SOUND TRANSMISSION L0SS OF COMPOSITE SANDWICH PANELS

Except where reference is made to the work of others, the work described in this
dissertation is my own or was done in collaboration with my advisory committee. This
dissertation does not include proprietary or classified information.

Certificate of Approval:

Ran Zhou

George T. Flowers
Professor
Mechanical Engineering

Winfred A. Foster, Jr.
Professor
Aerospace Engineering

Malcolm J. Crocker, Chair
Distinguished University Professor
Mechanical Engineering

Subhash C. Sinha
Professor
Mechanical Engineering

George T. Flowers
Dean
Graduate School



SOUND TRANSMISSION L0SS OF COMPOSITE SANDWICH PANELS

Ran Zhou

A Dissertation

Submitted to

the Graduate Faculty of

Auburn University

in Partial Fulfillment of the

Requirements for the

Degree of

Doctor of Philosophy

Auburn, Alabama
May 9, 2009



SOUND TRANSMISSION L0SS OF COMPOSITE SANDWICH PANELS

Ran Zhou

Permission is granted to Auburn University to make copies of this dissertation at its
discretion, upon the request of individuals or institutions and at
their expense. The author reserves all publication rights.

Signature of Author

Date of Graduation

iii



VIiTA

Ran Zhou, daughter of Kaiti Zhou and Jiena Shao, was born on October 26, 1977, in
Taiyuan, Shanxi, China. She entered Nanjing University in September, 1995, and graduated
with a GPA of 4.5 (out of 5) with a Bachelor of Science degree in Electronic Science and
Engineering in June, 1999. Then she entered Graduate School, Nanjing University, in
September, 1999, and graduated with a Master of Science degree in Electronic Science and

Engineering in June, 2002. She entered Auburn University in August, 2002.

iv



DISSERTATION ABSTRACT

SOUND TRANSMISSION L0SS OF COMPOSITE SANDWICH PANELS

Ran Zhou
Doctor of Philosophy, May 9, 2009
(M.S., Nanjing University, 2002)
(B.S., Nanjing University, 1999)
205 Typed Pages

Directed by Malcolm J. Crocker

Light composite sandwich panels are increasingly used in automobiles, ships and air-
craft, because of the advantages they offer of high strength-to-weight ratios. However, the
acoustical properties of these light and stiff structures can be less desirable than those of
equivalent metal panels. These undesirable properties can lead to high interior noise levels.
A number of researchers have studied the acoustical properties of honeycomb and foam
sandwich panels. Not much work, however, has been carried out on foam-filled honeycomb
sandwich panels.

In this dissertation, governing equations for the forced vibration of asymmetric sand-
wich panels are developed. An analytical expression for modal densities of symmetric sand-
wich panels is derived from a sixth-order governing equation. A boundary element analysis
model for the sound transmission loss of symmetric sandwich panels is proposed. Measure-
ments of the modal density, total loss factor, radiation loss factor, and sound transmission

loss of foam-filled honeycomb sandwich panels with different configurations and thicknesses



are presented. Comparisons between the predicted sound transmission loss values obtained
from wave impedance analysis, statistical energy analysis, boundary element analysis, and
experimental values are presented.

The wave impedance analysis model provides accurate predictions of sound transmis-
sion loss for the thin foam-filled honeycomb sandwich panels at frequencies above their first
resonance frequencies. The predictions from the statistical energy analysis model are in
better agreement with the experimental transmission loss values of the sandwich panels
when the measured radiation loss factor values near coincidence are used instead of the
theoretical values for single-layer panels. The proposed boundary element analysis model
provides more accurate predictions of sound transmission loss for the thick foam-filled hon-
eycomb sandwich panels than either the wave impedance analysis model or the statistical

energy analysis model.
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CHAPTER 1

INTRODUCTION

1.1 Background

Sound transmission loss is mostly determined by the mass, and the dynamic stiffness of
structures. A high mass-to-stiffness ratio usually produces a high transmission loss. Because
of the presence of the core, the dynamic stiffness of sandwich structures is strongly depen-
dent on frequency and decreases with increasing frequency. Thus, the sound transmission
loss of sandwich panels can be much different from that of single-layer panels. Three ap-
proaches have been used to investigate the sound transmission characteristics of single-layer

panels.

1.2 Approaches

Wave impedance analysis is the most straightforward approach to calculate the sound
transmission loss of panels. The wave impedance of a panel is derived from governing
equations for the forced vibration of the panel. Since the acoustic particle velocity must
match the transverse velocity of the panel at the fluid-structure interfaces, the pressures
in the incident, reflected and radiated waves at the interface can be related to the wave
impedance of the panel. Wave impedance analysis assumes that the panel is infinite, so

that only the non-resonant forced motion is considered below the coincidence frequency.



Most previous work has used wave impedance analysis to predict the sound transmission
loss of sandwich panels.

Statistical energy analysis (SEA) was developed in the early 1960’s for estimating
the response and radiation properties of structures excited by broadband noise. With
broadband random noise excitation, the statistical properties such as mean square values
and power densities can be used to provide a measure of vibration. SEA works best with
reverberant fields of vibration, and has been used to predict the interaction between resonant
structures and reverberant acoustic fields. SEA is very attractive for use in high frequency
regions where modal densities are high and a deterministic analysis of all the resonant modes
of the vibration of a structure is not practical.

The introduction of computers has permitted increasing use of numerical simulation
analyses, including boundary element analysis and finite element analysis. The boundary
element analysis produces more details of the vibro-acoustic interaction than the wave
impedance analysis or the statistical energy analysis, especially at low frequencies, where the
requirements of SEA may not be met. For finite and boundary element analyses, the mesh of
the structure should provide with at least five finite element nodes per acoustic wavelength
in the frequency range of interest. At high frequencies, a very refined discretization is
required, which leads to a large algebraic system. Even with high speed computers, the
computation time for a single frequency is considerable.

The manufacture of high modulus reinforced fabrics increases the application of com-

posite sandwich panels. The relative difference between the stiffnesses of high modulus



reinforced face sheets and cores of the sandwich panels in this study is not the same as
that of the traditional sandwich panels for normal constructions [1, 2, 3, 4, 5, 6, 7, 10].
A few experimental sound transmission loss data for sandwich panels with high modulus
reinforced face sheets are available in the literature [8, 59, 60]. In Ref. [8] the sandwich
panels were treated as single-layer panels with an equivalent dynamic bending stiffness in
order to calculate the transmission loss of the sandwich panels. The other two references

only presented comparisons of the experimental results with the mass law values [59, 60].

1.3 Dissertation outline

This dissertation is organized as follows.

Chapter 2 presents a review of previous work on the three analyses, wave impedance
analysis, statistical energy analysis, and boundary element analysis. The section on wave
impedance analysis includes derivations of governing equations for the forced vibration
and the sound transmission loss of sandwich panels. The section on statistical energy
analysis provides SEA applications for the prediction of noise and vibration associated with
structures and acoustic volumes, together with work on the three main parameters, modal
density, internal loss factor, and coupling loss factor. Chapter 2 closes with a brief review
of boundary element analysis on the fluid-structure-fluid interaction.

Chapter 3 deals with wave impedance analysis. Governing equations for the forced vi-
bration of asymmetric sandwich panels with orthotropic cores are developed, then these are

followed by a sound transmission loss model which makes use of wave impedance analysis for



asymmetric sandwich panels. The sound transmission characteristics of two sandwich pan-
els with honeycomb cores are discussed. Comparisons of the governing equations developed
herein and other available governing equations for sandwich panels are provided.

Chapter 4 starts with an introduction of SEA, together with a sound transmission loss
model using SEA. Then theoretical estimation methods for the three main parameters used
in SEA, especially for composite sandwich panels, are discussed. In SEA, the response
of structures is dependent on not only the dimensions of structures, but the dimensions
of acoustic volumes as well. The effects of these dimensions on the predictions of sound
transmission loss for panels are illustrated.

Chapter 5 first presents a comparison of different finite element models for sandwich
structures. Then concepts of boundary element method in acoustics are introduced and
the boundary element formulations for fluid-structure-fluid interaction are presented. Com-
parisons of predicted sound transmission loss values of an aluminum panel obtained from
numerical analyses, a BEM computer program in MATLAB language and a transmission
loss model in a commercial software, LMS SYSNOISE, are provided. Finally, a boundary
element analysis model is proposed for three-layer symmetric sandwich panels.

Chapter 6 presents a comprehensive overview of available face sheet and core composite
materials. The experimental methods used to obtain the material properties of the face
sheets and core of sandwich structures are discussed. Then the estimated material properties

of the sandwich panels tested in this study are presented.



Chapter 7 concentrates on dynamic properties of composite sandwich panels used in
SEA. The experimental modal densities, radiation loss factors and internal loss factors of
four sandwich panels are provided.

Chapter 8 presents experimental and predicted sound transmission loss values of four
sandwich panels. Both face sheet and core losses are considered in the wave impedance
analysis, and the internal loss factor of the whole structure is used in SEA and boundary

element analysis. Conclusions are presented in Chapter 9.



CHAPTER 2

LITERATURE REVIEW

2.1 'Wave impedance analysis

Kurtze and Watters [1], in their classic paper, assumed that the face sheets respond as
elementary plates in bending, and the core acts as a spacer that has mass and only shear
effects in the core are included. They developed the wave impedance of sandwich panels
from an equivalent electrical circuit analog. Kurtze and Watters added periodic structures,
rigid bridges, in the core to increase the sound insulation. They also illustrated that the loss
tangent of the sandwich panel can be equal to that of the core in the mid-frequency region.
In the analysis, they assumed that the core is soft but incompressible, and the double-wall
resonance frequency is outside the frequency range of interest.

Ford and Walker [2] were the first to describe the effects of dilatational modes of
sandwich panels on sound transmission loss. They introduced a dilatational term to describe
the translational motion of the core. Then they developed governing equations for the free
vibration of sandwich panels from energy relationships. Ford and Walker showed that the
dilatational mode of vibration depends primarily on the core thickness and the face sheet
masses, and identified the dips in the experimental transmission loss curves as the resonance

frequencies for both flexural and dilatational modes.



Smolenski and Krokosky [3] corrected some errors in the work of Ford and Walker [2],
and included volumetric and shear terms in the strain energy. They pointed out that in
general flexural modes of vibration are insensitive to changes in the Poisson’s ratio and thick-
ness of the core, whereas dilatational modes of vibration respond dramatically to changes
in these core properties.

The first effort at calculating the sound transmission loss of sandwich panels by using
wave impedance analysis is attributed to Dym and Lang [4, 5]. They introduced a set of
symmetric and anti-symmetric face sheet displacements as the dependent variables, and
retained the dilatational term. Dym and Lang showed that, for identical face sheets, the
symmetric and anti-symmetric energies are uncoupled naturally. They developed governing
equations for the forced vibration of symmetric sandwich panels by applying Lagrange’s
principle. Then they derived an expression for the sound transmission coefficient in terms
of the anti-symmetric and symmetric wave impedances [5]. They suggested that a high
transmission loss can be achieved by choosing the panel properties in such a way so that
the symmetric and anti-symmetric impedances have similar values.

Moore and Lyon [6] were the first to investigate symmetric sandwich panels with or-
thotropic cores. They used a set of symmetric and anti-symmetric displacements which are
equivalent to those presented by Smolenski and Krokosky [3]. They showed that a high
sound transmission loss can be achieved by using an orthotropic core with a low compres-
sional stiffness and a high shear stiffness, which is quite opposite to the design approach

suggested by Kurtze and Watters [1]. This moves the double-wall resonance frequency to a



low frequency, and shifts the coincidence associated with anti-symmetric motion to a high
frequency, then the cancellation of the symmetric and anti-symmetric motions of the face
sheets produces that the transmission loss results are greater than the mass law values in the
mid-frequency region. In their analysis, there is an error in the expression for the stiffness
in the rotated axis system for sandwich panels with orthotropic cores.

Narayanan and Shanbhag [61] derived the acceleration for the forced vibration of sand-
wich panels from the governing equation for sandwich panels presented by Mead and Markus
[23] and applied a transmission loss model that is identical to the transmission loss model
developed by Dym and Lang [5] to examine theoretically the effects of some core parameters
on the sound transmission loss of sandwich panels.

Dym and Lang [7] extended their model for three-layer symmetric sandwich panels with
isotropic cores to asymmetric sandwich panels with orthotropic cores. Based on the predic-
tions, they found that when the mass is kept constant, panels with asymmetric configuration
have a poorer acoustical performance than those panels with symmetric configuration. The
dependence of stiffness on the angle of rotation of the orthotropic material was not consid-
ered in their model.

Nilsson [8] presented a free vibration dynamic analysis for sandwich panels with glass
reinforced plastic face sheets. The calculation showed that the total loss factor of sand-
wich panels is primarily determined by the loss factors of the face sheets, at low- and

high-frequencies. He treated the sandwich panels as single-layer panels with an equivalent



dynamic bending stiffness in order to calculate the sound transmission loss of the sand-
wich panels. He also applied an approximation approach derived from SEA to estimate the
sound transmission loss of an asymmetric sandwich panel. Though Nilsson discussed the
effects of fluid load on sandwich panels and gave an expression for the apparent mass of
the water-loaded panel, he assumed that the effects of fluid load cancel out for symmetric
sandwich panels.

Jones [10] evaluated various full-sized sandwich construction designs experimentally in
a duplex living unit. He pointed out that the measured sound transmission loss values were
higher than the mass law values at low frequencies, because of insufficiently diffuse sound
fields in the rooms. He found that the sound transmission loss curves of the sandwich
panels with paper honeycomb core have smaller coincidence dips, and those dips do not
return as rapidly towards the mass law curve as do those of the panels with foam cores.
The experimental results also showed that asymmetric sandwich constructions do improve
sound insulation.

Huang and Ng [59] presented experimental sound transmission loss results for honey-
comb sandwich panels with glass reinforced composite face sheets. They showed the effects
of core thickness on sound transmission loss experimentally. They used an incorrect expres-
sion for the wave impedance of the sandwich panels to predict the sound transmission loss
values. Rajaram et al. [60] conducted experimental studies of the sound transmission loss

of honeycomb sandwich panels with carbon and glass fiber composite face sheets.



In the analyses of all the papers mentioned above the face sheets of sandwich panels
are assumed to be isotropic that in general is not true for high modulus reinforced fiber
materials. The orthotropic face sheets are considered in development of governing equations

for the forced vibration of sandwich panels in this study.

2.2 Statistical energy analysis

Statistical energy analysis (SEA) is a modeling procedure which uses energy flow re-
lationships for the theoretical estimation of the vibration response levels of and the noise
radiation from structures in resonant motion.

Lyon and Maidanik [11] computed the power flow between two random excited, linear
oscillators with small coupling between them. They showed that the power flow is propor-
tional to the difference in average modal energies of the two oscillators. Then they extended
the model to the coupling between two multimodal systems, and the interaction between
a structure and a reverberant acoustic field. Lyon and Maidanik also gave a radiation re-
sistance expression for the coupling of a single mode structure to a reverberant acoustic
field.

Smith [12] calculated the response and sound radiation for one linear resonant mode of
a structure excited by a pure tone. He extended the model to the case of a structure excited
by broadband random noise. Then Smith found that when the modal vibrations are pre-
dominantly damped by sound radiation, the mean square velocity is inversely proportional

to the modal stiffness.
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Maidanik [13] extended the results presented in the two papers discussed above, from a
single mode formalism to a multimode formalism using two main assumptions. The number
of modes in a combined system is equal to the sum of the numbers of modes of the two
systems; and the modal densities of a combined system also are equal to the sum of the
modal densities of the two systems. Maidanik computed the radiation resistance of a finite
baffled simply supported single-layer panel for individual modes. He also predicted the
average modal radiation resistance of a baffled simply supported single-layer panel in a
reverberant acoustic field and compared the predicted values with experimental results.

Eichler [15] presented a formulation of statistical energy analysis which includes the
relations between the average energies in linear loosely and conservatively coupled systems
in terms of modal densities, internal and coupling loss factors. He showed that the products
of modal density and coupling loss factor are equal within each pair of subsystems. The
noise reduction of a rectangular box was investigated in three frequency regions as presented
by Lyon [14]. It was seen that the sound pressure in the box can exceed that in the incidence
sound field in both theoretical and experimental cases. Eichler noticed that the predictions
from the classical sound transmission predictions were closer to the measured values near
the critical frequency, because the theory presented in their analysis only considered the
resonant free vibration wave modes.

Crocker and Price [18] presented general power flow relationship equations for a room-
panel-room transmission suite. The power flow between the two rooms was defined as the

flow between at non-resonant modes, when there are no modes excited in the panel in the
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frequency band under consideration. Both non-resonant and resonant vibration modes were
taken into consideration. They also provided the experimental determination for the radi-
ation resistance, the coupling factors, the panel response, and the sound transmission loss,
derived using SEA. An aluminum panel was tested in a reverberation room and also clamped
between two reverberation rooms. Comparisons between experimental and predicted sound
transmission loss and radiation resistance values were provided.

Sewell [20] derived an expression for the forced vibration transmission coefficient of a
baffled single-layer partition in a reverberant acoustic field using the classical method. The
expression for the forced vibration transmission factor is generally valid when the surface
mass density of the partition is more than 10 kg/m?.

Gomperts [58] provided an expression for the radiation efficiency of a baffled free-edge
panel and Oppenheimer and Dubowsky [25] studied the radiation efficiency of an unbaffled
simply supported panel. Both of these studies were based on the results developed by
Maidanik [13].

The successful prediction of noise and vibration levels of coupled structural elements
and acoustic fields using SEA depends to a large extent on an accurate estimate of three
parameters, 1) the modal density of each subsystem, 2) the internal loss factor of each
subsystem, and 3) the coupling loss factors between the subsystems. Some studies have

been carried out in assessing the parameters experimentally.
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Clarkson and Pope [21] employed the point mobility technique, developed by Cremer
et al. [42], to estimate modal densities of flat plates and cylinders. They found that the
real part of point mobilities of very lightly damped structures can be negative.

Brown [55] showed that modal density estimates can be improved by using a three-
channel spectral analysis which minimizes the erroneous results generated by feedback noise
caused by exciter-structure interaction. Brown and Norton [40] showed that the modal
density measurement for cylindrical pipes can be further improved by using the three-
channel spectral analysis with a mass correction applied to the point mobility measurement.
Keswick and Norton [30] used two mass correction methods, the measured mass method and
the spectral mass method, to obtain the experimental modal densities of a lightly damped
clamped cylindrical pipe. The results showed that the spectral mass method is in better
agreement with theory.

Clarkson and Ranky [22] derived an expression for the modal density of honeycomb
sandwich panels from a reduced form of the governing equation for sandwich structures
presented by Mead and Markus [23] and they evaluated the modal density of honeycomb
plates by using a two-channel spectral analysis without mass correction.

Renji and Nair [26] developed an expression for the modal density of a symmetric sand-
wich panel from a fourth-order equation which was modified from the governing equation
of motion for a symmetric laminate by including the shear flexibility of the core. In the
work, they considered both real and imaginary parts of the point mobility in the measured

mass correction.
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The expressions for the modal density of honeycomb sandwich panels given by both
Clarkson and Ranky [22] and Renji and Nair [26] were developed from fourth-order govern-
ing equations, while most governing equations for symmetric honeycomb sandwich panels
are sixth-order [6, 7, 23, 37]. Ferguson and Clarkson [41] presented an expression for the
modal density of honeycomb sandwich panels derived from the sixth-order equation pre-
sented by Mead and Markus [23]. The expression, however, is incorrect.

Clarkson and Pope [21] used a steady state power flow method to estimate the loss
factors of flat plates and cylinders. Ranky and Clarkson [57] compared the power flow
method with the enveloped decay method which had been used to obtain internal loss
factors of structures. They found that there is no significant difference between the results
from the two methods when the modes in the chosen band of frequency have similar modal
loss factors. If this is not the case, the decay curve is not a straight line, then the power
flow method provides the result required for SEA calculations.

Renji and Narayan [28] investigated loss factors of honeycomb sandwich panels. They
corrected the effect of added mass on the driving force by using the measured mass correction
method and assumed that the mass loading of the accelerometer, which was employed to
measure the spatial velocity of the panel is negligible.

Lyon and Maidanik [11] described the experimental determination for the radiation loss
factor of a structure in a reverberant field. Crocker and Price [18] presented the experimental

determination for the radiation loss factor of a structure clamped between two reverberation
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rooms. Very little published data exist on the radiation loss factors or radiation resistances
of sandwich panels.

In this study, an expression for model densities of sandwich panels is derived from
a sixth-order governing equation. The experimental results of radiation loss factors for

sandwich panels with different boundary conditions are presented.

2.3 Boundary element analysis

The predictions from SEA are more accurate where sufficient modes in the frequency
band under consideration. It is impossible to obtain closed-form expressions for the radia-
tion efficiency for structures with arbitrary boundary conditions. Hence, the details of each
mode of finite structures should be considered in the response analysis in order to obtain
better predictions at low frequencies. A lot of studies have been carried out in simulating
fluid-structure interactions. Three-domain, fluid-structure-fluid systems have been modeled
as coupled systems [32, 34] and uncoupled systems [33, 45, 35].

Mariem and Hamdi [32] presented a boundary finite element analysis to compute the
sound transmission loss of a baffled panel. The elastic potential energy, the kinetic energy
and the work were described in their approach by the displacement of the panel. The
radiated sound pressure field was associated with the modified Green’s function using the
classical formula of Rayleigh. The total load on the panel was given by the pressure step
across the panel. The sound radiation from a baffled clamped thin circular panel excited by

a normal incident plane wave was computed. The numerical results showed that the radiated

15



energies can be greater than the incident energy near the first few resonance frequencies.
Except near these frequencies, the numerical results agree well with the experimental values.
However, there are some errors in the expression for the total load on the panel.

Roussos [45] developed an uncoupled analytical model for the sound transmission loss
of a simply supported panel. A Green’s function integral equation was used to link the
plate vibrations to the transmitted far-field pressure field.

Barisciano [33] studied the sound transmission loss of honeycomb sandwich panels using
boundary element and finite element models. The finite elements of honeycomb sandwich
panels were constructed using Patran. The computed velocities of the panel excited by fluid
forces were imported to a boundary element analysis software as the boundary conditions
of the fluid domain. Barisciano treated the fluid-structure-fluid system as an uncoupled
system and used an incorrect finite element model for the sandwich panels.

Filippi et al. [34] studied the response of a thin elastic rectangular baffled panel in a
light fluid excited by an incidence acoustic field. The total load on the panel was assumed
to be related to the pressure step across the panel. They only predicted the noise reduction
(difference in sound pressure levels) across the panel.

