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Poroelasticity is the study of elastic deformation of porous materials saturated with a
fluid and the coupling between the fluid pressure and the solid deformation.

Considerable progress has been made in formulating analytical and numerical models of
subsurface fluid flow, but only few models explain the interrelations between fluid-flow
pressure changes and seismicity.

In this work, we describe the quasi-static poroelasticity system of partial differential
equations consisting of the equilibrium equation for momentum conservation and the diffu-
sion equation for Darcy flow. We prove existence and uniqueness of weak solutions to the
equations of the quasi-static poroelasticity system and derive error estimates. We describe
a coupled numerical algorithm that accounts for the interrelations between the fluid pres-
sure changes and the deformation of the porous elastic material based on the finite element

method using MATLAB.
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CHAPTER 1

INTRODUCTION

A porous medium, such as rock, sediment, or artificial porous material, is a material
with empty cavities called pores. These cavities may be filled with liquids or gases. Peat
and clay are porous materials; about half of their volume consists of empty cavities. A
kitchen sponge is an artificial porous medium. Due to its nature, a porous medium is
usually elastic: when subjected to a force, a porous material may change its form but it
will often return to its original shape when the force is removed. The notion and study of
porous material in geology was first introduced in 1943 by Karl von Terzaghi (see [17]), the
father of soil mechanics. When a saturated porous medium is deformed, the volume of the
cavities changes, producing a change in the gas or liquid pressure. The relationship between
the deformation and the pressure changes is of interest in many geologic and engineering
applications.

Two mechanisms play a role in the interaction between fluid pressure changes and
deformation of the porous elastic material: (1) dilation of the medium results in a decrease
of pore pressure and, (2) compression of the material causes a rise of pore pressure, if
the compression is faster than the fluid flow rate. For example, the water level in a well
changes when a train passes nearby. In 1892, F. H. King (see [18]) noticed that the water
level in a well near the train station at Whitewater, Wisconsin, went up when the train
approached the station and it went down when the train left the station. The change of
the water level depends on the weight of the train, that is, the water level increases more

for a heavy loaded freight train than for a passenger train. Another example of the coupled



pressure-deformation is a sponge whose pores are saturated with water. By compressing the
sponge, its form changes. The decrease of the volume of the pores creates an overpressure.
Therefore, the fluid is pressed out of the material and flows away because of the increase of
the pore pressure. When releasing the sponge, i.e., reducing the pore pressure, the sponge
returns to its original form. This is explained by the elastic behavior of the material. This
coupled mechanism — namely the coupling of the stress in the solid with the pressure of the
fluid — plays an essential role in poroelasticity.

Poroelasticity is the study of elastic deformation of porous materials saturated with
a fluid and the coupling between the fluid pressure and the solid deformation. Anthony
Biot was the first to develop a model for such a relationship. His seminal paper [1] in 1941
describes a linear theory of poroelasticity which relates the evolution of fluid pressure p (a

scalar field) and the solid displacement u (a vector field). This system of equations is given

as follows
pug — pAu — A+ p)V(V-u)+aVp = f, in Qx(0,7), (1.1)
gt(cop—i-aVM) -V -kVp = h, in Qx(0,7), (1.2)

where Q is an open bounded non-empty set in R® and T is a positive time.

This system consists of the momentum balance equations for the displacement of the
medium (1.1) and the mass balance equation for the pressure distribution (1.2). The co-
efficient p represents the local density of the porous medium. The constants, A, called the
Lame constant, and u, the shear modulus, are a measure of the strength of the material,
and are determined from the elasticity of the medium. The constant @ > 0 is the Biot-

Willis constant and accounts for the mechanical coupling of the porous media and the fluid



pressure. The coefficient cg > 0, called specific storage, is the amount of fluid which can
be forced into or out the medium by a unit pressure increment under constant volume.
The parameter k involves the permeability of the medium and the viscosity of the fluid
in Darcy’s law. The functions f and h are suitably given functions. Note that u is the
second order partial derivative of u with respect to time, A denotes the Laplace operator
in R3, V is the gradient, and V- is the divergence. These mathematical terms are defined
in Appendix A.

Biot’s poroelasticity model is very general as it is independent of the application domain.
This model was extended by Coussy (see [4]) to take into account the heat-convection
phenomena. Other researchers have refined the model for specific engineering fields (see
[11], [12], [13], and [20]) such as geomechanics or petroleum engineering. The Biot’s system
model is complex and, in general, does not have closed form solutions. In 1993, Gomberg
and Ellis (see [7]) provided an algorithm dubbed 3D-DEF (a three-dimensional boundary
element program) that approximates Biot’s system for the displacement from which the
strain € and the stress ¢ can be calculated. In order to calculate pore pressure changes,
Lee and Wolf proposed in 1998 an algorithm dubbed 3P-Flow (see [9]) that uses the above
calculated strain € and stress o. The algorithm 3D-DEF approximates solutions of the
quasi-static case of the elasticity equation (1.1) for the vector displacement u. Using these
results, 3P-flow can approximate the pressure in the diffusion equation (1.2). Thus the two
algorithms together do not treat the fully coupled system of the two partial differential
equations. Furthermore, at the time there was no guarantee that a solution for the system

exists.



In 2000, using abstract theory (non constructive), Showalter (see [14]) showed existence
and uniqueness of strong solutions and weak solutions to Biot’s system in the quasi-static
case. A summary of his results is described in Section 3.1.

In this work, using a constructive approach (based on Babuska-Brezzi theory and
Rothe’s method of lines), we proved existence and uniqueness of weak solutions to the
equations of quasi-static poroelasticity (1.1)-(1.2).

This approach (a constructive approach) suggests numerical approximation methods and
allows derivation of error estimates.

Developing solvers for the coupled system (1.1)-(1.2) is an area of current research. To our
knowledge, there is no rigorous 3-dimensional error analysis for this coupled system.

The main contribution of this work is the construction of two algorithms for approx-
imating solutions of the quasi-static poroelasticity system of partial differential equations:
a segregated algorithm where the solution is approximated by an iterative method and
a coupled algorithm where the system is concurrently approximated for both the vector
displacement u and the scalar pore pressure p.

This work is organized as follows. In the next chapter, we describe the mathematical model.
That is, we describe the quasi-static poroelasticity system of partial differential equations.
Existence and uniqueness of weak solutions are proved and error estimates are derived in
Chapter 3. Chapter 4 describes numerical experiments. Finally, conclusion and proposed

future work are given in Chapter 5.



CHAPTER 2

POROELASTICITY MODEL

A quasi-static poroelastic problem is described by the following basic variables: stress
(0); the normalized force, strain (€); the symmetric part of the deformation gradient, the
vector displacement (u), the scalar pore pressure (p), and the increment of fluid content
(©).
In this section, we formulate the equations describing the coupling of elastic deformation
and pore fluid pressure in a porous medium. We first consider poroelastic constitutive
response — i.e., the dependence of strain and fluid content on stress and pore pressure — and
the Darcy law for pore fluid transport. Then we formulate the governing field equations

using considerations of stress equilibrium and mass conservation.

2.1 The elasticity equation

The equilibrium equation for momentum conservation will be formulated based on the
force equilibrium equation and the linear constitutive equation, the dependence of strain
and fluid content on stress. Therefore, we first need to define stress and strain to derive the

elasticity equation.

2.1.1 Stress

Consider a volume, an infinitesimal cube with faces pointing in the coordinate direc-

tions. There are two types of external forces acting on the material body:

1. The force acting on volume elements of the body, called body force.



Figure 2.1: Body force F;dv (dv = dz1dxedxs, where dx1,dxs, dxs are lengths of the edges
of the elements in x, y, and z-direction respectively) (see [6])

The force vector F' = [Fy, Fy, F3] is called body force per unit volume. Examples
of body forces that are due to the action at a distance, are gravitational forces and

electromagnetic forces.

2. The forces acting on surface elements called stresses. Stresses can be defined with
reference to an infinitesimal cube with faces pointing in the coordinate directions: o;
is the force in the z; direction, per unit area, acting on a face of the cube whose
normal points in the x; direction (see [16]).

Examples of stresses are aerodynamic pressure acting on a body and pressure due to

mechanical contact of two bodies.
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Figure 2.2: Stresses acting on surfaces and body force Fidxidzrodrs

For example, as shown in Figure 2.2 (see [6]), the force o11dxadzs acts on the left hand face

%2111 dz1)dxadrs acts on the right hand face of the cube, and

of the cube, the force (o117 +
so forth.

Every stress component is a function of position, that is, 017 is a function of (z1, z2, z3). The
value of the stress 011 at a point slightly to the right of (z1, z2, z3), namely (z1+dz1, z2, 3),
is o11(x1+dx1, 2, x3). Now, since 011 is a continuously differentiable function of (x1, z2, x3),

then according to Taylor’s theorem we have

Jon1
on(z1 +dzy,x0,23) = on(x1,x2,23) + dl‘liaxl (21,22, 23)
1 02
+ da? - Uél (x1 + adxy, k2, x3), (2.1)
2 Oxg



where 0 < o < 1. The last term can be made arbitrarily small by choosing dx; sufficiently
small.

Neglecting the last term in equation (2.1), we get

Oo11
o11(z1 +dxy, v, 23) = o11(21, w2, 23) + de1W(:E1,:E2,$3)-
1
Let us consider balance of forces in the x1-direction:
69021 dx,
Ix
ET:, 6;1+9%1 d
TG e
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Su R
631*& de |- ,
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Figure 2.3: Stress components in zj-direction

At equilibrium, the sum of forces on the body vanishes, then we have

(011+ %leld.%j)d.%'gdm‘g — ondxraodxry + (0'21+ %‘;éldl'z)dl'lda}g — o91drsdry

+ (0'31-1— %‘;33161%‘3)61331(11'2— O‘31d$1d$2 + Fldl‘ldl‘zdl‘g =0.

Simplifying and dividing by dxjdzedxs, we obtain

OJo11 Ooa1  Oosn B
O0xy * O0xa + Ox3 =0 (22)



Repeating the same process (used in the z1-direction), in zs-direction and in z3-direction,

we get
Ooi12  Oogy 003z R
8.%‘1 63:2 8.%‘3
do 0 0
13 023 033 o)
83:1 8%2 81’3

Equations (2.2)—(2.3) can be expressed in index notation as

3
0o j;
8:6 7

j=1

+ F =0

i=1,2,3.

(2.3)

(2.4)

(2.5)

Equation (2.5) expresses the force equilibrium where o;; is the total stress, per unit area

(in the j-direction acting on the surface with normal in the i-direction) and Fj is the body

force per unit volume.

The components 011,092, and o33 are the normal stresses, they are perpendicular to the

face. The other three stresses are the shear stresses where the force is tangent to the face.

Rotational equilibrium on all such infinitesimal elements of material requires that shear

stresses be equal on adjoining faces, which is concisely expressed by requiring that o;; = o5

for all i and j (see [18]) (the symmetry of the stress tensor).



2.1.2 Strain

Stresses cause solids to deform. The quantities describing deformations of the body are
called strains (denoted by €). Strains can be defined most simply in the case of extremely
small deformations, in which case the coordinates directions x1, z2, and x3 of material points
are virtually the same before and after deformation. For normal strain in z;-direction, let

us consider two points A and B, a small distance dz; apart (see [6]),

U1+ g%l (»(1

=7 1
T - _______________-----_Z = T
A axq B

Figure 2.4: Normal strain in x;-direction

and let uq be the x1-displacement at A and u; + %del be the zi-displacement at B.

The unit displacement in the x;-direction g—;ﬁ defines the normal strain denoted by €1,

ouq
€11 = —.
or1

Similarly, the unit displacement in the xo-direction and zs-direction respectively are

8UQ
€22 = 87@’
and
Oug
€33 — 87
3

The shear strains €19, €13, €23 are the small changes of angle between the line segments in

the x; and xo-directions, z1 and xs-directions, and x2 and x3-directions respectively (see

10



[16]).
To illustrate this for the shear strain €12, consider the line segements AB and AC, initially
making a right angle with dz; a small distance between A and B and dzs a small distance

between A and C. After deformation the points are at A’, B’, and C’ and the lines A’B’

and A’C’ no longer meet at a right angle at A’.

Figure 2.5: Shear strain in x1, xo-direction

The shear strain is defined as the average of the angles g—ﬁ and g—Z; that A’B’ and A’C’

make with the z; and x9 directions respectively (see [6]),

ey = L(0m Ouz
1z = 2 (9.1‘2 8$1 '
Similarly,

ey = L[, 9us
BT 2\ Oxg | 01 )

11



and
o 1 811,2 8U3
€923 — 5 <8333 + 8;132> .

The normal and shear strains can be compactly written using Einstein notation, in which

repeated indices are summed, as follows

o 1 <8u, 8Uj

i = = , 7 =1,2,3. 2.6
€ij 9 axj + a:m) (2W) I ( )

Note that €;; = €j; and that strains are dimensionless since they are the ratio of lengths.

2.1.3 Stress-strain relationship

The relationship between stress and strain can be derived using the following consti-
tutive equation (see [18])

1 1
trace(e) = 3—Ktrace(a) + TP (2.7)

where + is the compressibility of the material (K is bulk modulus) measured under drained
conditions. Drained conditions correspond to the deformation at fixed pressure p, with the
fluid being allowed to flow in or out of the deforming element. The coefficient % is obtained
(% = %|p:0) by measuring the change in volumetric strain due to changes in applied stress
while holding the pressure constant. The coefficient % represents the poroelastic expansion
coefficient. It describes how much the bulk volume changes due to a pore pressure change
(= g—;]c,:o) while holding the applied stress constant (see [18]).

Equation (2.7), says that the fractional volume change is the result of change in applied

stress and pore pressure.

trace(o)

3 is the average of normal stresses and trace(e) is the volumetric

In equation (2.7),

12



strain, i.e.,

trace(c) o011+ 02 + 033
3 - 3 ’
trace(e) = €11 + €22 + €33.
Then
1 (011 + 092+ 0
€11 + €22 + €33 = K( 1 ;2 33) —|—%.

The coefficient K can be expressed in terms of Young’s modulus E (see [18]) by

E

K:m.

Young’s modulus is the measure of the stiffness of an elastic material and is defined as
the ratio of the rate of change of stress with strain. The constant v represents Poisson’s
ratio. When an elastic material is stretched or compressed in one direction, it deforms in
perpendicular directions (becoming thicker or thinner), the measure of this deformation is
given by the Poisson’s ratio v (see [16]).

From the above we get

1 1

€11 + €22 + €33 = E(U” —voy1 — voir) + E(ng — V09 — V022)
1
+E(U3?’ — V033 — V033) + %
That is,

1 v v n P
€11 = —=011 — =022 — =0 —

11 U T 502 T RO gm
B v n 1 v n P

€22 = E011 E022 E033 3H’

13



_ v v +1 L P
€33 = EUH EU22 E033 SH

1

This form is chosen (see [8]) to express the fact that one constant, %, connects strain

and stress in the same direction. The other constant, %, relates strain and stress in two
perpendicular directions.

We use the following expressions (see [18])

E = 2G(1+v) and

1 _a
H K

The coefficient G is the shear modulus and is a quantity measuring the strength of the
material defined as a ratio of shear stress to the shear strain. The positive constant « is the
Biot-Willis coefficient, the ratio of volume of fluid that is added to storage and the change
in bulk volume under the constraint that the pore pressure remains constant. Note that
the constant fluid pressure condition means that the volume of fluid that goes into or out
of storage is equal to the change in pore volume (see [16]).

Substituting the previous two expressions into the three normal strain equations, we obtain

after simplification (using that 14%1/ =1-15):

N .2
€11 = °0 011 1+V(7kk: 3Kp-
Similarly,
_ 1[ ]+ o
€2 = °q 022 1+V0kk 3Kp’
and
_ 1[ v ]+ a
B3 T oqlIs T okl T 3P

14



Because changes in pore pressure are assumed not to induce shear strain, the following shear

strain and shear stress relationships are independent of pore pressure (see [18]).

1
€12 = %0127
_ b
€23 = 2G023’
and
B 1
€13 = 2G013-

Expressing the previous six strain-stress equations using Einstein summation convention,

we get,
1 v a ..
€ij = ﬁ[%‘j - makk%‘] + 37{1?57;]‘ i,7=1,2,3 (2.8)
where 6;; is the Kronecker delta.
1 ifi=j
(Sij =
0 ifi+#j.

