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ABSTRACT  

In two-phase annular flow, a thin liquid film forms around the pipe as gas flows through the 

pipeline center. Some portion of the liquid is carried into the gas core. The liquid entrainment 

fraction, which is defined as the flow rate of the entrained liquid droplets relative to the overall 

liquid flow rate, is an essential parameter for accurately estimating pressure drop, flow rate, liquid 

holdup, and dry-out conditions in annular flow. Accurate estimates of these variables are essential 

for the design and operation of wet gas transmission pipelines, pipeline corrosion inhibition 

wellbore and flow line design, and downstream separation design and optimization. Numerous 

first-principle models exist for predicting liquid entrainment fraction in a two-phase flow. 

However, due to the intricate complexity of the entrainment phenomena, none of the models 

incorporates effects from all observations nor can they be extended across a wide range of 

operating conditions, which results in inaccurate estimation of the liquid entrainment fraction. 

Moreover, none of these models is developed with the capability of quantifying the entrainment 

fraction prediction uncertainty. 

In this dissertation, a hybrid modeling framework combines first-principle model and data-

driven model is developed to estimate the liquid entrainment fraction with its uncertainty in two-

phase flow. A database composed of 1,662 entrainment fraction experimental measurements is 

used for predicting the liquid entrainment fraction for three different flow orientations. The first-
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principle model predict the liquid entrainment fraction while the data-driven model predict the 

model discrepancy, which is defined as the difference between the experimental measurements 

and the first-principle model prediction. Different machine learning techniques and uncertainty 

quantification methodologies are applied to estimate entrainment fraction with its uncertainty 

within the hybrid model. To pick the best model, a novel metrics for evaluating the performance 

of machine learning model with stochastic output called uncertainty width is proposed to compare 

the model performance and best model is picked for each flow orientation. As a result, Bagging 

Gaussian Process Modeling (GPM) with estimated noise is identified as the best model with the 

best accuracy and uncertainty calibration. 

The hybrid model performance is enhanced using different methodologies. To extend the 

hybrid modelôs applicability from laboratory to field scale, dimensional analysis (DA) is 

performed to obtain dimensionless numbers used as the updated inputs. To prune the irrelevant 

inputs, a novel Gaussian Process embedded feature selection approach called Derivative 

Decomposition Ratio (DDR) is proposed and its performance is compared with another feature 

selection approach derived from normalizing the sensitivity. To extend the hybrid modelôs 

capability to assistant the development of mechanism, a partial derivative based framework 

delivering quantitative first-principle model refinement decisions is proposed in this study. 

The methodology developed in this dissertation can be applied to estimate the liquid 

entrainment fraction with its uncertainty for three flow orientations given operating conditions. 

The methodologies developed in this study, such as the feature selection method and the first-
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principle model refinement decisions, can also be used in other applications in addition to the 

liquid entrainment fraction. Those methodologies can be considered for any GPM feature selection 

and any mechanism refinement studies. 
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CHAPTER 1  IN TRODUCTION  

1.1 Hybrid model  

According to the level of dependency on phenomena understanding versus process data, 

mathematical models can be classified into (1) first principle models (FPMs), (2) data-driven 

models (DDMs), and (3) hybrid models (HMs) (Zendehboudi, Rezaei, and Lohi 2018). The hybrid 

models refer to the case where part of a model can be formulated on the basis of first principles, 

and part of the model has to be inferred from data because of a lack of understanding of the 

mechanistic details. As a combination, the data-driven part of the hybrid model compensates for 

the disagreement due to the absence of process knowledge from mechanistic models. The 

mechanistic part expands the data-driven modelôs applicability and enables the hybrid model 

extrapolation over a wider operating condition range. As a result, the hybrid model enables the 

modeling of a system even if a partial mechanism is missing. In general, hybrid models outperform 

purely data-driven models in their extrapolation prediction reliability (Psichogios and Ungar, 

1992; Thompson and Kramer, 1994). 

Within a hybrid model, when certain effect is uncoupled and modeled separately, the data-

driven part of the hybrid model can compensate for the disagreement due the absence of process 

knowledge from mechanistic models. The data-driven model not only increases the overall model 

performance but also provides insignts on the refinement of the first-principle models. This hybrid 
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model development studies and the resulting model can be utilized to locate the missing 

information from the current mechanism and refine the first-principle model. 

1.2 Challenges and motivations 

In two-phase annular flow, the liquid forms a thin film around the pipe while the gas flows in 

the core of the pipe. Some portion of the liquid is entrained from the liquid film to the gas core. 

The ratio of the entrained liquid dropletsô mass flow rate to the total liquid mass flow rate in the 

pipeline is defined as the liquid entrainment fraction (Cioncolini and Thome 2010). The liquid 

entrainment fraction is an essential parameter for industrial system design. For example, the liquid 

entrainment fraction is required for estimating pressure drop, flow rate, liquid holdup, and dry-out 

conditions in annular flow. Accurate estimates of these variables are essential for the design and 

operation of wet gas transmission pipelines (Ismayilov et al., 2019), pipeline corrosion inhibition 

(Jauseau et al., 2018), wellbore and flow line design (Magrini et al., 2012), and downstream 

separation design and optimization (Al-Sarkhi et al., 2012). In addition, the entrainment fraction 

also contributes to the modeling of critical heat flux (Ishii and Mishima, 1989) and cooling system 

(Yamanouchi, 1968) in a nuclear reactor with the presence of entrainment affecting interfacial 

mass, momentum, and energy transfer. 

Numerous models, semi-mechanistic and empirical, exist for predicting liquid entrainment 

fraction in a two-phase flow. Semi-mechanistic models employ empirical correlations to refine the 

mechanistic components derived from first-principles. The model forms and the phenomenon-
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determining variables are constructed according to the mechanistic assumptions, such as the force 

balance at the wave crest and the equal droplet deposition and atomization rates. Then, the model 

parameters are estimated using experimental data. The semi-mechanistic modelsô predictions, in 

general, are in better agreement with experimental measurements than purely mechanistic models. 

Some pure empirical correlations are also presented. These correlations are built, and their 

parameters are estimated using experimental measurements. Therefore, their performances highly 

depend on the range of operating conditions to which they are applied. In other words, if the 

operating condition is within the experimental data range that was used to build the model, the 

predictions generally agree with the observations. However, the predictions are not reliable for 

operating conditions that are extrapolations.  

Liquid entrainment is a complicated process due to the multifaceted interactions between 

phases, influenced by a range of factors such as fluid properties, flow geometries, and operational 

conditions. Each existing models are developed using a specific source of experimental 

measurements and their applicability is limited to the corresponding specific applicable input 

region. This results in significant differences among predictions from the models for the same 

input conditions. Due to the limitation model format, none of the models provides the entrainment 

fraction prediction uncertainty, which provides the reliability of the estimation. A model 

incorporates all the sources of experimental measurements and the existing first-principles is 

needed for the liquid entrainment fraction with its uncertainty estimation. While maintaining the 
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prediction performance, the generality capability of the models in the extrapolated regions should 

be secured at the same time.  

1.3 Scope and Objectives 

In this work, a hybrid model combines the first-principle model and the data-driven model is 

introduced to quantify the liquid entrainment fraction with its uncertainty in two-phase. The first-

principle model provides the mechanistic information and the data-driven model compensates for 

the disagreement due to the absence of process knowledge from mechanisms. As a combination, 

the mechanistic part expands the data-driven modelôs applicability and enables the hybrid model 

extrapolation over a wider operating condition range. The resulting hybrid model enables the 

modeling of a system even if a partial mechanism is missing and outperforms purely data-drvien 

models in their extrapolation prediction reliability. 

The planned project activities are: 

1) Collect experimental measurement data and first-principle models from open source 

2) Develop hybrid model combines existing first-principle model and different data-driven 

models which include: 

i) Gaussain Process (GP) 

ii)  Artificial Neural Network (ANN) 

iii)  Random Forest (RF) 

iv) Support Vector Machine (SVM) 
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v) Bayesian Neural Network (BNN) 

vi) Multivariate Adaptive Regression Spline (MARS) 

vii)  Automated Learning of Algebraic Models using Optimization (ALAMO) 

3) Build a model evaluation technique to access the model performance considering the 

prediction accuracy and uncertainty, 

4) Extend the model applicability to extrapolation operating conditions and generate the 

confidence interval, 

5) Develop novel feature selection strategies to enhance the model prediction accuracy and shrink 

the predicted uncertainty, 

6) Provide quantitative first-principle model refinement suggestions for future model 

modification, 

7) Deploy the methodology into a tool for liquid entrainment fraction estimation 

1.4 Organization 

Chapter 2 presents details about the entrainment fraction estimation using hybrid model. The 

details about the entrainment phenomena in two-phase flow and hybrid model are discussed in 

Section 2.1. Section 2.2 introduces the hybrid models built using existing first-principle models 

and Gaussian Process fit using a database collected from open source. The hybrid model 

performance is discussed and concluded in Section 2.3 and 2.4. 
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Chapter 3 introduces a novel Gaussian Process embedded feature selection method called 

Derivative Decomposition Ratio (DDR) to prune the irrelevant input features. The methodology 

is defined in Section 3.2. To validate the effectiveness in feature ranking and selection, a series of 

computational experiments are conducted using three benchmark functions in Section 3.3. The 

developed method is compared with another method developed by normalizing the sensitivity. 

Both of the two methods are applied to prune irrelevant dimensionless input variables for liquid 

entrainment fraction models in Section 3.5. 

Chapter 4 introduces the hybrid model built using different machine learning models. Section 

4.2 introduces eight machine learning techniques considered for building data-driven models. The 

uncertainty quantification methods used for generating prediction confidence interval are 

discussed in Section 4.3. To pick the best model considering both precision and accuracy, a metrics 

derived from area metric called uncertainty width is proposed in Section 4.4. Computational 

experiments are conducted in Section 4.5 for validating the effectiveness of uncertainty width at 

for distributions with various statistic parameters. Section 4.6 discusses the model performances 

comparison results considering accuracy and precision using uncertainty width.  

Chapter 5 provides an investigation about a hybrid model based framework delivering 

quantitative first-principle refinement decisions. The framework assumes that the information 

failed to be addressed by the first-principles can be captured by the data-driven model within the 

hybrid model. A partial derivative-based feature importance for quantifying this informational gap 

from the mechanism is introduced in Section 5.2. To validate the effectiveness of the proposed 
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method, a set of computational experiments are conducted using three benchmark functions with 

known feature importance represented using sobol total-effect variance in Section 5.3. Section 5.4 

summaries the results of applying this methodology to hybrid model for liquid entrainment fraction 

and further first-principle model refinement decisions. The conclusions and future work for first-

principle model refinement decisions is summarized in Section 5.5. 
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CHAPTER 2   ENTRAINMENT FRACTION PREDICTION USING HYBRID 

MODEL  

 

2.1 Introduction  

In a two-phase annular flow, the liquid forms a thin film around the pipe while the gas flows 

in the core of the pipe. Some portion of the liquid is entrained from the liquid film to the gas core. 

The ratio of the entrained liquid dropletsô mass flow rate to the total liquid mass flow rate in the 

pipeline is defined as the liquid entrainment fraction (Cioncolini and Thome 2010), which is 

depicted in Fig. 1. The liquid entrainment fraction is an essential parameter for industrial system 

design. For example, the liquid entrainment fraction is required for estimating pressure drop, flow 

rate, liquid holdup, and dry-out conditions in annular flow. Accurate estimates of these variables 

are essential for the design and operation of wet gas transmission pipelines (Ismayilov et al., 2019), 

pipeline corrosion inhibition (Jauseau et al., 2018), wellbore and flow line design (Magrini et al., 

2012), and downstream separation design and optimization (Al-Sarkhi et al., 2012). In addition, 

the entrainment fraction also contributes to the modeling of critical heat flux (Ishii and Mishima, 

1989) and cooling system (Yamanouchi, 1968) in a nuclear reactor with the presence of 

entrainment affecting interfacial mass, momentum, and energy transfer.   
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Figure 1 A schematic of liquid entrainment in two-phase flow 

Numerous models, semi-mechanistic and empirical, exist for predicting liquid entrainment 

fraction in a two-phase flow. Semi-mechanistic models  employ empirical correlations to refine 

the mechanistic components derived from first-principles. The model forms and the phenomenon-

determining variables are constructed according to the mechanistic assumptions, such as the force 

balance at the wave crest and the equal droplet deposition and atomization rates. Then, the model 

parameters are estimated using experimental data. The semi-mechanistic modelsô predictions, in 

general, are in better agreement with experimental measurements than purely mechanistic models. 

Some pure empirical correlations are also presented. These correlations are built, and their 

parameters are estimated using experimental measurements. Therefore, their performances highly 

depend on the ranges of operating conditions they are applied to. In other words, if the operating 

condition is within the experimental data range that was used to build the model, the predictions 

generally agree with the observations. However, the predictions are not reliable for operating 

conditions that are extrapolations.  

Liquid entrainment is a complicated process, and none of the models capture all relevant 

phenomena. The predictions of the models for the same input conditions vary significantly. Fig. 2 
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shows the entrainment fraction predictions for 30 randomly picked operating conditions from three 

different pipeline orientations in a box-plot format. Figure 2 (a), (b), and (c) present the 

entrainment fraction predictions of the models for vertical, horizontal, and inclined pipeline 

orientations, respectively. The plots in Fig. 2 utilize the predictions from models designed for the 

corresponding orientation. The central mark in each box represents the median, and the upper and 

lower edges are the 25th and 75th percentiles. The whiskers show the lowest and highest predictions, 

excluding any outliers, and the outliers are marked as individual crosses. The plots in Fig. 2 reveal 

that the predictions of these models vary widely for the same input conditions, exposing the 

difficulty of obtaining accurate liquid entrainment fraction predictions in two-phase flow. We 

hypothesize that a hybrid model, which combines the knowledge embedded in the semi-

mechanistic models with information inferred from experimental data, can be used to obtain 

accurate liquid entrainment fraction estimates.  

 

 

(

a) 

(

b) 
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Figure 2. Box plot of entrainment fraction predictions from empirical and semi-

mechanistic models of 30 randomly selected input conditions for (a) Vertical pipeline 

orientation (b) Horizontal pipeline orientation (c) Inclined pipeline orientation 

Artificial intelligence has been applied to various fields driven by the development of 

information technology. The easily-accessible and powerful computing tools accelerated the 

application of machine learning approaches to deal with unknown mechanism with high 

nonlinearity in chemical processes. However, applying purely data-driven modeling techniques 

such as machine learning to process data, which is generally structured data, may fail. Furthermore, 

(

c) 
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there is significant accumulated know-how regarding processes in addition to data. Therefore, a 

hybrid modeling approach that takes advantage of both the existing know-how and the available 

data holds tremendous potential for modeling, design, and optimization of chemical processes. 

Hence, the hybrid model is considered in this study. 

Hybrid modeling (HM) combines first-principle models with inference models from data 

where there is a lack of understanding of the mechanistic details. There are different definitions of 

hybrid models in the literature. Hybrid models can be simply defined as models composed of more 

than one type of model (Zendehboudi, Rezaei, and Lohi 2018). A narrow definition of hybrid 

models is when data is used to adjust or estimate the parameters of a model whose form was 

constructed using mechanistic information (Sansana et al. 2021). According to this definition, the 

semi-mechanistic or semi-empirical models are type of hybrid models. In this study, a more 

general definition is adopted which interprets a hybrid model as a combination of parametric and 

non-parametric models (Thompson and Kramer, 1994). A parametric model is derived from the 

first principle knowledge with a fixed structure while a non-parametric model is inferred from data 

with flexible parameters (von Stosch et al. 2014a). According to the structure, the hybrid models 

are arranged in two ways, the parallel structure, and the serial structure. The hybrid model with a 

parallel structure is preferred when certain effects in the system can be uncoupled, and each effect 

can be modeled separately. The serial hybrid model is suitable for systems with few precise 

underlying mechanisms but rich data sets (von Stosch et al. 2014b). As a combination, the data-

driven part of the hybrid model compensates for the disagreement due to the absence of process 
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knowledge from mechanistic models. The mechanistic part expands the data-driven modelôs 

applicability and enables the hybrid model extrapolation over a wider operating condition range. 

As a result, the hybrid model enables the modeling of a system even if a partial mechanism is 

missing. In general, hybrid models outperform purely data-driven models in their extrapolation 

prediction reliability (Psichogios and Ungar 1992; Thompson and Kramer 1994). 

Due to the development of machine learning techniques, hybrid modeling became widely 

applied in a range of chemical engineering areas. A table summarizing examples applications of 

hybrid modeling including problems solved, modeling strategy and application domain in 

chemical engineering is presented in Table 1.  

Table 1 Example hybrid modeling applications in chemical engineering 

Problem solved Modeling Strategy Application domain 

Kinetic parameter 

estimation in a fed-batch 

bioreactor (Psichogios and 

Ungar 1992) 

A neural network to estimate the 

kinetic parameter of a reactor, 

which is combined serially with 

a mechanistic model 

Reaction engineering 

Modeling and optimal 

control of a batch 

polymerization reactor 

(Tian, Zhang, and Morris 

2001) 

Hybrid model to describe the 

dynamic behavior of a batch 

methyl by combining mass and 

energy balance and 

methacrylate (MMA) 

polymerization reactor and 

recurrent neural network to 

model the gel effect. 

Reaction engineering 

Model of an industrial-scale 

hydro desulphurization 

reaction (HDR) (Bellos et 

al. 2005) 

A deterministic mathematical 

model to simulate reactor 

combined with a neural network 

to model the reaction kinetics. 

Reaction engineering 

Modeling ethylene oxide 

fixed bed reactor (Zahedi, 

Lohi, and Mahdi 2011) 

Reaction kinetic model using 

artificial neural network (ANN) 

Reaction engineering 
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combined with mass and energy 

balance. 

Model of an ethylene 

oxidation reaction with 

silver catalyst (Luo et al. 

2012) 

Uses support vector machine to 

model catalyst deactivation rate 

and combines it with mass and 

energy balance model. 

Reaction engineering 

Modeling an industrial 

fixed-bed catalytic reactors 

(Azarpour et al. 2017) 

Conservation balances and 

ANN are combined to estimate 

reaction kinetics. 

Reaction engineering 

Scale up of an FCC model 

from a pilot plant to an 

industrial unit (Bollas et al. 

2003) 

Uses a pilot plant model as the 

first-principle model and neural 

network as a data-driven model. 

Models are connected in 

different ways. 

Oil and gas processing 

Crude separation unit 

monitoring and 

optimization (Mahalec and 

Sanchez 2012) 

Mass and energy balance as 

mechanistic model and partial 

least square (PLS) as data-drive 

model. One hybrid model 

combines mass and energy 

balance and PLS serially to 

relate the product properties and 

internal reflux, cut points with 

product distillation curve points. 

Another pure PLS relates tray 

temperature to product 

distillation curve point. 

Oil and gas processing 

Oil and gas flowrate 

prediction of petroleum 

systems (Bikmukhametov 

and Jäschke 2020)  

Investigates data-driven model 

performance and explainability 

of different machine learning 

and first-principle model 

combination approaches. 

