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Abstract

The ¢'"-power algorithm from Leonard [3], [4], and Leonard and Pellikaan [1] is a
recent and efficient method of computing the integral closure of a ring in its field of fractions.
Previously, the ¢'*-power algorithm has been used to compute integral closures over finite
fields. In this dissertation, we use the ¢'"-power algorithm to compute integral closures over

the rationals and number fields.
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Chapter 1

Introduction

Since integral closures are important in several areas of mathematics, it is not surprising
that there are many implementations of the existing integral closure algorithms.

Our main goal is to understand the mathematics necessary to apply the ¢""-power
algorithm to give a highly structured presentation of an integral closure of a ring, and to
extend the ¢'"-power algorithm to the rationals and number fields.

Chapter 1 gives the basic background for our work, including several key definitions and
useful notation.

Chapter two talks about integral closures and existing algorithms. Given a type I curve,
say f, an integral closure algorithm produces an R—module basis, { f;} for 0 <i < m, where
m is the maximum pole order, and all functions have poles at only one point called P.,.
Let £L(mP,,) be the vector space consisting of the {f;} for 0 < ¢ < m. Note that L(mPy)
has functions with all possible pole orders 0,...,m except for g gaps, where g is the genus
of the curve, f. Then the generator and/or parity-check functions of a one-point AG code
come from the vector space L(mPy). Most integral closure algorithms compute the integral
closure of a ring by repeatedly enlarging the ring until it stabilizes at the integral closure,
as in the approach used by de Jong’s algorithm, [9].

In the next chapter, we present the ¢'’-power algorithm. Unlike many existing al-
gorithms, the ¢'*-power algorithm uses a different approach, starting with a module that
contains the integral closure and repeatedly reducing it to a smaller module until it stabi-
lizes at the integral closure. Here we compute the integral closures of several examples of

towers of rings over finite fields.



The ¢""-power algorithm is currently written for positive characteristic. Can it be ex-
tended to the other fields? The answer is yes. The fourth chapter extends the ¢"*-power
algorithm to the rational field. This is done with the help of the extended Euclidean algo-
rithm and the Chinese remainder theorem.

Chapter five extends the ¢**-power algorithm to number fields, and presents some the-
orems and examples.

In chapter six we present various implementations. We discuss the outputs from various
implementations.

Chapter seven presents some speed-up techniques which we use in our computations.
Built-in commands in some of the existing computing packages such as MAGMA, MACAULAY?2
and SINGULAR are not very efficient. They do unnecessary computations. We have been able
write thoughtful and efficient code in place of some of the built-in commands. We end this
chapter with some timing illustrations of our techniques compared to built-in commands.

The Final chapter focuses on towers. There are many towers that have very good
coding theory properties. Unfortunately, most of these towers in their given form do not
allow for evaluation at several points at which some of the variables have poles. We define

new variables and transform these towers into type I curves.

1.1 Polynomial rings and monomial orderings

A finite field of order ¢, where ¢ = p*, t > 1 and p is a prime, will be denoted by F,, F,
will denote the non-zero elements of F,. Throughout, P := F[x,,...,z;] (written as F[x]
when convenient) will denote a polynomial ring over F in n independent variables x,,, . .., z1,
and IF will be either the rational field , Q, a finite field F,, or the algebraic closure of one of
these fields. Let 2« be shorthand for the monomial 23" --- 27", and let I denote an ideal in
F[z]. Then R := F[z]/I is a quotient ring, and S := Rly|/J is a ring extension of R. We

are interested in the integral closure ic(S) := R[z]/J of S, and wish to view it as an affine

P-algebra.



Given a polynomial ring P, we want a presentation of ic(S) relative to a finite P-module
generating set yo := 1,v1,...,Ys—1, so that J has a minimal, reduced Grobner basis with

elements of the form y;y; — Z Cij. kYk, Cijr € P defining multiplication, and possibly some
k
elements of the form a;,;y; — a;;y; — Z bij kYk,  Gji,Gij, b5, € P if the P—module
k#i,j
generators are not independent over P. Given a polynomial ring F[z], let Mon,, := {22 :

a € N"} be the set of all possible monomials in P in the variable z.

A global monomial ordering satisfies the conditions that
1. it is a total ordering on Mon,,
2. it is a well-ordering on Mon,,
3. 22 > 22 implies 222% > 2225

The importance of a monomial ordering on P is that any polynomial has a unique represen-

tation ( written from highest to lowest terms).

Definition 1.1. ( See Cox et al [13] page 61.) Let f = Zaggg a nonzero polynomial in

Flz] and let = be a monomial order:

1. The multidegree of f is multidegree(f) = maz(a € Z%, : ay # 0) (the mazimum is

taken with respect to > ).
2. The leading coefficient of f is LC(f) = anuitideq(s) € F-
3. The leading monomial of f is LM(f) = gmutides(f),
4. The leading term of f is LT(f) = LC(f)- LM(f).

We illustrate this with the following; Let f = —5x®+ 72?22 +4xy?2+422, and let = denote the
monomial order. Then multideg(f) = (3,0,0), LC(f) = -5, LM(f) =23 LT(f)= —5z>.

Definition 1.2. [15]: Let a = (an,...,1) and B = (By,...,01) € Z%,. We say that

a Ziex (3 if, in the vector difference a — 3 € Z", the leftmost nonzero entry is positive. We
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will write % >y 22 if o = B. The variables x,, ... ,x1 are ordered by the lex ordering

(17()’---70) ilex (071707'--70) tlex"' tleaf (ana"-aoal)a S0 ITp tlex"' tlezzl'

Lexicographic order (lex) therefore orders according to the highest power of the most signif-

icant indeterminate, using less significant indeterminates to break ties.

Definition 1.3. [13]: Let a = (an,...,1) and 3 = (By,...,0) € Z%,. We say that

Qa Zgreviex B 1f, | a |= Z&i >| B |= Zﬁi or | a |=| B | and the rightmost nonzero entry
i=1 i=1

of a — B € Z" is negative.

The variables x,,, . .., z; are ordered by the lex ordering (1,0, ...,0) >geviex (0,1,0,...,0) >greviex

soeoy Zarevlex (0,0,...,0,1), S0 Ty, = greviexs - - - » “areviex £1. Graded reverse lexicographic order

(grevlex) orders by total degree first, then breaks ties using reverse lexicographic order. The
most widely used monomial orderings are the lex(z, > --- > 1) and the the grevlex(z,, >
-+« > x1). We note that lex and grevlex give the same ordering on the variables x,,, ..., x;.
Let us illustrate both orderings with the following: let f = 4xy?z + 422 — 52 + 72222 €
F[z,y, z]. Then with respect to the lex ordering, we have that f = —5z% + 72222 + 4xy?z +
422 and with respect to the grevlex ordering, we have that f = 4xy?z + Ta?2? — ba3 + 422

2

The following is an example from Cox et al [13]. Consider the monomials xyz, 2%, 2%, and

2222, Using the indeterminate order = y > z, here’s how some of the monomial orders
above would order these four monomials:

Lex : 2° = 2222 = xy*z = 2% (power of  dominates).

Grevler : zy*z = x22% = 23 = 22 (total degree dominates; lower power of z broke tie).

But any global monomial ordering has at least one non-singular matrix A (with entries from

N) that defines it in the sense that

z* =27 ifand only if Aa' =, AB".



1.2 Ideals and Grobner bases

Let I be an ideal of the ring R := P[y|. [ is necessarily finitely generated by some

Fisforeeos 50 det Ti= (fryeves f) = {me,. e R} with fi,..., fn called genera-
tors of I. B:= (f1,..., fm) is an ordered Grébner basis for [ if and only if each r in R

has a unique remainder, called the normal form of f modulo I, (written NF(f, 1)), after

division by elements of B in any order.

Definition 1.4. (See page 46 of [15].) Let G denote the set of all finite elements G C R. A
map

NF:RxG— R, (f,G)— NF(f,G),

is called a normal form on R if, for all G € G:

(1) NF(0,G) =0, and, for all f € R and G € G,

(2) NF(f,G) #0 = LM(NF(f,G)) ¢ L(G) := (LM(g)| g € G\{0}),

(3) If G ={g1,...,9s}, thenr = f — NF(f,G) has a standard representation with respect
to G, that is, either r =0, orr = zs:aigi, a; € R, satisfying LM(f) = LM(a;g;) for all i
such that a;g; # 0. NF(f,G) is callfe?ila reduced normal form, if, moreover, NF(f,G) is

reduced with respect to G.

Let L(I) := {LM(f) : f € I} be the ideal of leading monomials of /. Any monomial
not in L(I) is called a standard monomial, the set of such is often referred to as the
footprint or A-set, a (vector space) basis for the set of all normal forms NF(f,I). [ One
of our speed-up techniques involves efficient computation of NF(f4¢,G) for large primes q.

Such normal forms are used repeatedly in most of our computations.|

Definition 1.5. [15]: Let G C Flz] be any subset.
(1) G is called minimal if 0 ¢ G and LM(qg) { LM(f) for any two elements f # g in G. We
note that G is called interreduced if LM (g) 1 any monomial of f.

(2) f € R is called reduced with respect to G if no monomial of f is contained in the ideal,



L(G), generated by the leading monomials of G. L(QG) is called the leading ideal of G.

(3) Let I C F[z] be an ideal and let = be a monomial ordering on My(z). A finite set
G C Flz] is called a Grébner basis of [ if G C I, and LM(I)= LM(G). That is, G is
a Grobner basis if the leading monomials of the elements of G generate the leading ideal of

I, or, in other words, if for any f € I\ {0} there exists a g € G satisfying LM(g)| LM(f).

Definition 1.6. [13]: Let f,g € R\ {0} with LM(f) = 2% and LM(g) = 2°, respectively.
Set v = lem(a,B) = (maz(oy,Br),. .., max(oan, B,)) and let lem(z®, %) = 22 be the

least common multiple of z& and z°. We define the s-polynomial of f and g (denoted by

spoly(f,g)), to be

If LM(g) divides LM(f), say LM(g) = 22, LM(f) = x2, then the s—polynomial is given by

spoly(f,g) :== [ —

and LM(spoly(f,q)) < LM(f).

Buchberger’s algorithm, found in most literature on the subject including [13], [27], is suit-
able for computing Grobner bases and it does the computations via s-polynomials. Many

characterization of Grobner bases can be found in the literature.

1.3  P-algebras

Definition 1.7. [1//: A ring R is called a domain if 0 is prime. Let P be a ring. Some
authors define a P-algebra to be a commutative ring R such that P is a subring of R and
the unity of P is also the unity in R. A commutative ring R is called a reduced ring if
it has mno non-zero nilpotent elements. A reduced, finitely-generated P-algebra is called an
affine P-algebra, or when it is not necessary to refer to the ring P, it is simply called an

affine ring. If the ring is a domain, then it is called an affine domain.



This is the definition presented in [[14], page 35]. However, we shall consider the following

definitions in this study.

Definition 1.8. R := P[y|/I is called a quotient ring. If there are no zero-divisors, it
15 also called an affine domain or affine P-algebra. It is always possible to adjoin new
variables so that there is a Grobner basis in which all the relations induced are of degree at
most 2. We call call such quotient rings strictly affine P-algebras in the sense that all
the P-quadratic relations describe a P-algebra multiplication, and any P-linear relations are

called P-syzygies amongst the dependent variables.

Definition 1.9. [13/: Let K be a field, and let fi,..., fs be polynomials in the polynomial
ring K[zq,...,x,]. Then V(f1,..., fs) :={(a1,...,a,) € K": fi(a,...,a,) =0, 1<i<s}
is called the affine variety defined by fi,..., fs. An affine variety V(fi,..., fs) C K™ is
thus the set of all solutions of the system of equations fi(a,...,a,) =---= fs(a,...,a,) =0.

An algebraic variety is the set of solutions of a system of polynomial equations.

1.4 Order functions and order domains

Definition 1.10. (see Geil and Pellikan, [6].) Let (I', <) be a well-order, with its minimal

element denoted by 0. An order function on an P-algebra R is a surjective function

p:R—TU{-00},

such that the following conditions hold:

1. p(f) = —o0 if and only if f = 0;

2. plaf) = p(f) for all nonzero a € F;

3. p(f +9) = maz{p(f),p(9)}:

4. if p(f) < p(g) and h # 0, then p(fh) < p(gh);

5. if f and g are nonzero and p(f) = p(g), then there exists a nonzero a € F such that

p(f —ag) < p(g) for all f,g,h € R.



Definition 1.11. A P-affine algebra, R, on which there is defined an order function is called

an order domain over P, or simply an order domain.

Definition 1.12. [4/: Let S = R/.J be an affine domain. A function

wtg = R — N{j U {—o0}

(with —o0 < a for all o € NI) is a weight function on S iff:
1. wts(f) = —oo iff f € J;
2. wis(f) =0 iff f = c+J, ceF\{0};
L wts(fg) = wts(f) +wts(g) for all f,g ¢ J;
- wig(af 4+ Bg) = maz{wts(f), wts(g)} for all o, B € F;

-~ W

5. if wtg(f) = wtg(g) = 0, then wts(f — A\g) < wts(g) for a unique X € F.

Let Ap be a non-singular n x n weight-over-grevlex matrix over Ny that defines a
global monomial ordering on P, the default here being the grevlex ordering, x, > --- > x1.
Let Ap, be a submatrix of Ap, consisting of the first k rows of Ap, where k is the number
of the free variables in f, with J :=< f >. Then Ap defines a weight function given by
wtp(z®) := (Ap,) - o, with distinct monomials obviously having distinct weights. Suppose

for example that

75 3
Ap:=1110
1 00
is a weight-over-grevlex matrix that defines a monomial ordering on R := F[y]. Then

wt(y2) = (7 5 3)(9)" Also 22 >, 22 if and only if A0 =, A,5".
An alternative definition of a weight function is found in [[1], page 481 |. The conditions
of this definition can restated in terms of leading monomials (LM) of normal forms (NF')

of elements as follows:

LM(NF(\f)) = LM(NF(f)) for 0 # \ € F.



If LM(NF(g)) < LM(NF(f)) and f # g, then LM(NF(f — g)) < LM(NF(f));
and if LM(NF(g)) < LM(NF(f)), then LM(NF(f — g)) = LM(NF(f)).
LM(NF(fg)) = LM(NF(LM(f),LM(g))).

If LM(NF(f)) = LM(NF(g)), then

i (TN

LONF() LC(NF(g))) < LMNE()).

A weight function, say p, can be extended to a function on quotients by defining p(f/g) :=
p(f)—p(g) € Z". The ¢*-power map acts on such elements and thus it is important to have
the extended definition of a weight function, see [1], page 482. Weight functions are very
essential in our integral closure computations, as they are used with the earlier-mentioned

monomial orderings to produce new monomial orderings.

1.5 Integral extensions and type I curves

There are several definitions of an integral element. We will present some of them here.

Definition 1.13. [28/: Let R be a ring and S an R-algebra containing R. An element x € S
1s said to be integral over R if there exists an integer n and elements ry,...,r, in R such
that

" " e, = 0.

The above equation is called an equation of integral dependence of x over R of degree n. It is
important to note here that equations of integral dependence are not unique if the function
used to define the integral extension is reducible.

Indeed let S be the ring Z[t]/(t* — t3), where t is a variable over Z. Let R be the subring of
S generated over Z by t2. Then t € S is integral over R and it satisfies the equations

22 —t2=0 and 2?2 —2t> =0 in z.

This is not surprising as the function f(t) = > — t® is reducible. In our definition, we will

require f(t) to be irreducible.



Definition 1.14. [30/: Suppose R is a subring of the commutative ring S with 1 = 14 € R.
1 An element s € S is integral over R if s s the root of a monic polynomial in R|x].

2 The ring S s an integral extension of R or just integral over R if every s € S 1is
integral over R.

3 The integral closure of R in S is the set of all elements of S that are integral over R.

We will consider the integral closure of an integral domain, R, in its field of fractions, Q(R).

We shall consider the following as our definition of an integral element and integral closure.

Definition 1.15. (Integral element) [1]: Let S be a domain and R a subdomain of S. An
element y € S is said to be integral over R if and only if there exists a monic polynomial

éy(T) € R[T] such that ¢,(y) = 0.

Feng and Rao introduced type I curves to be curves that satisfy equations of the form
2 +4° + g(z,y) =0, ged(a,b) =1, a > b > deg(g(z,y)).

We shall consider the follow as our definition of type I integral extensions.

Definition 1.16. [//: Let f(T ZszZ € P[T] be a monic, absolutely irreducible
polynomial of degree d. Let the aﬁine domam S = Ply|/J be an integral extension for

J = (f(y)). To extend wtp to a weight function wts on S, define wtg(z%) := d - wtp(z2),

th fz)

and wts(y) = mar{=75> : 0 < i < d}. If the maz is taken on at only one value of i, the

value is i =0, LM(fy) := 2%, and gcd{d, gcd{a; : 0 <i <d}} =1, then S is said to be

a type I integral extension.

Let Ap be a non-singular n x n weight-over-grevlex matrix over Ny that defines a global
monomial ordering on P, with the default here being the grevlex ordering, x,, > --- > 7.

The monomial ordering, weight-over-grevlex, on the extension S of P above, is given by

Ay e wts(y)! dAp

1 0

10



Definition 1.17. (Integral closure) [1]: Let S be a domain and R a subdomain of S. The
integral closure of R in S is defined to be ics(R) := {s € S|s is integral over R}. When
S is the field of fractions of R, we simply write ic(R) instead of ics(R). R is integrally closed

in S if and only if R =icg(R). Moreover, ics(R) is a ring if S is a ring.

Example 1.1. Let P := Fy[fs] and R := P[fs]/{f2 + f2 + fsf3). Then integral closure
of R in its field of fractions is given by ic(R) = Fa[fr, f5; f3]/{f2 + fsfa + fr, fofs + f4 +

2
fss 2+ f2fs), where fr = %

The next chapter presents some theorems about properties of integral elements and
integral closures. It also presents a version of de Jong’s algorithm that is used by some to

compute integral closures.
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Chapter 2

Integral Closures

Let z := (zp,...,21). Let F be a field and let P := F[z] be a polynomial ring of free
variables. Let R := Ply|/{f(y)) be a simple integral extension of P, with deg(f,y) = m,
and let Q(R) be the quotient ring of R. Let @w:= (u,,...,uj,up := 1), u:= (U, ...,u;) and
let ic(R) = Flu; 2]/ J be the integral closure of R in Q(R), where J has a minimal, reduced
Grobner basis consisting of P-quadratic relations defining the P-algebra multiplication and
P-linear relations if the P-module generators are not free over P.

The goal of the next theorem is to help show that the integral closure of a ring is a ring.

Theorem 2.1. [30]: Let R be a subring of the commutative ring S with 1 € R and let s € S.
Then the following are equivalent:

(1) s is integral over R,

(2) R[s|/ < f(s) > is a finitely-generated R-module and

(8) s €T for some subring T, that is a finitely-generated R-module.

