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THESIS ABSTRACT

THE QR ALGORITHM FOR EIGENVALUE ESTIMATION: THEORY AND EXPERIMENTS

Wei Feng

Master of Science, December 19, 2008
(M.E., Shanghai Jiao Tong University, 2003)
(B.S., Shanghai Jiao Tong University, 2000)

57 Typed Pages
Directed by Thomas H. Pate

In this thesis, we explore one of the most important numerical algorithms ever invented,
the QR algorithm for computing matrix eigenvalues. First, we describe out notations and
mathematical symbols used throughout the thesis in Chapter [l Then we lay the ground
work by stating and proving some basic lemmas in Chapter 2l Then in Chapter [ we prove
the convergence of the QR algorithm under the assumption of distinct magnitudes for all
eigenvalues. This constraint is relaxed in Chapter @l where we prove the convergence of
the QR algorithm under the assumption of possibly equal magnitude eigenvalues. Finally,
in Chapter Bl we present some numerical experiments to validate the conclusions drawn in

this thesis.
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CHAPTER 1

INTRODUCTION

The eigenvalues of an n x n matrix A are the roots of its characteristic polynomial
det(A — A\I). The famous Abel-Ruffini theorem states there is no algebraic formula for the
roots of a general polynomial of degree five or higher. This means that the best method
for computing the eigenvalues of a general n x n (n > 5) matrix is likely to be iterative in
nature. The most famous eigenvalue algorithm is the QR algorithm discovered by Francis
[3, 4] and Kublanovskaya [5] independently. A convergence analysis of the QR algorithm
was given by Wilkinson [6]. A brief sketch of the early days history of the development of
the QR algorithm was given by Parlett [13].

In this thesis, we present a complete detailed proof of the convergence of the QR
algorithm under mild assumptions. First, the convergence is proved assuming that the
magnitudes of all eigenvalues are distinct. Then this assumption is loosened such that the
magnitudes of some eigenvalues may be equal, under which the convergence is re-defined and
proved. Huang and Tam [I4] proved the convergence of the QR algorithm for real matrices
with non-real eigenvalues. Since the magnitudes of such matrices are distinct except for the
conjugate pairs, they fit the loosened assumption.

We employ certain standard notations throughout this thesis. We let C"™*" denote
the set of m x n complex matrices. Similarly, R"™>*" denotes the set of all m x n real
matrices. Both A(i, j) and A;; refer to the (7, j)th element of matrix A. On the other hand,
A = [a;] signifies that the (4,7)th element of A is a;;. Given A € C™*™, we let AT denote
the transpose of A and we let A* denote the conjugate transpose of A. If A is square and
invertible, then A~! denotes the inverse of A. The k x k identity matrix is denoted as I;,. In
circumstances where the dimension is unambiguous, the subscript of a matrix is dropped.

For example, if confusion seems unlikely, we may write I instead of I;. The unit vectors



representing the coordinate system of dimension n is denoted as e;, for all ¢ = 1,2,... n.
Mathematically, e; = [0,...,0,1,0,...,0]”, where the number 1 is the i-th element of e;.
The notation diag ([d1,ds, -+ ,d,]) represents the diagonal matrix with dy, do, ..., dy
on the diagonal in that order. Similarly, if = [z1,22,...,2,]7 (or & = [z1,22,...,2,])
is a vector, then the diagonal matrix with = on the diagonal is defined as diag(x) =
diag ([z1, 22, ..., zy]). The notation Dg applied on an n x n matrix A is defined as Dg (A) =
diag ([A(1,1), A(2,2),...,A(n,n)]). The zero scalar, vectors and matrices are all repre-
sented by 0 for simplicity. The distinction should be clear in context. The Kronecker delta
1, ifi=y
function is denoted as ¢;; and d;; = . The character A is used exclusively

0, otherwise
to represent an eigenvalue.

For a scalar a, |a| represents the absolute value of a and @ denote the complex conjugate
of a. For a matrix A, |A| is the matrix whose elements are the absolute value of the
corresponding elements of A. In other words, (|A]);; = |A|. The Euclidean norm of a
vector v in C™ or R" is denoted by ||v||2. We reserve the notation ||-|| for matrix norms.
For example, |-|, is the induced p-norm of a square matrix for p > 1 defined as [|A|, =
maxg-o %. As a known fact, square matrix p-norms are sub-multiplicative; that is,
if A,B € C"", then |AB|, < ||AllplBllp.- Specifically, the matrix 1-norm of a matrix

A € C**"™ ig
Il = max 3 1AG, ). (L1)
T =1

The Frobenius norm of a matrix A € C**" is defined as

IAlF = | > D 1AG )P (1.2)

i=1 j=1



The limit of a sequence of matrices is a matrix consisted of the component-wise limits of
the matrix elements. For example, if Ag, k = 1,2,... are n X n complex matrices, then

limy_.oo Ax = 0 means that limg_,o, Ag(i,7) =0, for all i,7 =1,2,...,n.
A
The direct sum of matrices A € C"™*™ and B € C"*"™ is defined as A® B = ,

which is an (m +n) x (m + n) matrix.
Let a,b € C™*!, then the inner product between a and b denoted by (a, b) is b*a.

The projection of a vector a on the vector subspace W with respect to (,) is denoted

as Pyfa).



CHAPTER 2

USEFUL LEMMAS AND THEOREMS

Lemma 2.1. Suppose A € C™"*". If A is unitary and upper triangular, then A is diagonal.

Proof. Let A = [a;;]. Since A is unitary,

Py la?=1,Yi=1,...,n

E’Zr'l:l |a‘7:j|2 = 17VJ == 1,-..,7’L.

(2.1)

We prove by induction. The lemma is obviously true when n = 1. Assume that the lemma

is true forn =k, k > 1. For n =k + 1, write

0 A,

where Ay is k x k and ¢ is 1 x k. Since A is unitary,

A*A - Ik+1.
Plugging (2.2) into ([2.3]) we obtain
a*{l 0 a1l & ]a11]2 ailc
c* A}:, 0 Ak anc* c*c+ AZA]c

1 0
0 I

(2.2)

(2.3)

From the above, we infer that ]aulz = 1and a;;c = 0. Thus, a;; # 0. Consequently ¢ must

be 0. This means that A; must be unitary and upper triangular. By induction hypothesis,

Ay is diagonal. We conclude that A is diagonal.

O]



Corollary 2.1. Suppose A € C"*™. If A is unitary and upper triangular with positive

diagonal elements, then A = 1I,,.

Proof. By Lemma [Tl A is diagonal. Since A is also unitary, we must have |aii|2 =1 for

each i. But a; > 0 for each i. Therefore a;; = 1 for each i. So A must be I,,. O

Lemma 2.2. If A € C™ " is upper triangular and invertible, then A~ is upper triangular.

Proof. Let A = [a1,az,...,a,] and B = A1 = [bI' oL ... 0L where a;, i =1,...,n are
the columns of A, and b;, i = 1,...,n, are the rows of B. Since A is upper triangular and
invertible, a;; = 0, for all ¢ > j and a; # 0 for all i = 1,...,n. From BA = I, we get
biaj = 0;;. We use induction to show that b;; = 0 when ¢ > j.

For j =1 and i > 1, (BA);1 = bj1ai1. Since aj; # 0, we must have b;; = 0, for all
i > 1. Now suppose that there exists a positive integer 1 < k < n such that for all j < k,
bij=0foralln >4 >j>1 Forj=k+1 andi > k+1, (BA)jj = (BA)ikt1 =
birai g1 + bigaz g1 + o+ bikr1akr1 ki = bigr1aki1k41 = 0. But agpipr1 # 0, so

bix+1 =0, for all ¢ > k + 1. O

Corollary 2.2. If A € C™" is upper triangular with positive diagonal elements, then A~

1s also upper triangular with positive diagonal elements.

