score features by statistical relevéicenar and Minz 2014)which is computationally
efficient (Guyon and Elisseeff 2008)ithout ensuring the model performance. Wrapper methods
pick the optimal subset by assessing the performance of the model built using the corresponding
subsetqEl Aboudi and Benhlima 2016)'he modebuilding process makes wrapper methods
computationally more expensive than filter meth¢darlos Molina, Belanche, and Nebot 2002)

but more precise. Embedded methods incorporate feature selection into the model training process,
balancing precision and computational I¢g@thandrashekar and Sahin 2014)

Gaussian Process (GP) is a fparametric Bayesian regression characterized by its mean and
covariance(C. K. I. Williams and Rasmussen 200&pr GP models, a commonly used feature
selection method is sensitivity analysis. Blix and El(@@18)evaluate the feature importance by
integrating the squared partial derivative of the GP mean function over inputs. Piironen and Vehtari

(2016) measure the feature importance using the Kulldashkler divergence (KLD) change of
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the posterior distribution when adding a feature to train the model. Features contributing more to
the KLD change are considered more important. Paananen 04P) assess the feature
importance by observing the KLD variability of the posterior distribution and the posterior mean
prediction when changing the input value.

Another feature selection approach employs the Automatic Relevance Determination (ARD)
kernel function, an extension of the most commonly used kernel function, the Squared Exponential
(SE) kernel, also known as the Gaussian kernel. The SE kernel assumteglpser in the input
space have similar values, and the length scales are the same for all the features. The ARD kernel
extends the SE kernel by allowing different length scales for each input dimension (Williams and
Rasmussen, 1995). This feature sétm approach infers the relative input feature importance
from the inverse of the inputependent length scale in the kernel func{idaananen et al. 2019)
Williams and Rasmussgi995)detected the irrelevant inputs by ranking the features using the
relative feature importance inferred from ARD.

One limitation of the feature selection approaches for GP models is that the selection is based
on the ranking results without a standard to categorize the relevant and irrelevant features. Ghoshal
and Roberts (2016) proposed adding an irrelevant feadwa®aseline to the GP model input space
to overcome this limitation. They recommended that features with importance values two orders
of magnitude greater than the baseline feature be considered relevant to the output. However, all
existing feature seldéoin methods measure feature impact using an absolute value and determine

the relevance based on ranking results. None of these methods provides a score that explains the
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percentage of the output dependence on each feature compared with all the inputs. Feature
importance scaled between 0 and 1 provides a clear picture of the relationship between each input
and the whole feature space. Furthermore, if the sum of featuretampe for all features were

equal to one, then the summation of feature importance for different feature subsets would also
guantify the percentage of importance explained by the subset, providing a standard metric for
comparing the contributions of diffent feature subsets. This cumulative score would enable
feature selection according to a predefined score. None of the existibg¥e® feature selection
methods quantify the cumulative feature importance. If the cumulative feature importance were
guantfied, the contributions of different feature subsets to the cumulative could be assessed,
enabling the identification of the optimal feature subset.

This study proposes two new methods to estimate feature importance and a feature selection
approach based on the cumulative feature importance evaluation. Both feature importance methods
yield a feature importance value between 0 and 1 for each featdrehearsum of all feature
importance values is equal to one. The feature importance estimation methods employ total
derivative. They represent the change in the output using the squared magnitude of its total
derivative. The first method, derivative decorspion ratio (DDR), decomposes this derivative
into partial derivatives. Then, the change in the output caused by varying each input variable is
guantified by the squared magnitude of the partial derivative over each input feature. For
multivariable spacehe squared total derivative is the sum of the squared partial derivatives. Due

to the accumulative property of the squared partial derivative, the percentage of output change
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explained by each input feature is represented by the ratio of the squared magnitude of the partial
derivative over the total derivative, which we define as the derivative decomposition ratio (DDR).
The other method, named normalized sensitivity (NS).eisved from the sensitivity analysis
introduced by Blix and Eltoft (2018) and is a ratio calculated by standardizing the sensitivity. Like
DDR, the NS first calculates the partial derivatives of the output over each input by sample. Then,
NS calculates thaverage feature contribution using the average of the partial derivatives over
each feature. The main difference between the NS and DDR is how the average feature
contribution is estimated; DDR is calculated by sample, and NS is calculated by feattwre. Bot
feature importance methods provide information for ranking the input features and enable selecting
features at a specified cumulative feature importance value. The proposed feature selection
approach recommends using the feature subset that yields-seless#ed cumulative feature
importance score. The approach enables pruning irrelevant variables and reduces the
computational burden of training a model without significantly worsening the model performance.
We devised a computational experiment employimge functions to evaluate the accuracy of the
feature ranking predictions and the correctness of the irrelevant feature identification results and
to assess the effectiveness of the proposed feature selection method. We also applied the proposed
featureselection approach to a parallel structured hybrid model developed for estimating the liquid

entrainment fraction in twphase flow.
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3.2  Methodology

3.2.1 Gaussian Process with Automatic Relevance Determination (ARD) Kernel
The Gaussian Process (GP) modeling is a supervised learning method with a theoretical basis
in statistics. A GP is characterized by its mean and covariance funf@o#s I. Williams and
Rasmussen 2006btach input variable is assigned a length saale the kernel function with
ARD structure to infer the feature importanEer example, the squared exponential (SE) kernel

with the ARD structure for two poine ande is shown in Eq.11).

. W ® .
Qe he . Qo — .,y (11)
ca

In Eq. (11), Qis the dimension of inpuk, & is the characteristic length scale corresponding to
the Q dimension of inpuwe, , is the output variance, the parameteris the outpuscale
amplitude, andvo is Kronecker delta, which is onerjf 1} and zero otherwis@he length scales
are not uniform for all the input features for the SE kernel with the ARD structime.
hyperparameters for the GP in Eq. (1)are , h, MM hx , and they are estimated by the
Maximum Likelihood Estimation (MLEJRasmussen 2003Jor this work, we used a Python
based package, GR2012) to estimate the hyperparameters.

The values of the mean function and its variance for the unseen test dagaobtained by

calculating the posterior distribution using the training datacdet via Eq. (L2).
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where™Q are the outputs for the test data given the inguaad outputs of the training data
and the inputs of the test da@ta The outputs follow a normal distribution wifdas mean and

¢ Q as variance. In Eq1R), U is the covariance matrix, ari@s the identity matrix.

3.2.2 Derivative decomposition ratio (DDR)d normalized sensitivity (NS)

With the context of the GP with ARD kernel, the influence of each dimension is precisely
scaled, which provides the basis for feature selecBbx .and Eltoft(2018)analyzed the feature
importance by evaluating the variation of the GP mean function i@thdirection. They defined
the sensitivity of théQ inputi as the integral of the squared partial derivative dveumber

of training samples. The empirical estimate of the sensitivity is shown i1Eq. (

p T %e
:

o (13

where%o @ is the predicted mean functios, is the¢ input vector, ando is theQ input
in e . If the mean functiofQis substituted into Eql8), the resulting empirical estimate of the

GP mean sensitivity is obtained and shown in Ed)).(

03 L9 9P ete (14)
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where O O , 'O 1 s the weight for thg sample of the GP mean function,
1 is thery sample output, andd andw are the) input ofe ande . Although the feature
selection can be performed by ranking the mean sensitivity values defined Ay )Edhéy only
provide a relative feature importance score and cannot be directly used to assess the total
contribution of the selected (or individual) features to the changes in the output.

Here, we adopt the differential form of the total derivative to evaluate the individual

contribution of each feature to the changes in the output. For example, in 8Bjgie total

derivative is decomposed into partial derivatives from three inputs. Given a mean function

.
%0 e with "Oinputs (i.e.,® has'Oelements), the total derivative is the sum of teartial
derivatives, as shown in EdLY). Due to the orthogonality of the input directions, thkationship
between magnitudes of the total derivative and partial derivatives is valid and is givenIB)Eq. (
Based on EQ.16), if the output change caused by each input is represented by the magnitude of
each squared partial derivative, total importance oéttieefeature space sums up to the squared
magnitude of theotal derivative. The ratio of each squared magnitude of the partial derivative to
the total derivative is proportional to the contribution of a unit change in each input to the change
in the outputFor the’Q feature importance evaluated at ®esample, wealefine this ratio as

the derivative decomposition ratio (DDR) and estimate DDR usinglE}. (
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Figure 8. Example of total derivative decomposition with three inputs
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We then use two approaches to assess the cumulative contribution of a feature subset. The first
way is by averaging the DDR from each sampl€@orfeature usingd O Y, which is defined in

Eq. (18).
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The'O 'O Ycalculates the fraction of changeline caused by a unit change in tke feature
at each sample and averages this fractiondaamples. In EQns1%)-(18), e represents th&®
feature, ando represents th&® feature of théQ sample.

Another approach to estimating the contribution of each feature to the output variation is
obtained by normalizing the sensitivi{iBlix and Eltoft 2018) For the’Q feature, we define
normalized sensitivity{"Y) in Eq. (19).

{

Sy
v B |

(19

An interpretation of the two cumulative feature importance estimation approaches is shown in
Figure9. For the’Q feature, thédD 'O Yis calculated by estimating the feature contribution ratio
at each samplér and then averaging this ratio over all samples (Fi§(ap. In contrast, the "Y
is calculated by first averaging the contribution of each feature and then calculating a ratio of this
average effect (Figur@(b)). TheO 'O "Yand thel "Y are both cumulative and sum up to one when
the GP model is trained using thietirefeature space. Therefore, the total contribution of a feature
subset can be estimated by the cumulative DDR or cumulative NS calculated by summing the
individual’O'O"Yor 0 Y values of the features within the subset. Subsets with high cumulative

feature importance scores are expected to have predictive importance and performance similar to
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the full feature set. The cumulative feature importance scores enable the determination of the

optimal (i.e., smallest) feature subset given a predefined threshold.

The two proposed methods calculate-th.é— as an interim during the feature selection, which

visualizes the local feature importance at different input values, which provides a customized
feature selection at different input values. Both approaches are model performance dependent, i.e.,
if the GP model trained using the full feature set is not accurate, individual and cumulative
importance scores may suffer. This suggests that the scores may not correctly identify the
irrelevant features if the initial subset contains a large number of irreleyatnirés. Since the

individual feature impact is averaged differently in the two approaches, thes expected to be
less impacted by the extreme values—gf—, i.e., the existence of outliers, th@&iO Y, providing

a more stable feature importance evaluation. There are some shared limitations for both
methodologies. Both methods may fail if there is collinearity in the input features because of the
orthogonality assumption at the decomposition of thel tégivative. Both approaches are
embedded feature selection methods, i.e., they use the trained model to estimate feature
importance. Hence, they both inherit the intrinsic advantages of the embedded methods, such as
reduced computational burden compat@avrapper methods and improved model performance

compared to filter methods.
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3.2.3 Feature selectiompproach
The proposed embedded feature selection approach includes four steps:
1) Train the GP regression model using all features
2) Calculate the feature importance using DDR or NS for each feature
3) Construct a feature subset that includes the features with the largest importance values
(either using DDR or NS) until the cumulative feature importance score reaches a user
defined value. Based on our computational experiments, we recommend a cumulative
feature importance score above 0.9
4) Train the GP model using the feature subset
To study the performance of the proposed feature selection approach, we implement a wrapper
method with forward selection (Rodrigu&aliano et al., 2018) that uses DDR and NS for feature
selection. This wrapper method validates the proposed embeddect feekection method by

providing the model performance from all possible feature subsets that the embedded approach
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would have obtained. The cumulative DDR and NS are applied to remove irrelevant features from
the complete feature set for building a model. After building a GP regression model, the percentage
of output variation explained by subsets of features is estimasing the corresponding
cumulative DDR and NS. Subsets with a high cumulative DDR and NS are expected to result in
accurate GP regression models. Feature selection is performed by training a series of models with
iteratively expanded feature subsetsstady the relationship between the cumulative feature
importance estimated using the cumulative DDR and NS and the resulting model performance.
The detailed steps of the feature selection using the wrapper method are outlined idG-igure
GP regression model trained with the full feature set is used to estimate the feature importance for
each input. Within each iteration, one feature is added to the subset following the descending order
of the feature importance. The GPM performancesraasured usinthe Root Mean Squared
Error (RMSE) defined in Eq9j.