Proof: Suppose first that (1) holds and let s be a root of the monic polynomial
f(z)=2" +a, 12"+ +ao € Rlz].
Then
§" = —(Ap 18"+ p_28" 2+ ag)

and so s", and hence all higher powers of s, can be expressed as R-linear combinations
of "' ... s,1. So R[s]/ < f(s) >= R1+ Rs + ---+ Rs""! is finitely generated as an

R-module, which gives (2).

12



If (2) holds then (3) holds with 7' = R[s]/ < f(s) > .
Suppose that (3) holds and let vy, v,...,v, be a finite generating set for 7. Then for i =
1,2,...,n the element sv; is an element of T" since T' is a ring, and so can be written as an
R-linear combination of vy, ..., v, : sv; = iaijvj, for 1<i<n.So0= i(éijs—aij)vj,
where 9;; is the Kronecker delta. If B is thé:rlz X n matrix whose 7, j entry iézgijs — a;j, and
v is the n X 1 column vector whose entries are vy, ..., v,, then these equations are simply of
the form Bv = 0. It follows from Cramer’s Rule that det(B)v; = 0 for all i. But B = sl — A,
where A is the matrix (a;;). Thus s is a root of the monic polynomial det(z/ — A) € Rz] (

the characteristic polynomial of A), and so s is a root of a monic polynomial with coefficients

in R, which gives (1), completing the proof. [J

Corollary 2.1. Let R C S be as in Theorem 2.1 above and let s, t € S

(1) if s and t are integral over R then so are s £t and st.

(2) The integral closure of R in S is a subring of S containing R.

(3) Integrality is transitive: let S be a subring of T; if T is integral over S and S is integral

over R, then T is integral over R.
Proof: Let s and ¢ be integral over R. By Theorem 2.1 both R[s] and R]t] are finitely-

generated R-modules, say

R[s]/ < f(s) >:= (Rs1 + Rsa + -+ - + Rs,)

R[t]/ < f(t) >:= (Rt; + Rty + - - - + Rt,,).

Then

R[s,t]/ < f(s,t) >:= (Rsit1 + -+ Rsit; + - - - + Rsyty,)

is a ring containing s+t and st that is also a finitely-generated R—module. Hence s+t and

st are also integral over R, which proves (1) and also (2).
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To prove (3), let t € T'. Since t is integral over S, it is the root of some monic polynomial
p(r) = 2" + a, 12" + -+ + ag € S[z]. Since a; € S is integral over R, each ring R[a;]/ <
f(a;) > is a finitely-generated R-module and so the ring Ry = Rlag,a1,...,a,-1]/ <
f(ag,ai,...,a,—1) > is also a finitely-generated R-module. Since the monic polynomial p(x)
has its coefficients in Ry, t is integral over R; and it follows that the ring Ry[t]/ < f(t) >:=
Rlag, a1, ..., a,_1,t] is a finitely-generated R-module. By Theorem 2.1, this means that ¢ is

integral over R, which gives (3).00

2.1 de Jong’s algorithm

de Jong’s algorithm has been implemented in MAGMA, SINGULAR and MACAULAY2
to compute integral closures. The approach is to produce a nested sequence of rings R :=
Ry C -+ C Ry, = Rpy1 = ic(R) with a presentation that is based on elements of the field of
fractions, Q(R), used to define the rings involved. Below is a version of de Jong’s algorithm:
Algorithm: ( See page 275, [9] for details.)
INPUT: A reduced Noetherian ring R.
OUTPUT: The normalization R of R.
STEP 1: Determine a non-zero ideal I with NNL C V(I).
STEP 2: Take a non-zero element f € I, and compute J := Ann(f). If J =0, GOTO STEP
4.
STEP 3: Put R := R/Ann(J) @ R/J and GOTO STEP 1.
STEP 4: Compute the radical v/T of I. Put I := /1.
STEP 5: Compute Hompg(I,1). If R = Hompg(I, 1) then put R := R and STOP,
STEP 6: Set R := Homg(I,I) and GOTO STEP 1.

In SINGULAR ([15] page 224), the idea to compute ic(R) is to enlarge the ring R to the
endomorphism ring R' = Hompg(J, J) for a suitable ideal J such that R’ C ic(R), and repeat

the process until it stabilizes at the integral closure ic(R).
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We now present the theory that is used in SINGULAR to produce the increasing sequence

of rings that contains the initial ring and is also contained in the integral closure.

Theorem 2.2. (See [15], page 192 for details.) Let A, B be rings.

(1) If p : A — B is a finite extension, then it is integral. More generally, if I C A is
an ideal and M a finitely-generated B-module then any b € B with bM C IM satisfies a
relation

bp+a1bp_1+---+ap:0, with a; € A.

(2) If B is a finitely-generated A-algebra of the form B = Alby, ..., b,] with b; € B integral

over A then B is finite over A.
Theorem 2.3. (See Lemma 3.6.1 of [15].) Let R be a reduced Noetherian ring and J C A
an ideal containing a non-zerodivisor x of R. Then there are natural inclusions of rings

L @I ) cieR)

R C Hompg(J,J) = -

Proof: For a € R, let m, : J — J denote the multiplication by a. If m, = 0, then
me(z) = ax = 0 and, hence, a = 0, since = is a non-zerodivisor. Thus a — m, defines an
inclusion R C Homg(J, J).

It is easy to see that ¢ € Hompg(J,J) the element ¢(x)/x € Q(R) is independent of z:
for any a € J we have ¢(a) = (1/x) - p(za) = a - p(x)/z, since ¢ is R-linear.

Hence ¢ +— ¢(z)/x defines an inclusion Homg(J, J) C Q(R) mapping = - Hompg(J, J)
into zJ : J ={be€ R |bJ C xJ}. The latter map is also surjective, since any b € xJ : J
defines, via multiplication by b/z, an element ¢ € Hompg(J,J) with ¢(x) = b. Since z is a
non-zerodivisor, we obtain the isomorphism Hompg(J : J) = (1/x) - (zJ : J).

It follows from [Theorem 2.2] that any b € xJ : J satisfies an integral relation b +
arbP! + -+ 4 ag = 0 with a; €< z' >. Hence, b/ is integral over R, showing - (z.J : J) C

ic(R).O
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Example 2.1. ( See ezample 3.6.8 of [15].) Let R := Flx,y]/{x? — y) and J = {(x,y).
Then x € J is a non-zerodivisor in R with xJ : J = z(x,y) : (x,y) = (x,y?), therefore,

1
Hompg(J,J) = (1,5*/z). Thus we have R C (1,y*/x) = - (xJ : J) Cic(R).
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Chapter 3

The ¢""-power algorithm in positive characteristic

In this chapter, we present the ¢*"-power algorithm to compute the integral closure of

rings over the finite fields. Most of our rings in this section will be from towers.

3.1 ¢'"-power algorithm

The ¢*"-power algorithm approach is to begin with a dual module M©® := A='R and

produce a sequence of P-modules A™'R := M© > ... > M®E) = ME+D = jc(R) where
ME = {A f e MP) (AT )1 e M)}

q""-power algorithm:

Let f(y,x) be a polynomial of degree m in F[y, z], with y being the dependent variable, z
the independent variable, weight(y) = r and weight(z) = s. Let I = ideal< f >.
(1) (A and weights):

(a) Compute the conductor element, A, (via computing a Grébner basis of the ideal gen-
erated by minors of the Jacobian matrix of a Grobner basis of I). [There are other ways to
compute A]

(b) 3 := (q™)-Totaldegree(LT(A)) + 1

m—1

(¢) maxweight := Z wt(y')(q— 1)+ 3
i=0

(2) (Initialization):

Let G be a list from 0 to maxweight with entries all zeros. set nextG := G. Set G[0] :=1 €
Flz,y], F[0] :==1 € F[z,y] and H[0] := 0 € F[z,y].
Fori=1ltom—1,G[i-r]:=G[(i—1)-7] -y, Fli-r] := NormalForm(F[(i—1)-r]-y?,I),
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H[i-r]:= NormalForm(H|[(i —1)-r]-y%,I). StartG:=G
While StartG # nextG
(3) ( Reduction):

From smallest weight j = 1 to maxweight, do (a) (Element of nextG): If F[j] = 0 then
nextGlj] := G[j].

(b) (F[j]/(StartGli] - LT(A)), i < j): If F[j] divides (StartG[i] - LT(A)) with quotient
say, quo, then

Glj+ s8] :=G[j] -z, F[j+s]:=F[j] 27— (A StartG[i] - quo), H[j + s| := H[j] - 27 +
(StartGli] - quo).

(¢) (LM (F[j]) already exist): If LM (F[i]) = LM(F[j]), i < j, then

a:= LC(F[j])/LC(Fli]), Glj+s]:=Gljl-e—a-Gljl, Flj+s]:= Fljl-2'=a-F[j], H[j+
s) = H[j] -2 — - H[j).

(d) (If (a) — (c) fail): If (a) — (c) fail, then

Glj+s]:=Gljl -z, Flj+s]:=F[j]-at, H[j+s=H[] .

(4) (Next pass ):

StartG := nextG and nextG =G, F:=H-D, H:=0, G :=0,and repeat steps (a) —
(d) in (3) above.

Until StartG = nextG

Definition 3.1. [1]: Let R = R, := F[z,,..., 7] be a ring with field of fractions F, :=
F(x,,...,z1) = {a/b | a,b € R, b # 0}. Forr < j < n, recursively define simple field
extensions Fj := F;_1(z;) with ¢j(x;) = 0 for ¢;(T) € F;_1[T] irreducible; and subdomains
Rj :=icp;(Rj_1). Let Fj = ideal(F; 1, ¢j(x;)). This sequence of domains (R;)}_, ( with
each R; integrally closed in the corresponding field of fractions F;) is called an integral tower
(of rank r) if and only if

1.

j—1

qu(l‘j) = {L‘;nj + Uj Hl’?i’j + gj(l’j, ce ,1'1) c Rj_l[xj],
=1
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is (monic) irreducible, with 0 # u; € F;
2. ng(¢j($j)7 gb;(x])) S E = R’/‘;
ngj—l

3. The weight functions, given recursively by W, = J,, and W; = (mjwj > , with a; =

—1

(O‘jfl,ja cee 7C¥1,j) satisfy
j—1
=1

4. ged{my, gedi{(a;, Wj-1)i}} = 1.

Definition 3.2. Let P, R be rings as above, and ic(R) be the integral closure of R in its field

of fractions, Q(R). A conductor element, A, is an element that satisfies A -ic(R) C R.

It is important to remark here that while we require the conductor element to be an
element of P, others (see [2], [15], [7], [11], [10], [12], [8], and [9]) allow the conductor
element to be an element of R. It is important to note that MAGMA’s IntegralClosure
produces a module presentation over a function field, while its Normalisation gives a quotient
ring. SINGULAR’s Normal produces an R-module presentation, while its NormalP command
produces a quotient ring. MACAULAY2 s integralClosure gives an extension of R while its
tcFracR command does not give a presentation. Unlike some authors who are interested in
a generating set of the integral closure we are interested in a P-module generating set of
the integral closure, ic(R), with ic(R) considered as an P-module. Let us look at a common

simple example.

Example 3.1. Let P := Fy[fs] and R := P[fs]/{f2 + f5 + fsfs). Then ¢'"-power integral

closure computations give us the integral closure of R as

£

ic(R) :=Fo[fr, fs; f3/{f2 + [sfs + fo, fofs + f5 + [5, [2 + fofs), where fr:= 5

The integral closure, ic(R), has R-module generating set {1, f7}, meaning, ic(R) = R-1+ R-
f7. Butic(R) has P-module generating set {1, fs, f}, meaning, ic(R) = P-14+P- fs+ P- f7.
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In light of the above remark, we will state a corresponding version of a theorem on page

298 from [14]. The proof of this theorem is omitted here but can be found in [14].

Theorem 3.1. Let P, R, and ic(R) be as above. Then ic(R) is a finitely generated P-

m—1
module and ic(R) = Z Pu;, with the u;’s having a common denominator, A € P. That
. =0
is, u; = —, with v; € R.
A

Corollary 3.1. Let P and R be as in the above theorem. There exists a conductor element,

A, € P such that R C ic(R) C A7'R.

Proof: We know that R C ic(R) and from the above theorem, we have that

m—1 m—1 m—1
1
ic(R) =Y Pu; = P% Pu; O
=0 =0 =0

3.2 Examples of integral closures of tower extensions over finite fields via the

¢'"-power algorithm

Example 3.2.

SC .
.’Eg+1 + Tit1 = ﬁ 1 <1 S n. (31)

We compute the integral closure of the above tower of rings. (Details of this tower are
found in [16]). Our MAGMA code also computes the corresponding weights. Many useful
curves are not usually written as a recursive sequence of integral type I extensions. However,

the following change of variables
m—1
S —giipg = T || (@Y 4 1), (3.2)

j=1

puts this into type I form. Let us now consider some values of ¢ and n for the above examples.

20



Example 3.3. Take ¢ = 2 and n = 2 in equation 3.5.

ri(zy+ Dy +1)—25 = 0

To(zo+ 1)(zs+1)—2; = 0

Define zg and x7 respectively by x¢ := xo(z4 + 1) and x7 := x1(z2 + 1)(z4 + 1). Let

3

S = (Y2 + yoys + Yo — Y3 — Y2, Y2+ Y7y + Yrya + Y7 — Yeys) be the ideal generated by

Yo +yoys +yo —vi —vi and  yF +yrys + yrya + y7 — veys. Let R = Folyal (1, ys, yr, yrye) /S
and My := R/A The algorithm gives the following edited MAGMA output below;

weights and bases for next pass : [ -4, 2, 3, 5]

[ y4,
y6*y4,
yr*y4,

y7xy6 ]

weights and bases for the next pass : [ 0, 5, 6, 7 ]

[ y4-2,
yr*y6 + ybxy4,
y6*xy4~2,

y7*y4~2 ]

Thus from the ¢**-power algorithm, we get

AM,
AM,
AM,

AM;

It follows that ic(R) = Mo.

= F2[y4]<17y6,y7,3/7y6>/%
= Folyal(ya, Y6ya, Y7ya, y7ye) /S
= Folya (v, yr¥s + Yos, YoUs, yryi) /S

= Fafys] <yia Y7Y6 + Y64, yﬁyi y7yi>/3,
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Example 3.4. Take ¢ = 2 and n = & in equation 3.3.

ri(zy+ Dz +1)+25 = 0
To(ve+ 1)(zg+1)+2; = 0

zy(zy+ D(zs+1)+2; = 0

Define z19 := x4(xs+1), x14:= xo(xs+1)(zs+1) and w15 := x1(z2+1)(2zs+1)(25+1)
Let S = (yfy + yays + Y2 + 48 T U8, Yia + Yiathz + Y1ays + Yua + Y1208, Y5+ yasta +

YisY12 + YisYs + Y15 + Y1412 + Y1aYs)
Our edited MAGMA output for this example is:

weights and bases for the next pass :[ -16, -4, -2, -1, 2, 5, 9, 11 ]
M_1
g_{-16} := y8~2,
g_{-4} :

y12xy8~2,

g_{-2} :
g_{-1} :

y14xy8~2,

y16xy8~2,

g_2 := yldxyl12xy8,

g_5 := ylbxyl4dxy8,

g_9 := ylbxyldxyl2 + ylbxyl4,

g {11} := y1bxy12%y8~2
weights and bases for the next pass : [ -8, 4, 6, 7, 9, 10, 11, 13 ]
M_2

g_{-8} := y8°3,

g_4 := yl12xy8~3,
g_6 := yl4xy8~3,
g_7 := ylbxy8~3,
g_9 := y1bxyldxyl2 + ylbxyl4*y8 + y14*xy8~2 + ylbxyl4,
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g {10} := y1d*y12*y8~2 + y14%y8~3,

g_{11} := y15xy12%y8~2 + yl1b5*xyldxy8,

g_{13} := y1bxy14*y8~2 + y15xy8~3

weights and bases for the next pass :[ 0, 9, 10, 12, 13, 14, 15, 19 ]
M_3
g_0 := y874,

g_9 := ylbxyldxyl2 + yl14xy8~3 + yl1bxyld*xy8 + yl12xy8~3 + yl4*xy8~2 + ylbxyl4,

g_{10} := yldxy12%y8~2 + y12%y8~3,
g_{12} := y12xy8~4,

g_{13} := y15*xyl4xy8~2,

g_{14} := yl4xy8~4,

g_{15} := y1b5*xy8~4,

g_{19} := y16xy12%y8~3 + y15%xyl4x*y8~2

weights and bases for the next pass :[ 0, 10, 12, 13, 14, 15, 17, 19 ]

M_4
g_0 := y874,
g_{10} := yl4xy12xy8~2 + yl12%y8~3,
g_{12} := y12*y8~4,
g_{13} := y15xyl1l4*y8~2 + y1b5*xyldxyl2 + yl14xy8~3 + yl1b*xyld*y8

+ y12xy87~3 + yl1l4xy8~2 + ylbxyl4,

g_{14} := yl4xy8~4,
g_{15} := y1bxy8~4,
g_{17} := y1bxyldxyl12*xy8 + yl4xy8~4 + yl1b*yld*xy8~2 + yl12xy8~4

+ y14*xy8~3 + ylbxyl4xy8,

g_{19} := y15xy12%y8~3 + y15xy14*xy8~2
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thus giving

AMy = Faolys|(1, 112, Y14, Y15, Y12Y14, Y12Y15, Y1aY15, Y12Y14Y15) /S
AM, = Folys(g-16,9-1, 92, 9-1, 92, 5, 9o, 911) /S

AMy = Fslysl(g-s, 91, Go, 97, 99 910, 911, 913) /S

AM; = Falysl{go; 99: 910, 912, 913, G14; 915, 919) /S,

AM; = TFalysl{go; 910, 912, 913, G145 915, 917, G19) /S,

AM; = Fz[y8]<907910,9127913,914;91579177919>/%

and it follows that ic(R) = Mj.

Example 3.5. Take ¢ = 3 and n = 2 in equation 3.3.