Proof. Let B = [b;jj] = A~! where A = [a;;]. By Lemma [22] B is upper triangular;

moreover, for each i, 1 <i < n, we have (BA);; = bja;; = 1. Therefore, b;; = 1/a;; > 0. O
Corollary 2.3. If A € C"*" is lower triangular and invertible, then A~ is lower triangular.

Proof. Since A is lower triangular, A7 is upper triangular. Thus (AT) s upper triangular.

But (AT)_1 = (Afl)T. Hence A~! is lower triangular. O

Lemma 2.3. If Ry and Ry are both upper triangular matrices, then RiRs is upper trian-

gular.

Proof. Let Ry = [a;j] and Ry = [b;;]. Then for ¢ > j, (R1R2)ij = Y aitby; = 0 because it is
=1

always true that either ¢ > ¢ or £ > j. O



Definition 1. A matriz B € C™*" is said to be similar to A € C™"*™ if there exists an
invertible matriz S € C™" such that B = S™'AS. S is called the similarity matriz of the

similarity transformation A — S™1AS.

Definition 2. If the matrix A € C™"*™ is similar to a diagonal matriz, then A is said to
be diagonalizable. Furthermore, if the similarity matriz is unitary, then A is said to be

unitarily diagonalizable.

Lemma 2.4. If A € C™*", then A is diagonalizable if and only if there is a set of n linearly

independent vectors, each of which is an eigenvector of A.

Proof. Please refer to page 46 of [I] for the proof of this Lemma. O
Definition 3. The matriz A € C™*" is said to be normal if A*A = AA*.

Lemma 2.5. If A € C™*™ is normal, then A is unitarily diagonalizable.

Proof. This is a result of Theorem 2.5.4 of [I]. O

Corollary 2.4. Suppose A € C™" ™ is normal and has n distinct eigenvalues. Let A =

XDX™! be any diagonalization of A. Then the columns of X are mutually orthogonal.

Proof. Since A is normal, by Lemma [25] A is unitarily diagonalizable. Thus there exists
a unitary matrix U and a diagonal matrix D; such that A = UD,U~!. This is equivalent

to AU =UDn, or

A[ul,ug, e ,Un] = [ul,ug, . ,un] diag ([dn,dgg, e 7d7m]) s (24)

where u; is the i-th column vector of U and d;; is the i-th diagonal element of D;, for each
i=1,2,...,n. Since A has n distinct eigenvalues, d;; # d;;, for each i # j. Equation [2.4]
means that u; is the corresponding eigenvector of the eigenvalue d;; of A. Furthermore, u;,
for all t = 1,2,...,n are mutually orthogonal since U is unitary.

For any matrix X such that A = X DX ! all the columns of X have to be eigenvectors

of A corresponding to different eigenvalues of A listed on the diagonal of D. Without loss



of generality, we assume that D = D;. Let the i-th column of X be x;. Then z; is an
eigenvector of A corresponding to the eigenvalue d;;. Thus we have x; = c;u;, where ¢; is a
non-zero constant for each 4. Since u;, for all ¢ = 1,2...,n are mutually orthogonal, z;, for

all t =1,2,...,n are also mutually orthogonal because

<$i,xj> = (ciui,cjuﬁ = ciéj(ui,uj) = Ciéjéij.

O

Definition 4. A function ||-|| : C"*™ — R is called a matriz norm if for all A, B € C"*"
it satisfies the following axioms:

(1) 1Al = 0,

(2) ||All = 0 if and only if A =0,

(3) llcAll = ||| All for all complex scalars c,

(4) 1A+ Bl < |All + 1B,

(5) IAB] < | Al BI-
Lemma 2.6. The Frobenius norm ||-|r is a matriz norm.
Proof. Please refer to page 291 of [1]. O

Lemma 2.7. If U € C™" is unitary, and A € C"*", then |[UA|r = |Allr. In other

words, the Frobenius norm is invariant under unitary multiplication.

Proof. By definition (L2), it is easy to see that

| A% = trace A*A.



Thus,

IUA|Z = trace (UA)*(UA)

= trace A"U*U A
= trace A" A
= 1Al
O
Lemma 2.8. Suppose A, € C"*" k =1,2,..., is a sequence of matrices, then the following

two conditions are equivalent,
1. hmk—»oomAk |”F = 0,‘

Proof. Assume that limg_ o || Ak|lF = 0, then Vi, j € {1,2,...,n},

n n
1 Ali D < T Au(i i 2
lim [A(i,5)] < lim le_zl\ (i, 9)|

= lim [|Ax]lF
k—oo

=0.

Therefore, limy_,o, A, = 0.

Now assuming that limy_,,, Ax = 0, we have

Jim [ A7 = Jim | D0 Ak )

i=1 j=1
=33 (i 4R
=1 j=1 N



O]

Lemma 2.9. Let t and n be positive integers so that t < n. Suppose Q1,Q2,Q3,... is a

sequence of n X n unitary matrices. Let

woel
21 22

where each lei) is a t X t matriz and each Qg;) is an (n —t) x (n — t) matriz. If

. k . k
limg— oo |Q 5 = 0, then limy,—oo JQE) [ = 0.

Proof. Note that for each k we have

k k k k
(n—1) = 1R 1% + 1% 1% = 1% 13 + 1@ 1%,

Thus, ngi) I% = \HQ@ |% for each positive integer k. That, limkﬂoongg) |% = 0, then
implies that limk_,oong;) 1% = 0. O
Corollary 2.5. Suppose Q1,Q2, @3, ... is a sequence of n X n unitary matrices such that all

the elements above the diagonal have limit zero, i.e., limg_oo Qr(i,7) =0 foralll <i < j <
n. Then all the elements below the diagonal also have limit zero, i.e., limg_, o Qx(i,5) =0
foralll <j<i<n.

k k
QY Qi

Proof. For any i and j such that 1 < j < i < n,let Qx = yforall k=1,2,...,

k k

QY Q5
where each lei) is a j X j matrix and each Qg;) is an (n—j) x (n—j) matrix. Then Qg(4,7)
belongs to Qé’i) By Lemma [2.9] since Qgg) has limit zero, Qg’i) also has limit zero, which

means that Q(7, ) has limit zero for all 1 < j < i < n. O

Lemma 2.10. If A, € C"*™ fork = 1,2,... and limy_, Ar = 0, then for any B,C €
(Cnxn, llmk*)oo BAkC =0.



Proof. Since limy_,o, Ax = 0, limg_, o, Ag(i,7) = 0, for all ¢,5 = 1,2,...,n. Thus by the

s

definition of matrix 1-norm (1),
lim || Ag|l1 = 0.
k—o0
Using the sub-multiplicative property of the matrix 1-norm, we have
IBALC: < IBIL AR C-

Taking the limit as k goes to infinity on both sides, we get that limy_, || BAxC|l1 = 0. O

Lemma 2.11. Suppose A1, A, As, ... and By, B, Bs, ... are sequences of n X n matrices

such that limg_ oo A = A and limg_oo By, = B. Then limy_,o, A Br = AB.

Proof. We use Frobenius norm to prove this lemma. First, |By||r = ||(Bx — B) + B||r <
I(Br — B)|lr + | Bllp. Thus, limg_oo||Bellr = || Bllr. Since the Frobenius norms of By,
converge, they are bounded. In other words, there exists a positive number M, such that
IBrllr < M for all k =1,2,....

