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THESIS ABSTRACT
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This paper is a vast survey of inverse limit spaces. After defining an inverse limit on
continuous bonding functions, we prove important theorems about inverse limits, provide
examples, and explore various generalizations of traditional inverse limits. In particular,
we present original proofs of theorems given by Ingram and Mahavier in “Inverse Limits of
Upper Semi-Continuous Set Valued Functions.” We then use this new sort of inverse limit
to enliven the notion of a “two-sided” inverse limit; finally, we use inverse limits on u.s.c.

functions to produce an indecomposable continuum.
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CHAPTER 1

INTRODUCTION

An inverse limit space is a powerful topological tool. Inverse limits not only help us
generate complicated continua with interesting properties, but also allow us to represent
such continua in a simple and elegant way. Now, a new generalization of inverse limit
spaces has opened up more possibilities for topologists to explore. As we will see, this new
generalization even breathes new life into a different kind of inverse limit.

This paper provides a vast survey of inverse limits. In Chapter 2, we list basic def-
initions and theorems that will serve as background material. In Chapter 3, we begin by
defining an inverse limit with continuous bonding maps and proving some important pre-
liminary theorems. We demonstrate the power of inverse limits by using them to prove the
formidable Tychonoff Theorem; then, we use inverse limits to represent some complicated
continua in a simple, straightforward way. Next, in Chapter 4, we consider a generalization
of inverse limits from Ingram and Mahavier’s “Inverse Limits of Upper Semi-Continuous
Set Valued Functions” [1]. After giving original proofs of the theorems from that paper, in
Chapter 5 we show how this new notion of inverse limit can revitalize the formerly redun-
dant notion of the “two-sided” inverse limit. Finally, in Chapter 6, we use inverse limits
with upper semi-continuous bonding functions to produce an indecomposable continuum,

and raise a few questions open for further research.



CHAPTER 2
BACKGROUND DEFINITIONS

AND THEOREMS

Let X be a set and let T be a collection of subsets of X with the following properties:
1. X eT;
2.0eT;

3. If {O;}ieu is a collection of members of T', then | J,., O; € T}

€N
4. If {O;}", is a finite collection of members of T', then (' ; O; € T.
Then the pair (X, T) is called a topological space with topology T. Such a topological

space will often be referred to simply as X when the associated topology T is understood.

The members of T are called open sets.

A subset K of a topological space X is closed if X — K is open.

Suppose M is a subset of a topological space X. A point p € X is a limit point of M

if every open set containing p contains a point in M different from p.

Suppose M is a subset of a topological space X. The closure of M (denoted M) is the

union of M with the set of all limit points of M.

Suppose a collection B of open sets of a space X satisfies the following property:



If z € X and O is an open set containing x, then there exists a member b of B such
that z € b and b C O.
Then B is a basis for the topology on X and a member b of B is called a basic open

set of X.

Suppose B is a collection of subsets of a set X such that

1. If z € X, there exists some b € B with z € b.

2. If by and by are members of B with x € b; N by, then there exists some set b3 in B
with x € bg C (by N ba).

Then the collection T' = {|J R|R C B} is a topology for X, and B is a basis for this

topology. It is said that the topology T is generated by the basis B.

A topological space X is called Hausdorff if for every pair of distinct points p,q € X,

there exist disjoint open sets O, and O, containing p and ¢ respectively.

A space X is called regular if for every closed set H C X and point p € X not in H,

there exist disjoint open sets Oy and O, containing H and p, respectively.

A space X is called normal if for every pair of disjoint closed sets H and K in X, there

exist disjoint open sets Oy and O containing H and K, respectively.

If f: X — Y is a function from the set X to Y, and U is a subset of X, we define

fU) ={f(w)] ueU}.



Let X and Y be topological spaces and let f : X — Y be a function from X to Y.
Then f is said to be continuous at the point x if, whenever V is an open set in Y containing
f(x), there exists an open set U in X containing z such that f(U) C V. If f is continuous

at each point z € X, we say f is continuous.

A function f: X — Y is said to be onto if for each y € Y, there exists some z € X

with f(z) =y.

A function f : X — Y is said to be -1 if for any pair of distinct points p, ¢ in X,

f(p) # f(q).

If f: X — Y is a function and y € Y, then the preimage of y (written as f~1(y)) is

{z e X| f(z) =y}

Suppose f : X — Y is a 1-1 onto function. Then the function f~!:Y — X given by
f~'(y) = x (where z is the unique point in X with the property that f(x) = y) is called

the inverse of f.

If X and Y are topological spaces and f : X — Y is 1-1, onto, continous, and has a
continous inverse, then f is called a homeomorphism and the spaces X and Y are said to

be homeomorphic.



Let X be a topological space. A collection B of open sets of X is a local basis at the
point x € X if

1. For each member b € B, x € b;

2. If O is an open set in X containing x, then there exists a member b of B with

rebCO.

A space X is called first countable if for each x € X, there exists a countable local

basis at x.

A space X is called second countable if X has a basis that is countable.

Let X be a topological space and let M C X. A collection of sets {O;}ic;, in X is said

to be an open cover of M if each O; is open in X and M C Uie# O;.

If {O;}iey is a cover of X, v C p, and {O;}iey is also a cover of X, then {O;}icy is
called a subcover of the original cover {O;}ic,. A subcover consisting of only finitely many

members is called a finite subcover.

A space X is compact if for every open cover {O;}ic;, of X, there exists a finite subcover

of X. (Le., {0y, }}_; for some natural number n.)

A collection of subsets {G;}ic,, of a space X is called a monotonic collection if for each

pair of members G, G, in the collection, either G; C Gy, or G, C Gj.



A space X is perfectly compact if whenever {G}}c,, is a monotonic collection of subsets

of X, there exists a point p in X that is either a point or a limit point of each Gj;.

For each i, 1 <14 < n, let X; be a topological space. Define X = [[I; X; = X1 x X3 x
-+ X X, to be the set {(z1,22,...,2,)| x; € X; for 1 <i < n}. Define a topology on X as
follows: a basic open set containing (1, x2,...,2y) is given by [[;"; O;, where (for each i)
O; is open in X; and x; € O;.

Then X together with the topology generated by this basis is called a (finite) product

space.

For each positive integer 7, let X; be a topological space. Define X = [[2, X; to be
the set {(x1,z2,...)| x; € X; for each positive integer i}. Define a topology on X as follows:
a basic open set containing (1,2, ...) is given by [[;2, O;, where (for each i) O; is open
in X;, z; € O;, and for some positive integer N, O,, = X,, if n > N.

Then X together with the topology generated by this basis is called a (countably

infinite) product space.

For each i in some arbitrary index set u, let X; be a topological space. Define X =
[1ic, Xi to be the set {(x;)icu| ; € X; for each i}. Define a topology on X as follows: a

basic open set containing ()i, is given by [],.,, O;, where (for each i) O; is open in X,

S

x; € Oy, and for all but finitely many ¢, O; = X;.



Then X together with the topology generated by this basis may be called a product
space on the index set .

Let X = [],.,, Xi be a product space (with index set p either finite or infinite). Then

1EN
the function 7; : X — X; defined by m;((x;)icu) = x; is called the projection map on the

Jth coordinate.

Suppose X is a topological space with topology T and S C X. Then the set S together

with the topology 1" = {SNO| O €T} is called a subspace of X, where T is the subspace

topology.

Let X be a set. Then the relation < on X is a linear ordering on X (and X is said to
be ordered with respect to <) if for any a,b,c € X,

1. If a # b, either a < b or b < a,

2. If a < bthen b £ a,

3. Ifa<band b<c, then a < c.

Let X be a set with a linear ordering <. Let B be the collection of all subsets of X of
the following form:

1. {z| = < p} for some p € X,

2. {z| p < z} for some p € X,

3. {z| p <z < q} for some p,g € X, p<q.



Then the topology generated by B is called the order topology on X.

Let X and Y be two spaces with linear orderings <x and <y, respectively, so that
X and Y both have their own respective order topologies. Suppose there exists a function
¢ : X — Y so that if a,b € X, then a <x b iff ¢(a) <y ¢(b). Then ¢ is an order

isomorphism. If ¢ is onto, then X and Y are said to be order isomorphic.

Let X be a set with a linear ordering <. Then a subset S of X is called an nitial

segment of X if there exists some element p € X so that S = {z € X| z < p}.

Let X be a set with a linear ordering <. If S is a subset of X, then S is said to have

a least element p if p € S and for each z € S, if p # x, p < x.

Let X be a set with a linear ordering <. Then the set X is said to be well-ordered if

every subset of X has a least element.

Let p be a well-ordered index set with h < k € p. Then the function f : Hieu, i<k Xi —

[Lic, i<n Xi given by f((xi)i<k) = (z:)i<n is called a generalized projection.

Suppose X is a topological space and d : X x X — R is a function satisfying the
following properties (for all z,y,z € X):
1. d(z,y) > 0, and d(z,y) =0 iff z = y.

2. d(z,y) = d(y, ).