(2} +1) (25 +1) — 25 =0

w33 + 1) (25 +1) — 25 =0

By defining @9y := z3(z2 + 1), and xo5 := z1(22 4+ 1)(23 + 1), we get the following
edited MAGMA output:

weights and GB for pass number 1 new index is [ -18,
-15, -8, 6, 7, 8, 13, 20, 23 ]
and base is [

y9°6 + y974,

y21xy9~4,

y25%y21xy9~2,

y2172xy9~4,

y25*xy976 + y2b6xy9~4,

y2572xy21*xy9,

y25%y21°2%y9°2 + 2%y25ky9°6 + 2xy25%y9 4,
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y2572%y21°2,
y2572%y9°5 + y2572%y973 + 2*y2572%y21 ]
weights and GB for pass number 2 new index is
[ 0, 10, 15, 20, 21, 22, 23, 25, 26 ]
and base is [
y9°8 + y976,
y25*xy21*xy9~4,
y2172%y97~5 + y2b5%xy21%y9~3,
y2572%xy2172 + 2xy25xy9”7 + 2%xy2172xy974 + 2xy26xy9~5 + y2b5kxy21xy972,
y21*xy9~8 + 2xy9~9 + y21%xy976 + 2%y977,
y25*xy2172%xy9~3 + 2xy21%xy9”7 + y2b*xy21%xy9~4 + y9~8 + 2xy21%y9”5 + y976,
y2572%xy97h + 2xy2572%y21%xy972 + y2bxy2172%xy9”2
+ y2572xy973 + y21xy976 + 2xy2572xy21 + y21xy974,
y25%y9~8 + y25%y976,
y25°2%y21xy9°3 ]
weights and GB for pass number 3 new index is
[ 0, 19, 20, 21, 22, 23, 24, 25, 26 ]
and base is [
y978 + y976,
y25*y21%y9~5 + y2172%y9~5 + y25xy21*y9~3,
y2572%y2172 + 2%y25*xy977 + y2b*xy21%xy9~4 + 2xy2172%y974
+ 2%y25xy975 + y2b6xy21*xy972,
y21*xy97~8 + 2xy9~9 + y21%xy976 + 2%y977,
y25xy2172%y9~3 + 2xy21xy9”7 + y978 + 2xy21xy9”5 + y976,
y2572%xy97h + 2xy2572%y21%xy972 + y2bxy2172%xy9”2
+ y2572xy973 + y21xy976 + 2xy2572%y21 + y21xy974,

y21°2%y9°6,
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y25%y978 + y25%y976,
y25°2%y21xy9°3 ]
weights and GB for pass number 4 new index is
[ 0, 19, 20, 21, 22, 23, 24, 25, 26 ]
and base is [
y9°8 + y976,
y25*y21%y9°5 + y2172%y975 + y25xy21*y9~3,
y2572%y2172 + 2%y25%xy977 + y2b*xy21%xy9~4 + 2%xy2172%y974
+ 2xy25xy975 + y2b*xy21%y972,
y21*xy9~8 + 2xy9~9 + y21%xy976 + 2%y977,
y25*xy2172xy9~3 + 2xy21xy9”7 + y978 + 2%y21xy9"b + y976,
y2572%xy97h + 2xy2572%y21%xy972 + y2bxy2172%xy9"2 + y2572%y9”3
+ y21%y976 + 2%y2572%y21 + y21%y9~4,
y2172%y976,
y25*xy97~8 + y25xy976,

y25°2%y21*%y9°3 ]
Thus it follows that ic(R) = M;.

Example 3.6. Consider the tower

. z
20 0+ 21 = xg:rl with &, = ——, 1<n<m. (3.3)
Tp-1

We compute the integral closure of the above tower of rings. (Details of this tower are

found in [21]). The following change of variables

m
2 || .
qum_,,_Z;n:n g-1 = Z‘m l’]
j=n
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puts the curve into type-I form. We will compute the integral closure of the above ring for
some values of ¢ and n.
Take ¢ = 2 and n = 2. We show the weights and the fractions produced during each pass of

the ¢""-power algorithm.

yiya +y1+ys =0

Ysys +y2 +y; =0

Define y11 := y1y2y3, Yo := Yala

The computed delta is y476 + y4~3
and your initial weights are [ 1, 12, 23, 34 ]
weights for pass number 1 are [ -4, 2, 7, 9 ]
and the fractions are [ y4°5 + y4~2,
y1172%xy4d + yllxy4~3 + y4~2,
y1llxy4~5 + yllxyd~2,
y11°3 + ylixy4~4 + yilixyd + y4~3]
weights for pass number 2 are [ 0, 6, 7, 9 ]
and the fractions are [ y4~6 + y4~3,
y11°2%y4"2 + ylixyd 4 + y4°3,
y1llxy4~5 + yllxy4d~2,
y11°3 + ylixy4~4 + yiilxyd + y4°3]
weights for pass number 3 are [ 0, 6, 9, 11 ]
and the fractions are [ y4°6 + y4~3,
y11°2%y4"2 + ylixyd 4 + y4°3,
y1173 + ylil*xy4~4 + yllxy4d + y4~3,

yllxyd 6 + ylixy4~3 ]
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weights for pass number 4 are [ 0, 6, 9, 11 ]
and the fractions are [ y4~6 + y4~3,
y1172%xy4~2 + yllxy4~4 + y4~3,
y1173 + yllxy4~4 + yllxy4d + y4~3,

yll*xy4~6 + yl1xy4~3 ]

Thus it follows that ic(R) = Mj.

Take ¢ = 2 and n = 3, to get

Yiys +y1 +ys =0
Yasys + Y2 +yi =0

Yiys +ys +ys =0

Define yu3 := y1y2Y3Ys, Y22 := Yala¥s, Y12 = Yals

We note that the fractions produced during each pass of the ¢'*-power algorithm are messy,
and will thus be omitted here. However, we will show the weights produced during each pass

of the ¢'"-power algorithm.

The computed delta is

y8782 + y8776 + y8770 + y8764 + y8755 + y8746 + y8743 + y8740 +
y8~34 + y8728

Initial weights are [ 1, 44, 87, 130, 173, 216, 259, 302 ]

weights for pass number 1

new index is [ -160, -117, -78, -76, -74, -73, -71, -43 ]

weights for pass number 2

new index is [ -80, -37, -33, -28, -26, -22, -3, 11

weights for pass number 3

new index is [ -24, -5, -4, -2, 2, 7, 9, 21 1]

weights for pass number 4
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are [ -8, 4, 6, 11, 15, 17, 18, 21 ]

weights for pass number 5

are [ 0, 11, 12, 14,

15, 18, 21, 25 ]

weights for pass number 6

are [ 0, 12, 14, 15,

18, 19, 21, 25 ]

weights for pass number 7

are [ 0, 12, 14, 15,

18, 19, 21, 33 1]

weights for pass number 8

are [ 0, 12, 14, 15,

The fractions are:

[ y8°82 + y8°76 + y8~

v8~34 + y8728,

18, 19, 21, 33 ]

70 + y8764 + y8755 + y8746 + y8743 + y8740 +

V43" 4*y8°62 + y43+y8~T7 + y43°6xy8°49 + y43~4*y8°59 +

y43°3+y8~64 +

y43~2%y8"66

+

+

y43°6%y8°40

V43~ 4xy8~47

+

y43~3%y8°49

+

y43°3%y8"46

+

y43~4%y8~38

+

y43~5*xy8727 +
+ y43~2%xy8~39

y43°2%y8°33 +

y4372%y8769 + y43*y8774 + y4374*y8756 +
y43~7*y8738 + y43~6xy8743 + y43~3*xy8758 +
y4375*xy8745 + y4372%xy8760 + y43~5xy8742 +
y8767 + y43"T7xy8729 + y4376%y8734 +
y43~2xy8754 + y43"7Txy8726 + y43"bxy8736 +
y43*xy8~56 + y43"6xy8728 + y43"5xy8733 +

y87568 + y4374xy8735 + y437"3*y8740 +

y43xy8~47 + y8752 + y437b*xy8724 + y43~3%y8734
+ y4374*xy8726 + y43*xy8~41 + y4374%y8723 +

y8~40 + y8°37 + y8~31 + y8°28,

y43°2%y8°73 + y43+y8~75 + y8~80 + y43°6xy8°47 + y43 5*y8°52 +

y43°3%y8°62 +
y43°4xy8°54 +

+ y43°T*y8~36

y43%y8°72 + y43°T*y8~39 + y43°5xy8°49 +
y43°3+y8°59 + y43°2xy8°64 + y43+y8°69 + y8~74

+ y43°3%y8°56 + y43°2+y8~61 + y43*y8-66 +
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y8771 + y4375%y8743 + y43*y8763 + y8768 + y43"7*xy8730 +
y4376*xy8~35 + y4374*xy8745 + y43~3*xy8°50 + y8765 +
y4376*xy8732 + y43~3%y8747 + y43*y87~57 + y43"7*y8724 +
y43~5%y8734 + y43~4xy8~39 + y43"2xy8749 + y43xy8°54 + y8759
+ y43"7xy8721 + y4376%y8726 + y43"5*xy8731 + y4376%xy8723 +
y43~4*xy8~33 + y43*y8748 + y8753 + y4376xy8720 + y43~4xy8~30
+ y43~3*%y8735 + y43*y8745 + y8750 + y43"T7*xy8712 +
y43~6*xy8~17 + y43~5bxy8722 + y43~4xy8727 + y43%y8~42 + y8747
+ y4375%xy8719 + y4373%y8729 + y43*y8739 + y4376*y8711 +
y43~5%y8716 + y43~3xy8726 + y43*xy87~36 + y8741 + y43*y8~30 +
y43xy8~27 + y8732 + y4372%y8719 + y43xy8724 + y8729 +
y43~2xy8716 + y43xy8~21,

y43~5*xy8~57 + y4374*xy8762 + y43*xy8~T77 + y43"7*xy8744 +
y43~6%y8749 + y43~5xy8754 + y8779 + y43"6xy8746 +
y43~4xy8°56 + y43"2xy8766 + y43xy8~71 + y8776 + y43"7Txy8~38
+ y4376xy8743 + y4375xy8748 + y4374%y8753 + y8773 +
y43~6xy8~40 + y43~5%y8745 + y43~3%xy87b65 + y43"2%xy8760 +
y8770 + y4376*xy8737 + y4372%y8757 + y43*y8762 + y8767 +
y43~7*xy8729 + y43~5xy8739 + y43~4xy8~44 + y43~2xy87°54 +
y43*y8~59 + y43"T7xy8726 + y43"6xy8~31 + y43"bxy8736 +
y43~4*xy8~41 + y43~3%y8746 + y43~2xy8751 + y43*y8756 +
y43~6%y8728 + y43~3xy8743 + y43"7xy8720 + y43"6*xy8725 +
y43~4xy8~35 + y43xy8~50 + y43~3xy87~37 + y43"bxy8724 +
y43~3%y8734 + y8749 + y43"T7xy8711 + y4376*y8716 +
y43~4xy8726 + y8746 + y4374xy8723 + y4372xy8733 + y43xy8~38
+ y4376xy8710 + y4375xy8715 + y437"3*y8725 + y43%xy8732 +

y8737 + y43xy8729 + y43"2%y8718 + y43"2xy8~15 + y43*y8720,
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y4376*xy8752 + y4374%xy8762 + y43"3xy8767 + y43*xy8~77 +
y43~7*xy8741 + y43~5xy8751 + y4374xy8756 + y437"2%y8766 +
y43xy8~71 + y8776 + y43~7*y8738 + y43~5xy8748 + y43~4xy8753
+ y43*xy8768 + y8773 + y43"5%y8745 + y4374*xy8°50 + y8770 +
y43"T7*y8732 + y43~4xy8~47 + y43xy8762 + y8767 + y43"6xy8~34
+ y43~5xy8739 + y4373xy8749 + y43%y8759 + y43"T7Txy8726 +
y43~6*xy8~31 + y43~5xy8736 + y43*y8°56 + y8761 + y43"2xy8748
+ y43*y87~53 + y43"7*y8720 + y4376%y8725 + y43~4xy8735 +

y43°3%y8~40 + y43*y8-50 + y43~Txy8~17 + y43~4*y8~32 +

y43"2xy8742 + y43xy8~47 + y43"Txy8714 + y43~4xy8729 +
y43~3*xy8~34 + y43*xy8~44 + y43"7*xy8711 + y43~3xy8731 +
y4372*%y8736 + y8746 + y4376*y8713 + y43*xy8738 + y8743 +

y43~6*xy8710 + y43~5xy8715 + y43~3xy8725 + y437"2%y87~30 +
y43xy8735 + y4372xy8727 + y43xy8732 + y4372xy8724 +
y43xy8729 + y8734 + y43xy8726 + y8731 + y8728 + y4372xy8715
+ y43*xy8720,

y43xy8~79 + y43~6xy8751 + y4374*y8761 + y43~3*xy8766 +
y43~2%y8~71 + y43xy8776 + y8778 + y43"7*xy8740 + y43"6xy8745
+ y4374xy8755 + y43~3xy8760 + y43~2%y8765 + y8775 +
y43~3*y8757 + y43~2xy8762 + y43*y8~67 + y43"7*y8734 +
y4375*xy8744 + y43~4*xy8749 + y43~3xy8754 + y4372%y8759 +
y43xy8764 + y43"T7xy8731 + y43"5*y8741 + y4374*y8746 +
y43*xy8761 + y43"T7xy8728 + y43"5%xy8738 + y4374x*y8743 +
y43*xy8758 + y8763 + y43"7*y8725 + y4375xy8735 + y4373xy8745
+ y8760 + y43"7*y8722 + y4375*xy8732 + y4374*xy8~37 +
y43xy8752 + y8757 + y437b*xy8729 + y4374*xy8734 + y43~3xy8739

+ y43%y8~49 + y43°Txy8°16 + y43"6+y8°21 + y43"2%y8~41 +
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y87561 + y43"T7Txy8713 + y4376%y8718 + y43*xy8743 + y8748 +
y4376*xy8715 + y43~5xy8720 + y4374xy8725 + y437"3*y8730 +
y4372%y8~35 + y4376%xy8712 + y43~5xy8717 + y4373*y8727 +
y43xy8~37 + y8742 + y4372*xy8729 + y8739 + y437"2%y8726 +
y43~2xy8723 + y8733 + y43*y8725 + y4372xy8717 + y43*y8722,

y43~7*y8747 + y43~6*xy8752 + y43"bxy8757 + y43"3xy8767 +
y4372*xy8772 + y43*xy8~77 + y4376%xy8749 + y4374*y8759 +
y43~3%y8764 + y43~2xy8769 + y43*y8~74 + y8779 + y43"T7xy8741
+ y4376xy8746 + y43~3xy8761 + y4372%y8766 + y8776 +
y43~6*y8743 + y4374*xy8753 + y43~5xy8745 + y4372xy8760 +
y43*xy8~65 + y43~2%y8°57 + y43*y8762 + y8767 + y43"6*y8734 +
y43"bxy8~39 + y43~4xy8744 + y43~3xy8749 + y43"2xy8754 +
y43xy8759 + y8764 + y43"7*xy8726 + y43~5xy8736 + y43~4xy8~41
+ y43"7xy8723 + y4376%y8728 + y4374*y8738 + y4372%xy8748 +
y43~7*xy8720 + y43~6xy8725 + y43~5xy8730 + y437"3*y8740 +
y4372%y8745 + y43"T*xy8717 + y43~6xy8722 + y437"5xy8727 +
y87562 + y4374xy8729 + y4372%y8739 + y43xy8~44 + y43"T7xy878 +
y4376*y8713 + y43~5xy8718 + y43~4xy87~23 + y43~3%xy8728 +
y4372%y8~33 + y8743 + y43"7xy875 + y4376%xy8710 + y43~2xy8730
+ y43*xy87~35 + y8740 + y4375xy8712 + y4372%y8727 + y8737 +
y43~3*%y8719 + y8734 + y4374xy8~11 + y4372%y8721 + y43xy8723
+ y8728 + y4373xy8710 + y43~2xy8715,

y4373*y8770 + y43"2*xy8~75 + y43"6xy8752 + y43"5xy8757 +
y43~3*xy8767 + y43*xy8~T77 + y8782 + y43xy8~74 + y8779 +
y4376*xy8746 + y43~4*xy8756 + y43"3xy8761 + y4372%y8766 +
y8776 + y43~T7Txy8738 + y4376%y8743 + y43"b*xy8748 +

y43°3%y8°58 + y8°73 + y43°Txy8°35 + y43~6%y8°40 + y8°70 +
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y437bxy8742 + y43~3*xy8752 + y4372xy8757 + y43*xy8762 +
y43~4xy8~44 + y43~3*%y8749 + y43~4xy8741 + y437~3xy8746 +
y43xy8756 + y43~4xy8738 + y43"T7*y8720 + y4376*xy8725 +
y43~2%y8745 + y43~4xy8732 + y43"2%xy8742 + y8752 +
y43~4xy8729 + y43"6xy8716 + y43~4xy8726 + y43"3%xy8731 +
y43xy8~41 + y43"T7+y878 + y4374*xy8723 + y43"3xy8728 +
y4372xy8~33 + y43"5%y8715 + y437"3%xy8725 + y43%y8735 +
y43~4xy8~17 + y43~2%xy8727 + y43~4xy8~14 + y43%y8729 +

y43°3%y8~16 + y43°2%y8~21 + y43°3%y8~13 + y43%y8-23 ]

Example 3.7. Consider the tower

1 a_1
A (3.4)
ye z
(See [16], page 61, for more details about this tower).
The following change of variables

m—1
Togm _(g1)qt-1 = Ti(Tpm — 1)° H (x;—1), 1 <i<m. (3.5)

j=it1

puts equation ( 8.19) into type I form. We will compute the integral closure for some values
of ¢ and n.

