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Abstract

We study the conjugacy theorems of Cartan subalgebras and Borel subalgebras of gen-
eral Lie algebras. We present a history of the problem, along with two proofs of the the-
orems which stay completely within the realm of Lie algebras. The first is a reworking by
Humphreys of an earlier proof, relying upon the ideas of Borel subalgebras and using dou-
ble induction. The second proof is a newer proof presented by Michael which substantially

simplifies the theory.
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Chapter 1

Introduction

A Cartan subalgebra of a Lie algebra L over the field F, often abbreviated CSA, is a
subalgebra H of L that is (1) nilpotent and (2) self-normalizing. For example, any nilpotent
Lie algebra is its own Cartan subalgebra.

Any nilpotent subalgebra is also solvable, thus contained in a maximal solvable subal-
gebra of L. Such subalgebras are of sufficient importance to merit their own name, Borel
subalgebras, and are often denoted BSAs.

In a Lie algebra over an algebraically closed field of characteristic 0, it is a truly re-
markable fact that any pair of CSAs are conjugate, in the sense that the subgroup (L) of
Int L acts transitively on the set of CSAs. Indeed the BSAs are also conjugate under the
same set of automorphisms. This paper will examine two different elementary proofs of the
conjugacy theorems.

CSAs over C were first introduced by Elie Cartan in his 1894 doctoral dissertation [8] in
order to better study complex semisimple Lie algebras. His work was a major contribution to
Lie algebras in that Cartan completed the classification of the complex semisimple algebras
which Wilhelm Killing had begun. CSAs play an important role in the structure theory of
semisimple Lie algebras. Due to their importance and to Cartan’s contribution to the theory,
Chevalley [B] proposed naming them Cartan subalgebras.

If the field is algebraically closed and of characteristic 0 and the algebra is finite di-
mensional, Chevalley [0] proved that two CSAs of L are conjugate via Int L. Also see the
comments of Borel [@, p.148] on the history of the development. The special case where L is
semisimple had already been proved previously by Weyl [E3] (also see Hunt [[3] for a metric

proof) using analytic methods (F = C) and by Weil [E2] by topological methods (also see



Hopf and Samelson [M]). However, Chevalley assumed that more generally the field is alge-
braically closed and has characteristic zero so that he did not have a ready-made analogue
of the adjoint group Int L to perform the conjugacy [@, p.148]. Chevalley’s proof uses the
methods of algebraic geometry. Of particular importance in the proof is the use of Pliicker
coordinates.

Winter [EZ3], based on the techniques developed by Mostow, gave an elementary algebraic
(non-geometric) proof of the conjugacy theorem. The proof presented in Humphreys’ book
(] follows the approach of Winter [E3].

Michael [[@] gave a new elementary proof for the conjugacy theorem of CSAs of a finite-
dimensional Lie algebra over an algebraically closed field of characteristic zero. The approach
fits into the theme of the presentation in Bourbaki [@].

Humphreys begins his proof of the conjugacy of CSAs by proving the theorem directly
for solvable Lie algebras. However, his focus soon shifts to BSAs, and after establishing
several properties of BSAs and providing connections between the mechanics of BSAs and
CSAs, he proceeds to prove that BSAs of a semisimple Lie algebra are conjugate. The proof
is highly technical and employs double induction.

Humphreys then shows that the BSAs of a general Lie algebra L are in 1-1 correspon-
dence with the BSAs of the semisimple Lie algebra L/R. As the conjugacy of BSAs of
semisimple algebras has already been established, the conjugacy in a general algebra follows
readily. Humphreys finally returns his attention to CSAs; since any CSA is contained in a
BSA, the conjugacy of CSA is almost immediate.

The proof contributed by Michael begins, as with that of Humphreys, with a proof of
the conjugacy of CSAs of solvable Lie algebras; this particular proof is a reworking of a proof
given in Bourbaki [G].

Similar to Humphreys approach, Michael relies heavily upon BSAs. However, he uses

properties of BSAs that are readily established and involve relatively simple facts from linear



algebra. In particular, he uses dimension arguments and orthogonal complements to simplify
the proofs.

Michael extends the vector space properties of BSAs in semisimple Lie algebras in such
a way that the conjugacy of CSAs of semisimple Lie algebras is relatively easily proven.
He then uses a “connecting lemma’” to pull the argument back to the general case, thus
establishing the conjugacy of CSAs of any Lie algebra.

Finally, in order to establish the conjugacy of BSAs, Michael proves that any BSA must

contain a CSA. The proof of the conjugacy of BSAs then follows by a standard argument.



Chapter 2

Definitions and Preliminaries

All Lie algebras L are finite dimensional, and the field F is algebraically closed with

characteristic 0.

Definition 2.1. ([0, p.1]) Let L be a vector space over a field F. Then L is a Lie algebra

if it is endowed with a bilinear operation [, | such that for all z, y, and z € L,
1. [z,z] = 0.
2. [z, [y, 2]l + [y, [z, z]] + [z, [z, y]] = O (the Jacobi Identity).
A subalgebra of C' of L is a vector subspace of L that is closed under [-,-].
Example 2.2. The following are Lie algebras:

1. The general linear algebra gl(V') (V' a vector space over F) is the set End (V') endowed
with the operation [x,y] = xy — yz, z,y € gl(V'). Here End (V') denotes the set of all

endomorphisms of V.

2. The algebra of n x n matrices gl(n,F) over F, with [-, -] given by [A, B] = AB — BA,
A, B e gl(n,F).

3. L in which [-, -] is trivially defined, i.e. [x,y] = 0 for every pair of elements x and y of

L; in such a case we call L abelian.

Definition 2.3. ([, p.7]) The normalizer of a subalgebra C of L is

N (C):={z e L|[z,C] CC}.



We call C self-normalizing if Ni,(C') = C. The centralizer of C'is

Z0(C) = {z € L|[z,C] =0}

We write Z(L) = Z,(L) and call it the center of L. So L is abelian if and only if
Z(L) = L.

Definition 2.4. (|, p.6]) An ideal I of L is a subalgebra such that [z,y] € [ for all z € L

and y € [.

We note that all ideals are two-sided, for bilinearity combined with condition (1) of
Definition E0 imply that [z,y] = —[y, z] for any z,y € L. If L has no ideals except itself
and 0, then we call L simple.

Given an ideal I of L, the quotient space L/I is endowed with a bracket: [x+1,y+1] :=
[z,y| + I, x,y € L. The operation is unambiguous so that L/I is a Lie algebra, called the
quotient algebra.

In general, the vector space sum I +J ={z+y |z € I,y € J} of two subalgebras I
and J of L need not be a subalgebra; however, if I is an ideal and J is a subalgebra, then

I + J is indeed a subalgebra. If both I and J are ideals, then I + J is an ideal as well.

Definition 2.5. ([0, p.7]) A vector space homomorphism ¢ : L — L' is a Lie algebra
homomorphism if ¢([x,y]) = [¢p(z),d(y)] for all z, y € L. If ¢ : L — L is an isomorphism,

we call ¢ an automorphism. The group of all automorphisms of L is denoted by Aut L.

The image Im ¢ is a subalgebra of L' and the kernel Ker¢ is an ideal of L. The inverse

image ¢~1(C") of a subalgebra C” of L' is a subalgebra of L.



Theorem 2.6. [, p.7] (First Isomorphism Theorem) If ¢ : L — L’ is a Lie algebra

homomomorphism, Ker¢ = K, then L/K = Im ¢, and the following diagram commutes:

L L/K

RN,

L/

Proof. Let m be the canonical projection of L onto L/K, and define ¢ : L/K — L' by
Y(r + K) = ¢(z). Then ¢(n(z)) = ¢¥(xr + K) = ¢(x), and the diagram commutes.

Given a = ¢(x) € Im ¢, we have Y(z+ K) = a, and ¢ is onto. If Y(z+K) = (y+ K) we
have 0 = ¥((x—y)+ K) = ¢(x—y),and x —y € Kerg. Sonm(z—y) € K,ie. 2+ K =y+ K,
and ) is one to one, thus an isomorphism. O

Given a Lie algebra L, denote by ad x € End L the endomorphism defined by
adz(y) = [r,y], yeL

If the subspace C' of L is ad = stable, we denote the restriction of ad x to C'by ad ¢z : C — C.

Definition 2.7. An endomorphism ¢ is nilpotent if * = 0 for some k > 0. An endomorphism

is semisimple if the roots of its minimal polynomial over F are distinct.

An element z € L is called ad-nilpotent if the endomorphism ad z is a nilpotent one.

Similarly, we call x ad-semisimple if ad x is a semisimple endomorphism.

Definition 2.8. ([, p.8]) The adjoint map ad : L — gl(L) is a representation of L, i.e., a
homomorphism of L with a Lie algebra of endomorphisms. Clearly the kernel of ad , denoted

Kerad, is the center Z(L) of L.

As we shall see, the adjoint representation has many useful properties which make it of
fundamental importance in the study of Lie algebras.
We now introduce two important classes of Lie algebras, namely, nilpotent and solvable

algebras.



Definition 2.9. (|0, p.11]) The Lie algebra L is nilpotent if the descending central (or

lower central) series defined by L°:= L, L' := [L, L],..., L := [L, L'"'| terminates.

Example 2.10. The algebra of all strictly upper triangular matrices n(n, F) over F is nilpo-

tent.

It is not hard to see that adx € gl(L) is nilpotent for all z € L (i.e. z is ad-nilpotent)
if L is nilpotent. The converse is true and is known as Engel’s theorem ([, p.12-13] or (A,

p-39-40]).
Theorem 2.11. (Engel)

1. Let L C gl(V') be a subalgebra of gl(V'), V finite dimensional. If L consists of nilpotent
endomorphsims and V' # 0, then there exists nonzero v € V such that fv = 0 for all

telL.

