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             We investigated the interaction between the water moving from an unconfined 

aquifer and a surfacewater body. This interaction can occur during or after a rainfall 

event, which can cause the groundwater table to change. We developed a laboratory-scale 

aquifer model, which is bounded by a stream and a water divide. The model simulates 

both horizontal and sloping aquifer conditions. We conducted both steady-state and 

transient experiments.  First, we set the water table at a steady state using a constant 

recharge rate and then the aquifer was allowed to drain. The experimental data were 
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recreated using a numerical model, which simulated the observed water table variations. 

The transient water table data indicated highly non-linear changes. It was found that 

under similar recharge conditions, water table in the horizontal unconfined aquifer is 

higher than that in the sloping unconfined aquifer (2.03 degree slope). Also, the 

horizontal unconfined aquifer required more time to drain. The numerical model was able 

to predict the observed groundwater table data. The proposed numerical model is a useful 

tool for managing groundwater-surfacewater management problems. 
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CHAPTER 1 

  

INTRODUCTION 

  

1.1 Background  

 

            Interaction between groundwater and surfacewater systems is a common 

phenomenon observed in nature. This interaction can occur during or after a rainfall 

event.  When rain water infiltrates into the ground it raises the water table which will then 

induce groundwater drainage to a surface water body. For sustainable groundwater 

management, it is important to understand the dynamics of groundwater table movement 

during and after recharge events.  

           Groundwater discharge contribution to stream flow is known as groundwater 

runoff or base flow. Traditionally it is assumed that during precipitation, stream flow is 

generated primarily from surface runoff; while during dry period, stream flow is 

generated primarily from groundwater flow (Hall, 1968, Norum et al., 1968). However, 

recent studies have shown that groundwater flow (so called old water) can dominate 

stream flow even during a precipitation event (Shanley et al., 2002). Typically, base flow 
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is a good indicator of aquifer storage characteristics within a groundwater basin 

(Meyboom, 1961).  

             In order to estimate base flow, a rating curve of base flow can be made by 

plotting mean groundwater table within a basin against stream flow during dry periods 

(Schneider, 1961). During or after a rainfall event in a small basin the groundwater table 

could rise rapidly and contribute to the base flow. The variations in base flow, with time 

during and after rainfall event within a basin is indicated by a recession curve (Chow et 

al., 1988). Hence, recession curve is a good measure of drainage rate from a basin 

(Werner et al., 1951). 

          Groundwater table response to a recharge event may depend on the topography of 

the aquifer bottom.  It is necessary to understand this response because sloping hillslopes 

are the basic landscape elements in many catchments (Torch et al., 2003). In addition, 

hillslope subsurface flow is one of the key elements that control the hydrology of upland 

watershed under both wet and dry conditions (Brutsaert, 1994).    

 

1.2 Objectives 

 

           We investigated the hydraulics of unconfined flow near a surface water body 

during and after a rainfall event under both horizontal and sloping aquifer conditions. We 

developed a laboratory-scale aquifer model to conduct multiple experiments. A numerical 

model, which is based on a fully implicit finite difference scheme with Picard iteration, 

was used to model the experimental results. 
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1.3 Organization of thesis 

 

          This thesis is organized into six chapters including this introduction chapter.          

Chapter 2 provides the literature review and derivation of the governing equations for 

both horizontal and sloping-bed unconfined aquifers. It also summarizes previous works 

related to groundwater-surfacewater interactions. Chapter 3 describes all the experimental 

methods employed in this study. Chapter 4 details the development of a numerical model 

and the validation of the model results based on published analytical and numerical 

results. Chapter 5 discusses the modeling of laboratory data, and the transient model 

solution for both horizontal and sloping unconfined systems. Chapter 6 summarizes the 

conclusion of this study and provides some recommendation for future research in this 

area. An alternate analysis of depth-averaged Darcy flux in sloping bed unconfined 

aquifer is listed in the appendix. 
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                                                    CHAPTER 2 

 

                                                   LITERATURE REVIEW 

 

2.1 Unconfined hillslope flow  

 

           Changes in the groundwater table in an unconfined aquifer after a recharge event 

has been studied by many researchers. Boussinesq (1877) first developed the general 

depth averaged flux equation for unconfined flow in a sloping aquifer based on depth 

averaged Darcy’s law. Figure 1 shows the schematic presentation of a sloping bed 

unconfined aquifer.  

           In Figure 1, x is along the bed, x is the Cartesian coordinate, and i is the slope. The 

relationship between x and x  is given by the following equation: 

                      cos xi
x

=                                                                                                        (1) 
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   Figure 1: The schematic presentation of sloping bed unconfined aquifer. 

 

 
In Figure 2, an arbitrary point (x, Z) is considered in the porous medium of sloping bed 
unconfined aquifer. The elevation of point (x, Z) = z 
 
                 cos sinz Z i x i= +                                                                                          (2) 
 
From Darcy’s law, 
     

                         
Hv K
x

∂
= −

∂
                                                                                              (3) 

Where v is Darcy flux or Darcy velocity or specific discharge L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, K is the hydraulic 

conductivity L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, and H
x

∂
∂

 is hydraulic gradient.  
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      Figure 2: An arbitrary point in the porous medium of sloping bed unconfined  

                      aquifer. 

 Total head is defined as: 
2

2
p vH z

gγ
= + +                                                                       (4) 

where p
γ

 is pressure head, 
2

2
v
g

 is velocity head, and z is elevation head. Since the 

groundwater velocity (v) is typically a very small, we can neglect the velocity term. 

Hence, 

        
pH z
γ

= +                                                                                                                 (5) 

Darcy velocity in Z direction 

           z
Hv K
Z

∂
= −

∂
 

x

Z 

z

Z

(x,Z) 

i
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        z
Pv K z

Z γ
⎛ ⎞∂

= − +⎜ ⎟∂ ⎝ ⎠
                                                                                                (6) 

If the flow is parallel to the bed, 0zv = . After substituting  0zv =  in (6) we get, 

       0PK z
Z γ
⎛ ⎞∂

− + =⎜ ⎟∂ ⎝ ⎠
                                                                                                  (7) 

After differentiating we get 

         
1 0P z

Z Zγ
∂ ∂

+ =
∂ ∂

                                                                                             (8) 

From Figure 2 (or differentiating (2)) we can obtain cos zi
Z
∂

=
∂

; and using this we get, 

       
1 cos 0P i

Zγ
∂

+ =
∂

                                                                                                        (9) 

Darcy velocity in x direction, 

     x
Pv K z

x γ
⎛ ⎞∂

= − +⎜ ⎟∂ ⎝ ⎠
 

      
1

x
P zv K K
x xγ

∂ ∂
= − −

∂ ∂
                                                                                              (10) 

From Figure 2, sin zi
x
∂

=
∂

; and using this we can get, 

     
1 sinx

Pv K K i
xγ

∂
= − −

∂
                                                                                             (11) 
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x

Z
Z

i

h

h = h(x)

 

   Figure 3: Elevation of the water table in sloping bed unconfined aquifer. 