Take ¢ = 2, and m = 2, to get

Yiys + YL +yiya +y2 =0

Ysy + s+ yoys + s =0

Define yy := 20 + 1, Yo :=Yoys + Y2, Y7 := 1¥ay; + y1y2 + v19; + y1, The ¢""-power

algorithm then produces:
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The computed delta is x"6 + x"5 + x74
and the initial weights are [ 1, 8, 15, 22 ]
weights and GB for pass number 1
are [ -8, -1, 2, 5]
and the fractions are
[ y4°4 + y4°3 + y4°2,
yTxy4~4 + yT7xy4d~3 + yT7*yd~2,
y772%y4~3 + y773%yd + y7"2%y4d”2 + y7"2xy4 + y4~3 + y4~2,
y7 3*%y4~2 + y4~2 ]
weights and GB for pass number 2
are [ -4, 3, 5, 6]
and fractions are
[ y4°5 + y4~4 + y473,
y7xy4d~5 + y7xy4d~4 + yrxy4~3,
y7~3xyd~2 + y7 2xy4"3 + y7"3*xyd + y7xyd~4d + y7"2x%y4"2 + yT7*xy4~3
+ y772%yd + y7xyd~2 + y4~3,
y772xy4~4 + y773%y4"2 + y7*xy4"5 + y7"2%y4"3 + y7*y4~4 +
y7 2%y4"2 + yT*y4d~3 + y4~4 + y4~3 ]
weights and GB for pass number 3
are [0, 5, 6, 71
and the fractions are
[ y4°6 + y4°5 + y4°4,
y7~3xyd~2 + y7xy4~5 + y7"2%y4"3 + y7"3xyd + y7"2xy4~2 + y4°5 +
y7~2xyd + y4~4 + yr*xy4~2,
Y77 2xy4~4 + y773%y4"2 + y772xyd"3 + y772*%y4"2 + y475,
yTxy4~6 + yTxy4d~5 + yT7xyd~4 ]

weights and GB for pass number 4
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are [ 0, 5, 6, 7 ]
and the fractions are
[ y4°6 + y4°5 + y4~4,
y7~3*y4~2 + y7*xy4~5 + y772%xy4"3 + y7"3*xy4d + y7"2*y4"2 + y4°5 +
yr~2xyd + y474 + yT7*xyd~2,
y7~2xyd~4 + y7"3xy4"2 + y7"2%y4"3 + y7"2%xyd"2 + y475,

yT*y4~6 + yTxy4~5 + yTxy4~4 ]

Take ¢ = 2, and m = 3, to get

Yiys + YL +y1ya +y2 =0
Yoys + Ys + Yoys +ys =0

Yals + Yz + Yays +ys =0

Define yg = xo + 1, w2 = y4y§ + Ys, Y14 = y2y4y§ + Yoys + y2y§ + Y2, Y15 =
yly294y§ + Y1Y2Ys + y1y2y§ + y1y2 + y1y4y§ + y1yq + y1y§ + 1. The ¢""-power algorithm then

produces:

The computed delta is x722 + x721 + x720 + x718 + x717 + x716 +
x"14 + x713 + x712

The initial weights are [ 1, 16, 31, 46, 61, 76, 91, 106 ]

weights for pass number 1

are [ -80, -65, -58, -53, -43, -38, -28, -23 ]
weights for pass number 2

are [ -40, -25, -13, -12, -11, -10, -7, 2]
weights for pass number 3

are [ -8, 4,6, 7,9, 10, 11, 13 ]

weights for pass number 4
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are [ 0, 9, 10, 11, 12, 13, 14, 15 ]
weights for pass number 5
are [ 0, 10, 12, 13, 14, 15, 17, 19 ]
weights for pass number 6
are [ 0, 10, 12, 13, 14, 15, 17, 19 ]
and the fractions are [
y8722 + y8721 + y8720 + y8718 + y8717 + y8716 + y8~14 + y8~13 +
y8712,
y1576xy8712 + y15°7xy8710 + yl15xy8721 + y157bxy8713 +
y1576*xy8~11 + y1576xy8712 + y8721 + yl1572*xy8717 +
y1574%y8~13 + y1576%y879 + ylb*xy8718 + y1572xy8716 +
y1574xy8712 + y15°7xy876 + y8719 + ylb*xy8717 + yl1572xy8715 +
y1574*y8~11 + y15756%y879 + y1b576%y877 + y1572%y8714 +
y1574xy8~10 + y15756xy878 + yl1576*y876 + yl572xy8713 +
y1574*y8~9 + y15%xy87~14 + y1572*%y8712 + y8715 + y1573%y879 +
y8714 + y1572xy8710 + y157°3%y878 + y8713 + y8712 +
y1572%y878,
y1574%y8716 + y15°7*xy8710 + y15%xy8721 + y1572*xy8719 +
y1573*xy8~17 + y1574%y8~15 + y1575%xy8713 + y15°3*y8716 +
y1574*y8~14 + y1576xy8712 + y1572xy8717 + y1574xy8~13 +
y8720 + y15%y87~18 + y1574x%y8712 + y1572%xy8715 + y1574xy8~11
+ y8718 + y1572%y87~14 + y1574*y8~10 + y8~17 + y87~16 + y8~15
+ y8713 + y8712,
y1573*y8718 + y15756%y8714 + y1576xy8712 + yl1b*xy8721 +
y1572%y8719 + yl1573*y8717 + yl15°7*xy879 + yl1572xy8718 +
y1573%y8716 + y1574*y8714 + y1575xy8712 + y1b*xy8~19 +

y1572xy8~17 + y15°3%y8715 + y1576xy8711 + y15°7xy8~7 + y8720
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5 * 8 9 * 8 x 8 11 t 15 2:: 8 9 15:: 8 10
15:: 8 8 1
t IESX E; 5 x 8 O 8 3 15 3:: 8 ; 15:: 8 10

y1573*y8~
y8718 + y1575xy8~
y8~14 + y15~
y1572%y8719 + y15~
y1574xy8~15 +
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y1576xy8~11 + y15°7*y879 + y8722 + y1bxy8720 + yl15°3*y8716 +
y1574xy8~14 + y1576*y8710 + y1577*xy878 + yl1574xy8~13 +
y1576*xy8711 + y1576%y879 + yl1b77*y877 + ylbxy8718 +
y1573*y8714 + y1574%y8712 + y157°5xy8710 + yl1576*y878 +
y15°7*y876 + y8719 + yl1bxy8~17 + y1572xy8715 + y1574xy8~11 +
y8718 + y1bxy8~16 + yl1573*y8712 + y1576*y876 + yl1572%y8713 +
y15°3*y8~11 + y8716 + y15%y8713 + y1b5*xy8712 + y1573%y8°8 +

y8°13 + y15°2%y8~9 + yl1bxy8°10 + y15°2%y8°8 ]
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Chapter 4

The ¢'*-power algorithm over Q

a
In this chapter, we will represent any r € Q in the form r = 7 with b > 0 and

gcd(a,b) = 1. For any fixed modulus M > 0, we define

Qu = {%,b>07 ged(a,b) =1 gcd(M,b)zl}.

Let Flz] := Flzy,...,21] and 2¢ = fo” We will consider type I affine domains
S := R/I with R := F[z] being a polynomiéxl ring, and [ := (G) an ideal of R of relations
with Grobner basis G.

Type I affine domains have the property, among others, that relative to a free polynomial
subring P := F[z,, ..., z], there is a weight function wt : R — N" such that wt(LM (f)) =
wt(LM(NF(f,I))).

Given a presentation S := R/I and a presentation of its integral closure S := R/I, there
is a map ¢ : R — R, necessarily with ¢(I) C I, so that 1) can be viewed as an inclusion
map ¢ : S — S.

It is possible to use the extended Euclidean algorithm to move between fractions % €
Q, b > 0 and representatives ¢ € Zy. The fraction reconstruction map (see [26] for details)
is

En(c) = %, be + Nd = a,a® +b* min, b min.
The mod N map is
a

LN <6) =c¢, bc+ Nd=a, |c| min.
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N N
These are almost inverse operations in the sense that for 5 <ec< — 5 (unoEnN)(c) =
¢; while, for a*> + b* < N, (Eyopuy) (%) = . Defining pN(yJ( )) = yj(o) for 1 < j <m,

b
gives a natural extension of ux to maps from some elements of @[yﬁ,‘i), e y( )]

to elements of
Zn [yan), - ,ygN)]; and defining EN(Yj(N)) = Y ) for 1 < j < M, gives a natural extension
of Ey to maps from some elements of Zy [Y]&N), .., Y] to elements of Q[Y;\, ... ,YI(O)}.

Similarly the Chinese remainder map

Con(a'?,a™) .= a' (mod gN), a'™N) = a'?(mod ¢), o) = a™)(mod N),
can be used to ma irs of el (@) @) ) (V)
p some pairs of elements from Z,[Y,/,... . Y1V x Zy[Yy, ..., Y] ], to
elements of Zgy [V 1Y) v ¥,

4.1 Lifting maps from coefficient rings to polynomial rings

a

The mod M map puy : Qn — Zy is defined by /LM<E>

map is naturally extended to the polynomial map py, : Qulz] — Z|z], defined by

[ar (Z Ta£a> = Z fiar (Ta)z®

It SO — R(O)/ﬁo) is type I with R := Q[z(?)], and p is a prime for which R

:= ab~'(mod M). This

tp(RO) = Z,[2®] and I®) := 11,,(1)), then necessarily ,up(g(o)) C (g(p)). If equality holds,
then we call p a good prime.

Choose a sequence p; < ps < --- of good primes, and let M, := Hpi. The Chinese
i=1

remainder theorem gives a map CRT), := H Ly, — Ly, such that CRTy, ((ag, ..., as))
=1

I

a; (mod p;) for each I. Extend this naturally to the polynomial map CRT}; : H L,y
=1
Z,ly] by

CRT]TJS ((Z rgl)gg, oo Z T.gls)QOé)) Z CRTMS 871 .. ’rgps))) gg.
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The Fuclidean algorithm, applied to Mg := r_; and any r¢ > 0, produces sequences (7;)
and (g;) such that r;_s = ¢;r;_1 +r; with 0 < r; < r;_1, and r, = 0. It should be noted that
part of the extended Fuclidean algorithm produces a sequence (u;) with u_y := 0, wg =1,
and u; 1= qu;_1 + u;_». Then for each i, (—=1)'r;/u; = ro (mod M,). Of these there is
necessarily some i > 0 with r? + u7 minimum, choosing ¢ minimum as well if this is not
unique. We use this i to define the map ey, : Zy,, — Q by ear, (10) := (—1)"r;/u; for the
unique ¢ described above.

Extend this naturally to the polynomial map €3, : Zyy,[y] — Q[y] defined by

€nr. (Z raga> = Z en, (Ta) Y™

3

Now define the composition map

HOMs) . €y 0 CRT;\/[S o (H ¢(pz)> o (H M;l>
=1

=1

mapping Q,, [z] — Qly], for ™) the inclusion map from RP* to R™.

4.2 Presentations

Let ygo) = fi(o) / 550) denote the variables (”fractions”) in the integral closure presentation
SO by for fi(o), 5§0)R(0), and let gj(»o) denote the Grébner basis elements ("relations”) of 7.
Let y}p) = fi(p)/5£p), for fi(p) =, (fi(0)> and (5i(p) =, (59); and gj(.p) =y <g(.0)>.

If p is a good prime, then these are variables and ( a Grobner basis of ) relations for
g(p). Here the objective is to go in the reverse direction by reconciling various g(p)’s and
reconstructing g(o) from them, using the Chinese remainder map and the extended algorithm

map.
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)

The candidates for S are §** with polynomial ring ROM) having variables

S
yMM =, (C RTy, (H yz-(pl)) )
=1

and ideal T generated by the finite set of images

—(0,M5) 0,Ms * * :
G = {gg( b= €M, <CRTMS <H Qi(pl)>>}
=1

_(OzMs

We note that § = § ) _ GO

o =(0,M
), then necessarily S(O ) also. However, as we

see from the following example below, the latter is not sufficient to guarantee the former.
Example 4.1.

_ 7
S5O = Qlaw; 1]/ (22 + sl

stabilizes after p1 := 3, pe =5, with ys = xo/x1, Y1 1= 21,

50— Qlyz; 11l/ (v — 1)

rather than the obvious yo := x9/x1, Y1 = X1,

_ 7
5O .= Qly2; 1]/ {y5 + gyl>'

Theorem 4.1. 5™ is a presentation of the integral closure of S if
1. T is a Grobner basis for T(O’M);

2. O (10 ¢ TOM),

Proof: 5" is necessarily a ring. If (M) (1) C T(O’M), then @(O’M)(S(O)) - 5O,

So SOM) C g(o), because S is the largest ring (in the field of fractions of S(® ) containing
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_(OvM)

@ )

(S(O)). But if @(O’M) is a Grobner basis for _T(O’M

i (13t (1)) = 100 (1) = (130 (1))

Thus E(O’M) = g(o)’ which proves the theorem.[]

, then

Note that by the remark preceding the theorem, these conditions need only be checked

at the steps at which ygo’MS) = ygo’MS“) for each ¢ and gj(-O’MS) = g§0’Ms“) for each j.

4.3 Examples

In this section, we present some examples over the rationals.

tr)—x

Example 4.2. Let f = (y* —y — %IL')?’ —yat(y® —y - H

It is immediate that 2 and 3 are possibly "bad” primes, since they both divide 6.
The first good prime is ¢ = 5. The integral closure and its corresponding weights for
this prime are
[2°,
y2a® + dya® + 4t
ya?,
ylr + 3yix + 3yPa? + yir + 2yx? + a3,
Y33 + dyat + dyad + 4at,
y° + 2yt + 3y3x + 3y3 + 4yPx + yr? + 4y + 3yx + 422, and
0,10, 11,20, 21, 25].

The integral closure over the rationals for the sequence, (5), of good primes is

yle — 23 — 2202 + P + 2ya? + a3,
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yia® — yat — ya® —

y° + 2yt — 2y3x — 2y — yPx + y2? — y* — 2y — 7).
The next good prime is ¢ = 7. The integral closure and its corresponding weights for
this prime are
[2°,
y2ad + 6yxd + at,
yx®,
yia + 5y + 2y%2? + P + Sya® + 23,
yiad + yat + 6yxd + 2,
y° + 4yt + 2932 + 3y3 + 3yPx + ya? 4 6y + 2yx + 622], and
0,10, 11,20, 21, 25].
The integral closure over the rationals for the sequence, (5,7), of good primes is
[2°,
y2ad — yad + 2,
yx®,
yir — 2y — %ysz +y%x + %yﬁ + 23,
y3r® + yrt — ya® + 2t
Yy’ =3yt — gyl + 3y + Jyte +ya® — P — qya — 2.
The next good prime is ¢ = 11. The integral closure and its corresponding weights for
this prime are
[2°,
y2x® + 10yx® + 9a?,
ya®,
yir + 9y3x + TyPa? + yPr + dya® + 4a3,
y3a® + 9yt + 10ya® + 924,
y° + 8yt + Tydx + 33 + 8yPx + dyx? + 10y + Tyx + 72?], and
0,10, 11,20, 21, 25].
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The integral closure over the rationals for the sequence, (5,7,11), of good primes is

3_ 1,4
yrx® —yx® — a7,

5
yr-,

Yo — 2Pr — %y2x2 T y2r + %yﬁ T,
Y — %ymA - %1:4’
Yo =3yt — 2yPa + 3y° + 2yl + ya? — y? — dyx — 2.

The next good prime is ¢ = 13. The integral closure and its corresponding weights for

this prime are
[2°,

y2a® + 12yx® + 2%,

ya®,

yvir + 11y%0 + dy?2? + yPe + ya? + 4o,

y3x® 4 2uat + 12ya® + 22%,

y° + 10y* + 4%z + 3y + HyPx + dyx® + 12y% + dyx + 927, and
0,10, 11,20, 21, 25].

The integral closure over the rationals for the sequence, (5,7,11,13), of good primes is

3,3 _ 1,4 3_ 1.4
yox® — gyt —yx® — g1t

y® — 3yt — %y3x+3y3+ %y%%—%yﬁ 2 %ym— 3_16 2,

The next good prime is ¢ = 17. The integral closure and its corresponding weights for
this prime are
[2°,

y2a® + 16yz® + 1424,
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5
yr-,

ytr + 159°%x + 11y%2? + %2 + 6y? + 923,

y3a3 + 1yt + 16y2® + 1424,

y° + 14yt + 112z + 3y + 12y%x + Yya? + 16y* + 11yx + 822, and

0,10, 11,20, 21, 25].

The integral closure over the rationals for the sequence, (5,7,11,13,17), of good primes is
1,4

3
yox® —yx® — ga°,

5
yx-,

Yz — 23 — %nyQ Tyl 4 %ny + %xs’
Y — %ylA - %le’
Yo =3yt — 2yPa + 3y° + 2yt + oya? — P — fyw — 5527,

which stabilizes as the integral closure over the rationals.

We would want the integral closure produced for each prime to have corresponding
weights, [0,10,11,20,21,25]. But some primes produce integral closures whose correspond-
ing weights are “smaller”, and this is certainly not what we want. Examples of such primes
include those in the list, [67,71,3678929,1627477603381284250244430104357], of possibly
"bad” primes. Let us consider some of these possibly "bad” primes.

Take q = 67. The integral closure produced is
28 + 4327,
y2at + 43223 + 66yxt + 1125 + 24ya® + 4o,
ya® + 43ya®,
y° 4 221323 + 24yts 4 64y* + ya® + 8yt + 4lydx + 41yxt + 59y2x? + 3y® + 392° 4 3Tya® +
4Ty%x + 622t + 62yx? + 669> + 232 + 22yx + 1322,
yre? + 43ytx + 65y322 + 22y2%23 + 48y3x + 9y?a® + 45yxd + 43y%x + Hdat + 59ya? + 4423,
y3at 4+ 43y3 23 + 11ya® + 3yat + 1125 + 24ya3 + 424,

and the corresponding weight is [0, 10, 11, 19, 20, 21], which is "smaller” than [0, 10, 11, 20, 21, 25].
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For q =71, the integral closure produced is
(25 + 1127,
yiat 4+ 119223 + 7T0yx* + 5925 + 60y + 102*,
yab + 11ya?,
y° + 54y 23 + 63yt + 68yt + 24ya® + 40y22® + 63y3x + 62yx* + 502 2% + 3y + 2927 + 48y +
40y%x + 8x* + 23yx? + 70y? + 5523 + 4Tyx + 6922,
yre? + 11yte + 69322 + 47y% 23 + 49y3x + 21y%a? + 24yx® + 11y%x + 22 + 5lya? + 2223,
y3xt 4+ 11323 + 59yx® + Yyat + 5925 + 60y + 102,
and the corresponding weight is [0, 10, 11,19, 20, 21], which is "smaller” than [0, 10, 11, 20, 21, 25].
Hence we will not use the primes [2,3,67,71,3678929, 1627477603381284250244430104357],

since they are possibly "bad” primes.

Example 4.3. Let f = (y> — 3y — 2x)® — 92* (3> — 3y — 122) — 272
It is tmmediate that 2 and 17 are possibly "bad” primes. As we shall see, the primes
(3,5,7,11) are also possibly “bad” primes and we do not use them.
For g = 3, the integral closure produced s
1,
Y,
v
v,
and the corresponding weight is [0, 11,22, 33|. The number of weights here are fewer than we
expect. So q = 3 is not good.
For g =5, the integral closure produced is
[z + 324,
yloT 1 200 4+ BT + dya® 4 3yat® 4 228 + del 4 42T + 4yPa® 4 2ytad + Sy + 20 +
Y2 + 2323 + 2ytr + Pt + 327 + 3y22® + 293 + 3yat + 4yPa? + 320 + 3y + 2ya?,
2o 4 3yta® 1 3yatt 4 3y2a® 4 3yPad + 2ytat 4 dya® + 3ya” 4 2210 4 24200 4+ 23t 4 yta &

dyx” + 328 + 3yPatyPa? + oyt + 3yl + 420 + 4yPa? 4 o3 4 dya® + 4ot + 4y,
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yr't + 3yt
yPr” + 1220 + 4P’ + 292010 4+ 38 + dyatt + 332" + 29523 + 2yat® + 2928 + 2t 4+ ya® +
y2a” + 20325 + 2000 + 2yaS + P rt 4+ 42° + SyaT + 4yPad + 3 + 2% a0t + 4P + 227 + 3ya® +
20223 + yPx + 2yt + 3yPa? + 22° + 2y%x + 3ya?,
B!t 4 3450 4 3y320 4+ dyta® + 282t +yrt! + 3yPaT + 2y + 3y + ytet + S + Sya® +
4210 + 3ya® + 49?28 + 29324 + 3yta® + 5 + 3ya” + 3y3a® + 28 + 4ya® + yPat 4+ 32 + 3yt +
328 +dyxt + 3y*x? + y® + 3ya® + 3z + 3y?|, and the corresponding weight is [0,2,4, 11,13, 15].
These weights turn out to be "smaller” than what we expect.

