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CHAPTER 1

INTRODUCTION AND BACKGROUND

A continuum is traditionally defined as a compact, connected, metric space. One of the
simplest examples is an arc, which is a space homeomorphic to the unit interval. Basically
it is a continuum with two endpoints, one of which is mapped to 0, and the other which
is mapped to 1. In this paper we are concerned with one of many nonmetric analogs to
the arc, the Lexicographic arc. Throughout we will define a continuum to be a compact,
connected Hausdorff space. If a continuum is metric, it will be stated.

In 1951, Bing showed that higher dimensional metric continua must contain non-
degenerate hereditarily indecomposable subcontinua [1]. He also is responsible for showing
that the set of all pseudo-arcs is a dense G set in R™ [2]. In a sense this means that the set of
all hereditarily indecomposable subcontinua of Fuclidean space is large. Recently, Michel
Smith has been studying how hereditarily indecomposable continua sit inside nonmetric
continua [6] [7] [8] [9] [10] [11]. Surprisingly, it seems that metrizability and hereditary
indecomposability could possibly be linked. He has shown that all hereditarily indecompos-
able subcontinua of the inverse limit of both Souslin arcs and Lexicographic arcs are metric
[8] [9]. Also, he has shown that the product of two Souslin arcs contain only metric hered-
itarily indecomposable continua [10] [11]. The purpose of this paper is to investigate the
existence of hereditarily indecomposable continua in finite products of Lexicographic arcs.
Michel Smith, in conjunction with Jennifer Stone, showed that every hereditarily indecom-
posable subcontinuum of the product of two Lexicographic arcs is metric [11]. The author
will develop a technique to restrict the existence of nonmetric hereditarily indecomposable
subcontinua in finite products, and in finite products cross the Hilbert cube. Most of the

techniques used can be extended to a countable product of Lexicographic arcs.



The goal is to show that any hereditarily indecomposable subcontinuum of a finite
product of Lexicographic arcs is metrizable. In this paper, the author will prove it for the
product of three of these arcs.

Let us start by describing the Lexicographic arc and by introducing some notation
that will be used throughout the paper. The Lexicographic arc is the set [0, 1] x [0, 1] given
an order topology based on the following order. We say that (a,b) < (c¢,d) provided that
either @ < ¢, or a = ¢ and b < d. This produces a compact, connected, Hausdorff space
with endpoints (0,0) and (1,1). We will denote the Lexicographic arc with L, and we
will introduce a notation of a point in [0, 1] x [0,1] to simplify the interval notation and
points in higher dimensional products. Let the point (z,y) = z,. Further research into the
Lexicographic arc can be found in the author’s Masters Thesis [13].

One way to think of the lexicographic arc is to think of the unit square as an arc which
has each point replaced with another arc. Refer to Figure 1.1.

0 & 14

0g a

Figure 1.1: The Lexicographic Arc

In turn, products of n Lexicographic arcs can be thought of as the unit n-cube with
each point replaced with an n-cube. Figure 1.2 depicts the product of two and three said
arcs. We will denote the product of n Lexicographic arcs as [[;—; L = L™.

During our exploration we will have need of two more spaces, the Hilbert cube and the
compact Double Arrow Space. The Hilbert cube is defined as the countable product of unit

intervals, and it will be denoted by [0, 1]>° = [[;2,[0, 1] with the usual topology on [0, 1].
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Figure 1.2: L? and L3

The Double Arrow space is the order topology induced by the lexicographic order described
at the beginning of this chapter on the set [0, 1] x {0, 1}.

The following definitions and theorems will be used extensively throughout the paper.
Definition 1.1. A space is said to be separable if it contains a countable, dense subset.
Definition 1.2. A space is said to be completely separable given it has a countable basis.

Definition 1.3. A continuum is indecomposable if it cannot be written as the union of

two proper subcontinuum.

Definition 1.4. A continuum is hereditarily indecomposable if every subcontinuum is

indecomposable.

Definition 1.5. Let A be a subset of a space X. The component of x € A is the union

of all connected subsets of A containing x.

Definition 1.6. Let A and B be subsets of a space X. X can be separated over A and
B provided that there exist disjoint open sets, U and V', such that UUV = X, A C U, and
BcCV.

Definition 1.7. A point z € X is a cut point of X if X — {x} is not connected.

Definition 1.8. An arc is a continuum having exactly two non-cut points.



Further exploration of the properties of a metric arc was done by Nadler [4].
Definition 1.9. A subset of a space is nowhere dense in the space if it has empty interior.

Definition 1.10. Let X be a topological space. Then the hyperspace of X denoted by 2%
is the space of nonempty compact subsets of X. Let {Uy,Us, Us,...,U,} be a finite collection
of open subsets of X. Then the collection of sets of the form {K € 2X|K € U, U; and for

each 1 <i <n, U;N K # 0} constitutes a basis for 2X.

Definition 1.11. Let X be a topological space. Then we denote the subspace of 2% known

as the hyperspace of continua as C(X) = {K € 2*|K is a continuum}.
For a more in depth look at hyperspaces refer to [5].

Definition 1.12. Let x be a point in a continuum X . Define a partial order on C(X) using

inclusion. Then an order arc of x in X is an arc in C(X) with endpoints {z} and X.

Theorem 1.1. If A is a proper subcontinuum of an indecomposable continuum X, then A

s nowhere dense in X.

Theorem 1.2. If a space X is compact and completely separable, then X is metrizable.
Theorem 1.3. If an arc is separable, then it is completely separable.

Corollary 1.1. If an arc is separable, then it is metrizable.

Theorem 1.4. Let X be a compact Hausdorff space, and let A and B be disjoint closed
subsets of X such that no component intersects both A and B. Then X can be separated

over A and B.