     

       The elevation of the water table function (h = h(x)) in sloping bed unconfined aquifer 

is shown in Figure 3. Using this figure we can develop the following boundary condition 

for the water table: 

at Z h= , 0P =  

From equation (8)  

         cosP i
Z

γ∂
= −

∂
                                                                                  (12) 

After integrating  

          cos ( )P iZ f xγ= − +                                                           (13) 
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Using the water table boundary condition we get,  

        ( ) cosf x ihγ=  

After substituting f(x) in (13) we get, 

       cos cosP iZ ihγ γ= − +                                                                                           (14) 

Substituting P in equation (11) we get, 

      ( cos cos ) sinx
Kv iZ ih K i

x
γ γ

γ
∂

= − − + −
∂

 

      cos sinx
K hv i K i

x
γ

γ
∂

= − −
∂

 

      cos sinx
hv K i i
x
∂⎛ ⎞= − +⎜ ⎟∂⎝ ⎠

                                                                                        (15) 

This also shows that ( )x xv v Z≠  

Depth-averaged Darcy flux can be defined as: 

                        xq v h∗ =                                                                                                   (16) 

where q∗ is depth averaged flux along the x direction
2L

T
⎡ ⎤
⎢ ⎥
⎣ ⎦

. After substituting (15) in (16) 

we get the general depth averaged flux equation for unconfined flow in a sloping aquifer 
as: 

                 ( )cosq Kh h i z
x

∗ ∂
= − +

∂
 

                 cosh zq Kh i
x x

∗ ∂ ∂⎛ ⎞= − +⎜ ⎟∂ ∂⎝ ⎠
                                                                                

                 cos sinhq Kh i i
x

∗ ∂⎛ ⎞= − +⎜ ⎟∂⎝ ⎠
                                                                             (17) 
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2.2 Derivation of the governing flow equation 

 

            The Boussinesq equation for a sloping unconfined aquifer with a constant 

recharge rate can be formulated by combining equation (17) with the continuity equation. 

Schematic of the horizontal and sloping bed unconfined aquifers considered in this study 

are shown in Figures 4 and 5. 
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w
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X=L 

 1h

 
2h
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w

 
2h

1h

X=0 X=L
 

  Figure 4: Horizontal bed unconfined aquifer under constant recharge 

Figure 5: Sloping bed unconfined aquifer under constant recharge 
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Now, let us consider a 2-D control volume for groundwater occurring in these systems, as 

illustrated in Figure 6. 

 

 

                       

 

                Figure 6: 2-D control volume in an unconfined aquifer  

 

          Applying mass balance over this control volume for a system with a constant 

recharge rate (w), we get the following conservation equation: 

x x x y y y yq q y t q q x t w x y t S x y hρ ρ ρ ρ ρ∗ ∗ ∗ ∗
+∆ +∆⎡ ⎤ ⎡ ⎤− ∆ ∆ + − ∆ ∆ + ∆ ∆ ∆ = ∆ ∆ ∆⎣ ⎦ ⎣ ⎦     (18) 

where yS is the specific yield and w is the recharge rate L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

. After dividing by x y tρ∆ ∆ ∆  

and considering 0, 0, 0x y and t∆ → ∆ → ∆ →  we get the following 2-D depth-averaged 

flow equation, 

x∆

xqρ ∗ x xqρ ∗
+∆

yqρ ∗

y yqρ ∗
+∆

y∆
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                  y
h q qS w
t x y

∗ ∗∂ ∂ ∂
= − − +

∂ ∂ ∂
                                                                             (19) 

 For one dimensional flow, the above equation reduces to,  

                  y
h qS w
t x

∗∂ ∂
= − +

∂ ∂
                                                                                       (20) 

         Inserting (17) in (20) and considering homogeneous and isotropic values of 

hydraulic conductivity and specific yield values, we get the following one-dimensional 

Boussinesq equation for a sloping unconfined aquifer:                                                                         

              cos siny
h h hS K i h i w
t x x x

∂ ⎡ ∂ ∂ ∂ ⎤⎛ ⎞= + +⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
                                                         (21) 

 

For horizontal (i = 0) unconfined aquifer, the above equation reduces to, 

            y
h hS K h w
t x x

∂ ⎡ ∂ ∂ ⎤⎛ ⎞= +⎜ ⎟⎢ ⎥∂ ∂ ∂⎝ ⎠⎣ ⎦
                                                                               (22)  

 

2.3 Review of previous work related to groundwater-surfacewater interactions 

 

            An approximate analysis of groundwater flow resting on an impermeable bed was 

initiated by Dupuit (1863). The common assumptions used in that study were: 1) the 

stream or drain boundaries completely cut through the entire depth of the aquifer and 2) 

groundwater flow occurs in a homogeneous, isotropic formation with hydraulic 

properties that remain constant. Furthermore, these analyses assume the following 
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assumptions known as the Dupuit-Forchheimer assumptions (as summarized in Reddi, 

2003): 

a) For small changes in the slope of line of seepage, the hydraulic head is independent of 

depth. 

b) The hydraulic gradient causing flow is equal to the slope of the water table.  

 

2.3.1 Review of analytical solutions to the governing flow equation 

 

               Since equation (21) is a non-linear equation, it does not have a general analytical 

solution. Therefore, the equation is often simplified and solved by introducing additional 

approximations. The most common approximation used is linearization. Boussinesq 

(1877) suggested a simple linearization method that can be used when the water table 

variation is small compared to the aquifer depth.  

            There are several analytical solutions for horizontal and sloping unconfined flow. 

Some of them assume constant recharge rate and others assume time-varying recharge 

rates. Since we used a constant recharge rate in our study, here we only review analytical 

solutions that considered a constant recharge rate. Marino (1974) derived the following 

analytical equation for transient water profiles in a horizontal aquifer. 

2 2 2 2
0

0 0

2 ( ) ( 1)( , ) 1 ( 1) 4 ( 1) 4
2 2

n n

n n

wDt l n x l n xh x t h i erfc i erfc
S KDt KDt

S S

∞ ∞

= =

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥+ + −⎪ ⎪⎢ ⎥− = − − × + − ×⎨ ⎬

⎢ ⎥⎪ ⎪
⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

∑ ∑ (23)                   
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          He used the following initial and boundary conditions to develop the above 

analytical equation: 

 Initial condition:  2 2
0 0h h− =  at t = 0 and 0x ≥  

Boundary conditions: 2 2
0 0h h− =  at x= 0 and 0t >  

                                   2 2
0( ) 0h h

x
∂

− =
∂

at 
2
lx =  and 0t >  

where 0h is the initial depth of saturation of the aquifer, h is the height of the water table 

above the base of the aquifer after the incidence of recharge, l is the length of the aquifer 

which is bounded by two fixed head boundaries, 2 ( )i erfc y is the second repeated integral 

of the error function of argument y, h(x, t) is the hydraulic head at a particular time and 

space, K is the hydraulic conductivity and D is the aquifer depth, w is the recharge rate, 

and S is the specific yield.  

               Melville et al. (1987) derived steady-state dimensionless analytical equations 

for different scenarios of hillslope flow problem. They used the following boundary 

conditions to get those analytical equations: 

Boundary conditions: 0dh
dx

=  (no flow) at x= 0 and 0t >  

                                   1h h=  at x= L and 0t >  

When F = 0.25, 

1
2 2

0

ln ln 1
22

X
H X XH

XH H H
H

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎣ ⎦−

                                                                       (24) 
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where  2

RF
KT

= , R is vertical infiltration or recharge rate, K is hydraulic conductivity, 

tanT θ= , θ  is bed slope, xX
L

= , x is the coordinate parallel to the bed, L is the length 

of aquifer, 
2hCH

LS
= , cosC θ= , sinS θ= and h is the vertical depth of the water table. 