The above equation of strain in terms of stress and pore pressure may be inverted to solve

for stress, that is,

v a
oij = 2G€ij+m0kk5ij—2G37Kp(5ij. (2,9)
We have
_ 1 [ v ]+ «o
€11 = °G o11 1+V0kk 3Kp7
_ 1 [ v ]+ a
€22 = 2G; g22 1+V0kk 3Kpu

15



and

1 ( v |+ «a
€33 = °q 033 1+V0kk 3Kp'
Adding these three equations yields
1 (1-2v) Lo
€k = —=—0 —
kk 2G (1+v) kk KP,
which implies that
(1+v) (14+v) a
= 2G—epr — 2G —p.
Tk (1 — 20)F* 1-2)K?
Substituting oy into (2.9) and simplifying, we get
v
Oij = 2G6ij + ZGﬁekké‘zj — Oép(sij. (2.10)

Writing equation (2.10) explicitly for the normal stresses yields

14
= 2 2 — 2.11
o11 Gewn +2G o €rr — op; (2.11)
v
= 2 2 — 2.12
02 Gz + 26 T—5—er — ap, (2.12)
v
= 2 2 — 2.1
033 Gess + 2G5 €kn — oD, (2.13)
012 = 2G612, (214)
Jg13 = 2G€13, (2.15)
and
0923 — 2G623. (216)

16



We also have the force equilibrium equations

do11 0o o3y

F =
81'1 8352 83:3 + !
Ooiz 0oy Oos3p

=
8931 8562 8933 + 2

and

Oo13 0oz Ooss

F f—
al’l 8:02 81’3 + 3

(2.17)

(2.18)

(2.19)

Substituting the six stress equations (2.11)-(2.16) into the force equilibrium equations

(2.17)—(2.19), we obtain

2G8QI+2G Y

o€k Y

Oer2 Oe1z

+2G

0y (1 —2v) Oz

2Gaqg+2G v

Oerk Y

81'2 8:133

O€an Oeaz

+2G

Oxy (1 —2v) Oxo

and

8613 14 8ekk

8.1'2 81’3

Oe€as Oess

2G +2G +2G

0y (1 —2v) Oxs Oza

We write explicitly the strain in terms of the displacement

2
+ Gaxg

8U1
€11 = 83)1’
QUQ
8U3
€33 = 8£C3’

17

dp
L F
a8x1+ 1

Op
— + F:
048362 + Iy

dp

Oéi—l—Fg =

8.212‘3

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



€12 = % (87“ + 87”) : (2.26)

(93?2 81’1
1 8u1 (911,3
= -\ —+— 2.2
€13 2 ((91‘3 + 8$1> ’ ( 7)
and
1 a’ILQ 6u3
= | —=+ = 2.2
€23 2 (6:@, + 61’2) ’ ( 8)

where the displacements u1, us, ug are the displacements in z1, xs, 3 directions respectively.

We first substitute equations (2.23)—(2.28) into equations (2.20)—(2.22) and simplify to get

. (aQul 82U1 a2ul> N G (82ul 82U2 82u3 ) B ap Y F =0,

81’% 8:6% 83:% (1-2v) 83:% * 0x10x2 + 0x10x3 aﬁixl

G<82u1 0%uy 82u1> G < 0%uy 0%us 0%xs > @+F2 o,

02 " 02 T 0a2 ) T (1-20) \ 02102, T 022 | Oandas) "o

and

G<82u1 9%uy 82u1> G 0%uy 9%us 0%us
(

- a@ +F3=0
Ox? Ox3 ox? 1—2v) \0z10xz3 Ox9dx3  Ox3 Ox3 3T

These last three equations are expressed as

G 0%y, n Op
(1 — 2v) 020z, Oz

~GAu; — = F,  i,k=123.

This is just the conservation of momentum and can be written in vector form as

G
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An equivalent expression to the conservation of momentum equation (2.29) is

2v

~GV - (Vu+ (Vu)') — Gm

V(V-u)+aVp = F. (2.30)

Equation (2.30) is obtained by using

Au = V- (Vu+Vul) = V(V-u),

since V - (Vul) = V(V - u).

Then equation (2.29) becomes

G

—GV - (Vu+Vul )+ GV(V - u) — )

V(V-u)+aVp = F.

By simplifying we get the equivalent equation for momentum conservation (2.30).

19



2.2 The pore pressure equation

The simplest mathematical description of the coupling of the pressure and deformation is
the constitutive equation
o

1
é- = 3—Ktrace(0') + §p7 (231)

(see [18]) where & is increment of fluid which is positive for fluid added to the control
volume and negative for fluid withdrawn from the control volume. The coefficient % is
the compressibility of the material as defined previously. The coefficient }% (g—g]g:o) is the
specific storage coefficient measured under conditions of constant applied stress.

The Skempton’s coefficient B = % is the ratio of the induced pore pressure to the change
in applied stress for undrained condition, that is, no fluid is allowed to move into or out of
the control volume (see [18]).

Using the Biot-Willis coefficient o = % and Skempton’s coefficient B = %, we get % = %5

Equation (2.31) can be expressed as

(0}

£ = %trace(a)+ B

(2.32)

The average velocity, v = %, is interpreted as the relative velocity between the fluid and
solid, that is,

v=—q=V-(U;-U)), (2.33)

where Uy is the average displacement of the fluid, Uy is the average displacement of the

solid, ¢ is the fluid flux, and ¢ is the porosity (see [18]).
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The increment of fluid is expressed by Biot and Willis (see [18]) (1957) in terms of Uy and
Us as

¢ = —¢V - (U; - Uy). (2.34)

Taking derivative of equation (2.34) with respect to time and substituting equation (2.33)

into it yields

23
= = _V.g.
ot 1
Now, substituting ¢ from Darcy’s law: ¢ = —%Vp into this last equation (here k is the

permeability of the rock and p is the viscosity) gives

o k

Accounting for quantity of fluid from an external source Q, we have

o¢ ko
a—v'(ﬁvp) = Q.

Finally, substituting equation (2.32) into the previous equation yields

01 « « k
— | —=p+ ——0m| -V (=Vp) = Q.
ot [KB 3K K (u )

If in this last equation, displacement is chosen as the mechanical variable instead of mean

normal stress then we get the general diffusion equation for Darcy flow

—(Sep+aV~u)—V-(;Vp) = Q. (2.35)
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Equation (2.35) was derived using the following steps:
e write the normal stress Z* in terms of strains using equation (2.10),
e replace strain by displacement using equation (2.6),
o use K = ﬁ, E = 2G(1 +v), and the specific storage Se = +25.

In summary, we derived the following system of partial differential equations:

—GAu — 1_G2VV(V‘U)+OéVp = F, in Qx(0,7),
;(S’ep—kav-u)—v-(sz) = Q, in Qx(0,7).

Equivalently,

2v

~GV - (Vu+ (Vu)T) — Gm

V(V-u)+aVp = F, in Qx(0,7),

;(Sep+aV~u)—V~(in) = Q, in Qx(0,7).

The first equation represents the equilibrium equation for conservation of momentum and

the second equation is the general diffusion equation.
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2.3 Boundary and initial conditions

In this section, we discuss the boundary and initial conditions for the quasi-static

poroelasticity system. Let © be a bounded open connected subset of R? with Lipschitz

boundary. Denote the boundary by I' = 9).

The boundary IT' is divided into two disjoint parts; the clamped boundary denoted by I'.

with strictly positive measure and the traction boundary denoted by I';. The boundary, I',

can further be divided into drained boundary I'y and the flux boundary I';.

Under certain geological conditions the boundary condition can belong to both I'; and I'y.

Let us denote this boundary by I';¢ (I'ty = I'y NI'¢). The boundaries I'. and I'y correspond

to the momentum equation, the boundaries I'y; and I'; correspond to the fluid equation,

and there is a coupling between the two equations on I';;.

The initial boundary value problem (IBVP) becomes (see [15]):

—_— . T _— 721/ .

GV - (Vu+ (Vu)") G(I—ZV)V(V u) +aVp
0 (Sep+av-uw-v-(Evpy)
5 (Sep+aV -u . P
u

T 2v . .
[G(Vu+ (Vu) )—i—Gl — QVV-UI}n—ﬁaantf
p
0 . k R
—a((l—ﬁ)au-n)xtf—i-;Vp-n
Sep+aV-u
(1-p0)au-n
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Uc

Ot

Pd

haixey

Vo

U1

in Qx (0,7), (2.36)
in Qx(0,T), (2.37)
on T, x (0,T),(2.38)
on Ty x (0,T), (2.39)
on Tg x (0,T),(2.40)
on Ty x (0,T),(2.41)
on Qx {0}, (2.42)

on Ty x {0}. (2.43)



Equations (2.36) and (2.37) are the partial differential equations for the quasi static poroe-
lasticity system. Equation (2.36) represents the general force equilibrium equation and
equation (2.37) is the general diffusion equation.

Boundary conditions (2.38) and (2.40) correspond to the clamped boundary I'. and the
drained boundary I'y. The boundary conditions (2.39) and (2.41) consist of a balance
forces on the traction boundary I'y and a balance of fluid mass on the flux boundary I';.
Motivated by the geological application and for simplicity, the boundary functions wu., oy,
and pg are set equal to zero.

Here [ is the identity tensor and 7 is the unit outward pointing normal vector on the bound-
ary. The fraction 0 < 3 < 1 defined on the boundary I';y, the portion of the boundary
which is neither clamped nor drained, denotes the surface fraction of the matrix pores which
are sealed along I';y. The remaining portion (1 — 3) is exposed along the flux boundary I'f
and contributes to the flux.

Here ;¢ denotes the characteristic function of I';¢, that is, x;y = 1 on I';y and 0 otherwise.
The transverse flow on the flux boundary I'y is hy. More specifically hy = —(1 — B)v(t) - 7,
where v(t) is the fluid velocity on the boundary I';.

Finally, equations (2.42) and (2.43) represent the initial conditions where vy and v; are the
given initial data.

In [14] Showalter showed that the system (2.36)-(2.43) has a unique strong solution under
mild (smoothness) requirements on the data, these will be clarified later. He also proved
existence and uniqueness of weak solutions for the system.

We will use a constructive approach to prove the existence and uniqueness of weak solutions
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for the system. Our approach immediately suggests a numerical algorithm which can be

used to approximate solutions of the quasi-static poroelasticity system.
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CHAPTER 3

ANALYSIS

In the previous Chapter, we introduced the system of partial differential equations that
consists of the equilibrium equation for momentum conservation and the diffusion equation
for Darcy flows. We also discussed the boundary and initial conditions for the system. In
this Chapter, we briefly recall existence and uniqueness of strong and weak solutions derived
by Showalter in [14]. We give an alternative constructive proof of existence and uniqueness
of weak solutions of the quasi-static poroelasticity system. We describe a discretization of

the problem and derive error estimates.
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3.1 Existence and uniqueness of solutions (Showalter)

We start this section by briefly recalling existence and uniqueness results for strong

and weak solutions proved by Showalter (see [14]) for the system (3.1)—(3.8).

2
—GV-(Vu+(Vu)T)—G(1_7VQU)V(V-u)+an - F i Qx(0,7), (3.1)
k
gt(Sep—i-aV-u)—V-(MVp) = Q in Qx(0,7), (3.2)
u = 0 on T, (3.3)
2
[G(Vu + (Vu)T) + G 17V2yv-ul]fz— Bapixyy = 0 on Ty, (3.4)
p = 0 on Ty, (3.5)
) . ke
—a((l—ﬁ)au'n)thJr;VP'n = hixyy on Ty, (3.6)

Sep+aV-u = v on Qx {0}, (3.7)

>
Il

(1-75)au- v on I'yy x {0}. (3.8)

Throughout the course of this work, we will use the following Hilbert spaces: L?(£2)
which is the space of square integrable functions on € and H'(2) which is the space of
functions in L?(£) whose first distribution derivatives are square integrable. The L? inner

product and L? and H! norms are given by

mm—lﬁmwwm,

[SIES

Hﬂhmn=<LJﬂ@Pm>§=«ﬁf»,
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and

N

1l = (1 1B2@) + IV ARz

respectively.

The space H{(€2) is the closure of {v € C®°(Q)? : v(z) =0 for x € I'} with respect to the
[| - ||1-norm.

Notation: we denote the L? inner product by (-, -), the L? norm by || - ||, and the H' norm
by [[ - []1-

In addition to the above spaces, we will need the subspaces
V = {vedWQ)>P: v =0 on I';}

and

M = {geH @ Q): ¢=0 onT4}.

For the strong solution and in the special case where Se # 0, Showalter’s theorem (see

theorem 3.1 [14]) becomes

Theorem 3.1 Let T > 0, vy € L*(Q), v1 € L?(T'4f), and the Holder continuous functions
F,Q € C*([0,T],L*(2)), hi(.) € C*([0,T], L*(T'ss)) be given, then there exists a pair of
functions p : (0,T] — M and u : (0,T] — V for which (Sep +V -u) € C°([0,T], L*(Q)) N
CY([0,T), L?(Q)) and u € C°([0,T],V)NCY([0,T],V). The system (3.1)-(3.8) is satisfied
and the function u is unique. Furthermore, if the measure of ', is strictly positive then p

1S unique.
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In [14] Showalter also proved existence and uniqueness of weak solutions to the system
under weaker assumptions on the data compared to the strong solution. His results is given

in the following theorem (see theorem 4.1 [14]).

Theorem 3.2 Let T > 0, vg € M', and Q € C*([0,T], M') be given. Then there exists a
unique pair of functions p : (0,T] — M and w: (0,T] — V for which the system (3.1)-(3.8)
is satisfied in a weak sense. The function u is unique. Furthermore, if the measure of I, is

strictly positive then p is unique.
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3.2 Existence and uniqueness of weak solutions

We will prove existence and uniqueness of weak solutions of the quasi-static poroelas-
ticity system (3.1)-(3.8). We will use Rothe’s method of lines, and at each time step we
will use Babuska-Brezzi theory to show that the elliptic system has a unique solution.

We first derive a weak formulation of the following system of partial differential equations:

~GV - (Vu+ (Vu)T) — G(liyzy)V(V -u)+aVp = F, in Qx(0,7),
;(Sep—i-av-u)—v-(in) = Q, in Qx(0,7).

Let the Hilbert spaces V and M such that:

Vo= {ve('@)P: v =0 ol

M = {¢qeHYQ): ¢ = 0 on Ty}

Multiply the previous two partial differential equations by the test functions v € V and

q € M respectively and integrate over €, to get

2
/—GV‘(Vu—F(Vu)T)v— /G v V(V-u)v + /anv:/Fv VoveV,
0 o 1-2v Q 0

k
/Septq+/aV~utq/qu:/Qq Vqe M.
Q Q QK Q

Applying Green’s formula:

—/ V-(Vu + (Vu) o = /(Vu + (Vu)T) : Vo — / (Vu + (Vu)T)-hw, foru,v eV,
QO Q Iy
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and

—/QV(v-u)v _ /Q(V~u)(v-v) = /(V-u)ﬁ-v, for u,v € V.

Iy

Apply Green’s formula

—/Ap-q = /Vp'Vq— Vp-ngqg, forp,qe M.
Q Q r;

Therefore, the system becomes:

2v
(V)] + [ aVpu =

/ G(Vu+ (Vo)) : Vo + G
Q Q

2
/Fv+ G(Vu + (Vu)l) -nw + G (V- ui v,
Q Tt

I: 1-—2v

k k .
/Septq + /a(Vu)tq + /Vp-Vq = /Qq+ —Vp - ngq.
Q Q QM Q ry M

Discretizing in time using #-scheme, we get

2v
1-2v

JIGE 4 () Vot G2 (VT o) + [ avptte
Q

Q

2
/F"Hv + G(Vu" + (Vu"tHT) hw + G—" (V- u" )i 0,
0 I

I: 1—2v
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n+l _ . n .yt g k
/ Sel —— I q + / ozv “ Vou q + / ~(OVp"T + (1 - 0)Vp") - Vq =
Q T Q T QM

/(OQ"Jrl +(1-0)Q") ¢+ / ﬁ(@V]D"Jrl + (1 = 0)Vp™t) - ng.
Q ry M

Here 0 < 6 < 1, the superscript n denotes the discrete time level at which the functions are
evaluated, and 7 is the time step. That is, 7 = % where IV is the number of time steps.
Hence u™ = u(t,) where t, = n x 7.

Using the divergence theorem: [,V -uq = fFf u-ng — [qu- Vg, and rearranging the

second equation of the previous system, we get

2v
1-—2v

/[G(VunJrl + (vunJrl)T) Vo4 G (V . unJrl)(v . U)] +/ OsznJrl v —
Q

Q

/F"“U + G(Vu"™ + (Vu"™TY)  hw + G 2v
Q It

(V- u" i v,
I 1—2v

_/ au™ Vg + /[Se "y + ﬁQVp"H-Vq] =
Q Q 12

/[T(agn+l+<1_9)czn) b aV-u" + Seplq — /’”(1_9)vpnvq
Q Q M

k
—/ oau™ g + / =(OVp™ + (1 - 0)Vp"T) - fg.
Iy ry K
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We introduce the bilinear forms a, b, and c as follows:

2
a(u,v) = /Q[G(Vu + (Vu)T): Vo + Gl_VZV(V-u)(V-U)],
b(v,p) = /Qan v,
kT
cp,q) = /Q[Se pq + FGVP'VQ],
and
L(F,g,v) := /QF’U + g G(Vg + (Vg)h) - nw + /FQGl_VQV(V-g)ﬁ-v,
k
lQ(Ql,Tl,Sl,q) = /[7‘(1—9)@1 + oV -r1 + Se 51](] — /;(I—H)AV51Vq,
Q Q
R k R
lg(QQ,TQ,SQ,q) = /QTHQQQ — /F arg - ng + /F ;(HVSQ—F(I—H)VSQ)'HQ.
i f

The weak formulation of this problem is: find (u™*!,p"*!) € V x M such that:

a(u™ ) + blv,p"t) = L(FTLu ) VveV,

—b(u" q) + c(p"t,q) = L(Q™ u"p",q)

+ I3(QMT,um T ptlg) ¥V g€ M.
That is,

a(u™ ™ v) 4 blu,p" ™) = L (FMTL W v) vV velV, (3.9)

b(un—i—l’ Q) - C(pn+17 Q) = _ZZ(QTL> un’ pn’ q)

- l3(Qn+1aun+17pn+1,Q) v qc M. (310)

Using Babuska-Brezzi theory (see [3]), we will show that the system (3.9)-(3.10) has a

unique solution.
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Definition 1 : The bilinear form a(-,-) : VxV — R and the linear form b(-,-) : VxM — R

are continuous provided that positive constants 3 and v exist such that:

|a(u, )| < Bllullvlvllv VuveV.

and

[b(w, v)| < Allullvollm Vu eV, Yo e M.

Definition 2 : The bilinear form a(-,-) : V. x V. — R is coercive (or V-elliptic) provided

that a positive constant o exists such that:

a(v,v) > of|v|| vV veV.