2. A Lie algebra L is nilpotent if and only if adz € End L is a nilpotent endomorphism

for all x € L.

Definition 2.12. ([, p.10]) The Lie algebra L is solvable if the derived series defined by
LO =L LW .= [L L],...,LW = [L~Y L0=Y] terminates, i.e., if there is n € N such

that L™ = 0.

Every nilpotent algebra is solvable: clearly L) C L’ for all i, so if the descending central
series terminates, the derived series does as well.
The following is Lie’s theorem ([, p.15-16] or [B, p.46]) on the characterization of

solvable algebras.

Theorem 2.13. (Lie) The Lie algebra L is solvable if and only if the derived algebra [L, L]

is nilpotent.

An alternate characterization of solvable Lie algebras is given by Cartan’s Criterion ([,

p.20] or B, p.48]):



Theorem 2.14. (Cartan’s Criterion) The Lie algebra L is solvable if and only if tr (ad z ad y) =

0foralxe[L,L],ye€ L.

Every Lie algebra L has a unique maximal solvable ideal R [, p.11]: for if [ is any
other solvable ideal of L, then R + I is a solvable ideal as well. By the maximality of R,
R+I=R,orI CR.

Definition 2.15. ([, p.11]) The radical of L, denoted by R = Rad L, is the unique maximal

solvable ideal. If R = 0, then L is called semisimple.

Lemma 2.16. ([, p.11]) Let L be a Lie algebra with radical R. Then the Lie algebra L/R

is semisimple, i.e., the radical of L/R is 0.

Proof. Let R’ be the radical of L/R and 7 : L. — L/R be the canonical projection. Since 7
is a homomorphism, 7~1(R') is an ideal of L. As R’ is solvable, we know that the derived
series of R’ terminates, that is (R')™ = R for some n; then 7((z~'(R'))™) C (R')™ means
that (7~}(R'))™ C R, that is 7~'(R’) is a solvable ideal, and by maximality is contained in
R. O
Indeed the radical R of L is the smallest ideal of L such that L/R is semisimple.
Given x € L, ad z is a vector space endomorphism of L. According to Jordan-Chevalley

decomposition [, p.17-18], L is the direct sum of generalized eigenspaces

L,(adz) :=Ker(adz —a-1)™

where m is the multiplicity of the eigenvalue a of adz. Each L,(adz) is invariant under
ad x and the restriction of ad z to L,(ad x) is the sum of a scalar multiple (namely a) of the
identity and a nilpotent endomorphism. For each nonzero x € L, 0 is an eigenvalue of ad x
since ad z(z) = [z, z] = 0, so that we have Ly(adx) # 0. We set L,(adx) = 0 if a is not an

eigenvalue of ad z. Thus we have the following



Lemma 2.17. ([0, p.78]) Given = € L, the Lie algebra L may be decomposed as
L=]]Li(adz) = Lo(ad2) & L. (ad z)
acF

where L,(adz) denotes the sum of those L,(ad z) such that a # 0. In addition, any subal-
gebra K of L that is stable under ad z can be written as K = Ky(adz) @ K,(ad z), where

Ki(adz) = KN L;y(ad z).

Lemma 2.18. [0, p.78] If a,b € F, then [L,(adz), Ly(ady)] C Leip(adz). In particular

Lo(ad x) is a subalgebra of L. When a # 0, each element of L,(ad z) is ad-nilpotent.

Proof. Binomial expansion [, p.79] yields

(adx — (a+0)"[y, 2] = (adx—a—b)"y, 2]
— Z (Tf) [(adz — a)'y, (ad z — b)™ 2]

For sufficiently large m, all terms on the right side are 0 for y € L,(adx) and z € L,(ad ).
So [Ly(ad x), Ly(ad y)] C Lasp(adz). Then Lo(ad x) is a subalgebra of L.

Each z € L can be written z = 2o+ 24, + ... + 24, With z,, € L,,(ad ) by Lemma 2.
When a # 0 and y € Ly(ad x), we have (ady)"(z4;) € Lr,ata;,(ad z) = 0 for sufficiently large
r;, since there are finitely many eigenvalues for ad  (recall that L is finite dimensional). We
need merely choose r = > r; to force (ad y)"(z) = 0. Thus ad y is a nilpotent endomorphism,
i.e., elements of L,(ad x) are ad-nilpotent. O

We note that y € Lo(ad x) need not be ad-nilpotent.

Definition 2.19. [0, p.82] We call € L strongly ad-nilpotent if x € L,(ady) for some

a # 0. The set of all strongly ad-nilpotent elements of L will be denoted N(L).

By Lemma T3 strongly ad-nilpotent elements are ad-nilpotent.



Definition 2.20. [@, p.1] Given a nilpotent subalgebra H of L, o € H*, and h € H, we set

Lo = Lomwy(ad h) = Ker (adh — a(h) - 1)™

where m is the algebraic multiplicity of the eigenvalue a(h), and set

Loz(-H) = thHLOé,h'

When H is understood, we will often denote L,(H) by L,.

Theorem 2.21. ([@, p.8]) If H is a nilpotent subalgebra of L, then L may be decomposed

as

The decomposition is called the root space decomposition.

Lemma 2.22. [, p.14] A nilpotent Lie algebra L contains no proper self-normalizing

subalgebras.

Proof. Indeed, a Lie algebra L containing a proper self-normalizing subalgebra K must also
contain a (nonzero) z; € L\K, and (as K is self-normalizing) a corresponding k; € K such
that xo = [k1,21] € K. Then there is a ky € K with [k, 5] = x3 ¢ K; thus we have a
NONZETO SeqUence Ty, ..., Tn,... with x; € Li~!. Then the descending central series of L is

non-terminating, i.e. L is not nilpotent. O

Lemma 2.23. Let L and L' be isomorphic as Lie algebras via ¢. Then the subalgebra C' of

L is self-normalizing if and only if ¢(C') is self-normalizing.

Proof: It suffices to show one implication. By virtue of the isomorphism ¢, elements of
L and L' are in 1 to 1 correspondence; we are thus justified in denoting ¢~*(2') = z for any
2’ € L', In addition, preimages of subalgebras of L' are isomorphic subalgebras in L; thus

for any subalgebra C’ of L, we have C' = C' C L, where ¢~ *(C") = C.

10



Suppose that the subalgebra C' of L is self-normalizing, and let 2/(= ¢(x)) € N5 (C"),
that is [2/,C"] € C'. So ¢([z,C]) = [¢(x),d(C)] C ¢(C). But ¢ is an isomorphism, so
[z,C] € C. As C is self-normalizing, we have x € C so that ¢(z) € ¢(C) and ¢(C) is

self-normalizing.

Lemma 2.24. Let ¢ € End V', where V is a vector space. If K C V is an invariant subspace
under ¢ and contains the eigenspace corresponding to the eigenvalue 0, then the induced

endomorphism ¢’ : V/K — V/K defined by ¢'(v+K) = ¢(v)+ K has no nonzero eigenvalues.

Proof. Choose a basis B = {k1, ...,k } of K and extend By to a basis By = {k1, ..., ki, v1,.

of V. With respect By, the matrix (denoted by M) of ¢ is in block form

My =

Clearly A is the matrix of ¢|k : K — K with respect to Bg. The eigenvalues of ¢ are those of
A and C so that C has only non-zero eigenvalues . The map ¢’ is a well-defined endomorphism
on the quotient (vector) space V/K. With respect to the basis {v; + K, ..., v,y + K} of
V/K, the matrix of ¢’ is C: for each i =1,...,n —t,

Yo+ K) = ¢(v)+ K
= (blikl —+ 4 btikt “+cv1 + .. F Cn—t,ivn—t) + K
= (i +...+Cptivny) + K

= Cli(vl + K) + ...+ Cn—t,i(”n—t + K)

Lemma 2.25. Let F C EndV be a commuting diagonalizable family, where V' is a vector
space over F. Suppose W C V is a subspace stable under F. Then Fy := {T|w € End W :

T € F} C EndW is a commuting diagonalizable family.

11



Proof. It S,T € F, then S|y oT|lw = (SoT)|lw = (T o S)|lw = T|w o S|lw. Hence Fyy is
a commuting family. It suffices to show that each T'|y € End W is diagonalizable, i.e., each
T|w has k linearly independent eigenvectors (k := dim W), or the geometric multiplicity
m of each eigenvalue A of Ty is 1. Now w € Ker(T' |y — A - 1y)™ implies that w € W
and 0 = (T'|w — A - 1,)"w = (T"— A - 1)™w. But T is diagonalizable so that the geometric
multiplicity of the eigenvalue A of T'is 1, i.e., (T'—=A-1)w =0, ie., m=1.0

Recall from Definition 19 that N (L) denotes the set of strongly ad-nilpotent elements

of L.

Lemma 2.26. ([, p.82]) For any epimorphism ¢ : L — L/,

¢(La(ady)) = L,(ad (¢(y))), v € L. (2.1)

So G(N(L)) = N(L).

Proof. Given a Lie algebra homomorphism ¢ : L — L', that ¢(L,(ady)) C L (ad (¢(y))) is

readily seen: for z € L,(ady) means that (ady —a - 1)*(z) = 0 for some k € N. So

((add(y)) —a-1)"(6(2)) = ¢((ady — a-1)*(x)) = 0,

ie., 6(z) € L (ad 6(y)
On the other hand, any 2’ € L/ (ad ¢(y)) has a preimage x in L by the surjectivity of ¢.

We employ Jordan-Chevalley decomposition [, p.17] to write

L=1L,(ady)&...® L,, (ady),

where aq, ..., a, are the eigenvalues of ady. Then we may decompose = accordingly:

T=1Tq + ...+ Ta,, Tt€ Ly (ady).