Oil and gas processing 

A novel adaptive weighted 

hybrid model for process 

modeling (Song et al. 2021) 

Combine a six-lump kinetic 

model derived from first-

principle knowledge and deep 

neural network to model 

multiple process output. 

Applied to a cracking process. 

Oil and gas processing 
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Control for a heterogeneous 

batch distillation column 

(Engell and Dadhe 2001) 

Replace part of the differential 

equations with ANN. 

Process Control 

Process control of 

temperature inside the 

exothermic batch reactor 

(Xiong and Jutan 2002) 

A hybrid model describes a 

batch reactor combining heat 

balance and neural network to 

compensate for model 

mismatch. 

Process control 

Modification of the BACK 

thermodynamic equation of 

state (Bravo-Sánchez, Rico-

Martēnez, and Iglesias-Silva 

2002) 

Uses ANN to determine the 

mixing rules for the BACK 

thermodynamic equation of 

state (EOS) 

Thermodynamics 

A strategy to control the 

particle size distribution of 

emulsion polymerization in 

a semi-batch reactor (Doyle, 

Harrison, and Crowley 

2003) 

Uses emulsion 

polymerization dynamic 

population balance model as a 

mechanistic model and applies 

partial least square (PLS) to 

predict model residual. 

Polymerization process 

Model of the kinetic 

mechanismof 

biotechnological process 

(Curcio et al. 2014) 

Combines batch reaction system 

mechanistic model and ANN in 

a parallel form to estimate the 

formation rate of ethyl oleate. 

Another ANN was used as the 

data-driven model for anaerobic 

digestion of biomass waste.  

Biofuels 

Cane sugar crystallization 

process control (Meng et al. 

2019) 

Builds a serial model composed 

of energy and mass 

conservations and population 

balance and twin support vector 

regression (TSVR) for process 

modeling and control 

Food engineering 

A model of the effluent 

total nitrogen and 

phosphorus concentrations 

in wastewater (Hvala and 

Kocijan 2020) 

Combines gaussian process and 

carbon-nitrogen-phosphorus 

simulation model in serial and 

parallel structures. 

Wastewater treatment 
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Particle size distribution 

prediction for process 

dynamic monitoring 

(Nielsen et al. 2020) 

Predicts particle size 

distribution by combining 

population balance model and 

deep neural network trained 

using sensor data estimating the 

kinetic parameters of the 

population balance model. The 

model was applied to 

laboratory-scale flocculation 

and an industrial-scale 

pharmaceutical crystallization, 

and silica particle flocculation 

in water. 

Particle processes 

An extension of work 

proposed by Nielsen et al. 

(2020) and apply it to the 

particle size distribution 

prediction for flocculation 

processes (Nazemzadeh et 

al. 2021) 

Rather than estimate the kinetic 

parameter directly using neural 

network, this study adds first-

principles models on top of the 

hybrid model proposed by 

Nielsen et al. (2020) to further 

improve the estimates of the 

kinetic parameters. 

Particle processes 

Prediction of erosion rate in 

multiphase flow (Dai, 

Mohammadi, and 

Cremaschi 2022) 

Combines dimensionless 

numbers, a semi-mechanistic 

model, SPPS 1D, and Gaussian 

process in serial structure to 

predict erosion rate in 

multiphase flow. 

Pipe erosion 

 

Some hybrid models have already been deployed for industrial applications in the chemical 

process industry. A hybrid process control system for the cane sugar crystallization process has 

been developed and applied in a cane sugar factory (Meng et al., 2019). The gold leaching rate of 

gold cyanidation leaching plant is modeled by a serial structure hybrid model (Zhang et al., 2015). 

A hybrid process simulation tool aimed at process simulation and optimization is proposed and 

applied to a hydroformylation plant at Evonik (Nentwich et al., 2021).  The hybrid modeling   
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approach has also been successfully deployed into tools such as HybridTool from Bayer 

Technology Services (Mogk et al., 2002) and, Aspen Hybrid ModelsTM. from Aspen Technology 

(Beck and Munoz, 2020).  

This paper introduces a hybrid modeling framework to predict liquid entrainment fraction in 

two-phase flow and the uncertainty of the predictions. To the best of our knowledge, there are no 

hybrid models, in the literature, for liquid entrainment fraction estimation. A database composed 

of 1,662 entrainment fraction measurements and eighteen semi-mechanistic models for predicting 

liquid entrainment fraction for three different pipeline orientations is constructed. Three semi-

mechanistic models with the lowest prediction errors are selected for each pipeline orientation as 

potential candidates to be included in the hybrid model. The data-driven models are built to 

estimate the model discrepancy, defined as the difference between the experimental and predicted 

entrainment fraction, for each selected model. The data-driven models are trained using Gaussian 

Process (GP) modeling (Williams and Rasmussen, 2006), which is a non-parametric Bayesian 

regression characterized by its mean and covariance. The GP modeling provides not only a 

predicted mean but also an assessment of prediction uncertainty. As a powerful non-linear 

interpolation tool, the GP modeling has been successfully applied as a data-driven model to 

develop hybrid models (e.g., Wan and Ren, 2015, Dai et al., 2018, Hvala and Kocijan, 2020). We 

investigate the ability of three GP modeling approaches for incorporating the output noise in the 

hybrid model. Two employ a single GP Model (GPM) and differ in their output noise treatments, 

one assumes that the noise is known a priori (Williams and Rasmussen, 2006), and the other 



 

 

30 

estimates it from the data (McHutchon and Rasmussen 2011). The third model differs from others 

in the model structure, where multiple GPMs are trained, and their predictions are aggregated using 

bagging for the final estimate (T. Chen and Ren 2009). The hybrid model performance is evaluated 

using three metrics, Root-Mean-Square-Error (RMSE), Area Metric (AM), and Calibration Score 

(CS). The three metrics give an overall evaluation of not only the prediction but also the 

uncertainty estimates for the entrainment fraction. Our analysis recommends the hybrid model that 

incorporates the bagging GPM due to its minimum prediction bias and the tightest estimated 

uncertainty with the highest reliability. 

2.2 Hybrid Modeling Framework  

The liquid entrainment fraction measurement (ώ ) at an operating condition can be 

decomposed and expressed by Eq. (1) (Jiang et al. 2013). 

ὁἭ  ὁἵ                  (1) 

In Eq. (1), ώ  is the entrainment fraction prediction of the semi-mechanistic model, and ‏ is 

the model discrepancy, which is the difference between the entrainment fraction measurement and 

semi-mechanistic model prediction. Here, we develop GPMs as data-driven models (Jiang et al., 

2013) to estimate the model discrepancy and its uncertainty. 

The underlying mechanisms for liquid entrainment differ significantly with pipeline 

orientation due to flow observed in horizontal, vertical, and inclined pipelines. Therefore, one 

hybrid submodel is developed for each pipeline orientation, and the hybrid modeling framework 
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incorporates these submodels within a decision tree (Fig. 3). We started with existing empirical 

and semi-mechanistic models and experimental measurement collection. Then, we selected three 

top-performing semi-mechanistic models as candidates for each pipeline orientation. For each 

candidate semi-mechanistic model, three GPMs, GPM with known noise, GPM with estimated 

noise, and bagging GPM, are trained to estimate the model discrepancy. Then, the performances 

of the hybrid submodels are compared, and one hybrid submodel is selected to be incorporated 

into the decision tree for each pipeline orientation (Fig. 3). The framework first determines which 

hybrid submodel to use using the given pipeline orientation of an operating condition. Then, the 

hybrid submodel is utilized to estimate the entrainment fraction and its uncertainty (Fig. 3). 

 

Figure 3 The hybrid modeling framework for predicting liquid entrainment fraction  
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2.2.1 First-principle models for liquid entrainment fraction prediction 

Due to the complexity of the liquid entrainment phenomena, there is not a single model that 

captures the entrainment mechanism for all relevant flow regimes in all pipeline orientations. The 

models are generally designed for a select pipeline orientation. Most empirical and semi-

mechanistic models predict liquid entrainment fraction in vertical pipeline orientation. Several 

models are developed for horizontal pipeline orientation, and very few models are built to predict 

liquid entrainment fraction in inclined pipeline orientation. There are eighteen empirical and semi-

mechanistic models developed for predicting entrainment fraction collected from open sources. 

Grouped by their designed pipeline orientations, twelve models are applicable for vertical pipeline 

orientation. Four models are designed for horizontal pipeline orientation, and two models for 

inclined pipeline orientation. A list of entrainment fraction models with their applicability for 

pipeline orientations is summarized in Table 2. 

Table 2 Entrainment fraction models and their applicable pipeline orientations 

Model Name Pipeline orientation 

Cioncolini and Thome (2012) Vertical 

Cionclini and Thome (2010) Vertical 

Sawant et al. (2009) Vertical 

Sawant et al.  (2008) Vertical 

Zhang et al. (2003) Vertical 

Pan and Hanratty (2002a) Vertical 
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Utsuno and Kaminaga (1998) Vertical 

Nakazatomi and Sekguchi (1996) Vertical 

Ishii and Mishima (1989) Vertical 

Oliemans et al. (1986) Vertical 

Hughmark (1973) Vertical 

Wallis (1969) Vertical 

Pan and Hanratty (2002b) Horizontal 

Paleev and Filippovich (1966) Horizontal 

Wicks and Dukler (1960) Horizontal 

Mantilla (2008) Horizontal 

Ousaka et al. (1996) Inclined 

Bhagwat and Ghajar (2015) Inclined 

One of the earliest attempts to model entrainment fraction was for flows in horizontal pipeline 

orientation. Wicks and Dukler (1960) developed a correlation for estimating the mass flow rate of 

the liquid droplets by assuming the mass and momentum transport for the single and two-phase 

flows were identical. Then, an entrainment variable Ὑ, which depends on the gas flow rate, liquid 

flow rate, gas-phase pressure gradient, and the critical Weber number (the value at which droplet 

breakup occurs), was used to calculate the entrainment fraction. Paleev and Filippovich (1966) 

defined gas velocity number, which is obtained by excluding the characteristic length from two 

dimensionless variables, Weber number and a fluid property number proposed by nozzle spraying 



 

 

34 

analysis. Then, this gas velocity number is modified to include dropletsô impact by replacing the 

gas density with mixture density, and correlated with the entrainment fraction. Pan and Hanratty 

(2002b) developed a model for horizontal pipeline orientation based on their vertical pipeline 

orientation model (Pan and Hanratty, 2002a) by incorporating the asymmetry of liquid film 

thickness and droplet concentration caused by gravity. Mantilla et al. (2009) developed a model 

for entrainment fraction in horizontal pipeline orientation, which considered the onset of 

entrainment, maximum entrainment, and entrainment fraction. Correlations of wave 

characterizations such as wave celerity, wave frequency, wave amplitude, and wave spacing were 

developed and served as the basis for predicting the entrainment fraction. The entrainment fraction 

was calculated via the force balance at the wave crest.  

Wallis (1969) modified Paleev and Filippovich (1966) approach by replacing the liquid 

viscosity with the gas viscosity and the core mixture density with the gas density to build a model 

for the vertical pipeline orientation. Hughmark (1973) derived a correlation between a 

dimensionless film thickness and the entrainment fraction and fitted the correlation using 

experimental measurements. Oliemans et al. (1986) fitted a purely empirical model considering 

contributions from nine independent variables using the Harwell databank. Ishii and Mishima 

(1989) related the entrainment fraction to two dimensionless groups, the superficial liquid Reynold 

number and a modified Weber number. Nakazatomi and Sekoguchi (1996) employed the liquid 

Weber number and the gas Froude number to develop two correlations using experimental 

measurements under different pressures. Utsuno and Kaminaga (1998) updated Ishii and 
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Mishimaôs (1989) model parameters using the data collected from their experimental study. Pan 

and Hanratty (2002a) presented a correlation in terms of the balance between the droplet deposition 

and atomization rates. The ratio of the entrainment fraction and the maximum entrainment fraction 

was considered a function of a modified Weber number. Zhang et al. (2003) rearranged the 

variables of the model developed by Oliemans et al. (1986) and converted the inputs to 

dimensionless numbers. Sawant et al. (2008) first used the same dimensionless groups from the 

model built by Ishii and Mishima (1989) and divided the droplet entrainment into three regions: 

region dependent on Weber number, region dependent on Weber number and the liquid Reynolds 

number, and region dependent on the liquid Reynolds number. The model was fitted using 

experimental measurements under high flow rates and high pressures. Sawant et al. (2009) 

proposed a modification to Sawant et al. (2008) model by replacing the maximum entrainment 

fraction with the onset of liquid entrainment to ensure the entrainment fraction was zero before the 

liquid starts to atomize in the gas core. Cioncolini and Thome (2010) initially related the 

entrainment fraction as a logistic function of the core flow Weber number, a dimensionless group 

determining the wall shear stress and associated frictional pressure gradient of annular flows. Then, 

Cioncolini and Thome (2012) simplified their initial model and significantly expanded the 

experimental data used to estimate the model parameters.  

The models for inclined pipeline orientation are developed by introducing a correction 

parameter to existing models. Ousaka et al. (1996) proposed a correlation by adding a pipe 

inclination angle-related factor to the horizontal orientation model developed by Ishii and Mishima 
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(1989). Bhagwat and Ghajar (2015) modified the model designed by Cioncolini and Thome (2012) 

by multiplying the core flow Weber number with a correction factor accounting for pipe inclination 

angle and high system pressure. 

We compiled an extensive database containing 1,662 liquid entrainment fraction 

measurements at different experimental conditions from open literature (Dallman 1978; Deryabina 

et al. 1989; Fore 1993; Gawas 2013; Karami et al. 2015; Laurinat 1982; Magrini et al. 2012; I. 

Mantilla et al. 2012; Ivan Mantilla 2008; Okawa, Kotani and Kataoka 2005; Oliemans et al. 1986; 

Ousaka 1996; Paras and Karabelas 1991; Schadel et al. 1990; Tayebi et al. 2000; Williams 1990) 

to assess the performance of the existing models and to develop the hybrid model. Classified by 

the pipeline orientation, there are 1,083, 479, and 100 liquid entrainment measurements in vertical, 

horizontal, and inclined orientations, respectively. The experimental conditions are defined using 

pipe diameter (ὍὈ), inclination angle (—), gas density (”), liquid density (”), gas viscosity (‘), 

liquid viscosity (‘), gas-liquid surface tension („), superficial gas velocity (ὺ ), and superficial 

liquid velocity (ὺ ). A summary including the flow pipeline orientation, the fluid system, the 

operating condition and measurement ranges for each source is listed in Appendix A. 

We evaluated the performance of the eighteen empirical and semi-mechanistic models using 

the compiled database. Each modelôs performance is assessed for all three pipeline orientations. 

The metric used to assess the performance, the fraction of predictions within a °10% error band 

compared to the experimental measurements (ὖ Ϸ), is defined in Eq. (2). 

╟ Ϸ
╝◊□╫▄► ▫█ ▀╪◄╪ ▬▫░▪◄▼ ◌▐▄►▄ ◄▐▄ □▫▀▄■ ▬►▄▀░╬◄░▫▪▼ ╪►▄ ◌░◄▐░▪ Ϸ ▄►►▫► ╫╪▪▀

╣▫◄╪■ ▪◊□╫▄► ▫█ ▬▫░▪◄▼
  (ς) 
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The metric evaluates the percentage of prediction bias that is within 10%. A higher ὖ Ϸ 

indicates a better model performance. The ὖ Ϸ values of the eighteen models for the three 

pipeline orientations are presented in Fig. 4. The plot in Fig. 4 reveals that the best-performing 

empirical and semi-mechanistic models for either vertical or horizontal pipeline orientation has a 

ὖ Ϸ value of about 0.6, which means only 60% of predictions are within 10% error band. The 

highest ὖ Ϸ for inclined pipeline orientation is above 0.9, indicating over 90% of predictions 

are within 10% error. 

 

Figure 4 Performance of empirical and semi-mechanistic models for the experimental data 

We selected three semi-mechanistic models with the highest ὖ Ϸ values as candidates for 

the hybrid model for each pipeline orientation. The semi-mechanistic models selected are by 

Oliemans et al. (1986), Zhang et al. (2003), and Cioncolini and Thome (2010) for vertical pipeline 

orientation, by Pan and Hanratty (2002b), Mantilla (2008), and Nakazatomi and Sekoguchi (1996) 

for horizontal orientation, by Paleev and Fillipovich (1966), Wallis (1969), and Sawant et al. 
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(2008) for inclined pipeline orientation. Most of the selected semi-mechanistic models for vertical 

and horizontal orientations were designed for predicting entrainment fraction in the corresponding 

orientation. The only exception is the Nakazatomi and Sekoguchi (1996) model, designed for 

vertical pipeline orientation but selected for horizontal pipeline orientation. Of the inclined 

pipeline orientation models, two were developed for vertical and one for horizontal orientation.  

2.2.2 Basics of Gaussian Process Modeling 

The Gaussian Process (GP) modeling is a supervised learning method with a theoretical basis 

in statistics. A GP is characterized by its mean function and covariance function or kernel function 

(Williams and Rasmussen, 2006). This study employed a constant mean function and square 

exponential kernel function with different length scales for each input dimension (automatic 

relevance determination (ARD) kernel). The corresponding GP prior is represented in Eq. (3). 

בֿ ͯ █ □ȟ▓

□ ● ╪,  and ▓●▬ȟ●▲  Ɑ█▄●▬ В
●▬  ●▲

■▐

▀
▐ Ɑ▪Ў▬▲

          (σ) 

In Eq. (3), f represents the underlying function value at the input ὼ, άὼ is the mean function 

of the GP, and Ὧὼȟὼ  is the covariance function representing the spatial covariance between 

any two points (ὼ and ὼ) at the process. In the covariance function, Ὠ is the dimension of input 

ὼ, ὰ represents the characteristic length scale corresponding to the Ὤ  dimension of input ὼ, „  

is the output variance, the parameter „  is output-scale amplitude, and ῳ  is Kronecker delta, 

which is one if ὴ ή and zero otherwise. The hyperparameters for the GP in Eq. (3) are —
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ὥȟ„ȟ„ȟὰȟὰȟȣȟὰ , and they are estimated by the Maximum Likelihood Estimation (MLE) 

(Rasmussen, 2003) using a Python-based package, GPy (GPy, 2012). 

The value of the mean function and its variance for the unseen test location ὢz are inferred by 

calculating the posterior distribution using the training data set ὢȟ‏ via Eq. (4), 

█zȿ╧ȟ♯ȟ╧z ͯ ╝█zȟ╬▫○█z

█z ╚╧zȟ╧ ╚╧ȟ╧ Ɑ▪╘ ♯

╬▫○█z ╚╧zȟ╧z ╚╧zȟ╧ ╚╧ȟ╧ Ɑ▪╘ ╚╧ȟ╧z

         (τ) 

where Ὢz is the outputs of the test data given the inputs ὢ and outputs ‏ of the training data and the 

inputs of the test data ὢz. In Eq. (4), ὑ is the covariance matrix, and Ὅ is the identity matrix. Eq. 

