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Two overlapping confidence intervals have been used in many sources in the past
30 years to conduct statistical inferences about two normal population means (p and py).
Several authors have examined the shortcomings of Overlap procedure in the past 13
years and have determined that such a method completely distorts the significance level
of testing the null hypothesis Hy: px = py and reduces the statistical power of the test.
Nearly all results for small sample sizes in Overlap literature have been obtained either
by simulation or by somewhat inaccurate formulas, and only large-sample (or known-
variance) exact information has been provided. Nevertheless, there are many aspects of
Overlap that have not yet been presented in the literature and compared against the

standard statistical procedure. This paper will present exact formulas for the % overlap,



ranging in the interval (0, 61.3626%] for a 0.05-level test, that two independent
confidence intervals (CIs) can have, but the null hypothesis of equality of two population
means must still be rejected at a pre-assigned level of significance o for sample sizes > 2.
The exact impact of Overlap on the a-level and the power of pooled-t test will
also be presented. Further, the impact of Overlap on the power of the F-statistic in testing
the null hypothesis of equality of two normal process variances will be assessed. Finally,
we will use the noncentral t distribution, which has never been applied in Overlap
literature, to assess the Overlap impact on type II error probability when testing Ho: 1y =

Ly for sample sizes ny and ny > 2.
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1.0 Introduction

When testing the equality of means of two processes, the sampling distribution
(SMD) of the difference of two sample means must be used to conduct statistical
inference (confidence intervals and test of hypothesis) about the corresponding processes’
mean difference p, — y. An interesting problem arises as to whether the same
conclusions will be reached if the SMD of individual sample means are used to construct
separate confidence intervals for p, and p, and examine the amount of overlap of the
individual confidence intervals in order to make statistical inferences about i, — p,. If
the underlying distributions are normal with known variances, exact relationships are
given by Schenker and Gentleman, (2001) about the changes in the type I and II error
probabilities if the overlapping of individual confidence intervals are used to make
inferences about i, — Ly at the 5% level. Because there is no mention of proof in the
above article, we will use the normal theory to generalize their formulas in chapter 3 for
any LOS o and will verify that in order to attain a nominal type I error rate of 5%, the
corresponding two confidence levels must be set exactly at 83.42237%, which is nearly
consistent with the 85% reported by Payton et al. (2000).

When the process variances are unknown and sample sizes are small (i.e., the

real-life encountered cases), this dissertation will obtain exact formulas for type I and II

error probabilities whose values can be obtained once the unbiased estimators, Sf and S 5 ,

of process variances are realized. However, this dissertation will verify that in general



Using individual confidence intervals diminishes type I error rate, depending on sample
sizes ny and ny, and increases type II error probability. Assessment of type II error
probability () for the general unknown variances case has not been investigated in the
literature because the computation of type II error probability requires the use of
noncentral t-distribution, although Schenker and Gentleman (2001) provide the impact of
Overlap on the Power Function (PWF =1 — ) only for the limiting case in terms of ny
and ny (or the known-variances case). The noncentral t-distribution has wide-spread
applications when testing a hypothesis about one or two normal means. Specifically both
the OC (Operating Characteristic) and Power Function (PWF =1 — 3) for testing Hy: p =
to and Ho: px — py = 6o (in the unknown variance cases) are constructed using the
noncentral t-distribution. We will use the noncentral t-distribution to obtain the PWF of

testing Ho: px — py = 0 (in the unknown variance cases) both using the SMD of X -y

(i.e., the Standard method which has been available in statistical literature for well over
50 years) and also the Overlap for sample sizes > 2. It will be determined that the type 11
error rate always increases if individual confidence intervals are used to make inferences
about p, — py. Even if the underlying distributions are not Laplace-Gaussian*, the t-
distribution can still be used for statistical inferences about two process means for

moderate and large sample sizes because the application of the t-distribution requires the

* Kendal and Stuart (1963, Vol.1, p.135) report that “The description of the distribution as the “normal,”
due to Karl Pearson (who is known for the definition of product-moment correlation coefficient and
Pearson System of Statistical distributions), is now almost universal among English writers. Continental
writers refer to it variously as the second law of Laplace, the Laplace distribution, the Gauss distribution,
the Laplace-Gauss distribution and the Gauss-Laplace distribution. As an approximation to the binomial it

was reached by DeMoivre in 1738 but he did not discuss its properties.”
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assumption that only sample means be approximately normally distributed (due to the
Central Limit Theorem).

Investigation of the overlapping Cls is worthy because as Schenker and
Gentleman (2001) mentioned in the article “On Judging the Significance of Differences
by Examining the Overlap Between Confidence Intervals” that there are many articles,
such as Mancuso (2001), that still use the Overlap method for testing the equality of two
population quantities. Although we found some articles, such as Payton et al. (2000)
entitled “Testing Statistical Hypotheses Using the Standard Error Bars and Confidence
Intervals” that have somewhat rectified the Overlap problem and have pointed out the
misconceptions therein, there are still some details to be worked out. Thus, the objective
is to investigate the exact differences between the Overlap method and the Standard [a
term coined by Schenker and Gentleman (2001)] method for testing the null hypotheses
Hy: ox = oy and Hy: p = py under different assumptions. The former hypothesis has
never been investigated with the Overlap method. The statistical literature reports results
for the impact of Overlap on type I and II error probabilities in testing Ho: p, = py only
for the case of large sample sizes (i.e., the limiting case where n, and ny — o). Therefore,
this work will investigate the same and other aspects of Overlap but for small sample
sizes (i.e., n < 20, which also will hold true for moderate and large sample sizes). To be
on the conservative side, we refer to n <20 as small, 20 <n < 50 as moderate and n > 50
as large in this dissertation, although some statisticians prefer n > 60 as large because for

n>60, t, , = Z, to one decimal place, where Z represents the (1 — o) quantile of a

standard normal deviate.



The contents of different chapters are as follows: In chapter 2, an extensive
literature survey and the results thus far are provided. In chapters 3.1 and 3.2, the known-
variance case is discussed and compared with what has been reported without proof in the
literature for the limiting case. In chapter 4, the Bonferroni method is compared against

the overlap. In chapter 5, the statistical inference on the ratio of two process variances

(af / ai) from the Overlap is compared against the Standard method. Chapter 6

discusses the impact of Overlap on type I error probability. Chapter 7 discusses the
amount and % overlap required to reject Ho: [y = iy at the a-level of significance when
process variances are unknown and samples sizes are small and moderate. Similarly,
chapter 8 considers the impact of Overlap on type Il error Pr when process variances are
unknown for ny,and ny < 50. Finally, chapter 9 summarizes the dissertation findings.

In summary, the primary objectives of this dissertation are: (1) To examine the
impact of Overlap procedure on type I error probability (Pr) when testing equality of two
process variances or two population means for unknown process variances and sample
sizes > 2. Payton et al. (2000) obtained results for the latter objective but there are
inaccuracies (for n < 50) in their development; further, the former objective has not been
investigated. Moreover, the Overlap literature has not considered the case of pooled t-
test and little has been mentioned by Schenker and Gentleman (2001) about the paired t-
test. (2) To determine the maximum % overlap of two individual confidence intervals
(CIs) below which the null hypothesis (either Hy: 6x = 6y or Hp: px = py) cannot still be
rejected at a given level of significance (LOS) a.. This Objective has not yet been

investigated. (3) To examine the impact of Overlap procedure on type II error Pr for



sample sizes n, and ny > 2. Schenker and Gentleman (2001) carried out this last objective
only for limiting case (i.e., as ny and ny — o, and or known oy and oy ).

The above objectives are worthy of further investigation because there are many
researchers who still use the overlapping CIs to test hypotheses, especially in the biology
and medical papers (see the references mentioned in chapter 3.1). Furthermore, some
statistical software, such as Minitab, still exhibit overlapping CIs that may lead users to
wrong conclusions. Although the CI for two population quantities is the common method
to make decisions regarding Hy: ox = oy or Hy: px = [y, our objective is to ascertain the
exact relationship between the overlapping of two individual CIs and the corresponding
single CI. Most former researches have only discussed the limiting case (i.e., as ny and ny
— ). In the real-life situations, sufficient resources may not be available to gather very
large samples. Thus, the case of small (n < 20) to moderate sample sizes (20 <n < 50) is
a major contribution of this dissertation.

The reader should bear in mind that all primed symbols in this dissertation pertain

to the Overlap method.



2.0 Literature Review
It has been well known that when two underlying populations are normal, the null

hypothesis Ho: 42, = 1, is tested, in case of known variances, using the sampling
distribution of X —Y , which is also the Laplace-Gaussian N(u, — 4y, 0')% /n, + oﬁ /ny).
However, in practice, rarely the population variances are known. Thus, the equality of
two process variances should first be tested with an F-statistic. If Hy: 05 / aﬁ =1 1s not

rejected (and P-value > 0.20), the two-sample pooled-t procedure will be applied for

testing Ho: 2, = u1,, . Otherwise, the two-independent sample t-statistic has to be used to
perform statistical inferences about sz, — z,,. In case of related samples (or paired

observations), the paired t-statistic has to be used to conduct statistical inferences about
Hx = Hy.

The above rules are the formal (or Standard) procedures for testing Ho: 12, = 1, .
What if we discuss this question with two individual relevant intervals? Cole et al. (1999)

mentioned that using two individual ClIs to test the null hypothesis Ho: £, = 1, would

lead to a smaller type I Error and larger type I error rate than the formal procedures.
Payton et al. (2000) pointed out that many researchers use the standard error bars (sample
mean = standard error of the mean) to test the equality of two population means.

Therefore, if the two individual standard error bars fail to overlap, they will conclude



that two sample means are significantly different. Actually, these researchers are making
a test of hypothesis with an approximate Pr(type I error) = a = 0.16 not a = 0.05. Payton
et al. (2000) also derived a formula for the probability of the overlap from two individual
CIs. Payton et al. (2000) defined A to be the event that confidence intervals computed
individually for two population means to overlap. Thus, if the sample sizes are equal

(n =n, =n), and population variances are unknown, they deduced that Pr(4) =Pr

Y, -Y,)° § . Y.
% <F, i, % . They state that the random variable n ; 22) has
S +85 . T +S85 S;+85

the F-distribution with numerator degrees of freedom (df) v; = 1 and denominator df v, =
(n — 1) if the two samples are from the same normal population. It will be shown in

Chapter 6 that their above statement is inaccurate. The two samples need not originate

from the same population, and that the denominator df of the F-distribution is not (n — 1)

(n—=1)(S7 +53)°

but rather in the case of nj =n; =n it is given by v = R
S +S
1 2

,where (n — 1) <v

<2(n - 1). Further, they state that if the two samples are from two different normal

(1 Y,)?
SP+53

populations with the same mean but unequal variances, the quantity ——=— 1is still

approximately F-distributed with vi = 1 and v, = (n —1) df , where their value of v, =(n

—1) df is accurate only in the limiting case. Therefore, they conclude that

Pr(A) = Pr(Intervals _overlap)=Pr| F ,_; <F, 11| 1+ 22S1S22 .
| . S;+85

Payton et al. (2000) further state that for the 95% ClIs, n, =n, =n =10, S; (= Sx) =0.80
and S, = 1.60, 1 — Pr(4) =1-Pr(Intervals _overlap) =1—Pr(F| g < Fjps5;9*1.8) =1 -

7



0.9859 = 0.0141 (which was misprinted as 0.0149). It will be shown in Chapter 6 that
this last Overlap Pr should be revised to o’ = 0.00608057, i.e., their result has a relative
error of 56.8754%

Moreover, Payton ef al. (2000) used SAS Version 6.11 to simulate from a N(0, 1)
when sample sizes varied from n =5 to n = 50 in order to ascertain the accuracy of the
above formula. In this article, the authors do not give information about the known
variances case. For the unknown variances case, they only consider the case when the
sample sizes are equal. The largest sample size Payton et al. (2000) considered was n =
50. Furthermore, Schenker and Gentleman (2001) found more than 60 articles in the
health sciences for testing the equality of two population means by using the Overlap
method. Schenker and Gentleman (2001) state that the Overlap method will fail to reject
Hp when the Standard method would reject it. In other words, the Overlap will lead to
less statistical power than the Standard method. The authors considered three population

quantities Q;, Q2and O, —Q, . They state that Brownlee (1965) provided the 95%

confidence intervals for the three quantities as @1 i1.96§11?1 , é; i1.96§E\2 and

—~  ~

[~2 ~2
(O, —0,)*£1.96\SE| +SE> . However, using the Overlap method, the null hypothesis

will not be rejected if and only if (Q\l - Q;) +1 .96(6{}1?1 + 511?2) contains zero. Schenker
and Gentleman (2001) defined k as the limiting SE (standard error) ratio, i.e., either
SE/SE, or SE»/SE;, and considered only ratios that are greater than or equal to 1. For a
limiting SE ratio of k and a standardized difference of d =(Q, = Q,) /+/SEZ + SE? , they
reported that the asymptotic power for the standard method is ®(-1.96+d) +

O(-1.96—-d), where @ represents the cdf of N(0, 1), and the asymptotic power for the
8



~1.96(1+ k) ~1.96(1+k)

\/1+k2 \/1+k2

dissertation, we use different definition for k from Schenker’s definition. Schenker and

Overlap method is @( +d)+ O( —d). Note here, in this

Gentleman (2001) use small case k as the standard error ratio for the limiting sample

sizes or known variances cases but we use k as the standard error ratio for small to

moderate sample sizes or unknown variances cases. It means k=(S, / \/Z )I(S,/ \/a ) in
this dissertation. Therefore, for distinguishing, let K = (o /\/ny )/(Gy / /ny) represent

the limiting sample sizes or known variances cases. In this chapter, we still use
Schenker’s symbol to represent their work. Schenker and Gentleman (2001) also stated
that for the Pr of type I error, just simply let d = 0 in the above formulas. Then, the
authors concluded that the Overlap method will lead to smaller a and larger 3.

Furthermore, Schenker and Gentleman (2001) state that when SE; is nearly equal
to SE>, the Overlap method is expected to be more deficient (i.e., smaller type I error Pr
and larger type Il error Pr) relative to the Standard method. In this article, the authors did
not give specific values of type I error and type IT error probabilities for different k and d
values. Their results pertain only to large sample sizes so that the need for using the t-
distribution in the case of small and moderate sample sizes was not discussed.

Payton et al. (2003) continued to provide the formula Pr(/ntervals Overlap),

which they had also obtained in the year 2000 as follows:

2
Pr(A) = Pr(Intervals _overlap)=Pr| F ,_1 <F,1,4|1+ 251522 .
’ a S +85

Payton et al. (2003) state that a large-sample version of the above statement can be

derived (assuming the two populations are identical):

9



Pr(A4) = Pr(Intervals _overlap) = Pr[| Z|< 2,92 ] =d(\22,,)-0(-~22,,), where

®(z) (almost) universally represents the cumulative of the standardized normal density
function at point z. The authors set o at the nominal value of 5%, generated 95%
confidence intervals and gave the approximate probability of overlap as

Pr(Intervals _overlap) = Pr[—2.77 <Z< 2.77] =0.994.

Thus, the authors concluded that “the 95% ClIs will overlap over 99% of the time”. They
also mentioned that Schenker and Gentleman (2001) showed, for large sample sizes, that

the probability of type I error when comparing the overlap of 100(1-y)% confidence

intervals is2Pr[Z < —z, 2 (1+k)/ N1+ i ] (k is the ratio of limiting standard errors here).

Replacing k with 1 will yield a multiplier for the z value in the above probability

statements of/2 , Which is the same as the formula of Pr(/ntervals_overlap) by Payton et
al. (2003). Therefore, the authors made the conclusion that when one uses 95%
confidence intervals to test the equality of two population means, one should set the
confidence coefficient of each confidence interval equal to roughly 83 to 84%. Payton et
al. (2003) also used SAS to verify that if o is set at 0.16, what proportion of the times the
two individual CIs from the same normal N(0, 1) population would overlap. After a
simulation run of 10,000 trials, the proportion of the trials that the two 84% confidence
intervals overlapped (at n = 10) was 0.949 (very close to 0.95). In this article, the authors
didn’t discuss the unequal sample sizes and no details about the effects from the unequal
variances or the case of the unknown variances were provided. Further, no article
discussed the maximum % overlap that two individual CIs can have but Hy should still be
rejected at a specified LOS a. All the articles up to now have concentrated on the

10



limiting results and have not provided specific results for type II error Pr for the overlap
case as sample sizes differ and the LOS vary.

Kelton (2004) states in Simulation With Arena that “looking at whether
(individual) confidence intervals do or do not overlap (in order to make a decision about

Ho: p1, = p,,) is not quite the right procedure; to do the comparison the right way, we’ll

use the input analyzer, as discussed next.” The input-analyzer used the paired-t statistic

to Ho: 11, = 4, But, the authors do not explain the reason why we should not use the two

individual CIs to make statistical inferences regarding the process mean difference

My, — iy, nether do they justify the use of a block design over a completely randomized

design.

11



Infinity

3.0 Comparing Two Normal Population Means for the Known Variances Case, or
the Limiting Unknown Variances Case Where Both Sample Sizes Approach

Consider a random sample of size ny from the normal universe N(pi, 0,2( ); then

the statistic sample mean, X, is also normally distributed with expected-value equal to

the population mean and variance V(X) = Gi /ny as depicted in figure 1.

o/2 -
Hx a/2 Ox /4Dy lle‘f'za/zcx/\[nx
Figure 1 clearly shows that

Pr( MX—ZQ/QGX/JHX <x < Mx+Za/sz/w/nx ): 1-a

Rearranging the above (1-a)x100 % Pr statement results in the (1 — a) CI for pi:
I)r(i _ZOL/2GX /an < Hx < i +ZO‘/ZGX /1’nx ): l—a

Hence, the lower CI limit for py is L(px) = X — Zan o, /4/n, and the corresponding upper

limit is U(uy) = X + Zyn 0, /4/n, . It resulting in the CIL (confidence interval length) of
12



ux is CIL(px) = 2x Zgn 0, /40y . Similar procedure as above leads to L(py) = ¥ — Zap x

Gy /. /ny , U(y) =Y + Zgp Gy //n , and the corresponding CIL(1ty) = 2Z,» Gy /, /ny .
Note that Figure 1 will roughly hold if the underlying distributions were non-normal and

variances were unknown but both n, and ny, > 60 and o, and o, are replaced by their

biased estimates Sy and Sy, respectively.

3.1 The Case of 6x=06y=0C
Statistical theory suggests that the total resources N = n, +n, be allocated

according to ny= No, /(0 +0,), and hence the allocation ny =ny =n=N/2 is

recommended. Suppose that the two CIs for p, and p, are disjoint; then it follows that

either L(py) > U(py), or L(py) > U(px). These two possibilities lead to the condition
either X —Z, /00, /\ny > V+Zy 90,/ n, ,0r Y=Zy 20,/ ny, >X+ Zgy 9y
o, /\/n, , respectively. Combining the two conditions leads to rejecting Ho: pix = py

iff| -y |>Za/2 (ox /y/ng +oy//ny); for the case of 6x = 6y = ¢ and thus ny=n, =

n, this last condition reduces to ‘ X -y | >27Z4/2 c/ \/H at the level of significance o
based on the Overlap method. If a is set at the nominal value of 5%, this last inequality
will lead to the same condition as that of Schenker ef al. (2001) who stated that the two
intervals overlap if and only if the interval (@ - é;) + 1.96(551 + S/Eg ) contains 0.
Sometimes, it 1s then concluded that the null hypothesis Ho: px = py must be
rejected in favor of Hi: py # py at the LOS a., such as Djordjevic et al. (2000), Tersmettte

et al. (2001) and Sont et al. (2001) who used this concept to test Ho: px = py. In fact,
13



Schenker and Gentleman (2001) state that they found more than 60 articles where the
Overlap method was used either formally or informally to demonstrate visual significant

difference between X and y. This procedure is not accurate because the correct (1 —

a)x100% CI for the difference in means of two independent normal universes must be

obtained from the SMD (sampling distribution) of the statistic X — y, which is also

Gaussian with E(X = y)=py—py and V(X =y)=V(X)+ V(y)= Gi /n, + (5?, /ny, =

262 /n , assuming o, =0, =0 . Thus, the correct (1-0)x100% CI on px — py is given

by

X—V—Za/z Gi/nx‘i‘ci/ny S MX—MySX—?+Za/2 G)z(/nX‘FG?,/ny (la)

For the balanced design case and 6 = o, = G, Eq. (1a) reduces to

X-V —~2Z,,6/Jn < p—py < X-5++2Z,,6/Vn (1b)
The length of the above exact (1 — a)x100% CI for a balanced design is 2\/§Za L6 //n .
Thus, Ho: px — py = 0 must be rejected at the LOS a iff (i.e., it is necessary and sufficient)

that X -] > Zy54/(ci+03)/n =N2Z,, 6/n. (1c)

However, requiring that the two separate Cls to be disjoint leads to rejection of Hy
iff |i - §| >Zyp(0g Iy +o,/ 0y )= 2Za/2><6/\/; . It is clear that the

requirement for rejecting Hy of two disjoint Cls is more stringent (or more conservative)

than that of the Standard method because, in the case of o, =0, =0 and nx =ny =n,

2Za/20/x/ﬁ> Z, 1|02 /0y +G§, /n, ZﬁZa/z o/~/n . Further, the more stringent

requirement to reject Hy (based on two independent separate Cls) leads to a smaller type |

14



error Pr than the specified a.. The correct value of o using the Standard method is given

by

a=Pr(X -y <AporXx -y >AU‘ Hy —Hy =0)

:Pr[|i—?|> Zy/» 0)2( /1y +G§,/ny ‘Mx —Hy =0]=Pr(|Z| >Zyn) =0,

where A and Ay denote the lower and upper a-acceptance limits, respectively.
On the other hand, if we require that the two individual CIs must be disjoint in

order to reject Hp : py — py = 0, then the type I error Pr from Overlap is given by

O['ZPI‘(? _Z(x/ZGy/\/H>§ +Zon/26x /\/H) + Pr(i _Za/zcx /\/E> y +Za/26y/\/g)

=2xPHZ > Zy (04 +0,)/ /(07 +03) ]

=2xPr(Z >\/§Za/2) = 2><CI)(—\/§ZW2 ), assuming Gx = Gy = G (2)
e Setting o at 0.01 leads to the Overlap LOS of &' =0.00026971696 << 0.01.
The % relative error, [(a—a')/a]x100% , in the LOS o = 0.01 is

[(0.01—0.0026971696)/0.01]x100% = 97.303%.

e For the nominal value of oo = 0.05, Eq. (2) gives o’ = 0.00557459668 <<
0.05. The value of " =0.00557459668 is consistent with the limiting value of
0.006 provided by Payton ef al. (2003, p.36) in their equation (6). The %
relative error is 88.851%. As a result, the larger the LOS a is, the smaller the
% relative error becomes. Payton ef al. (2000) provide simulation results of
run sizes 10,000 from two independent N(0, 1) populations in their column 3
of TABE 1, p. 551, that claim the value of &' ranges from 0.0039 atn =5 to

0.0055 at n =50 (n incremented by 5). Our Eq. (2) shows that in the case of

15



known equal variances and sample sizes the value of Overlap type I error Pr
does not depend on n at all. However, their simulation inaccuracies were
rectified by Payton et. al (2003, Table 4) again through simulation run sizes of

10,000 independent pairs from N(O, 1).
e Setting o at the maximum widely-accepted LOS of 10%, Eq. (2) shows that o'
=0.020009254 << 0.10 and the % relative error is [(0.10 — 0.020009254)/0.10]
x100% = 79.99%.
Regardless of the value of LOS a the same conclusion made by Cole ef al. (1999) will be
reached that the Overlap method will lead to a much smaller type I error rate.
If the alternative H; is one-sided, say H;: p, — py> 0, then from the Overlap

standpoint Hy should be rejected only if both conditions X —y > 0 and L(p,) =U(py) >0
[or L(py) > U(uy)] hold, and as a result the Overlap type I error Pr reduces to

al = Pr[X —Zyps0y /\/H >y +Zo.0250y/\/g]

= Pr[X —y > Zyps0y /\/H + Zo.ozsﬁy/\/g] =Pr[X -y >Zyns(oy +Gy)/\/g]

Pr(Z> Zy1p5(04 +Gy)/\[(0§ +G§/) )=Pr(Z >\/§ZO.025);

assuming ox = 6y =0, & = 0.0027873 << 0.05. Thus the impact of Overlap on type I

error Pr is even greater for a one-sided alternative than for the 2-sided one. Note that
when L(py) > U(py), the two Cls are disjoint but such an occurrence is congruent with Ho:
ux — My < O rather than H;: py — py > 0. Thus for the one-sided alternative the type I
error Pr from the Overlap is exactly half of the 2-sided alternative, which was equal to

0.00557459668. Henceforth, unless specified otherwise, the alternative is two-sided.
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Now, let O represent the amount of overlap length between the two individual Cls,
a variable that has not been considered in the Overlap literature. From Figures (1a &b),
O will be zero if either L(p,) > U(uy) or L(py) > U(L), in which case Ho: py= py 1s
rejected at the LOS < a.. Thus, O is larger than 0 when U(py) > U(py) > L(py) or U(py) >
U(u) > L(1y). The overlap is 100% if U(i,) 2 U(hy) > L(ny) = L(po), or if Uly) 2 U(y)
> L(px) = L(py). Because both conditions U(pk) > U(py) > L(py) and U(py) > U(py) >
L(py) will lead to the same result, only the case of U(py) > U(uy) > L(py) [Figure 2(a)] for

which X —y > 0 is discussed here. See the illustration in Figure 2(a&b).

L) Ulu,)  L(wy) U(u,)

< » « »

L(uy) U(u,) L(u,) U(uy,)

< » <
< » <

v

Figure 2(a) Figure 2(b)

That is, for the known-variance case, the larger sample mean will be denoted by x . Thus

for the equal-sample-size &-variance case,

0=U(w) - L(p) = (¥+2,,xo/\n )= (X =2, xa/In)
=27,,0/n —(X-7) (3a)
On the other hand, the span of the two individual CIs (assuming X > y) is given by
U - L(w) = X+Z,,xc/~n —(¥-2Z,,,xc/In)
=27,,0/\n +(X-7) (3b)
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Combining equations (3a & 3b) gives the exact % overlap as

222450 N~ (T-7)
27,50 /\n+(x-7)

x100% (3¢)
Let O, be the borderline value of O at which Hj is barely rejected at the LOS a.
From Eq. (1c), Ho: px= py should be rejected iff |>? - )7| > \/EZQ /20/\/2 . Therefore, from

Eq.(3a) the value of O at which Hy should be rejected at the a-level or less is given by

O< 2Za/20'/\/Z—x/§Za/20'/\/Z , and the exact amount of overlap that leads to an a.-
level test is given by 0,=(@2 —\/E)Za/za/x/; (3d)
Eq. (3d) implies that Hy must be rejected at the LOS o or less iff O <(2 - \/E)Za 1,0/ Jn.
Inserting the borderline rejection condition, x —y = x/EZa 1,0/ Jn , into Eq. (3b) yields
U(w) - L(ny) = N22Z, ,0/\n +2Z, ,0/\n= 2+~2)Z,,0/n . (3e)
Eq. (3e) implies that if the two CIs span larger than (2 + V2 )Z, /20'/\/; , then Hy must be
rejected at the LOS less than a. The percent overlap in Eq. (3¢) ranges from zero
(occurring when x -y =27 _,0/ Jn ) to 100% (occurring when X —y = 0). Inserting
the borderline value of x -y = V2 Z,,0/ Jn at which Hy must be rejected into Eq. (3¢)

_ (2_\/5)20[/20-/\/; 2-\2

results in @, = x100% = ——=x100% =17.1573% (39

(2+~2)Z,,0/In 242

which means that Ho: p, = py must be rejected at the LOS o or less if the percent overlap
between the two individual Cls is less than or equal to 17.1573%. It seems that the

percent overlap at which Hy should barely be rejected is 17.1573% regardless of the LOS
o, but the amount of overlap from (3a) does depend on a. Further, as | x — 3 | increases,
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the P-value of testing Ho: 41, = 41, decreases and so does the value of % overlap in Eq.

(3c). As |x-y| > 2Za/2a/\/;, ® — 0. Thus, in the case of known o, =0, =0,

once the % overlap exceeds 17.1573%, then Ho: 4, = 41, must not be rejected at any a.

level.

If the alternative is one-sided, H;: px — py> 0, it can be argued that the maximum

U(ﬂy)_L(ﬂX) _ 2205/2_201\/E
Ulu)-Ly) 27, +Z,\2

percent overlap is given by (3g)

(220,025 — Zo‘05 \/5)
(2Zy 05 + Zy0532)

and for a 5%-level test Eq. (3g) reduces to =25.51597%, which

implies that Hy can be rejected at less than 5% level if the percent overlap between the
two individual CIs is smaller than 25.51597%. Thus, the impact of overlap on o, is
greater for a one-sided alternative because for the 2-sided alternative the value of o, =
17.15729%. Further, for the one-sided alternative the % overlap does depend on a.. As
an example, for a 10%-level one-sided test the value of , increases to 28.96%.

The question now is what individual confidence levels, (1-y), should be used that

will lead to an exact a—level test? Clearly, the overlap amount for a (1-y)x100% CI is
given by U'(y)~L'(uy) = (¥ +Z,/26/Vn ) ~(X =Z,,,6//n)

=2Z,,6/n—(X -y ) (4)
Because Ho: 4, = 4, must be rejected iff |x -y |2 \/EZQ 1,0/ Jn and the overlap must
become zero or less in order to reject Ho, Eq. (4) shows that 2Z, ,,6/ Jn =

\/EZa/zo-/\/; - Zy/2: Za/Z/\/E_) y/2=CI)(—Za/2/\/§) (5
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Eq. (5) shows that the confidence level for each individual interval must be set at
(1-p)=1-2xD(-Z,, /\/5) in order to reject Hy at the LOS a iff the two Cls are
disjoint. The value of (1-y)can also be obtained by equating the span of the two

independent Cls, 2Z, ),/ Jn + (X —¥ ), to the length of the CI from the Standard

method given by 2 \/EZQ ,6/+/n , and invoking the rejection condition X —y =

\/EZ(Z/ZO'/\/;.
o If ais set at 0.01 in Eq.(5), then y = 0.068548146, 1—y = 0.931451854, which

implies that the confidence level of each individual interval must be set at
0.931451854 in order to reject Hy at the 1% level iff the two Cls are disjoint.

o [f o =0.05 is substituted in Eq.(5), theny = 0.165776273, 1—y = 0.834223727,
which implies that the confidence level of each individual interval must be set
at 83.4223727% in order to reject Hy at the 5% level iff the two Cls are disjoint.
This assertion is in fair agreement with the simulation results given in TABLE 1
of Payton et al. (2000, p. 551) for 15 <n <50. Their TABLE 1, although
inaccurate at n =5 & 10, clearly shows that as n increases toward n = 50,
the size of adjusted ClIs is equal to 83.835%, which is very close to the exact
1—y=83.422372710%.

e Further, when the confidence level 1—a = 0.90, then 1—y =0.755205856. The

first and third 1—y values have not been reported in Overlap literature.