Now we have

| AxBx — AB||p = | AxBy — ABy + ABy, — AB||p
< (A — A)By|lr + | A(Br — B)||r
< I(Ax = DI rlBxllr + Al r | Bk — Bl r

< M||(Ax = Dlr + 1Al FI Bx — Bllr.

Thus, limg_,o||AxBr — ABWF = 0. According to Lemma [28 we have limg_,o (A By —

AB) = 0. Therefore, limy_,, Ax By = AB. O

Lemma 2.12. Suppose Q1,Q2, ... is a sequence of n X n unitary matrices, and R1, Ro, . ..
18 a sequence of n X n upper triangular matrices each of which has positive diagonal. If

hmkﬂoo QkRk :I, then hmkﬂoo Qk = I, and llmkﬂoo Rk =1.

10



Proof. Let Qi = [qg-c)], and let R = [rl(f)] for each k. Note that limg_,o[|QrRr — I||F = 0.

Moreover, because each Ry is upper triangular we have

n 1—1

* * k
IQiRx — 113 = Qk(Ri — QI3 = IRk — Qi3 = Y3 1a\PP?

i=2 j=1

where the second equality follows by Lemma 27 Since limg_||QxRr — I3 = 0, we
(k)

must have limy_, 4 = 0 whenever ¢ > j. This means that the upper triangular part
excluding the diagonal of the @y has limit zero. By Corollary 23] the lower triangular part
of Qi excluding the diagonal also has limit zero. Then for each i, 1 < ¢ < n, we must have

limy o |qz(zk )\ = 1, simply because each row and column of each () has 2-norm equal to 1.

We now consider Rj. Since limy_, || Rx — Q,’g”ﬁ, =0, and

_(k
IR: — Qil3 > S 1r) — g2,
i#j

(k)12

i —qﬂ |—0When27$j But, we

have 0 < |7“ ] < ]7“ qji | + |<jji | by the triangle inequality. Moreover, limy_, q](-i) =0

we have limy_, oo ZZ# |7" |2 = 0. Thus, limy_ |r

ij q]z

when ¢ # j. Therefore we must have limg_, rg-g) = 0 for each i # j.

Since limg_,o QR = I, we have limy_,o(QrRk)i = 1 for each i, 1 <1i < n. But,

n
k) (k)
(QkRk)” = Zqi(t )Tt(z - qu 7, +Zqzt Ttl :
t=1 t#i

Since the off-diagonal parts of the @ and Ry both tend to 0 as k goes to infinity, we have

But, we have already shown that limj_, |qz(zk )| = 1 for each i. This and the fact that

limg o0 qz(l) Z(Zk) = 1 together imply that limy_, . |r | = 1 for each ¢. But, each of the Ry

(k)

has positive diagonal. Therefore, limg .o \7“ )] = limy_.7;” = 1. We have now shown

11



(k)

that limy_,o, Rr = I. The final step is to show that limy_, qif = 1 for each i. This follows

immediately from the fact that both limg_, qz(zlC )rgc ) — 1 and limg o0 rz(zk ) 1. O
Lemma 2.13. Let By, Bo, ... be a sequence of n X n matrices whose elements are bounded.
Let Q1,Q2,... be a sequence of n X n unitary matrices such that limyg_.oo Qr = I,,. Let

A = Qi BrQy, for all k =1,2,.... Then limy_.o (A — By) = 0.

Proof. Since the elements of By, k = 1,2,... are bounded, there exists an M > 0, such
that |Bg(i,7)| < M, for all k = 1,2,..., ¢ = 1,2,...,nand j = 1,2,...,n. Let Qp =
[qgk),qék),...,qr(lk)], where ql(k) is the i-th column of Qg, for all ¢ = 1,2,...,n. Since

limg_ oo Qr = I,, we have

lim qi(k) = ¢;.
k—o0

If we let (51-(k) = qi(k) —e, forallk=1,2,...and i =1,2,...,n, then limg_, 51-(k) = 0. Thus,

T
[Ak(i ) = Buli )l = | (a) Be (¢) —Bk(z',ﬁ‘
T
= (e 6) " Butes +600) - Butii)

"

s

eZTBk(SJ(-k)‘

| Bl ej + ’(51@))1 | B ’5](-k)‘ +e] |Byl ‘53('k)‘

e+ |(5)" 1),

= )(%(-k)‘ + e;fp

where = is the n X n matrix of which all elements are 1. Since

(0 s ¢ )"

—_
—
—

(5§k) ’ + el

5§k)\> =0,

we get

k—o0

12



O]

Lemma 2.14. If A € C™*"™ is invertible, then A can be uniquely factorized as A = QR,
where @ € C™™ is unitary and R € C™*"™ is upper triangular with positive diagonal ele-

ments.

Proof. The proof is essentially a description of the Gram-Schmidt orthogonalization process.
We give a sketch of that procedure. Denote A = [a1,aq,...,a,], where a;, i = 1,...,n
are columns of A. Since A is invertible, {a1,aq,...,a,} are linearly independent. Let
B1 = ai/|aill2, or a1 = ||ai]|2B1. Then let Bo = (a2 — Pw{a2))/|laz — Py (az)||2, where
Wy = span{f1}. Note since {a1,aq,...,a,} are linearly independent, as — Py (az) # 0.
One gets as = Pyaz) + |laz — Pyy(az2)||282. Notice that Py (as) = (ag,[1)51. So az =
(a2, B1)B1 + [laz — Pwfaz)||2B2. In general, one gets Biy1 = (air1 — Pwfaiy1))/llaiy1 —
Pw(ai1)ll2, where Wy = span{f, B2,...,Bi}. Let r11 = [la11ll2, rii = llai — Pw,_(ai)l2,

r;j = 0, when j <7 and

rij = (aj, Bi), mbox forallj > i. (2.6)
Then
M1 T12 ... Tin
o2 ... Top

A= [a1,a2,---,an] = [ﬁl,ﬁQ,---,ﬂn]

Tnn

Let Q = [51, 02, ..., 0n] and R = [r;;]. We get A = QR, where () is unitary by construction
and R is invertible because r;; > 0,7 =1,2,...,n.

Now suppose that there exist two different factorizations with @1, Q2, R1 and Ra,
where (1 and Q)2 are unitary and R; and Ry are upper triangular with positive diagonal
elements, such that A = Q1 Ry = Q2Rs. Then Q;lQl = R;lRl. So R;lRl is upper

triangular, unitary and has positive diagonal elements. By Corollary 2.1 R; 'R, = I

13



Thus Ry = Ry. Also, Q5 '@, = I leads to the conclusion that Q; = Q. This proves the
uniqueness of the factorization.

