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Abstract

This thesis uses time difference of arrival (TDoA) measurements to obtain position
solutions for multiple radio frequency (RF) signal sources in short baseline environments.
Details for TDoA generation are provided along with analysis of how this measurement is
challenged by both multiple signal sources and short baseline environments. The MUItiple
Signal-source Cross-correlation based Location Estimation (MUSCLE) algorithm is intro-
duced as a novel method to position multiple signal sources using TDoA. This algorithm
incorporates maximum likelihood estimation (MLE), combinatorics simplifications to the
solution space, and K-means machine learning to extract multiple position solutions. To
test this algorithm, a simulation space is created and fully detailed. This simulation is used
to test a wide range of algorithm applications without the limitations of hardware setup.
Results for the MUSCLE algorithm are applied to several simulation scenarios including an
ideal scenario, varied signal sampling rate scenarios, and varied receiver geometry scenarios.
The ideal scenario shows that the MUSCLE algorithm can locate all signal sources in a
30x30 meter environment to less than 0.4 meters of error. The varied sample rate test shows
that the algorithm can obtain position solutions down to a sample rate as slow as 50 MHz,
with faster sampling rates having improved performance. The varied receiver geometry tests
show that the algorithm can successfully position when receiver geometry becomes degraded,
when the number of receivers is decreased leading to system observability degradation, and
when an excess of information is provided to the system. The MUSCLE algorithm is then
tested in a hardware-in-the-loop (HWIL) setup where simulated data is transmitted through
one Universal Software Radio Peripheral (USRP) device and received by a second USRP.
This HWIL data is then used for positioning with the MUSCLE algorithm and compared

to the same environment fully in simulation. The HWIL test shows that real received data
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can arrive at a solution of less than 1 meter error for all signal sources. The simulation and
HWIL tests validate that the MUSCLE algorithm successfully determined the position of

multiple RF signal sources in short baseline environments.
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Chapter 1

Introduction

1.1 Motivation

Navigation and localization are essential for many applications in modern society, and
can be seen behind everything from smartphone map applications to space travel. Many
unique avenues of navigation must rapidly advance to meet the needs of these applications.
One such area of focus is localization of Radio Frequency (RF) signal sources. Locating
the source of RF signals is the basis for many important systems including wireless network
regulation [1] and satellite location authentication [2].

The literature on RF signal source localization is vast and includes many subsets with
their own unique challenges. This thesis seeks to isolate and solve two of these challenges
together. The first of these is locating multiple signal sources, and the second is locating these
signal sources in a short baseline environment. The combination of these two challenges is of
particular interest for use with Wi-Fi RF signals. Devices that use Wi-Fi generally operate
in a small environments with signal power significantly dropping off past distances of roughly
70 meters [3]. A Wi-Fi environment often has multiple devices operating at the same time
which greatly increases the difficulty of obtaining a position solution for all signal sources.
This work draws motivation from such Wi-Fi environments, and explores how to locate signal
sources under similar short baseline multiple source conditions.

To obtain a position solution, a measurement is first needed. In this thesis, Time Differ-
ence of Arrival (TDoA) will be the measurement used to determine the position of multiple
signal sources. TDoA is applied because it can achieve high precision without knowledge of
the signal structure [4]. This quality makes the measurement technique applicable to a wide

range of uses. One drawback to TDoA is the precise timing coordination required to form



a measurement, however this difficulty is outweighed by the ability for TDoA to operate
without knowledge of signal structure. This advantage allows the multi-target positioning
algorithm proposed in this thesis to be generalized to any stochastic signal.

This thesis will overcome both short baseline restrictions and multiple signal source
complications by proposing a setup with high signal sampling rate receivers in tandem with
a positioning algorithm specifically designed for both of these challenges. The high sampling
rate receivers will allow for accurate TDoA generation, while the positioning algorithm will

allow for position estimation of all signal sources present in the environment.

1.2 Prior Work

TDoA positioning has been used long before Wi-Fi was created, and therefore a great
deal of research has gone into algorithms that use TDoA measurements. Applications of
TDoA span from underwater earthquake detection to aircraft navigation. The development
of new receiver technology continues to open new uses for TDoA positioning. Recent devel-
opments in Radio Frequency System on Chip (RFSoC) technology allow receivers to work
faster than ever before, leading to new ways that TDoA measurements can be applied. The
algorithms introduced in this thesis utilize these new advancements in receiver technology

to position Wi-Fi signal sources.

1.2.1 TDoA History

One of the first major applications of TDoA was underwater acoustic positioning [5].
This was able to detect large moving objects underwater using the acoustic sound waves
transmitted through the ocean, as opposed to more modern uses that locate the source of
electromagnetic RF signals. TDoA still has active research in acoustic applications as seen
in the work by Glegg where devices are placed on the ocean floor to monitor sound waves
for safety application [6]. Also work by Li has shown the use of acoustic monitoring stations

to watch for earthquakes and tsunamis [7].



In the mid to late 1900’s, research was in full force for RF TDoA positioning methods [8].
World War 2 saw the first terrestrial radionavigation system developed with the introduction
of the Long Range Radio Aid to Navigation (Loran) system [9]. This system was a hyperbolic
navigation service consisting of a chain of synchronized transmitters, typically a master
transmitter and two to three secondary transmitters, that would send pulses to a receiver.
The receiver would measure the time difference between pulses and utilize that information
for positioning [10]. The later version of this system, Loran-C, was in operation from its
introduction in the 1974 until its eventual decommission in 2010 [11]. A depiction of Loran-C
chains and their hyperbolic Lines of Position (LOP) is shown in Figure 1.1. While an early
example and a foundation point for hyperbolic navigation, Loran focused on the reverse of the
signal source positioning seen in this research. Loran was able to provide user locations with
knowledge of the signal source locations. Rather than provide user location, this research

seeks to locate the unknown position of signal sources using known receiver locations.
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1.2.2 Wi-Fi TDoA

With the introduction of Wi-Fi in 1997, new applications of TDoA positioning became
possible [13]. Wi-Fi would quickly become widespread in office environments, households,
and public settings. This abundance of signal presence led to research into the positioning
of Wi-Fi sources using many different methods.

Research has shown that Wi-Fi sources can be accurately localized using measurements
of Time of Arrival (ToA). One way this measurement can be obtained is by decoding the
Wi-Fi signal and recording the time the signal was transmitted, and taking the difference
of that transmit time from the time the signal was received. This process is similar to how
GPS operates [14]. Another way to obtain ToA is similar to RADAR but with a sending and
receiving step [15]. RADAR works by sending a signal out and recording how long it takes
the signal to bounce back to the original transmit location. Similarly with Wi-Fi, a two-way
system can be designed to transmit ping signals that are returned by an access point after
a set time. This two-way communication is seen in work by Golden [16] where a RMSE
of 0.4 meters was shown for a ToA setup with both the Wi-Fi device and the access point
connected with a communication cable. This system requires an active sensor environment
where there is communication between signal sources and receivers. This thesis work will
operate on a passive TDoA system which does not require two-way communication.

The differences between ToA and TDoA are highlighted in a mathematical survey by
Shin where the expected errors for both methods are analyzed [17]. The expected error in
Shin’s work is shown geometrically by the dilution of precision (DOP) of the receivers. This
work shows the expected errors from both ToA and TDoA positioning with proofs. One of
the largest error sources is shown to be clock bias on the individual receivers. This can be
mitigated through various methods. The true difference in ToA and TDoA is the desired
implementation. A ToA solution requires timing information to be decoded from a signal,

while a TDoA solution requires two separate time-synchronized receivers. For the work in



this thesis it is necessary to obtain a position solution without knowledge of a given signal
structure, and so TDoA is the preferable method.

This thesis focuses on the use of TDoA signals in short baseline environments without
knowledge of the signal structure or a RADAR based delay system. The creation of these
TDoA measurements is of special interest, as TDoA creation in short baseline environments
is difficult. Research has been done on the generation of TDoA measurements in short
baseline environments by Van Doan, however that work did not focus on the sampling rate
of the receivers [18]. The sampling rate of the receivers has a direct impact on performance
of TDoA generation, and therefore is worth investigation. This thesis will show how the

sampling rate of the receivers affects TDoA generation and overall algorithm performance.

1.2.3 Short Baseline Positioning

Work by Wang showed that a Maximum Likelihood Estimation (MLE) Approach is
feasible for both short and long baseline environments [19]. Wang’s work shows that the
Root Mean Squared Error (RMSE) of the estimated signal source position approaches the
theoretical lower limits given by the Cramer-Rao Lower Bound (CRLB). While this work
by Wang covers a large variety in baseline distances, the MLE algorithm performs best at
shorter baseline distances.

The MLE algorithm is shown to have success in Wang’s work, however the creation of
TDoA measurements is not detailed, and this is of vital importance for the implementation
presented in this thesis. As such, this thesis will give an in depth explanation of short
baseline measurement generation, as well as explaining the challenges faced when creating

measurements of TDoA in short baselines.

1.2.4 Multiple Source Positioning

Positioning with a short baseline is not the only area of interest for this thesis work. A

consideration must be given for situations where there are multiple signal sources in a given



environment. Even with sufficient TDoA generation, an algorithm is necessary to determine
the position solutions of multiple sources. There are many methods that can accomplish
this, such as machine learning and applied finite set statistics. This thesis takes the machine
learning approach utilizing K-means clustering to position multiple signal sources.

Work by Altintas shows that multiple signal sources can be located with K-means clus-
tering [20]. Altintas’ work uses received signal strength measurements instead of TDoA
measurements, but demonstrates the applications of clustering to crowded signal source en-
vironments. Clustering was used in Altintas’ work as an initialization step to improve the
performance of position filters, however this thesis uses K-means clustering to determine a
final solution for signal source positions.

A method of determining multiple signal source states was shown in work by Tian which
utilizes random finite sets [21]. Tian’s algorithm used a particle filter for multi target TDoA
tracking with a Gibbs-generalized labeled multi-Bernoulli algorithm which applied labeled
random finite sets [22]. These are favorable for tracking the states of multiple targets,
determining if new targets exist, and estimating position of all sources.

A similar method is shown in work by Meyer where Finite Set Statistics (FISST) are used
to obtain a track-oriented marginal multi-Bernoulli/Poisson (TOMB/P) filter [23]. Meyer’s
filter uses a particle based approach along with random finite sets to generate position
solutions for an unknown number of signal sources. The filter is also designed to handle the
non-linearity of TDoA measurements. This work by Meyer shows that with proper tuning
for the likelihood of false signal source detections, an accurate solution can be formed.

FISST methods are mathematically rigorous, and provide solutions over time. This
thesis will take a simpler approach to positioning by locating multiple targets at independent
time steps rather than “tracking” states over time. This allows for a simpler algorithm with
no motion models or time-propagation of particles. The fundamentals of particle filtering
that are seen in previous works will be applied to signal source positioning in this thesis with

a Maximum Likelihood Estimation (MLE) algorithm.



The MLE algorithm searches over a grid of possible solutions and determines which
of those possibilities are the most likely. This has been shown to work for single Wi-Fi
transmitter positioning in work by Sun [24] where a Wi-Fi device was set up to transmit
ToA measurements to a receiver. The algorithm shows the promising use of MLE for signal
source positioning. This thesis will apply the MLE technique to TDoA measurements to

obtain all likely positions in a given environment.

1.2.5 Multiple Source Positioning In Short Baseline Environments

The combination of Wi-Fi positioning in short baseline environments with multiple
sources present has been addressed by Li [25]. Li’s work showed that accuracy up to 23 cm
in an open space is possible with the given system architecture. Li’s work shows that in
practice, Wi-Fi devices can be located with TDoA, and addresses how clock bias affects the
problem. There is no analysis on the affect receiver sampling rate has on TDoA solution,
which this thesis seeks to further investigate. The work shown by Li also does not detail the
process of determining multiple unique solutions from a set of TDoA measurements. This

thesis will provide the algorithms used to position multiple signal sources.

1.3 Contributions

The contributions presented in this thesis cover two distinct ends of multi target TDoA
positioning. The first of these is a study on TDoA generation in a short baseline two-
dimensional environment with multiple signal sources present. The generation of TDoA
measurements is verified by analyzing how different receiver sample rates and different re-
ceiver geometries affect the generation of TDoA measurements.