3. d(z,z) < d(z,y) + d(y, z).
Then the function d is said to be a metric on X. For a given p € X and ¢ > 0, let
B(p,e) = {z € X | d(z,p) < €}. If the collection {B(p,€) | p € X, € > 0} is a basis for the

space X, then X is said to be a metric space.

Let X be a topological space. Two subsets H and K of X are called mutually separated

if neither set contains a point or a limit point of the other.

If X is a topological space and M C X, then M is connected if M is not the union of

two mutually separated non-empty subsets of X.

A topological space X is a continuum if X is non-empty, compact, and connected.
A continuum that is Hausdorff (but not necessarily metric) is called a Hausdorff
continuum.

A continuum that is metric is called a metric continuum.

If X is a continuum and A, a subset of X, is also a continuum, then A is called a

subcontinuum of X. If A is a proper subset of X, then A is a proper subcontinuum.

A point p of a space X is called an isolated point if there exists an open set O C X

such that O = {p}.

Let X be a connected set. If X — {p} is not connected, then p is a cut point of X.



A continuum with exactly 2 non-cut points is called an arc.

A triod is a union of three arcs whose intersection is exactly one point.

A fan is a union of infinitely many arcs, all of which have exactly one point in common.

Let X be a topological space. Suppose that A, a subset of X, is an arc with the

property that whenever O C X is an open set with O N A # (), there exists some point

p € O with p ¢ A. Then A is called a limit arc.

Background Theorems

Most of the following basic theorems may be found in [5]. The proofs of these theorems

are omitted, but may be found in one or more of [2], [3], and [4].

2.1. Let X be a topological space with M C X. If M is compact, M is perfectly

compact.

2.2. Let X be a topological space with M C X. If M is closed and perfectly compact,

M is compact.

2.3. A closed subset of a compact space is compact.

10



2.4. Projection maps are continuous.

2.5. The continuous image of a compact set is compact.

2.6. Any finite product of compact sets is compact.

2.7. Let B be a basis for a topological space X. Then every open set of X is a union

of members of B.

2.8. The following are equivalent:

i. f: X — Y is a continuous function from topological space X to topological space

ii. If O is a (basic) open set in Y, then f~(O) is open in X.

2.9. Suppose X and Y are both well-ordered with respect to the order relations <x
and <y, respectively. Then exactly one of the following is true:

i. X and Y are order isomorphic.

i4. X is order isomorphic to an initial segment of Y.

i9. Y is order isomorphic to an initial segment of X.

2.10. Suppose p is a well-ordered index set with h < k € u. Then the generalized

projection f: [[;c, j<x Xi = Ilic,, i<n Xi given by f((2i)i<k) = (2i)i<n is continuous.

11



2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

If X is a compact Hausdorff space, then X is regular.

If X is a compact Hausdorff space, then X is normal.

If X is regular, then X is Hausdorff.

If X is normal, then X is regular.

The unit interval [0, 1] is a compact subset of the real line.

Suppose M is a subset of a topological space X. If M is closed and not connected,

then M is the union of two disjoint closed sets H and K.

2.17.

2.18.

2.19.

The continuous image of a connected set is connected.

The continuous image of a continuum is a continuum.

Suppose Xj is a connected for each positive integer ¢. Then []7"_; X; is connected

for each positive integer n. Moreover, [[2, X; is connected.

2.20.

If X = AU B, a union of non-empty closed sets, and there exists a connected

subset of X that intersects both A and B, then A and B are not mutually separated.

12



2.21. The common part of a monotonic collection of continua is a continuum.

13



CHAPTER 3
INVERSE LIMITS WITH

CONTINUOUS BONDING MAPS

Suppose that, for each natural number i, X; is a topological space and f; is a continuous
function from X;1 to X;. Let X = @{Xi, fi}22, be the set of all sequences z = (x;)2,,
where z; € X; and x; = fi(xi41) for all . If O; is a subset of X, define 51 ={z €
X| x; € O;}. Then we say X is an inverse limit space and a basis for the topology on X
is {6\ O is open in some X;}. The X;’s are called the factor spaces of X, and the f;’s are
continuous bonding maps.

In this section, after we prove a few preliminary results, we will use inverse limits to
give a straightforward proof of the formidable Tychonoff Theorem. Then we will see how
some complicated topological spaces may be represented easily as an inverse limit with a

single bonding map f.
We begin with some basic results about inverse limit spaces. First, it is of interest to
determine whether a given topological property is taken on by X if each factor space X;

has that property.

Theorem 3.1. If X = liLn{Xi,fi}fil is an inverse limit space and each X; is Haus-

dorff, then X is Hausdorff.

14



Proof: Suppose X; is Hausdorff for all 4, where p = (p;)$2; and ¢ = (¢;)$2, are distinct
elements of X. Then for some i, p; # ¢;. Since X; is Hausdorff, there exist disjoint open
subsets O, and O, of X; containing p; and g¢;, respectively. Thus, <O_p and (71 are disjoint

open sets in X containing p and ¢, respectively. So X is Hausdorff. e

It is also easily shown that
a) if each Xj is regular, X is regular;
b) if each Xj is first countable, X is first countable;

c) if each X, is second countable, X is second countable.

However, X does not always inherit the topological properties possessed by each Xj;.
For example, if each X; is non-empty, it need not follow that X is non-empty. Consider
X =1lim{X;, fi}72, where X; is the open interval (0, 1) in the real line, and f; : Xj41 — X;

is the identity map. Each X; is non-empty, but X = (.

Again suppose X = liLn{Xi, fi}2, is an inverse limit space. If 4, j are positive integers

with 7 < 7, define fzj : Xj — X; by fz] = fz Ofi+1 O« ij—l-
Theorem 3.2. Suppose X = @{Xi,fi}fil is an inverse limit space, {n;}2, is an

. . g e mn; . .
increasing sequence of positive numbers, g; = fn; " for each i, and Y = lim{X,,, g;}2;.

Then X is homeomorphic to Y .

15



Proof: Define h : X — Y by h((z:)52,) = (zp,)72;. We need to show that h is a
homeomorphism.

h is easily seen to be onto. To show that h is 1-1, let p = (p;)2; and ¢ = (¢;)72,
be distinct points in X. (So p; # ¢; for some positive integer j.) Suppose by way of
contradiction that h(p) = h(q), i.e., (pn,)52; = (qn,;)7;. If ny is the first n; with n; > 7,
then p; = fjn’“ (Pn,,) = fj"’“ (gn,) = gj. This is a contradiction, so h is 1-1.

To show h is continuous, let O be basic open in Y. So O is open in some X,,;, where

1 A b= . . . . .
nj € {n;};2,. Thus, h~*(O) = O, which is open in X, so h is continuous.

To show h~! is continuous, suppose 6 is basic open in X containing (z;)°,. If O
. . _1 _1 b= b= b= . .
is open in some X, , then (h™")7"(0O) = h(O) = O is open in Y. On the other hand,
suppose O is open in some X, where j # n; for all ¢. Then if ny, is the first n; with n; > j,
A= nEy—1 . . . ‘Z .. 0o . h_lzc‘a

= (f;*)7(O) is an open set in X,,, with A containing (z,,)72,; moreover, (A)C O.

So, in either case, h~! is continuous.

Thus, h is a homeomorphism and the proof is complete. o
Theorem 3.3. Let X = @{Xi, fi}32, be an inverse limit space. If there is a natural
number N so that f, is an onto homeomorphism for each n > N, then X is homeomorphic

to Xy.

Proof: Define a function h : X — Xy by h((x;)2,) = xn. We must show that h is a

homeomorphism.

i) h is onto:

16



Because f;, is an onto homeomorphism for n > N, for each x € Xy and each n > N,
(f]’\l,)_l(xN) = 1z, for some x,, € X,,. Also, for eachn < N, fN(zx) = z, for some z,, € X,,.
It follows that for each 2y € X, there exists a sequence z = (1, 22,..., TN, TN+1,...) € X

with h(z) = xn. So h is onto.

i) h is 1-1:

Suppose h(z) = h(y); we must show that z = y. Since h(x) = h(y), we know xx = yn,
so that z,, = fN(zn) = fN(yn) = yn for all n < N. Moreover, since f,, is a homeomorphism
forn > N, z, = (f&) an) = (f&) " Hyn) = yn for all n > N.

So x,, = yn for each positive integer n. That is, z = y, and h is 1-1.

iii) h is continuous:

Let O be open in Xy. Then h=1(0) = 5, which is open in X; thus, h is continuous.

iv) h~! is continuous:

Let O be a basic open set in X containing z = (z;)52,. We must show there exists
an open set G in Xy containing h(z) = xx with h~1(G) C 0.1t0 ¢ Xn, then clearly
h=1(0) € 0, and 2y € O, 50 G = O. Similarly, if O C X,, with n > N, f%(0) = G is open
in Xy containing zy, and h=1(G) C 0. Finally, if O C X, with n < N, then (since f is
continuous, and O contains x,,) there is an open G C X containing zy with f¥(G) C O,

= —
so that G C O. Tt follows that h™1(G) C O.