If the alternative is one-sided, H;: py — py> 0, it can be argued that the value of 1—-y is

given byl—y=1-20(-Z, / 2 ). If a=0.05 is substituted into this last equation, then
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the one-sided 1—y = 0.75520585634665, which implies that the confidence level of each

individual interval must be set at 0.75520585634665 in order to reject Hy at the 5% level

iff the two Cls are disjoint, while for the 2-sided alternative 1—y was equal to
0.83422372710. Again, the impact of Overlap on individual confidence levels is greater
for the one-sided alternative than that of the 2-sided one.

Lastly, since rejecting Ho: g, = 4, using the two independent Cls is more
stringent than the SMD of x —y , therefore, it will lead to many more type II errors (or

much less statistical power) in testing Ho: pix — py = 0, as shown below.

In Figure 3, the solid line represents the null distribution of X -y, and the dotted
line curve represents the distribution of X —y under H; , where 6 = p, — py > 0 is the

amount of specified shift in p, — py = & from zero, which in Figure 3 exceeds one

standard error of X —y . Figure 3 clearly shows that the acceptance interval (Al) for the

1- B

ol/2

! v‘
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sample mean difference, X —y , when testing Ho: g, — £, =0 at the LOS a. is given by

AL= (AL Ay) = [~Zyp4/(03 +63) /1, Zyjpy|(0; +63)/n ], ie., in the case of oy = o
= o and n, = ny = n we cannot reject Hy at the significance level a if our test statistic
X — falls inside the Al = (A, Au) = (—~2Z,,, 6/~/n, ~2Z,,, 6//n). Thus, the Pr

of committing a type II error as shown in Figure 3 is given by

B=Pr{AL< X =Y <Ayl px — py =]

= Pr{~Zy0\(02 +02) /0 <X =F < +Z,5\(02 +02)/n | py —py = 3]
=Pr[X -y <Zy»\26%/n |8>0]-Pr[X -y <— Z,,V26>/n |5] (6a)

5n 5vn

=D(Z,,,—- ) - D(=Z,,,— 2= ), where 5= 1y — 1y . (6b)

o2 o2
At o = 0.05 if the specified value of p, —p, =38 exceeds 0.5, /0)2( + G?, , then the
value of standard normal cdf ®( — Zg 25 — 0.5n ) < 0.001 for sample sizesn > 6, i.e.,

the last term on the RHS of equation (6a), becomes less than 0.001 once n > 6. Hence,

Eq. (6b) for the nominal value of o = 5% approximately reduces to

B = CD(Z().()25 —-d+n/2 /G) (60)

where (6¢) is accurate to at least 3 decimals forn> 6 and 0> 0.5, /G)Z( + (5?, =0.5042.

When the null hypothesis Ho: px — py = 0 is not rejected at the LOS o iff the two

individual Cls (X ~Z,,,0, /vn < p <X+ Z,,0,/vn)and (¥-Z,,0,/vn <p,

<y+Z,,0, /n ) are overlapping, then the Pr of a type II error (assuming i, > iy )
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from the Overlap Method is given by

p'=Pr(Overlapl § > 0) = Pr{[ L(1,) <U(1,) N[ L(1,) SU(,) 116> 0}

=Pr{[x - Za/za/\/;£§+za/20'y/\/;](‘\ +Za/2o-/\/_|5>0}

a/ZT

=Pr{[X -y < Z,,0,/n+Z,,0,/\n]n

a/2\/’ Za/zo-/\/_<X_J’]|§>0}

When ox = 6y =6, and n, =ny =n, the SE(X -y )= o+/2/n and as a result

B =Pr{[X -y <2Z ,0/\In]N[2Z,,0/n<x -F]6>0}

=Pr{[2Z,,0/\n <X -y <2Z,,0/n]6>0} (7a)
_8vn 8+/n

=d(\2Z —d(227,- 2 7b

2z, f> (N2Z,5- ) (7b)

Since the cdf of the standard normal density ®(z) is a monotonically increasing

function of z, comparing Eq. (6b) with Eq. (7b) shows that

O(\2Z,,,- ij:) >(Z,, - }C) & O(—2Z,,,- iﬁ)«b( Z,0- Sfi
The above two conditions lead to
547 3
‘=@ \/EZ /27 O \/72 /27
ﬁ ( a \/7) ( a (5\/7
5/n 8n
O(Z,,— G\/—) O-Z2,,- cﬁ)_B'

and as a result 1- ' <1-, i.e., using individual CIs loses statistical power as illustrated

in Table 1 (for n = 10, 20, 40, 60 and 80 at oo = 0.05). Table 1 clearly shows that the Pr

23



Table 1. The Relative Power of Overlap as Compared to the Standard Method for

Different Sample Sizes n and 6 /(0'\/5) Combinations

9 Z P oo o ” = Pyi00%

n |ov2| 1-B | 1-8 - n o |ov2| 1-B | 1-8 1-B

10 0 0.050000 | 0.005575 88.850807 10 0.2 |0.096935 | 0.016535 82.941952
10 0.2 |0.096935 | 0.016535 82.941952 30 0.2 10.194775 | 0.046889 75.926797
10 0.4 |0.244141 | 0.065946 72.988712 50 0.2 |0.292989 | 0.087310 70.200085
10 0.6 |0.475101 | 0.190941 59.810521 70 0.2 |0.387332 | 0.136000 64.887986
10 0.8 | 0.715617 | 0.404396 43.489888 90 0.2 |0.475101 | 0.190941 59.810521
10 1 0.885379 | 0.651905 26.369907 110 | 0.2 | 0.554768 | 0.250096 54.918821
10 1.2 [ 0.966730 | 0.846828 12.402799 130 0.2 | 0.625674 | 0.311552 50.205361
10 1.4 [0.993192 | 0.951076 4.240407 150 0.2 10.687770 | 0.373606 45.678672
10 1.6 |0.999031 | 0.988926 1.011467 170 0.2 10.741418 | 0.434816 41.353531
10 1.8 1 0.999905 | 0.998251 0.165374 190 0.2 10.787231 | 0.494017 37.246245
10 2 0.999994 | 0.999809 0.018425 210 0.2 |0.825958 | 0.550319 33.372049
20 0 0.050000 | 0.005575 88.850807 230 0.2 |0.858407 | 0.603086 29.743564
20 0.2 |0.145473 | 0.030356 79.132788 250 | 0.2 |0.885379 | 0.651905 26.369907
20 0.4 |0.432158 | 0.162818 62.324449 270 0.2 |0.907642 | 0.696558 23.256232
20 0.6 | 0.765259 | 0.464729 39.271657 290 0.2 |0.925899 | 0.736982 20.403620
20 0.8 |0.947141 | 0.789850 16.606937 310 0.2 10.940785 | 0.773239 17.809209
20 1 0.994000 | 0.955465 3.876765 330 0.2 |0.952858 | 0.805484 15.466533
20 1.2 10.999671 | 0.995267 0.440547 350 0.2 |10.962600 | 0.833939 13.365991
20 1.4 |0.999991 | 0.999758 0.023375 400 0.2 |0.979327 | 0.890313 9.089308
20 1.6 | 1.000000 | 0.999994 0.000573 450 0.2 |0.988775 | 0.929332 6.011824
20 1.8 | 1.000000 | 1.000000 0.000006 500 | 0.2 |0.994000 | 0.955465 3.876765
20 2 1.000000 | 1.000000 0.000000 600 | 0.2 | 0.998354 | 0.983297 1.508145
40 0 0.050000 | 0.005575 88.850807 700 0.2 |0.999568 | 0.994127 0.544334
40 0.2 |0.244141 | 0.065946 72.988712 800 0.2 |0.999891 | 0.998043 0.184785
40 0.4 |0.715617 | 0.404396 43.489888 900 0.2 10.999973 | 0.999377 0.059617
40 0.6 |0.966730 | 0.846828 12.402799 1100 | 0.2 | 0.999999 | 0.999944 0.005488
40 0.8 |0.999031 | 0.988926 1.011467 1300 | 0.2 | 1.000000 | 0.999995 0.000444
40 1 0.999994 | 0.999809 0.018425 1500 | 0.2 | 1.000000 | 1.000000 0.000032
40 1.2 | 1.000000 | 0.999999 0.000072 20 0.5 |0.608779 | 0.296070 51.366706
60 0 | 0.050000 | 0.005575 88.850807 40 0.5 |0.885379 | 0.651905 26.369907
60 0.2 |0.340845 | 0.110745 67.508566 60 0.5 |0.972127 | 0.864590 11.062062
60 0.4 |0.872528 | 0.628007 28.024464 80 0.5 10.994000 | 0.955465 3.876765
60 0.6 |0.996402 | 0.969657 2.684165 100 0.5 10.998817 | 0.987066 1.176501
60 0.8 |0.999989 | 0.999693 0.029611 120 0.5 10.999782 | 0.996589 0.319361
60 1 1.000000 | 1.000000 0.000032 140 0.5 |0.999962 | 0.999167 0.079444
80 0 0.050000 | 0.005575 88.850807 160 0.5 |0.999994 | 0.999809 0.018425
80 0.2 |0.432158 | 0.162818 62.324449 180 | 0.5 |0.999999 | 0.999959 0.004033
80 0.4 |0.947141 | 0.789850 16.606937 200 | 0.5 | 1.000000 | 0.999991 0.000841
80 0.6 |0.999671 | 0.995267 0.440547 220 0.5 | 1.000000 | 0.999998 0.000168
80 0.8 | 1.000000 | 0.999994 0.000573 240 0.5 | 1.000000 | 1.000000 0.000032
80 1 1.000000 | 1.000000 0.000000 260 0.5 |1.000000 | 1.000000 0.000006

24




of type I error from two individual CIs is always larger than the Pr of type II error from

the Standard method (i.e., ' > ). Thus, the statistical power of Overlap method is less
than that of the standard method (1— ' <1-p). And, for fixed n, both 1-3 and 1- /'
increase as &/+/20 increases. Further, the power of the Overlap procedure very slowly
approaches that of the standard method as n increases. The difference in percent relative
power is obtained from {[(1-B)—(1-A8)]/(1-B)}100% = [(L'—B)/(1-P)]100% . Thus,
from Table 1, we can also conclude that if & /(\/EO') is fixed, as sample size increases, the

difference in percent relative power decreases. Figure 4 shows that the difference of the

Power Curve (n=50)

1.1

1 i
0.9 / ;
0.8 -
E 82 i —e— 1-Beta
o U ,
% 0.5 | //J —=—1-Beta
= 04 / Beta'-Beta
0.3 1
0.2 !
0.1 -
0 I T 1 1 1 = 5
I I NI R NGYe
Figure 4

power ((1-B)—(1- ") = f'—B ) increases first then decreases as &/ V25 increases at

fixed n = 50. See the summary conclusion in Table 2. To verify that the formulas for 3
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Table 2. Summary Conclusion of § and B’

o —
i ’ [—ﬂ B]1 00%
n % \/E b B 1-
fixed increasing | increasing then decreasing decreasing
increasing fixed increasing then decreasing decreasing

(Eq.(6a)) and B’ (Eq.(7)) are correct, we use the fact that if o = 0.05, then 1—y =

0.83422372710 (y = 0.165776273), which implies that the confidence level of each

individual interval must be set at 0.8342237271 in order to reject Hy at the 5% level iff

the two Cls are disjoint. Table 3 shows that the value of # at o= 0.05 from

the Standard method and the corresponding £’ from Overlap at y = 0.165776273 are

exactly equal.

Table 3. Type II Error Prs at a = 0.05 from the Standard Method and at o =

0.16578 from the Overlap Method

o paty= o [ aty=

n |nv2 [Bata=005 0165776273 | n | nv2 | B ata=0.05 | 0165776273
10 | 0 0.95 0.95 60 | 0 0.95 0.95

10 | 0.2 |0.9030645532 | 0.9030645532 | 60 | 0.2 | 0.6591548759 | 0.6591548759
10 | 0.4 |0.7558587930 | 0.7558587930 | 60 | 0.4 | 0.1274718000 | 0.1274718000
10 | 0.6 | 0.5248991294 | 0.5248991294 | 60 | 0.6 | 0.0035982047 | 0.0035982047
10 | 0.8 |0.2843833932 | 0.2843833932 | 60 | 0.8 | 0.0000113359 | 0.0000113359
10 | 1 |0.1146208592 | 0.1146208592 | 60 | 1 | 0.0000000036 | 0.0000000036
20 | o |0.9500000000 | 0.9500000000 ] 80 | 0 |0.9500000000 | 0.9500000000
20 | 02 |0.8545274876 | 0.8545274876 | 80 | 0.2 | 0.5678423724 | 0.5678423724
20 | 04 | 05678423724 | 05678423724 | 80 | 0.4 | 0.0528587903 | 0.0528587903
20 | 0.6 |0.2347406798 | 0.2347406798 | 80 | 0.6 | 0.0003288883 | 0.0003288883
20 | 0.8 |0.0528587903 | 0.0528587903 | 80 | 0.8 | 0.0000001021 | 0.0000001021
20 | 1 |0.0059995300 | 0.0059995300 | 100 | 1 | 0.0000000000 | 0.0000000000
40 | o |0.9500000000 | 0.9500000000 | 100 | 0 | 0.9500000000 | 0.9500000000
40 | 02 |0.7558587930 | 0.7558587930 | 100 | 0.2 | 0.4839947260 | 0.4839947260
40 | 0.4 | 02843833932 | 0.2843833932 | 100 | 0.4 | 0.0206733681 | 0.0206733681
40 | 06 |0.0332699421 | 0.0332699421 | 100 | 0.6 | 0.0000267215 | 0.0000267215
40 | 0.8 |0.0009686482 | 0.0009686482 | 100 | 0.8 | 0.0000000008 | 0.0000000008
40 | 1 |0.0000063680 | 0.0000063680 | 100 | 1 | 0.0000000000 | 0.0000000000
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If the alternative is one-sided, H;: py — py> 0, clearly the expression for ' given

in Eq. (7b) stays in tact but the Standard method type II error Pr becomes 3 = ®( Z, —
8n/2/c), where 8 =, —p, . Because for8>0,8 =d(v22Z,,-8n/2/c) -
O(—~22,,-3Vn/2/6)>B=d(Z,, -3n/2/c) - ®(~Z,,~3vn/2/c) > B
=0(Z, ~-8Vn/2/c ), it follows that the impact of Overlap on type II error Pr for the

one-sided alternative is greater that that of the two-sided alternative. Note that 3

becomes equal to 3 only at 6 = 0.

3.2 The Case of Known but Unequal Variances
If variances of the two independent processes are known but not equal, then

statistical theory dictates that the two sample sizes should be allocated according to

o, xN o, XN
nX = B ny = 9 (8)
Oy +Gy (O +Gy

where N = n, + n, = the total recourses available to the experimenter. The sample size
allocations given in equations (8) lead to the minimum SE(X —y) = (o, +0)/ JN .

Schenker and Gentleman (2001) make similar statement as above but did not use

equation (8) to set the values of n, and n,. They use notational procedure by letting

/
Ox \/— Note that Schenker and Gentleman (2001) refer to the limiting value of

a/\/7

small-letter k as the SE ratio because they investigated the impact of Overlap on type |

and II error rates only when n, and ny, — oo. Since we discuss both limiting case
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(populations) and small to moderate sample size cases in this dissertation, the small k

| s
refers to the standard error ration for samples, ie, k = ——— and K refers to the SE

Sy/\/@

N
ratio for populations, ie, KZGX—nx = SE(X)/SE(y) . Clearly,
oyl ny,

SE(x-y)= \/J)f/nx+ai/ny = \/Kzai/ny +O';/l’ly
= o 14K I fn, =SE(7)V1+K* (9a)

Substituting equations (9a) into the Standard (1 — a)x100% CI: X -y +Z, 5 xSE(Xx - )
leads to

X - ~Z,,0 14K [ \fn < ix—py < X= 3+ Z,,0 V14K / Ja,  (9)
Thus, the Standard CIL equals to2Z, /20'),m / \/Z . Equation (9b) shows that the
null hypothesis Ho: px — py = 0 must be rejected at the LOS a. iff the CI in equation (9b)
excludes zero, or iff |i - §| > Za/zo'yM/\/Z. (9¢)

However, requiring that the two independent CIs must not overlap in order to
reject Ho: px — py = 0 at the LOS a,, is equivalent to requiring that either L(p,) > U(py) or

L(py) > U(py). These two inequalities lead to the Overlap rejection of Ho: i —py = 0 iff
X =] > Z,,0,/\In,+2,,0,/\[n, = Zy 50,0+ K)/ [n, (10)

Therefore, if the exact Pr of type I error is a but we reject Hy when the two independent

Cls are disjoint, the Overlap type I error Pr reduces to

o'=Pr[y —Zy)50, /0y >X +Z 50, /\ng HPI[X —Z,h0, /\ng >Y +Z, 50, /0y ]
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=2xPr( X—=V> Zyp0,(1+K)/ [n, ) =2xPH(Z > Z,p (1+ K)N1+K ) (11)
which is identical to that of equation (7) provided by Schenker and Gentleman (2001, p.
184) when their standardized difference, d, is set equal to 0. Eq.(11) shows that as K — 0

or 00, the value of «' slowly approaches the exact type I error probability o [consistent
with Table 3 on p. 3 of Payton et al. (2003)]. Further, since (1+K)/ V1+K? > 1 and

Zon(1+K)N1+K? >Z,, then a'=2xPr[Z> Z,,(1+K)/ N1+K? ] is smaller than o, =
2xPr(Z >Z,,), which means that the Overlap always leads to a smaller type I error Pr than

that of the Standard method, consistent with Figure 3 of Schenker and Gentleman (2001, p.
184). Table 4 shows the value of a'ata = 0.01and 0.05 for different K values. Note that
Table 4 values are valid for either Gaussian underlying distributions or for the limiting
values of ny and n,. Figure 5(a) and 5(b) show that as K increases, the value of o' slowly
approaches the exact type I error probability o.

To determine the minimum value of o' from Eq.(11), let g(K)= Z,,,(1+K)/

1 K(1+K)

V1+K? . The first derivative of gK)is g'(K)=Z,,,[ -
VI+K? Ja+K32)?

]. Setting

g'(K)=0 will lead to K= 1. To ascertain whether K=1 is a point of minimum or
maximum, the second differentiation yields:

—2K 31+ K)K? 1+K

g"(K)= Za/Z[(l+K2)3/2 (1+K2)5/2 - (1+K2)3/2

Substituting K =1 and Z 025 = 1.959964 into the above equation results in g"(1) =

—0.353553391 < 0, which shows that K =1 maximize g(K). Thus, ' has the minimum
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value at K =1, as shown in Table 4.

Table 4. The Type I Error Pr of Two Individual CIs with Different K at o = 0.05

0.004

0.002

/

and 0.01

K |d(@=0.05] k |d(@=0.05]| k |d'(@=001)]| k |d'(a=0.01)
1 0.005574597 6 0.024101169 1 0.000269717 6 0.003034255

1.2 0.005772632 7 0.026592621 1.2 0.000285833 7 0.003565806
1.4 0.006255214 8 0.028674519 1.4 0.000326631 8 0.004034767
1.6 0.006916773 9 0.030432273 1.6 0.000385984 9 0.004447733
1.8 0.007695183 10 0.031932004 1.8 0.000460718 10 0.004812093
2 0.008549353 11 0.033224353 2 0.000548586 11 0.005134764

2.2 0.009450168 12 0.034348214 2.2 0.000647644 12 0.005421799
2.4 0.010376313 13 0.035333699 2.4 0.000756080 13 0.005678348
2.6 0.011312004 14 0.036204361 2.6 0.000872186 14 0.005908733
2.8 0.012245574 15 0.036978819 2.8 0.000994382 15 0.006116572
3 0.013168478 16 0.037671953 3 0.001121233 16 0.006304887

3.2 0.014074567 17 0.038295773 3.2 0.001251466 17 0.006476214
3.4 0.014959516 18 0.038860068 3.4 0.001383967 18 0.006632687
3.6 0.015820399 19 0.039372889 3.6 0.001517779 19 0.006776110
3.8 0.016655348 20 0.039840912 3.8 0.001652089 20 0.006908016
4 0.017463296 21 0.040269717 4 0.001786217 21 0.007029710

4.2 0.018243773 22 0.040664002 4.2 0.001919599 22 0.007142316
4.4 0.018996754 23 0.041027747 4.4 0.002051774 23 0.007246798
4.6 0.019722537 24 0.041364351 4.6 0.002182369 24 0.007343994
4.8 0.020421655 25 0.041676725 4.8 0.002311086 25 0.007434630
5 0.021094804 26 0.041967382 5 0.002437694 26 0.007519342

Exact Type | Error (o =0.01) Exact Type | Error (o =0.05)
ootz
0006 |
@ [—r -

, /
LR RRRRRR R e R e
K T
Figure 5(a) Figure 5(b)
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As before, let O represent the amount of overlap length between the two

individual CIs. Similar procedure as in previous section yields
0=U(y) - L) = (F+Z,,%0,/Jn,)~(F~Z,,,x0,/\[n,)
= Zy (o [, +0, 1 n,)~(-7) (12a)
Let O, be the borderline value of O at which Hy is barely rejected at an a-level. From
Eq. (9¢), Ho: px = py must be rejected iff |i - §| >Z, /2aym /4/n, » which upon
substitution into (12a) results in
O = Zyp(o,/\fn +0,/n,) = (X-7)
= Zy (o, I, 40,/ ) = Zo 00 NI K 1 i,
Substituting o, / \/a =Ko,/ \/a in the above equation yields
0, = Z, (0, /Jn)x[1+K-1+K] (12b)
Eq. (12b) indicates that Ho must be rejected at the LOS o or less iff O < Z, . (o, /\/Z ) x
[1+K- m ]. Further, the span of the two individual CIs is
U() — L(w) = (X +Z,,x0, I \[n, ) = (F=Z,,x0,/[n,)

=Zya(0 I \fn +0, 1 n)+ (F-7) (12¢)

Thus, the exact percent a-overlap is given by

Zyia(oy I n +0, 1 fn,) = (E-7)

o= x 100%
Zaia(0y I \n, + 0,1 fn,)+(X-7)
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_ Z,1p0,(14K) /0, ~(x-7)
Za/zay(nK)/\/@Hf—y)

x100% (12d)

As before, o lies in the closed interval [0, 100%]. The % overlap in Eq. (12d) clearly

shows that as X —y >0 increases, the P-value of the test decreases, and Eq.(12d) shows

that the % overlap also decreases. Because Hy must be rejected at the LOS a or less iff
|X=y[2 Z,,,0,N1+ K?/ , the maximum % overlap above which Hy cannot be

rejected at an a-level is given by

210,04 K) [0, = Z,, 1,0 N1+K? [ [n,

o (k) =
2120, (4 K) [ [0, + Z, p0 N1+K /[,

x 100%

1+ K —+1+K?

1K+ I+ K

Eq. (12¢) shows that the maximum prevent overlap doesn’t depend on a and reduces to

x 100% (12¢)

/
17.1573% when K = it \/7 = 1. It can be verified that the 1* derivative of o, (K)is

o
2-2K

VI+ K x(1+K+41+K?)?

derivative of o, (K)at K =11is —0.121320344, which means that K = 1 maximizes the %

o, (K)= whose root is K = 1. Moreover, the value of the 2™

overlap and the null hypothesis Ho: px = py must be rejected at any o if the overlap does not
exceed 17.1573%. The farther K is from 1, the smaller the amount of allowable overlap
becomes (i.e., the Overlap procedure becomes less deficient). For example, at K =2 or
0.50, the % overlap reduces to 14.5898%. This implies that when the limiting SE ratio is K

=2 or 0.50, the two individual CIs can overlap up to 14.5898% and Hy: i = py must still
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be rejected at the LOS a or less. At K =3 or 1/3, the % overlap reduces to 11.696312%
below which Hy must be rejected at a or less level; at K = 10, it reduces to 0.04513682. As

K — 0 or oo, @, — 0 so that the Overlap procedure very gradually approaches an exact a-

level test [consistent with Table 3 of Payton ef al. (2003, p. 3)]
Furthermore, what should the individual confidence level, (1- y), be so that
comparisons of individual CIs will lead to the exact a—level test? From Eq.(12c¢), the

corresponding span of two individual CIs at confidence level (1- ) 1s U'(px) — L'(py) =

Z,,0,(+ K)/\/ZJr (x—=y). From Eq.(9¢), Ho: px — py = 0 must be rejected at the LOS
aiff [X — ¥ > Z,,0,V1+K*/ [n, . Substituting the critical limitX - 5= Z,,(c,/\[n,)
xv1+ K’ into U'(uy) — L'(py) results in U'(ny) = L'(1y) = Z, 50, (1+ K)/\/Z +
Z,,0,N1+K?*/ \/Z . Furthermore, the (1 — a)x100% CIL from the Standard method is

equal to2Z,,0 V1+ K?/ \/Z . Thus, the individual confidence levels, (1— ), should be

set as follows which in turn leads individual CIs to an exact a—level test.
> Z,,0,(+K)/Jn, + Z,,0 N1+K* 1 fn, = 2Z,,0 N1+ K>/ [n,
> Z,,0,(+K)/Jn, = Z,,0 1+ K / [n,
>y = 2x®[-Z, W1+ K2 [(14K)] (13)

Eq.(13) shows that the level of each CI must be set at (1 —y) = 1-2x®D[-Z, ,V]1+ K?/

(1+K)] in order to reject Hy at o LOS iff the two Cls are disjoint, which is in agreement

with Eq.(8) of Payton et al. (2003, p.2). To verify this assertion, let q(K) =
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~Z,,,N1+K? /(1+K). The 1* derivative of q(K) is given by ¢'(K)=

K _V1+K?
JI+K2(1+K) (1+K)?

. Setting ¢'(K)= 0 results in K =1. Moreover, the 2nd

d*q(K
derivative of q(K) is %‘ Kol = —0.346476 <0, which implies K =1 maximizes q(k)
K -

and in turn also maximizes y. Table 5 shows that as K increases toward 1, y also

increases to reach its maximum and then decreases for the fixed o as K departs from 1.

TableS. Values of y Versus K at a = 0.05 and o = 0.01

a=0.05 a=0.01

K Y K Y K Y K Y
0.2 0.095783 35 0.112872 0.2 0.028594 3.5 0.037197
0.4 0.131601 4 0.106045 0.4 0.047523 4 0.033663
0.6 0.153132 4.5 0.100440 0.6 0.060458 4.5 0.030857
0.8 0.163187 5 0.095783 0.8 0.066863 5 0.028594
1 0.165776 6 0.088541 1 0.068548 6 0.025201
1.2 0.164038 7 0.083206 1.2 0.067415 7 0.022802
1.4 0.160015 8 0.079131 1.4 0.064818 8 0.021030
1.6 0.154931 9 0.075927 1.6 0.061587 9 0.019674
1.8 0.149483 10 0.073346 1.8 0.058189 10 0.018606
2 0.144051 20 0.061628 2 0.054869 20 0.014040
2.2 0.138834 30 0.057723 2.2 0.051746 30 0.012627
2.5 0.131601 40 0.055779 2.5 0.047523 40 0.011944

3 0.121265 50 0.054616 3 0.041713 50 0.011543

Lastly, the impact of Overlap on type II error probabilities for the known variance
normal case is investigated. Comparing Eq.(9c) with Eq.(10), it clearly shows that the

RHS of Eq. (10) is larger than that of Eq. (9¢)—>

Zy 120, (1+K)/ Jn, = Z,,0 N1+K> [ \[n, = Z,,,(0, / n, )1+ K -N1+K*)>0
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becausel+K > m . Thus rejecting Hyp when the two separate Cls are disjoint is
more stringent than using the SMD of X —y and will always lead to much less statistical
power.

The Standard method Pr of committing a type II error (assuming i, > L), using

Figure 3 is given by

B =Pr~Zy\02 /0y + 02 /0y SX ~F < Zya\f02 /ng+ 02 /ny 18] (14a)
Lot ingtoting =8 (5-3)-5  Zaiaoring+oiing 6
_— y 'y =% y < y =%
\/O'J%/nx+0'§/ny \/J%/nx+a)2,/ny \/Ug/nx+0')2,/ny
= Pt[~Z,,~8/\ol In,+0? In, <Z<Z,,~5/\ol In +7 In,] (14b)
sy, / sy n, /
= Pr|-Z, > —MSZSZ M (14c¢)

\/1+K2 @z \/1+K2

As in Schenker ef al. (2001), let d represent a standardized difference, i.e., d =

s Sy 1o,

\/ai/nx+0')2,/ny \/1+K2

. Thus, the above equation results in the following form:

B=0(Zy s —d)~D(~Zg 3 ~d) (14d)
Eq. (14d) is the same result as Schenker et al. (2001, p.184) in their formula (6), except

that they provide the equation for 1-8. Furthermore, when the null hypothesis Ho: pix — py

= 0 is not rejected at LOS a iff the two independent CIs (X —Zqn 0, /N, < pyx <X +

Zopoy /\ny ) and (Y—Zon 0y /, /ny <py < Y+ Zapoy/ ny ) are overlapping, the Pr of

a type II error (assuming p > ) from the Overlap method is given by
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' =Pr(Overlapl 8 > 0) = Pr{[ L(1,) U(s,) IN [ L(1,) SU(11,) It — py >0}

(o2 (o2
—Pr{[X -2, <y +Z,, 2 e 15>01

Jn

=Pr{{x -y <Z, =+Z, =N [-Z, -Z, <X =y]]lo>0}
[ y /2\/Z /2@ /2\% /2\/}1—r 7]
(o2 O o (o2
:Pr{[_Za/z = ~Z,y—=S<X-y=Z,,—/—~—*Z,, _y|5>0] (15a)
o o, o
~Z, ,(—=+—7=)-0 Z,,(A=+—F=)-0
T ess
O'i +ij O'f +‘77i Oi_i_o-j
n. o n, n. n, n. o n,
=Pr[—Za/2 (1+K) 3 o <7<7,. (I+K) 3 ) ]
J1+K? o o JI+K? o o
n, n, n. n,
1+ K 1+K
- 0(2,, 8 _g_0(-z,, L5 g (15b)

VI+K? VI+K?

where K> = V(%) / V(¥), and (1+K)/N1+K* = (o, /\[n, +0,/[n,)/

\/ Jf /n,+ 6)2} /n, . Thus, the PWF (power function) of the Overlap procedure in the

case of known-Variances is

(1+K) (1+K)

VI+K? V1+K?

The result in Eq. (15c¢) is the same as that of Schenker ef al. (2001, p. 184) in their Eq.(7),

1-pg'=®d-2,, —d) (15¢)

) + (D(_Za/Z

as they also provide the expression for 1 — 7 Schenker et al. (2001) just provide both

36



power functions without any explanation. The step by step derivations provided above

have not been presented in statistical literature. For the comparison of B and 3’ see Table

6A. In Table 6A, the comparison is done for both o = 0.05 and o = 0.01. As the table
shows, if d is fixed, as k increases, the type II error Pr increases. If'k is fixed, the type I1
error rate decreases as d increases. Thus, as Table 6A shows, the probability of type II
error based-on Overlap is larger than that of the Standard method, i.e., the Overlap method
will lead to smaller statistical power. Secondly, when k is fixed, as d increases, ' —p is
not necessarily increasing or decreasing, this is consistent with figure 4 of Schenker and
Gentleman (2001). Furthermore, Table 6A shows that at a fixed K the difference in
percent relative power decreases as the standardized difference d increases for both o =
0.05 and oo = 0.01.