For q =17, the integral closure produced is
(25 + 22,
yiad + 2y%0? + yad + 22t + 2ya? + 4ad,
ya® + 2yat,
yir 4 2yt + 2037 + 4yPa? + 4P + 2y%x + dyx? + 22 + 423 + yo + 22,
y3rd + 2y30% + 2yt + 3y + St + Syx? + 323,
y° +2y32?% + 6yt +dydx 4 2yxt + 3y a® + 23 + dya® + 6y e + o + Syx? + dy? + 22 + 2yx + 227,
and the corresponding weight is (0,10, 11,20, 21, 25]. These weights turn out to be ”"smaller”
than what we expect.

For q = 11, the integral closure produced is
2 + 4,
y2a® + dya? + 2yad + 3at + Sya? + a3,
yxd + dyxt,
yro + 4yt + 42 + 6y%0? + 5yP + 6yPx + ya® + 5y 4 9% + dyx + 322,
Y3 + 4yP2? + 3yat + 8yxd + 5at + 6yx? + 923,
y° 4+ 4y3a? + 5yt + 6y3x + Tyxt + 2w + 8y3 + yad + Ty?x + Tat + 6yx? + 4y + 22 + yx + 927,
and the corresponding weight is (0,10, 11,20, 21, 25]. These weights turn out to be ”"smaller”

than what we expect.
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The first good prime is ¢ = 13. The integral closure and its corresponding weights for

this prime are
[z,

y2a? + 9ya? + 623,

ya,

y* +5y* 4+ 12y%x + 3y® + dyx + 1022,

322 + 6ya® + 10ya? + 113,

y° + 12932 + 4y + 9y2x + 10y2? + 11y* + 6yx + 227, and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13), of good primes is

y* — 30 =y’ + 3y* — Jyx — 327,

yiu? — fya® — 3ya? — 223,
Yo —yPr — 3y + tyPa — 3ya® — 2y% — Jyx + 227

The next good prime is ¢ = 19. The integral closure and its corresponding weights for

this prime are
[z,

y2a? + dyx? + 1723,

ya',

y* 4+ 8y + 15y%x + 169% + 3yx + 422,

y3x? + 17ya® + 3ya? + 83,

y® + 15y3x + 9y3 + 16y°2 + 4yx? + 5y? + 1dyx + 622], and

0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13,19), of good primes is

[,
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y2a? — %me + %xS’
yrt,
yt — %y?’ + %y% — %yQ + %yx + %xQ,
yia? + Lya® + Lya? — 127,
Y+ Sye 4 5y - 2+ frye? - f5y” + fye o+ gy
The next good prime is ¢ = 23. The integral closure and its corresponding weights for
this prime are
[,
y2x? + Syx? + 143,
ya?,
y* + 10y + 5y%r + 2y + 2yx + 1222,
y3x? + 1dya® + 21yx? + 2223,
y° + bydx + 17y + 21y2x + 12y2? + 3y* + 3yx + 1827, and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13,19,23), of good primes is

4
[,

2,.2 3 2 15,.3

Yyt — gyxt — pd,
4

yx=,

4 _ 3,3 _ 30,2 9,2 45 29,2
Y =5y — FYTT A+ gy T YT + 5T

yia? — %ya:?’ _ 1%?/332 + %x?’,
v = Tyt — 0 - vt + By + 57 - Ry + $07)
The next good prime is ¢ = 29. The integral closure and its corresponding weights for

this prime are

[,

y2x? + 21yx? + 2323,
yat,

y* + 13y° + 17y%z + 6y? + Yy + T2,
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y3x? + 23yx® + 23yx? + 1023,
y° + 17y3x + 11y3 + 2092z + Tyz? + 9y? + 28yx + 2527%], and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13,19,23,29), of good primes is

I::E47

Y22 — 3 y:z: 15:637

yat,

y' - %yg 17y T+ 16y2 + 34yx + 333 ?

yat = Ryr’ — jpya? — gat,

y - 30y3x _ % 3 45y2x—|— gggyx i 32y2 i 16385yx _ ls_%x ’

The next good prime is ¢ = 31. The integral closure and its corresponding weights for
this prime are
[,
y2x? + Tyx? + 213,
yxt,
y* + 14y3 + 11922 + 18y? + 15y + T2,
y3a? + 21ya® + 13yax? + 83,
y° + 113z + 8y + 16y2x + Tyx? + 27y* + Tyx + 2622%], and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13,19,23,29,31), of good primes is

I:I47
yra® — Sya? — 2ad,
yat,
y' =3y — Rt + gyt + gyr + 55
yia? — ﬁyx?’ . yx . 45x3
5 30y3{L‘ o %g 3 45y2$+ gggyl‘ + 32y2+ 16385y$+ g;g 2]
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The next good prime is ¢ = 37. The integral closure and its corresponding weights for
this prime are
[z,
y?x? + 2Tyx? + 1023,
ya,
v+ 17y° + 2092 + 269% + 22yx + 2622,
y3z? + 10ya® + 11yz? + 2623,
y° + 20y3x + 33y3 + 15922 + 26yx? + 2y* + 33yx + 227%], and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (13,19, 23,29,31,37), of good primes

2%,
W22 — %ny - 1_57%37
yat,
yt = 3P — BPr + Syt 4 Lyx + 2a?
yPa? — By Dyp2 43,3
S 3ySy — 2yS — Byty  220yp? 4 Z0y? 4 BBy 4 1842

which stabilizes as the integral closure over the rationals.
Hence we do not use the primes [2,3,5,7,11,17,7027,10987, 25303, 61843, 131581,
4818577,13647717712107898488646649543].

Example 4.4. Let f = (y* — 2y — 22)% — 9yat(y® — 2y — L) — 272"
It is immediate that 2 and 17 are possibly “bad” primes. As we shall see, the primes (3,5, 17)
are also possibly "bad” primes and we do not use them.
For q = 3, the integral closure produced is
1,
Ys

v?,
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v3], and
the corresponding weight is [0,11,22,33]. The number of weights here are fewer than we
expect. So q = 3 1s not good.
For g =5, the integral closure produced is
|27,
y2r® + 3yad,
yx’,
P 4yt Ayt o+ Syat + 2P + 242,
it + Pt + dyat,
yiad + P + dy2a?),
and the corresponding weight is [0,10,11,13,15,20]. These weights turn out to be ”"smaller”
than what we expect.
The first good prime is ¢ = 7. The integral closure and ils corresponding weights for
this prime are
[2°,
yiad + yad + 224,
ya®,
yrte + 2y3x + 4y22? + yPa + dya® + 43,
Y33 + 2yat + 6y + St
y° + 3yt + dydr + 33 + yPr + dya? + y? + dyx + 42%], and
0,10, 11,20, 21, 31].
The integral closure over the rationals for the sequence, (7), of good primes is
2%,
yiad + yad + 224,
ya®,
y4a7 + 237 + %y%z +y%x + %ymZ + %a::g,
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y3ad + 2yat — yad — 224,
Y =5yt gt — gyt e+ gya® o+ gy + 527,
The next good prime is ¢ = 11. The wntegral closure and its corresponding weights for
this prime are
[2°,
y2ad + 2yad + 3at,
yx®,
ylr + dydx + 6y*e? + dyPx + yx? + 923,
y3rd + 3yxt + Tyxd + Sat,
y° + 6yt + 631 + y3 + 2970 + y? + 8y + 2yx + 722, and
0,10, 11,20, 21, 31].
The integral closure over the rationals for the sequence, (7,11), of good primes is
[2°,
Y2 — %ym3 4 AlllA’
ya?,
yir — %y% + %le’? — %y% +yx? + %x?’,
yia® + qyat + Zya® + 5at,
v+ 5yt gy — 5y — vt 4 fya + 8y? — qyx — o).
The next good prime is ¢ = 13. The integral closure and its corresponding weights for
this prime are
[2°,
y2ad + 9yad + 6at,
ya?,
ytr + bydx + 12y%2? + 3y’ + 4yx® + 1023,
yP2® + 6ya?t + 10yx® + 112*,
y° + oyt + 12037 + 93 + 8yx + 10ya® + y? + 10y + 1227, and

(0,10, 11,20, 21, 31].
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The integral closure over the rationals for the sequence, (7,11,13), of good primes is

(=,

2.3 3 3 15,.4

yrr® — qyr’ — gt
5

yr®,

yhe — %y3x+ %y%z + l%y%—k %yﬁ + ;_gxza7
Y — %y:c‘l _ 19_63/‘753 — 9t
Y=yt Lyte + 28 4 220 4 L0ya2 42 4 Ly B202]
The next good prime is ¢ = 19. The integral closure and its corresponding weights for
this prime are
[2°,
Y2 + dyad + 1724,
ya®,
yir + Sydx + 15y2x? + 16y2x + 3yx? + 423,
y3ad + 17yt + 3ya® + 824,
y° + 12y* + 159%z + 10y® + 6y*x + dyx? + Ty* + 12yx + 1622], and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (7,11,13,19), of good primes is

I:x b

Y2 — %ym‘?’ _ %xﬂ‘,

yz®,

y4x . %y% . i&_(;ysz + %yzx—f— g_iyxz . %ﬁ’,
YA — %ym‘* _ %ymg . é_ZZLA’

v =yt = Bt + 0+ Byt — G - Bt + Hya + B
The next good prime is ¢ = 23. The integral closure and its corresponding weights for
this prime are
5

[z,

y2a + Sy + 14x4,
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5
yr-,

yrte + 1032 + 5ya? + 2922 + 2ya® + 1223,

yird + 1dyxt + 21ya® + 2224,

y° + 15yt + 5yPw + 6y° + 4yx + 12yx? + 10y* + 10yx + 1422], and
0,10, 11, 20,21, 31].

The integral closure over the rationals for the sequence, (7,11,13,19,23), of good primes is

5

[2°,

y2ad — %yx?’ _ i_?x47

ya®,

yte — %y% _ ?—gy%z n %y2x+ g_iyx2 I %ﬁ’

yPad — Byat — Syd — $44

Yo — Syt — ByPr + 2yd 4 ByPa  Zoyp? — 22— Boyg 4 La?]

The next good prime is ¢ = 29. The integral closure and its corresponding weights for
this prime are
[2°,
y2a® + 21ya® + 2324,
ya®,
ylo + 13y3x + 17y2? + 6y>x + Yya? + T3,
y3x3 + 23yt + 23y2® + 1024,
y° + 5yt + 17y3x + 18y + 18y%x + Tyx? + 10y* + 15yx + 22°], and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (7,11,13,19,23,29), of good primes

27,

2,3 3,3 __ 15,4

y-x 29T 17377
5

yr-,

A, 3.3, 30,22, 9 2 45,92 | 225.3
Yr— 5yt — YT+ gyt + gyt + 55T
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y3a3 ——y:c — y:c —4—5334

Y gyt R Ty Ry Rgye” — Gy — a6y 1ased’]
The next good prime is ¢ = 31. The integral closure and its corresponding weights for
this prime are
[2°,
Y2 + Tyxd + 21a4,
yx®,
yio + 142z + 11y%2? + 18y2x + 1532 + 723,
yi3rd + 21yzt + 13y2® + 824,
y° + 21y + 11922 + 23y3 + 30y%x + Tyx? + 2% + 12yx + 1822, and
0,10, 11,20, 21, 31].

The integral closure over the rationals for the sequence, (7,11,13,19,23,29,31), of good

PTimes s

[x57

yra® — Syxd — Bt

ya®,

y'z — 3y — Ryta® + yte + ya® + 35a°

Yt — Bygt - Sygd 4540

Pt B B e B e ]

Hence we do not use the primes [2,3,5,17,521,1663, 44371, 2290471, 21589481,
14402411026486959735107396555603].
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Chapter 5

Integral closures of maximal order of number fields

Let f(T') € Z|T] be a monic polynomial of degree m. Let I := (f(x)) be an ideal in
Zlz]. Define the mazimal order R := Z[x]/I of the number field Q[z]/I. There exists a

conductor element A € Z™ such that
R Cic(R) C A™'R.

5.1 Computation using the ¢"-power algorithm

M©® := A7'R is a Z-module with standard basis {(A™'2%), 0 < i < m}. Recursively
define sets SV = {A7'f € MUY . ATPNFE(f", 1) € MY™Y for all n}, and Z-modules
MY = Z(SW). Clearly MY C MU~Y for all j. MU contains ic(R) and has a basis
{(A‘lfi(j)), 0 < ¢ < m}, with degree(fi(j)) = 4. Indeed, as a Z-module, ic(R) has basis

{F; : degree(F;) =i} for all i. Hence each M) has basis elements of the form

19 = S P where o) #0. o) € Q,for cach i

k<i
Consider the following example.
Example 5.1. Let f(x) := a* — 42022 4 40000 € Z[z]. Then AM© = (1,2, 2%, 2%).

Below is a Magma computation that produces a subset, say, S C SO from SO,

F:= RationalField();
P<x>:=PolynomialRing(Integers( ),1);

f1 := (x74-420%x"2+40000) ;
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I:=ideal<P|f1>;
G:=GroebnerBasis(I);G;
JM:=JacobianMatrix(G) ; JM;
M:=Minors(JM,1) ;M;
J:=ideal<P|G,M>;
B:=GroebnerBasis(J);
delta:=B[#B];

"delta =",delta;

factors_of_delta:= Factorization(delta);

factors_of_delta;

/17

Q:=IntegersQ);
P<x,a3,a2,al,a0>:=PolynomialRing(Q,5);

f:=x"4-420*x"2+40000;

co:=function(h,i) return Coefficient(h,x,i); end function;

n:=function(g) l:=NormalForm(g~2,[f]); return 1;

del:=  65600000;

Factorization(del);

end function;

/17

g0:=1;

gl:=x;

g2:=x"2;

g3:=x"3;

p:=5;

al:=2xal+a3;

a2:=2%a2;

a0:=2%a0; al:=2%al; a3:=2%*a3;

a0:=2xal0; a2:=2%a2;
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a0:=2xa0; al:=2*xal+a2+a3;

a0:=2%a0; al:=2*al+a3; a2:=2%a2;
a0:=2%a0; al:=2xal+a3;

a2:=5xa2;

a0:=b5%al0+a2; al:=b*xal+2x*a3;

a0:=5xa0; a2:=5%a2;

a0:=b5%a0; al:=bxal;

a0:=41%a0 - 5%a2; al:=41%al - 5%*a3;
b3:=a3; b2:=a2; bl:=al; b0:=a0;
h3:=n(b3*g3 + b2*xg2 + bl*xgl + b0x*g0);
i3:=co(h3,3) div co(g3,3); 3, "i3 =",i3;
h2:=h3 - i3%g3; "h2 =",h2;

i2:=co(h2,2) div co(g2,2); 2, "i2 =",i2;
h1:=h2 - i2%g2; "hl =", hi;

il:=co(hl,1) div co(gl,1); 1, "il =",il;
hO:=h1 - ilxgl; "hO =",hO0;

i0:=h0 div g0; 0, "iO =",1i0;

1:=[13,i2,i1,i0];

k3:=GCD(Coefficients(i3)); 3, "k3 =",k3;
k2:=GCD(Coefficients(i2)); 2, "k2 =", k2;
k1:=GCD(Coefficients(il)); 1, "k1 =",ki;
k0:=GCD(Coefficients(i0)); 0, "kO =",kO;

k:=[k3,k2,k1,k0];

k:=[GCD(Coefficients(I[1])):1 in [1..4]]; "k =",k;

kk:=[del div GCD(k[1],del): 1 in [1..4]1|k[1] ne 0]; "kk =",kk;
R<a0,al,a2,a3>:=PolynomialRing(GF(p),4);

hPR:=hom<P->R|0,a3,a2,al,a0>;
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j:=[hPR(I[1] div k[1]): 1 in [1..4] | (k[1] ne 0)

and (((del div GCD(k[1],del)) mod p) eq 0)];

"3=" 5

J:=ideal<R|j, a3"p -a3, a2"p-a2, al"p-al,a0 p-ald>;
RR:=Radical(J);

G:=GroebnerBasis(RR); "G =",G;

h:=b3*g3 + b2*g2 + blxgl + b0*g0;

"h=",h; "bO =",b0; "bl =",bl; "b2 =",b2; "b3 =",b3;

[17117777777777777177771777777777

give us the following outputs;

41

o
I

G=[ a0 + b*a2, // linear relation
al + 5%a3, // linear relation
a2741 + 40%*a2,
a3”41 + 40*a3 ]

h = x"3*a3 + x"2%a2 + x*al + a0

G = [ a0741 + 40%a0,

al~41 + 40%al,
a2741 + 40*a2,
a3"41 + 40*a3 ]

h = x"3%a3 + x"2*%a2 - b5*x*xa3 + 41*xx*al - 5%a2 + 41x%a0

p=>5

G = [ a0, // linear relation
al”b + 4xal,
a2, // linear relation

a3"5 + 4%a3 ]

h = x73%a3 + x"2*%a2 - b*x*a3 + 205*x*al - 5xa2 + 205*al
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[ a0 + 4x*a2, // linear relation

al + 3%a3, // linear relation

a2”"5 + 4xa2,

a3"5 + 4%a3 ]

x"3*%a3 + 5*x72*%a2 - b*x*a3 + 205*x*al - 25xa2 + 1025%*al

[ a0"5 + 4xa0,
a0*a3,

al”b + 4xal,

a2, // linear relation

a3"5 + 4%a3 ]

x"3*xa3 + 5xx"2*%a2 + 405*xx*a3 + 1025xx*al + 1000*%a2 + 5125%a0

[ 20”5 + 4xao0,
aOx*xal,
a0*a3,
al™2 + al%*a3,
al*a3”4 + 4xal,
a2”"b + 4xa2,

a3"5 + 4%a3 ]

x"3*xa3 + 2b*x"2%a2 + 405*x*a3 + 1025*x*xal + 5000*a2 + 5125*al

2

[ a0, // linear relation
al + a3, // linear relation
a2, // linear relation
a3"2 + a3 ]

x"3*%a3d + 2bxx"2xa2 + 1430*x*a3 + 2050*x*al + 5000*a2 + 10250*al

[ a0,

al + a2 + a3,
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a2”"2 + a2,
a3"2 + a3 ]
h = x"3*%a3 + b0*xx"2%a2 + 3480*x*a3 + 4100%*x*al + 10000*%a2 + 20500*a0
G=[ a0, // linear relation
al”2 + ail,
a2, // linear relation
a3"2 + a3 ]
h = x"3*a3 + 50*x"2%a2 + 7580*x*a3 + 4100*x*a2 + 8200*x*al
+ 10000*a2 + 41000%*a0
G=1[ a0, // linear relation
al, // linear relation
a2”72 + a2,
a3 ] // linear relation
h = x"3%a3 + 100%x"2%a2 + 7580%x*a3 + 8200*x*a2 + 8200*x*al

+ 20000*a2 + 82000*a0

G

[ a0~2 + a0,

al”2 + al,

a2,

// linear relation

a3"2 + a3 ]

h = 2%x~3%a3

+ 100*x"2*%a2 + 15160*x*a3 + 8200%*x*a2

+ 16400*x*al  + 20000*a2 + 164000*a0l

[}
Il

a0*a3,

[ a0"2 + a0,

al + a3, // linear relation

a2”72 + a2,

a3"2 + a3 ]

h = 2*%x73%a3

+ 200*x72%a2 + 15160*x*a3 + 16400*x*a2
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+ 16400*x*al + 40000*a2 + 164000*a0

[}
I

[ a0"2 + a0,
a0*a3,
al"2 + ail,
a2”2 + a2,
a3"2 + a3 ]
h = 2%x7"3%a3 + 200*x"2*%a2 + 31560*x*a3 + 16400*x*a2

+ 32800*x*al + 40000*a2 + 164000*a0

Let SO and MY be defined as in above. Let SG) be a subset of SU). obtained from the
linear relations in the Groébner basis computations generating SU). Let M) := Z(W)

Looking at the above example and considering the linear relations in the Grébner computa-

tions we get that

ASM = {164000, 32800z, 2002 + 16400z + 40000, 22° — 1240z}, and AM D := Z(SM).
Similarly by repeating the process we get

AS®) = {3280000, 3280000, 164000z% + 1640000z, 820023 — 5084000x}, and AM®) =
Z.(5@).