The feature selection is conducted using DDR (calculated usind&j.ahd NS (calculated
using Eq. 19)) as the metric to assess feature importance. During the feature selection process, it
is investigated if adding a feature with higher DDR or NS contributes more to the model
performance enhancement. By tracking the model performance in subsequeohgetiais step
also explores if models trained using feature subsets with higher cumulative feature importance
result in lower RMSEs. The optimal subsé features is determined when the average model

RMSE reaches a steady low value or is the lowest.
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Figure 10 The feature selection process for investigating the relationship between the
subset cumulative feature importance and the performance of the model

Computational experiments

The computational experiments are performed to assess the effectiveness of cumulative DDR

and NS from two perspectives. First, the effectiveness of irrelevant feature identification results of

the two feature selection methods is studied by comparing#terés identified as irrelevant to

the true irrelevant featureSecond, the difference between the predicted feature ranking and the

true feature ranking results is evaluatBiakee benchmark functions with known analytical feature

importance Ishigami fnction (Ishigami and Homma 199050bolG function (Saltelli et al.

2010) and Polynomial functiorfDa Veiga, Wahl, and Gamboa 200@ye employed in this
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experimentThe analytical feature importance is represented using theeftgat variance from
Sobol sensitivity analysis, which is routinely used as a benchmark to assess the analytical feature
importance (Gratiet et al., 201@he cosine similarity and threa Under the Receiver Operating
Characteristic Curve (AUQcore are used to evaluate the performance of the two feature selection
approaches.

The details of the experimental steps are described in Secti@ B feature importance
can be tuned for each function by varying the function parameters. To test the effectiveness of the
methodology at various feature importance levels, we randomly changed the relevant parameters
of the inputs in each benchmark funatto assign random importance to each feature. Data sets
of multiple sizes are generated from each benchmark function by varying numbers of additional
irrelevant features to investigatee impact of sample size and the number of irrelevant features.
For each of the data set, a GP model is fit and the feature importance results are inferred from the
developed model using the cumulative DDR and NS. The predicted feature importanceresults
compared with the analytical feature importance of the benchmark functions to test the correctness

of the two feature selection methods.

3.3.1 Benchmark functions with analytical feature importance

The Ishigami functionQ Is given in Eq. 20).

~

Q dhdohd OED & Q& ad i 0 (20)
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In Eq. Q1), there are three input variabl@sitd andd , which range over “H . The
analytical feature importance represented using the-eéfedt variancgSobol 2001w , i.e.,

W ,w ,w forthe Ishigami function, agiven in Eqns.Z1) 1 (23).

o P, 9w 21)
C v cqVv
5

y 2 (22)

T

o W 23
cqv

wherew represents the output variance contribution from all function terms that include the
Q feature input variableéThe feature importance of the three input variables can be adjusted by

varying parametera andb, where®~ v 1T ON Tip .

The SobolG function’Q  is given in Eq. 24).
Q. OB QW (24)

where’Q & *—= ¢ T The inputs B Kd range within Tip . The Sobol

G function employed in this experiment is composed of 10 input features. The analytical

importance of théQ feature® represented using the totffect varianced is given in Eqgns.

(25)i (26).
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where® represents the maiffect index of theQ featured . Function parameteid
controls the feature importancetbe™Q featured . In this study( is randomly generated from

it .

The polynomial functioriQ is given in Eq. 27).

(27)

A B R
where0 is the order and is the degree of the polynomial functidn.this study, we used a
polynomial function with a degree of three and an order of three. The Rguisand® range
over ch; .Thefeature importance inferred from te¢élect variance is given in EGg), where
the function parametér which adjusts the feature importance is randomly selected[from

Tip Ttfor the computational experiments.

® o PN 8 Tt (29)
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3.3.2 Evaluation metrics
The effectiveness of the proposed feature selection methods is evaluated according to whether

the feature ranking and the irrelevant feature identification results match the ground truth. The
predicted feature ranking results are obtained by ranking the features according to their
importance inferred from the cumulative DDR and NS. This feature ranking prediction is
compared with the known feature rankings obtained by sorting thesféeat variance. The cosine
similarity (Korenius, Laurikkala, and Juhola 200Wgasuring the angle between two vectors is
widely used for information retrieval. In this study, it is used to calculate the similarity between

the predicted and actual feature ranking results. Given the true feature rankingYectand

the predicted feature ranking vectér , the cosine similaritpp € Y  RY is defined in
Eqg. 29).
hEN Y 2

As the cosine of thangle between the two ranking vectors, the cosine similarity varies-from
1 meaning the two ranking vectors are exactly opposite, to 1, meaning they are the same. A high
cosine similarity value indicates that the feature ranking prediction aligns wigiidbed truth.

Although the cosine similarity measures the similarity between the two ranking results, feature
ranking results with only a few input features cannot be accurately evaluated using this metric. For
example, for an input space with phcho fthe cosine similarity of two feature ranking

predictionsY phote and'Y ¢fofp are equal to each other (0.93), even though
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Y is more similar toY  because the ranking prediction of the first feature aligns with the
ground truth. In this study, for functions with three input features (Ishigami and polynomial), the
feature ranking results are evaluated by the correct ranking percéntage , which is the

percentage of correct feature ranking predictions among all feature ranking prediction results. The

number of correct feature ranking restilts is defined as the number of experiments with
exactly correct feature ranking result¥’ ( Y ). Given the total number of conducted
feature ranking experimenis 0 is defined in Eq.30). Thed is calculated at

various sample sizes and number of irrelevant features to study their impact.

G
5

C

pTTD (30)

The Receiver Operating Characteristic (ROC) curve is used to assess whether the cumulative
DDR and NS correctly identify the irrelevant features. The ROC curve was first proposed to
evaluate the accuracy of classification modelssted 1971) The curve plots the True Positive
Rate (Y0 )Yand False Positive Rat&D{ )Yat different thresholds of classifying the feature as
irrelevant. Feature subsets with cumulative feature importance score lower than the threshold are
classified as relevant. The confusion matrix used to défineand 00 Tor this study is given in
Figure 3. The actual relationship between each input feature and the oldbataeslas relevant
or irrelevant. The irrelevant class is assumed to be positive in this study. For the positive class,

irrelevant features are classified as True Positive (TP) if they are predicted as irrelevant or False
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Negative (FN) if not. For the negative class, the relevant features are marked as False Positive (FP)

if they are predicted as irrelevant or True Negative (TN) if not.

Predicted Relevance

Irrelevant | Relevant

Actual Irrelevant | TP FN

AEEENEN Relevant | FP TN

Figure 11. Confusion matrix for evaluating the feature ranking prediction results using
True Positive (TP), False Positive (FP), False Negative (FN), and True Negative (TN)

The ratios that measure the classification performance ¥ie. and 00 ;\ising the confusion
matrix in Figurell, are defined in Eqns37)-(32). The"Y0 ¥alculates the fraction of irrelevant
features identified correctly, while tH®0 “¢alculates the fraction of relevant features not
identified correctly A high "Y0 ‘and low™O0 ‘Mdicate that most irrelevant features are classified

correctly, and few relevant features are classified incorrectly.

YO —— (31)

PV (32

where¢ ,&€ ,& ,and¢ arethe numbers of TP, FP, FN, and TN (FidiLide The overall
performance aggregating all possible classification thresholds of the feature selection method is

evaluated using the Area Under the ROC Curve (AUC) s@esevcett 2006) for which an
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illustrative example is given in FigurE2. A high AUC score indicates a good classification

performance.

TPR

FPR

Figure 12 lllustration of Area Under the ROC Curve (AUC)

In this study, irrelevant features are labelled as the positive class. The effectiveness of the
cumulative DDR and the cumulative NS in identifying the irrelevant features are both tested within
the input space. By predefining a threshold for the two catiwel feature importance scores, a
feature subset that contains the relevant features is constructed by selecting all features until the
cumulative importance reaches the threshold. The rest of the features located beyond the threshold
are classified asrelevant features. Varying this cumulative threshold manipulates the irrelevant
feature identification results. The AUC score provides an overall assessment of the irrelevant
feature identification results regardless of the threshold for the cumulativeef@@portance. A

high AUC score illustrates a good performance in identifying irrelevant input features.
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3.3.3 Experimental procedure

The procedure for conducting the validation experiments is outlined in Figur&he
experiments are performed by fitting Gaussian Process Models (GPM) on the samples generated
from the benchmark functions introduced in SectioB13.Then, the features are ranked and
selected using the proposed methodologies, and the effectiveness is validated using the metrics
introduced in Section 32. The main steps for the validation experiments are composed of
sampling, modeling, and feature selection.

Step 1 Sampling (Figurg3): To generate inpubutput samplefor each benchmark function,
the function parameters controlling the analytical feature importance are randomly generated
within the predefined range a hundred times. This procedure results in hundred test functions for
each benchmark function. Data sats generated randomly within the corresponding predefined
input domains for each test function. A set of random values are generated from the input domain
and employed as irrelevant featuresetith the data set as additional features. The sampling step
is repeated for different sample sizes and numbers of irrelevant features. In this study, the sample
size is fixed at 100, 300, and 500 for functions with three relevant input features (Ishigami
polynomial functions) and 500, 1000, and 1500 for functions with ten relevant input features
(Sobotg function). The number of irrelevant features added to the data set is increased up to two
folds of the relevant input features, i.e., up to six i@ features are added for the Ishigami and

the polynomial functions and twenty for the Sedunction.
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Step 2 Modeling (Figuré3): For each sample set, a Gaussian Process Model (GPM) is fit on
the data set composed of relevant inputs, irrelevant inputs, and outputs. For each benchmark
function with a specific sample size and irrelevant feature size, a hundred GPMs are built for a
hundred datasets in the feature selection effectiveness test. The feature importance inferred from
the GPMs is compared with the analytical feature importance to evaluate the effectiveness of the

proposed feature selection method.
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functions selection
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Figure 13 Validation experiments workflow

Step 3 Feature selection (Figur®: The feature selection results are inferred from 100 GPMs
using the cumulative DDR and cumulative NS for each sample size and number of irrelevant
features. The effectiveness is validated from two perspectives. First, the feature ranking prediction

is canpared with the true feature ranking result using cosine similarity. Second, the irrelevant
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feature identification results are compared with the ground truth irrelevant feature set using the

AUC score.