O

Lemma 2.15. If L is an n X n lower triangular matrix with unit diagonal, U is an upper
triangular matriz, and P; and Py are permutation matrices such that L = PyUP,, then

P, = Pl

P’FOOf. Let li,j = L(Z,j), Ui = U(Z,j), QG5 = Pl(l,j) and ﬁ@j = Pg(i,j), for all ’i,j €

{1,2,...,n}. Elementwise,

/Bl,j
B2,
liﬂ- = [am, a2, ... 7ai,n]U )
[
= uti,Sjv

where t;,s; € {1,2,...,n} are the indices of element 1 in the i-th row of P; and the j-th
column of P, respectively, for all 4,j € {1,2,...,n}. Note that s and ¢ are permutations on
{1,2,...,n}. We focus on the cases when i = j, i.e., 1 = [;; = uy, ;. Immediately we get
that ¢; < s; since U is upper triangular. Since this has to be true for all i € {1,2,...,n},
we claim that s; = ¢; for each i € {1,2,...,n}. Indeed, Let i1 be chosen such that ¢;, = n.
Then s;, = n. Otherwise the element in U corresponding to the position (i1,7;) would be
0. Now choose 72 such that t;, = n — 1. Then, s;, cannot be n because s is a permutation
and s;; = n. Therefore, s;, =n—1. Proceed for t;, =n—k, k=3,4,...,n—1, we get that
t; = s;, for all i € {1,2,...,n}. Remembering the definitions of ¢; and s;, we get that the
t;-th row of P, and the ¢;-th column of P» are identical vectors, except the transposition,
for all t; = 1,2,...,n. In other words, P;(t;,7) = P2(j,t;), for all j = 1,2,...,n. Thus,
P, =Pl O
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Lemma 2.16. If A € C™*"™ and A is invertible, then A can be factored as A = LPU where
L is a unit lower triangular matriz, P is a permutation matriz, and U is an invertible upper

triangular matriz. Furthermore, P is unique.

Proof. Let A = [a;;] € C™*™. Start from the first column of A, and find the first non-zero
element (such an element must exist since A is invertible). Suppose this element is a; 1,

where 1 <17 <n. Let

I, 0
Ll = )
C In—i
where
0 0 ¢
0 0 C2
C =
0 ... 0 Cn—q
and ¢; = —w. Then the first column of L1 A are all zeros except the i-th element, which
a1

remains a; 1. This is essentially the Gaussian elimination applied on the first column of A.

Let
- -
ai’l bl bQ N bn—l
0O 1 0 0
Ur=10 0 1 0 |,
| 0 0 0 I
where b, = —ai’tﬂ, for all t = 1,2,...,n — 1. Then the i-th row of L;AU; are all zero
a;,1

except the first element, which is normalized to 1. Note that the only change to the first
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column of L1 A by right multiplying U is that its i-th element is normalized to 1. This in
essence is the Gaussian elimination applied on the i-th row of L1 A.

Assume that the a; 5 is the first non-zero element in the second column of L1 AU;. Let

L= I 0 |
G I,
where
_0 0 -
G 0 0 g2
_O ... 0 In—j |
and g, = —%. Then the second column of Lol AU; are all zeros except the j-th
7,

element, which remains a;2. This is essentially the Gaussian elimination applied on the

second column of L1 AU;.

Let
1 0 o0 0
0 aj, M P2
Uz=10 0 1 0 |,
0 0 0 1|

where h; = —M, for all t = 1,2,...,n — 2. Then the j-th row of LoL1 AU U, are all
aj,2
zero except the first element, which is normalized to 1. This in essence is the Gaussian

elimination applied on the j-th row of Lyl AU;.
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Repeat the above process for another (n — 2) times. Since A is invertible, we will get

a permutation matrix. Mathematically, we express the process as

Ly,Ly_1---LoLiAU Uy --- Uy, = P,

where L and Uy for any k = 1,2,...,n are the unit lower triangular matrix and the upper
triangular matrix used in the k-th iteration and P is the final permutation matrix. Let
L=L,L, 1---Ly and U = UyUy---U,. Then L is unit lower triangular and U is upper
triangular. Thus we have LAU = P. Multiplying L~! on the left and U~! on the right
gives A = L7'PU~!. By Lemma and Corollary 23] L~! is unit lower triangular and
U~ is upper triangular. The existence of the LPU decomposition is proved.

Now, since A is invertible, U is invertible, which means all the diagonal elements of
U are non-zero. Suppose there exist permutation matrices P;, P» and lower and upper
triangular matrices L1, Ly and Uy, Us, such that A = LiPiU; = LyPyUs. Then, P =
LflLQPQUQUfl = LPU, where L = LflLQ is unit lower-triangular and UgUf1 is upper
triangular.

The condition P, = LPU is equivalent to L = PlU_lPQT = P1VP2T, where V = UL
Since U is upper triangular, V is upper triangular. By Lemma B3, we get that P} = P[
ie., Pb = Py.

This decomposition is called modified Bruhat decomposition [g].

O
Definition 5. A multiset of cardinality n is a collection of n members where multiple
presence of the same element is allowed and is counted as multiple members.

A multiset is like a set, whose members are not ordered, but some or all of its members
could be the same element. For example, the collection {1, 2, 1,3} is a multiset of cardinality

4. Furthermore, it is the same multiset as {2, 1,1, 3}.

Definition 6. The eigenvalues of A € C"*™, counting multiplicity, compose a multiset. We

call it the eigenvalue multiset of A.
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Definition 7. Let ® = {¢1,02,...,0n} and ¥ = {¢p1, 99, ..., 0,} be two multisets with

complex elements. Then we define the distance d(®, V) between multisets ® and ¥ as

d(®,V) = min max |®; — U, (2.7)

o 1=1,...n
where the minimum is taken over all permutations o of 1,2,...,n.

Theorem 2.1. Let n > 1 and let
p(z) = apz" + an12" V4 ayz+ag, an #0

be a polynomial with complex coefficients. Then, for every e > 0, there is a § > 0 such that

for any polynomial
q(z) = bpx"™ + by 12"+ bz 4 by
satisfying b, # 0 and

max \ai — bl‘ < 5,
0<i<n

we have
d(A, M) <,

where multiset A = {\1,..., \n} contains all of the zeros of p(x), multiset M = {u1, ..., un}
contains all of the zeros of q(x), both counting multiplicities.

Proof. Please see [1] and [2] for the proof of this theorem. O

Theorem 2.2. Suppose n > 1 and A,B € C™™. Let A = {A1,,..., \n} and p =

{1, 12, ..., pn} be the eigenvalue multisets of A and B respectively. Then for every e > 0,

18



there exists a § > 0, such that if max; j—12,.n|A(i,7) — B(i,5)| <6, then
d(\, p) < e. (2.8)

Proof. The eigenvalues of A and B are the zeros of the corresponding characteristic polyno-
mials pg(x) = det (A — A) and pp(x) = det (A — B). Let a = {an,an—1,...,a1,a0} and

b= {bn,bn_1,...,b1,bp} be the coefficient vectors for p4 and pg, i.e.,
pa(x) = apz™ + An_12" -+ arx + ag

and

pB(.T) = bnx" + bn_lxnil +---+ blsc + b().

According to Theorem [T there is a ¢’ > 0, so that if ||a — b||, < ¢', then d(\, p) < e.
Since a; and b; are polynomial functions of elements of A and B, they are con-

tinuous functions of elements of A and B. Hence there exists a § > 0, such that if

max; j—1,2,.n|A®,7) — B(i,7)| <6, |la—1|, < . Combining the above arguments, we

finish the proof. O

Remark 1. Theorem [2.3 illustrates the continuous dependence of the eigenvalues of a

matriz on its elements.

Definition 8. Let {®y: Py is a multiset of n complex elements, k = 1,2,...}. Let ¥ be
a multiset of n complex elements. If limg_oo d(Pr, V) = 0, we say that the sequence of

multisets {®y} converges to multiset V.

Lemma 2.17. Suppose {A € C™*" : k = 1,2,...} and B € C"™". Let the eigenvalue
multiset of Ay, be T*) = {ygk),yék), e ,%(f)}. Similarly, let the eigenvalue multiset of B be

A={\, Ao, A} Iflimy_oo Ay = B, then {T®)} converge to A.
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Proof. The proof follows directly from Theorem
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CHAPTER 3

CONVERGENCE OF THE QR ALGORITHM

If A e C™™ has n distinct eigenvalues {\; : i = 1,...,n} where |\;| > |\;j;1] for each i
such that 1 <7 <n—1and |\,| > 0. Then A has n linearly independent eigenvectors. By
Lemma [Z4] there exists an X such that A = XDX !, where D = diag ([A1, A2, ..., \n]).
Furthermore, by Lemma 216, X! can be factorized as X! = LPU, where L is a unit
lower triangular matrix, P is a unique permutation matrix, and U is an invertible upper

triangular matrix.