By definition, for an a-level test the relative efficiency of the Overlap to the
Standard method, assuming the same statistical power, is given by

RELEFF(Overlap to Standard) = RELEFF(O, ST) =(n, +n,)/(n, +ny) (15d)

where the type II error Pr of the Standard method is given by Eq. (14) and n’ is the
Overlap sample size for which #’= 3. The exact solution to n’ is obtained by setting the

first argument in Eq. (14b) to that of (15b), i.e.,

Zy s+ K)NTHK? = 8/,[6? /n\ +02 /i, =Zy 05 = 8702 /n, +62/n,  (15¢)

Schenker and Gentleman (2001) state in their section 3 that the minimum ARE is

72 which clearly occurs at their limiting SE ratio of k= 1. We could obtain their value if

we equate the argument of B on the RHS of Eq. (14a), Z, Gi /n, + 0_\2/ /ny , to that of
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Table 6A. The Relative Power of Overlap with the Standard Method for Different

Sample Sizes n and o /(0\/5 ) Combinations for the Case of Known but

Unequal Variances

a =0.05 a=0.01
5 00 6. &Ly
ox | d |k| "B | 1I-F oc | d | k| I-B | 1I-F
0.2 |0.141| 1 |0.06898 | 0.00853 87.6361 0.1 [0.071] 1 |0.01224|0.00035| 97.10660
0.4 ]0.283| 1 |0.09352|0.01281 86.3005 0.3 [0.212| 1 |0.01809|0.00060| 96.67198
0.8 |0.566| 1 |0.16323|0.02738 83.2293 0.5 10.354| 1 |0.02626 | 0.00100 | 96.17487
1 0.707| 1 |0.21026 | 0.03895 | 81.4745 1 0.707| 1 |0.06166 | 0.00333 | 94.60226
1.5 [1.061] 1 |0.36849|0.08705| 76.3756 1.5 [1.061| 1 [0.12973|0.00982 | 92.43060
2 1.414| 1 |0.58524 | 0.17459 70.1672 2 1.414| 1 |0.24539 | 0.02584 | 89.46857
0.2 |0.111| 2 |0.06445(0.00913 85.8305 0.1 |0.055|1.5]0.01172|0.00044 | 96.27097
0.4 |0.222| 2 |0.08220|0.01256 84.7235 0.3 |0.166|1.5|0.01598 | 0.00066 | 95.86846
0.8 |10.444| 2 [0.12947 [ 0.02295| 82.2715 0.5 10.277[1.5|0.02153 | 0.00099 | 95.42442
1 0.555| 2 | 0.15994 | 0.03052 | 80.9184 1 0.555|1.5]0.04327 | 0.00255 | 94.10605
1.5 [0.832| 2 |0.25936 | 0.05930 77.1341 1.5 [0.832|1.5]0.08120 | 0.00614 | 92.43297
2 1.109] 2 |0.39501 | 0.10771 72.7329 2 1.109]1.5]0.14253 | 0.01379 | 90.32345
0.2 |10.089| 2 |0.06141[0.01108 81.9557 0.1 ]10.045| 2 |0.01137]0.00065| 94.30995
0.4 |0.179| 2 |0.07490|0.01426 80.9631 0.3 |0.134| 2 |0.01462|0.00089 | 93.87954
0.8 |0.358| 2 [0.10911]0.02310| 78.8304 0.5 [0.224| 2 |0.01866 | 0.00123 | 93.41816
1 0.447 | 2 10.13034 | 0.02908 77.6870 1 0.447| 2 |0.03329)0.00262 | 92.11581
1.5 |0.671] 2 [0.19735]0.05014 74.5919 1.5 |0.671] 2 |0.05678|0.00535| 90.57311
2 0.894 | 2 |0.28663 | 0.08272 71.1422 2 0.894| 2 |0.09268 | 0.01042 | 88.75241
0.2 |0.074| 3 |0.05934[0.01338| 77.4461 0.1 ]10.037[2.5]0.01113 0.00093 | 91.64804
0.4 ]0.149| 3 |0.07008 | 0.01643 76.5492 0.3 ]0.111[2.5]0.01372]0.00121 | 91.19269
0.8 [0.297| 3 |0.09634 | 0.02441 74.6610 0.5 [0.186|2.5|0.01684 | 0.00156 | 90.71390
1 0.371| 3 |0.11216 | 0.02953 73.6684 1 0.371]2.50.02749 | 0.00291 | 89.40730
1.5 |0.557| 3 |0.16065 | 0.04652 71.0407 1.5 |0.557|2.5|0.04351[0.00525| 87.93005
2 |0.743| 3 |0.22353 |0.07109 | 68.1980 2 10.743|2.5|0.06680 | 0.00918 | 86.26369
0.2 |0.063| 3 |0.05787|0.01569 | 72.8768 0.1 |0.032| 3 |0.01095|0.00125| 88.56141
0.4 |0.126| 3 |0.06673 |0.01864 72.0702 0.3 [0.095| 3 |0.01310|0.00156 | 88.09595
0.8 |10.253| 3 |0.08783|0.02600 70.3948 0.5 |0.158| 3 |0.01562|0.00193 | 87.61275
1 0.316| 3 |0.10023 | 0.03054 | 69.5255 1 0.316| 3 |0.02385 | 0.00326 | 86.32330
1.5 [0.474| 3 |0.13738|0.04498 | 67.2582 1.5 [0.474| 3 |0.03560|0.00537 | 84.91009
2 0.632| 3 |0.18434 | 0.06479 | 64.8547 2 0.632| 3 |0.05197|0.00865| 83.36362
0.2 |0.055| 4 [0.05678|0.01788 | 68.5051 0.1 |0.027|3.5]0.01082|0.00159 | 85.26635
0.4 |0.110| 4 |0.06430|0.02072| 67.7825 0.3 ]0.082|3.5|0.01265 | 0.00192 | 84.80442
0.8 |0.220| 4 |0.08183|0.02758 | 66.2952 0.5 |0.137[3.5|0.01475|0.00231 | 84.32904
1 0.275| 4 |0.09194 | 0.03169 | 65.5304 1 0.275|3.5]0.02139 | 0.00362 | 83.07963
1.5 [0.412] 4 |0.12165|0.04433 | 63.5559 1.5 [0.412|3.5]0.03048 | 0.00557 | 81.73909
2 |0549| 4 |0.15839|0.06099 | 61.4915 2 |0549|3.5]0.04273 | 0.00842 | 80.30232
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(15a), namely 7, —== /2 and letting 64 = &y and n, = ny = n, but this seems to

a/2 \/7

ignore the true mean difference & = i, — L.
There are a numerous solutions for the Overlap sample sizes n’, and n; from Eq.
(15e) that must be at least as large as ny and ny in order to make the Overlap attain the
same statistical power as the Standard method. Fortunately, an exact solution can be
obtained only when G, = o, and n, = n, because it will be shown below that optimum
efficiency will be achieved if n’y=n'y and as a result the above equation reduces to
Zo,ozs\/z - (S/G)m =Zg.025 — (S/G)m
The solution to this last equation is
Vi’ = Zy,005(2=+2)/(3/ 0)+ Vn (151)
Eq. (15f) clearly shows that as &/c increases, the value of n’ decreases. Further, as n
increases, the RELEFF of Overlap to the Standard method (n/n") increases. In fact, the
larger d/c is, the faster the RELEFF(O, ST) approaches 100% as n — oo,

To obtain a rough approximation to (15¢), we compare the 1* statement for B with

the 4" statement for 4"and equate \/ o /n + 0?, /ny to o /\n, +o,//n, . Dividing

both sides of the last equality by o, / \/Z yields V1+K? = \/nx /n + K\/ny /n), , where

o,/
\/7 is called the SE ratio. The equation V1+K? = \/nx /n. + K\/ny /n,

O

shows that the solutions n} and n{, do not depend on the specific values of o and oy but
rather only on their ratioo, /o, . Unfortunately, the same cannot be said about the ratio
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R, =ny/ny, i.e., n and n’y do depend on the specific values of n, and ny, and not just on

their ratio R,. Further, the equation  1+K? = /n_/n’ +K n,/n, clearly shows that

when n} =nyand n{, =ny, the RHS reduces to 1+ K which obviously exceeds the LHS

\ 1+K? forall k. As K — oo, this last equation also shows that n, — nyand ny —n,
so that the Overlap becomes an exact o-level test. When K > 1, the minimum n'x+n
occurs (i.e., the Overlap achieves its maximum relative efficiency) when n'y > n’y and

vice a versa when K < 1. It seems that we have a constrained optimization problem

where (nc+ny)/( '+ n'y) is to be maximized subject to the nonlinear constraint /n_/n. +

Kyn, /n, =+ 1+ K? . The solution to this optimization can be obtained through the
use of Lagrangian multipliers as shown below.
The objective is to maximize f(n'y, ny) = (nctny)/(n'xctnl ) subject to 4/ 1+ K? -

Jn/n, =K n, /n, =0and hence it is sufficient to maximize f(n'y, ny) = N/(n'x+n})

+ My 1+K? - \/nx /n! —K\/ny /n;, ), where N = ny+ ny and A is an arbitrary constant.
Taking the partial derivatives of f(n', n;) with respective to n'y & n'y and setting them
equal to zero yields:

of /an), = -N(n'x+n}) >+ M(fn, /2) () 2250

of /on), = -N(n'stn})? +A(K[n, /2)(n})~? S 50

Because A is a completely arbitrary constant, the above system is satisfied as soon as we

equate \/n, (n})~ to K fn, (n})>7,ie, n, (n})~?=Kn, (n;y)‘y2 N
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n, (n})> =K’n, (n})> > K’n,/n, = (n})~>/(n})> > K’n,/n= (n}/n})’ -
n,/n, = (K?n,/ n.)"?; thus the optimum solution is obtained if we select n’, and ny in

such a manner that their ratio n{, /nj is close to (K’n L, )3, Table 6B provides the

RELEFF of Overlap to the Standard for various values of 6/c only for the case of n, = n,
=n and 6, = 6y, = ¢ for which K = 1. When o, # Gy, there are uncountable ways that K

can equal 1, and therefore, the procedure is to solve nj and ny from (15f) and to
compute the RELEFF from the ratio of (nx+ny)/(ny + nj).

The results of this chapter verifies what has been reported in Overlap literature for
the limiting case (i.e., large sample sizes) by Goldstein H. & Healy MJR (1995), Payton
et al. (2000), Schenker N. & Gentleman J. F (2001), and Payton et al. (2003). Payton et
al. (2000) report some approximate Overlap results for smaller sample sizes (ny =ny =n
= 5(5) 50) but used simulation to obtain them instead of the exact normal theory as
applied here in Chapter 3. Further, it must be emphasized that the results reported in this
chapter will also apply to non-normal underlying populations only if both n, & n, > 60.
This is due the Central Limit Theorem (CLT) that states the sample mean distribution
from non-normal population approaches normality as n — o. In practice, the rate of
approach to normality depends only on skewness and kurtosis of the underlying
distributions. It is well known that both the skewness and kurtosis of a normal universe
are zero. The closer the skewness and kurtosis of the parent populations are to zero, the

more rapidly the means (X and y ) approach normality. For example, because the

skewness of a uniform distribution is zero and its kurtosis is —1.20, only samples of size

at least 6 are needed for the corresponding sample mean to be approximately normally
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Table 6B. RELEFF of Overlap to the Standard Method at a = 0.05 and K=1

0.2 0.4 0.6

RELEFF n  RELEFF RELEFF n  RELEFF RELEFF n  RELEFF

0.06676 25 021671 0.16864 25  0.40361 026117 25  0.52305
0.07858 30 0.23840 0.19175 30 0.43053 0.29037 30 0.54922
0.08945 35 0.25758 0.21201 35 045337 031519 35 0.5709%4
0.10895 40 0.27479 0.24634 40 047312 0.35577 40 0.58940
10 0.12617 50 0.30462 10 027479 50  0.50592 10 03814 50  0.61940
12 0.14163 60 0.32987 1202907 60 053236 12 041495 60 0.64305
14 0.15571 70 035174 14 0.32023 70 0.55438 14 043776 770 0.66237
16 0.16864 80  0.37098 16 0.33898 80  0.57313 16 045754 80  0.67859
18 0.18060 90  0.38814 18 035577 90  0.58940 18 0.47495 90  0.69248
20 0.19175 100 0.40361 20 037098 100 0.60370 | 20 049048 100  0.70456

o O L A|PB
o O WL A|PB
o O L AM|B

0.8 1 L5

RELEFF n  RELEFF RELEFF n  RELEFF RELEFF n  RELEFF

0.33898 25 0.60370 0.40361 25 0.66139 0.52305 25 0.75211
0.37098 30 0.62787 0.43658 30 0.68345 0.55501 30 0.76981
0.39760 35 0.64766 0.46358 35 0.70136 0.58052 35 0.78401
0.44009 40 0.66431 050592 40  0.71632 0.61940 40  0.79574
10 0.47312 50 0.69103 10 0.53823 50 0.74014 10 0.64822 50 0.81419
12 0.49994 60 0.71180 12 0.56411 60 0.75849 12 0.67081 60 0.82823
14 0.52240 70 0.72860 14 0.58553 70 0.77323 14 0.68919 70 0.83939
16 0.54162 80 0.74258 16 0.60370 80  0.78542 16 0.70456 80 0.84855
18 0.55836 90 0.75447 18 061940 90  0.79574 18 0.71769 9  0.85626
20 0.57313 100 0.76474 20 0.63317 100  0.80463 20 0.72908 100  0.86286

o O W A3
o O L A3
o O W A3

RELEFF n  RELEFF RELEFF n  RELEFF RELEFF n  RELEFF

0.60370 25 0.80463
0.63317 30 0.81927

n
0.66139 25 0.83883 4 070456 25 0.86286
0.68826 30 0.85126 5 0.72908 30 0.87365
0.65632 35 0.83092 0.70916 35 0.86112 6 0.74800 35 0.88217

0.69103 40 0.84050 0.90471 40 0.86919 8 0.77584 40  0.88914
10 0.71632 50 0.85546 10 076246 50  0.88175 10 0.79574 50  0.89995
12 0.73589 60 0.86677 12 0.77959 60 0.89119 12 081092 60  0.90805
14 0.75166 70 0.87571 14 0.79331 70 0.89864 14 0.82303 70 091443
16 0.76474 80  0.88302 16 0.80463 80 0.90471 16 0.83298 80  0.91962
18 0.77584 90  0.88914 18 0.81419 90  0.90978 18 0.84136 90  0.92395
20 0.78542 100 0.89437 20 0.82242 100  0.91411 20 0.84855 100  0.92764

0o o L MBS
o O W AMB

distributed. This is due to the fact that the skewness of the 6-fold convolution of a U(0, 1)

is zero (due to symmetry) while its kurtosis is —1.20/6 = —0.20. It can be shown that
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the kurtosis of an n-fold convolution of the U(0, 1) is exactly equal to —1.20/n (see
Appendix A). Further, our experience indicates [Hool J. N. and Maghsoodloo S. (1980)
and Maghsoodloo S. and Hool J. N. (1981)] that the 3" moment (skewness) plays a more
important role in normal approximation of a linear combination than the 4™ moment

(kurtosis).
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4.0 Bonferroni Intervals for Comparing Two Sample Means

The two independent 95% confidence intervals for each of the two population
means have a joint Pr of 0.95° of containing i, and Ly. Although, this concept of joint Pr
has not been considered in the Overlap literature, we consider it here to investigate its
impact on type I & Il error rates from the Overlap method. In order to compare two 95%
ClIs against a single 95% CI for p, — Ly, it may be best to use the Bonferroni concept so

that the overall confidence Pr (regardless of the correlation structure) of the two Cls is

raised from 0.95%=0.9025 to 0.95. This is accomplished by setting individual CI
coefficient at 1 — a =~/0.95 = 0.9746794345 so that the joint confidence level will equal
to (M ). To this end, let (1 — a) =0.95 (the subscript B stands for Bonferroni) =
0.9746794345; thus, ap =0.02532056552, which results in az /2 =0.01266028276 and
Z0.0126603 = 2.23647664456. Thus, the 97.468% confidence Pr statement for i is

Pr(X —Z0.0126603 04 /Ny < Hx < X +Z012660304 / /Ny ) =0.97468. As aresult, the
lower 97.468% Bonferroni CI limit for p is L(px) = X — Zo.0126603 O / /N and the

X

corresponding upper limit is U(ux) = X + Zo 0126603 O / /i resulting in the Bonferroni

CIL (confidence interval length) of CIL(1x) = 2xZo 0126603 O / /Dy . Following the same

procedure, the 97.468% CI for p, will be: L(ty) = Y — Zo.0126603 Gy /ny , U(uy) =y +

Z.0.01266 oy / ny, and the corresponding Bonferroni CIL(py) = 2Z 0126603 oy /, /ny .
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The Bonferroni confidence Intervals for p, and py will not change the 95% CI

for g, — u,, i.e., the 95% CI for p, — 4, is still the same as in Eq. (9b), as shown below:
X = Y= Z0.005 (0 \Jn ) N1+ K S gt =1, € X = § + 20,0950 /[ ) x V14K
The 95% CI in Eq.(9¢) shows that the Hy : px — py = 0 must be rejected at the 5% level of

significance iff |i - §1| > Z0.025(0 /n ) x N1+ K2, However, requiring that the two

separate independent CIs must be disjoint in order to reject Ho : px — py = 0 at the 5%

level, is equivalent to either L(p,) > U(py), or L(py) > U(px). These two possibilities lead

to either X — Zo_(nz()sﬁx /«/HX >y + 20.01266(5},/‘/11 ,0r 'y — ZO.01266(5y /,[Ily > X +

Zo01266 0y / \/1, , Tespectively. Inserting ay/ /ny =Ko, /4/n, into this last inequality

leads to the rejection of Hy iff

|i - ?| > Z01266030 /\/a+ZO.01266030y /\/Z = Zyo1e003 (1 + K)o, /\/Z (16a)
Thus the Bonferroni CIL for the Eq.(16a) is 2Z 0 (1 + K)o/ \/a . (16b)

Using the same procedures as in chapter 3, if we set the exact type I error at 5%
and reject Hy when the two independent Cls do not overlap; then the Bonferroni type I
error Pr reduces to

ag

= Pr(X +Z0.0126603

Oy = Gy = Oy = Gy
—==<Y —Z.0126603—= )T P1r(X —Z0.0126603—=="Y +Z0.0126603 —F=)
Jn, Jny Jny Jhy

201266030 (1 + K)/\/Z

2 2
\/ax/nx+0'y/ny

:ZXPT[)?_)_}>ZO.01266030-x(1+K)/\/Z}: 2xPr| Z >
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Zo 01266030 (1 +K)/ \/Z

=2xPt[Z > Zg16603 1+ KIN1+K? ] (17)
\/0'3 /n,+K*c2/n,

=2xPr| Z >

Eq. (11) leads toa' =2xPr[Z > Z, (55 (1+ K )/V1+ K? ]. Comparing Eq.(17) with Eq.(11),

Zo 0126603 (1K)

Z e b
m 0.025 W

Thus, the Bonferroni intervals lead to an even smaller type I error Pr than both o and &',

clearly, since Zo.0126603 > Z0.025 =

i.e., ap<a’<a. Using the same logic as before, the minimum a occurs at K = 1. Figure
6 shows that fromk =0.1to 10 and at a = 0.05 2 a <a'—ay <a'<o =0.05.

Moreover, Figure 6 shows that the minimum «j occurs when K =1 (or see Table 7).

The value of Type | Errors at a=0.05

0.035

0.03

0.025

= Alpha'(beta)
== Alpha'
alpha'-alpha'(beta)

0.02

0.015

Type | Error Pr

0.01

0.005
0
K
Figure 6

As before, let O represent the amount of overlap length between the two

individual Bonferroni CIs. Using the same procedure as the former section =
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Table7. Type I Errors for Overlap and Bonferroni Methods at a =0.05

K ap a' K ap o'

1 0.0015623 0.0055746 6 0.0100611 0.0241012
1.2 0.0016335 0.0057726 6.2 0.0103455 0.0246370
14 0.0018096 0.0062552 6.4 0.0106211 0.0251532
1.6 0.0020571 0.0069168 6.6 0.0108879 0.0256507
1.8 0.0023567 0.0076952 6.8 0.0111465 0.0261302

2 0.0026949 0.0085494 7 0.0113970 0.0265926
2.2 0.0030617 0.0094502 7.2 0.0116398 0.0270387
2.4 0.0034487 0.0103763 7.4 0.0118751 0.0274693
2.6 0.0038493 0.0113120 7.6 0.0121032 0.0278850
2.8 0.0042579 0.0122456 7.8 0.0123243 0.0282865

3 0.0046702 0.0131685 8 0.0125388 0.0286745
3.2 0.0050825 0.0140746 8.2 0.0127469 0.0290496
3.4 0.0054921 0.0149595 8.4 0.0129488 0.0294124
3.6 0.0058968 0.0158204 8.6 0.0131448 0.0297634
3.8 0.0062950 0.0166553 8.8 0.0133350 0.0301032

4 0.0066853 0.0174633 9 0.0135198 0.0304323
4.2 0.0070670 0.0182438 9.2 0.0136993 0.0307510
4.4 0.0074393 0.0189968 9.4 0.0138738 0.0310600
4.6 0.0078019 0.0197225 9.6 0.0140433 0.0313595
4.8 0.0081545 0.0204217 9.8 0.0142082 0.0316501

5 0.0084970 0.0210948 10 0.0143686 0.0319320
5.2 0.0088295 0.0217428 10.2 0.0145246 0.0322057
54 0.0091520 0.0223665 10.4 0.0146764 0.0324714
5.6 0.0094646 0.0229668 10.6 0.0148242 0.0327296
5.8 0.0097676 0.0235447 10.8 0.0149681 0.0329805

O =U(uy) — L) = (¥ +Z g156603 o, /\/a ) = (X = Zj 0126603 X O /\/Z)

:ZO.0126603(6x/\/a+0y/\/n7y)_()_C_.)_}) (18a)
Let O, be the border line value of O at which Hy is barely rejected at the 5% level.
From Eq. (9¢), Ho:px = py should be rejected iff |i - §| >Z0 0050 NT+HK? / \/Z .

Therefore, the value of

Or =Z, 4126603 (O-x /\/Z"' o, /\/Z) ~ Zy 5o N1+ K? /\/Z
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= (0 /Jny)x [20.0126603 (1+K)=Zp.025 W} (18b)
Eq. (18b) indicates that Hy must be rejected at the 5% or less level iff O< (o, / \/a ) x
[ZO.OI 26603 (1 +K)—=Z( 025 m } . Further, the span of the two individual ClIs is
Ut) = L(tty) = (X + Zyoraeers X0, 1) = (F = Zygrogens X0, /)

=(O'x/\/E)X[ZO.0126603(1+K)"’ZO.OZS V1+K2} (18c)

Thus, the percentage of the overlap length at the borderline condition for the Bonferroni

U(/JY)_L(/’IX) % 100%

case is given by
U(ILIX ) - L(/uy)

)

Z0.0126603 1+ K)—Zy 0p5V1+K
2

Z0.0126603(1+K)+Z 925 \/1 +K

— 1x100% (18d)

[ 2

Z0.0126603 (1 +K) = Zj g5 V1+K
2

Z0.0126603 1 +K) +Zg 025 \/1 +K

Zy—Z4 025K/ N1+ K? (Zs +Z 3K = Z s N1+ K )(Z + Z 0K /N1+K?)

Zp+ ZpK + Zy gps Y1+ K2 (Zy +Z K + Zg g N1+ K2 )2

Let h(K)= [

]. From Maple, 4'(K) =

(18e)

Plugging K = 1 into Eq.(18e¢), result in4'(K) |[x_;=0.117405174 -0.117405174 =0 and
h"(K) [g-;=-0.095648707-0.425286147+0.117405174-0.022459306= —0.425988985<0,

which implies that K =1 maximizes h(K). Thus, the maximum overlap occurs when
K=1 as before. Table 8 shows that, at the same K, the amount of overlap based on
Bonferroni concept is larger than that of two individual CIs at LOS of 0.05. As K

increases, the difference in overlap and Bonferroni overlap monotonically and slowly
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Table 8. The Impact of Bonferroni on Percent Overlap at Different K

Bonferroni| Overlap | Difference Bonferroni| Overlap | Difference
K |Overlap(%) (%) (%) K |Overlap(%) (%) (%)

1 23.481035 | 17.157288 | 6.323747 | 3.1 | 17.907989 | 11.453938 | 6.454051
1.1 | 23.427525 | 17.102324 | 6.325201 | 3.2 | 17.678328 | 11.219816 | 6.458512
1.2 | 23.286523 | 16.957512 | 6.329012 | 3.3 | 17.456447 | 10.993694 | 6.462753
1.3 | 23.082143 | 16.747656 | 6.334487 | 3.4 | 17.242089 | 10.775302 | 6.466787
1.4 | 22.832795 | 16.491705 | 6.341089 | 3.5 | 17.034990 | 10.564364 | 6.470625
1.5 | 22.552471 | 16.204060 | 6.348410 | 3.6 | 16.834880 | 10.360601 6.474279
1.6 | 22.251757 | 15.895613 | 6.356143 | 3.7 | 16.641492 | 10.163735 | 6.477758
1.7 | 21.938629 | 15.574565 | 6.364064 | 3.8 | 16.454562 | 9.973490 6.481072
1.8 | 21.619071 | 15.247062 | 6.372009 | 3.9 | 16.273829 | 9.789598 6.484232
1.9 | 21.297543 | 14.917681 6.379862 4 | 16.099042 | 9.611797 6.487245
2 | 20.977344 | 14.589803 | 6.387541 | 4.1 | 15.929955 | 9.439834 6.490121
2.1 | 20.660894 | 14.265901 6.394993 | 4.2 | 15.766332 | 9.273465 6.492867
2.2 | 20.349935 | 13.947753 | 6.402182 | 4.3 | 15.607946 | 9.112454 6.495491
2.3 | 20.045701 | 13.636613 | 6.409088 | 4.4 | 15.454576 | 8.956577 6.497999
2.4 | 19.749033 | 13.333333 | 6.415700 | 4.5 | 15.306015 | 8.805616 6.500399
2.5 | 19.460480 | 13.038464 | 6.422016 | 4.6 | 15.162061 8.659366 6.502695
2.6 | 19.180364 | 12.752325 | 6.428039 | 4.7 | 15.022524 | 8.517630 6.504894
2.7 | 18.908840 | 12.475065 | 6.433775 | 4.8 | 14.887219 | 8.380218 6.507001
2.8 | 18.645939 | 12.206705 | 6.439233 | 4.9 | 14.755973 | 8.246951 6.509022
2.9 | 18.391594 | 11.947169 | 6.444424 5 | 14.628619 | 8.117658 6.510960
3 | 18.145672 | 11.696312 | 6.449360 | 5.1 | 14.504998 | 7.992177 6.512821

increases toward the limit of 0.065892072.

Finally, the same conclusion as before can be reached that separate Cls lead to
larger type II error when Bonferroni concept is applied. The exact Pr of type IT error is
the same as Eq.(14) > B=D(Z,/, —d)-D(-Z,p —4d).

For S5 (B stands for Bonferroni) will be changed to

= Pr(Overlapl e —py =8) = Pr{[L(p,) SU(1,) 1N [L(,) U (1) 1| 8}

1+K 1+K

=@ (Zognasen W —d) = D (= Z, 126603 W

Table 9 clearly shows that the Bonferroni concept leads to the largest type I1 error Pr than

—d) (19)

other two methods, i.e., fp > f'>f. Because the Bonferroni Cls always have larger
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Table 9. Type II Error Pr for the Standard, Overlap, and Bonferroni Methods with

Different K and d Combinations

K | d B B P | k | d B B Pp

1 0 0.95 0.994425 | 0.998438 | 1.8 0 0.95 0.992305 | 0.997643
1 0.2 |0.921586 | 0.993461 | 0.998090 | 1.8 0.2 |0.921586 | 0.991068 | 0.997157
1 0.4 |0.881232 | 0.990392 | 0.996952 | 1.8 0.4 |0.881232 | 0.987161 | 0.995579
1 0.6 | 0.826159 | 0.984692 | 0.994725 | 1.8 0.6 | 0.826159 | 0.979999 | 0.992544
1 0.8 | 0.753937 | 0.975507 | 0.990896 | 1.8 0.8 | 0.753937 | 0.968656 | 0.987431
1 1 0.662927 | 0.961706 | 0.984708 | 1.8 1 0.662927 | 0.951936 | 0.979356

1.2 0 0.95 0.994227 | 0.998367 0 0.95 0.991451 | 0.997305

1.2 0.2 |0.921586 | 0.993237 | 0.998006
1.2 0.4 |0.881232 | 0.990085 | 0.996826
1.2 0.6 | 0.826159 | 0.984241 | 0.994523
1.2 0.8 | 0.753937 | 0.974842 | 0.990571 0.8 | 0.753937 | 0.96604 | 0.986044
1.2 1 0.662927 | 0.960747 | 0.984200 1 0.662927 | 0.948262 | 0.977248
1.4 0 0.95 0.993745 | 0.998190 | 2.5 0 0.95 0.989156 | 0.996352
1.4 0.2 |0.921586 | 0.992690 | 0.997798 | 2.5 0.2 |0.921586 | 0.987554 | 0.995662
1.4 0.4 |0.881232 | 0.989343 | 0.996518 | 2.5 0.4 |0.881232 | 0.98253 | 0.993443
1.4 0.6 | 0.826159 | 0.983155 | 0.994030 | 2.5 0.6 | 0.826159 | 0.973451 | 0.989250
1.4 0.8 | 0.753937 | 0.973245 | 0.989780 | 2.5 0.8 | 0.753937 | 0.959334 | 0.982342
1.4 1 0.662927 | 0.958455 | 0.982970 | 2.5 1 0.662927 | 0.938958 | 0.971701
1.6 0 0.95 0.993083 | 0.997943 0 0.95 0.986832 | 0.995330
1.6 0.2 |0.921586 | 0.991944 | 0.997508 0.2 |0.921586 | 0.984982 | 0.994490
1.6 0.4 |0.881232 | 0.988334 | 0.996090 0.4 |0.881232 | 0.979206 | 0.991807
1.6 0.6 | 0.826159 | 0.981690 | 0.993349 0.6 |0.826159 | 0.968852 | 0.986788
1.6 0.8 | 0.753937 | 0.971106 | 0.988699 0.8 | 0.753937 | 0.952921 | 0.978626
1.6 1 0.662927 | 0.955405 | 0.981300 1 0.662927 | 0.930202 | 0.966232

0.2 |0.921586 | 0.990111 | 0.996763
0.4 |0.881232 | 0.985887 | 0.995010
0.6 |0.826159 | 0.97818 | 0.991656

confidence bands, will always lead to larger % overlap and to smaller type I error and
larger type II error rates, they will not be henceforth considered.

Moreover, Figure 7 shows the three type 1 errors (B, 5', #; ) atk =1, 1.2, 1.5 and
2. These four figures clearly show the relation that 3 > ' > . In other words,

Bonferroni method will lead to the largest type II error.
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5.0 Comparing the Overlap of Two Independent ClIs with a Single CI for the Ratio
of Two Normal Population Variances
Because there are two different t-tests (pooled t-test and two-sample t-test) to

compare independent normal means when variances are unknown, it is prudent to pretest

Ho: 0')% = aﬁ at an a—level. Because statistical literature cautions against using the pooled
t-test unless there is convincing evidence in favor of Hy: oﬁ =2, then when testing
Ho: af = aﬁ just to ascertain to pool or not, the LOS a will be set much higher than 5%.