Theorem 3.3 : If the bilinear forms a(-,-) : V. x V. — R is continuous and coercive,
c(,-) : M x M — R is continuous and coercive, and b(-,-) : V. x M — R is continuous then

for every f € V' and g € M’

a(u,v) + b(v,p) = (f,v)
b(u,q) — c(pq) = (9,9)
has a unique solution (u,p).

We now show that the bilinear forms a(-,-) and c(-,-) are continuous and coercive and the
bilinear form b(-, -) is continuous on the respective spaces, hence there exist unique solutions

u and p of the semi-discrete problem.
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Recall that:

Oui 8212‘
VuiVo = Z@xj ‘ 8l‘j7

7’7]‘

and
= {ve(HQ))?: v =0 onT,.},

M = {qge H(Q): ¢ = 0 on Ty}

Continuity and coercivity of af(,-)

la(u,v)| =

2v
— 2V(V cu) (V- v)

/GVU:VU + GVul
Q

Using the triangle inequality

Ou; Ov; du, Ov;
< - : y Z
la(u, v)]| /GZ<8x]~> <8$j> +/§2G;<axi> <8xj>
The inner product

wev = [T (5 (52)
< / V| Vel

< ||Vul| [|Vv]| (By Holder’s inequality (Appendix A))

2v ou; ov;
+ /QGI—QV p 81:12;890,

< Afullaflollr - (Since ||ully = [[Vul| + [|ull so [[Vaul] < ||ull).
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Thus

[a(u,0) | < ClIVull [Vol] + GVl [[Vell + G ||V - ull |1V -]
Since ||V - u|| < V/3||Vul| (is shown below),
[afu,v) | < 26NVl Vol + 1|7l |70,
hence,
| a(u,v) |< max (20’16_6‘;”) | w1l vl Y ou,v e (HY(Q))3. (3.11)

Hence a(u,v) is continuous.
The inequality ||V - u|| < V/3||Vul|

We have

Vo Y

thus,

o 8u1 8UQ 8U3 81)1 81}2 81}3
(V-u)(V-v) = (83:1 + Oxo + (9:53) <8x1 0xo 6x3>’

Ou Ov | w1 Ovz | Owy Qv | Ouz vy | Ouz Ovp | Ouz Ovg

(V-u)(V-v) = dx1 Oy +3TE1(99:2 +579018m3 * Dz Oy jLa7@39”2 +871:28x3

Oug Our | Oug Ovy | Ouy vy
833‘3 le 61‘3 3.7}2 01‘3 61‘3 '

Using the fact that ab < %aQ + %b2

3 Oul 2 3 (9UQ 2 3 8’&3 2 3 01}1 2 3 (91]2 2 3 8’1)3 2
. o) < 2 = == = (= = =) .
(V u)(v U) - 2 <6£K1) +2 <8x2> +2 oxs +2 ox1 +2 0x9 +2 0xs
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Therefore,

(V-u)(V-v) < 22(22)2 + 22(2;)2

7

That is,
(Vou)(vou) < 3y (24 2
= . aﬂ?l )
thus,
v <s [ 3 (54) <sivar
Hence

IV - ull < V3[[Vul|. (3.12)

Coercivity of a(-,-),

(V-u)(V - ),

2
a(u,v) = /G(Vu + Vul): Vo + Gl v
0 _

2v

and

(Vu + Vu'): Vo = Vu:Vo + Vul : Vo
1
= §[Vu:Vv + Vul : Vol 4+ Vil : Vo + Vu: VoT]

= %(Vu + Vul): (Vo + Vol). (3.13)

Note that the strain
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and

2v
1-—2v

a(u,v) = /920(;(vu + VUT))(%(VU + VOT)) + G—2 (V- u)(V - v),

where again we use Einsteins’ summation convention.

Therefore,

a(v,v) > /QQG(E(U))Q.

Korn’s inequality (see [2]): Let 2 C R? be an open bounded set with piecewise smooth
boundary. In addition, suppose I'g C 9f2 has positive two-dimentional measure. Then there

exists a positive constant ¢ = ¢({2,Ty) such that:
/ e(v) s e(v) > ¢||v|]? for all v e HE(Q).
Q

Since we assumed that the measure of the clamped boundary I'. is positive, then from

Korn’s inequality a(-,-) is coercive.
a(v,v) > 2G || v |]? Yoe (HY(Q)3, (3.14)

where G > 0 is the shear modulus.

Furthermore, the bilinear form a(.,.) is symmetric. Recall that

(V-u)(V - ),

2
a(u,v) = /G(Vu + Vul): Vo + Gl v
0 _

2v
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and from (3.13)
1
(Vu + Vul): Vv = i(Vu + vul): (Vo + Vol).
Therefore,

a(u,v) = /Q;G(Vu + Vul): (Vo + Vol) + GL(V~U)(V-U)

1-2v
1 2
= / §G(Vu Vo + Vu: Vol +Vul : Vo + Vul : vol) + Gl sz(v-v)(v-u)
0 _
1 2
= / 5G(Vv :Vu+ Vol Vu+ Vo : Vol + Vol - vul) + G1 V2V(V-v)(v.u)
0 —
1 2
= /G(Vv + Vol (Vu + VuT) + @ v (V-0)(V-u)
02 1—2v
2
- /G(VU b VT) V4 G—2 (V) (V)
Q 1—2v
= a(v,u). (3.15)
Continuity of b(-, ")
Recall that
b(v,p) = /a(Vp)v,
Q
hence,
[b(v,p) | < o[Vpl] [[v]]
< allp|lillvlh Vpe HYQ) and v e (HY(Q))3, (3.16)

where the constant o > 0 is the Biot-Willis coefficient.
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Continuity and coercivity of ¢(-,-)
We have

c(p,q) = /QSequrILT9(Vp)(Vq),

thus,

kT
le(p@) | < Sellpl] llgl] +79HVPH [IVql|

kT
< maX(S&?@)llleHfJHl Vp,q€ H(Q). (3.17)
Thus ¢ is continuous.
Now,
2 kT 2
clg,q) = Se ¢° + —0(Vq)
Q 14
kT
> Sellql® + —0||Vq||?
L
k
> min<Se,5> lql}  VaqeHY(Q). (3.18)

Thus c is coercive.

corollary 1 : The bilinear form a(-,-) : V. x V. — R is continuous. If the measure of the
clamped boundary . is positive, then a(-,-) is coercive. The bilinear forms c(-,-) : M x M —
R is continuous and coercive, and b(-,-) : VX M — R is continuous. Hence for every F' € V'

and Q € M' the semi-discrete system (3.9)-(3.10) has a unique weak solution (u,p).
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3.3 Rothe’s method of lines

Using the previous result (Corollary 1), we can now use Rothe’s method to prove

existence and uniqueness of weak solutions of the equations of poroelasticity:

_av. ™_a_ _gv.

GV - (Vu+ (Vu)") G(1_2V)V(V u) +aVp
Q(S +aV.-u)—-V (§V)
5 (Sep+aV -u p D
u

T 2v . .
[G(Vu + (Vu) )+G172yv'ul]n—ﬁapnxlgf
p
0 . k .
— (1= Bl ey + S0
Sep+aV-u
(1-pB)au-n

hixir
V0

U1

in Qx(0,7),(3.19)

in Qx (0,7),(3.20)

on I, (3.21)
on Ty, (3.22)
on Iy, (3.23)
on Ty, (3.24)

on ©Qx {0}, (3.25)

on I'ty x {0}.(3.26)

As defined above, € is a bounded open connected subset of R® with Lipschitz boundary

and T is a positive time. Given functions F, @ € C%1(0,T; L*(Q)), h1 € C%1(0,T; L*(T'y)),

vg € L2(0,T; HY(Q)) and v1 € L*(0,T; L?(Tyy)).

Since the problem (3.19)-(3.26) is linear its solution can be written as the sum of the

solutions of the following three problems.
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Probelem I:

2v

~GV - (Vu + (Vu)T) — Gm

V(V - u)+aVp
0 k
a(Se p+aV-u)—V- (;Vp)

u

2
[G(Vu+ (Vu)T) + ¢ v. ul|n — Bapixe s

1-2v

p

d . k .

—a((l — B)au - n)xef + ;Vp L

Sep+aV-u
(1-pB)au-n

problem II:
_GV - (Vut (Vu)T) — G—22 (V1) + aVp
(1—-2v)

Q(Se +aV~u)—V'(ﬁV )

o (Sep VP

u

T 2v R A

[G(Vu+ (Vu)") + G1 — 21/V ~ulln — Bopixy

p

0 . k .

—a((l — Baw - A)xes + ;Vp L

Sep+aV-u

(1-Pau-n
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Vo

U1

in Qx (0,T), (3.27)

in Qx(0,7), (3.28)

on

on

on

on

on

on

T, (3.29)
T, (3.30)
Iy, (3.31)
Iy, (3.32)

Q x {0}, (3.33)

th X {O}, (334)

in Qx (0,7), (3.35)

in Qx(0,7T), (3.36)

on

on

on

on

on

=}

(o)

T, (3.37)
T, (3.38)
Ty, (3.39)
Iy, (3.40)

Q % {0}, (3.41)

Ty x {0},(3.42)



and problem III:

2v

~GV - (Vu+ (Vu)T) — Gm

V(V - u)+aVp
0 k
a(Se p+aV-u)—V- (;Vp)

u

2
[G(Vu+ (Vu)T) + Gﬁv ulln — Bapixes

p
0 k
——((1=P)au-n)xir +—-Vp-n
(L= Mo vy +
Sep+aV-u
(1-P0)au-n

0 in Qx (0,T), (3.43)

0 in Qx(0,7), (3.44)

0 on I, (3.45)
0 on I, (3.46)
0 on Ty, (3.47)
hixey on Iy, (3.48)

0 on Qx {0}, (3.49)

0 on Ty x {0}. (3.50)

3.3.1 Existence and uniqueness of weak solutions for

homogeneous initial and boundary conditions

We first consider problem (3.27)—(3.34) which has homogeneous boundary and initial con-

ditions.

2v

—GV - (Vu+ (Vu)T) — GmV(V ~u) +aVp F, in Qx(0,7),(3.51)
0 k
E(Se p+aV-u)—V- (;Vp) Q, in Qx(0,7).(3.52)
Construct a mesh d; on the interval I = [0,T]; divide I into m subintervals I; := [t;_1, ;]

each of length h = % and t; = jh, j=1,...,m.
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Using finite difference backward time discretization, we get

2
—Gv-(vuj+(vuj)T)—Gﬁwv-ujwavpj - F
Se

«o k
—(pj—pj—1)+—(V-u; =V -uj_1) =V -=Vp; = Qj,
h(z ]1) h( J Jl) [ J J

in Qx(0,7T),

in Qx(0,7).

Let w; € L2(0,t; V) and z; € L?(0,t; M) be the approximates solutions of the system, i.e.,

w; = u;j and z; = pj, for j = 1,...,m. Here w; = w(t;) and z; = z(t;), so the system (in

terms of w; and z;) is

2v

~GV - (Vw; + (Vwj)T) - G~~~V (V -wj) +aVz; = Fj,

(1-2v)
Se « k

—(2j—2j-1)+—=(V-w; =V-w;_1)-V-=-Vz; = @Qj,
h(] j-1) h( J 1) L J J

in Qx(0,7),

in Qx (0,7).

The weak formulation of this problem is: find w; € L%(0,¢; V) and z; € L*(0,t; M) such

that:

/ G(Vw; + (Vwy)T)
Q

/QF’U + /Ft[G(ij + (ij)T) 1EV2V

2v
_QU(V'U)]')(V-U)] + /Qavzj.v =

n-v, YveV,

/Qq+/ —Vzj-ng, Vqe& M.
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We have (using the divergence theorem [, z; Vv = th zj-tw — [ Vzj-v)

/Q[G(ij + (Vw)T): Vo + GliVQV(V-wj)(V-v)] - /Qazjv.v =

/Fjv + /ﬁazjﬁxtf-v - /azjﬁ‘v,
Q T It

k
/oz(v-wj—v-wj_l)q—}—/Se(zj—zj_l)q—i—h/ —Vz;-Vqg =
Q Q QM

h/Q Qjq + h/rf hixipqg + / (1= Ba(wj —wj-1)xef - q-

Ty

Let

2V w)(V o))

a(w;,v) = /Q G(Vu; + (Vuy)T): Vo + G

b(v,z;) = —/Qazjv-v,

k
c(zj,q) = /Q[Se 2jq + ;thj - Vq|.

Hence the system (3.51)—(3.52) is in the form

a(wj,v) + b(v,zj) = /QFjv — /F (1 - p)az;jnv,
tf

bwj,q) — clzq) = h/Qqu + h/r Mg + /F (1= B)a(w; — wj1)q
tf tf

+ /(aV cwj—1 + Se zj_1)q,
Q

(3.53)

(3.54)

(3.55)

(3.56)

It was shown in section 3.2 that the bilinear forms a(.,.) and ¢(.,.) are continuous and

coercive and the linear form b(.,.) is continuous. Therefore, from Corollary 1 (3.55)-(3.56)

has a unique solution (z;, w;) € V x M.
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The functions z; € M and w; € V, j = 1,...,m, are the approximates to the functions p
and u.
Define the Rothe functions for the mesh d; (recall that the mesh d; corresponds to the
division of the interval I into m subintervals I;) by

25 — Zj—1

pl(x,t) = zj-1 + T(t—t]‘_l),

w(t _ tj—l),

t) = .
ui(z,t) wi—1 + 3

forallt € I; = [tj_1,tj] and j =1,...,m.

Instead of the mesh d; (division of the interval I into m subintervals I; of lengths h = %),
consider the mesh d,, n = 2,3, ..., which consists of m2"~! subintervals I = [ 1 7]],
j=1,...,m2" ! each of length h, = % (Note that the superscript n corresponds to

the mesh dy,).

The Rothe functions p,, and u,, which correspond to the mesh d,, are defined as follows

Zn 1
pn(z,t) = 24 + %(t_ i-1)s
n wyiw?—l n
up(z,t) = wi_q + 7hn (t_tj—l)’

for all ¢t € I]TL, j=1,...,m2" 1
We constructed the sequences {p,(z,t)} and {u,(x,t)}, we will show that these sequences

converge to the solution p(x,t) and u(z,t) of problem I.
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Consider the system of equations (3.53)-(3.54)

/Q[G(ij + (Vw)T): Vo + GliVQV(V-wj)(V-v)] - /Qazjv.v =

/Fjv + /6azjﬁxtfv - /azjfw
Q I It

k
/Se(zj—zj_l)q—f—/a(V-wj—V~wj_1)q+h/ —Vz;-Vqg =
Q Q QM

h/ Qjq + h/ hixirq + / (1= B)a(wj —wj-1)xirq
Q Iy Iy

We first consider the case that F' = 0 and then return to the case of an arbitrary F.

Recall the bilinear form

2
a(u,v) = G [(Vu + Vaul VUVUT) + 1 -

(090,

it induces a norm

1
2

2v
1—

— 2 T2
[ul] = |Glut + Gl + 6125

rv-ura}

Thus

a(u,v) < [[u]] [b]]  and  a(u,u) = [[u]]’.

Recall (3.11) and (3.14)

6G
a(u,v) < max <2G, 1 ; > [lull1]|v||]1 the continuity of a,
—2v

a(u,u) = [[uW]]?* > 2G||u|} the coercivity of a.
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Let us denote the boundary integrals by < -,- >, that is,

< f,g>= fn-g.
th
Then the system (3.51)-(3.52) (with F' = 0) can be written at time j, (j =1,...,m) as

a(wj,v) — a(z;,V-v) = —(1-p)a < zj,v> (3.57)

k
Se(zj = zj-1,9) + a(V-wj =V -wj1,q) + h;(VZJ,VQ)
= h(Q,q)+ 1—Ba<wj—wj_1,q> (3.58)

Recall that in problem I, we have homogeneous boundary conditions, i.e., hi(t) = 0 and
homogeneous initial conditions, i.e., vg = 0 and v; = 0.

Equation (3.57) can be written at time (j — 1) as
awj1,0) — a(z-1,V-v) = —(1-B)a <z 1,0> (3.59)
Subtracting equation (3.59) from equation (3.57) and using equation (3.58), we get
a(wj —wj—1,v) — a(zj —2zj-1,V-v) = —(1-PFa < zj — zj_1,v >, (3.60)

k
Se(zj —zj—1,q) + o(V-w; =V -wj_1,q) + h;(sz, Vq)

= (Qj,q)+ (1-P)a<w;—wj_1,q4>, (3.61)
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for j =1,...,m. Assuming that the the system (3.51)-(3.52) holds at time zero.