 When 0.25F <  

( )
( )

1
2 2

0

2 1 1 4
1ln ln ln 1

2 1 4 2 1 1 4

X F
H X XH F

XH H HF F
H

⎧ ⎫⎛ ⎞− − −⎜ ⎟⎪ ⎪ ⎡ ⎤⎛ ⎞ ⎪ ⎪ ⎛ ⎞ ⎛ ⎞⎝ ⎠= − − +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞− ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎪ ⎪ ⎣ ⎦− + −⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

                    (25) 

                                                                                                                                 

When 0.25F >  

1
2 2

1

0

2
1ln tan ln 1

24 1 4 1

X
H X XH F

XH H HF F
H

π −

⎡ ⎤⎧ ⎫⎛ ⎞− ⎜ ⎟⎢ ⎥⎪ ⎪ ⎡ ⎤⎛ ⎞ ⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎝ ⎠⎢ ⎥= − − − +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛ ⎞⎢ ⎥− ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎪ ⎪ ⎣ ⎦−⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭⎣ ⎦

                 (26)                            

            Sanford et al. (1993) derived analytical equation for transient water profiles in 

both horizontal and sloping aquifer. They considered a system with the following initial 

and boundary conditions.  

Initial condition: h = h (0, 0) at t = 0 and 0x ≥  

Boundary conditions: h = h (0, t) at x = 0 and 0t >  

                                 0dh
dx

=  (no flow) at x = L and 0t >  
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For horizontal aquifer, the solution is: 

     ( )22 (0, )
2

h Lx x h tγ
= − +                                                                                     (27)     

where L is the length of the aquifer, h (0, t) is water table at the boundary (where x=0), 

and  

              3

3 (0, )iV V h t L
L sw

γ −⎛ ⎞= −⎜ ⎟
⎝ ⎠

         

where iV  is the initial volume of water contained in the rectangular region, V is the 

cumulative outflow volume at any time, s is the specific yield, and w is the width of the 

system. 

           For sloping aquifer, the transient water profile can be predicted by the following 

analytical equation: 

   ( )22 tan (0, )
2

h Lx x x h tγ β= − − +                                                                    (28)           

where β  is slope of the impermeable layer, and 2
3

3 1(0, ) tan
2

iV V h t L L
L sw

γ β−⎛ ⎞= − +⎜ ⎟
⎝ ⎠

 

           Fetter (1994) derived the steady-state analytical equation for a horizontal bed 

unconfined aquifer using the following boundary conditions: 

Boundary conditions: 1h h=  at x= 0 and 0t >  

                                   2h h=  at x= L and 0t >  

 

 



 
 
 

17

The steady-state analytical solution is:  

      
( ){ } ( ){ }2 2

1 22 2
1

h h x w L x x
h h

L K

− −
= − +                                                      (29)         

where h is the hydraulic head in the unconfined aquifer, w is the recharge rate, L is the 

length of the aquifer, K is the hydraulic conductivity, 1h  and 2h  are left and right hand 

side boundary heads, respectively. The above equation was used in this study to analyze 

steady-state data. 

             Kim et al. (2001) derived an analytical equation for transient water profiles in 

horizontal unconfined aquifer using the following initial and boundary conditions: 

Initial condition:  0 ( )h h x=  at t = 0 and 0x ≥  

Boundary conditions: 1h h=  at x= 0 and 0t >  

                                   2h h=  at x L=  and 0t >  

The derived analytical solution becomes as:  

    
2

2 ( )
2 1

1
1

( , ) sin
2 2

n t
L

n
n

h hx L n xh x t x h C e
L L

παβ β π
α α

∞ −

=

−⎛ ⎞= − + + + +⎜ ⎟
⎝ ⎠

∑                             (30)      

where h(x, t) is the hydraulic head at a particular time and space, L is the length of the 

aquifer, 1h  and 2h  is left and right hand side boundary heads, respectively. 

w
S

β =  where w is the recharge rate, and S is the specific yield. 

KD
S

α =  where K is the hydraulic conductivity and D is the aquifer depth. 
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2

2 1
0 1

0

2 sin
2 2

L

n
h hx L n xC h h x dx

L L L
β β π
α α

⎡ ⎤−⎛ ⎞= − + − + ×⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦

∫  

 

           Verhoest et al. (2002) also developed an analytical equation for computing the 

transient state profiles of both horizontal and sloping aquifers. They used the following 

initial and boundary conditions to derive those analytical solutions.  

Initial condition: h = D at t = 0 and 0x ≥  

Boundary conditions: 1DF
y

= at x = 0 and 0t >  

                                  2DF
y

=  at x = L and 0t >  

where D is the depth of the soil layer, F is the Laplace transform of the water table depth, 

y is the Laplace variable, 1 1D D H= − , and 2 2D D H= − , 1H is the water table at x =0, 

2H is the water table at x =L, L is the length of the aquifer. 

For the sloping aquifer case, the analytical equation is: 

( ) ( )

( ) ( )

( )

( ) ( )

1 2
1

2 21 2 2
2 2 2 2 2

1

2 2 2
2

2 22 2 2 21

2 sinh( )
2 sinh( ) 2

2 1
sin exp

2 1
sin exp

1

a L x

n aL

ax

n

nax aL

n
n

e LN afK H H ax Nxh H
afK aL afK

n D H D H e n x ne a Kt
a L n L L

n L Ne e n x n a Kt
L LfK a L n

π π π
π

π π π

π

− −

−
∞

=

−
∞

=

+ −⎡ ⎤⎣ ⎦= − + +

⎡ ⎤− − − − ⎡ ⎤⎛ ⎞⎣ ⎦ − +⎢ ⎥⎜ ⎟+ ⎝ ⎠⎣ ⎦
⎡ ⎤− − ⎡ ⎛ ⎞⎣ ⎦+ − +⎜ ⎟

⎝ ⎠+ −

∑

∑
⎤

⎢ ⎥
⎣ ⎦

    (31)                          
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where N is the recharge rate, f is the specific yield of the formation, 
2
Ua
k

= − , 

an sink iU
f

= , coskpD iK
f

= , k is the hydraulic conductivity,  p is the linearization 

constant, and i is the slope of the aquifer bed.  

For horizontal unconfined aquifer i=0, U = 0, and a = 0 and equation (31) can be 

simplified as: 

( ) ( ) ( ) ( )

( )

1 22 1
1

1

22 2 2 2

2 3 3 2
1

2 1

2

2 1 1
sin exp sin exp

n

n

n

n

D H D Hx H H Nx L x
h H

L fK n

L Nn x n n x nKt Kt
L L fKn L L

π

π π π π
π

∞

=

∞

=

⎡ ⎤− − − −− − ⎣ ⎦= + + +

⎡ ⎤− −⎡ ⎤ ⎡ ⎤⎣ ⎦× − + −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

∑

∑

                                                                                                                                         (32)                         

 

2.3.2 Review of numerical solutions  

 

          Marino (1975) presented a digital computer model that simulated the response of 

an unconfined aquifer to changes in stream levels. The model is based on the one- 

dimensional Boussinesq equation for horizontal unconfined aquifer and was solved using 

a predictor-corrector scheme that used non uniform grid spacing. The numerical scheme 

was found to be unconditionally stable. 
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           Beven (1981) solved non-dimensional form of one dimensional Boussinesq 

equation for a sloping unconfined aquifer with constant recharge. The solution method 

used was the implicit finite difference approximation. 