Consider a random sample of size ny from the normal universe N(LL, 0)2( ). Using

(n, —1)S7

2
O

X

the fact that the rv has a chi-square distribution with v, = n_—1degrees of

5 <(n—1)S3 )

I-a/2,vy 0_2 al2,vy
X

freedom, it follows that the Pr [ y ]=1-a. Rearranging this

last Pr statement results in the (1 — a)100% CI for ci ->

(0, =DSF _ > (n,=DS;

< (202)
Xal2y, A—a/2y,
.. 2 . 2 VxS)% C e 2
Hence, the lower CI limit for o} 1s L(o}) = and the upper CI limit is U( oy )
Xal 2,v,
V.82 . ) .
ZZ"—X. These CI lower and upper limits result in the confidence interval length
X-a/ 2,v,

52



v.S2 v.S?2
CIL(c3)=U(cy) ~ L(oy) = —*=*— — —*=*
Al—a/2,v, Kal2v,

L (20b)

_ ., Q2 1
= VieSix(— )
Zl—a/2,vx 7(0(/2,1/)r

The same procedure as above leads to the (1 — a)100% upper and lower CI limits for c§

n, —1)S? n, —1)8>
ssL(o2)= 2% yio2y = LT g
Xal2y, X-al2y,

1 1
CIL( Gz,) =vyS§ x[— ]. (20c)

2
Zl—a/Z,vy Za/Z,vy

With the above information, requiring that the two independent CIs must be

disjoint in order to reject Ho: o = ayz at the ax100% level is equivalent to either L( a)% )

. “1s2 (n, -S>
>U(J§)orL(0'§) >U(0'§), 1.e.,L(J§)>U(0'§)9(n§ )5 > (n, =15,
Xal2n-1  Xi-a/2n,-1

Thus, based on the Overlap procedure, reject Hy if

2
S v Xal2y :
FOZS_J;>_y><_2 x ,orFoz_x2>_y><Ca/2)Vx)Vy, (21a)
¥ Vs Zl—a/Z,vy ¥ x
2
Xal2
where C, 12y, = _2“ Ve
Zl—a/Z,vy
) ) (n,~DS}  (n,~-1)S2 . S V), Xiains
OrL(O'y)>U(6x) > > > )ZC X > —’;<— xz—x
Zcx/Z,vy Zl—cx/2,vx Sy Vy za/2,vy
: : S v,
> ReJeCt H() lfF():?<V— X Cl—a/2,vx,vy (Zlb)
¥y X
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However, the exact (1- a)100% CI for the ratio of the two independent normal

variances must be obtained from the Fisher’s F distribution as follows:

Consider two samples from N(pi, Gi) and N(p,, Gf, ), respectively. Thus,

(n, —1)S? . (n, —1)S; 2 [(n,-1)S?/51/(n, ~1)
et ; ——— s Py 1T
ot et T T e I 08 o),
SZ/O_Z
> Pr(Fi—a/Zvv 75 = a/2vv) l-a
L
% o, _S;
> S_j Fl—a/2,vy,v)r < 0}% < S_yz a/Z,Vy,vX (223)
> CIL = F( Fa/z,vy,vx _Fl—a/Z,vy,vx ), wherev, =n -1 andv, =n —1. (22b)

Then Ho: 0} = o, or Hy: o /o = 1 must be rejected at the ax100% level of
significance if the CI in Eq. (22a) excludes one; otherwise, Hy must not be rejected at the

2
ax100% level. Thus, based on the Standard procedure Hy: o7 = O'y2 (org—x2 =1) must be
o
y

, e S; :
rejected at the a level iff either Fy =S—§ <F_, 12y, OF Fo= S—’; >F, 120, (22¢)
y y

The Pr of type I error for the exact procedure (i.e., using the Standard method from the

null SMD of the ratio S> / S yz which isF, , )is a. This implies that Ho: 0> = o will be
X x>Vy X y
rejected at the a-level iff Fy ZSj/Sy2 <Fl—a/2,vx,vy ,or Fo ZSXZ/S/V2 >Fa/2’vx,vy . Therefore,

the type I error Pr for the two disjoint Cls (&) is given by

' (two disjoint Cls) = Pr[U(c}) < L(o,) ] + Pr[ L(03) > U(o;) ]
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(1, =DS7 (1~ DSy | (1 =0S} O sy

=Pr[ + Pr[

2
A—a/2,y, Xal2y, Kal2y, X-al2y,
2 2
2 2
14 M-a/2 SV Xal2
= Pr[ =2 <2 x —2‘” Va ]+ P2 > & —2‘1 Vs
S,V Vx za/2,vy y Vx Zl—a/Z,vy
S v s> v
_ x Y y
=Pr(%<—x Cl—a/Z,vx,vy )+ Pr(S—); > — x Ca/zj,,x’,,y)
¥y V.X y Vx
Vy Vy
= Pr( va,vy <V— X Cl—a/z,vx,vy )+Pr( va,vy >V— X Ca/z’vx’vy) (23)

X X
Table 10 gives the values of o and «'(where o' represents type I error Pr from the

Overlap procedure) for various values of v, andv,,, verifying the same conclusion as

before: the Overlap method always leads to a smaller type I error Pr than that of the null

sampling distribution of S? /S y2 , which is the Fisher’s F. Moreover, we have verified
thate' value depends on the sizes of v, and v, and not much on their ratio v, /v,,. Eq.
(23) can easily verify that at o = 0.01, as v, and v, increase, the Overlap type I error Pr,

o, decreases toward 0.000269717, while at o = 0.05 the value of «”decreases (from

0.017800531 at v, = v, = 1) toward 0.0055746, similar to the overlapping of Cls for

population means. For the special case thatn, =n,, =n, the rejection of Hy from the

y

Overlap method given by Eq. (21a) and Eq. (21b) is reduced to

2 2
S L Maian _
2 2 1-a/2,n—1

y Xa/2,n-1

- Reject Hy if either Fy =

2
S2  Xaizn-
> S =Cy o (24)

y ;(l—a/Z,n—l

or F():
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Table 10. The Values of a and o' for Various Values of v, and vy

o =0.05 o =0.01
ve | Yy | v /vs a ve | Yy | Vp/va a'
10 | 20 2 0.007839 | 10 | 20 2 0.000624
10 | 40 4 0.009969 | 10 | 40 4 0.000912
10 | 60 6 0011917 | 10 | 60 6 0.001182
10 | 80 8 0013579 | 10 | 80 8 0.001420

30 20 | 0.666667 | 0.006640 | 30 20 | 0.666667 | 0.000425
30 40 | 1.333333 | 0.006262 | 30 40 | 1.333333 | 0.000368

30 60 2 0.006818 | 30 60 2 0.000424
30 80 | 2.666667 | 0.007546 | 30 80 | 2.666667 | 0.000502
50 20 0.4 0.007611 | 50 20 0.4 0.000534
50 50 1 0.005954 | 50 50 1 0.000326
50 80 1.6 0.006228 | 50 80 1.6 0.000349
50 100 2 0.006611 | 50 100 2 0.000386
100 60 0.6 0.006233 [ 100 60 0.6 0.000346
100 80 0.8 0.005865 | 100 80 0.8 0.000308
500 | 500 1 0.005612 | 100 | 100 1 0.000297
1000 | 1000 1 0.005594 | 100 | 120 1.2 0.000300
20 30 1.5 0.006640 | 20 30 1.5 0.000425
40 60 1.5 0.006230 | 40 60 1.5 0.000355

80 120 1.5 0.006025 | 80 120 1.5 0.000322
100 | 150 1.5 0.005984 | 100 | 150 1.5 0.000315
20 40 2 0.007077 | 20 40 2 0.000473
40 80 2 0.006689 | 40 80 2 0.000400
2 2
2 2

80 160 0.006493 | 80 160 0.000365
1000 | 2000 0.006313 | 1000 | 2000 0.000333
40 100 2.5 0.007232 | 40 100 2.5 0.000456
60 150 2.5 0.007105 | 60 150 2.5 0.000430
100 | 250 2.5 0.007003 | 100 | 250 2.5 0.000410
1000 | 2500 25 0.006864 | 1000 | 2500 2.5 0.000383
30 150 5 0.010087 | 30 150 5 0.000798
40 200 5 0.009970 | 40 200 5 0.000765
50 250 5 0.009900 | 50 250 5 0.000746

5 5

5 5

100 | 500 0.009759 | 100 | 500 0.000706
1000 | 5000 0.009630 | 1000 | 5000 0.000671

From Egs. (22a & b), the rejection of Hy using Fisher’s F will be simplified as follows:

_Si/os o,

Fyyp1=—5 75 » thus, (1 — a)100% CIs for —3
Sy /O-y y
S: ol _ S
K 2 B S =5 = o5 Farzn-in (25a)
N o, Sy

56



From Eq.(25a), the length of the exact (1-a)% Cl is given by Fo(F, ;= Fi_, 0 100)-

Thus, Hy should be rejected if

S? S?
Fo :S—Z <F_g/2n-1n-1 O Fo :S—Z >Fyian-1.0-1- (25b)
y y

Comparing Eq.(24) with Eq.(25b), it can be verified (See Figure 8) that at the same

2
X-a/2,n-1
o-level, T = Cl—cx/Z,n71<Fl—a/2,n—l,n—l (262)
;(a/2,n—1
Zz
and 2a/2n1 _ Cojan-t > Fyjap1 0 foralln. (26b)

M- /2,n-1

The Reject Values of Chi and F . .
) distribution The Reject Values of Chi and F
Eq.(26a) distribution
9 Eq.(26b)
0.7
w» 06 I $ 200
S os —@— ChiSquare- 2 150 —@— ChiSquare-
S o4 Distribution i Distribution
g o3 F-Distribution g ™ F-Distribution
T 02 4 50
E o1
0 0 Frrre—
R I I G VIR R N 4
n-1 (df n-1 (df)
Figure 8

Furthermore, for the balanced n, =n, =n case, if the type I error Pr for the

y
Standard Method (Fisher’s F distribution) is & , the type I error Pr from the two disjoint

CIs (&), Eq.(23), is reduced to >

_Ds2 —1S? _1)s2 —1)S?
C(,ZPI‘[ (l;x I)Sx <(nJ2’ ) Y ]+Pr[ (nyzc I)Sx =~ (ny ) Yy ]
X-al/2n-1  Xa/2n,-1 Xal2n-1  Xl-al/2n,-1
S? S?
= Pr(S_;<C1—a/2,n—1) + Pr(S_; > Ca/2,n—1)
y y

=Pr(F,_; .1 <Cig/2p-1) T Pr(Eyy 21> Copio 1)
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2
Xa/2,n-1
=2%Pr(F,_; ;1 > Cpyp 1), Where Cp )y = —5— (27)

Xl-at/2,n-1
Table 11 shows that «'is much smaller than « for the special case thatn, =n, =n. As

in the case of testing Ho: pix = py at oo = 0.05, the value of Overlap type I error Pr seems to

slowly approach 0.0055746 as n — o0 and at oo = 0.01, " approaches 0.0002697.

Table 11. The Impact of Overlap on Type I Error Pr for the Equal-Sample Size

Case When Testing the Ratio 6)2( / 0§ Against 1

! !

n-1 o o n-1 o a
10 0.01 0.000585 10 0.05 0.007468
20 0.01 0.000418 20 0.05 0.006525
50 0.01 0.000326 50 0.05 0.005954
80 0.01 0.000304 80 0.05 0.005812
100 0.01 0.000297 100 0.05 0.005764
130 0.01 0.000291 130 0.05 0.005720
150 0.01 0.000288 150 0.05 0.005701
200 0.01 0.000283 200 0.05 0.005669
250 0.01 0.000281 250 0.05 0.005650
500 0.01 0.000275 500 0.05 0.005612
1000 0.01 0.000272 | 1000 0.05 0.005594
2000 0.01 0.000271 2000 0.05 0.005584
3000 0.01 0.000271 3000 0.05 0.005581

As before, let O represent the length of overlap between the Cls for o and of .
Thus, O is larger than 0 only if U(o3 ) > U(c}) > L(o3 ) or U(c} ) > U(o3 ) > L(o3 ).
Because both conditions lead to the same result only the case U( 0)2() >U( G?,) > 1( 0)2() is
considered, and without loss of generality the X-sample is the one with larger variance so
that S7 /87 > 1.
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2 2
VySy _ VxSx
2 2
ll—a/2,vy Za/2,vx

- Because of symmetry, O= U( G?,) —L( 0,2() = (28a)

Let O, be the maximum value of O at which Hy is barely rejected at the a level. From

2
Eq. (22c¢), Hy must be rejected iff Fy =% >Fy o,

y

v, Therefore, the borderline value of

O will occur when S =Sy2 xF, 2y Inserting this into Eq. (28a) will result in:

2 2
VySy VxSy x Fa/2,vx,vy ) Vy VxFa/Z,vx,vy
< - =52 x( - ) (28b)
r 2 2 y 2 2
Zl—a/z,vy Za/2,vx Zl—a/Z,vy Za/Z,vx

(n,-s2  (n,-DS;

The span of the two individual Cls is U( 0,2() — L(Gzy) =

2 2
Xl—a/2,n,-1 Xal2.n,-1
S2xF 2 F
Vioy a/2,vx,vy VySy ) Vy a/Z,vx,vv vy
= 3 - =S5, x( 5 ——— ) (28¢)
Zl—a/2,vx Za/Z,vy Zl—a/Z,vx Za/2,vy
Thus, the percent overlap at the critical limits is
vy VxFa/Z,vx,vy

2 2
_ U(O')%) - L(O')z() _ Zl—a/2,vy Za/z,vx
U(U)zf) - L(O‘?) VxFa/Z,vx,vy 1%

1x100%

T

Y

2 2
Al-a/2,v, Za/z,vy

2 2
v, xC X ¥, —v.xF X ¥,
b% al2yv.v al2y X al2y.v al2y
—( Yy y o TR )% 100%  (28d)
VX Ca/Z,Vx,vx XFa/2,vx,vy xZa/2,vy _Vy XZa/2,Vx

Table 12 shows that as v, and v increase, the percentage of the overlap approaches

17.1573% (although not monotonically). Further, once the % overlap exceeds Eq. (28d),

then Hy must not be rejected at the ax100% level. Further, it is the size of v and v, that
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Table 12. The % Overlap for the Different Combinations of Degree of

Freedom at oo = 0.05.

Overlap Overlap
Vi vy vy /vy (%) Vx Vy [Vy!Vs (%)
10 5 0.5 13.92184 10 12 1.2 10.91515
10 10 1 11.54543 20 24 1.2 13.50590
10 15 1.5 10.15131 40 48 1.2 15.04864
10 20 2 9.18956 60 72 1.2 15.62065
10 25 2.5 8.46961 80 96 1.2 15.92389
20 10 0.5 16.24648 100 120 1.2 16.11365
20 20 1 14.11596 150 180 1.2 16.37981
20 30 1.5 12.73993 300 360 1.2 16.67183
20 40 2 11.73402 500 600 1.2 16.80378
20 50 2.5 10.95112 700 840 1.2 16.86607
40 20 0.5 17.20430 800 960 1.2 16.88670
40 40 1 15.57376 900 1080 1.2 16.90327
40 60 1.5 14.35904 1000 | 1200 1.2 16.91691
40 80 2 13.40830 2000 | 2400 1.2 16.98483
40 100 2.5 12.63712 3000 | 3600 1.2 17.01169
60 30 0.5 17.40395 10 15 1.5 10.15131
60 60 1 16.08722 20 30 1.5 12.73993
60 90 1.5 14.98840 40 60 1.5 14.35904
60 120 2 14.08884 60 90 1.5 14.98840
60 150 2.5 13.34073 80 120 1.5 15.33298
80 40 0.5 17.45225 100 150 1.5 15.55403
80 80 1 16.34928 150 225 1.5 15.87382
80 120 1.5 15.33298 300 450 1.5 16.24474
80 160 2 14.47217 500 750 1.5 16.42384
80 200 2.5 13.74343 700 1050 1.5 16.51241
100 50 0.5 17.45418 800 1200 1.5 17.76296
100 100 1 16.50824 900 1350 1.5 16.56697
100 150 1.5 15.55403 1000 | 1500 1.5 16.58737
100 200 2 14.72328 2000 | 3000 1.5 16.69266
100 250 2.5 14.01021 3000 | 4500 1.5 16.73654

determines the % overlap and not the ratiov, /v, . For the case thatn, =n, =n, the

percent overlap in Eq.(28d) reduces to

1 Fo 2 n1n1
Dy S e
_ U(O'Y)—L(O'X) _ Al-a/2,n-1 Aa)2,n-1 100%
N U(G)Z( ) - L(O}%) [ 2 Fa/Z,n—l,n—l ] °
(n—=DS; x| -— ]
X-a/20-1 Xaj2,n-1
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1 _ Fa/2,n—l,n—1

2 2
Al-a/2,n-1 Xa2,n-1 Ca/Z,n—l _Fa/Z,n—l,n—l

=

1x100% = [
Fa/2,n—1,n—1 _ 1 Ca/z,n—l x Fa/z,n—l,n—l -

1x100% (29)

Z12—a/2,n—1 Zé/z,n—l
Eq.(29) shows that the rejection percent overlap between the two Cls for the ratio of
variances will increase as n increases. Further, @, in Eq. (12b) is also a monotonically
increasing function of a.. For example, at o = 0.05, n =2, @, = 0.1348%; atn =3, @, =
1.8781%; atn =135, .= 6.0921%; and at n =20 and o. = 0.05, @, = 13.9695%, while at n
=20and a =0.01, @ = 12.0224%. Matlab shows thatat v=n—1="7,819,285 df [note
that Matlab 7.6(R2008a) loses accuracy in inverting F at the 7" decimal place beyond
7,819,285 df], the 0.05-level overlap is 17.157261356%, which is very close to the
overlap for two independent normal population means discussed in section 2 (which was
17.157287525%). Further, for very small sample sizes within the interval [2, 4], the
Variance-Overlap method is almost an a-level test, like the case of CIs for normal

population means when 6= oy and K is far away from 1. See the illustration in Table 13.

Table 13. The % Overlap for the Case of o = 0.05 and ny=xy=n

Numerator |Denominator| Overlap Numerator |Denominator| Overlap
n-1 |of Eq.(31)| of Eq.(31) (%) n-1 |of Eq.(31)| of Eq.(31) (%)
10 0.12652 1.09587 11.54543 200 0.00067 0.00397 16.83011
20 0.03214 0.22770 14.11596 400 0.00023 0.00133 16.99303
30 0.01541 0.10223 15.07427 600 0.00012 0.00070 17.04763
40 0.00933 0.05990 15.57376 800 0.00008 0.00045 17.07499
50 0.00637 0.04014 15.88014 1000 0.00005 0.00032 17.09142
60 0.00469 0.02917 16.08722 1200 0.00004 0.00024 17.10239
70 0.00363 0.02237 16.23652 1300 0.00004 0.00021 17.10661
80 0.00291 0.01783 16.34928 1400 0.00003 0.00019 17.11022
90 0.00240 0.01462 16.43743 1500 0.00003 0.00017 17.11336
100 0.00202 0.01227 16.50824 2000 0.00002 0.00011 17.12433
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Now, what should the individual confidence level 1 — y be so that the two

independent CIs lead to the exact a-level test on Hy: 0)2( = G?,. The expressions for the

_1s2 _1s2
two 1—y independent Cls are given by MS ciﬁ M , (30a)
Ayi2p, Al—y2,v,
-1)s2 -1)s?2
and M < Gf/ < M (30b)
Zy/z,vy Z1—y/2,vy

From Eq.(30a) and Eq.(30b), the overlap amount of two individual CIs at confidence
level (1-1y) is U'( Gi) -L'( 0)2() . Therefore, we deduce from (30a &b) that

2

v 2 v o Sy
U(c}) - LY(03) = — ¢
M—yl2y,  Xyl2y,

2
VxSx

(30¢)

Because Ho: 6)2( =o’

y must be rejected at the ox100%-level as soon as Eq.(30c) becomes

zero or smaller, we thus impose the rejection criterion S i /S 5 > Fy» (where for the sake

of convenience Fop=F, ),

, ) into Eq. (30c). In short, we are rejecting Hy: G§= G%y as

soon as the two independent Cls in (30a) and (30b) become disjoint. This leads to

2 2
v.,S v.F,»S
rejecting Hy: 6)2( = c5§ iff U'( G?,) -L'( 0)2() = 2y y _Z 20[/2 L <o. (31a)
Ai—yl2v, Ayi2y,

At the borderline value, we set the overlap amount at LOS y in inequality (31a) to 0 in

2 2
v,S v ., nS v v.F
order to solve for y > 2% - = 2a L =0 > 5 L "2 a/2 0
Zl—y/Z,vy /%//2,\/)( Zl—;//2,vy Z}//Z,vx
2

v.F v v.F Ayi2 v F

Lan _ y Lan _ Ay2v Lan _
> 5 = > s x> y _C7/2,vx,vy (31b)

Z}//Z,Vx ll—j//Z,Vy y Zl—}//Z,Vy y
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where Fy, = E

0L/2,vx,vy

and C,pp, , = Zﬂg/lvx / le—y/z,vy . Eq. (31b) clearly shows that

Vy
the value of y depends on the LOS o of testing Hy: (5)2( = (53, and the sample sizes ny and
ny. For example, when o = 0.05, n, =21 & ny = 11 Eq. (31b) reduces to 2F 02520,10 =
C, 220,10 zlf/z,zo /}(12—;//2,10 — 2x3.4185= Zf/z,zo /}(12—;//2,10 — 6.8371 = Z;%/z,zo/
;(12_7 /2.0 - Through trial & error the solution to this last inequality is y/2 = 0.0712
(y=0.1424). In turns out that as long as v, = 2vy, the required confidence level for the
two independent CI on 6)2( and G?, must be set approximately equal to 1-2x0.0712 =
85.76%. Further, if vy = 2v, the required confidence level for the two independent CI on
0,2( and G§ must be set approximately equal to 1-2x0.083 = 83.40%. In the case of
balanced design (i.e., when v, = vy) Eq. (31b) reduces to

Foiontn1 =Chna (31c)
It can be verified that the approximate solution to Eq. (31¢) when a = 0.05, n-1=10,
through trial & error, is y/2 = 0.079. Therefore, the individual CIs have to be set at

84.20%. For the moderate sample 10 < n <30, the approximate solution is 0.08. We used

Matlab to determine that un the limit (as n — 7,819,286 at 7 decimal accuracy), y/2 —
0.08288800. because MS Excel 2003 cannot invert ;(3 for df beyond v=1119. Tablel4
shows the value of y to make the two sides of Eq.(31b) equal for different v and

v, ,combinations. Table 15 shows the cases whenv,, is kept fixed at 20 but the ratio

v, /v, changes from 0.5 to 50 causing y to become smaller and smaller.
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Table 14. The Overlap Significance Level, y, that Yields the Same 5%-Level Test

or 1%-Level Test by the Standard Method

a =0.05 a=0.01
vV, vy v, vy /4 Cy/2,vx,vy v, vy vy, vy /4 C7/2,VX Wy
10 20 0.5 | 1.38684 | 0.16658 | 1.38684 10 20 0.5 1.92350 | 0.06875 1.92350
20 40 0.5 | 1.03386 | 0.16560 | 1.03386 20 40 0.5 1.29921 | 0.06878 1.29921
30 60 0.5 | 0.90760 | 0.16489 | 0.90760 30 60 0.5 1.09372 | 0.06847 1.09372
40 80 0.5 | 0.83952 | 0.16440 | 0.83952 40 80 0.5 0.98697 | 0.06819 | 0.98697
50 100 | 0.5 | 0.79585 | 0.16402 | 0.79585 50 100 0.5 0.92002 | 0.06796 | 0.92002
60 120 | 0.5 | 0.76497 | 0.16373 | 0.76497 60 120 0.5 0.87343 | 0.06776 | 0.87343
80 160 | 0.5 | 0.72348 | 0.16329 | 0.72348 80 160 0.5 0.81179 | 0.06745 | 0.81179
100 | 200 | 0.5 | 0.69635 | 0.16297 | 0.69635 | 100 | 200 0.5 0.77209 | 0.06722 | 0.77209
200 | 400 | 0.5 | 0.63291 | 0.16211 | 0.63291 | 200 | 400 0.5 0.68121 | 0.06658 | 0.68121
500 | 1000 | 0.5 | 0.58092 | 0.16128 | 0.58092 | 500 | 1000 | 0.5 0.60881 | 0.06592 | 0.60881
1000 | 2000 | 0.5 | 0.55615 | 0.16117 | 0.55611 | 1000 | 2000 | 0.5 0.57498 | 0.06552 | 0.57499
2000 | 4000 | 0.5 | 0.53918 | 0.16075 | 0.53915 | 2000 | 4000 | 0.5 0.55207 | 0.06551 0.55203
10 10 1 3.71679 | 0.15810 | 3.71679 10 10 1 5.84668 | 0.05981 5.84668
20 20 1 2.46448 | 0.16189 | 2.46448 20 20 1 3.31779 | 0.06400 | 3.31779
30 30 1 2.07394 | 0.16317 | 2.07394 30 30 1 2.62778 | 0.06548 | 2.62778
40 40 1 1.87520 | 0.16382 | 1.87520 40 40 1 2.29584 | 0.06623 | 2.29584
50 50 1 1.75195 | 0.16421 | 1.75195 50 50 1 2.09671 | 0.06669 | 2.09671
60 60 1 1.66679 | 0.16447 | 1.66679 60 60 1 1.96217 | 0.06699 1.96217
80 80 1 1.55488 | 0.16480 | 1.55488 80 80 1 1.78924 | 0.06738 1.78924
100 | 100 1 1.48325 | 0.16499 | 1.48325 [ 100 | 100 1 1.68089 | 0.06761 1.68089
200 | 200 1 1.32045 | 0.16538 | 1.32045 | 200 | 200 1 1.44159 | 0.06808 1.44159
500 | 500 1 1.19185 | 0.16562 | 1.19185 [ 500 | 500 1 1.25956 | 0.06836 1.25956
1000 | 1000 1 1.13205 | 0.16570 | 1.13205 [ 1000 | 1000 1 1.17708 | 0.06846 1.17708
2000 | 2000 1 1.09164 | 0.16568 | 1.09164 [ 2000 | 2000 1 1.12214 | 0.06854 1.12213
10 5 2 13.23831 | 0.13278 | 13.23831 | 10 5 2 27.23636 | 0.04228 | 27.23640
20 10 2 6.83709 | 0.14239 | 6.83709 20 10 2 10.54803 | 0.04970 | 10.54800
30 15 2 5.28747 | 0.14629 | 5.28747 30 15 2 7.37349 | 0.05296 | 7.37349
40 20 2 4.57464 | 0.14848 | 4.57464 40 20 2 6.04306 | 0.05483 | 6.04306
50 25 2 4.15744 | 0.14990 | 4.15744 50 25 2 5.30448 | 0.05607 | 5.30448
60 30 2 3.88002 | 0.15092 | 3.88002 60 30 2 4.83030 | 0.05696 | 4.83030
80 40 2 3.52875 | 0.15230 | 3.52875 80 40 2 4.24979 | 0.05817 | 4.24979
100 50 2 3.31170 | 0.15320 | 3.31170 | 100 50 2 3.90249 | 0.05896 | 3.90249
200 | 100 2 2.84057 | 0.15532 | 2.84057 | 200 | 100 2 3.17944 | 0.06083 | 3.17944
500 | 250 2 2.48968 | 0.15705 | 2.48968 [ 500 | 250 2 2.66931 | 0.06234 | 2.66931
1000 | 500 2 2.33277 | 0.15786 | 2.33277 | 1000 | 500 2 2.44932 | 0.06305 | 2.44932
2000 | 1000 2 2.22893 | 0.15825 | 2.22900 | 2000 | 1000 2 2.30657 | 0.06352 | 2.30658
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Table 15. The Overlap Significance Level, 7, That Yields the Same 5%-Level Test

or 1%-Level Test by the Standard Method at Fixed v, and Changing v,

a=0.05 a=0.01
V_x VxFa/2 V_X VxFa/2

vV, vy vy, vy /4 C]//Z,VX V| Vy vy vy Vy /4 C}//Z,vx,vy
10 | 20 0.5 1.38684 | 0.16658 | 1.38684 | 10 20 | 0.5 1.92350 0.06875 | 1.92350
12 | 20 0.6 1.60550 | 0.16628 | 1.60550 [ 12 20 | 0.6 2.20674 0.06803 | 2.20674
16 | 20 0.8 2.03723 | 0.16445| 2.03723 | 16 20 | 0.8 2.76540 0.06611 | 2.76540
20 | 20 1 2.46448 | 0.16189 | 2.46448 | 20 20 1 3.31779 0.06400 | 3.31779
24 | 20 1.2 2.88907 | 0.15910 | 2.88907 | 24 20 1.2 3.86643 0.06192 | 3.86643
28 | 20 1.4 3.31194 | 0.15629 | 3.31194 | 28 20 1.4 4.41266 0.05995 | 4.41266
32 | 20 1.6 3.73362 | 0.15356 | 3.73362 | 32 20 1.6 4.95722 0.05811 | 4.95722
36 | 20 1.8 4.15445 | 0.15095 | 4.15445 | 36 | 20 | 1.8 5.50059 0.05641 | 5.50059
40 | 20 2 4.57464 |0.14848 | 4.57464 | 40 20 2 6.04306 0.05483 | 6.04306
50 | 20 2.5 5.62323 | 0.14287 | 5.62323 | 50 20 | 25 7.39659 0.05139 | 7.39659
60 | 20 3 6.67008 | 0.13802 | 6.67008 | 60 20 3 8.74765 0.04853 | 8.74765
70 | 20 3.5 7.71585 |0.13380 | 7.71585 | 70 20 | 3.5 | 10.09722 | 0.04612 | 10.09722
80 | 20 4 8.76092 | 0.13010 | 8.76092 | 80 20 4 11.44579 | 0.04407 | 11.44579
90 | 20 | 4.5 9.80550 | 0.12683 | 9.80550 | 90 20 | 45 | 12.79368 | 0.04229 | 12.79368
100 | 20 5 10.84972 | 0.12392 | 10.84972 [ 100 | 20 5 14.14107 | 0.04074 | 14.14107
110 | 20 | 5.5 | 11.89369 | 0.12130 | 11.89369 | 110 | 20 | 5.5 | 15.48809 | 0.03936 | 15.48809
120 | 20 6 12.93745 | 0.11894 | 12.93745 | 120 | 20 6 16.83483 | 0.03814 | 16.83482
130 | 20 6.5 | 13.98105 | 0.11679 | 13.98105] 130 | 20 | 6.5 | 18.18134 | 0.03705 | 18.18134
140 | 20 7 15.02453 | 0.11482 | 15.02453 [ 140 | 20 7 19.52768 | 0.03606 | 19.52768
1000| 20 50 |104.70358 | 0.07610 [104.70360{1000| 20 50 | 135.22825 | 0.01898 |135.22158

discussed. Comparing equations (21 a & b) with Eq. (22¢), because (v, /v )x C,

Next, the type I1 error Pr for both the F-distribution and separate CIs cases are