Setting j = 1 in (3.60) with v = w; — wy (this is possible since v € V'), we obtain
a(wi; —wp, w1 —wy) — a(z1—20, Vw1 —V-wy) = —(1—0)a < 21— 29, w1 —wy >, (3.62)

Substituting ¢ = z1 — 29 and ¢ = 2y (again we can do this since ¢ € M) into (3.61)

respectively, we get

k
Se(z1 — 20,21 — 20) + a(V-w1 —V -wy,z1 —20) + h;(Vzl,Vzl —V2z)

= h(Ql,Zl — Z()) + (1 — ﬂ)a < w1 — W, 21 — 20 >, (3.63)
and

k
Se(z1 — 20,20) + a(V-w; —V -wp,z) + h;(Vzl,Vzo)

=h(Q1,20) + (1—0B)a <wi —wg, 20 > . (3.64)
Using equation (3.59) with v = w; — wp, we have
a(wo,w; —wy) — alz0, V- w1 —V-wy) = —(1—=pFa < w; —wp,z0 > . (3.65)
Adding (3.62)—(3.65) and simplifying, we get

k
[[wy —wo]]® + Sel|z1 — 20||> + a(wo,w; —wp) + Se(z1 — 20, 20) + h;HVle2 = h(Q1,21).
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Since h§||Vzl||2 >0,
(w1 —wo]]* + Sellz1 — z0l]* < [[wo]] [[w1 —wo]] + Sellz1 — 20| [[20]| + Al|Q1]] |]z1]],

hence,

1
2

[wr — wol)? + Sel|z1 — z0l? < ([[wr — wol)? + Sel|z1 — z0l2) * ([[woll? + Sell 0] )

+ h[|Q1]] [|z1]]- (3.66)

Taking (3.57)—(3.58) with j = 1 and v = w;, ¢ = 21 we get
a(wi,wy) — a(z1,V-wy) = —(1—=pa < z1,w; >,
Se(z1 — 20,21) + a(V-w; —V-wy,z1) + h%(Vzl,Vzl)
= h(Q1,z21) + (1 -pP)a < w; —wy,21 > .
Adding these two equations, we have
a(wy,w1) — a(V-wp,z1) — Se(zo0,21) + Se(z1,21) + h%(Vzl,Vzl)

- h(Ql,Zl) - (1 - B)Of < wp, 21 >,

that is,
a(wy,wy) — (Se zo+aV - -wy,z1) + Se(z1,21) + h%(Vzl,Vzl)
= h(Ql,Zl)— < (1 — ﬁ)awg,zl > .

Using the initial conditions Se zp + aV - wy = 0 and (1 — §)awy - 1 = 0, we get

[wn]]* + Sellz1|* < hll@uI] []zll,

which implies

Q1|
Se

|zl < A

(3.67)
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The initial conditions Se zg + aV - wg = vg = 0 obviously implies that
— a(V -wo,20) = Se(zo, 20)- (3.68)
From (3.59) with j =1 and v = wy, we have
a(wg,wy) — az0,V-wo) = —(1 = pa < zg,wy > .

Using (3.68) and homogeneous initial condition ((1 — #)awg - 7 = 0) implies that
a(wy,wo) + Se(zo,20) = 0.
Therefore,

([wo]]* + Sel[z|l* = 0, (3.69)

since each term on the left hand side of equation (3.69) is positive
wy = 20 = 0. (3.70)

Hence (3.66) becomes

[[w1 —wo]]* + Sel|lz1 — z0l]* < h||Qu1]] [|21]],

and using (3.67)

Lol

[wr = wol® + Sellz - zol* < K

(3.71)
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At time j, (j =2,...,m),

a(w;,v) — a(z;,V-v)=—(1-pPBa < zj,v >, (3.72)
k
Se(zj — zj—1,q) + (V- w; — V- wj_1,q) + h;(sz, Vq)

=nQj,q) + (1 -PB)a<w;—wj_1,q>, (3.73)
and at time (j — 1), (j =2,...,m),

a(wj—1,v) — a(zj—1,V-v) = —(1-PF)a < zj_1,v >, (3.74)
k
Se(Zj_l — Zj_g,q) + a(V- wj_1 — V- wj_g, q) + h;(VZj_l, Vq)

= h(Q]'_l, q) + (1 — ,B)CM < Wj—1 — Wj—2,q9 > . (375)
Subtract (3.74) from (3.72) and (3.75) from (3.73) to get

a(wj —wj_1,v) — a(zj —2zj—1,V-v)=—(1—-Fa <z —zj_1,v >, (3.76)
Se(zj — zj-1,4) = Se(zj-1 = zj-2,¢) + (V- wj = V- wj1,q)
—a(V-wj_1 —V-wj_2,q) + hZ(sz —Vzj_1,Vq)
=@, q) — MQj-1,9) + (1 — fla <wj —wj—1,4 >

—(1-B)a<wj—1 —wj_2,q>. (3.77)

Adding equations (3.76) and (3.77) with v = w; — w;_1, ¢ = z; — zj_1, subtracting the
following equation ((3.76) with v = w;j—_1 — w;_2)
a(wj — wj—1,wj1 —wj-2) = a(zj —2z-1,V-wj1—V-wj) =

—(1=Pa<zj—zj1,wj1—wjg>,
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and simplifying, we obtain
[wj —wi—a)* + Sellzj — 21
< lwj —wia]] [lwjr —wj—2]] + Sellz; — zj1l] [|zj-1 — zj—2||

+ R ([1Q41] = 1Qj-11) Iz = 21l

2

IN

([l = wja]]2 + Sellz; = z-1][2]

N

T ) 2
[[[wj—l—wj—QH2 + S€<|’Zj_1—zj_2|\ + hHQ]H SeHerH)} )

Squaring both sides and simplifying, we get

[[w; —w;—1]]*  + Sellz; — zj—1||?

O ) 2
< [[wj—l—wj—QHQ + Se (HZj—l—Zj—QH + h||Qa|\ S€||Qa71||)

[[w; — wj—1]]* + Se||z; — zj—1||* < [[wj—1 — wj—2]]* + Se||zj—1 — zj—a|?

(11Qs11 = 11Qj-111)*
Se

+20([1Qs1] = [1Qj-1Dllzj—1 — 22l (3.78)

+h?

Recalling inequality (3.71)

2
[[w1 — wol]* + Sellz1 — 20> < h2M7

Se

and setting j = 2 in (3.78)
[wo —wi]]* + Se|lzs — z
2
Qz[-llQ
< [[w1 — wo]]? + Sel|z1 — zo||* + }ﬂw

+ 20 (]|Qzl = ll@1l]) 21 — 2ol|

2
2 [1Q2]|—1Q1]]
p2lQuE | 2 QIR o101~ (1@u ) 122 —

e

IN
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also from inequality (3.71): ||z1 — 20|| < h”g;”, hence,

[[we —wi]]* + Sellza — z1|?

2
2 Qz2(-11Q

O S (AN

h? 2
= Z(@ll + (1@l -lQul)

2
= LlQalP

Repeating the same process, we get for j =2,...,m
2 2 h? 2
[w; —wjna]]” + Sellzj =zl < < llQsll (3.79)

Let us now define the norm:

1

(wj, 25) = (wj-1, zi-)Ill = ([[wj—wj—l]]2 + Sesz—Za’—1H2>2
So,
(w;, 25) = (wo, 20)[[ = [l[(wy, 25) = (wj-1,2j-1) + -+ + (w1, 21) = (wo, 20)]ll
< M(wy, 2) = (i1, =)l + - 4 I(wr, 21) = (wo, 20)]l;

by the triangle inequality. Then using (3.71) and (3.79), we obtain

Ity 2) = oo zolll < —=(l@ill + lIQall + -+ + ll@)]))-  (350)

Since Q(t) € C%1(0,T;L?*()), then for all ¢ in I, there exists a constant d such that

||%FQ(”H <d, for all t, t + h € I, see (see [10]). Then ||Q(¢)|| is a continuous function
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on I and so ||Q(¢)|| attains a maximum on I, say ||Q||, i.e.,

max [|Q(1)]| = [|Ql-

tel

From (3.80),
L Q]
wj, zi) — (wo, 2 < jh——=,
s 25) = ooz} < 020
and
2
. %) — (o 20IF < 2r2 I
Therefore
B e o apellol?
[fw; = wol]” + Sellzj — 2ol < j°h" 75~
e
Using the fact that zp = wy = 0 (from (3.70))
L 19| L Q]
zil| < jh—— and willi < jh .
H ]|| > ) Se || ]||1 > ) \/m
Sinceh:%,
QI 1l
1 < T—— i < T . 3.81
Il < 712 oyl < T2 51

The estimates in (3.81) are obviously independent of h, thus remain valid for an arbitrary

mesh d,,. Thus for every positive integer n and j =1,...,m2" !, we have
Q| Q|
M < T, M < T . 3.82
Il < T lfllh < T2 (3.82)
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Let Z; = 2= and W; = “=9=L j =1 ... m. From (3.79),

2 2 2 11Q;1?
[[w; —wj—]]” + Sellzj — zj—1[]” < h :
Se
we get,
Q5117
W12 + Sellz;)? < 1S
Using (3.14), [[u]]? > 2G||ul|?, we have
5 o _ Qs
26IWl + SellzlP < T2
Therefore,
Q511 _ Q| Q]| Q||
Z:|l < < and ||[W:l|1 < < . 3.83
H .7||— Se — Se H J||1—\/m—\/m ( )

Again, the estimates in (3.83) are independent of h, and so remain valid for an arbitrary

mesh d,,. Thus

.ol e
1z < A o g < 1< (3.5)

V2GSe’

From (3.82) and (3.84), we see that the norms (in L?(Q2) and H'(Q)) of the functions 27,

Z7 and w}, W} are uniformly bounded with respect to j and n, thus independently of the
mesh d,,. Hence

Hw;lHl < C1, VJ = 0717"' ,an—1’ n= 1a27"' ) (385)

HZ;ZHSC% ijoala"'am2n_1a n=12---. (386)
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We now examine the Rothe sequences {u,(x,t)} and {p,(x,t)} in the spaces L?(I,V) and
L? (I ) L2(Q)) of abstract functions which are square integrable in the Bochner sense. See
Appendix B for the definitions of abstract function, Bochner integral and square integra-

bility in the Bochner sense.

The Rothe functions are

n n wj _wJ—l : n n

up(2,t) = wi_y + (t— j—1)7h , in I =[t7 4,17,
2N 7;.7‘_1

pn(,t) = 27 + (t—t}ll)%, in I}' = [th_,t}].

Since 0 < 3 = <1lin [7, for arbitrary ¢ € I,

t— ;L—l n t_t?—l n
un(®)||v = 1—T wj—1+ij

‘< t—t7 )w’?l t—th 4
i

v hn

t—1t" t—t"
Scl<1_]1> +017‘]1
hay,

\%

IN

|4

lun(®)]lv < 1.

Similarly, we get that ||p,(¢)|| < ca.

Hence from (B.1),

T
e @Bary = [ ea®lfye < G
and

T
\mﬁmaummzﬂrm®st£T
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Therefore the Rothe sequences {u,} and {p,} are bounded in the spaces L?(I,V) and
L?(I, L*(2)) respectively. Since these spaces are Hilbert spaces (see [10]), there exist sub-
sequences {uy,, } and {p,, } which converge weakly to abstract functions u in L?(I,V) and

pin L? (I, LQ(Q)) respectively.

Let Wr(t) = L9020 g zn(r) = 29220 e have
un(t) = wi_y + (t—tj_)W}, in 17, (3.87)
pu(t) = 24 + (t—17_1)Z7, in I3 (3.88)

Define the abstract functions U, (t) : I — H'(Q2) and P,(¢): I — L?(Q2) by

Un(0) = W

Un(t) = W} for t € fj" = (7 1,17, =1, ,m2" L, (3.89)
and

P,(0) = 27

Pu(t) = Z} for t € It =: (t)_1,t7], j=1,--- m2""". (3.90)

Since [[W]|[1 < \/‘% and ||Z7]] < ng‘lv the sequences {U, } and {P,} are bounded in the
spaces L2 (I JH 1(9)) and L? (I , LQ(Q)) respectively. Since these spaces are Hilbert spaces,
there exist subsequences {Uy, } and {P,, } which converge weakly to U in L*(I, H'(Q)) and

to P in L?(I, L*(2)) respectively (see [10]).
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Hence the integrals
t t
/ U(r)dr =r(t) and / P(r)dr = s(t) (3.91)
0 0
exist. From (3.87), (3.88) and (3.89), (3.90), we get that
t t
/ Un, (T)dT = up, (t) and / P, (T)dT = pp, (t). (3.92)
0 0
We now show that
r=u in L2(I,H'(Q)) and s=p in L*(I,L*()). (3.93)

It is sufficient to show that u,, — r in L*(I, H'(Q2)). We show that

T T
lim (un, (1), 0(t))dt — / (r(t),v(t))dt = 0 VYve L*(I,H'(Q)).
0

N —00 0

Let v(t) be the constant v in H'(f2) for all ¢ in I, then

T T
dim [ () < r(t).0) = 1 ( / (Un () = U())drv) by (3.92) and (3.91)
k 0 k 0
T
= Jm | (Unk(T) —U(T),v)dT
=0 (since Uy, — U)

We can now apply the Lebesgue theorem that

0= lim ! (unk (t) — r(t),v)dt = /OT [ lim (g, (t) — r(t),v)}dt.

nEg—oo J nj,—00
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implies

The same proof also applies for piecewise constant functions v(t), t € I and so for every func-
tion v € L2(I, H'()) (since the piecewise constant functions are dense in L2(I, H'(f2))).
Hence r = w.

In the same manner, it can be shown that s = p.

From (3.91) and (3.93), we get that fg U(r)dt = u and fg P(7)dt = p, hence
ue AC(I, HY(Q)), p e AC(I,L*(Q))

and

in H'(Q) and L?(12), respectively, for almost all ¢ € I.

Since u(t) = fg U(r)dr and p(t) = fg P(7)dr then u(0) = 0 and p(0) = 0 in C(I, H'())
and C (I, L?(€)). Thus the initial conditions of the problem are satisfied. Since u € L?(I,V)
and p € L?(I, L*(Q)), then for almost all t € I, uw € V and p € M, which imply that the
boundary conditions are satisfied in the sense of traces.

We now have to show that the functions u and p satisfy the system of partial differential
equations.

Define sequences {1y, (t)} and {pn, (t)} by

Uny,(0) = wi

ank(t):w;l fOI"tGIN;‘:(?_h ?]a j:l’...’an_I’
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and

Py, (0) = 27

Py (t) = 27 fort € It = (7, 7], j=1,--- ,m2""",

We show that if u,, — w in L?(I,V) and p,,, — p in L?(I, L*(Q)), then i, — uin L*(I,V)
and P, — p in L2(I, L*(Q)).

We show that

lim T(u(t)—ﬂnk(t),v(t))vdt =0 YvelL*1I,V)
ng—oo Jq
and
T
Jm | (p(t) = Py (1), (1)), dt = O Vg e L*(1, M)
T T
gim [ (u(t) = i (1), 0(8)) et = lim (u(t) — U, (&) + U, (1) —ank(t),v(t))vdt
k 0 k 0
T
= n,{inoo ; (u(t) —unk(t),v(t))vdt
T
+ n,{iinoo ; (tny (1) = T, (1), 0(t)) - dt.

The limit of the first term on the right hand side is zero since u,, — u, then we have to
show that the limit of the second term is equal to zero.
Let K be a set of abstract functions v € L?(I,V) such that v = g where g € V is a certain

function on an interval [, 5] C [ and v =0 on I\ [o, (3]
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Assume that for sufficiently large n

a = ahy, B = Bhy, where 0<a < <m2" L.

Let X be the set of all linear combinations of the functions from K. The set X is dense in
LZ(I V).

To show that

lim ! (Uny, (t) = @i, (1), 0(t)) ,dt =0 Vo € L*(1, V),

N —00 0

it is sufficient to show that

T
lim (tny (t) = G, (1), 0(t)),dt =0 Vv € K,

nEg—oo J

since each of the functions from X is a linear combination of functions from K.

Fix a function v(t) from K and assume that nj is sufficiently large, so

o = ahy,, 0= Bhnk, where 0<a << m2m L
Then Vv € K
T B
/O (ttmy (8) — i (8),0) it = [ (g () — iy (£), 0)
Bhn,, i
= (un,C () — tn, (1), U)th
ahnk

62



Recall that

— "k B
wn, (£) = wiy ()t i) e I = (8,6,
nk

and
i, (1) = wi*, el = (t5% 7).

This implies that

A
~ _ ng ng Jj—1
Un,, (1) — Uny (t) = (wj - wjfl) [ - 1]

P,
t— "
= (wi* —wi*)) J (since hy, =ti* —t7*)
i =V T e = U T o)
Then we have
wik —wik , U = wik —w.k v
£ J Jj-1 P, v o J Jj-1 Vi,
nky27t
— k Nk 1 (t t] ) !
= (w* —wityv) o— 5
Since hy,, = t;-”“ - t?ﬁl,
ti* t—t"k h
J n n j . n n n
/t"k ((wj’“ —w;*y) . ,v)vdt = (wjﬁl - wj’“,v)v7. (3.94)
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From which it follows that

hn, ,
= 2 (= wp) + (why —withy) + o4 (Wi —wl),v)
— hnk Nk Nk
B 7(10& ~ Y ’U)v

Recall (3.85), [[w?[|1 < c1, then

(wp = w3, 0)| < [[olly gt = w2l < lolly (Jlepll + i) < 2elellv

Now as ny — 00, hy, — 0, therefore since v is fixed

lim T(unk(t)—ﬂnk(t),v> dt = 0.

ng—oo [ Vv

Similarly, we can show that this limit is zero when v(t) is a piecewise constant function of

t € I. Since the piecewise constant functions are dense in X, this proof is also valid for

every function v € L*(I,V). Therefore, @,, — u in L*(I,V).

Similarly, using the same approach p,, — p in L2(I, L*(12)).