Thamburaj and Sun [35] examined the effects of material and geometrical properties
on the theoretical sound transmission loss of a sandwich beam. The governing equations
for the sandwich beam were derived by applying Lagrange’s principle. They assumed that

the external load on the beams is due to the incident and reflected pressures only.
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In this work, a boundary element analysis model for the sound transmission loss of
three-layer symmetric sandwich panels is proposed. In the model, the fluid-structure-fluid
system is treated as a coupled system and the sandwich panel is excited a random incidence

field.
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CHAPTER 3

WAVE IMPEDANCE ANALYSIS

3.1 Introduction

The wave impedance analysis is used to compute the sound transmission loss of infinite
structures. The pressure loads on the structures are associated with the pressures in the
incident, reflected, radiated waves at the fluid-structure-fluid interfaces. The pressures in
the radiated and transmitted waves depend on the transverse motions of the structure. The
transverse vibration of the structure is determined by the pressure loads on the structure,
as shown in Fig. 3.1.

Dym and Lang [4, 5] presented a sound transmission loss analysis for symmetric sand-
wich panels with isotropic cores. They later extended their model to asymmetric sandwich
panels with orthotropic cores [7]. They provided the governing differential equations for
sandwich panels in matrix form. The dependence of stiffness on the angle of rotation of the
orthotropic material was not considered in their model. Moore and Lyon [6] included the
angle of rotation effects on stiffness of orthotropic material in their sound transmission loss
analysis for symmetric sandwich panels with orthotropic cores. The governing equations
for symmetric and anti-symmetric motions of symmetric sandwich panels were presented in

matrix form, respectively.
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Figure 3.1: The geometry and loads of a sandwich panel

In this study, the governing equations for the forced vibration of symmetric sandwich
panels with orthotropic cores developed by Moore and Lyon are extended to asymmetric
sandwich panels with orthotropic face sheets and cores. The wave impedance analysis model
for the sound transmission loss of asymmetric sandwich panels is provided. The effects of the
wave number, wave speed and wave impedance on the prediction of sound transmission loss
for sandwich panels are explained. This sound transmission loss analysis model is compared
with the model given by Dym and Lang [7]. Then a sixth-order governing equation for
anti-symmetric motion of symmetric sandwich panels is derived and compared with the
sixth-order differential equations for sandwich panels presented by Mead and Markus [23]

and Nilsson and Nilsson [37].

3.2 Governing equations for forced vibration

Both elasticity relationships and energy relationships can be employed to develop gov-

erning equations for three-layer sandwich structures. Since it is extremely difficult to obtain
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analytical expressions from elasticity relationships, in this study energy relationships were
chosen to derive governing equations for asymmetric sandwich panels. Elastic potential and
kinetic energies are evaluated in terms of the displacements, and the virtual work done by
the pressure loads on the face sheets is also derived in terms of the transverse displace-
ments. Then Lagrange’s equations are applied to obtain governing equations for the forced
vibration of asymmetric sandwich panels.

The basic assumptions made with three-layer sandwich panels are as follows:

1. the face sheets both stretch and bend along the face sheet-core interface;

2. transverse shear and rotatory inertia effects are neglected in the face sheets;

3. the core is thick compared with the face sheet, and the transverse shear deformation

is included;

4. a “dilatational term” is introduced to allow waves to propagate in-plane in the core.

The displacement functions are assumed as follows and are identical to those given by

Smolenski and Krokosky [3],

ug = {(us + uq) — (z — Z) 65;2} cos(ky), we = (ws + wy) sin(k,x), (3.1)
Ue = Kus + 2hzua> + ( cos (71';)] cos(kyx), we. = (thws + wa) sin(kgx), (3.2)

w = [t =) = (24 5 ) G costion), wn = (wa = w)sinlher),  (33)
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Figure 3.2: Symmetric and anti-symmetric face sheet displacements

where u; and w; are the in-plane and transverse displacements for the face sheet j, as
shown in Fig. 3.1. w. and w, are the in-plane and transverse displacements for the core.
The subscripts s and a denote the displacements caused by symmetric and anti-symmetric
motions, respectively, as shown in Fig. 3.2. (cos(mwz/h) is the dilatational term and k, is
the wave number for the waves in the panel in the x—axis direction.

The transverse displacement functions are used to characterize the transverse defor-
mation as either symmetric, with respect to the middle surface z = 0, or anti-symmetric,
with respect to that surface z = +(h/2). The in-plane displacements of the face sheets are
obtained by making z = 4+(h/2) in the core displacement, which gives the displacement at
the interface between core and face sheets and adding a term caused by bending, which is
zero at the interface between the core and face sheets.

The strains are obtained from the displacement functions in Egs. (3.1) ~ (3.3):

0
€x = % # 0, for the face sheets; (3.4)
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ou
e + 5 # 0, for the core. (3.5)

ou ow
5x—%7é0a 5z—§750, Yoz =

If all three principal axes for the orthotropic material are aligned with the three axes

of the coordinate system, then the elastic potential energy U can be written as follows with

€y = Yay = Yyz =0,
1
U= § //[Cn&i + 2C138,46, + 2015595')’3:2 + C’3353 + 203552')’332 + 055%%2] dzde, (3'6)

where Cj; is the elastic stiffness constants of the orthotropic material.
Substitution of Eq. (3.4) into Eq. (3.6), yields the elastic potential energy U; for the

face sheets,
1 ts 8u 2 .
Uj = 5// lCﬂ (8:5) ] dzdz, j =1, 2, (3.7)

where C’ﬁ is the elastic stiffness constants of the face sheet j.

Similarly, for the orthotropic core, the elastic potential energy U. becomes,

. CH 8uc 2 8uc 8?1}6 033 8wc 2 055 871,0 6wc 2
UC_//[Q(@&G) +0136x 82+2<82) +2(82+8x> dzdz,

(3.8)

where Cj; is the elastic stiffness constants of the core.
If the three axes of the coordinate system are not completely aligned with the three

principal axes of the orthotropic material, as shown in Fig. 3.3, the stiffness in the rotated
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Figure 3.3: The rotated axis system of the orthotropic material

axis system becomes Cj; instead of Cjj,

Chy = 1*Cyy + 212m2(C1a + 2Cs6) + m*Cao, (3.9)
Ch3 = 12C13 + m*Cas, (3.10)

Ci5 = Cs5 = 0, (3.11)

C33 = Csg, (3.12)

Cs5 = m*Cyy + 12Cs5, (3.13)

where, ¢ denotes the angle of rotation, I = cos ¢ and m = sin ¢. The details of the derivation
of the stiffnesses in the rotated-axis are given in Appendix A.

The kinetic energies are defined as follows, neglecting the rotational energies,

1
T=3 //pw2(u2 + v + w?) dzda. (3.14)
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The virtual work done by the pressure loads can be expressed as,

W= /[plwl — paws] dz = /[(pl — p2)wg — (p1 + p2)ws) dz. (3.15)

Lagrange’s equations are used to obtain the governing equations,

g(aT)_8T+aU_6W
dt oqg,” ¢, ' dqr 0Og

(3.16)

where ¢, is the generalized displacement which includes ug, ws, and ¢ for the symmetric
motion, and w4, wg, for the anti-symmetric motion.

The resultant matrix equations are,

- Dy1 D12 Dig D1y Das _ (OF —(p1 + p2)
Di2 D2 D2z D2 Das Us 0
Dis Da3s D3z 0 0 ¢ (= 0 ; (3.17)
Diy D2y 0 Dag Dys Wa (p1 — p2)

| Dis D2s 0 Das Dss | | Ua 0

. (C11t3 + CRt3) k2 /3 + Csshk2 /3 — (plith + p2t3)w?k2 /3
Wlth, D11 = )

—(peh/3)w? — (plhts + p'2ta)w? + 4Cs3/h
Dig = —(Clit] + CRI3)KS /2 — 2Ch3ks + (417 + p5.83)w ks /2,

Doy = (Ciits + Ciita)k; + Crihkd — (plhtr + pt2)w® — peho,
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D13 = —4C3k, /7 — ACs5ky /7, Dog = 2C11hk2 /m — 2p.hw?® ),
D33 = Cy1hk2 )2 + 72Cs5/(2h) — pehw? /2,
Diy = (C1it] — CLitd)kz/3 — (pghtr — pt2)® — (pljt7 — p3t3)w k2 /3,
Dis = Doy = —(Cit] — Cit3)k3 /2 + (pltT — pGit3)w’ka /2,
Dos = (Ciit1 — CHita)k; — (plts — plita)w?,
(C1it} + CRE)kL/3 + Coshk? — (plht3 + pl3t3)w?k? /3

Dyy = ;
—pehw? — (plt1 + pl2 t)w?

D5 = —(Ciit} + CRit3)k3/2 + 2Cssks + ({15 + pG13)w ks /2,
(CHit1 + CPt2)k2 + C11hk2 /3 4+ 4Cs5/h
D55 = ;
—(pljtr + plt2)w® — pehw® /3
where p?,;, t; denote the mass density and thickness of the face sheet j; and p., h denote
the mass density and thickness of the core.

The solutions for the transverse displacements can be written in terms of the sound

pressure loads,

ws = ‘}E[—(m +p2)] + %’[(m —p2)], (3.18)
w = f;;ijl T+ f};jupl o), (3.19)

where |D| is the determinant of the matrix D, and Fj; and is the cofactor of element Dj;.

Since the matrix D is a symmetric matrix, then the cofactors must satisfy F; = F;.
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It is convenient to introduce the cofactor ratios,

Fy Fiy
§1 = —, 84 = —. 3.20
TR YT Fa (8:20)
After rearrangement, Eqgs. (3.18) and (3.19) become,
zs(lwws) = —(p1 + p2) + s1(p1 — p2), (3.21)
Zq(twwg) = —sa(p1 + p2) + (p1 — p2), (3.22)

where z,, zs are the impedances, z, = |D|/(iwFy4), and zs = |D|/(iwFi1).
Damping is incorporated by allowing the stiffness constants in the material to become

complex,

Cy; = Cy(1 +in), (3.23)

where 7 is the energy loss factor of the material.
For an isotropic material, a special case of an orthotropic material, the stiffness con-

stants are described in terms of the Lame constant A and the shear modulus g,

Ci1 =Cxn=0C33=A+pu, Cipg=Ci3=Cp =X, Cyy = Cs;5 = Cgs = Lt (3.24)
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Figure 3.4: Components of pressure fields on a sandwich panel

3.3 Sound transmission loss

Consider a sandwich panel of infinite extent, separating two semi-infinite air spaces as
shown in Fig. 3.4. All of the sound waves shown are assumed to be plane waves. Let a
pressure wave be incident on the face sheet 1 at an angle 6.

The incident reflected, radiated, and transmitted sound pressures can be expressed as,

Pine (@, 2) = Py expli(wt — kxsinf — kz cos )], for z <0, (3.25)

Pref(,2) = Ppop expli(wt — kxsinf + kz cos 0)], for z <0, (3.26)

Prad (T, 2) = Pryq expli(wt — kxsin€ 4 kz cos 0)], for z <0, (3.27)

Pira(T, 2) = Pipg expli(wt — kxsin® — kz cos )], for z > 0, (3.28)

where P, Pref, Praq and Pypg are the amplitudes of the incident, reflected, radiated,

and transmitted sound pressures, respectively. k is the wave number of sound in air. The
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pressure in the reflected wave is assumed to be equal in magnitude to the pressure in the
incident wave.

As a result of the matching of the face sheet velocity and the acoustic field velocity
at the interface, the radiated pressure can be determined from the acoustic momentum

equation,

IPrad

9 | = —ipyi Wi, (3.29)

where pg;- is the mass density of air, and w; is the transverse velocity of the face sheet 1.

Integrating Eq. (3.29) with respect to z, we have

_ Zair

p— (3.30)

Prad = with zair = PairCairs

where z,;, is the acoustic impedance of air and c,;, is the speed of sound in air.
Similarly, the transmitted pressure produced by the transverse motion of the face sheet

2 is,
Zairte
= ) 3.31
Ptra cos ( )

where w9 is the transverse velocity of the face sheet 2.

The pressure load on the face sheet 1 is,

p1 = (pinc + Pref + prad)|z:0- (332)
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On the transmission side, the acoustic field pressure is simply the transmitted pressure.

The pressure load on the face sheet 2 is,

P2 = Ptrals=o- (3.33)

Substituting Eq. (3.30) into Eq. (3.32), and Eq. (3.31) into Eq. (3.33), yields the

incident and transmitted pressures,

Z 1 . .

2pine = 1+ 2505 (tha — 1), (3.34)
Z 1 . .

Pra = P2 = 5 (ta + 1bs). (3.35)

Eliminating p; and ps from Egs. (3.34) and (3.35), gives the equations of the transverse

velocities in terms of the incident pressure,

25 + 2255,/ cos 0 251245,/ cos O Ws _ 2pinc(s1 —1) . (3.36)

25425,/ €080 zq + 22,5,/ cos O Wq 2pine(l — s4)

The impedances and cofactor ratios are evaluated by replacing wave-number k, by ksinf in

Eq. (3.17).
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The sound transmission coefficient can be evaluated in terms of the impedances and

the cofactor ratios,

9 2
(0. 8) = Pora| _ (1= s4)zs/(2205,.) — (1 = s1)za/(22)5,) with 2. — Zair (3.37)
Pine| | [1+20/22)] [1+ 20/ (22),)] = sas1 cos §
2 , , 2
zs/(22,: ) — za /(22
7(0,9) = Ptra| _ [@zp3) /@) for syzs = $124. (3.38)
Pinc [1 + zs/(2z;ir)] {1 + Za/(2z;ir)} — 8481

In practice, sound waves are usually incident upon a structure from many angles si-
multaneously. Therefore an idealized random incidence model is usually assumed, in which
plane waves of equal amplitude are incident from all directions with equal probability and
which have random phases. The random incidence transmission coefficient, 7, is obtained

by averaging 7(6, ¢) over all angles of incidence and rotation as follows,

01.
5™ Jo m 79 $) sin§ cos § dodg
0 .
12 (o im gin 6 cos 6 dOde

il

(3.39)

Based on field and laboratory measurements [38], the limiting angle 0);,,, is usually assumed
to be 78°.

For sandwich panels with isotropic face sheets and cores, the stiffness constants are
independent of the angle of rotation. Then the random incidence transmission coefficient

becomes,

0.
Jo lim 7(6, ¢) sinf cos 6 db

5 (3.40)
Jo ™ sinf cos @ do

77':
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Finally, the sound transmission loss is defined by

1
TL = 10log;(=) dB. (3.41)

=
3.4 Symmetric sandwich panels

For sandwich panels with identical face sheets, one has
Cli=Cl=Cuph=rg=p ti=ta=t. (3.42)
Then the symmetric and anti-symmetric motions are uncoupled naturally,
D1y = D15 = Doy = Dos =0, s1 =54 =0. (3.43)

The governing matrix equations for symmetric and anti-symmetric motions can be

written as follows.

W D11 D12 Dis W —(p1 + p2)
[MS] Ug = D12 D22 D23 Ug = 0 ’ (344)
¢ I D13 Daz D3 | ¢ 0

Dy = 2C4t3k3 /3 + 4C33/h + Csshk2 /3 — 2mt*w?k2 /3 — pohw? /3 — 2mw?,

D1y = —Cit’k2 — 2C13ky + mtw?ky, D13 = —4C13k,/m — 4Cs5k, /7,
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Dy = 2Ctk2 + Ci1hk? — 2mw? — pehw?, Do = 2C11hk2 /70 — 2pchw? /7,

D33 = C’Hhkfc/Q + 7r2055/2h — pchw2/2, and

Wq Dys Dys Wq pP1—Pp2
[Ma] = = 5 (345)

Uq Dys  Dss Uq 0

Dyy = 2C4t3k2 /3 + Csshk? — 2mt?w?k2 /3 — phw?® — 2mw?,
D45 = 2C55k‘x — Cttng + mthkx,

Dss = 2C:k%t + C11hk2 /3 + 4C55/h — 2(m + peh/6)w?,

where the surface mass density of a single face sheet is m = pt.

The symmetric and anti-symmetric wave impedances for transverse motion are,

— M.
b= 1 tp) M (3.46)
iwwg
| D22 Da3
w
Dos D33
(p1—p2) _ Ma| _ 1 Dis
— = = — _D —_ . ‘4

“a TWWq iwDss  w i Dss (347)

The contributions of anti-symmetric and symmetric motions to the sound transmission

coefficients can be evaluated separately,

2

! (0, 6) =

T+ 2/ @)

1

T 2/ )

(0, 0) = (3.48)
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The sound transmission coefficient due to anti-symmetric and symmetric motions is,

1 1

09 = T e ) 1@

(3.49)

/ /
air ) air )

If, under particular conditions, zs > z,, in the frequency range of interest, the sound

transmission coefficient can be approximated by,

7(0,9) =~ 14(0, @). (3.50)

If the two wave impedances are nearly equal in sign and magnitude in certain frequency
bands, high transmission loss values are expected in those bands.

The expressions for the governing equations, Eqgs. (3.44) and (3.45), the sound trans-
mission coefficient, Eq. (3.49) for symmetric sandwich panels are equivalent to those given
by Moore and Lyon [6]. Their expression for the diffuse field transmission coefficient is
equivalent to Eq. (3.39). However, they neglected the contribution of Cgs on the rotated

axis stiffness C71 (see Eq. (3.9)).

3.5 Numerical results

The wave speed and wave impedance for panels provide a way to predict sound trans-
mission characteristics of the panels. The wave speed in a panel is defined by the wave
number in the panel and the circular frequency, ¢ = w/k,. In the absence of damping, zeros

occur in the wave impedance, where the trace wave speed matches the wave speed for freely
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propagating waves in the panel, c¢{pqce = ¢. The trace wave speed is defined by the trace
wave number in the panel and the circular frequency, and depends on the angle of incidence
of the acoustic plane wave,

Co w

ktrace = ksinb, ctrace = (3.51)

Ctrace = = 0 P
sin 6 Etrace

The trace wave speed is always greater than ¢y, the speed of sound in air. It is equal to ¢
at grazing incidence, § = 90°, and becomes infinite at § = 0°. Thus, coincidence may occur
when the wave speed in the panel is greater than or equal to the speed of sound in air.

The calculated wave numbers for anti-symmetric waves in a symmetric sandwich panel
with a honeycomb core are shown in Fig. 3.5. The wave numbers are evaluated from the
zeros in the wave impedances assuming zero damping in both the face sheets and core. The
face sheets of panel A were assumed to be isotropic and the honeycomb core was assumed
to be orthotropic. The proprieties of panel A are given in Table 3.1. The wave numbers
for the orthotropic core are dependent on the propagation direction of the incident acoustic
wave relative to the principal axes in the honeycomb core. The four solid curves denote the
wave numbers along the directions where the angles of rotation ¢ are equal to 0°, 30°, 60°
and 90°, from top to bottom in the figure.

Two parallel dotted lines are indicated in Fig. 3.5. The lower dotted line corresponds
to the wave number k; for pure bending of the entire panel. The upper dotted line represents

the wave number k, for flexural waves propagating in a single face sheet loaded with half
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Figure 3.5: Predicted wave numbers for anti-symmetric waves in panel A

the mass of the core.

) ) 1/4
. (2pst + pch) w )] k= (3.52)

_ (pit + peh/2) w?] !
| Cu(h2t)2 + ht? +2t3/3

Cyt3/12

It is seen that the wave number of the first propagating mode for anti-symmetric motion
of the panel asymptotically approaches the lower line for decreasing frequencies. In the high
frequency region the upper line is the asymptote. The differences between the four solid
curves become smaller when the curves approach either the lower or upper lines. Thus, the
anti-symmetric motion of the panel is mainly determined by the pure bending stiffness of

the entire panel in the low frequency region, and by the bending stiffness of one face sheet

loaded with half the mass of the core in the high frequency region.
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The wave numbers for symmetric waves in panel A along the four directions were also
calculated. It was found that the wave numbers for symmetric waves are complex below
6000 Hz.

The predicted wave speeds for anti-symmetric and symmetric waves in panel A are
shown in Figs. 3.6 and 3.7. The dotted horizontal lines indicate the speed of sound in air
in both figures. It was found that anti-symmetric waves of panel A travel fastest along
¢ = 90° and slowest along ¢ = 0°. The anti-symmetric wave speeds exceed the speed of
sound in air near to 200 Hz.

No freely propagating symmetric waves in the four directions exist below 6000 Hz.
The near vertical lines indicate the freely propagating symmetric waves in the panel, which
travel at high speeds and which depend considerable on frequency. This behavior is similar

to a double wall resonance.

_ 1 Cs3
Jo = 27 \/h(tht + pch/3) (3:53)

For panel A, the double wall resonance frequency is about 5200 Hz. At double wall
resonance, the face sheet motions are uniform, which corresponds to a trace wave number of
zero and to an infinite wave speed. An incident wave at normal incidence excites symmetric
panel motion at frequencies near the double wall resonance. The wave speeds for symmetric

waves do not monotonically increase with increasing frequency as those for anti-symmetric
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Figure 3.6: Predicted wave speeds for anti-symmetric motion of panel A
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Figure 3.7: Predicted wave speeds for symmetric motion of panel A
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waves do. The speeds of freely symmetric waves are greater than the speed of sound in air
in the frequency range of interest.

In the absence of damping, the wave impedances are imaginary. The wave impedances
were calculated for the two waves in ¢ = 0°, 90° directions at oblique incidence 6 = 76.5°,
as shown in Fig. 3.8. It is seen that anti-symmetric coincidences occur near to 250 Hz
and no symmetric coincidence occurs in the frequency range of interest. The symmetric
impedance is insensitive to the propagation direction in panel A. A dip in the symmetric
wave impedance occurs near to 4000 Hz, below the double wall resonance frequency. The
symmetric wave impedances are much higher than the anti-symmetric wave impedances
below 2000 Hz for this oblique angle of incidence. The sound transmission loss values
caused by anti-symmetric or symmetric wave motions are compared with the predictions of
sound transmission loss generated by both motions for panel A, as shown in Fig. 3.9.

Since most measured sound transmission loss results for sandwich panels are presented
in one-third octave bands, the predicted sound transmission loss values were frequency-
averaged for comparison purpose. The transmission loss of panel A is dominated by the
anti-symmetric motion in the frequency range of interest. The contribution of the symmetric
motion is negligible up to 5000 Hz. The coincidence dip near to 250 Hz is associated
with anti-symmetric motion of panel A, which is consistent with the wave speed curves.
The sound transmission loss values of panel A were calculated and are compared with the
measured transmission loss results given in Ref. [6], as shown in Fig. 3.10. The predictions

were generated for two different values of energy loss factor of the core.
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Figure 3.9: Calculated sound transmission loss values of panel A without damping
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Figure 3.10: Predicted and measured sound transmission loss values of panel A

The effects of core damping are noticeable at frequencies above the onset of coincidence,
where the core stiffnesses affect the sound transmission loss of the panel. The transmission
loss curves do not return to the mass law curve at frequencies above coincidence, and are
separated by more than 10 dB.