/2,vx,vy

> Foiow, vy and (v, /v )xC_, PI Fi gy, v (see the illustration in the Figure 7),

it follows that the disjoint CIs provide more stringent requirement for rejecting Hy. Thus,

the rejecting rule from two disjoint CIs will always lead to a larger Type II error Pr (or

much less statistical power) as illustrated below. By definition, 3 =Pr( Type II error) =

Pr(not rejecting Ho|Hy is false). Since H is assumed false, it follows that af #* ayz. Let A

:O-x/ay 90‘5 2120'5 Thus, B(ﬂ’):Pr(Fi—(Z/z,Vx,VySFO SFO{/Z,VX,V), | }L:O-X/O-y)
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> B(ﬂ') - Cdfva,vy (Fa/Z,vx,vy /12 )— Cdﬁvx,vy (Fl—a/Z,vx’vy //12) (32a)
And the Type IT error Pr of the two independent Cls is given by

B (2)=Pr{[L(c})<U(c?) N[ L(c>)<U(o?) Ik =§}

y

2 2 2 2
v.S v,S v,S v.S o
ZPI'{[ 2xx < 2y Y ]ﬁ[ 2)’ Y < 2xx ]|7\': x}
Za/Z,vx Zl—a/z,vy Za/Z,Vy Zl—a/Z,vx Gy
2 2
Ve Xical2 S v Xal2 o
=Pr{ L x g < X SRS =2y
Vi Za/Z,vy Sy Vx l’l—a/Z,vy O-y
_peil S Y o,
=Pr| X Cl—a/Z,vx vy =2 T X Ca/2 v, M ]
Vv, ST v, ;
2 2
o o
— y Y Y —x
_Pr[?x—xCl_a/ZvayS Vx,vyS?X_XCa/ZV Vy|7\,—0 ]
X X X X y

P« C <F, , <
I‘[?XZX 1—a/2,vx,vy— VeVy = i

_ L Y LYy
= Cd‘fF'Vx’Vy (? X Z X CO.’/Z,VX,Vy ) _Cd‘fF'Vx’Vy (? X Z X Cl—a/2,vx,vy) (32b)

Table 16 illustrates that the Type IT Error Pr from the two overlapping Cls (Eq.(32b)) is
larger than the corresponding exact value from the F distribution (Eq.(32a)). For the

casen, =n, =n, the type II error Pr, B(X) in Eq.(32a), is reduced to

y
> BOV= cdfF (Fypp i ot | A7) = cdfF (R _g 2 g/ A7) (33a)

As n increases, the second term on the RHS of Eq.(33a), cdfF( F;_ /2%) , becomes

a/2,n-1,n-1

smaller. For example at A, =1.6, Table 17 shows that when n > 10, the 2™ term is less

66



Table 16. The Relative Power of the Overlap to the Standard Method for Different
df Combinations at A=1.2
. (ﬁ)loo% , (ﬁ)loo%

Ve | Yy p B 1-B ve | Yy B B 1-B

10 | 10 | 0.91766 | 0.98481 81.55134 100 | 10 | 0.91207 0.96043 54.99654
10 | 20 | 0.89163 | 0.98041 81.92535 100 | 40 | 0.74692 0.91585 66.74959
10 | 30 | 0.87733 | 0.97509 79.69653 100 | 70 | 0.63397 0.87179 64.97326
10 | 40 | 0.86842 | 0.96990 77.12143 100 | 100 | 0.55858 0.83125 61.77049
10 | 50 | 0.86236 | 0.96505 74.61099 100 | 150 | 0.47954 0.75978 53.84462
20 | 10 | 0.91548 | 0.97991 76.22917 120 | 20 | 0.84992 0.94123 60.84118
20 | 20 | 0.87759 | 0.97518 79.72614 120 | 50 | 0.69250 0.89059 64.41798
20 | 30 | 0.85247 | 0.96921 79.12977 120 | 80 | 0.58356 0.84178 62.00594
20 | 40 | 0.83499 | 0.96306 77.61297 120 | 110 | 0.50857 0.79724 58.74004
20 | 50 | 0.82223 | 0.95707 75.85031 120 | 150 | 0.44078 0.74501 54.40270
40 | 20 | 0.86430 | 0.96531 74.43748 150 | 30 | 0.78694 0.91608 60.61311
40 | 30 | 0.82554 | 0.95716 75.44521 150 | 70 | 0.59415 0.83886 60.29563
40 | 40 | 0.79525 | 0.94876 74.97338 150 | 100 | 0.49836 0.78518 57.17595
40 | 50 | 0.77124 | 0.94041 73.95230 150 | 130 | 0.43027 0.73690 53.81970
40 | 60 | 0.75187 | 0.93229 72.71069 150 | 160 | 0.38045 0.69411 50.62713
70 | 20 | 0.85581 | 0.95410 68.16592 200 | 50 | 0.66561 0.85840 57.65517
70 | 40 | 0.76416 | 0.93059 70.56976 200 | 80 | 0.52932 0.79054 55.49954
70 | 60 | 0.69858 | 0.90724 69.22532 200 | 120 | 0.40562 0.70859 50.97174
70 | 80 | 0.65095 | 0.88509 67.07999 200 | 150 | 0.34220 0.65484 47.52817
70 | 100 | 0.61528 | 0.86454 64.78992 200 | 180 | 0.29514 0.60752 44.31852

Table 17. Type II Error for Different Degrees of Freedom (The Case of ny=n,=n)

Eq.(33a) | Eq.(33a) Eq.(33a) Eq.(33a)

v | A | 1term | 2" term B(L) v | A | 15term 2" term B(L)

5 1 0.975 0.025 0.95 21 1.6 | 0.4451093 5.2063E-05 0.4450573
5 1.2 | 0.9482959 0.0115 0.9367963 22 | 1.6 | 0.4243906 4.2048E-05 0.4243486
5 1.4 | 0.9090074 0.005788 0.9032193 23 | 1.6 | 0.4043861 3.4049E-05 0.4043521
5 1.6 | 0.8578487 0.003139 0.8547093 24 | 1.6 | 0.3850938 2.7639E-05 0.3850662
5 1.8 | 0.7971565 | 0.001811 0.7953453 | 25 | 1.6 | 0.3665092 2.2487E-05 0.3664867
5 2 0.7301745 0.0011 0.7290745 30 | 1.6 | 0.2838905 8.2591E-06 0.2838822
5 2.1 0.6954029 0.000872 0.6945313 35 | 1.6 | 0.2172298 3.1597E-06 0.2172266
10 | 1.2 | 0.9246265 0.006969 0.9176572 40 | 1.6 | 0.1644551 1.2481E-06 0.1644538
10 | 1.4 | 0.8361705 | 0.002117 | 0.8340535 | 45 | 1.6 0.123329 5.0597E-07 0.1233284
10 | 1.6 | 0.7168104 | 0.000705 0.716105 50 | 1.6 | 0.0917083 2.0959E-07 0.0917081
15 | 1.2 | 0.9024968 0.004697 0.8977997 55 | 1.6 0.067677 8.8419E-08 0.0676769
15 | 1.4 | 0.7639183 0.000929 0.7629895 60 | 1.6 | 0.0495987 3.7894E-08 0.0495986
15 | 1.6 | 0.5840969 0.000201 0.5838961 65 | 1.6 | 0.0361208 1.6465E-08 0.0361207
20 | 1.1 | 0.9400273 | 0.009206 | 0.9308214 | 70 | 1.6 | 0.0261534 7.2419E-09 0.0261534
20 | 1.2 0.880935 0.003341 0.877594 75 | 1.6 | 0.0188356 3.2198E-09 0.0188356
20 | 1.3 | 0.7969205 0.001215 0.7957056 80 | 1.6 | 0.0134984 1.4455E-09 0.0134984
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than 0.001 so that the 1* term on the RHS of (33a) gives the approximate value of
B(A=1.6) to 3 decimal accuracy once n > 10 and A >1.6, where v=n — 1 = degrees of

freedom. Thus, for the n, =n,, =n case, if the acceptance criterion is based on

y

overlapping of the two ClIs, then Eq.(32b) will be changed to

(5]

2 2 2
o - _ o _
By =P xSzl o p O Kzl O,
62 2 My 1,y 62 2 o
x Xal2,n-1 x Al-a/2,n-1 y
2 2
:PI‘[L Zl—a/Z,n—l < SL Za/Z,n—l ]
12 2 nx—l,nyfl /’12 2
Xa/2.n-1 M=/ 2.n-1
2
= cdfF(C 1 22)— cdfF(C / 22), where C = Lazwt 33y,
cdfF( al2n—1 ) — cdfF( l-a/2,n-1 ), Where al2,n-1 2 . (33b)
1-a/2,n-1

As the degrees of freedom, v(=n— 1) or A4 increases, the second term of the Eq.(33b),

cdfF(1/ /”LZC(Z /2.1-1), becomes smaller. For example, if v is fixed at 10, the cumulative

probability of the second term on the RHS of Eq.(33b) will be less than 0.001 when A =
1.2. Conversely, if 4 is kept at 1.2, the 2" term is less than 0.001 if v >9 (see the

illustration in Table 18). Based on the above discussion, Eqs.(33) can be approximated
as B =cdfF(Fypyp1,0/A7) and B (A)=cdfF(Chpnyy/ A’ (330)

2
Kozt _ 2 2
— Ca/Z,n—1> F%,n—l.n—l for all n and Ca/Q,n—l /A >Fa/2,n—1,n—l /A

1-a/2,n-1

In Eqgs.(26),

and as a result B'(A) = cdfF(Cp gy / A*) > cfF(Fy )y g0/ A7) =B(A), i, B is
larger than £ for all n. This conclusion is the same as that of testing the difference in

population means. Thus, the disjoint confidence intervals always lead to less statistical

power (1— ' <1-p) than the Standard method as illustrated in Table 19.
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Table 18. Type II Error Pr for Overlap Method at Different v and A Combinations

y p) CdfF[Cpyyp g /AP | dfF[1A(APChrny )1 | B(A)

5 1 0.995360773 0.004639227 0.9907215
5 11 0.992857478 0.002991257 0.9898662
5 1.2 0.989488051 0.001992928 0.9874951
5 1.3 0.985109718 0.001366314 0.9837434
5 1.4 0.979590495 0.000960523 0.97863
5 1.5 0.972814945 0.000690369 0.9721246
5 1.6 0.964688941 0.000506045 0.9641829
10 1 0.996265764 0.003734236 0.9925315
10 11 0.992320511 0.001754061 0.9905664
10 1.2 0.985665823 0.000856962 0.9848089
10 1.3 0.975349647 0.000434812 0.9749148
10 14 0.960474199 0.000228614 0.9602456
10 1.5 0.940325727 0.000124248 0.9402015
5 1.2 0.989488051 0.001992928 0.9874951
6 1.2 0.988854079 0.00162283 0.9872312
7 1.2 0.988136592 0.001352309 0.9867843
8 1.2 0.98735811 0.001146785 0.9862113
9 1.2 0.986531801 0.000985905 0.9855459
10 1.2 0.985665823 0.000856962 0.9848089

To evaluate the approximate RELEFF of Overlap relative to the Standard method,
we make use of Eq. (33¢) and determine ny & ny by equating 3’ (1) to B(L), i.e.,

1 v
Cdﬂ:(? x v_{ X Co.ozs,v;,vjv )= Cdfva,vy (FO.025,vx,vy /2%) (33d)
X
The approximate solution from (33d) is quite accurate for ny & ny > 10 and moderately

large values of A > 1.40. It is impossible to find a general closed-form solution from (33d)

for nj and n{, the values of which depend on ny, ny and A. Accordingly, we used MS

Excel to ascertain some knowledge about the Overlap RELEFF. Our findings are as

follows:
e As A increases the RELEFF increases. For example, at n, =ny = 20 and A = 1.20, the

RELEFF is 26.32% while at A = 1.6 the RELEFF is equal to 45.60%.
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Table 19. Comparison of Exact Type II Error Pr with That of the Overlap Method

for Different df and A Combinations

, (M)IOO% , (M)IOO%

v A B B 1-B v A B B 1-f

10 1 | 0.95000 | 0.99253 | 85.06306 10 | 1.5 | 0.77819 | 0.94020 73.04082
20 1 | 0.95000 | 0.99348 | 86.95072 | 20 | 1.5 | 0.57950 | 0.84388 62.87376
40 1 | 0.95000 | 0.99395 | 87.90145 | 40 | 1.5 | 0.28357 | 0.59492 43.45754
60 1 | 0.95000 | 0.99411 | 88.21829 | 60 | 1.5 | 0.12404 | 0.36520 27.53091
80 1 | 0.95000 | 0.99419 | 88.37660 | 80 | 1.5 | 0.05021 | 0.20201 15.98204
10 | 1.1 | 0.94135 | 0.99057 | 83.91660 10 | 1.6 | 0.71610 | 0.91441 69.85200
20 | 1.1 | 0.93082 | 0.98916 | 84.32517 | 20 | 1.6 | 0.46648 | 0.76677 56.28565
40 | 1.1 | 0.90933 | 0.98446 | 82.86491 40 | 1.6 | 0.16445 | 0.43432 32.29809
60 | 1.1 | 0.88746 | 0.97886 | 81.21252 | 60 | 1.6 | 0.04960 | 0.19999 15.82399
80 | 1.1 | 0.86531 | 0.97259 | 79.64573 | 80 | 1.6 | 0.01350 | 0.07962 6.70295
10 | 1.2 | 0.91766 | 0.98481 | 81.55134 10 | 1.7 | 0.65039 | 0.88283 66.48510
20 | 1.2 | 0.87759 | 0.97518 | 79.72614 | 20 | 1.7 | 0.36257 | 0.67786 49.46347
40 | 1.2 | 0.79525 | 0.94876 | 74.97338 | 40 | 1.7 | 0.08785 | 0.29250 22.43585
60 | 1.2 | 0.71313 | 0.91510 | 70.40623 | 60 | 1.7 | 0.01745 | 0.09560 7.95426
80 | 1.2 | 0.63369 | 0.87553 | 66.01992 | 80 | 1.7 | 0.00305 | 0.02598 2.29994
10 | 1.3 | 0.88125 | 0.97491 | 78.87485 | 10 | 1.8 | 0.58355 | 0.84576 62.96360
20 | 1.3 | 079571 | 0.94822 | 74.65377 | 20 | 1.8 | 0.27316 | 0.58303 42.63294
40 | 1.3 | 0.62785 | 0.87213 | 65.64046 | 40 | 1.8 | 0.04381 | 0.18296 14.55280
60 | 1.3 | 0.47869 | 0.77595 | 57.02151 60 | 1.8 | 0.00553 | 0.04061 3.52738
80 | 1.3 | 0.35514 | 0.67031 | 48.87405 | 80 | 1.8 | 0.00060 | 0.00723 0.66354
10 | 1.4 | 0.83405 | 0.96025 | 76.04383 10 | 1.9 | 0.51777 | 0.80383 59.32096
20 | 1.4 | 0.69286 | 0.90490 | 69.03678 | 20 | 1.9 | 0.20032 | 0.48840 36.02383
40 | 1.4 | 0.44469 | 0.74960 | 54.90758 | 40 | 1.9 | 0.02065 | 0.10721 8.83884
60 | 1.4 | 0.26610 | 0.57438 | 42.00565 | 60 | 1.9 | 0.00162 | 0.01561 1.40221
80 | 1.4 | 015124 | 0.41297 | 30.83713 | 80 | 1.9 | 0.00011 | 0.00177 0.16613

e The asymptotic RELEFF is 100% as ny, & ny — o. The larger A is, the more rapidly

the ARE (asymptotic RELEFF) approaches 100%. For example at ny =

ny =100 and A

= 1.20, the RELEFF is 48.10% while the corresponding RELEFF at A = 1.6 is equal to

73% and at A =2 is equal to 81%.

Unfortunately, our Overlap results in this section is not applicable to non-normal

underlying distributions as n — o because (n — 1)S%/c? is a quadratic form unlike X.
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6.0 The Impact of Overlap on Type I Error Probability of Hy: py = py for

Unknown Normal Process Variances and Small Sample Sizes

Since the population variances oﬁ and 0'5 are unknown, then their point unbiased

estimators S f and S 5 , respectively, must be used in order to make statistical inferences

regarding 05 / 0')2, and px—py. Thus, W) is not normally distributed but its

S,y
sampling distribution (SMD) follows that of the Student’s t [or simply “Student’s”] with

(n,—1) degrees of freedom. As a result

> Pr(X—ty0, 1S/, S <X+, 1S, /0 )=1-a (34a)
Hence, the lower (1—a )% CI for u, is L(£4,) =X —14/3 , 15« /\/Z , the corresponding
upper limit is U(z2,) =X +1,/5,, 1S, /y/n, . and

> CIL(,) =2X L1, 1Sy /[ (34b)
Similarly, L(4,) = ¥ ~t4/2,4, 15, /Jny U, =y +1, 120,15y /Jn, and

> CIL (44,) = 2%t 121, 1S, /n, . (34c)
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6.1 The Case of Hy: 0y, = 0, = 0 Not Rejected Leading to the Pooled t-Test

y

Assuming that X ~ N( ,uxp'z ) and Y~N( ,uy,az ), then X —Y has the N(Cpy —
ot/ n, + ot/ n,, ) sampling distribution, where it is assumed that o is the common value

of unknown 0')% = Jﬁ = o2, With the above assumptions, X —y is an unbiased estimator of

Uy — py, With Var(x -y ) =c (1/n,+1/n)). Inpractice, a preliminary test on Ho: af =

af = o is advisable before deciding whether to use the pooled t-test in preference to the

two-independent sample t-test. If the assumption o, =0, =0 is tenable and because

statistical theory dictates that the total resources to be allocated according to ny =

o,N/(o,+0,)=N/2=ny, then the most common application of the pooled t-test occurs

under equal sample sizes. This assertion is consistent with Montgomery and Runger (1994,
p.411) and J. L. Devore (2004, p. 377). Although the LOS of a statistical test is rarely set
beyond 10%, to be on the conservative side, we will use the pooled t-test iff the P-value of

the pretest on H,,: 0, =0, = o exceeds 20%. Further, J. L Devore (2008, p. 340) states

that “ Unfortunately, the usual “ F test” of equal variances (Section 9.5) is quite sensitive
to the assumption of normal population distributions, much more so than t procedures”.
Accordingly, if n, and ny both are less than 10, because of Devore’s quoted statement,

pooling should be avoided unless the P-value of testing H,, : 0, =0, =0 exceeds 40%.

When o, =0, =0 is tenable, the unbiased estimators $% and Sf should be pooled to

obtain one unbiased estimator of o2, which is given by their weighted average based on

their degrees of freedom, i.e.,
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2, VSTV Sy (n =DST+(n, -1)S;

S, = = 35
P VetV ne+ny,—2 33)

Note that E( Slzj) =g . Therefore, the sample se(X -y ) =S, 1/n, +1/n,, andasa

result the rv [(X — ¥ )-( 4, — £,))/(S ), [1/n, +1/n, ) has a Student’s t sampling

distribution with v =v, +v,= n,+n, —2. Accordingly, the exact two sided

(1-a)100% CI for pu, — p, by the Standard method is given by

X=Y ~tyy X Sp ll/nx+1/ny S py— My S X=Y +ly, % Sp‘ll/nx+1/ny (36a)

resulting in the CIL of

ZZQ/Z’VXSP‘/I/nx+1/ny,wherev=nx+ny—2. (36b)

Thus, Ho: g, — 1,,= 0 must be rejected at LOS = o iff

|f_)_7|>ta/2,vxSpdl/l’lx'i‘l/l’ly (36C)

But, for the individual two t-Cls, the rejection condition is either L( 2, ) > U( u,,)

or L( ,uy) >U( u, ). Using the definition of type I error Pr, bearing in mind that t% =F,,
leads to
' = Pr(reject Hol 1, — 1,= 0) = Pr[L( st ) >U( p1,)] + PrIL(12,) >U( 11, )]

S S
Sy >y +t L]+ Pr[y—t L >X+t S

X
al2y al2y “tal/2y al2y ]
* Ny 7 ,/ny TNy * My

=Pr[x -t

Pr{x-y>t Sy gy % ]+ Pr[x -y <-t Sx Sy ]
= x=y al2,y, al2y X =)y al2y, “al2yv
N TNy NI Y Jny

= Prl| X~ >t0/20, Se I\ Harzy, Sy /[y ] (372)
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ta/Z,vxSx / \V x +ta/2,vySy /\[ny

=Prl|t,|> ]
' S,l/n +1/n,
(tyry Se/In. +t,,, S,/ n, )
ZPI‘[FLV> al2,v.Px \/7x a/Z,Vy y \/7)/ ] (37b)

2
S,/ n,+1/n,)
Without loss of generality, we name the sample with the larger variance as X and let F

= Si / Sz, > 1. Multiplying the argument on the RHS of Eq. (37b) by nyn, for both

numerator and denominator and substituting f, = Si / Si > 1 into (37b) results in >

/ 2
V(ta/Z,Vx Fony+ta/2,vy\/a) ]

a'= PI‘[FLV>
(vy +Fyv, )(n, + ny)

2
V(tg2 FoRy + ta/Z,vy)

-2 a'=Pr[F,,> (37¢)
(v, +Fov )1+ R,)
V(k Xt /2 +1 /2 )2
=PiF, > M S (37d)
’ (v, + Fov )1+ R,)

where v =ny tny,— 2, R, =ny/nyand k= \/R F, = (SX\/E )/(Sy\/a) is the sample se

ratio. Eq.(37¢) clearly shows that, besides a., the value «'depends only on n

X °

n, and Fy

=82/ S§ and not on the specific values of Sy and S,. For the pooled t-test, in the most

common case of balanced design (i.e., ny = n, = n), Eq. (37¢) reduces to

F. . (1+.F,)?
a! — Pr[F],V> a,l,n 11( 0) ] (376)
+F

where the pretest statistic /= S7 /S i must range within the interval (¥ g9 ;1 -1

Fo.10.n-1n-1)- The random function (1+ \/Fo ) /(1+ Fy)inside the argument of the RHS
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of (37¢) attains its maximum at £, = 1 and its minimum atF, ¢ ,_; ,_1 0T at Fy 99 n_1n_1-

As a result the minimum value of &' occurs at Fo=1 and its maximum occurs at either
FO.IO,n—l,n—l or F0_90’n_1’n_1. At the same Fy, o' in (37¢) is a monotonically increasing
function of n.

Further, Matlab has verified that the limiting value of &' in Eq. (37¢), asn —
7,819,286 lies in the interval [0.005574595835 (at Fo = F.1¢), 0.005574597084 (at Fy =
1)], both of which are very close to the known-Variance case of testing Ho: px = py. Eq.
(37e) for Overlap type I error Pr is different from 1 — Pr(A) atop p. 549 of Payton et al.
(2000) because theirs pertains to the general two-independent sample t-statistic, discussed
in the next section, while (37¢) pertains to the pooled t-test. Further, it will be shown that
the denominator df of the F statistic for their general case will not equal n —1 as stated by
Payton et al. (2000).

The next objective is to show that ¢’ < a for all ny, ny , Sy and S, for which
F, <F,=S%/S? <F,
O.90,nx—1,ny—1 0 x /Py O.lO,nX—l,ny—l .

First, comparing inequality (36¢) with Eq.(37a), it follows that if

S 1 1
t =10, XS, |—+— (38a)

S
X
al2y al2y al2y
x y
A7y Jy ne n,

then the same conclusion as the case of known and equal variances will be reached, i.e.,

+t

a'<a . For the case of balanced design where ny = ny= n, inequality (38a) reduces to

S S
2 Ly T);z o201 TZ >10/2.2(n-1) % \/(Sf + Sﬁ) /2x~N2/n

> Is ta/Z,n—l(Sx +Sy)> ta/2,2(n—1) X VSJ% +S)2/ ? (38b)
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Substituting F, = Sf / S; into Eq.(38b) results in

La/2,n1 (1+\/Fo) >ty 1+ Ey ? (38¢)

It is clear that the inequality in (38c¢) easily holds because 7,5 ,_1 >1;/2 2(n-1) for all

finite n and (1+./F,) > \/1+ F, for all values of F, because Fj, is never negative.

Therefore, the inequality (38a) is true for the case of equal sample sizes but it is not
always so for the unequal sample sizes case. In the unbalanced case, the difficulty in
inequality (38a) occurs when the larger sample size (which will be denoted by ny) also

has much larger variance for which inequality (38a) will not be true. For example, if ny =
20, Si =0.30, ny = 60 and Si = 1.8, the LHS of inequality (38a) becomes 0.6029 and its
RHS becomes 0.6157 so that the inequality is violated. However, in such a case the
value of F-statistic is Fo = Si / szy = 6 whose P-value for pre-testing H,:0, =0, =0

will equal to 0.00007736, i.e., this last hypothesis is easily rejected so that pooling is
disallowed. Again to be on the conservative side, we allow pooling iff the P-value of the
variance-pretest exceeds 20%. Otherwise, the two-independent sample t-statistic will be

used for testing H, : u1, = 41, This is consistent with Devore’s (2004, p. 377) assertion of

“using the two-sample t procedure unless there is compelling evidence for doing
otherwise, particularly when the two sample sizes are different”. Further, unlike the case
of balanced design, when ny,> ny the value of ¢’ is an increasing function (but not
monotonically) of Fy but when ny < ny, the value of @’ is almost always a decreasing

function of Fy. Thus, for fixed ny> ny, the maximum occurs at Ky 1o, _ ny-15 and when
ny < ny the maximum occurs at Fyqq, _ ny-1- As ny and ny both increase at the same F,
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so does the value of «'in (37c). When one sample size is twice the other, the limiting
value of o’ (in terms of ny and ny) 1s 0.006286690. When one sample size is three times
the other, the limiting value of a’ is 0.00733793. When one sample size is four times the
other, the limiting value of o’ is 0.008390775. When one sample size is 5 times the other,
the limiting value of o’ is 0.0093831123. When one sample size is 10 times the other
limiting value of o’ 15 0.01336332. Finally, as limit of R, =n/ny — o or 0, the Overlap
type I Pr approaches that of an exact a-level test. Table 20 gives the exact a’ from Eq.
(37c) for different ny and n, combinations. The values of Fy in Table 20 are

restricted such that P-value of the pretest H, : o, =0, exceeds 20%.

6.2 The Caseof Hp: O, = oy Rejected Leading to the Two-Independent
Sample t-Test
Assuming that X~N( ux,af ) and Y~N( yy’ai ), than X —Y is also N(Qpy — 1y,

0)% /n, + 6}2, /n,), but now the null hypothesis of Hp: o, =0, is rejected at the 20%

level leading to the assumption that the F-statistic Fo = S)Z( / Sf, > 2 for all sample sizes 16
<ns & ny. Note that for larger sample sizes such as n, & n, =41, F( can be as small as
1.510 and Ho: o, =0, can still be rejected at the 20% level because Fo.10,40.40= 1.5056,

while for n, & ny = 11, an F as large as 2.323 is needed because Fy 10,10,10= 2.3226.
Note that an Fy = 2 is significant at the level 20% once n, & ny > 16 because Fo 10,15,15 =

1.9722. It has been shown in statistical theory that if the assumption o, = o is not
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Table 20. The Pooled ' Values for Different ny, ny and Fy Combinations at a. = 0.05

n ny F a' ny ny Fy a'

20 40 0.8 0.0071355 20 40 1.4 0.0039812
20 60 0.8 0.0087831 20 60 1.4 0.0035984
20 80 0.8 0.0103096 20 80 1.4 0.0035130
30 10 0.8 0.0034279 30 10 1.4 0.0085406
30 20 0.8 0.0047292 30 20 1.4 0.0068050
30 30 0.8 0.0054425 30 30 1.4 0.0055284
40 20 0.8 0.0044541 40 20 1.4 0.0080709
40 40 0.8 0.0054943 40 40 1.4 0.0055823
40 80 0.8 0.0075641 40 80 1.4 0.0042383
40 100 1 0.0063762 40 100 14 0.0040584
20 40 1 0.0056135 20 40 1.5 0.0037263
20 60 1 0.0062056 20 60 1.5 0.0032137
20 80 1 0.0068563 20 80 1.5 0.0030428
30 10 1 0.0049815 30 10 1.5 0.0094908
30 20 1 0.0053938 30 20 1.5 0.0071647
30 30 1 0.0053753 30 30 1.5 0.0055980
40 20 1 0.0056135 40 10 1.5 0.0111374
40 40 1 0.0054254 40 20 1.5 0.0086996
40 80 1 0.0059601 40 30 1.5 0.0067838
40 100 1 0.0063762 40 40 1.5 0.0056536
20 40 1.2 0.0046424 1000 2000 Fo.90.vx, vy 0.0067706
20 60 1.2 0.0046283 100000 200000 Fo.00.vx. v 0.0063436
20 80 1.2 0.0048067 10000000 20000000 Fo.90.vx. vy 0.0063019
30 10 1.2 0.0067025 1000000000 | 2000000000 Fo.00.vx. vy 0.0062871
30 30 1.2 0.0054202 1000 3000 Fo.90.vx, vy 0.0081935
40 20 1.2 0.0068266 100000 300000 Fo.00.vx. v 0.0074960
40 40 1.2 0.0054714 10000000 30000000 Fo.90.vx. vy 0.0074280
40 80 1.2 0.0049359 1000000000 | 3000000000 Fo.00.vx. vy 0.0073386
20 40 1.3 0.0042824 1000 4000 Fo.00.vx, vy 0.0095652
20 60 1.3 0.0040623 100000 400000 Fo.00.vx. v 0.0086485
20 80 1.3 0.0040901 10000000 40000000 Fo.00.vx. vy 0.0085592
30 10 1.3 0.0076096 1000000000 | 4000000000 Fo.00.vx. vy 0.0083917
30 30 1.3 0.0054683 1000 5000 Fo.00.vx, vy 0.0108398
40 20 1.3 0.0074460 100000 500000 Fo.00.vx. v 0.0097352
40 40 1.3 0.0055207 10000000 50000000 Fo.90.vx, vy 0.0096277
40 80 1.3 0.0045561 1000000000 | 5000000000 Fo.90vx, vy 0.0093842

tenable, the statistic [(x —y)— (x4, — )]/ \/ (Sf /n.)+(S i /n,) has the approximate

Student’s t-distribution with degrees of freedom
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L SnaSiny @V @F v P@®+V O (39a)

Sy SHn) VEY LG @) G

5,0 (FyR, +1)* _ v (1) (39)
v, (FyR, ) +v, vyk4 +v,

— 2 Q2
where V(X)=57 /n,, Ra=ny/n,, k=(S,/[n) (S, /[n,), and Fo=S3 /S]. Eq. (39b)
shows that v depends only on ny, ny, and the se ratio \/FyR, . The formulas for degrees

of freedom in (39a &b) rarely lead to an integer and v is generally rounded down to make

the test of Ho: 4, — u1,,= 0 conservative, i.e., rounding down v increases the P-value of

this last test. However, programs like Matlab and Minitab will provide the cdf and
percentage points of the t-distribution for non-integer values of v in Egs. (39). It has
been verified using a spreadsheet that Min(vy, vy) <v <v,+ v, is a certainty, and hence
this t-test is less powerful than the pooled t-test. In fact, it is easy to algebraically prove
that for the case of n, = ny = n, the value of v always exceeds (n — 1) and is always less
than 2(n — 1). It can also be verified that the maximum of v in Egs. (39) occurs when the
larger sample also has much larger variance, but yet its value can never exceed the df, ny
+n, -2, of the pooled t-test, as illustrated in Table 21.