The second area of contribution covered in this thesis is the transformation of TDoA
measurements into position solutions with multiple signal sources present. This problem will
be solved utilizing a novel combination of Maximum Likelihood Estimation, combinatorics

based non-intersection elimination, and K-means clustering algorithms. This combination of



techniques will be referred to as the MUItiple Signal-source Cross-correlation based Location

Estimation (MUSCLE) algorithm. The full contributions to this research field are as follows:

e Analysis of the benefits provided by high sample rates to short baseline, multiple target

TDoA generation
e Introduction of the MUSCLE algorithm for signal source positioning
e Application of combinatorics theory to simplify grid based estimation techniques
e Analysis of the solution accuracy obtained from the MUSCLE algorithm
e Analysis of the affect sample rate has on the MUSCLE algorithm performance
e Analysis of the affect receiver geometry has on the MUSCLE algorithm performance

e Experimental Hardware in the Loop (HWIL) creation of TDoA measurements using

signal simulation

1.4 Outline

This thesis first introduces Time Difference of Arrival measurements. The MUSCLE
algorithm is then introduced and it is shown that TDoA measurements can be used to
obtain signal source positions. This thesis concludes with results for several applications of
the MUSCLE algorithm both in simulation and in a HWIL test.

Chapter 2 will introduce TDoA from a geometric sense and expand it to the signal do-
main as seen in real world data collections. The theory of transforming TDoA measurements
into position solutions will be introduced, including a mathematical and visual demonstra-
tion of how position solutions are formed. Initial TDoA generation hurdles that this research
must overcome will be introduced in this chapter, such as how the sampling rate of an RF
receiver affects TDoA generation.

Chapter 3 will introduce the MUSCLE Algorithm that will determine the position solu-

tion of multiple signal sources given TDoA measurements. This will introduce the Maximum



Likelihood Estimation (MLE) algorithm used to search a candidate environment for signal
sources. A method of simplifying this MLE algorithm with combinatorics math will be
shown. A K-means machine learning algorithm will be used to cluster the remaining candi-
date states after combinatorics simplification.

Chapter 4 will introduce the simulation environment created to test the MUSCLE al-
gorithm, including an overview of the signal simulation tool used to create realistic TDoA
measurements. A study will be shown to determine how the MUSCLE algorithm performs
under ideal conditions. This study will include the overall accuracy of the position solutions
generated, and the number of signal sources detected. A study will be conducted to inves-
tigate the affect sampling rates have on position solutions. Additionally, analysis will show
the affects receiver positions have on algorithm solutions.

Chapter 5 will demonstrate a Hardware-In-The-Loop (HWIL) test to verify the real-
world application of the MUSCLE algorithm. This will demonstrate that sufficient receiver
sampling rates can form TDoA solutions on real hardware. The RF data generated by the
simulation environment will be fed through a transmitting radio directly into a receiving
radio, and this data will be used by the MUSCLE algorithm to generate position solutions.

Finally, Chapter 6 will provide conclusions drawn from both the simulation and HWIL
applications of the algorithm. The success and shortcomings of the algorithm will be explored

here. The future work for this research will also be detailed.



Chapter 2

Time Difference of Arrival

Time Difference of Arrival (TDoA) is a passive measurement method that takes advan-
tage of the radial nature of signal transmissions. As the name suggests, TDoA works by
measuring the difference in time that it takes for a signal pulse to be seen at two differ-
ent receivers. As a signal radiates outward from its source, a closer receiver to that source
records the signal information first and a farther receiver records that same signal informa-
tion after a measurable time delay. Generating this TDoA measurement is the first step in

the positioning algorithm introduced in this thesis.

2.1 FEuclidean TDoA

To generate one TDoA measurement, two receivers at known locations are required. To
geometrically analyze TDoA, prior knowledge of the signal source’s location will be used to
generate a two dimensional Euclidean TDoA. This will be obtained using the signal source’s
coordinates and the two receiver’s coordinates. This results in a simple difference of range

calculations that can be seen in Equation (2.1) [26].

B A

A and B in this equation are the two dimensional ranges from receiver A and receiver B to
the signal source, and c is the speed of light. Equation (2.2) further expands this equation

to a two-dimensional range calculation [26].

P P
(Xs  X1)2+(Ys Y1) (Xs  X2)2+(Ys  Y2)?

TDoA =
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This equation shows (X;Y)s as the two-dimensional coordinates of the signal source, (X;y)1
as the two-dimensional coordinates of receiver 1, (X;y)z as the two dimensional coordinates
of receiver 2, and C as the speed of light. This idea can be seen visually in Figure 2.1. The
signal is shown emitting radially outward from the star in the center and is detected by
receiver 1 after the signal has traveled a distance of A, and by receiver 2 after the signal has

traveled a distance of B.

Receiver
A (known
location)

Emitter
Hr (unknown
Location)

Figure 2.1: Visual Representation of Time Difference of Arrival

2.2 Signal Level TDoA

The creation of a TDoA measurement has been shown geometrically with prior knowl-
edge of the signal source location, however in application, the signal source location is un-
known. To produce a measurement of TDoA without knowledge of the signal source location,

signal analysis is required.
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2.2.1 Time Domain Cross-Correlation

To determine TDoA with signal analysis, two receivers record information for a set
amount of time and compare these recordings of information to determine where they are
the most similar. This method of data comparison is called cross-correlation and is the
basis for creating a TDoA measurement. To do this comparison, one set of data is held
constant while the other is shifted forward and backwards by the length of the data set.

This cross-correlation function [27] is shown in Equation (2.3).

Tx) x v @) )

R(d) = &
=0 (X(I) %) =0 V(i ) y)?

(2.3)

P

In this equation X and y are the two series of data, R is the correlation value at delay d, 1 is
the data series shift, N is the length of the data series, X is the means of data series X, and y
is the mean of data series y. This process returns a correlation vector that is twice as long as
the two data series used, and the correlation value in the middle of the vector corresponds

to a shift of zero.

2.2.2 Frequency Domain Cross-Correlation

This cross-correlation process can be simplified from the time domain to the frequency
domain using the Fourier transform. This allows for the use of the convolution theorem
which states that the inverse Fourier transform of the product of two Fourier transformed
series produces the convolution, or overlap, of those series in the time domain [28]. An

implementation of the cross-correlation of series X and y is given in Equation (2.4).

R=ift[(ft(x))  ((ft(y))] (2:4)

It should be noted that () represents the conjugate multiplication of the Fourier transform

of the second time series Y.
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The first method in the time domain shown in Equation (2.3) results in a vector that
is twice as long as the data series, while the second method in the frequency domain shown
in Equation (2.4) results in a vector that is only as long as the time series data. To account
for missing half of the data in the frequency domain, an easy solution is to pad the end of
the signal data with a vector of zeros that is of length N-1 where N is the length of the data
series. This will produce a two-sided cross-correlation. This is the method used to create

TDoA measurements in this thesis.

2.2.3 Obtaining Measurements From Cross-Correlation

Cross-correlation data can be transformed into a measurement of TDoA. As shown in
the geometric TDoA in Figure 2.1, there is a physical space that a signal must travel to
reach each receiver. The index of the peak of the cross-correlation plot represents how much
longer it took the signal to reach the farthest receiver. This index is directly transformed
into a measurement of TDoA. Equation (2.5) gives the general form of this process where S
represents the shift value away from the center of the correlation vector, and Fg represents

the sample rate of the receivers in Hz.

TDoA =S Fi (2.5)

S

This process assumes both receivers operate at the same sample rate.

An example of cross-correlation with one source is shown in Figure 2.2 where the data
is 500 samples long and the sample rate is 400 MHz. Inspecting the sample shift of the
maximum correlation value, a TDoA measurement is formed. In this example, the shift of
the maximum value is 19 away from the center. Applying this shift of 19 samples and the
sample frequency of 400 MHz to Equation (2.5) a TDoA measurement of 4:75 10 8 seconds

is obtained.
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Figure 2.2: Time Difference of Arrival With One Signal Source

2.2.4 Recorded Signal Length and Signal to Noise Ratio

One other important factor to consider when creating TDoA measurements is the ratio
between the length of the data recorded and the signal to noise ratio (SNR). SNR is often
represented in units of decibels (dB). The conversion from a magnitude value to dB is given
in Equation (2.6) [29].

dB =10 log;o(magnitude) (2.6)

The ratio between signal length and SNR is crucial information when determining if a
TDoA measurement can be formed in a given environment. A lower SNR indicates a higher
level of corruption on the signal. This decreases the height of cross-correlation peaks, and
at a low enough SNR the peaks become undetectable. This is illustrated in Figures 2.3 - 2.4
where the only variable changed is the SNR values. When comparing these figures, it can

be seen that the peaks are completely overtaken by signal noise at an SNR of -2 dB.
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Figure 2.3: Example Cross-Correlation Plot With SNR of 20 dB
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Figure 2.4: Example Cross-Correlation Plot With SNR of -2 dB
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The harmful effects of low SNR values can be offset by recoding more data. A cross-
correlation of longer data sets will eventually bring back the peaks and make them detectable.
To demonstrate this affect, the simulation tool was used to test correlation of random signals
against a set threshold value. For this work, the threshold was set at three times greater
than the highest noise peak. SNR was held constant and the signal length was iterated
through until a peak three times greater was detected, and the length corresponding to
that SNR was reported. The results of this test for multiple SNR values are shown in
Table 2.1. This data shows that as SNR decreases, the number of samples that must be
recorded exponentially increases. This quickly becomes a limiting factor for TDoA creation,
as extensive computational power is required to process data vectors with lengths in the
millions. Therefore a user must be aware of the expected SNR values when creating TDoA
values from RF signals. For the testing in this thesis, the SNR is assumed to be sufficiently
high to avoid these computational issues.

Table 2.1: Data Length Required for Given SNR Values

H SNR Value (Magnitude) Approximate Data Length Required H

0 1:425 107
0.1 1:403 10°
0.2 1:584 10°
0.3 2:884 10°
0.4 1:042 10*
0.5 5:277 103
0.6 2:895 103
0.7 1:612 10°
0.8 1:425 103
0.9 8:999 102
1 2:806 102

2.3 Sample Rate Affects on TDoA Creation

One of the most important hardware factors that can affect TDoA generation is the re-

ceiver sampling rate. The sampling rate directly impacts how accurate TDoA measurements
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can be, as well as determining if it is possible to generate TDoA measurements in certain en-
vironments. The scenarios considered by this thesis are multiple signal source environments

and short baseline scenarios.