Theoretically, when the wave impedances for anti-symmetric and symmetric motions
are equal in sign and magnitude, there is no transmitted sound pressure. So the transmission
loss can exceed mass law values when the two wave impedances have similar values. This
behavior has been demonstrated analytically and experimentally for a honeycomb sandwich
panel in Ref. [6]. This acoustical behavior is a result of the cancellation of symmetric and
anti-symmetric motions of the face sheets. The honeycomb core was uncommonly orientated

so that the cells lay in the plane of the panel. The wave impedances of two motions along
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Table 3.1: Properties of sandwich panels A and B

Property Panel A  Panel B
Face Surface mass density m (kg/m?) 4.17 5.7
Sheet  Stiffness C%; (GPa) 7.0 7.0
Thickness ¢ (mm) 6.35 9.53
Density p. (kg/m?) 28 21
Thickness i (mm) 76.2 84.1
CH (MPa) 4.0 04
Oy (MPa) 4.0 95
Cs3 (MPa) 370 0.4
Core (44 (MPa) 50 7.6
Cs5 (MPa) 23 0.17
066 (MPa) 0.2 4.2
012 = 013 = 023 (MP&) 0.5 0.04
Energy loss factor 7. 0.03, 0.05 0.03

¢ = 0°, 90° at oblique incidence 6 = 76.5° for panel B are shown in Fig. 3.11. The first
symmetric coincidence occurs near to 200 Hz, and the second symmetric coincidence and
the first anti-symmetric coincidence are around 2000 Hz. It is seen that, in the frequency
region f > 400Hz, the wave impedances are nearly equal in sign and magnitude. Thus high
transmission loss values are expected above 400 Hz.

Sound transmission loss values of panel B were calculated and are compared with the
measured results given in Ref. [6], as shown in Fig. 3.12. The predictions were generated
for three different values of energy loss factor of the core. It is seen that damping does not
have a noticeable effect on the sound transmission loss of panel B in the region 200 Hz <

f < 2000 Hz, between two symmetric coincidences.
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Figure 3.12: Predicted and measured sound transmission loss values of panel B
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3.6 Other TL models for asymmetric sandwich panels

Dym and Lang [7] have presented a sound transmission loss analysis for asymmetric

sandwich panels with orthotropic cores. In their model, the displacement functions of the

face sheets and the core are written as,

. how\ (. hO W\ owy

“2—(“‘2&6) (“‘m)‘( _2>ax’w2 b+ D; (3:54)
_ how 2z (. how 2z _

Ue = (U— 28(];) ﬁ (U— 233) +gCOS ( h, > , We ﬁ’w—}-w, (355)
_ how\ (. how A

where w, u and g are for the symmetric motion, and @, w are for the anti-symmetric motion,

respectively. They assumed that all displacements are in phase,
u, w, g, U, W~ expli(wt — kxsin )], (3.57)

while the transverse displacements and the in-plane displacements are assumed to be out

of phase in other works [2, 3, 6].

It is noted that the displacement functions assumed in section 3.2 are equal to those

in Egs. (3.54) ~ (3.56), if

h Ow h 0w

5%7 9247 Ws = W, and Ua:a—ga, wa:'lIJ. (358)

Ug = U —
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Dym and Lang applied equations the same to Egs. (3.7), (3.8), (3.14) and (3.15) to
evaluate the elastic potentials, the kinetic energies of the sandwich panel, and the potential
for surface pressures, respectively. But they introduced a shear correction factor  in the
transverse shear strain of the core, v,,. Applying Hamilton’s principle, they derived the

governing differential equations for the forced motion,

— B Bi2 Biz Biux Bis - w —(p1 +p2)
Bia Bz Bzs By Bas u 0
Biz By Bz 0 0 g (= 0 . (3.59)
Biy By 0 By Bys w (p1 —p2)

| Bis Bas 0 Bas Bss | | 0

The elements of the matrix B are given in Appendix B.

Since the in-plane displacement functions in their model are not the same as those used
in our model, Eq. (3.1), and the factor & is in the elastic potential of the core, the matrix
B is not equivalent to the matrix D in Eq. (3.17). Thus the wave impedances computed
from this model are not the same as those from our model.

Dym and Lang developed the sound transmission coefficient of asymmetric sandwich
panels using the same approach described in Sec. 3.3. However, they neglected the depen-
dence of the stiffness of orthotropic materials on the angle of rotation ¢ between the axes

of the coordinate system and the principal axes of the orthotropic materials. Then they
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Table 3.2: Properties of sandwich panel C

Property Panel C
Density p1 = po (kg/m?) 985.0
Face  Young’s modulus £} = Ey (GPa) 4.71
Sheet Thickness t; = t2 (mm) 3.68
Poisson’s ration v = vy 0.3
Loss factor 1 = 12 0.01
Density p. (kg/m?) 30
Thickness h (mm) 50.7
Core  Lame constant A (MPa) 21.57
Shear modulus p (MPa) 2.14
Energy loss factor 7. 0.03

did not consider the dependence of the angle of rotation in the random incidence transmis-
sion coefficient calculation. The random incidence transmission coefficient 7 is defined Eq.
(3.40), so it is only valid for sandwich panels with isotropic materials.

No experimental data for sandwich panels with asymmetric configurations are available
in the literature. Dym and Lang [7] have studied the effects of the face sheet thicknesses of
panel C. The properties of panel C are given in Table 3.2.

The predicted wave impedances for two wave motions at oblique incidence 6§ = 76.5°
from the present model and Dym and Lang’s model are shown in Fig. 3.13. The predictions
are almost the same except near coincidence. The symmetric coincidence of panel C' is near
to 1600 Hz, while the anti-symmetric coincidence is above 8000 Hz for this oblique incidence.
It was found that in the frequency range 6300 Hz > f > 3150 Hz, the two wave impedances
are nearly equal in sign and magnitude, at this oblique coincidence. Thus high transmission

loss values are expected in this region for panel C.
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Figure 3.13: Calculated wave impedances for symmetric panel C'

The transmission loss values of panel C' with asymmetric configurations were calculated
and are shown in Figs. 3.14 and 3.15. To avoid the effects introduced by adding mass, the
sum of the face sheet thicknesses, t1+t2, was fixed, and the ratio of the face sheet thicknesses
t1/te was varied for panel C. Since the face sheets and core of panel C' were assumed to
be isotropic, the discrepancy between the two models is caused by the differences in the
displacement functions and the elastic potential of the core. The two models produce similar
transmission loss values. At low frequencies, below where symmetric coincidence occurs for
the panels the predicted sound transmission loss results follow the field incidence mass law
transmission loss curve.

The predicted sound transmission loss values exceed mass law values in some regions,

especially for the symmetric configuration, ¢; = to. This behavior is the result of the
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Figure 3.15: Predicted sound transmission loss values of panel C' from the present analysis
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cancellation of the symmetric and anti-symmetric motions of the face sheets. The symmetric
configuration enhances the cancellation. Asymmetric configurations of the sandwich panel,

t1 # to, exhibit some improvement in sound isolation near coincidence.

3.7 Other governing equations for anti-symmetric motion

When the transverse vibration is dominated by anti-symmetric transverse vibration,

the governing equation for transverse vibration of symmetric sandwich panels becomes,

2013k /3 + Cyshk? — 2mt2w?k2 /3 — pw?
g= w, (3.60)
o (2055kI—Ctk:§t2+mw2kEt)2
QCttk%—l-Cnhk%/3+4C55/h—2(m+pch/6)w2

where the pressure step across the panel is, ¢ = p; — p2, and the surface mass density is
= pch —+ 2m.

The governing equation can be written in the alternative form,

Ciih 20 1 h
6 4 2 11 2 55 Pc 2
[AkI+ka+Ckx+D]w_[(1+6Ctt)kx+h6'tt Gt <m+ 6 >w]q, (3.61)

6 30,1 ~ a0t 3 h

(t+h)?2 2 Cph? 5 | 2 ( pch> mthCiy
B=Cs | 2 4 —W2 | _ Mt
55[ o a e | 3\ s 9oC; |’

[ mw? [2pch ]_( hCn) _ Css | peh? (t+h)? 2t
C_w{GtCt s T Ut ) e e T\ Tan)|)

3 2 2 4
where, A = Ci (1 + 011h> D w [wg <2m+ Pch> B 055} ’
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When the stiffnesses of the face sheets are much greater than the stiffnesses of the core,

and high order w? terms are negligible, the governing equation becomes,

2
|AKS + Bk} + Ck2 + D) w = [kﬁ + 055} q, (3.62)

hCyt

Cyt?
where, A = tT’ B = (55

(t+h)? ¢ o w? ( 4055>
h +3h’0_‘”{“}’D_2Ctt“ n )

Mead and Markus [23] presented an equation of motion in terms of the transverse
displacement for a three-layer damped sandwich beam with a viscoelastic core. In their
analysis, rotatory inertia was ignored and elasticity relationships were applied to derive the

sixth-order differential equation:

Ow Mw 0w 0%w 1 (0%
aws I TG T, <6x28t2 "o )~ o\ 91) B0

where ¢ is the total load, D; is the bending rigidity of a single face sheet, ¢ is the shear
parameter, Y is the geometric parameter and p is the surface mass density of the panel.
For symmetric sandwich panels, the parameters can be evaluated as,

Et3 2055 1 — v?
Dt = 2 g=
6(1 - I/t) ht Et

Eyt
— = pch 4+ 2m. 3.64
2(1 _ VtQ)Dt7 M pC + m ( )
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The governing Eq. (3.63) can be written as follows,

2055 1 — v?
[A’kg +BE + Ok + D’} w = [kg + hf’ Et”f ] a0, (3.65)

Et3 2 9
Where, A = tt B = Csst i C55(t + h)

7 — ’C,:— 2 D/:
6(1— 1) 3h h e

B 2055uw?(1 — v?)
Cith

The equation above is identical to Eq. (3.62), which is an approximate expression for Eq.

(3.61) under certain conditions.

The impedance is given by,

(3.66)

g 1 o, Di[kS+ g(1+Y)k"]

Nilsson and Nilsson [37] have presented an equation of motion for a three-layer sym-
metric sandwich beam. In their analysis, rotatory inertia effects were considered and energy

relationships were applied to derive the sixth-order differential equation.

926 " Dy Porior D, "t D, ) o202 FrE

Pw 2Dy Ow 2Dy I,G.h\ 0w otw 0w
—2D I P_c —_——
’ i <M " * ) ) T Geh | Gt Dy o2

+£ 0*w _ _( 2D2> 0%q  Geh I, 8%q

g 0 94 3.67
2 D 4T Do (3.67)

D, o

where D; is the bending rigidity of the entire beam, D5 is the bending rigidity of a single

face sheet, I, is the mass moment of inertia, G, is the equivalent shear stiffness, and p is
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the surface mass density of the beam.

E1h3 E! h2t 5 213 Eit3
D = W4 2 py = A
T ha—w Taoy\ 2 TR T na sy

h3 h2t 2t Cs5(t + h)?
Ip:p +pt<+ht2 ),Ge:‘%(“,u:pch—k%n.

12 2 3 h?

The governing equation (3.67) can be written as ,

2D oDy I
[21)21:6 + (Geh - 21pw2> k- (u + =2+ ’JGh) Kw? — (Geh — Lw?) B2 ] w

Dy Dy Dy Dy
Geh 2Dy 1, 2]
- 14+ 222) k2 - 2202 g .
[Dl +( + Dl) DY | (3.68)
The impedance is,
. 1 2Dk + (Geh — 22 [,w? ) K — Lefiel 2,2
p=—— = —{ —uw + o D o : (3.69)
ww iw ﬁ"'(l'i' Q)k—D—”lw

The sound transmission coefficient can be evaluated by Eq. (3.48). The predicted sound
transmission loss values of panel A obtained by using the wave impedances computed from
the three governing equations are compared with the measured results, as shown in Fig.
3.16. The energy loss factor in the core was assumed to be 0.03 for all three cases. The
three governing equations generate similar transmission loss predictions for panel A in the
region between 250 Hz and 4000 Hz, where the anti-symmetric transverse displacement is

dominant.
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Figure 3.16: Predicted sound transmission loss values of panel A made using governing
equations

3.8 Conclusions

The wave impedance analysis provides the sound transmission loss of infinite sand-
wich panels. If damping is included in the theoretical calculations, the effect is noticeable
above coincidence, where the stiffnesses of the face sheets and core affect the sound trans-
mission loss of the panels. For sandwich panels with stiff cores, typical honeycomb cores,
anti-symmetric coincidence occurs at low frequencies, and symmetric coincidence is at high
frequencies. Thus, in the frequency range of interest, the anti-symmetric wave motion is
dominant. The sound transmission loss caused by anti-symmetric wave motion provides
an accurate approximation of the sound transmission loss produced by anti-symmetric and

symmetric motions. For sandwich panels with soft cores, the sound transmission loss values
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can exceed the mass law values because of the cancellation of symmetric and anti-symmetric
motions of the face sheets. This acoustical behavior occurs in the frequency region be-
tween symmetric and anti-symmetric coincidence. Asymmetric configurations lessen the
cancellation of symmetric and anti-symmetric motions of the face sheets, and produce some

improvement in sound isolation near coincidence.
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CHAPTER 4

STATISTICAL ENERGY ANALYSIS

4.1 Introduction

The modal vibration of a finite panel consists of standing waves. Each standing wave
can be considered to be composed of two wave types: forced traveling waves set up by exter-
nal loads and free (reflected) waves that are generated by secondary and necessary to satisfy
at the boundaries. There is little hope to obtain a detailed classical solution for a finite
panel because of the existence of many modes of vibration. For panels excited by broadband
noise, the detailed response characteristics may be neglected and statistical properties such
as mean square values and power spectra can be used to provide an approximate measure
of vibration.

Statistical energy analysis (SEA) was developed from studies of the power flow of two
randomly excited linearly coupled oscillators in the 1960’s. It was found that for conservative
coupling the power flow is proportional to the average modal energy difference between two
oscillators. A thermal argument concludes that the products of modal density and coupling
loss factor are equal in the two coupled oscillators [11]. The modal averaged radiation
resistance of a baffled simply supported single-layer panel excited by a reverberant field was
derived by Maidanik [13]. Later this analysis was extended from systems consisting of two

subsystems to multiple subsystems [39]. Crocker and Price [18] presented a three-subsystem
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SEA model to estimate the sound transmission loss of a single-layer panel with both resonant
and non-resonant modes under consideration. Price and Crocker [19] presented a five-
subsystem SEA model to estimate sound transmission through a double wall.

In this chapter, the assumptions and concepts of SEA are briefly reviewed. A three-
subsystem SEA model for a transmission suite is introduced. An analytical expression for
modal densities of sandwich panels is derived from a sixth-order governing equation. The
expression is compared with other analytical expressions for modal densities of sandwich
panels [22, 41]. The sound transmission loss of the structure between two reverberation
rooms is developed. Then the sound transmission loss estimates for a single-layer panel and
a honeycomb sandwich panel are compared with those experimental values given in Refs.
[6, 18]. The effects of test area of the panels and volume of the rooms’ acoustic spaces on

sound transmission loss are also studied.

4.2 Assumptions and concepts

The fundamental assumptions made in SEA are:

1. the couplings between the different subsystems are small, linear and conservative;

2. the power flows are between the subsystems having resonance frequencies in the band

of interest;

3. the subsystems are excited by broadband random excitation;

4. the total motion is regarded as a sum of independent motions in individual modes;
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5. equipartition of energy exists between all modes at resonance within a given frequency

band in a given subsystem.

An individual oscillator driven in steady state conditions at a single frequency has
potential and kinetic energy stored within it. The power dissipated via the damping is

related to the energy stored in the oscillator.

Hgies = cot? = 2wpmi? = 2Cwn E = wanE, (4.1)

where ¢, is the viscous damping coeflicient, ¢ is the damping ratio, w,, is the radian natural
frequency, m is the oscillator mass, E is the stored energy, and 7 is the energy loss factor.
The power dissipation concepts for a single oscillator can be extended to a collection

of oscillators in a specified frequency band,

Hgiss = wnnF, (4.2)

where w is the geometric mean center frequency of the band, and 7 is the mean energy loss
factor of all the modes in the band.

SEA is closely related to room acoustics and thermodynamics. It is assumed that
energy flows from oscillators of higher energy to those of lower energy. It was shown that

the power flow is proportional to the average modal energy difference of two loosely coupled
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Figure 4.1: Block diagram for power flows between the structure and the reverberant field

and randomly excited oscillators [11] and can be expressed in power dissipation terms,

(Ih2) = menmw{(E1)/n1 — (E2)/n2}, (4.3)

where n1 and ng are the modal densities of the two groups of oscillators. n;; is the coupling
loss factor, describing the flow of energy from subsystem ¢ to subsystem j, and (E;)/n; is
the modal energy of group j.

Now consider a two-subsystem model with numerous modes in each subsystem where
one subsystem is driven by external forces and the other subsystem is driven through the
coupling. The typical application is the response of a structure excited in a reverberant
field. The model is illustrated in Fig 4.1. The steady state power flow balance equations

for the two groups of oscillators are,

Hinl = HdiSSl + H12, Hinl = w771E1 + w7712n1(E1/n1 — Eg/ng), (4.4)

9 = Hgigso — 2, 0= wna By — wmani(E1/ny — Ez/na), (4.5)
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where II;; 1 is the power input to subsystem 1, the structure; II;;;9 = 0, is the power input
to subsystem 2, the acoustic field. n; and ng are the modal densities. 77 and n2 are the
internal loss factors. 712 and 721 are the coupling loss factors associated with energy flow
from subsystem 1 to 2 and subsystem 2 to 1, respectively. E7 and E5 are the vibration
energies associated with subsystems 1 and 2. All fluctuating terms are assumed to be both
time- and space-averaged, and the brackets have been removed for convenience. Since the
products of the modal density and coupling loss factor are equal in each pair of subsystems

[15], n;nij = n;n;i, the Egs. (4.4) and (4.5) can be written in matrix form,

i + ninie —Nnini2 E1/m ing

—n2n21 nan2 + nana1 Ey/ng 0

By rearranging the bottom equation of the matrix Eqgs. (4.6), the steady state modal

energy ratio between the two subsystems is,

Ez/m: 721
Ei/ni ma+mna

(4.7)

The modal energy of subsystem 2 is always less than that of subsystem 1. If 7o < 101,
the ratio approaches 1, which indicates that the additional damping provided to subsystem
2, the reverberant field, will be ineffective unless 7o is about the same as 79;.

The two-subsystem model can be extended to a multiple-subsystem. In the general

case, N groups of oscillators yield N simultaneous power flow balance equations which can
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be written in matrix form. The steady state power flow balance matrix is,

wA

(m + X5 my)m

—Mn21M2
with A =

—NNINN

4.3 Transmission suite model

E1 /TL1 Hinl
By /na Mino
En/nn inN
—Ni2n1 —MN1
N
(M2 + 22500 2502 —1M2NN2

(NN + X vy

N

(4.8)

A transmission suite is considered to consist of three coupled systems as illustrated in

Fig. 4.2. The power flow balance equations for the three subsystems are written as,

i1 = Ugige + a2 + s, I = w

Iip9 = yigq0 — Hiz +1la3, 10 = w
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mE1L + nieni(E1/n1 — Ea/na)
+msni(E1/n1 — E3/n3)
n2Ey — mani (E1/ny — Ey/no)

+n23na(E2/nge — E3/n3)

. (4.10)
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Figure 4.2: Block diagram for power flows between the structure and two reverberation
rooms

n3Es — mani(Eq/n1 — Es/ng3)
i3 = Mgz — iz — Ilag, Iljpg = w ;o (411)

—n23nz(Ez/ny — E3/ns3)
where 1l;3 is the power flow from subsystem 1 to subsystem 3 when there are no modes
excited in subsystem 2 in the frequency band under consideration. The non-resonant power
flow modes Il13 is due to modes which are resonant outside of the frequency band under
consideration.
For transmission loss measurements, a panel is clamped between two reverberation
rooms and excited by noise in the source room, II;; o = Ilj;;3 = 0, as shown in Fig. 4.3.

Equations (4.9) ~ (4.11) can be written in matrix form,

Eq/m ail a2 ais Ei/m ing
WA Eg/ng =w as1 a22 a3 Eg/nz = 0 ’ (4'12)
Es3/n3 asy azz as3 Es3/n3 0
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(m +mz +msz)n —N12M1 —113N1
with A = —121M2 (m2 + m21 + 1m23)N2 —12312
=131 —17)2372 nN3n3 + Mi3ni + N23n2 |

Then, we have the modal energies,

a2 023 a1 a2
E F as2 ass E I asl asz
— = il_Iinl = Hin1> === inl = 5 Uinl’ (4.13)
n o |A| Al ny |4 A
where |A| is the determinant of the matrix A and Fj; is the cofactor of element a;;.
Hence the modal energy ratio is,
Ey/n _ 022033 — G303 | 20y adN2n3ns + (313 + Npaqna)nene (4.14)
E3/n3  as1a3z — azaz; nl%adn% + 320054 + M2)n172

with 791 = 123 = Mrad-
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The successful prediction of the modal energy ratio using SEA depends to a large
extent on knowledge of the modal densities, internal loss factors and coupling loss factors

associated with the subsystems.

4.4 Modal densities

The modal density of the volume of an acoustic space depends on whether the volume
is one-dimensional, two-dimensional, or three-dimensional. The modal density of a volume,

a three-dimensional enclosure, is,

n(f)=—3—+ + 5 (4.15)

where V' is the volume of the enclosure, A is the total surface area, and P is the total length
of the edges.

The modal density of structures depends on their boundary conditions and the gov-
erning equation of motion. For simply supported panels, the wave number for a freely

propagating wave is,

Fmn = \/k2 + K2 = \/(m7/12)2 + (n /1,2, (4.16)

where m and n are the mode numbers, [, and [, are the dimensions of the panel.
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Figure 4.4: Constant frequency loci for transverse wave numbers of a simply supported

panel

Then the modal density is associated with the constant frequency loci of the wave

number, as illustrated in Fig. 4.4.

7 /AAK? A, dk? A, dk?
n(w) (m/lg)(m/ly)Aw 47 dw’ n(f) = 2mn(w) 2 dw
The governing equation for free motion of a single-layer panel is,
0*w 0w Et3
D— — = ithD = ————— =
gzt T Mg = U wit (l—2) "=

(4.17)

(4.18)

where D is the bending rigidity, m is the surface density, F is the Young’s modulus, and v

is the Poisson’s ratio.