All cases are accounted for, so h~! is continuous.

17



Therefore, h is a homeomorphism and the proof is complete. o

It may be shown that, if each X; is compact, the inverse limit space X = @{Xi, fitey
is a closed subspace of the product space [ 72, X;. Thus, by the Tychonoff Theorem, if each
X; is compact, then X (a closed subspace of a compact space) is compact. However, we
will prove directly that an inverse limit on compact spaces is compact (Theorem 3.4); we
will then use this result to prove the Tychonoff Theorem for countable products []77; X;.

Finally, we will generalize the notion of inverse limit in order to prove the Tychonoff Theorem

in its full generality.

Theorem 3.4. Let X = liLH{Xi, fi}32, be an inverse limit space with X; non-empty

and compact for each i. Then X is non-empty and compact.

Proof: Since each X is compact, each X is perfectly compact. We intend to show that

X is perfectly compact.

Let {G;}ic, be a monotonic collection of non-empty subsets of X. (Need to show:

there is a point p = (p;){2; in X such that p is either a point or limit point of every G;.)

Define Gij = TFJ(GZ)

18



Since {Gi1}ic, is @ monotonic collection of non-empty subsets in X7, a perfectly com-

pact space, there exists p; € ﬂzeu i1, i.e., a point pp in X that is a point or limit point of

every (1. For convenience, let us say f1 = f.

(We need to show that there exists some element in f~!(p;) that is also in (,c, G u Gin.)

Because m1(G;) = f o ma(G;), clearly Gy = f(Gi2) for each i. Thus,

P1 € Nicp Git = Nicp F(Gia) € Ny £(Gi2).

But the continuous image of G2, a compact set, is compact (and hence, closed); there-

fore:

JARS mieuGiil = ﬂz@ f(Gi2) c ﬂieu f(Gi2) = ﬂz‘eu f(Gi2).

(We need to show that ﬂiey f(G) C f(ﬂie“ Gi2).)

Let a € e, f(Gi2). Since F(Miey Gi2) is closed, it will suffice to show that a is a

point or limit point of f(ﬂie” Gi).

Proof by Contradiction: Suppose O C X; is an open set containing a but missing
F(Niep Gi2). Then f~1(O) is open, contains f~'(a), and misses ﬂze# 2. In particular,

f~'(a) misses ﬂzeu i, e, fi(a)N (ﬂzE#@) = 0.

19



Claim: There exists some Gjo for which f~1(a) N G2 = 0.

Justification: Suppose not. Then f~1(a) N Gz # 0 for all 4.

Thus, since {f~!(a) N Gi2}ie, is a monotonic collection of non-empty closed sets, by

perfect compactness, we have that (),.,(f~1(a) N Gy2) # 0. However, by set theory, we

1€

have (¢, (f~ Ya)NGir) = f~Ha)N (MNiex Gi2), so that f~1(a) N (Nicy Gi2) # 0. This is a

contradiction.

So, there exists some G2 for which f~'(a) N Gjo = 0. But a € Nicp f(Gi2), so

a € f(Gy2) for all . That means for each 4, there exists y; € f~!(a) such that y; € Gys.

In particular, for j, there exists some y; € f~1(a) such that y; € Gj2. But f(y;) = a

so f1(a) N Gj2 # 0. (Contradiction.)

Thus, if a € (¢, f(Gi2), then a € f(ﬂzeu@) That is, ;e f(Gi) C F(Miep Gi2)s

and that means ﬂiEMGT-l C f(Mieu Gi2).

So, since there exists some point p; € ﬂ Z1, there exists some po € ﬂ 2 with

1€ML (S

f(p2) = fi(p2) = p1. The same argument shows that there is a point p3 € (.., Gi3 with

€N

fa(p3) = po, etc.
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It is therefore easy to see that (p1,p2,ps,...) is a point in X that is a point or limit
point of each GG;. Thus, X is non-empty and perfectly compact. Since X is closed in itself

and perfectly compact, X is compact. This completes the proof. e

Theorem 3.5. Suppose X = [[°, X; is a product space, Y, = [ | Xi, and fy :
Y41 — Y, is the continuous function defined by fn(x1,22,...,Tn41) = (T1,22,...,Tp).

Then Y = lm{Y;, f;}32, is homeomorphic to X.
Proof: Let F': Y — X be defined by

F((Q,’l), (5131,.732), (xl,flfg,xg), ey (5131,.732,1'3, NN ,xn), ‘e ) = (wl,xg,l'g, N )

Clearly F' is 1-1 and onto; now we must show F is continuous. Let O = [[;2, O;
be basic open in X, so that for some positive integer k, O; = X; for all ¢ > k. Then
F~YO0) = {((x1), (21, 22), (x1,22,73),...) €Y | 2; € O; for 1 < i <k}, i.e., the set of all
points in Y whose kth coordinate (1,2, ...,z)) lies in Hle O;. Since Hle O; is open in

P

Yi, F71(0) = Hle O; is open in Y, and F' is continuous.

To show F~! is continuous at a given point x = (x1,z2,23,...) in X, let <5 be basic
open in Y (where O is open in some Y}) so that F~1(z) € O. Since O is open in Y,
there exists a basic open set Hle O; in Y} that is a subset of O and contains the point
(x1,x2,...,2k). It follows that (]_[f:1 0;) x (IT:241 Xi), which is open in X, contains z.

However, F‘l[(]_[f:1 O;) x (T2 Xi)] C 5; F~!is therefore continuous.
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So F' is a homeomorphism. e

Tychonoff Theorem for Countable Products. Let X = [[2, X; be a topological

product space with X; compact for each i. Then X is compact.

Proof: By Theorem 3.5, if Y,, = [ X;, ¥ = @{YM fi}32, is homeomorphic to X.
Any finite product of compact spaces is compact, so each Y; is compact; thus, by Theorem

3.4, Y is compact. It follows that X is compact also. e

Thus, we have used inverse limits to prove the Tychonoff Theorem for countable prod-
ucts, i.e., that a product of countably many compact spaces is compact. We will now
introduce a more general form of inverse limit that, among other things, will allow us to

prove the general Tychonoff Theorem, i.e., that any product of compact spaces is compact.

A directed set I is a set with a partial order < such that for each pair «, G € I, there
exists some v € [ such that a < v and § < 7. Suppose that for each i € I, X; is a
topological space; also suppose there exists a collection of functions { fij }i<j such that if
i < j < k then ff o f]”c = fF. Define X = lm{X;, fij}Kje] to be the collection of all points
(wi)ier € [[;er Xi that satisfy f]k(xk) = x; for all j,k (with j < k) in I. As before, if O; is a
subset of X;, define a ={z € X| z; € O;}. Then X = @{Xi, fg}K]-e[ is an inverse limit

space on the directed set I, and a basis for the topology on X is {5] O is open in some X;}.
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Theorem 3.6. Let X = lim{X;, ff}ie[, j<ker be an inverse limit space on the directed

set I, with f]k continuous for all j,k € I, j < k. If each X; is compact, then X is compact.

Proof: Following the strategy of Theorem 3.4, we will show that X is perfectly compact:

Let {Ga}acu be a monotonic collection of non-empty subsets of X. We must show that

nae,u Gf‘l 7& @

If the directed set I is order isomorphic with the natural numbers, then the proof

of Theorem 3.4 shows how to obtain a point (p;)ic; € (\,e, Ga. However, if I is order

acp
isomorphic to some subset ® of the ordinals containing (at least) one limit ordinal, we
must use transfinite induction. Assume that all entries of the point (p;);e; have been
defined up to but not including the kth entry, so that, if 7,5 < k, p; € [,c um and
fij (pj) = pi- Now we must show how to find a kth entry p, with the needed properties,

namely, pi € ﬂaeu 7e(Go) and fF(pg) = p; for all i < k.

If the kth entry of I corresponds to a non-limit ordinal in ®, then k£ has an immediate
predecessor j in I, and p; has already been defined. Clearly the same argument given in

the proof of Theorem 3.4 (i.e., the argument that finds ps given p;) suffices here to find py

given p;.

However, suppose the kth entry of I corresponds to a limit ordinal g in ®. By the

argument given in Theorem 3.4, for each i < k € I, the set (f¥)~1(p;) N Nacy T(Ga) # 0.
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We note that, if i < j, (ff)*l(pj) C (f5)~Y(pi). Thus, {(f¥)~*(p:)}i<k is a monotonic
collection of non-empty closed subsets of Xj. Moreover, for each i < k, fF(N,c L m(Ga))
contains p;, so that (f¥)=1(p;) N ﬂaeum is closed and non-empty. Thus, {(f¥)~(p;) N
Nac u M}Kk is a monotonic collection of non-empty closed subsets of Xj. Since X, is
perfectly compact, there is a point pp € Xj that lies in each set in this collection. Thus,
the kth entry of (p;)ier has been defined, and (by transfinite induction) the needed point

(pi)ier exists. That means X is perfectly compact and hence, compact. e

It follows from Theorem 3.6 that such an inverse limit (with continuous bonding maps)
on a directed set I of any size is compact, provided that each factor space X; is compact.