AS®) = {32800000, 65600002, 164000022 4+ 16400000, 164002 — 10168000 }, and AMB) =
Z(56)).

ASH = {65600000, 32800000z, 164000022 + 16400000z, 820002 — 50840000 + 32800000},

and AM® := Z(S®).
ASG) = {65600000, 32800000z, 164000022 + 16400000z, 820002 — 50840000 + 32800000},

and AM®) :=Z(S®)).

We compute ME) until MEHD = ME) for some L € N. The above example illustrates

how we can get MM from M©. The process is the same to get any other M &) until

ME+Y) = ML) for some L € N.

We want to show that M+ = M(&) for some L € N.
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Lemma 5.1. Let R, ic(R), SU), SO and MY, MG be as above. Then any sequence

AR = MO > M® > M® D ... of Z-modules containing ic(R) s finite. That is,

M@Y= ML) for some L € N.

Proof: Let A~!f € SU) be arbitrary with, LT(f) = 2’. It is very important to note here that
S0 is not necessarily closed under linear combinations. However, given any A~'f € SU) then
A1 f € MU=D, But as earlier observed, MV~ has a Z-module basis {A g;, 0 <k < m}.

Hence

m—1
(AN =D zan(A7 ge)
k=0

for all n € N, and some z,; € Z, with the above sum in MU=,
If the leading coefficient, LC(f), does not divide A, then we can add some (« - A)x?
to (8- LC(f))x!, with o, 3 € Z, such that d := (a- A+ 3+ LC(f)) divides A. Clearly, A

has a finite number of factors. Thus the set, { LC(f) : A™'f € SY}, is finite. Hence we can

pick a finite subset SG) of SU) that generates M), since for each monomial 2%, there exists

a A7 f € SG) with leading monomial, LM(f) ="

Also, we know that M) C MG-1 is a finitely generated submodule and there are a

finite number of z’s. Thus MU-1D has a finite number of finitely generated submodules.

Hence the process that produces M) from MU~1 must terminate. Thus there exists L € N

such that M T+ = ML), ]

Let us write M(E+D .= M (EZ+D) and SEHD .= S(I+1)  As a consequence of the above lemma,

we have the following corollary.

Corollary 5.1. Let SY and MY be as in lemma 5.1 above. Then M+ = M@) for all

n € N.
The proof of the above corollary follows immediately by induction on n. [J

Corollary 5.2. Let SY) and MY be as in lemma 5.1 above. Then A7'f ¢ M®P) =
(A" € MD) for alln € N.
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Proof:

Aflf c M(L) _ M(L+n)
= <A72f2) c M(L‘f’n*l) — M(L)

> AT"freM® O

Our next major goal is to show that when M) = ME+D for some L € N, then every

element in M) is integral. Before proving that the elements in M &) = M+ are integral,

let us show that this is the case with our last example.

Example 5.2. We saw in our last example that MY = M©®) and that

ASGH+n) = ASG) = {65600000, 32800000, 1640000z + 16400000z, 820002 — 50840000z +

32800000}, for any n € N. Hence

1 1 1
M® =Z(S®) = Z(fo:=1, fi:=52 foi= 5 (2* +10z) , f3:= 00 (2® + 1802 + 400)).

We will show that each element in M(©®) satisfies an integral equation.

z* — 42022 + 40000 = 0

<x>4 420 (x>2 40000 _ 0
2 4 \2 24
(“)4 105(9”>2 92500 = 0
i —_ — J— _—
2 ) T

= fl — 105f% + 2500 = 0

So f1 satisfies an integral equation.
We are left with showing that f, and f3 each satisfies an integral equation.

Now consider

- 1 2 .
fo = 10 (z° + 10x);
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Want to show that f; is integral. That is, it satisfies an integral equation. Note

1 13
NF(f3,1) = —a*+ —2® — 25
223 1977
JVExfg,I)::3§Tx34-—26—12-650x-6225
3911841 32605377
NF(f3,1) = 0 z® + 0 2% — 13951050z — 117026225,
853153602298047 7062391476250257
NE(f)5 1) = 3+ x? — 3112075095880350x
80 40
— 25764545727890225.
and so

f22 = 10f3 + 13f; — 11f1 — 30 fo,

fy = 22303 + 1977 f, — 2642 f; — 7340 fo,

f8 = 39118410 f5 + 32605377 f, — 47857023 f; — 136585430 fo,
f>% = 8531536022980470 f5 4 7062391476250257 f,

— 10482462044346690 f; — 30030313739380460 fy.
Using row-reduction to eliminate f3 and f;, we get an integral equation

16 +243949426459594 f8 — 6230102427638341369 f5 + 435020619858623174686 f3

—1292425639761414271600 f2 + 641634118444033088000 = 0;

One can check that setting

y = f35 4 243949426459594 8 — 6230102427638341369 f4 + 435020619858623174686 f3
— 1292425639761414271600 f, + 641634118444033088000;
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we get NF(y, I) = 0. Note that y factors into the following minimum polynomials;

< f = 21f3 +134f2 — 275, +125,1 >,
< fo? 21131 4+ 307£,° 4 3908 f3 + 46580 f3
+ 536308 f1 + 6057073 f5 + 67654261 f5 + 243950177213493 f; + 5122946254468954 f3

+ 74892565445027622 f3 + 953355366523668176 f5 + 5133072947552264704, 1 >

Hence f, satisfies an integral equation.

We want to show that f3 is integral. That is, it satisfies an integral equation. Note

NF(f3,1) =1/8002" + 1/22° + 9/20z — 97/2,
NF(fs,1) = 503/800x> + 57x* — 2873 /202 — 153932,

NE(f8, 1) = 9790521 /8002° + 5083262 — 70459911 /20z — 147505153 /2,

and

f2 = f3+20f, — 10f; — 49 fo,
f4 = 503f3 + 2280 f, — 1510 f; — 7948 fo,

£8 = 9790521 f5 + 20333040 f, — 18095250 f, — 78647837 f,

Using row-reduction to eliminate f; and f;, we get an integral equation

f3 — 214295 + 1426254 f; — 437988 f3 — 21783409 = 0;

One can check that setting

y = f8 — 21429 fF + 1426254 f7 — 437988 f3 — 21783409;
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we get NF(y, I) = 0. Note that y factors into the following minimum polynomials

< fi—=2f3 — 111 f7 + 112f3 + 2111, 1 >,

< fi+2f3 +115f7 4+ 340 f3 — 10319, 1 >

Hence f3 satisfies an integral equation.

Theorem 5.1. Let ML) be defined as above such that ML) = MEI+n) | for anyn € N. Then

every element in M@ is integral.

Proof: The approach here is to show that each element in M) satisfies an integral equation.
Suppose A~"f" € M@ for all n. Then any Z-linear combination is as well because M@ is
a Z-module. We can thus produce a Z-dependency satisfied by A™!f and then a Z-integral
equation satisfied by A~'f. Consider the m-tuples LC((f;)"). If M@ # M®, then their
m-tuples are distinct. By construction, LC((f;)™)|A, so there are only finitely many such
distinct m-tuples to consider.

We observed earlier that M) has a Z-module basis {(A~'f;) € S¥) : 0 < i < m}, with

degree (f;) = i. Hence given each f;, we can write
(AT = ATNF((fiY, 1 ZkaA ),

for some integers z; ;, and for all j. Let f;, 0 <4 < m be a fixed basis for M@, Let f=rf

for a particular i, and write

3
L

ATNF(f" 1) = zon(A7Hf)
0

B
Il

for some integers z,  for all n. To work with polynomials, define

m—1

Gn = AVPNE(f™ 1) = Z Zngo fie-

k=0
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Let the leading position of g, be denoted by LP(g,). Then we can "row-reduce” the sequence
of m-tuples whenever

LP(gn) = fe = LP(g:), n>1i.
Start with n = 1. If LM(g,) = LM/(g;) for some i < n, then
Let d := d,, ;. Replace g; by

E = Opi0n + ﬁn,igi

so that LP(g;) = fx, but LC(g;) = d; and also replace g,, by

LC(g:) ~_ LC(gn)

gn ‘= d 9n — d

9i,

so that

LP(g,) < LP(g,) and LM(g,) < LM(gy,).

As mentioned earlier, there are only finitely many such m-tuples. Hence it must be that for
some n,

gn—>07

that is

(A7) - Z Cn,kgk:(A_lf)k = 0.

k<n

Hence (A‘l fi) is a root of some polynomial,

F(T):=1-T" =) biniT"

k<n

which is monic of some possibly large degree n. But (A‘l fi)n, 0 < n < m cannot

be Z-independent. So (A™'f;) is a root of some G;(T') not necessarily monic, and with
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degree(G;) < m. However, (A™"f;) is a root of

Ei(T) := ged(F(T), Gi(T))

with degree(£;) < degree(G;) < m and LC(E;)|LC(F;) = 1. So E;(T") must be monic and

thus (A_l fi) satisfies an integral equation of some degree n < m. [

Remark 5.1. We see from the above that we could have defined

SE = AT Ve MEYV ATNFE(f" 1) € ME™Y for all 0 < n < m}.

Theorem 5.2. Let ML) and ic(R) be defined as above such that M) = ME+7) " for any

n € N. Then M) = ic(R).

Proof: From the previous theorem, M := ML) consists of integral elements. That is, every
element of M is integral. Thus M C ic(R). But by construction, ic(R) C M. Hence,
M =ic(R). O

Example 5.3. Let f(z) = 2% — 20023 + 1500 € Z[z], and R := Z[z]/{f(x)). Then
A = 765000, and AM© = {1,z 22 23 2% 25}

ASM = {5100, 5100, 510022, 302> + 2100, 62* + 30602% + 4500z, 2° + 22* + 102 + 177022 +
15002 4 2400}, and AM® := Z(SM).

AS®) = {153000, 153000z, 1530022, 255023+102002%+76500, 5102441020022 +76500z, 510>+

510023 + 1020022}, and AM®) := Z(S®).

AS®) = {765000, 153000, 15300022, 76502 + 382500, 76502* + 76500z, 51025 + 25502+ +
510023 4 7650022 4 765002}, and AM®) := Z(S®)).

AS@ = {765000, 7650002, 1530002, 382502 + 382500, 76502 + 3825002, 255025 + 51002 +
2550023 + 7650022}, and AM® = Z(S®).

M@+ = M@ = Z(S®) . So A -ic(R) = Z(SD).
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5.2 Computation using MAGMA’s built-in function

In this section we present integral closure computations of number fields using MAGMA

built-in commands. The following MAGMA code is used.

pMaximalOverOrder := function(ord, p)

ovr := MultiplicatorRing(pRadical(ord, p));

print "index is", Index(ovr, ord);

return (Index(ovr, ord) eq 1) select ovr else $$(ovr, p);
end function;
Round2 := function(E, K)

// E should be some order of a number field K

d := Discriminant(E);

fact := Factorization(Abs(d));
print fact;
M :=E;
for x in fact do
M := M+pMaximalOverOrder(E, x[1]);
end for;
print "index of equation order in maximal order is:", Index(M, E);
return M;

end function;

R<x> := PolynomialRing(Integers());
// select an example below by deletting th // at the
//beginning of the example
// K := NumberField(x"4-420%x~2+40000); // Example 1
// K := NumberField(x"6 - 200%x"3 + 1500); // Example 2
// K := NumberField(x"5 + 5*x~4 - 75%x"3 + 250%x"2 + 65625); // Example 3
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// K := NumberField(x"4 + 5%x~3 - 25%x"2 + 125%x + 625); // Example 4

K :

NumberField(x"4-10*x"2+1); // Example 5

E :

EquationOrder (X) ;

Round2(E, K);

5.2.1 Examples using MAGMA

Example 5.4. (Same as example 5.1 done differently). Let f(x) := x* — 42022 + 40000
and R :=Z[z]/{f(z)).

>[ <2, 18>, <5, 8>, <41, 2> ]
index is 2

index is 4

index is 8

index is 4

index is 2

index is 1

index is b

index is 25

index is 1

index is 1

index of equation order in maximal order is: 64000
Transformation of E
Transformation Matrix:

800 0 0 0]

[ 0400 0 0]

[ 0200 20 0]

[400 180 0 1]
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Denominator: 800

So A :=800 and A -ic(R) = Z{800,400x, 202> + 200, 2> + 180x + 400).

Example 5.5. (Same as example 5.3 done differently). Let f(z) := 2° — 2002 + 1500 and
R = Z[x/(f(x)).

[ <2, 16>, <3, 8>, <5, 15>, <17, 3> ]
index is 2

index is 2

index is 2

index is 2

index is 2

index is 2

index is 1

index is 3

index is 1

index is b5

index is 25

index is b

index is 25

index is 1

index is 1

index of equation order in maximal order is: 3000000
Transformation of E

Transformation Matrix:

[300 0 0 0 0 O]

[ 030 0 0 0 O]
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[ 0 0 60 0 0 0]
[150 0 0 15 0 0]
[ 0150 0 O 3 0]
[ 0 0 30 10 2 1]

Denominator: 300

So A := 300 and A-ic(R) = Z(300, 300z, 602%, 1523 +150, 3z*+ 150z, 254221+ 1023 +3022).
Example 5.6. Let f(x) := 2° + 5z* — 752 + 2502 + 65625 and R := Z[z]/{f(z)).

[ <2, 2>, <3, 1>, <5, 20>, <7, 1>, <37, 1>, <353263, 1> ]
index is 1

index is 1

index is b

index is 25

index is 125

index is 625

index is 1

index is 1

index is 1

index is 1

index of equation order in maximal order is: 9765625
Transformation of E

Transformation Matrix:

625 0 0 0 0]

[ 0125 0 O O]

[ 0O 0 25 0 0]

[ 0o 0 0 5 0]

[ 0O 0 o o0 1]
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Denominator: 625
So A:=625 and A -ic(R) = Z(625,125x, 2522, 5z®, x*).
Example 5.7. Let f(x) := z* + 523 — 252% + 1252 + 625 and R := Z[z]/{f(x)).

[ <3, 1>, <5, 12>, <13, 2> ]
index is 1

index is b5

index is 25

index is 125

index is 1

index is 1

index of equation order in maximal order is: 15625
Transformation of E
Transformation Matrix:

(12566 0 0 0]

[ 0 25 0 O]

[ 0 0 5 0]

[ 0O 0 O 1]

Denominator: 125
So A:=125 and A -ic(R) = Z{125,25x, 522 z?).
Example 5.8. Let f(x) := 2 — 102> + 1 and R := Z[z]/{f(x)).

[ <2, 14>, <3, 2> ]
index is 2
index is 4
index is 1

index is 1
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index of equation order in maximal order is: 8
Transformation of E

Transformation Matrix:

[4 0 0 0]
[0 4 0 0]
[-2 0 2 0]
[-3 -1 -1 1]

Denominator: 4

So A:=4 and A -ic(R)=Z(4,4x,22* — 2,23 — 2% — x — 3).
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Chapter 6

Various implementations

In this chapter, we look at the output from various implementations in computing
integral closures. This enables us to see the uniqueness and advantages of the ¢'"-power
algorithm approach. By example, we see that the output from other implementations have
issues with some key concepts such as weight functions, monomial orderings, and the type

of presentation produced. Throughout this chapter, our example will be the following:

Example 6.1. Let F be the finite field, GF(23). Let R := Fly; x|, f := (y®—y*23+2yx®—2?)

and [ :=< f >.

We know from the ¢'"-power algorithm that the weights of the P-module basis generating
the integral closure are [0,4,5,10,14,15,19], where F := GF(23) and P := F[z]. We will

present outputs from SINGULAR, MACAULAY2, MAGMA and the ¢'"-power algorithm.

6.1 Output from SINGULAR

Using the "normal” command:

> LIB "normal.lib";
> ring r=23, (y,x),wp(9,8);
> ideal i = (y°8 - y™2%x"3 + 2*y*x"6 -x79);
> list nor=normal(i);
> nor;
[1]:
[1]:

// characteristic : 23
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// number of vars : 7

// block 1 : ordering dp
// . names T(1) T(2) T(3) T(4) T(5)
// block 2 : ordering wp
// : names y X
// : weights 9 8
// block 3 : ordering C
[2]:
[1]:
_[1]=y5x2
_[2]=y6x

_[3]=y3x5-y4x2
_[4]1=y8
_[5]=yx8-y2x5
_[6]=yx6-y2x3

> def R=nor[1][1];

> setring R;

> normap;

normap [1]=y

normap [2] =x

> norid;

norid [1]=T(1)*xy-T(2)*x

norid [2]=T(4)*xy-T(5) *x+y

norid[3]=-T(5)+x"2

norid[4]=-T(3)*x+y~2

norid[5]=T(2)*y~2-T(4)*x

norid[6]=T(1)*x~3-T(2)*x-T(3)*y~2
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norid [7]1=T(3) *x"3-T(5)*y"2
norid[8]=T(2)*x"4-T(2) *y*x-T(3)*y"3

norid [9]=T(3) *y~5-T(4)*x"5+T(5)*x"3-T(5) *y
norid [10]1=T(4)*x~8-T(5) *y~7-T(5) *x~6+T (5) xy*x"3
norid[11]=T(1)"2-x

norid [12]=T(1)*T(2)-y
norid[13]=T(2)"2-T(3)
norid[14]=T(1)*T(3)-T(2) xy
norid[15]=T(2)*T(3)-T(4)

norid [16]=T(3) "2-T(1)*x~2+T(2)
norid[17]=T(1)*T(4)-T(3)xy
norid[18]=T(2)*T(4)-T(1)*x"2+T(2)

norid [19]=T(3)*T(4)+T(3)-y*x"2

norid [20]=T(4) “2-T (1) *y~2%x+T (4)

norid [21]1=T(1)*T(5)-T(1)*x"2
norid[22]=T(2)*T(5) -T (1) *y*x
norid[23]=T(3)*T(5)-y " 2*x
norid[24]=T(4)*T(5)-T(1)*y"3

norid [25]=T(5) "2-x"4

norid[26]=-y " 8+x"9-2%y*x"6+y~2xx"3

> option(redSB);

> ideal j=std(morid);j;
j[1]1=y~8-x"9+2%y*x"6-y " 2%x "3

j[2]1=T(5)-x"2

j[31=T(4)*y-x"3+y
j[4]1=T(4)*x"6-y"7-x"6+y*x"3

j[5]1=T(3)*x-y"2
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j[6]1=T(3)*y~5-T(4)*x"5+x"5-y*x"2
j[7]1=T(2)*y~2-T(4)*x

3 [8]=T(2)*x~4-T(2) *y*x-T(3)*y~3
3 L91=T (1) *y-T(2)*x

jL101=T (1) *x~3-T(2)*x-T(3) *xy~2
j[11]1=T(4) "2-T(2) *y*x"2+T (4)

5 [121=T(3)*T (4)+T (3) ~y*x"2
FILBI=T(2)*T (4)-T (1) *x~2+T(2)
j[141=T(1)*T(4)-T(3) *y
j[15]1=T(3) " 2-T(1)*x~2+T(2)
j[16]1=T(2)*T(3)-T(4)
FII71=T(1)*T(3)-T(2) *y
j[181=T(2)"2-T(3)

3 [191=T(1)*T(2)-y

j[20]=T(1)"2-x

The normal command produces an R-module generating set, {T'(1),7(2),7(3),7(4),T(5)}.
We see that nor[1][1] gives a block order, grevlex on the new variables {T'(1),7(2),T(3),T'(4),T(5)}

and the given order on the old variables, {y,z}. The R-module generators are given by

T(1) = (y°2?) /A, wt(T(1)) =4
T(2) = (y’2)/A, wt(T(2)) =5
T(3) = (y’a® —y'a?) /A, wi(T(3)) = 10
T(4) = (°)/A, wi(T(4)) =15

)= (

yr® — y*2®) /A, wt(T(5)) =16

where A := y2% — 223 is the conductor element used.