Then the wave number k must satisfy,

Dk* —mw? =0 or k* = wy/m/D.
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Hence, for a simply supported single-layer panel, the modal density is constant, inde-

pendent of frequency.

n(f) = —\ ——=—. (4.20)

For boundary conditions other than simply supported, analytical expressions for the
wave number of free motion are not available. High order modes of free motion are less
sensitive to boundary conditions than low order modes. Thus, except for the first several
modes, the modal density for simply supported panels provides an approximation for that
of panels with other boundary conditions.

The modal densities of sandwich panels are more complicated because not only are
they frequency dependent, but this frequency dependence is not a linear function. Clarkson
and Ranky [22] derived the square wave number, k2, from the sixth-order equation given by

Mead and Markus [23], by assuming the bending rigidity of the face sheets D; is negligible,

o _ pw? + wy/(uw)? + 4ug’Dy(1 +Y)

k 4.21
29D;(1+7Y) ’ (4.21)
h+ (t, +t3)/2]? Bit1 Est G 1 1 Eqit3 + Estd
with v = [t t)/2] Biti Bty :c<—}—>,Dt:11+337
Dt(Eltl + Egtg) h Eity Ests 12

where E; is the Young’s modulus of the face sheet j and G. is the shear modulus of the

core; t; and h are the thickness of the face sheet j and the core, respectively; and p is the
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surface density of the sandwich panel.

Hence, n(f) (4.22)

 TpAyf <1 pw? +29°Dy(1+Y) >
 gD(1+Y) V(uw?)? + 4u(gw)?Di(1+Y) )

Ferguson and Clarkson [41] presented the modal density derived from the same sixth-

order equation,

n(f) = Ap {P_Q/?’dp cos <9> - Pl/?’%sin (g)} , with (4.23)

2 2 3/2 2
B pw 2 (14Y) 2T 2 4 3 gw <1+Y_ )
P= 3\/§{ +g , cos(f) = 3P |779 1+Y)’+ D, \ 3~ 1.

It was found that the modal density presented above produced a considerable difference
from that derived by Clarkson and Ranky [22], as shown later in this section.

For sandwich panels with stiff cores, such as honeycomb cores, the anti-symmetric
motion is dominant in the frequency range of interest. The governing equation for anti-
symmetric motion of sandwich panels can be written as a cubic equation with respect to
k2,

kS + a2k4 + a1k2 + ag = 0. (4.24)

The standard solutions are,

{k*}, = —%aQ +(S+1), (4.25)
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where

1 (S+7) | V3
2
V3

(2 = —goa - 2
2y _ 1 7(S+T)77
(ks = =30 2 2

(5 =1),

(4.26)

(5-1), (4.27)

=\/R+VD, T=VR—-vD, D=@Q*+ R,

Q= (3a1 —a3)/9, R=

(9agay — 27ag — 2a3)/54.

In the absence of damping, the wave number of free anti-symmetric transverse motion

is always real. Then the freely propagating wave number must satisfy the equation,

Hence the modal density can be obtained from,

with

dD
dw

as _
dw
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k? = —(ag/3) + (S +T). (4.28)
dk? 1 das ds dT
v 1892 - 4.2
dw [ 3 dw (dw dw)} (4.29)
Lora (M, 1Dy AT _ 1y (R 1Dy
3 dw 2\/> dw 3 dw 2v/D dw
—3Q2dQ dR dR aldag %dal 1%_@@
dw’ do 6 dw @ 6 dw 2dw 9 dw’
dQ _ 1day  2azday
dw 3 dw 9 dw’
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Equation (4.24) is equivalent to the sixth-order governing equation for free motion of

sandwich panels presented by Mead and Markus [23], if

az=g(1+Y), a1 = —pw?/Dy, ag = —pugw?/Dy.

(4.30)

The wave numbers and modal densities of sandwich panel A, were computed, shown

in Figs. 4.5 and 4.6. The properties of panel A are given in Table 3.1, and the dimensions

are 1.22 m x 2.44 m. It is shown that the effect of bending rigidity of the face sheets, Dy,

on wave numbers is noticeable above 2000 Hz. While the effect of bending rigidity of the

face sheets on modal densities is apparent above 2000 Hz. The modal density presented by

Fergusan and Clarkson, Eq. (4.23), generates quite different data from the data obtained
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Figure 4.6: Modal densities of free transverse wave in x-axis of panel A

from the other two equations. Some factors might be missing. Two other sixth-order anti-
symmetric equations, Nilsson and Nilsson’s, Eq. (3.67) and the one developed in previous
chapter, Eq. (3.60), also were employed to compute the wave numbers and the modal
densities. It was found that the results from these two more complicated equations are the

same as those from the sixth-order equation given by Mead and Markus, Eq. (4.30).

4.5 Internal loss factors

Internal loss factors of the volumes of acoustic spaces can be obtained from the rever-
beration time Tgg, the reverberation time being the time that the energy level in the volume

takes to decay to 107° of its original value. The internal loss factor of an acoustic volume
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is given by,

exp(—nwTse) = 1076, (4.31)
Hence,
2.2
= —. 4.32
"= (4.32)

Analytical expressions are not generally available for internal loss factors of structural
components. Very little consistent information is readily available about the internal loss
factors of structural elements. The internal loss factor often varies from mode to mode, and
it is widely recognized that it is the major source of uncertainty in the estimation of the

dynamic response of a system.

4.6 Coupling loss factors

The coupling loss factors for the SEA transmission suite model have two classes of
factor, the structure-acoustic volume coupling loss factor and the acoustic-acoustic volume
coupling loss factor. The structure-acoustic volume coupling loss factor can be associated
with the radiation resistance of the structure.

The power radiated by a structure is given by,

II = Ry q(v2). (4.33)
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The power dissipated due to radiation is,
IT = nppqwMp (V7). (4.34)
Hence, the coupling loss factor due to radiation damping is,
Mpad = —22d. (4.35)

When a structure is excited in a reverberant acoustic field, the radiation resistance can

be expressed as [11, 13],

Rrad - (16/W)p6k2//dr_idr_éqj(r_i) T_é)¢<r_i) /r_é)a (436)

where k is the wave number in the air; W is the cross correlation of the vibrational field and
® is the cross correlation of the pressure field; and p and ¢ are the mass density and the
speed of sound in air, respectively.

For free transverse waves on an infinite structure, yields

R 0, kp > k
Trad _ T (4.37)

A
b pe(l—K2/k?)7V2, ky <k

where k), is the wave number in the structure and A, is the area of the panel.
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The equation above shows that a free wave on an infinite structure will not radiate
sound if its wavelength is smaller than the acoustic wavelength.

Consider the single mode radiation resistance of a finite baffled simply supported single-
layer panel. The cross correlation of the vibrational field is given by,

H?Zl[sin(xikm) sin(yikpy)], 0 <z <lp and 0 <y; <1,
(7, 7%) = , (4.38)

0, 0>z >1,and 0 > y; > 1,

where the wave number in the panel is, k, = ,/k2, + k2,. The cross correlation of the

pressure field is given by,

sin k|ri — 73]

®(ri,73) = 4.39

U7 = e (4.39)
Then the radiation resistance can be written as,
1

Riad = (64pck:2/772)/0 I,I,dB3, with (4.40)

COS COS

102

k2 sin k2 /2 sin
Iac = (}ZE) 2 2 2712 klmﬁ, Iac - (%) / 2 2 " 372 klya sin 0 d@,
kb ) [B% = (kpe /Kk))? 2 k o [(k2,/k*) — (asing)?]? 2

Q= f/fcaﬂ:Vl_Oﬂ?

where f. is the critical frequency of the single-layer panel. The cos? and sin? are to be chosen

according to whether the mode, either in x or y direction, is odd or even, respectively.
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The resonant modes of a panel can be divided into three classes. Modes which have
wave phase speeds in both edge directions less than the speed of sound are termed “corner”
modes. Modes having wave phase speeds in one edge direction greater than the speed of
sound and wave phase speeds in the other edge direction less than the speed of sound are
termed “edge” modes. Modes having wave phase speeds greater than the speed of sound in
air are termed “surface” modes.

The approximated radiation resistance of the modes is,

k, < k, above coincidence, surface mode

Appc

Rpq = ——22% .
ad T (hy k)2

(4.41)

k, =k, at coincidence,

Appc
rad — 37

R

[1,k2 . [1,k2 ;
kpx kpy

ky > ky kpy > k, kp: < k, below coincidence, r-edge mode,

x _ [Apka
rad k2,1,

L+ (kp — k%) /kpy |
{[(k,% — k2)/k2,]3/ }

kp >k, kpy < k, kpz > k, below coincidence, y-edge mode,

Appck
y | 2p
Rrad o l k2, 1o

L+ (kp — k) /kp |
{ (k2 — K2) /K2, 13/ } ’
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Figure 4.7: Effective radiation areas for edge and corner modes
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It is shown theoretically that surface modes have high radiation efficiencies. Corner
modes have lower radiation efficiencies than edge modes. The theoretical results for the
radiation and classification of modes can also be given a simple physical explanation. Figure
4.7 shows a typical modal pattern in a baffled simply-supported panel. The dotted lines
represent panel nodes. For corner modes, the fluid will produce pressure waves which will
travel faster in the fluid than the panel transverse waves and the acoustic pressures created
by the quarter wave cells will cancelled everywhere except at the corners as shown. For edge
modes, cancellation can only occur in one edge direction and the quarter wave cells shown

will cancel everywhere except at x-edges. For surface modes, the fluid cannot produce
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pressure waves which will move fast enough to cause any cancellation. The modes radiate
from the whole surface area of a panel.

The results for the single mode can be extended to the reverberant vibrational field
radiation resistance. The modal averaged radiation resistance of a baffled simply supported

single-layer panel in an acoustic reverberant field given by [13] is, as corrected in Ref. [18],

ocorner + Tedge; f<fe
Riza = Ae§ lofhe +fly/de, f=f With (4.42)

[1_(fc/f)]71/2’ f>fc

(AAa/Ap)a®(8/7)[(1 = 20%) /a/VI—a?], [ < fe/2

gcorner = )
07 f > f0/2
1 PA(1-a®)In[(1+a)/(1—-a)+2a
Tedge = 4 2 A, (1— a2)3/2 ’
c c f
Aa = 7 AC =7, = s
f fe Je

Maidanik [13] also noted that well below the critical frequency, the radiation resistance of
a clamped panel is twice that of a simply supported panel. Later Nikiforov [44] and Berry
et al. [24] showed that this conclusion is restricted to large structures or high order modes.

Typical frequency-averaged radiation resistances of baffled simply supported single-
layer panels are illustrated in Fig. 4.8. The radiation resistances of two different dimensions

of aluminum panels, 1.22 m x 2.44 m and 0.42 m x 0.84 m, were calculated. The thicknesses
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Figure 4.8: Normalized radiation resistances of baffled simple supported aluminum panels

of both panels are 6.35 mm. It is shown that the small panel has higher values of radiation

efficiency than the large panel below the critical frequency. This is because more effective

radiation areas per unit area exist in the small panel.

The acoustic-acoustic volume coupling loss factors describe the power flow between

two reverberation rooms when there are no modes excited in the structure in the frequency

band of interest.

During steady state conditions, the sound power flowing from the source room to the

receiving room due to sound transmission is,

Iy, = 71,A,, with [ :@ (4.43)
T p4ips p 4PC7
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where [, is the incident sound intensity on the structure in the source room and 7 is the

transmission coefficient of the structure. The power flow can be written in dissipation terms,
L. — E— (r*) V. 4.44
tr = rw bt = Wtrwﬁ : (4.44)

Hence, the source-receiving coupling loss factor is associated with the non-resonant trans-

mission coefficient, mr,

P 4.45
4‘/1le’11'7 ( )

m3 ="nr =

where V] is the volume of the source room.
Since mass law transmission is derived by assuming zero stiffness and damping in the
infinite structure and off resonance, then 73 can be obtained from the field incidence mass

law transmission coefficient,

1
10logy (an> = 20logy (;"p‘i) —5dB, (4.46)

where p is the surface mass density of the structure.

Sewell [20] derived the transmission coefficient due to forced vibration,

1
10log,, (an> ~ 20logy, [;"p‘i < - )] — 10log; [m (ky/4) + £ k2 A 1 —5dB, (4.47)

where w, is the critical frequency of the structure. This formula is not for lightweight panels,

and it requires, 4 > 10 kg/m?.
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Figure 4.9: Sound transmission measurements from the two-room method

4.7 Sound transmission loss

The sound transmission loss of partition can be obtained experimentally by the two-
room method. The sound power Iljo flowing from the source room to the receiving room
must equal the sound power Il; flowing back into the source room from the receiving room
plus the sound power Il,, which is absorbed within the receiving room, as illustrated in
Fig. 4.9.

H12 = H21 + Ha- (448)

The sound power, II, incident upon the surface of the partition is,

(p?)
I = A 4.49
! 4pc P ( )

where A, is the surface area of the partition between two rooms, and (p?) is the mean

square sound pressure in the source room. Likewise, the sound power incident upon the
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receiving room side of the partition is,

)
Iy = 7 A, (4.50)

where (p2) is the mean square sound pressure in the receiving room. The sound power which
is transmitted from the source room to the receiving room and the sound power transmitted

from the receiving room back to the source room are,
H12 = HlT, Hgl = HQT, (451)

where 7 is the transmission coefficient of the partition. The sound power absorbed by the
receiving room is,

(p3)
Ha == TZCAPSQOQ, (452)

where Ss is the total surface area of the receiving room and as is the average absorption
coefficient in the receiving room.

Substituting Eqgs. (4.52) and (4.51) into Eq. (4.48), yields

(p3)

1 4, ((p%> B 1) _ <pz> Ap (4.53)
2

; - SQO[Q <p > SQQQ —l—’TAp'

The energy density ratio of the transmission suite SEA model can be evaluated by Eq.

(4.14). Since the mean square sound pressure ratio is equivalent to the sound energy density
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ratio between the two reverberation rooms,

Ey/Vi _ (p})
Bo/Vs (B (4.54)

The transmission loss of the structure in a transmission suite SEA model can be esti-

mated from,

1 A, (Ey/Vq )}
- -1 4.
TL = 10log,, (T> 10log;q [53 ; (Eg/Vg ; (4.55)

where S3 is the total surface area of the receiving room. a«g is the average absorption

coefficient in the receiving room. Ssag is associated with the reverberation time of the

receiving room T3, which is related to the internal loss factor of the receiving room, ns.
The modal density of large acoustic volumes is generally approximated by the first

term of Eq. (4.15). Hence, the transmission loss can be expressed as,

TL = 10logy, [ AT (El/vl 13.7f A, (El/Vl

—1 =101 4 —1 4.56
0161V; \ B3/Vs )] Oglo[“n3n3c3 B3/ Vs )] (4.56)

Ev/mi | 20adnansns + (1305 + thraqniz)i2ne
E3/n3 nﬁadnznz + 7713(277rad +m2)ning

with,

The transmission coefficient due to non-resonant modes is,

1 Ar f 13.7Ap 1 .
I — i th = 0. 4.57
T 3 13Ny r’ Wit Trad ( )
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The transmission coefficient due to resonant modes is,

U 1377 A 20raq + [1+ (eaqnz)/ (nams)]ne

, with 13 = 0. (4.58)

- 3 2
T C Ura dn2
In the absence of structural damping, the transmission coeflicient becomes,

1_, 137F4, 2
— =47 .
T A Mpadn2 +2mam

(4.59)

4.8 Numerical results

Since most transmission loss measurements are conducted in reverberation rooms, the
reverberation times were assumed in this numerical study instead of the internal loss factors
of the two rooms. The reverberation times of two rooms were assumed to be 1.4 seconds at
all frequencies.

Two non-resonant transmission coefficients, Eqs. (4.46) and (4.47), were used in cal-
culating the sound transmission loss of an aluminum panel, panel D, as shown in Fig. 4.10.
The estimates were compared with the measured values in Ref. [18]. The material prop-
erties of the aluminum panels were assumed as, Young’s modulus £ = 70 GPa, Poisson’s
ratio v = 0.3, mass density p = 2700 kg/m?, energy loss factor Nipt = 0.001. The thickness
and the dimensions are given in Table 4.1. The volumes of the two reverberation rooms

were, 127.4 m3 [18]. The estimates using the field incidence mass law as the non-resonant
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Figure 4.10: Estimated transmission loss values of panel D

Table 4.1: Properties of aluminum panels D, F and F'
Property Panel D Panel £ Panel F
Thickness (mm) 3.175 6.35 6.35
Dimension (mxm) 1.97 x 1.55 1.22 x2.44 0.42 x 0.84

transmission coefficient are much closer to the measured values than those using Sewell’s
formula, Eq. (4.47), below the critical frequency.

The sound transmission loss values due to resonant and non-resonant modes were also
computed, as shown in Fig. 4.11. The non-resonant coupling loss factors were obtained
from field incidence mass law, Eq. (4.46). Below the critical frequency, non-resonant modes
are dominant in transmission, and above that frequency, resonant modes are substantial.

Two sets of modal densities were employed in the calculation of sound transmission

loss for honeycomb sandwich panel A. The predictions of sound transmission loss are shown
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Figure 4.11: Resonant and non-resonant modes on the sound transmission loss of panel D

and compared with the measured values [6]. The properties of panel A are given in Table
3.1. The internal loss factor was assumed to be 7;,, = 0.03. The volumes of the two rooms
were taken as 100 m?3.

The theoretical radiation resistances for sandwich panels are not readily available.
From the previous chapter, the critical frequency of panel A is near to 200 Hz, and the
radiation resistance is independent of the wave number for structures above the critical
frequency, then the radiation resistances of sandwich panels are only associated with the
critical frequencies above that frequency. The predictions using SEA were computed from
250 Hz, above the critical frequency. Both predictions using SEA produced similar values of
sound transmission loss, the difference between them is noticeable above 2000 Hz, as shown

in Fig. 4.12. Since the approximate modal density function overestimates modal densities
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Figure 4.12: Estimated sound transmission loss values of panel A

at high frequencies, as shown in Fig. 4.6, the estimated sound transmission loss values
are smaller than those using the modal densities derived from the sixth-order governing
equation.

The effects of dimensions of panels and volumes of rooms on sound transmission loss
were studied, as illustrated in Fig. 4.13. The volumes of the large rooms were 127.4 m?, and
52 m? for the small rooms. Both panels are made of aluminum, and have the same material
properties as those of panel D. The thicknesses and the dimensions are given in Table 4.1.
Two panels with the identical thickness, then yields the same surface mass density and
critical frequency. The sound transmission loss predictions from SEA are insensitive to the

size of the panels and the volumes of the rooms above the critical frequency. The sound
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Figure 4.13: The effects of dimensions of panels and volumes of rooms on sound transmission
loss

transmission loss predictions for the panels reduces with decreasing the size of the panels

or increasing the volumes of the rooms below the critical frequency.

4.9 Conclusions

It is shown that for lightweight panels, the SEA model using non-resonant coupling
loss factor associated with the field incidence mass law generates better results than the
model using Sewell’s formula. For sandwich panels with stiff cores, anti-symmetric motions
dominant in the frequency range of interest, SEA produces reliable sound transmission
loss estimates above the critical frequency. The derived modal density of a traditional

honeycomb sandwich panel was found to be one half of the approximate modal density
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that was obtained from a fourth-order governing equation, which yields a 2 dB difference
in the sound transmission loss. SEA produces similar sound transmission loss estimates for
single-layer panels made of the identical material and with the same thickness above the
critical frequency. Below that critical frequency, the estimates depend on the dimension of

the panels and the volumes of the rooms.
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CHAPTER 5

BOUNDARY ELEMENT ANALYSIS

5.1 Introduction

For a baffled planar structure, boundary element analysis has the advantage over finite
element analysis of avoiding the discretization of the fluid domain. Thus it is efficient
for solving exterior interactions, where the fluid occupies an unbounded domain. Three-
domain, fluid-structure-fluid systems have been modeled as coupled systems [32, 34, 46|
and uncoupled systems [33, 35, 45]. The uncoupled approach assumes that the structure is
rigid, and that the external load of the structure is only associated with the sound pressure
in the incident and reflected waves at the interface. The coupled approach considers the
effect of the sound pressure in the radiated waves at the interfaces.

In this chapter, finite element models of sandwich structures are reviewed and some
simulation results from MSC Nastran are compared with the exact solutions from the classic
analysis. The concepts of boundary element analysis are introduced. The coupled boundary
element analysis model for fluid-structure-fluid systems is discussed. A computer program in
MATLAB language is developed to compute the sound transmission loss of a baffled simply
supported aluminum panel. The estimates of sound transmission loss for the aluminum
panel from a sound transmission loss model in a commercial boundary element analysis

software, LMS SYSNOISE, are provided and compared with the results from the computer
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program. Finally, a coupled boundary element analysis model for the sound transmission

loss of three-layer symmetric sandwich panels is presented.

5.2 Finite element analysis models for sandwich structures

The displacement compatibility over the entire interfaces between the core and the face
sheets is required for modeling of sandwich structures. Some authors have developed finite
element programs for sandwich beams [35, 49], while others presented modeling methods
using commercially available finite element analysis softwares [48]. Finite element programs
for sandwich beams follow the same procedure for the development of the governing equation
for transverse motion of three-layer sandwich panels described in Sec. 3.2. The face sheets
are treated as elementary bent plates. The mid-plane displacements of the face sheets and
the displacements of the core are assumed to satisfy the displacement compatibility over
the face sheet-core interfaces.

Earlier finite element methods implemented with MSC Nastran required four layers of
nodes and extensive constraint equations to achieve the proper bending-shearing behavior of
a three-layer sandwich structure [47]. Johnson and Kienholz [48] proposed a finite element
model for sandwich structures with viscoelastic cores using only two layers of nodes, as
illustrated in Fig 5.1. The face sheets are modeled with plate elements, such as CQUAD
and CTRIA , with two rotational and three translational degrees of freedom per node. The
viscoelastic core is modeled with solid elements, such as HEXA and PENTA, with three

translational degrees of freedom per node. The plate elements are offset to one surface of
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Figure 5.1: Finite element model for sandwich structures using MSC Nastran

the plate, coincident with the nodes of the adjoining solid elements. The plate elements are
able to account for the stretching and bending of the face sheets. The modal loss factor is

defined as,

77(7") — nv[v;}(r)/v(r)]’ (5.1)

where 7, is the energy loss factor of the viscoelastic core evaluated at the rth calculated
resonance frequency and VL(T) /V() is the fraction of elastic strain energy attributable to
the core when the structure deforms in the rth mode shape.