(5) is employed to estimate model discrepancy ‏ and its variance „  using the GPM at an unseen 

test location. 

♯ █z

Ɑ♯ ╬▫○█z
                   (υ) 

2.2.3 Details of the GPM for estimating model discrepancy and its uncertainty 

In this study, three GP modeling approaches are applied to estimate the model discrepancy and 

its uncertainty. The difference between the first two approaches is how the output noise of training 

data is treated. The first approach keeps the output noise ůn
2 at a given constant during training, 

i.e., while estimating the GPM hyperparameters. By tuning the output noise manually, the first 

GPM with the lowest RMSE is obtained. The second approach considers the output noise a 

hyperparameter in the covariance function and estimates it during training.  
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The third GPM utilizes bootstrap aggregating (bagging) to train the model in an effort to obtain 

more robust and accurate predictions. In bootstrap aggregating, a set of models are developed to 

characterize the same relationship between input and output variables. In this study, we generate 

one hundred training data sets with replacement and use them for training one hundred GPMs to 

predict model discrepancy that corresponds to each selected semi-mechanistic model. In these 

GPMs, output variance is considered a hyperparameter similar to the second approach. Only data 

not included in the training data set is used as testing data for each GPM to test the modelôs 

generalizability. The model discrepancy and its variance are estimated using bagging based on the 

property of the Gaussian mixture model, as shown in Eqs. (6) and (7) (Chen and Ren, 2009), 

♯  
╒
В ♯╬
╒
╬                    (φ) 

╥╪►♯  
╒
В Ɑ♯
╒
╬ ╬

╒
В╒╬ ♯╬ ♯         (χ) 

where ‏ is the model discrepancy, ὠὥὶ‏ is the variance. In Eqns. (6) and (7), ὅ represents the 

number of single GPMs, which is equal to 100 in this work.  

Combining each selected semi-mechanistic model and its corresponding GPM yields one parallel 

structure hybrid submodel, as shown in Fig. 5. In the parallel structure hybrid model, the data-

driven model prediction estimates the residual of the semi-mechanistic models. Given an operating 

condition, the predictions from the selected semi-mechanistic model ώ ὼ and data-driven model 

ὼ yield the final predicted entrainment fraction ώ‏ ὼ (Eq. (8)), and its uncertainty is estimated 

as the 95% confidence interval (CI) calculated using the variance from the data-driven model, 

ὠὥὶ‏ (Eq. (8)). 
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         (ψ) 

 

 

Figure 5 The structure of the developed hybrid submodels 

2.2.4 Metrics to Evaluate the Hybrid SubModel Performance 

To assess the prediction performance of the hybrid submodels, three quantitative metrics, 

Root-Mean-Square-Error (RMSE), Area Metric (AM), and Calibration Score (CS), are adopted. 

(1) Root-mean-square-error (RMSE): The RMSE is a widely used metric to measure the 

overall difference between prediction and actual value. The definition of RMSE is shown 

in Eq. (9), where ὐ is the number of predicted points. A lower RMSE value indicates a 

smaller difference between prediction and actual value, which represents a better model 

accuracy. 

╡╜╢╔ 
╙
В ȿ◐░▄ ◐░

▄ȿ╙
░         (9) 

(2) Area Metric (AM): The AM compares both the mean and the variance of measurement 

(ώ) and prediction (ώ) (Ferson and Oberkampf, 2009). In Fig. 6, the AM is the shaded 
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area between the cumulative probability distributions of ώ and ώ. A lower AM value 

represents a more accurate prediction. An AM value higher than the RMSE indicates that 

the experimental measurement is covered by the predicted confidence interval. 

 

 

Figure 6 A schematic illustration of Area Metric (AM)  

(3) Calibration Score (CS): The CS is the fraction of experimental measurements covered 

within a selected confidence interval of the predictions (Richardson et al., 2019). In Eq. 

(10), [ ] I represents the Iverson bracket. Here, the 95% confidence interval is used to 

calculate the CS. This metric is used as a minimum requirement check. 

ὅὛ  В ȿώ ώȿ ρȢωφὠὥὶ‏       (ρπ) 

Three metrics are compared to pick the best submodel for each pipeline orientation. The 

selection approach is composed of two steps. The first one is a qualification step, where the 



 

 

43 

submodels that fail to pass the minimum requirement check of a CS value 0.95 and higher are 

eliminated. Next, the submodel with the lowest RMSE and AM values is selected to be employed 

for each pipeline orientation. 

2.3 Results and Discussion 

For each candidate semi-mechanistic model (there are nine models, three for each pipeline 

orientation), GPMs are trained using all three approaches as the data-driven component, which 

yields a total 27 hybrid submodels. The performances of the developed 27 hybrid submodels are 

compiled in Fig. 7. Figure 7 (a), (b) and (c) summarize the RMSE, AM and CS for submodels with 

different GPMs grouped by the corresponding semi-mechanistic models. In general, there is a 60% 

reduction in both the average RMSE and AM with the introduction of hybrid submodels. All 

hybrid submodels outperform the pure semi-mechanistic models. If the results from hybrid 

submodels with different GPMs are compared, Fig. 7 (a) reveals that the bagging GPM reduces 

the RMSE for all models compared with using any single GPM. The AM and CS for single GPM-

based submodels with estimated noise are highest for both vertical and horizontal pipeline 

orientations, as can be seen in Fig. 7 (b) and Fig. 7 (c). The CS for some single GPM-based 

submodels with known noise does not meet the minimum requirement. The lower AM values and 

CS being above 0.95 for the bagging GPMs indicate that bagging provides a more moderate and 

reliable confidence interval. 
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(a) 

 

(b) 

 

(c) 

Figure 7. The performance metrics (a) RMSE, (b) AM, (c) CS of different hybrid 

submodels along with the corresponding semi-mechanistic models for predicting liquid 

entrainment fraction 

The CS of the nine submodels for the corresponding pipeline orientation is compared to 0.95 

to select the best model for each pipeline orientation. Among nine single GPM-based submodels 
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with known noise, only the CS of Sawant et al. (2008) model is above 0.95, which means all the 

other eight submodels are excluded from further consideration. Only Olieman et al. (1986) and 

Zhang et al. (2003) models pass the qualification filter for single GPM-based submodels with 

estimated noise. Among the remaining submodels, the one with the lowest RMSE and AM 

employs the bagging GPM as the data-driven model for all pipeline orientations. Therefore, 

bagging GPMs with Zhang et al. (2003) model for vertical pipeline orientation, Nakazatomi and 

Sekoguchi (1996) model for horizontal pipeline orientation, and Wallis (1969) model for inclined 

pipeline orientation are selected as the best models for each pipeline orientation and used in the 

hybrid modeling framework. The parameter specification for training the bagging GPM for three 

submodels are reported in Appendix B for reproducibility. 

Comparing the single GPM-based submodelsô performances reveals that the submodels 

employing GPMs with estimated noise yield a more accurate prediction and a wider confidence 

interval than the ones employing the GPM with known noise (Fig. 7(a) and 7(b)). This wider 

confidence interval results from the GPM with estimated noise being able to capture better the 

noise heterogeneity among the experimental measurements from different sources. The hybrid 

submodels using the bagging GPMs outperform those that employ single GPMs because the 

hyperparameter estimates of the single GPMs could be a local optimum, which may not provide a 

good prediction performance (T. Chen and Ren 2009). As a combination of multiple single GPMs, 

the bagging GPM eliminates the impact of a single bad local optimum hyperparameter set by 

utilizing the prediction average of multiple single GPMs, which yields a more robust prediction. 
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The effect of data noise heterogeneity is also reduced using bagging, which leads to moderate 

confidence intervals. 

The hybrid model including the best submodels are presented in Fig. 8 (a), (b) and (c) for 

vertical pipeline orientation, Fig. 8 (d), (e) and (f) for horizontal pipeline orientation, and Fig. 8 

(g), (h) and (i) for inclined pipeline orientation. Similar plots for all 27 submodels are in Appendix 

B. Figure 8 includes three plots for each orientation: (1) the predicted model discrepancy versus 

actual model discrepancy on the left (a, d, and g), and (2) entrainment fraction predictions plotted 

against the corresponding measurements in the middle (b, e, h), and (3) semi-mechanistic (SM) 

model predictions versus the experimental measurements on the right (c, f, and i). The black dots 

are the predicted mean of model discrepancy (Fig. 8(a), (d), (g)), entrainment fraction (Fig. 8(b), 

(e), (h)) and the semi-mechanistic model predictions (Fig. 8(c), (f) and (i)), while the grey bars 

show the 95% confidence interval. The blue line in the plots is the parity line, which helps to 

present the disagreement between each prediction and the experimental measurement. The hybrid 

and semi-mechanistic model performance metrics are also included in the plots. From Fig. 8 (c), 

(f), (i) to (b), (e), (h), it is observed that the predictions of the hybrid model are significantly closer 

to the parity line when compared with the predictions of the semi-mechanistic models for all three 

pipeline orientations. The prediction accuracy improvement is also observed by comparing the 

RMSEs included on the plots. The RMSE is decreased by 58% for vertical, 78% for horizontal 

and 85% for inclined pipeline orientation. Apart from accuracy, the hybrid models also provide an 

estimate of the prediction uncertainty, which is not available from the semi-mechanistic models. 
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From Figure 8 (a), (d) and (g), the width of predicted uncertainty is larger at regions with larger 

prediction residual to make sure the actual model discrepancy is covered by the predicted 

confidence interval. The results in Fig. 8 show that the hybrid model performance for the inclined 

pipeline orientation model is best among all three pipeline orientations. Experimental 

measurements with a relatively low or high actual model discrepancy tend to have a larger 

prediction bias. 

The overall performance of the hybrid model incorporating the three submodels for 1662 data 

points is given in Fig. 9. The overall RMSE for three selected semi-mechanistic models is 0.161, 

while the overall RMSE of the developed hybrid model is 0.05, which indicates a 70% reduction 

in the RMSE. The overall AM is reduced by 65%. The overall CS is 0.96, which is close to the 

statistical expectation of 0.95. 

 

(a)     (b)    (c) 

 

(d)     (e)    (f) 

RMSE = 0.051

AM = 0.056

CS= 0.96

RMSE = 0.053

AM = 0.064

CS= 0.98
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(g)     (h)    (i) 

Figure 8 Data-driven model estimates of model discrepancy for vertical (a), horizontal (d), 

and vertical (g) pipeline orientations. Hybrid model estimates of liquid entrainment 

fraction for vertical (b), horizontal (e), and vertical (h) pipeline orientations. Semi-

mechanistic model estimates of liquid entrainment fraction for vertical (c), horizontal (f), 

and vertical (i) pipeline orientations 

 

Figure 9 The model discrepancy estimates of the data-driven model and liquid entrainment 

fraction predictions of the hybrid model 

2.4 Conclusions and Future Directions 

In this study, a hybrid modeling approach, which combines semi-mechanistic and GPM-based 

data-driven models, is developed to estimate the liquid entrainment fraction and its uncertainty in 

a two-phase flow. Nine candidate empirical and semi-mechanistic models, three for each pipeline 

orientation, explaining the underlying physical phenomena are considered, while the GPM is used 

as a data-driven model to estimate the difference between experimental measurements and the 

RMSE = 0.016

AM = 0.017

CS= 0.95
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candidate model predictions. Three GPMs, (1) GPM with a fixed output noise, (2) GPM with 

output noise as a model hyperparameter, and (3) bagging GPM, are applied to obtain a more robust 

and accurate data-driven model. The performances of the 27 hybrid submodels are evaluated using 

three metrics, RMSE, AM, and CS, to pick the best model for each pipeline orientation.  

The results reveal that the hybrid modeling approach yields a model that has a lower RMSE 

than the empirical and semi-mechanistic models. Furthermore, the GPM-based hybrid model 

estimates the prediction uncertainty, which is not available from the empirical or semi-mechanistic 

models. The bagging GPM yielded the best hybrid model with the lowest RMSE and AM values 

and a CS value closer to the statistical expectation. The overall performance shows that the 

proposed hybrid model reduces the RMSE by 70% and AM by 65%. Future work will investigate 

data clustering and input and output transformations before hybrid model training to increase 

prediction accuracy and shrink its confidence interval. 
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CHAPTER 3   A GAUSSIAN PROCESS EMBEDDED FEATURE SELECTION 

METHOD BASED ON AUTOMATIC RELEVANCE DETERMINATION  

 

3.1 Introduction  

Data-driven models are developed based on the relationship inferred from process data to 

simulate and predict the system behavior. The feature space of the process data is composed of 

measurable properties of the system being observed (Chandrashekar and Sahin 2014). When a 

model is built to map the input to the output space, redundant input variables could result in extra 

computational time, model overfitting, and poor model performance (Joviĺ, Brkiĺ, and Bogunoviĺ 

2015). The model complexity due to irrelevant input features also impedes visualization. Building 

a model with relevant input features reduces model complexity and computational resources 

required to develop and execute the model, helps to understand the data, and improves model 

performance (Carlos Molina, Belanche, and Nebot 2002). Irrelevant feature removal is considered 

a data preprocessing step to ensure the modelôs efficiency and effectiveness (H. Liu 2010). 

Machine learning is believed to be a valuable tool for system modeling, monitoring, 

management, and optimization (Rangel-Martinez, Nigam, and Ricardez-Sandoval 2021). In 

machine learning model fitting, feature selection is defined as a way to reduce the dimensionality 

of data to improve machine learning performance (H. Liu 2010). An implementation of this is 

demonstrated in deploying a nonlinear support vector machines (SVMs) based feature selection 



 

 

51 

algorithm for fault detection in the Tennessee Eastman benchmark process (Onel, Kieslich, and 

Pistikopoulos 2019). The method improves fault detection accuracy and latency and minimizes the 

loss of information compared to other techniques. The approach is applied to address the challenge 

of processing high-dimensional batch process data and offers a promising decision support tool 

for enhancing process efficiency, safety, and profitability (Onel et al. 2018). The development of 

feature selection in machine learning paves the way for further exploration of real-world 

operational performance enhancement. Generally, feature selection methods can be classified into 

three categories: filter, wrapper, and embedded methods (Guyon and Elisseeff 2003). Filter 

methods score features by statistical relevance (Kumar and Minz 2014), which is computationally 

efficient (Guyon and Elisseeff 2003) without ensuring the model performance. Wrapper methods 

pick the optimal subset by assessing the performance of the model built using the corresponding 

subsets (El Aboudi and Benhlima 2016). The model-building process makes wrapper methods 

computationally more expensive than filter methods (Carlos Molina, Belanche, and Nebot 2002) 

but more precise. Embedded methods incorporate feature selection into the model training process, 

balancing precision and computational load (Chandrashekar and Sahin 2014).  

Gaussian Process (GP) is a non-parametric Bayesian regression characterized by its mean and 

covariance (C. K. I. Williams and Rasmussen 2004). For GP models, a commonly used feature 

selection method is sensitivity analysis. Blix and Eltoft (2018) evaluate the feature importance by 

integrating the squared partial derivative of the GP mean function over inputs. Piironen and Vehtari 

(2016) measure the feature importance using the Kullback-Leibler divergence (KLD) change of 
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the posterior distribution when adding a feature to train the model. Features contributing more to 

the KLD change are considered more important. Paananen et al. (2019) assess the feature 

importance by observing the KLD variability of the posterior distribution and the posterior mean 

prediction when changing the input value.  

Another feature selection approach employs the Automatic Relevance Determination (ARD) 

kernel function, an extension of the most commonly used kernel function, the Squared Exponential 

(SE) kernel, also known as the Gaussian kernel. The SE kernel assumes points closer in the input 

space have similar values, and the length scales are the same for all the features. The ARD kernel 

extends the SE kernel by allowing different length scales for each input dimension (Williams and 

Rasmussen, 1995). This feature selection approach infers the relative input feature importance 

from the inverse of the input-dependent length scale in the kernel function (Paananen et al. 2019). 

Williams and Rasmussen (1995) detected the irrelevant inputs by ranking the features using the 

relative feature importance inferred from ARD.  

One limitation of the feature selection approaches for GP models is that the selection is based 

on the ranking results without a standard to categorize the relevant and irrelevant features. Ghoshal 

and Roberts (2016) proposed adding an irrelevant feature as a baseline to the GP model input space 

to overcome this limitation. They recommended that features with importance values two orders 

of magnitude greater than the baseline feature be considered relevant to the output. However, all 

existing feature selection methods measure feature impact using an absolute value and determine 

the relevance based on ranking results. None of these methods provides a score that explains the 



 

 

53 

percentage of the output dependence on each feature compared with all the inputs. Feature 

importance scaled between 0 and 1 provides a clear picture of the relationship between each input 

and the whole feature space. Furthermore, if the sum of feature importance for all features were 

equal to one, then the summation of feature importance for different feature subsets would also 

quantify the percentage of importance explained by the subset, providing a standard metric for 

comparing the contributions of different feature subsets. This cumulative score would enable 

feature selection according to a predefined score. None of the existing GP-based feature selection 

methods quantify the cumulative feature importance. If the cumulative feature importance were 

quantified, the contributions of different feature subsets to the cumulative could be assessed, 

enabling the identification of the optimal feature subset.  

This study proposes two new methods to estimate feature importance and a feature selection 

approach based on the cumulative feature importance evaluation. Both feature importance methods 

yield a feature importance value between 0 and 1 for each feature, and the sum of all feature 

importance values is equal to one. The feature importance estimation methods employ total 

derivative. They represent the change in the output using the squared magnitude of its total 

derivative. The first method, derivative decomposition ratio (DDR), decomposes this derivative 

into partial derivatives. Then, the change in the output caused by varying each input variable is 

quantified by the squared magnitude of the partial derivative over each input feature. For 

multivariable space, the squared total derivative is the sum of the squared partial derivatives. Due 

to the accumulative property of the squared partial derivative, the percentage of output change 
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explained by each input feature is represented by the ratio of the squared magnitude of the partial 

derivative over the total derivative, which we define as the derivative decomposition ratio (DDR). 

The other method, named normalized sensitivity (NS), is derived from the sensitivity analysis 

introduced by Blix and Eltoft (2018) and is a ratio calculated by standardizing the sensitivity. Like 

DDR, the NS first calculates the partial derivatives of the output over each input by sample. Then, 

NS calculates the average feature contribution using the average of the partial derivatives over 

each feature. The main difference between the NS and DDR is how the average feature 

contribution is estimated; DDR is calculated by sample, and NS is calculated by feature. Both 

feature importance methods provide information for ranking the input features and enable selecting 

features at a specified cumulative feature importance value. The proposed feature selection 

approach recommends using the feature subset that yields a user-selected cumulative feature 

importance score. The approach enables pruning irrelevant variables and reduces the 

computational burden of training a model without significantly worsening the model performance. 