When Hp: 0, = o, is rejected at the 20% level (i.e., P-value of the test < 0.20), the

approximate (1-a)x100% CI for g, — 4,,is given by

xX—-y —ta/zyvx\/Si/nx+SJ2,/ny S,ux—,uy <x-y +t X\/Sﬁ/nx-'-Si/ny (40a)

al2y

resulting in the approximate CIL is 27,,/, ,, x \/Sf /n, + Sf /n, ,and Ho: g, — p1,= 0 can
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Table 21. Verifying the Inequality that min( vy, vy ) <v <v,+ v, for Different v and

v, Combinations

Var(y) Var(y)
(at Fy = (at Fy =

Vy Vy Var(x) FO-:90an,Vy ) v v, vy Var(x) FO.:‘)O,Vx,vy ) v

1 11 20 6.201 1.106 11 1 20 0.331 11.992

6 16 20 9.181 8.371 16 6 20 6.987 18.725
11 21 20 10.550 17.483 21 11 20 9.449 30.068
16 26 20 11.451 27.422 26 16 20 10.779 40.883
26 31 20 12.364 49.013 31 26 20 12.174 56.686
36 41 20 13.220 69.455 41 36 20 13.110 76.486
46 51 20 13.830 89.823 51 46 20 13.758 96.317
66 71 20 14.664 130.370 71 66 20 14.626 136.052
86 91 20 15.222 170.752 91 86 20 15.198 175.855
106 | 111 20 15.631 211.034 | 111 106 20 15.615 215.702
126 | 131 20 15.947 251.252 | 131 126 20 15.935 255.579
176 | 181 20 16.505 351.633 | 181 176 20 16.498 355.351
226 | 231 20 16.878 451.882 | 231 | 226 20 16.874 455.192
326 | 331 20 17.361 652.198 | 331 326 20 17.359 654.979
426 | 431 20 17.669 852.395 | 431 | 426 20 17.668 854.840
526 | 531 20 17.889 1052.532 | 531 526 20 17.888 | 1054.739
1200 | 3000 20 18.811 2151.446 | 3000 | 1200 20 18.788 | 2275.082
1500 | 3500 20 18.921 2768.370 | 3500 | 1500 20 18.903 | 2912.635
2000 | 4000 20 19.037 3913.944 | 4000 | 2000 20 19.026 4090.453
2500 | 4500 20 19.120 5067.119 | 4500 | 2500 20 19.112 | 5263.906
2800 | 5000 20 19.166 5693.779 | 5000 | 2800 20 19.159 | 5901.618

be rejected at LOS =« if | X =Y [>1,/5, % \/Si / n, +S§ /n, ,ie.,
o 2P| T[>ty x (S m,+ 82y |t~ 1, =8 = 0)
=Pr(F1,> 15, 8=0)=Pr(F1,>F,, | 3=0) (40b)

As in the case of pooled t-test, for the individual two t-CIs, the rejection

requirement is either L( z, ) > U(x,,) or L(x,,) > U( &, ) leading to the same condition as

before in Eq. (37a). That is,

o = Pr(reject Ho| 8 = 0) = Pr{|X =7 |> 1,5, S, /\[n, /2,5,y N

80
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It is impossible to studentize the argument of Eq. (37a) because wheno, # o, the

expression for t, = Z/ ;{3 /v will show that |[x -7 | /\/Sf /n, + Si /n, is not central t

distributed with n,+ny, — 2 df. In other words, there does not exist a central ;(f rv that

reduces t, = Z/ ;(f /v tothe form |x -y |/ \/Sf/nx+S§/ny iff o, # o, . However,

1x=7|/ \/S§ /n,+8; /n, is approximately t distributed with df v given in Eqs.(39).

Therefore, Eq. (37a) can approximately be written as

&= Pr{t, 1> (120 Sy 2, S,/ Jn VA[S2 I +52 )

=Pr{F1y> (g2, S I\ Hainy, S,/ \Jny YI(ST Ing+53 /n,)}
Or  a'=Pr{Fi,>(iyn, Siafn, +ta/2,VySy\/a /(1,7 +n,.S7))

=Pr[Fiy> (kxtyy + lainy, /(1+E)] (41a)
Let R, =n,/n,(or n,=R,n,)and F, = S? /Sﬁ . Substituting R, =ny/n, and F; into Eq.
(41a) results in

o' = Pr[Fiy> (g0, R Fy Hapay VIR, Fy +1)] (41)

a' can be also represents as o'~ Pr[F1y > (kxt,,,, + tas2,v, Y/(k* +1)], where k =
(S, /\/Z) /(S, /\/Z) . When ny=ny=n, R, = 1, and the above formula for &' reduces

to o'~ Pr[F1y > Fo1(\[Fy +1)/(Fy+1)] (41c)

which is similar to (37¢) but v is given by Egs. (39) instead of n,+ny — 2 in the case of the
pooled t-test, or instead of n — 1 as stated by Payton et al. (2000). For equal sample sizes
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Eq. (39b) simplify to v= (n—1)(1+ FO)2 /(1+ FOZ) and not (n —1) as reported by Payton et

al. (2000). Note that this last formula for v reduces to 2(n — 1) at Fo = 1, which is the df

of the pooled t-test, as it should because the unlikely realization Fo =1 is in perfect

agreement with Hy: aﬁ = aﬁ . Further, Eq. (41b) shows that &' does not depend on the

specific values of S2 and Sy2 but only on their ratio k= \/F,R, . For Payton ez al.’s

(2000) reported example of n; =n, =10, S; =0.80 and S, = 1.60, Eq. (41¢c) shows that at
n=10 and Fy = 0.25, v = 13.2353 resulting in the value of '~ 0.00940573, which is
different from 0.0149 reported by Payton ef al. (2000, p. 549). The df used by them was
9 which caused the % relative error in their reported a'= 0.0149 to be equal 54.414%.
Payton et al. (2000, p. 549) also make the following statement about 1/3 of the

way from the top of their p. 549: “If the samples are collected from the same normal

n( +1)*
2 o2
2

is F-distributed with 1 and n—I degrees of
Sy +S

population, the quantity

freedom.” The statement should go as follows: If the samples are collected from the two

normal populations with identical means and variances, [our Eq. (37¢) shows that] the

Y, -1,)’
statistic % is F-distributed with 1 and 2(n—1) degrees of freedom (not n —1 as
1 92

stated).

Payton et al. (2000, p. 550) also make the following statement in the second
paragraph leading to their Eq. [1]: * If the researcher is willing to assume that S; and S
are estimating the same parameter value (i.e., homogenous variances), then the above

equation simplifies to 0.95 = Pr[F;9 < 2F 1 9] [1]”
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Their above quote should be stated as follows: In the unlikely event that Fo = S12 / S22 is

realized to equal 1, then the above equation simplifies to 0.95 = Pr(F; 132353 <2F, 1 9).
Note that they are using (1 — o) also as the Overlap confidence level, and secondly just

because two independent population variances are equal, it does not imply that the

corresponding point estimates S12 and S22 will be the same. Further, Payton ef al. limit

their sample means, Y; and Y, , originating from the same normal population on p. 548.

Our work herein is not limited to the same normal population but to any two distinct
normal populations.
We now proceed to obtain the LUB (least upper bound) and the GLB (greatest

lower bound) for &' in Eq. (41b). The LUB occurs when the argument on the RHS of

the Pr in Eq. (41b) is smallest. To this end, let v, = Max(vy, vy) and thus
o'z Pr{Fl,V = [ta/2,1/2 vV R, Fy +ta/2,v2 ]2/( R, Fy+ 1)}
> LUB(a') = Pr{F1, >F,;,, [R.Fy +1)/(R,Fy+1)}

Conversely, the greatest lower bound occurs when the argument on the RHS of

(41b) is largest. Letting vi = Min(vy, vy) in (41b) results in
&' < Pr{F1 > Ly Ry +aing, PR, Fy +1)}
> GLB(a') = Pr{F1, >F,, (JR,Fy +1)’/(R,Fy+1)} , or
Pr{Fiy>F, 1, (JR,Fy +1/(R,Fy+1)}<a'<Pr{Fi>F,,, (JR,Fy +1)/(R,Fy+1)},
while the expression for exact type I Pr from (40b) is & =Pr(Fiv>F, ;| p, — 4, = 0).

The function (/R F, +1)*/( R, F,+1) clearly always exceeds 1 because R, Fy=
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(n, /n,)x (Sf /S yz) =V (x)/V(y), which is also a se ratio, can never equal to zero and
the function is bounded by 1 < (\/m +1)%/( R,Fy+1) <2, the maximum occurring
when R, F, = 1. Because we are seeking to establish that o in (41b) is always smaller
that & =Pr(Fiv>F,,, | u, —p,=0), we consider the very worst-case scenario where the
smallest sample has the largest variance. For example, at vy =1, vy=11 (so that R,=
ny/n, = 12/2=6), S? =8.00, S§= 2.4805, Fo = Fo.10,1,11= 3.2252, 1,455, = 12.7062, and

to.02511 = 2-2010 the value of v =1.105755. Substituting these into (41b) results in a'=

Pr{Fi.1.105755 > 165.842616) = 0.0386 < 0.05. It has also been verified that Si can be as

small as S2/Foo001.vxvy and stilla’ < a. Note that if Fo.00,n, 1<Fp =Si/S§,

—Lﬂy—
< FO.lO,nx—l,ny—l , then we are recommending using the pooled t-test so that the value of F
must lie outside the interval (FO.90,nx—l,ny—1 , FO.lO,nX—l,ny—l) in order to apply the two-

independent sample t-test. This is consistent with statistical literature (see J. L. Devore,
p.377 ) that suggests not to use the pooled t-test unless there is compelling evidence in
favor of Hy: o4 = oy,

Keeping Fy > FO.IO,nx—l,ny _, fixed, a” in Eq. (41a) attains its minimum at R,, = n,/n

4

=1, and the limit of a”as R, — 0 or oo is a; similarly, if Fo < 1L70490,nx_1,ny_1 is kept fixed, o

is minimum at R, = 1 and its limit approaches o as R, — 0 or co. As Fy — o0, ’
approaches the value of a, i.e., the Overlap converges to an a-level test; however, the

farther R, is above 1, the faster is the limiting approach of &’ to a as Fy — o0. As Fy — 0,
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o’ also approaches the value of o, and the farther R, is below 1, the faster is the limiting
approach of a” to a as Fp — 0.

For example, if n,= ny, =50 (i.e., R,=1), Fo = 10° then o'=0.04978024 (nearly
5%). If n,=50,n,=100,R, =2, Fy= 10°, then «'= 0.04984645882. However, If n,=
50, ny =25, R, = 0.5, Fy = 10°, a’=0.0496811387 but if Fy= 10", thena'=
0.0498546652.

Further, if R, = 1, then the limiting value of ' as ny — o is equal to 0.0055751 as

long as F( 1o <Fp<co. The limiting value of ' as Fg— o is equal to a.. If R, =2, the

limiting value of &' as ny — o is equal to 0.00632067 and as Fp— «, a'—>a; if fF R, =3,
the limit is equal to 0.0074346; if If R, = 4, then &' — 0.008555; if R,, = 5, the limiting
value is 0.00962217; if R, = 10, the value of the limit is 0.01391355, etc. As R, = o (or

0), o' — a, where the rate of approach to o increases with increasing £y > F 1 (or
decreasing F(y < F ¢ ), respectively. This is in total agreement with Table 4 on p. 23

where o' — a as the SE ratio [=(o, / \/Z )/(o,/ \/g ) ] became larger and larger. Note

that as nyand ny — oo, /F{, — the SE ratio.

In conclusion, it is clear that the Overlap does reduce type I error Pr substantially

and only the limiting value of ' as R, — oo (or 0) is close but always less than o .

6.3 Comparing the Paired t-CI with Two Independent t-Cls
Unlike, the independent t-CI for p, — p, for a completely randomized design

(CRD), the paired t-CI must be formed for a randomized complete block design (RCBD),
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X
} from a
y

where the rvs X and Y are paired observations or a bivariate random vector [

bivariate normal population. The most common example is when a measurement X is
made on a subject (such his/her weight) and a treatment (such as a diet plan) is applied
and 3 months later the same subject’s weight Y is measured and the difference D=X -Y
is formed for that subject to ascertain the effectiveness of the diet plan. The paired t-test

is sometimes misused when X and Y are independent random variables, i.e., they do not
belong to the same block. Assuming that the rv D =X —Y 1s N(py — py, 6[2) ), then
(d - ,ud)/se(cY V=1[d —( My — My, )]\/Z /'S, has the exact Student’s t-distribution with v =n

— 1 degrees of freedom. Thus under the null hypothesis Ho: 42, — £, = 0, the statistic

H\E / S4can be used to make a decision about the validity of Hy at the a.- level, 1.e., we
reject Ho: g, — Hy= 0 at the ax100% level iff t, =HJH /Sqexceeds tynn-1. Because X

and Y are correlated, then the

V(D)=V(X-Y)=V(X)+V(Y) —2Covariance(X, Y) (42)
where the Covariance(X, Y) = COV(X, Y) = 6y = E[(X = u)(Y — py)]. Because the
population correlation coefficient pyy, = Gx,/(0xGy) always lies within the closed interval

[-1, 1], then it follows that 0,0, > |o,, |. A point unbiased estimate of the V(D) is

givenby 6; =S; +5. -26,,, where 6,,= Y (x;—X)(y; —¥)/(n—1) and
i=1
S, =82+ Sﬁ —26,, . The sample correlation coefficientr = &,, /(SxSy) is also

constrained to the closed interval [-1, 1], implying that for certain that both &,,, and
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| Oy < S«Sy. Although, comparing the overlapping of two independent Cls (generally

from a completely randomized design) with a CI where observations are related is not
appropriate and clearly misused, we do such comparison here just to ascertain the impact
of Overlap on type I probability when the two samples are correlated, as also done in
Overlap literature.

For paired observations, the (1-a)x100% CI for the expected difference in means
iS given by: X —F ~52, 1 % Sq/\n € g, — g1, SX =T+ 14, 1% Sq//n (43)
so that Hy 1s rejected at the ax100% level if ‘a‘ = |§—?| > b1 Sq /\n e, o=
Pr(|§—?| Jni Sa> taan-1) = Pr(|ta-1| = 22 ,-1)- For the two separate Cls, the rejection
requirement is either L( 2, ) > U( y,) or L( ) > U( u, ) leading to the same condition as
in Eq. (37a).

o' =Prl|X =Y >4/ 015, /\In +g2,.0-15) /Nn]
=Prl[d| V>t 1(S+8,)1 =Pl[dI V0 /Sy 211, 1(S+8,)/Sd] (44a)
Because the null SMD of d +/n / S, 1s the Student’s t with (n — 1) df, then (44a) can be
written as @' = Pr{[ta 1> 742 ,-1(Sy +S,) /Sa] = Pr[F1n1> Fpy 1, (S, + Sy)2 /S5 ]
= Pt[F1u1>Fy 0 (JFy +D/ (Fy +1-2r\[Fy)] (44b)

We now proceed to show that (S+Sy)* > S3=52 + Sﬁ —26,, forall values Sy and

Sy. There are two possibilities: (1) r>0 — &,,> 0, in which case it is obvious that

(SXJrSy)2 > S(zi .(2)r<0-> &xy <0and S(zi attains its maximum when r = —1 — Max( Sﬁ)
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=S+ S; +2|6,, |. Inthis worst-scenario case, it is clear that (S\+S,)’ =
S%+ S§ +28,5,2 S? +S§ +2|6,, | because |o,,|<S.S,. Thus, as before,a'< « ..
How much smaller ' is than o depends both on the sign and magnitude of the sample
correlation coefficient r . The glb occurs when (S,+S,) is largest relative to S2, i.e.,
when S(zi attains its minimum value. This minimum occurs when X and Y are highly
positively correlated and in the limit ?Txy - S«Sy. From Eq. (44b) we obtain
&' =Pr{F1na>Fy 1, (S, +8,)7/S312 PrF 10> Fy (S, +5,)7 (S} +52-25,5,)]

> &' > Pr{Fiar>Fy (S, +5,)7/(S, = S,)°]

> GLB(a') = Pr{F 10> F, 1, (S, +5,)°/ (S, - 5,)% ]

> GLB(a') = Pt[F 101> Fipy oy (JFy + 17/ (JFy =1 (44c)

There seems to exist a problem in the inequality (44c), i.e., when S, — S,, the

expression on the RHS of the Pr is not defined. However, this occurs iff the correction
coefficient r = 1 which occurs only if the values of the rv Y is precisely a linear function

of X, i.e., Y must equal to ax + b +¢ and the constant a > 0 and b can be any real number.

Because a > 0, the variance of Y cannot equal to that of X.

Secondly, the largest value of &’ occurs when F,;, (S, +S y)2 /S; attains its
minimum value which in turn occurs when Sy attains its maximum value of S f +S f +
2|o,,|. Thus,

&' =Pr{F1n1>Fy (S, +8,)7/S;] S PrFin>Fyy, (S, +5,)* (57 +S; +2

)]

ny
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The quantity S f +S 5 +2| &xy | attains its maximum when the sample correlation
coefficient r = —1, in which case | 5, | = SsSy so the maximum value of &' reduces to
&' <PHFin1>Fy, (S, +5,) (57 +5,+28.8,)1 =Pr[Fia1>F, )=
Hence, we have the result

PH{F 101> Fyy 11 (S +8,)°/(S, = 8,07 1< &' < Pr{|Ty >ty /200 1= 00

For any r, the value of &' can never exceed a. For example, for oo = 0.05, Fp=1,r
= —0.25, the value of &' ranges in the interval 0.01369406 (at n=101) <a'<0.0321416
(atn=3). Fora=0.05, Fy=1.5,r= —0.25, it ranges in the interval 0.013975172 (at n
=101) < @'<0.032328946 (at n = 3); at Fp = 2.0, 0.014512 (atn=101) <a'<
0.032681748 (atn=3). As Fp > o, o' — a.

For a=0.05, Fo =1, r= — 0.5, the value of &' ranges in the interval
0.02406825415 (atn=101) <a'<0.03820582 (at n=3). For o =0.05, Fy=1.5,r=
—0.5, it ranges in the interval 0.02430291 (atn=101) <a'<0.03832841 (at n = 3); at F
=2.0, 0.0247473226 (atn=101) <a'<0.038559305 (at n =3). As Fy > o0, a'— a.

For a=0.05, Fy =1, r= —0.75, the value of &' ranges in the interval
0.0363984432 (atn=101) <a'<0.0441575 (at n=3). For a =0.05, Fy=1.5,r= —-0.75,
it ranges in the interval 0.03653187 (atn=101) <a'<0.04421765 (at n = 3); at Fy = 2.0,
0.036783673 (atn=101) <a'<0.04433101 (at n =3). As Fy > o, o' —> a.

Moreover, the effect of negative correlation is to increase @' toward a as
n —1 goes toward 1. For example, whenn—1=1, Fy=2 and r=—-0.90, then o' =
0.0487767; atn — 1 =1, Fp=2 and r =— 0.95, then o' = 0.0493921346 while atr =
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—0.99and Fp=2, a' = 0.04987903. For fixed Fy and —1 <r <0, the limiting behavior

of a' as n — oo is difficult to investigate because as n — oo, then per force F; ZSi / Sf, —

0)2( / Gf, (‘an unknown parameter), and r — py (the population correlation coefficient

which is another unknown parameter). Most importantly, Matlab loses accuracy in
inverting Fy ,.; once n—1 far exceeds 1,000,000. For example, Matlab gave o' (atn =
1,000,000, Fo=1, r =-0.50) = 0.0236254, &' (at n= 10,000,000, Fy=1,r= —0.50) =
0.0237475, but «'(at n = 100,000,000, Fy =1, r = -0.50) = 0.0938949. We are fairly
certain that &' (asn — o0, Fp=1, r= —0.50) = 0.0236254 is the correct answer and the
last one is inaccurate because Matlab gave finv(0.95,1,100000000) = 2.10472249984741
instead of the correct value of 3.841458914. For negative correlation we have verified
that as Fpandn — o0, a’— a.

For o = 0.05, Fp = 1.00, and r = 0.25, the value of &' ranges in the interval
0.0016243942 (at n=101) <a'<0.01966083 (at n=3). For . =0.05, Fy=1.5, andr=
0.25, the value of @' ranges in the interval 0.0017703 (at n=101) <a'<0.0199853 (at n
= 3). While, For a. = 0.05, Fy =2.00, and r = 0.25, the value of &' ranges in the interval
0.00206727 (atn=101) <a'<0.02059583 (at n = 3).

For a=0.05, Fy =1, r = 0.50, the value of «'lies in the interval 0.000136523 (at n
=101) £a'<0.0132366264 (at n = 3); at Fy =1.5, «'lies in the interval 0.000169103 (at n
=101) £a'<0.013633621 (at n = 3); while at Fy = 2.00, «'lies in the interval
0.0002456622 (atn=101) <’ <0.01438047707496 (at n = 3).

For o = 0.05, Fg =1, r = 0.75, the value of «'lies in the interval

0.0000001795166(at n=101) <a'< 0.00668445233 (at n = 3);at Fy =1.5, o' lies in the
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interval 0.00000041140283 (atn=101) <a'<0.00715685 (at n = 3); while at Fy = 2.00,
a' lies in the interval 0.000001550553 (atn=101) < ' <0.0080453 (at n = 3).

The impact of positive correlation is to reduce o' toward zero as n — . For
example, at oo = 0.05, Fp= 1.5, r=0.75 and n = 500, «' reduces to 0.00000012177 from
its value of 0.00000041140283 atn= 101, and atn= 101, r=0.90, «' reduces to
1.25244259407x 1072,

Because, we have coded Matlab functions (see Appendix B) to compute the &’

values for all three above cases (pooled t-test, two-independent t-test, and the paired t-

test), no extra tables are provided.
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7.0 The Percent Overlap that Leads to the Rejection of Hy:p, = py

7.1 The case of Unknown o, =cy,=0

Throughout this section, it is understood that a pretest on Hy:6x = 6y = & has
yielded a P-value > 0.20 so that the null hypothesis Hy:6x = 6, = G is tenable leading to a
pooled t-test.

As before, let O represent the amount of overlap length between the two
individual CIs on process means. Then O will be 0 either L(p) > U(py) or L(py) > U(py),
in which case Ho: i, = py is rejected at the LOS < a.. Thus, the overlap amount O is larger
than 0 when U(p) > U(py) > L(py) or U(py) > U(py) > L(py). In these two cases, both
U(ux) > U(py) > L(py) and U(py) > U(py) > L(py) will lead to the same result. Therefore,
only U(uy) > U(uy) > L(px) 1s discussed here so that we are making the assumption that

x-y>0>>
0= U(ky) ~L() = (F+ta120, S, /1, ) = (F =t 2, S/, )
= (a2, Sy I\ H a2, S,/ fn, ) = (X=7) (45a)

Further, the span of the two individual ClIs is

U = L) = (F+2,0, xS, /31, )= (F=t,, xS,/ \n,)

:(ta/Z,vxSx/\/Z—I—ta/z,vySy/\/a)—’_(f_J_/) (45b)
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From equations (45a &b) the % overlap is given by

(ta/leSx/\/Z”Lta/z,vysy/\/a)—(f—y)
(ta /2., 5 /\/a+ta/2,VySy /\/E)WL()T—J_/)

As | X -y | increases, the P-value of the test decreases (i.e., Ho: px = py, must be rejected

w =

x100% (45¢)

more strongly) and o in Eq. (45¢) decreases. Because Ho: p, = py must be rejected at the
a-levelif |x =y | 2 1,/,, xS ,,/1/n,+1/n, , where v =ny + n,~2, then from (45¢) Ho

must be barely rejected at ax100% level or less iff

(ta/Zv S /\/—+ta/2v S /\/7) (ta/vaS \/1/’7 +1/I’l )

(zam S, /f+rmv S /\/7)+(ta/2v><S JUn +1/n,)

x100% (46a)

Putting R, =n, /n, into Eq. (46a) leads to the result >

(ta/ZvS +ta/2v S /\/ ) (ta/ZVXS \/1+1/R,1)

o< x100%

(ta/Zv S +ta/2v A /\/ )+(ta/2VXS \/1+1/R )
(ta/Zv A) \/ +ta/2v S) (ta/ZVXS \/R + )

Sw< x100% (46b)
(ta/ZV S \/—+ta/2v S )+(ta/2VXS \/R +1) '

As defined before, letting Fj, = Sf / S; into Eq. (46b) and recalling v = n,+n,—2 results in

\/FOR ><toz/Zv +ta/2v a/2V\/(1+R )(V F0+V )/V
_\/FOR ><tot/Zv +ta/2v +ta/2v\/(1+R )(V F()+V )/V

x100% (46¢)

n 2 _
where FoxR,, = (Si /Si L = Sy /n, _V(X)

~2 = (se ratio)’. Thus, the percent overlap
n,  S;/n, V(@)

at which Hj should be rejected exactly at the a-level is given by
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NEOR, Xtyny +lgny —luny A+ RV Fy+v,) /v
w = a2 o, “lan  x100% (46d)

: JFR, Xty +ta/2,vy +t0!/2,‘,\/(1+R”)(vxF0 +vy)/v

_ kxta/Z,vx +ta/2,vy _ta/Z,V\/(1+Rn)(VxFO +Vy)/V

KXy Har, FHar JOF R)WF +V,) Y

al2y,

x100% (46¢)

Eq. (46d) shows that the % overlap at which Hy must be rejected at the a-level depends
only on a, ny, ny and Fy and not on the specific values of Sy and S,. For larger values of

ny and n,> 30, the dependency on a is negligible because ¢ t

al2yy > and ta/Z,v are

a/Z,Vy

close in values and are almost equal once n, and ny,> 60 .
For the case of balanced completely randomized design (i.e., n = n, =ny = R,=1),

the inequality in (46d) reduces to

g (I \/Fo) 2N+ Fo

. =
tarant (L) g0 20t \/1 +F

x100% (46¢)

We first discuss the limiting property of the Eq. (46e). Because this is the case of pooled
t-test, Fo = (Syx/ Sy)2 (the ratio of the two sample variances) must lie within the acceptance

interval (499 1,515 F0.10.4-1.0-1 )> Otherwise Ho: 6x = oy must be rejected at the 20%

level. Further, the first derivative of m, vanishes at Fy = 1 so that the maximum of o,

occurs at Fo =1 and is equal to 0.613625686 at n = 2 and its maximum approaches
(2—\/5) /(2+\/§) =0.171573 as n — . Note that as n — oo, the value of F, that must

lie within ( £§ g9 -1 -1 < Fo < F 19,4-1,,-1 ) must per force also go towards 1 because the
limiting value of both F ¢, ,jand F o, ,1s nearly 1. That is, for all Fy values

where Hp: o, = o, cannot be rejected, the limiting value of ®; in terms of n cannot be less
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than 0.171573. Atn =61, o, =0.17603 if Fy = 1.2 so that the approach of ®, toward

0.171573 occurs fairly rapidly in terms of n as long as F{ g,y ,-1 < Fo <Fj 10,121~ At

n =31 and Fy =1.30, the value of o, = 0.1806 so that Ho: px = p, must be rejected at 5%
or less if the % overlap is less than or equal to 18.06%.

In the unbalanced case if R, = 0.50 or 2, the limiting value of o, at Fy =1 is equal
to (\/§+ 1- \/5) / (\/5+ 1+ \/5) =0.164525. Further, as R, # 1 deviates farther from 1, the

limiting value of o decreases for a fixed Fy as long as Fj, g, 1,1 < Fo <Fj 10,1, - For

example, at R, = 3 (or 1/3), the limiting value of ®; is 0.15470; at R, = 4 (or 0.25), its
limiting value is 0.14590; at R, = 5 (or 0.20), its limiting value is 0.13835; at R, = 0.10
(or 10), the limiting value of ®, is 0.11307, while at Rn = 20 (or 0.05) the limiting value
of o, is equal to 0.088472. Clearly, as R, deviates farther from 1, the limiting value of o,
decreases, implying that the Overlap approaches an a-level test. See the illustration in

Table 22. Finally, it must be noted that as n, and ny become very large, the limit of Eq.

(+k=1+k)

(46d) becomes identical to @, = 100% given in Eq. (12e).

(I+k+1+k%)

Next, what should each individual confidence level 1 —y be so that the two

independent Cls lead to the exact ax100%-level test on Hy: px = py. The expressions for

the two 1—y independent Cls are given by

X —t,5, %S, /0, Su < X+t,,, xS, /n, (47a)
)_}_ty/Z,vy XSy /\/a < My < y+t7/2,vy XSy /\/a (47b)

It is clear that Ho: p = py must be rejected at the a-level iff the amount of overlap
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Table 22. The Value of o, for Different Fypand R, Combinations

Fo Vy V,V Rn @, Fo Vy Vy Rn @,
0.5 1 1 1 60.90835 0.8 11 5 0.5 24.33944
0.5 11 11 1 19.33138 0.8 21 10 0.5 20.81321
0.5 21 21 1 17.90985 0.8 51 25 0.5 18.92389
0.5 31 31 1 17.42757 0.8 61 30 0.5 18.72412
0.5 41 41 1 17.18504 0.8 1001 500 0.5 17.81175
0.5 51 51 1 17.03911 0.8 11 23 2.0 17.54347
0.5 100 100 1 16.74930 0.8 31 63 2.0 15.87565
0.5 150 150 1 16.64982 0.8 51 103 2.0 15.53555
0.5 200 200 1 16.60028 0.8 1001 2003 2.0 15.04753
0.8 1 1 1 61.31421 1 11 5 0.5 22.76531
0.8 11 11 1 19.95417 1 21 10 0.5 19.37801
0.8 21 21 1 18.53612 1 41 20 0.5 17.85949
0.8 31 31 1 18.05497 1 81 40 0.5 17.14235
0.8 41 41 1 17.81299 1 151 75 0.5 16.81705
0.8 51 51 1 17.66738 1 501 250 0.5 16.56104
0.8 100 100 1 17.37823 1 1001 500 0.5 16.50667
0.8 500 500 1 17.14089 1 10001 5000 0.5 16.45788
0.8 1000 1000 1 17.11144 1 500 1001 2.0 16.50667
1 1 1 1 61.36257 1 2 5 2.0 35.76007
1 10 10 1 20.33789 1 10 21 2.0 19.37801
1 50 50 1 17.75437 1 20 41 2.0 17.85949
1 100 100 1 17.45340 1 50 101 2.0 17.00221
1 10000 10000 1 17.16022 1 100 201 2.0 16.72519
1 500000 500000 1 17.15735 1 10000 20001 2.0 16.45517
1 10000000 | 10000000 1 17.15729 1 10000000 | 20000001 2.0 16.45247
1.2 1 1 1 61.33025 1 100 302 3.0 15.77155
1.2 10 10 1 20.28821 1 10000 30002 3.0 15.47304
1.2 20 20 1 18.63655 1 1000000 | 3000002 3.0 15.47008
1.2 60 60 1 17.60330 1 100 403 4.0 14.91845
1.3 10 10 1 20.23527 1 10000 40003 4.0 14.59306
1.3 20 20 1 18.58326 1 1000000 | 4000003 4.0 14.58984
1.3 30 30 1 18.05974 1 10000 50004 5.0 13.83815
1.6 5 5 1 23.67919 1 1000000 | 5000004 5.0 13.83471
1.6 10 10 1 20.01202 1 10000 100009 10.0 | 11.31132
1.6 13 13 1 19.23368 1 10000000 | 100000009 | 10.0 | 11.30718

between (47a) and (47b) barely becomes zero or less. Without loss of generality, the x-

sample will be denoted such thatx —y > 0. Therefore, we deduce from (47a & b) that
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Uly) L' () = (F 41,12, %S, 1, ) = (F =10, xS,/ [n, )

= t}//Z,Vy xSy /\/Z + t;//2,vx ><Sx /\/a_ (f _J_} ) (4821)

Because Hy: p, = py must be rejected at the a-level as soon as the RHS of Eq. (48a)

becomes 0 or smaller, we impose the borderline rejection criterion [X =y | = 7,5, X

Spa [1/n, + 1/n, into Eq. (48a). In short, we are rejecting Ho:pux = py as soon as the two

independent Cls in (47a) and (47b) become disjoint. This leads to rejecting Ho:pix = py 1ff
Ly, xS, /\/Z + L, XS, /\/a_ (x -y ) <0. (48b)

At the borderline value, we set X~y = .5, x S,\/l/n, +1/n, and set the LHS of

inequality (48b) to 0 in order to solve fory .