3.34 Computational experiment results and discussion
The results of the feature ranking prediction from the two proposed methods are presented in
Figure 14 for (a) Ishigami and (b) polynomial functions. In Figud O values are plotted
for experiments performed with sample sizes ranging from 100 to 500, and the number of irrelevant
features ranging from one to six.
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Figure 14 Percentage of correct feature ranking results”-%D » »g & {3) Ishigami and (b)
polynomial function

The results in Figuré4 compare the percentage of correct feature ranking predictions for the
Ishigami and polynomial functions considering the impact of sample size and the number of
irrelevant features. For both functions, for each sample &ize, value fluctuates slightly as
the number of irrelevant features varies. This illustrates that the number of irrelevant features has
a limited impact on and the methodology effectiveness. For each number of irrelevant
features) values obtained from GPMs trained using large sample sizes are higher than
those trained using small sample sizes. For most experindents, values from the cumulative

NS are higher than those from the cumulative DDR, suggesting that the cumulative NS might be
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better in feature ranking results than the cumulative DDR for systems with small number of
relevant features.

To study under which circumstances the cumulative NS and DDR fail to rank the features
correctly, we consider the impact of feature importance difference as a factor. For the three input
features, the absolute feature importance difference is calculatell f@ssible pairs of features
for all test functions. Then, for each test function, the minimum value of the absolute feature
importance differences among feature pairs is used to estimate the strength of the difference
between relevant input featureSor example, for two test functions with relevant feature
importance (0.3, 0.3, 0.4) and (0.2, 0.3, 0.5), the minimum value of the absolute feature importance
difference is ¢ QW ™WIFTW MWIFW® ™S N and G UEFR TWITR
™IT® TS TP, respectively. Figure 8 present the distribution of the minimum value of
the absolute feature importance difference obtained from experiments with correct and incorrect
feature ranking predictions at different sample sizes and irrelevant feature numbénge f
polynomial functions using cumulative DDR. The results obtained using the cumulative NS are
similar to those obtained using the cumulative DDR. Similar plots for cumulative NS and the
Ishigaki function are provided iAppendix C These results vimlize the impact of feature

importance difference on the feature ranking predictions.
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Figure 15 The minimum value of absolute feature importance difference distribution for
the polynomial function with (a) 100, (b) 500 samples obtained using cumulative DDR

For the polynomial function results presented in Fidiseghe minimum value of the absolute

feature importance difference ranges from 0 to 0.25. Based on the histograms, the minimum value
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of the absolute feature importance difference is smaller for the incorrect feature ranking predictions
than for the correct predictions. This result indicates that feature ranking results are mostly
incorrect for test functions with smaller feature impocadifferences in variables. This smaller
feature importance difference makes it difficult to estimate the feature importance accurately and
rank the features correctlyhe same trend is observed from the method of using the cumulative
NS and Ishigami faction. From the comparison between different sample sizes, at larger sample
size, there are more correct cases distributed at small minimum feature importance differences.
This means the proposed approach provides more effective feature ranking réemgjes aample

size, even when the feature impacts are hard to be differentiated. At a larger irrelevant feature
number, it is observed there are more incorrect cases distributed at lower minimum feature
importance difference (Ishigami function at sampate gquals 500). It can be concluded that there

are fewer mistakes in the feature ranking results when less irrelevant features exist.

The irrelevant feature identification result is evaluated for the three test functions using the
AUC score. The AUC score of the irrelevant feature identification results for the polynomial
function stays at one for all test functions, which indicatestiieaproposed methodologies can
identify the irrelevant features correctly for the polynomial function. The irrelevant feature
identification AUC score$or the Sobolg function are plotted in FigurEs using box plots. The
scores are plotted as a functiointhe number of irrelevant features added to the data set. For the
Sobotg function, the AUC score obtained using cumulative DDR and NS varies from 0.5 to 1,

with most scores above 0.7, illustrating that both methods are, in general, successfufymiglenti
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irrelevant features. The AUC score increases as the sample size increases and the number of
irrelevant features decreases. The decreasing AUC score with increasing number of irrelevant
features indicates that as more irrelevant features are added tdalseildhe proposed feature
selection method makes more mistakes in identifying irrelevant features, which is an expected
outcome as noise added to the data set in the form of additional irrelevant features impedes the
GPM6s ability terelvwrebgtwveentee inputahd autpyd. Passible solutions
to address this ineffectiveness can be increasing the model predictive capability (e.g. increase
model complexity, increase the sample size for model training), of@@cessing step to remev
Agrosslyo irrelevant f-selactionusmgafiied.. g. r el evant
The feature ranking results evaluated using the cosine similarity for the-@&lwdtion are
shown in Figure 1. For each test function, there is a cosine similarity between theainking
(ground truth) and predicted ranking results. The distribution of the cosine similarity from all test
functions at different sample sizes and number of irrelevant features is plotted using a box plot in
Figure 10 for ranking results obtained usif@y cumulative DDR and (b) cumulative NS. The
feature ranking prediction results evaluated using cosine similarity from the cumulative DDR and
NS are identically distributed and ranges from 0.85 to 1. This presents a good match between the
predicted and tre rankings. The cosine similarities for GPMs fit using a data set with a larger
sample size and with fewer irrelevant features are higher because the feature selection method
performance relies on the GPM model accuracy; the GPMs trained using a ldegsetddnat

contains fewer irrelevant features are more accurate.
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(b)

Figure 16 AUC score of irrelevant feature identification using (a) cumulative DDR, and (b)
cumulative NS for the Sobolg function
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Figure 17 Cosine similarity between predicted and true feature ranking results obtained
using (a) cumulative DDR (b) cumulative NS for Sobeg function

3.4 Case study

The two proposed feature selection approaches are applied to determine the optimal feature
subset for a hybrid model estimating the liquid entrainment fra¢beng et al. 2021, 20227
hybrid model is a combination of a first principle model and a-dateen modelvon Stosch et
al. 2014b) The datadriven model used in this study is a GP regression model. The GP regression
model is trained using a dataset composed of liquid entrainment measurements given pipe diameter

(ID), inclination angled), gas density’( ), liquid density { ), gasviscosity ( ), liquid viscosity
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(* ), gasliquid surface tensiof )j superficial gas velocity) ), and superficial liquid velocity

(b ). The dataset is compiled from open literature, and the complete list of its sources can be
found in Deng et al2022) It contains 1,662 liquid entrainment measurements collected in-small
scale | aboratory settings. Teup,eex froendaboratoty® mo d e
field scale, we employ dimensional analysis to update the inputs from dimensamiadles to
dimensionless numbers (DNs). The proposed feature selection methods are then applied to prune

the irrelevant DNs.

3.4.1 Hybrid model for liquid entrainment fraction

Deng et al(2022)developed a hybrid modeling approach to estimate the entrainment fraction
and its uncertainty. A set of seimiechanistic and empirical models developed for three different
flow orientations were combined with dadaven models to construct the hybrid nebdA GPM
(C. K. I. Williams and Rasmussen 200&&s utilized as the datitriven component to estimate
the model discrepancy, which is defined as the difference between the experimental measurements
and the semmechanistic model predictions. The submodel with the best performance for each
flow orientaton was chosen to build the final model. In this study, the hybrid submodels with the
best performance for each flow orientation from Deng e28R22) which employ Zhang et al.
(2003)model for vertical flow, Nakazatomi & Sekogug¢hB96)for horizontal flow, Wallig1969)
for inclined flow for the semmechanistic models, are adopted to investigate the effectiveness of

the proposed feature selection approach.
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3.4.2 Dimensional analysis

Dimensional analysis (DA) is a common approach for grouping and reducing the number of
phenomena relevant input variables in chemical engine@Cingng and Cheng 2004) develops

DNs and can be used to replace dimensional inputs with DNs. Inference from the process response
and DNs may provide a deeper understanding of the process mechanism. Furthermore, using DNs
as inputs may extend the applicability of a model ftaboratory to field scal@Ruzicka 2008)In

this study, the GPM inputs are replaced by DNs identified using the method proposed by Dai et al.

(2022) A description of the workflow for applying the Dai et @022) method to this study is

o= B

presented in Figuresl
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Figure 18 Methodology workflow for building a hybrid model estimating the liquid
entrainment fraction using relevant DN inputs
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The original experimental variables composed of fundamental dimensions, mass (M), length
(L), and time (T), are considered basic variables for generating dimensional numbers. The basic
variables in this study are eight experimental variables plus thearaniconstant (g) (Figure31
Experimental variables). For the DN generation step, a set of variables covering all fundamental
dimensions called repeating variables is chosen from the basic variable space. The DNs are
constructed as a combination of rapeg variables and the rest of the dimensional variables using
the unit matrix. This step (Figuré1Generate dimensionless numbers) yields a total of 246 DNs
generated after iterating all possible repeating variable sets. To avoid correlated inputs, duplicate
DNs or DNs that can be obtained by algebraic modifications (inverse, square root, powwezj of ot
DNs are pruned. Remove replication step in Fig@eeinoves 197 DNs yielding 49 unique DNs,

and these 49 DNs can be represented by 14 unique foromslaif dimensional variables with

physical interpretations. For example, the formulation of the Froude numbecan be— or

— depending on whether gas or liquid superficial velocity were.\Wedconsider these DNs as

potential relevant features to describe the liquid entrainment in gas core phenomenphase/o
flow.

In the Preprocessing step (Figure 11), we filter the DNs to remove highly correlated ones using
the Pearson correlation coefficient. From a set of DNs with correlation coeffieightabsolute
valuegreater than 0.95, only one is kept in the filtered set. After removing the collinearity among

input features, the filtered set included 44 Ds)( for the hybrid submodel for vertical
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flow, 35 DNs (OO0 for the hybrid submodel for horizontal flow and 5 DNs

(00 for the hybrid submodel for inclined flow as potential inputs to build the GPM.

3.4.3 Feature selection with cumulative DDR and cumulative NS for hybrid modeling

Given the O 0 , 00 andO 0 , the cumulative DDR and NS are applied
to remove irrelevant DNs from thigtered DN input feature set for predicting model discrepancy
and building the hybrid model (Figuré,IFeature selection and Hybrid modeling). After building
a GPM, the percentage of output variation explained by subsets of features is estimated using the
corresponding cumulative DDR and NS. Subsets with a high cumulative DDR and NS are expected
to resultin accurate GPMs. Feature selection is performed by training a series osmaithel
iteratively expanded feature subsets to study the relationship between the cumulative feature
importance estimated using the cumulative DDR and NS and the resulting model performance
following the steps outlined in Fhe data is randomly split into 70% and 30% as training and test
sets, and the Feature selection and Hybrid modstegs (Figure 11) are replicated using a Monte

Carlo crossvalidation (MCCV) with 30 replicates.