We devised a computational experiment employing three functions to evaluate the accuracy of the 

feature ranking predictions and the correctness of the irrelevant feature identification results and 

to assess the effectiveness of the proposed feature selection method. We also applied the proposed 

feature selection approach to a parallel structured hybrid model developed for estimating the liquid 

entrainment fraction in two-phase flow. 
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3.2 Methodology 

3.2.1 Gaussian Process with Automatic Relevance Determination (ARD) Kernel 

The Gaussian Process (GP) modeling is a supervised learning method with a theoretical basis 

in statistics. A GP is characterized by its mean and covariance functions (C. K. I. Williams and 

Rasmussen 2006b). Each input variable is assigned a length scale ὰ in the kernel function with 

ARD structure to infer the feature importance. For example, the squared exponential (SE) kernel 

with the ARD structure for two points ● and ● is shown in Eq. (11). 

Ὧ●ȟ●  „Ὡὼὴ
ὼ ὼ

ςὰ
„Ў  (11) 

In Eq. (11), Ὠ is the dimension of input ●, ὰ is the characteristic length scale corresponding to 

the Ὤ  dimension of input ●, „  is the output variance, the parameter „  is the output-scale 

amplitude, and ῳ is Kronecker delta, which is one if ὴ ή and zero otherwise. The length scales 

are not uniform for all the input features for the SE kernel with the ARD structure. The 

hyperparameters for the GP in Eq. (1) are — „ȟ„ȟὰȟὰȟȣȟὰ , and they are estimated by the 

Maximum Likelihood Estimation (MLE) (Rasmussen 2003). For this work, we used a Python-

based package, GPy (2012), to estimate the hyperparameters. 

The values of the mean function and its variance for the unseen test data ὢz are obtained by 

calculating the posterior distribution using the training data set ὢȟ‏ via Eq. (12). 
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Ὢzȿὢȟ‏ȟὢz ͯ ὔ ὪzȟὧέὺὪz

Ὢz ὑὢȟὢz ὑὢȟὢ „Ὅ ‏

ὧέὺὪz ὑὢzȟὢz ὑὢȟὢz ὑὢȟὢ „Ὅ ὑὢȟὢz

 (12) 

where Ὢz  are the outputs for the test data given the inputs ὢ and outputs ‏ of the training data 

and the inputs of the test data ὢz. The outputs follow a normal distribution with Ὢz as mean and 

ὧέὺὪz  as variance. In Eq. (12), ὑ is the covariance matrix, and Ὅ is the identity matrix. 

3.2.2 Derivative decomposition ratio (DDR) and normalized sensitivity (NS) 

With the context of the GP with ARD kernel, the influence of each dimension is precisely 

scaled, which provides the basis for feature selection. Blix and Eltoft (2018) analyzed the feature 

importance by evaluating the variation of the GP mean function in the Ὤ  direction. They defined 

the sensitivity of the Ὤ  input ί as the integral of the squared partial derivative over ὔ number 

of training samples. The empirical estimate of the sensitivity is shown in Eq. (13). 

ί
ρ

ὔ

‬‰●

‬ὼ
 (13) 

where ‰● is the predicted mean function, ● is the ὲ  input vector, and ὼ is the Ὤ  input 

in ● . If the mean function Ὢz is substituted into Eq. (13), the resulting empirical estimate of the 

GP mean sensitivity is obtained and shown in Eq. (14). 

ί
ρ

ὔ

‌ ὼ ὼ

ὰ
Ὧ●ȟ●  (14) 
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where ‌ ὑὢȟὢ „Ὅ is the weight for the ὴ ‏   sample of the GP mean function, 

is the ὴ ‏  sample output, and ὼ and ὼ are the ὴ  input of ● and ●. Although the feature 

selection can be performed by ranking the mean sensitivity values defined by Eq. (14), they only 

provide a relative feature importance score and cannot be directly used to assess the total 

contribution of the selected (or individual) features to the changes in the output.  

Here, we adopt the differential form of the total derivative to evaluate the individual 

contribution of each feature to the changes in the output. For example, in Figure 8, the total 

derivative 
● 

●
 is decomposed into partial derivatives from three inputs. Given a mean function 

‰●  with Ὄ inputs (i.e., ● has Ὄ elements), the total derivative is the sum of the Ὄ partial 

derivatives, as shown in Eq. (15). Due to the orthogonality of the input directions, the relationship 

between magnitudes of the total derivative and partial derivatives is valid and is given in Eq. (16). 

Based on Eq. (16), if the output change caused by each input is represented by the magnitude of 

each squared partial derivative, total importance of the entire feature space sums up to the squared 

magnitude of the total derivative. The ratio of each squared magnitude of the partial derivative to 

the total derivative is proportional to the contribution of a unit change in each input to the change 

in the output. For the Ὤ  feature importance evaluated at the Ὥ  sample, we define this ratio as 

the derivative decomposition ratio (DDR) and estimate DDR using Eq. (17).  
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Figure 8. Example of total derivative decomposition with three inputs 

Ὠ‰● 

Ὠ●

‬‰● 

‬●
 (15) 

ȿ
Ὠ‰● 

Ὠ●
ȿ ȿ

‬‰● 

‬●
ȿ (16) 

ὈὈὙ

ȿ
‬‰● 

‬ὼ
ȿ

ȿ
Ὠ‰● 
Ὠ●

ȿ
 (17) 

We then use two approaches to assess the cumulative contribution of a feature subset. The first 

way is by averaging the DDR from each sample for Ὤ  feature using ὈὈὙ, which is defined in 

Eq. (18). 
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ὈὈὙ
ρ

ὔ

ȿ
‬‰● 

‬ὼ
ȿ

ȿ
Ὠ‰● 
Ὠ●

ȿ
 (18) 

The ὈὈὙ calculates the fraction of change in ‰● caused by a unit change in the Ὤ  feature 

at each sample and averages this fraction over N samples. In Eqns. (15)-(18), ●  represents the Ὤ  

feature, and ὼ represents the Ὤ  feature of the Ὥ  sample. 

Another approach to estimating the contribution of each feature to the output variation is 

obtained by normalizing the sensitivity (Blix and Eltoft 2018). For the Ὤ  feature, we define 

normalized sensitivity (ὔὛ) in Eq. (19). 

ὔὛ
ί

В ί
 (19) 

An interpretation of the two cumulative feature importance estimation approaches is shown in 

Figure 9. For the Ὤ  feature, the ὈὈὙ is calculated by estimating the feature contribution ratio 

at each sample Ὓ and then averaging this ratio over all samples (Figure 9(a)). In contrast, the ὔὛ 

is calculated by first averaging the contribution of each feature and then calculating a ratio of this 

average effect (Figure 9(b)). The ὈὈὙ and the ὔὛ are both cumulative and sum up to one when 

the GP model is trained using the entire feature space. Therefore, the total contribution of a feature 

subset can be estimated by the cumulative DDR or cumulative NS calculated by summing the 

individual ὈὈὙ or ὔὛ values of the features within the subset. Subsets with high cumulative 

feature importance scores are expected to have predictive importance and performance similar to 
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the full feature set. The cumulative feature importance scores enable the determination of the 

optimal (i.e., smallest) feature subset given a predefined threshold.  

The two proposed methods calculate the 
● 

●
 as an interim during the feature selection, which 

visualizes the local feature importance at different input values, which provides a customized 

feature selection at different input values. Both approaches are model performance dependent, i.e., 

if the GP model trained using the full feature set is not accurate, individual and cumulative 

importance scores may suffer. This suggests that the scores may not correctly identify the 

irrelevant features if the initial subset contains a large number of irrelevant features. Since the 

individual feature impact is averaged differently in the two approaches, the ὔὛ is expected to be 

less impacted by the extreme values of 
●

●
, i.e., the existence of outliers, than ὈὈὙ, providing 

a more stable feature importance evaluation. There are some shared limitations for both 

methodologies. Both methods may fail if there is collinearity in the input features because of the 

orthogonality assumption at the decomposition of the total derivative. Both approaches are 

embedded feature selection methods, i.e., they use the trained model to estimate feature 

importance. Hence, they both inherit the intrinsic advantages of the embedded methods, such as 

reduced computational burden compared to wrapper methods and improved model performance 

compared to filter methods. 
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(a)                                                                             (b) 

Figure 9. Feature importance of the ▐◄▐ feature calculated by (a) ╓╓╡▐ (b) ╝╢▐ 

3.2.3 Feature selection approach 

The proposed embedded feature selection approach includes four steps: 

1) Train the GP regression model using all features  

2) Calculate the feature importance using DDR or NS for each feature 

3) Construct a feature subset that includes the features with the largest importance values 

(either using DDR or NS) until the cumulative feature importance score reaches a user-

defined value. Based on our computational experiments, we recommend a cumulative 

feature importance score above 0.9 

4) Train the GP model using the feature subset 

To study the performance of the proposed feature selection approach, we implement a wrapper 

method with forward selection (Rodriguez-Galiano et al., 2018) that uses DDR and NS for feature 

selection. This wrapper method validates the proposed embedded feature selection method by 

providing the model performance from all possible feature subsets that the embedded approach 
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would have obtained. The cumulative DDR and NS are applied to remove irrelevant features from 

the complete feature set for building a model. After building a GP regression model, the percentage 

of output variation explained by subsets of features is estimated using the corresponding 

cumulative DDR and NS. Subsets with a high cumulative DDR and NS are expected to result in 

accurate GP regression models. Feature selection is performed by training a series of models with 

iteratively expanded feature subsets to study the relationship between the cumulative feature 

importance estimated using the cumulative DDR and NS and the resulting model performance. 

The detailed steps of the feature selection using the wrapper method are outlined in Figure 10. A 

GP regression model trained with the full feature set is used to estimate the feature importance for 

each input. Within each iteration, one feature is added to the subset following the descending order 

of the feature importance. The GPM performances are measured using the Root Mean Squared 

Error (RMSE) defined in Eq. (9). 

The feature selection is conducted using DDR (calculated using Eq. (18)) and NS (calculated 

using Eq. (19)) as the metric to assess feature importance. During the feature selection process, it 

is investigated if adding a feature with higher DDR or NS contributes more to the model 

performance enhancement. By tracking the model performance in subsequent iterations, this step 

also explores if models trained using feature subsets with higher cumulative feature importance 

result in lower RMSEs. The optimal subset of features is determined when the average model 

RMSE reaches a steady low value or is the lowest. 
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Figure 10 The feature selection process for investigating the relationship between the 

subset cumulative feature importance and the performance of the model 

3.3 Computational experiments 

The computational experiments are performed to assess the effectiveness of cumulative DDR 

and NS from two perspectives. First, the effectiveness of irrelevant feature identification results of 

the two feature selection methods is studied by comparing the features identified as irrelevant to 

the true irrelevant features. Second, the difference between the predicted feature ranking and the 

true feature ranking results is evaluated. Three benchmark functions with known analytical feature 

importance, Ishigami function (Ishigami and Homma 1990), Sobol-G function (Saltelli et al. 

2010), and Polynomial function (Da Veiga, Wahl, and Gamboa 2009), are employed in this 
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experiment. The analytical feature importance is represented using the total-effect variance from 

Sobol sensitivity analysis, which is routinely used as a benchmark to assess the analytical feature 

importance (Gratiet et al., 2016). The cosine similarity and the Area Under the Receiver Operating 

Characteristic Curve (AUC) score are used to evaluate the performance of the two feature selection 

approaches. 

The details of the experimental steps are described in Section 3.3.3. The feature importance 

can be tuned for each function by varying the function parameters. To test the effectiveness of the 

methodology at various feature importance levels, we randomly changed the relevant parameters 

of the inputs in each benchmark function to assign random importance to each feature. Data sets 

of multiple sizes are generated from each benchmark function by varying numbers of additional 

irrelevant features to investigate the impact of sample size and the number of irrelevant features. 

For each of the data set, a GP model is fit and the feature importance results are inferred from the 

developed model using the cumulative DDR and NS. The predicted feature importance results are 

compared with the analytical feature importance of the benchmark functions to test the correctness 

of the two feature selection methods. 

3.3.1 Benchmark functions with analytical feature importance 

The Ishigami function Ὢ  is given in Eq. (20). 

Ὢ ὢȟὢȟὢ ÓÉÎὢ ὥίὭὲὢ ὦὢ ίὭὲὢ  (20) 
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In Eq. (21), there are three input variables ὢȟὢ  and ὢ , which range over “ȟ“ . The 

analytical feature importance represented using the total-effect variance (Sobol 2001) ὠ , i.e., 

ὠ , ὠ , ὠ  for the Ishigami function, are given in Eqns. (21) ï (23). 

ὠ
ρ

ς
ρ
ὦ“

υ

ψὦ“

ςςυ
 (21) 

ὠ
ὥ

ψ
 (22) 

ὠ
ψὦ“

ςςυ
 (23) 

where ὠ  represents the output variance contribution from all function terms that include the 

Ὧ  feature input variable. The feature importance of the three input variables can be adjusted by 

varying parameters a and b, where ὥᶰπȟυπ, ὦᶰπȟρ. 

The Sobol-G function Ὢ  is given in Eq. (24). 

Ὢ ὢȟȣȟὢ Ὣ ὢ  (24) 

where Ὣ ὢ
ȿ ȿ

, ὥ π. The inputs (ὢȟȣȟὢ  range within πȟρ . The Sobol-

G function employed in this experiment is composed of 10 input features. The analytical 

importance of the Ὧ  feature ὢ represented using the total-effect variance ὠ  is given in Eqns. 

(25) ï (26). 
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ὠ ὠ ρ ὠ  (25) 

ὠ
ρȾσ

ρ ὥ
 (26) 

where ὠ  represents the main-effect index of the Ὧ  feature ὢ . Function parameter ὥ 

controls the feature importance of the Ὧ  feature ὢ. In this study, ὥ is randomly generated from 

πȟτ. 

The polynomial function Ὢ  is given in Eq. (27). 

Ὢ ‎ ‎• ὼ ‎• ὼ ȟὼ

ȟ

Ễ

‎• ὼȟȣȟὼ

ȟȟȣȟ  

 

(27) 

where ὓ is the order and ‌ is the degree of the polynomial function. In this study, we used a 

polynomial function with a degree of three and an order of three. The inputs ὢȟὢ and ὢ range 

over ςȟς . The feature importance inferred from total-effect variance is given in Eq (28), where 

the function parameter ‎ which adjusts the feature importance is randomly selected from ‎ᶰ

πȟρπ for the computational experiments. 

ὠ ‎ ȟὃ ♪ᶰᴓ ȿ‌ π (28) 
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3.3.2 Evaluation metrics 

The effectiveness of the proposed feature selection methods is evaluated according to whether 

the feature ranking and the irrelevant feature identification results match the ground truth. The 

predicted feature ranking results are obtained by ranking the input features according to their 

importance inferred from the cumulative DDR and NS. This feature ranking prediction is 

compared with the known feature rankings obtained by sorting the total-effect variance. The cosine 

similarity (Korenius, Laurikkala, and Juhola 2007) measuring the angle between two vectors is 

widely used for information retrieval. In this study, it is used to calculate the similarity between 

the predicted and actual feature ranking results. Given the true feature ranking vector Ὑ  and 

the predicted feature ranking vector Ὑ , the cosine similarity ὧέίὙ ȟὙ  is defined in 

Eq. (29). 

ὧέίὙ ȟὙ  
Ͻ

ᴁ ᴁ
 (29) 

As the cosine of the angle between the two ranking vectors, the cosine similarity varies from -

1 meaning the two ranking vectors are exactly opposite, to 1, meaning they are the same. A high 

cosine similarity value indicates that the feature ranking prediction aligns with the ground truth. 

Although the cosine similarity measures the similarity between the two ranking results, feature 

ranking results with only a few input features cannot be accurately evaluated using this metric. For 

example, for an input space with Ὑ ρȟςȟσȟ the cosine similarity of two feature ranking 

predictions Ὑ ρȟσȟς and Ὑ ςȟσȟρ are equal to each other (0.93), even though 
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Ὑ  is more similar to Ὑ  because the ranking prediction of the first feature aligns with the 

ground truth. In this study, for functions with three input features (Ishigami and polynomial), the 

feature ranking results are evaluated by the correct ranking percentage ὖ , which is the 

percentage of correct feature ranking predictions among all feature ranking prediction results. The 

number of correct feature ranking results ὔ  is defined as the number of experiments with 

exactly correct feature ranking results (Ὑ Ὑ ). Given the total number of conducted 

feature ranking experiments ὔ , ὖ  is defined in Eq. (30). The ὖ  is calculated at 

various sample sizes and number of irrelevant features to study their impact. 

ὖ
ὔ

ὔ
ρππϷ (30) 

The Receiver Operating Characteristic (ROC) curve is used to assess whether the cumulative 

DDR and NS correctly identify the irrelevant features. The ROC curve was first proposed to 

evaluate the accuracy of classification models (Lusted 1971). The curve plots the True Positive 

Rate (ὝὖὙ) and False Positive Rate (ὊὖὙ) at different thresholds of classifying the feature as 

irrelevant. Feature subsets with cumulative feature importance score lower than the threshold are 

classified as relevant. The confusion matrix used to define ὝὖὙ and ὊὖὙ for this study is given in 

Figure 3. The actual relationship between each input feature and the output is labeled as relevant 

or irrelevant. The irrelevant class is assumed to be positive in this study. For the positive class, 

irrelevant features are classified as True Positive (TP) if they are predicted as irrelevant or False 
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Negative (FN) if not. For the negative class, the relevant features are marked as False Positive (FP) 

if they are predicted as irrelevant or True Negative (TN) if not.  

 

Figure 11. Confusion matrix for evaluating the feature ranking prediction results using 

True Positive (TP), False Positive (FP), False Negative (FN), and True Negative (TN) 

The ratios that measure the classification performance, i.e., ὝὖὙ and ὊὖὙ, using the confusion 

matrix in Figure 11, are defined in Eqns. (31)-(32). The ὝὖὙ calculates the fraction of irrelevant 

features identified correctly, while the ὊὖὙ calculates the fraction of relevant features not 

identified correctly. A high ὝὖὙ and low ὊὖὙ indicate that most irrelevant features are classified 

correctly, and few relevant features are classified incorrectly. 

ὝὖὙ
ὲ

ὲ ὲ
 (31) 

ὊὖὙ
ὲ

ὲ ὲ
 (32) 

where ὲ , ὲ , ὲ , and ὲ  are the numbers of TP, FP, FN, and TN (Figure 11). The overall 

performance aggregating all possible classification thresholds of the feature selection method is 

evaluated using the Area Under the ROC Curve (AUC) score (Fawcett 2006), for which an 



 

 

70 

illustrative example is given in Figure 12. A high AUC score indicates a good classification 

performance. 

 

Figure 12. Illustration of Area Under the ROC Curve (AUC) 

In this study, irrelevant features are labelled as the positive class. The effectiveness of the 

cumulative DDR and the cumulative NS in identifying the irrelevant features are both tested within 

the input space. By predefining a threshold for the two cumulative feature importance scores, a 

feature subset that contains the relevant features is constructed by selecting all features until the 

cumulative importance reaches the threshold. The rest of the features located beyond the threshold 

are classified as irrelevant features. Varying this cumulative threshold manipulates the irrelevant 

feature identification results. The AUC score provides an overall assessment of the irrelevant 

feature identification results regardless of the threshold for the cumulative feature importance. A 

high AUC score illustrates a good performance in identifying irrelevant input features. 
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3.3.3 Experimental procedure 

The procedure for conducting the validation experiments is outlined in Figure 13. The 

experiments are performed by fitting Gaussian Process Models (GPM) on the samples generated 

from the benchmark functions introduced in Section 3.3.1. Then, the features are ranked and 

selected using the proposed methodologies, and the effectiveness is validated using the metrics 

introduced in Section 3.3.2. The main steps for the validation experiments are composed of 

sampling, modeling, and feature selection.  