We now consider the question in which sense the functions u(t) and p(t) satisfy the given

system of partial differential equations. We have by (3.57) and (3.58) the system for j =

17 . e ’ank_l

a(w™ v) — a(2f*,V-v) = —(1—ﬂ)a<z;”“,v> Yo eV
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1 1 k
Seh—(znk—z"’“ q) + ozh—(V~w?’“—V~w?E1,q) + ;(Vz?’“,Vq)

1
- (Qj7Q) + (1—5)ah—<w?’“—w?f1,q> vqu
ng

Define the abstract function Q(¢) to be the constant @ for all ¢ € [0,7] and let v(t) and

. . . 2 2 . . o wr-lk_’wr-tf
q(t) be arbitrary functions in L*(1,V) and L*(I, M) respectively. With W = JTkJI
"k _ "k

p;F—p.k
and P = “L=1 we get
J hnk ’

a(wi*,v) — a(f*\V-v) = —(1=pla <z v >, (3.95)

k
Se(Z;”“,q) + a(V~ij“,q) + ;(Vz}-““,vq)

— Q) + 1—Ba< W q>. (3.96)
Recall that
{Lnk (t) = w?k7 Unk (t) = W;Lk7 fOI' le f;L = (t?fht?k]? ] = 27 e 7m2nk717
Py (1) = 23, P, (t) = Z]'*, for t € I = (7%, t7%], j=2,--- ,m2"™ ",

Integrate from 0 to T to obtain

/()Ta(&nk(t),v(t))dt _ /OTa(ﬁnk(t),V-v(t))dt _ —/OT(1 — B)ar < P (£),0(8) > dt,

/O TSe(Pnk(t),q(t))dt n /O Toz(V-Unk(t),q(t)>dt n /O TZ(Vﬁnk(t),Vq(t))dt

T T
- / (Q,q(t))dt + / (1— B)a < U, (1), q(t) > dt.
0 0
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Each of these integrals exists since v € L2(I,V), ¢ € L*(I,L*(Q)) (consequently, v €
L*(1,HY(Q)) and ¢ € L*(I,HY(Q))), pn, € L*(I,L*(Q)), U, € L*(I,HY?)), P, €
L3(I,HY(Q)), and Q € L*(I, L*()).

The integral fOT a(@ip, ,v)dt defines a bounded linear functional on L?(I, V) since a(.,.) is a

bounded bilinear form on V. For a fixed v € L?(I,V),

(/OT a(ank(t)a’l)(t))dt>2 < C? (/OT Hfbnk(t)HvHv(t)Hvdt>
T T
= 02/0 Hﬂnk(t)\lzvdt/o o(t)|[3dt

< CQH{LnkH%Q(I,V)HUH%Q(I,V)‘

2

Thus for a fixed v, the integral fOT a(Tin, (), v(t))dt < Clltin,||L2(1,v)-

For ny, — 00, iy, — u in L*(I, V), thus
T T
/ a(ﬂnk (1), v(t))dt o / (u(t), v(t))dt, for ny — 0.
0 0
Furthermore, for ny — oo we have that
Dny — P in L2(I,L2(Q>),

hence,

/OT a(ﬁnk (t),V- v(t))dt N /OT a(P(t), V- U(t))dt,

and

T T
[ @3 <pulro®>de— [ (1= 5) <ple).ot) > at,
0 0
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and

/OT 5 (Vﬁnk (1), VQ(t))dt . /OT z (Vp(t), VQ(t)>dt7

as ng — 00.

For ny — oo, Py, — py in L?(I,L?()), thus

/OT (Puc0). - 0(0) )t — /OT (0.7 o)t s — cx.

Furthermore, as ny — 0o, we have Uy, — u; in L2(I, H(f2)), hence

/OTQ<V - Un, (), Q(t))dt - /OTQ(V g (t), q(t))dt

and

T T
/ (1= B)a < Un, (t),q(t) > dt — / (1= B)a < u(t),qlt) > dt,
0 0

for ny — oo.

Since v(t) and q(t) were arbitrary functions from L?(I,V) and L?(I, M), we have that

/OTa(U(t),v(t)>dt _ /OTa<p<t), v o(t))d

:_/T(l—ﬂ) <pt),v(t)>dt Yo L*I,V),
0

and

T

/OTa(v-ut(t),q(t))dH/(]Tse(pt(t),q(t))dt+/o S(Vp(t),Vq(t))dt

T T
- / (Q,q(t))dt +/ (1- B)a <w(t),qt) >dt Vqe LAI, M).
0 0
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Therefore, u(t) and p(t) satisfy the given system of partial differential equations weakly and

have the following properties

we LXI,V), p € L*(I, L*(9)),
ue AC(I, H'(Q), p € AC(I, H'(Q)),
u € AC(I, HY()), pr € AC(I, H'(Q)),
u(0) =0 in C(I, H'(Q)), p(0) =01in C(I, H'(Q)),

/OT a(u, v)dt — /OT alp, V - v)dt

T
:/ (1-0)<pv>dt YvecL*I,V),
0

T T Tk
/ Se(p,q)dt + / oV -, q)dt + / (V. Vo
0 0 0

T T
—/ (QaQ)dt-f—/ (1-pB)a<us,q>dt Yqge L*(I,M).
0 0

In conclusion, we just proved existence of weak solutions u(¢) and p(t) for problem (3.27)—

(3.34).
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Uniqueness of weak solutions
Let (u,p) and (@, p) be two solutions of problem (3.27)-(3.34). Thenu =d—uandp =p—p

are also solutions of this problem.

We have
a(@,v) — a(p,V-v) = (F,v)—(1—pBa<pv> (3.97)
Selina) + al(V-Dhua) + (V5 0) = (Qua)
+ < hi,g>+(1-0)a < t,q > (3.98)
and
a(@,v) — a(p,V-v) = (F,v)— (1-B)a<pv> (3.99)

Se(p,q) + a((V-a),q) + Z(Vﬁ, Vq) = (Q.q)
+ <hi,g>+(1-0)a<d,q > (3.100)

Setting u = @ — @ and p = p — p, we subtract (3.99) from (3.97) and (3.100) from (3.98)

then integrate over I to get

T T T
/ a(u,v)dt — / a(p,V-v)dt = —/ (1-pF)a<p,v>dt (3.101)
0 0 0

T T T
/ Se(pg, q)dt + / a((V-u)t,q)dt + / ;(Vp, Vq)dt =
0 0 0

T
/ (1—-5B)a < u,q > dt. (3.102)
0
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Choose an arbitrary a € I and let

u(t) if 0 <t<a,
v(t) =
0 ifa<t<T,
and
p(t) if0<t<a,
q(t) =
0 ifa<t<T.
Hence

/Oa a(u,us)dt — /Oaa( ,(Veu)y)dt = — /Oa(l — B < p,up > dt (3.103)

a a a k a
/ Se(py,p)dt + / a((V - u),p)dt + / ;(Vp, Vp)dt = / (1-B)a < ug,p > dt.
0 0 0 0

(3.104)
Adding (3.103) and (3.104), we get
a a a k
/OSe(pt,p)dt + /0 a(u,u)dt + /0 ;(Vp,Vp)dt =0 (3.105)
Obviously,
a B a ﬁ )
/ON(Vp,Vp)dt _ /0 Sl = o, (3.106)
/ “Se(pnp)dt = SSelp(@)| — 3SelpO)? = SSellp@|P > 0, (3.107)
0
and
/ Caw )it = (@]~ O] = Sfu@)]? > o (3.108)
0
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Hence we conclude that

lu(@)][ = 0 and [lp(a)l| = 0.
And since a was arbitrary then

lu@®[ = 0 inl,

lp®I = 0 inl

Therefore, u(t) = 4(t) and p(t) = p(t) and we conclude that the system has a unique

solution (u(t),p(t)).
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3.3.2 Energy norm estimate for

homogeneous initial and boundary conditions

Given the quasi-static poroelasticity system of partial differential equations with ho-

mogeneous initial and boundary conditions then the weak formulation yields

a(u,v) — a(p,V-v) = —(1-pa <p,v>, Yo eV,
Sepra) + al(V-wina) + (V5. Vo) = (Q(t).0)

+ (1 - PBa < u,q >, Vg e M,

for almost every t € I.
Let v = u; and ¢ = p and add the two equations to obtain

a(u,ur) + Se(pe,p) + 1(Vp,Vp) = (Q.p),

and since §||Vp||2 >0
1d Se d

2 2
2 222 < .
s 2+ 5L < @l (3.109)
That is,
- < =
5 (P + 11P) < 2l [l
—HQHQ +|Ipl?,  (using 2ab < a® + b?)
~ (min(1, Se))? ’ -
5 HIpl[" + [ull7. (3.110)

~ (min(1, Se))
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Lemma 1 (Gronwall’s Inequality (see [5])): Let n be a nonnegative, absolutely continuous

function on [0,T], which satisfies for a.e. t the differential inequality
' () < ¢()n(t) + b (0),
where ¢(t) and (t) are nonnegative functions on [0, T]. Then
. t
0l0) < 2O o)+ ot
0

forall 0 <t <T.

Therefore applying Gronwall’s inequality to (3.109), we obtain

t t 2
[[u))? + [[p()])? < elods {[[u]]Z-i- |p(0)H2+/O (milﬁgewds] : (3.111)

Using the fact that «(0) = p(0) =0 (from (3.70)), we get

12 2 s [ 1 QIP
(ll + o < bt | [ IR

Then
ol < o] [ (mi‘ff”s))d}
and
26 ()| < i [ / t md] |
Therefore,

€T

2 v 2
2 POI° < o sez 190 2@,
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and

€T

s [0} < et QI
Hence
P < H&"QHL%O,T;L?(Q)ﬁ (3.112)
and
Ju(®)[l1 < Ll 1@ 220,122 (02))- (3.113)

V2G min(1, Se)
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The right hand side of the elasticity equation

Let u be the solution of the stationary elasticity problem

2v

~GV - (Va+ (Va)') — Gm

V(V-u) = F.

The weak formulation of this problem is: find @ € V' such that

2v
1—-2v

a(u,v) = (F,v) +/F [G(Vﬂ + (Vo)) + G (V-a)| v Yvev,

where a(@,v) = [,[G(Va + (Va)T): Vo + G1Z(V-4)(V -v)).

And let 4 be the solution of the quasi-static poroelasticity system with F' = 0:

2

—GV - (Vi + (V)T — GﬁV(V -i) +aVp = 0,
) ok
a(Sep—i—aV-u) — ;Ap = Q.

The weak formulation of this problem is: find @ € V and p € M such that

2v
1—2v

a(a,v) + a(Vp,v) = /

[G(Vﬁ +(vVa)y) +G
Iy

(3.114)

(V. 71)} -aw Vv eV, (3.115)

. k k .
Se(pi,q) + a((V )¢, q) + ;(Vp, Vq) = (Q,q) + —Vp-nqg Yqe€ M,(3.116)

Ly M
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The above equation holds for almost every t € I. We will show that u = @ + 4 satisfies the

poroelasticity system with F' £ 0

2
—GV - (Vi+ (Vi)T) = G——2—V(V -4) +aVp = F,
(1—2v)
) ok
a(SeanaV-u) - ;Ap = Q.

Adding equations (3.114), (3.115), and (a(V-u), q) = 0 (which is zero since u is the solution

to a stationary problem) to (3.116), we get

a(@,v) + a(a,v) + a(Vp,v) = (F,v) —I—/Ft |:G(V2_L+ (Va)h) +G1 EVQV(V-QZ)] - Nw
) [G(va+ (Va)") + G- iVQV(V - a)] - fw,

Selpa) +a((V - @)a) +a((V-@q) + =(Vp.V0) = Q)+ [ ~Vp-ia
f

That is,
a(t + a,v) + a(Vp,v) = th [GV(ﬂ +a) + (V(a+a)T

TGV - (@ @) A+ (F)

Se(pr.q) + (V- (@+)iq) + £(Vp.Va) = (Q.0)+ fy, EVp-ig.
Therefore,
T 2v .
a(u,v) + a(Vp,v) = (F,v) —|—/ [G(Vu—i— (Vu) )+G12V(V-u)} v YoeV
I -

k k .
Se(puq)Jra((V-U)t,q) +;(Vp, Vq) = (Q,q) + g ;Vp%qy Vg € M.
f

Again the above equation holds for almost every t € I. Hence we got the weak formulation

of the poroelasticity system with F # 0.
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3.3.3 Existence and uniqueness of weak solutions for

nonhomogeneous initial conditions

Consider problem II (3.35)—(3.42) (with nonhomogeneous initial conditions).

From equations (3.57) and (3.58), we have for j =1,--- ,m
a(wj,v) — a(z;,V-v) = —(1-pla<zj,v> YveV,

k
Se(zj—zj—1,q) + «(V-wj —V-w;_1,q) + h;(sz,Vq) =
(1-p)a<wj—wj_1,9> Vqge M,

with initial conditions

Se zo + aV - wg = vy, on {2,
(1—ﬁ)aw0-ﬁ:v1, on th.
Let
- Vo
Zi = zj— —
J T e
and
wj = wj,
then the system becomes
~ - Vo - Vo
a(w;,v) — « z-—i——,V-v) = —(1-0Fa<z+—,v>,
(w;,v) <] se (1-8) 7 se
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Vo

- - - k.
Se(Zj — Zj—1,9) + (V- w; — V- 0j_1,q) + h; (sz + VSB,Vq) =

(1—5)a<ﬂ}j—7])j_1,q>.

That is,

—1-Ba<2v>—(1-Ba<iv>, (3.119)
e

and

_ k. _ .
Se(Zj —Zj-1,q9) + o(V-w; =V -w;_1,q) + hﬁ(sz,Vq) =

k - -
—h— (V&,Vq) + (1 - PBa < wj — Wj—1,9 > . (3.120)
7 Se
With initial conditions
Se (20+%)+OZV1Z}0 = 79,

(1-PB)awy-n = vy,

which implies that

Se Zp+aV -y = 0, (3.121)

(1 - ﬁ)OﬂIJO ‘no= V1. (3.122)
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Therefore, we transformed the given problem (3.35)—(3.42) to an equivalent one with ho-
mogeneous initial condition (3.121). Furthermore, each of these integrals (%,V . v), <
5,0 >, and (V%,Vq) exists since v € V, ¢ € M (consequently, v € L?(I, H(Q)),
q € L*(I, HY(Q))), and vg € L*(I, H'(2)), («, 3, Se are positive constants).

At time j —1, 7 =2,--- ,m, (3.119) and (3.120) become
a(u?j_l, ’U) - Oé(%j_l, V’U) =

Yo Yo ~
o' <§,V : v) —(1-Pa< S V> -1-pa<zZi_1,v>, (3.123)

- - - - k o
Se(zj_l—zj_g, q) + a(V-wj_l—V-wj_g, q) + h;(VZj_l, Vq) =
k
—h; (Vﬂ Vq) + (1 — ﬁ)a < UN}j_l — ’U~}j_2, q>. (3.124)

Se’

Subtracting (3.123) from (3.119) and (3.124) from (3.120), we obtain

a(wj — 'U~}j_1,’l)) — Oé(éj — éj_l,V : U) = —(1 — 5)04 < Zj - Ej_l,v >, (3.125)

Se(éj—éj,l —(§j71—2j72),q) + OZ(V"II)]‘_V'wjfl—(V'?I/jfl—V'?I]j72), q)

k, . - - . - -
(VZ]‘ — VZj_l, Vq) = (1 — ,B)Oé <Wj; —Wj—1 — (wj_l — ’lUj_Q),q > . (3.126)

+ he
W

Adding (3.125) and (3.126) with v = w; — w;_1 and ¢ = Z; — Zj_1, we get
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a(wj—zI)j_l, ZZ)j—’LI)j_l)—Oé(V'ZZ}j_l —V"LIJJ‘_Q, 2j—§j_1)+56(2j—2j_1, 2]'—2]'_1)

. L k . - - .
—Se(zj_l —Zj—2,2j — Zj_l) + h;(sz — VZj_l, VZJ‘ - VZj_l) =

—(1=pBa < wjy —Wj—2,% — Zj—1 > . (3.127)
Equation (3.125) with v = w;_1 — Wj_2, j =2,--- ,m, is

a(wj — Wj—1,Wj—1 — Wj—2) —(Zj = Zj-1, V- Wj1 =V -Wj2) =

—(I=P)a<zj—Zj-1,Wj—1 — Wj—2 > . (3.128)
Subtracting (3.128) from (3.127), we get

. . T k . . . .
a(wj — Wj—-1,W; — ’Ll)j_1) + Se(zj —Zj—1,%5 — Zj_1) + h;(sz — VZj_l, VZ]' — sz_l) =

a(Wj — Wj—1,Wj—1 — Wj—2) + 5e(Zj — Zj-1,Zj-1 — Zj-2),

which implies that,
2G| —wj-1|[{+Sel| 221 |

< Chl|wj — Wj-1|[1|[Wj—1 — Wj—allr + Sel|Z; — Zj—1l] [|Zj-1 — Zj-2ll,
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where C = (2G, 16_G2”V> is the continuity constant of the bilinear form a(-,-) (3.11). Then,

|| — 51T 4112 —Zj—1

max(Cq, Se) /. _ _ 9 o o\3 (- - 2 - _9\2
< e goy (85 = @l 1125 = 2i-al)* (11251 = @sallf + l1351 = 25217

Squaring both sides and simplifying, we obtain
|l =1 |[F 25— 21 |

<maX(Cl, Se)

2

Setting j = 1 in (3.125) and letting v = W, — wp, we get

a(Wy — g, W1 — o) — a(Z1—Z0, V1by —Veiip) = —(1—B)a < 51 — .y — by >, (3.130)
Setting j = 1 in (3.120) and letting ¢ = z; — Zp, we have
Se(z1—20, 21—20) + (V-1 — Vi, 51—Z0) + hi(vzl, ViH—-Vi) =

k V) . s - - . -
_hﬁ (VS—(;, Vz — Vzo> + (1 - PB)a < w —wg, 21 — Zp > . (3.131)

Using (V31, V3 — Vi) = (V3 — Vi + Vi, VA — Vi) = (Vi — Vi, Vi — Vi) +

(VZzy,VZz — VZ), then adding (3.130) and (3.131), we obtain
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2G||w1—w0\|%+5’e||z1—zo||2+h;||Vzl—Von2

HWoH

. k . - -
<h IVZ — VZ0||+h;||VZO|| IVZ = V|

1:\@

[[Vwol|
< h—
s

v ou] V2 - V.