The sixth-order differential equation of motion formulated in terms of the transverse

displacement w, for a three-layer sandwich beam with a viscoelastic core is [23],

Ow otw 0*w 0%w 1 (0%
L g1+ Y) e+ & - = — (=L 5.2
o0 I g+ \azez “ 99 | T Dy \ae2 9 (52)
3 3 2
with D, = Eltl =+ Ejgt?)7 g= % ( 1 n 1 ) , v — [h =+ (tl + t3)/2] FEqt1 Ests
12 h Eity FEsts Dt(Eltl + E3t3)
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Table 5.1: Classic boundary conditions

Clamped w =0 Vw =0 Vow — gY V3w =0
Free VZw=0 Viw— (u/D)w*w=0 Vuw—g(l+Y)V3w— (u/D)w?*Vw =0

where G, is the shear modulus of the core, ¢ is the external load, and p is the surface mass
density.

The exact solution of Eq. (5.2), is of the form,

w = (Alefiklw_i_Azefikzx+A367ik3x+A467ik4x+A567ik5z+A667ik6w)eiwt‘ (53)

The amplitude A; can be determined from the boundary conditions [23, 50], given in Table
5.1.
For a cantilever sandwich beam, as shown in Fig. 5.2, the equations for amplitudes A;

of free transverse motion can be written in matrix form as,

bir b2 biz bia bis bis Ay 0
bar baa baz bas bos bog Ay 0
b3 bza b3z b3a b3s b3s As 0
- , (5.4)
bgr baz bz bas bas  bas Ay 0
bs1 bs2 bsz bsa bss  bse As 0
be1 be2 bez bes bes bee Asg 0
with, blj =1, bgj = —’ikj, bgj = —Z(k’? + ng'?), b4j = —k‘jze_ikjL,
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Figure 5.2: A cantilever sandwich beam with viscoelastic core (beam G)

bsj = (k;l - l‘)‘toﬂ) e "l bg; = [—ik? —ik}g(1+Y) +z‘k:jDitw2 e kil

The modal loss factor 7 is determined by the perturbation method [51],

Im(w?) 5 DikS+g(1+Y)k?
— h =t . 5.5
n Re(w?)’ where w . s (5.5)

The cantilever beam, beam G, has identical aluminum face sheets and a viscoelastic
core, the properties are given in Table 5.2. The results for beam G, as obtained from the
sixth-order equation and two finite element models using MSC Nastran, are presented in
Table 5.3. One finite element model had CQUADA4 elements offset from the solid nodes by
a half of the thickness of the face sheets, as shown in Fig. 5.1, and the other was without
reference to the surface offset. Both finite element models had 50 CQUAD4 plate elements

and 50 HEXA solid elements in the lengthwise direction, x-axis.
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Table 5.2: Properties of beam G
Property Face sheet Core
Young’s modulus (Pa) 69 x 107 2.1 x 10°
Shear modulus (Pa) 26.5 x 107 6.23 x 105

Poisson’s ratio 0.3 0.685
Thickness (mm) 1.524 0.127
Mass density (kg/m?®) 2800 970

Table 5.3: Comparisons of natural frequencies for beam G

Sixth-order Eq. Finite element model Finite element model
Mode CQUAD4 with offset CQUAD4 without offset
Natural frequency(Hz) Natural frequency(Hz) V,/V  Natural frequency(Hz)
1 63 63 0.29 39
2 291 291 0.23 241
3 735 734 0.14 675
4 1383 1381 0.08 1325
5 2249 2243 0.05 2193

The natural frequencies predicted from Johnson and Kienholz’s model and the sixth-
order equation are almost the same for the first five modes, while the finite element model

without offset predicts large differences for low order modes.

5.3 Basic concepts of boundary element analysis

A time-harmonic sound pressure field is represented by,

p(z,y, 2,t) = p(z,y, 2)e™". (5.6)

The Helmholtz equation is,

Vi +k*p =0. (5.7)
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The acoustic particle velocity is related to the normal derivative of the sound pressure as,

_ 1.0
v= o0 (5.8)

The fundamental solution to the Helmholtz equation, Eq. (5.7) in three dimensions is,

G(x,X') = (5.9)

where r is the distance between the field point x and the source point X’. The above

fundamental solution satisfies,
V3G (%, X') 4+ k2G(x,X) = —6(x, X)), (5.10)

where ¢ is the Dirac delta function.

The boundary integral equation can be found from Green’s second identity,

0G _Op\ . 2 o
/S<pan Gan) dS—/V(pV G- GV?p) av. (5.11)

Substituting the Laplacian V2p on the left-hand side of Eq. (5.7), yields

oG op\ .. o
/S<pan—Gan>dS—/V(V G+ KG)pav. (5.12)
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Equations (5.10) and (5.12) give the boundary integral representation of the sound pressure
field,

p(x) = /S apéxl) X')dS — / 8G (x X') as. (5.13)

The normal derivative of the fundamental solution is,

—ikr
oG _ ¢ (ik+ 1) or. (5.14)

on 47y r) on

For infinite regions, a far-field boundary condition is necessary to guarantee that the solution
of the mathematical problem will be a sound wave propagating from the source to infinity,

and not vice versa. This condition is called the Sommerfeld radiation condition at infinity,

Jim 7 a@ +ik| = 0. (5.15)
For larger values of r,
or 1
— - 1
8n—>1,T—>07 (5.16)
then Eq. (5.14) reduces to,
ZG +ikG = 0. (5.17)

Consider the domain V limited by an infinite rigid plane boundary, Sy, baffle, and

another boundary S, as shown in Fig. 5.3. The plane is rigid, so that total reflection occurs
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Figure 5.3: Half-space V limited by an infinite rigid plane Sy and boundary S

for waves at any angle of incidence at Sy,
v=0=9dp/on = 0. (5.18)

Then the boundary integral equation for the sound pressure field becomes,

po0 = [ X e xhas - [ pex) 29 XD

ds. 5.19
s On S+5y on (5.19)

The sound pressure p is not zero at Sy. To avoid the discretization of the infinite

boundary, the fundamental solution G has to be modified to be satisfied over Sy,

9G(x,X")

5 =0. (5.20)
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Using the method of images, the half-space Green’s function can be of the form,

e—zkn e—zkrg

G(x,X') = (5.21)

4dmry dmry

where 71 denotes the distance from x to X’ and r9 is the distance from x to X” (the image
of X’ with respect to Sp). The second term of Eq. (5.21) represents the reflected waves
due to the presence of the infinite plane S .

The normal derivative of the half-space Green’s function is,

/ : ]
0G(x,X") _ 1 (-%- zk) ik 1 (-=- “f) 3} , (5.22)

on 4 r2 on r2

where n’ is the image of n with respect to the plane Sy. For any point x along Sy, we have
ro = ri, while 9ry/On = —0ry/0n. (5.23)

Then the integral Eq. (5.19) reduces to

0

[ 0p(X)
Js on

p(x)

/
8G(X7;X ) as. (5.24)

G(x,X) dS — /S p(X')

5.4 Boundary element analysis model for fluid-structure-fluid systems

For the conventional multi-domain systems, the acoustic domains are first divided into

several subdomains, and the Helmholtz integral equation is applied to each subdomain. Two
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interface conditions, the continuity of normal particle velocity and the continuity of sound
pressure, are then enforced at the interface between two neighboring subdomains. For the
fluid-structure-fluid system, the structure involved is elastic, and the sound pressure has a
step across the interface. The fluid-structure-fluid interaction requires a slight modification
of the interface conditions. The continuity of normal particle velocity is the same as for
fluid-fluid systems, and the second condition becomes the continuity of the normal stress,
which relates the normal displacement and the stiffness and mass matrices of the structure
to the pressure step across the structure. The stiffness and mass matrices can be obtained
from the finite element analysis.

Consider a fluid-structure-fluid system, as illustrated in Fig. 5.4. An elastic panel,
occupies the domain X on the plane z = 0 in a three-dimensional space. The baffle occupies
the region ¥’ and is perfectly rigid. The two half spaces € (2 < 0) and Q9 (z > 0) contain
a fluid. The system is excited by a simple harmonic sound source, O(Q)e™?, located in
at point Q, (z, y, 2).

Let w(U) = w(z, y) be the panel normal displacement of node U, located at (x, y, 0);
p2(Q) = p2(x, y, 2z) and p1(Q) = p1(z, y, z) denote the sound pressure fields, in {2y and
O, fields, respectively. The sound pressure step ¢(Q) = g(z, y) across the panel, is defined
by,

Q(xay) = }E}% ‘pl(xa Y, _l) _p2(33, Y, l)|7 [>0. (525)
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Figure 5.4: Sound fields €21 and €25 created by a baffled planar vibrating structure

Then the sound pressure functions p2(Q) and p1(Q) satisfy the Helmholtz equation,

(V2 4+ E2)p2(Q) =0, Q € Qy and (V2 +k%)p1(Q) = 0(Q), Q € . (5.26)

At the interface, the continuity of normal stress produces,

(K — Mw?)w(U) =qU), U€x, (5.27)

where K and M are the stiffness and the mass matrix of the panel, respectively.

The continuity of normal velocity gives,

op2(U) _ Opi(U)
o = o~ P w(U), U € X. (5.28)
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where py is the mass density of the fluid, and n is the unit normal vector to the surface 3,
outward to the sound pressure field €2,.
On the baffle plane, we have,

apg(U) _ apl(U)
on on

=0and w(U) =0, U € . (5.29)

The half-space Green’s function is expressed as,

e—ikr(Q.Q) o —ikr(Q.QL)

QO =G e

(5.30)

where the coordinates of the points Q" and Q" are (2/,y/,2') and (2,1, —z'), respectively.
The structure and the baffle are coplanar. Thus, the normal derivative of the modified

Green’s function is zero along ¥. The sound pressure fields can be written as,

Pa(Q) = s [ wUGQ.UNSWT), Q € K, (5.31)

P1@) = w(Q) — oy [ w(U)GQUMSW), Q €, (5.32)

where pp(Q) is the sound pressure generated by the source and its image, in the presence

of the baffle.

Hence, we have the equation for the panel displacement:
(K — Mw?)w(U) + 2pfw2/ w(UG(U,UNAS(U") = po(U), U € %. (5.33)
p)
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The discretization by finite elements of the panel yields the matrix equation,

[K — (M + 2B)w?w = F, (5.34)

where B is the complex symmetric matrix associated with the fluid, which depends on
the wave number in the z direction, k., and F is the loading matrix acting on the plane
structure. The equation above is similar to the equation derived by Mariem and Hamdi
[32], although the factor of B is 4 in their work.

The sound pressure in the incident plane wave can be written as,

Pinc ncexpliwt — ik(zsinf cos ¢ + ysinfsin¢ + zcos )}, (5.35)

where P . is the amplitude of the source, 6 is the angle of incidence, and ¢ is the angle of
rotation. Then the wave number k in Eq. (5.30) is evaluated as kcosf.

The sound transmission coefficient is defined as,

S|

, (5.36)

where W; denotes the virtual sound power flow, which would pass through the surface of

the panel, if the panel were removed.

Pipel|?Scosf

|
W, = 5.37
207s (5.37)
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where ¢y is the sound speed in the fluid. The sound power radiated by the panel in the

semi-infinite fluid domain, W,., is given by,

W, = %Re ( /S v:‘l(U)pr(U)dS(U)> _ %Re (— /S iww*(U)pT(U)dS(U)) Ues. (539

with p.(U) = w?ps [ w(U)G(U,U")dSU").

Theoretically, modal superposition method is numerically equivalent to the direct re-
sponse method if the modal basis consists of all modes of the structure. The modal super-
position method can be used to evaluate the frequency response of the normal displacement

in the form of a linear combination of modal eigenvectors,

w=> a;{tj} = [¢¥/{a}, (539)

where {a} contains the modal participation factors, and [¢] is a matrix, whose columns are
the modal eigenvectors. Compared to the direct response method, the modal superposition
method has the advantage of allowing faster calculations once the modes are determined.

Then Eq. (5.34) can be expressed as,

([W]"[K — (M +2B)o’|[¢]){a} = [¢]"F. (5.40)
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The structural damping can be introduced by adding a fraction matrix 7,
([W]" (K1 +1in) — (M + 2B)w?|[¢]){a} = [¢]"F. (5.41)

When the modal eigenvectors are generalized with respect to mass, the following rela-
tions are obtained,
. Ni=w? i=j . 1 i=j
{vi}" K{yj} = ; and {9} M{t;} = : (5.42)
0 i#j 0 i#j
Hence Egs. (5.40) and (5.41) are only associated with the element mesh, the eigenvalues A,
and the generalized modal eigenvectors, 1.
The natural frequency f,, of a simply supported single-layer panel can be evaluated
by,

Dk* = mw?, with k2,, = (mn/l,)* + (n7/1,)?, w =27, (5.43)

where [, and [, are the dimensions of the panel. The modal eigenvectors of normal dis-

placements can be expressed as,
Gmn = Vipn sin(maz /1) sin(mmy/ly), (5.44)

where the amplitude V,,,, can be obtained from finite element analysis.
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Table 5.4: Natural frequencies and generalized modal amplitudes of panel H

From Eq.(5.43) MSC Nastran
Mode (m,n) Frequency (Hz) Frequency (Hz) Vinn
1 (1,1) 52.9 52.9 1.1414531
2 (2,1) 85.5 85.5 1.1432148
3 (3,1) 140.0 140.2 1.1461568
4 (12 178.7 179.5 1.1463532
) (2,2) 2114 2119 1.1481224
6 (4,1) 216.2 217.2 1.1502883
7 (3,2) 265.8 266.1 1.1510770
8 (5,1) 314.2 316.9 1.1556219
9 (4,2) 342.1 342.5 1.1552263
10 (13) 388.4 392.8 1.1545663
11 (2,3) 421.1 424.9 1.1563482
12 (6,1) 434.0 440.0 1.1621734
13 (5,2) 440.1 441.6 1.1605831
14 (3,3) 475.6 478.5 1.1593239
15 (43) 551.8 554.0 1.1635029
16 (6,2) 559.9 563.8 1.1671624

The generalized modal eigenvectors of a 3.175 mm thick aluminum panel, panel H,
were computed by MSC Nastran. The 0.84 m x 0.428 m panel was divided into 40 x 24
CQUAD4 elements. The generalized modal amplitudes V,,, with respect to the mass are
given in Table 5.4.

A boundary element method (BEM) computer program in MATLAB language was
developed to calculate the sound transmission loss of the aluminum panel H. The modal
supposition method was employed and the first 16 modes were included. The structural
modal damping was assumed to be constant over all frequencies. Two different structural
loss factors were examined, n = 0.001, 0.005. The frequency increment used was 1 Hz.
The calculated sound transmission loss values of the aluminum panel H for sound waves at

normal incidence are shown in Fig. 5.5.
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Figure 5.5: Calculated sound transmission loss values of the aluminum panel H for sound
waves at normal incidence using the BEM computer program

It was found that the presence of the fluid modifies the resonance characteristics of
the panel, slightly shifting modal frequencies to lower frequencies. The effect of damping
on sound transmission loss is noticeable around resonance frequencies. It is seen that the
radiated power is greater than the virtual power flow at the resonance frequencies of the
first several modes.

The specific acoustic impedance of the half-space Green’s function, Eq. (5.30), is

identical to that of a spherical wave,

ipgcrkr k22 . kr
= — . 5-45
1+ ikr pfcf<1+k:2r2+ll+k‘2r2 ( )
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Unlike the specific acoustic impedance of a plane sound wave, the specific acoustic impedance
of a spherical sound wave has both resistive and reactive components. When kr >> 1, the
specific acoustic impedance approaches pscy, the specific acoustic impedance of a plane
wave. For boundary element analysis, both the resistive and reactive components are re-
quired. The virtual sound power flow, Eq. (5.37), is defined by using plane wave concepts,
and the radiated power, Eq. (5.38), is associated with the specific acoustic impedance of
spherical waves. That may explain why the radiated sound power is greater than the virtual
sound power flow at low order resonance frequencies.

When a plane wave is normally incident on the panel, the sound pressure generated by
the source and its image on the panel, po(U), is uniform (see Eq. (5.35)). Only odd-odd
(volume displacing) modes are excited, so only odd-odd modes radiate power. It is seen
that the transmission loss curve generated by the first mode, (1,1), is much higher than the
mass law curve above its resonance frequency, and it approaches the mass law curve with
increasing frequency.

The sound pressure in a plane wave obliquely incident on the panel, depends on the
angle of incidence, 8, and the angle of rotation, ¢. Thus it should be expected that the
transmission loss of the aluminum panel will also depend on the angle of rotation, ¢. A
comparison of the sound transmission loss values of the aluminum panel H for sound waves
at oblique incidences predicted using the computer program is presented in Fig. 5.6.

When a plane wave is obliquely incident on the panel, along the z—axis direction, (¢ =

0°), the sound pressure generated by the source and its image on the panel, po(U), is constant
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Figure 5.6: Calculated sound transmission loss values of the aluminum panel H for sound
waves at oblique incidence using the BEM computer program

along the y—axis direction. Then the radiated power for odd-even or even-even modes of
the panel is quite small. Hence the resonance dips in the predicted sound transmission loss
along the z-axis direction (¢ = 0°), occur at the resonance frequencies whose y-axis mode
numbers are odd. Likewise, the resonance dips in the predicted transmission loss along the
y-axis direction (¢ = 90°), occur at the resonance frequencies whose z-axis mode numbers
are odd (see Table 5.4). Since the sound pressure generated by the source and its image on
the panel, po(U), is less sensitive to the angles of incidence and rotation at low frequencies,
the effect of angle of rotation on sound transmission loss is negligible in that region.

A commercial boundary element analysis software, LMS SYSNOISE, was also used to

calculate the sound transmission loss of the aluminum panel H. A finite element model
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database and a boundary element indirect baffled model database were defined in the soft-
ware. The element mesh, 40 x 24 CQUAD4 elements, was imported to the software as
the structural meshes for both databases and to occupy on the plane z = 0. The com-
puted eigenvectors of the first 16 modes obtained from MSC Nastran were imported to
the software as the structural modes in the finite element model database. A plane wave
source was defined in the boundary element model database at 5 m below the center of the
panel. The two databases were linked to solve the displacement of the aluminum panel.
LMS SYSNOISE does not directly calculate the radiated power of planar structures, but
it does provide an alternative method to estimate the radiated sound intensity from planar
structures, by integration of the sound power through a field point mesh, which covers the
receiver side of the structure. A hemisphere with 1 m radius was used for the field point
mesh.

Comparisons of sound transmission losses of the aluminum panel H for plane sound
waves at normal and oblique incidences calculated using the BEM computer program and
the transmission loss model in the boundary element analysis software are given in Figs. 5.7
and 5.8. In both cases, the structural damping was assumed to be constant for all modes
and the structural loss factor was assumed to be n = 0.001; the frequency increment used
was 1 Hz.

The predictions from the BEM computer program and the TL model in the boundary
element analysis software are quite similar, although there are some differences. In the

software, the velocity field is obtained by differentiation of the pressure field at the Gauss
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Figure 5.7: Predicted sound transmission loss values of the aluminum panel H for sound
waves at normal incidence
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Figure 5.8: Predicted sound transmission loss values of the aluminum panel H for sound
waves at oblique incidence
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points of the elements of the field point mesh and then extrapolation and averaging are
carried out at the nodes. Hence the estimated sound power radiated depends on the field
point mesh and the Gauss points. The estimates of radiated sound power can become more

accurate if a finer field point mesh or more Gauss points are used.

5.5 Boundary element analysis model for three-layer symmetric sandwich pan-

els

For a three-layer sandwich panel, the generalized modal eigenvectors of the normal
displacements of the face sheets can be written as,
Vinn2func(m, n, x,y,z), z>0
Pmn = : (5.46)
Vi 1func(m,n, x,y,2), z<0
These generalized eigenvectors can be obtained from the finite element model for sandwich
structures given by Johnson and Kienholz [48]. In their model, for symmetric sandwich
panels, the normal displacements of the face sheets are the same. Hence the three-layer
symmetric sandwich panel can be treated as an equivalent single-layer panel whose gener-
alized modal eigenvectors satisfy,

Uron = Vinnfunc(m,n, z,y) with V), = Vo = Vi 1. (5.47)

mn
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In the previous section, it was shown that Egs. (5.40) and (5.41) are only associated
with the element mesh, the eigenvalues A, and the generalized modal eigenvectors of the
structure. Then only the generalized eigenvectors for one face sheet of the symmetric sand-
wich panel are required in this boundary element analysis model. The sound transmission
coefficient can be computed from Eqgs. (5.36) ~ (5.38) and the sound transmission loss can
be determined with Eq. (3.41).

To verify the proposed model, the aluminum panel H was modeled as a single-layer
panel and a three-layer panel using the finite element model presented by Johnson and
Kienholz [48], t; = t2 = 0.24 mm, h = 2.195 mm. The finite element mesh of the three-
layer panel was generated in MSC Nastran, and consisted of 40 x 24 CQUAD4 elements
for each face sheet, and 40 x 24 HEXA elements for the core. The finite element mesh
of the single-layer panel consisted of 40 x 24 CQUAD4 elements. The calculated natural
frequencies and generalized amplitudes V,,,, with respect to the mass, for the clamped
aluminum panel H, are given in Table 5.5. It is seen that the two finite element models
predict almost the same natural frequencies and generalized amplitudes.

The sound transmission characteristics of the clamped aluminum panel H in the single-
layer model case and the three-layer model case were computed by using LMS SYSNOISE.
In the single-layer model case, the sound transmission loss values were obtained by using
the TL model described in Sec. 5.4. In the three-layer model case, the structural mesh used
in the boundary element analysis is not the entire element mesh that consists of CQUAD4

and HEXA elements. Only the element mesh of one face sheet, 40 x 24 CQUAD4 elements,
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Table 5.5: Natural frequencies and generalized amplitudes of the clamped aluminum panel
H

Single-layer model Three-layer model
Mode (m,n) Frequency (Hz) Amplitude V,,,;, Frequency (Hz) Amplitude V,y,
1 (1,1) 104.9 1.3873931 104.5 1.3862565
2 (2,1) 137.0 1.3394921 136.4 1.3382779
3 (3,1) 194.6 1.3268757 193.5 1.3257434
4 (1,2) 273.6 1.2870189 271.5 1.2858151
) (4,1) 277.6 1.3145773 275.6 1.3140515
6 (2,2) 304.4 1.2745483 302.1 1.2627527
7 (3,2) 357.7 1.2642025 355.1 1.3862565
8 (5,1) 385.4 1.3166149 381.7 1.3161944

was imported to the software as the structural meshes for both databases and to occupy
on the plane z = 0. Then the computed eigenvectors of the face sheet were imported to
the software as the structural modes in the finite element model database. The estimates

of the radiated sound powers were found to be almost the same for both cases.