3.5 Results and Discussion

The feature selection procedure is performed using both cumulative DDR and NS. The results
using the cumulative DDR are summarized for each flow orientation from Deng(2022)

which employ Zhang et a{2003) model for vertical flow, Nakazatomi & Sekogud/ii996)for
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horizontal flow, Wallis(1969)for inclined flow for the semmechanistic models in Figure9® 1

and20.
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Wallis (1969)

0.10 | = = 110

5

0.9

0.081 S

0 082
= o
 0.06 E
' | | ; 0.7 €

3

o

0.04 1 I I T I toe

1 2 3 4 5
Number of DN
—&— Average Training RMSE =~ —— Average Test RMSE =~ —§— Average Cumulative DDR

(€)

Figure 19 Feature selection using cumulative DDR and resulting model performance for (a)
Zhang et al. (2003) model, (bNakazatomi & Sekoguchi (1996) model, and (c) Wallis (1969)
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Nakazatomi and Sekoguchi (1996)
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Figure 20 Relation between RMSE and cumulative DDR for (a) Zhang et al. (2003) model,
(b) Nakazatomi & Sekoguchi (1996) model, and (c) Wallis (1969) model

Figure20 visualizes the trend of average training RMSE, test RMSE, and average cumulative

DDR of the MCCV replicates as DNs are added following a descending importance order to the
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model. The error bars correspond to one standard devi&igure19 shows that as the number
of DNs increases in the feature subset, the average RMSEs for training and test data decrease while
the average cumulative DDR approaches one. When the subset includes nine or more features, the
average RMSEs, and tlaveragecumulative DDR reach a steady value with small variance,
suggesting that adding more features does not significantly improve the RMSE. The RMSE of the
model trained using the full feature sealmost equal to the RMSE of the GPM trained using the
selected nine features. These results suggest that feature subsets with a cumulative importance
score close to one (the selected nine features) yield GPMs similar in performance to the full feature
set. Features with small DDRs do not contribute to the model's performance. These results suggest
that the feature subsets with desired model performance can be constructed using cumulative DDR.
Figure20 shows correlation plot between the RMSE and the cumulative DDR for each MCCV
replicate. Among the three models, there is a general trend of both the training and test RMSEs
decreasing as the cumulative DDR increases. The Pearson correlation coeffjdientie three

models are all above 0.9, which validate this decreasing trend. There is no significant difference

between thé an'd

A comparison between results from cumulative DDR and NS reveals that although the MCCV
replicate results of the cumulative DDR and the cumulative NS are not identical, the average
RMSEs and the optimal feature subset size chosen using the cumulative tN& same as the
cumulative DDR. The difference between the cumulative NS and the cumulative DDR is that the

cumulative NS calculates the ratio of the mean partial derivative, while the cumulative DDR
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calculates the mean of the partial derivative ratio for the partial derivative of each feature at each
sample. Theoretically, the cumulative NS would provide a more robust feature importance score
when outliers are present in the data.

In results from the two methods, it can be seen that the MCCV RMSEs fluctuate for subsets
containing six to eight features. This is because the cumulative DDR and NS are developed from
derivatives, which depend on sample locations. The randomness ipldatasults in differences
in sample locatiomependent feature importance, which causes some fluctuations in feature
rankings and the order in which the features are added within eackvaholsdion replicate. As
the number of features increases, b cumulative feature importance curve and the RMSE
curves become flattened, which suggests that features with higher DDR and NS reduce the RMSE
of the model more than features with lower feature importance scores. When the optimal feature
subset is obtaed, the cumulative DDR and NS range from 0.90 to 0.99 for most MCCV replicates.
For this study, we define the smallest subset with a cumulative score higher than 0.99 as the
optimal subset. The tepanked relevant features of the optimal subsets detechirom the two
methods overlap with each other for most replicates. The top four important DNs for horizontal
and vertical flow and the top three important DNs for inclined flow are identical for cumulative
DDR and NS (shown in Figure 14). The differee#ween the two cumulative scores is due to a
few extreme DDR values. Generally, the cumulative NS is less sensitive to extreme DDR values

than the cumulative DDR.
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One advantage of the proposed DD&sed feature selection methods is the local feature
importance interpretation. Since the DDR is calculated at each sample for each feature, the local
contribution of each feature to the output can be visualized. Thests @esd visualization increase
the interpretability of the hybrid model and may be used to determine directions for refining the
first-principle model or provide insights into where the model may be failing to explain the
fundamental phenomena. The magdé of DDR is a measure of the difference between the first
principle or semimechanistic model parameter and the ground truth and indicates a model
refinement direction. The location of DDR within the input space provides information regarding
the regionof the input space refinement of parameters would improve thefirstiple or semi
mechanistic model. From the DDR results of the models developed for three flow orientations, we
consider the features that are selected into the optimal subset moshfhea@s most relevant for

predicting model discrepancy. The visualization of DDR magnitude and location is represented
using heatmaps of the absolute value of DEER-— sfor the most relevant features and is shown

in Figure21.

The numbers of the most relevant DNs for each hybrid submodel are four for horizontal and
vertical, and three for inclined flow. Because the absolute DDR measures the input contribution to
the model discrepancy, a high value suggests that the mecharoskt fails to capture more
information (or fails to explain the phenomena accurately) at a specific input location. For Zhang
et al (2003) model, the model discrepancy is sensitiv@idsa, andRenumbers at low values

and the viscosity ratio at high wes. This result suggests that the relationship betwee@the
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number, which represents the viscosity over the inertia and surface tension, and the entrainment
phenomena is not well represented in the semthanistic models at lo®@h values. The results

also suggest that experimental or modeling studies focusing on high gas viscosities and low liquid
viscosities may be needed to improve this model. The Nakazatomi & Sekoguchi (1996) model
may be improved by focusing on the impact & thertia over the viscous forcRd and the
gravitational force over the surfacensgon Bo) on liquid entrainment fraction. For the Wallis

(1969) model, refining parameters and equations relevant to the gravitational force versus the
viscous force may i mprove the model ds perform
gas velocity andow liquid velocity would improve its performanck general, the proposed

methodology provides a valuable tool for interpretation of hybrid model through local feature

importance visualization. The magnitude and location of BBR—sserves as an indicator of

the gap between the model parameters and ground truth, pointing out specific areas where model
enhancement is most needed. Targeted experimental or modeling efforts that prioritize these areas

could significantly enhance the predictive accuracy of saethanistic models.
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Figure 21 Local feature importance interpretation using DDR for (a) Zhanget al. (2003)
model, (b) Nakazatomi & Sekoguchi (1996) mode(c) Wallis (1969) model
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CHAPTER 4 METRICS FOR EVALUATING MACHINE LEARNING MODELS

PREDICTION ACCURACY AND UNCERTAINTY

4.1 Introdu ction

Chemical engineering design decisions are consistently made with the consideration of various
uncertaintiegSharifian et al. 2021 Models that provide predictions and their uncertainty over the
target domain are essential in the risk assessment of the chemical engineering problems solution.
The model performance evaluation must be performed before applying a solution in chemical
engneering analysis and design. For models with stochastic outputs, the model performance is
evaluated by directly measuring the mismatch between the model output and the true observation.
Various metrics exist for this evaluation.

In classical hypothesis testing, a test is constructed under the hypothesis that the observations
come from the predicted population. Decisions about rejecting or not rejecting the hypothesis can
be made according to whether the test statistic falls wittgrcritical regior(Y. Liu et al. 2011)
Common hypotheses include the comparison of several moments {&gt, Ftest) and
comparison of full statistical distributions (e.g., Kolmogefmwirnov test (Haldar and
Mahadevan 200Q)AndersorDarling test(Rebba and Mahadevan 20P8The Bayes factor,
expressed as the ratio of the relative likelihood of the null hypothesis over the alternative

hypothesis, is used as the crit§Néahadevan and Rebba 200%he null hypothesis is not rejected
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when the Bayes factor is larger than one. The Frequentist Metric evaluates the distance between
the estimated mean of the observations and the mean of the prediofimmkampf and Trucano
2002) The confidence bound is generated from the uncertainty of the distance.

The area metric (AM) measures the area disagreement of the cumulative distributions between
the prediction and the observati@dferson and Oberkampf 2009)o deal with sparse data, the u
pooling method derived from the area metric is proposed to measure the global dispersion of the
distributions of observation and prediction. The measurédsea@umulative distribution function
at each validation site, called thevalue, are aggregated over the entire input space. The evaluation
of the overall disagreement between the observation and model prediction is expressed as the area
difference betweerhe uvalue distribution and the uniform distributi@iRerson, Oberkampf, and
Ginzburg 2008)The model acceptance is determined according to a predefined problem accuracy
requirement for the frequentist and area metrics.

For the area metric, the mismatch between the stochastic observation and prediction can be
decomposed into precision and accuracy. The precision refers to the variance of multiple
predictions at one validation site. Accuracy measures the degree of codmiesen the
prediction and the observatigBisenhart 1969)Generally, models with high prediction accuracy
(i.e., low average prediction bias) and precision (i.e., narrow average uncertainty width) are good
performers. The area metric measures the sum of accuracy and préasjaedictions with high

area metric values, it is difficult to determine whether this is due to low prediction accuracy or
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poor prediction precision. The accuracy and precision should be sepahatedhe modebased
decision is made considering both accuracy and precision.

In this study, uncertainty width is proposed to evaluate the prediction precision within the area
metric. By separating the area metric into the prediction bias related to accuracy and the uncertainty
width related to precision, the performance betweeilnusimodels can be compared and selected
according to the acceptance criterion. Large bias may be acceptabla naittow uncertainty
width when the model is employed to provide a prediction range. High uncertainty may be
tolerated with a low bias if a pa prediction is adopted for solving the probldm.addition to
Gaussian Process Modeling (GPMher seven machine learning models inclédédicial Neural
Network (ANN), Random Forest (RF)Support Vector Machine (SM), Bayesian Neural
Network (BNN), Multivariate Adaptive Regression Splines (MARAMtomated Learning of
Algebraic Models using Optimization (ALAMOare used to build hybrid models and their

performances are compared using uncertainty width.

4.2  Machine Learning M odelsConsidered

4.2.1 Artificial Neural Networls (ANN)
Artificial Neural Network (ANN) draws inspiration from the structure of the biological neural
network in the human brain. These networks consist of multiple layers, which are composed of
interconnected node$he simplest ANN can be built with an input layer, a hidden layer and an

output layer.The activation function in the hidden layer controls the output from the node, which
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enables signal transmission, recognition patterns learning and decision making given input data.
The ANN is developed to mimic the brainbés abi
can tackle complex computational problems with flexibijligrsatility and robustnes@Bailer-

Jones, Gupta, and Singh 200Another specific type of ANN called Radial Basis Function
Network (RBFN) is employed in this study, which uses the radial basis function as the activation
function in the hidden layer, which transforms the input space into a kdghensional space.

The adaptability of RBFNs stems from the radial nature of their basis functions, which respond to

the distance of an input from a central point, making them particularly suited for capturing spatial

relationships within the input dagRark and Sandberg 1993)

4.2.2 Random Forest(RF)

RandonForests are an ensemble learning method that averages the output from a multitude of
decision trees. The randomness is injected to the model by subsampling the training data for
constructing each tree and selectrgndom subset of features at each split r{Bdeiman 2001)

By training each decision tree with a subset of samples, random forests prune the overfitting habit
of decision trees and offer a more generalized and robust model to outliers

Random forests have gained significant popularity due to their simplicity, ease of
implementation, and their ability to handle higimensional dat@X. Chen and Ishwaran 2012)

The embedded feature importance provides a simple way for interpretability and feature selection

(Genuer, Poggi, and Tuleddalot 2010)
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4.2.3 Support Vector Machine (3W)

Support vector machine finds the optimal separating hyperplane that maximizes the margin
between different classes after transforming input data into higher dimensional feature space using
the kernel function. This fundamental concept makes SVM particularly effective in high
dimensional spaces and situations where the feature number exceeds the sample number, which
removes the limitation of data dimensiona(iylibrandi, Alani, and Koh 2015; Erfani et al. 2016)

The kernel function within the SVM allows the operations in a transformed feature space
without explicitly computing the coordinates in that space, which enables the handling of nonlinear
relationships within the data. Moreover, SVM provides sparse sofuiwben only a subset of the
training data is used to define the decision boundary given a large dataset, which delivers a less

susceptible solution to the curse of dimensionality.