12



By the above, ¢(x;) € L, (ad ¢(y)). In addition, the sum L (ad¢(y)) @ ... ® L, (ad $(y))

is direct. Suppose a = a;. Then

L;i(ad ¢(y)) > 33/ - ¢(xai) - ¢($> - ¢(xai)
= ¢($a1> +eet ¢($ai71) + ¢($ai+l) +oeet ¢(xan)

—

€ Ly (add(y) @ - @ L, (adg(y)) @ --- ® L, (ad p(y))

where the hat indicates the term L (ad ¢(y)) is deleted. But » — ¢(z,,) € L;, (ad ¢(y)). As
the sum is direct, we have ' — ¢(z,,) = 0, i.e. ' = ¢(z,,) and we have found z,, € L,,(ady)
such that ¢(z,,) = 2. So ¢(La(ady)) = Lj(ad (6(y)))-

Recall that AV/(L) is defined as the set of all x € L such that = € L,(ad y), where a is a

nonzero eigenvalue of the endomorphism ady. From the above, it is clear that ¢(N (L)) =

N(L'). O

13



Chapter 3

Properties of Cartan Subalgebras

We introduce Cartan subalgebras and discuss properties that will be useful in both of

the conjugacy proofs.

Definition 3.1. [, p.80] Let L be a Lie algebra over F. A Cartan subalgebra H (abbrevi-

ated CSA) of L is a self-normalizing nilpotent subalgebra of L.

Unfortunately, this definition does not imply the existance of CSAs of a given Lie alge-
bra.

Both conjugacy proofs will employ the following definition:

Definition 3.2. ([0, p.83]) A Borel subalgebra (abbreviated BSA) B of L is a maximal

solvable subalgebra of L.

Note that BSAs are subalgebras, while Rad L is required to be an maximal solvable
ideal.

A helpful propety of Borel subalgebras is the following;:
Lemma 3.3. ([0, p.83]) Every BSA B of L is self-normalizing.

Proof. If x € L normalizes B, we may create B + Fx, which is certainly a subalgebra of L
since

[B+Fz, B+ Fzx] C [B, B] + [B,Fz]| + [Fx,Fx].

The last term is zero, and the term [B,Fz] is inside of B since x is a normalizer. Clearly
[B +Fx, B+ Fz] C B, so B+ Fx is solvable. Now B is Borel (maximal solvable) so that x

must be an element of B. O

14



While the proof of the following lemma is beyond the scope of this paper, we shall use

the result to establish several properties of CSAs:

Lemma 3.4. [@, p.8] If H is a nilpotent subalgebra of L, then there is an x € L such that
Lo(adz) = Lo(H).

We note that H C Lo(H) as H is nilpotent.

Lemma 3.5. [0, p.14] Let H be a nilpotent subalgebra of L. Then H is a CSA of L if and
only if Lo(H) = H.

Proof. We first note that any nilpotent subalgebra H is contained in Lo(H). If Lo(H) =
H, H is self-normalizing (see [@, p.10]), thus a CSA. On the other hand, if H C Lo(H),
considering the nilpotent subalgebra ad H of gl(Ly(H)/H), we may apply Engel’s theorem
to the (nontrivial) quotient algebra Lo(H)/H to find an = € Lo(H)\ H such that [z, H] C H,
that is € N (H), and H is not self-normalizing, i.e. not a CSA.

0

Theorem 3.6. [, p.14] Every CSA H of L may be written in the form H = Ly(ad z) for

some x € L.

Proof. Lemmas B2 and B3 allow us to find an « € L such that Ly(adz) = Lo(H) = H.
a

Definition 3.7. [, p.156] The rank of L, rank L, is defined as min{dim Ly(adz) | z € L}.

Any z with rank L = dim Ly(ad z) is called regular.

Lemma 3.8. [0, p.17] Let H be a subalgebra of L. Then every regular element of L contained

in H is also regular in H.
Theorem 3.9. [0, p.18] Let x be a regular element of L. Then Ly(ad x) is a CSA of L.

Proof. 1t x is regular in L, set H := Lg(adz). By definition, Hy(adxz) = H. By the

previous lemma, = is a regular element of H, so rank H = dim H. Then for all h € H,

15



dim Hy(ad h) = dim H, so ad gh is a nilpotent endomorphism of H. By Lie’s Theorem,
then, H is nilpotent; so we have H C Lo(H) C Lo(adz) = H, and by B3, H is a CSA of L.
a

As a consequence of the previous theorem, we now know that CSAs of a finite dimen-

sional Lie algebra over an algebraically closed, characteristic 0 field F always exist.
Lemma 3.10. [@, p.13] A CSA H of L is a maximal nilpotent subalgebra.

Proof. If H is a nilpotent subalgebra of L containing a CSA H', we note that H’ is self-
normalizing not only in L, but also in H; by Lemma =224, H = H'.
0

Compare the following with [T, p.79].

Lemma 3.11. If K C L is a subalgebra of L containing a CSA H of L, then K is self-

normalizing.

Proof. By Theorem B3, we may write H = Lg(adx) C K for some x € L, and make the

following observations:
(1) [x,z] =0sox € H C K; thus [N (K),z] C K.

(2) In particular adz(K) C K since K C Np(K) , i.e.,, K is an invariant subspace of
N (K) under the endomorphism ad z. In addition, K contains the eigenspace of ad x

corresponding to the eigenvalue 0 since Lo(adz) C K.

By Lemma 724, the endomorphism ad x acts on Ny (K)/K with no zero eigenvalues. By

(1), every coset of Np(K)/K is mapped by ad x into K, i.e.,

adz(m+ K) =adz(m)+ K =K

where m € N (K). In other words, ad x acts trivially on N (K)/K. On the other hand, by
(2), ad x has no zero eigenvalues on Ny (K)/K. So K is the only possible coset of Nj(K)/K
and we conclude that N, (K) = K. O

16



Lemma 3.12. ([0, p.81]) If ¢ : L — L’ is an epimorphism of Lie algebras, then ¢(H) is a
CSA of L' for every CSA H of L. If H' is a CSA of L', there is a CSA H of L such that
o(H)=H'

Proof. Obviously ¢(H) is nilpotent so we need only show that it is self-normalizing. Let
A = Ker¢. Then by the First Isomorphism Theorem (Theorem E@), L/A = Im¢ = L’ and
we have the induced (Lie algebra) isomorphism ¢ : L/A — L', defined by ¢(z + A) = ¢(x).
The function ¢ allows us to isomorphically identify the subalgebra H/A of L/A with ¢(H),
for by the above ¢(H/A) = ¢(H). By Lemma 23 ¢(H) self-normalizing is equivalent to
H/A being self-normalizing. This will be simpler to prove, so we focus our attention upon
L/A, in particular the subalgebra H/A of L/A. In L itself, H is a subalgebra and A is an
ideal, so H + A C L is a subalgebra of L. This subalgebra contains the CSA H. By Lemma
BT, H + A is self-normalizing as a subalgebra of L.

Now suppose that H/A C L/A is normalized by the coset x + A, ie., [z,H]/A =
v+ A, H/A] C H/A. We must have [z, H] C H + A so that

o, H+ Al =[z,H +[z,AJ]CH+ACL

(note that [z, A] C A since A is an ideal). So x normalizes H + A. By the above, v € H+ A
so that that « + A € H/A. So H/A is self-normalizing as a subalgebra of L/A, and ¢(H) is,
as well; thus ¢(H) is a CSA of L.

Finally, if H' is a CSA of L/, Set K := ¢~ '(H'). We may choose a CSA H of K; then
¢(H) is a CSA of H' by the above, that is ¢(H) is a self-normalizing, nilpotent subalgebra of
H’. But we may view H’ as a Lie algebra in its own right, and note that H’ is nilpotent. As
CSAs are maximal nilpotent subalgebras (Lemma BT0), ¢(H) = H'. We must show that H
is a CSA of L. If x € L normalizes H, then ¢(z) normalizes ¢(H) = H' so that ¢(x) € ¢(H),
ie. v € H+ Kerg. But Ker¢ C K sothat v € H+ K C K. Now © € Ng(H) = H since H
is a CSA of K. See [@, Corollary 2, p.18]. O
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Chapter 4

Humphreys’ Proof

We first prove the conjugacy of CSAs following Humphreys’ approach. Indeed as
Humphreys [, p.88] points out the approach is from Winter [E3, Section 3.8, p.92-99]
and was inspired by Mostow [E3, p.vii]. Since some of Humphreys’ arguments are very brief,

elaboration is needed.

Definition 4.1. ([0, p.9,82]) Int L is the subgroup of Aut L generated by all

exp(adz) :=1+adx + (adz)?/2! + (ad z)*/3! + - - -

where o € L is ad-nilpotent. Note that the sum has a finite number of terms, for (ad )" =0
for some n. We define £(L) as the subgroup of Int L generated by all exp(ad x) such that
x € N(L) (see Definition EZ13).

Remark 4.2. ([II, p.82]) Given a subalgebra K of L, we note that N (K) C N (L), and
define £(L; K) as the subgroup of £(L) generated by expadz, where z € N(K). Thus
E(K) is precisely the restriction of the automorphisms of £(L; K) to K. In particular, given

7' € E(K), we may extend 7’ to 7 € E(L), where 7| = 7',
It turns out that if L is semisimple, £(L) = Int L.

Lemma 4.3. ([, p.82]) Let ¢ : L — L’ be an epimorphism of Lie algebras. For any

o' € E(L'), there exists o € £(L) such that the following diagram commutes:



le.,0clop=¢oo.