5.6 Conclusions

The presence of fluid modifies the resonance characteristics of the structure. The
radiated sound power of a planar structure can be higher than the virtual sound power flow
near the lower order resonance frequencies. The damping increases the sound transmission
loss near the resonance frequencies. For finite single-layer isotropic rectangular panels,
the sound transmission loss also depends on the angle of rotation, ¢. The contribution of
other than odd-odd modes on the sound transmission loss for single-layer isotropic panels
is negligible for plane sound waves at normal incidence, while those can be substantial for

plane sound waves at oblique incidence. The sound transmission loss values are less sensitive
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to the damping and the angle of incidence at low frequencies. Good agreement was found
between the predications obtained from the BEM computer program and the TL model of
the boundary element analysis software.

A boundary element analysis model is presented to obtain the sound transmission
loss of three-layer symmetric sandwich panels. Only the eigenvectors of one face sheet are
required in the analysis. Hence, this incurs only a minimum increase in computation effort

relative to single-layer structures.

111



CHAPTER 6

MATERIALS AND MATERIAL PROPERTIES

6.1 Introduction

A sandwich structure consists of three or more constituents, the face sheets, the core
and the adhesive joints. The introduction of fiber composites allows the choice of a great
number of face sheet materials. The number of available cores also has increased because
of the introduction of cellular plastics. Since the material properties of composites are
very dependent on the manufacturing process, there is usually a large number of material
data for composites, especially data for fiber composites. In a few papers on sound trans-
mission through sandwich composite structures, parameters of material properties used in
predictions were determined experimentally, based on resonance frequency measurements
[6, 8]. Moore and Lyon [6] determined the core material parameters experimentally, based
on resonance frequency measurements with a layer of core material sandwiched between
rigid metal discs. Nilsson and Nilsson [8] separated the face sheets from the foam core and
simulated a free-free beam boundary condition to determine the E-moduli of the face sheets
and foam core.

In this chapter, the materials commonly used in sandwich structures are reviewed,
especially the composite materials for the sandwich structures investigated in this study.

The experimental methods used to obtain material properties of the face sheets and core
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of sandwich structures are discussed. The estimated material properties of the sandwich

structures used in this study are also presented.

6.2 Materials

“Almost any structural material which is available in the form of a thin sheet may be
used to form the faces of a sandwich panel” [52], gives a good view of material selection
for the face sheets of sandwich structures. The properties of primary interest for the face
sheets of sandwich structures are stiffness, strength, impact resistance, surface finish, en-
vironmental resistance and wear resistance. Common face sheet materials can be divided
into two main groups: metallic and non-metallic materials.

The advantages of using metal for the face sheets include high stiffness and strength,
low cost, good surface finish, and high impact resistance. The drawbacks include high mass
density and difficulty in manufacturing sandwich structures.

Most non-metallic composites offer strength properties similar to those of metals. The
manufacturing of non-metallic composite sandwich structures is much easier than the man-
ufacturing of metal face sheet sandwich structures. The most important non-metallic mate-
rials are fiber reinforced composites. Glass fibers have good mechanical and environmental
resistance properties. Their main drawbacks are that their elastic moduli are fairly low and
their mass densities are higher than those of other reinforcements.

Aramid fibers made from aromatic polymid, have low mass densities, and high stiffness

and high strength properties. It is difficult to machine aramid fibers, however, because
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of their extremely wear resistance. Graphite fibers are built-up from long carbon-carbon
molecular chain yielding very strong fibers. Graphite fibers are among the strongest and
stiffest composite materials when they are combined with matrix systems to produce high-
performance structures. Graphite fibers have a low coefficient of thermal expansion, and
good friction properties. Their main drawbacks are their high cost and relatively brittleness.

Common composite face sheet material forms can be divided into two main groups,
laminate and textile structures. Textile structures include unitapes and 2-D woven fabrics.
Unitapes have maximum structural properties in the fiber direction, while they are much
poorer in the direction transverse that in the fiber direction. 2-D woven fabrics are more
expensive than unitapes, however the lay-up lab requirements are reduced in manufacturing
operations. Common 2-D woven fabrics include unidirectional fabrics, plain weave fabrics
and satin weave fabrics. Among them, plain weave is the most stable construction and has
minimum slippage. The strength is uniform in both directions. A laminate is a stack of
lamina comprised of a layer of fibers in a matrix. The rule-of-mixtures is used to estimate
the properties of a lamina [62]. Classical lamination theory is applied to calculate the
properties of a laminate.

Core materials are of the same importance as the face sheet materials and the least
knowledge exists about their properties. Cores in sandwich structures can be divided into
two main groups, honeycombs and foams. The properties of primary interest of the core
include mass density, shear modulus, shear strength, stiffness perpendicular to the face

sheets, thermal insulation and acoustic insulation.
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Figure 6.1: Commonly used cell configurations for honeycomb core materials (a) hexagonal
(b) square (c) over expanded hexagonal (d) flex

Figure 6.2: Manufacture of honeycomb cores - corrugating (top) and expansion (bottom)
processes

Honeycomb core materials have been developed and used primarily in aerospace ap-
plications. Honeycomb materials can be manufactured with a variety of cell shapes. The
commonly used cell configurations for honeycombs are shown in Fig. 6.1.

The manufacture of honeycombs is conducted in two different ways, as illustrated in
Fig. 6.2. The corrugating process requires that pre-corrugated metal sheets are stacked
into blocks and bonded together. When the adhesive has cured, blocks with the required
thickness can be cut from the stack. The corrugating process is usually used for high density

metal honeycombs.
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The expansion process begins with the stacking of thin plane sheets of the web material
on which adhesive node lines have been printed. When the adhesive has cured, the honey-
comb block may be expanded by pulling in the W —direction until a desired cell shape has
been achieved (see Fig. 6.1). Metal honeycombs are cut into the desired thickness prior to
expansion, and when expanded they retain their shapes since the material yields plastically.
Non-metallic materials, such as impregnated fiber mats or paper, are heat treated after
expansion to retain their shapes. Then the materials are dipped in resin, which is cured in
an oven. After this process is completed, the core is sliced.

Due to the manufacturing methods involved, most honeycombs have not only different
out-of-plane properties but also different in-plane properties from each other. Honeycombs
have excellent mechanical properties. These include very high stiffness perpendicular to
the plane, and the highest shear stiffness- and strength-to-weight ratios of all available core
materials. Their main drawbacks are high cost and difficult handling during lay up of
sandwich element.

Gibson and Ashby [53] derived an expression for the out-of-plane shear moduli of regular

hexagonal honeycomb cores,

Grr = Gwr = 115Gt/ s, (6.1)

where ¢ is the cell wall thickness, s is the diameter of a circle inscribed in the hexagonal

cell, and Gy is the shear modulus of the cell wall material. In practice, regular hexagonal
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honeycomb cores have double cell walls in the L-direction due to their manufacture (see

Fig. 6.1). Then the shear modulus estimation is modified to [54],

GLT = 4tGS/(3S), GWT = 16tGS/(3OS). (6.2)

For square cells the shear moduli are [54],

Grr = Gwr = tGs/s. (6.3)

Foams do not offer the same high stiffness- and strength-to-weight ratios as honey-
combs. Foams can be manufactured from a variety of synetheticpolyers and are generally
less expensive. Foams offer high thermal insulation and acoustical damping. The foam
surface is easy for bonding. The manufacturing operation of sandwich elements with foams
is much easier than that with honeycombs.

Polyurethane (PUR) foams have low thermal conductivity, very good insulation prop-
erties and poor mechanical properties. PUR foams are probably the least expensive of all
available core materials. That PUR foams can also be foamed in-situ gives an integrating
manufacturing in conjunction with the manufacturing of the sandwich elements.

Polystyrene (PS) foams have good mechanical and thermal insulation properties, and
they are low cost. Their main drawback is their sensitivity to solvent. Polyvinylchloride

(PVC) foams are the most frequently used foams and they have quite good mechanical
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Figure 6.3: The face sheet (a) and core (b) materials of sandwich structures in this study

properties. Polymethacrylimide (PMI) foams have the best mechanical properties and are
more expensive than other foams.

All sandwich structures tested in this study have plain weave fabric-reinforced graphite
composites as the face sheet materials, and PUR foam-filled paper honeycombs as the core
materials. The combination of PUR foam and honeycomb materials gives the core the
advantage of possessing both foam and honeycomb properties, a high shear modulus, and

a large bonding area.

6.3 Measurement methods for materials

Moore and Lyon [6] estimated the honeycomb stiffnesses from resonance frequency
measurements on a test sample consisting of a thin layer of honeycomb sandwiched between
rigid metal disks. They found that such tests gave values for the main diagonal axial
stiffnesses C11, Cao, Cyq4 and C55. The off-diagonal stiffnesses Ci3, Ca3, and Cio were

arbitrarily assumed to be equal to 0.1 times the softer of the axial stiffnesses.
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Nilsson [8] simulated a free-free beam boundary condition by suspending a beam by
strings. The beam was excited by an impact in a direction perpendicular to the plane of the
beam. The loss factors were derived from half-power bandwidth measurements for various
resonances.

In this study, a free-free beam boundary condition was simulated in two ways. In one
case the beam was excited with white noise by a shaker mounted at its center. Since the
force is applied at the center of the beam, then the center can be considered approximately
as a node of the standing waves. It is expected that only odd modes of the beams are
excited successfully. In the other case the beam was suspended by strings at the two ends.
The beam was excited by an impact in a direction perpendicular to the plane of the beam.
In both cases, the response functions were measured by an accelerometer mounted on the
beam. The modal loss factors were derived from half-power bandwidth method at various
resonances determined from the response function measurements.

In order to verify the hypotheses concerning free-free boundary conditions, a 61 cm
long, 2.54 mm wide, 6.35 mm thick, aluminum beam was excited in both ways. The
admittance-frequency response functions of the aluminum beam for two cases are shown in
Figs 6.4 and 6.5.

It is seen that the even modes are suppressed when the beam is excited by a shaker
mounted at the center. The resonance frequencies of odd modes are slightly lower than

those obtained from the impact set-up. There is more noise in the impact system than in
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Figure 6.4: The frequency response function of the aluminum beam for the shaker set-up
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Figure 6.5: The frequency response function of the aluminum beam for the impact set-up

the shaker system. The measured resonance frequencies and loss factors of the aluminum
beam are given in Table 6.1.

The natural frequencies of a free-free single-layer beam are,

The exact natural frequencies were computed by assuming E = 70 GPa, p = 2700kg/m?.
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Table 6.1: Measured resonance frequencies and loss factors of the aluminum beam
Mode 1 2 3 4 5 6 7 8
Shaker f (Hz) 83 442 1102 2060
(%) 1.8 0.21 0.1 0.04
Impact f (Hz) 88 244 476 789 1174 1642 2178 2798
(%)
(

1.15 0.41 0.22 0.12 0.1 0.09 0.06 0.05
Exact f (Hz) 89 246 483 790 1192 1665 2216 2847

The resonance frequencies obtained from the impact set-up are all within 2% of the
predicted values, when a free-free boundary condition is assumed. The resonance frequencies
obtained from the shaker set-up are within 9% of the predicted values for the same condition.
The two set-ups give the similar modal loss factor values, of the order 0.1%, except in the
low frequency region. The experimental loss factor includes both the internal loss in the
structure and the loss at the boundaries of the structure element in the low frequency region.

This fact may explain the high values of the first few modal loss factors.

6.4 Experimental resonance frequencies of sandwich beams

Honeycomb materials have different stiffnesses in planes perpendicular and parallel to
the direction of the cells. It was assumed that the cells of the honeycomb are aligned
perpendicular to the plane of the sandwich structures in this study. Most foam cores are
only moderately anisotropic and have fairly similar in-plane properties. Thus the foam-filled
honeycomb cores were assumed to be orthotropic.

Measurements were performed on beams representing the two main in-plane directions
of the panels. For materials tested in two directions of the structure, the results are assigned

subscripts = or y to indicate the orientations of the beam. Test samples in the form of beams
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Table 6.2: Properties of the sandwich beams
Face sheets Core
Beam Length Width Thickness Density Thickness Density

(m) (em)  (mm) (kg/m®)  (cm)  (kg/m?)

I 114.3 3.0 0.33 1900 0.635 160
1, 53.3 3.2 0.33 1900 0.635 160
Iz 103.8 3.2 0.50 1600 0.635 160
Jy 54.5 3.2 0.50 1600 0.635 160
K, 101.6 4.4 0.50 1600 1.27 120
K, 53.0 4.1 0.50 1600 1.27 120
L, 104.8 3.2 0.33 1900 2.54 70
L, 54.9 3.5 0.33 1900 2.54 70

were cut out from four symmetric composite sandwich panels. The configurations are given
in Table 6.2. The estimated densities of the face sheets include the density of the plain

weave fabrics and the adhesive. The sandwich structures were assumed to be homogenous.

Beams I, I,, J, and J, have the same foam-filled honeycomb core. Beams J;, J,
K, and K, with two layers of plain weave fabrics for each face sheet were treated as three-
layer sandwich structures. All sandwich beams are lightweight, ~ 3 kg/m?. In order to
minimize effects of mass loading, an Endevco model 22 piezoelectric accelerometer, mass
of 0.14 g, was employed to measure the responses of the beams. For each test specimen,
the measurements were repeated several times. The resonance frequencies of all sandwich
beams were obtained by using the impact method discussed in the previous section. The
admittance-frequency functions of all eight beams are shown in Figs. 6.6 ~ 6.13.

For sandwich beams I, J, and K, at least the first 10 modes can be identified, and

for sandwich beams I, J, and K,, the first six modes can be identified, corresponding to
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Figure 6.8: The frequency response function of beam J,
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Figure 6.10: The frequency response function of beam K,

[dB/1.00 {{m/s3/N)s] Frequency Responee H2{Accelemtion,Froce) - Input (Magnitude)
Working : Input : Input : FFT Analyzer —
0
20 },\
a0 Y N L \\ / e ...m..‘\ f_Ju
€0 /" \w’/
0 200 400 600 800 1k 1.2 14 EH“; 1.8 F- 3 & 24 26k 2.8 3k 3.3{‘
)

Figure 6.11: The frequency response function of beam K,
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frequencies up to 2 kHz. While for beams L, and L, only a few resonant modes can be
registered. The modal loss factors of beams I, J;, I, and J, are similar, of the order 1%,

as shown in Fig. 6.14. The modal loss factors of beams K, and K, are about 2% around

1200 Hz, as

The effects of the mass loading of the accelerometer on the frequency response function
were also investigated. Both a laser Doppler vibrometer and an accelerometer were employed
to measure the response of a light single-layer beam, ~ 1.9 kg/m?. The beam was excited

with white noise by a shaker mounted at its center. The length, width and thickness of the
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Figure 6.13: The frequency response function of beam L,

shown in Fig. 6.15.
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Figure 6.14: Loss factors of beams I, I,,, J, and J,

beam are 61 cm, 2.54 cm, and 6.35 mm, respectively. The frequency response functions of
the beam are shown in Fig. 6.16.

The frequency response functions of the two transducers are seen to be similar. The
resonance frequencies measured by the accelerometer are slightly lower than those measured
by the laser vibrometer. The laser vibrometer and the accelerometer all require some mass
to be attached the beam. The mass of the accelerometer is 0.14 g, while the mass of the
metal piece needed for the laser vibrometer measurement is much smaller. There is about
5 dB difference between the measured amplitudes of the two frequency response functions.
The modal loss factors were determined by the half-power point method. The resonance

frequencies and modal loss factors are given in Table 6.3.

126



Loss factor (%)
>
L

*
06 Il Il Il I Il I Il
0 200 400 600 800 1000 1200 1400 1600

Frequency (Hz)

Figure 6.15: Loss factors of beams K, and K,

Admittance vs. Frequency

0 T T T T T T
| 500 1000 1500 2000 2500 3000
-10'b.
20 ﬂ Laseerbrometer_
— ’\ Accelerometer
i ]
iV |
E
E-40 'D‘
NIRRT WA WA
w -50
> ol \
-60 "
. V4
-80

Frequency (Hz)

Figure 6.16: The frequency response functions of the aluminum beam
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Table 6.3: Resonance frequencies and modal loss factors of the beam
Laser f(Hz) 67 182 352 580 859 1193 1582 2486 3020
vibrometer  n(%) 42 32 26 27 ~22 ~18 ~19 ~20 ~20
Accelerometer f(Hz) 67 180 350 580 856 1188 1577 2482 3002
n(%) 3.0 28 26 2.7 26 3.5 2.8 3.9 ~ 3.1

The effect of mass loading of the accelerometer on the resonance frequencies of the
beam was found to be negligible. The resonance frequencies measured by the accelerometer
system are all within 1% of those obtained by the laser system. The laser system has more
noise than the accelerometer system, and it cannot provide precise resonance frequencies

and modal loss factors except at low frequencies.

6.5 Material properties of sandwich panels

The well known sixth-order governing differential equation of transverse displacement
for a sandwich beam was originally developed by Mead and Markus for sandwich beams
with viscoelastic cores [23]. In general these beams have thin cores, which are different
from the sandwich structures examined in this study. Nilsson and Nilsson [37] developed a
sixth-order governing equation for symmetric sandwich beams with thick honeycomb and
foam cores, which includes rotatory inertia effects of the face sheets and core. They assumed
that the total transverse displacement w of a honeycomb sandwich is primarily caused by

bending, shear and rotation in the core, as shown in Fig. 6.17.

Ow/0x = [+ 7. (6.5)
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vy

Figure 6.17: Transverse displacement caused by (a) bending and (b) shear

The differential equation governing w, 3 and -y is determined using Hamilton’s principle.
The total potential energy of a honeycomb sandwich beam is assumed to be caused by pure
bending of the entire beam, bending of both face sheets and shear in the core. The kinetic
energy of the honeycomb sandwich beam is due to the transverse motion of the beam and
the rotation of a section of the beam.

Then the equation governing w can be written as,

w  2Ds A%w 2Dy I,Gc.h *w *w pw 0%w
<M+ D, Dy ) +Ge

925 Dy Posi0r oot 922012 921 T D, o2

4 2 2
I, aw:_< 2D2>@q Geh 1, 0°q (6.6)

22 D 17T Dy o

, Esh3 h2t , 213 peh® h2t , 2t
th Dy = By —+h*+= |, I,= — + ht? + =
with Dy 12+1<2+ tg =yt | 5 H AT

Et? t\?
Dy= S0 n=2pt + o, Go=Ga (14 1)

where h and ¢ are the thickness of the face sheets and core, respectively. The mass densities

of the face sheets and the core are p; and p,., respectively.
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Assuming w = Zj Aje"“’te*ikjw, and allowing the external load ¢ to equal zero, the
wave number k; must satisfy the following expression,

2D, 2D, I,G.h uGeh I
2Dk +( Goh — =21 2) /<;4—( el f’) B2 2P 0t = 0. (6.7
2 —i—( D, W o+ D1u+ D, w D, w—l—Dl,uw (6.7)

Nilsson and Nilsson presented the boundary conditions, given in Table 6.4, in terms of
w, and 3. It was shown that § can be expressed in a similar way to w, 8 =3, Bjei“’te_ikj””,
and it must satisfy the following equation,

9% Pw 93 *p Ow
“Diga 20 (a—ax g~ Geh (g —5) =0 (65)

Then the amplitude B; can be determined as a function of A;,

B 2Dok? + Gehk; ax 60
(D4 2D)k? + Geh — Lw? T (6.9)

Since both composite face sheet and core materials have losses, the damping is intro-

duced by a complex F-modulus,

E = Er(1+1in), where Ep is real. (6.10)
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Table 6.4: Basic boundary conditions
Clamped w =0 6=0 Vw =20

Free V2w=0 VB8=0 D28 =1,28

For a free-free boundary sandwich beam, the six boundary conditions in combination

with Eq. (6.9), yield the equations for A;, which written in matrix form are,

bir b2 biz bis bis bis Ay 0
bat baa baz bas bas bos Ay 0
b31 b3z b3z b3s b3s b3e As 0
= , (6.11)
bar baz baz baa bas bae Ay 0
bs1 bs2 bsz bsa bss  bse As 0
be1 be2 bez bes bes bee Asg 0

with blj = —]{}]2, bgj = —ik‘ij, bgj = DlX]k‘? — IpXjuJQ, b4j = —kijze_ikjL,

b5j = —iijje_ikjL, bﬁj = (DlXijQ- — IpXjWQ)e_ikjL.

The material properties of the face sheets and cores of the sandwich structures tested
in this study were estimated using Eqgs. (6.7) and (6.11), based on the experimental data
for free-free sandwich beams. It is well known that the motion of sandwich structures is
primarily determined by the face sheets at low frequencies. Thus the E-moduli of the face
sheets can be estimated from the first several resonance frequencies. Then the G-moduli of

the cores can be estimated from the higher modes. Since only the first few modes can be
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Table 6.5: The estimated moduli of sandwich panels I, J, K and L
Sandwich panel I J K L
Face sheets FE, (GPa) 32 49 39 32
E, (GPa) 34 49 39 24
Cores Gz (MPa) 100 90 100
Gy. (MPa) 150 140 60

identified for beams L, and L,, the shear moduli, G, and G, of the core of panel L can’t
be determined from measurements. The material property parameters were assumed to
be constant for all frequencies. Then the estimated main material properties for sandwich
panels I, J, K and L are given in Table 6.5.

The resonance frequencies of sandwich beams are insensitive to the core F-modulus
perpendicular to the plane, which was assumed to be 2.3 times the stiffer out-of-plane shear
modulus of the core. Based on the estimated material properties of the face sheets and the
cores, the predicted natural frequencies obtained from the models of Nilsson and Nilsson
[37], Mead and Markus [23] (MM), Johnson and Kienholz [48] (FEM) are given in Tables 6.6
~ 6.11. The FEM model had 60 CQUAD4 plate elements and 60 HEXA solid elements in
the lengthwise direction, z-axis. Poisson’s ratios were assumed to be 0.15. The off-diagonal
stiffness constants C13, Cs3, and C1s were arbitrarily assumed to be equal to 0.1 times the
softer of the axial stiffness constants.