4.2.4 Bayesian Neural Network (BNN)

Bayesian neural network integrates principles from Bayesian statistics into tradikomal
network architectures, providing a probabilistic interpretation of model paramdieis.
integration offers several advantages, including the ability to quantify uncertainty in predictions,
which is particularly useful iscenariosvhere understanding the confidence level of predictions
is crucial. BNNs also address the issue of overfitting by treating network weights as random
variables, thus providing a more robust framework for learning from data.

Like other Bayesian framewaskthe incorporation of prior knowledge into the neural network
significantlyimprove the learning process when the training data is limited or (Risyop 1997)
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In practical applications, Bayesian neural networks demonstrate several advantages, including the
ability to perform well even with complex models and to provide confidence intervals for their
results. This makes BNNs particularly effective in various stidal applications, ranging from
regression and classification problems to more complex inverse profilampinen and Vehtari

2001) The flexibility of Bayesian methods to handle the complexity of models and to avoid

overfitting, coupled with their ability to incorporate prior knowledge, makes BNNs a powerful tool

in the field of machine learning.

4.2.5 Multivariate Adaptive Regression Splines (MARS)

Multivariate Adaptive Regression Splines (MARS) is a-panametric regression technique
that extends linear models to capture4lioparities and interactions among variables. MARS is
particularly suited for higldimensional data, providing a flexible appch to modeling complex
relationships without a predefined functional form. The core of MARS is its use of piecewise linear
basis functions, whicinclude constant, hinge function or its prodwdmbined to construct the
final model. These basis funatie are adapted to the data through a-step process: a forward
selection that adds basis functions to improve the fit and a backward elimination that prunes the
model to avoid overfitting, ensuring parsimony and interpretability.

MARS models are characterized by their ability to handle variable interactions atidesn
relationships in a straightforward and interpretable manner, making them valuable in various fields
such as finance, medicine, and environmental science. Th&ahdiap of MARS, coupled with

its capability to model complex interactions without extensive manual intervention, makes it an
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appealing choice for situations where the underlying relationships between variables are unknown

or highly complexFriedman and Roosen 1995)

4.2.6 Automated Learning of Algebraic Models using Optimization (ALAMO)

Automated learning of algebraic models using Optimization (ALAMO) is a-diaan
methodology formatted by summing the nonlinear transformations of the input data to predict
output values using limited data poinSozad, Sahinidis, and Miller 2014Yhe ALAMO
methodologyleverages best subset selection throumdgerprogramming. Thenitial model is
iteratively refined using derivativieee optimization solvers that adaptively sample new points
based on the maximization of a predefined error, ensuring that the model becomes increasingly
precise with each iteration. ALAMO is considered areetif’e surrogate model in applications
whereexperimental or simulation data are expensive to obtain, as it aims to minimize the required
data while maximizing he model 6s predictive capabilities

sampling section of ALAMO is not used in this work.

4.3  Uncertainty quantification methodology

Uncertainty quantification for creating prediction confidence intervals is a critical aspect of
predictive modeling, especially when models are deployed in dedasimal environments. The
guantification of uncertainty aims to provide a range aroundigitens within which the true
values are expected to fall at a certain confidence level. Apart from prediction accuracy,

uncertainty quantificationserveas aids in risk assessment and decisiaking.
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Recent work in machine learning has focused on several methods to quantify uncertainty,
including using quantile loss functions, learning prediction intervals directly, and employing
Gaussian processes. These methods have been applied across variouss amhogimg materials
science and hydrology, to enhance the reliability of Al applicat{@&@tsmizu, Yamada, and
Yamada 2020; Tavazza, DeCost, and Choudhary 2021)

Prediction intervals account for various sources of randomness and can be constructed
conditionally, offering finitesample probability guarantees when compared with experimental
data. The construction of such intervals often involves statistical methaidsliow for covariate
adjustment and consider both fireatment and pogteatment periods in experimental settings
(Cattaneo, Feng, and Titiunik 2021)

In practice, uncertainty quantification through prediction intervals can be realized via
conformal prediction (CP), which provides statistically rigorous confidence intervals for estimated
guantities without distributional assumptions. CP can enhancedhiéne applicability of deep
learning methods for tasks like directiofrarrival estimation, further emphasizing the practical
benefits of quantifying prediction uncertair{ghurjekar and Gerstoft 2023)

In this work, we use two uncertainty quantification technologies to generate the prediction
confidence interval for hybrid model output. The first one is the infinitesimal jackknife, which is
specially developed for random for€gfager, Hastie, and Efron 2014his technique advances
the classical infinitesimal jackknifdJ) method, which is used to estimate the variability of

predictions made by ensemble learners like bagged trees and Random Ratsts.than
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studying thebehaviorof a statistic after removing one observation at a time like the traditional
jackknife, the IJ observes what happens to the statistic when we individuallyvdeigint each
observation by an infinitesimal amount. Infinitesimal jackknife is consideredowider more

stable predictions than the regular jackknife. The second uncertainty quantification method is
simply presenting the uncertainty using the residual from the training data. By assbeing
"homoscedasticity”" in the context oégression analysis, the variances of the error terms are
constant across all levels of the independent variables. In other words, the spread or "noise" in the
relationship between the independent variables and the dependent variable is the same no matter
what the value of the independent variable(Yang, Tu, and Chen 2019Based on this
assumption, the prediction uncertainty can be estimated using the residual distribution. The value
of prediction uncertainty at 95% confidence interval can be represented using the residual at 95%

confidence interval.

4.4  Methodology of Uncertainty Width

Deng et al. (2023) developed a metrics called uncertainty width by decomposing the area metric.
A graphical illustration of the area metric is given in FigRBe For one sample, the cumulative
distribution function (CDF) of the model prediction and true observation are plott@dasand

"Q w . According to the definition, the area metric is the area between the two chores.
symmetric distributionsthe means of the two curvés,and® , are located at the cumulative

probability value equal to 0.5. The bias of the prediction * , defined as the difference
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between the two means, and is shown as the rectangular area beta#n . Assume the two

curves intersect atequal to' .

1
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Figure 22 Area Metric Decomposition

The area metric is defined as the integral of the difference in area between the two CDFs and its

analytical expression is given in Equatigh

ii .I’! WH'EIG .1 .1 "’H,l:l' .1 .1

(33

The bias between the prediction and observation mean is equal to the integral of the cumulative

probability,  pQ wBy shifting the’Q w to the left byg ° * and shifting’Q w to the right

byg* * , the bias can be cut into several pieces. The integrals of the resulting pieces are

given in Equatiorg4.

PQw ., p Qw ¢A A Qw

104



VO CcA A Qd CA A Qb
VO cA A QO QO

VO CA A QOQO. Qe Qb Q6

NH QG CA A Q

VO cA A QO (34)

The second term in area metric shown in Equadoan also be decomposed into integrals given

in Equation 5.

Ve QO Q. Qo QO Qd. Qéd QO Q®
Ve QO Qo VO VO Q@
Vo VO cA A Qd
Vo VO cA A QO
NG cA A QO Q6
Vo VO Q® (35

3

Becaus€Q w is symmetric at’'( ,0.5)andQ w ¢ is shifted fromQ w , the

functionsQ w ¢ ° and™Q w are symmetric at (, 0.5). It can also be inferred that

the functionsQ @ and Qw ¢ are symmetric at (, 0.5). As such,
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MQw ¢ ‘ Qw ¢ ‘ Qw , "MQw "Qw Qwotherequal
integrals of Equatio4 and Equation 3are given in Equation36 to 39.
Mw Qw ¢A A Qw
P QO ¢CA A QO. Q® cA A Q& (36)
MQw ¢A A MQw ¢cA A Qw

*'HO "Ho "Ho

MMw ¢cA A Mw ¢cA A Qo

. 'Ho "Ho "Ho (39
H ] H H ]
H I « I « A A « H l « I « «
(39

For visualization, the equal integral pairs are shaded with the same patterns irREigure

uncertainty width is defined as the difference between the area metdQ w "Q w X ¢and
the prediction bias pQ wlf substitute Equatior36 i Equation39 into the uncertainty width
definition, Equatiom0 calculates the uncertainty width.
Y OQl OWTWRD O

SQw MQwNw, pQw
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NO QO Q® (40)

4.5 Computational experiments

The computational experiments are performed to investigate the effectiveness of uncertainty
width in different scenarios. In this computational experiments, the uncertainty width is used to
evaluate the difference between two distributiddsd and™Q w . In this study,;Q w represents
the machine learning model output, which is assumed to be normal distributed with zero mean and
unit variance. The distribution 62 w simulating the observation distributios generated by
samplingwfrom Pearson distributiomsing different specified distribution parameters.

The Pearson distribution is a feparameter distribution that has an arbitrary mean, standard
deviation, skewness and kurtosis. The Pearson system encompasses severdnoveti
distributions such as the normal, beta, and gamma distributions, each fitting under specific
conditions of the Pearson type criteria. This versatility allows for precise modeling of utleivaria
data with various characteristics, aiding in the accurate description and inference of statistical
phenomen&Johnson, Kotz, and Balakrishnan 1995)

In this experiment, 1000 samples simulating the stochastic model output are generated from
normal distributiodQ w at zero mean and unit variance. The skewness of observation distribution

"Q w are varied from 0 tg while the kurtosis is varied from 3 o . The effectiveness of
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uncertainty width is evaluated by whether the area metric is larger than the absolute difference
between the two distribution means. A heatmap representing this effectiveness is shown in Figure

23.

]
t
]
|
]
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Difference = '-ﬂ.l_;-.

Figure 23 Uncertainty effectiveness heatmap

Figure 23 presents whether the uncertainty width is effectivé@e at different skewness
and kurtosis. The heatmaps are generated at various diffgresinieh is the distance between the
mean of Q w and™Q w 8The NA results are thoseher e t he skewness and k

exist. From the results, at small differences below 0.5, the uncertainty width is adffagsve.
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Start from difference beyond 0.7, the uncertainty width is not valid at skewness at 8 and kurtosis

larger than 1024.