2.3.1 Sub-Sample TDoA Errors

Signal sample rate can introduce errors in the cross-correlation vector if the sample rate
is too low. Every index of the cross-correlation x-axis in Figure 2.2 corresponds to a sample
distance of separation. For TDoA purposes, this can be thought of as the resolution of the
TDoA measurement. In application, it is very unlikely that the farther receiver used for
TDoA generation will sample the signal at the exact same amplitude and phase as the first
receiver, instead there will be some sub-sample offset. To clarify this idea, re-examine Figure
2.1 with the added knowledge that the receivers are both sampling at the same time, and at
the same rate as the black circles are shown to be radiating. In Figure 2.5, Receiver 2 has
been moved off the black circle to represent this sub-sample offset. With this offset, Receiver
2 is no longer recording the exact same signal information as Receiver 1, and when the cross-
correlation is performed, the largest index of the cross-correlation will no longer be the true
index. The true highest point of the cross-correlation will instead be some sub-integer value

due to data being lost as a result of this offset.
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Figure 2.5: Visual Representation of Time Difference of Arrival With Receiver Offset

This offset idea is shown in a different form in Figure 2.6 where a simple sin wave is
sampled by two receivers. Receiver 1 has a 1 Hz sample rate that always samples on the
integer times, and Receiver 2 also samples at 1 Hz but samples the signal at an offset of 0.3
seconds plus the integer times. The red and blue dashed lines would ideally be on top of each
other, however, due to the receiver placement shown in Figure 2.5, they have an offset. If
there was no offset and the dashed lines were on top of each other, the data of each receiver
would be exactly the same, and their correlation value would be its largest. With this offset,
they are no longer recording the exact same information, and their cross-correlation value
peak will be diminished. This shows that even though both receivers are sampling at the
same rate, they will not record the exact same data. If these two receiver samples were
cross-correlated, they would still result in a peak value, however, it would not be as large as

if the samples were perfectly aligned.
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Figure 2.6: Example of Sample Offset

The result of not capturing the true maximum is at best a slight error in the TDoA
measurement, but depending on the receiver sample rate a TDoA measurement might be
unobtainable due to this sample resolution. The sample resolution can be converted to a

physical distance with knowledge of the sample rate, calculated as

1
SR = = c (2.7)

This equation shows Fg as the sample rate in Hz, ¢ as the speed of light, and SR as the
sample resolution measured in meters. The sample resolution as a function of sample rate
is given in Figure 2.7 for sample rates of 1 MHz up to 400 MHz, and example values from
this figure are shown in Table 2.2 for numerous sample rates. The resolution column shows
what the physical distance between each sample shift on a cross-correlation plot represents.
It can be seen that at lower sample rates the resolution is much wider, but at very high
sampling rates the increase in resolution diminishes. This idea of resolution is critical to

both the short baseline and multiple source positioning aspect of this thesis. Problems arise
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if the area of interest is smaller than the resolution given by the sample rate. In such a case,
there would be no clear peak of correlation, or if one did appear it would include large errors

relative to the size of the environment.
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Figure 2.7: Sample Resolution as a Function of Sample Rate

Table 2.2: Example Sample Rate to Resolution Conversions

H Sample Rate Time Between Samples Resolution H

1 MHz 1 10 ®sec 299.79 m
20 MHz 5 10 8sec 14.99 m
50 MHz 2 10 8 sec 5.99 m
100 MHz 1 10 ®sec 2.99 m
400 MHz 2:5 10 9 sec 0.75 m
1000 MHz 1 10 9 sec 0.29 m

2.3.2 Signal Correlation of Multiple Signal Sources

The process of TDoA generation becomes more complicated when multiple signal sources

are considered in the same environment. If three signal sources are present instead of one,
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there would ideally be three peaks of correlation in the cross-correlation vector. Error sources
such as time errors and multipath could make these three distinct peaks hard to detect, but
the biggest source of error is the sample rate resolution discussed in Section 2.2. The root
cause of this resolution error is receiver sampling rates.

The impact of sample rate for multiple source TDoA generation can be seen in Figures
2.8 and 2.9. In this example, there are three signal sources in a 30 meter by 30 meter area
and the only difference between the two scenarios is the sample rate of the receivers. The
coordinates of each receiver is given in Table 2.3. These figures show that the sample rate
has a direct affect on the correlation. With a sample rate of 20 MHz, the resolution is
approximately 15 meters as given in Table 2.1. Due to the fact that each sample covers such
a wide area, after two sample shifts on Figure 2.8 the TDoA cross-correlations are already
well outside the 30 30 meter area of interest. Figure 2.9 shows a 400 MHz sample rate with
a resolution of approximately 0.75 meters also obtained from Table 2.1. Here it would take
40 sample shifts to exceed the 30 30 meter area of interest. This greater number of sample
shifts allows for all three of the signal sources in the area of interest to be detected by the
cross-correlation algorithm, and three distinct spikes appear on the cross-correlation plot.

Table 2.3: Positions of Signal Sources for Sample Rate Comparison

H Signal Source Fast (m) North (m) H

1 12 7
2 6 25
3 25 13
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This investigation of correlation peak detection highlights the fact that to generate
TDoA measurements with any accuracy in a multiple source environment, a sufficiently fast
sample rate must be used. In the 20 MHz case, one TDoA will be generated with a very
large amount of error, to the point that it is a meaningless measurement. In the 400 MHz
case, three TDoA measurements will be generated, and it can be assumed that all three
correspond to within 0.75 meters of their true maximums. This demonstrates that a faster
sampling rate has a direct affect on the ability to generate TDoA measurements for multiple
signal sources. This is directly applicable to Wi-Fi positioning as there is often more than

one Wi-Fi device in one given area.

2.3.3 Signal Correlation in Short Baseline Environments

As explained above, receiver sampling rates have a direct impact on the ability to
create TDoA measurements in short baseline environments. The size of the area in which
a TDoA measurement can be created is directly based on the resolution seen in Table 2.1.
This resolution metric was previously used to show how close multiple emitters could be to
remain detectable by the cross-correlation algorithm, however, the resolution also limits how
large the search environment can be. This is the case even if there is only one signal source
present.

The resolution value of a signal sampling rate describes how accurate a TDoA mea-
surement can be relative to the length of the baseline. Figures 2.10 shows the index of the
correlation peak for one signal source in a short baseline environment. The short baseline
example in this figure is 30 30 meters with a 20 MHz sampling rate, and Table 2.1 shows
that this sampling rate produces roughly 15 meters of resolution. This means that at the
very best, the correlation peak could have one shift left or one shift right on the correlation
plot. Figure 2.10 shows that the peak is shifted one index to the right of the center. This

produces a TDoA with incredibly low accuracy relative to the 30 30 meter search space.
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Figure 2.10: 20 MHz Cross-Correlation of One Source In 30m x 30m Environment

In contrast to this, Figure 2.11 shows this same sampling rate with one signal source in
an environment that is 3000 3000 meters. The sampling rate of 20 MHz still has the same
resolution value, meaning the solution will still have the same distance accuracy as the short
baseline example. In this case, however, that distance is small relative to the search space,
resulting in a more meaningful answer. With a 3000 3000 meter space, the correlation plot
can have possible peak values shifted to the right by 100 places and to the left by 100 places.

This can be seen in Figure 2.11 as the peak index is 81 shifts to the right of the center.
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Figure 2.11: 20 MHz Cross-Correlation of One Source In 1000m x 1000m Environment

The sampling rate in both cases is the same, and as a result the accuracy of both
cases is the same. The distinction between these two cases arises when a short baseline
environment is considered. In the short baseline environment, the measurement does not
provide a meaningful solution relative to the environment size. To accurately place a signal
source in a short baseline environment, a sufficiently fast sampling rate is required to achieve
a resolution that fits within the search environment. This is directly applicable to Wi-Fi

positioning as the area where Wi-Fi can operate is often less than 30 30 meters.

2.4 Hyperbolic Positioning with TDoA

The previous sections have discussed the creation of TDoA measurements both geo-
metrically and in application. Those collected measurements must now be transformed into
position solutions. This requires an understanding of exactly what information is provided by
a time difference. One single TDoA measurement cannot transform into exactly one position

solution, instead one measurement provides infinitely many position solutions where a signal
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source could possibly be. These infinitely many solutions form an isochrone, which is a line
representing points of equal time distance. The isochrone created by TDoA measurements is
in the form of a hyperbola, and every point along the hyperbola is a position solution where
the TDoA measurement is valid. This means that the true signal source position could be
any of the infinite points along the hyperbola.

To constrain the infinite possible solutions created from one isochrone, multiple mea-
surements of TDoA must be introduced. To obtain multiple TDoA measurements, the
environment must have more than two receivers. This will result in multiple hyperbolas
across the environment, with the intersection of those hyperbolas being the best estimate of
the signal source’s position. An example of isochrone generation with two receivers and four

receivers is shown in Figures 2.12 - 2.13 for comparison.
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Figure 2.12: Example Hyperbola From One TDoA Measurement
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Figure 2.13: Example Hyperbolas From Three TDoA Measurements

Figure 2.12 shows that two receivers make one TDoA measurement, which is not enough
information to constrain the position solution of the signal source. Figure 2.13 shows that
with four receivers, three TDoA measurements are created. These three measurements along
with their isochrones provide enough information to constrain the solution in two-dimensional
space. All of the isochrones are generated with the bottom receiver at position coordinate
(15,0) used as the main receiver. The three isochrones generated are made from all pairings
of the main receiver with each other receiver.

It is good practice to always have at least one more receiver than the desired dimension
of the solution, and to generate TDoA measurements from one main receiver paired with
all of the other receivers. For example, to generate a two-dimensional solution, there would
need at least three receivers. For a three-dimensional solution, there would need at least four
receivers. Having that one extra receiver is a safety measure for cases where the signal source

is in line with two receivers, as this leads to degraded geometry for TDoA positioning [4]. If
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favorable geometry were insured, a three-dimensional solution could be obtained with three
receivers making TDoA measurements from all 3 possible combinations of those receivers.
In Section 2.1, the geometric properties of the TDoA measurement were explored, and
these same properties are used to generate the isochrones. Equation (2.1) showed the cal-
culation of a TDoA measurement with known signal source locations, however that same
equation can be applied to calculate an (X,y) position with a known TDoA measurement.

The infinite set of output X and y values of this equation will form an isochrone.

2.4.1 Affects of Timing Errors on Hyperbolic Positioning

One final note about isochrones and TDoA in general is the presence of error sources. An
RF signal is prone to error from the environment as the signal could encounter interference
while propagating from the signal source. Physical examples of this signal blockage cause
what is known as multipath. This could be an office wall or a natural landmark like the
elevation of the environment. If a signal encounters multipath, the receiver may record
erroneous signals with incorrect time delays.

Another source of error is the clock of the receivers. TDoA generation heavily relies
upon timing of the data collected, and as such any errors in the internal clocks of the receivers
would manifest as overall errors in the time difference. The effects of unsynchronized clocks
on a TDoA solution can be seen in an altered isochrone map shown in Figure 2.14. It can
be seen in this figure that the isochrones no longer perfectly overlap on the position of the

signal source.
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Figure 2.14: Example Clock Error on Isochrones

To overcome clock errors in this thesis, an assumption is made that all receivers are
tied to the same clock via relatively short cable connections. While the one clock used for
all receivers will still have a clock error, this is irrelevant to a time difference setup as the
errors from Receiver 1 will be subtracted from the same errors at Receiver 2. This will cancel
the clock bias out of the TDoA calculation. In a case where this is not possible, network
synchronization of the receivers to GPS time is a standard practice and results in an average
error of 100-500 nanoseconds on the system [30]. 500 nanoseconds of error when multiplied
by the speed of light results in roughly 149.89 meters of error, however with more advanced
synchronization techniques it has been seen that this can be reduced to near 200 picoseconds
using wireless systems over a large area [31]. This reduced the timing error to an average
of 0.0600 meters, vastly improving solution quality. For the data presented in this thesis,
the clocks are all assumed to be tied together with a wired connection, removing the extra

complications introduced by this synchronization process.

29



2.5 Conclusion

This chapter demonstrated how a TDoA measurement is formed both in a standard
geometric sense and in a practical signal processing sense. It is shown that the necessary in-
formation to form a TDoA measurement is knowledge of receiver locations, a sufficient signal
sampling rate, and reasonably low clock errors. The process of geometrically transforming
TDoA measurements into position solutions is detailed including isochrone generation and
errors that could be introduced in this process. It was also shown that both multiple signal
source and short baseline TDoA generation rely heavily on the signal sampling rate and the
resolution that is derived from this sampling rate. Only with a sufficiently fast sampling
rate will unique TDoA measurements that are accurate relative to the environment size be

generated.
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Chapter 3

MUltiple Signal-source Cross-correlation based Location Estimation (MUSCLE) Algorithm

Obtaining TDoA measurements is the beginning of the signal source positioning process.
Once the TDoA measurements have been obtained, they can be used to estimate the positions
of their signal sources. This estimation will be accomplished using the MUltiple Signal-source
Cross-correlation based Location Estimation (MUSCLE) Algorithm. This algorithm begins
with Maximum Likelihood Estimation (MLE). This process will return a large amount of
data that can be simplified with combinatorics math. A K-means clustering algorithm will

then be applied to group all locations of high likelihood together and return their positions.