Since z; solves the homogeneous initial conditions poroelasticity problem, then from problem

I (20 = wo = 0) we have

Yo Yo
20 = 20— 5

s Do = =0. 132
o= " Se’ and wWo =wp =0 (3.132)

Therefore,

. . . . k. .
2G||wy — wol|; + SellZ — Zo||* + h;||V21 — Vil|?

1 2|| Vol [ - 2
< — |h— — — .
% l:h ( Se 2HV2’1 VZ()H

Choose € small enough such that hf — § >0, then (hﬁ — 9)|IVz — VZ|[* > 0. Hence
- . 2 k| Veoll ]
— o[ — %l < h? - 3.133
[l = ol [; + 121 = 2oll” < € min(2G, Se) [u Se ( )
Using (3.129) and (3.133), we obtain (j = 1,--- ,m)
o . C1,Se) 2 AN

P 15— 2|2 < p2 (e k (3134
105 = Djally + 112 = ZlF < h <min(2G, Se) ) e min(2G, Se) |p  Se (3:134)
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Let

o 2 max(C1, Se) k |[Vuo|
~\/ € min(2G, Se) min(2G, Se) u = Se ’

therefore
|05 — ||+ 1|25 — Zj-1[[* < h*C (3.135)
Recall the norm:
1
~ ~ ~ ~ ~ ~ ~ ~ 2
115, 2) = (@51, Z-0)lll = (Il = @il + 113 = Z-al2)
then,
[|(w;, 25) — (o, 20)|l| = [|[(w05, Z) — (Wj—1,Zj-1) + -+ + (@1, 21) — (Wo, Z0)|||
< @y, 25) = (@1, Z- DIl + -+ +[|[(01, 21) — (@0, Z0)|I],
< jhC

From which it follows that

;= woll§ + 112 — Zll* < j*h*C? (3.136)

. _ T
Since h = -, then

[@; —wollt < T*C*

and

12, — 2> < T°C?,

that is,

[lw;[lr < TC + [[wol[x
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and

1Zi]] < TC + [l
Hence using the fact that Zp = —g2 and wo = 0 (3.132), we get

[lvoll

||lwj|ly <TC and ||| < TC + 2= (3.137)
Using (3.135) with W; = % and Z; = %, we obtain
W13+ 1125117 < C2.
Hence
Wil < C and  ||Z;|| < C. (3.138)

The estimates obtained in (3.137) and (3.138) are independent of h, thus remain valid

for an arbitrary mesh d,. That is, for every positive integer n and j = 1,--- ,m2"~!
il < e Izl < o+ ol (3.139)
e
Wil < ¢, and  [|Z]]] < C. (3.140)

Recall that w; = wj, Z; = z; — g%, and the constant

2 max(C1, Se) k |[Vuol|
e min(2G, Se) min(2G, Se) p Se

C =
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thus the estimates (3.139) and (3.140) become

2Tk  max(Cq,Se) ||Vl

wii < , 3.141
I ]H Ve (min(2G,Se))% Se ( )
2T
||Z]n|| < k maX(Cl,Se)g ||V’U0H+2HUOH, (3142)
Ver (min(2G, Se))z  Se Se
n 2k max(C1,Se) ||Vug
Wil < . ( )3HS l (3.143)
Vel (min(2G, Se))z  Se
and
2k C1,S
\zp) < 2 max(@,5e) [Vl (3.144)

Vet (min(2G, Se))g Se
These basic estimates can then be used to show existence and uniqueness of weak

solutions as done for problem I (3.27)—-(3.34).
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3.3.4 Energy norm estimate for nonhomogeneous initial conditions

For the given quasi-static poroelasticity system with nonhomogeneous initial condi-
tions, we transformed the problem to an equivalent one with nonhomogeneous right hand
side and homogeneous initial condition (3.121). Then the weak formulation of the trans-

formed problem is: find v € V and p € M such that

Vo

— (1 Yo
Q,V-v) = —(1 ﬂ)a<p+se,v>, YvelV, (3.145)

a(u,v) — « <p+

k
Se(pt,q) + o(V-us,q) + E(VerV@,Vq) = (1-0)a < u,q >, Vqe M, (3.146)

Se

for almost every t € 1.

Letting v = u; and ¢ = p + & and adding (3.145) and (3.146), we obtain

Yo, . Yo k Yo vy _ v, ., Y
a(u,uy) + Se(pﬁ-s +S ) + u(Vp+VS€,Vp+VS€> = Se (Se +S€>,
therefore

1d 12 Se d
- A r <
5 g+ 5 dtH ‘ Hv +Vse‘ [[vo. ] H
That is,
ol H H
dth H mlnl Se)
Then

i (1 s 2) = () [l e+ e
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Integrating from 0 to ¢, where t € [0,T], using Gronwall’s inequality, and using the initial

conditions for the transformed problem u(0) = 0 and p(0) = — g2, we obtain

T

2 vo | |2 € 2
— < .
()™ H“ Se ‘ = Tanin(t, e)p2 |l 2o @)

Hence
Vel [lvoll 207,11 (02
b0l < s ggllollenmey + g (3.147)
and
Ve
u(®)ll1 < VoG min(1 Se)HUOtHLQ(QT;Hl(Q))- (3.148)
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3.3.5 Existence and uniqueness of weak solutions for

nonhomogeneous boundary conditions

For problem IIT (3.43)—(3.50) (with nonhomogeneous boundary conditions, i.e., hy # 0),

we assume that hi(t) € C%1(0,T; L?(I'y)) and use the Rothe method to approximate the

solution as done for problem I (3.27)-(3.34). Then for j =2,--- ,m we have
a(w;,v) — a(z;,V-v) = —(1-pFa < zjv> YvoeV,

and

k
Se(zj —zj-1,q) + o(V-w; =V -w;_1,q) + h;(sz,Vq) =
h<hi,g>+ (1-B)a<wj—-wj1,9> Vge M.

At time (j—1),7=2,---,m
a(wj—1,v) — a(zj—1,V-v) = —(1-PFa < zj_1,v >
Subtracting (3.151) from (3.149), we get
a(wj —wj_1,v) — a(zj —zj-1,V-v) = —(1 = B)a < z; —zj_1,v >,

and

k
Se(zj —zj-1,q) + o(V-w; =V -w;_1,q) + h;(sz,Vq) =

h<hi,g> + (1-pa<w; —wj1,9>.
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Setting j = 1, assuming that (3.149) and (3.150) hold at j = 0, and using the previous

equations (3.151)—(3.153), we obtain
a(w; —wp, w1 —wp) — az1—20, Vw1 —V-wy) = —(1—0F)a < 21 —zp, w1 —wp >, (3.154)

k
Se(z1 — 20,21 — 20) + a(V-w; —V -wp, 21 —20) + h;(Vzl,Vzl —Vz) =
h<h11,2’1—2:0> + (1—B)a<z1—zo,w1—wo >, (3.155)
k
56(21 — Zo,Zo) + a(V cwp— V- wo,zo) + h;(Vzl,Vzo) =
h<hiy,zo> + (1—0)a< zp,w —wy >, (3.156)
a(wp, w1 —wg) — afz0,V-wi —V-wy) = —(1—F)a < zp, w1 —wp > . (3.157)

Adding (3.154)—(3.157) and simplifying, we get
Sel|z1—20|| + [[w1—wo]]* + hz||V21||2 < [[wi—wo][[wo]] + Sellz1—20l| ||20]| + h < h1y, 21 >
Using the homogeneous initial conditions (wp = zp = 0 (3.70)), we obtain

Sellz1 — zol[* + [[w1 —wo]]® + hil\vzll\2 < hl[hay |2 pyll2al ez - (3.158)
Given ¢ € M and applying theorem B.1, we have

lallzzr;y < cllallar, for some ¢ > 0,and Vg € M. (3.159)
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We have by Poincare’s inequality (Appendix A)
(Vq,Vq) = ||Vql|* > 6]|q|13;,  for some § > 0, Vg € M. (3.160)
Therefore, using (3.159) and (3.160) with ¢ = z1, inequality (3.158) becomes

k
Sellz1 — zol]* + [[w1 — wol)® + hﬁfSHZlH?w < he||ha ||z llzal I
€ hc
< h05|lh11\|%2(rf) + EHZlH?w

< b, |Baqr ) + bl 3 (3.161)

Where 7 and 7, are positive constants that can be found with 7 < %(5 , then

psllaalfy — mllalf > o (3162)
and (3.161) yields
Sellet = 2ol2 + [fwr = woll> < hallhn e, (3.163)
And (wp = z9 =0 (3.70))
Sellz1|* + [fwi]? < bk |72, (3.164)
Setting now j = 2 we have
a(wy —wy,we —wy) — a2z —2,V-wy =V -wy) = —(1—=P)a <z — 2, wp —wy >,
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k
Se(zg — 21,20 —21) + a(V-we —V -wy, 29 —21) + h;(sz,VZQ—Vzl) =
h<h11,22*21 > 4+ (1—ﬂ)a<w2—w1,22—21 >,

a(wi,wy —wy) — (21, V-wy —V-wi) = —(1—-P)a < z,wy —wy >,

k
Se(zo — z1,21) + a(V-we —V -wy,z1) + h;(Vzg,Vzl) =
h<hi,z1> + (1-p0)a<wy—wy,z >,
a(wg,wg—wl) — Oé(ZQ,V‘"LUQ—V'wl) = —(1—B)a<zg,w2—w1 >,

and

k
Se(zg — z1,22) + (V- -we —V -wy,z2) + h;(VzQ,VzQ) =
h<hy,zz> + (1—-0)a<wy—w,ze>.
If we add the previous six equations and use (3.159) and (3.160), we get

k
[[wa — wi]]® + [[wo]]* + Sellz2 — z1|]> + Sellz||* + 2h;!|V2’2H?\4

< [fwi]® + Sellall* + 2hnllha, |* + 2k ||22][3;.

Note that we are again using here the symmetry of the bilinear form a(.,.) (3.15). Since

m < %6, then (by (3.162))

k
hﬁl\ZzH?u — hmllzl3; > 0,
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therefore,

[[wz — wi]]? + [[wa]]* + Sel|z2 — z1|* + Sel[z2||* < [[wi]]® + Sellz1|* + 2hn||ha, |*.

The first and third terms in this inequality are positive, so we can write

[wall* + Sellz2|* < [[will* + Sellzal® + 2hnlha,].

Repeating the same process, we get

[[w; —wj—1]]* + [[w;]]* + Sel|z; — zj—1|[* + Sel| 2| |?

< [wja]® + Sellzj-1|* + 2| |hy, |2,

or

f—

[fwil]* + Sellzl® < [[wj1]]” + Sellzj-1l* + 2hn]|hy, |*.

That is we obtained
[[wi]]* + Sellz1]]* < hnllhy, |7

[wal]? + Sellzoll* < [[wr]]* + Sellzal|? + 2hn| |, |

[will® + Sellzl* < [[wj-1]]* + Sellzj-1[]* + 2hn|ha,[|*

Adding these to obtain

[wog)® + Sellz;li* < Al |12 + 28| g 2+ + 11 ]

< 20 [, P + (gl 24 -+ [l 2],
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Since hq(t) € C%1(0,T; L*(T's)), then there exists a constant d such that HMH <d
for all t, t + h € I, (see [10]). Then, ||hi(t)]| is a continuous function on I and so ||hy(¢)]]

attains a maximum on I, say ||H|| i.e.,
ha(t)|] = || H]|.
max ||h (8)]] = || H|
Consequently,

[[wsll* + Sellzl[* < 2hng||H|?
- ' T
< 2nT||H]|| (since h = —),
m
and

nr
G

~ 2nT
and ||z < |[H[l\/ <~ (3.168)

1, < ||H
wjllr < [|H]| oo

We have hy(t) € C%1(0,T; L*(T'y)) and assume that hq(0) = 0, then there exists a constant
C > 0 such that ||hi(72) — hi(11)]| < C?|m2 — 7|%

Then, ||h1(h)[|* = [lhi(h) = hi(0)|] < C?h2.

Inequalities (3.164)—(3.167) with ||hy,|[* < C?h? yield

[wi]]? + Sellz1|” < hnllha,|* < h*nC?

[wo]]* + Sellzel® < [[w1]]” + Sel|z1]” + 2h*nC?

leojr 12 + Sellzsal2 < [wjal)? + Sel|z—al? + 20%nC?

([w; — wja]]? + Sellz; — zjll* < [[w;-1]]* + Sel|zj1][* + 2h°nC*
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Adding these inequalities and simplifying, we get
[[wj — wj—1]]* + Sel|z; — zj—1[[* < W*nC? + 2(j — 1)h*nC?

Using W; = “2—=23=L and Z; = Z—=2=* the previous inequality becomes

(W3] + Sel| Zj| > < hnC? + 2(j — 1)hnC?
< 2jhnC?

T
< 2TnC? (since h = —),
m

therefore,

T 2nT
W, < C % and  ||Zj]] < C % (3.169)

The estimates obtained in (3.168) and (3.169) are independent of h, thus remain valid for

an arbitrary mesh d,. That is, for every positive integer n and j =1,---,m2" !
S _ T
loplls < 1L 11 < 1 = (3.170)

n nT n onT
Wil < ¢y -5 and 12711 < ey = (3.171)

These basic estimates can then be used to show existence and uniqueness of weak solutions

as done for problem I (3.27)—(3.34).
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3.3.6 Emnergy norm estimate for

nonhomogeneous boundary condition

To find the energy norm for the poroelasticity problem with homogeneous initial con-
dition and nonhomogeneous boundary condition, we follow the same steps done in Section
3.3.2 for homogeneous initial and boundary condition. Then we get

a(u,u) + Se(pe,p) + E(Vp,Vp) = < hi,p >,

that is,

1d
2 dt

Se d

k
() + = Pl + ;HVPHZ < mlhllZa,,) + mellplli (3.172)

with 72 < %c. By Poincare’s inequality, ||Vp||> > ¢||p||?, we have

Eellpll3s = mellpll3 = 0,

and so,

d d
S+ Se bl < 2l Ba,

[NIES

Using the norm: [[|(u, p)||| = ([[u]}® + Sel[p||*) *, we get

d
(1@ pIE) < 2l

Integrating from 0 to ¢, where ¢ € [0,7], and using the homogeneous initial conditions

(u(0) = p(0) = 0), we obtain

(), PP < 2m Tl F20, 7 2(r, )

Therefore,

[l + Sellpll* < 2mTl|h1|[720,7. 2, )):
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from which

2’!’]1T
Pl < /=g IMllzz;220,)) (3.173)
and
mT
lu@®ll < ?thHL%O,T;L?(FU))- (3.174)

We can now obtain the energy norm estimates for the fully coupled poroelasticity system.
We obtained the energy norm estimates for homogeneous boundary and initial conditions
(3.112) and (3.113)

Jar JeT
V3G min(1, 5¢) QI z20,1:02(02)),  |IP@O]] < m”@|’L2(0,T;L2(Q))(3-175)

lu(®h <

the energy norm estimates for nonhomogeneous initial conditions (3.147) and (3.148)

2 2
Hu(t)Hl < HUOH + T (kva()H)’

— V2GSe  2¢G \pu  Se
w2 T [k]||Vuol\?
Ip(t)]] < HS‘;! +€S€<MHS€°”> , (3.176)

and the energy norm estimates for nonhomogeneous boundary conditions (3.173) and (3.174)

mT 2mT
@l </~ lmllzorzwyy, PO <\ =g~z 2w, (3-177)
Denote by
VT
C = L,
1= G min(159) 1@l z2(0,7;12(02))
Vel

€2 = tain(t, 5 1Qll0ra210:
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w2 T (R ]IVul[?
=\ 9Gse T2 \u Se )

[oll* | T (K [[Vwoll ?
Se? eSe u o Se '

n T
Cs =\ = |lhll e (0,T5L2(Tyy))

and

2771T

Cs = o Pl 20,102, p))-

Hence the energy norm estimates for the fully coupled quasi-static poroelasticity problem

is
[lu(t)|]1 < C1+ Cs + Cs, and llp()|| < Co + Cy + Cs. (3.178)

Energy norm estimates for the discrete poroelasticity problem
Let V" ¢ V and M" C M be finite dimensional spaces. The weak formulation for the
discrete problem with homogeneous initial and boundary conditions is: find u® € V" and

p € M" such that
a(ul,oh) —a(p, V") = —(1 - B)a <" >, Vol e VI,

Se(pl,q") + a(V -ul',q") + i(Vph,Vq% —

(Q,¢")+ (1 —Ba<ul,d">, V¢"eM"
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Letting v" = u? and ¢" = p" and adding the two previous equation, we get

a(u",up) + Se(pt,p") + E(VP",Vp") = (Q.p"),

that is,
Ld  ppo, Sed po h
- = < )
th[[u 17+ 2 dt”p 1= < 11Q1l [1p"]|
From which it follows that
d h112 b2 2[1Q|| h
— < PR . L
= ("2 + 11p"1?) < sl

2
< sy I+ [

Applying Gronwall’s inequality and the fact that u/(0) = p"(0) = 0 (from (3.70)), we obtain

Vel

")) < MHQHLQ(O,T;LQ(Q))a (3.179)
Vel

@)1 < QI L2 (0,;22(02))- (3.180)

V2G min(1, Se)
The estimates (3.179) and (3.179) are the same as (3.112) and (3.113) obtained for the semi-
discrete problem with homogeneous initial and boundary conditions. Similarly, we can get
the same energy estimates for the nonhomogeneous initial conditions and for the nonhomo-
geneous boundary conditions problems as done in sections 3.3.4 and 3.3.6. Therefore, we

can obtain

[u"(t)|]1 < C1 4 C3 + Cs, and IIp"(®)|| < Cy+ Cy + Cs,  (3.181)

with Cj,7=1,--- ,6 are as defined above.