Looking at the ideal j above, we see that j[2] = T'(5) — 2. That is T'(5) = 2 and T'(5) does
not show up elsewhere in j. So T'(5) is an eztra variable. Also, we notice that the weights

14 and 19 corresponding to 7'(2)y and T'(3)y respectively, are missing. These variables do
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not show up in the presentation because SINGULAR is producing an R-module presenta-
tion, instead of producing a P-module presentation. The relations, norid, in the algebra
presentation here are linear and quadratic over the input ring.

Using the "normalP” with the "withRing” option command:

> LIB "normal.lib";

\2

ring r=23, (y,x),wp(9,8);

\4

ideal i =(y 8-y 2*x"3+2%y*x"6-x"9);
> list norp=normalP(i,"withRing");
> norp;
[1]:
[1]:
//  characteristic : 23

// number of vars : 2

// block 1 : ordering dp
// : names T(1) T(3)
// block 2 : ordering C
[2]:
[1]:
_[1]=y5x
_[2]=y6

_[3]=y3x4-y4x
_[4]=x8-y2x2
_[5]=yx5-y2x2
[3]:
[1]:
22

[2]:
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22
> def R=norp[1][1];
> setring R;
> normap;
normap [1]=T(1) “6-T(1)*T(3) "2
normap [2]=T(1) "2
> norid;
norid[1]=T(1)~17-3%T (1) "12%T(3) "2+3*T (1) "7*T(3) "4-T (1) "7*T(3)
-T(1)"2*T(3)"6+T (1) "2xT(3)"3
norid [2]=T(1) "11*T(3)-2xT (1) "6%T(3) "3+T(1)*T(3) "5-T(1)*T(3)"2
norid[3]=T(1) "10-2xT(1) "5%T(3) "2+T(3) "4-T(3)
norid[4]=T (1) "10%T(3)-2*T (1) "5*T(3) "3+T(3) "5-T(3) "2
norid[6]=T (1) "15-3*T (1) "10%T(3) "2+3*T (1) "56%T(3) "4-T (1) "5*T(3)
-T(3)"6+T(3)"3
norid [6]=T(1) "12-2xT (1) "7*T(3) "2+T(1) "2*T(3) "4-T(1) "2*T(3)
norid [7]1=T(1) "12*T(3)-2xT (1) "7*T(3) "3+T(1) "2*T(3) "5-T(1) "2*T(3) "2
norid[8]=T(1)~11-2xT(1) "6*T(3) "2+T(1)*T(3) “4-T(1)*T(3)
norid[9]=T(1) "48-8xT (1) "43*T(3) "2+5*T (1) "38*T(3) "4-10*T(1) "33xT(3)"6
+T(1)"28%T(3)"8
-10%T (1) "23+T(3) "10+5+T (1) "18xT(3) "12-8xT (1) "13%T(3) 14
+T(1)"8*T(3)"16-T(1) "8%xT(3)"4
> option(redSB);
> ideal j=std(norid);j;

j[11=T(1)"10-2%T (1) "5*T(3) "2+T(3) "4-T(3)

normalP with the "withRing” command does not produce an R-module generating set. The

fractions produced are

T(1) == (y2) /A, wi(T(1)) = 4
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T(@) = (1)/A, wi(T(2) =5

T(3) = (y’a* — y'x) /A, wi(T(3)) =10

T(4) = (2® —y?2?) /A, wt(T(4)) =15

where A := y2® — y?2? is the conductor element used.

We see that nor[1][1] gives a block order, grevlex on the new variables {T'1,73}. The old
variables y and z are replaced with (7'(1))® — T'(1)T'(3) and (7'(1))? respectively.

We know the weights that are produced by the ¢""-power algorithm. Here we have just
wt(T(1)) := 4 and wt(T(3)) := 10. This is probably because SINGULAR is getting rid of the
variables T'(2),T'(4),y and x. It thinks these variables are unnecessary. There are no y’s and
x’s and the relations do not indicate that R is a subring.

A Grobner basis of the presentation reduces to a relation which is no longer a presenta-
tion over R at all. In fact, the relation is in terms of 7'(1) and 7°(3), which is neither linear
nor quadratic over R.

Using the "normalP” with "withRing” and "noRed” command:

> LIB "normal.lib";

> ring r=23, (y,x),wp(9,8);

\4

ideal i = (y™8 - y™"2*%x"3 + 2*y*x"6 -x"9);
> list norp=normalP(i,"withRing","noRed");
> norp;
[1]:
[1]:
//  characteristic : 23

// number of vars : 6

// block 1 : ordering dp
// : names T(1) T(2) T(3) T(4)
// block 2 : ordering wp
// : names y X
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// . weights 9 8
// block 3 : ordering C
[2]:
[1]:
_[1]=y5x
_[2]=y6
_[3]1=y3x4-y4x
_[4]=x8-y2x2
_[51=yx5-y2x2
[3]:
[1]:
22
[2]:
22

> def R=norpl[1][1];

> setring R;

> normap;

normap [1]=y

normap [2] =x

> norid;
norid[1]=T (1) *y-T(2) *x
norid[2]=-T(3) *x+y~2

norid [3]=T(2)*xy~2-T(4) *x+2*x

norid[4]=-T(4) *y+x~3+y

norid[6]=T(1)*x~3-T(2)*x-T(3)*y~2

norid[6]=T(1) " 2-x

norid [7]=T(1)*T(2)-y



norid[8]=T(2)"2-T(3)

norid [9]1=T(1)*T(3)-T(2)*y
norid[10]=T(2)*T(3)-T(4)+2
norid[11]=T(3) "2-T(1)*x"2+T(2)
norid[12]=T(1)*T(4)-2+T(1)-T(3)*y
norid[13]=T(2)*T(4)-T(1)*x"2-T(2)
norid[14]=T(3)*T(4)-T(3)-y*x"2
norid [15]=T(4) "2-T(2) *y*x~2-3*T (4)+2
norid[16]=y~8-x"9+2*y*x "6~y 2*x"3
> option(redSB);

> ideal j=std(norid);j;
j[1]=y"8-x"9+2%y*x~6-y " 2%x"~3
j[2]=T(4)*y-x"3-y
F[3]1=T(4)*x"6-y"7-3%x"6+y*x"3
j[4]1=T(3)*x-y"2
j[5]1=T(3)*y"5-T(4) *x"5+3*x"5-y*x"2
j[6]1=T(2)*y~2-T(4)*x+2*x
j[71=T(2)*x"4-T(2) *y*x-T(3) *y~3
j[81=T (1) *y-T(2)*x
j[9]1=T(1)*x"3-T(2) *x-T(3) *y~2
j[10]1=T(4) "2-T(2) xy*x~2-3*T(4)+2
j[111=T(3)*T(4)-T(3)-y*x"2
j[12]1=T(2)*T(4)-T(1)*x"2-T(2)
j[13]=T(1)*T(4)-2xT(1)-T(3)*y
3[14]=T(3) "2-T (1) *x"2+T(2)
j[151=T(2)*T(3)-T(4)+2

j[161=T(1)*T(3)-T(2)*y
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j[17]1=T(2)~2-T(3)
j[18]1=T(1)*T(2)-y

j[191=T(1)"2-x

normalP with "withRing” and "noRed” command produces an R-module generating set,
{T'(1),7(2),T(3),T7(4)}, with fewer variables. We see that nor[1][1] gives a block order,
grevlez on the new variables {T'(1),7'(2),7(3),7(4)} and the given order on the old variables,

{y,z}. The R-module generators are given by

T(1) = (y°)/A, wt(T(1)) =4

T(2) == (4°)/2, wi(T(2) =5

T(3) = (y'a — y'a) /A, wi(T(3)) = 10
T(4) == (2° — y222)/A, wt(T(4)) = 15

where A := yz® — y?2? is the conductor element used.
We notice that the weights 14 and 19 corresponding to T'(2)y and T'(3)y respectively, are
missing. These variables do not show up in the presentation because SINGULAR is producing
an R-module presentation, instead of producing a P-module presentation. The relations,
norid, in the algebra presentation here are linear and quadratic over the input ring, R.
Looking at the outputs from SINGULAR, the outputs gotten by using
normalP (i, withRing”, "noRed” ) and normal commands are radically different from the out-
put gotten by using the normalP(i, ”withRing”) command, which produces a presentation
over Fo3[T'(3)], instead of a presentation over Fa3[T'(2)]. Indeed, a presentation using T(2)
instead of T(3) would have probably matched the output of MAGMA’s Normalisation.
The presentation from normalP (i, withRing”) command, has a Grébner basis having
only one relation j[1] = (T(1))" — 2(T(1))*(T(3))* + 9(T(3))* — T(3). This presentation is
not quite type I because ged(wt(T'(1)),wt(T(3))) # 1.
It is important to note that the theory in the SINGULAR book (see [15]) is that the pre-

sentation is to be a strict affine R-algebra. But the presentation from normalP (i, "withRing”)
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is contrary to this theory. In fact normalP(i,"withRing”) tries to get a minimized presen-
tation, suggesting that such an affine R- algebra presentation may not be the best. The
attempt by normalP(i,”withRing”) to get a minimized presentation is unsuccessful as 7'(2)
is removed instead of T'(3). normalP (i, ”withRing”, noRed”) and normal produce an affine
R-algebra presentation, which matches the theory in the book.

In order the salvage the output from SINGULAR, it is vital to process the input so as to
identify the free and independent variables in the input ring. We think that the presentation
over the input ring, R, is not a good approach. The presentation should be over the ring
of free variables, P, as in the case of the ¢"-power algorithm. In fact using the ¢""-power
algorithm, we produce a strictly P-affine algebra presentation, with only linear and quadratic
relations over the ring of free variable, P. It is also important to note the input ring is no
longer important in the output, since the integral closure always contain the input ring.

Unfortunately, SINGULAR thinks that the input ring is more important in the output.

6.2 Output from MACAULAY2

The integralClosure and icFracP commands in MACAULAY2 give

il : load "IntegralClosure.m2";
i2 : R=ZZ/23[y,x,MonomialOrder=>{Weights=>{9,8}1}];
i3 : I=ideal(y~8 - y~2*x"3 + 2%y*x"6 -x"9);
03 : Ideal of R
i4 : S=R/I;
i6 : time P=presentation(integralClosure(S))
-- used 2.12 seconds

o5 = | w_(10,0)"3y-x3+y w_(12,0)x2-w_(10,0) "4-w_(10,0)



w_(12,0) "2x-x2 w_(12,0)"2-x |
Z7Z 1 Z7Z 7
o5 : Matrix (--[w , W s ¥, x1) <= (--[w , W , Y, x1)
23 12,0 10,0 23 12,0 10,0
i6 : time G=gens gb P

—- used 0. seconds

06 = | x9-y8-2yx6+y2x3 w_(10,0)y3-x4+yx w_(10,0)x5-w_(10,0)yx2-y5

w_(12,0)w_(10,0)-y w_(12,0)"2-x |
YA 1 /A 10
06 : Matrix (—-[w , W , ¥, x1) <= (--[w , W , ¥, x1)
23 12,0 10,0 23 12,0 10,0
i7 : time F=icFracP(8)

—-- used 432.23 seconds

MACAULAY?2’s integralClosure command produces an R-module generating set,

{w_(10,0),w_(12,0)}, with w_(10,0) := xtgyz, having weight wt(w_-(10,0)) =5 and

w_(12,0) := w’(lyo’o)x = x5;§“2, having weight wt(w_(12,0)) = 4. Though integralClosure

produces a presentation that is not quadratic-and-linear over R, icFracP does not produce
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a presentation at all, but only fractions. Though icFracP does not produce weights, we see
that the weights of the fractions produced are [0,4,5, 10, 15].

Again the output here from MACAULAY2, using either the integralClosure or the icFracP
command, produces fewer variables. The weights 14 and 19 corresponding to y((z* —yz)/y?)
and y((y?)/x)) respectively, are missing. These variables do not show up in the presentation
because MACAULAY?2 is producing an R-module presentation over the input ring, R, instead

of producing a P-module presentation.

6.3 Output from MacMmA

The IntegralClosure command in MAGMA gives a module presentation over the function

field Q(z).

Q:=GF(23);

F<x>:=FunctionField(Q);
P<y>:=PolynomialRing(F);

f:=(y"8 - y " 2%x"3 + 2ky*x"6 -x"9);
Ff<Y>:=RationalExtensionRepresentation(FunctionField(f));
C<X>:=CoefficientRing(Ff);
INT:=Integers(C);
IC:=IntegralClosure (INT,Ff);
B:=Basis(IC);

for i in [1..#B] do

i,B[i];

end for;

"time for char=0 is",Cputime(t23);

[1 1
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3 1/X*Y"2
4 1/X*Y"3
5 1/X72%Y"4
6 1/X72xY"5
7 1/X°3%Y"6

8 1/X713%Y"7 + 1/X710%Y"6 + 1/X°7xY"5 + 1/X"4%xY"4 + 18/X710%Y + 1/X°7

which is an Foz[z]-module basis. Though MAGMA does not produce weights, we see that the
weights of the fractions are [0, 9, 10, 19, 20, 29, 30, 4].

MAacGMA’s IntegralClosure treats the output as a subring of Fo3(X)[Y], allowing for
operations to be performed on elements there, which means producing other elements of
Fa3(X)[Y] not necessarily immediately recognizable in terms of the basis elements produced.

The Normalisation command in MAGMA gives

t:=Cputime();

F:=Rationals();
P<y,x>:=PolynomialRing(F,2,"weight",[1,0,9,8]);
f:=(y"8 - y™2%x"3 + 2*y*x"6 -x79);
I:=ideal<P|f>;

N:=Normalisation(I);

J:=N[1][1];J;

"Normalisation time=",Cputime(t);
G:=GroebnerBasis(J) ;G;

"total time=",Cputime(t);

Ideal of Polynomial ring of rank 2 over Rational Field
Order: Lexicographical
Variables: $.1, $.2

Basis:
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-$.1721 + $.1716%$.27°4 + $.1711%$.2°5 + $.176%$.27°6 + $.176
+ $.1%$3.277 - $.1%$.2,
-$.1°7 + $.172x$.274 + $.172x$.2,
-$.1710 + 2%$.17°6%$.2 + $.27°8 - $.272,
-$.1711 + $.176%3.274 + $.1%$.27°5 + $.1%$.272,
-$.1712 + 2x$.177x$.2 + $.172%$.2°8 - $.172%$.272,
-$.1711%$.2 + 2%$.176x$.272 + $.1*%$.279 - $.1x$.2°3,
=$.1717 + $.1712%$.274 + $.1°7*%$.2°5 + $.172%$.276 +
$.17°2%$.2°3,

-$.1710%$.272 + 2x$.17°5%$.2°3 + $.2710 - $.27°4,
-$.176 + $.1x$.274 + $.1x$.2,
-$.1712%$.272 + 2x$.177x$.273 + $.172%$.2710 - $.172x$.274,
-$.1711%$.27°3 + 2%$.176%$.274 + $.1x$.2711 - $.1x$.275,
-$.177%$.2 + $.172%$.27°5 + $.172%x$.272,
-$.1710%$.274 + 2x$.1°65%x$.2°5 + $.2712 - $.276,
-$.176%$.2°2 + $.1%$.2°6 + $.1%x$.2°3,
-$.175 + $.274 + $.2 ]

> "Normalisation time=",Cputime(t);

Normalisation time= 0.770

> G:=GroebnerBasis(J) ;G;

[ $.1°5 - $.274 - $.2 ]

> "total time=",Cputime(t);

A Grobner basis of MAGMA’s Normalisation produces a single relation (J.1)° — (J.2)* — J.2,

which is what which is what normalP with the "withRing” command should have produced.
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6.4 Output from the ¢'"-power algorithm

The ¢*-power algorithm gives a Fo3[z]-module presentation with the following Foz[z]-
module basis, and A := 13,
1 22,

2 yTa — yalo,

3 4S8 4 y7ed 4 2l — ya®,
4 212,
5 yx'3

6 o8+ ybrd + ¢y a? + 28 — yad,

7 yta? +yPab Pt Y7 + 2® — ya?,
8 3

with weights [19, 15,14, 10,9, 5,4, 0]

and the following strictly Fos[z]-affine algebra presentation

[ [ — fs.