Proof. As E(L’) is generated by ¢’ = expadz’, where 2/ € N(L’), it suffices to show the
theorem true for such ¢’. By Lemma EZZ0, we may choose x € N(L) such that ¢(z) = o/,

and we set 0 :=expadx € £(L). For any z € L,

(9oo)(z) = ¢lexpada(z)) =z + [z, 2] + (1/2)[z, [z, 2]] + - -+)
= 0(2) + [0(x), 6(2)] + (1/2)[0(x), [o(x), p(2)]] + - --
= 0(2) + [, 9(x)] + (1/2) [, [z, ¢(2)]] + - --
= expada’(¢(z))

= (o).

One of our main goals is to show that CSAs of a Lie algebra L are conjugate via £(L);

we first handle the special case when L is solvable.
Theorem 4.4. ([, p.82]) CSAs of a solvable L are conjugate via £(L).

Proof: We proceed by induction. The theorem is obvious when dim L = 1.

If L is nilpotent, there is nothing to prove, for L itself will be its only self-normalizing
subalgebra by Lemma EZZZ2.

Thus we may assume that L is solvable but not nilpotent. As the last term of the
derived series of L must be abelian, we are guaranteed the existence of non-zero abelian
ideals of L; choose one, A, of minimum dimension. Set L' := L/A, the homomorphic image
of L under the canonical projection ¢ : L — L/A. Then for CSAs Hy, Hy of L, ¢(Hy) = H;
and ¢(H2) = H) are themselves CSAs of L' by Lemma BT2A. By the induction hypothesis,
since dim L/A = dim L — dim A < dim L, these are conjugate via ¢’ € £,. By Lemma 03,

o € E(L) exists such that o'p = ¢ 0.
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Setting K; := ¢~ '(H!), i = 1,2, we note that the K; are subalgebras of L. We have
¢po(K,) = od'¢(K,) = o/(H}) = Hy. But ¢"'(H)) = K, so o(K,;) C K,. Similarly,

o(K>) C K;. As o is an automorphism, we must have o(K;) = Ko.

L —.
U

H c K, — H
L
H, Cc Ky —— H,

We consider two cases.

Case 1. Ky € L. Then again by the induction hypothesis, we have 7/ € £(K,) with
7'0(Hy) = H,, since by Lemma o(Hy) as well as Hy are CSAs of K,. Extend 7' to
T € E(L) to complete the proof (see remark 032).

Case 2. Ky = L. As before, we have o(K;) = Ky = L, so K1 = Ky = L. Now L/A =
¢(L) = ¢(K1) = H; C L/A; so L/A = Hy = ¢(H,). Forany y € L, ¢(y) =y + A € H1/A,

which means y € Hy + A C L. A similar argument applies for Hs, so we have
Now by Lemma B0, we write
Hy = Ly(ad x)

for some x € L. Since A is an ideal, it is stable under ad = (i.e., ad 4z : A - A) and Lemma
713 allows us to write

A= Ap(adz) ® A.(ad x).

We will show that Ag(ad ) is an ideal of L: on one hand [Hy, Ag(ad z)] = [Lo(ad ), Ag(ad z)] C
Lo(ad x) since Ag(adz) C Lo(ad ); on the other hand [Hj, Ag(ad z)] C [Ha, A] C A since A
is an ideal ([Ag, A] = 0 since A is abelian). Thus [Hs, Ag(ad z)] C Lo(adz) N A = Ap(ad x).
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As an ideal of L, Ag(adz) must be trivial, otherwise by the minimality of A we have
A = Ap(adz). But this is impossible, for it would force A C Lo(adxz) = H,, that is
L = Hy + A = H,, a nilpotent algebra. Note that the argument is symmetric, thus applies
to H; as well.

Since Ag(adz) = 0, we have A = A,(adz) C L.(adx), and since Hy = Lo(ad z), the

sum L = Hy + A is direct and we have

A= A.(adzx) = L.(ad z).

Since L = Hi+ A, we may write z = y+z, withy € Hy and z € L,(ad x). The endomorphism
ad z is invertible on A = L,(ad x), for L.(adz) clearly has no zero eigenvalues under ad x.
Thus a 2’ € L,(ad x) exists such that z = [z, 2/]. As A is abelian, (ad 42")? = 0; in addition,
Ais an ideal and HyNA = 0, so ad 2/(H;) = 0. Thus (ad 2')?> = 0. Thus expad 2’ = 1 +ad 2’

and in particular,

expad /() =+ [ 2] =2 — [z, ] =2 —2=1y.

By Lemma with ¢ := expad 2z’ € Aut L, we have

expad 2'(Lo(ad z)) = Lo(ad (expad 2'(z))) = Lo(ad y).

By Lemma BTA H := Ly(ady), as the isomorphic image of the CSA Hy = Lo(adx) of L,
is also a CSA. Now y € Hy, a nilpotent subalgebra, implies that ady acts as a nilpotent
endomorphism on H; (by Engel’s theorem). Then by H; C Lo(ady) = H, we have H = Hy,
for both are maximum nilpotent subalgebras (Lemma BTT).

Now expadz’ € AutL sends Hy to Hp; it remains to show that expadz’ € &£(L).

By Lemma T2 we write 2z’ € L.(adz) as a sum of strongly ad-nilpotent elements, say
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2= Z zh, with 2/, € L,(ad z), a a non-zero eigenvalue for ad z. Then
a

expadz' =1+adz' = 1+ad(z,z;) = 1+Zadz;.

a

But each 2/ is an element of the abelian ideal A, so (ad 2/)(ad z;) = 0 € End L. Thus

1+Zadzg = H(l—i—adz;) = Hexpadz(’l e &(L)

since (ad z,)? = 0 (indeed (adz’)?> = 0). Thus H; and H, are conjugate via an element of
E(L).

O

In order to prove the general case, we will employ several useful properties of Borel

subalgebras.

Lemma 4.5. ([, p.83]) The BSAs of L are in natural 1-1 correspondence (with respect to
the canonical projection) with the BSAs of the semisimple L/ R, where R denotes the radical
of L.

Proof. The radical R of L is a maximal solvable ideal, thus B + R is a solvable subalgebra
of L for any BSA B of L since B is solvable. Thus we have R C B by the maximality of B.

Now B/R is solvable in L/R. Any subalgebra K’ C L/R properly containing B/R is
not solvable, otherwise the subalgebra K := 7~!(K’) of L containing B would be solvable,
forcing B C K, a contradiction. Thus B/R is indeed a BSA of L/R.

Conversely if B' C L/R is a BSA of L/R, then the subalgebra B := 7 '(B’) of L is
solvable . Any subalgebra B properly containing B is not solvable, otherwise the solvable
B/R properly contains the BSA B' = B/R of L/R. [

When L is semisimple, the abstract Jordan decomposition [, p.24] asserts that any

element x of L. may be decomposed as © = x5 + x,, where the ad-semisimple part x, of x
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and the ad-nilpotent part x,, of x are also elements of L. The same is true for any BSA of a

semisimple L:

Lemma 4.6. [0, p.85] Any Borel subalgebra B of a semisimple L contains the semisimple

and nilpotent parts of all of its elements.

Proof. Jordan-Chevalley decomposition implies that if the endomorphism ¢ maps a subspace
B of L into A C B, then both the nilpotent and semisimple parts of ¢ map B into A [,
p.17]. For each x € B, view adx € End L. Then by Lemma B3, x € B if and only if adz
maps B into itself. Thus ad x, and ad z,, map B into itself, i.e. x, and z,, are normalizers of
B, thus elements of B. We conclude that any Borel subalgebra contains the semisimple and
nilpotent parts of all of its elements. O

A subalgebra T of L is said to be toral if T" consists of ad-semisimple elements. Toral
subalgebras certainly exist in a semisimple Lie algebra. Any Lie algebra consisting entirely
of ad-nilpotent elements is a nilpotent algebra by Engel’s Theorem (Theorem ETI). A
semisimple Lie algebra L has no solvable ideals and cannot be nilpotent; we conclude that

L has an ad-semisimple element, thus a nonzero toral subalgebra T

Lemma 4.7. (|00, p.80]) The CSAs of a semisimple L are precisely the maximal toral

subalgebras of L. In particular, CSAs of semisimple Lie algebras are abelian.

If H is a CSA of the semisimple L, then ad H is an abelian subalgebra of semisimple
endomorphisms in End L and thus ad H is simultaneously diagonalizable according to linear
algebra. So given h € H, we have Ly = Lony(adh) = Ker (adh —a(h)-1), i.e., m = 1, and

thus L, (H) takes the special form

Lo(H)={z € L|[h,z] =a(h)x for all h € H},

i.e., each nonzero x € L,(H) is a common eigenvector for all endomorphisms adh, h € H.

Note that Lo(H) is simply the centralizer of H. The « such that L,(H) # 0 are called
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roots of L with respect to H, a subcollection of H* which we will denote by ®(H). We will

frequently make use of the root space decomposition of a semisimple L.

Lemma 4.8. ([, p.35]) Given a CSA H of the semisimple L, we have the root space

decomposition

L=Ho [[ L.H).

ac O(H)

We may fix a base A of ®(H) and note that
B(A) = H + [ [ Lo(H)
is a Borel subalgebra of L, which we call a standard Borel with respect to H. In addition,

N(A) = [B(A), BA)] = [ La(H)
is nilpotent [, p.84].

The following result on semisimple algebras is similar to Lemma ZT3:

Lemma 4.9. [, p.36] Let H be a CSA of the semisimple Lie algebra L, and let «, 5 € H*.
Then [Lo(H), Ls(H)| C Loss(H).

Lemma 4.10. ([, p.84]) Let H be a CSA of the semisimple L. All standard Borel subal-

gebras of L relative to H are conjugate via E(L).
The second main goal in this chapter is the following conjugacy theorem for BSAs.
Theorem 4.11. ([, p.84]) The BSAs of a semisimple Lie algebra L are conjugate via £(L).