Theorem 3.1. Suppose A € C™™ has n distinct eigenvalues {\;:i=1,...,n} where
[Ai| > [Aig1| for eachi such that 1 < i < n—1 and|\,| > 0. There ezists an invertible matriz
X such that A = XDX ™', where D = diag ([\, \a,...,\n]). Let X' = LPU, where L
1s unit lower-triangular, P is a unique permutation matrix and U is upper triangular. Let
A = Q1 Ry be the unique QR factorization of A with Ry having positive diagonal elements.
Let Ay = R1Q1 = Q2Rz, where QaRs is the unique QR factorization of As. Repeat the
above process so that for k > 2, Ay = Rp_1Qr_1 = QpRi, where Qp Ry is the unique QR
factorization of Ay with Ry, having positive diagonal elements. Then Dg (Ay) converges to
PT diag ([A\1, A2, ..., \n]) P. Furthermore, as k goes to infinity, the elements in the lower
triangular part of Ay go to zero and the elements in the upper triangular part of Ay converge

in magnitude.

Proof. By description, Ay = R 1Qk—1 = Q}_1Qr-1Rx1Qk—1 = Qj_; Ax—1Qk—1, which
means that Ay is similar to Ag_1, for each k > 1. As a result of this similarity, the matrices

Ay all have the same characteristic polynomial and, hence, the same eigenvalues.
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For each positive integer k, let

Py =Q1Q2--- Qg (3.1)

and

Uy = RyRie_1 -~ R1. (3.2)

Note that by Lemma 23] U, is upper triangular with positive diagonal elements. Also

notice that

Qr-14r = Qr_1Rp—1Qp—1 = Ap—1Qp—1- (3.3)

Using (3.3]), we compute the product P,Uy as

PU, = Q1Q2 - QpRy -+ - Ry
=Q1 - Qr1ArUr—1
=Q1 Q24 1Qr-1Ur—1

= Q1 Qr—3Ar2Qr—2Qr-1Ui_1

= AQ1Q2 - Qr—2Qk—1Ux 1

= APy 1Uj_1. (3.4)
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Since ([B.4)) is true for each k > 2, we have

PUy = AP, Uy

= A(AP;—2Uy—2)

= Ak71P1U1

= A",

Since Qp Ry is the unique QR-factorization of Ay as guaranteed by Lemma 214 P,U} is
the unique QR-factorization of A* with U}, having positive diagonal elements.
Let XP = QR be the unique QR factorization of X P such that R has positive diagonal

elements. Thus, X = QRPT. Now we have

AP = XDF X' = QrRPTDFLPU
— QR (PT(D’“LD*’“)P) PTDFPU

= QR (PT(D"LD™¥)P) DAV, (3.5)

where D), = PTDP. Since D is an invertible diagonal matrix, D* LD ¥ is still a unit lower-
triangular matrix. Thus, when 1 < i < j < n, (DkLD*k)ij =0. When 1 < j <i <mn,
(DkLD_k)ij = lijAf/)\? goes to zero as k — oo since |\;| < |A;|. Since the diagonal elements

of PT(D*¥LD~F)P are the diagonal elements of D*LD*_ only rearranged by P, we have

limy,_,oo DFLD~% =T and
klim PTD*LD kP = 1.

Write PTDFLD™FP = I + E},, where limy_,o, E = 0. Plugging into Equation (3.35)), we get
A¥ = QR(I + Ex)DEU = Q(I + RERR)RDSU. By Lemma 210, limy_.oo RERR™ =0

and so limy_,oo(I + RELR™') = I. For each k, let Qi Ry be the unique QR factorization

23



of I + RE,LR™! such that R has positive diagonal elements. Notice that by Lemma 212

hmkﬂoo Qk = hmkﬂoo Rk =1. We get
A¥ = (QQk)(RLRDJU).

Now we focus on the diagonal elements of RkRD}]; U. Note that the diagonal elements of D,
are those of D rearranged by permutation P. Let \,; = D,(i,4). Also let U = [u;;]. The
i-th diagonal element of RkRD;;U can be written as (Rk)u(R)u)\];Zu” By construction,

(Ri)i >0 and (R);; > 0 for each i = 1,...,n. Let

k k
)\p71U11 )\p’QU2Q )\Ik77nunn

L, 3.6)
’ RN (
Nl [ el XS e

Ay = diag

Note that Ay is a unitary diagonal matrix. Moreover, AkRkRD;fU has positive diagonal

elements, for its i-th diagonal element is (Rk)”(R)u \Ap7i|k |uii|. Since QQkAZ is unitary,
AF = (QQiA}) (Ax Ry RDU) (3.7)

is the unique QR factorization of A*. But we have already shown that P,Uj, is the unique

QR factorization of A* for each k; therefore,
Py = QQiA}, (3.8)
and

Uy = AR RD)U. (3.9)

24



From (31) and (3.3),

Qr = Pi_ 1Py = (QQr—175_1)" (QQrA})
= Ap1Q5_1 QA

= N1 A (AR QF_ QiA).
By Lemma [2.17], (@Zq@k) — I, as k — oo since each of the Qj, converges to I. Now,

NARQi 1 Q) = The = I (An (@5oa@r = 1) A7)l
— Q1@ — Tl

Thus, limy—oo || (AtQ_,QkAf) — I||F = 0. By Lemma 28, we get

kli_{glo(AkQZ—@kAZ) =1

Furthermore,
)\kflu.. )\k Ui
(Ak_lAZ)“ _ ]:17/1 17 kp,z (X3
‘Ap,'i |wai| | Ay | lwiil
_ Apji
|>‘p7i’
Thus,
. . A1 Ap2 Aon
lim @Q; = dia, ([ e . 3.10
i O = R [T T Dl ™ T (310

In other words, Q; converge to a unitary diagonal matrix.

Similarly, plugging [B.9) into Ry, = U,U,',, we get

Ry, = (MR RDEU) (Aj—1 Ry  RDY'U) ™ = ARy RD, R R AL
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Again, focusing on the i-th diagonal elements, we have

k—1

)\l;zu“ ~ 1,5 _1 )‘pi (7
(Ri)ii = ——5 (R RiiApi Ry, (Re—1);; TR
‘/\p,i’ ‘)‘p,i‘
= (R)ii(Ri—1)5" il
Hence,
Jim (R = kli_)rgo(l:lk)u Apil /(Bi1)ii = [Apil- (3.11)
This shows that the diagonal elements of the matrices Rg, k = 1,2,..., converge to the

magnitudes of the eigenvalues of A.