98



3.4 Error estimates

In this section, we will obtain error estimates for the semi-discrete and for the fully

discrete poroelasticity problem (3.19)—(3.26).

3.4.1 Error estimates for the semi-discrete problem

We will derive estimates of the difference between the solutions u(t) and p(t) and the
approximations uy(t) and p,(t) by the method of discretization in time.

Since the poroelasticity problem (3.19)—(3.26) is linear, its error estimates can be writ-
ten as the sum of error estimates for homogeneous initial conditions and error estimates for
nonhomogeneous initial conditions.

Error estimates for homogeneous initial conditions
Consider the poroelasticity problem (3.19)-(3.26) with homogeneous initial conditions. Re-

call the definitions of the functions u,(t), pn(t), @n(t), pn(t), Un(t), and P,(t):

un(t) = wiy + (E—tf )W, te I = [t7 1, ],
palt) = 2y + (t—tf )27, t e Ij =[tj ,,t5],
Un(0) = wy
ln(t) = w} fort €Il =(t) 7], j=1,--- ,m2""",
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pn(t) = 27
Un(o) = Wln
Un(t) = Wi
and,
P(0) = Z7
P,(t) = Z}»1

In section 3.3.1 (homogeneous initial and boundary conditions), we obtained (3.84)

and in section 3.3.5 (nonhomogeneous boundary conditions), we obtained (3.171)

W51 <

Wl < ©

fortef;.‘:(

fortef]”::(" 21,

fortef;l =: (t7_1, 7],

Q|
T V2GSe

nr
G ?

and

and

n n . n—1
j—lvj]a ]_1aam2 )
- n—1
j=1r% s ]_1a>m2 )
. n—1
=1 Y5 ]:175m2 .

1z < 1l
6

271l <

12nT
C @-

Therefore since the poroelasticity system is linear, we have

[IW;

o, < 1@

VT

+C

n ||Q|| /2771
|| < 20 L
and ||Z]|| g +C 5
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From which it follows that

T 2nT
10l < MLy oy [T e < 2y 02 v e 1= f0,7), 3185)

v2GSe G’
and
_ Q| nT
Un(0) — un(0)||1 = [|w) — w1 = ||k, W ]1 < + Cr/ — | hn,
20(0) = ua (O}l = 1w} = wlly = 117l (m Ve
Un(t) — up(t) = wj —w}l 1 (t—t;ﬂl)W]”
= [hn — (t =t} )] W} vt eIy,
Similarly,

D n n n Q 27]T
150(0) = pu(O)]| = |12 — 21| = |27l < ('Se'uc\/; i,

Pu(t) —pnlt) = 2§ — 27 — (t —t7_1) 27

= [hn— (t = t]_))] 2} vte I,

We have in I}” 0<t— t;Ll < hy, then

|din(t) — un ()1 < <\/’%+C\/§) hn, Ytel=][0,T),

. Q] /20T B
B (t) — Pa(®)]] < <Se+0 Se>h”’ Vitel=][0,T].
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Rewriting the system (3.95) and (3.96) for n (instead of for ny), then for almost every ¢t € T
we have

a(Up,v) — a(pn,V-v) = —(1 = Ba < pn,v >, (3.188)

and

k
Se(Pn,q) + a(V-Un,q) + ;(Vﬁn,W) =
(Q.q) + <hi,g> + (1-B)a<Unq>. (3.189)

Rewrite (3.188) and (3.189) for m

a(tim,v) — (P, V-0) = —(1 = B)a < pm,v >, (3.190)
and
k -
Se(Pn,q) + a(V-Un,q) + ;(me,Vq) —
(@Q,q) + <hi,g> + (1—PB)a<Un,q>. (3.191)

Subtracting (3.190) from (3.188) and (3.191) from (3.189), we get

a(tp — Upm,v) — &(Pn — Pm, V-v) = —(1 = B < pp — Pm, v >, (3.192)

k
Se(Pn_PTmQ) + a(v'Un_v'UmaQ) + ;(vﬁn_vﬁmvv(n =

+ 1-0Pa<U,—Upn,q>. (3.193)
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Letting v = U, — Up,, ¢ = Dn — Pm, and adding (3.192) and (3.193), we obtain

a(iin — T, Un — Up) + Se(Po — Pr, B — fm) + z(v]an Vs Vin — Vim) = 0. (3.194)
That is
a (U, — Uy — (Up, =), Un—Up ) +Se(Pp—Pry, Pp—Pm—(Dn—Dm))

k.. _ N -
+;(Vpn_me7 an_me) = _a(un_uma Un_Um) _Se(Pn_Pmapn_pm)' (3-195)
Since U,, — U,,, and P, — P,, are the derivatives of u,, — t;;, and p, — pm, respectively, then

1d
a(un — U, Up — Um) = 5%[[“7@ - umﬂz

and
1d

(pn — Pm, Pn — Pm) = 5&“]% _pm”2-

Furthermore, using the continuity of the bilinear form a(-,-), (3.11) and denoting by Cy =

max (2G, 1692”1/), (3.195) becomes

1d 9  Sed

< (|l — Gim — (tn ~ ) 1]V = Un 1)

2 _pmH2

+5el[pn — Pm — (Pn — P)l| || P — Pl
< C1(Jlin = unlly + Il = wonl 1) (11011 + [Tl

+5¢(|15n = pall + lim — pmll) (11Pall + 1Pl (3.196)
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From (3.185)—(3.187), (3.196) becomes

Se d

5@[[% U] +?§Hpn Pml|
2
Q| nT
<20C + Cy/ — hy + hm
o 1( 2G Se G ( )
2
125 (WMC ) (e + o).
e Se

Let us denote by

Cy=2

)

2 2
QU o i QU , o [2F
Ch <m+0 G + Se Se +C oo

then (3.197) becomes

d
% ([[un - um]]z + Sern - pmH2) S C2(hn + hm)

Integrating (3.198) from 0 to T', we obtain

T
[tn — ]2 + Sel[pn — pm 2 < / Co(h + hon)dt, viel.
0

Thus

2G|[un(t) = um(B)[[1 + Sellpa(t) = pm()II* < C2T (hyy + ).

(3.197)

(3.198)

(3.199)

We have w,,(t) — u(t) in H'(Q) for almost every t € I, p,(t) — p(t) in L?(Q) for almost

every t € I, and h,, — 0 for m — oo, thus

2Gun(t) — ()|} < CoThn,  Vitel,
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and

Hence

and

where

and

Cy=2

Sel|pn(t) — p(t)|[> < C2Thn,

CoThy,
lun(®) = w11 <\ 5™
CoThy,

— <
o) = p(O)] < 1/ 2"

o

2
Qi . 77T> +56<HQH

v2GSe G
C1 = max (QG
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6Gv
1 —-2v

Vitel.

Vtel,

Vitel,

Se

).

2
2nT
o)

I

(3.200)

(3.201)



Error estimates for nonhomogeneous initial conditions
Consider now the poroelasticity system (3.19)-(3.26) with nonhomogeneous initial condi-

tions. Then in section 3.3.3, we obtained (3.143) and (3.144)

2k max(Cq,Se) ||Vl

Wil <
? Vel (min(2G, Se)):  Se

and
. 2k max(Cy, Se) ||Vl
1Z7[ < : 3 Se
Ve (min(2G, Se))? €
Denote by
2k max(Cy,Se) ||Vl
C= 3 ’
Vep (min(2G, Se))2 Se
then
HWJnHl < C and ||Z;1|| < C

The functions u,(t), pn(t), tn(t), pn(t), Un(t), and P,(t) are as defined above for the

homogeneous initial condition case. Therefore,

U] < C, Pl < C, (3.202)

[1n(0) = un(0)|[1 = [[wi —willy = (IR WT'[[1 < Cha,

and

106



Similarly,

15n(0) = pn(O)I = lI21" = 201l = ||hnZ7[| < Ch,

and

P(t) = pn(t) = zj — zj_4 = (t = 17_1)Z]

= [l — (t—t71)] 27 vt e I7.

J

Since in ]N’j” 0<t— t?_l < hy, then
[|tn(t) —un(t)|l1 < Chy, Vtel=]I0,T],

and

[pn(t) —pu(®)]] < Chn, ViEel=10,T].

(3.203)

(3.204)

For almost every ¢ € I, the system (3.117) and (3.118), corresponding to mesh d,,, can be

written as

a(tp,v) — a(pn,V-v) = —(1 = Ba < pp,v >,

k,__

Rewriting (3.205) and (3.206) for m, we get

a(Upm,v) — a(Ppm,V-v) = —(1 = Ba < pm,v >,

k
Se(Prn,q) + a(V-Unp,q) + ;(Vﬁm,w) = (1-p)a<Un,q>.
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Subtracting now (3.207) from (3.205) and (3.208) from (3.206), we get

a(tp — Upm,v) — &(Pn — Pm, V-v) = —(1 = B)a < pp — Pm, v >, (3.209)

k
Se(Pn - vaQ) + a(V -Up — V- UmaQ) + ;(vﬁn - Vﬁm7VQ) =
(1-Pa<U,—Up,q>. (3.210)

Adding (3.209) and (3.210) with v = U,, — U,,, and ¢ = p,, — Pm, we get
. - - . k . - - -
a(un — Um, Un — Um) + Se(Pn - Pmapn - pm) + p(vpn - me, vpn - me) = 0’

which is exactly (3.194). Hence we can obtain (3.196)

Se d

[[un — um]]2 + 7%”]371 _pmH2

< C1 (Il = wnl 1 + [ = wmllr) (11T ll1 + 1Tl

N
SR

+5e (1150 = pall + om = pmll) (I1Pall + 1Pl ) (3:211)

where C1 = max (2G, 16_%”1,) is the continuity constant for the bilinear form a(-,-).

Using now (3.202)—(3.204), (3.211) becomes

02

min(1, S¢) (C1 F 5€)n + fom). (3.212)

%([[Un - umH2 + ||pn _pmHz) <9

Integrating (3.212) from 0 to 7', we get

2

26 un(t) = wn ()1 + [lon(®) ~ P (DI < 2 ey

(Cy + Se)T(hy, + h).
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We have w,,(t) — u(t) in H'(Q) for almost every t € I, p,,(t) — p(t) in L?(Q) for almost

every t € I, and h,,, — 0 for m — oo, hence

(C1 + Se)
- < -1 I .21
ln(8) — w(t) |1 < c\/ G g T Vtel (3.213)
and
2(Cq + Se)
_ < o\l e )
llpn () — P[] < C\/min(l,S’e) Thn, Vtel, (3.214)
with

C— 2k maX(C1,S€)3 HVUOH and Cl — max (2G, 6C¥I/> .
Ven (min(2G, Se))z  Se 1=2v
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3.4.2 Error estimates for the fully discrete problem

The weak formulation of the quasi-static poroelasticity problem is: find u € V and

p € M such that
a(u,v) —a(p,V-v) = (F,v)— (1 - 03)a <p,v>, Yv eV, (3.215)

k
Se(pt,q) + (V- ug,q) + ;(Vp, Vq) =

for almost every t € I. Using backward time discretization, we get
a(ui,v) —a(p;, V-v) = (Fi,v) — (1= 0)a < p;,v >, Yo eV, (3.217)

k
Se(pi — pi-1,q) + (V- u; =V -ui_1,q) + h;(vpi, Vq) =
Qi q) +h < hi,qg>+(1— 0o <wu —ui—1,9>, VYqe M. (3.218)

Let V* ¢ V and M" Cc M be finite dimensional spaces. The weak formulation for the

discrete problem is: find " € V* and p" € M" such that
a(ul, o™y —a(l, Vo) = (Fi,o") — (1 = B)a < plt,o" >, ol e VI, (3.219)

k
Se! —pl1,q") +a(V-ul =V -uly,q") + h;(Vp?,th) =

Qi ")+ h < hi,,¢" > +(1 = Ba<ul —ul | ¢" >, V¢ e MM (3.220)
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Since V" ¢ V and M" ¢ M, we have
a(ug, v") —a(p;, V-o") = (Fj,o") — (1= Ba < pi,ot >, v evh, (3.221)

k
Se(pi — pi—1,¢") + (V- u; — V - ui1,4") + h;(Vpi, Vq') =
Qi d") +h < hi,, " >+1 - Ba<u —ui_1,¢" > V" e M. (3.222)

Subtracting (3.221) from (3.219) and (3.222) from (3.220), we obtain
a(ul! —ug, ") —a(pl —pi, V-0 = —(1=pB)a < pl —pi, 0" >, (3.223)

k
Se(p?—pi,qh)+a(V'U?—V‘Ui,qh)+h;(Vp?—Vputh) = Se(p!_y—pi-1.4")

+a(Vul | —Veui_1, ¢ +1=Ba < ul —ui, " > —(1—-)a < ul | —ui_1,¢" > . (3.224)

h

Letting v" = u — wh and ¢" = pf” — 2" and using

a(ult — i, ult —wh) = a(ul — u;,ul

=) + a(u? — Ui, U — wh), we get

a(uf —u;, ul —u;) —a(pl —p;, V-ul =V-w") =

—(1-pPa< p? — pi,u? —wh > —a(u? — Ui, U — wh), (3.225)

and
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k
Se(pl — pi,pl —pi) + (V- ult =V -y, plt — 2 + hﬁ(Vp? — Vp;, Vpl — Vp;) =

Se(pl | —pict,pt =) +a(V-ul | =V w1, pl =)+ (1= Ba < ult — g, plt — 2" >

k
—(1-p)a < ul | —ui_y,ph—2" > —Se(p?—pi,pi—zh)—h;(Vp?—Vpi, Vpi—V2z"). (3.226)
Adding (3.225) and (3.226) and using the coercivity and the continuity of the bilinear form

a(-,-) (with C' is the continuity constant), we have
k
26 ui—uf |[{+Sellpi—p|*+h 2 Vo= Vw1

< ol i1 190~ 0|40 [Vt V-] {4l
+Se|[pi—p?|| sz‘—zhHJthHVpi—Vp?H IVpi—V2"| |+ Sellpim1—p} 1 || 1P} —2"|
+al|V w1 — Vel || [p} = 2"+ (1= B)allpi — p}llr, i — w"|Ip,,
+(1= Bl [us —u||o P} — 2" [r,; + (1= Bl |ufy —wima|Ir |Ipf — 2" |- (3.227)

Using now ||V - ul] < V3[[Vull < v3[ulls, llpi = p}llry, < llpi = pllar < llpi = p1l1, and

Young’s inequality (ab < 5-a® + §b%), (3.227) becomes
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k
2G|\uz’—uzh|!?+S€|!pi—p?l\ZJrh;HVpi—Vp?IF

1 2 o
< 2 (a\/§||u? —w"||y + Sel|p; — Zﬁ”) "‘EHPi—p?HZ

kég

1 2 €2
Fe; (@Bl = 211+ Cll = whlly )+ il +he S Vpi= VP

k1
+h;2763’|vpifvzh‘|2+Se\|pi,1fpzh_1|| Pl — 2|+ av/3] [y —u || [ph—2"]|

€4 h 1 h €5 h
+(1 —ﬂ)@§||pz‘ —prli+ (1 —5)042T4||ui — w4+ (1- 5)a§|\ui —u|[}

1
+(1 - ﬁ)agllp? — 2"+ 1= B)elu — uwial1]lp) — 2"[]1. (3.228)

By Poincare’s inequality ||[Vp; — Vp2||? > 6||p; — pl||3, for some § > 0. Choose €3 and e,
sufficiently small such that 2h%5 - (h%63 — (1 = B)aeq) > 0, choose €3 and €5 small enough
so that 4G — (e2 + (1 — f)aes) > 0, and choose ¢; sufficiently small so that (25e —€;) > 0.

Furthermore, ||p; — 2"|| < h||pi||y2(q) and ||p} — 2"|| < h||pi||g2(q)- Hence (3.228) becomes

(4G —(e2+(1=PB)aes))|Jui—uf|[F+(2Se—e1) | [pi—p] ||

2
<*(af||u@r|m + Sellpillaqey ) —(afupznm + Clluil ey )
k
07 pillieg) + 2Sellpir = plall il
[0
+2h0‘\/§Hui—1_u?—lulupiHHQ(Q)+h2(1_ﬂ)a‘|ui”?{2(9)

+h*(1 - )*HPZHHz +2h(1 = B)alul_y — ui—1ll1lpillr2(0). (3.229)
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Using again Young’s inequality, we obtain
€9 (073 U;—U; | |1 €—€1)||Pi—DP;
(4G—(e2+(1-B)aes))|[ui—u}' [} +(2Se—e1)|lpi—p} |
2 2
<—(mfmmm )+ Selpillizy) @/Mwm + Clfuill 20 )
k
+02[pi 3720y [ME?) + 8¢ |pim1 = Pl + @B+ (1= 5)?)|uimr — uiy |

e R (R s (3.230)

In section 3.3 we derived energy norm estimates (3.178) and (3.181)

lu(®)[[1 < C1+ C5 4 Cs, lp(®)]| < C2 4+ Ca+ Cs,
and
lu"(#)[l < C1 + C3 + Cs, 1p" ()] < Ca + Ca + Cs,
where
Vel
C = . ,
1= G min(1.59) QI L2(0,:22(02))
VT
Cy = MHQHLQ(O,T;L?(Q))a
2 T [k 2
Cy o Il T (E[Vooll\?
2GSe  2¢G \p Se

Cy — [lvoll® T kHVUOH
Se? ,u Se ’
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mT

Cs = G —MhllezorL2(r,))

and
27]1T

Co =\ —g, IIMlle2miz2r,p))-

Therefore,
ho12 h 2
[|wio1 —wiq]]” < <!|Uz‘71|| + H%‘-l”)
< 4(Cy + C3 4 C5)? (3.231)

and

2
h h
Ipi-1 =Pl < (llpicall + 1Pk )

< 4(Cy+ Cy + Cp)?. (3.232)
Hence (3.230) becomes
(4G —(e2+(1—B)aes))|[ui—ui' [T +(2Se—e1)|lpi—p7 |

2 2
<= (mf il + Sellpillzcay) (OM Ipil ) + Clluill ey )
k
+02|Ipill 720y [ue +48e? (Co + Cy + Co) + 4023+ (1 — §)%) (C1 + C3 + C5)°

3
(0% «

+(1 —5)6} + 12 (1= B) = uill 2 - (3.233)
5 €4

Denoting by K the right hand side of (3.233), we get
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K
o .h
Jug — il < \/4G_ @1 (0= Bacs) (3.234)

K
b =il < \5ge—a (3.235)

and
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CHAPTER 4

NUMERICAL METHODS

Our objective is to approximate concurrently solutions of the system of partial differ-

ential equations

~GV?u — 1 _G2VV(V -u) +aVp = F, in Qx(0,7), (4.1)
d k
a(Se p+aV-u)—V- (;Vp) =Q, in Qx(0,7), (4.2)

for both the solid displacement u (a vector field) and the fluid pressure p (a scalar field).
To this end, we developed several algorithms: 2dpflow, 3dpflow, and 3dupfem. These
algorithms approximate the solution of each equation separately, approximating the dis-
placement u in equation (4.1) assuming that the pressure p is given or approximating p in
equation (4.2) assuming that u is given. For the fully coupled system, we first developed a

segregated algorithm (it3dupfem) then a coupled algorithm (c3dupfem).