3.1 TDoA Source Association Errors With Multiple Signal Sources

To understand the need for MLE positioning and data clustering algorithms, it is first
important to understand the problem posed by the inability to associate TDoA measure-
ments with their respective sources. A recurring example environment that will be used to
demonstrate this problem is shown in Figure 3.1. This environment contains three signal
sources, each with three TDoA hyperbolas that intersect on their position solutions. This
results in a total of nine TDoA measurements for this example environment. The hyperbo-
las that intersect on the signal sources have been color-coded to further clarify how all nine
TDoA measurements are applied. These color coded hyperbolas introduce a major problem
faced in multiple source estimation using TDoA: the algorithm has no ability to associate
which hyperbola is paired to which signal source. The algorithm has no information on the

‘color’ of the hyperbolas as seen in the example Figure 3.1.
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Figure 3.1: Example TDoA Environment

The fact that the measurements cannot be associated to their targets is why traditional
estimation algorithms fail in this multiple signal source application. A least squares algo-
rithm [32] and a Kalman Filter [33] both require knowledge of how many signal sources are
present and which measurements pair with each of the signal sources. These algorithms
are single target estimation algorithms, and in the multiple target case demonstrated, three
separate tracking algorithms would have to operate only using the three TDoA measure-
ments that correspond to their desired target state. Another way to interpret this is that
one algorithm would have to run only using the red TDoA measurements, one with only the
blue TDoA measurements, and the last algorithm only using the green TDoA measurements.
The system has no knowledge of which TDoA measurements correspond to which target, so
these methods cannot be used.

The reason there is no association among the measurements stems from the cross-
correlation step of generating TDoA measurements. The only information obtained from
the cross-correlation of two receiver signals is the unlabeled TDoA measurements generated

from the distinct peaks on the correlation plot. This idea is illustrated in Figure 3.2 where

32



the cross-correlation for three pairs of receivers is shown. Each receiver pair will produce
three TDoA measurements resulting from the three distinct peaks present in each plot. One
of the three peaks in the first plot pairs with one of the three peaks in the second and also
with one of the three peaks in the third plot. Without knowledge of which correlation peaks
pair together, and by extension which measurements pair together, there is no association
among the measurements. Despite not having associated measurements, there exist meth-
ods to take all of the non-associated measurements and determine an estimate of how many

signal sources are present as well as their positions.
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Figure 3.2: Cross-Correlation Data of All Receiver Pairs (Three Signal Sources)
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3.2 Maximum Likelihood Estimation (MLE)

The lack of TDoA measurement association with multiple signal sources can be overcome
with Maximum Likelihood Estimation (MLE) [34]. MLE is a technique that operates with
only knowledge of the system measurements and the Probability Density Function (pdf) of
the system’s observation model [35]. An equation known as the likelihood function is used to
determine how likely an observed measurement is, given that the states of the system take
on a known value. This likelihood function is proportional to the observation model’s pdf.
This is important as a pdf must integrate to a value of one, and a likelihood function does
not have this restriction. The general form of this likelihood function is shown in Equation
(3.1).

L(X) = fzjx (zjx = X) (3.1)

This equation shows L as the likelihood function, X as the state vector which, in this thesis is
X and Yy position, and Z is shown as the measurement vector. The pdf used for this likelihood
function is determined from the error model of the measurements. The measurements used

in this thesis have Gaussian error added to them. This pdf form is given in Equation (3.2).

2)2

Fzi s 9=N(; )= —p= o i 3:2)
f(z) is the Gaussian pdf value, is the selected standard deviation of the Gaussian variable,
Z is the value taken by the Gaussian variable, and is the mean of the Gaussian distribution
[36]. It is important to note that Equation (3.2) shows the pdf of the system measurements,
and not the likelihood function. A likelihood function is not bound by the same rules that
a pdf must follow, namely that the integration of the pdf from 1 to +21 must equal one,
and so simplifications can be made to the likelihood function [37]. In this way the likelihood

function is only proportional to the pdf. This idea is shown in Equation (3.3).

L(x) / f(zj ; ?) (3.3)
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The normalization term ( p2_) ! can be dropped from the likelihood function for
simplicity, while maintaining this proportional nature. This can only be done if in the
likelihood function is constant. The result of this simplification is the likelihood function

that will be used in the MLE algorithm, which is given in Equation (3.4).

1,z )2

L(x)=e 2 (3.4)

This simplified likelihood function will be used along with each observed TDoA measurement

to calculate the most likely positions of the signal sources.

3.2.1 Maximizing the Likelihood Function

The goal of the MLE algorithm is to locate the maximum point of the likelihood function.
This is relatively simple when the likelihood function has a closed form solution, such as a
Gaussian function. The likelihood function produced for TDoA positioning, however, does
not have this simple solution. The term in Equation (3.4) represents the measurements
which are related to the states X and y by a nonlinear transformation. This transformation
was shown previously in Equation (2.2). The nonlinear nature of this transformation causes a
closed form solution of the likelihood function to not be obtainable [38]. The transformation
of X and y positions to a TDoA measurement is shown in its symbolic form to illustrate this

idea in Equation (3.5) where x is a state vector containing both x and y.

z=h(x)+w (3.5)

The above equation shows z as the measurement of TDoA and h(x) as the nonlinear trans-
formation operation seen previously in Equation (2.2). There is also added Gaussian noise
represented by w. If h(x) were a linear function, then h(x) added to the Gaussian variable w

would be an affine transformation resulting in a z that is also Gaussian [36]. Unfortunately,
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h(x) is not linear as the state vector has a highly nonlinear pdf. To overcome this nonlin-
earity, x will be given set values and used to determine estimate measurementz afith a
mean ofh(x) and a variance ofw [39].

This method of givingh(x) a set value in the likelihood function will be used to search
for the x andy pairing that produces the highest likelihood. This will maximize the function
using discrete values ok and y over a set range [40]. In the likelihood function shown in
Equation (3.4), the term represents the mean of the distribution. For the work in this
thesis, will take on discrete values determined by the non-linear mapping of many candidate

x andy points over a two-dimensional area of interest.

3.2.2 MLE Grid Search

To initialize the MLE algorithm, a decision must be made about the discret& and y
positions to consider. For the work in this thesis, these candidate positions are initialized to
a xed grid within a 30 30 meter environment with a new grid point occurring every 0.05
meters evenly spaced. This xed grid layout allows for any point within a desired area to be
examined for likelihood. When using this method, it is possible to achieve higher accuracy
at the cost of computational power. With fewer grid points, the algorithm will run faster,
however the solution will su er in resolution due to the lack of considered estimate points.
The same is true for using more grid points. The computation required to examine each
point would increase exponentially with an evenly spaced grid [40]. This algorithm uses
360,000 evenly spaced grid points, which aims for the compromise between accuracy and
computation speed.

The bene t of a large evenly spaced grid is knowledge of the entire environment rather
than select areas. This reduces the chance for signal sources to go undetected in a scenario
where no grid point is positioned near the true signal source. Advanced techniques exist
to further improve the accuracy of the grid search, such as re ning the grid around high

likelihood areas [41], however this thesis will use only the initial grid search.
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Once all grid points are initialized and measurements are received, there is enough
information to calculate grid point likelihoods. Each individualx andy grid point coordinate,
along with each receiverx and y coordinate, can be used to calculate a candidate TDoA
measurement for that speci c grid point. This is done for all 360,000 grid points using a
modi ed form of Equation (2.2). Equation (3.6) shows this modi cation in a way Wherefq
represents the candidate TDoA of grid poinfg, x4 and y, represent the (x,y) coordinates of

grid point g, i represents the' receiver, andj represents the J' receiver.

q q
Ta= (X X)2+(Yqg ¥)2  (Xq X)2+(Yq ¥)? (3.6)

Using the likelihood equation equation, every grid point can be transformed into a
candidate TDoA measurement. This candidate TDoA measurement will be compared to all
observed TDoA measurements to determine individual grid point likelihood. The likelihood
function given in Equation (3.4) determines what will be called the grid point \weight" for
each candidate position. The equation to describe this weight is a re-written form of the
likelihood equation for the TDOA measurements that are used in this thesis. This weight
generation form of the likelihood function is given in Equation (3.7) withw, as the d" grid
point weight, T as the measured TDoA value,'f'\q as the candidate TDoOA measurement that

would exist at the i" grid point, and R as the standard deviation of the measurement T.
wg=e 2(T for 2T To) (3.7)

To obtain fq, Equation (3.1) is used. Examining the values that will be entered into Equation
(3.4), a general trend can be seen as the estimate and observed TDoA measurements draw
close together, the value returned by T fq) will trend towards zero. This will drive

the entire exponent of the likelihood function towards zero, which will return a number

approaching one.
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The other case to consider is when the candidate and observed TDoOA measurements
are very dierent. In this case the value returned by T ‘f‘\q) will be far from zero. The
exponent of Equation (3.4) includes a squaring of this di erence term causing the di erence
to always be positive, and the negative leading coe cient of the exponent will cause the
exponent to always be negative. The exponential of a very negative number trends towards
zero. This shows that when T T\q) is far from zero, the likelihood value will be close to
zero.

An extension of this likelihood function is the log-likelihood function. This method
takes advantage of the monotonic nature of the logarithm function. This describes the fact
that given an example variablex,; and x, from a distribution, if X, is greater thanx,, then
the logarithm of x; is also greater than the logarithm ofx, [35]. Following this logic, the
natural log of Equation (3.3) will have the same local maximum locations but using the basic

properties of natural logarithms, the new simpli ed function is given in Equation (3.8) [42].

In(2 ) ln( 2) i(x )2 (38)

= — 2 2

The log likelihood function is often mathematically easier to work with than the full ex-
ponential function. In some applications, this log likelihood function is necessary to avoid
computational errors when working with small likelihood values approaching but not equal

to zero.

3.2.3 Plotting MLE Weights

By creating a TDOA estimate for every grid point and comparing each of these estimates
to the actual measured TDoA's, a three dimensional weight plot takes shape. This is achieved
by the summation of every likelihood at every grid point. In this example environment where
nine total TDOA measurements are obtained, every grid point represents the summation of

nine values, most of which are zero as a non-zero value is only obtained if a hyperbola crosses
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over or near that exact grid point. By applying the weight generated from this summation
process as the third axis for every grid point, a visual representation of which grid points are
the most likely is possible. This is shown in Figure 3.3 for this example environment. This
example shows a grid where the X-axis and Y-axis represents East and North positions, and
the Z-axis represents the weight of that (X,Y) coordinate, also called the likelihood of the
grid point. It can be seen that there are three areas of highest weight value that correspond
to the locations of the three signal sources. An overhead view of this same 3-D plot is shown

in Figure 3.4 and shows familiar geometry to the hyperbolas seen previously.

Figure 3.3: Example Maximum Likelihood Estimation Grid Rotated View
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Figure 3.4: Example Maximum Likelihood Estimation Grid Overhead View

The key di erence between Figure 3.4 and Figure 3.1 is the third axis created by the
weight calculation step. This third axis is what allows the algorithm to take in every received
measurement and still determine areas of highest likelihood. Another di erence is that the
hyperbolas in Figure 3.4 have some width to them. This width is given by the standard
deviation term R in the likelihood function. As this value is increased, the width of the
hyperbolas also increases. This re ects the fact that the TDoA measurements are consid-
ered less certain aR increases, and so a wider search space is considered for each TDoA
measurement. This three-dimensional plot provides a good starting point for multiple signal
source positioning, however there is still a large amount of unnecessary data represented in

this plot that can be simpli ed before position solutions are extracted.

3.3 Combinatorics Intersection Elimination

The MLE algorithm produces a grid of potential position solutions that all have assigned
weights, however the summation of all TDoA measurements used to obtain this 3-D grid

includes a large amount of unnecessary data and can be simpli ed with combinatorics math.
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Combinatorics is a branch of math that deals with ways to count and arrange numbers [43],
and the speci c use found in this thesis is to create all combinations of a set of numbers.
This is often referred to as \n choose k" and is a way to take any set and obtain every
unique combination ofk elements in the set [44]. The common notation of \n choose k" is
given in Equation (3.9) along with the method of obtaining how many unique combinations

are possible. 0 1

nc n!
%Dkg = m (3.9)

This \n choose k" method will return how many subsets ok long groups can be made from a
xed set n. This number is useful to know, however the application for this research requires
obtaining the actual combinations rather than the number of how many of these combinations
are possible. There are many practical ways to return this set of all combinations [45, 46].
This research applies a MATLAB built in function to obtain all of the combinations.

The k value represents how many intersections of hyperbolas will be kept in the MLE
grid. In an ideal application of this technique k would be equal to one less than the number
of receivers, however in reality all receivers may not obtain the same number of measurements
and this method would cause information loss. This lack of measurements could be caused by
a number of factors during TDoA generation including insu cient sampling rate or physical
obstructions of the signal. If any of factors lead to missed measurements, the \n choose
k" technique could wipe o an entire signal source. To avoid this loss of information, a
practical way to select the number of combinationk is to make this value equal to the
smallest number of measurements received by any receiver pair. For example if receiver
pairs 1-2 and 1-3 generate three TDOA measurements but receiver pair 1-4 only generates
two TDoA measurements, the safedt value to choose that will not erase information is two.