Note that

Ao = PEAP, = (QQiAT) " A (QQiAY)
= M@QiQ XDX ' QQiA
= M@QiQ*QRPTDPR™'Q*QQxA},
= A Q;RD,R™ QA
= M QAR (AL RD,R™ A )AL QrA;,

= Qu(ALRD,R™'A})Qs, (3.12)

where Q) = AkQZAZ- Since limy_,o0 Qr = I and [(Ag)iil = 1, limg o0 Qr = I. Obviously
the elements in the various AkRDpR_lA;; are uniformly bounded, by Lemma , we

have

Jim (A1 — A,RD,R™'A}) = 0. (3.13)
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Hence, as k goes to infinity, the elements in the lower triangular part of Ax,; have limit

zero, that is, limg_,oo Ag41(7,7) = 0 for 1 < j < i < n; and on the diagonal,
kli»nolo Ak+1(i, l) = (AkRDprlAZ)” = )\pﬂ', (3.14)

which proves the convergence of the QR algorithm on the lower triangular and the diagonal.
Let RD,R™' = W. Then W = [w;;] is an upper triangular matrix. That is, w;; = 0

when 1 < j <i<n. Alsolet Ap; = |\, e and w; = |uy| e, for each i = 1,...,n. Thus

k
)\]p€75u58 )\p,tutt

ALRD,R™'A}) g = s
( k D k) t })\1578‘ ‘uss|w t })\’;t} |Utt|

— wstejk(et_es)"l‘at_as .

From Equation 3I3), for s < ¢,

lim ((Ak+1)5t - wstejkwwf*"s)*at*%) ~0. (3.15)

—00

So limg o0 (Ak11)st may not exist for 1 < s < ¢t < n. However, from Equation (3.I3]), we
conclude that limy_,o [(Ag41)st| exists and is equal to |wg.
Notice that if X~! has LU decomposition, then P = I. In this case Dg (Ak) converges
to diag ([A\1, A2, ..., An).
O

Corollary 3.1. Given that A satisfies all the assumptions described in Theorem [31l, sup-
pose that A is also normal. Then not only the convergence of the QR algorithm described in
Theorem [31 holds, but also the elements in the upper triangular part of Ay off the diagonal

converge to zero.

Proof. Since A is normal and has n distinct eigenvalues, by Lemma 24|, for any diagonal-
ization of A in the form of A = XDX !, the columns of X are mutually orthogonal. Hence

(XP)*(XP) = PT(X*X)P is diagonal. This means that the columns of X P are mutually
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orthogonal as well. Recall that X P = QR is the unique QR factorization of X P where R
has positive diagonal elements. According to the Gram-Schmidt orthogonalization process
described in the proof of Lemma 214 any element in the upper triangular part of R off
the diagonal is described by Equation (2.6]). The mutual orthogonality of column vectors
of X P then means r;; = 0, for all j > 4. So R is diagonal.

From Equation B3] we have
lim |Apy1] = lim [AyRD,R™Aj]
k—o0 k—o0

= lim |[RD,R™"|

k—o0

= |RD,R™|. (3.16)

Because R is diagonal, RDPR_1 is diagonal, which is equivalent as saying that the upper

triangular part of RDpR_1 is zero. Hence
klim |Ak41(i,7)| =0, forall 1 <i < j<mn,
— 00

which means that

klim Apy1(i,7) =0, forall 1 <i<j<n. (3.17)
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CHAPTER 4

GENERALIZATION: EQUAL-MAGNITUDE EIGENVALUES

In the proof given in Chapters B we assumed that the eigenvalues A1, Ao, ..., A\, of
our n x n matrix A satisfy [Aiy1| > |\, for each i € {1,2,...,n — 1}. In this section, we

relax that assumption a bit and assume only that

ML= ol 22 el > Pra] 2 o > Al

In Chapter [ in the expression A = X DX ! where D is a diagonal matrix with eigenval-
ues of A on the diagonal, no constraints on X! were imposed to guarantee convergence.
However, in this chapter, extra constraints have to be assumed to guarantee convergence in

general, as stated in the following theorem.

Theorem 4.1. Suppose A € C™*™. Let {\;:i=1,...,n} be the eigenvalues of A, counting
multiplicity. Suppose [A1| > |Ao| > -+ > |A| > |Ag1| = -+ > || > 0. Let D =
diag ([A1, A2, ..., A\n]). Suppose there exists invertible X € C™*" such that A = XDX 1.
Let X! = LPU be the modified Bruhat decomposition of X', where L is unit lower-

triangular, P is a unique permutation matriz and U is upper triangular. Assume that

P=P.® P, (4'1)

where P, and P,_, are permutation matrices of sizes r X r and (n —r) x (n —r). Let
Api = (PTDP)M-. Then in the QR algorithm iteration, the sequence of eigenvalue multisets
of the top-left r x r blocks converge to {A\p1,Ap2,...,A\pr} and the sequence of eigenvalue

multisets of the bottorm-right (n —r) x (n — ) blocks converge to {\pr41,-.., A\pn}-
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Proof. We define Py and Uy as in Chapter Bl See (BI) and (B8:2). Thus A* = P,Uj is the
unique QR-factorization of A* where U}, has positive diagonal elements.
Let XP = QR be the unique QR factorization of X P such that R has positive diagonal

elements. Thus X = QRPT. Similar to equation (3.5)), we have
AY = Q(RP"D*LD *PR™")RD}U.
where D, = PTDP. Let
Hy = RPTD*LD*PR™! (4.2)

and let Hj, = Qi R}, be the unique QR factorization of Hj, such that Ry, has positive diagonal

elements. Let

r 312
~ k Qk
Qk_ QQI Qn—r ’
i k k
~ R Rl?
Rp= |k ’ El
o0 Ry
and
o[
k lel HI?—T )

where H?, Q7 and R’ are of size r x r, H*™ ", Q% " and R?™ " are of size (n — 1) X (n —7r).
k> k k ’ k ) k k

Since Ry, is upper triangular, its inverse R;l is also upper triangular according to Lemma
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Given Ry, in the above block form, we can easily show that

pry—1
R = (R i W (4.3)
0 (R

where W, = — (R};) - R,? <R2_T>_1.

Let F, = D*LD~* and write F, in block form as

Fp = oo (4.4)
k ; .

I k a k

2(1) 2(2)

where Fl(f) is of size r x r and F2(§) is of size (n —r) x (n —r). Since |\| > |Ag] >
co > N > [ Aea1] = o0 > [ Aal, we have limy_o Fr(i,5) = limg oo zijxf/A;? = 0, for all
i1 >r+1>r2>j. That is to say limg_, FQ(f) = 0. Now let

k k
Wz

k k
Zél) Z§2)

PTDFLD™FP = : (4.5)

where ny) are of size r x r and Zég) are of size (n —r) x (n —r). Plugging (@1]) and (Z4)

into (£3) and expand the multiplications, we get ng) = PE_TFQ(f 'p,. Taking the limit as
k goes to infinity, we get limg_, ng) = limg_ o0 PnT_rFQ(f)PT = 0. Furthermore, let
k k
Ry Ry
Ry = .
0 R

where Rgli) are of size r x r and Rg;) are of size (n —r) x (n — r). Then we can write

) REN /
- | %) ()|
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-1 -1
where R}, = — (Rgli)) Rgg) (Rg;)) . From (£.2), we get

-1
lim HY' = lim R Z4) (Rg’;>) —0. (4.6)

k—oo

However, here limy_,, Hr = I may not be true.

Let

% %
Ap Uil Ap 2U22 AR tnn

RYSTARITTIR ‘)\1572‘ ’u22’,...,m

Ay = diag

i

and we get the following equation (in the same form as equation ([B.7)),
A¥ = (QQrA}) (Ax R RDU). (4.7)

Again, since QQkA;; is unitary and AkRkRD;fU is upper triangular with positive diagonal

elements, we recognize that (7)) is the unique QR factorization of A*. Thus,
Py = QQrA;, (4.8)
and

Uy = AyRyRDSU. (4.9)
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From H; = QkRk, we get Rlzl = H,;lék Applying the Frobenius norm,

IR e = I H Qrllr
= |||H1;1”|F7 by Lemma [2.7]
~ |(RP* D*LD PR
= |RPTD*L D *PR™Y|p
< |RPTIpID*" L™ D~ || PR F
= Crp|D*L'D7¥|p

< CrplL7 |IF (4.10)

where Cg p = ||RPT||p||[PR!| F is a constant. The last inequality holds because

’ <DkL_1D_’“)

< L7, )|, foralld,j=1,2,...,n.