4.6 Model Performance Comparison using Uncertainty Width

The uncertainty width is applied to evaluate and compare the machine learning models'
performance from both accuracy and precision perspectives. Three liquid entrainment fraction
measurement experimental datasetsegttmachine learning techniquese used to buildine
models. The three experimental datasets from vertical, horizontal, and inclined flow orientations
are composed of 1,083, 478, and 100 samples. For each sample, the liquid entrainment fraction
prediction with its uncertainty is calculatadd evaluated using the area metric. The area metric is
then decomposed into accuracy (absolute bias) and precision (uncertainty width). The overall

model performance is then evaluated using the average area metric, average absolute bias (mean

absolute ewr), and average uncertainty width of all the sampleb,e model s& per f c

comparison results are shown in Fig@de
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Figure 24 Model comparison results using uncertainty widthfor (a) vertical flow (b)
horizontal flow (c) inclined flow

The model performance evaluation resuksgthe averagearea metric, mean absolute error
(MAE), and the average uncertainty width of the models built using experimental datasets from
vertical, horizontal, and inclined flow orientations are shown in Figudega® (b), and (c),
respectivelyThetotal height of each bar represents the average area metric. The MAE (solid) and
the average uncertainty width (texture) values are separated and marked using differest texture
within the area metric. While the average area metric shows the overall performance of the model,
models with low MAE have better accuracy, while models with low uncertainty have better

precision.
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Considering the overall model performance evaluated using the average area metric, the
baggingGPM andDN GPM (GPM using dimensionless humbelsgve identical performangce
which is better than all the other moddy isolating the uncertainty width frothe area metric,
it is obvious that the large area metric from ALAMO model comes from the large uncertainty
rather than the accuracihe GPM should be selected wttbe hybrid modeis employed to make

a decision.
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CHAPTER 5 A HYBRID MODELING APPROACH FOR BRIDGING THE GAP

BETWEEN FIRST PRINCIPLES  AND DATA

5.1 Introduction

Mathematical models are constructed basedhenrelationshigetween system inputs and
outputs. The goal is to deliver tools to simulate and predict the prbebssiors The models,
derived using first principles and data, provide insights#o understandinghe mechanisms
governing the systenbehavior Based on their dependence on fundamental mechanisms,
mathematical models can be classified as-firgiciple model (FPM), datdriven model (DDM),
and hybrid model (HM)(Zendehboudi, Rezaei, and Lohi 2018&jrst-principle models are
developed from the fundamental knowledge of the process being studie&tosch et al. 2014)
while datadriven moded arederived from the inpubutput inference obtained from data. As a
combinationahybrid model merges the firgtrincipleand datadriven models. Within the hybrid
model, the firs{principle model implements the known process knowledge, and thelrilza
model models the unknown process mechanism not well addressed by tharfaipie model.
The firstprinciple model egands the datd r i ven model 6s applicabil it
model extrapolation over a wider input range. The -datzen model compensates for the
disagreement due to the incomplete understanding of the process mechanism and enhances the

model's acuracy. As a result, the hybrid model outperforms the-dat@n model in extrapolation
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and exceeds the firprrinciple model in its capability to simulate the systemthout
comprehensive process knowledge. The hybrid model takes advantage of the existing domain
expertise and the available data, providing potential for modaiiegigning, and optimizing
chemical processes.

Various strategies have been developed for integratiechanisticand datadriven models.

One simple way involves utilizing data to calibrate the parameters of a model with structure
predefined based on mechanistic insigB@nsana et al. 20214 more general model form arises
from the combination of parametric and Aoarametric model§Thompson and Kramer 1994
parametric model is built based on fundamental principles with a predetermined structure. In
contrast, a noiparametric model is inferred from data and characterized by adaptable parameters
without any physical meaningvon Stosch et al. 2014bAnother model format involves
incorporating the fundamental knowledge as constraints into the training edrdaga models

(R. T. Q. Chen et al. 2018)

Bradley et al.(2022) classify the most prominent hybrid modelifgrmat into different
categories according to the configuration of known and unknown components within the system
being investigated. The categories range from simple formats, including replacing or summing the
first-principle model and datdriven models, to acanced approaches embedding the mechanism
as constraints into the dadaiven model, tanore complicated methodsuch ascalibrating the

mechanistic model parameters using Hiidelity and highfidelity data and distinguishing the
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sources of error. Among these structures, a parallel hybrid model (correction scheme) is preferred
when certain effects in the observed system can be decomposed and modeled separately.

A typical parallel hybrid model decomposes the system output into theringiple model
prediction and the model discrepancy, which is defined as the residual between-firentiigle
model prediction and the experimental measurengiéiaing et al. 2013)When the model
discrepancy is fitted using a dadaven model, the output from the dataven model
compensates for the disagreement due to the missing process mechanistic detail and acts as a
correction to the hybrid model outpiigradley et al. 2022)This correction not only increases the
model prediction accuracy but also captures the information that thprfimstple model fails to
capture from experimental phenomena. If the source of this missing information can be attributed
to specific inpuwariables, the input variables from which the fpsinciple model do not correctly
incorporate information can be identified. Identification of these input variables provides the first
principle model developers with potential pathways for future mesiraakploration.

To locate the source tfis missingnformation from each of the input variables appropriate
inputoutput relevance evaluation method is needed. Feature importance is considered a good
representation of the inpoutput relevancduring the model construction procefbe magnitude
of feature importance reflects the contribution of each input to the overall infornexti@cted
from the model output. Within the parallel hybrid model, dgputinformation evaluated using
feature importance from bofirst-principle model output and datkiven model output can be

isolated and attributed to each of the input variables. For each of the input variables, a comparison
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between the feature importance frémefirst-principle model anthedatadriven model provides
insights about thamount ofinformation the two models capture from each input.Hjeothesize
that input variables with little feature importanice the prediction of thdirst-principle model
output and strong feature importarfoe the prediction of thelatadriven model output are the
ones where the firgirinciple model fails to capture pertinent informati@uilding upon this
hypothesis, we suggest that updating tipga¢ions and parameteated taheseinput variable
can be used to improve the mechanistic modkiture stuies We further posit that quantitative
evaluationof the feature importance differences can be employeddess the refinement space
of mechanistic model with respect to input variables, whenmprovide insight into the current
shortcomings of the currembiechaistic model assumptionsnd a strategy for model accuracy
enhancement in future mechanism exploration.

Several feature selection methods exist for the hoptput relevance evaluatiorkilter
methods score features by statistical relevéidoenar and Minz 2014)which is computationally
efficient (Guyon and Elisseeff 2008)ithout ensuring the model performance. Wrapper methods
pick the optimal subset by assessing the performance of the model built using the corresponding
subsetqEl Aboudi and Benhlima 2016)'he modebuilding process makes wrapper methods
computationally more expensive than filter meth@@arlos Molina, Belanche, and Nebot 2002)
but more precise. Embedded methods incorporate feature selection into the model training process,

balancing precision and computational I¢@thandrashekar and Sahin 2014)
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To applyafeature selection method agparallel hybrid modehnd draw conclusions regarding
the contribution of each input variabtbe feature importanaebtained forthe firstprinciple and
datadriven models should be uniform and accumulative. In other words, if the information
captured by each of the input features is represented using the feature importance, the sum of
feature importance from firgirinciple modebutputand datadriven modeloutputshould be equal
to the feature importance from tkeatire hybrid modebutput Current feature selection methods
cannot decompose the inputtput relevance intdiscrete, uniform, and accumulatigarts.

Toaddress this shortcoming of current featekection methodsve applied a derivative based
feature selection method &oparallel hybrid model tiocate the missing information from each
input andprovide quantitative firsprinciple model refinemerduggestionsDeng et al(2023)
proposed a Gaussian Process (GP) embedded feature selection method based on the derivative
decomposition. Thenformation captured by the hybrid modslIrepresented using the squared
magnitude of its total derivativef the hybrid model output, which can be decomposed into total
derivative of firstprinciple model output and dathkiven model output respectively. Each of the
resulting total derivative quantifies the information captured by the corresponding modasckor
of the model, calculating the aptient of the output with respect to all inputs provides a vector of
partial derivatives.By decomposing # derivative into partial derivatives, theformation
captured by each inpatutput pairis quantified by the squared magnitude of the partial derivative
over each input featur&€he squared magnitude from the ddteven model quantifies the distance

between the firsprinciple model parameters and the ground truth from the experimental
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measurement. This distance is defined as the Refinement Space (RS) in thiErstudfinement

of the frst-principle model parametevgith a larger refinement spaeed studies focusing on the
fundamental phenomena explained by these sections of the model have the most potential to
improve the performance of the figtinciple model We constructed a series of computational
experimentsd validate the effectiveness of thefinement space in quantifyinhe amount of
information the firsfprinciple modéfails to captureThree functions: the Sob@ function, the
Ishigami function, and polynomial functions as test functions with known analytical feature
importance of inputs in the form of totaffect variance The refinement space of each input is
guantified using the proposed approach and compared with the benchmark represented using the
totaleffect variance difference. The proposed approach is shown to be effective in quantifying the
parameter refinement spaand applied to measure the refinemeatsf a set of firgbrinciple

models developed for predicting the liquid entrainment fraction. As a result, the refinement space
of each input variable is quantified locally, from which the serachanistic entrainment

estimation model refinement decisioan be inferred from.

5.2 Methodology

5.2.1 Derivative based feature importance decomposition
The hybrid model developed for experimental measurement prediction can be represented
usingw . By applying the decomposition rule in Eq. (@), ® can be decoupled into first

principle modeko ® and datadriven mode]l w . If the feature importance is represented using
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the partial derivative, for any given sample, fdei nput 6 s wi @ paa betdeconmosed
and expressed in EqY).

Tw w8 Tw w8 1] w
T Tw T

(41)

where the partial derivativeithin the hybrid mode——"is decomposed inte—— from

the first-principle model and—- from the datadriven model. Thisformulation provides @

uniformway of evaluaing the feature importancgcrossthecomponentsd @ and] « within
thehybrid modelko @ & or each experimental observatio |, this formulation calculates the

partial derivative of the two components w and| w with respect to each inpui at different

values. The impact of each feature is then quantifiedvgyaging the absolute values ofdbe

partial derivatives across all samplé@he informationmissing fromthe firstprinciple model

which is the information that is capturedthye datadriven model is represented by the averaged
absolute value of partial derivatives. This quantity measures the gap between the mechanism and
the observations, which provides guidance for further mechanism refinement. In this study, the
deficiency in be firstprinciple model fromthe"Q input is definedas the Refinement Space
Y'Yand expressed Eq. @2).

e, P T7 e
YYw o

S (42)

wheree represents the input values vectoandN is the total number of samplased for

model building



5.2.2 Estimated efinement spacktom gaussian process
The actuarefinement spac¥ "Mn Eq. @2) cannot be directly quantified from the experimental
observations because the ddtaven model cannot capture all the information from the model
discrepancy. To address this problem, an estimated refinement$pdckerred from the data
driven model is employedn this study, Gaussian Process (GP) is used as theldata model
within the hybrid model frameworand he mean functiofQrepresentinghe datadriven model
predictionis substituted into Eq4@). Theresulting estimated refinement spaceYoifrom GP

is written in Eq. 43).

YY S — Qe e s (43

where 0 W , O 1 isthe weight for thg sample of the GP mean function,

is then sample output, aned andw are theQ input ofe ande .Y "™uantifies the overall

amount of information the firgtrinciple model fails to capture frorthe observations and
parametersvith higherY “Walue deviate more from the ground truthhe firstprinciple model
refinement work shoulgbrioritize theseparametersAs the'Y “Ys inferred from the datdriven
model,there is bias between the actual and the estimated refinement space. The accuracy of the
Y Yeliesonthedatdr i ven model 6s capability of capturi
the output and is correlated with the performance of the models from which it is inferred. Models

exhibiting superior performance provide more precise estimatitre refinement space.
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5.3 Computational experiments

Computationalexperiments are performed to assess the effectiveness ofstimeated
refinement spacen quantifyng the amount of information the firprrinciple model fails to
capturefrom the observed phenomerasystem for generating experimental observations and the
hybrid models is established in this experimertreE functions wittknown analytical feature
importance(Section 3.1) Ishigami function(lshigami and Homma 19905obolG function
(Saltelli et al. 201Q)and Polynomial functioiDa Veiga, Wahl, and Gamboa 2008rve as
simulations for observed systé@ w and the firstprinciple modelQ @ within a hybrid model.