Theorem 1.5. Let X be a hereditarily indecomposable continuum. If E and F are disjoint,
closed subsets of X contained in open sets U and V respectively, then there exist closed sets
A, B, and C such that X =AUBUC, FECA, FCC,AnBCV—-F,BNCCU-E,
and ANC =10.

A proof of the metric case can be found in [3].



Theorem 1.6. The order arc generated by a hereditarily indecomposable subcontinuum is

UNIQUE.

Theorem 1.7. Let X be a hereditarily indecomposable continuum, and let a(p) denote the
order arc of some point p € X. If there exists an open neighborhood, U of p, containing a
countable collection of open subsets, {G;}32,, having the properties that for each H C K €

a(p) such that H # K, there is an i < oo such that G;N (K — H) # 0 and G; N H = ),

then a(p) is separable.

Proof. Let X be a hereditarily indecomposable continuum, and choose p € X. Let U be
an open neighborhood, U of p, containing a countable collection of open subsets, {G;}:2;,
having the properties that for each H C K € «(p) such that H # K, there is an i < 0o
such that G; N (K — H) # () and G; N H = (). Let X; be the irreducible subcontinuum of X
between p and G;. Then {X;}2°, is countable.

We claim that {X;}5°; is dense in a(p). Let H C K € a(p) such that H # K. Then
we must show that there exists ¢ < oo such that H € X; € K and H # X; # K. By
the hypothesis, there exists i < oo such that G; N (K — H) # () and G; N H = (. Since
GiNH =, we have that H C X; and H # X;. Since X;NG; = 0, by virtue of irreducibility,
and G;N(K — H) #0, X; C K and X; # K. Thus {X;}{°, is dense in a(p). Therefore

a(p) is separable. O



CHAPTER 2
NONMETRIC HEREDITARILY INDECOMPOSABLE SUBCONTINUA

OF FINITE PRODUCTS OF LEXICOGRAPHIC ARCS

In this chapter we will restrict the subsets that a nonmetric hereditarily indecomposable
subcontinuum of L" can intersect. We will start with a metric subset and add in a dimension
of L at a time. We will define some notation for the subsets we will be using. Fix a’ € [0, 1]

for each 1 <7 < n.

1. Let S = [["(a},al). We will refer to this set as the interior of a metric cube.

2. Let S = [Ti<ic;(ah, af)x {a)} x [1j<i<n(ab, ai) be known as the “jth” lower metric

face.

3. Let 7 = [Ti<ic;(ah, ai)x {al}x [1j<i<n(ab, ai) be known as the “jth” upper metric

face.

4. Let P7 =[] ;< (af, a}) x L x [Tj<i<n(ah,ai). We will refer to this set as the “jth”

tube.
5. Let Pg = [li<icj(ah, af) x [Oo,aé) X [1j<i<n(af, a}) be the “jth” lower tube.

6. Let P} = [Ti<icj(af, af) x (a],11] x [1;<i<n(af, a}) be known as the “jth” upper

tube.

First we will show that if M is a nonmetric hereditarily indecomposable subcontinuum
of L™, then it cannot intersect the interior of a metric cube. Please note that the following
theorems are also true for a countable product of lexicographic arcs.

For the following propositions fix a’ € [0,1] for each 1 < i < n.



Proposition 2.1. If M is a nonmetric hereditarily indecomposable subcontinuum of L™,

then M NS = 0.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™. Since M is
nonmetric, we may assume wlog that 71 (M) = L. Suppose M NS # (). Then there exists
a point, @ € M N S. Notice that the boundary of S is homeomorphic to a sphere which is
metrizable. Let B be a countable basis for bd(S), and let {D;}22; be the collection of all
finite unions of elements of B.

Let us assume that a' < 1, and let K be an irreducible subcontinuum of M from @ to
{11} x Iy L. Then we will let { K, }aer denote the components of K in L™ — S indexed by
the set I'. Then for each a € T, let K, = K, N bd(S). Notice that K, is a nonempty closed
subset of bd(S). For each j < oo let K; = Uf(acDj K. Finally, let x; = lub{m(K;)}. So
we have used K to construct {z;};<s, a countable subset of L.

We will now use Theorem 1.5 and the metrizability of bd(S) to show that {z;} < is
uncountable, contradicting its construction. Let b € (a',1). We claim that there exists j <
oo such that x; € (bo,b1). Let E = M N ([b1,11] X [[juo L), F ={a}, U = (bo, 11] x [TiLs L,
and V = S. Then by Theorem 1.5, there exists closed subsets A, B, and C of L™ such that
M=AUBUC,ECA FCC,ANBC (V-F),BNC C (U—-E),and ANC = (). Refer

to Figure 2.1.

U
E
\

I B -

|
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3
a 3 \ a’
1 1

%o & a by by

Figure 2.1: Proposition 2.1: A, B, and C



Let A = ANbd(S), B = BNbd(S), and C = CNbd(S). Then B and AUC are disjoint
closed subsets of bd(S). Hence by normality there exists disjoint open subsets of bd(.S), O
and W, such that BcOand AUC cW. By compactness, there exists j < oo such that
B C Dj CO. Then B € Dj and (AU C) N Dj = (. By the Theorem 1.4, there exists a

component, I, of B intersecting both AN B and BN C.