To better understand how the \n choose k" technique is applied, the variables, B, and
C will be introduced as the members of the xed set in the n choose k formulation.A, B,

and C will each represent a summation of every weight generated from one unique receiver
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pairing for one individual grid point. There are three letters in this example because there
are three unique receiver pairs: receivers 1 and 2, receivers 1 and 3, and receivers 1 and
4. Figures 3.5 - 3.7 provide visual representations of hot, B, and C are formed. These
three gures represent all hyperbolas that are formed from the measurements obtained from

a receiver pairing. They also include the true positions of all three signal sources and a box

surrounding one grid point that will be used for further explanation.

Figure 3.5: Example Generation oA from Receivers 1 and 2
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Figure 3.6: Example Generation oB from Receivers 1 and 3

Figure 3.7: Example Generation o€ from Receivers 1 and 4

These images provide insight into how the letteré, B, and C are formed in multiple

ways. The symbolic trees on the right side of the plots represent the process of taking all of
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the measurements obtained from one receiver pair, which in this case is three measurements
each, and turning them into one capital letter. In Figure 3.5 the three TDoOA measurements
represented byT;; T,; and T3 are transformed into weights using Equation (3.4) and all of
these weights obtained from the receiver's TDOA measurements are added to generatén

this example, A can be thought of as the summation of three hyperbolas of likelihood for
one grid point. This same process is repeated for every grid point, resulting in a unigie

B, and C value for each grid point. These are then summed to create the weight for each

grid point using Equation (3.10).
wi=A+B+C+:: (3.10)

w; represents the weight of the't grid point, and there are as many capital letters as there
are receiver pairs.

Consider the single grid point outlined by the black square in all three gures. This
grid point has been shown much larger than any grid point would actually be in practice to
serve as a visual aid. In Figure 3.5 two of the hyperbolas do not cross over that grid point
at all, resulting in zero weight, however one of them does cross that point. This will make
A equal to two zero weights plus the non-zero weight. Similarly in Figures 3.6 and 3.7 that
same inspected grid point will only have one hyperbola creating non-zero weight, and for
that single grid point all three letters A, B, and C will be non-zero. The nal step of the
combinatorics algorithm is to take those letters and obtain all desired combinations using
an "n choose k" algorithm.

The example equation to obtain the nal grid point weight with ak value of two is given
in Equation (3.11) and the example equation to obtain the nal grid point weight with ak
value of three is given in Equation (3.12).

0 1

Y X
w; = %TX:(A B)+(A C)+(B C) (3.11)
2
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0 1

Y X
W = B =(A B Q) (3.12)
3

By applying this combinatorics algorithm to the MLE grid search, the data considered when
determining position solutions becomes more manageable. In the example environment
shown previously in this chapter, the grid points considered would drop from a summa-
tion of all TDOA measurements to only retaining the intersections of non-zero likelihoods.
Figures 3.8 - 3.9 represent the 3-D weight environment before and after the combinatorics

simpli cation.
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Figure 3.8: Example MLE Grid Without Combinatorics

Figure 3.9: Example MLE Grid With Combinatorics
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In these gures, T represents the set of all capital letters generated by the receiver pairs.
T will have as many entries as there are receiver pairs, and the combinatorics algorithm will
operate on this set T to return the greatly simpli ed MLE grid seen in Figure 3.9. In Figure
3.9 it can clearly be seen that there are three distinct groups of weights, however a computer
is unable to make this distinction without more informed grouping metrics. To complete the
multiple source positioning algorithm one nal step must be taken, and that is to cluster the

remaining weighted grid points with a machine learning algorithm.

3.4 K-Means Clustering

Clustering is the process of grouping data points together. This is a process that the
human mind is inherently adept at, however a computer does not have this natural ability.
Large amounts of data have become commonplace in the modern era, and as such clustering
algorithms have been introduced to give computers the ability to make grouping choices with
informed metrics. Clustering is a subset of a larger eld known as machine learning, which
can be described as algorithms that let computers emulate human decision making [47].

There are a wide variety of clustering algorithms that can group data together, and
each of these algorithms have their own use cases and limitations [48]. For the purposes of
this research one of the oldest and most explored algorithm will be used, which is K-means
clustering [49]. At a high level this algorithm increments through integer values df to
decide what the optimal number of groups to assign to a data set is.

The data that will be used for this clustering is the residual data that remains after the
combinatorics simpli cation is applied to the MLE grid. In the example case this chapter
has been utilizing, the data after removing all entries reasonably close to zero is shown in

Figure 3.10 and in its rotated view in Figure 3.11.
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Figure 3.10: Example Residual Grid Points After Combinatorics

Figure 3.11: Example Residual Grid Points After Combinatorics Rotated View

To the human eye there are clearly three distinct groups in this grid, however the
computer must have an informed method of deciding this. The K-means clustering algorithm

will accomplish this grouping of the residual data using six steps [50]:

1. ChooseX initial arbitrary centroids for the remaining non-zero data on the MLE grid
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2. Assign each MLE grid point to its nearest centroid
3. Recalculate all centroids as the means of their group members
4. Repeat steps two and three until the centroids converge to a constant position

5. Determine the average distance of all group members to their centroids and save this

as the performance parameter

6. IncrementK by one and repeat the process for a new total number of groups

Step one of this process involves picking an initial location for all centroids. This work
accomplishes this by selecting random (x,y) coordinates from the residual data and setting
each of these selected points as the initial centroid. The selected point is then removed from
the random selection pool and more are chosen unkl initial centroids have been selected
from the residuals.

Step two of the algorithm then calculates the Euclidean distance from each residual grid

point to each centroid. The calculation for this distance is given in Equation (3.13).

=" 7 v (W WP (3.13)

In this equation d* represents the three dimensional euclidean distance of tH& residual
grid point's (x,y,weight) components from the K centroid's (x,y,weight) components x;;
and w; represent the coordinates of the'i residual grid point, and x,;yx and w, represent
the coordinates of the K centroid [51]. Once this distance has been calculated for every
residual grid point to every centroid, the smallest magnitude distance for each grid point is
used to assign that grid point to its closest centroid.

Step three of the algorithm takes all of the newly assigned residual grid points and

calculates the mean of their positions in three-dimensional space to form a new centroid for
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each group. The coordinates of this new centroid are given in Equation (3.14).

Chew = (XI5 Y5 W) (3.14)

In this equation x¥ is the averagex position of all members of grougK , y¥ is the average
y position of all members of grougk, and w¥ is the averagew position of all members of
group K.

Step four of the algorithm is to repeat steps two and three until the coordinates of the
new centroids converge to a constant location. To determine convergence of the new centroids
a threshold value is chosen for convergence. This check is implemented by determining how
far each new centroid moves in three dimensional space from its old location and calculating
the average of this movement distance for all centroids. If the average movement value falls
below the threshold value, the centroids are considered converged. For this work a threshold
value of 0.001 was chosen. After convergence the (x,y) coordinates of the centroids are
considered the position solution for the group.

Step ve of the algorithm is the formulation of the performance metric. This is the
metric that will be used to determine how many groups are present after a#fl increments
of the algorithm have concluded. The metric is formed after all centroids have reached
convergence and every residual grid point is assigned to a group. The metric is the average
distance of every residual grid point to its centroid. This process is similar to Equation
(3.13) however the operation is only performed once per residual grid point to determine the
distance of that point to its converged centroid. After this has been calculated for all residual
grid points, these distances are averaged to form the performance metric. The “performance’
is determined from how low this metric is, as the metric represents the distance of each
residual grid point to its centroid.

Step six of the algorithm is to incrementK and run the entire algorithm again with one

more number of groups considered. This will be repeated up to a desired humber of groups
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to consider. This decision can be made from information about the algorithm environment,
such as expected Wi-Fi usage, or size of environment. This thesis searches frdtn\alue of
one to ve. The desired outcomes of each run of the K-means algorithm are the coordinates
of the centroids, and the performance metric. Examples increments i¢f from 1-4 have been

provided in Figures 3.12 - 3.15 to show the grid point groupings as well as their converged

centroids.

Figure 3.12: Example K-Means Grouping WithK =1
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Figure 3.13: Example K-Means Grouping WithK = 2

Figure 3.14: Example K-Means Grouping WithK = 3
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Figure 3.15: Example K-Means Grouping WithK = 4

From these gures it can be seen that & value of one and two make little sense as the
centroids are far from any groupings of data. Due to this large distance, the performance
metrics for groups one and two will be much higher than any following metrics. SelectikKgas
three shows what a human would perceive as the correct grouping with a good performance
metric, however the K-means algorithm does not know this and will continue to iterate
through K values. An interesting aspect of the algorithm occurs whef exceeds the optimal
number of groups. At this point data groups are forced to split in order to form new groups.
This would seem detrimental to the human eye, however as far as the algorithm is concerned
every residual grid point is closer to their centroid withK = 4 than with K = 3, and as such
the performance metric for increased groups should always improve even past the optimal
K value. An illustration of this performance metric, scaled from zero to one for clarity, is
given in Figure 3.16 to show that the performance metric always decreases as the number of

groups increases.
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Figure 3.16: Example K-Means Performance Metric Plot

The performance metric continues to become smaller even after the optimal grouping is
passed, however a method to extract the optimal number of groupings from this plot is to
determine the point where adding new groups to the data does not introduce a large change
to the performance metric. This is called the elbow method and will be used to determine
the optimal number of groups for the residual grid points [52, 53]. In this thesis a simple
search is performed on the scaled performance metric to determine this elbow point. A check
is set up to determine if adding another group lowers the value of the performance metric
by at least 0.05, and the point where this threshold is not met is set as the elbow. Figure
3.17 provides the elbow plot for the data previously explored in this chapter. In this gure
it can be seen that the change in the performance metric frolk = 2 to K = 3 is greater
than 0.05, and the change in the performance metric frold = 3 to K = 4 is greater than

0.05.
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Figure 3.17: Example Elbow Determination

One important note about this implementation of K-means clustering is that by choosing
random residual grid points as the initial data centroids, there is a possibility that these
points could interact in a way that partitions the groups poorly and does not return an
optimal solution. To avoid this, for everyK value considered, the algorithm was repeated
30 times with new initial centroid locations to ensure one of the runs would perform as
expected. The best of these 30 runs for ea¢h value was selected in a very similar way
to the generation of the performance metric. For every run with random initial centroids,
the average distance from each residual grid point to its eventual converged centroid was
calculated and the lowest average distance was taken as the best performing run for that
K value. This parameter of number of runs is tunable and only a ects how likely it is that
the K-means algorithm will succeed as intended. The algorithm could work with this value
set as low as one, but each trial provides more opportunity for the stochastic nature of this

initialization process to return optimal initialization points.
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Once allK have been iterated through and the optimal elbow point is determined, the
centroids that correspond to the elbow number of groups are saved as the optimal position
solutions. Obtaining and saving these solutions is the nal step to the multiple signal source

positioning algorithm, returning the x and y coordinates of all centroids in each group.

3.5 Conclusion

This chapter has outlined the steps of the multiple signal source positioning algorithm.
This process starts once measurements of TDoA have been obtained and applies these mea-
surements to a MLE grid. This method is used in place of traditional estimation algorithms
to overcome the challenge faced by non-associated TDoA measurements. Once the MLE
grid has been lled out, a combinatorics simpli cation is applied to the grid to remove all
grid point weights that do not correspond to an intersection of hyperbolas. This simpli es
the search space for nal solutions and reduces the opportunity for errors when grouping
the MLE grid points. The residuals obtained from the combinatorics step are then clustered
using a K-means machine learning algorithm to pick the optimal number of signal sources.
This optimal number of signal sources is decided using the elbow method. The nal step to
the algorithm is to retrieve the x and y coordinates of all signal sources as determined by

the K-means clustering algorithm.
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Chapter 4
Simulation Validation of the MUSCLE Algorithm

The inspiration for the MUSCLE algorithm is detection and positioning of Wi-Fi sources.