           Sims (1986) presented another approach for solving hillslope flow problem. He 

developed a numerical model, which was based on explicit finite difference scheme to 

solve the nonlinear problem.  The major disadvantage of that model was that 

discretization step must be small enough to generate a stable solution. 

           Serrano (1998) presented a numerical model for modeling transient stream/aquifer 

interactions in an alluvial valley aquifer. The model is based on the one-dimensional 

Boussinesq equation for horizontal unconfined aquifer which was solved using a 

decomposition method.  

           Parlange et al. (2001) developed a numerical model based on the one-dimensional 

Boussinesq equation for horizontal unconfined aquifer. The equation was solved using a 

finite element program written in PDE2D, a general purpose partial differential equation 

solver. PDE2D uses a second-order accurate backward Euler scheme and an adaptive 

time stepping scheme to generate transient solutions. 

            Verhoest et al. (2002) presented a numerical model and compared the results 

against a transient analytical solution. The numerical scheme used the Crank-Nicholson 

approximation and a finite element mesh to solve the one-dimensional linearized form of 

Boussinesq equation. The finite element scheme employed a piecewise-linear Lagrange 

basis function and a piecewise-uniform weighting function. 
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            Rocha et al. (2007) developed a numerical model that considered two-

dimensional linearized Boussinesq equation for a horizontal aquifer receiving a constant 

recharge. The equation was solved using the MODFLOW employing the block-centered 

finite difference approach. 

 

2.3.3 Review of experimental studies 

 

            Vaculin et al. (1979) conducted laboratory experiment with recharge in a three-

dimensional soil slab (6 m × 5 cm × 2 m). The slab was packed with fine rive sand 

between two perspex walls supported by a frame resting on impervious horizontal 

boundary. Both the sides of the slab were connected to constant head reservoirs. At the 

soil surface, a constant flux q = 0.148 m/hr was applied over a width of 1 m in the center. 

The remaining soil surface was covered to prevent evaporation losses. During the 

infiltration, water content was measured using gamma rays, and water pressure heads at 

different points were measured by 20 tensiometers, each connected to its own transducer 

mounted on one of the perspex walls. Another transducer measured outflow volume from 

the constant head reservoirs.  

             Sanford et al. (1998) conducted a series of experiments in a three-dimensional 

glass-sided flume (245 cm × 30 cm × 30 cm). The flume was filled with a sand-gravel 

mixture to a depth of 23 cm.  Several small monitoring wells were placed in the inside 

wall of the flume at various locations to measure the water table heights. One side of the 

flume was forced with a constant head boundary (x = 0), and other side was a no flow 
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boundary. Drainage holes were installed on the downslope end of the flume (x = 0) at 

various heights above the impermeable layer. At the beginning of the experiment, the 

flume was filled with water to a saturated depth, designated as h (0, 0), when the flume 

was in the horizontal position. Then the upslope end was raised to the desired height and 

water was added at the upslope end to maintain a constant water depth as close to h (0, 0) 

as long as possible until steady-state condition was reached. At steady state, water table 

heights were recorded in various wells. Then the drainage holes at h = 0 (x = 0) were 

opened and water addition was stopped to produce a sudden drawdown. The water table 

height in each well and the cumulative outflow were recorded periodically until the 

drainage stopped.  The same procedure was applied for several slopes.  

               Kim et al. (2001) performed laboratory experiments using a three-dimensional 

physical unconfined aquifer model (67 cm × 15 cm × 50 cm) that used acrylic plates to 

visualize the water table levels from outside. Seven manometers were placed at a regular 

spacing in the front wall to measure water table heights. The model consisted of an 

unconfined aquifer region bounded by two reservoirs. The unconfined aquifer region was 

packed with uniform fine sand materials. Two different flow experiments were completed 

using two different recharge conditions. In the rising head experiment, the water table 

was allowed to rise by applying a constant recharge. In the falling head experiment, the 

water table was allowed to drain until a steady-state condition was reached. Both the 

rising and falling head experiments were performed for two different types of boundaries, 

one with equal heads, and the other with unequal heads. Transient water table heights 

were recorded at each manometer at a regular time intervals for all cases. 



 
 
 

23

 

 

 

CHAPTER 3 

 

  EXPERIMENTAL METHODS 

 

3.1 Column experiments 

 

               A schematic column experimental setup is shown in Figure 7. The column was 

3-cm diameter and 60-cm long. The column was filled with uniform glass beads (mean 

diameter 1.1 mm) up to 36.9 cm from the bottom of the column. A constant head 

reservoir was used to provide constant flow rate for the column experiment. Flow rate 

and water levels at the column inlet and at exit boundaries were measured under steady-

state conditions.  Three column experiments with three different flow rates were 

conducted. Table 1 provides a summary of the experimental results. 
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                  Figure 7: Column experiment set up in the laboratory 

   

 

 

Experiment 

no. 

1h (cm) 2h (cm)       Q 

( 3 / mincm )

Calculated K  

(cm/min) 

Average K 

(cm/min) 
1 49.1 44.3 88 95.68  

2 47.9 44.3 69 99.36 96.07 

3 55.5 44.3 200 93.19  

 

                         Table 1: Results from column experiments 

h1

h2

Q 

Holding 
stand 

Porous 
medium 

Screen 
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         The hydraulic conductivity values shown in Table 1 are computed based on the 

following analysis: 

According to continuity equation we know, 

   Q Aq=                                                                                                                          (33) 

where Q= flow rate
3L

T
⎡ ⎤
⎢ ⎥
⎣ ⎦

 , A = area of the medium 2L⎡ ⎤⎣ ⎦ , and q = Darcy flux L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

 . 

From Darcy’s law, we can write 

   hq K
x

∆
= −

∆
                                                                                                                   (34) 

Equation (34) can be written as  

    1 2h hq K
x
−

=
∆

                                                                                                         (35) 

where K is the hydraulic conductivity,  x∆  is the thickness of porous medium layer, 1h  

and 2h  are head levels in the column at the top and bottom boundaries, respectively. 

By substituting (35) in (33) we get, 

    
2

1 2

4
h hdQ K

x
π −

=
∆

  

   2
1 2

4 xK Q
d h hπ

∆
=

−
                                                                                                        (36) 

where d is the diameter of the column[ ]L . 

        Hydraulic conductivity of glass beads can be calculated using the Hazen method 

(Hazen 1911). This method uses the following empirical equation, 

      2
10( )K C d=                                                                                                                (37) 
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where K is hydraulic conductivity (cm/sec), 10d is the effective grain size (cm), and C is a 

coefficient based on particle size and packing of medium. For well sorted clean coarse 

sand, C is 120 to 150. Considering this coefficient for glass beads, we get hydraulic 

conductivity 1.45 cm/sec (87.12 cm/min) to 1.815 cm/sec (109.9 cm/min).  

         Darcy velocity and Reynolds number (R) for different flow rates in column 

experiments were calculated. Darcy velocity was calculated using equation (35). 

Reynolds number was calculated using the following equation (Bear 1978), 

       qdR
ν

=                                                                                                                      (38) 

where q = Darcy flux L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, d = diameter of the porous medium [ ]L , ν = kinematic 

viscosity of fluid
2L

T
⎡ ⎤
⎢ ⎥
⎣ ⎦

.  For room temperature, kinematic viscosity of water is
2

610
sec
m− . 