The predicted resonance frequencies are seen to agree well with the measured resonance
frequencies. The modal frequencies predicted from governing equations, the models of
Nilsson and Nilsson, and Mead and Markus, are similar, then the effects of the rotatory

inertia of the face sheets and core on modal frequencies are negligible for the sandwich
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Table 6.6: The modal frequencies of beam I,

Mode 1 2 3 4 5 6 7 8 9 10
Nilsson (Hz) 28 77 149 245 361 498 652 823 1009 1208
MM (Hz) 28 76 148 243 359 494 648 819 1004 1203
Johnson (Hz) 28 76 149 243 360 495 650 821 1007 1207
Measured (Hz) 27 74 143 238 353 486 639 808 992 1189
Mode 11 12 13 14 15
Nilsson (Hz) 1418 1638 1867 2103 2345
MM (Hz) 1413 1633 1862 2098 2340
Johnson (Hz) 1419 1642 1875 2116 2366
Measured (Hz) 1400 1622 1852 2085 2331
Table 6.7: The modal frequencies of beam I,
Mode 1 2 3 4 5 6 7
Nilsson (Hz) 133 360 690 1109 1601 2152 2748
MM (Hz) 131 356 684 1100 1591 2141 2738
Johnson (Hz) 131 357 685 1103 1596 2150 2750
Measured (Hz) 126 353 683 1096 1586 2132 2720
Table 6.8: The modal frequencies of beam J,
Mode 1 2 3 4 5 6 7 8 9 10
Nilsson(Hz) 48 132 253 407 589 794 1017 1254 1501 1755
MM (Hz) 48 130 250 403 584 788 1010 1246 1492 1746
Johnson(Hz) 48 131 252 406 588 793 1016 1254 1504 1761
Measured(Hz) 47 131 251 404 583 781 999 1224 1460 1702
Mode 11 12
Nilsson (Hz) 2015 2278
MM (Hz) 2005 2268
Johnson (Hz) 2026 2296
Measured (Hz) 1950 2195
Table 6.9: The modal frequencies of beam J,
Mode 1 2 3 4 5 6
Nilsson (Hz) 177 474 888 1389 1949 2548
MM (Hz) 176 472 886 1387 1949 2549
Johnson (Hz) 177 472 885 1386 1947 2549
Measured (Hz) 177 467 877 1372 1929 2477
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Table 6.10: The modal frequencies of beam K,

Mode 1 2 3 4 ) 6 7 8 9 10

Nilsson (Hz) 81 219 416 661 943 1253 1582 1924 2275 2630
MM (Hz) 80 216 411 655 936 1245 1574 1917 2268 2624
Johnson (Hz) 80 217 413 657 941 1254 1589 1939 2300 2671
Measured (Hz) 79 216 413 651 919 1216 1536 1987 2230 2592

Table 6.11: The modal frequencies of beam K,

Mode 1 2 3 4 ) 6

Nilsson (Hz) 285 707 1218 1759 2300 2845
MM (Hz) 283 704 1216 1758 2305 2847
Johnson (Hz) 284 708 1227 1780 2343 2904
Measured (Hz) 281 702 1227 1757 2277 2727

structures tested in this study. The difference of the predictions between the FEM model

and the other two models is larger for thick sandwich beams than for thin sandwich beams.

6.6 Conclusions

The main material moduli of composite sandwich panels have been determined exper-
imentally from data for free-free sandwich beams. The predicted natural frequencies were
found to agree well with the measured resonance frequencies. Due to the small mass, 0.14
g, the effect of mass loading of the accelerometer on the measured resonance frequencies

of the sandwich beams was found to be negligible. The modal loss factors of the sandwich

beams are much higher than that of the aluminum beam, about 10 times.
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CHAPTER 7

DYNAMIC PROPERTIES OF COMPOSITE SANDWICH PANELS

7.1 Introduction

The parameters that are used in statistical energy analysis to describe the dynamic
behavior of a structure are the modal density, internal loss and coupling loss parameters
of the structure. The accuracy prediction of response using SEA greatly depends on an
accurate estimate of the three parameters.

In principle the modal density can be obtained by exciting the structure with a sinu-
soidal force of varying frequency and counting the number of modes that are excited in each
frequency band. However, the mode count method is not suitable for structures that have a
high modal density and a high modal overlap or those with heavily damped modes present.
Because of these reasons, the point mobility technique, described by Cremer et al. [42] is
a more suitable method for measuring modal densities. The accuracy of this technique is
critically dependent on the reliable measurement of force and velocity.

Two common direct experimental techniques for obtaining internal loss factors are 1)
the half-power bandwidth method and 2) the envelope decay method. Only the internal
loss factors of the non-overlapping modes can be obtained from the half-power bandwidth
method. For SEA applications, the primary property of interest is the band-averaged loss

factor not the modal loss factor. The envelope decay method is based on the logarithmic

135



decrement of the transient structural response, which is obtained from measurements of the
decay of the vibration after the excitation is cut off. The steady state power flow method
is an indirect approach to experimentally obtain the band-averaged loss factor.

Most experiments used to measure the loss factor of a structure have been conducted
in air. In such cases, the loss factor reported is the total loss factor, which includes the
radiation loss factor.

In this study, modal densities, internal loss factors and radiation loss factors of four
composite sandwich panels were estimated experimentally. The dimensions of all four panels
are the same, 1.12 m x 0.62 m. A three-channel spectral analysis was employed to obtain
the point mobilities of the sandwich panels. The modal densities of the composite sandwich
panels were experimentally determined with the spectral mass correction method. The total
loss factors of the panels were evaluated by using the power flow method. The experimental
radiation loss factors of the unbaffled and baffled composite sandwich panels were compared

with the theoretical estimates.

7.2 Experimental modal densities

The modal density of a structure can be obtained from the measurement of the spatially

averaged point mobility frequency response function [42],

n(f) = 4MpRe[Y (f)]; (7.1)
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where Y (f) = V(f)/F(f) is the driving point mobility of the structure at frequency f, and

M, is the mass of the structure. The band-averaged modal density is given by,

n(f)= a7 [ MRV df. (7.2)

In the conventional two-channel spectral analysis, the point mobility is determined by

the cross-spectrum of the force, and velocity and the auto-spectrum of the input force,

_ va(f)
Gyr(f)

Y (f) (7.3)

For lightly damped systems, the driving force at resonance is very small, Gf¢(f) — 0. Any
feedback due to exciter-structure interaction can produce bias error which can sometimes
result in negative peaks [55].

In the three-channel spectral analysis, the point mobility is determined by using the

relation,

Y(f) = . (7.4)

where G, (f) and G¢(f) are the cross-spectra between the original input and the measured
velocity, and the original input and the measured force.

Mass corrections must be considered when making any frequency response measurement
on a lightweight structure. In the case of point mobility measurements, there will always be

some added mass between the force gauge of the impedance head and the structure. The

137



added mass will corrupt the force measurement because some portion of the force measured
is used to drive against the inertial resistance of the added mass.

The point mobility measurement can be corrected for the mass loading effect as follows,

AR (TS 7 { . C— (7.5)
F. F,—-MA, 1—iwMV,/F, 1—iwMY,

where A, and F}, are the acceleration and force measured by the impedance head, V,, and
Y, are the measured velocity and point mobility, £, and Y, are the corrected force and point
mobility, respectively. M is the added mass between the force gauge and the structure.

The added mass M can be evaluated by adding the manufacturer’s specifications for
the mass below the force gauge to the mass of the attachment components or by measuring
the point mobility of the added mass attached to the impedance head when it is separated
from the structure. The first correction method is termed as the measured mass method.
The second correction method is termed as the spectral mass method.

Hence, the real and imaginary parts of the corrected point mobility are,

B Re(Y,)
Re(Ye) = G oM TV )2 + M Re(V, )2 (7.6)
_ wM{[Im(Y;n)]? + [Re(Ym)]?} + Im(Y;)
fm(¥e) = 1+ wMIm(Y;,)]? + [wMRe(Y,)]? (7.7)

In this study, the modal density of a sandwich panel was obtained by averaging the

modal densities measured at four randomly chosen points on the panel. The point mobility
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Figure 7.1: Set-up for the modal density and loss factor experiments

was measured at each position with a B&K impedance head type 8000 that was attached
to a B&K vibration exciter type 4809 by a stud. The impedance head was attached to the
panel with wax. The sandwich panel was suspended by strings and excited by a conventional
electrodynamic shaker with a broadband random force, as shown in Fig. 7.1. The measured
inertance of the added mass between the force gauge and the panel is between 860 (m/s?)/N
and 960 (m/s?)/N in the frequency range of 200 Hz ~ 5600 Hz, as shown in Fig. 7.2. Then
the effective dynamic mass of the added mass is between 1.06 g and 1.14 g, which is slightly
smaller than 1.2 g, the mass below the force gauge of the impedance head specified by the
manufacturer.

The frequency analysis bandwidths chosen were one-third octave and a constant band-
width of 400 Hz. The first is consistent with most previous work and the second is chosen

to have at least five resonance frequencies in each analysis band. The frequency analysis
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Figure 7.2: The inertance of the added mass

resolution was chosen to be 1 Hz. Four composite sandwich panels with foam-filled honey-
comb cores, panels I ~ L, were investigated. The dimensions of the four panels are given
in Table 6.2.

The measured point mobility of panel J at one location using the three-channel spectral
analysis is illustrated in Fig. 7.3. It was found that only slight differences between the
measured point mobilities of all four panels obtained by the two-channel and three-channel
spectral analyses exist at very low frequencies.

The modal density estimates without mass correction, as shown in Fig. 7.4, only
provide a reasonable approximation at low frequencies, where the effect of the added mass
is negligible. The theoretical modal density predictions were derived for simply supported
panels. The theoretical predictions were obtained from 1) Mead and Markus’s sixth-order

governing equation by following the procedure that is described in Sec. 4.4, and 2) a reduced
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Figure 7.3: The measured point mobility of panel J using the three-channel spectral analysis
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Figure 7.5: Modal density estimates for panel J with mass correction

fourth-order governing equation, by use of Eq. (4.22). It was found that both equations
produce the same modal density values for all four panels at frequencies below 6000 Hz.

The modal density estimates for panel J with mass correction, agree with the theoret-
ical predictions as shown in Fig. 7.5. The modal density estimates for the other panels, I,
K and L are shown in Figs. 7.6 ~ 7.8.

Since Mead and Markus’s sixth-order governing equation was developed for sandwich
beams or isotropic sandwich panels, and panels J and K have similar stiffness constants
along the two main in-plane directions, as shown in Table 6.5, then the modal density
estimates for these two panels are closer to the theoretical predictions than those for panel
I are. The core shear modulus of panel L could not be determined from the resonance

measurements. So the theoretical modal density predictions were computed by assuming
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Figure 7.8: Modal density estimates for panel L with mass correction

that the equivalent shear moduli are 30 MPa and 40 MPa, respectively. The theoretical
values imply that the modal density of panel L is insensitive to the core shear moduli at

frequencies below 1000 Hz.

7.3 Experimental total loss factors

Unlike modal densities, theoretical expressions for loss factors of structures are not
available. The loss factor of a structure can be obtained from the measurement of the force
supplied to the structure and the spatially averaged square velocity produced. In steady

state conditions, the average power input is equal to the average power dissipated, and then
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the average loss factor is,

 FRe(Y)
"= MR (D) on ] (7:8)

Thus the band-averaged loss factor is,

1 [ F2(t)Re(Y)

") =27 ) MR @)ens

df. (7.9)

As discussed in the previous section, the force measurement can be mass corrected as

follows,
FC:Fm—MAm:Fm—inYCFC:FC:Fim, (7.10)
14+ iwMY,
_ 2
then, F? = = wMIm(Y;)]?m—i— MRe(V, ) (7.11)

In the case of the measurement of high frequency vibration of lightly damped structures,
considerable care should be taken when using an accelerometer because of the mass loading
effect. Well below its resonance frequency, the accelerometer can be assumed to act as a
pure mass. The velocity of the structure V. can be assumed to be reduced to V, by the

presence of the accelerometer [56],

V. VA
B T — 7.12
V. Z+iwm,’ ( )

where Z is the mechanical impedance of the test element, and m,, is the accelerometer mass.
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In this study, the mass loading of the accelerometer was assumed to be,

vZ o 1

V2 1+ [wmaRe(Yo)]2’ (7.13)

where Y, is the corrected point mobility. The corrected point mobility in the loss factor
analysis is the estimate obtained from the spectral mass correction method.

The frequency bandwidth of the loss factor analysis chosen was one-third octave. The
frequency analysis resolution was 1 Hz. The velocities of the panels were determined by
measuring the panel responses with an Endevco model 2226¢ piezoelectric accelerometer at
five randomly chosen positions. The loss factor estimates for panel J are shown in Fig. 7.9.

The mass loading effect becomes apparent at frequencies above 3150 Hz for panel J. It
was found that the corrected loss factor of panel J is less than 3%. The modal loss factors
of panel J, obtained from the half-power point method are given in Table 7.1. The loss

factor estimates are in good agreement with the modal loss factors.

Table 7.1: The modal loss factors of panel J

Frequency (Hz) | 161 | 222 | 238 | 320 | 336 | 366 | 382 | 412 | 454 | 490 | 554 | 601

Loss factor n (%) | 0.7 | 0.8 | 0.7 | 1.6 | 0.6 | 0.5 | 0.6 | 0.6 | 0.7 | 0.7 | 0.6 | 0.9

The loss factor estimates for panels I, K and L are shown in Figs. 7.10 ~ 7.12. It was
found that the loss factor of panel L is much higher than those of the three other panels.
The effect of the mass loading of the accelerometer is small at frequencies below 2000 Hz

for all four panels.
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7.4 Experimental radiation loss factors

The radiation resistance of a structure in a reverberant field can be experimentally
obtained by studying the energy flow relations between the structure and the reverberation
room [13]. Consider a panel that is excited by a shaker in a reverberation room. The steady

state power flow balance equations are,
Iin1 = Hgiger + 12, 0= Igigg0 — o (7.14)

The total power supplied to the panel by the shaker is,

Ey
1 = Riot(v*) = Reot 3 = (Rint + Rpaq) (v), (7.15)
p

where Ryot, Ry5q and Rip¢ are the total, radiation and mechanical resistances of the panel,
respectively. M, is the mass of the panel and (v?) is the mean square velocity of the

structure. The power dissipated by the structure is,

F 9
Hgiss1 = Rintﬁp = Ripe (v7). (7.16)

The rate of internal energy dissipation by the reverberation room is,

2
Haiss2 = Farmoomw = troomw- " Vroom, (7.17)

149



where nroom and Vroom are the internal loss factor and the volume of the room, respectively.
(p?) is the mean square pressure of the room.

Substitution of Eqgs. (7.15) ~ (7.17) into (7.14), yields

2
Rypaq(v®) = nroomwif’cﬁw. (7.18)

The equation above can be rewritten as,

13.85p
TI‘OOIHSUPC2

Sp
Rioq = Mroomw S,pc? Vroom =

Vroom, (7.19)

where S, is the pressure spectral density function of the room, S, is the velocity spectral

density function of the structure, and Troom is the reverberation time of the room:.
Similarly, the radiation resistance of structures excited by a shaker between two rever-

beration rooms can be estimated experimentally [18]. The steady state power flow balance

equations are,
0 = Mgigq1 + Mz + Mg, Mo = Mygiee0 — Mio + Mo, 0= giee3 — Miz — Mo, (7.20)

Then, we have

2 w 2 2
i — Mygise = Mgigs1 + gigsg3 = Rraq(v?) = E(m(pﬁvl + n3(p3)Va)- (7.21)

150



Likewise, the radiation resistance of the structure between two reverberation rooms is,

" 13.8 (Spl Sp3

=" (=2 2. 22
rad Sy pc? T1V1+T3 3) (7:22)

It is noted that in both radiation resistance determinations, Eqgs. (7.19) and (7.22), the
radiation resistance is also termed as Rﬁg QO because that the radiating area of the panel is
twice of the area of the panel.

Gomperts [58] showed that the radiation efficiency of a baffled free-edge panel at fre-

quencies well below the critical frequency is,

Obaf, free = (2/5)(f/f0)2‘7baf7 ss — (2/5)(f/fc)2(0(:orner + Uedge)7 (7.23)

where f. is the critical frequency of the panel. ocorner and o are the radiation effi-

edge
ciencies of baflled simply supported panel for corner and edge modes, which were derived
by Maidanik [13] (see Eq. (4.42)).

When the panel is unbaffled, fluid flow around the panel edges reduces the sound

radiation. Oppenheimer and Dubowsky [25] have provided an expression for the radiation

efficiency for unbaffled simply supported panels,

%unbaf, ss = Fp]ate(FcornerUcorner + Fedgeaedge)7 f<te (7.24)
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where k is the wave number of the sound in air.

In this study, the four sandwich panels were clamped sequentially between two rever-
beration rooms and excited by a B&K vibration exciter type 4809 to obtain their radiation
resistances. The clamping reduced the dimensions of the panels to 0.88 m x 0.42 m. The
frequency analysis bandwidth chosen was one-third octave. The frequency analysis resolu-
tion was 1 Hz. The sound pressure spectral density function in each room was determined
by measuring the room responses with a microphone at eight positions. The velocity spec-
tral density function of the panel was determined by measuring the panel responses at eight
positions with an accelerometer. The mass loading of the accelerometer was considered in
the radiation resistance calculation. The measured radiation resistances of the four clamped
sandwich panels are shown in Figs. 7.13 ~ 7.16.

It was found that Eq. (4.42) provides a good approximation for the radiation resistance
of the thin sandwich panels, I and J. The measured radiation resistances of the thick
sandwich panels, K and L, have maximum values at frequencies above their predicted
critical frequencies and are much smaller than those predicted values at frequencies near
their predicted critical frequency. Those may be explained by the fact that there are not
enough resonant modes below the critical frequency because of the relative small dimensions

of the two sandwich panels.
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Figure 7.13: Radiation resistance estimates for baffled clamped panel I
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The radiation loss factor is determined from the radiation resistance Rig d by,

g = —ad (7.25)

The radiation loss factor estimates for panels I ~ L with clamped edges are shown in
Fig. 7.17. The radiation loss factors of panels I and J are small at low frequencies, and
the maximum values exist near their critical frequencies, more than 2%. The radiation loss
factors of panels K and L, however, are high at low frequencies. The radiation loss factor

of panel L is significantly larger than those of other panels at frequencies below 1000 Hz.
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Figure 7.17: Radiation loss factor estimates for clamped panels I ~ L

The radiation resistances of panels I ~ L with unbaffled free edges were also investi-

gated. The panels were hung in a reverberation room. The experimental data were obtained

155



by following the same procedure for the baffled clamped model described early in this sec-
tion, as shown in Figs. 7.18 ~ 7.21. The radiation resistances of the baffled free-edge panels

and the unbaffled simply supported panels were calculated by using Eqs. (7.23) and (7.24).
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Figure 7.18: Radiation resistance estimates for unbaffled free-edge panel I

The radiation loss factor estimates for unbaffled free-edge panels are shown in Fig.
7.22. The radiation loss factor estimates for all four unbaffled free-edge panels are small
at low frequencies, and become larger around their critical frequencies. The radiation loss
factor estimates for all four unbaffled free-edge panels are less than 1%, much lower than

those of baffled clamped panels.
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Figure 7.19: Radiation resistance estimates for unbaffled free-edge panel J
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Figure 7.20: Radiation resistance estimates for unbaffled free-edge panel K
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Figure 7.21: Radiation resistance estimates for unbaffled free-edge panel L
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Figure 7.22: Radiation loss factor estimates for unbaffled free-edge panels I ~ L
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Figure 7.23: Internal loss factor estimates for panels I ~ L

7.5 Experimental internal loss factors

In the presence of a fluid medium, such as air, the experimental internal loss factor of

a structure obtained from energy methods is the sum of three forms of damping [43],

N=Nint T Mrad T 5> (7.26)

where 7;, is the internal loss factor, 7., 4 is the radiation loss factor, and 7; is the loss
factor associated with energy dissipation at the boundaries of the structural element.

The internal loss factor estimates for the four panels, I ~ L, were obtained by neglecting
74, as shown in Fig. 7.23. Since the total loss factor is for the unbaffled free-edge panel,

Mrad 18 used for the radiation loss factor of the unbaffled free-edge panel in the computation
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of the internal loss factor. The internal loss factors of panels I, J and K are similar, and
less than 4%, in the frequency range of 200 Hz ~ 4000 Hz. The internal loss factor of panel

L is much greater than those of other panels.

7.6 Conclusions

The experimental modal densities of composite sandwich panels are in good agreement
with theory. The radiation loss factors of unbaffled free-edge composite sandwich panels
are relatively small, and the total loss factors of unbaffled free-edge composite sandwich
panels are dominated by the internal loss factors. On the other hand, the radiation loss
factors of baffled clamped composite sandwich panels were found to be comparable to the
internal loss factors near their critical frequencies, especially for thin the panels. Among
the composite sandwich panels investigated, panels I, J and K have the similar internal

loss factors.
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CHAPTER &

SOUND TRANSMISSION LOSS OF COMPOSITE SANDWICH PANELS

8.1 Introduction

Light composite sandwich panels are used in a wide variety of applications, including
flooring of commercial aircraft. These panels typically feature orthotropic honeycomb cores
bonded to high modulus composite face sheets. The sound transmission characteristics of
these structures are important aspects of their design. Because the panels are stiff and light,
the acoustical performance is poor. Moore and Lyon [6] developed a wave impedance anal-
ysis for sandwich panels with honeycomb cores, and their measured sound transmission loss
results are in agreement with the predicted values at frequencies above coincidence. Some
researchers experimentally investigated the sound transmission characteristics of honeycomb
sandwich panels [10, 59, 60].

The sound transmission loss values of the four composite sandwich panels, I ~ L, were
determined experimentally by using the conventional two-room method. The predictions
of sound transmission loss were calculated from three analyses, wave impedance analysis,
statistical energy analysis, and boundary element analysis. The values of loss factors used

in the calculations were assumed based on the experimental values, given in Chap. 7.
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8.2 Experimental sound transmission loss

Four composite sandwich panels were fabricated for sound transmission loss measure-
ments in the Sound and Vibration Laboratory at Auburn University. The transmission
suite consists of two adjacent 51.2 m? reverberation rooms. Each room has two walls made
of wood with fiberglass filled in between them, and they are separated from each other
by fiberglass, and mounted on air bags. The panels were clamped in a frame between the
two rooms. The panel edge conditions were intended to be fully fixed. The frame reduced
the test dimensions of the panels to 0.84 m x 0.42 m. The sound transmission loss was
measured according to the standard test method, ASTM E90-99. One-third octave bands
of white noise were made in the source room with two loudspeakers and the sound pressure
levels were measured at eight positions in each room.