Now, after a few more lemmas, we will be ready to prove the general Tychonoff Theorem.
Lemma 3.7. Let I be a well-ordered directed set. For eachi € I, defineY; = ngz‘ X;.
Ifk > h, let fF: Yy — Y, be the continuous function defined by fF((z;)i<k) = (@:)i<h-

Then the inverse limit Y = @{Yz, ff}iel, j<ker is homeomorphic to X = [[;c; Xi.

Proof: Let F': Y — X be defined by F([],c;(%i)i<a) = (2i)icr. We need to show that

F' is a homeomorphism.

Clearly F' is onto and 1-1; we must show F' is continuous.
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Let O be basic open in X, so that O = Hie] O; where O; is open in X; for each
i, and O; = X; for all but finitely many ¢. Rename those finitely many open sets as

Oiy, 04y, ..., 04,; thus, for j =1,2,...,n, O;; C X;;.

Then F~1(0) = i, {z € Y}, |z, € O;; C X;,} is an open set in Y. So Fis continuous.

«—
To show F~! is continuous, let O be basic open in Y (so that O is open in Y, for some
a € I). Since O is open in Y,, there exists a basic open set [[,, O; in Y, that is a subset
of O. Tt follows that F~'[([];<, Oi) X (IT;54 Xi)] C 5, and F~1! is continuous. Thus, F~!

is a homeomorphism. e

Lemma 3.8. Let I be an arbitrary index set, and let I be the set I with a well-ordering

placed upon it. Then X = [],.; X; is homeomorphic to X = [Lci Xi-

Proof: Let F: X — X be defined by F((z;)icr) = (73);cj- Clearly F is onto and 1-1;

it remains to show that F and F~! are continuous.
Let O be basic open in X, so that O = [[,c7 Oi where O; = X; for all but finitely many
i. Then F~1(0) = [[;c; Oi, which is open in X. So F is continuous, and the argument is

easily altered to show that F~! is also continuous. So F is a homeomorphism. e

With these two lemmas in hand, we are finally prepared to prove the general Tychonoff

Theorem.
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Tychonoff Theorem: Suppose for each i in some index set I, X; is a compact topo-

logical space. Then [];c; X; is compact.

Proof: The result is already known if the index set I is finite, so assume [ is infinite.
By Lemma 3.8, without loss of generality we may assume that the index set I is well-
ordered. Since [ is easily re-ordered in a way that keeps I well-ordered without having a
last element, we may also assume without loss of generality that I is a directed set. We will

use transfinite induction: Suppose that, for any given o € I, [[,.,, X; is compact. We will

<o

show that X = [[,.; X; is compact.

For each i € I, let Y; = [[,; X;. Define fF for h < k € I as in Lemma 3.7. Then
Y = @{Yz, f}}f}ieL h<kerl is homeomorphic to X, by Lemma 3.7. Since, by the induction
hypothesis, Y; is compact for each ¢ € I, by Theorem 3.6, Y is compact. Thus, X is also

compact and the proof is complete. e.

We conclude Chapter 3 with two examples of complex topological spaces that may be

easily characterized using an inverse limit.

1) For each i, let X; = [0, 1]. Suppose f : [0,1] — [0, 1] is given by

3 2

St,0<t <2

2V =t =3
ft) =

5 2

3—bLzst<l
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Let f; = f for each i. Then im{X;, f;}72; = lim{[0,1], f}72, is homeomorphic to the
topologist’s sine curve, i.e., {(z,sin(1)) | z € [-1,0)} U{(0,2) | = € [-1,1]}.

2) For each i, let X; = [0,1]. Suppose f : [0,1] — [0,1] is given by

2t, 0<t <

[N

f) =
2-2t,2<t<1

Let f; = f for each i. Then Im{X;, f;}7°; = lim{[0,1], f}?2, is homeomorphic to the

Knaster continuum, a.k.a., “the bucket handle.”
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CHAPTER 4
INVERSE LIMITS OF UPPER SEMI-CONTINUOUS

SET VALUED FUNCTIONS

Suppose X and Y are compact Hausdorff spaces, and define 2 to be the set of all
non-empty compact subsets of Y. A function f : X — 2Y is called upper semi-continuous
(u.s.c.) if for any x € X and open V in Y containing f(x), there exists an open U in X
containing x so that f(u) C V for all w € U. Upper semi-continuity is a generalization
of continuity; hence, using upper semi-continuous bonding functions instead of continuous

bonding maps provides us with a more generalized notion of an inverse limit.

Suppose that, for each positive integer ¢, X; is a compact Hausdorff space and f; :
X1 — 2% is an upper semi-continuous function. We define @{Xi, fi}2, to be the set
of all points in [[72; X; with 2; € fi(xi41) for all i. (For convenience, we shall abbreviate
m{X;, fi}32; by limf.) Then we say limf is an inverse limit space with u.s.c. bonding
functions, and a basis for the topology on @fis {0 N @f | O is basic open in[]>°, X;}.
As in Chapter 3, if O; is a subset of X;, we define a ={z e lim f | ; € O;}; if O; is open

in X;, then a is open in lim f.
Jm

Remark: However, unlike the inverse limit spaces seen in Chapter 3, in general, the
«—
collection {O| O is open in some X;} is not a basis for imf. An example is given in the

appendix to explain why this is so.*

28



In [1], Ingram and Mahavier not only prove generalizations of the sorts of theorems
already seen in Chapter 3, but also provide examples to show when such results do not
generalize. In this chapter, I give my own proofs of their theorems and explain their coun-
terexamples in detail. (Note that the theorems are numbered here in a way that is consistent
with the original numbering in [1]; for example, Theorem 2.1 from [1] has been relabeled

4.2.1, etc.)

First, Ingram and Mahavier introduce the useful notion of the graph of an upper semi-
continuous function. If X and Y are compact Hausdorff spaces and f : X — 2¥ is u.s.c.,

the graph of f (abbreviated G(f)) is the set {(z,y) € X xY |y € f(z)}.

Theorem 4.2.1. Suppose each of X and Y is a compact Hausdorff space and M is a
subset of X x'Y such that if x is in X then there is a point y in'Y such that (x,y) is in

M. Then M is closed if and only if there is an upper semi-continuous function f : X — 2

such that M = G(f).

Proof: Assume the hypothesis.
(<) Suppose there is an upper semi-continuous function f : X — 2¥ such that M =

G(f). We need to show that M is closed.
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Proof by contradiction: Let (x,y) be a limit point of M with (z,y) ¢ M. We know

the set f(x) is compact, and hence closed; moreover, {x} x f(x) is a subset of M. Because

(z,y) ¢ M, we have y ¢ f(x).

Y is a compact Hausdorff space, so Y is regular. Thus, there exist disjoint open Oq,
Os in Y with f(z) C Oy and y € O2. O; contains f(x), so by u.s.c. there exists an open U

in X containing z so that f(U) C Oj.

U x O9 is open in X x Y and contains (z,y), a limit point of M, so U x Oz must
contain some other point (zg,y0) € M. We note that not every point in U x Os can have z
as its first coordinate, for otherwise, U x Oz would have no points in M. (For, each point
would be of form (z,z) where z ¢ f(x), so that (z,2) ¢ G(f) = M.) Thus, there is some

(z0,y0) € U x Oy with g # .

However, xg € U, so f(zg) C O1. But (x9,y0) € M, so yo € f(xg). It follows that a
point in f(xg) (namely, yo) lies in Og, which was disjoint from O;. This is a contradiction,

so M is closed.

(=) Suppose that M is closed. We must show that there is an upper semi-continuous
function f: X — 2 such that M = G(f).

For each z € X, consider {z} x Y. This set is closed in X x Y, so that K, =
({z} xY) N M is also closed and non-empty. A closed subset of X x Y is compact, so K

is compact. Thus, mo(K,) is compact in Y.
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Define f : X — 2 by f(x) = m(K,); we must show f is an upper semi-continuous

function.

Let V be open in Y with mo(K,) = f(z) C V. We need to show there exists an open

set U in X with = € U such that f(U) C V.

Proof by contradiction: Suppose no such U exists. Let {uq}aecyu be the set of all points
U in X with f(us) ¢ V. Then every open set in X containing  must contain infinitely
many us’s. (For, suppose not. Then some open O containing x contains only finitely
Thus, because X is regular, there exists an open set R

9
many ua’s, say, Ua,; Uag, - - - Uay, -

containing x that misses (X — O) U {uq, }¥_;, and hence, misses all u,’s.)

Claim: the collection of points W = {(uq, Yo )|l € i, Ya € f(Ua), Yo ¢ V} has a limit

point (z,z) with z ¢ V.