~> t7/2,VyXSy/\/Z + t}//Z,vaSx/\/Z_ ta/Z,vXSpVI/nx'i'l/ny =0

;//2\/ XS + t7/2v XS \/ (Z/ZV Rn+1 =0.

t7/2,vy + 1l X JVEOR, — laiay X \/(Rn +D)(v, . Fy +vy)/v =0.

2 by, * by, X JER, = tgy2,% \/(Rn + D)V, Fy +v,) /v

or t}//Z,Vy

kXt =ty X (R, + D Fy +v,) 1V (49a)
where F, = SZ/ Sy2 , Rp =ny/ny, v=n,+ny-2 and k=,/F,R, = se ratio of samples. Eq.
(49a) clearly shows that the value of y depends on the LOS a of testing Ho: pix = py, also
onFy =82/ Si , and the sample sizes ny, n,. For the case of balanced design (nx = ny = n),

(49a) reduces to

t}//Z,nfl X Sy + t7/2,n71 X Sx_ ta/2,2(n—l) X Sp\/E =0
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2, 2
2 LS +S8,) — lynpmn X y/Sc +S, =0

[«2 . 2
2 by = a2.201-1) % A/Sx + 55 /(S +S))
2 L = tapom-n XN Fo+1/ (\/Fo +1)

2> F

y,1,n—1

= Fy 121y % (1+ K )/(H\/Fo)2 (49b)

For example, when o = 0.05, ny & ny =21, Eq. (49b) gives y = 0.16807 so that the two
independent Cls have to be set at the confidence level 1—y = 0.83193 in order for the
Overlap to provide an exact 5% level test. The values of 1—y range from 0.2020062 at

n—1 =1 down to 0.16596 at n—1 = 100. In order to obtain the limiting value of y, we let
n— oo in (49b) resulting in Lim 7,, , ; (n— ) = 1.96xV1+1 /(N1+1)=1.96//2 =

1.38593 - Limit y (as n— o) = Pr(]Z| > 1.38593) = 0.16578, which is identical to the

know-&-equal-variances case from Eq. (13) at K =1.

7.2 The Case of Hy: 0y = Oy Rejected Leading to the Two-Independent Sample
t-Test

Assuming that X~N( ,ux’of) and Y~N( ,uy,af) and X -V is N, — 1y,

2 g2
Ix 20 ), where now the null hypothesis of Ho: 0, =0, is rejected at the 20% level
ne n,

(i.e., the P-value of the pre-test is less than 20%) leading to the assumption that the F-
statistic Fo = S)Z( /Sé is outside the interval (Fo.90.0, 10,15 For0.0, 10,15 where without

loss of generality the sample with the larger mean will be called X. It has been shown in
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statistical theory that if the assumption o, = o is not tenable, the statistic

[(X=Y) = (u, — 1))/ \/ (Sf /n.)+(S )% /n,) has approximately the Student’s t-distribution

with degrees of freedom given by Eq. (39).

N LD N 1 S R 40 N A (A R (0§ (39)
(Si/n)’  (Sy/m)” PEY VO v, V@) v (G
viv,(FR, +1)* v (k% +1)
v = xy( 0 r; ) _ x y(4 ) (39b)
v, (FyR,)" +v, vik® +v,
As before, the amount of overlap between the two individual CIs is given by
0 =U(ky) = L) = (¥ +lgy00, Sy /1, ) = (T =ty S,/ )
:(ta/Z,vxSx/\/Z+ta/2,vySy/\/a)_(f_y) (503)
Further, the span of the two individual CIs is
U(px) — Lipy) = ()_C+ta/2,vx xS, /\/Z) - (y_ta/Z,vy x Sy /\/a)
= (a2, S e 120,y 1, ) + (X =F) (50b)
From equations (50 a &b) the % overlap is given by
(t,0, S./\n, +t,,,, S, /\n,)—(X=)
R R R x100% (50c)

w =
(ta/2,vxSx /\/ Py +ta/2,vySy /\[ny)"'(x _y)
As | X -y | increases, the P-value of the test decreases (i.e., Ho: px = py must rejected

more strongly) and ® in Eq. (50c) decreases. Because Ho: p, = py must be barely rejected

at the - level if |x =y | = 7,5, % \/Sf /n, +S§ /n,, , where v is given in Eq. (39), then

from (50c)
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2 2
) (ta/Z,vxSx /\/z+ta/2,vy5y /\/Z)_ta/%" x\/Sx /n, +Sy /ny 100% (51a)

., =
[ f 2 2
(ta/2,vxSx / ny +ta/2,vySy / ny ) +ta/2,v ><\/Sx /nx + Sy /ny

i

In order to simplify (51a), we multiply throughout by \/rT , divide throughout by S, and

replace ny/ny by R, and S)z( / Sé by Fy resulting in

_ (ta/2,vx \ RnFE) + ta/Z,vy ) - ta/Z,v X4/ RnFO +1

, = x100%
(ta/Z,vx Y, RnFO +ta/2,vy ) + ta/Z,v x \V RnFO +1
(kta/Z,vx +ta/2,v )_ta/Z,v x Vk2 +1
= y x100% (51b)

[12
(kta/Z,vx +ta/2,vy)+ta/2,v xXVk*+1
where Fy lies outside the 20% acceptance interval ( Fo90.n, 1,1 Fo 100, 10,1 ). The %

overlap in Eq. (51b) changes very little as a changes, increasing a bit as o decreases
while other parameters ny, ny and Fy are kept fixed. As F increases, the value of o,
decreases such that as Fy — o0, @, — 0 so that the overlap becomes an exact a-level test.
The limiting (in terms of ny and ny) values of o, at R, =2, 3, 4, 5, 10 and 20 are
independent of a (because for large ny and ny all 3 t inverse functions in (51b) are almost
equal) and are almost identical to those of the pooled t-test, namely 0.164509, 0.154679,
0.1458744, 0.138322, 0.11305, and 0.08845, respectively.

When the design is balanced (n, = ny = n), the % overlap in Eq.(51b) that still

leads to the rejection of Ho: p = iy at the a-level reduces to

Lapan (\/Fo +1) =1y, X\ Fy+1 o
. = x100% (51c¢)
Lar2,n-1 (\/Fo +1)+1,,0, X\ Fy+1
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(n=1(S;+5)° _ (n=1)(Fy+1)?

where in the balanced case v = 2 2 3
Sy +S, Fy +1

. If the % overlap

exceeds Eq.(51c), then Hy: px = py can no longer be rejected at the ax100% level of

significance. For values of Fy outside the range (F, o, FO‘IO,nX—l,ny—l ), the limiting

ny-Lny-1>
value of o, (at any o) as Fo — 1 from Eq. (51c) is, as before, equal to (2 —ﬁ) /(2+ \/5)
=0.171573. Again, as Fy — o0, ®; — 0, which is consistent with the results in Chapter 3
with known but unequal sample case of the SE ratio k — .

Now, what should each individual confidence level 1 —y be so that the two

independent Cls lead to the exact ax100%-level test on Ho: pix = py. As before, the

expressions for the two 1—y independent Cls are given by

X—t,,, %S, /fn, Su<T+t,,, xS, /n, (52a)
y_t;//Z,VyXSy/\/Z SMYS J_/+t;//2,vnyy/\/Z (52b)

It is clear that Ho: px = py, must be rejected at the a-level iff the amount of overlap
between (52a) and (52b) barely becomes zero or less. Without loss of generality, the x-

sample will be denoted such thatx —y > 0. Therefore, we deduce from (52a &b) that
Uly) L' (1) = (F 42,15, %S,/ fn, ) = (F =10, xS, /[, )
= t}//2,vnyy/\/a + t7/2,vaSx/\/Z _()_C_y ) (538')

Because Ho: px = py must be rejected at the a-level as soon as the RHS of (53a)

becomes 0 or smaller, we impose the critical limit of rejection |X -y | = 7,,,, %

\/Sf /n, + Sf /n,, into Eq. (53a), where v is given in Eq. (39). In short, we are rejecting
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Ho:px = py as soon as the two independent Cls in Eq.(52a) and Eq.(52b) become disjoint.

This leads to rejecting Ho:p, = py 1ff

binw, XS, 1, + 1, xS, /3In = (¥ =F ) <0. (53b)

At the borderline value, we set x —y = ¢ X \/Sf /n, + Sf /n, and set the LHS of

al2y

inequality (53b) to 0 in order to solve for y .

/ / 2 2 _
> t7/2,Vy XSy/ ny + t;//2,vx xSx/ n,— ta/2,vx \/Sx /nx +Sy /ny =0.

Dty XS, + Loy XS Ry = 12, X \[SIR, + S} =0.

> Gy * b XFoRy = L2y X JFyR, +1 =0.

Or: 5, + by XJFoR, =l JFoR, +1

2 Lo, thxt,,, =1y, XN K +1 (54a)

where F, = Sﬁ / Sﬁ , Ry, =ny/nyand v is given in Eq. (39). Eq. (54a) clearly shows that

the value of y depends on the LOS . of testing Hy:px = py, Fo, and the sample sizes ny

and ny. For the case of balanced design (n, = ny, = n), (54a) reduces to

t;//2,n71: ta/Z,v x \/F() +1 /(1+\/FO)
or Fy,l,n—l = Fa,l,v X (1+F0)/(1+\/F0 )2 (54b)

(n=D(F+ 1)’

5 . The limiting value of y in Eq. (54b), as n— oo, can easily be
Fy +1

where v =

obtained fromZ, ,=Z,,, x \[Fy+1 /(1+\/FO ). The results will be the same for Eq. (54a).
For example, using (54b) at a = 0.05, n =10, Fy = 4.0, v =13.2353 resulting in y =
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0.1424. Payton et al. (2000) report this value as 0.1262 because the denominator df of

E

y,1,v in the formula atop their page 550 is inaccurate. For ny & ny> 100, as Fo — oo, y

— a so that the Overlap approaches an a-level test. See the illustration in Table 23.

7.3 Comparing the Paired t-CI with Two Independent t-Cls

As before, let O represent the amount of overlap length between the two individual
CIs. Then, O will be 0 either L(p,) > U(uy) or L(py) > U(py), in which case Ho: pix = py is
rejected at the LOS < a.. Thus, O is larger than 0 when U(p,) >U(py) > L(px) or
U(py)>U(py) > L(py). In these two cases, both U(px) >U(py) > L(px) and U(py) > U(py)
> L(uy) will lead to the same result. Therefore, only U(py) >U(py) > L(1y) is discussed

here so that we are making the assumption that x —y > 0.
0= U(Hy) - L(MX) = (y+ta/2,n—lSy /\/;) - (f_ta/Z,n—ISx /\/;)

:(ta/Z,n—ISx/\/;+ta/2,n—1Sy/\/;)_(f_y) (558_)
Further, the span of the two individual Cls is

U(“’X) - L(My) = (f+ta/2,n—l XSX /\/;) - (J_/_t!l/ln—l XSY /\/;)

= (ta/Z,n—le /\/;+ta/2,n—1Sy /\/Z) + ()_C_y) (SSb)

From equations (55a &b) the % overlap is given by

w= (ta/Z,nfle / \/; + ta/Z,nflSy / \/;) - ()_C - y)

= x100% (55¢)
(ta/Z,n—ISx /\/; + ta/Z,n—ISy /\/;) + (f_ )_7)

As | X —y| increases, the P-value of the test decreases (i.e., Ho: px = py must rejected

more strongly) and ® in Eq. (55¢) decreases. Because Hy: p, = py must be rejected at the
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Table 23. They Value for Different Combinations of n, ,n,and R, at Either

Fy = F0.90,Vx,vy or Fy = Folos,vx,vy

by = k=

n, n, R, 8 0.90,v,,v, 14 FO.OS,vx,vy 14
5 5 1 0.24347 0.13970 4.10725 0.08485
20 20 1 0.54873 0.16301 1.82240 0.13999
60 60 1 0.71470 0.16510 1.39918 0.15333
500 500 1 0.89152 0.16571 1.12168 0.16206
1000 1000 1 0.92208 0.16574 1.08451 0.16320
100000 | 100000 1 0.99193 0.16762 1.00814 0.16553
5 6 1.2 0.24688 0.15190 3.52020 0.08565
20 24 1.2 0.55765 0.16613 1.75251 0.13711
60 72 1.2 0.72272 0.16635 1.37397 0.15122
500 600 1.2 0.89554 0.16580 1.11574 0.16098
1000 1200 1.2 0.92509 0.16568 1.08054 0.16231
100000 | 120000 1.2 0.99227 0.16537 1.00779 0.16505
10 15 1.5 0.42534 0.16860 212195 0.11484
20 30 1.5 0.56715 0.16794 1.68491 0.13282
80 120 1.5 0.76388 0.16603 1.29555 0.15011
500 750 1.5 0.89977 0.16466 1.10959 0.15858
1000 1500 1.5 0.92825 0.16437 1.07642 0.16011
100000 | 150000 1.5 0.99262 0.16371 1.00742 0.16329
5 10 2 0.25409 0.17390 2.69268 0.08157
20 40 2 0.57733 0.16722 1.61932 0.12632
80 160 2 0.77239 0.16349 1.27469 0.14452
500 1000 2 0.90426 0.16127 1.10318 0.15392
1000 2000 2 0.93160 0.16082 1.07212 0.15564
100000 | 200000 2 0.99300 0.15980 1.00704 0.15928
10 50 5 0.45063 0.15367 1.76252 0.08712
50 250 5 0.73697 0.14463 1.30352 0.11609
500 2500 5 0.91313 0.14027 1.09087 0.13122
1000 5000 5 0.93819 0.13961 1.06381 0.13320
100000 | 500000 5 0.99373 0.13810 1.00629 0.13746
10 100 10 0.45673 0.13019 1.69556 0.07319
50 500 10 0.74397 0.12427 1.28494 0.09796
500 5000 10 0.91637 0.12052 1.08649 0.11195
1000 10000 10 0.94059 0.11992 1.06084 0.11383
100000 | 1000000 10 0.99400 0.11851 1.00602 0.11790
100000 | 2000000 20 0.99413 0.10086 1.00588 0.10032
100000 | 3000000 30 0.99418 0.09215 1.00583 0.09166
100000 | 5000000 50 0.99422 0.08297 1.00579 0.08254
100000 | 10000000 100 0.99424 0.07341 1.00576 0.07305
100000 | 20000000 200 0.99426 0.06654 1.00575 0.06622
100000 | 50000000 500 0.99427 0.06042 1.00574 0.06015
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a-level if |[X =y | 2 1,5 ,,.1 %S, //n , then from (55¢) Hy must be barely rejected at
ax100% or less iff

< (ta/Z,n—le /\/;+ta/2,n—lSy /\/;)_ta/Z,n—l XSd /\/;

o< x100%
(a/2.0-15x /\/;+ta/2,n—1Sy /\/Z)+ta/2,n—1 xS, /Nn

S +S, -8 S +8, —SZ+82-2rS.S
w<=2"r ".100% > o< z ‘/ 2 L x100%
S, +8,+5, S, +5, +4[S? +8% 25,5,

F, +1—\|F, +1-2rF,
> a)S\/_O 0 \/_OxlOO% (56a)
JFo + 1+ Fy +1-2r[F,

Fy +1—F,+1-2r/F
Or w,:‘/T’ 0 */70x100% (56b)
\/F0+1+JFO+1—2r\/FO

n
where Fo = Si/S?,, Sﬁ =S§ +S§ -26,, and 0,,= Z(Xi -X)(y; =y)/(n-1). Justlike
i=1

the case of known variances, the % overlap @, in (56b) depends only on the correlation

coefficient r and the ratio of the two sample variances, i.e., it does not depend on o and

specific values of Sy and S,. It is interesting to note that when r = 0 (i.e., the two samples

2-\2
242

are independent) and F = 1, then Eq. (56b) reduces to

x100% = 17.1573%,

which was the % overlap for the case of independent samples and equal variances given

in Eq. (3f). Whenr=1 and Fy > 1, o, in Eq. (56b) reduces to 1/\/E , while if r=1 and

Fo <1, o;in Eq. (51) reduces to \/E . On the other hand, when r = —1, as expected ; in

Eq. (56b) reduces to zero regardless of values of Fy so that the Overlap becomes an exact

a-level test.
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Finally, what should the individual confidence levels 1—y be so that the two

independent CIs lead to the exact a-level test on Ho: px = py. As before, the expressions

for the two 1—y independent Cls are given by
Xt XS, NS S X4ty xS, /n (52¢)

Y=t %S, /n < My < Vi, %S, /n (52d)

It is clear that Ho: p, = py must be rejected at the a-level iff the amount of overlap
between (52c¢) and (52d) barely becomes zero or less. Without loss of generality, the x-

sample will be denoted such thatx —y > 0. Therefore, we deduce from (52c¢ & d) that
Uky) =L (1) = (F by XS, /N0) = (T =1y, %S, /N )
= Lna %S, /n + tyana XS, /Nn —(%-7) (53¢)
Because Hy: px = py must be rejected at the a-level as soon as the RHS of (53d) becomes
0 or smaller, we impose the rejection criterion |X =V | 2 55,1 % S/ Jn into Eq. (53¢).
This leads to rejecting Ho:pix = py iff
tpn XS, I+ b, xS, NN = 1y, 1% Sy /NN <0. (53d)

At the borderline value, we set the LHS of inequality (53d) equal to 0 in order to solve

fory.
2 t;//2,n—l XSy + t;//2,n—l XSx_ ta/Z,n—l X Sd =0.

2 t}//Z,n—l X (Sy +Sx) = ta/z,n—l X Sd

2 2
JS2+82-2r8,S,
AN

2 L = laj2n-1 X
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Fy+1-2rF,
2 L = lai2n-1 X (54¢)
JVFy +1

where F, = Sf / Sﬁ . Eq. (54c¢) clearly shows that the value of y depends on the LOS a of

testing Ho: :pix = Py , Fo, and the sample size n. When r = -1, Eq. (54¢) shows that y =a
so that the Overlap becomes an exact a-level test; while if r = 1 the RHS attains its
minimum value leading to maximum value for y. When r =0 (i.e., uncorrelated X & Y),
Eq. (54c) shows that for very large or very small values of Fy, the Overlap in the limit

becomes an a-level test.
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8.0 The Impact of Overlap on Type II Error Probability for the Case of Unknown

Process Variances 0')2(, 0'§ and Small to Moderate Sample Sizes
Since the population variances O'f and 0'§ are unknown, then their point unbiased

estimators Si and Sﬁ , respectively, must be used for the purpose of statistical inference.

As mentioned in Chapter 6 the rv o) is not normally distributed but its sampling

S, Iy

follows that of W. S. Gosset’s t-distribution with (7, —1) degrees of freedom. As a result,

()? B ﬂxO)

YN

where 7/, ,> 0 for all 0 <a < 0.50, and it also follows that

the acceptance interval of the test statistic at the LOS o is (2,5, ny> Loz, 1)

Pr(X =ty 1 1S5\ < e STty 0, 1S/ )= 1-a (57a)
Hence, the lower (1-a )% CI for u, is L(p, ) =x—1t,, 2.1,-15x / \/Z , the corresponding
upper limit is U( ) =X +15/5, 1Sx /\/Z , and the
CIL( 1) =2% 12, 180 /A1, (57b)
Similarly, L( 12,) = ¥ — 1, /z,ny_lsy/\/nf L U(p,) =7+, /Z,Hy_lsy/\/a and

CIL (11,) = 2Xtg 20 1Sy /[, (57¢)
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8.1 The Case of Hy: 0y = 0, = 0 Not Rejected Leading to the Pooled t-Test

y

Assuming that X ~ N( ,uxp'z ) and Y~N( ,uy,az ), then X —Y has the Ny —

o’ /n, + o?/n ;) distribution, where it is assumed that o is the common value of the

unknown of = 0'5 = o2, With the above assumptions, X —y is an unbiased estimator of
My — py, with Var(x -y ) =c (1/n,+1/n,). Inpractice a pretest on Hy: O'J% = aﬁ =’ is

required before deciding to use either the pooled t-test or the two-independent-sample t-test.

If the assumption o, =0, = o is tenable and because statistical theory dictates that the

total resources be allocated according to ny = o, N / (0, +0,) = N/2 = ny, then the most

common application of the pooled t-test occurs under equal sample sizes. Henceforth, the

pooled t-test will be used iff the P-value of the pretest H,:0, =0, =0 exceeds 20%, and
for very small sample sizes ny & ny < 10, a P-value of at least 40% for the pretest is
recommended. Since the common value of the process variances o% is unknown, its

unbiased estimators S i and Si should be pooled to obtain one unbiased estimator of o2,

which as before is given by their weighted average based on their degrees of freedom, i.e.,

o Sz +v,Sy _(n=DSE +(n, =D)S;

P (35)

VetV ny+ny, —2
Note that E(S;) =o . Therefore, the se(x—-y)=8,l/n,+1/n, andasa

result the rv [(x =) —(#, — 1,)1/(Sp/1/n, +1/n,) has a central “Student’s” sampling

distribution with v = n, +n, —2. Accordingly, the Al (acceptance interval) for a 5%-

level test of Ho: pt, — 44,,= 0 is given by

109



—10.025.y X Sp,/l/nx+l/ny SX-Y <lygpsy ¥ Sp /1/nx+1/ny (58a)

where v = vyt vy = n,+n,—-2. Henceforth, in this section we let #, 5,5 represent

£0.025,n,+n,-2 only for notational convenience. Thus the Al in (58a) reduces to

~tg 025 X Sp ll/nx+1/ny <X =Y <tyops X Sp ll/nx+1/ny (58b)
Under the null hypothesis Ho: g, — 4£,= 0, the SMD of to = (X -y )/ S, \[1/n, +1/n, is

that of the central t with v = vt vy = n, +n, —2. Put differently, the null distribution of
(x=y) Sp\/m is Tnerny_2 . Thus, the Al for in (58b) reduces to

AL 15025 < to <1th025 (58c)
where to=(x-y )/ SP\/W and 7 55 =10.025,1,+n,-2 However, if Ho: 1, — p1,, =
0 is false (so that a type II error can occur), the SMD of (x -y )/ S P\/m 1S no

longer the central T, o o Thus, we next derive the SMD of the test statistic ty =
x Tty

(x-y)/ Sp\/m under the alternative Hy: g1, — 1, =8 #0.

From statistical theory, the SMD of the rv U/ xi /v 1is that of the central
Student’s t with df equal to that of xi , where U ~N(0,1), i.e., U is a unit normal rv, and
Xi is chi-squared distributed rv with v df and independent of U. However, if E(U) # 0,

then U/ xi /v 1is no longer central t distributed, but the rv (Z+&)/ xi /v, where Z ~

N(0,1), has the noncentral t distribution with v df and noncentrality parameter & and the

distribution is almost universally denoted by t/(€),i.e., (Z+&)/ xi /v ~t (). We
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will now illustrate how the above noncentral t distribution is used to compute type 11
error Pr when testing equality of two normal means with unknown but equal process
variances. (This result has already been known in statistical literature for over 35 years.)
By definition
p = Pr (Accepting Ho: 11, — 41,,= 0 if Hy 1s false)
=Pr(—ty,005 < to <1Zpops5| Hx — Ly =9)

= Pr(~tyg05 <to=(¥ =)/ S,\l/n +1/n, <to45 lpx —py=9) (59)

If H, is assumed false so that E(x =y ) = 4, — 1, # 0, the SMD of

(x=Y)S,, 1/n, +1/n, is no longer the t’ (£ =0), which is the central t with v = vi+ vy
= n, +n, -2 degrees of freedom. Thus, we first standardize x — y in Eq.(59) as shown

below, assuming cx = oy = C.

(=)= (= 1)+t = )V o I+ 0% I,

Sp,ll/nerl/ny/\/az/nx+a2/ny

B =Pr(—ty s < < 1o.025

|Hx _HyZS)

Z+[(,ux—,uy)/\/0'2/nx+0'2/ny ]

=Pr(—typp5 < — < o005 | 1x — 1y =)
,/Sp /o

Z+[(,ux—,uy)/\/0'2/nx+0'2/ny]
Jl(ng +n, =282/ 61/ (n, +n, ~2)

<fys |t — 1y =)

= Pr( 2 025

Z+[5/\/0'2/nx+0'2/ny]

\/;(2 /(ny+n,-2)

IA

= Pr( —t0.025 < t0.025 )

nx+ny—2
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Z+
=Pr(—typs5 < s

B ,/;{f/v

where & = (u, —,Lly)/\/O'Z/nx-i-O'z /n, 25/\/02 /nx+0'2 /n, and v = ngtng=2.

< fo.025) (60a)

+e

A
J;(f/v

noncentrality parameter §=5/\/0'2 /n, + o’ /n,=06/SE(X-Y), e,

However, as stated above, the SMD of is the noncentral t with v = n,+n,—2 and

Z+ , ) , d [ n,n
—26 ~ tnx+ny—2( ) = tnernny(_ —y)'
,ZV/V ol/n +1/n, G\jnx-i-ny
Z+
Thus, B = Pr( .5 < —25 <to.025)
X, /v
’ 6 an
=Pr(—to0p5 <t 02— ") < f9,025) (60b)
c\n,+n,

Note that when 6 = 0, the argument in (60b) becomes the central t and 3 becomes equal
to 1-a.

When the design is balanced, the SMD of the test statistic ty under H; reduces to

0 /n .
t’Z(n—l) (— - ) , 1.€., when Ny =ny=n >
o\2

Z+

, d |n
B="Pr(—ty s < —25 < to.025) = Pr(—tp 005 < t2(n1)(_\/; ) < %.025) (60c)
x v ©

14

As an example, suppose we draw a random sample n, = 7 from a N(u,, 6°) and

one of size ny = 11 from another N(p,, o”) with the objective of testing Ho: My — 1, =0 at

the nominal significance level of o = 5% versus the 2-sided alternative H: g, — z,# 0.
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We wish to answer the question as to what is the Pr of accepting Hy if the true mean

difference x, — u, were not zero but were equal to 0.50c, i.e., we wish to compute the

type Il error Prat 8 = 0.50G . Then the corresponding value of the noncentrality parameter

isequaltoé = (é‘)/cs)\/nxny /(n,+n) = (O.SOG/G)W =1.03414 and type II error
Pr from Eq. (60b) is equal to =
B =Pr(—ty 0516 < t15(1.03414) < 1) 09516 ) = Pr(=2.119905 <t,(1.03414) < 2.119905)
= cdf[oft;(1.03414)at 2.119905] — cdffof't;(1.03414)at (=2.119905)].

Fortunately, both Minitab and Matlab provide the cdf of the noncentral t distribution.

Using Minitab, we obtain cdf[of't; (1.03414)at 2.119905] = 0.838156 and cdflof
t(1.03414)at —2.119905] = 0.0016652; thus, B = 0.838156—0.0016652 = 0.836491 so

that the power of the test at 8 = 0.50c is equal to 1- = 1-0.836491 = 0.163509. Clearly

as &= u, — p,, departs further from zero, the power of the test must increase, which is

illustrated next. Suppose now 8= 0.80c; then & = (0.80c/c)\/77/18 = 1.65462315
and f(at6=0.80c, n, =7,n,=11)

= Pr(—2.119905 <t/,(1.65462315) < 2.119905)

= cdffoft(1.65462315) at 2.119905] — cdffoft!, (1.65462315) at —2.119905]

=0.656987 — 0.0002142 = 0.656733,
and hence the power of the test increases from 0.163509 to 1-0.656773 = 0.343227. Itis
interesting to note that if the design is balanced, then the power of the test always

increases for the same parameter values. For example, if ny =ny = 9 so that v = 16 stays

in tact, then at 6 = 0.80c, the noncentrality parameter & = (0.80c/06)v81/18 =
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1.6970563 and
f(at 8 =0.800, n, =9,n, =9) = Pr(~2.119905 <t} (1.6970563) < 2.119905)
= cdffoft!, (1.6970563) at 2.119905] — cdf[oft/, (1.6970563) at —2.119905]

=0.642235 - 0.0001839 = 0.6420511,
so that Power(at 6 = 0.80c) = 0.357949, which exceeds the value of 0.343227 for the
unbalanced case. The syntax for Matlab noncentral t cdf is nctcdf(t, v, £).

As in the case of known variances, the type Il error Pr from the Overlap is

computed similar to Egs. (7) shown below.

B'= Pr(Overlapl 8 > 0) = Pri[ L(u,) <U(1,) 1N [ L(,) SU(u) 1 1, ~ 1, = 5}
:Pr{[i _ta/2,vx Sx/\/z < Y’ +ta/2,vy Sy /\/a]m
[YI _ta/2,vy Sy /\/Z sx+ ta/2,vx Sx/\/Z]yé‘}
= Pr{[i _y < ta/2,vx Sx /\/ZJ’_ ta/Z,vy Sy /\/a]m
[_ta/z,vy Sy /\/a_ ta/2,vx Sx /\/Z <X _y ]|5}

:Pr{[_ta/Z,vy Sy /\/a_ta/Z,vx Sx/\/Z <X-y< ta/2,vx Sx /\/Z_’_ ta/Z,Vy Sy /\/Z“é‘}

= Pr{[~-A<X -y <+A]|5} (61)

where A=1t,,, S /\n, o, S, /\n, .

In order to apply the noncentral t-distribution to compute the Pr in Eq. (61), not

available in statistical literature, we must first inside brackets divide throughout by

S,\l/n,+1/n, and then standardize X -y as illustrated below.