Figure 2.2: Proposition 2.1: The Component [

Since I € B, INbd(S) C B C D;. So I — S is a subset of K;. Now BNC C (U —E) =
(bo,b1) x TIi5 L, implying that a; > by. Also since AN D; = ), we have AN K; = () and
ANK;=0. So ENK; = 0 which implies that z; < b;. So for each b € (a’,1) there is a
J < oo such that x; € (bg,b1). Thus {z;};<c is uncountable, a contradiction. Therefore

MnNS =10 O

Next we will note that M cannot intersect an isolated metric face. Recall that a metric
face is defined as Sg = HKj(af),a’i) X {a%} X Hi>j(af),a’i) or S{ = Hi<j(a6,a§) X {a{} X

[1;~;(ah,a}). The proof follows a similar argument to the proof of Proposition 2.1.

Proposition 2.2. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™,

and choose 1 < j < n such that o/ ¢ {0,1}. Ifa@ € M N Sg, then there is a sequence in



MN Poj converging to a@. Similarly if @ € M N S{, then there exists a sequence in M N Plj

converging to d.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L", and wlog
choose j = 1 to simplify notation. Suppose that a' ¢ {0,1} and that 71 (M) = L. Let
@ € M N S§. Suppose that there is no sequence in M N P} converging to @ Then there is
an open neighborhood of @, O C P} such that M N O C S}. Hence O N M is metrizable.

Let B be a countable basis for bd(S), and let {Dj}?2; be the collection of finite unions
of elements of B. Notice that a' # 1. Let K be an irreducible subcontinuum of M from a
to {11} x 19 L. Let {K, }aer denote the components of K in L™ — O indexed by I'. Then
for each a > 0, let K, = K, Nbd(S). Notice that K, is a nonempty closed subset of bd(S).
Using compactness, for each k < oo, let K}, = Uf(ach K,. Finally, let zj = lub{m (Ky)}.

We will now use Theorem 1.5 and the metrizability of bd(S) to show that {zj}j<so
is uncountable, a contradiction. Let b € (a',1). We claim that there exists j < oo such
that zy € (b, b1). Let E = M N ([b1,11] x [[[n9 L), F = {a}, U = (bg, 11] x [[;-y L, and
V = O. Then by Theorem 1.5, there exists A, B, and C, closed subsets of L™ such that
M=AUBUC,ECA, FCC,ANBC (V—-F),BNC C (U-E),and ANC = (. Notice
that ANV, BNV, and C NV are each subsets of S}. Let A = ANbd(S), B = BnNbd(S),
and C' = C' N bd(S). Refer to Figure 2.3.

U

- w
—w

ow
ow

Figure 2.3: Proposition 2.2: Convergent Sequence in Pj



Notice that ¢ and AUB are disjoint closed subsets of bd(S). By normality, there exists
disjoint open sets W7 and W5 such that Cc Wy and (AUB) C Wy. By compactness, we may
assume that there exists k < oo such that W; = Dj. Then €' C Dy and (121 U E) C Dy = 0.
By Theorem 1.4, there exists a component of C' intersecting both {@} and BNC as depicted

in Figure 2.4.

-

o W

1
2 al by b

Figure 2.4: Proposition 2.2: Convergent Sequence and the component

Since I € C, IN(L™ — O) is a subset of K. Since BN C C (bo,b1) x [ty L, we
have that zx > by. Now K, N A = 0, implying that K, N E = 0. Thus z;, < b;. Thus
x1, € (bo, b1). So for each b € (al, 1) there is a k < oo such that zy € (bg,b1). Thus {z }x<oco
is uncountable, a contradiction. Therefore there exists a sequence in M N P¢ converging to
a.

Similarly, if @ € M N S}, then we can use K irreducible from @ to {0} x [["5 L to
show that (0, al) is countable, a contradiction. Therefore there exists a sequence in M N P}

converging to a. O

Proposition 2.1 states that if 2 € M, then there is at least one coordinate, say x;i,
for some 1 < i < n such that y* € {0,1}. In other words, M is restricted to metric faces.

Proposition 2.2 states that these faces cannot be isolated.

10



For the following corollary, note that the subspace of L restricted to =, € L such that

y € {0,1} is homeomorphic to the Double Arrow Space, Z.

Corollary 2.1. If M is a nonmetric hereditarily indecomposable subcontinuum of L™, then

M NP7 is embeddable in Z x [[7_5(0,1).

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L”, and choose
j = 1 to simplify notation. We claim that f : (M N PY) — (Z x [[".5(0,1)) defined by
f(a;l,a2 Cagn) = (all/l,gf,‘ -+, y") is an embedding. Since P! = L x [['5(a},al), we

have that f is an embedding if it is well-defined. By Proposition 2.1, since y* ¢ {0,1} for

1<i<n,y'e{0,1}. Hence azll1 € Z, and f is well-defined. O

We will now use Proposition 2.1 along with Theorem 1.4 to produce a separable order
arc in C(M). We will then use this order arc to show that M cannot intersect a tube.

Recall that a tube is P7 = [],_;(af, al) x L x [];~;(ah, a?).

Proposition 2.3. If M is a nonmetric hereditarily indecomposable subcontinuum of L™,

and p € M NP7, then o(p) is separable.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™, and choose
j = 1 to simplify notation. Choose p € M N P'. Let U = M N P'. Then U is an open
neighborhood of p in M. Let B be a countable basis for [["_,(a}, at), By be a countable basis
for [00,01) x [[75(ah,al), and By be a countable basis for (1¢,11] x [['5(ad,al). Define
G ={(q0,71) x Blg <r,q,r € Qand B € B}U{L x B|B € B} UByU B;. Notice that G
is a countable collection of open subsets of U. To use Theorem 1.7, we will need to show
that for each H C K € a(p) such that H # K, there is a G € G such that G N H = () and
GN(K—H)#0.