For, suppose not. Then {z} x (Y — V) and W are disjoint closed sets in X x Y. So,
since X x Y is normal, there exist disjoint open O and O containing {x} x (Y — V) and W
respectively. Hence, for each (z, z) € {2} x (Y —V'), we may find a basic open set (Ax B), )
about (x,z) lying in O;. By the compactness of X X Y, a finite number (say, n) of these
open sets covers {z} x (Y — V), so that {([;_, 4;) x B;}}_; also covers {z} x (Y = V). We

note that 7 misses the union of the members of this finite open cover.
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Ni_; A; is open in X, contains x, and contains no u, such that f(u,) ¢ V. This
means there does exist an open set (namely, (", A;) in X with f(i_; A;) C V. Thisis a
contradiction, so there does exist a point (z,z) € {z} x Y, with z ¢ V, that is a limit point
of W. But W C M, which is closed, so any limit point of W is an element of M. That is,
(x,2) € M, and z € f(x). But f(x) CV,and z ¢ V. A contradiction has been reached, so

the proof is complete. o

For the next two theorems, let the following be a standing hypothesis: suppose that for
each positive integer n, X, is a non-empty compact Hausdorff space and f,, : X,,11 — 257 is
an upper semi-continous bonding function. If [] = [[;2, X;, let G, = {z € [[| z; € fi(zit1)

for i <n}.

Theorem 4.3.1. For each positive integer n, G, is a non-empty compact set.

Proof: We first show that G, is non-empty for each positive integer n. Pick any
point Zp11 € Xpt1. fn(Tnt1) is compact (and non-empty) in X,,; we may pick a point
Tn € fn(Tns1), so that f,—1(x,) is compact (and non-empty) in X,,_1; next, pick a point
Tn-1 € fn—1(xn), and so forth. By finishing this process at x; and then (for ¢ > n + 1)
choosing z; from X; arbitrarily, we find that {z1,x2,...,Zn, Tni1,Tnt2,...} € Gp. SO

G # 0.

Now we must show that G, is compact. Since Gy, is a subspace of [ [, which is compact,

it will suffice to show that G,, is closed.
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Proof by contradiction: Let p = {p1,p2,.-.,Pn, Pnt1;Pnt2;--.} be a limit point of G,
in [[, with p ¢ G,,. Since p ¢ G, it follows that p; ¢ fi(pi+1) for some i, 1 <1i < n.

X is regular, so (in X;) there exist disjoint open sets Op, and Oy, containing p;

Pit+1)
and f;(pi+1) respectively. By the upper semi-continuity of f;, there exists an open U in

Xit1 containing p;y1 so that f(U) C Oy, That is, p; ¢ f(U). Hence, for all u € U,

Dit1)"

f(U) C Oy,pyyy and f(u) N Oy, = 0.

(Pit+1

Thus, X1 x Xg x -+ x X;_1 xOp, x U x Xj412 X -+ is open in [ [, contains p, but misses

G,,. However, p was a limit point of GGy, so this is a contradiction.

So G, is closed in [], and therefore, G,, is compact. e

Theorem 4.3.2. K = lillf is non-empty and compact.

Proof: K = limf = (2, Gy. But {G,};2, is a monotonic collection of non-empty
closed (compact) subsets of []; so, since [] is perfectly compact, ()2, Gy is non-empty.
Moreover, any intersection of closed sets is closed, so ()~ Gy, is also closed, and therefore

compact. e

Having dealt with the issue of compactness, we now turn to theorems about connect-

edness.
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Theorem 4.4.1. Suppose X, Y are compact Hausdorff spaces, X is connected, f :

X — 2Y isw.s.c., and for each x in X, f(x) is connected. Then the graph G(f) is connected.

Proof: Suppose by way of contradiction that G(f) is not connected. Then, since
G(f) is closed, G(f) = H U K, a union of disjoint closed sets. For a given x, define
(z, f(x)) = {(z,y)| y € f(x)}. We note that K N (z, f(x)) and H N (x, f(x)) cannot both
be non-empty. (For, if they were, then (z, f(x)) = [K N (z, f(z))] U [H N (z, f(x))],
a union of two disjoint closed point sets. But f(z) was connected.) Thus, for all x € X,
either K N (z,f(z)) =0 or H N (x, f(z)) = 0. That is, for each z, (z, f(x)) must lie

either in H or K but not both.

Because X xY is compact and Hausdorff, X xY is normal. So there exist disjoint open
sets O and O containing H and K respectively. Without loss of generality, consider a
given set (z, f(x)) that is a subset of K. We may find a union of basic open sets of form
B; = Ai; x R;; in X x Y that contains (z, f(r)) and lies in Ok. By the compactness of
(z, f(7)), only finitely many (say, n) B;’s cover (z, f(z)). Thus, {(Nj=; Ai;) X R;, }{—; is an

open cover of (z, f(x)).
Since R = |J;_; Ri, is open in Y and contains f(z), by u.s.c. there exists an open U

in X containing x so that f(U) C R. Then V = U N(;_; A, is also open in X, contains

z, and clearly f(V) C R. (Indeed, {(z, f(2)) [ z € V} C Ui ((Nj=; 4i) x Ri,).).
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Hence, no points z in V' can be such that (z, f(z)) C H. (For that would contradict
the fact that (z, f(z)) C Ok, where Ox N H = {).) So, we have found an open set V =V},
in X containing x so that V; N7 (H) = . Such an open V, can be found for each x

with (z, f(z)) C K, so that the union of all such V,’s is open in X and contains the set

{z | (z, f(z)) C K}.

But such an open set (disjoint from the union of the V,’s) can also be found containing
the set {z | (z, f(z)) C H}. So, we have disjoint (non-empty) open sets in X whose union

equals X itself, and this contradicts the fact that X was connected. e

Theorem 4.4.2. Suppose that X and Y are compact Hausdorff spaces, Y is connected,
and f is an upper semi-continuous function from X into 2¥ such that for each y in'Y,

{reX |ye f(z)} is a non-empty, connected set. Then G(f) is connected.

Proof: Suppose by way of contradiction that G(f) = H U K, a union of disjoint closed
sets. For eachy € Y, let Ay = {x € X | y € f(z)}, and let (4y,y) = {4y} x {y}. Each
A, is connected, so for each y, either (A,,y) C H or (Ay,y) C K but not both. We
know that H = U, ,ycn{(Ay, )} and K = U4, ,)cx{(Ay,y)}; thus, the sets mo(H) =
{y | (Ay,y) C H} and m(K) = {y | (Ay,y) C K} are disjoint closed sets whose union is Y.

However, Y is connected, so this is a contradiction. e

Next, it will be useful to extend the notion of the graph of one function, G(f), to

the graph of a finite sequence of functions. If for 1 < i < n, X; is a compact Hausdorff
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space and f; : X;11 — 2% is w.s.c., we define G(f1, fa,.. o fn) = {(x1,me, ... Tp, Tpy1) €

?:Jrll X; | x; € fi(xiJrl) for1 <i< TL}

Theorem 4.4.3. Suppose X1, Xa, ..., Xnt+1 1S a finite collection of Hausdorff continua
and fi, fa,..., fn is a finite collection of upper semi-continuous functions such that f; :
Xit1 — 2% for 1 <i<mn. If fi(x) is connected for each x in X;11 and each i,1 <i < n,

then G(f1, fa, ..., fn) is connected.

Proof: We will use induction on the number of spaces, n. For the base case, suppose
X1, Xy are Hausdorff continua, f; : X2 — 2%1 is an upper-semi continuous function, and

fi(z) is connected for each = in X5. Then G(f1) is connected by Theorem 4.4.2.

Now suppose the theorem is true for a graph on n spaces; we must show that the

theorem also holds for n + 1 spaces. That is, we must show G(f1, fo,..., fn) is connected.

By the inductive hypothesis, the graph G(fa, f3,..., fn) is connected. Define an upper
semi-continuous function f* : G(f2, f3,..., fn) — 2% by f*(xo,23,...,2011) = fi(z2). To
show that f* is indeed upper semi-continuous, let (z2,z3,...,zp+1) be in G(f2, f3,..., fn),
so that f*(xo,xs,...,2n+1) = fi(z2). Let V be an open set in X; that contains fi(x2).
We need to find an open set in G(fa, fs,..., fn) containing x whose image lies in V. Since
f1 is w.s.c., there exists some open U in Xs (with xo € V') so that f;(U) is a subset of V.
Thus, O = (U x X3 X X4 X ... X Xpt+1) NG(fa, f3,..., fn) is an open set in G(fa, f3,..., fn)

containing (x2,xs, ..., Z,+1) such that f*(0) C V.
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Thus, f* is u.s.c. Moreover, f*(xa,x3,...,Zp4+1) is connected for all (z2, z3,...,Tp41) €
G(fa, f3y-- -y fn). (For, f*(xa,x3,...,2n+1) = fi1(x2), which was assumed to be connected.)
Thus, by Theorem 4.4.2, the graph of f* is connected. However, the graph of f* is precisely
the set of all ordered pairs (x1,x2,x3,...,Tn4+1) With x; € fi(x;41) for each i. This set is in
fact G(f1, f2, ..., fn), so G(f1, fa,..., fn) has been shown to be connected and the proof is

complete. o

Theorem 4.4.4. Suppose that X; is a Hausdorff continuum for each i and f;(x) is

connected for each x € X;41. Then Gy is connected for each positive integer n.