To demonstrate the performance of this algorithm, it is important to investigate many dif-
ferent con gurations and scenarios in which Wi-Fi signals could be found. This presents an
issue as obtaining real data for all of these scenarios is often limited by available hardware.
To overcome this limitation, a simulation tool is developed in MATLAB to replicate both
signal transmission and signal reception. This simulation tool allows for testing of a variety
of environment layouts as well as a variety of receiver sampling rates.

A detailed overview of the simulation tool is provided, followed by veri cation tests
of the MUSCLE algorithm. These tests will include analysis of the algorithm performance
under ideal conditions, algorithm performance with varied sampling rates, and the algorithm
performance with varied receiver geometry.

The simulations shown rely on assumptions about the environment to simplify position
solutions. These are that the signal sources and receivers are static, the receiver locations are
all known, the receivers are all synchronized in time, and that a su cient amount of data is
used in the cross correlation to generate TDoA measurements. In this work, 5000 samples of
signal data were used for TDOA creation. It is not necessary for the signal sources to be time
synchronized, as they all function independently. When the signal sources and receivers are
static, the time that it takes to record signal information does not impact TDoA generation

as there are no dynamics to account for such as Doppler shift on the signal frequencies.
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4.1 Simulation Overview

The simulation tool developed for this thesis is a MATLAB tool with the primary
function of generating signal data and measurement data. The simulation tool is designed
to accept inputs of true signal source positions, receiver positions, signal characteristics,
and signal processing properties. The true source positions will be used to transmit signal
data, and the receiver positions will be used to generate RF data for each receiver. The
process followed by the simulation tool begins with generation of all relevant signal data,
calculating a close approximation of the signal data that all receivers will record, and using

that information to generate TDOA measurements.

4.1.1 Signal Simulator

There are complications introduced when trying to simulate Wi-Fi signals. Examples
include the many di erent versions of Wi-Fi standard signals, and the variety of small fre-
guency channels that Wi-Fi operates on [54]. Another complication in creating a Wi-Fi
simulation is the creation of simulation signals with correct signal data structures [55]. To
minimize these complications while still preserving the authenticity of the test environment,
Itered white noise will be simulated instead of a real Wi-Fi signal.

The simulator begins with an assumption that the Wi-Fi signal has already been received
at a desired frequency, be that 2.4 GHz, 5 GHz, or any other sub-channel Wi-Fi can operate
on. The assumption continues that the received signal has already been Itered by the front-
end of the receiver and down mixed to a baseband 1Q signal [10]. At this point the simulator
begins by generating zero mean and Gaussian complex 1Q les for each signal source. This is
the data that will eventually be used to generate TDoA, however more steps must be taken
to realistically simulate the received signal.

When multiple signals of the same frequency are broadcast in the same environment,
the signal data a receiver records is the summation of all overlapping signals [56]. This

introduces a complication directly related to the sub-sample o set issue covered in Section
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2.3. White noise is represented by all frequencies, and is therefore a non-deterministic signal
at every sample point. There is no continuous time function that can describe true white
noise at every instant in time. As such, it is almost guaranteed that a sub-sample o set will
occur in which the signal data for the exact time requested by the simulator is not generated.
To overcome this large hurdle, a spline t is applied to all values of the white noise signal
to approximate a deterministic function for the noise. An example of this spline t is given

in Figure 4.1. This process introduces an arti cial bandwidth to the white noise signal, but
the amount of data used for the transmission signals allows for this process to still produce
realistic data. The spline generated is a time continuous function, and can therefore be

evaluated at any given time.

Figure 4.1. Example Spline Approximation of White Noise Signal

The receivers use the spline approximated continuous signal function to generate signal
data for any necessary time in simulation. The time that a receiver must obtain a measure-
ment for is given by knowledge of the true signal source location, the receiver's location, and

the sample rate of the receiver. The time that it takes for the rst signal information to
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reach the receiver is shown in Equation (4.1).

S AN )

t is the time it takes for signal information to travel from the source to the receiverxs
and ys are the position components of the signal source, and and y, are the position
components of the receiver. The sample rate of the receiver is used alongside this time
of ight information to determine the entire set of times that the spline function must be
evaluated at. An example of a simulation time vector applying this principle is given in
Equation (4.2).

b=l it Dhiler )i (4.2)

t, represents the vector of times that the receiver must record informatiom,represents the
time of ight of the transmitted signal as calculated in Equation (4.1), andf s represents the
sample rate of the receiver which is an input to the simulation.

This process of generating a simulation time is repeated for every pairing of signal source
to every receiver. Each receiver obtains as many time aligned data vectors as there are signal
sources and adds them together to produce the actual received signal vector. This process

is outlined in Equation (4.3).
Sootal = S1+ Sp+ Sz + (4.3)

The S values in this equation represent the information sent from each individual signal
source after the information has undergone the time shift introduced in Equation (4.1).
Sital represents just one receiver's recorded information, and contains a summation of all
signal source data at that receiver.

The receivers also add their own Gaussian noise to each received signal. The reason for

this added noise is that in reality, every receiver will have its own unique errors added to
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measurements in the form of noise. The amplitude of this random noise signal is scaled by
the set SNR, which is an input to the simulation.

With the 1Q data generated for each receiver, the simulator next generates TDoA mea-
surements from this data. This process is identical to the process introduced in Chapter
2 for signal based TDoA. Although there are simpli cations made to the signal simulation
to produce a deterministic signal, the signals retain enough similarity to produce TDoA
measurements. The benet of the simulator is the ability to easily move around signal
sources and receiver locations, easily add or remove signal sources, and easily vary the signal
processing parameters of the receivers. This allows for thorough testing of the MUSCLE

algorithm.

4.1.2 Environment Layout and Dilution of Precision

The simulation tool allows for many unique environment layouts to be con gured and
tested. This is bene cial as the geometry of both the receivers and the signal sources has a
direct e ect on algorithm performance. The relationship between the environment setup and
the solution can be analyzed using the Dilution of Precision (DOP). This is a dimensionless
metric that is used to show how measurement errors are re ected in overall state solutions.
DOP is formed from the observation matrix of the measurements, often noted &k [14].

To obtain H in the application of this research, knowledge of both the receiver positions
and the signal source positions is necessary. This makes analysis of DOP useful for under-
standing solution accuracy in hypothetical environments where this information is known.
In this thesis, knowledge of the true environment setup is used to calculate the DOP values,
and these are compared to simulation results. This veri es that the simulation results follow
the expected trends seen in the DOP values.

The H matrix is of dimension @ m) wheren is the number of measurements anch
is the number of states. For this research will be of length one less than the number of

receivers, andm will be of length two to represent thex and y positions. The formulation
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of this H matrix for both state x and statey is shown in Equations (4.4) and (4.5).

Xs Xmain n Xs Xn (4 4)

(Xs Xmain )2 + (ys ymain )2 i (Xs Xn)2 + (ys Yn)2

Hiny = P

ys ymain A ys yn
4
(Xs Xmain )2 + (ys ymain )2 (Xs Xn)2 + (ys Yn)2

H(n;2) = p (45)

In these equationsH ,.m) represents theH matrix value for measurementn and statem, Xs
and ys represent the positions of the signal sourc&,.in and ymain represent the positions of
the main receiver, andx,, andy, represent the positions of the receiver used in the pairing
for measurementn [4] [14].

The DOP values are de ned as the diagonal values of the matrix given by Equation

(4.6). 5 3

§POm £=(HT H)? (4.6)
DOP,

It should be noted that a lower value of DOP corresponds to less predicted solution error
given measurements with low error. With constant variance on measurement error, DOP
values give insight to the errors expected in both the andy directions. These values are used
to examine the expected performance of the MUSCLE algorithm in each test environment

and will be used to verify the algorithm results obtained with the simulation tool.

4.2 ldeal Simulation Analysis

This section provides the simulation results obtained by testing the MUSCLE algorithm
in an ideal environment. This ideal environment is the same one used for the examples in
Chapter 3, and consists of three signal sources and four receivers all in a 30 meter
space. The ideal scenario consists of receivers with su ciently high signal sampling rates,

and receiver geometry that is favorable for producing low DOP values. It is also assumed
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that the length of data recorded is su ciently high enough to neglect the detection concerns
introduced in Section 2.2.

The receiver and signal source locations for the ideal scenario are reported in Table 4.1,
with a plot of this environment also provided in Figure 4.2. In this scenario the four receivers
are spaced in such a way that they are all 15 meters away from the center of the environment,
and this ensures that a short baseline is maintained. The main receiver is located at the
coordinate (0,15). This receiver will be used as the pairing receiver for all remaining receivers
to make TDoA measurements. The signal sources are placed at positions that are far enough
away from each other that they will all be able to create unique TDoA measurements. The
signal sources are also labeled 1-3, as they will be referenced individually throughout the

presentation of results.
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Table 4.1: Ideal Environment Positions

H X position (m) y position (m) H

Receiver 1 (Main) 15 0
Receiver 2 30 15
Receiver 3 15 30
Receiver 4 0 15

Signal Source 1 12 7
Signal Source 2 6 25
Signal Source 3 25 13

Figure 4.2: Ideal Test Environment

An example plot of all combinatorics simplied grid point weights is given for this
example environment in Figure 4.3 and the DOP values for this environment are provided
in Table 4.2 as calculated using Equation (4.6). The DOP values shown indicate that Signal
Source 2 should have the most variance in position solution. By analyzing Figure 4.3, it can
be seen that Signal Source 2 does have the largest area of weighted grid points. It can also

be seen from the DOP values that the y-axis solutions are expected to be better for all three
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signal sources. By examining Figure 4.3, it can be seen that the regions of weighted grid
points around each signal source are all longer in the x-axis direction than they are in the
y-axis direction. These comparisons show that the calculated DOP values match the shape

of the weight grid extracted from the simulator.

Figure 4.3. Example Grid Point Weights In Main Geometry Environment

Table 4.2: Main Environment DOP Values
H Signal Source DOP, DOP, ‘

1 0.7094 0.070%
2 1.2089 0.1192
3 0.7584 0.0981
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The simulation results will be analyzed using Monte Carlo methods. These are simula-
tions that run the same algorithm repeatedly to isolate statistical properties of the process
[57]. 250 Monte Carlo trial simulations will be run, and the nal values from these simula-
tions will be averaged to obtain nal statistical properties for each test. The metrics that
will be reported are the number of times each signal source is detected across all Monte
Carlo runs, the position errors of each signal source solution, and the variance of the errors.
The position errors for all three signal sources are provided in the form of individual error
plots in both the east and north directions. The X-axis on each plot accounts for all 250
Monte Carlo trials, while the y-axis shows error on a scale which ts all data into the plots.

A zoomed-in version of these error plots is also provided to show all errors centered on their
median error values with a y-axis scale of 0.2 meters around that value. The purpose of
this zoomed-in view is to clearly compare the variances experienced by each signal source.

Position solutions for all 250 Monte Carlo simulations are shown in Figure 4.4. Position
errors are shown in Figure 4.5 and centered on the median errors in Figure 4.6. Tables are
provided to show the detection rate for each signal source, average east and north errors, as
well as east and north error variances. All of these results are shown across all 250 Monte
Carlo trials. In these tests, a signal source is considered detected if the algorithm solution
is within 5 meters of the true signal source. A SNR value of 20 was used for all simulations.

These values are reported in Tables 4.3, 4.4, and 4.5.
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Figure 4.4: Ideal Simulation Monte Carlo Position Solutions
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Figure 4.5: Ideal Simulation Monte Carlo Position Errors
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Figure 4.6: Ideal Simulation Monte Carlo Position Errors Zoomed In
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Table 4.3: Detection Rate Across All Monte Carlo Trials for Ideal Scenario

H Signal Source Number of Successful Detections Percentage of DetectiHons

1 250 100%
2 250 100%
3 250 100%

Table 4.4: Position Error Results for Ideal Scenario

H Signal Source Average East Error Average North Error Average Error Magnitust

1 0.1690m -0.0454m 0.1750m
2 -0.1469m 0.3196m 0.3519m
3 0.1671m 0.0501m 0.1745m

Table 4.5: Position Error Variance Results for ldeal Scenario

H Signal Source East Variance North Varianc#

1 0.003977m? 0.000308m?
2 0.001943n? 0.002138m?
3 0.001602m? 0.000759m?