The calculated values of Darcy velocities and Reynolds numbers in column experiments 

are tabulated in Table 2. 

Flow Rate, Q 

( 3 / mincm ) 

Darcy flux 

(cm/min)

Reynolds 

Number 

88 12.45 2.28 

69 9.76 1.79 

200 28.29 5.19 

 

           Table 2: Darcy velocities and Reynolds numbers in column experiments 
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3.2 Darcy experiments 

 

               Several Darcy experiments were done in a three-dimensional flow tank (115 cm 

× 2.5 cm × 60 cm), which was filled by uniform glass beads (mean diameter 1.1 mm). A 

constant head reservoir was used to provide constant flow rate at the left hand side of the 

tank for the Darcy experiment. Water levels at the left and right hand side of the tank, and 

outflow from the right hand side of tank were measured under steady-state conditions.  

Three Darcy experiments with three different flow rates were conducted. A schematic 

Darcy experimental setup is shown in Figure 8. Table 3 provides a summary of the 

experimental results. Table 4 provides the calculated values of Darcy velocities and 

Reynolds numbers in Darcy experiments. 
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             Figure 8: Darcy experiment set up in the laboratory 

 

 

Experiment 

no. 

1h (cm) 2h (cm)       Q 

( 3 / mincm )

Calculated K  

(cm/min) 

Average K 

(cm/min) 
1 23.7 23.2 107 85.6  

2 24.4 23.5 200 88.9 90 

3 25.6 23.8 422 93.8  

          

                    Table 3: Results from Darcy experiments 
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Flow Rate, Q 

( 3 / mincm ) 

Darcy flux 

(cm/min)

Reynolds 

Number 

107 1.98 0.363 

200 3.63 0.66 

422 7.43 1.36 

 

       Table 4: Darcy velocities and Reynolds numbers in Darcy experiments 

 

        From Tables 2 and 4, it is seen that Reynolds numbers are less than 10. 

Experimental results have found that Darcy’s law is valid when the Reynolds number is 

less than 1 to 10 (Lindquist 1933. Rose 1945, Bear 1978). 
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CHAPTER 4 

 

DEVELOPMENT AND TESTING OF A NUMERICAL MODEL 

 

4.1 Numerical solution strategy 

 

              A fully implicit finite difference scheme with a Picard iteration scheme for the 

non-linear terms was used to solve the following sloping unconfined flow equation. 

            cos siny
h h hS K i h i w
t x x x

∂ ⎡ ∂ ∂ ∂ ⎤⎛ ⎞= + +⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
                                                        (39) 

 
The nonlinear spatial terms in the above equation (right hand side) can be written as: 

( ) ( )

( )

1 1
1 1

2

1 1

cos sin

cos
2 2

          

sin
        

2

m m m m
i i i i

i i i i

i i

h hK i h i w
x x x

h h h hK i h h h h

x

K i h h
w

x

+ −
+ −

+ −

⎧ ∂ ∂ ∂ ⎫⎛ ⎞ + + =⎨ ⎬⎜ ⎟∂ ∂ ∂⎝ ⎠⎩ ⎭
⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞+ +⎪ ⎪− − −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟

⎪ ⎪⎝ ⎠ ⎝ ⎠⎢ ⎩ ⎭⎥
⎢ ⎥∆
⎢ ⎥
⎢ ⎥⎣ ⎦

−⎡ ⎤
+ +⎢ ⎥∆⎣ ⎦

                (40)                           
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         In the above equation, m is the Picard iteration level, x∆  is grid size, ih  and 1ih +  are 

the water level at the current (m + 1 )-th Picard iteration level at the i-th node and (i +1)-

th node, respectively. The first term in the equation is approximated using the forward 

difference approximation, and water levels (h) are averaged using the arithmetic mean of 

Picard updated head values of the adjacent nodes. The second term is approximated using 

the central difference approximation.                                                                                                            

By using   
( )1

1 2

m m
i i

avg

h h
h ++

=                                                                      

                  
( )1

2 2

m m
i i

avg

h h
h −+

=             

 We can write equation (40) as: 

                                                 

( ) ( ){ } ( )1 1 2 1 1 1
2

cos sin

cos sin
 

2
avg i i avg i i i i

h hK i h i w
x x x

K i h h h h h h K i h h
w

x x
+ − + −

⎧ ∂ ∂ ∂ ⎫⎛ ⎞ + + =⎨ ⎬⎜ ⎟∂ ∂ ∂⎝ ⎠⎩ ⎭
⎡ ⎤− − − −⎡ ⎤

+ +⎢ ⎥ ⎢ ⎥∆ ∆⎢ ⎥ ⎣ ⎦⎣ ⎦

  

                                                                                                                                    (41) 

            The temporal term (left hand side term) in the equation (39) can be expressed 

using backward-Euler approximation as: 

( )i i
y y

h phhS S
t t

−∂
=

∂ ∆
                                                                              (42) 
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where iph  is the water level at the previous time level, and t∆ is the time step. Using 

finite-difference expressions for the spatial and temporal terms of equation (39), we get 

the following equation: 

( ) ( ) ( ){ }

( )

1 1 2 1
2

1 1

cos

sin
2

avg i i avg i ii i
y

i i

K i h h h h h hh ph
S

t x

K i h h
w

x

+ −

+ −

⎡ ⎤− − −−
= ⎢ ⎥

∆ ∆⎢ ⎥⎣ ⎦
−⎡ ⎤

+ +⎢ ⎥∆⎣ ⎦

                     (43)                            

 

After rearranging all the terms, we get the following equation: 

( ) ( ) ( )2 1 1 2 1 1avg i avg avg i avg i ih h h h h h h phγ β γ β ε− +− + + + + + − − = +   (44) 

where  

( tan )
2

x iγ ∆
= ,                                  

2( )
( co s )

yS x
K t i

β
∆

=
∆

 

2( )
( c o s )

w x
K i

ε ∆
=  

Equation (44) can be written as: 

                   1 1i i iah bh ch d− ++ + =                                                                       (45)                           

where, 

2 ,avga h γ= − +                                           1 2avg avgb h h β= + +  

1 ,avgc h γ= − −                                            id phβ ε= +  
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             In equation (45), all the unknowns are in the left hand side and all the known are 

in the right hand side. Using this equation, the approximate water level for the new time 

level at (m +1)-th Picard level is obtained after solving the linear matrix problem. The 

matrix equation (45) can be written in the following form: 

             [ ]{ } { }A h d=                                                                                              (46)    

where [ ]A  is the square matrix which contains all the coefficients (except d), { }h is the 

unknown water levels, and { }d is based on the known water levels at the previous time 

level. At every Picard step, a, b, c vales are updated. Once the convergence is established 

the computation is moved to the next time level by updating the { }d vector. 

 

4.2 Initial and boundary conditions 

 

           For initial conditions, water tables before applying to recharge or the steady-state 

water table condition after applying a constant recharge rate were used. For boundary 

conditions, constant head, known transient head, and no flow conditions were used. 