Proof. We will employ induction on dim L. The proof is trivial if dim L = 1, for L is itself
its only BSA.
Let L be semisimple and H a CSA, and fix a base A and thus a standard BSA B with

respect to H. We will show that any other BSA B’ of L is conjugate to B via an element of
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E(L). If BN B’ = B, then B = B’ by the maximality of B, and there is nothing to prove.
Thus a downward induction on the dim(B N B’) is appropriate: we may assume that a BSA
whose intersection with B has dimension greater than dim(B N B’) is already a conjugate of
B.

We divide the proof into cases, and the first case into two subcases.

Case 1: BN B #0.

Let N’ € BN B’ be the set of ad-nilpotent elements of BN B’, i.e., x € BN B’ and
adz € End L is nilpotent.

Subcase (i): Suppose N’ # 0. By Lemma I3, B may be decomposed as

B=H+ [[La(H), N:=[B B]=]]La(H)

a>0 a>0

where H is the fixed CSA of L. So by Lie’s theorem, the derived algebra N = [B, B] = H L,
is nilpotent (N’ = N N B’). Now as [BN B’, BN B’'] is properly contained in both TEO, B]
and [B’, B'], we see that [BN B’, BN B’ C BN B’ is nilpotent. Thus, by Engel’s theorem
again, [BN B, BN Bl C N, so N’ is an ideal of BN B’. As L is semisimple, it is allowed

no proper solvable (thus no nilpotent) ideals, so N’ is not an ideal of L and
K := Ny (N'") C L.

We are going to show that B N B’ is properly contained in both BN K and B’ N K.
Clearly from the above BNB' C BNK and BNB' € B'NK. For each x € N' C B, ad z is
a nilpotent endomorphism of B (as well as of B’) since B (respectively B’) is stable under
adz. But BN B’ is also stable under ad x, so the induced action of ad z on the vector space
B/(B N B') is nilpotent (see the proof of Lemma EZZ4). This is true for all x € N’, so by
Engel’s Theorem, there is a non-zero y + BN B’ € B/(B N B’) killed by all elements of N'.
We have found a y € B\ BN B’ such that [N',y] C BN B’. In addition, [N, y] C [B, B]

(since y € B and N’ C B), which is nilpotent. So every [z,y] € [N',y] is nilpotent, forcing
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[z,y] € N’ which is the set of nilpotent elements of BN B’. Thus y € Ng(N') = BN K, but

yé& BN B ie, BNB C BN K. The argument is symmetric for B and B’ so

BNB C¢BNK, BNB CBNK.

As BSAs, B and B’ are solvable in L, so BN K and B’ N K are solvable subalgebras of
K. We choose BSAs of K, C' and C’, containing BN K, B'N K respectively (see the figure).

L
|
K
/ AN
C c’
| |
BNK B'NnK
AN /
BnB
|
N

Since K C L, by the first induction hypothesis (on dim L), C' and C’ are conjugate via
o' € E(K). So thereis 0 € E(L; K) C £(L) such that ¢(C") = C' [remark E3]. Now BN B’
is a proper subalgebra of both BN K C C' and B'N K C C’. Note that C' may not be a

BSA of L, but as it is solvable, it is contained in a BSA M of L. We have

BNB'C¢BNKCcBNCCBNM,
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so dim(BN M) > dim(BN B’). By the second induction hypothesis (downward, on dim(B N

B')), there is a 7 € £(L) with 7(M) = B. We have 7(C) C B, i.e.,

o(C") C B.

Since BN B' C B'N K, we have ro(BN B') C 7o(B'NK). Clearly BN K = B'NnC’, so

70(BNB) C1o(B'NK)=710(B'NC") C1o(B)N710(C") C 70(B")N B.

Then dim(B N7o(B’)) > dim7o(B N B') = dim(B N B’). Clearly B and 70(B’) are BSAs
of L. Then we use the second induction hypothesis (downward, on dim(B N B’)) to see that
B is conjugate to To(B’) via an element of E(L).

Subcase (ii): Suppose N’ = 0. Hence B N B’ contains no nonzero nilpotent elements.
By Lemma E3, any BSA contains both the semisimple and nilpotent parts of any of its

elements, so all elements of B N B’ are semisimple, i.e.,

T:=BNB #0

is a toral subalgebra of the semisimple L. Recall that B = H + N is a standard Borel and
the subalgebra N = [B, B] of L consists entirely of nilpotent elements. Since 0 is the only
element which is both nilpotent and semisimple, T NN = 0. For any z € B, [z,T| C T

means that [z,7] C TN N = 0. Thus

Np(T) = Cg(T).

As T is toral, T C Cp(T), and we may choose a maximal toral subalgebra C' of Cp(T)

containing T'. By definition, C' is nilpotent and self-normalizing (in Cg(7T)). So we have

TcCcC OB(T) = NB(T) C NB(C)
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If n € Np(C) C B, then for each t € T' C C, (adt)*n = 0 for some k € N since C
is nilpotent. However, adt € End L is a semisimple endomorphism since 7" is toral. So
Lo(adt) = Keradt = Ker(adt)*. Then we may choose k = 1, i.e., n € Ng(C) C Cy(T).

But C is its own normalizer in Cg(T"). Then
€ = Neyn)(€) = Na(C).

As a nilpotent self-normalizing subalgebra of B, C' is a CSA of the solvable algebra B.
Clearly H is a CSA of both B and L. By Theorem E4, C' is conjugate, via an element of
E(B) (hence via £(L)), to H.

Thus without loss of generality we may assume that T C H.

Now we consider two subcases.

(A) T = H. Now H = BN B C B (otherwise B = B’ and there is nothing to
prove). Recall that B = H + HLO“ Notice that [H,B'| = [BNB',B'| C B, ie., B'is
stable under ad p H. Since ad ;;IO is simultaneously diagonalizable (as ad H C End L is a
commuting family of semisimple endomorphisms), ad g2 H C End B’ is also simultaneously

diagonalizable by Lemma EZZ3. This allows us to decompose B’ into root spaces under H:

B' = H + ], Bj where
By ={xz € B"|[h,z] = B(h)x for all h € H}.

Clearly each 8 € ® and Bj; = Lg since dim Lg = 1 [0, p.39]. Since H = BN B’ C B', we
must have B’ = H+Ha<0 L. So there is at least one a < 0 relative to A with 0 # L, C B’.
The reflection 7, [0, p.42] sends « into —«, H is preserved, and A’ = 7,(A) is a base.
Then B’ is conjugate to the standard Borel B” := B(A’) whose intersection with B includes
H + L_,. So the second induction hypothesis (downward, on dim BN B’) applies and B” is

conjugate to B.
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Remark: Instead of using 7,, one can use the longest element wy € W [, p.88] of the

Weyl group W to get the conclusion immediately, i.e., B and B’ are conjugate via wy, since

wo(PT) = =T where ®T denotes the positive roots.

(B1)

(B2)

(B) T'C H. Then we have two subcases:

B’ € CL(T). The semisimple L has zero center and we are assuming 7'= BN B’ # 0.
So CL(T) € L as T itself is abelian, and we have dim C7(T) < dim L. We are thus
justified in using the first induction hypothesis on C(T). Now H = C(H) [, p.36]
and T C H so that H = C(H) C C(T). Since H is abelian and thus solvable, there
is a BSA B” of C(T) containing H. By the first induction hypothesis, there exists
o€ &EL;CL(T)) € E(L) with o(B') = B”, since B" and B” are BSAs of C(T). By
virtue of the fact that B” is the isomorphic image of the BSA B’ of L, B” is a BSA of

L as well. Moreover B” contains H, so
dim(BN B") > dim H > dim T = dim(B N B’).

By the second induction hypothesis (downward, on dim(B N B’)), B and B” are con-

jugate via £(L), thus B and B’ are, as well.

B' ¢ CL(T). Asin (A), since we are assuming 7' C H, ad p/T is simultaneously diago-
nalizable. Since B’ ¢ CL(T), there is t' € T and a common eigenvector € B'\CL(T)
of the endomorphisms of ad z/T such that [t', x] = ¢z, where ¢ € F is nonzero. Setting
t:=1t/c, we have [t,z] = x. Let ®; := {a € ® : a(t) > 0 and rational} C ®. Given a,
b€ d, a+ e d,. Then

S :=H+ H L,

acdy

is subalgebra of L. Notice that x € S since z is of the form

l’:l‘h‘i‘zxa, I‘aeLa,thH
acd
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and

xp + Zxa =z =tz = Z[t,xa] = Za(t)xa

aced acd acd

so that z;, = 0 and z, = 0 if « € ®;. By Lemma S is solvable and so lies in a BSA

B”. Since T'C B” and x € B”
BNB' =TCT+FxC B'"NB.

we see that dim(B” N B’) > dim(B N B’); by the second induction hypothesis, B” and
B’ are conjugate. In addition, dim(B” N B) > dim(BN B’) since H ¢ BN B’; thus B”

and B are conjugate, so B’ and B are as well.

Case 2: BN B = 0. As a standard BSA of L, B = H + HLQ(H). But L itself is
a>0
semisimple, thus allowing us to decompose L = H & H Lo.(H). We know that « is a
a€ P(H)
root if and only if —« is a root [, p.37]; so dim B > (dim L)/2. However, since BN B’ =0,

we employ a standard argument regarding dimension in vector spaces to see that
dim B + dim B’ = dim(B + B’) < dim L.