Step 1 Sampling (Figure 13): To generate input-output samples for each benchmark function, 

the function parameters controlling the analytical feature importance are randomly generated 

within the predefined range a hundred times. This procedure results in hundred test functions for 

each benchmark function. Data sets are generated randomly within the corresponding predefined 

input domains for each test function. A set of random values are generated from the input domain 

and employed as irrelevant features added to the data set as additional features. The sampling step 

is repeated for different sample sizes and numbers of irrelevant features. In this study, the sample 

size is fixed at 100, 300, and 500 for functions with three relevant input features (Ishigami and 

polynomial functions) and 500, 1000, and 1500 for functions with ten relevant input features 

(Sobol-g function). The number of irrelevant features added to the data set is increased up to two 

folds of the relevant input features, i.e., up to six irrelevant features are added for the Ishigami and 

the polynomial functions and twenty for the Sobol-g function.  
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Step 2 Modeling (Figure 13): For each sample set, a Gaussian Process Model (GPM) is fit on 

the data set composed of relevant inputs, irrelevant inputs, and outputs. For each benchmark 

function with a specific sample size and irrelevant feature size, a hundred GPMs are built for a 

hundred datasets in the feature selection effectiveness test. The feature importance inferred from 

the GPMs is compared with the analytical feature importance to evaluate the effectiveness of the 

proposed feature selection method. 

 

Figure 13 Validation experiments workflow 

Step 3 Feature selection (Figure 13): The feature selection results are inferred from 100 GPMs 

using the cumulative DDR and cumulative NS for each sample size and number of irrelevant 

features. The effectiveness is validated from two perspectives. First, the feature ranking prediction 

is compared with the true feature ranking result using cosine similarity. Second, the irrelevant 
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feature identification results are compared with the ground truth irrelevant feature set using the 

AUC score. 

3.3.4 Computational experiment results and discussion 

The results of the feature ranking prediction from the two proposed methods are presented in 

Figure 14 for (a) Ishigami and (b) polynomial functions. In Figure 14, ὖ  values are plotted 

for experiments performed with sample sizes ranging from 100 to 500, and the number of irrelevant 

features ranging from one to six.  

 

(a) 
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(b) 

Figure 14 Percentage of correct feature ranking results, ╟╬▫►►▄╬◄, for (a) Ishigami and (b) 

polynomial function 

The results in Figure 14 compare the percentage of correct feature ranking predictions for the 

Ishigami and polynomial functions considering the impact of sample size and the number of 

irrelevant features. For both functions, for each sample size, ὖ  value fluctuates slightly as 

the number of irrelevant features varies. This illustrates that the number of irrelevant features has 

a limited impact on ὖ  and the methodology effectiveness. For each number of irrelevant 

features, ὖ  values obtained from GPMs trained using large sample sizes are higher than 

those trained using small sample sizes. For most experiments, ὖ  values from the cumulative 

NS are higher than those from the cumulative DDR, suggesting that the cumulative NS might be 
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better in feature ranking results than the cumulative DDR for systems with small number of 

relevant features. 

To study under which circumstances the cumulative NS and DDR fail to rank the features 

correctly, we consider the impact of feature importance difference as a factor. For the three input 

features, the absolute feature importance difference is calculated for all possible pairs of features 

for all test functions. Then, for each test function, the minimum value of the absolute feature 

importance differences among feature pairs is used to estimate the strength of the difference 

between relevant input features. For example, for two test functions with relevant feature 

importance (0.3, 0.3, 0.4) and (0.2, 0.3, 0.5), the minimum value of the absolute feature importance 

difference is άὭὲȿπȢσ πȢσȿȟȿπȢσ πȢτȿȟȿπȢσ πȢτȿ π  and άὭὲȿπȢς πȢσȿȟȿπȢς

πȢυȿȟȿπȢσ πȢυȿ πȢρ, respectively. Figure 8 present the distribution of the minimum value of 

the absolute feature importance difference obtained from experiments with correct and incorrect 

feature ranking predictions at different sample sizes and irrelevant feature numbers for the 

polynomial functions using cumulative DDR. The results obtained using the cumulative NS are 

similar to those obtained using the cumulative DDR. Similar plots for cumulative NS and the 

Ishigaki function are provided in Appendix C. These results visualize the impact of feature 

importance difference on the feature ranking predictions. 
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(a) 

 

(b) 

Figure 15 The minimum value of absolute feature importance difference distribution for 

the polynomial function with (a) 100, (b) 500 samples obtained using cumulative DDR 

For the polynomial function results presented in Figure 15, the minimum value of the absolute 

feature importance difference ranges from 0 to 0.25. Based on the histograms, the minimum value 

Sample size = 100 

Number of irrelevant features = 

1 

Sample size = 100 

Number of irrelevant 

features = 6 

Sample size = 500 

Number of irrelevant 

features = 1 

Sample size = 500 

Number of irrelevant 

features = 6 
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of the absolute feature importance difference is smaller for the incorrect feature ranking predictions 

than for the correct predictions. This result indicates that feature ranking results are mostly 

incorrect for test functions with smaller feature importance differences in variables. This smaller 

feature importance difference makes it difficult to estimate the feature importance accurately and 

rank the features correctly. The same trend is observed from the method of using the cumulative 

NS and Ishigami function. From the comparison between different sample sizes, at larger sample 

size, there are more correct cases distributed at small minimum feature importance differences. 

This means the proposed approach provides more effective feature ranking results at larger sample 

size, even when the feature impacts are hard to be differentiated. At a larger irrelevant feature 

number, it is observed there are more incorrect cases distributed at lower minimum feature 

importance difference (Ishigami function at sample size equals 500). It can be concluded that there 

are fewer mistakes in the feature ranking results when less irrelevant features exist. 

The irrelevant feature identification result is evaluated for the three test functions using the 

AUC score. The AUC score of the irrelevant feature identification results for the polynomial 

function stays at one for all test functions, which indicates that the proposed methodologies can 

identify the irrelevant features correctly for the polynomial function. The irrelevant feature 

identification AUC scores for the Sobol-g function are plotted in Figure 16 using box plots. The 

scores are plotted as a function of the number of irrelevant features added to the data set. For the 

Sobol-g function, the AUC score obtained using cumulative DDR and NS varies from 0.5 to 1, 

with most scores above 0.7, illustrating that both methods are, in general, successful in identifying 
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irrelevant features. The AUC score increases as the sample size increases and the number of 

irrelevant features decreases. The decreasing AUC score with increasing number of irrelevant 

features indicates that as more irrelevant features are added to the data set, the proposed feature 

selection method makes more mistakes in identifying irrelevant features, which is an expected 

outcome as noise added to the data set in the form of additional irrelevant features impedes the 

GPMôs ability to recognize and capture relevance between the input and output. Possible solutions 

to address this ineffectiveness can be increasing the model predictive capability (e.g. increase 

model complexity, increase the sample size for model training), or a pre-processing step to remove 

ñgrosslyò irrelevant features (e.g. relevant feature pre-selection using a filter). 

The feature ranking results evaluated using the cosine similarity for the Sobol-g function are 

shown in Figure 17. For each test function, there is a cosine similarity between the true ranking 

(ground truth) and predicted ranking results. The distribution of the cosine similarity from all test 

functions at different sample sizes and number of irrelevant features is plotted using a box plot in 

Figure 10 for ranking results obtained using (a) cumulative DDR and (b) cumulative NS. The 

feature ranking prediction results evaluated using cosine similarity from the cumulative DDR and 

NS are identically distributed and ranges from 0.85 to 1. This presents a good match between the 

predicted and true rankings. The cosine similarities for GPMs fit using a data set with a larger 

sample size and with fewer irrelevant features are higher because the feature selection method 

performance relies on the GPM model accuracy; the GPMs trained using a larger data set that 

contains fewer irrelevant features are more accurate. 
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(a) 
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(b) 

Figure 16 AUC score of irrelevant feature identification using (a) cumulative DDR, and (b) 

cumulative NS for the Sobol-g function 

 

(a) 
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(b) 

Figure 17 Cosine similarity between predicted and true feature ranking results obtained 

using (a) cumulative DDR (b) cumulative NS for Sobol-g function 

3.4 Case study 

The two proposed feature selection approaches are applied to determine the optimal feature 

subset for a hybrid model estimating the liquid entrainment fraction (Deng et al. 2021, 2022). A 

hybrid model is a combination of a first principle model and a data-driven model (von Stosch et 

al. 2014b). The data-driven model used in this study is a GP regression model. The GP regression 

model is trained using a dataset composed of liquid entrainment measurements given pipe diameter 

(ID), inclination angle (ɗ), gas density (”), liquid density (”), gas viscosity (‘), liquid viscosity 
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(‘), gas-liquid surface tension (ů), superficial gas velocity (ὺ ), and superficial liquid velocity 

(ὺ ). The dataset is compiled from open literature, and the complete list of its sources can be 

found in Deng et al. (2022). It contains 1,662 liquid entrainment measurements collected in small-

scale laboratory settings. To extend the modelôs applicability for scale-up, i.e., from laboratory to 

field scale, we employ dimensional analysis to update the inputs from dimensional variables to 

dimensionless numbers (DNs). The proposed feature selection methods are then applied to prune 

the irrelevant DNs.  

3.4.1 Hybrid model for liquid entrainment fraction 

Deng et al. (2022) developed a hybrid modeling approach to estimate the entrainment fraction 

and its uncertainty. A set of semi-mechanistic and empirical models developed for three different 

flow orientations were combined with data-driven models to construct the hybrid model. A GPM 

(C. K. I. Williams and Rasmussen 2006a) was utilized as the data-driven component to estimate 

the model discrepancy, which is defined as the difference between the experimental measurements 

and the semi-mechanistic model predictions. The submodel with the best performance for each 

flow orientation was chosen to build the final model. In this study, the hybrid submodels with the 

best performance for each flow orientation from Deng et al. (2022), which employ Zhang et al. 

(2003) model for vertical flow, Nakazatomi & Sekoguchi (1996) for horizontal flow, Wallis (1969) 

for inclined flow for the semi-mechanistic models, are adopted to investigate the effectiveness of 

the proposed feature selection approach. 
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3.4.2  Dimensional analysis 

Dimensional analysis (DA) is a common approach for grouping and reducing the number of 

phenomena relevant input variables in chemical engineering (Cheng and Cheng 2004). It develops 

DNs and can be used to replace dimensional inputs with DNs. Inference from the process response 

and DNs may provide a deeper understanding of the process mechanism. Furthermore, using DNs 

as inputs may extend the applicability of a model from laboratory to field scale (Ruzicka 2008). In 

this study, the GPM inputs are replaced by DNs identified using the method proposed by Dai et al. 

(2022). A description of the workflow for applying the Dai et al. (2022) method to this study is 

presented in Figure 18. 

 

Figure 18 Methodology workflow for building a hybrid model estimating the liquid 

entrainment fraction using relevant DN inputs 
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The original experimental variables composed of fundamental dimensions, mass (M), length 

(L), and time (T), are considered basic variables for generating dimensional numbers. The basic 

variables in this study are eight experimental variables plus the gravitation constant (g) (Figure 18, 

Experimental variables). For the DN generation step, a set of variables covering all fundamental 

dimensions called repeating variables is chosen from the basic variable space. The DNs are 

constructed as a combination of repeating variables and the rest of the dimensional variables using 

the unit matrix. This step (Figure 18, Generate dimensionless numbers) yields a total of 246 DNs 

generated after iterating all possible repeating variable sets. To avoid correlated inputs, duplicate 

DNs or DNs that can be obtained by algebraic modifications (inverse, square root, power) of other 

DNs are pruned. Remove replication step in Figure 18 removes 197 DNs yielding 49 unique DNs, 

and these 49 DNs can be represented by 14 unique formulations of dimensional variables with 

physical interpretations. For example, the formulation of the Froude number (Fr) can be  or 

 depending on whether gas or liquid superficial velocity were used. We consider these DNs as 

potential relevant features to describe the liquid entrainment in gas core phenomena in two-phase 

flow. 

In the Preprocessing step (Figure 11), we filter the DNs to remove highly correlated ones using 

the Pearson correlation coefficient. From a set of DNs with correlation coefficients with absolute 

value greater than 0.95, only one is kept in the filtered set. After removing the collinearity among 

input features, the filtered set included 44 DNs (Ὀὔ  for the hybrid submodel for vertical 
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flow, 35 DNs (Ὀὔ  for the hybrid submodel for horizontal flow and 5 DNs 

(Ὀὔ  for the hybrid submodel for inclined flow as potential inputs to build the GPM. 

3.4.3 Feature selection with cumulative DDR and cumulative NS for hybrid modeling 

Given the Ὀὔ , Ὀὔ  and Ὀὔ , the cumulative DDR and NS are applied 

to remove irrelevant DNs from the filtered DN input feature set for predicting model discrepancy 

and building the hybrid model (Figure 11, Feature selection and Hybrid modeling). After building 

a GPM, the percentage of output variation explained by subsets of features is estimated using the 

corresponding cumulative DDR and NS. Subsets with a high cumulative DDR and NS are expected 

to result in accurate GPMs. Feature selection is performed by training a series of models with 

iteratively expanded feature subsets to study the relationship between the cumulative feature 

importance estimated using the cumulative DDR and NS and the resulting model performance 

following the steps outlined in 3. The data is randomly split into 70% and 30% as training and test 

sets, and the Feature selection and Hybrid modeling steps (Figure 11) are replicated using a Monte-

Carlo cross-validation (MCCV) with 30 replicates. 

3.5 Results and Discussion 

The feature selection procedure is performed using both cumulative DDR and NS. The results 

using the cumulative DDR are summarized for each flow orientation from Deng et al. (2022), 

which employ Zhang et al. (2003) model for vertical flow, Nakazatomi & Sekoguchi (1996) for 
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horizontal flow, Wallis (1969) for inclined flow for the semi-mechanistic models in Figures 19 

and 20.  

 

(a) 

 

(b) 
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(c) 

Figure 19 Feature selection using cumulative DDR and resulting model performance for (a) 

Zhang et al. (2003) model, (b) Nakazatomi & Sekoguchi (1996) model, and (c) Wallis (1969) 

model 

 

(a) 
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(b) 

 

(c) 

Figure 20 Relation between RMSE and cumulative DDR for (a) Zhang et al. (2003) model, 

(b) Nakazatomi & Sekoguchi (1996) model, and (c) Wallis (1969) model 

Figure 20 visualizes the trend of average training RMSE, test RMSE, and average cumulative 

DDR of the MCCV replicates as DNs are added following a descending importance order to the 
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model. The error bars correspond to one standard deviation. Figure 19 shows that as the number 

of DNs increases in the feature subset, the average RMSEs for training and test data decrease while 

the average cumulative DDR approaches one. When the subset includes nine or more features, the 

average RMSEs, and the average cumulative DDR reach a steady value with small variance, 

suggesting that adding more features does not significantly improve the RMSE. The RMSE of the 

model trained using the full feature set is almost equal to the RMSE of the GPM trained using the 

selected nine features. These results suggest that feature subsets with a cumulative importance 

score close to one (the selected nine features) yield GPMs similar in performance to the full feature 

set. Features with small DDRs do not contribute to the model's performance. These results suggest 

that the feature subsets with desired model performance can be constructed using cumulative DDR. 

Figure 20 shows correlation plot between the RMSE and the cumulative DDR for each MCCV 

replicate. Among the three models, there is a general trend of both the training and test RMSEs 

decreasing as the cumulative DDR increases. The Pearson correlation coefficient (”) for the three 

models are all above 0.9, which validate this decreasing trend. There is no significant difference 

between the ”  and ” .  

A comparison between results from cumulative DDR and NS reveals that although the MCCV 

replicate results of the cumulative DDR and the cumulative NS are not identical, the average 

RMSEs and the optimal feature subset size chosen using the cumulative NS are the same as the 

cumulative DDR. The difference between the cumulative NS and the cumulative DDR is that the 

cumulative NS calculates the ratio of the mean partial derivative, while the cumulative DDR 
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calculates the mean of the partial derivative ratio for the partial derivative of each feature at each 

sample. Theoretically, the cumulative NS would provide a more robust feature importance score 

when outliers are present in the data. 

In results from the two methods, it can be seen that the MCCV RMSEs fluctuate for subsets 

containing six to eight features. This is because the cumulative DDR and NS are developed from 

derivatives, which depend on sample locations. The randomness in data splits results in differences 

in sample location-dependent feature importance, which causes some fluctuations in feature 

rankings and the order in which the features are added within each cross-validation replicate. As 

the number of features increases, both the cumulative feature importance curve and the RMSE 

curves become flattened, which suggests that features with higher DDR and NS reduce the RMSE 

of the model more than features with lower feature importance scores. When the optimal feature 

subset is obtained, the cumulative DDR and NS range from 0.90 to 0.99 for most MCCV replicates. 

For this study, we define the smallest subset with a cumulative score higher than 0.99 as the 

optimal subset. The top-ranked relevant features of the optimal subsets determined from the two 

methods overlap with each other for most replicates. The top four important DNs for horizontal 

and vertical flow and the top three important DNs for inclined flow are identical for cumulative 

DDR and NS (shown in Figure 14). The difference between the two cumulative scores is due to a 

few extreme DDR values. Generally, the cumulative NS is less sensitive to extreme DDR values 

than the cumulative DDR. 
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One advantage of the proposed DDR-based feature selection methods is the local feature 

importance interpretation. Since the DDR is calculated at each sample for each feature, the local 

contribution of each feature to the output can be visualized. These results and visualization increase 

the interpretability of the hybrid model and may be used to determine directions for refining the 

first-principle model or provide insights into where the model may be failing to explain the 

fundamental phenomena. The magnitude of DDR is a measure of the difference between the first-

principle or semi-mechanistic model parameter and the ground truth and indicates a model 

refinement direction. The location of DDR within the input space provides information regarding 

the region of the input space refinement of parameters would improve the first-principle or semi-

mechanistic model. From the DDR results of the models developed for three flow orientations, we 

consider the features that are selected into the optimal subset most frequently as most relevant for 

predicting model discrepancy. The visualization of DDR magnitude and location is represented 

using heatmaps of the absolute value of DDR ȿ ᶻ● ȿ for the most relevant features and is shown 

in Figure 21. 