Equation (45) was appropriately modified to implement these boundary conditions. For 

no flow condition, cos sin 0hKh i i
x
∂⎛ ⎞− + =⎜ ⎟∂⎝ ⎠

 was used at the right hand side boundary in 

both horizontal and sloping bed unconfined aquifers, since cos sinhq Kh i i
x

∗ ∂⎛ ⎞= − +⎜ ⎟∂⎝ ⎠
. 
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4.3 Code Verification using published datasets 

4.3.1 Comparison against Kim et al. (2001) horizontal aquifer solution 

 

           Before using our proposed numerical algorithm in our study, we verified the code 

against other numerical and analytical results that are published in journal articles. First, 

we compared our numerical results to the analytical results of Kim et al. (2001). The 

parameters used by Kim et al. (2001) model are 1h = 14.5 cm, 2h = 14.6 cm, theta or i= 0 

degree (horizontal bed), aquifer depth (D) = 16 cm, hydraulic conductivity (K) = 6.41 

cm/min, specific yield ( yS ) = 0.33, recharge (w) = 1.96 cm/min, ∆x = 1 cm, ∆t = 0.0001 

min, length of aquifer (L) = 47 cm, and total simulation time to reach the steady state was 

3.3 minutes. It is important to note that the Kim et al. model used a liner approximation to 

simplify the model. They assumed the aquifer depth was large enough compared to the 

water table variations and substituted the nonlinear water table term (h) by aquifer depth 

(D) in one-dimensional Boussinesq equation for horizontal unconfined aquifer.   

           We found that the numerical results matched at the beginning, but with the 

passage of time some deviations were observed. At the steady state, the peak water table 

predicted by Kim et al. (2001) is about 0.29 cm higher than that our proposed non-linear 

model (Figure 9). But when we modified our nonlinear code by using aquifer depth (D) 

as the nonlinear water table term (h) in one-dimensional Boussinesq equation for 

horizontal aquifer to implement the Kim et al. (2001) linear approximation, the numerical 

results matched well with the analytical results with very little deviation (see Figure 10).  
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Figure 9: Comparison Kim et al. (2001) analytical model (linearized) results against    

                 our proposed model (non-linear) results for a horizontal unconfined  

                 aquifer example problem 
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Figure 10: Comparison between analytical model results of Kim et al. (2001) and the  

                 linearized numerical model for a horizontal unconfined aquifer example    

                 problem 

 

4.3.2 Comparison against Verhoest et al. (2002) sloping aquifer solution 

 

              We compared our numerical model results against the results of Verhoest et al. 

(2002). The parameters used in Verhoest et al. (2002) model are 1h = 0.5 m, 2h = 1.5 m, 

theta or i= 2 degree, aquifer depth (D) = 2 m, hydraulic conductivity (K) = 0.001 m/s, 
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specific yield ( yS ) = 0.34, recharge (w) = 3 mm/hr, and the total simulation time to reach 

the steady state was 200 days. Figure 11 compares Verhoest et al. (2002) analytical 

results, which is based on linearization, against the linearized and non-linearized 

numerical results. From the figure, it can be observed that Verhoest et al. (2002) model 

yielded higher peak (about 0.6 m more) than the non-linear numerical model under 

similar conditions.  
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Figure 11: Comparison Verhoest et al. (2002) analytical results against linear and            

                non-linear numerical models results for a sloping unconfined aquifer  

               example problem 
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              But, when we modified our numerical code to implement the linearization 

procedure, the numerical model results matched well with Verhoest et al. results (2002) 

(see Figure 11).  

 

4.3.3 Comparison against Sanford et al. (1993) solution 

 

               We also compared our numerical model results against the analytical results of 

Sanford et al. (1993) for three different cases. In Sanford et al. (1993) the right hand side 

was set to no-flow boundary condition and the left hand side was set to transient head 

boundary condition. The parameters used in Sanford et al. (1993) analytical model are 

shown in Table 5, and the comparison of Sanford et al. (1993) analytical  results and our 

proposed model results are shown in Figures 12, 13, and 14. It is to be noted here that the 

analytical model of Sanford et al. (1993) was developed on equations 22 and 23, and the 

left side boundary of the experimental tank was suddenly dropped removing the cork 

from the bottom hole (h = 0) only. 

 

Case Slope 
(degree) 

h(0,0) 
cm 

K (cm/s) yS  

1 0 22.3 0.76 0.238 
2 0.089 22.2 0.78 0.238 
3 0.137 21.8 0.64 0.238 

 

         Table 5: Parameters used in Sanford et al. (1993) analytical model 
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Figure 12: Comparison Sanford et al. (1993) analytical model results against our  

                 proposed model (non-linear) results for a horizontal unconfined aquifer     

                 example problem 
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Figure 13: Comparison Sanford et al. (1993) analytical model results against our  

                 proposed model (non-linear) results for a sloping unconfined aquifer  

                 (theta = 0.089)  example problem 
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Figure 14: Comparison Sanford et al. (1993) analytical model results against our  

                 proposed model (non-linear) results for a sloping unconfined aquifer  

                 (theta = 0.137)   example problem 

             

                From the Figure 12, we found Sanford et al. (1993) analytical results in 

horizontal aquifer matched well against our proposed numerical model results. For the 

sloping aquifer, the results matched quite well, except near the no-flow boundary (see 

Figures 13 and 14). 
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                                                    CHAPTER 5 

 

                           LABORATORY DATA AND MODELING RESULTS 

 

5.1 Steady state experiments 

 

              A three-dimensional flow tank (115 cm × 2.5 cm × 60 cm) which was connected 

to a constant head reservoir and a constant recharge generator was used in this study. The 

flow tank was made of plexi glass plates hence the water level can be recorded from 

outside the tank. Uniform glass beads (mean diameter 1.1 mm) were used as the porous 

medium to construct an unconfined aquifer. Multiple 6 mm diameter glass tubes filled 

with red-colored water were used to delineate the location of the water table in the 

aquifer. Digital photos of the actual tank fitted with recharge generator in both horizontal 

and sloping bed unconfined aquifers are shown in Figures 15 and 16 respectively.  A 

schematic of the laboratory setup is shown in Figure 17.  

             Experimental works conducted with water flow from the constant head reservoir 

to laboratory tank through a recharge generator. In all the steady-state experiments, 

constant head boundary condition was used for the left side of the tank, and no flow 
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boundary condition was used for the right side of the tank. During infiltration, water table 

in unconfined aquifer was raised and when it became steady-state, the outflow from the 

right hand side of the tank was collected using a beaker for 2 minutes. The flow was 

measured by dividing the collected outflow volume by 2 minutes. The sloping aquifer 

was made by lifting the left hand side of the tank placing a wooden block of 3.8 cm 

height below the bottom. Observations from multiple steady-state experiments conducted 

with different recharge rates under horizontal and sloping aquifers are shown in Figures 

18 and 19 respectively. Recharge rates were designed in such a way that there was no 

ponding. The recharge rates and constant head boundary conditions for both horizontal 

and sloping aquifers are tabulated in Table 6. 

 

 

 

 

 

 

 

 

 

 

Table 6: Recharge rates and constant head boundary conditions for both horizontal  

              and sloping unconfined aquifers   

Slope (degree) Constant 

Boundary 

condition (cm) 

Recharge 
rate 
(cm/min) 

0 22.0 2.9 

0 22.75 4.2 

0 25.0 5.4 

2.03 23.8 4.42 

2.03 24.3 4.83 

2.03 26.0 5.55 
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           Figure 15: Laboratory tank with recharge generator used in this study  

                              for horizontal unconfined aquifer 

                        

           Figure 16: Laboratory tank with recharge generator used in this          

                               study for sloping  unconfined aquifer (i =2.03 degree)           

 



 
 
 

45

 

 

 

 

 

 

 

 

 

 

                  
                        

 

  

                         

 

                        Figure 17: A schematic laboratory set up for tank experiment 
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Figure 18: Experimental steady-state water table profiles in horizontal unconfined               

                  aquifer under different recharge rates.  