Thus B’ must be a “small” Borel, i.e., dim B’ < (dim L)/2. Choose a maximal toral subalge-
bra T of B'. If T =0, then B’ consists solely of ad-nilpotent elements. By Engel’s theorem
B’ is nilpotent, and as it is Borel, it is also self-normalizing by Lemma B3. In other words,
B’ is a CSA of L; but this is impossible, for on one hand each CSA of the semisimple L is
toral by Lemma B4, while on the other hand 7' = 0. So we must have T' # 0. Once again
applying Lemma B2, choose a CSA Hj of L containing 7', and B” a standard Borel with
respect to Hy. Then B’ N B” # 0, and by Case 1 of the proof, B’ and B” are conjugate so
that dim B” = dim B’ < (dim L)/2. However B” is standard so that dim B” > (dim L)/2, a

contradiction. O
Theorem 4.12. (|0, p.84]) The BSAs of a Lie algebra L are conjugate under £(L).
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Proof. We have previously established the theorem for semisimple Lie algebras; if L is not
semisimple, then we construct the semisimple Lie algebra L/R (# L). Now the BSAs of L
are in 1-1 correspondence with the BSAs of L/R by Lemma E3. Given BSAs B; and B, of
L, we identify them with the BSAs B} and B} of L/R. Now Bj and Bj are conjugate via
an element o’ of £(L/R), and by Lemma I3, there is a ¢ € £(L) such that ¢ oo = o’ 0 ¢,

where ¢ is the canonical projection. So

¢0(B1) = 0'¢(B1) = o'(B}) = By,

thus O'(Bl) = Bg. O
Theorem 4.13. (|0, p.84]) The CSAs of L are conjugate under £(L).

Proof. Any nilpotent subalgebra is solvable, thus contained in a maximal solvable subalgebra.
So given a pair H, H' of CSAs of L, there is a pair B, B’ of BSAs containing H, H’
respectively. By Theorem 013, there is o € £(L) such that o(B) = B’. We have two CSAs
of the solvable B’, namely o(H) and H’, which are conjugate via 7/ € £(B’) thanks to
Theorem 0. We have 7'c(H) = H'; once again, we extend 7" to 7 € £(L). Then we have

an endomorphism 7o € £(L) such that 7o(H) = H'. O
Corollary 4.14. Every BSA of a Lie algebra L contains a CSA of L.

Proof. We have previously established the existence of CSAs in any Lie algebra (see remark
following Theorem BX). Given a CSA H of L, H is contained in some BSA B of L. For any
BSA B’ of L, B and B’ are conjugate via ¢ € £(L), thus B’ contains the CSA ¢(H). O
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Chapter 5
Michael’s Proof

Bourbaki [@, p.22-23] provides a proof for the conjugacy of CSAs using algebraic geom-
etry; the approach is very different from that of Humphreys.

Michael’s approach does not use algebraic geometry and is along the presentation of
Bourbaki [B, @]. Similar to Humphreys, he begins by proving the conjugacy of CSAs of
solvable Lie algebras. The proof is similar to that in [@, p.25] and will be omitted here.

His next task is to provide a few lemmas to ease the way to a full proof. We will utilize
Lemma B2, as well as various technical lemmas. We will also need Definition in the

following discussion:

Lo := Lagy(ad h) = Ker (ad h — a(h) - 1)™,

where m is the algebraic multiplicity of the eigenvalue «(h), and

Lo(H) := NherLan

where H is a nilpotent subalgebra of L. Clearly L,(H) C N (L), indeed each L, ), C N (L)
(Definition E719).

Definition 5.1. ([@, p.22], [[, p.156]) Given a Lie algebra L and CSA H, we denote by

Er(H) the subgroup of Int L generated by exp ad x, where x € L, (H) for some a # 0.

Michael’s proof relies upon several results which can be viewed as analogues of Lemma

and Lemma I3, which we will state in the following lemmas.
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Recall Lemma E7Z3: an epimorphism ¢ : L — L’ has the property that ¢(L,(ady)) =

L,(ad ¢(y)). The following lemma for L,(H) corresponds to Lemma EZ203:

Lemma 5.2. Let ¢ : L — L’ be an epimorphism, and H a nilpotent subalgebra of L. Then
¢(La(H)) = Lo (6(H)), where o' € (¢(H))" is given by o/(¢(h)) = a(h).
Proof. Define o’ as above; it is clear that ¢(Lar)(ad b)) = L, 4 (ad@(h)) for all h € H,

ie. ¢(La(H)) = Lo (¢(H)).
O

As analogue to Lemma I3, we have

Lemma 5.3. Given an epimorphism ¢ : L — L’ and o’ € £,(H'), H a CSA of L', there is
a CSA H of L with ¢(H) = H' and o € E(H) such that 0’ o = ¢ o 0.

Proof. Lemma BT allows us to choose a CSA H of L such that ¢(H) = H'. Let o :=
exp ad 2’ be a generator of £1,(H’), i.e. 2’ € L,(H'); by Lemma B3 there is « € L,(H) such
that ¢(x) = a’. Then o :=expadx € E,(H) is the promised automorphism. O

Similar to Remark B2, we note the following:

Lemma 5.4. Given a Lie algebra L and subalgebra B containing a CSA H of L, any

o € Ep(H) may be extended to a o’ € E,(H) such that o'|p = 0.

Proof. A generator expad gz of Eg(H) may be viewed as a generator of E,(H): for x €

B, (H) means that « € L,(H), as well. Thus expad, z € £,(H). O

Lemma 5.5. Given a Lie algebra L, CSA H, and v € &.(H), we have & (u(H)) =
w(&(H))u™t.

Proof. By Lemma BT2, u(H) is a CSA, thus & (u(H)) is defined.

Given a generator exp adz of £ (u(H)), we note that
1. (adu(h) — a(u(h))I)k(z) =0 for all h € H
2. adu(h) =wuo (adh)ou™!
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Define o/ € H* by o/(h) := a(u(h)). Then for all h € H,

0 = (adu(h) — a(u(h)))(x) =uo (adh — o/ (h))F o u™(z).

So u™'(z) € Ly(H), and expad (u™'(z)) € EL(H). Then we readily see that

expadz = u(expad (v (z)))u™" € u(EL(H))u™".

Thus E(u(H)) C w(&(H))u™t.

On the other hand, given y € Lg(H), we wish to show that u(expady)u™ € &, (u(H)).
Clearly u(expady)u~! = expadu(y). Defining 8’ € (u(H))* by 5'(u(h)) = S(h), we see by
Lemma B3 that u(y) € Lg (u(H)). The lemma follows. O

The following is a refinement of [@, p.25-26] and the proof is almost identical.

Theorem 5.6. If L is solvable and Hy, Hy are CSAs of L, there exist u; € E1(H;), i = 1,2,
such that uy(Hy) = us(Hy).

Corollary 5.7. (|3, p.158]) If L is solvable and Hy, Hy are CSAs of L, £E,(Hy) = EL(Ha).

Proof. Using Lemma B3 and Theorem B, we have

5L(H1) = ulgL(H1>UIl = gL(Ul(Hl)) = 5L(u2(H2)) = UQEL(HI)Ugl = gL(HQ)

So if L is solvable, the choice of H is inconsequential and we may denote E,(H) = &f.
Corollary 5.8. (|3, p.158]) Assume that L is solvable.
1. &1 acts transitively on the set of CSAs of L.
2. Any CSA of L has dimension rank L.

3. Lo(adx) is a CSA of L if and only if x is regular.
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Proof. (1) is clear from Lemma B2 and Corollary EZ4. For (2), we note that & is a group
of automorphisms; so by (1), all CSAs have the same dimension. By Lemma B3, this must

be the rank of L. Lemma BT combined with Lemma BT immediately give us (3). O

Definition 5.9. ([, p.21]) Given a Lie algebra L, the Killing form « is a symmetric bilinear
form on L given by

k(z,y) = tr (ad z)(ad y).

Elements x and y of L are orthogonal via « if k(x,y) = 0. Two subspaces H; and H, are

orthogonal, H, 1 H,, if their elements are mutually orthogonal via k.

Remark 5.10. We will have occasion to employ a useful identity regarding the Killing form.

Note that, since [ad z,ad y] € gl(L), we know the action of |-, -]:

ad [z,y] = [adx,ady] = adz ady — ady ad z.

Then

k([x,y],2) = tr([adz,adylad z) = tr (ad z ad y ad z) — tr (ady ad z ad z).

But we may commute matrices without changing the trace, so the above is equal to

tr(adz ady ad z) — tr (ad x ad z ad y) = tr (ad x[ad y, ad z]) = k(z, [y, 2]).

Thus &([x,y], 2) = k(x, [y, 2]).

Theorem 5.11. ([0, p.22]) Let L be a Lie algebra. Then L is semisimple if and only if its

Killing form is nondegenerate, i.e., the radical S of the Killing form, defined by

S:={zel|kr(zx,y) =0 forall ye L}

is 0.
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In general, if V' is a finite dimensional vector space over F with nondegenerate symmetric

form [, Chapter XV]| x and if W C V is a subspace, we denote by

W = {v e V|s(v,w) =0 for all w € W}

the orthogonal complement of W with respect . See [[[, Chapter XV], [E4] for the general
theory of bilinear form. An orthogonal basis [[3, p.575] always exists for V' with dim V" > 1

(but not necessarily an orthonormal basis, for example, x on F? defined by the matrix

0 1
). Moreover k induces an isomorphism between V* and V: f — (z,-), f € V* and

10
x € V. The restriction of x on a subspace W is nondegenerate if and only if W N W+ = 0.

Lemma 5.12. Let V be a finite dimensional vector space with nondegenerate symmetric

bilinear form x. Let W, Vi, V5 be subspaces of V. Then

L dimW +dim W+ = dim V' (but W + W+ =V is not necessarily true).
2. (WhHt=w.

3. Vi C Vyif and only if V35 € Vi+; Vi € Vs if and only if Vi- € Vit

1 (i+ Vet = VNV,

5. Vit + Vit = (inly)*.

Proof. 1. Denote by f: V — W* the map defined by f(v)(w) = k(v,w), we W, v e V.
Clearly Kerf = W+ and Im f = W* so that dimIm f = dim W* = dim W. Then

apply the dimension theorem

dimKerf + dimIm f = dim V.