This data shows that in an ideal scenario, the MUSCLE algorithm is able to locate the
signal source with low error. This outcome is veri ed by the Monte Carlo trials where the
highest average position error magnitude experienced is 0.3519 meters by signal source two.
This result is expected as signal source two has the largest DOP value of all signal sources
at 1.2089 in the East direction. This shows that the solutions produced by the algorithm
have low bias and follow expected error trends as described by the environment DOP.

The variance of all position solutions is also low, with the greatest of these being signal
source one with an east variance of 0.0039#7. The variance this signal source experiences
in the East direction is likely due to a hyperbola that corresponds to signal source three.
One region of this hyperbola draws close to the true position of signal source two, and this
results in a small region of likelihood near but slightly to the right of signal source two. This
hyperbola can be seen in Figure 3.7, and with knowledge of the simulation performance, the
e ect that this relatively close hyperbola has on the algorithm solution can be seen in the

results.
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The algorithm is also able to correctly identify all three signal source groups in each
of the 250 Monte Carlo trials. This is possible because the ideal environment is able to
produce TDoA measurements accurate enough to return correct clusters. This is due to a
combination of receiver geometry and receiver sampling rate being high enough to detect all
signal sources.

There is a bias present in the position solutions that likely comes from two independent
parts of the simulation setup. The rst of these is the grid spacing used. The grid of candidate
positions used for MLE is kept constant through all simulation runs. It is possible that if a
MLE grid point does not fall exactly on a signal source position, a bias could be introduced
as the solution ts to the closest grid point without ever reaching the exact signal source
position. Another form of bias is introduced in the TDoA measurement generation. If the
true highest peak of the cross correlation used for TDoOA generation lies on a fractional delay
shift that is not considered by this simulator, a signi cant solution bias could be introduced

as the TDoA measurement itself would be biased.

4.3 Varying Signal Sampling Rate Analysis

Analysis of receiver sample rates is critical when creating TDoA measurements. The
sample rate is one of the most important factors that make a TDOA measurement obtainable.
To perform analysis on this metric, many di erent sample rate receivers will be simulated
and the MUSCLE algorithm will be performed on all of them in a Monte Carlo setup. The
environment used for this sample rate test is the ideal environment from the previous section.

The sample rates used for testing are as follows:
" 25 MHz
" 50 MHz
~ 100 MHz

" 400 MHz
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~ 1000 MHz

The average position solutions and average variances will be provided for each sampling
rate across all 250 Monte Carlo trials. Statistics for the number of signal sources detected
will also be reported for each sample rate. This will be used to analyze the overall algorithm
performance for each sample rate.

Table 4.6 shows the average position errors for each sampling rate. The three signal
sources are marked as S1, S2, and S3. This is followed by the variances for each sampling
rate reported in Table 4.7 and the number of detections obtained for each signal source is
shown in Table 4.8. As with the previous results, a signal source is considered detected if
the algorithm solution is within 5 meters of the true signal source. Plots are also provided
to show the position errors of all signal sources in the east and north direction across all test
sampling rates. These plots are shown on a scale that ts all data in Figure 4.7 and on a
smaller scale to compare close data sets in Figure 4.8.

Table 4.6: Position Error Results for Sampling Rate Test

H Sampling Rate Position Error S1  Position Error S2  Position Error Siﬁ

25 MHz N/A N/A N/A

50 MHz N/A N/A 2.3700 m
100 MHz N/A 0.7408 m 0.5847m
400 MHz 0.1767/m 0.3521m 0.1805m
1000 MHz 0.2408n 0.2033m 0.0551m

Table 4.7: Variance Results for Sampling Rate Test

H Sampling Rate Variance S1 Variance S2 Variance Error %3

25 MHz N/A N/A N/A
50 MHz N/A N/A 0.032901 m
100 MHz N/A 0.020993m 0.019098m

400 MHz 0.003733n 0.003046m 0.001630m
1000 MHz 0.003012n 0.002277m 0.000963m
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Table 4.8: Number of Detections Across 250 Run Monte Carlo Sampling Rate Tests

H Sampling Rate Signal Source 1 Signal Source 2 Signal Sourcﬁe 3

25 MHz 0 0 0
50 MHz 0 0 250
100 MHz 0 250 249
400 MHz 250 250 250
1000 MHz 250 250 250

Figure 4.7: Sampling Rate Position Errors
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Figure 4.8: Sampling Rate Position Errors Zoomed In

It can be seen from these results that low sampling rates have a large a ect on signal
source detectability. At lower sampling rates in this 30 30 environment, position solutions
are not obtained for many signal sources. At a sampling rate of 25 MHz, there were not
any clustering groups near a signal source for any of the 250 Monte Carlo trials. With the
sampling rate raised to 50 MHz only one of the signal sources obtained a solution. As the
sample rate is further increased, the ability to form useful TDOA measurements increases and

all signal sources begin to be accounted for. Once all sources are detected, they are shown to
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have relatively low error, with the error always decreasing as sampling rate increases, with
the exception of signal source 1 at 1000 MHz. This exception is likely due to the algorithm
tting to locations that are almost true intersections near signal source 1.

The ability of the clustering algorithm to make unique groupings from the MLE algo-
rithm is also directly a ected by sampling rate. At low sampling rates the algorithm cannot
detect multiple groups and often identi es one large group or two much larger groups. This
results in very high error, leading to position solutions not being near true signal sources.

As the sampling rate increases, the algorithm reaches a state where it can identify the
correct number of groups with extremely high accuracy. By testing various sample rates not
reported in Table 4.8, it was found that for this specic test environment, the algorithm

shifts to nearly perfect group identi cation just above a sample rate of 100 MHz.

4.4 Varying Receiver Geometry Analysis

The geometry of receivers has a large impact on algorithm performance, as seen in Sec-
tion 4.1. To analyze this a ect, various additional geometries will be simulated to determine
how position solutions change in these new environments. Two degraded geometry environ-
ments are shown to demonstrate the ways receiver placement can lower position accuracy,
as well as to demonstrate the robustness of the MUSCLE algorithm. An over constrained
environment is also shown to demonstrate that more information is not always bene cial for
multiple signal source positioning. All of the varied geometry tests operate with a sample

rate of 400 MHz.

4.4.1 Degraded Geometry: Receivers in Line

The rst of these degraded environments consists of four receivers in line along the south
end of the region. The receiver and signal source locations for this in line scenario are reported
in Table 4.9, with a plot of this environment also provided in Figure 4.9. An example of

the weighted grid points produced before applying the combinatorics simpli cation is given
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in Figure 4.10 as well as the weighted grid after the combinatorics simpli cation in Figure
4.11. The DOP values for this environment are provided in Table 4.10 as calculated using
Equation (4.6).

Table 4.9: In Line Environment Positions

H X position (m) y position (m) H

Receiver 1 (Main) 0 0
Receiver 2 0 10
Receiver 3 0 20
Receiver 4 0 30

Signal Source 1 12 7
Signal Source 2 6 25
Signal Source 3 25 13

Figure 4.9: In Line Test Environment
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Figure 4.10: In Line Degraded Environment Grid Weights Before Combinatorics

Figure 4.11: In Line Degraded Environment Grid Weights After Combinatorics
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Table 4.10: In Line Degraded Environment DOP Values

H Signal Source DOP, DOP, H

1 0.2374 0.4676
2 0.6656 2.255%
3 0.8365 0.9263

The DOP values show that the expected solution accuracy in the y-axis direction is worse
for all three signal sources. This is an expected result, as all four receivers are placed in a line
with the same y-axis coordinate of 0 meters. This repeated y-axis value greatly limits the
observability of signal sources in the y-axis direction as the receivers have no diversity along
that axis. Examining Figure 4.11 shows that there are many more weighted grid points in the
y-axis direction, indicating higher variance in that direction. This follows with the expected
performance shown by the DOP values for this scenario. The results for this environment are
reported in the same way as the results are shown for the ideal environment test. Position
solutions for all 250 Monte Carlo simulations are shown in Figure 4.12. Position errors are
shown in Figure 4.13 and centered on the median errors in Figure 4.14. These numeric values

are reported in Tables 4.11 - 4.13.
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Figure 4.12: In Line Degraded Simulation Monte Carlo Position Solutions
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Figure 4.13: In Line Degraded Simulation Monte Carlo Position Errors
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Figure 4.14: In Line Degraded Simulation Monte Carlo Position Errors Zoomed In
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Table 4.11: Detection Rate Across All Monte Carlo Trials for In Line Scenario

H Signal Source Number of Successful Detections Percentage of DetectiHons

1 250 100%
2 250 100%
3 250 100%

Table 4.12: Position Error Results for In Line Scenario

H Signal Source Average East Error Average North Error Average Error Magnitust

1 0.0017m -0.0992m 0.0993m
2 -0.5217m 1.7879m 1.8624m
3 0.2541m 0.5193m 0.5781m

Table 4.13: Position Error Variance Results for In Line Scenario

H Signal Source East Variance North Varianc#

1 0.00014m? 0.00765m?
2 0.01043m? 0.15575m?
3 0.00079m? 0.00288m?

This data shows that the in line degraded environment geometry produces worse results
for almost every signal source when compared to the ideal geometry. This is expected as
the DOP for the degraded geometry is found to be higher than the ideal geometry DOP.
The Monte Carlo trials verify the DOP values of this scenario as the worst error is in the
north direction for signal source two at an average of 1.7879 meters. This corresponds to
the highest value in the DOP matrix of 2.2555 shown in Table 4.10. This also accounts for
the very tall region in Figure 4.11 along signal source two's north axis.

The variance values for this scenario are also shown to mostly be much higher. This can
be seen by how much the error data in Figures 4.13 and 4.14 jump around. One exception
to this is the east direction for signal source one, which performs exceptionally well. This is
also explained by the DOP matrix, as the east direction for signal source one has the lowest
DOP value for this scenario. Even with degraded receiver geometry, the clustering algorithm
was able to detect the correct number of groups for all 250 Monte Carlo Trials. This shows

the robustness of the K-Means machine learning algorithm used to perform clustering.
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4.4.2 Degraded Geometry: Three Receivers

The second of the degraded environments consists of three receivers instead of four. This
environment demonstrates that the number of receivers has an impact on position solution,
just as the geometry of the receivers plays a role in accuracy. The receiver and signal source
locations for the three receivers and signal sources are reported in Table 4.14, with a plot
of this environment also provided in Figure 4.15. In this scenario, the three receivers form
a triangle around the three signal sources, with the main receiver along the south edge
of the environment. Examples of the weighted grid points before and after applying the
combinatorics algorithm are given for this environment in Figures 4.16 - 4.17. The DOP
values for this scenario are given in Table 4.15.

Table 4.14: Three Receiver Environment Positions

H X position (m) y position (m) H

Receiver 1 (Main) 15 0
Receiver 2 30 30
Receiver 3 0 30

Signal Source 1 12 7
Signal Source 2 6 25
Signal Source 3 25 13
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Figure 4.15: Three Receiver Environment
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Figure 4.16: Three Receiver Environment Grid Weights Before Combinatorics

Figure 4.17: Three Receiver Environment Grid Weights After Combinatorics
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Table 4.15: Three Receiver Environment DOP Values
H Signal Source DOP, DOPy H

1 1.2797 0.2273
2 1.3577 0.1460
3 1.8208 0.3427

The most notable result seen in Figure 4.16 is that there are only ever intersections
of two hyperbolas, and there are six of these intersections. This is caused by the number
of receivers being equal to the number of signal sources. Figure 4.17 shows that after the
combinatorics simplification, all of the weighted regions on the grid have long ellipse shapes,
despite the good geometry provided by the triangular receiver configuration. This ellipsoidal
shape is caused by lack of measurements, and therefore a lack of observability. In this
scenario, there can only be two TDoA hyperbolas intersecting a signal source, where in the
previous scenarios there could be three hyperbolas intersecting at each signal source.

The DOP values show that the expected solution accuracy in the x-axis is the worst
in this scenario. This can be verified by examining the shape of the regions in Figure 4.17
where the x-axis directions tend to experience more weighted grid points per signal source.
The results for this environment are reported in the same way the results are shown for the
ideal environment test. Position solutions for all 250 Monte Carlo simulations are shown in
Figure 4.18. Position errors are shown in Figure 4.19, and centered on the median errors in
Figure 4.20. Values for this environment are reported in the same form as the ideal scenario.