The numbers of the most relevant DNs for each hybrid submodel are four for horizontal and 

vertical, and three for inclined flow. Because the absolute DDR measures the input contribution to 

the model discrepancy, a high value suggests that the mechanistic model fails to capture more 

information (or fails to explain the phenomena accurately) at a specific input location. For Zhang 

et al (2003) model, the model discrepancy is sensitive to Oh, Ga, and Re numbers at low values 

and the viscosity ratio at high values. This result suggests that the relationship between the Oh 
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number, which represents the viscosity over the inertia and surface tension, and the entrainment 

phenomena is not well represented in the semi-mechanistic models at low Oh values. The results 

also suggest that experimental or modeling studies focusing on high gas viscosities and low liquid 

viscosities may be needed to improve this model. The Nakazatomi & Sekoguchi (1996) model 

may be improved by focusing on the impact of the inertia over the viscous force (Re) and the 

gravitational force over the surface tension (Bo) on liquid entrainment fraction. For the Wallis 

(1969) model, refining parameters and equations relevant to the gravitational force versus the 

viscous force may improve the modelôs performance. The part of the Wallis (1969) model at high 

gas velocity and low liquid velocity would improve its performance. In general, the proposed 

methodology provides a valuable tool for interpretation of hybrid model through local feature 

importance visualization. The magnitude and location of DDR ȿ ᶻ● ȿ serves as an indicator of 

the gap between the model parameters and ground truth, pointing out specific areas where model 

enhancement is most needed. Targeted experimental or modeling efforts that prioritize these areas 

could significantly enhance the predictive accuracy of semi-mechanistic models. 
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(a) 

 

(b) 
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(c) 

Figure 21 Local feature importance interpretation using DDR for (a) Zhang et al. (2003) 

model, (b) Nakazatomi & Sekoguchi (1996) model, (c) Wallis (1969) model 
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CHAPTER 4   METRICS FOR EVALUATING MACHINE LEARNING MODELS 

PREDICTION ACCURACY AND UNCERTAINTY  

 

4.1 Introdu ction 

Chemical engineering design decisions are consistently made with the consideration of various 

uncertainties (Sharifian et al. 2021). Models that provide predictions and their uncertainty over the 

target domain are essential in the risk assessment of the chemical engineering problems solution. 

The model performance evaluation must be performed before applying a solution in chemical 

engineering analysis and design. For models with stochastic outputs, the model performance is 

evaluated by directly measuring the mismatch between the model output and the true observation. 

Various metrics exist for this evaluation.  

In classical hypothesis testing, a test is constructed under the hypothesis that the observations 

come from the predicted population. Decisions about rejecting or not rejecting the hypothesis can 

be made according to whether the test statistic falls within the critical region (Y. Liu et al. 2011). 

Common hypotheses include the comparison of several moments (e.g., t-test, F-test) and 

comparison of full statistical distributions (e.g., Kolmogorov-Smirnov test (Haldar and 

Mahadevan 2000), Anderson-Darling test (Rebba and Mahadevan 2008)). The Bayes factor, 

expressed as the ratio of the relative likelihood of the null hypothesis over the alternative 

hypothesis, is used as the criteria (Mahadevan and Rebba 2005). The null hypothesis is not rejected 
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when the Bayes factor is larger than one. The Frequentist Metric evaluates the distance between 

the estimated mean of the observations and the mean of the predictions (Oberkampf and Trucano 

2002). The confidence bound is generated from the uncertainty of the distance. 

The area metric (AM) measures the area disagreement of the cumulative distributions between 

the prediction and the observation (Ferson and Oberkampf 2009). To deal with sparse data, the u-

pooling method derived from the area metric is proposed to measure the global dispersion of the 

distributions of observation and prediction. The measures of the cumulative distribution function 

at each validation site, called the u-value, are aggregated over the entire input space. The evaluation 

of the overall disagreement between the observation and model prediction is expressed as the area 

difference between the u-value distribution and the uniform distribution (Ferson, Oberkampf, and 

Ginzburg 2008). The model acceptance is determined according to a predefined problem accuracy 

requirement for the frequentist and area metrics. 

For the area metric, the mismatch between the stochastic observation and prediction can be 

decomposed into precision and accuracy. The precision refers to the variance of multiple 

predictions at one validation site. Accuracy measures the degree of closeness between the 

prediction and the observation (Eisenhart 1969). Generally, models with high prediction accuracy 

(i.e., low average prediction bias) and precision (i.e., narrow average uncertainty width) are good 

performers. The area metric measures the sum of accuracy and precision. For predictions with high 

area metric values, it is difficult to determine whether this is due to low prediction accuracy or 
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poor prediction precision. The accuracy and precision should be separated when the model-based 

decision is made considering both accuracy and precision. 

In this study, uncertainty width is proposed to evaluate the prediction precision within the area 

metric. By separating the area metric into the prediction bias related to accuracy and the uncertainty 

width related to precision, the performance between various models can be compared and selected 

according to the acceptance criterion. Large bias may be acceptable with a narrow uncertainty 

width when the model is employed to provide a prediction range. High uncertainty may be 

tolerated with a low bias if a point prediction is adopted for solving the problem. In addition to 

Gaussian Process Modeling (GPM), other seven machine learning models include Artificial Neural 

Network (ANN), Random Forest (RF), Support Vector Machine (SVM), Bayesian Neural 

Network (BNN), Multivariate Adaptive Regression Splines (MARS), Automated Learning of 

Algebraic Models using Optimization (ALAMO) are used to build hybrid models and their 

performances are compared using uncertainty width. 

4.2 Machine Learning Models Considered 

4.2.1 Artificial Neural Networks (ANN) 

Artificial Neural Network (ANN) draws inspiration from the structure of the biological neural 

network in the human brain. These networks consist of multiple layers, which are composed of 

interconnected nodes. The simplest ANN can be built with an input layer, a hidden layer and an 

output layer. The activation function in the hidden layer controls the output from the node, which 
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enables signal transmission, recognition patterns learning and decision making given input data. 

The ANN is developed to mimic the brainôs ability to adapt and learn, resulting in systems that 

can tackle complex computational problems with flexibility, versatility, and robustness (Bailer-

Jones, Gupta, and Singh 2001). Another specific type of ANN called Radial Basis Function 

Network (RBFN) is employed in this study, which uses the radial basis function as the activation 

function in the hidden layer, which transforms the input space into a higher-dimensional space. 

The adaptability of RBFNs stems from the radial nature of their basis functions, which respond to 

the distance of an input from a central point, making them particularly suited for capturing spatial 

relationships within the input data (Park and Sandberg 1993). 

4.2.2 Random Forests (RF) 

Random Forests are an ensemble learning method that averages the output from a multitude of 

decision trees. The randomness is injected to the model by subsampling the training data for 

constructing each tree and selecting a random subset of features at each split node (Breiman 2001). 

By training each decision tree with a subset of samples, random forests prune the overfitting habit 

of decision trees and offer a more generalized and robust model to outliers. 

Random forests have gained significant popularity due to their simplicity, ease of 

implementation, and their ability to handle high-dimensional data (X. Chen and Ishwaran 2012). 

The embedded feature importance provides a simple way for interpretability and feature selection 

(Genuer, Poggi, and Tuleau-Malot 2010). 
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4.2.3 Support Vector Machine (SVM) 

Support vector machine finds the optimal separating hyperplane that maximizes the margin 

between different classes after transforming input data into higher dimensional feature space using 

the kernel function. This fundamental concept makes SVM particularly effective in high-

dimensional spaces and situations where the feature number exceeds the sample number, which 

removes the limitation of data dimensionality (Alibrandi, Alani, and Koh 2015; Erfani et al. 2016). 

The kernel function within the SVM allows the operations in a transformed feature space 

without explicitly computing the coordinates in that space, which enables the handling of nonlinear 

relationships within the data. Moreover, SVM provides sparse solutions when only a subset of the 

training data is used to define the decision boundary given a large dataset, which delivers a less 

susceptible solution to the curse of dimensionality. 

4.2.4 Bayesian Neural Network (BNN) 

Bayesian neural network integrates principles from Bayesian statistics into traditional neural 

network architectures, providing a probabilistic interpretation of model parameters. This 

integration offers several advantages, including the ability to quantify uncertainty in predictions, 

which is particularly useful in scenarios where understanding the confidence level of predictions 

is crucial. BNNs also address the issue of overfitting by treating network weights as random 

variables, thus providing a more robust framework for learning from data. 

Like other Bayesian frameworks, the incorporation of prior knowledge into the neural network 

significantly improve the learning process when the training data is limited or noisy (Bishop 1997). 
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In practical applications, Bayesian neural networks demonstrate several advantages, including the 

ability to perform well even with complex models and to provide confidence intervals for their 

results. This makes BNNs particularly effective in various industrial applications, ranging from 

regression and classification problems to more complex inverse problems (Lampinen and Vehtari 

2001). The flexibility of Bayesian methods to handle the complexity of models and to avoid 

overfitting, coupled with their ability to incorporate prior knowledge, makes BNNs a powerful tool 

in the field of machine learning. 

4.2.5 Multivariate Adaptive Regression Splines (MARS) 

Multivariate Adaptive Regression Splines (MARS) is a non-parametric regression technique 

that extends linear models to capture non-linearities and interactions among variables. MARS is 

particularly suited for high-dimensional data, providing a flexible approach to modeling complex 

relationships without a predefined functional form. The core of MARS is its use of piecewise linear 

basis functions, which include constant, hinge function or its product, combined to construct the 

final model. These basis functions are adapted to the data through a two-step process: a forward 

selection that adds basis functions to improve the fit and a backward elimination that prunes the 

model to avoid overfitting, ensuring parsimony and interpretability. 

MARS models are characterized by their ability to handle variable interactions and non-linear 

relationships in a straightforward and interpretable manner, making them valuable in various fields 

such as finance, medicine, and environmental science. The adaptability of MARS, coupled with 

its capability to model complex interactions without extensive manual intervention, makes it an 
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appealing choice for situations where the underlying relationships between variables are unknown 

or highly complex (Friedman and Roosen 1995). 

4.2.6 Automated Learning of Algebraic Models using Optimization (ALAMO) 

Automated learning of algebraic models using Optimization (ALAMO) is a data-driven 

methodology formatted by summing the nonlinear transformations of the input data to predict 

output values using limited data points (Cozad, Sahinidis, and Miller 2014). The ALAMO 

methodology leverages best subset selection through integer programming. The initial model is 

iteratively refined using derivative-free optimization solvers that adaptively sample new points 

based on the maximization of a predefined error, ensuring that the model becomes increasingly 

precise with each iteration. ALAMO is considered an effective surrogate model in applications 

where experimental or simulation data are expensive to obtain, as it aims to minimize the required 

data while maximizing the modelôs predictive capabilities. It should be noted that the adaptive 

sampling section of ALAMO is not used in this work. 

4.3 Uncertainty quantification methodology 

Uncertainty quantification for creating prediction confidence intervals is a critical aspect of 

predictive modeling, especially when models are deployed in decision-critical environments. The 

quantification of uncertainty aims to provide a range around predictions within which the true 

values are expected to fall at a certain confidence level. Apart from prediction accuracy, 

uncertainty quantifications serve as aids in risk assessment and decision-making. 
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Recent work in machine learning has focused on several methods to quantify uncertainty, 

including using quantile loss functions, learning prediction intervals directly, and employing 

Gaussian processes. These methods have been applied across various domains, including materials 

science and hydrology, to enhance the reliability of AI applications (Shimizu, Yamada, and 

Yamada 2020; Tavazza, DeCost, and Choudhary 2021). 

Prediction intervals account for various sources of randomness and can be constructed 

conditionally, offering finite-sample probability guarantees when compared with experimental 

data. The construction of such intervals often involves statistical methods that allow for covariate 

adjustment and consider both pre-treatment and post-treatment periods in experimental settings 

(Cattaneo, Feng, and Titiunik 2021). 

In practice, uncertainty quantification through prediction intervals can be realized via 

conformal prediction (CP), which provides statistically rigorous confidence intervals for estimated 

quantities without distributional assumptions. CP can enhance the real-time applicability of deep 

learning methods for tasks like direction-of-arrival estimation, further emphasizing the practical 

benefits of quantifying prediction uncertainty (Khurjekar and Gerstoft 2023). 

In this work, we use two uncertainty quantification technologies to generate the prediction 

confidence interval for hybrid model output. The first one is the infinitesimal jackknife, which is 

specially developed for random forest (Wager, Hastie, and Efron 2014). This technique advances 

the classical infinitesimal jackknife (IJ) method, which is used to estimate the variability of 

predictions made by ensemble learners like bagged trees and Random Forests. Rather than 
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studying the behavior of a statistic after removing one observation at a time like the traditional 

jackknife, the IJ observes what happens to the statistic when we individually down-weight each 

observation by an infinitesimal amount. Infinitesimal jackknife is considered to provide more 

stable predictions than the regular jackknife. The second uncertainty quantification method is 

simply presenting the uncertainty using the residual from the training data. By assuming the 

"homoscedasticity" in the context of regression analysis, the variances of the error terms are 

constant across all levels of the independent variables. In other words, the spread or "noise" in the 

relationship between the independent variables and the dependent variable is the same no matter 

what the value of the independent variable is (Yang, Tu, and Chen 2019). Based on this 

assumption, the prediction uncertainty can be estimated using the residual distribution. The value 

of prediction uncertainty at 95% confidence interval can be represented using the residual at 95% 

confidence interval. 

4.4 Methodology of Uncertainty Width  

Deng et al. (2023) developed a metrics called uncertainty width by decomposing the area metric. 

A graphical illustration of the area metric is given in Figure 22. For one sample, the cumulative 

distribution function (CDF) of the model prediction and true observation are plotted as Ὢώ and 

Ὢώ. According to the definition, the area metric is the area between the two curves. For 

symmetric distributions, the means of the two curves, ‘and ‘, are located at the cumulative 

probability value equal to 0.5. The bias of the prediction ‘ ‘, defined as the difference 
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between the two means, and is shown as the rectangular area between ‘and ‘. Assume the two 

curves intersect at y equal to ‘. 

 
Figure 22 Area Metric Decomposition 

The area metric is defined as the integral of the difference in area between the two CDFs and its 

analytical expression is given in Equation 33. 

᷿ ȿ█ ◐ █ ◐ȿ▀◐ ᷿ █ ◐ █ ◐ ▀◐ ᷿ █ ◐ █ ◐ ▀◐
Ⱨ╘

Ⱨ╘
  

 (33) 

The bias between the prediction and observation mean is equal to the integral of the cumulative 

probability ᷿ ρὨὼ. By shifting the Ὢώ to the left by ς‘ ‘  and shifting Ὢώ to the right 

by ς‘ ‘ , the bias can be cut into several pieces. The integrals of the resulting pieces are 

given in Equation 34. 

᷿ ρὨώ ᷿ ρ Ὢ ώ ςА  А Ὠώ  
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᷿ Ὢ ώ ςА  А Ὢώ ςА  А Ὠώ  

᷿ Ὢώ ςА  А Ὢώ Ὠώ  

᷿ Ὢ ώ ςА  А Ὢώ Ὠώ ᷿ Ὢώ Ὢώ Ὠώ  

᷿ Ὢώ Ὢώ ςА  А Ὠώ  

᷿ Ὢώ ςА  А Ὠώ       (34) 

The second term in area metric shown in Equation 34 can also be decomposed into integrals given 

in Equation 35. 

᷿ Ὢώ Ὢώ Ὠώ ᷿ Ὢώ Ὢώ Ὠώ ᷿ Ὢώ Ὢώ Ὠώ  

                 ᷿ Ὢώ Ὢώ Ὠώ ᷿ Ὢώ Ὢώ Ὠώ  

                 ᷿ Ὢώ Ὢώ ςА  А Ὠώ  

                 ᷿ Ὢώ Ὢώ ςА  А Ὠώ    

                 ᷿ Ὢώ ςА  А Ὢώ Ὠώ  

                 ᷿ Ὢώ Ὢώ Ὠώ       (35) 

Because Ὢώ is symmetric at (‘, 0.5) and Ὢ ώ ς‘ ‘  is shifted from Ὢώ, the 

functions Ὢ ώ ς‘ ‘  and Ὢώ are symmetric at (‘, 0.5). It can also be inferred that 

the functions Ὢώ and Ὢώ ς‘ ‘  are symmetric at (‘, 0.5). As such, 
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᷿ Ὢ ώ ς‘ ‘ Ὢώ ς‘ ‘ Ὠώ ᷿ Ὢώ Ὢώ Ὠώ. Other equal 

integrals of Equation 34 and Equation 35 are given in Equations 36 to 39. 

᷿ Ὢώ Ὢώ ςА  А Ὠώ  

᷿ ρ Ὢ ώ ςА  А Ὠώ ᷿ Ὢώ ςА  А Ὠώ  (36) 

᷿ Ὢώ ςА  А Ὢ ώ ςА  А Ὠώ  

᷿ Ἦὁ Ἦὁ Ἤὁἓ
  

᷿ Ἦὁ Ἦὁ А  А Ἤὁ
ἓ

       

 (37) 

᷿ Ὢ ώ ςА  А Ὢώ ςА  А Ὠώ  

᷿ Ἦὁ Ἦὁ Ἤὁ
ἓ

         (38) 

᷿ █ ◐ █ ◐ А  А ▀◐
Ⱨ

Ⱨ
᷿ █ ◐ █ ◐ ▀◐
Ⱨ Ⱨ

Ⱨ
   

 (39) 

For visualization, the equal integral pairs are shaded with the same patterns in Figure 22. The 

uncertainty width is defined as the difference between the area metric ᷿ ȿὪώ ὪώȿὨώ and 

the prediction bias ᷿ ρὨώ. If substitute Equation 36 ïEquation 39 into the uncertainty width 

definition, Equation 40 calculates the uncertainty width. 

ὟὲὧὩὶὸὥὭὲὸώ ύὭὨὸὬ 

᷿ ȿὪώ ὪώȿὨώ ᷿ ρὨώ  
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᷿ Ἦὁ Ἦὁ Ἤὁἓ ᷿ Ἦ ὁ А  А Ἦὁ Ἤὁ  

᷿ Ὢώ Ὢώ Ὠώ        (40) 

4.5 Computational experiments 

The computational experiments are performed to investigate the effectiveness of uncertainty 

width in different scenarios. In this computational experiments, the uncertainty width is used to 

evaluate the difference between two distributions Ὢώ and Ὢώ. In this study, Ὢώ represents 

the machine learning model output, which is assumed to be normal distributed with zero mean and 

unit variance. The distribution of Ὢώ simulating the observation distribution is generated by 

sampling ώ from Pearson distribution using different specified distribution parameters. 

The Pearson distribution is a four-parameter distribution that has an arbitrary mean, standard 

deviation, skewness, and kurtosis. The Pearson system encompasses several well-known 

distributions such as the normal, beta, and gamma distributions, each fitting under specific 

conditions of the Pearson type criteria. This versatility allows for precise modeling of univariate 

data with various characteristics, aiding in the accurate description and inference of statistical 

phenomena (Johnson, Kotz, and Balakrishnan 1995). 

In this experiment, 1000 samples simulating the stochastic model output are generated from 

normal distribution Ὢώ at zero mean and unit variance. The skewness of observation distribution 

Ὢώ are varied from 0 to ς while the kurtosis is varied from 3 to ς . The effectiveness of 
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uncertainty width is evaluated by whether the area metric is larger than the absolute difference 

between the two distribution means. A heatmap representing this effectiveness is shown in Figure 

23. 