Let H C K € a(p) such that H # K. Now H and K are subcontinua of M implying
that they are each hereditarily indecomposable. Hence H is nowhere dense in K. Thus
there exists k € UN (K — H) and there exists V, an open neighborhood of k in U, such that
VN H = (). By Proposition 2.1, k cannot be contained in a metric cube, thus k is contained

in a face. Now we will use a basis for P! to find a G € G satisfying the desired properties.

11



Notice that either K is metric or nonmetric. If K is metric, then by Proposition 2.1
K cannot intersect any metric cube. So K C {x,} x [[75(a), a%) where y € {0,1}. Hence
there exists B € B such that k € B x {z,} C Bx {2y} CV. Let G =B x L. Then G € G,
ke GN(K —H),and GNH = 0.

Figure 2.5: Proposition 3.3: K is metric.

Now suppose that K is nonmetric. Again, by Proposition 2.1, k € {z,} x [[f-s(af, a})

for x € [0,1] and y € {0,1}. This gives rise to three cases:

L. k€ {00} x [Tiza(a, al),
2. k € {11} x [Ty (ag, ai), or
3. k€ [01,10] x [Tjo(af, al).
Case 1
Suppose k € {0p} x [Tl o(ad, at).
Then k € V N [09,01) x [T/ 5(ab,at). So there exists B € By such that k € B C B C
V N 1[00,01) % [["9(ad,al). Let G=B. Then G€G, k€ GN(K — H),and GNH = {.
Case 2

Suppose k € {11} x H?:Q(af),ail).

12



Oy 04 Xy 1 14

Figure 2.6: Proposition 3.3: Case 1

Similar to Case 1, there is a B € By such that k € B C B C VN (1g, 11] x [[[2o(ad, a?).

Let G=B. Then G€G, ke GN(K - H),and GNH = {.

04 Xy 1 14

Figure 2.7: Proposition 3.3: Case 2

Case 3
Suppose k € [01, 1] x [[7_5(ah,a}).

Then k is in a metric face, and V is a nonmetric open subset of U. Since P! =
L x 1" 5(ah,at), we have ap, cq € L such that a < ¢ and W open in [[,(aj,a?) such
that k € (ap,cq) x W C V. By propositions 1 and 2, k is on an unisolated face. So there
exists k € (a1, co) x W C V. Now there exists B € B and ¢, r € Q such that B C W and
a<q<r<ec Let G=(q,r1)x B. Then G € G, keGn (K — H), and by proposition 3

G = [q1,70] X B = (qo,71) x BC V. Hence GN H = 0.

13



0, 0, ay q, [ Xy Cy 1

Figure 2.8: Proposition 3.3: Case 3

Hence we have satisfied the hypothesis for Theorem 1.7. Therefore «(p) is separable.
O

We will now show that M cannot intersect a tube, by using Proposition 2.3 to contradict

the uncountability of an interval in L.

Proposition 2.4. If M is a nonmetric hereditarily indecomposable subcontinuum of L™,

then M N PJ =0 for each 1 < j <n.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™, and choose
j = 1 to simplify notation. Suppose that p € M N P!. Then by Proposition 2.3 a(p)
is separable. Let D = {D;}?°; be a countable dense subset of «a(p), and wlog assume
m (M) = L. So mi(p) = z, for some z, € L. By Proposition 2.1, y € {0,1}. We can assume
that « < 1.

Let y; = lub{m1(D;)} for each i < oo, and let Y = {y;}72,. We claim that ) is dense in
(2y, 11]. We must show that for a, < ¢q € (zy, 11] there exists i < oo such that y; € (ap, cq).
Let ef, gn € (ap, cq) such that ey < g,. Let H be an irreducible subcontinuum of M from p
to {es} x [[iLy L, and let K be an irreducible subcontinuum of M from p to {gn} x [TiL, L.
Then H C K € a(p). Hence there exists i < oo such that D; € (H,K) C a(p). Since

D; C K, we have that D; N (gp, 11] x [Tl L = 0. So y; < gp. Since H C D;, we have that
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D;iNlef, 1] x [Tiea L # 0. so y; > ey. Then y; € [ef,gn] C (ap,cqg). Thus Y is dense in

(xy, 11] implying that (z,,1;] is separable, a contradiction. Therefore M N Pl =0. ]
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CHAPTER 3
NONMETRIC HEREDITARILY INDECOMPOSABLE SUBCONTINUA

oF FINITE PrRODUCTS OF LEXICOGRAPHIC ARCS AND HILBERT CUBES

Our investigation continues with an exploration of how hereditarily indecomposable
continua behave in products of Lexicographic arcs and Hilbert cubes. The arguments in
this chapter are generalizations of the arguments in the previous chapter. The first theorem

follows from Theorem 1.5.

Theorem 3.1. If M is a hereditarily indecomposable subcontinuum of L x [0, 1], then M

1S metric.

Proof. Let M be a hereditarily indecomposable subcontinuum of L x [0, 1]*°. Suppose that

M is nonmetric. Then it can be assumed that 71 (M) = L. For each 0 < e < i, let

E. = M n ([0, €] x [0,1]) (3.1)

Fo= M([(1- e, 11 x [0,1]%) (3.2)
U. = [0p, 1) (3.3)

Ve =((1—€)o, 14] (3.4)

Then E., F, are closed subsets of M, and U, V, are open subsets of L x [0, 1]
containing E, and F¢ respectively. By Theorem 1.5, there exists nonempty closed subsets,

A, B, and C, such that

M=A.UB.UC, (3.5)
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E. C A, (3.6)

F. c C. (3.7)
ANCe=10 (3.8)
A.NB.c (V.- F,) (3.9)
B.NC. C (U —E,) (3.10)

We will now focus on the subset of L x [0,1]>°, X = [%0, %1] x [0,1]°°. This subset is
homeomorphic to the Hilbert cube, [0,1]°°, and thus it is metrizable. Refer to Figure 3.1

C.

l Ce B: A

vz

Figure 3.1: Theorem 2.1: A, B, and C.