Proof: We note that G, = G(f1, fa, ..., fu) X [[12p40 Xi- Since G(f1, f2,..., fn) is

connected (by Theorem 4.4.3) and [];, ., X; is connected as well, G, is connected. o

Theorem 4.4.5. Suppose X1, Xa, ..., Xnt1 1S a finite collection of Hausdorff continua
and fi, fa, ..., fn is a finite collection of u.s.c. functions such that fi : X;o1 — 2% for
1<i<n. If foreach i, 1 <i<n and eachy € X;, {x € Xi11|y € fi(z)} is a non-empty,

connected set, then G(f1, fa, ..., fn) is connected.

Proof: To get this result, we shall adjust Mahavier’s proof of Theorem 4.4.3. By

Theorem 4.4.2, the theorem is true for only one bonding function fi.
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Assume the inductive hypothesis. That is, assume that if for all ¢ and for all y € X;,
{z € Xi41 | y € fi(x)} is a non-empty, connected set, then the graph on < n + 1 u.s.c.

functions is connected.

Need: G(f1, f2, -, fn, fn+1) is connected.

By hypothesis, G(f1, f2, ..., fn) is connected. Assume by way of contradiction that H
and K are mutually separated non-empty point sets with H U K = G(f1, f2, ..., fns fnt1)-

Since the graph is closed, we know that H and K are in fact disjoint closed sets.

Let h : G(f1, fo,., fny fnt1) — G(f1, fo,..., fn) be the continuous map defined by
h(z1,xo, ..., Tn, Tpy1) = (X1,22,...,2y). Since A(G(f1, fo, oy frs frr1)) = H(H U K) =
G(f1, f2y ..., fn) is connected, there is a point p = (p1,p2, ..., Pn,Pnt+1) belonging to h(H)

and h(K). Note that both h(H) and h(K) are compact and hence, closed.

ThUS, {(3:173:27-"7xn7xn+1axn+2) S G(f17f27-‘-7fn7fn+1)‘ Ty = Pi fOI' 1 S ( S n +
1, Znt2 € {2z € Xpyo | Pny1 € font2(2)}} is a connected set, because it is a product of
connected sets. But this set intersects both H and K, so H and K could not have been

mutually separated. So, we have a contradiction and the proof is complete. o
Theorem 4.4.6. Let X; be a Hausdorff continuum for each positive integer i. Suppose

fi: Xiy1 — 2% is ws.c. and for each x; € X;, {y € Xit1 | x5 € fi(y)} is a non-empty,

connected set. Then for each positive integer n, Gy, is connected.
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Proof: By Theorem 4.4.5, G(fi, fo,..., fn+1) is connected. We note that G, =
G(f1, fa, -y fag1) X TIi2540 Xi. Since X; is a continuum for each integer i > n 4+ 2,
we have that ][5 X; is a continuum. Thus, G, is a product of two connected sets, and

i=n+2

hence, is connected. e

Theorem 4.4.7. Suppose that for each positive integer i, X; is a Hausdorff continuum,
fi + Xiv1 — 2% is an upper semi-continuous function, and for each x in X;y1, fi(x) is

connected. Then limf is a Hausdorff continuum.

Proof: By Theorems 4.3.1 and 4.4.4, for each positive integer n, G, is a non-empty,
compact, connected set; that is, each G, is a (Hausdorff) continuum. Moreover, since
Gny1 C Gy, for each n, {G,}72 is a monotonic collection of Hausdorff continua. That

means (1,2, G, is a Hausdorff continuum. But limf = (1,2, G, so the result is proven. e
Theorem 4.4.8. Suppose that for each positive integer i, X; is a Hausdorff continuum,
fi: Xit1 — 2% is an upper semi-continuous function, and for eachx € X;, {y € Xi11 | = €

fily)} is a non-empty, connected set. Then lim f is a Hausdorff continuum.

Proof: By Theorems 4.3.1 and 4.4.6, for each positive integer n, G, is a Hausdorff

continuum. The rest of the proof is the same as the proof of Theorem 4.4.7. o
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Next, Mahavier and Ingram give a generalized version of the “space-skipping” theo-
rem seen in Chapter 3. However, we must first define the notion of composition of u.s.c.
functions. Let X, Y, and Z be compact Hausdorff spaces, and suppose f : X — 2Y and
g:Y — 27 are us.c. functions. Then go f : X — 2% is defined by (go f)(z) = {z € Z|

there exists y € Y such that y € f(z) and z € g(y)}.

Theorem 4.5.1. Suppose X1, Xo, ..., is a sequence of compact Hausdorff spaces and
fi: Xip1 — 2% is u.s.c. for each positive integeri. If ny,ma, ..., is an increasing sequence
of positive integers, let g1, ga,... be the sequence of functions with the property that g; =
Jniofni410 -0 fni -1 foreachi. If F : T[,o 0 Xi = [0 Xn; is given by F(x1,22,23,...) =

(Tnys Tngs Tng, - - -), then F| limf is a continuous transformation from lim f onto lim g.

Proof: Let O = ([[;Z; On,)Nlim g be basic open in lim g (where Oy, is open in X, and
for some positive integer k, O, = X, for i > k). Then (F|limf)~"(0) = (I[;21 Oj) Nlim f,
where if j = n; for some i, O; = Oy, and for all other j, O; = X;. Since (F| liilf)_l(O) is

open in liilf, F| @f is continuous. The fact that F| liﬁlf maps onto liﬁlg is clear. o

Theorem 4.5.2. Let X1,Xo,... and Y1,Ys,... be sequences of compact Hausdorff
spaces and, for each positive integer i, let f; @ Xip1 — 2% and g; : Yip1 — 2% be
u.s.c. functions. Suppose further that, for each positive integer i, p; : X; — Y; is a
mapping such that @; o fi = gi o piy1. Then the function ¢ : imf — lilng given by
o(x) = (p1(x1), p2(z2), p3(x3),...) is continuous. Moreover, ¢ is 1-1 (and surjective) if

each @; is 1-1 (and surjective).
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Proof: First, we must show that ¢ maps into liilg. Let p = (p1,p2,...) € @f;
we need to show that p(p) € limg. That is, we need to show that for any i, ¢;(p;) €
9i(@i+1(pi+1)). By hypothesis, gi(¢i+1(pi+1)) = @i(fi(pi+1)); however, p; € fi(pit1), so

vi(pi) € pi(fi(pi+1)) = gi(pir1(pi+1)). Thus, ¢ does map into @g; it remains to show

that ¢ is continuous.

Let z = (21,22,...) € limf, and let O = (J[;Z; O;) Nlim g be basic open in lim g, with
O containing ¢(z) = (¢1(z1), p2(x2),...). We need to show there exists an open set U in

lim f containing x so that p(U) C O.

We note that, since []72; O; is basic open in [[;2,Y;, O; is open in Y; for each i; also,
for some positive integer k, if ¢ > k, O; = Y;. Now, since each ; is continuous, for all ¢ the
set U; = goi_l(Oi) is open in X; and contains x;. Hence, the open set U = ﬂle (72 contains
(z1,22,...). To show that p(U) C O, let us assume p = (p1,p2,...) € U and show that
o(p) € O. Fori <k, p; € U = cpi_l(Oi), so we have that o;(p;) € O;. For i > k, since
0; =Y, ¢i(pi) € O; automatically. So, since p € lim f, o(p) € limg and o(p) € O. Thus,

»(U) C O, and we have shown that ¢ is continuous.

Finally, we will show that if each ¢; is 1-1 (and surjective), then ¢ is 1-1 (and surjective).
First, suppose ¢(x) = ¢(y), so that ¢;(x;) = ¢;(y;) for each . Since each ¢; is 1-1, z; = y;
for each i. Thus, z = y and ¢ is 1-1. Now suppose that each y; is also surjective, and let

y = (y1,92,Y3,...) € limg. Again, because ¢; is surjective for each i, it follows that (for
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each i) there exists some x; € X; with ;(z;) = y;. Then ¢(x1,z2,23,...) = (Y1,Y2,Y3, - - .),
but we must verify that (z1,x2,x3,...) € limf; i.e., we must show that z; € fi(xiyq1) for

each 1.

We note that y; € gi(yir1) = gi(pis1(zit1)) = @il fi(zit1)); thus, o (yi) € fi(wita).
However, since ¢; was 1-1, ¢; ' (y;) = x4, 50 ; € fi(2i41), as desired. Thus, z € lim f and

p is surjective. o

Given that X is a compact Hausdorff space and f : X — 2% and g : X — 2% are u.s.c.
functions, we say f and g are topologically conjugate if there exists a homeomorphism A

with 2(X) = X and ho f = goh.

Theorem 4.5.3. Suppose X is a compact Hausdorff space. If f : X — 2% and

g : X — 2% are topologically conjugate u.s.c. functions, then li_mf is homeomorphic to

lim g.