For each experiment, one of the three benchmark functions is emplo{edasnd™Q w. The

function parameters are tuned to adjust the importance of each feature, thereby adjust the amount
of information™Q w captures from each input feature. The amount of information captured or
missed byQ @ are represented using the tegéfflect Sobol variance) . Datasets with different

sizes are generated from the system and a Gaussian Process (GP) model is fitted to each dataset.
The estimated refinement spad€™Ys inferred from GP model and its effectiveness is validated
through two comparative analysis. The first analysis is conducted by comjarfth the w

difference using the Pearson correlation coefficient. The second analysis is performed by
comparing’Y “Ywith actualY "Yusing the normalized RoddeanSquareeError (RMSE). The

impact of the sample size on the effectiveness afdfigement spacis alsostudied to investigate

the relation between thg “Yaccuracy and the model predictive capabhility
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53.1 Validation experiment design
In this validation experimenta system for generating hybrid models is built using the

benchmark functions introduced this Sedion. For each of the hybrid models, two functions
"Qw and"Q w from the same type are adopted and their function parameters are randomly
specifiedwithin ther respectivevalid rangs. Inputse and outputo are uniformly generated
within valid input ranges ot w to replicatethe experimental observations. Meanwhil@, w
simulates the firsprinciple modebehaviorandgeneratesnodelpredictionsw . The difference
between the two functiodf @w and™Q w demonstrateéls @, which represents the analytical
informationthe firstprinciple modelQ « fails to address from the observed syst@ . The
difference between the andw demonstratethe model discrepangyand is used fofitting

the datadriven model an@alculating the estimata@éfinement spac& “Yrom the firstprinciple
modeBThe known quantity of information missing from the fipsinciple modelinferred from
1  is calculatedn two ways. The first one iheabsolutevariance differencbetweernQ w and

"Q w,denotedas) f W W i S Wwhich is inferred from thanalyticaltotateffect Sobol
variance The second one is the actual refinement spacealculated using Eq.4R). The
experiments are conducted at different sample sizes ranges from 100 to 5000’ he

workflow of the validation experiments is shown in Bif
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Figure 25 Validation experiment workflow

For each input feature, tieéfectiveness ol “Ys verified by comparing the& “Yvith thetotal
effect Sobolvariance differencesing he Pearson correlation coefficieht The accuracy ofY Y
is measured bycompamg the'Y “Ywith the actual refinement spacé "Yusing the normalized

RootMeanSquareeError (RMSE) defined in Eq44).

Normalized RMSE=-B € €1 a 0aYQd Q¢ | a 0w dYd Q'Q (44)

wherern is thetotal number of input variables investigatedeachexperiment.
For each of the function typea Monte Carlo simulation is performed to generate a hundred

"Qw and’Q w with different parameter settings. For each pair of functions, the number of input
12z



variables withinfQ  is smaller or equal to the number of input variables wilid . Samples
are generated uniformly from the predefined inartges, and the experiment is run at sample
sizes ranging from 100 to 5000. For each of the input featurey, thiie compared with thed

and’Y "Yand the localized refinement space is represented using the partial derivative.

5.3.2 Validation experiment results

The validation experimemompares the correlation coefficients and the normalized RMSE for
the three benchmark functions at different sample sizes.€Blés are summarizeth Fig. 26 and
Fig. 27. We utilized 100 functions of each benchmark function, with different parameters, to
generate samples for building GP models. The sample size ranges from 100 to 5000. For each
sample size, we computed tharrelation coefficients and the normalized RMSE for'Yh&from
the GP models. The values plotted in Figehd Fig.27 is calculated by averaging the values
across all inputs for each of the 100 functions. An example of the localized refinement space is

plotted in Fig.28 for the Ishigami function.

4
=

g ° ] ] i ] ] [ i [] ® []
= - | | | |
% 0.9 - u [ | ] | |
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Number of samples to build the GP

Figure 26 Pearson correlation coefficient betweem nandn n
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For all three functiong Fig. 26, the Pearson correlation coefficientreasess the number
of samplesused to trainthe Gaussian Process increases from 100 to 500eamainsstable at
higher sample sizThis trend indicates that as we increase the sample size, the refinement space
approximates more closely to the analytical results. Specifically, the Ishigami function shows
consistently high correlation coefficients across all samples sizes, maintaowng @9, which
suggests a strong and stable correlation irrespective of sampleThe Pearson correlation
coefficients or thePolynomial function and Sobg@ function range from 0.67 to 0.91, which is
lower thanthose for théshigami function

The normalized RMSEeasuringherefinement spacestimation accuracyt different sample
sizeis plotted in Fig27. Like the Pearson correlation coefficient in Fi§, the normalized RMSE
stabilizeat large sample sigeaffirming that a greater number of samples enhances the predictive
accuracy of the GP model and the precision of refinement space estima@hiefsnctions with

fewer inputs (Ishigami and Polynomial) showaamalized RMSE below 0, inaintaining stability

12¢



as sample size exceeds 1060rthe SobolG function, the normalized RMSE stays abov&s0.
for small sample size and continues decreasing as the sample size increases

From the resultshigher Pearson correlation coefficieatiuesat larger sample sigéndicate
that therefinement spacaligns withthe ground truth when there is more informatioe., data,
used to fit the datdriven modelThis meets our expectation thle accuracy of refinement space
estimation enhances with the model's incorporation of more samplé\ffega the sample size is
beyond100Q both ofthe normalized RMSENd the correlation coefficient keep staldich
indicates thatherefinement spacestimation reaches its limit add not cnverge further towards
the ground truthor the test functionsThe stability suggesthat thegapbetween theefinement
spaceestimation andhte ground truth stays unchangedtespredictive ability oGP modebktops
increasing If we compare the resulfsr each functionthe refinement space estimati@sults are
stronglycorrelatedo the function complexitySimplerfunctions with fewer inputs andss non
linearities leads to lowenormalized RMSE andhigher Pearson correlation coefficient. This
phenomenon is valid for all modefnostic feature importanastimates which are strongly
correlated with modelredictve performance.

To present the localized refinement spacepisked an experiment using Polynonfiahction
and plotted the— with respect to three input variables for different sample sizes ir28ig.he

® ; and theY ™of this experiment from all three inputs are shown in Ta&ble

Table 2 The total-effect Sobol variance and refinement space for example experiment
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W § Y'Y

W 3574.97 46.10
W 228.82 13.&2
W 863.46 17.19

From Table3, the feature importance difference represented by the refinement space, is

predominantly attributed tw, followed byw andw in descending ordeiThis is validated by
Fig. 28 that the — associated witlw have the broadest distribution among the three inputs,

resulting in the highest value of th€"YThis distribution pattern aligns with the the benchmark
standards. From Fig. 4, the partial derivatives are quite sparse from sample size at 100, which

could leads to inaccurate estimation of the refinement specéhe sample size increases, the
distribution of the partial derivatives, denoted-as becomes denser and tighter. This leads to a

more precise and detailed illustration of the localized refinement space at each input values. This
meets our expectation that the estimated refinement space is more accurate at large sample size.
Consequentlywith a larger sample size, the distribution of partial derivatives becomes more
representative, enhancing the exploitation of the current knowledge space, which provides a more

comprehensive representation of the current refinement space.
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Figure 28 Localized refinement space for Ishigami function

5.4 Case Study

The methodology is applied to determihe mechanism frorwhich input variables at what
valuerangess not well captured by the firgirinciple modelwithin a hybrid model developed for
estimating the liquid entrainment fraction in a tploase flow (Deng et al., 2022). In this work, a
hybrid model comprises a firgrinciple model and a GP regression as a-deten model. The

GP regression model is trained using a dataset of liquid entrainment measurements given pipe
12¢



diameter D), inclination angled), gas density’( ), liquid density { ), gas viscosity‘( ), liquid
viscosity ( ), gasliquid surface tensiof Xi superficial gas velocity ), and superficial liquid
velocity (U ). The dataset is compiled from open literature, and the complete list of its sources
can be found in Deng et al. (2022). It contains 1,662 liquid entrainment measurements-in small
scale laboratory settings

The methodology is applied tuantify the estimated refinement space for ijjauiablesand
provide refinement guidance ftine semimechanistionodelsdeveloped for liquid entrainment
fraction prediction In addition to delivering an overall estimation of the information not well
addressed by the semmechanistic modelthe methodology also provides a locafinement
suggestion. It pinpoints specifi@riablesand their correspondingaluesthat the model fails to
accuratelycapture This analysis enabla more flexiblerefinement of thesemimechanistic
models at different inputalues Theresults of the three beperforming models for vertical flow
(Zhang et al. (2003)), horizontal flow (Nakazatomi & Sekoguchi (1996)) and inclined flow (Wallis

(1966) areplotted in Fig.29 and Fig.30.
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(2003) model for vertical flow (b) Nakazatomi & Sekoguchi (1996) model for horizontal
flow (c) Wallis (1966) model forinclined flow

Fig.29 presents thestimated refinement spad€™from three semimechanistic models for
each of the input variable$he three semmechanistic model equations are listed in B§) o
Eq. 63) and the corresponding model parameters with related features summarized Biféable

Zhang et al. (2003) model, Tabldor Nakazatomi & Sekoguchi (1996) modahd Tables for

Walllis (1966) model
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For Zhang et al. (2003) mode, the original model is written as a function of dimensionless

groups in Eq.45), which can beearranged into a function of dimensional variables written in Eq.

(46). From Fig.29(a), for Zhang et al (2003) modé¢he parameters should be tuned first focusing

on gas density, then liquid viscosity, surface tension, liquid velocity and finally gas velocity, in

decreasing order of importance. Turning parameters related to the liquid density and the gas

viscosity is not a pority. From Table3, the related parameters need to be tuned following

descending order of importance ardii hf h and/ 8

!\Q ”

——— mrnwQd®o ®vygyqed — 8 8
p Q

wherew 'Q —, 0l —,YQ ——YQ
Q 8 n w 00 0 "0
o 0 p Tt y O U

Table 3 Input variables with related parameters for Zhang et al (2003) model

Input variables Related paramete

) f
"’ f

13¢

=1.08

=0.18

=0.27

=0.27

=-1.80

=1.72

(49)

(46)



=0.70
=1.44

@ ¢

The Nakazatomi & Sekoguchi (1996) model is expressed in £8.t¢ Eq. 62). For

Nakazatomi & Sekoguchi (1996) modasult in Fig.30 (b), the missing information mainly

comes from liquid viscosity, gas velocity, and liquid velodityNakazatomi & Sekoguchi (1996)

model, the liquid viscosity is not considered for calculating the entrainment fraction, which meets

our result that the impact from liquid viscosity is not well addressed in the model. Parameter related

to the liquid viscosy should be added in the future refinement. From Téplelevant parameters

such as) andn should be refined in the future.