 

Figure 23 Uncertainty effectiveness heatmap 

Figure 23 presents whether the uncertainty width is effective for Ὢώ at different skewness 

and kurtosis. The heatmaps are generated at various differences, which is the distance between the 

mean of Ὢώ and ὪώȢ The NA results are those where the skewness and kurtosis pair donôt 

exist. From the results, at small differences below 0.5, the uncertainty width is always effective. 
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Start from difference beyond 0.7, the uncertainty width is not valid at skewness at 8 and kurtosis 

larger than 1024. 

4.6 Model Performance Comparison using Uncertainty Width 

The uncertainty width is applied to evaluate and compare the machine learning models' 

performance from both accuracy and precision perspectives. Three liquid entrainment fraction 

measurement experimental datasets and eight machine learning techniques are used to build nine 

models. The three experimental datasets from vertical, horizontal, and inclined flow orientations 

are composed of 1,083, 478, and 100 samples. For each sample, the liquid entrainment fraction 

prediction with its uncertainty is calculated and evaluated using the area metric. The area metric is 

then decomposed into accuracy (absolute bias) and precision (uncertainty width). The overall 

model performance is then evaluated using the average area metric, average absolute bias (mean 

absolute error), and average uncertainty width of all the samples. The modelsô performance 

comparison results are shown in Figure 24. 
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(a) 

 

(b) 
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(c) 

Figure 24 Model comparison results using uncertainty width for (a) vertical flow (b) 

horizontal flow (c) inclined flow 

The model performance evaluation results using the average area metric, mean absolute error 

(MAE), and the average uncertainty width of the models built using experimental datasets from 

vertical, horizontal, and inclined flow orientations are shown in Figures 24 (a), (b), and (c), 

respectively. The total height of each bar represents the average area metric. The MAE (solid) and 

the average uncertainty width (texture) values are separated and marked using different textures 

within the area metric. While the average area metric shows the overall performance of the model, 

models with low MAE have better accuracy, while models with low uncertainty have better 

precision.  
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Considering the overall model performance evaluated using the average area metric, the 

bagging GPM and DN GPM (GPM using dimensionless numbers) have identical performance, 

which is better than all the other models. By isolating the uncertainty width from the area metric, 

it is obvious that the large area metric from ALAMO model comes from the large uncertainty 

rather than the accuracy. The GPM should be selected when the hybrid model is employed to make 

a decision.  
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CHAPTER 5   A HYBRID MODELING APPROACH FOR BRIDGING THE GAP 

BETWEEN FIRST PRINCIPLES  AND DATA  

 

5.1 Introduction  

Mathematical models are constructed based on the relationship between system inputs and 

outputs. The goal is to deliver tools to simulate and predict the process behaviors. The models, 

derived using first principles and data, provide insights into understanding the mechanisms 

governing the system behavior. Based on their dependence on fundamental mechanisms, 

mathematical models can be classified as first-principle model (FPM), data-driven model (DDM), 

and hybrid model (HM) (Zendehboudi, Rezaei, and Lohi 2018). First-principle models are 

developed from the fundamental knowledge of the process being studied (Von Stosch et al. 2014), 

while data-driven models are derived from the input-output inference obtained from data. As a 

combination, a hybrid model merges the first-principle and data-driven models. Within the hybrid 

model, the first-principle model implements the known process knowledge, and the data-driven 

model models the unknown process mechanism not well addressed by the first-principle model. 

The first-principle model expands the data-driven modelôs applicability and enables the hybrid 

model extrapolation over a wider input range. The data-driven model compensates for the 

disagreement due to the incomplete understanding of the process mechanism and enhances the 

model's accuracy. As a result, the hybrid model outperforms the data-driven model in extrapolation 
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and exceeds the first-principle model in its capability to simulate the system without 

comprehensive process knowledge. The hybrid model takes advantage of the existing domain 

expertise and the available data, providing potential for modeling, designing, and optimizing 

chemical processes.  

Various strategies have been developed for integrating mechanistic and data-driven models. 

One simple way involves utilizing data to calibrate the parameters of a model with structure 

predefined based on mechanistic insights (Sansana et al. 2021). A more general model form arises 

from the combination of parametric and non-parametric models (Thompson and Kramer 1994). A 

parametric model is built based on fundamental principles with a predetermined structure. In 

contrast, a non-parametric model is inferred from data and characterized by adaptable parameters 

without any physical meaning (von Stosch et al. 2014b). Another model format involves 

incorporating the fundamental knowledge as constraints into the training of data-driven models 

(R. T. Q. Chen et al. 2018).  

Bradley et al. (2022) classify the most prominent hybrid modeling format into different 

categories according to the configuration of known and unknown components within the system 

being investigated. The categories range from simple formats, including replacing or summing the 

first-principle model and data-driven models, to advanced approaches embedding the mechanism 

as constraints into the data-driven model, to more complicated methods such as calibrating the 

mechanistic model parameters using low-fidelity and high-fidelity data and distinguishing the 
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sources of error. Among these structures, a parallel hybrid model (correction scheme) is preferred 

when certain effects in the observed system can be decomposed and modeled separately.  

A typical parallel hybrid model decomposes the system output into the first-principle model 

prediction and the model discrepancy, which is defined as the residual between the first-principle 

model prediction and the experimental measurement (Jiang et al. 2013). When the model 

discrepancy is fitted using a data-driven model, the output from the data-driven model 

compensates for the disagreement due to the missing process mechanistic detail and acts as a 

correction to the hybrid model output (Bradley et al. 2022). This correction not only increases the 

model prediction accuracy but also captures the information that the first-principle model fails to 

capture from experimental phenomena. If the source of this missing information can be attributed 

to specific input variables, the input variables from which the first-principle model do not correctly 

incorporate information can be identified. Identification of these input variables provides the first-

principle model developers with potential pathways for future mechanism exploration. 

To locate the source of this missing information from each of the input variables, an appropriate 

input-output relevance evaluation method is needed. Feature importance is considered a good 

representation of the input-output relevance during the model construction process. The magnitude 

of feature importance reflects the contribution of each input to the overall information extracted 

from the model output. Within the parallel hybrid model, the output information evaluated using 

feature importance from both first-principle model output and data-driven model output can be 

isolated and attributed to each of the input variables. For each of the input variables, a comparison 
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between the feature importance from the first-principle model and the data-driven model provides 

insights about the amount of information the two models capture from each input. We hypothesize 

that input variables with little feature importance for the prediction of the first-principle model 

output and strong feature importance for the prediction of the data-driven model output are the 

ones where the first-principle model fails to capture pertinent information. Building upon this 

hypothesis, we suggest that updating the equations and parameters related to these input variables 

can be used to improve the mechanistic model in future studies. We further posit that a quantitative 

evaluation of the feature importance differences can be employed to assess the refinement space 

of mechanistic model with respect to input variables, which can provide insight into the current 

shortcomings of the current mechanistic model assumptions and a strategy for model accuracy 

enhancement in future mechanism exploration. 

Several feature selection methods exist for the input-output relevance evaluation. Filter 

methods score features by statistical relevance (Kumar and Minz 2014), which is computationally 

efficient (Guyon and Elisseeff 2003) without ensuring the model performance. Wrapper methods 

pick the optimal subset by assessing the performance of the model built using the corresponding 

subsets (El Aboudi and Benhlima 2016). The model-building process makes wrapper methods 

computationally more expensive than filter methods (Carlos Molina, Belanche, and Nebot 2002) 

but more precise. Embedded methods incorporate feature selection into the model training process, 

balancing precision and computational load (Chandrashekar and Sahin 2014).  
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To apply a feature selection method to a parallel hybrid model and draw conclusions regarding 

the contribution of each input variable, the feature importance obtained for the first-principle and 

data-driven models should be uniform and accumulative. In other words, if the information 

captured by each of the input features is represented using the feature importance, the sum of 

feature importance from first-principle model output and data-driven model output should be equal 

to the feature importance from the entire hybrid model output. Current feature selection methods 

cannot decompose the input-output relevance into discrete, uniform, and accumulative parts.  

To address this shortcoming of current feature selection methods, we applied a derivative based 

feature selection method to a parallel hybrid model to locate the missing information from each 

input and provide quantitative first-principle model refinement suggestions. Deng et al. (2023) 

proposed a Gaussian Process (GP) embedded feature selection method based on the derivative 

decomposition. The information captured by the hybrid model is represented using the squared 

magnitude of its total derivative of the hybrid model output, which can be decomposed into total 

derivative of first-principle model output and data-driven model output respectively. Each of the 

resulting total derivative quantifies the information captured by the corresponding model. For each 

of the model, calculating the gradient of the output with respect to all inputs provides a vector of 

partial derivatives. By decomposing the derivative into partial derivatives, the information 

captured by each input-output pair is quantified by the squared magnitude of the partial derivative 

over each input feature. The squared magnitude from the data-driven model quantifies the distance 

between the first-principle model parameters and the ground truth from the experimental 
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measurement. This distance is defined as the Refinement Space (RS) in this study. The refinement 

of the first-principle model parameters with a larger refinement space and studies focusing on the 

fundamental phenomena explained by these sections of the model have the most potential to 

improve the performance of the first-principle model. We constructed a series of computational 

experiments to validate the effectiveness of the refinement space in quantifying the amount of 

information the first-principle model fails to capture. Three functions: the Sobol-G function, the 

Ishigami function, and polynomial functions as test functions with known analytical feature 

importance of inputs in the form of total-effect variance. The refinement space of each input is 

quantified using the proposed approach and compared with the benchmark represented using the 

total-effect variance difference. The proposed approach is shown to be effective in quantifying the 

parameter refinement space and applied to measure the refinement space of a set of first-principle 

models developed for predicting the liquid entrainment fraction. As a result, the refinement space 

of each input variable is quantified locally, from which the semi-mechanistic entrainment 

estimation model refinement decision can be inferred from.  

5.2 Methodology 

5.2.1 Derivative based feature importance decomposition 

The hybrid model developed for experimental measurement prediction can be represented 

using ώ ὼ. By applying the decomposition rule in Eq. (1), ώ ὼ can be decoupled into first-

principle model ώ ὼ and data-driven model ‏ὼ. If the feature importance is represented using 
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the partial derivative, for any given sample, the Ὥ  inputôs impact on ώ ὼ can be decomposed 

and expressed in Eq. (41). 

‬ώ ὼȢ

‬ὼ
 
‬ώ ὼȢ

‬ὼ

ὼ‏‬

‬ὼ
      (41) 

where the partial derivative within the hybrid model 
Ȣ
 is decomposed into 

Ȣ
 from 

the first-principle model and  from the data-driven model. This formulation provides an 

uniform way of evaluating the feature importance across the components ώ ὼ and ‏ὼ within 

the hybrid model ώ ὼȢ For each experimental observation ὼȟώ , this formulation calculates the 

partial derivative of the two components ώ ὼ and ‏ὼ with respect to each input ὼ at different 

values. The impact of each feature is then quantified by averaging the absolute values of these 

partial derivatives across all samples. The information missing from the first-principle model, 

which is the information that is captured by the data-driven model,  is represented by the averaged 

absolute value of partial derivatives. This quantity measures the gap between the mechanism and 

the observations, which provides guidance for further mechanism refinement. In this study, the 

deficiency in the first-principle model from the Ὥ  input is defined as the Refinement Space 

ὙὛ and expressed in Eq. (42). 

ὙὛ
ρ

ὔ
ȿ
●‏‬

‬ὼ
● ●

ȿ      (42) 

where ● represents the ὲ  input values vector and N is the total number of samples used for 

model building.  
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5.2.2 Estimated refinement space from gaussian process 

The actual refinement space ὙὛ in Eq. (42) cannot be directly quantified from the experimental 

observations because the data-driven model cannot capture all the information from the model 

discrepancy. To address this problem, an estimated refinement space ὙὛ inferred from the data-

driven model is employed. In this study, Gaussian Process (GP) is used as the data-driven model 

within the hybrid model framework and the mean function Ὢz representing the data-driven model 

prediction is substituted into Eq. (42). The resulting estimated refinement space for ὙὛ from GP 

is written in Eq. (43). 

ὙὛ
ρ

ὔ
ȿ

‌ ὼ ὼ

ὰ
Ὧ●ȟ● ȿ (43) 

where ‌ ὑὢȟὢ „Ὅ is the weight for the ὴ ‏  sample of the GP mean function, ‏ 

is the ὴ  sample output, and ὼ and ὼ are the Ὤ  input of ● and ●. ὙὛ quantifies the overall 

amount of information the first-principle model fails to capture from the observations and 

parameters with higher ὙὛ value deviate more from the ground truth. The first-principle model 

refinement work should prioritize these parameters. As the ὙὛ is inferred from the data-driven 

model, there is bias between the actual and the estimated refinement space. The accuracy of the 

ὙὛ relies on the data-driven modelôs capability of capturing the inference between the input and 

the output and is correlated with the performance of the models from which it is inferred. Models 

exhibiting superior performance provide more precise estimation of the refinement space. 
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5.3 Computational experiments 

Computational experiments are performed to assess the effectiveness of the estimated 

refinement space on quantifying the amount of information the first-principle model fails to 

capture from the observed phenomena. A system for generating experimental observations and the 

hybrid models is established in this experiment. Three functions with known analytical feature 

importance (Section 3.1): Ishigami function (Ishigami and Homma 1990), Sobol-G function 

(Saltelli et al. 2010), and Polynomial function (Da Veiga, Wahl, and Gamboa 2009) serve as 

simulations for observed system Ὢὼ and the first-principle model Ὢ ὼ within a hybrid model. 

For each experiment, one of the three benchmark functions is employed as Ὢὼ and Ὢ ὼ. The 

function parameters are tuned to adjust the importance of each feature, thereby adjust the amount 

of information Ὢ ὼ captures from each input feature. The amount of information captured or 

missed by Ὢ ὼ are represented using the total-effect Sobol variance ὠ. Datasets with different 

sizes are generated from the system and a Gaussian Process (GP) model is fitted to each dataset. 

The estimated refinement space ὙὛ is inferred from GP model and its effectiveness is validated 

through two comparative analysis. The first analysis is conducted by comparing ὙὛ with the ὠ 

difference using the Pearson correlation coefficient. The second analysis is performed by 

comparing ὙὛ with actual ὙὛ using the normalized Root-Mean-Squared-Error (RMSE). The 

impact of the sample size on the effectiveness of the refinement space is also studied to investigate 

the relation between the ὙὛ accuracy and the model predictive capability.  
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5.3.1 Validation experiment design 

In this validation experiment, a system for generating hybrid models is built using the 

benchmark functions introduced in this Section. For each of the hybrid models, two functions 

Ὢὼ and Ὢ ὼ from the same type are adopted and their function parameters are randomly 

specified within their respective valid ranges. Inputs ● and output ώ  are uniformly generated 

within valid input ranges of Ὢὼ to replicate the experimental observations. Meanwhile, Ὢ ὼ 

simulates the first-principle model behavior and generates model predictions  ώ . The difference 

between the two functions Ὢὼ and Ὢ ὼ demonstrates ‏ὼ, which represents the analytical 

information the first-principle model Ὢ ὼ fails to address from the observed system Ὢὼ. The 

difference between the ώ and ώ  demonstrates the model discrepancy ‏ and is used for fitting 

the data-driven model and calculating the estimated refinement space ὙὛ from the first-principle 

modelȢ The known quantity of information missing from the first-principle model inferred from 

 ὼ is calculated in two ways. The first one is the absolute variance difference between Ὢὼ and‏

Ὢ ὼ, denoted as ὠ ȟ ȿὠ ȟ ὠ ȟȿ, which is inferred from the analytical total-effect Sobol 

variance. The second one is the actual refinement space ὙὛ calculated using Eq. (42). The 

experiments are conducted at different sample sizes ὲ  ranges from 100 to 5000. The 

workflow of the validation experiments is shown in Fig 25. 
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Figure 25 Validation experiment workflow  

For each input feature, the effectiveness of ὙὛ is verified by comparing the ὙὛ with the total-

effect Sobol variance difference using the Pearson correlation coefficient ”. The accuracy of ὙὛ 

is measured by comparing the ὙὛ with the actual refinement space ὙὛ using the normalized 

Root-Mean-Squared-Error (RMSE) defined in Eq. (44).  

Normalized RMSE = В ὲέὶάὥὰὭᾀὩὨ ὙὛ ὲέὶάὥὰὭᾀὩὨ ὙὛ   (44) 

where ὴ is the total number of input variables investigated in each experiment. 

For each of the function types, a Monte Carlo simulation is performed to generate a hundred 

Ὢὼ and Ὢ ὼ with different parameter settings. For each pair of functions, the number of input 
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variables within Ὢ ὼ is smaller or equal to the number of input variables within Ὢὼ. Samples 

are generated uniformly from the predefined input ranges, and the experiment is run at sample 

sizes ranging from 100 to 5000. For each of the input features, the ὙὛ is compared with the ὠ ȟ  

and ὙὛ and the localized refinement space is represented using the partial derivative. 

5.3.2 Validation experiment results 

The validation experiment compares the correlation coefficients and the normalized RMSE for 

the three benchmark functions at different sample sizes. The results are summarized in Fig. 26 and 

Fig. 27. We utilized 100 functions of each benchmark function, with different parameters, to 

generate samples for building GP models. The sample size ranges from 100 to 5000. For each 

sample size, we computed the correlation coefficients and the normalized RMSE for the ὙὛ from 

the GP models. The values plotted in Fig.26 and Fig. 27 is calculated by averaging the values 

across all inputs for each of the 100 functions. An example of the localized refinement space is 

plotted in Fig. 28 for the Ishigami function. 

 

Figure 26 Pearson correlation coefficient between ἠἡἱ and ἠἡ 
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Figure 27 Pearson correlation coefficient between ἠἡἱ and ἠἡ 

For all three functions in Fig. 26, the Pearson correlation coefficient increases as the number 

of samples used to train the Gaussian Process increases from 100 to 500 and remains stable at 

higher sample sizes. This trend indicates that as we increase the sample size, the refinement space 

approximates more closely to the analytical results. Specifically, the Ishigami function shows 

consistently high correlation coefficients across all samples sizes, maintaining above 0.9, which 

suggests a strong and stable correlation irrespective of sample size. The Pearson correlation 

coefficients for the Polynomial function and Sobol-g function range from 0.67 to 0.91, which is 

lower than those for the Ishigami function. 

The normalized RMSE measuring the refinement space estimation accuracy at different sample 

size is plotted in Fig. 27. Like the Pearson correlation coefficient in Fig. 26, the normalized RMSE 

stabilize at large sample sizes, affirming that a greater number of samples enhances the predictive 

accuracy of the GP model and the precision of refinement space estimations. The functions with 

fewer inputs (Ishigami and Polynomial) show a normalized RMSE below 0.1, maintaining stability 
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as sample size exceeds 1000. For the Sobol-G function, the normalized RMSE stays above 0.25 

for small sample size and continues decreasing as the sample size increases.  