Recall that these sets exist for each 0 < € < %. Let Ac = X N (N Aa), and let

e§a<i

C.=Xn N 1 Ay) N Ce. We claim that A, and C. are nonempty. Note that each

6<OC<Z

is an intersection of a collection of closed subsets of a compact space. We will show that
the intersection of a finite collection of these sets is nonempty. By compactness, the finite
intersection property applies. So let € < a! < --- < a™ < %. Foreach 1 <i < j <m we
have that U,: C E,; C A, and that V. C F,; C C,; by (3.1), (3.4), (3.6), and (3.9). Now
we have that A, N Ay #0, CcNAyi #0, Ay N X #£ 0, and Ci N X # () as in Figure 3.2.

Thus X N (A N---NAm)NAc#Dand X N(Ag NN Aym) N Ce # (0. Hence by
the finite intersection property, A. # 0 and C. # 0.

Now recall that X = [%0, 3,) % [0,1]° is homeomorphic to the Hilbert cube, and we

have shown that fL and C’e are nonempty closed subsets of X. Notice since A, and C, are
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Figure 3.2: Theorem 2.1: e < a3 < ag <

PN

disjoint, A, and C. are disjoint. Hence by normality, there exist disjoint open subsets, O,
We, of X such that A, c O, and C. C W.. Let B be a countable basis of X. Let D be
the collection of all finite unions of elements of B. By construction, D is countable. By
compactness, it may be assumed that O, and W, are elements of D. Thus we have that
O, = Og for uncountably many 0 < a < %1 and 0 < 8 < %. Straight from this construction,
we get that there exist aw and 3 € (0, }l) such that « < f and O = O, = Og. Since A, C flg
and C’a C 1215, we have that C’a C O4 N W,. By normality, O, N W, = ), a contradiction.

Therefore M is metrizable. O

Now that we have shown that L x [0,1]°° does not contain a nonmetric continuum,
let’s explore the subsets of L™ x [0, 1]*°. We will start with a metric subset of L™ x [0, 1],
same as in the previous chapter, and add in a dimension of L at a time. Notation for
the subsets we will be using is redefined. Fix a' € [0,1] for each 1 < i < n. Recall that

[0,1]*° = TT52,[0, 1], the space known as the Hilbert cube.

1. Let S = [[,(af,al) x [0,1]°°. We will refer to this set as the interior of a metric

cube.
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2. Let S = [Ti<ic;(ah, af) x {a)} x [Tj<i<n(ah,al) x [0,1] be known as the “jth”

lower metric face.

3. Let 87 = [Ti<ic;(ah, af) x {al} x [Tj<i<n(ab,ai) x [0,1]°° be known as the “jth”

upper metric face.

4. Let P7 = [T1<icjlah, ai) x L x [Tjci<n(ah, ai) x [0,1]%°. We will refer to this set as

the “jth” tube.
5. Let Pg = [Ti<icj(ah, at) x (0o, a%) X [Tj<i<n(ah, ai) x[0,1]°° be the “jth” lower tube.

6. Let P} = [Ti<icj(ab, af) x (al,11] x [T;<i<n(af, ai) x [0,1]° be known as the “jth”

upper tube.

For the following propositions, fix a* € [0,1] for 1 <1i < n.

Proposition 3.1. If M is a nonmetric hereditarily indecomposable subcontinuum of L™ X

[0,1]°°, then M NS = 0.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™ x [0, 1]*°.
Since M is nonmetric, we may assume wlog that w1 (M) = L. Suppose M NS # (). Then
there exists a point, @ € M NS. Notice that the boundary of S is homeomorphic to a sphere
which is metrizable. Let B be a countable basis for bd(S), and let {D;}32; be the collection
of all finite unions of elements of B.

1 < 1, and let K be an irreducible subcontinuum of M from

Let us assume that a
ato {11} x [T'g L x [0,1]*°. Then we will let {K,}qer denote the components of K in
(L™ x [0,1]°) — S indexed by the set T'. Then for each a € T, let K, = K, Nbd(S). Notice
that K, is a nonempty closed subset of bd(S). By compactness, there is a j, < oo such
that K, C D;j,. Let K; = U{Kaljo =7} = U kocp, K- Finally, let z; = lub{mi(k;)}. So
we have used K to construct {z;} <, a countable subset of L.

We will now use Theorem 1.5 and the metrizability of bd(S) to show that {z;};<cc

is uncountable, contradicting its construction. Let b € (a',1). We claim that there exists
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j < oo such that x; € (bg,b1). Let E = M N ([b1,11] x [[ia L x [0,1]*°), F = {a},
U = (bo, 11] xITi=e L x[0,1]°, and V' = S. Then by Theorem 1.5, there exists closed subsets
A, B, and C of L™ x [0,1]°° such that M = AUBUC, EC A, FCcC,AnBC (V-F),
BNnCc (U-E),and ANC = (). Refer to Figure 3.3.

U
E

A
224 e
: .

RiG
2

[0,11¢° 0,1]<°
al 311 by by, 0.1

Figure 3.3: Proposition 3.1: A, B, and C

Let A= ANbd(S), B=BNbd(S), and C = CNbd(S). Then B and AUC are disjoint
closed subsets of bd(S). Hence by normality there exists disjoint open subsets of bd(S), O
and W, such that B ¢ O and AUC c W. By compactness, there exists j < oo such
that B C D; C O. Then B € D;j and (AU C) N D; = 0. By Theorem 1.4, there exists a
component, I, of B intersecting both AN B and BN C.