Proof: Since f and g are topologically conjugate, there is a homeomorphism A with
h(X) = X and ho f = goh. Let ¢ : imf — limg be defined by o(z1,T2,...) =
(p1(z1), p2(z2),...), where ¢; = h for all i. Because ho f = go h, each ; satisfies the
hypothesis of Theorem 4.5.2; thus, ¢ is continuous. Moreover, since h is 1-1 and surjective,

© is 1-1 and surjective. Therefore, lim f is homeomorphic to limg. e
— P
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Examples and Counterexamples

According to Theorem 4.4.7, if (1) each X; is a Hausdorff continuum, (2) f; : X;41 —
2Xi is an upper semi-continuous function, and (3) for each x in X;,1, fi(x) is connected,

then @1 f is a Hausdorff continuum. However, the following example shows that if condition

(3) is omitted, lim f need not be connected.
J4m

Ezample 1: For each positive integer i, let X; = [0,1] and let f; : [0,1] — 20U be
defined by the graph consisting of straight line segments connecting the points (0,0) to

(i, i), (0,0) to (1,0), (1,0) to (1,1), and (%, %) to (1,1).

Then @f is not connected because the space contains an isolated point, namely,
p= (i, i, %, 1,1,1,...). To see that p is isolated, we will find an open set containing p and
no other point in limf. Let O1 C X; be (i — €, i +¢€), let O2 C X3 be (i — €, % +€), let
O3 C X3 be (3 —€,3 +¢), and let Oy C Xy be (1 —¢, 1], where € is chosen small enough so
that 0 ¢ Oy or Oy, 3 ¢ Oy or Oa, 1 ¢ O3, 1 ¢ O3, and 1L ¢ O,. Then p = 0;n10,N03N 04

at0¢ Oror Oy, 5 € Oror Oy, 7 ¢ O3, 15 ¢ Oz, and 15 ¢ O4. Then p = O1N02NO3MN 0Oy,

which is open. e

Next, it is worth noting that the conclusion of Theorem 4.5.2 is only that the function
F| lim f be a continuous transformation, rather than a full-fledged homeomorphism. Indeed,
the following example shows that even if the hypotheses of Theorem 4.5.1 apply, F| lim f

need not be a homeomorphism.
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Ezample 2: For each i, let X; = [0,1] and let f; : [0,1] — 2% be defined by the graph
consisting of the straight line segments joining the points (0, 1) to (%, %), (0, %) to (1, %),
and (1,0) to (1,3). Then it follows that f o f : [0,1] — 2[%U is the graph consisting of the
straight line segments joining (0,0) to (0,3), (0,3) to (1,3), and (1, 3) to (1,1). (We will

abbreviate f o f by f2.)

lim f is not homeomorphic to liinfz because one space contains a triod while the other

space is an arc.

Justification: pinf contains a triod. For, let A; be the subset of @f consisting of
all points of form (z,1 —,1,0,1,0,...), where = € (%, 1]. Let Ay be the subset of lim £
consisting of all points of form (%, %,:L’, 1—2,1,0,1,...), where z € (%, 1]. Finally, let As
be the subset of limf consisting of all points of form (%,x, 1,0,1,0,...), where z € [0, %)

Because Ay, Ay and As are all arcs with exactly one point, (%, %, 1,0,1,0,...), in common,

A U Ay U Az is a triod.
However, liLan is an arc. For, by Theorem 4.4.7, liinf2 is a Hausdorff continuum, and
it is easily seen that every point in this space is a cut point except for (0,0,0,...) and

(1,1,1,...). So, this continuum has exactly two cut points and is therefore an arc. e

Ingram and Mahavier give the following example to show “the variety of continua that

can be produced” using inverse limits with u.s.c. bonding functions.
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Ezample 3: For each positive integer i, let X; = [0,1] and let f; : [0,1] — 20 be
the graph consisting of the straight line segments joining (0,0) to (1,0) and (0,0) to (1,1).

Then lim f is a fan.
i

Justification: For each positive integer n, let K, be the set of all points of form
(0,0,...,0,z,x,z,...), where the first n — 1 entries are 0, and x € [0,1]. Then each K, is
an arc, J,2y K, = limf, and (2, K, = (0,0,0,...), a single point. So limf is indeed a

fan. e

Finally, in the case where X; = [0,1] and f; : [0,1] — 2[%! is the same u.s.c. bond-
ing function for all positive integers i, limf may be not only 1-dimensional or infinite-
dimensional, but n-dimensional for any positive integer n. Mahavier and Ingram give a

two-dimensional example that is easily generalized:

Ezample 4: Again, for each positive integer i let X; = [0,1] and let f; : [0,1] — 2[01
be the graph consisting of the straight line segments joining (0,0) to (0, 3), (0,3) to (3, 3),
(3,1) to (3,1), and (3,1) to (1,1). Then lim f consists precisely of all points of form

i) (..., 1,z4 4 .. 44,00,...), where z € [3,1] and y € [0, 3],

i) (1,...,1, 1,2, 3, 3,...), where z € [3,1],

i) (3,...,3,2,4,0,0,...), where y € [0, 3],

iv) (1,...,1,1,1,...),

V) (3 mg g )

vi) (0,...,0,0,0,...).
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Thus, lim f is the union of countably many 2-cells, 1-cells, and single points. It follows

that lim f is 2-dimensional.
Jm

The bonding function with two “stair-steps” gives rise to a two-dimensional inverse
limit; an argument similar to the one given in Example 4 shows that a bonding function
with n “stair-steps” gives rise to an n-dimensional inverse limit. For each positive integer ¢

let X; =[0,1] and let f; : [0,1] — 2[0:1] he the graph consisting of the straight line segments

o (4 d i g+l oG IS eS| , :
joining (£, ) to (2,2 ~) and joining (3,2 ~) to (£=,4=) for 0 < j <n —1. Then limf
contains all points of form
~1 ~1 —2
(1,...71,xn7nT...7nT7...,mn_17nT, ...... 5
] i—1 i—2 1
%,xi,T,...,xifl,T, ...... ,E,x‘l,o,...)

where z; € [%, %] for 1 < i < n. Thus, @f contains countably many n-cells. Since 1iinf in
fact consists of these countably many n-cells and also countably many j-cells where j < n,

it follows that @f is n-dimensional.
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CHAPTER 5
AN EXTENSION OF THE INVERSE LIMIT WITH

U.S.C. BONDING FUNCTIONS

We now expand on the results of Ingram and Mahavier by introducing yet another
generalization of an inverse limit. Suppose that for each integer ¢, X; is a compact Hausdorff
space and f; : X;41 — 2% is ws.c. Then we define @{Xi,fz‘}iez to be the inverse limit
space consisting of all points of form (..., z_9,x_1, 20,21, %2, ..., Tk, Tkt1,...), Where x; €
fi(xiy1) for each integer i, and a basis for the topology on the space is

{0 N Im{X;, fi}tiez| O is basic open in [[;c5 Xi}.

We will often call this space a “two-sided” inverse limit.

If each f; is a continuous function, then the two-sided inverse limit is clearly home-
omorphic to the standard one. However, if each f; is u.s.c., the two-sided inverse limit,
@{Xi, fitiez, may be different from liLn{Xi, fitis0.™* We will provide some examples be-
low, but first we prove some basic theorems analogous to the theorems seen in Chapter

4.

Theorem 4.3.2. Suppose that, for each integer i, X; is a compact Hausdorff space and

fi: Xiv1 — 2% ds w.s.c. Then @{Xi, fitiez is non-empty and compact.
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Proof: For each integer z = 0,—1,—2,..., the space liLD{Xz‘, fi}i>» is non-empty and
compact, by Theorem 4.3.2. Thus, for each such integer z, the set --- x X, 9 x X,_1 X
X, x @{Xi,fi}bz is a compact subset of [[,., X;. (For convenience, let K, = --- X
X, ox X, 1xX,x liLH{sz fiti>=.) We note that if w and z are both integers with w < z,
K,, C K,. That means that {K,},<o is a monotonic collection of compact (hence, closed)
subsets of [[;c, Xi, a compact space. Thus, nzgo K, is non-empty and compact. But

N.<o Kz = @{Xi, fi}icz, so the proof is complete. o

Theorem 4.4.7. Suppose that for each integer i, X; is a Hausdorff continuum, f; :
Xiv1 — 2% is an upper semi-continuous function, and for each x in X;y1, fi(z) is con-

nected. Then liLn{Xu fitiez is a Hausdorff continuum.