4.1 2-D algorithm for the diffusion equation: 2dpflow

A 2-dimension finite element method (2dpflow) was used to approximate the solution

of the diffusion equation:

k
(;(Se-p—kav-u)—v-(ﬂvm = Q
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for the fluid pressure p, assuming that the vector displacement u is known. The domain
considered was a box with Dirichlet boundary condition on the top and homogeneous Neu-

mann boundary condition on the left /right side and bottom.

A brief description of the numerical method:
Let V = {v : Vv is a piecewise continuous on 2 and v|p = 0}.
We start with finite element discretization in space: we multiply the diffusion equation by

a test function v and integrate over the domain €2 to obtain

/Septmd(l— k(Ap)-de:/f-de.
Q QM Q

Here f is our right hand side consisting of the two terms: the source term () and the term
containing the known vector displacement w.

Applying Green’s formula and using the boundary condition, we get

k
/QSept'deﬂ—/Q'u(Vp)-(Vv) aQ = /Qf-de.

To approximate a solution on 2 x (0,7"), divide (0,7") into n subintervals, each of length
=L and p(z,n7) ~ p"(2).

Using finite difference backward time discretization, we obtain

pn+1_pn k
/Se-de—i—/(Vp")-(Vv) o = /f"~de.
Q T QM Q

The superscript n denotes the discrete time level at which the function is evaluated and 7

is the time step.
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Rearranging the previous equation and assuming that Se, k, and p are constants, then we

have

/Qp"“.udsz - /Qp"-de—;eu/Q(Vpn) (Vo dQ+/f” . (4.3)

Construct V* € V, where V" is a finite dimensional space (the set of all functions which are
linear on each subinterval and continuous on ). Construct a basis for V", choose pj € vh,

1< j <mn, with

1 ifi=j, 1<i,j<n,
pj(zi) =
0 ifi£j4, 1<i,j<n.

Equation (4.3) is a system of linear algebraic equations of the form
Mpn+1 = Mp"—CL Ap"+Cyb,

M p"™t = (M —Cy A)p™ + Cy b, (4.4)

where C7 = Se,u’ Cy = Se’ M = fQ (P(Z) : Sp(j)7 A= fQ(V(P(Z) : v@(j))v and b= fQ f@(])

Now, instead of expressing the right hand side of (4.4) entirely at time n, it is averaged at

n and n + 1. This is called the Crank-Nicolson method, the result is as follows

Mpn+1_Mpn _ —%Apn+l—%Apn+CQb'

Or equivalently,
&

- Apnt = (M- % A)p" + Cy b,

(M +

We then approximate this system of equations for the scalar pore pressure p.
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To test this program, data for which the exact solution is known are generated and compared
to the approximate solution obtained from the developed algorithm.
The graph of 2Dpflow from MATLAB comparing the exact solution and the approximate

solution is shown below:
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The approximate sol. the exact sol. (mesh)

15 15
0.8 .
05 05
0.6 o . o
>
0.4 -05 _ -05
-1 -1
0.2 .
-15 -15
0
06 08 06 08
X X

0 0.2 0.4 0 0.2 0.4

=
[N

The approximate sol. the exact sol.

Figure 4.1: Comparing approximate solution p™ and exact solution p from 2dpflow at the
last time step

Figure 4.1 depicts the fluid pressure in the square (0, 1)x(0, 1) at the last time step (n = 1)
for the approximate solution p™ and the exact solution p. As we can see from the graph, the
approximate solution p™ on the left hand side looks exactly the same as the exact solution

p on the right hand side.
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4.2 3-D algorithm for the diffusion equation: 3dpflow

The same equation - the diffusion equation - is solved for the pressure p assuming
u is given using a 3-dimensional finite element discretization in space and second order
Crank Nicolson discretization in time. We consider the equation posed on a cube with
homogeneous Dirichlet boundary conditions. The (MATLAB) code is 3dpflow.
Again the approximate solution and the exact solution (we solve the equation for data for
which the exact solution is known) are compared to test and validate the program.
The plot for the approximate solution and the exact solution at the last time step is shown

below.

The approximate solution x10°

The exact solution

Figure 4.2: Comparing approximate solution p™ and exact solution p from 3dpflow at the
last time step
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From Figure 4.2, we clearly see that the approximate solution p” and the exact solution

p are similar which is evidence for the validity of our code 3dpflow.

4.3 3-D algorithm for the elasticity equation: 3dfem

The program 3dfem uses a 3-dimensional finite element method to approximate the

displacements u in the elasticity equation:

G
~GV%u — T3 V(V-u)+aVp = F,

—2u
assuming that the pore pressure p is given. The equation was approximated in a box with
homogeneous Dirichlet boundary conditions.

This program was tested the same way by approximating the displacement u" and com-
paring it to the exact solution uw. So, the exact solution and the approximate solution are

compared in the following plot.
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u: x-component uex: x-component

0.5 : 0.5
00 y 00

u: y-component uex: y-component

05 0 : 05
00 y 00

u: z-component uex: z-component

Figure 4.3: Comparing approximate solution u™ and exact solution v from 3dfem

Here we are plotting the vector displacement u in the box (0,1)x(0,1)x(0,1). The first,
second, and third row correspond to the x-component, y-component, and z-component of
the displacement u respectively. The left column is for the approximate solution u™, and the
right column is for the exact solution u providing evidence for the validity of 3dfem (since
the graphs for the exact solution look exactly the same as the ones for the approximate

solution as shown in Figure 4.3).
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4.4 Segregated algorithm: it3dupfem

This program approximates solutions of the system of the two partial differential equa-
tions: the elasticity equation and the diffusion equation with an iterative method using

3-dimensional finite element method. That is, approximating the elasticity equation
~GV%u — LV(V -u) +aVp = F.
1—-2v ’

for the displacements u. The body force per unit bulk volume F' is set to be the gravity
force, and the pressure p is initialized using the program 3D-DEF (Gomberg and Ellis [7]).

Then the displacement is used in the diffusion equation:

0 k
gi(Sep+a¥ u) =V (V) = @

to solve for the pore pressure p.

In this equation - the diffusion equation - the initial pressure is set as before using 3D-DEF.

The system solved at each time step is:

. G . " "
—GAugy ) - = V(" (u(y ) +aV(pt) = Fr, (4.5)
n+1 n n+l1 n
Piiy1y — PG Vo (ugy ) = Ve (ugy) ok
1

The superscript n denotes the discrete time level at which the function is evaluated and the

subscript ¢ denoted the inner iteration (counter).
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Giving u™ and p™ and guessing p?(f)l, we first calculate u?(;)r ! using equation (4.5) then we

substitute u’("”(;)r Uinto equation (4.6) to find p?f)rl.

n+1 n+1

+1 ntl =Dty The process is repeated several times

O

The iteration yields u" and p
until convergence, then the solution at the next time step is computed in a similar manner.
This algorithm did converge, i.e., the difference between the previous calculated displace-
ment and the next calculated displacement is less than or equal to some tolerance, similarly
the difference between the previous calculated pressure p and the next calculated pressure

p is less than or equal to some tolerance.

4.5 Coupled algorithm: c3dupfem

A coupled algorithm (with 3-D finite element method) is used to approximate the

solution of the system of the two coupled partial differential equations.

~GV?u —

1_2VV(V'U)+OZVP = F,

0 k
a(Sp%—aV-u) —V-(;Vp) = Q.

In other words, after discretization using finite elements in space and second order Crank-

Nicolson in time, the system of linear algebraic equations to be solved has the form:

A B U F

BT —C P

LY
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The system is solved for the vector displacement v and pore pressure p.

The (MATLAB) code c3dupfem approximated solutions of the system in the box (0,1)x(0,1)x(0,1)
with homogeneous Dirichlet boundary condition. In this program, data for which the exact
solution is known are generated and compared to the approximate solution obtained from

the developed program. The following graph compares the approximate solution and the

exact solution for the pore pressure at the last time step.

P: the approximate solution x 107

P: the exact solution

—0.005
-0.01

-0.015

Figure 4.4: Comparing approximate solution p™ and exact solution p from c3dupfem at the
last time step
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The graph below compares the approximate solution and the exact solution for the

vector displacement at the last time step.

u: x-component x 107 uex: x-component

-0.005

-0.01

05 : 05 -0.015
0o y 00

u: y-component uex: y-component

-0.005 -0.005

-0.01 -0.01

: 05 -0.015 5 Y -0.015
y 00 ¥ y 00
u: z-component x10° uex: z-component

-0.005
-0.01

-0.015

Figure 4.5: Comparing approximate solution u™ and exact solution u from c3dupfem at the
last time step

Figure 4.4 clearly shows that the approximate solution is the same as the exact so-
lution for the pressure, and in Figure 4.5 the approximate solution for the x-component,
y-component, and z-component of the displacement on the left hand side look exactly the
same as the ones of the exact solutions on the right hand side which is evidence for the

validity of c3dupfem code.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

In this work, we considered the interaction between fluid pressure changes and the
deformation of a porous elastic material. Starting from the force equilibrium equation
and the linear constitutive equations, we formulated the equations describing the coupled
processes of elastic deformation and the pore fluid pressure in a porous medium. The
fully coupled system of equations does not in general yield closed form solutions. The
algorithm 3D-DEF (Gomberg and Ellis [7]) approximates Biot’s system for the displacement
from which the strain ¢ and the stress o can be calculated. In order to calculate pore
pressure changes, the 3P-Flow (see [9]) algorithm uses the above calculated strain e and
stress o. In other words, 3D-DEF approximates the quasi-static elasticity equation for the
vector displacement u. Using these results, 3P-Flow then approximates the pressure in the
diffusion equation. Thus the two algorithms together do not approximate the fully coupled
system of the two partial differential equations. Our main objective in this work was to
derive numerical algorithms for approximating solutions to the fully coupled system by
concurrently approximating solutions for the vector displacement u and the scalar pressure
p. This objective was attained. Our numerical algorithms were extensively tested. After
numerically approximating the fully coupled system, we considered the problem of existence
and uniqueness of solutions.

In [14] Showalter showed existence and uniqueness of strong and weak solutions using
abstract theory. This work proposed a constructive approach based on Babuska-Brezzi

theory and Rothe’s method to show existence and uniqueness of weak solutions for the
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quasi-static poroelasticity system. Our approach suggested numerical methods which were
used to approximate solutions of the quasi-static poroelasticity system. Moreover, error
estimates were derived.

In the numerical experiment for the fully coupled system (c3dupfem), all the coefficients
in the equilibrium equation for momentum conservation and the diffusion equation for Darcy
flow were set to one except Poisson’s ratio v that was set to 1/3. If we use the physical

coefficients, then the matrix

A B

BT —C
has high condition number since this matrix M is “close” to being singular. Our future
work is to construct and solve the system with approximate Schur complement. In other
words, we compute the Schur complement of the matrix M and precondition it with its
diagonal. That is, we solve instead the following problem

A B U F
D—l — D—l

0 -C—-BTA'B| |P Q- BTAF
Here D is the diagonal matrix whose diagonal is

A B
diag
0 —C—-BTA B

The condition number of the matrix

A B
D—l
0 —C—-BTA'B
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is of order 1. It seems now that we can obtain accurate approximate solutions since the

matrix is far from being singular (this will be our future work).
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APPENDIX A

NOTATION AND INEQUALITIES

A.1 Notation for derivatives

Let U be a subset of R”. Assume that u: U — R, x € U.

e Gradient vector: Vu = ((%‘1, (%‘2, e ,867“).

n  93u

e Laplacian of w: Au =73 1", 9-5.

Vector-valued function

Ifm>1land u:U — R™ u=(uy,ug, - ,uUp), then

e Gradient matrix:

Oup . Ow

ox1 0Tn
Vu=

Oum ., Oum

ox1 Oxp

e If m = n, then divergence of u is

Multi-index notation

. @u:gﬁ,z:l, ,n

e OMu=0;---Oju,i=1,--,n,me Zy, (Ou=u).
——
m times
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Let a € 2}, a = (a1, -+ )

D%y = 97" -+ - 99mu. The order of this derivative is the order of «, i.e. |af :== > 1" | ;.

Spaces of continuous and differentiable functions

C(U): the set of all continuous functions u : U — R.

C*(U), k € N: the set of all continuous functions u : U — R with continuous partial

derivatives up to and including k.
CO(U) = C(U) and C®(U) = Nyez, C*(U).

LP(U): the set of all functions v : U — R such that u is Lebesgue measurable,
lull v < o0, where lullsry = (fy |F7dz)> (1< p < oc).

L>*(U) the set of all functions u : U — R such that u is Lebesgue measurable,
[[ull Lo 17y < 00

H'(U): space of all functions u € L?(U) whose first derivatives are square integrable.

H?(U): space of all functions u € L?(U) whose first and second derivatives are square

integrable.
HE(U): space of all functions u € H(U) such that u|sy = 0.

WmP(U): the set of all functions u € LP(U) that have weak derivatives D%u € LP(U)

for all o € ZY with |a| < m. Also,

lallymo) = <2aezw

+lal<m

||Dau||}£p(U)> ’ if p < oo, and

[l [wm.oo () := max || D*u|| oyl € ZY o] < m.
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o WP (U): we say that a function u is in WP (U) if w is the limit in W™P(U), of a

sequence of C"-functions with compact support in U.
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APPENDIX B

PRELIMINARIES

Definition 3 (see [10]): Let I = [0,T] and let H be a Hilbert space. A mappingy(t): I — H

is called an abstract function from I into H.

The set of all abstract functions continuous in I, equipped with the norm

= t
1Ylleqr,m = max|y@)]|

is called the space C(I, H).

Definition 4 (see [10]): A simple function is an abstract function which attains, on I, only
a finite number of "values” f1,- -, fm € H, on (Lebesgue) measurable sets Ny, --- , Ny, with

Measures (41, - -« , lhm, respectively.

The Bochner integral of a simple function is defined by

vt =3 s
I i=1

Measurable functions in the Bochner sense (see [10]) are functions which can be approxi-
mated, to arbitrary accuracy, by simple functions.
The space L?(I, H) is the space of functions which are square integrable in the Bochner

sense, i.e. Bochner integrable and satisfying

/I ly()lZdt < oo
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with the scalar product

(Y1, 92) 21,0y = /I(yl(t)vy2(t))Hdt

and the norm

[ /I y(6)| 3.

Convergence v, — y in L?(I, H) means that
i (1l = st = 0.
n—oo I

By the Riesz theorem, a primitive function Y'(¢) is defined by

Y (), i = /0 (). Pdr  VfeH.

Then

Y eC(I,H)

(that is, Y(¢) is continuous abstract function in the interval I (see [10])) and
Y € AC(I, H)

(that is, Y (t) is absolutely continuous (see [10])) for every y € L?(I, H).

The derivative which is Y'(¢) = y(¢) in L?(I, H), exists almost everywhere.
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Theorem B.1 There exists a constant ¢ > 0 depending only on the domain G, such that

for every function u € Wz(l)(G) we have

| ”LL‘ |L2(F) < C’ ‘U| ’WQ(U(G)
Consider the boundary value problem (bvp):
—Au = f in D,
u =0 on 0D,

where D € RY is a bounded domain, and f : D — R is given.

Strong solution of (bvp): Given p € (1,00), then u € W2P(D) N Wg’p(D) satisfying the
partial differential equation —Awu = f in the sense of weak derivatives is the strong solution
of (bvp).

Weak solution of (bvp): Given p € (1,00), then u € Wol’p(D) satisfying [,(Vu)- (Vv) =
Jp foforallve WOLP/(D) is the weak solution of (bvp).

Poincare inequality (see [19]): Let © be bounded and I = 1,2,---. Then there exists a

constant ¢ dependent only on the diameter of €, such that for all ¢ € VVO2 1(Q)

ol <eS /Q D6 (a) [2da.

|s|=l
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Holder’s inequality (see [5]): Assume 1 < p,q < oo, %—1— = 1. Then if u € LP(U),

1
q
v e LY(U), we have

/U jwvldz < [fullzoylollzo)
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