These values are reported in Tables 4.16 - 4.18.
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Figure 4.19: Three Receiver Simulation Monte Carlo Position Errors

88



Signal Source 1 North Error

0 50 100 150 200 250 - 0 50 100 150 200 250

Simulation Run Simulation Run
Signal Source 2 East Error Signal Source 2 North Error
-1.2759 - : - : -0.6751 : - - -
E -1.3759 E-0.7751 }
= 1.4759 = -0.8751
5 -1.5759 5 -0.9751 |
-1.6759 ' ' : -1.0751 ' ' ' :
0 50 100 150 200 250 0 50 100 150 200 250
Simulation Run Simulation Run
Signal Source 3 East Error Signal Source 3 North Error
1.6249 0.6017 T - T -
E 1.5249 E0.5017 }
E 1.4249 EDA{M?
5 1.3249 | & 0.3017
1.2249 ' ' ' ' 0.2017 : —
0 50 100 150 200 250 0 50 100 150 200 250
Simulation Run Simulation Run

Figure 4.20: Three Receiver Simulation Monte Carlo Position Errors Zoomed In
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Table 4.16: Detection Rate Across All Monte Carlo Trials for Three Receiver Scenario

H Signal Source Number of Successful Detections Percentage of Detections H

1 250 100%
2 250 100%
3 250 100%

Table 4.17: Position Error Results for Three Receiver Scenario

H Signal Source Average East Error Average North Error Average Error Magnitude H

1 0.0356 m -0.1066 m 0.1124 m
-1.4775 m -0.8751 m 1.7172 m
3 1.51656 m 0.2841 m 1.5429 m

Table 4.18: Position Error Variance Results for Three Receiver Scenario

H Signal Source FEast Variance North Variance H

1 0.09394 m? 0.00154 m?
2 0.00499 m?2 0.00180 m?2
3 0.05140 m? 0.04569 m?

This data shows that having only three receivers produces very large errors compared
to previous environments. The largest factor that causes this is the number of receivers
relative to the number of signal sources. There are three TDoA measurements produced
per receiver pair, and with only two pair, it is guaranteed that there will be hyperbola that
intersect in locations that do not contain signal sources. In this environment, those false
intersections are relatively close to the true intersections, and the ideal clustering produced
by the MUSCLE algorithm will group both intersections together. This places the estimated
signal source in between groups, leading to large errors. Clustering a true intersection and a
false intersection together explains why the errors have large jumps as seen in Figures 4.19
- 4.20.

The variance of the position errors is much higher in this environment due to potential
variability in clustered groups. The errors that jump very far between Monte Carlo runs
indicate a different cluster was formed for that run. This is why the variance for this

environment is an order of magnitude higher than the ideal scenario for most signal sources.
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Despite the problems that arise from having fewer receivers, the MUSCLE algorithm
was able to produce a solution that was within the threshold of detection for all three signal
sources across all 250 Monte Carlo runs. This shows that in certain cases, the MUSCLE
algorithm is capable of overcoming degraded environments and a diminished number of

measurement sources.

4.4.3 Over Constrained Geometry

The last environment shown will be an over constrained environment where the ideal
scenario and the in line degraded scenario are combined for a total of eight receivers. The
receiver and signal source locations for this over constrained scenario are reported in Table
4.19, with a plot of this environment provided in Figure 4.21. An example of the weighted grid
points before and after applying the combinatorics algorithm is given for this environment
in Figures 4.22 - 4.23. The DOP values for this environment are provided in Table 4.20.

Table 4.19: Over Constrained Environment Positions

H X position (m) Yy position (m) H

Receiver 1 (Main) 15 0
Receiver 2 30 15
Receiver 3 15 30
Receiver 4 0 15
Receiver 5 0 0
Receiver 6 10 0
Receiver 7 20 0
Receiver 8 30 0

Signal Source 1 12 7
Signal Source 2 6 25
Signal Source 3 25 13
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Figure 4.23: Over Constrained Environment Grid Weights After Combinatorics

Table 4.20: Over Constrained Environment DOP Values
H Signal Source DOP, DOPy, H

1 0.2548 0.0581
2 0.5363 0.1024
3 0.3460 0.0858

The DOP values for this environment indicate that all solutions should have high accu-
racy, with lower values than every DOP seen in the ideal environment. A problem with this
can be seen when examining Figure 4.23. This figure has barely any weighted grid points
to determine a solution from. In previous degraded environments it has been shown that
having more weighted grid points leads to a higher variance on algorithm solutions, however
this case reaches the other extreme where there are simply not enough weighted grid points.

The MUSCLE algorithm could in theory overcome this lack of weighted points by initial-
izing with a finer MLE grid. This quickly becomes a problem, however, as a finer grid results
in exponentially increased computation time. This shows a trade off between extremely high

precision answers and time complexity required to form solutions. The solution results for
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this environment are reported in the same way the results are shown for the ideal environ-
ment test. Position solutions for all 250 Monte Carlo simulations are shown in Figure 4.24.
Position errors are shown in Figure 4.25, and centered on the average errors in Figure 4.26.
Values for this environment are reported in the same form as the ideal scenario. These values

are reported in Tables 4.21 - 4.23.
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Figure 4.24: Over Constrained Simulation Monte Carlo Position Solutions
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Figure 4.25: Over Constrained Simulation Monte Carlo Position Errors
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Figure 4.26: Over Constrained Simulation Monte Carlo Position Errors Zoomed In
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Table 4.21: Detection Rate Across All Monte Carlo Trials for Over Constrained Scenario

H Signal Source Number of Successful Detections Percentage of Detections H

1 246 98.4%
2 155 62%
3 242 96.8%

Table 4.22: Position Error Results for Over Constrained Scenario

H Signal Source Average East Error Average North Error Average Error Magnitude H

1 -0.2054 m -0.0654 m 0.2155 m
-0.0460 m 0.1748 m 0.1807 m
3 0.0676 m 0.0803 m 0.1050 m

Table 4.23: Position Variance Results for Over Constrained Scenario

H Signal Source East Variance North Variance H

1 0.00473 m?2 0.00312 m?
2 0.06976 m? 0.05682 m?
3 0.01001 m? 0.00601 m?

This data shows that when a solution can be obtained, it is obtained with high accu-
racy. The average error magnitudes seen across all three signal sources are all lower than
0.25 meters, which indicates highly successful positioning. However one problem with this
scenario is seen in the number of position solutions obtained. All three signal sources had
Monte Carlo runs that did not obtain solutions. For example, Signal Source 2 returned a
solution for only 62% of the Monte Carlo runs. The fact that hardly any weighted grid points
are visible around signal source 2 in Figure 4.23 shows how the MUSCLE algorithm missed
this source on many runs.

Figures 4.25 - 4.26 show the Monte Carlo runs that successfully obtained solutions. As
all positions solutions obtained are independent of each other, the solution data for each
signal source has been concatenated to remove empty data points. This results in graphs
with less data at the end where all runs that obtained no solution are removed. Removing

runs that did not obtain a position solution allows for a clear presentation of the error
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data. The validity of the data is maintained as each signal source position solution for each
simulation run is independent of all other signal source solutions.

This test environment displays a trade off of measurement quality and signal source
detection. Refining the measurements more with very low DOP values results in data that
cannot be handled by the MUSCLE algorithm. However, this can be overcome with increased
computational power. Any dedicated implementation of this algorithm would have to assess
the computational ability available, and configure the algorithm to operate with as fine of a

MLE grid as possible.

4.5 Conclusions

This chapter introduced the simulation tool used to verify the MUSCLE algorithm, and
also reports many test results obtained directly from simulation. These results are used to
verify the algorithm that is introduced in Chapter 3. The simulation tool created for this
thesis demonstrates the ability to simulate signals from multiple receivers. These signals are
shown to be sufficient for the creation of TDoA measurements with multiple signal sources
present. This is possible because of the spline simplification applied to the white noise signal,
allowing all transmitted signals to be deterministically evaluated.

The various simulation results tested show that the MUSCLE algorithm is a robust way
to calculate multiple signal source positions in a short baseline environment. This is verified
by running the algorithm on a simulation that represents an ideal scenario, simulations that
vary the signal sampling rate, and simulations that vary the receiver geometry.

The ideal scenario showed an environment with good receiver geometry and sufficient
signal sampling rate. In this environment, the MUSCLE algorithm was able to obtain
position solutions for all three signal sources every time utilizing 250 Monte Carlo tests.
These position solutions were shown to have low error and low variance, indicating that
when utilized in an optimal environment, the MUSCLE algorithm is a good solution for

multiple signal source positioning.
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By varying the sample rate of the receivers, it was shown that there are limits to the
working capabilities of the algorithm. The hardware chosen to implement this algorithm
must meet the sampling rate demands of the environment in which it is implemented. In
this environment, sampling rates below 100 MHz were shown to be much less reliable. Once
a suitable receiver sampling rate was achieved for the specified environment, the algorithm
could successfully obtain position solutions for the signal sources.

By varying the geometry of the receivers, it was shown that the MUSCLE algorithm
was able to overcome many different geometric needs. The DOP values were analyzed for
all tested geometries to understand the expected results, and the MUSCLE algorithm was
used to obtain experimental results that match the expected results. This shows that the
MUSCLE algorithm performs as expected. With a good understanding of the geometry this
algorithm is going to be implemented in, the MUSCLE algorithm reliably obtains position
solutions.

These various simulation tests demonstrate the robustness and versatility of the MUS-
CLE algorithm. Whether it is to be implemented with lower quality hardware, or in a
challenging environment, the algorithm was shown to have the capabilities to operate within
reason. The simulation results show that the MUSCLE algorithm was able to locate multiple

signal sources in a short baseline environment.
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Chapter 5
Experimental Validation of the MUSCLE Algorithm

The simulation tool created for this research has demonstrated the ability to simulate
signals from multiple receivers. These simulated signals were used to show the capability of
the MUSCLE algorithm to obtain accurate position solutions for multiple signal sources. For
a real-world implementation of the MUSCLE algorithm, it is also necessary to consider the
impact of hardware on performance. The simulation tool avoids consideration of hardware
by passing data directly to the MUSCLE algorithm. In practice, a receiver must collect
data and either send it to a processor or write it to a file for future use. In this process,
information will be lost and errors will be introduced into the system from analog to digital
converters, digital to analog converters, and the use of a real RF front-end. Applying real
hardware inevitably leads to new challenges that must be considered for real-world algorithm
use.

For the above reasons, a hardware-in-the-loop (HWIL) setup is now used to incorporate
these challenges into the positioning process. This will take outputs of RF data from the
simulation tool and pass them through a Universal Software Radio Peripheral (USRP) device
that can act as a signal transmitter or recorder [58]. This data will then be passed directly
into a recording USRP via wired connection.

The purpose of this HWIL test is to demonstrate that a hardware setup is capable of
recording RF data fast enough to then transform those recordings into TDoA measurements.
This is significant to the short baseline and multiple signal source cases due to the added
difficulties discussed in Section 2.3.

The environment of this experiment will be a four receiver structure similar to what is

seen in Chapter 4, however this experiment will only have two signal sources present. The
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size of the environment will also be extended from a 30 meter square to a 50 meter square.
This increase in size will help overcome some of the limitations posed by the hardware itself,
while still proving the TDoA generation aspect of the experiment.

The data recorded by the USRP will be processed by the MUSCLE algorithm to deter-
mine signal source locations. The same signal data that is transmitted by the HWIL setup
will also be separately processed by the MUSCLE algorithm fully in simulation as shown
in Chapter 4. Testing the same signal data in a HWIL application and a simulation only

application will provide a comparison to show HWIL performance.

5.1 Experimental Setup

The HWIL experiment will incorporate hardware and software to show the affects of
transmitting/receiving data through a USRP. The hardware side of the experiment will con-
sist of the USRP devices themselves, their wired connections, and data storage devices. The
software will consist of generating RF data, processing the RF data through an application
called GNU radio, and providing the received data to the MUSCLE algorithm. Limitations
of the experimental setup will also be detailed. Figure 5.1 shows the process flow for the
HWIL experiment, illustrating how the USRP devices are incorporated to transmit and re-
ceive data. Four lines are shown from the transmit USRP to the receiving USRP to represent

the four receivers used in the experiment.
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