2. Clearly W C (W)L, Then from (1) dim W+dim W+ = dim V = dim W+ +dim(W+)+
so that dim W = (W+)+. Hence (W)t = W.
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3. The first part is clear and the second part is from (1) and (2) since dim V> = dim V —
dim V; > dimV — dim V5 = dim V;*.

4. From (3) (Vi + Vo)t c Vit i =1,2, since V; € Vi + V. Thus (Vy + Va)* € Vit NVt
For any w € VN V5t and for all v = vy + vy € V) + Vs, where v; € Vj, i = 1,2, we
have k(w,v; + v9) = k(w,v1) + K(w,vy) = 0. We may choose either of vy, vy to be 0,

sow € (Vi + Vo)t

5. By (2) each subspace W of V' is the orthogonal complement of some subspace, namely,

W+. So it suffices to show V; + V, = (V2 N Vi)t and again by (2), it is simply (4).

We know focus our attention on semisimple Lie algebras.

Lemma 5.13. ([, p.159]) Let L be a semisimple Lie algebra, H a CSA of L, and B a

solvable subalgebra of L containing H. Then
1. B=H®|[B,B]
2. The set [B, B] coincides with the set of ad-nilpotent elements in L contained in B.

Proof. By virtue of the fact that H is a CSA of L, H is in turn a CSA of B. Since
[H,B] C B, adgH C End B is a simultaneously diagonalizable family by Theorem 3.

Thus B has root space decomposition B = H & Z B,(H). By Lemma BT, we write
ac®(H)
H = Ly(ad s) for some s € H. Note that the restriction of ads to BY(H) := Z B,(H) is

a#0
bijective, for BT (H) contains no eigenvectors of ad s with corresponding eigenvalue 0. We

conclude that any x € BY(H) can be written x = [s,m] for some m € B*(H); so we have
B*Y(H) C [B, B]. Now B is solvable, thus [B, B] is nilpotent; in addition, H is semisimple.
Thus any y € H N [B, B] is both ad-nilpotent and ad-semisimple, that is y = 0. We have

B=H®» B"(H)CH®|[B,B] C B, and (1) follows.
a#0
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The second statement follows from

[B.Bl|=[H® Y Bui(H),H® Y Bu(H)]= Y_ Ba(H).

€D (H) €D (H) €D (H)

On one hand, we know that the only endomorphism of L that is simultaneously nilpotent
and semisimple is 0. Since elements of H are ad-semisimple, the ad-nilpotent elements of
L contained in B must be in [B, B]. On the other hand, by Lemma and the fact that
B,(H) C L,(H), ad pz is a nilpotent endomorphism for any x € [B, B|. O

We may now prove

Lemma 5.14. ([I3, p.159]) A subalgebra B of a semisimple Lie algebra L is a BSA if and
only if [B, B] = B*.

Proof. Since L is semisimple, the subalgebra H C L is solvable if and only if ad H is solvable.
For the forward implication, by Cartan’s criterion [, p.20] B is solvable if and only if
k(B,[B,B]) = 0. Thus [B, B] C B*+. Suppose that the inclusion is proper; by Lemma ET3,
B C [B, B]*. Weset P := [B, B]*/B, a (nontrivial) vector space quotient. The the matrices
of ad B form a solvable subalgebra of gl(P). By Lie’s Theorem, the matrices of ad B are
upper triangular (with respect to the proper basis of P); thus there is an x € [B, B]* \ B
such that [B,z] C B+ Fz. Set By := B + Fz. Then B is a subalgebra of L.

By Lemma E12, Bf = (B + Fz)* = B* nFzt. Now [By, Bi] C [B,B] + [B,Fz];
by Cartan’s Criterion, since B is solvable, [B, B] C B+. But x was chosen from [B, B]*,
so we also have [B,B] C (Fz)*; thus [B,B] ¢ B+ NFzt = B}. For any a,b € B,
k([a,z],b) = —k(z,[a,b]) = 0, since x € [B,B]*. Thus [B,Fz] C B*. Finally, given
a € B, we note that x([a, z], z) = k(a, [z,z]) = 0, allowing us to write [B,Fx] C (Fx)*. So
[B,Fz] C Bit as well; we conclude that [By, B;] C Bi-. Once again using Cartan’s Criterion,

B is solvable; but B C B; was chosen as Borel, a contradiction. We are forced to have

(B, B] = B.
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We now show the reverse implication. Suppose [B, B] = B*, and choose a solvable

subalgebra B; of L containing B. Then
[BlaBl] g Bf_ g BJ_ = [BaB] g [BlaBlL
and all inclusions are forced to be equalities. So B = B+ implies B; = B by Lemma 5132,

and B isa BSA. O

Theorem 5.15. ([@, p.160]) Let L be semisimple with CSAs H; and H,, and let By, By

be BSAs containing H; and Hs, respectively. Then
1. By N By contains a CSA of L.
2. There exist u; € E(H;) (i = 1, 2) such that uy(H;) = ua(Ha).

Proof. 1. Define N; := [B;, B;]; then by Lemma ET3 and Lemma B4, we have B; = H; & N;
and B; = Nf. Since N; is the set of all ad-nilpotent elements of L contained in B;, we know
that By N Ny, = Ny N Ny = By, N Ny is the set of all ad-nilpotent elements of B; N By. By

Lemma BE12

By =N{ C (NiNNy)*t = (BiNNy)*" = B + Nyt = N, + By.

We have shown that B; C N; + Bs, thus

By = Ny + (B, N By).

Let r; = dim H;. By symmetry, we may assume r; < ry. By Corollary B3, r; = rank B;.
By Lemma B@ the CSA H; may be written as H; = Lg(adz) for some z € H;. Since
By = Ny + (BN By) = Hy + Ny, we may choose n € N; such that
w:=2z+n¢€ BN Bs.
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By Lie’s theorem, there is a basis of L so that ad w, ad z and ad n, in matrix form, are upper
triangular. In addition, because adn is nilpotent, it is also strictly upper triangularizable;
thus the diagonal entries of ad z are precisely those of ad w, i.e. the pair of endomorphisms
share eigenvalues. Now dim Ly(ad z) and dim Lo(ad w) are the algebraic multiplicity of 0 as

an eigenvalue of ad z and ad w, respectively; thus dim Ly(ad z) = dim Ly(ad w). So

ry = dim H; = dim Ly(ad z) = dim Lo(ad w) > dim(B;)p(ad w) > rank B; = r; > 7.

Thus each step above is an equality, and we have rank B; = r; = ro = rank By. So on one
hand, every CSA of L has dimension rank L. = dim Lg(ad z), while on the other hand, by
Lemma B3, if H = Lo(ad z) has dimension rank L, then H is a CSA. So a subalgebra is a
CSA if and only if H = Ly(ad x) for some regular x. In particular, Lo(adw) C By N By is a
CSA, and (1) follows.

Considering H = Lo(adw) and H; as CSAs of the (solvable) B;, we may choose u; €
Ep,(H;) such that uy(H,) = H = uy(Hs) by Theorem E0. We employ Lemma BT to extend
each u; to an element u; € £,(H;), and (2) follows. O

The following theorem will fill in the gap between the solvable and semisimple cases.

Theorem 5.16. ([, p.158]) Let L be a Lie algebra and ¢ : L — L/R the canonical
homomorphism of L, where R := Rad L. Then the following statements for CSAs Hy, Hs of

L are equivalent:
1. There exist u; € E,(H;) such that uy(Hy) = us(Hy).
2. There exist v; € gL/R(QZﬁ(H@)) such that Ul(qb(Hl)) = U2(¢(H2>>

Proof. That (1) implies (2) is straightforward: given w; € E.(H;), u; = [[expadz, define
v; € End(L/R) by v; = [Jexpad (z + R); then v;(y + R) = u;(y) + R, so vi(¢(Hy)) =
va(@(Hs)). All that remains to show is that the v; are indeed elements of £7,r(¢(H;)). Now

u; = [Jexp(adx) where z € L,(H;), and by Lemma B2, ¢(z) € ¢(Lo(H;)) means that
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r+ R € L/Ry(¢(H;)). Thus v; € E/r(6(H;)). By construction, we have v; € & r(H;)
satisfying vi(¢(H1)) = va(P(Ha)).

The reverse implication requires more work: by Lemma B3, given vy (¢(H1)) = va(p(Hs)),
we have u; € E(H;) with ¢(ui(Hy)) = ¢(ua(Hs)), that is ui(Hy)/R = us(Hy)/R. Consider
the set uy(H1) + R = ua(H2) + R as a subalgebra of L, called T'; viewed as a Lie algebra,
we see that each u;(H;) is a CSA of T. Thus the u;(H;) are solvable subalgebras of T
R, the radical of L, is also solvable, so T itself is solvable. We already know that CSAs
of solvable Lie algebras are conjugate (E0), so we may choose u, € Er(u;(H;)) such that
wjuy (Hy) = uhus(Hsy). By Lemma BT the u), may be extended to u;” in & (u;(H;)).

Then wu; € Er(u;(H;))u; can be written as ufu; € Ep(u;(H;))u;. By Lemma B3

Er(ui(H;))u; = w;EL(H;) = EL(H;), and we conclude that w/u; € E,(H;). O

Theorem 5.17. ([@, p.160]) Given CSAs H; and H, of the Lie algebra L, there exist
u; € Er(H;) such that ui(Hy) = ug(Hz).