Since I € B, INbd(S) C B C D;. So I — S is a subset of K;. Now BNC C (U~ E) =
(bo, b1) x [TiLy L x [0,1]°° implying that x; > by. Also, since flﬂDj = (), we have AﬂKj =0
and ANK; = 0. So ENK; = (), which implies that z; < by. So for each b € (a!, 1) there is
a j < oo such that x; € (b, b1). Thus {z;};<s is uncountable, a contradiction. Therefore

MNnS=10. O

Now we will show that if a point of M lies on a face, then there is a sequence of points

in M converging to it.

Proposition 3.2. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™,

and choose 1 < j < n such that o/ ¢ {0,1}. If @ € M N Sg, then there is a sequence in
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[0,11*

Figure 3.4: Proposition 3.1: The Component [

MN Pg converging to a@. Similarly if @ € M N S{, then there exists a sequence in M N Plj

converging to d.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™ x [0, 1]*°,
and choose j = 1 to simplify notation. Suppose that a! ¢ {0,1} and that m (M) = L. Let
@ € M N S§. Suppose that there is no sequence in M N P} converging to @ Then there is
an open neighborhood of @, O C P} such that M N O C S}. Hence O N M is metrizable.

Let B be a countable basis for bd(.S), and let {Dj}7° ; be the collection of finite unions
of elements of B. Notice that a' # 1. Let K be an irreducible subcontinuum of M from a
to {11} x [Tig L x [0,1]>°. Let {K, }aer denote the components of K in (L™ x [0, 1]>°) — O
indexed by T'. Then for each a > 0, let Ko = Kq N bd(S). Notice that K, is a nonempty
closed subset of bd(S). By compactness, there is a k, < oo such that K, C Dy,,. Let
Ky = U{Kalka = k} =Ug,_cp, Ka- Finally, let zp = lub{mi (Ky)}.

We will now use Theorem 1.5 and the metrizability of bd(S) to show that {z}} <o is
uncountable, a contradiction. Let b € (a',1). We claim that there exists j < oo such that
xy € (bo,b1). Let E =M N ([by,11] x [y L), F ={d}, U = (by, 11] x [[}-5 L, and V = O.

Then by Theorem 1.5, there exists A, B, and C, closed subsets of L™ x [0, 1]° such that
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M =AUBUC,ECA FCC,AnNBC (V—-F),BNnC C (U-FE),and ANC = (. Notice
that ANV, BNV, and C NV are each subsets of S}. Let A = ANbd(S), B = BNbd(S),
and C'= C Nbd(S). Refer to Figure 3.5.

U

[0,11<° , - [0,11°°
Figure 3.5: Proposition 3.2: Convergent Sequence in P

Notice that ' and (AUB) are disjoint closed subsets of bd(S). By normality there exists
disjoint open sets W7 and W5 such that C c Wy and (AUB) C Wy. By compactness, we may
assume that there exists k < oo such that Wi = Dy,. Then C' C Dy, and (AU B) € Dy, = 0.
By Theorem 1.4, there exists a component of C' intersecting both {@} and BNC' as depicted
in Figure 2.4.

Since I C C, IN[(L" x [0,1]°) — O] is a subset of K}. Since BNC C (bo,b1) x [[1-s L,
we have that z > by. Now K N A = () implying that K, N E = 0. Thus zj < b;. Thus
xk, € (bo, b1). So for each b € (a', 1) there is a k < oo such that ), € (bg,b1). Thus {zx }r<oo
is uncountable, a contradiction. Therefore there exists a sequence in M N P§ converging to
a.

Similarly, if @ € M NS{, then we can use K irreducible from @ to {0g} x [/s L x [0, 1]>
to show that (0, a') is countable, a contradiction. Therefore there exists a sequence in MNP}

converging to d. O

For the next proposition we will need a direct corollary of Proposition 3.1. Recall that

the “jth” tube is defined as P/ = HlSKj(a%,azi) x L x Hj<i§n(a67azi) x [0, 1]
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0,1 oo t +
[0.1] : ¥ . |

Figure 3.6: Proposition 3.2: Convergent Sequence and the Component

Corollary 3.1. If M is a nonmetric hereditarily indecomposable subcontinuum of L™ X

[0,1]%°, then M N P’ can be embedded in Z x [0,1]°°.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™ x [0, 1]*°,
and choose j = 1 to simplify notation. We claim that f : (M N PY) — (Z x [[5(0,1))
defined by f(a;hai%- Sy, T) = (ail,y2,~ --,y", Z) is an embedding. Since P! = L x
[1-s(ad, ab) x [0,1]°°, we have that f is an embedding if it is well-defined. By Proposition
3.1, since y* ¢ {0,1} for 1 < i < n, we have y' € {0,1}. Hence azlll € Z, and f is

well-defined. O]

Now we can use Proposition 3.2 and Corollary 3.1 to restrict nonmetric hereditarily

indecomposable subcontinua of L™ x [0, 1]* even further.

Proposition 3.3. If M is a nonmetric hereditarily indecomposable subcontinuum of L™ x

[0,1]°°, and p € M N P?, then a(p) is separable.

Proof. Let M be a nonmetric hereditarily indecomposable subcontinuum of L™ x [0, 1]>,
and choose j = 1 to simplify notation. Choose p € M N P!. Let U = M N P'. Then U

is an open neighborhood of p in M. Let B be a countable basis for [/ 4(a,a%) x [0,1]>,
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By be a countable basis for [0g,01) x [[5(ad,a?) x [0,1]>, and By be a countable basis
for (1o, 11] x [1F5(ab,al) x [0,1]°. Define G = {(qo,m1) x Blg < r, ¢,7 € Q and B €
B}U{L x B|B € B} UByUBj. Notice that G is a countable collection of open subsets of U.
To use Theorem 1.7, we will need to show that for each H C K € «a(p) such that H # K,
there is a G € G such that GNH =0 and GN (K — H) # 0.