The sound transmission loss for the two-room method discussed in Sec. 4.7, Eq. (4.53),

can be expressed as,

0.161V3

_ 8.1
TAp + S3a3”’ ( )

A,T

where L1 and L3 are the space-averaged sound pressure levels measured in the two rever-
beration rooms, respectively; Ss3 is the total surface area of the receiving room and ajg is
the average absorption coefficient in the receiving room; T is the reverberation time of the
receiving room when the panel is clamped between the two rooms; V3 is the volume of the

receiving room; and A, is the test area of the panel.
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Table 8.1: The reverberation times of the receiving room

One-third octave center Reverberation time 7' (s)
Frequency (Hz) Panel I Panel J Panel K Panel L
125 0.493 0.395 0.352 0.360
160 0.636 0.659 0.699 0.634
200 0.578 0.740 0.736 0.698
250 0.903 0.818 0.856 0.860
315 1.048 1.086 1.034 1.043
400 1.240 1.162 1.155 1.110
500 1.264 1.254 1.309 1.345
630 1.316 1.407 1.324 1.344
800 1.411 1.449 1.472 1.430
1000 1.326 1.364 1.368 1.338
1250 1.238 1.248 1.224 1.247
1600 1.132 1.157 1.121 1.146
2000 1.028 1.036 1.016 1.016
2500 0.947 0.916 0.947 0.937
3150 0.846 0.809 0.865 0.830
4000 0.778 0.759 0.780 0.747
5000 0.698 0.688 0.690 0.713
6300 0.633 0.639 0.629 0.652
8000 0.556 0.545 0.555 0.538

The reverberation times of the receiving room when the four panels were clamped
between the two rooms are given in Table 8.1. The reverberation time 7" was obtained
by averaging the reverberation times at eight randomly chosen positions. There is no
significant difference among the reverberation times because of the relatively small test
area of the panels.

The experimental transmission loss values of all four panels I ~ L are shown in Figs.
8.1 ~ 8.4. The first resonance frequencies of panels I, J, K and L are in the one-third
octave bands with center frequencies of 160 Hz, 250 Hz, 315 Hz and 400 Hz, respectively.

The experimental transmission loss values of panels I and J are near the field incidence
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Figure 8.1: Experimental sound transmission loss values of panel [

mass law curves at frequencies well below the critical frequencies, while those of panels K
and L are quite below the field incidence mass law curves. At low frequencies, the sound
transmission loss curve of panel K is strongly influenced by its resonant modes, while
the sound transmission loss curve of panel L is smoother because of its high loss factor.
The coincidence dips of all four panels are not as apparent as those of metal panels. All
coincidence dips do not return rapidly towards the mass law curves and the experimental

transmission loss values depart from the mass law curves by about 10 dB.

8.3 Sound transmission loss from wave impedance analysis

The predictions of sound transmission loss were generated by using the wave impedance

analysis model presented in Chap. 3. In the low frequency region, the transverse motion is
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Figure 8.3: Experimental sound transmission loss values of panel K
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Figure 8.4: Experimental sound transmission loss values of panel L

Table 8.2: The assumed loss factors of the four panels
Panel I Panel J Panel K Panel L

Face sheets 0.01 0.01 0.01 0.02
Core 0.01, 0.04 0.01, 0.03 0.02,0.04 0.03, 0.06

determined by pure bending, then the total losses are mostly determined by the losses of
the face sheets. For increasing frequencies, the transverse motion of the panel is influenced
by the shear in the core. Since both the face sheets and cores of the panels are made of
composite materials, the losses of both the face sheets and core were considered in the
theoretical calculations. The loss factors of the face sheets and the core of the four panels
were assumed based on the results presented in Sec. 7.5, given in Table 8.2. The assumed

properties of the four panels are given in Tables 6.2 and 6.5.
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Figure 8.5: Predicted sound transmission loss values of panel I from the wave impedance
analysis

All four panels under investigation are symmetric, having two identical face sheets.
Then the anti-symmetric and symmetric motions of the panels are uncoupled naturally.
The coincidence frequencies associated with symmetric motion of all four panels were found
to occur at very high frequencies, above 8 kHz, according to the governing equations for
symmetric motion of symmetric sandwich panels, Eq. (3.44). As shown in Chap. 3, the
equation given by Mead and Markus [23], Eq. (3.63), is a simplified form for the governing
equation developed in Chap. 3, Eq. (3.17), by neglecting symmetric motions. It is expected
that the predictions by using the wave impedances calculated from the two equations should
be similar at frequencies below 8 kHz. The predicted sound transmission loss values of panels

I ~ L obtained by using the two governing equations are shown in Figs. 8.5 ~ 8.8.
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Figure 8.6: Predicted sound transmission loss values of panel J from the wave impedance
analysis
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analysis
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Figure 8.8: Predicted sound transmission loss values of panel L from the wave impedance
analysis

The predicted critical coincidence frequencies of panels I, J, K and L associated with
anti-symmetric motion are in the one-third octave bands with center frequencies of 2500
Hz, 2000 Hz, 1250 Hz and 1000 Hz, respectively. The effect of damping in the face sheets
and core on the transmission loss of the sandwich panels is negligible at frequencies below
the critical coincidence frequencies. The predictions of sound transmission loss are in good
agreement with the experimental values of all four panels at frequencies above the critical
coincidence frequencies. Also the predictions for panels I and J agree well with the measured
results below their critical coincidence frequencies. It was found that the difference between
the predictions from the two equations is less than 2 dB up to 8000 Hz for all four sandwich

panels.
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Figure 8.9: Predicted sound transmission loss values of panel I by using Eq. (3.67)

Nilsson and Nilsson [37] neglected the symmetric motion and considered the rotatory
inertia of the face sheets and core in their work. Figures 8.9 ~ 8.12 show comparisons be-
tween the predictions of sound transmission loss for panels I ~ L using the wave impedances
calculated from their equation, Eq. (3.67) and the presented governing equation in Chap.
3, Eq. (3.17).

It is seen that the effects of rotatory inertia of the face sheets and core on the sound
transmission loss of thin panels, I and J, are more apparent than those of thick panels, K
and L. All three predictions from wave impedance analysis provide similar sound transmis-

sion loss values for all four sandwich panels.
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Figure 8.10: Predicted sound transmission loss values of panel J by using Eq. (3.67)
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Figure 8.12: Predicted sound transmission loss values of panel L by using Eq. (3.67)

8.4 Sound transmission loss from statistical energy analysis

The sound transmission loss for the SEA model of a transmission suite as discussed in

Sec. 4.7, is
A T3 (Ey /Wy )] .
TL = 101 P —1 th 8.2
El/nl 1= 2nradn2773n3 + (773n3 + nraan)nQnQ
E3/n3 U?admnz +m3(2np0q + M2)n1n2

where T3 is the reverberation time of the receiving room. The parameters used in the SEA
calculation were evaluated both experimentally and theoretically to compute the sound

transmission loss of the four sandwich panels. The internal loss factor of the receiving room,
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N3, was determined from the reverberation time of the receiving room, by using Eq. (4.32).
The reverberation time of the receiving room was obtained by averaging the reverberation
times at eight randomly chosen positions. The modal densities of the two reverberation
rooms, nj and ng, were obtained from Eq. (4.15). The values of the radiation loss factor,
Nrad> used were determined from Eq. (4.42). The values of the coupling loss factor, 713, were
determined from the field incidence mass law transmission coefficient, Eq. (4.46). Then the
values of modal density, ns, used were the modal density for simply supported conditions
and were derived from Egs. (4.29) and (4.30). The sound transmission loss estimates for
the panels were generated for two different values of internal loss factor of the panels.

The sound transmission loss estimates for panel I are shown in Fig. 8.13. The esti-
mates are in good agreement with the experimental results except below the first resonance
frequency and near coincidence. The disagreement near coincidence is reduced when the
measured values of radiation loss factor 7),.,4 near coincidence are used in the calculation,
as illustrated in Fig. 8.14.

Sound transmission loss estimates for panels JJ, K and L are shown in Figs. 8.15 ~ 8.17.

The sound transmission estimates for panels J and K agree well with the experimental
values when the measured values of radiation loss factor 7,4 near coincidence are used in
the calculations. The discrepancy for panel L is attributable to insufficient panel modes
to make a correct band-averaged value of modal density. According to the finite element

analysis, below 1000 Hz, there are only four modes in the clamped panel L. That may also
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Figure 8.14: Transmission loss estimates for panel I using the measured values of 7,4
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Figure 8.16: Transmission loss estimates for panel K using the measured values of 7,4
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Figure 8.17: Transmission loss estimates for panel L using the measured values of 7., q

explain that the measured radiation resistance values of panel L are quite different from

those of the other three sandwich panels.

8.5 Sound transmission loss from boundary element analysis

The sound transmission characteristics of the four sandwich panels were also computed
by the boundary element analysis model proposed in Sec. 5.5. The finite element mesh
of the sandwich panel was generated in MSC Nastran, and consisted of 60 x 36 CQUAD4
elements for each face sheet, and 60 x 36 HEXA elements for the core. A finite element
model database and a boundary element indirect bafled model database were created in the
boundary element analysis software, LMS SYSNOISE. The element mesh of one face sheet

was imported to the software as the structural meshes for both databases and to occupy
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Table 8.3: Modal frequencies of panel K from Johnson and Kienholz’s [48] finite element
model

Mode (m,n) (L1) (21) (3.1) (L,2) (22) (41) (3.2)
fmn (Hz) 344 442 619 752 824 858 957
(
(

Mode (m,n) (5,1) (42) (L3) (23) (52) (33) (6,1)
fon (Hz) 1141 1149 1241 1301 1391 1407 1454

on the plane z = 0. The computed eigenvectors of the first 30 modes for the face sheet
were imported to the software as the structural modes in the finite element model database.
A plane wave source was defined in the boundary element model database at 5 m below
the center of the panel. The two databases were linked to solve the displacement of the
sandwich panel. A 1 m radius hemisphere field point mesh that was assumed to cover the
receiver side of the panel was used to obtain the radiated sound power of the panel. The
frequency increment used was 4 Hz.

The predicted transmission loss values of composite sandwich panel K for plane sound
waves at oblique incidences, § = 12°, 60°, and ¢ = 45°, are shown in Fig. 8.18. The
calculated modal frequencies obtained from the finite element analysis are given in Table
8.3. It is seen that the contribution of even-even modes can be substantial on the sound
transmission loss of composite sandwich panel K for plane sound waves at oblique incidence.

The sound transmission loss is less sensitive to the angle of incidence, @, at low frequencies.

Since the sound transmission loss measurements were conducted in reverberation rooms,
for comparison purpose, the sound transmission loss was evaluated by averaging over the

angle of incidence 6, and the angle of rotation, ¢. Figure 8.19 shows a comparison between
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Figure 8.18: Predicted sound transmission loss values of panel K from the boundary element
analysis, for sound waves at oblique incidences

the sound transmission loss data for panel K measured experimentally and those calculated
from the boundary element analysis model. Predictions were made using two values of the
modal loss factor, 0.01 and 0.02.

The predicted sound transmission loss values increase with increasing modal loss factor.
The increase varies from band to band and it is dependent on the resonant modes in the
one-third octave band under consideration. The disagreement at low frequencies is thought
to be caused by the ideal clamped boundary condition assumed in the finite element anal-
ysis. While the discrepancy around 500 Hz is much larger than the difference generated

by different values of loss factor. The discrepancy may be caused by frequency-dependent
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Figure 8.19: Predictions of sound transmission loss for panel K made using the boundary
element analysis model

material properties. The predictions for panel K are in better agreement with the experi-
mental values than those made using the other two analyses, wave impedance analysis and
SEA.

The predictions of sound transmission loss for panels I, J and L are shown in Figs.
8.20 ~ 8.22. The first 30 modes were included and the frequency step was 4 Hz. Boundary
element analysis provides accurate predictions of transmission loss for panel I above 400 Hz.
The discrepancy of panel J around 800 Hz was thought to be caused by frequency-dependent
material properties. The profiles of the predicted and experimental transmission loss for
panel L are very similar. Since the assumed material properties of panel L were obtained

experimentally from a small number of measured resonance frequencies of the two beams,
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then the amplitude difference between the predicted and experimental sound transmission

losses may perhaps be reduced by use of more accurate material properties.

8.6 Conclusions

The experimental sound transmission loss results for thin sandwich panels, I and J,
follow the field incidence mass law at frequencies well below their critical frequencies. The
transverse motions of the four panels are dominated by the anti-symmetric motion in the
frequency range of 125 Hz ~ 8000 Hz. The wave impedance analysis provides a good
prediction of sound transmission loss for the four sandwich panels at frequencies above the

critical frequency. The statistical energy analysis also provides a good prediction of sound
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transmission loss for the four sandwich panels at frequencies above the critical frequency.
The predictions of sound transmission loss are very sensitive to the radiation loss factor near
coincidence. Both wave impedance analysis and statistical energy analysis provide accurate
estimates of sound transmission loss for thin sandwich panels, I and J. The boundary
element analysis provides the most accurate predictions of sound transmission loss for thick

sandwich panels K and L at low frequencies except near the first resonance frequency.
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CHAPTER 9

CONCLUSIONS

The governing equations for the forced vibration of asymmetric sandwich panels were
developed from energy relationships and are presented in matrix form. For the type of
sandwich panels with graphite fiber face sheets and foam-filled honeycomb cores tested in
this study, the anti-symmetric motion was found to be dominant and the effect of rotatory
inertia on the transverse displacement of the panels was found to be small in the frequency
range of interest.

A closed-form expression for the modal densities of sandwich panels was developed from
a typical sixth-order governing equation of motion for sandwich panels with stiff cores. The
derived modal density of a traditional honeycomb sandwich panel was found to be one half
of the approximate modal density that is obtained from a fourth-order governing equation.

A computer program was developed to compute the sound transmission loss of a baffled
simply supported aluminum panel. The presence of the fluid modifies the resonance char-
acteristics of the aluminum panel, slightly shifting modal frequencies to lower frequencies.
The radiated sound power of the panel was found to be higher than the virtual sound power
flow near the low order resonance frequencies. For finite single-layer isotropic rectangular
panels, the sound transmission loss depends not only on the angle of incidence, 6, but on
the angle of rotation as well, ¢. The contribution of other than odd-odd modes on the

sound transmission loss of single-layer panels is negligible for plane sound waves at normal
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incidence, while those can be substantial for plane sound waves at oblique incidence. The
transmission loss values are less sensitive to the damping and the angles of incidence and
rotation at low frequencies.

A boundary element analysis model for the sound transmission loss of symmetric sand-
wich panels is proposed. This model requires a minimum increase in computation effort
relative to the effort needed for single-layer panels. It can be implemented with two com-
mercial softwares, LMS SYSNOISE and MSC Nastran.

The material properties for the graphite fiber face sheets and foam-filled honeycomb
cores of the sandwich panels investigated in this study were estimated based on the measure-
ments of the resonance frequencies of the beams which were cut from the panels. Because
the sandwich panels are light, about ~ 3 kg/m?, it was necessary to include the effect of mass
loading of the transducer used to measure the panel vibration in order to obtain accurate
point mobilities of the panels. The modal densities of the panels were estimated by using a
three-channel spectral analysis with a spectral mass correction method, which was used to
consider the mass loading of the impedance head. Experimental modal density results for
the sandwich panels were found to agree well with the theoretical estimates. Allowance was
also made for the effect of mass loading of the accelerometer in the estimations for both
total loss factors and radiation loss factors of the panels.

The radiation loss factors of clamped sandwich panels are large near coincidence, es-

pecially for thin sandwich panels; while the radiation loss factors of unbaffled free-edge
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sandwich panels are much smaller than those of baffled clamped sandwich panels. The in-
ternal loss factors are dominant in the total loss factor estimates for the unbaffled free-edge
sandwich panels studied. The internal loss factors of the sandwich panel were found to be
much larger than those of metal panels.

The wave impedance analysis model provides accurate predictions of sound transmis-
sion loss for thin composite sandwich panels at frequencies above their first resonance fre-
quencies. The proposed boundary element analysis model provides more accurate predic-
tions of sound transmission loss for thick sandwich panels than either the wave impedance
analysis model or the statistical energy analysis model. The predicted and experimental
transmission loss values of the sandwich panels are in better agreement when the measured
radiation loss factor values near coincidence are used instead of the theoretical values for
single-layer panels. The expression for the radiation resistance of sandwich panels is a

subject that requires further study.
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APPENDIX A

DERIVATION OF STIFFNESS CONSTANTS OF ROTATED-AXIS

If all three principal axes for the orthotropic material are aligned with the three axes
of the coordinate systems, the stiffness matrix of orthotropic material takes the form,

Oy [ Ci1 Ci2 Ci3 0 0 0 O

oy Cia Cyp C3 0 0 O oy

o, | _| Ciz C3 C33 0 0 0 o

Tyz N 0 0 0 Cyu O 0 Tyz

Taz 0 0 0 0 C’55 0 Trz

Txy .t 0 0 0 0 Cse ] Tey

where
Oy = LI oy M E Nt v i
Ciz3 = s +Aymy23 E; = 1 +AV21V32 Ei, Cyp = FIJA&EQ’
b 1 .

Cys — V32 +AVle31 By — 193 +AV21V13 By, Cis = %E&

A =1 — viovo1 — 3130 — V13131 — 212123131,
Casa = Ga3, Cs5 = G113, Cos = G12.

If the Young’s modulus in one principal axis of orthotropic material is much stiffer than
those in the others, F3 >> FEi, FEs, v31, 39 >> 113, o3, the stiffness constants can be
approximated,

Eq ZP) V21
Chi=7———,Cia= Ey = Eq,
1 — w91 1 —viov01 1 — o101
V13 v31 Es
Cs=——"—"FE=——"—F8,60Cpy=—"—,
1 — viovo 1 — 112101 1 — viovo
) V23 Es
Cyy3=——"—FE =—"F3 (U333 = ———.
1 — 19101 1 — 19101 1 — 19101
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Figure A.1: The rotated-axis coordinate system of the orthotropic material

According to the tensor transformation rule, the stresses and strains along the principal
axes can be written with the stresses and strains in x, y, z axes,

o1 Ti12 T13 Or Taxy Tzxz
Ti2 02 T3 | =A | Ty 0y Ty AT,
T13 723 03 Tez Tyz Oz |
€1 M2/2 ms/2 Eo Vay/2 Voz/2 ]
12/2 g2 y23/2 | = A | my/2 gy Vyz/2 AT,
T3/2 7v23/2 €3 Yoz /2 Va2 &2
cosf) sinf 0 I m 0
where A = | —sinf cos@ 0 | =| —-m [ O
0 0 1 0 0 1
Expanding the equations above, produces
o1 o 2 m?2 0 0 0 2im | ( os
09 oy m2 2 0 0 0 —2lm oy
o3 _T) o _ 0 0 1 0 0 0 o, _and
To3 Tyz 0 0O 0 I -m 0 Tyz
13 Trz 0 0O 0 —-m I 0 Tz
T12 Try | —Im Im 0 O 0 ?—-—m? Tey
€1 Ex
g9 Ey
€3 Ez
=T
Yo3/2 Vyz/2
Y13/2 Voz/2
Y12/2 Yy /2
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The relationships between engineering strains and tensorial strains can be expressed

as,
€x E:x I ]- i €$
Ey Ey 1 Ey
E, Ez 1 €z
= R =
Vyz Vyz/2 2 Vyz/2
Yz ’Y:cz/2 2 ’YIZ/Q
Yy Yay /2 L 2 | Vay/2

Applying the stress-strain relations in the three principal axes and introducing the
developed transformations above, we obtain

o1 o €1 €1 Ex
02 Oy €2 €2 y
BA=ml 7 t=c{ = }=cr{ °_‘\=cmrr{ °_},
T3 Tyz V23 Y23/2 Vyz/2
713 Trz Y13 713/2 712/2
T12 Txy Y12 ’712/2 7zy/2

Oz €x

oy £y

then, 7 \_Gl = , where C = T"!CRTR !,

Tyz Yyz

Taz Yz

Try Vry

C11 = 1'C11 + 212m?(Cha + 2Cs6) + m*ACya,
Cry = Pm2C1y + (I* + m"Cha 4 Pm2Cay — 41m?Cg,
Ch3 = 1*Ch3 + m*Cag,
Chs = PmCiy + (Im® — Pm)Chg — Im>Chy + 2(Im> — 1°m) Cés,
Oy = m4C11 + 2127712(012 + 2Cs6) + Z4C22,
Co = Im>Chy + (Pm — Im?)Cha — PmCay + 2(13m — Im?®)Ceg,
Cs3 = Cs3, Cyq = m*Cs5 + 12Cyy, Cs5 = m*Cuy + 1°Css,
Cos = I>m2Chy — 212m*Ciy + Pm?Cas + (12 — m?)Cés,
C3y = O35 = O35 = C14 = C15 = Coy = C5 = 0.
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APPENDIX B
PARTIAL DIFFERENTIAL OPERATORS

The elements of the matrix B of Eq. (3.59) are differential operators which are listed

below:

mh? _0* A Css 4C13
B =~ — +D—; 20,5 + =2
BT o T e TP g h( 13+3>+ no
mh 90 50 0 ph? & Cul? 4 9
2 gz Lggs T20ug Bu= T gan T T g T RO Oy
o 02 2C11h &% 2ph 92
By = — 3t2+08 5, Bas = .2 vl
__ph?  COuh & wCy
BSS - 2 Ot2 2 Ox2 2% ) B34 - B35 - 07
h2(pit1 — pata) 04 o2 94
— (p1t1 — pata) =5 — (D1 — Do)
4 922012 (p1t1 — pata) o2 (Dy 2) pree
h(piti — pata) O3 o3
> groz T T Pgs
o2 2
Bas = (p1t1 — pztz)@ —(Cy — C’Q)W,
m*h? 0% 92 - o4
Bu === 5ge T e T Pgun
mh & 9> - 0%  4Css

By mh & 59 g 9 a0 405
5= e T o PP T Mo T2 T

Big =

By =

By = Bis = —

. X ph
with, mzmh+mh+MMn=mh+mb+?
C’]_]_h/2

C = C1 + Cy + Ch1h, F=F+F+

Ciih =~ Ch2
W F=F+F+—%
7Di:

R (Zﬂi)*(iﬂ’

GO ]
2 2 ’

T =) T 200
where p; and p denote mass densities of the face sheet j and the core; ¢; and h stand for
thicknesses of the face sheet j and the core, respectively. E; is the Young’s modulus of the

é =C1+Cy+
Cy1h3 E;
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face sheet j. C;; is the stiffness constants of the core, and the directions denote as follows,

O [ Ci1 Ci2 Ci3 0 0 0 op
Oy Cia Co Cos 0 0 0 Ty
o. | | Ciz Coz C33 O 0 0 o
Tye [ 0 0 0 Cyu O 0 Tyz
Tz 0 0 0 0 Cs5 O Tuz
Txy L 0 0 0 0 0 066 i Txy
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