Proof. L/R is semisimple when R = Rad L. By Theorem B3, with ¢ : L — L/R the
canonical projection, ¢(H;) and ¢(Hs) are conjugate, and by Theorem B3 H; and H, are

as well. O
Theorem 5.18. ([[@, p.161]) For any Lie algebra L,

1. £,(C) does not depend on the choice of the CSA ', and may be denoted &j.
2. & acts transitively on the set of CSAs of L.
3. Any CSA has dimension rank L.

4. The element x € L is regular if and only if Lyo(ad z) is a CSA, and any CSA of L may

be written in this form.

Proof. The proof of (1) is identical to the proof of Corollary BEZ2; (2), (3), and (4) are similar
to Corollary B3. O

In order to establish the conjugacy of BSAs, we shall need several preliminary results.
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Lemma 5.19. ([[@, p.161]) Any BSA of a semisimple Lie algebra L contains a CSA of L.

Proof. Given a BSA B of L, choose a CSA H of B. We will show that H is actually a CSA

of L as well; to do so we simply need Ny (H) = H. Since H is nilpotent, by Theorem IZZZ1

L= ][] La(H).

acH*

Given h € H, we use abstract Jordan decomposition ([, p.24]) to decompose h (in L) as
h = hs+h,,, where hg and h,, are the ad-semisimple and ad-nilpotent parts, respectively, of h.
We need both of the pieces hs and h,, to be elements of H. Now ad h,, may be put into strictly
upper triangular form and ad hy may be diagonalized simultaneously, so the action of ad h;
on an element = € L,(H) is simply multiplication by a(h). Of particular importance is the
fact that [hs, Lo(H)] = 0, so hs € Z(Lo(H)). Now ad hs is a polynomial in ad h ([, p.17]),
so adhs(H) C H, thus hy € Ni(H). Also, h € B implies that ad h(B) C B, so hy € Np(B),
indeed hy € Np(B)NNL(H). By LemmaB3, B = N(B),so hs € BAN(H) = Ng(H) = H;
we have h, € H, so h,, € H as well. Thus H contains the semisimple and nilpotent parts of
all of its elements.

Now Lo(H) is reductive by [@, p.10], so we may use [B, p.56] to write
Lo(H) = Z(Lo(H)) @ [Lo(H), Lo(H)].

As H C Ly(H), [Z(Lo(H)),H] =0, so Z(Lo(H)) C Np(H). Given z € N(H), ad h(z) € H
implies that (ad h)™"(ad h(x)) = 0 for sufficiently large n, since H is nilpotent. Thus we know
that Ny (H) C Lo(H). We have Z(Lo(H)) C Ni(H) C Lo(H), so utilizing the decomposition

of Ly(H), we write
NpL(H) = Z(Lo(H)) & (NL(H) N [Lo(H), Lo(H)])-

Thus we need to show

42



1. Z(Lo(H)) C H
2. No(H)N[Lo(H),Lo(H)] C H

The decomposition of L yields a decomposition of B:

B=BNL=BnN [] La(H)= [] Ba(H),

aceH* acH*

where B, := BN La. Set BY(H) := [[ Ba(H). As H is a CSA of B, we know that

a#0
Bo(H) = H by Lemma B3E. So the decomposition of B is given by

B=H®a B"(H).

Since we have finitely many nonzero o € H* in the above decomposition such that
B.(H) # 0, we can find a nonzero § € H* such that § is not contained in the union of the
orthogonal complements of o’s. Transporting back to H, that means that there exists h € H
such that a(h) # 0 for any nonzero o € H* such that B,(H) # 0. Thus ad h acts bijectively
on BT (H), so BY(H) C [B, B]. Then

[B,B] = BN [B,B| = (HN|[B,B])® B (H).

By [0, p.36], x(La(H), Lg(H)) # 0 when o + 3 # 0, and in particular since Z(Lo(H)) C
Lo(H), we have k(Z(Lo(H)), BY(H)) = 0. This forces BY(H) C (Z(Lo(H)))*. In addition,
(Z(Lo(H)), H N [B,B]] = 0 since HN [B,B] ¢ H C Lo(H).

As B is solvable, [B, B] is nilpotent. Then for each h € H N[B, B], we know that ad gh
is a nilpotent endomorphism. Given z € Z(Lo(H)) and h € H N [B, B], adx ady is also
a nilpotent endomorphism of B. We conclude that tr (adz ady) = 0. Thus H N [B, B] C
(Z(Lo(H)))*. We have previously shown that B*(H) C (Z(Lo(H)))*; as [B,B] = (H N
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B, B]) ® BT (H), we have shown

[B,B] C Z(Lo(H))".

As L is semisimple, we know by Lemma BT that [B, B] = B+. Then B+ = [B,B] C
Z(Lo(H))* implies
Z(Lo(H)) C B.

Then Z(Lo(H)) C BN NL(H) = H, i.e. we have shown (1): Z(Lo(H)) C H.

We still need to show (2), that

Ni(H)N[Lo(H), Lo(H)] C H.

Suppose that z € N (H) N [Lo(H), Lo(H)]. Then

[H+Fz,H+TFz| C[H H|+ [HFz] C H.

Thus H + Fz must be a solvable subalgebra of L, and by Cartan’s Criterion,

k(H+Fz, [H+TFz, H+TFz]) =0.

In addition, since L is semisimple and H + Fz is solvable, [H + Fz, H + Fz| is precisely
the set of ad-nilpotent elements of L contained in H + Fz by Lemma E13. Given h € H,
ad ph, is nilpotent and h,, € H; so h,, € [H + Fz, H 4+ Fz]. Thus k(z, h,) = 0. Recall that
[hs, Lo(H)] = 0; so hs € Z(Lo(H)), and

k(2, hs) € K([Lo(H), Lo(H)], Z(Lo(H))) = #(Lo(H), [Lo(H), Z(Lo(H))]),
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where the last equality follows by Remark E0. But [Lo(H), Z(Lo(H))] = 0, so
K(Lo(H), [Lo(H), Z(Lo(H))]) = 0.

We have k(z, hs) = 0, giving us k(z,h) = 0 for any h € H. Now z was an arbitrary element

of Np(H) N [Lo(H), Lo(H)], so
Np(H)N[Lo(H), Lo(H)] € H*.

Clearly Ni(H) N [Lo(H), Lo(H)] C Lo(H), and since BT (H) C H Lo(H), we know
acH*

that Lo(H) C (BY(H))*. Then B = H @ B*(H) implies that
Np(H)N[Lo(H), Lo(H)] ¢ H-n(BT(H))* = B*.
Recall that B+ = [B, B]. Then
Ni(H) N [Lo(H), Lo(H)] € B* N NL(H) € BONL(H) = H,

and we have shown (2).

To conclude, we have shown that
Ni(H) = Z(Lo(H)) ® (NL(H) N [Lo(H), Lo(H)])

and as each piece of the summand is a subset of H, it follows that N (H) = H, i.e. H is a
CSA of L.
O

Lemma 5.20. The intersection of two BSAs of a semisimple L contains a CSA.

Proof. Follow immediately by Theorem T3 and Lemma ET4. 0
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Lemma 5.21. ([[@, p.163]) The BSAs of a semisimple Lie algebra L are conjugate under
Er.

Proof. Given a pair By, By of BSAs, by Lemma their intersection contains a CSA H.
The B; are stable under H, indeed the matrices of ad g, are simultaneously diagonalizable.

So we may decompose B; as

B;=H+ [] Bia

acd;
where ®;, C ®. But if a € ®; then B;, = L,. We may then use a standard argument

involving the Weyl group to permute B; onto Bs. (See [, p.75]) O
Theorem 5.22. (|, p.161]) Each BSA B of a Lie algebra L contains a CSA of L.

Proof. Consider the image of B under the canonical homomorphism ¢ : L — L/R, where R
is the radical of L. By Lemma I3 ¢(B) = B’ is a BSA of the semisimple L/R and by Lemma
BETA B’ contains a CSA H' of L/R. We may find a CSA H of L such that ¢(H) = H' by
Lemma ET2. H is contained in a BSA B, and the BSA ¢(B) = B’ of L/R may be permuted

via an element o’ of £z onto B’ by Lemma BEZ0. By Lemma B3 there is a 0 € & with

o' = ¢o, ie.

od'¢(B) =o' (B') = B' = ¢o(B).

But the BSAs of L are in 1-1 correspondence with the BSAs of L/R by Lemma I3, so
o(B) = B, and in particular o(H) is a CSA of L contained in B. [

Theorem 5.23. ([[@, p.163]) The following statements hold in any Lie algebra L:
1. The intersection of two BSAs contains a CSA.
2. The BSAs of L are conjugate under &r.

Proof. Both statements have already been established for semisimple L; using a process

similar to that in the proof of Theorem B2, the theorem follows. O
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Chapter 6

Some remarks

Cartan subalgebras exist for finite dimensional Lie algebras whenever the base field is
infinite. Indeed Barnes [0] (see also [B]) shows that if L is a Lie algebra of dimension n over
a field F of at least n — 1 elements, then there exists a Cartan subalgebra of L. Barnes also
showed that every finite-dimensional solvable Lie algebra has a Cartan subalgebra over any
field.

When F has no more than dimg L elements, the existence of Cartan subalgebras of finite
dimensional Lie algebras is still an open problem [, p.80] [, p.509].

In [B] Billig and Pianzola give an example of a Lie algebra L of countable dimension
which has no Cartan subalgebras (the definition of CSA given in [B] reduces to the classical
case if L is finite dimensional).

Real case: In general, Cartan subalgebras in a real Lie algebra g are not necessarily

conjugate. Example: In sly(R) there are two essentially different Cartan subalgebras

Notice that in sl;(C) these subalgebras are conjugate.
Kostant [[@] and Sugiura [E] gave the theory of conjugacy classes of Cartan subalgebras

for a real simple (and hence semisimple) noncompact Lie algebra L.
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