Let H C K € a(p) such that H # K. Now H and K are subcontinua of M implying
that they are each hereditarily indecomposable. Hence H is nowhere dense in K. Thus
there exists k € UN (K — H) and there exists V, an open neighborhood of k in U, such that
VN H = (). By Proposition 3.1, k cannot be contained in a metric cube, thus k is contained
in a face. Now we will use a basis for P! to find a G € G satisfying the desired properties.

Notice that either K is metric or nonmetric. If K is metric, then by Proposition 3.1 K
cannot intersect any metric cube. So K C {zy} x [[izy(af,a}) x [0,1]> where y € {0,1}.
Hence there exists B € B such that k € B x {z,} C B x {x,} C V. Let G = B x L. Then
GeG, keGN(K—H),and GNH = .

[01%

0, Xy 1, N

Figure 3.7: Proposition 2.3: K is metric.

Now suppose that K is nonmetric. Again, by Proposition 3.1, k € {z,} x[Ti-5(a}, a}) x

[0,1]%° for z € [0,1] and y € {0,1}. This gives rise to three cases:

L. ke {00} X H?:Q(aéaali) X [Oa 1]007
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2. ke {11} x [['5(ab,al) x [0,1]>, or
3. ke [017 10] X H?:Q(agaail) x [07 1]00

Case 1
Suppose k € {0p} x [1Iq(al,at) x [0,1]°.

Then k& € V N ([00,01) x [1'o(ad,al) x [0,1]°). So there exists B € By such that
ke BC B cVN([0p,01)x[["5(ah,at)x[0,1]®). Let G = B. ThenG € G, k € GN(K—H),
and GNH = {).

Xy 1 1

Figure 3.8: Proposition 2.3: Case 1

Case 2

Suppose k € {11} x [[Iq(aj, at) x [0,1]°°.

Similar to Case 1, there is a B € By such that k € B C B C VN((1g, 11] x[["5(ad, al)).
Let G=B. Then G€G, ke GN(K - H),and GNH = (.

Case 3
Suppose k € [01, 1g] x [175(ad,a?) x [0,1]>.

Then k is in a metric face, and V is a nonmetric open subset of U. Since P! = L x
[T (ad, a%)x[0, 1], we have ap, ¢y € L such that a < c and W open in [[}",(a}, at)x[0, 1]*°
such that k € (ap, cq) x W C V. By Propositions 3.1 and 3.2, k is on an unisolated face. So

there exists k € (a1,co) x W C V. Now there exists B € B and ¢, r € Q such that B C W
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[0,11°°

0, O

Figure 3.9: Proposition 2.3: Case 2

and a < ¢ <r < c. Let G = (qo,71) X B. Then G € G, ke G N (K — H), and by Corollary

31G = [ql,To] X B = <QQ,7’1) x BC V. Hence GNH = (.

[0,11%

J 4 ay 94 fa Xy Cyq 1, T

Figure 3.10: Proposition 2.3: Case 3

Hence we have satisfied the hypothesis for Theorem 1.7. Therefore a(p) is separable.
O

In other words, if M is a nonmetric hereditarily indecomposable subcontinuum of L™ x
[0,1]°°, it must travel along the “edges” of a metric subspace, where an “edge” constitutes
the subspace of L™ x [0, 1]°° which restricts two of the Lexicographic coordinates to single

points of the form x,, for y € {0, 1}.
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CHAPTER 4
CONCLUSIONS FOR THE PropDuUCT OF THREE LEXICOGRAPHIC ARCS
AND THE PRODUCT OF TwO LEXICOGRAPHIC ARCS

WITH THE HILBERT CUBE

Our first conclusion follows from the results of Chapter 2. There we discovered that
adding nonmetrizability restricts a hereditarily indecomposable subcontinuum of L™ from
intersecting metric cubes, or their faces. A nonmetric hereditarily indecomposable subcon-
tinuum must then travel along the edges of the metric cubes. In the case of L3, these edges

are arcs. This contradicts the hereditary indecomposability.

Theorem 4.1. If M is a hereditarily indecomposable subcontinuum of L, then M is metriz-

able.

Proof. Let M be a hereditarily indecomposable subcontinuum of L3. Suppose that M is
nonmetric. We can assume that pi; (M) = L. Then by Theorem 1.4, there is an irreducible
subcontinuum of M from {0p} x L x L to {01} x L x L. We will denote this subcontinuum
as Ky. Now either K| is metric or nonmetric.