Z?]

On account of (£I0), we have,
IR~ e < IR e < Crpl L e (4.11)
Thus,
1QF e < NHZ I FI(RL) e < Crpll L~ EIH I — 0, as k — oo (4.12)

since |||H,%1|||F — 0 by (@4). Therefore, limy_. Q%l =0.
Furthermore, by Lemma 2.9 we get limy_, Q}CZ = 0. Consequently, limy_, ., Q}; ~};* =
I, and limg_, o QZ_TQZ_T* = I,,_,. In conclusion, we showed that
Qp 0

Jim Qr — ) =0
—0Q 0 QZ—T
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Notice that the same computation in (3.12]) applies to the factorization shown in (£.17).

We get

Apr1 = Qu(AxRD,R™'A})Q;

A7 0 [

where Qk = AkQZAz. If we denote Ay, = k and Qk =1 k
0 AT QY

L A0 Qr Q2| |AF 0
0 AZ_T Qil Qz—r 0 AZ_T*

NGIAY  AQEAT

n—r 21 A r* n—r AN—r A n—r*
ATTQE A ATTQETTAY

512
, then

An—r

k

From above, we get Q12 = ATQ2A?™™ — 0 and Q2! = AT "Q?'A™ — 0, as k — oo.
& k K<k k ko Wk Dk

Moreover,
klggo @ =1,
and
lim Q)" = I,
k—o0
Let

Ji = AkRDpR_lAZ.
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Jr J12
Then Jj, is upper triangular with Ji(i,7) = A4, @ = 1,...,n. If we write J = F b
0 Jr

then,

Agt1

= Qi Jk Qi

_QZ A}1€2 Jr Jéz Qr* A%n

_Qil QZ_T 0 J]’:—T Q12* QZ—T*

QLI QU + QL2+ Q12O Q’"Jka* QLI Q2O
Q2 I Qr+(Q2 T2+ QI I Y0 QR (I Q4 T2+ QT QT '

r 12
Ak—f—l Ak-‘rl

If we write Ap1 = , then as k — oo, for the lower left block A?' |, we
A21 An r
k41 k+1
have
lim A%%H = lim Q%lJ]ZQ?];* + ( Azl Qn rJn r) A12%
k—oo k—oo
=0

for the following reasons. By (£IH), Jj is uniformly bounded, hence JJ, J}? and J;'~" are
all uniformly bounded. Furthermore, both QZ* and QZ_T are uniformly bounded because
they are part of a unitary matrix. Finally both Qzl and Q}CQ go to zero as k goes to infinity.

For the top right block A}? 1, we have

kllm ( By - Qup)
lim (QLIFQE" + QLI + QPR ~ QL Q™)

=0, (4.16)
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for the same reasons stated above for AL ;. Furthermore, by @I3), @I4) and {I5), we

get

lim [Af2,| = lim ’Q;J,?Q;g—f*
—00 k—o00

= Jm |77

= lim |(AcRD,R™'A})"

k—o0

= lim |(RD,R™)", (4.17)

k—o00

where (A;.CRDPR_lA};)12 and (RDpR_l)12 represent the top right r» x (n — r) blocks of
AkRDprlAz and RDprl, respectively. Equation [AI7 shows that the elements of A,lj_l
converge in magnitude to those of the corresponding top right block of RDpR_l, which is
a fixed matrix. Note that this is a similar result of ([B.I%]), except that (3.I3]) applies to
all the upper triangular elements of Ay off the diagonal while (£I7) only applies to the
upper right block off the diagonal blocks of Ay 1.

We also want to point out that a similar result to Corollary Bl exists for the equal-
magnitude eigenvalue case. If all the eigenvalues of A are distinct and A is normal, then
by the same reasoning presented in Corollary Bl R is diagonal. Hence (RDPR_I)12 = 0.

Thus, limg_ ‘A}f“! = 0, which means that
Jim. A2, =0. (4.18)
For the two diagonal blocks, we have
tim (A = QREQE) = lim ((QRJE2 + Q2 T)Q1) =0 (4.19)
and

lim (A - QT Q) = lim (QFEQET + QFURQET) =0, (420)

k—o0
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Remember that in Chapter [3, the whole lower triangular block excluding the diagonal
goes to zero as k goes to infinity. Here for the equal eigenvalue magnitude case, under the
assumption of (I, only the lower left block of size (n — r) x r goes to zero as k goes
to infinity. The two diagonal blocks A}, and A} | does not converge in a conventional
sense. However, using Lemma [2.17], we conclude that the sequence of eigenvalue multisets
of {4}, : k =1,2,...,} converge to the multiset {\,1,Ap2,...,A,,} and the sequence of
eigenvalue multisets of {A; ™" : k=1,2,...,} converge to the multiset {\,,41,..., A\pn}-

Note that in (@), if P, = I, and P,,_, = I,,_,, then P = I. This means that X ~! has

LU decomposition X~ = LU.

37



CHAPTER 5

EXPERIMENTS

To show the convergence of the QR algorithm that we have proved in Chapters [3
and [l we have designed several experiments which we performed using MATLAB (The
Mathworks, Natick, MA). The symbols used in this chapter will be the same symbols used
in Chapters [3] and Al

We choose the dimension of the matrices to be n = 5. First, we construct a random
unit lower triangular matrix L and a random upper triangular matrix U. To guarantee
numerical stability, we constrained the 2-norm condition numbers of both L and U to be
no more than 100.

To illustrate Theorem B.I] we choose the magnitude of the eigenvalues of the the matrix
Atobe \; =2n+1—1, for alli = 1,2, ...n. Their phases are generated randomly in the range
of 0 to 2. Using these eigenvalues, we form the diagonal matrix D = diag ([A1, Ag, ..., An]).

In the first experiment, we form the matrix X ! by letting X' = LU. The matrix A
is formed by A = XAX~'. Then we performed the QR algorithm on A for 800 iterations.
The results are shown in Figures [5.1] and

Figure (.1l shows the convergence of the lower triangular part of A off the diagonal.
The curve represents the evolution of the maximum absolute value of all the lower triangular
off diagonal elements of A with the iterations.

Figure shows the convergence of the diagonal elements of A in the complex plane.
The trajectory of the diagonal elements were plotted with the iterations. The triangles
represent the starting point of each diagonal element (Note that the diagonal elements in
the first several iterations tend to be far from the final converging value. In order to show

more detail, we chose to start the plot from the 7-th iteration). The circles represent the
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i>j}

max {| A, j)]:

-40

10

0 100 200 300 400 500 600 700 800
QR Iterations

Figure 5.1: Lower triangular (off diagonal) part of Ay converge to zero

ending points of the trajectories. The “+” signs mark the real eigenvalues of A. From this
figure, we can see that the diagonal elements of A converge to the eigenvalues of A.

The evolution of four randomly selected upper triangular elements of A are shown in
Fig. B3l On the top row, the magnitudes of these elements are shown against iterations.
On the bottom row, their trajectories in the complex plane are plotted. Again triangles and
circles represent beginning and ending points of the trajectories. One can see that these
upper triangular elements of Ay converge in magnitude (top row) but do not converge in
value (bottom row).