From the results, higher Pearson correlation coefficient values at larger sample sizes indicate 

that the refinement space aligns with the ground truth when there is more information, i.e., data, 

used to fit the data-driven model. This meets our expectation that the accuracy of refinement space 

estimation enhances with the model's incorporation of more sample data. When the sample size is 

beyond 1000, both of the normalized RMSE and the correlation coefficient keep stable, which 

indicates that the refinement space estimation reaches its limit and do not converge further towards 

the ground truth for the test functions. The stability suggests that the gap between the refinement 

space estimation and the ground truth stays unchanged as the predictive ability of GP model stops 

increasing. If we compare the results for each function, the refinement space estimation results are 

strongly correlated to the function complexity. Simpler functions with fewer inputs and less non-

linearities leads to lower normalized RMSE and higher Pearson correlation coefficient. This 

phenomenon is valid for all model-agnostic feature importance estimates, which are strongly 

correlated with model predictive performance.  

To present the localized refinement space, we picked an experiment using Polynomial function 

and plotted the  with respect to three input variables for different sample sizes in Fig. 28. The 

ὠ ȟ  and the ὙὛ of this experiment from all three inputs are shown in Table 3. 

Table 2 The total-effect Sobol variance and refinement space for example experiment 
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 ὠ ȟ  ὙὛ 

ὼ 3574.97 46.10 

ὼ 228.82 13.62 

ὼ 863.46 17.19 

From Table 3, the feature importance difference represented by the refinement space, is 

predominantly attributed to ὼ, followed by ὼ and ὼ in descending order. This is validated by 

Fig. 28 that the  associated with ὼ have the broadest distribution among the three inputs, 

resulting in the highest value of the ὙὛ. This distribution pattern aligns with the the benchmark 

standards. From Fig. 4, the partial derivatives are quite sparse from sample size at 100, which 

could leads to inaccurate estimation of the refinement space. As the sample size increases, the 

distribution of the partial derivatives, denoted as , becomes denser and tighter. This leads to a 

more precise and detailed illustration of the localized refinement space at each input values. This 

meets our expectation that the estimated refinement space is more accurate at large sample size. 

Consequently, with a larger sample size, the distribution of partial derivatives becomes more 

representative, enhancing the exploitation of the current knowledge space, which provides a more 

comprehensive representation of the current refinement space. 
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Figure 28 Localized refinement space for Ishigami function 

5.4 Case Study 

The methodology is applied to determine the mechanism from which input variables at what 

value ranges is not well captured by the first-principle model within a hybrid model developed for 

estimating the liquid entrainment fraction in a two-phase flow (Deng et al., 2022). In this work, a 

hybrid model comprises a first-principle model and a GP regression as a data-driven model. The 

GP regression model is trained using a dataset of liquid entrainment measurements given pipe 
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diameter (ID), inclination angle (ɗ), gas density (”), liquid density (”), gas viscosity (‘), liquid 

viscosity (‘), gas-liquid surface tension (ů), superficial gas velocity (ὺ ), and superficial liquid 

velocity (ὺ ). The dataset is compiled from open literature, and the complete list of its sources 

can be found in Deng et al. (2022). It contains 1,662 liquid entrainment measurements in small-

scale laboratory settings.  

The methodology is applied to quantify the estimated refinement space for input variables and 

provide refinement guidance for the semi-mechanistic models developed for liquid entrainment 

fraction prediction. In addition to delivering an overall estimation of the information not well 

addressed by the semi-mechanistic model, the methodology also provides a local refinement 

suggestion. It pinpoints specific variables and their corresponding values that the model fails to 

accurately capture This analysis enables a more flexible refinement of the semi-mechanistic 

models at different input values. The results of the three best-performing models for vertical flow 

(Zhang et al. (2003)), horizontal flow (Nakazatomi & Sekoguchi (1996)) and inclined flow (Wallis 

(1966)) are plotted in Fig. 29 and Fig. 30. 
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(c) 

Figure 29 ἠἡ for each of the inputs from (a) Zhang et al. (2003) model for vertical flow (b) 

Nakazatomi & Sekoguchi (1996) model for horizontal flow (c) Wallis (1966) model for 

inclined flow 
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(a) 



 

 

134 

 

(b) 
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(c) 

Figure 30 Local information not well captured for each of the inputs by (a) Zhang et al. 

(2003) model for vertical flow (b) Nakazatomi & Sekoguchi (1996) model for horizontal 

flow (c) Wallis (1966) model for inclined flow 

Fig.29 presents the estimated refinement space ὙὛ from three semi-mechanistic models for 

each of the input variables. The three semi-mechanistic model equations are listed in Eq. (45) to 

Eq. (53) and the corresponding model parameters with related features summarized in Table 3 for 

Zhang et al. (2003) model, Table 4 for  Nakazatomi & Sekoguchi (1996) model, and Table 5 for 

Wallis (1966) model.  
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For Zhang et al. (2003) mode, the original model is written as a function of dimensionless 

groups in Eq. (45), which can be rearranged into a function of dimensional variables written in Eq. 

(46). From Fig. 29 (a), for Zhang et al (2003) model, the parameters should be tuned first focusing 

on gas density, then liquid viscosity, surface tension, liquid velocity and finally gas velocity, in 

decreasing order of importance. Turning parameters related to the liquid density and the gas 

viscosity is not a priority. From Table 3, the related parameters need to be tuned following 

descending order of importance are ‍ȟ ‍ȟ ‍ȟ ‍ and ‍Ȣ 

Ὢ

ρ Ὢ
πȢππσὡὩȢὊὶȢὙὩȢὙὩȢ

”

”
Ȣ
‘

‘
Ȣ  (45) 

where ὡὩ , Ὂὶ , ὙὩ , ὙὩ . 

Ὢ

ρ Ὢ
ρπȢ” ” ‘ ‘ „ Ὠ ὺ ὺ Ὣ  (46) 

Table 3 Input variables with related parameters for Zhang et al (2003) model 

Input variables Related parameter 

” ‍=1.08 

” ‍=0.18 

‘ ‍=0.27 

‘ ‍=0.27 

„ ‍=-1.80 

Ὠ ‍=1.72 
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ὺ  ‍=0.70 

ὺ  ‍=1.44 

Ὣ ‍ πȢτφ 

 

The Nakazatomi & Sekoguchi (1996) model is expressed in Eq. (47) to Eq. (52). For 

Nakazatomi & Sekoguchi (1996) model result in Fig. 30 (b), the missing information mainly 

comes from liquid viscosity, gas velocity, and liquid velocity. In Nakazatomi & Sekoguchi (1996) 

model, the liquid viscosity is not considered for calculating the entrainment fraction, which meets 

our result that the impact from liquid viscosity is not well addressed in the model. Parameter related 

to the liquid viscosity should be added in the future refinement. From Table 4, relevant parameters 

such as ὴ and ὴ should be refined in the future.  

Ὢ ÔÁÎÈρπὅὡὩὊὶ” ”  (47) 

ὅ ρππ”” ρππ”Ȣ” Ȣ ὴ ρππ”” Ȣ 

 

(48) 

ὡὩ ”ὺ Ὀ„  (49) 

Ὂὶ ὺ Ὣ ȢὈ Ȣ (50) 

ὥ
ὴὰὲ”Ⱦ” ρ

 ὰὲ”Ⱦ”
 (51) 
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ὦ ὴ
”

”
 (52) 

Table 4 Input variables with related parameters for Nakazatomi & Sekoguchi (1996) model 

Input variable Related parameters 

D ὴ πȢφψȟὴ ρȢυ 

” ὴ ρȢχυȟὴ πȢψȟὴ πȢφψȟὴ ςȢυ 

” ὴ ρȢχυȟὴ πȢψȟὴ πȢφψȟὴ ςȢυ 

‘  NA 

‘ NA 

„ ὴ πȢφψ 

ὺ  ὴ ρȢυ 

ὺ  ὴ πȢφψ 

 

The Wallis (1966) model is written in Eq. (53). For Wallis (1966) model result from Fig. 30 

(c), the highest missing information comes from the gas velocity and liquid velocity. From Table 

5, there is no parameter related to gas velocity  

ὺ , which meets our expectation that effect from liquid velocity should be addressed in the semi-

mechanistic model. Parameters related to the gas velocity  

ὥ should be refined. 
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Ὢ ρ ÅØÐ πȢρςυρπὺ ‘„ ”” ρȢυ (53) 

Table 5 Input variables with related parameters for Wallis (1966) model 

Input variable Related parameters 

— NA 

” ὥ πȢυ 

” ὥ πȢυ 

ὺ  ὥ ρ 

ὺ  NA 

 

Fig. 30 presents the localized missing information from semi-mechanistic models using partial 

derivative  at different input values for each ὼ. The value of the partial derivative presents the 

parameter refinement space while the location indicates at what input value the parameter should 

be refined.  with larger absolute values indicates more information missing from the 

mechanism. For all three models, the parameters are the same within the valid input ranges. From 

the results of Zhang et al (2003) model shown in Fig. 30 (a), the majority of missing information 

comes from gas density, gas velocity, and liquid velocity at a low value, and liquid viscosity, 

surface tension at a high value. From Table 4, ‍ȟ ‍, ‍Ȣshould be tuned at low related input 

values, and ‍ȟ ‍ should be tuned at high related input values. For Nakazatomi & Sekoguchi 

(1996) model result shown in Fig. 30 (b), the missing information all comes from liquid viscosity, 
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gas velocity and liquid velocity at low input ranges, which indicates that the ὴ and ὴ should be 

refined at low input values. For Wallis (1966) model in Fig. 30 (c), the local missing information 

comes from inclination angle, gas velocity, and liquid velocity at a variety of ranges. ὥ should be 

tuned at both high and low gas velocity values. All of the three models should be considered as 

piecewise function of the input variable at different input ranges. 

5.5 Conclusions and Future Directions 

In this study, a hybrid modeling-based framework quantifying the parameter refinement space 

from each input feature is proposed. Our hybrid model integrates a first-principle model and a 

data-driven Gaussian Process (GP) model. The GP model is fit using the model discrepancy, which 

is the difference between the observation and the first-principle predictions, enabling the 

quantification of the amount of missing information from the first-principle model. We adopt a 

partial derivative-based feature importance for quantifying this informational gap from the 

mechanism. To validate the effectiveness of the proposed method, a set of computational 

experiments are designed using three benchmark functions with known feature importance 

represented using sobol total-effect variance. By simulating the experimental measurements and 

the first-principle model using the selected functions, the amount of missing information inferred 

from the proposed methods is compared with the established ground truth. The results from the 

computational experiments suggest there is a linear correlation between the estimated missing 

information and the ground truth. The proposed framework is applied to a hybrid modeling 
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approach for estimating the liquid entrainment fraction and its uncertainty in two-phase flow. As 

a result, the refinement space for parameters relevant to each of the input features is quantified for 

future model modification work. The proposed method can also provide an interpretation of the 

parameter tuning strategy at different input values locally. Future work will focus on developing 

adaptive sampling methods to more accurately and comprehensively capture the localized 

refinement space, thus provide greater refinement guidance for mechanism. 
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APPENDIX  A. DATABASE FEATURES AND RANGES LISTED BY SOURCE  

Reference Fore & 

Dukler 

(1995) 

Deryabina 

et al. 

(1989) 

HARWEL

L 
Schadel 

(1989) 
Okawa et 

al. (2005) 
Magrini 

(2008) 
Mantilla 

(2008) 
Dallman 

(1979) 
Ousaka & 

Kariyasaki 

(1992) 

Paras & 

Karabelas 

(1991) 

Laurinat 

(1982) 
Tayebi et 

al. (2000) 
Williams 

(1990) 
Karami 

(2014) 
Kesana 

Flow 

pipeline 

orientation 

Vertical Vertical Vertical Vertical Vertical Inclined Horizontal Horizontal Horizontal Horizontal Horizontal Horizontal Horizontal Horizontal Horizontal 

ID(m) 0.05 0.01-0.05 0.01-0.03 0.03-0.04 0.005-0.01 0.08 0.05-0.15 0.02 0.03 0.05 0.05 0.1 0.1 0.15 0.01 

ɗ(degree) 90 90 90 90 90 0-90 0 0 0 0 0 0 0 0 0 

”(kg/m
3
) 0.7-5 3.58 1.23-55.5 1.36-1.69 1.59-8.97 1.31-1.71 1.3-82.3 1.45-4.37 1.3 1.27-2.33 1.29-2.5 22.8-46.5 1.3-1.85 1.9 51 

”(kg/m
3
) 1000-1128 1000 689-1300 1000 1000 995-997 782.09-

1135.04 
998 1000 998 998 820-1000 998 760-1071 815 

‘(Pa.s) 0.000018 0.000018 0-

0.0000203 
0.000018 0-0.000018 0.000018 0.000018 0-0.000018 0.000018 0.000018 0.000018 0.0000138 0.000018 0.000018 0.000015 

‘(Pa.s) 0.001-

0.065 
0.001 0.0001-

0.0014 
0.001 0-0.001 0.001 0.001-

0.007 
0.001 0.001 0.001 0.0011 0.0001-

0.0016 
0.001 0.0013 0.00141 

ů(N/m) 0.072 0.072 0.012-

0.0739 
0.072 0.072 0.073 0.0237-

0.073 
0.073 0.073 0.07 0.073 0.022-

0.045 
0.073 0.024 0.0283 

ὺ (m/s) 15.8-36.2 29495 2.7-166 19.5-116 20-106 36.6-82.3 1.67-82.2 13.5-79 15.1-42.3 30.1-65.5 13.7-133 3.35-7.03 30.7-90.2 16.6-23 43961 

ὺ (m/s) 0.0148-

0.0635 
0.0235-

0.505 
0.00475-

5.11 
0.0152-

0.104 
0.89-1.63 0.0034-

0.04 
0.00147-

0.107 
0.00717-

0.904 
0.003-0.2 0.02-0.2 0.0161-

0.477 
0.22-0.26 0.0305-

0.123 
0.01-0.02 0.01-0.07 

f
E
 0.064-0.52 0.105-

0.942 
0.0131-

0.984 
0.102-

0.743 
0.05-0.69 0.238-

0.676 
0.00266-

0.922 
0.03-0.87 0.0469-

0.483 
0.1-0.75 0.008-

0.967 
0.01-0.23 0.118-

0.818 
0.003-0.52 0.027-

0.665 
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APPENDIX B. HYBIRD MODEL PERFO RMANCES  
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Figure S1. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with fixed output noise (2nd column) and semi-mechanistic model (3rd column) 

estimates of liquid entrainment fraction for (a) Cioncolini and Thome (2010), (b) Oliemans et al. 

(1986), (c) Zhang et al. (2003), and (d) Nakazatomi and Sekoguchi (1996). 
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RMSE = 0.114

AM = 0.097

CS= 0.65

RMSE = 0.039

AM = 0.050

CS= 1

RMSE = 0.026

AM = 0.026

CS= 0.92
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Figure S2. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with fixed output noise (2nd column) and semi-mechanistic model (3rd column) 

estimates of liquid entrainment fraction for (a) Pan and Hanratty (2002b), (b) Mantilla (2008), (c) 

Sawant et al. (2008), and (d) Wallis (1969). 

  

 

Figure S3. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with fixed output noise (2nd column) and semi-mechanistic model (3rd column) 

estimates of liquid entrainment fraction for Paleev and Filippovich (1966). 
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(d) 

Figure S4. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with estimated output noise (2nd column) and semi-mechanistic model (3rd 

column) estimates of liquid entrainment fraction for (a) Cioncolini and Thome (2010), (b) 

Oliemans et al. (1986), (c) Zhang et al. (2003), and (d) Nakazatomi and Sekoguchi (1996). 
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(c) 

 

  

(d) 

Figure S5. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with estimated output noise (2nd column) and semi-mechanistic model (3rd 

column) estimates of liquid entrainment fraction for (a) Pan and Hanratty (2002b), (b) Mantilla 

(2008), (c) Sawant et al. (2008), and (d) Wallis (1969). 
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Figure S6. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a GPM with estimated output noise (2nd column) and semi-mechanistic model (3rd 

column) estimates of liquid entrainment fraction for Paleev and Filippovich (1966). 
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(d) 

Figure S7. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a bagging GPM (2nd column) and semi-mechanistic model (3rd column) estimates of 

liquid entrainment fraction for (a) Cioncolini and Thome (2010), (b) Oliemans et al. (1986), (c) 

Zhang et al. (2003), and (d) Nakazatomi and Sekoguchi (1996). 
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Figure S8. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a bagging GPM (2nd column) and semi-mechanistic model (3rd column) estimates of 

liquid entrainment fraction for (a) Pan and Hanratty (2002b), (b) Mantilla (2008), (c) Sawant et al. 

(2008), and (d) Wallis (1969). 
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Figure S9. Data-driven model estimates of model discrepancy (1st column), hybrid model 

based on a bagging GPM (2nd column) and semi-mechanistic model (3rd column) estimates of 

liquid entrainment fraction for Paleev and Filippovich (1966). 
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Specification of the parameters used for training the bagging Gaussian process using GPy 

1. Data preprocessing: 

a. Data is split as 70% to train and 30% to test for each of the gaussian process in 

bagging. 

b. Train data is normalized to zero mean and unit variance, test data is normalized 

using the mean and variance from train data. 

2. Model building: 

a. The ARD kernel is picked. 

b. The target variable model discrepancy is normalized in model training and testing. 

c. The maximum number of iterations in the optimization is set to 100. 

Algorithm : Hybrid model workflow 

1. Collect experimental data and empirical and semi-mechanistic models.  

Pick the top three best performance models according to the model evaluation result 

using experimental data. 

2. Split experimental data into 70% as train and 30% as test 

3. Build three different Gaussian Process models (GPM) to estimate model discrepancy 

for each semi-mechanistic model. Obtain totally 27 hybird submodels. 

4. Pick the best hybrid submodel for each flow orientation using the three metrics 
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APPENDIX C. FEATURE SELECTION EXPERIMENT RESULTS  
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Figure S1. The minimum value of the absolute feature importance difference distribution for 

the Ishigami function with (a) 100, (b) 500 samples obtained using cumulative NS 
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Number of irrelevant features = 1
Sample size = 100

Number of irrelevant features = 6

Sample size = 500

Number of irrelevant features = 1
Sample size = 500

Number of irrelevant features = 6
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(a) 

 

 

(b) 

Figure S2. The minimum value of the absolute feature importance difference distribution for 

the Ishigami function with (a) 100, (b) 500 samples samples obtained using cumulative DDR 
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Figure S3. The minimum value of the absolute feature importance difference distribution for 

the Polynomial function with (a) 100, (b) 500 samples obtained using cumulative NS 

Sample size = 100

Number of irrelevant features = 1
Sample size = 100

Number of irrelevant features = 6

Sample size = 500

Number of irrelevant features = 1
Sample size = 500

Number of irrelevant features = 6
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Figure S4 AUC score of irrelevant feature identification using (a) cumulative DDR, and (b) 

NS for the Ishigami function 
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