Proof: For each integer z = 0,—1,—2,..., the space @{Xi,fi}bz is a Hausdorff
continuum, by Theorem 4.4.7. Again, we define K, = ---x X, oxX, 1 xszliLn{Xi, fitisz
Since each X; is a Hausdorff continuum, as is @{Xi, fi}is» for each z, it follows that K,
is a Hausdorff continuum for z = 0,—1,—2,... As before, if w < z, then K,, C K, so
that {/.}.<o is a monotonic collection of Hausdorff continua. It follows that (), K. is a

Hausdorff continuum. Since ﬂzgo K, = @{Xi, fi}iez, the proof is complete. o

We now present an example to demonstrate how the two-sided inverse limit, @{Xi, fitiez,

may be different from the standard inverse limit, @{Xi, fitiso-
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For each integer i, let X; = [0,1] and let f; : [0,1] — 2[% be the graph consisting of
the straight line segments joining (0,0) to (1,0) and (0,0) to (1,1). (This bonding function
is the same as in Example 3 in Chapter 4.) If we let A, be the set of all points of form
(...,0,0,z,2,...), with 0’s up to the (z — 1)th slot and =z € [0,1], then A, is an arc for
each integer z. Let A = {(...,z,z,z,...)| © € [0,1]}, so that A is also an arc. Thus,
(U.ez 42) U (4) = Im{X;, fitiez, and ((,ez A2) N (A) = (...,0,0,0,...), a single point.

Thus, @{Xi, fitiez is a fan.

However, this fan is not homeomorphic to the fan given by lm{X;, f;}i>o in Example

3. For, as we will show, @{Xi, fi}icz contains a limit arc while liil{Xi, fi}iso does not.

Consider the arc A in Iim{X;, fi}iez given by {(...,z,z,z,...)] z € [0,1]}. We will
prove that A consists entirely of limit points of (im{X;, fi}icz) \ A. To that end, let
O = (I[;cz 0i) N @{XZ-, fi}iez be a basic open set containing some point (...,z,z,x,...),
where z € [0, 1]. If for each i, O; = X, then clearly O contains points not in A. So suppose
O is a proper subset of the space. Since O is open, there must be some least integer i for
which O; € X;, and some greatest integer j for which O; C X;. If x # 0, and Z lies in the
ith slot, clearly (...,0,0,...,0,Z,z,2z,...) € O. If x = 0, and 0 lies in the jth slot, then
(--+,0,0,...,0,1,1,...) € O. Either way, O must contain a point in (im{Xj, fi}icz) \ 4,

and thus, A is a limit arc.

On the other hand, the space @{Xi, fi}i>0 has no limit arc. To see this, consider a

general point (0,0,...,0,Z,x,z,...) lying in an arc A= {(0,0,...,0,z,z,x,...)| x € [0,1]},
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where T lies in the ith slot. If z # 0, the point (0,0,...,0,Z,x,z,...) cannot be a limit

point of (Um{X;, f;}i>o) \ A for the following reason:

Let O = [O, %) C X1, Oy = [0, %) C Xo, -+, 0,1 = [O, %) C X;_1, and O; =
<— <— — <— . . . .
(5,1] € X;. Then Oy N O N --- N O;—1 N O; is open in @{X,-,fi}bo, contains

;0,...,0,Z, 2, 2,...), but misses (im{X;, fi}i>0) \]1\ entirely. o

=

(
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CHAPTER 6
AN INDECOMPOSABLE CONTINUUM PRODUCED

BY AN INVERSE LIMIT ON U.S.C. FUNCTIONS

The Knaster continuum described in example 2 at the end of Chapter 3 is a famous
example of an indecomposable continuum, i.e., a continuum that is not the union of two
proper subcontinua. We conclude this paper with an original example of an inverse limit

on u.s.c. bonding functions that turns out to be an indecomposable continuum.

Ezample: For each positive integer i, let X; = [0, 1] and let f; : X;41 — 2%i be defined
by the graph consisting of the following straight line segments:

1. For each even integer n > 0, the segment joining the points (55, 5arr) and (g, 1).

2. For each odd integer n > 1, the segment joining the points (2%, 2%) and (#, 1).

3. The vertical line segment joining the points (0,0) and (0, 1).

Then lim f is an indecomposable continuum.

Proof: By Theorem 4.4.7, lim f is a continuum. It remains to show that limf is inde-
p— p—

composable.

Claim: If H is a proper subcontinuum of liinf, then there exists some positive integer

N so that if n > N, m,(H) # X,.
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Justification: Suppose not, i.e., suppose H is proper but for every positive integer
N, there exists some n > N such that m,(H) = X,. By the way the graph of f is
defined, it is clear that if m;(H) = X;, then m;_1(H) = X;_1; thus, we may as well assume
that m,(H) = X, for each positive integer n. Since H is proper, there is some point
p = (pi)2y = (p1,p2,p3,...) such that p € mf\ H. We will show that p is in fact a point

of H.

Case 1: Suppose p; # 0 for all positive integers i. Since, for a given positive integer k,
pr € mx(H), there exists some point in H of form
(1'1,3'}2, ey Th—1,Pks - - )

However, since pp # 0, by the way the graph of f is defined, fr_1(pk) is a unique

non-zero number in X;_q. That means fyx_1(pr) = pr—1. In a similar way, each of
T1,...,Tp_1 is uniquely determined, and that forces x; = p; for 1 < ¢ < k. Thus, a
point of form (p1,p2,...,pk,...) is in H. Indeed, for each positive integer j, a point of form

(p1,p2,--.,pj,...) is in H. The point (p;)$°, is therefore a limit point of the sequence of

points in H that we just described; hence, because H is closed, (p;)52, € H.

Case 2: Suppose for some least integer i, p; = 0. Then, since the only possible preimage
of 0 via f; is 0, p, = 0 for each integer n > i.

Suppose p; = 0. By the above argument, since fl_l(pl) =py =0, and fi_l(pi) = Dit1 =
0 for ¢ > 1, the only way that p; = 0 € m;(H) is possible is if (0,0,0,...) = (p;)32, € H.

That would be a contradiction.

52



So, suppose instead that p; = 0 for some least integer ¢ > 1. Because H is compact,
the projection of H onto the graph of f;_; is closed. Thus, since m;(H) = X;, by the way
the graph is defined, each ordered pair (0, ) in G(f;—1) is a limit point of the projection of
H onto G(f;—1). Thus, the ordered pair (0,p;—1) is in that projection. Since p;—1 # 0 by
assumption, the image of p;_1 via f;_o is the unique non-zero number p;_o; the image of
pi—2 via f;_3 is the unique non-zero number p;_3, and so forth. Now because m;(H) = X;
we know p; = 0 € m;(H); since the only possible preimage of 0 is 0, H must therefore
contain a point of form (hy,he,...,h;—1,0,0,...). However, as we noted, the projection
of H onto G(f;—1) contains the ordered pair (0,p;—1). That is, H contains some point
(h1,h2,...,hi—1,0,0,...) where h;—1 = p;—1. But, as previously argued, h;—1 = p;—1 would

force hy, = py, for k <1i—1. That is, (p1,p2,...,0i-1,0,0,...) = ()2, € H.

In either case, a contradiction has been reached. Thus, if H is a proper subcontinuum,

there exists some positive integer N so that if n > N, m,(H) # X,,.

Now, suppose by way of contradiction that @f = H U K, a union of two proper
subcontinua. By the above argument, there exists some least positive integer N so that for
alln > N, m,(H) # X,, and mp(K) # X,,. So, we may assume without loss of generality
that 0 € my(H) and 0 ¢ 7 (K). Since the unique preimage of 0 via fx is 0, my41(H) must
contain 0. Thus, because mn41(H) is a proper subcontinuum of [0, 1] containing 0, but
mn+1(K) # [0,1], it follows that mn41(H) is some interval of form [0, a] where 0 < a < 1.
However, by the way the graph of fy is defined, there is some x € (0, a] (indeed, infinitely

many such z) with fy(z) = 1. That means 1 € my(H). Since my(H) is a subcontinuum
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of [0,1] that contains both 0 and 1, it follows that mn(H) = [0,1] = Xy. This is a

contradiction, for we assumed mn(H) # Xn. So limf is indecomposable. o

We note that the continuum in this example (l&n f) contains the proper subcontinuum
{(z,y,0,0,...)] y € [0,1],z € fi(y)}, a copy of the topologist’s sine curve. Therefore, lim f
is clearly not homeomorphic to the Knaster continuum (whose proper subcontinua are all
arcs). However, if liinf is homeomorphic to any known space, it remains an open question

what that space is.
Another open question is the following: if for each positive integer i, X; = [0, 1] and

f=fi: X1 — 2% is us.c., are there some necessary conditions the graph of f must

satisfy in order for liinf to be indecomposable? Are there sufficient conditions?
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APPENDIX

* In general, for an inverse limit space lim f with upper semi-continuous bonding functions,

the collection B = {(5| O is open in some X;} is not a basis for imf. Consider the case
where for all positive integers i, X; = [0,1] and f; : X;11 — 2% is given by the graph in
[0, 1] x [0, 1] consisting of the line segments joining (0,0) to (1,0) and joining (0,1) to (1,1).
Then the open set G = (3,1] x [0,3) x [0,1] x [0,1] x ... does not contain a member of B
containing (1,0,0,0,...). For, any such member b of B would have to contain an open set
— ——

of form (i) [0,a),a < 1 or (ii) (a,1],a > 0. In case (i), b would contain (0,0,...); in case
(ii), b would contain (1,1,...). In either case, b would fail to be a subset of G, so B cannot
be a basis.

** Thanks to Dr. Stewart Baldwin for suggesting this possibility and encouraging me to
explore it.
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