In the second experiment, we generate a random permutation matrix P. We relax
the constraint such that X! = LPU. The results are shown in Figures [5.4] and
These figures show similar convergence results of the lower triangular, diagonal and upper
triangular parts of Ax. Compared to the Figs. (1], and [.3], one can see that there are
some more oscillations presented in the LPU case than the LP case. Also, notice that in

Fig. B3] the trajectories of Ax(1,1) and Ag(2,2) trade places with each other during the
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Figure 5.2: Diagonal elements of Aj converge to eigenvalues of A
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Figure 5.3: Upper triangular (off diagonal) part of Ay converge in magnitude
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iterations. This actually reflects the permutation matrix P. In this case,

01 0 00
1 0 0 0O
P=1o0 0100
00 010
000 0 1]
1050
10°
10°%° | ]
- T-L
2 100 B-L
= 10 B-R |
<
%‘ 107150 i
£
1072 i
10*250 L L L L L L L
0 100 200 300 400 500 600 700 800

QR lterations

Figure 5.4: Lower triangular (off diagonal) part of A converge to zero

The above experiments validate the QR algorithm that we presented in Chapter Bl

Then we changed the eigenvalues to validate Theorem T presented in Chapterdl The
new eigenvalues are divided into two groups, the first group of 2 eigenvalues A\; and A9 have
the same magnitude of 2, but with random phases. The second group of 3 eigenvalues A3,
A4 and A5 have the same magnitude of 1, again with random phases. The diagonal matrix
D is then formed by D = diag ([\1, A2, ..., A5)).

We constructed two random permutation matrices P, and P, _, of sizes 2 and 3 respec-
tively. Welet P = P.® P,,_, and X ! is constructed as X! = LPU. Then A is formed by
A= XDX~'. The QR algorithm iteration results are shown in Figures (.7, and B.100
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Figure 5.5: Diagonal elements of Aj converge to eigenvalues of A
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Figure 5.6: Upper triangular (off diagonal) part of A converge in magnitude
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In Fig. B the convergence of several blocks of the lower triangular part of Aj, off the
diagonal are shown. Here, T-L is the set whose only member is Ax(2,1); B-L is the set
containing Ag(i,7), i = 3,4,5 and j = 1,2; B-R is the set that contains Ag(4,3), Ar(5,3)
and Ag(5,4). A schematic illustration of the different blocks are shown in Fig. (5.8 From

Fig. 6.7 we can see that the B-L block converge to zero while the other two blocks do not.

50

10
10°
10*50
- T-L
~
= -100 B-L
3z 10 B-R
=
<
é 10*150
£
10*200
10_250 L L L L L L L
0 100 200 300 400 500 600 700 800

QR lterations

Figure 5.7: Lower triangular (off diagonal) part of A converge to zero

x
x x
x x x

Figure 5.8: Schematic illustration of the lower triangular off diagonal blocks of Ay

Figure shows the non-convergence of the diagonal elements of A;. However, the
eigenvalue multisets of the two blocks (top-left 2 x 2 block and bottom-right 3 x 3 block) of
Ay, converge to the eigenvalue multisets of the corresponding blocks of A, as shown in Fig.

0. 10
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Figure 5.9: Diagonal elements of A; do NOT converge to eigenvalues of A

10 T T T T T T T
top-left 2 x 2 block
bottom-right 3 x 3 block
10° .
<
L 100+ 1
<
£s2
10710 | i
10—15

0 100 200 300 400 500 600 700 800
QR lterations

Figure 5.10: Convergence of eigenvalue multisets of diagonal blocks of Ay to those of A

44



Although we do not explore QR algorithms with shift [7, O, [10] [I1], we are aware of
these advanced algorithms. The most simple shift algorithm for QR is the single shift QR
algorithm. As shown above, when some eigenvalues of A share the same magnitude, then
the diagonal elements of A; would not converge to these eigenvalues. In the extreme case, if
all the eigenvalues of A have the same magnitude, then the QR algorithm fails totally. Shift
algorithms are proposed to solve this problem. Here we provide one example illustrating

the single shift QR algorithm.

Let
0 1 0 0 0
00 1 00
A=10 0 0 1 0
00001
100 0 0

Then all 5 eigenvalues of A have the same magnitude 1. In fact, the 5 eigenvalues of A

2 2 4
are the fifth complex roots of 1 listed as follows, 1, cos ;) + ¢sin <57T> , COS <;> +

4 6 6 8 8
isin <57T> , COS ( ;) + ¢sin <57T> , COS (;) + isin <57T> The original QR algorithm

fails to converge at all for this matrix. However, if we let
As=A+1,

then the eigenvalues of A, are those of A plus 1. Indeed, if we let A be an eigenvalue of A

and x be a corresponding eigenvector of A, then

Asx = (A+DNzx= x+x=(A+1)z.
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The eigenvalues of Ag are now

[)\S,la ey >\8,5]

I
—
N
—

_l’_

Q
@}
w0

Obviously they do not all have the same magnitude. But still [As2| = |As5| and |As3]| =
|As4|. So after shift, we have 3 multisets of eigenvalues composed respectively of Ag 1, Ag2
and g5, and Ag 3 and Ag 4. According to our proof in Chapter @ the QR iterations should
produce convergence at As 1 on the diagonal. It should also produce two 2 x 2 block matrices

along the diagonal that converge in terms of eigenvalue multisets.
We implemented the QR algorithm on A for 200 iterations. The iteration result Asgg

is shown below,

[ 2.0000 —1.7000 x 1076 —3.2641 x 107®  —3.1697 x 10°® —1.5618 x 10~ 7
—2.4792 x 107 1.3090 9.5106 x 107" —1.0435 x 107 4.6808 x 1077
Az00 = | 7.6303 x 107*°  —9.5106 x 107! 1.3090 2.3168 x 107 2.0064 x 10716
1.5620 x 10710 —1.9469 x 10783 6.3259 x 1078 1.9098 x 107 —5.8779 x 107!

| —1.1349 x 1071 1.4145 x 107%°  —4.5961 x 107%*  5.8779 x 107" 1.9098 x 107" |

(5.1)

As seen in (0.0]), Ax(1,1) converges to As1 = 2. Also we see that there are two diagonal
blocks that do not converge to zero. All other elements under these diagonal blocks converge
to zero.

Also notice that the all the elements above the diagonal blocks also converge to zero.
This is not by accident. In this case A is normal because A*A = AA* = I. By Equation
418 all the elements above the diagonal blocks converge to zero.

1.3090 9.5106 x 10"
The diagonal block of x has two eigenvalues: 1.3090 +

—9.5106 x 10~! 1.3090
0.9511¢ and 1.3090—0.9511¢, which are approximately equal to Ag 2 and A 5. The eigenvalues
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1. 107 —>. 1071
of the diagonal block of |07 10 =8BT0 e 0.1910 + 0.5878i and 0.1910 +

5.8779 x 1071 1.9098 x 107+
0.5878i, which are approximately equal to As3 and As 4. This result not only validates our

proof in Chapter @l but also illustrates that the single shift is effective as to enable the
convergence to one eigenvalue of A.

Figure [0.17] shows the QR iterations of A + (24 ¢) = I. In each iteration, the constant
(24 1) is subtracted from the diagonal elements of A, before they are plotted. One can see
that all 5 eigenvalues converge with this shift. This is because the complex shift resulted in

all 5 eigenvalues having 5 different magnitudes.

1l
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0.4 &E\
0.2f S~ _—
- of %
-0.2 Ak( 1D
-0.4r L /_\(( 2,2)
-0.6 & /_\(( 3,3)
-0.81 A48
-1t * A(5,5)
-1 —015 6 015 i
R

Figure 5.11: Convergence of QR: A is shifted by (2 + ) in the complex plane
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