 

 

 

 



 
 
 

47

 

 

 

0

5

10

15

20

25

30

35

40

0 20 40 60 80 100 120
Distance (cm) 

W
at

er
 T

ab
le

 H
ei

gh
t, 

h 
(c

m
)

expt (w=5.55 cm/min)
expt(w=4.83 cm/min)
expt (w=4.42 cm/min)

No flow
Boundary

 

Figure 19: Experimental steady-state water table profiles in sloping unconfined               

                  aquifer (i = 2.03 degree) under different recharge rates.  
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5.2 Modeling steady-state water table profiles 

 

            Steady-state water table profiles observed were modeled using analytical and 

numerical models. For the horizontal aquifer data, we used the analytical equation (29), 

which was derived by Fetter (1994). The hydraulic conductivity estimated from Darcy 

experiments was used in analytical equation (29), and the resulting analytical model 

results matched well with the experimental steady-state results for different recharge rates 

(see Figure 20).   

           For the sloping aquifer, steady-state water table profiles were simulated using the 

numerical model. The same numerical modeling results matched reasonably well with the 

experimental results (see Figure 21). 

 

 
 
 
 

 

 

 

 

 

 

 



 
 
 

49

 

0

5

10

15

20

25

30

35

40

0 20 40 60 80 100 120
Distance (cm)

W
at

er
 T

ab
le

 H
ei

gh
t, 

h 
 (c

m
)

expt(w=4.2 cm/min)
ana(w=4.2 cm/min)
expt(w=5.4 cm/min)
ana (w=5.4 cm/min)
exp(w=2.9 cm/min)
ana(w=2.9 cm/min)

No flow
Boundary

 

 

Figure 20: Modeling steady-state water table profiles using analytical equation in  

                 horizontal unconfined aquifer   
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Figure 21: Modeling steady-state water table profiles using numerical model in  

                 sloping unconfined aquifer  (i = 2.03 degree) 
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5.3 Transient experiments 

 

              Multiple transient experiments were conducted in both horizontal and sloping 

aquifers. For transient experiments, at first water tables was raised to a steady-state level 

by applying a constant recharge rate, and then the system was allowed to drain after 

removing the recharge. During transient experiments, water table at the left boundary 

changed with time. Therefore, we had to model the constant head boundary condition as a 

known transient head boundary. All the transient experiments were simulated using 

known transient head boundary condition for the left side of the tank, and no flow 

boundary condition for the right side of the tank. The specific yield ( yS ) was estimated 

by fitting the numerical model results to the transient experimental results. Water table 

readings were recorded at regular time intervals using a digital camera. All the 

experimental data sets and the modeling results are summarized in the following section. 

 

5.3.1 Modeling the transient head boundary at the left side of the tank  

 

              Transient head boundary for both horizontal and sloping aquifers was described 

using a best fit curve of the observed transient left hand boundary data (Figures 22 and 

23).  These data were collected by sampling the digital images at every half-minute from 

an initial steady-state condition to fully drained condition. Multiple steady-state 

experiments were done using different recharge rates in horizontal aquifer. Here only one 

case with a constant recharge of 5.4 cm/min is shown as an example. At first the observed 
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transient left hand boundary data were plotted against time, and then a best-fit curve was 

drawn for that profile of the experimental result. The best fit curve is given by equation 

(39), which was used to model the left hand side transient head boundary condition (i.e. x 

= 0 cm) in horizontal aquifer. Figure 22 shows the best fit model results against observed 

head data.                  

4 3 2( ) 0.0061 0.1356 1.1147 4.0671 25.348h t t t t t= − + − +                                  (47) 

h = 0.0061t4 - 0.1365t3 + 1.1147t2 - 4.0671t + 25.348
R2 = 0.99
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Figure 22: Modeling transient head boundary (left hand side of the tank) in  

                  horizontal unconfined aquifer. 
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               Similarly, the equation for transient head boundary condition at the left hand 

side in sloping aquifer was developed. Figure 23 also shows the best fit model results 

with observed head data. The equation of that best fit curve for recharge rate of 4.42 

cm/min is: 

4 3 2( ) 0.0713 0.6172 1.5002 0.3683 23.875h t t t t t= − + − + +                                        (48)  

 

h = -0.0713t4 + 0.6172t3 - 1.5002t2 - 0.3634t + 23.875
R2 = 0.9921
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 Figure 23: Modeling transient head boundary (left hand side of the tank) in  

                   sloping unconfined aquifer (i = 2.03 degree) 
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5.3.2 Horizontal unconfined aquifer- transient experimental data and modeling results 

 

             Figure 24 shows the transient experimental data and numerical results when the 

water table was allowed to drain from the steady-state condition (initial condition) with a  

constant recharge rate of 5.4 cm/min in the horizontal unconfined aquifer system. The 

specific yield ( yS ) was estimated as 0.35 by fitting these numerical model results to the 

transient experimental results. Then this estimated value was used in the numerical model 

to fit the numerical results with another experimental results (see Figure 25 where 

recharge rate= 4.42 cm/min at the steady-state). 

            The numerical model results show good match with the experimental results at 

different time intervals. The results show that the water table drops fast at the beginning 

because of high hydraulic gradient, but drops slowly at later stage due to low hydraulic 

gradient. Kim et al. (2001) made similar observation. This indicates a non-linear drainage 

pattern for water-table movement in the unconfined aquifer.  
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 Figure 24: Transient behavior of water table in horizontal unconfined aquifer (k =  

                  90 cm/min (1296 m/day), yS  = 0.35 and w = 5.4 cm/min at the beginning  

                  (steady state)) 
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Figure 25: Transient behavior of water table in horizontal unconfined aquifer (k =  

                  90 cm/min (1296 m/day), yS  = 0.35 and w = 4.42 cm/min at the beginning  

                  (steady state)) 
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5.3.3 Sloping unconfined aquifer- transient experimental data and modeling results 

 

               Figure 26 also shows the transient experimental data and numerical results when 

the water table was allowed to drain from the steady-state condition (initial condition) 

with a constant recharge rate of 4.42 cm/min in the sloping unconfined aquifer (i = 2.03 

degree). 
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Figure 26: Transient behavior of water table in sloping unconfined aquifer ((i = 2.03  

                    degree, K = 90 cm/min (1296 m/day), yS  = 0.35 and w = 4.42 cm/min at 

                   the   beginning  (steady  state)) 
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             The numerical model results also show good agreement with the experimental 

results. The experimental result shows that the water profile dropped very rapidly 

because of sloping effect. It is observed that the water table dropped fast at the beginning 

and slowly at the later stage, similar to the horizontal aquifer case. This indicates a non-

linear pattern in the water-table movement in unconfined aquifer.  

 

5.3.4 Mass balance accuracy of the Numerical results 

 

             Our numerical model solved a set of non-linear equations using the Picard 

iterative scheme. The model employed 1x∆ =  cm, and 0.00025t∆ =  min to simulate the 

transient profiles. The mass balance errors were less than 1%, which are tabulated in 

Tables 7 and 8 for horizontal and sloping unconfined aquifers respectively. 