Q OAilpEt 60@Q ™01 " "

6 pmn prm®” 8 n  p
wQ "0 G,
O 0 Q80 8
naeg r p
aeg” T

(47)

¢ (48)

(49)

(50

(51)



@ N (52)

Table 4 Input variables with related parameters for Nakazatomi & Sekoguchi (199% model

Input variable Related parameters
D o ™ pd
" noopgxtn mm m™mi;H
" noopgxtn mm m™mi;H
‘ NA
‘ NA
. n Ty
V) n pd
0 n Tty

The Wallis (1966) model is written in Ep3). For Wallis (1966) modetesult from Fig.30
(c), the highest missing information comes from the gas velocity and liquid velBooyn Table
5, there is no parameter related to gas velocity
0 ,which meets our expectation thedtect fromliquid velocity should be addressedthe semi
mechanistic model. Parameters related to the gas velocity

® should be refined.
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Table 5 Input variables with related parameters for Wallis (1966) model

Input variable Related parameters
— NA
? W ™
” w 1™
0 W p
V) NA

Fig. 30 presents the localized missing information from serachanistic models using partial
derivative— at different input values for each. The value of the partial derivative presents the
parameter refinement space while the location indicates at what input value the parameter should
be refined.— with larger absolute values indicates more information missing from the

mechanismFor all three models, the parameters are the same within the valid input Foges.

the resultof Zhang et al (2003) modsehown in Fig.30 (a), the majority of missing information
comes from gas density, gas velocity, and liquid velocity at a low value, and liquid viscosity,
surface tension at a high valuerom Table4,f hf ,1 &hould be tunect low relatedinput
values andf hf should be tuned at high related input valuesr Nakazatomi & Sekoguchi

(1996) modetesult shown in Fig30 (b), the missing information all comes from liquid viscosity,
13¢



gas velocity and liquid velocity at low input rangagich indicates that thg andr} should be
refined at low input value$-or Wallis (1966) modein Fig. 30 (c), the local missing information
comes from inclination angle, gas velocity, and liquid velocity at a variety of rasgsisould be
tuned at both high and low gas velocity values. All of the three models should be considered as

piecewise function of the input variable at different input ranges.

5.5 Conclusions and Future Directions

In this study, a hybrid modeliAgased framework quantifying the parameter refinement space
from each input feature is proposédur hybrid modelintegratesa firstprinciple model and a
datadrivenGaussian Process (Gfpdel. TheGPmodel is fit using the model discrepanashich
is the difference between the observation and the-diistiple predictions, enabling the
guantification ofthe amount of missing information from the figinciple modelWe adopt a
partial derivativebased feature importaacfor quantifyingthis informatioral gap from the
mechanism. To validate the effectiveness of the proposed method, a set of computational
experiments are designed using three benchmark functions with known feature importance
represented using sobol tetfect variance By simulating the experimental measurements and
the firstprinciple model using the selected functions, the amount of missing infornnaored
from the proposed methods is compared withdéb®blished ground trutfhe results from the
computational experiments suggest there is a linear correlation between the estimated missing

information and the ground truth. The proposed framework is applied to a hybrid modeling

14C



approach for estimating the liquid entrainment fraction and its uncertainty iptase flow. As

a result, the refinement space for parameters relevant to each of the input features is quantified for
future model modification work. The proposed method aao provide an interpretation of the
parameter tuning strategy at different input values locally. Future work will focdswaioping
adaptive sampling methods to moaecuratelyand comprehensively capture the localized

refinement space, thus providesgter refinement guidance for mechanism.
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APPENDIX A. DATABASE FEATURES AND RANGES LISTED BY SOURCE

Reference|Fore & Deryabina|HARWEL [Schadel |Okawa et [Magrini |Mantilla [Dallman |Ousaka & |Paras & |Laurinat |Tayebi et |Wililams [Karami [Kesana
Dukler et al. L (1989) al. (2005) |(2008) (2008) (1979) KariyasakilKarabelas|(1982) al. (2000) {(1990) (2014)
(1995)  [(1989) (1992)  [(1991)

Flow Vertical [Vertical |Vertical [Vertical [Vertical [Inclined |Horizontal|Horizontal|Horizontal|Horizontal[Horizontal|Horizontal[Horizontal|Horizontal|Horizontal

pipeline

orientation

ID(m) 0.05 0.01-:0.05 |0.01-0.03 [0.030.04 (0.0050.01]0.08 0.050.15 [0.02 0.03 0.05 0.05 0.1 0.1 0.15 0.01

d(degree) [90 90 90 90 90 0-90 0 0 0 0 0 0 0 0 0

i (kg/ms) 0.7-5 3.58 1.2355.5 [1.361.69 |1.598.97 [1.31-1.71 |1.3-82.3 [1.454.37 |1.3 1.272.33 |1.292.5 [22.846.5 |1.31.85 |[1.9 51

u (kg/ms) 10001128]1000 6891300 |1000 1000 095997 [782.09 [998 1000 998 998 820-1000 998 760-1071 1815

1135.04
‘ (Pa.s) ]0.000018 [0.000018 [O- 0.000018 |0-0.0000140.000018 |0.000018 |0-0.0000140.000018 ]0.000018 |0.000018 |0.00001380.000018 [0.000018 |0.000015
0.0000203

‘ (Pa.s) |0.00% 0.001 0.000% 0.001 0-0.001 |0.001 0.00% 0.001 0.001 0.001 0.0011 0.000% 0.001 0.0013 0.00141
0.065 0.0014 0.007 0.0016

G(N/m) 0.072 0.072 0.012 0.072 0.072 0.073 0.023% |0.073 0.073 0.07 0.073 0.022 0.073 0.024 0.0283

0.0739 0.073 0.045

0 (m/s) |15.836.2 |29495 2.7-166 [19.5116 [20-106 36.682.3 [1.67-82.2 [13.579 |15.1:42.3 |30.1:65.5 [13.7133 ([3.357.03 |30.7-90.2 [16.623 [43961

0 (m/s) [0.0148 0.0235 0.00475 ]0.0152 0.891.63 |0.0034 0.00147 ]0.00717 ]0.0030.2 |0.02-0.2 |0.016% 0.220.26 [0.0305 0.01-:0.02 |0.01-0.07
0.0635 0.505 5.11 0.104 0.04 0.107 0.904 0.477 0.123

fe 0.0640.52]0.105 0.013% 0.102 0.050.69 ]0.238 0.00266 ]0.030.87 [0.0469 0.1-:0.75 ]0.008 0.01-:0.23 |0.118 0.0030.52|0.02F%

0.942 0.984 0.743 0.676 0.922 0.483 0.967 0.818 0.665
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Figure S2. Datadriven modelestimates of model discrepan¢i® column), tybrid model
based on a GPM with fixed output noig8 column)and £mimechanistic modg3™ column)
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SM prediction

|
e
a

RMSE = 0.026
AM =0.026

CS=0.95
-0.6

%6 -0a -0z oo 02 04 06 08 0505 05 oy o oF o o0 0.2 0.4 0.6 0.8 1.0
. : Entrainment Fraction Measurement
Actual Model Discrepancy Entrainment Fraction Measurement

Predicted Model Discrepancy

L
e
B

-0.25

Entrainment Fraction Prediction

Figure S3. Datadriven model estimates of model discrepaftyy column), tybrid model
based on a GPM with fixed output noi&89 column)and £mi-mechanistic modg3™ column)

estimates of liquid entrainment fraction féaleev and Filippovich (1966).

164



Predicted Model Discrepancy Predicted Model Discrepancy

Predicted Model Discrepancy

0.8

T —
+ Pecaed Hode Dscrepancy and 35 ok
0.6
0.4
0.2
00l + e
-0.2 ISk |
RMSE = 0.080
-0.4 AM = 0.094
06 Cs=0.94
206 -04 -02 00 02 04 06 08
Actual Model Discrepancy
0.8
my—
< deted Node Discrepmey 08 95% Contdence el
0.6
04
02 s P
eIy
0.0 ]
=i e RMSE =0.077
—0a] 11 4T AM = 0.083
CS=0.95
0866 64 62 00 02 04 06 08
Actual Model Discrepancy
0.8
e —
+ radctnd Wodel Dy nd 954 Conidce miss
0.6
0.4
0.2 %
'..-’ D ld -~
0.0 cae /-
=0:2 Lt RMSE = 0.077
-04 11 41 AM = 0.083
€s=0.95
~0.6 |
206 -04 -02 00 02 04 06 08

Actual Model Discrepancy

Entrainment Fraction Prediction Entrainment Fraction Prediction

Entrainment Fraction Prediction

0.25
0.00
-0.25

-0.50,

— Entranment fracton Measurement
+ Predicted Entramment Fracton and 35% Cenfidence Interval

0.0 0.2 0.4 0.6 0.8 1.0

Entrainment Fraction Measurement

(@)

SM prediction

— Crtra IRT—

0.0 02 04 06 08 10
Entrainment Fraction Measurement

st Tractan Measurerment

c

2

s

©

L

o

=

7]

-0.25 -0.25-
— Entrainment fracton Messuremer:
4 Predicted Entrinment Frachon s 35% Confidence werval
~0.50, -0.50
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Entrainment Fraction Measurement Entrainment Fraction Measurement
— Cumement fracton Messrement
1.00

c

8

s

°

L

Q

=

w

0.00

-0.25
— rtrainmese Fraction Measurement
oel Predicted Entrainment Fraction snd 95% Confidence terval S
0'50.0 0.2 0.4 0.6 0.8 1.0 0.0 0 0.8 1.0

Fraction

(€)

16¢

.2 . .
Entrainment Fraction Measurement



Predicted Model Discrepancy

— Model Dicrepancy
 redicted Model Discrepancy and 95% Corfidence interval

CS=0.86

RMSE =0.108
AM =0.098

-0.6 -0.4 -0.2 0.0 0.2 0.4

Actual Model Discrepancy

0.6

0.8

Entrainment Fraction Prediction

-0.25
— Emranment Froction Measurement
+  Predicted Entramment Frachon ane 3% Confidence kterval
-0.50,
0.5 0.0 0.2 0.4 0.6 0.8

Entrainment Fraction Measurement

(d)

1.0

— Ertranment Fracbon Messurement

0.25 b

SM prediction

0.00

-0.25

-0.50, v ,
0.0 0.2 0.4 0.6 0.8 1.0

Entrainment Fraction Measurement

Figure S4. Datadriven model estimates of model discrepaftyy column), tybrid model

based on a GPM witlestimatedoutput noise(2"® column) and £mi-mechanistic mode(3"

column) estimates of liquid entrainment fraction féa) Cioncolini and Thome (2010) (b)

Oliemans et al. (1986]c) Zhang et al. (2003and(d) NakazatomandSekoguchi (1996)
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Figure S5. Datadriven model estimates of model discrepaftyy column), tybrid model
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Figure S6. Datadriven model estimates of model discrepaftyy column), tybrid model
based on a GPM witlestimatedoutput noise(2" column) and £mi-mechanistic mode(3

column)estimates of liquid entrainment fraction aleev and Filippovich (1966).
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Figure S9. Datadriven model estimates of modeiscrepancy(1%t column), lybrid model
based on d&aggingGPM (2" column) and ®mimechanistic modg3™ column) estimates of

liquid entrainment fraction fdPaleev and Filippovich (1966).
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Specification of the parameters used for training the bagging Gaussian process using GPy
1. Data preprocessing:
a. Data is split as 70% to train and 30% to test for each of the gaussian process in
bagging.
b. Train data is normalized to zero mean and unit variance, test data is normalized
using the mean and variance from train data.
2. Model building:
a. The ARD kernel is picked.
b. The target variable model discrepancy is normalized in model training and testing.
c. The maximum number of iterations in the optimization is set to 100.
Algorithm : Hybrid model workflow
1. Collect experimental data and empirical and serachanistic models
Pick the top three best performance models according to the model evaluation result
using experimental data
2. Split experimental data into 70% as train and 30% as test
3. Build three different Gaussian Process models (GPM) to estimate model discrepancy
for eachsemimechanistic model. Obtain totally 27 hybird submodels.

4. Pick the best hybrid submodel for each flow orientation using the three metrics
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APPENDIX C. FEATURE SELECTION EXPERIMENT RESULTS
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Figure S4AUC score of irrelevant feature identification using (a) cumulative DDR, and (b)

NS for the Ishigami function

Zhang et al. (2003)
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