B =Pr{[-A/S, \in +1/n, <(X =5 VS, l/n +1/n, <A/S, [l/n +1/n, 1|8}
14
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=Pr-A< e, L ) <Al (62a)
X c

n +n,

a/ZVS /\/_+ta/2vS /\/7
S,/ n,+1/n,

as was shown in Eq. (37a). In the case of balanced design, Eq. (62a) reduces to

L (xn(S+S) an(S+S)
B'=Pr[— 2 < e 1)( ) = ]
r32+s2 sz+s2

where A, = . Note that if 5 = 0, Eq. (62a) reduces to 1-a

_ tyona(WE+D d |n toona(WE +1D
= Pr[— S Bun(Sy5) < ] (62b)
\ /FO +1 oc\2 A /FO +1

As an example, suppose samples of sizes n, =ny = 9 are drawn from two independent
normal universes with unknown but equal variances. We wish to compute the Pr of

accepting Ho: p1, — p1,= 0 at a = 0.05 if g, — p1,= 0.80c and the sample statistics are Sy=

0.65 and S, = 0.54. Note that it is sufficient to provide the ratio Fo = S2 / S_\Z/ instead of the

specific values of Sy and Sy. Because t,,, | =ty p55=2.306004, & =
(0.80c/0)v81/18 =1.6970563, Eq. (62b) yields B'(at & = 1, — 1,= 0.80c, n, =9, n, =9)
= Pr[-3.247338< 1,,(1.6970563) < 3.247338] = 0.904239-0.0000078 = 0.904231.

The above value of B’ is much larger than 3 = 0.6420511 using the Standard method. It

S, +S
can easily be verified that the random function ———=_ lies within the interval

NS

<42. However, we are using the pooled t-test only if

S.+S, _ R+l

\/sz +s2 R+
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JE +1 /R, +1
Q2 2 0.90,n—1,n—1 _ 0.10,n—1,n—1
Eygon1na S Fo =Sy /Sy < K, 10,n-1,n1 and hence =

\/FO.90,n—1,n—1 +1 \/FO.IO,n—l,n—l +1

- S, +S, _ \/EH
_\/Si-l—si \/F0+1

<~/2 . Note that the equality on the most LHS of this last equation

follows from the fact that Fo 10n-1n-1 = 1/ Fo90.n-1n-1 for all n. Therefore, for a balanced

design the GLB of B’ for a 5%-level test is given by

E ., +1 F ., +1
00 <y (ﬁ\ﬁ ) <toppsny —e—1 (63a)
.10 G 2 ’

JE) 10 +1 2D Fy 0 +1

where Fo 10 = Fo.10n-1n-1, and the LUB is given by

GLB(B') = Pr[—t( 0350

, 0 |n
LUB(B’) = Pr[- t0.025,n71\/§ < t2(nl)(g\/;) < t()_025,1171\/5] (63b)

1e.,

Fyo +1

s R0 t;ml)(é\ﬁ P IURETIPRS Y
VFoi0+1 G\V2 Vo0 +1

Pr[

, o |n
Pr[- t0.025,n71\/§ < Gy (g\/;) = t0.025,n71\/§ ] (63¢)

Thus, for the example with n, = ny =9, the GLB that the overlap type II error Pr can
attain is given by Eq. (63a) and is computed below.

GLB (B’ at 6 =y, — p1,,= 0.800)

V2.589349 +1
V2.589349+1

Pr[-3.175781< t/,(1.6970563) < 3.175781]

= Pr[-2.306004 <t/ (16970563) < 3.175781]

0.89451811- 0.00000954 = 0.89450857.
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Thus, the smallest % relative error for the power of the test from Overlap is
[(0.357949—- 0.105492)/ 0.3579491x100% = 70.53%.
Furthermore, the LUB that the overlap type II error Pr can become is given by Eq.(63b)
and is calculated as following:
LUB (B'at 6 =y, — u,,= 0.800)
= Pr[-2.306004 x2 < t1(1.6970563) <3.26118232 ]

= Pr[-3.26118232 < t/,(1.6970563) <3.26118232 ]

=0.90602841-0.00000756 = 0.90602085
Therefore, the worst % relative error for the power of the test from Overlap is

[(0.357949—0.093979)/ 0.357949]x100 %= 73.75%.

8.2 The Case of Hy:0, = oy Rejected Leading to the Two-Independent Sample t-

Test (or the t-Prime Test)

Assuming that X~N( ,ux,of ) and Y~N( yy’af ), then X —Y is N(u, — Uy,
aﬁ /n, + aﬁ /n,), but now the null hypothesis of Ho: o, =0, is rejected at the 20%
level leading to the assumption that the F-statistic Fo = Si / S?, > 2 for all sample sizes 16

<ny, & ny.

It has been shown in statistical theory that if the assumption o, =0, is not

tenable, the statistic [(x —)—(u, — u,)]/ \/ (§ )% /n.)+(S 5 /n,) has the approximate

central Student’s t-distribution with degrees of freedom
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V@V _ v VEHVEP vy, (R, +1) (39)

VE) VG v @) )T v (RR,) Y,

Ve v,

where v(¥)=S2/n, and Fo= S2/ Sf . The formula for degrees of freedom in (39) rarely
leads to an integer and is generally rounded down to make the test of H : g1, — 41,= 0

conservative, i.e., the rounding down v increases the P-value of the test. However,
programs like Matlab and Minitab will provide probabilities of the t-distribution for non-
integer values of v in Eq. (39). It has been verified by the authors that v in Eq. (39)
attains its maximum when the larger sample also has much larger variance than the
sample whose size is much smaller. Even then, it is for certain that Min( vy, vy ) <v <
Vit vy, and hence the two-sample t-test is less powerful than the pooled t-test. When

H,:o, =0, isrejected at the 20% level (i.e., P-value < 0.20), the type II error Pr of a

5%-level test is given by B = Pr (Accepting Ho: 4, — 1, = 0 if Hy is false) —

B = Pr(—o0s, < to <looasy|Hx —Hy=9) (64)

where to=(x —y)/ \/ (Sf In,)+ (Si /n,) is approximately central t distributed when Hy is
true with df, v, given in Eq. (39). Henceforth in this section we let to g25 represent #; s ,,

only for notational convenience. When Hy is false, the authors have also verified that the

exact SMD of the statistic ty=(x —5)/ \/(Sf In,)+ (Si /n,) under the alternative H: pix

— Hy =8 # 0, unlike the case of o, = 0, Is intractable using central x*. As far as we

know, the exact power of the t-Prime (or the two-sample independent t-test) test has not

yet been obtained in statistical literature. That is, the SMD of't; is not the noncentral t
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with some noncentrality parameter . The development that follows, the results already
existing in statistical literature, is only an approximation because there does not exist an
exact solution for type II error Pr of testing Ho: 42, — 1, = 0 when the variances are

unknown and unequal. We first approximately studentize the expression for 3 in Eq.(64).

B = Pr(—ty 025, < 10ty 005, | lx— Ly =0)

= Pr(~tygps, < (F=7)/3J(S3/m)+(S2/m,) < tgos,y| i bty =8)

= Pr{—tygps ~0/ (52 /m) +(S2/n,) < [(R=7) =81/ (82 /m)+(S2/n,)

< 10,005 —5/\/(S§ In)+(Sy/n,)}

Pr{~to 005 ~0/[(S2/n)+(S2/m,) S tu Stop5 8/ J(S2/m)+(S2/n,) }

Pri{—tys—A< ty Sfyps—A} (65)

where the studentized mean difference A= (g2, — 42,,) / \/ (S /n,)+ (Si /n,)

=0/ \/ (Sf /n.)+ (Si /ny,) . Unfortunately, the approximate expression for 3 in Eq.(65)

still depends on the sample se(x —y ) :\/ (Sf /n,)+ (Si /n,) , and therefore, the
approximation in Eq.(65) can be carried out iff 0 is specified in units of the se(x - ), or

in units of p, — py, in which case the realized values of Sﬁ and Si have to be used

posteriori in order to approximate a priori type II error probability.
For example, suppose samples of sizes n, = ny =9 are drawn from two
independent normal populations with unknown but unequal variances. We wish to

compute the Pr of accepting Ho: 41, — p,,= 0 at o= 0.05 if x, —u,= 6 = 0.4 and the
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vy, VE) +V ()

sample statistics are S,= 0.65 and S, = 0.54. Eq.(39) gives v = — — =
v, V(@) + v, V(7))

15.48, to.005= to0as1548 = 2.1257, A= (g, — p1,) / \/(S§ /ne)+(S; /n,) =0.40/0.281681
= 1.420044 s0 that —1y 0ys —A = — 3.545744, 1y 1ys —A = 2.1257-1.420044 = 0.7057, and

B(at & = 0.40)= Pr(—3.5457< t543 <0.7056) = 0.75454016-0.00140620 = 0.75313396.
If p, — p,= 0.60, similar calculations will show that B(at zz, — 41,= 0.6)= Pr(-4.25577<

tisqs < —0.00437) = 0.4982845—- 0.0003233 = 0.4979612. Note that the above
approximate type Il error Prs would be in exact agreement with what UCLA’s Statistics

Department Power Calculator lists on their website (www.stat.ucla.edu). If ny =7, Sy=

0.65, ny =11 and Sy = 0.54 the type II error Pr increases a bit from 0.7532 to

B(at u, — p, = 0.4) =0.79083377 — 0.0022143 = 0.7886.

Again, the type II error Pr from the Overlap is computed similar to Eq. (7), just

like the case of the pooled t-test, as shown below.
B'=Pr(Overlap | 5 > 0) = Pr{[ L(1,) SU(u,) 1" [ L(1,) SU(1,) ]| px — bty =8}

Note that the event [ L(x,) <U(u,) N[ L(x,) SU(w,)]1s equivalent to either L(x,) <
U(p,) U )or L(p,) SU(p,)<U(u,). Thus,
B'=Pr{[X —t,,, S, /\n, <Y +1,,, S, /\n 10
[YI _ta/Z,vy Sy /\/a <X +ta/2,vx Sx/\/Z]l 8}
= Pr{[i _y < ta/2,vx Sx /\/Z +ta/2,vy Sy /\/a]m

[_ta/2,vy Sy /\/a_ta/Z,vx Sx /\/Z <X _? ]l 8}

120



:Pr{[_ta/z,vy Sy /\/g_ta/z,vx Sx /\/Z <X _y < Z‘oz/Z,vx Sx /\/Z +

ta/Z,vy Sy /\/Z“ 6}
=Pr{[-A<X -y <+A]| 8} (66)

where A=1,,, S ./ \/Z oy, S,/ \/Z . Studentizing inside the brackets of Eq.(66)

a

results in:
B'=Pr{[-A—(ux—py) <(X =Y) —(Hx—Hy) < +A-(p—py)]| 3}

= Pr{[-A—(ux—py)l/ se(x =y ) <[(X =Y) ~(l—ty)] /se(X =y ) < (A=) se(X =y )}

where se(¥ ) = /(2 /n,)+ (S /n,) . Thus,
B'= Pr{(-A-90)/ se(x -y )< t,<(A-0 )/ se(x—y)} (67)
For the example, if n, =n, =9, S,= 0.65 and Sy = 0.54, A =0.914715, v =

vy, [V(E) +V()]
v, (V(®) +v, V(7))

= 15.48 as before, Eq. (67) now gives B'(0 = 0.40)=

Pr[—4.66738< 154 <1.827295] = 0.95650-0.00014 = 0.9564 as compared to exact value

of B(at 8 =0.40) = 0.7532 and a % relative error in power

(B =L/ (1= )]x100% /(- ) ) equal to 82.33%.

8.3 The Impact of Overlap on Type II Error Probability for the Paired t-Test (i.e.,
the Randomized Block Design) when Process Variances are Unknown

Consider the 5%-level test of Hoy: ¢, — Hy=pa= 0 versus the 2-sided alternative Hj:

pg # 0, where the paired response (X, y) comes from a bivariate normal universe so that

X and Y are correlated random variables with unknown correlation coefficient p. The
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appropriate test statistic for testing Ho: pqg =0 is ty = dvn/ Sq» Where Sy

n
=, /Sf + Sy2 -26,, and 0,,= Z(Xi —X)(y; =¥)/(n—1). The decision rule is to reject

i=1
Hy at the 0.05-level iff | dvn/ Sal > %.025,.-1 - Thus, for a 5%-level test by definition

B = Pr(Accepting Ho: 11, — 41,,= 0 if Hy is false)

= Pr(—~t9025.,51 < to < f9.025,0-1| Ha =)

Fortunately, just like in the case of the pooled t-test, the exact SMD of ty under the
alternative H;: g # 0 has been known for well over 35 years. That is to say, an exact
expression for the OC curve of the paired t-test already exists in statistical literature as

illustrated below.

B =Pr(~ly405,-1 < AN /Sy <ty 051|114 =9) (68)
where for notational convenience we will let £y gp5= £ 025 ,—; 1n this section.
Standardizing dvn/ S4q 1n Eq. (68) under the alternative Hy: pg # 0 leads to

B =Pr(—ty g5, < dvn /sy < 10.025,n-1| Ha = 8)

[(c7—,ud)+,ud]\/;/ad <
S, /o, B

= Pr(—ty 05,4-1 <

10.025.n—1| Ha = d)

Z+unloy

= Pr(—ty 025-1 < — = 10.025.n—1| La = d)
\[Sd /O'd

Z+¢&
(n-1)S% /o3

(n—1)

<1.025,n-1| La =)

= Pr(—ty0p5,4-1 < \/
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Z+¢&

T = 10.025,n—1| La =)
,/;(H /(n—1)

=Pr(—ty.005-1 < 1,21(8) <1025,0-1) (69)

IN

= Pr(—ty 025,11

Eq. (69) shows that the exact SMD of t =dvn/ Squnder the alternative Hy: pg # 0 is the

noncentral t with noncentrality parameter & = 1, Jn/ o, and v =n-1 df, while the null
SMD of'ty is the central t,.; = ¢,_;(0). For example, suppose we wish to compute the

type II error Pr when testing Ho: z, — 11, = pa = 0 at the 5% level with a random sample of

size n = 10 blocks from a bivariate normal distribution versus the alternative H: pg =

0.50c4. Thus from Eq. (69), B(at pa = 0.5064) = Pr( 0259 < #,1(&) < %0259 )
where & = O.SOO'd\/E /o; = 1.581139. Consequently using Matlab we obtain
B(at pg = 0.5004 n=10) = Pr(—2.262157< #,(1.581139) < 2.262157)

= nctedf(2.262157, 9, 1.581139) — nctedf(—2.262157, 9, 1.581139)

=0.7071714-0.00034704 = 0.70682435,
so that the power of the test is given by PWF(at 0.50G4, n =10) = 0.29317565. It is
common knowledge in the field of Statistics that the power of a test should increase with
increasing sample size; a statistical test for which the limit of its PWF does not approach
1 as n — oo, is said to be inconsistent. It is also estimated that in order to double the
power of a test, roughly more than twice the sample size is needed. For this reason,
consider this last example where the PWF(at 0.50G4) was equal to 0.29317565 with n =

10 but now we set the value of n at 20. Then, at n = 20, B(at pg = 0.5064, n =20) =

Pr( —t0.025’19 < t;l_l(f) < t0.025’19 ), Where (g = OSOO-d\/%/ O-d = 2236068 and
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= B(at ug = 0.5004, n = 20)

nctedf(2.0930240,19, 2.236068) — nctedf( —2.0930240,19, 2.236068)

0.43551707475811-2.152176224301527x10

0.43549555299587
- PWF(at 0.50G4, n =20)
=(0.564504447 < 2x PWF(at 0.50G4, n =10).
On the other hand, in order to have the same value of PWF at pg = (1/2)x0.5004, roughly

four times the sample size is needed.

As in sections 8.1 and 8.2, the type II error Pr using the Overlap is given by

B'=Pr{l~t,n,, S,/ \1, ~luny, S/ fn, <X =¥ <

ta/2,vx Sx/\/Z + ta/Z,Vy Sy/\/aﬂé‘i()}

=Pr{[-A<d <+A]|5#0} (70a)

where as before A= 1,,, S, /4n, +i, 12, S,/\n, and d =X —y. However, because

a

this is a block design, then per force ny = ny =n, and as a result A =z, , | (Sx*+Sy)/ Jn.
Following the exact same development that leads to Eq. (69), we obtain

B’ = Pr[_ ta/2,n—1 (SX+SY)/\/; < 57 < ta/Z,n—l (SX+SY)/\/;]
=Pr{—1,,,1(S+Sy)/Sa < d /S <ty 1 (Sc+Sy)/Sd]

(d = ptg + )N 1 o4 <
Sd/o-d B

= Pr[- ta/2,n—1 (SX+Sy)/Sd < al2,n-1 (SX+Sy)/Sd]
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(d=py+unlo,
\/(n—l)Sj/crf,

n—1

= Pr[- ta/2,n—1 (SX+Sy)/Sd = = ta/2,n—1 (SX+Sy)/Sd]

=Pt~ 1 (Sx+Sy)/Sa < 14 (&) < 10,1 (S+S,)/Sd] (70b)

where &= ,ud\/ﬁ / ;. Because Sd=\/Sf + Sf —2rS,S, , it follows that Sq < S,+S,, and

equality occurring iff the sample correlation coefficient r = —1. On comparing the
expression for 3 in Eq. (69) with that of B in (70b), it is clear that B < B’ because

Ly (SxtSy)/Sa 2ty , . Further, dividing the numerator and denominator of

(Sx+S,)/Sa by Sy, we obtain (Sx+S,)/Sq = (\JEy +1)//Fy +1-2r,/F, . Substituting this

last into (70b) results in

E, +1 E, +1
B':Pr[_t(x/Z,n—l( \/_O )< ,1(8) Sta/2,n—1( \/70 )] (70c)
Ey +1-2r,/F, F, +1-2r,/F,

The final expression for Overlap type Il error Pr in Eq. (70c) clearly shows that the value

of B’ depends only on the sample size n, noncentrality parameter & = ,ud\/ﬁ /o,, the
sample correlation coefficient r, and the sample variance ratio Fo= Si / Sé but does not
depend on the specific values of Si and Si. Only when r = —1, the value of B’ equals

to 3; otherwise B’ > 3. Further, the limit of B’ as Fp — 0 or as Fy — o is also equal to 3.

It can easily be shown using calculus that the function (\/ﬁ +1)/\JFy +1- 2r\/g in the

argument of P’ in Eq. (70c) attains its maximum at Fo = 1 with its value equal to

2/(1—r1). Thus for a 5%-level test, the least upper bound for ' is given by
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LUB(B") = Pr[—t,0ps,,1 v2/(1=1) < 1, _1(&) <lo0p5,,0 42/ (1-1)] (71)

As r— -1, the LUB(B)— B, but as r— +1, LUB(B') — +1. Thus the impact of negative
correlation is to reduce the Overlap type II error Pr while the impact of positive
correlation is to increase ’. As an example, for a random bivariate pair of size n = 10, a

5%-level test, and r = — 0.50, Eq. (71) at pg = 0.50c4 yields
LUB(B") = Pr[—¢,p50 V2/1.5 < £5(1.581139 ) <2.262157+2/1.5]
=Pr[-2.612114< £5(1.581139) <2.612114]

=0.793446 — 0.0001628 = 0.79328344

as compared to § = 0.70682435 from the Standard method. However, if r were equal to

+0.50, then

LUB(B') = Pr[~fy 0559 /2/0.5 < 1(1.581139) <2.262157x2]

= Pr[-4.524314 < 1,(1.581139) < 4.524314] = 0.976860.
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9.0 Conclusions and Future Research

Chapter 3 used the normal theory with known variances to prove results that
already existed in Overlap literature, some of which were obtained through simulation. It
was proved that for a nominal significance level o = 0.05, the corresponding 95%
overlapping CIs provide a much smaller LOS o' = 0.0055746, which fully agrees with
the value computed from Eq. (7) on p. 184 of Schenker et al. (2001). Schenker et al.
provide their results without any proof. Further, Chapter 3 proved that for a LOS of 0.01,
the corresponding Overlap LOS was o' = 0.0002697, while the literature provides results
only for the nominal LOS of 5%. Further the smaller the LOS of the Standard method
becomes, the larger is the % relative error of the Overlap LOS. Although, the Overlap
literature has never considered the one-sided alternative, Chapter 3 showed that the
Overlap LOS is 2 of the corresponding two-sided alternative (i.e., the Overlap procedure
becomes even more conservative for a one-sided alternative).

Second, a concept that has not been discussed in Overlap literature is the

maximum % overlap that the two independent CIs can have and Hy: p, = py cannot still

be rejected at a pre-assigned LOS a. It was proven that this maximum % overlap
depends only on the SE ratio [k =(o,/{/n,)/(c, /{/n, )ork =
(o, /yny)/ (o, /, /ny )] and is equal to 17.1573% at k = 1 and diminishes to zero as k

—o or zero. Atk = 10, it was shown that the maximum % overlap reduces to 4.5137%
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so that the Overlap procedure converges to an exact o-level test for limiting values of k.

Third, the chapter showed that the two independent CIs must each have a
confidence level of 1 —y =1 -20(-Z_,, / \/2) in order to provide an exact a-level test.

This last formula gives a confidence levels of 0.931452 for both independent intervals at
o =0.01,and 1-y=0.83422373 at o = 0.05. This latter value is in perfect agreement
with Overlap literature while the former value of 1—y = 0.931452 has not been reported.

Finally, the Overlap procedure leads to less statistical power compared to the
Standard method and its RELEFF for small sample sizes is poor and heavily depends on
d/c, but its asymptotic RELEFF is 100% as n —c. For the simplest case of 64 = oy and
ny = ny an exact formula (15¢) was obtained for the RELEFF of Overlap to the Standard
method.

Chapter 4 investigated the Bonferroni Overlap Cls against the Standard procedure
and determined that the Bonferroni concept makes the Overlap even more conservative
and loses more statistical power.

Chapter 5 examined the overlapping Cls for two process variances against the
Standard method that uses the Fisher’s F distribution; the Overlap literature has not
investigated the Overlap procedure for variance ratios. As in the case of process means,
the Overlap reduces the LOS of the test and the limiting value of o’ at o = 0.05 and k = 1
is roughly 0.0055746, while as k — o or zero, the Overlap approaches an exact a-level
test.

Second, the limiting value of maximum % overlap that does not reject Ho: 6 = oy
is exactly 17.15726% as was in the case of two process means.

Third, the individual confidence levels have to be set at y obtained from Eq. (31b)
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;(ﬁ/z’vx /le—y/z,vy = VxFa/Z,vx,vy /v,,, where the limiting value of y is 0.165766 at k =1

just like the case of means; further, as k — o or zero, y — 0.

Last, the power of Overlap procedure is always less than Standard but approaches
that of the Standard as k — o or zero. The asymptotic RELEFF of Overlap to the
Standard method is 100% as ny & ny, —>oo.

Chapter 6 examined the impact of Overlap on type I error Pr, in the normal case
with unknown variances but samples sizes < 50, using the pooled t and two-independent
sample t statistics, and also the effect of positive and negative correlations on the Overlap
procedure” Specific formulas for a'of the pooled t-test (37¢), the two-independent sample
t-test (41b), and the paired t-test (44a) were derived and documented. The Overlap
literature has not considered the pooled t-test.

Chapter 7 used the pooled t-statistic to derive an expression for the % overlap, o,
below which Hy: pix = py cannot be rejected at the a level. Unlike the simple case of

known variances where o, depends only on the SE ratio k, when the process variances

. 2 Q2
are unknown and sample sizes are not large, o, depends on ny, ny, Fo= S / Sy ,and o.

For the case of two-independent t-statistic, , depends on ny, ny, k, and o, while for the
paired t-test, it depends only on the correlation coefficient between X and Y and Fy =

Si /Si. For all 3 cases, Chapter 7 also derived expressions for the individual confidence
levels, 1—y, that provide an a-level test by the Overlap method. In the case of pooled t-

test, y depends only on ny, ny, and Fy. For the two-independent sample t-test y depends on

ny, ny and Fo. While for the paired t-test, it depends only on n, r and Fy.
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Chapter 8 used the noncentral t-distribution to derive formulas for the OC curves
(and also power functions) for the case of underlying normal distribution with unknown
variances and moderate to small sample sizes n < 50, the results of which have been
available in statistical literature for more than 35 years. However, the chapter also
derived formulas for type II error Pr of Overlap (B’) using the noncentral t. The exact
results obtained for this latter case have not been available in statistical literature.

As further research, one could consider the Overlap problem for other normal
parameters, such as the coefficient of variation o/p [see Vangel (1996) and Payton (1996)]
and quantiles p + Z,c, 0 < a < 1. Further, we suspect that the SMD of S (= the standard
deviation for a sample) from a non-normal population approaches normality, toward N[o,
c%/(2n)], but very agonizingly slowly (n > 100). The exact SMD of S from a N(p, o°) has
been documented in statistical literature more than 50 years ago. For an underlying

normal population, it is also widely known that an n > 75 is needed in order for S to be

roughly normally distributed according to N[c40, (1 — cﬁ )o’], where ¢4 = T'(n/ 2)\/5 /

{T[(n—-1)/2]x~n—1} <1is awell-known QC constant. Note that the approximate

V(S) generally reported in statistical literature is 6%/(2n), but we know for fact that

o*/[2(n — 0.745)] is a better approximation to the exact variance of S from a N(, o9,
which is given by V(S) = (1 — cﬁ )o™. Unfortunately, the farther the skewness and

kurtosis of an underlying non-normal distribution are from zero, the much larger sample
size is needed for the SMD of S to exhibit normality. Thus, if the underlying distribution
is non-normal, only the limiting comparison of Standard CI to Overlap may be

accomplished based on CIs of o and G,. Also, we have not yet seen the impact of
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overlapping Cls on parameters of other underlying distributions such as Uniform,

Weibull, and Beta.
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APPENDICES

Appendix A: The Kurtosis of the sum of n independent Uniform, U(0, 1), distributions.

Appendix B: Matlab functions
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Appendix A: The Kurtosis of the sum of n independent uniform, U(0, 1), distributions

Suppose xi, X2, ..., X, are independently and each uniformly distributed over the
real interval [0, 1]. It is well known that the 1* four moments of each x; is given by p; =
12, ua = V(Xj) = 1/12 = 6°, p3 = 0 (by symmetry), and ps = 1/80 so that oy = ps/c” =

144/80 = 1.80 and the kurtosis of each x; is equal to B4 = o4 -3 = —1.20.

n
Now consider the sum Y, = Z x; ; our objective is to compute the 1* four
i=1

moments of Y, from the known moment of each x;, 1 =1,2,..., n. Clearly, the mean of Y,
is given by E(Y,) = n/2, the variance is given by V(Y,) =nV(Xj) =n/12, u3(Y,) =0 by

symmetry, and ps(Y,) is computed below.

h(Yo) = ELY % - @21 = E[Y(x,~1/2) T
i=1 i=l1

n n=1 n
= E[Y.(x; = 1/2)*+4Cox > > (x4, = 1/2)* (x; —1/2)* ]
i=1 i=1 j>1

= npy(xi) + 6x,Cox V(X;) x V(X))
Note that in the binomial expansion of [ Z(Xi ~1/2)7" the expectation of odd products
i=1
such as E[(x;-1/2)(x2 — 1/2)*] vanish due to mutual independence of x; and x; for all 1 # j.
Hence, ps(Yy) = 1/80 + 3n(n — 1)o* = n/80 + 3n(n — 1)/144 = n/80 + n(n — 1)/48

Thus, (v, = Hs(Ya) _ n/80 +n(n - 1)/48 _ 144/80 +144(n — 1)/48
V(Y,) (n/12) n

_ 1.80 +3(n — 1)
n

— a4(Ya)=3—-1.20/n
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— Ba(Yn) = 0u(Yn) —3=-1.20/n

Thus for a 2-fold convolution of U(0, 1), the kurtosis is —1.20/n = — 0.60 while for a 6-

6
fold convolution the kurtosis of le. is equal to —1.20/n = -0.20.
i=1
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Appendix B: Matlab functions

(a) The following Three Matlab functions compute the Overlap significance level, o, for

a pooled t-test, two-independent t-test, and the paired t-test, respectively, at a given

significance level o = a, sample sizes ny & nyand sample variance ratio Fo = Si /Si.

1. function y = aprP(a,nx,ny,F0);
tx=tinv(1-a/2,nx-1);ty=tinv(1-a/2,ny-1);nu = nx+ny-2;
RHS=nu*(tx*sqrt(FO*ny)+ty*sqrt(nx))"2/((ny-1+F0*(nx-1))*(nx+ny));

y=1-fcdf(RHS,1,nu);

2. function y = apr(a,nx,ny,F0);
tx=tinv(1/a/2,nx-1); ty=tinv(1-a/2,ny-1);Rn=ny/nx; nu=
(nx-1)*(ny-1)*(1+F0*Rn)"2/(nx-1+(ny-1)*(FO*Rn)"2);
RHS=(tx*sqrt(FO*Rn)+ty)"2/(1+F0*Rn);
y=1-fcdf(RHS,1,nu);

3. function y = aprc(a,n,FO0,r);
Fl=finv(1-a,1,n-1);
RHS=F1*(sqrt(F0)+1)"2/(1+F0-2*r*sqrt(F0));
y=1-fcdf(RHS,1,n-1);

(b) The following Matlab functions compute the overlap proportion for a pooled t-test,

two-independent sample t-test, and the paired test, respectively at a given

significance level o = a, sample sizes n, & nyand sample variance ratio Fo = Si / Si.
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1. function y = OmegaP(a,nx,ny,FO0);
Rn = ny/nx;nu=nx+ny-2;n1=nx-1; n2=ny-1;
NUM = tinv(1-a/2,n1)*sqrt(FO*Rn)+tinv(1-a/2,n2)-
tinv(1- a/2,nu)*sqrt((1+Rn)*(n1*F0+n2)/nu);
DEN = tinv(1-a/2,n1)*sqrt(FO*Rn)~+tinv(1-a/2,n2)+tinv(1-
a/2,nu)*sqrt((1+Rn)*(n1*F0+n2)/nu);
y=NUM./DEN;

2. function y = Omega(a,nx,ny,F0);
Rn= ny/nx;nl= nx-1; n2=ny-1;
nu=(n1*n2*(FO*Rn+1)"2)/(n2*(Rn*F0)"*2+nl);
NUM=tinv(1-a/2,n1)*sqrt(Rn*F0)+tinv(1-a/2,n2)-tinv(1-a/2,nu)*sqrt(FO*Rn +1);
DEN = tinv(1-a/2,n1)*sqrt(Rn*F0)+tinv(1-a/2,n2)+tinv(1-a/2,nu)*sqrt(FO*Rn +1);
y=NUM./DEN;

3. function y = OmegaC(F0, r);
NUM = sqrt(FO)+1-sqrt(1+F0-2*r*sqrt(F0));
DEN = sqrt(FO)+1+sqrt(1+F0-2*r*sqrt(F0));
y=NUM./DEN;

(c) The following Matlab codes compute the value of y that provides an a-level test for
the two-independent t-test.
a=0.05;
nx=4;
ny=_,;
F0=1.5;
Rn= ny/nx;nl=nx-1;
n2=ny-1;
nu=(n1*n2*(FO*Rn+1)"2)/(n2*(Rn*F0)*2+nl);
RHS =tinv(1-a/2,nu)*sqrt(Rn*F0+1);
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c(1)=a;
for i=2:25
c(i)= c(i-1)+0.005
LHS() = tinv(1-c(1)/2,n2)+tinv(1-c(1)/2,n1)*sqrt(Rn*FO0);
end
fori=2:25
if RHS-0.005<=LHS(i) & LHS(i) <= RHS + 0.005
break
g=c(i)
end

end

141