Suppose that Kj is metrizable. Then there exists a and b € [0, 1] such that Ky is a
subset of [0g,01] X [ag, a1] x [bg, b1]. By Proposition 2.3 M N ((0g,01) x (ag,a1) x L) = 0,
M N ((00,01) x L x (bo,b1)) = 0, and M N (L X (ag,a1) x (bg,b1)) = (. This implies
that Ko N ((09,01) x (ag,a1) x [bo,b1]) = 0, M N ((09,01) X [ag,a1] x (bo,b1)) = 0, and
M N ([00,01] % (ap,a1) x (bo,b1)) = 0. In other words, each point of Ky has two coordinates
that are of the form xg or x1. This implies, along with the fact that K is irreducible from
{00} x L x L to {01} x L x L, that 7, *([00,01]) N Ko contains [0g, 01] x {a,} x {b,} where y,

z € {0,1}. Hence K\ contains an arc contradicting the hereditary indecomposability of M.
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Therefore K is nonmetric. Thus it can be assumed that pis(Ky) = L. By Theorem 1.4
there exists an irreducible subcontinuum of Ky from [0, 01] x {ag} x L to [0p,01] x {a1} x L
for some fixed a € [0,1], say K. So K; is contained in [0p,0;] X [ag,a1] x L which by
Theorem 3.1 means that K; is metrizable. Hence by the same argument as in the case
that K was metrizable, we have that K contains an arc of the form {0,} x [ag, a1] x {b.}
for some fixed b € [0,1] and y, z € {0,1}. This in turn again contradicts the hereditary

indecomposability of M. Therefore M is metrizable. O

The generalization in Chapter 3 was that instead of Fuclidean cubes, our points were
replaced with Hilbert cubes. This means that each point is replaced with a space for which
all metric continua are embedded. The same argument as in L3 generalizes with a few

changes to L? x [0, 1]*°

Theorem 4.2. If M is a hereditarily indecomposable subcontinuum of L? x [0,1]°°, then

M s metrizable.

Proof. Let M be a hereditarily indecomposable subcontinuum of L2 x [0,1]>. Suppose
that M is nonmetric. We can assume that pi; (M) = L. Then by Theorem 1.4, there is
an irreducible subcontinuum of M from {%0} x L x [0,1]*° to {%1} x L x [0,1]*°. We will
denote this subcontinuum as K. Now either K is metric or nonmetric.

Suppose that Ky is metrizable. Then there exists a € [0,1] such that Ky is a subset
of [%0,%1] X [ao, a1] x [0,1]>°. By Proposition 3.1 M N ((% 3.) % (ag,a1) x [0,1]®) =
0 which implies that Ko N ((3,,3,) X (a0,a1) x [0,1]*°) = @. By Proposition 3.3, M N
((34:3,) ¥ L x[0,1]®) = 0 and M N (L x (ag,a1) x [0,1]®) = @. This implies that
Ko N ((34,3,) X lao,a1] x [0,1]°) = 0, and Ko N ([5,, 5,] X (a0, a1) x [0,1]°) = (. This
implies, along with the fact that Ky is irreducible from {50} x Lx[0,1]*° to {%1} x Lx[0,1]*

that = ' ([2 307 21})0[(0 contains [ {ay} x{Z} wherey € {0,1} and Z € [0, 1]>°. Hence

0721}

K contains an arc, contradicting the hereditary indecomposability of M.
Therefore K is nonmetric. Thus it can be assumed that pis(Ky) = L. By Theorem
1.4 there exists an irreducible subcontinuum of Ky from | {ao} x[0,1]* to [%0, 1x

20’21] 21
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{a1}x]0, 1] for some fixed a € [0, 1], say K;. So K is contained in [%0, %1] X [ag, a1]x [0, 1]>°

which by Theorem 3.1 means that K is metrizable. Hence by the same argument as in the
case that Ky was metrizable, we have that K contains an arc of the form {%y} X [ag, a1]x{Z}
for some fixed Z' € [0,1]>° and y € {0,1}. This in turn again contradicts the hereditary

indecomposability of M. Therefore M is metrizable. O

Theorem 4.2 is the beginning of the next step to showing that the product of four
Lexicographic arcs contains only metric hereditarily indecomposable subcontinua. From
there the author is working on establishing a inductive argument to show the same for all

finite products of Lexicographic arcs.
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APPENDIX A

NOTES ON THE STYLE-FILE PROJECT

These style-files for use with ITEX are maintained by Darrel Hankerson! and Ed
Slaminka?.

In 1990, department heads and other representatives met with Dean Doorenbos and
Judy Bush-Crofton (then responsible for manuscript approval). This meeting was prompted
by a memorandum? from members of the mathematics departments concerning the Thesis
and Dissertation Guide and the approval process. There was wide agreement among the
participants (including Dean Doorenbos) to support the basic recommendations outlined in
the memorandum. The revised Guide reflected some (but not all) of the agreements of the
meeting.

Ms Bush-Crofton was supportive of the plan to obtain “official approval” of these style
files.* Unfortunately, Ms Bush-Crofton left the Graduate School before the process was
completed. In 1994, we were revisiting some of the same problems which were resolved at
the 1990 meeting.

In Summer 1994, I sent several memoranda to Ms Ilga Trend of the Graduate School,
reminding her of the agreements made at the 1990 meeting. Professors A. Scottedward
Hodel and Stan Reeves provided additional support. In short, it is essential that the Grad-
uate School honor its commitments of the 1990 meeting. It should be emphasized that Dean
Doorenbos is to thank for the success of that meeting.

Maintaining these IXTEX files has been more work than expected, in part due to contin-
uing changes in requirement by the graduate school. The Graduate School occasionally has
complete memory loss about the agreements of the 1990 meeting. If the Graduate School
rejects your manuscript based on items controlled by the style-files, ask your advisor to
contact the Graduate school (and copy to me) to urge cooperation.

Finally, there have been several requests for additions to the package (mostly formatting
changes for figures, etc.). While such changes are not really part of the thesis-style package,
it could be beneficial to collect these options and distribute with the package (making
it easier on the next student). I'm especially interested in changes needed by various
departments.

!Mathematics and Statistics, 221 Parker Hall, 844-3641, hankedr@auburn.edu

2Mathematics and Statistics, 218 Parker, slamiee@auburn.edu

3Originally, the memorandum was presented to Professor Larry Wit. A copy is available on request.
4Followup memoranda gave a definition of “official approval.” Copies will be sent on request.
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