 

Elapsed Time (min) Mass balance error (%) 

0.25 0.46 

0.5 0.5 

1 0.57 

2 0.65 

4 0.66 

8 0.68 

 

  Table 7: Mass balance errors for the water table profiles generated by the        

                 numerical model for the horizontal unconfined aquifer  
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Elapsed Time (min) Mass Balance Error (%) 

0.5 0.57 

1 0.6 

3.5 0.6 

 

Table 8: Mass balance errors for the water table profiles generated by the       

              numerical model for the sloping unconfined aquifer (i = 2.03 degree) 

 

5.4 Correlation between the sloping unconfined aquifer with the horizontal unconfined 

aquifer 

 

             Figure 27 compares the steady-state head profiles observed in the horizontal and 

sloping unconfined aquifers under similar conditions. The figure shows that the peak 

head values observed in horizontal and sloping (2.03 degree slope) unconfined aquifer 

occurred at the no Flow boundary. The peak in the horizontal unconfined aquifer is 

approximately 1.9 cm higher than that in the sloping unconfined aquifer under identical 

recharge rate of 4.42 cm/min. But the total draining time in sloping unconfined aquifer is 

approximately 1.5 minute less than that in horizontal unconfined aquifer because of the 

influence of the gravity effect in sloping aquifer. 
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Figure 27: Comparison of experimental steady state water table profile between  

                  horizontal and sloping unconfined aquifers (i = 2.03 degree) under same  

                  condition 
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                                                            CHAPTER 6 

 

                     SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

 

             We developed a laboratory-scale aquifer model to conduct steady-state and 

transient experiments in both horizontal and sloping unconfined aquifers. The 

experimental results were recreated using a numerical model. A three-dimensional flow 

tank (115 cm × 2.5 cm × 60 cm) connected to a constant head reservoir and a constant 

recharge generator was used to conduct steady- state and transient experiments in both 

horizontal and sloping unconfined aquifers. The hydraulics conductivity of the porous 

medium was measured using 1-D column and 2-D Darcy experiments. The average 

hydraulic conductivity was estimated to be 90 cm/min. At first, multiple steady-state 

experiments were conducted for different recharge rates. For steady-state experiments, 

constant head boundary at the left hand side and no flow boundary at the right hand side 

of the tank were used. Experimentally measured steady-state water table profiles were 

modeled using analytical and numerical models. Horizontal aquifer data was described 

using an analytical model. For sloping aquifer, a numerical model was developed to 

simulate the experimental results. During transient experiments, it was observed that the 

water table at the left hand boundary changed with time. Therefore, the left hand 



 
 
 

62

boundary was modeled as a known transient head boundary. The transient head boundary 

variations observed for both horizontal and sloping aquifers were modeled by using a 

best fit curve of the observed head data. This data was collected by sampling the digital 

images at every half-minute from an initial steady-state condition to fully drained 

condition. All the transient experiments were simulated using transient head boundary 

condition for the left boundary, and no flow condition for the right boundary.                                       

         The transient experiments and numerical simulations were done for known transient 

head boundary condition. The transient results show that water table drops faster at the 

beginning than that in the later stage because of high hydraulic gradient at the beginning. 

These results indicate the non-linear nature of water-table drainage patterns in unconfined 

aquifer system. It also shows that the peak water table in the horizontal unconfined 

aquifer is higher than that in the sloping unconfined aquifer (2.03 degree slope) under the 

same recharge condition, hence more time required for draining in horizontal unconfined 

aquifer. The novel experimental setup developed in our laboratory also allowed us to 

understand the interactions among an unconfined aquifer, a stream, and a water divide 

during or after rainfall event, when the water level in the near by stream varies. The 

numerical model predicted better groundwater table data than that in linearized analytical 

model. The proposed numerical model is a useful tool for predicting the variations in 

groundwater table during or after rainfall event.  

          For future application, the model needs to be further validated using a field scale 

stream-aquifer interaction dataset. However, there are some challenges in the field for 

characterizing the hydraulic properties (e.g. hydraulic conductivity). In the field, 
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hydraulic conductivity variations will be non-homogenous and anisotropic. This would 

require a careful analysis of various averaging procedures used for interpretation the field 

data. 
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                                                              APPENDIX  
 

                                                           

An Alternate Analysis of Depth-averaged Darcy Flux in Sloping Bed Unconfined 

Aquifer: 

 

                  
 
Figure 28: Pressure at the bottom of a sloping bed unconfined aquifer 
 
 
In Figure 28, the weight of fluid phase is 
 
                 fw n gh x yρ= ∆ ∆                                                                                            

(I)where ρ  is the density of water 3

M
L

⎡ ⎤
⎢ ⎥⎣ ⎦

, g is gravitational acceleration 2

L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, h is 

i 
cosfw i

fw

x∆
h

 

y∆
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height of water table perpendicular to the sloping bed, n is porosity, x∆ is the length [L] 
along the aquifer bottom, and y∆ is the  width [L] of the aquifer. 
  
Component of this weight perpendicular to the sloping bed, cosfw i , is equal to                                        
 

cosn gh x y iρ ∆ ∆                                                                   
 

Pressure acting on perpendicular to the sloping bed,  

              
cos cosf fw i w iFP

A A x y
= = =

∆ ∆
                                                                            (II)                         

where F is the force acting perpendicular to the sloping bed 2

ML
T

⎡ ⎤
⎢ ⎥⎣ ⎦

, and A n x y= ∆ ∆ is 

the area normal to the sloping bed 2L⎡ ⎤⎣ ⎦ . After substituting equation (II) in equation (III), 

we get 

             
cos cosn gh x y iP gh i

n x y
ρ ρ∆ ∆

= =
∆ ∆

                                                                     (IV) 

Total head is defined as: 
2

2
p vH z

gγ
= + +                                                                       (V) 

where p
γ

 is pressure head, 
2

2
v
g

 is velocity head, and z is elevation head. Since the 

groundwater velocity (v) is typically a very small, we can neglect the velocity term. 

Hence, 

                  
pH z
γ

= +                                                                                                    (VI) 

Substituting (IV) in (VI), we get  
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cosgh iH z
g

ρ
ρ

= +  

                  cosH h i z= +                                                                                             (VII)                         

From Darcy’s law, 
     

                         
Hv K
x

∂
= −

∂
                                                                                         (VIII) 

Where v is Darcy flux or specific discharge L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, K is the hydraulic conductivity L
T
⎡ ⎤
⎢ ⎥⎣ ⎦

, 

and H
x

∂
∂

 is hydraulic gradient.  

Depth-averaged Darcy flux can be defined as: 

                        q vh∗ =                                                                                                   (IX) 

where q∗ is depth averaged flux along the x direction
2L

T
⎡ ⎤
⎢ ⎥
⎣ ⎦

. After substituting equations 

(VII) and (VIII) in equation (IX) we get the general depth averaged flux equation for 

unconfined flow in a sloping aquifer as: 

                 ( cos )q Kh h i z
x

∗ ∂
= − +

∂
  

                 cosh zq Kh i
x x

∗ ∂ ∂⎛ ⎞= − +⎜ ⎟∂ ∂⎝ ⎠
                                                                                

                cos sinhq Kh i i
x

∗ ∂⎛ ⎞= − +⎜ ⎟∂⎝ ⎠
                                                                             (X) 

 
 
 
 