13 = fo,

fsfa = Jo,

13 = fofs,
fofs = fia,

fofa =I5 fs;

fio = fafd + 1,
fr0fo = fr9,
fiofs = fis — 1,
frofa = fia,

fio = fufd + Isfs,
frafio = 13 + fo,
fiafo = fisfs — [s,
frafs = fro,
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Jiafs = frofs,
fts — frafg +3f1s +2,
fisfia — fsf3 + 2fua,
fisfr0 = fofs + 210,
fisfo — 13 +2fo,
fisfs — fuf§ +2f5,
fisfa — fro + fa,
flo = fuafd + fisfs + fs,
frofis — frofs + 2o,
frofia = fofs + frofs,
frofio — f5f3 + fia,
frofo — fufg + fsfs,
fofs — 3+ fo,
frofas— fisfs — fs ]
where fu := (1/23)y%°, fs == (1/23)y52, fo =y, fio 1= (1/23)y22'2, fis = (1/213)yba%,
fis = (1/2¥)y 2™, fig = (1/2)y’2"?, fs := .
It is important to note here that if we look at the weights, [19,15,14,10,9,5,4,0], it is
possible to extract a minimized answer using f4, fs, fi0, and fi5, a weighted Fo3[f4]-module
version of what Normalisation produced, what normalP (i, ’withRing”) and icFracP should

have produced.
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Chapter 7

Speed-up techniques

In this chapter, we present some approaches in doing computations that are very time
efficient. It is not standard for computer algebra systems to have code to compute N F'(f9, 1)
efficiently. So while computing f? in characteristic ¢ may be easy, reducing it mod I may be
very dense and costly in terms of time and/or storage.

Therefore it is wise to write code for repeatedly squaring and reducing mod I, a well-known
strategy for dealing with exponentiating and reducing large objects in general. The following
code and examples show the computational necessity of this approach. The first technique
speeds up some necessary normal form computations in some existing computational algebra

packages.

7.1 Normal Form, NF(f? 1)

Let f be an element in a polynomial ring P. Let I be an ideal in P, and ¢ be a prime.
We want to compute the normal form of f? modulo the ideal I . That is, we want to compute
NF(f9,1), using the built-in MAGMA command.

(a) Less efficient approach: An inefficient approach to compute NF(f? 1) is to mind-

lessly raise f to the ¢ and then take its normal form modulo /. The approach is very slow
and very inefficient, since we may be taking the normal form of a polynomial of very large
degree.

(b) Efficient approach and why it works: We note that the normal form operation is

very dense and takes much time for polynomials of very large degree. A more efficient ap-
proach considered here is to start with the normal form of f modulo the ideal I and then

repeatedly square and reduce the resulting normal form modulo the ideal I. This means we
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are only taking the normal form of a polynomial of very small degree every time.
Below are two pieces of code that implement the above approaches.

Code for approach (a).

METHOD ONE
//////////// normal form function ///////////////
slow_normal_form:=function(q,f,I)
nf_time:=Cputime();
b:= NormalForm(f-q,I);
bb:= Cputime(nf_time);
return q,b,£,I, bb; //////1//777/
end function;

[I117777777777777777777777777777777777777777777177777

Code for approach (b).

METHOD TWO
LI11177777777777771777777777777777777777777777
fast_normal_form:=function(q,f,I)
nfg_time:=Cputime();
if g eq O then
return O;
else
t:=q;
prd:=1;
temp:=NormalForm(f,I);
repeat
rem:=t mod 2;

t div:=2;
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if rem eq 1 then
prd *:=temp;
end if;
if t ne O then
temp:=NormalForm(temp~2,I);
end if;
until t eq O;
a:= NormalForm(prd,I);
aa:=Cputime(nfg_time);
return q, a, £, I, aa;
end if;
end function,;

[I1777777777777777777777777777777777777777177777777

Here are timings for the two different approaches over a polynomial ring F,[y, ], y > greviex
z, and a polynomial f = y°, for various primes ¢, and ideals I, generated by the polynomial
94y, %) = y° + @2 + sy’ + @y’ + Gy'e + gyt + aryt + asya® + @y + qoy’a® +
q1y® + qu2y*e + q3ya® + qraz® with each ¢; € F. The timings clearly indicate that approach

(b) is more efficient.

97



Table 7.1: Timing normal forms

prime, q | Method#2 | Method#1
5 0.000 0.000
7 0.000 0.000
11 0.000 0.010
13 0.010 0.020
17 0.020 0.040
19 0.030 0.060
23 0.080 0.110
29 0.130 0.260
31 0.210 0.330
37 0.140 0.560
41 0.180 0.780
43 0.280 0.920
47 0.450 1.210
53 0.430 1.790
59 0.770 2.540
61 0.840 2.840
73 0.540 5.040
79 1.180 6.490
83 1.010 7.560
89 1.210 9.460
97 0.900 12.350
101 1.500 13.850
113 1.930 19.340
193 3.600 102.280
257 5.140 245.670
307 17.800 395.830
353 17.680 600.370
541 53.160 2194.400
547 39.020 2275.170

7.2 Extended Euclidean algorithm

Below is our extended Fuclidean division algorithm code.

/////////////////// EXTENDED DIVISION

[I117777777777777777777777777777777777777777777777777777777777

EEDXGCD:= function(F,n,P,f,g,i)
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FF:=FunctionField(F,n);
hP:=hom<P->FF| [FF.j:j in [1..n]]>;

R:

PolynomialRing(FF);

ff:=&+[Coefficient(f,P.i,j)@hP*R.17j: j in [O..Degree(f,P.i)]1];
gg:=&+[Coefficient(g,P.1i,j)@hP*R.17j: j in [0..Degree(g,P.i)]1];
dd1,aal,bbl:=XGCD(ff,gg);

C:=Lcm([Denominator(x) : x in Eltseq(aal) cat Eltseq(bbl)]);
D:=dd1%*C;A:=aal*C;B:=bb1x*C;

hR:=hom<R->P |hom<FF->P|[P.j: j in [1..n]]>, P.i>;

return D@hR,AGhR,BQ@hR;

end function;

L1117 77777777777777777777777777777777777777777777777777777777777777777

Some of the algebraic packages do not have a direct implementation of the extended Eu-
clidean algorithm. And those that do have one, rely on resultant computations, which often
turn out to be computationally wasteful. Also, those packages that do have the extended
Euclidean algorithm are generally written for a univariate polynomial. The above extended
Euclidean algorithm improves the mentioned deficiencies. It is a fast approach in doing
elimination of polynomial variables, similar to the MAGMA built-in resultant command. It
is also used for computing a special polynomial called conductor element, denoted A, with
A in the polynomial ring P of free variables. We will compute some timings below to show
how efficient this extended Euclidean algorithm function is in eliminating or inverting and
in computing A. We note that, the A computed using the extended Euclidean function may

have higher degree than the one computed using the MAGMA built-in commands.

7.2.1 Inverting and eliminating

The extended Euclidean function takes as input a function field F', the number n, of

variables in a polynomial ring P, two polynomials f and g in P and the *" variable in P to
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be eliminated from g, relative to f. It is very useful in inverting polynomial ring elements.

We will show a small example by hand and by using the above code. Consider the the curve

~g(y)

/ 1
fy) =v® +yx +2° € Fyly,z]. Then f'(y) = y> + x. We want to write —— = , for

some ¢g(y), D(z) € Faly, z].

1 1 Y Y

) v+z Ptyr o

We have thus inverted y in the denominator of Using the extended Euclidean

v 4+
function, EEDXGCD, above we get
q:=2
n =2

P < y,x >:= Polynomial Ring(GF(q),2);

=y +ary+a

hi=y*+

D.,b,g .= EEDXGCD(GF(q),n, P, f,h,1);

D,b,g=12"1y

which is exactly what we got earlier.

Standard techniques for eliminating variables often rely on computing resultants. Consider
the above example

f=vy*+yr+a2° €Fyly, 2], h:=y*+xcFyly,x]. Then standard techniques will invert y

in h:=y*+x € Fyly, x] to produce

000 2°
00 0 2°
1 0 2 =z
1 0 =z
1 0 =z
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This is done by computing the resultant of f and h with respect to the variable y, denoted
Res(f,h,y). However, this is generally computationally wasteful, when a straightforward

extended Euclidean algorithm above gives a much better answer.

(v 4+yr+2°)- 14+ (2 +z)-y=2°

As mentioned earlier, the extended Euclidean function, EEDXCGD, can be used to eliminate

variables. Let us consider the tower example

g T =—7—, 1<i<n (7.1)

by Stichtenoch et al [16]. Then for ¢ = 2 and n = 3 we get the equations

ri(ry + 1) (ze +1) + 23 =0
To(re + 1)(xg +1) + 23 =0 (7.2)

zy(rg+ D(zg+1)+22=0
Now define

T1g = xy4(ws + 1),
T4 = $2($4 + 1)(%8 + 1) (73)

and 15 1= z1(x2 + 1)(zs + 1)(zs + 1)

Using the extended Euclidean function, EEDXGCD, and ( 7.2) to eliminate the variables

x1, 22 and x4 from the equation ( 7.3) we get

T3y + 198 + T1p 22+ 25 =0
:L"il + 1412 + T1428 + T14 + $12$§ =0 (7.4)

x%g, + T15%14 + T15T12 + T15T8 + T15 + T14T12 + $14I§ =0
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which does not have x1, x5 and x4

MAGMA has built-in commands that do elimination of variables. However, these built-in
commands are very inefficient. Below are some timings of the above example 7.1, for
various ¢ and n, using both the extended Euclidean function, EEDXGCD, and MAGMA

built-in commands.

Table 7.2: Timing elimination via MAGMA commands versus EEDXGCD command

values of q and n | Timing elimination via Timing elimination

MAGMA commands /sec | via EEDXGCD /sec
q=2,n=2 0.000 0.130
q=2,n=3 0.010 0.150
q=2,n=4 0.040 0.140
q=2,n=5 0.200 0.150
q=2,n=6 1.890 0.180
q=2,n="17 26.730 0.300
q=2,n=238 979.230 1.560
q=2,n=9 - —— 11.770
qg=3n=2 0.020 0.150
q=3,n=3 0.080 0.150
q=3,n=4 7.630 0.170
q=3,n=5 40631.220 0.310

7.2.2 n xn minors of the jacobian and conductor element computations

A typical approach to compute a suitable A from the polynomial ring of free variables
will be to compute all n X n minors of the a Jacobian matrix and then compute a Grobner
basis. This approach is good for very small prime numbers and it also produces a A of
smaller degree that works faster with the ¢**-power algorithm. However, this approach is
best for very small primes. Our approach computes A by taking products of the nonzero
leading diagonal entries of the Jacobian matrix. Our example here will be the tower above

in equation 7.1, by Stichtenoch et al [16]. (Details of this tower are found in [16]).

102



Magma commands: Using MAGMA built-in commands to do the elimination and to compute

A, we get the following timings.

Table 7.3: Timing MAGMA commands for elimination and A computation

values of q and n Timing Timing Timing Computed A
elimination /sec | A /sec | ¢ power

q=2,n=2 0.000 0.030 0.030 x3
q=2,n=3 0.010 0.000 0.030 Ts
qg=2,n=4 0.040 0.020 0.070 e
q=2,n=5 0.200 0.150 0.340 s
q=2,n=56 1.890 1.030 2.040 T
q=2,n=7 26.730 8.320 13.800 285
q=2,n=28 979.230 84.370 86.870 T2
qg=3n=2 0.020 0.000 0.090 5+
qg=3,n= 0.080 0.100 36.310 T30 + T35
qg=3n=4 7.630 8.160 131.880 238 + 23]
g=3n=5 40631.220 2530.180 | 7141.200 xi0% + 2352

EEGCD function and MAGMA commands: Using our extended Fuclidean division great-
est common divisor function (EEGCD) to do the elimination and using MAGMA built-in

commands to compute A, we get the following timings.

Table 7.4: Timing EEGCD to do elimination andMAGMA commands for A computation

values of q and n Timing Timing Timing Computed A
elimination /sec | A /sec | ¢ power

qg=2,n=2 0.130 0.010 0.010 T3
qg=2,n=3 0.150 0.000 0.030 Ty
q=2,n=4 0.140 0.020 0.060 256
q=2,n=>5 0.150 0.150 0.350 39
q=2,n=56 0.180 1.060 2.040 T
qg=2n=7 0.300 8.380 12.800 285
qg=2,n=28 1.560 80.210 85.470 T2
g=2,n=9 11.770 5573.280 | 640.620 z2%5
qg=3n=2 0.150 0.000 0.090 x5+ x§
qg=3n=3 0.150 0.100 101.640 T3y + T35
q=3,n=4 0.170 8.510 133.740 x3s + x3)
q=3,n= 0.310 2120.570 | 7181.200 | w13 + x1%2

EEGCD function: Using our extended Euclidean division greatest common divisor function

(EEGCD) to do the elimination and to compute A, we get the following timings.
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Table 7.5: Timing EEGCD function for elimination and A computation

values of q and n Timing Timing Timing Computed A
elimination /sec | A /sec | ¢ power

q=2,n=2 0.130 0.010 0.010 xy + o]
¢=2,n=3 0.130 0.000 0.090 Ty + T}
q=2,n=4 0.150 0.010 0.130 Ti6 + o1 + xyp + 2y
¢g=2,n=5 0.140 0.010 0.880 Ty + T3
q=2,n=6 0.190 0.010 5.930 xd) + ol + xg) + xd)
q=2,n=7 0.300 0.090 40.770 Tias + Tiae + Tiae +
¢=2,n=38 1.550 1.740 204.150 | z358 + w350 + a50g + - -
¢=2,n=9 11.860 139.470 | 2265.610 | x215 + 2219
¢=3n=2 0.150 0.000 0.250 zg? + x§
g=3,n=3 0.150 0.100 425.050 | 252 + 2257 + x3F + - -
g=3n=4 0.170 0.140 481.460 | x3)° + xg)® 4+ 225" + - -
g=3,n=5 0.310 53.860 | 30226.170 | 2572 + 2533
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Chapter 8

Towers

In this chapter we will consider some asymptotically good towers by Stichenoth el al,
and Noam Elkies. We will transform some of the towers that are not type I form into curves
that are type I. This will be done by finding the divisors of the curves. We will also compute
a formula for the genus of some of the towers. We begin by defining what we mean by a

tower of function fields and asymptotically good towers.

Definition 8.1 ([17], page 439). A tower of function fields over F, is an infinite sequence
F = (Fo,F1,Fo,...) of function fields ¥;/F, having the properties:

(1))Fg CF, CFy, C ..., and for each n > 1 the extension ¥, /F,_1 is separable of degree
F,:F, 1] >1.

(i1)g(F;) > 1 for some j > 0.

Definition 8.2 ([17], page 440). The tower F = (F,)i>o of functions fields over F, is said

N(F,
to be asymptotically good, if A(F) > 0, where A(F) := lim g(<F))

(respectively g(F;)) is the number of F,— rational points (respectively the genus) of F;.

. Here N(F;),

Let us now consider some towers and try to put them into type I curves.

8.1 Stichenoth towers

8.1.1 Example 1

Consider the first tower

20+ znp = 28 with @, = ,1<n<m (8.1)
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(See [21] for more about this tower and see [3] for more details on the one point description

of this tower). So we have that
97 o, =2 1<n<m (8.2)

Let Py be the unique point at which all the z,» have zeros and P, be the point at which all

have poles. Then from Leonard [3] page 2572, we have the divisors of z,» to be given by

(@) = (=4")-P + D D (4 + > > (=R

1<i<(m+1)/2 j (m+1)/2<i<(m—n+1) J

D D @Ry ()P (8.3)

(m—n+1)<i<m J
for 0 <n < (m+1)/2 and

(@) = (") P + > D (=q").Py + >, > (=gt By

1<i<m-—n+1 j m—n+1<i<(m+1)/2 J

+ D D ")Ry + (@R (8.4)

(m+1)/2<i<m j

for (m+1)/2 <n <m.
The choices for local parameters are tp := 1/x,0 for P = Py, or P = P;; with i < (m +
1)/2, and tp := xgm for P = Py and P = P,, j for i > (m + 1)/2. Now the following change

of variables

:132qm+2;7l:n g-1 = :L“?n H Z; (85)

puts equation ( 8.2) into type I form.

Now take ¢ = 2, and m = 2, and with respect to the pole orders, define

Y1 = To, Y2 =21, Ysai=T2, Yn = 9192927 Yo = Y2Y4
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Then we get the following equations

Yiys +y1 +ys =0,

Yaya + Y2 + yi = 0,

From which we have the following type I integral equations.

Y24 ye +ys =0

Y+ y1Ys + Yoy + Yeys + Yy =0 (8.6)

Now take ¢ = 3, and m = 2, and with respect to the pole orders, define

Y1 = To, Y3 :=T1, Yo =Ta, Y22 = y1y3y§7 Y12 ‘= Y3Y9

Then we get the following equations

R+ + 28 =0

Y2 +ys + 248 = 0 (8.7)

From which we have the following type I integral equations.

Yy + Y12+ 205 = 0

Yoy + Y221y + Yio¥s + 20n2y5 = 0. (8.8)

Now take ¢ = 3, and m = 3, and with respect to the pole orders, define

Y1 = Lo, Y3 ‘= X1, Y9 := T2, Yo7 = T3, Y36 = YolY27, Y66 -— y3y9y§7, Yo7 - = y1y3y9y§7.
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Then we get the following equations

YR+ + 22 =0,
yays + s + 2y = 0,

Yoz + Yo + 2y, = 0. (8.9)
From which we have the following type I integral equations.

ygﬁ + 29;17 + y36 = 0,
Yoo + 2Us6YSr + YesYar + Yasyar = 0,
Y + 2Uasyae + 2UstVecYasYar + 2YerYseUsr + 2Uar + YsrYasYseYar + YerYesYar

FYerYseYor + 2Yseysn + 2YeYesyseYar + 2seYsr + YasYar = 0. (8.10)
Remark 8.1. We note that the equation

Yor T 2UssUar + 2YsrVesYssYar + 2UsrYacsr + 2Yar + YsrYasYseYsr + YerYesYar

+ YerYseYar + 2UseYar + 2YstYecYscYar + 2Y36YSs + YesYar = 0

18 not a cubic type I integral equation. But we know that yg; = y§7y9y3y1. So

Yor = YSrYaysy:

= ysryays(ys — 1)

= YorYaYs + 2U57Ysysn

= yoryoys (Yo — Ys) + 275 yer

= YS7Yoys — Ysr¥ols + 2UsrY3eYer

= Yaryoys(Yr — Yo) + 2U57Yol5 + 257Y3eYer

= Y3y + 2UarYays + 2ySyoys + 2y3yacYer
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Hence defining

Y201 ‘= yg??ng?n Y129 = y§7y§y3, Y117 = yg7y9y§,

we get

yg’7 + 2y201 + Y177 + Y129 + y67y§7y?2>6 =0

which is a cubic type I integral equation. However, in order to obtain this cubic equation, we

had to define some new variables.
This observation is expressed in the following conjecture.

Conjecture 8.1. Given the tower
2l =27 | 1<n<m
and the following change of variables

m

2 ||
$2(1’"+Z;n:n ¢g-1 = Ty, T

j=n

we can eliminate the first m variables to get type I integral equations that may (or may not)
be g'"-extensions of the previous tower. However, if the equations are are not ¢'"-extensions
of the previous tower, we can introduce new variables, defined in terms of the initial variables
Tn, 1< n<m, to get ¢"-extensions of the previous tower that are type I integral equations.

Hence the extensions gotten this may contain additional variables.

8.1.2 Example 2

Consider the second tower

=1 1<i<m (8.11)
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(See [16], page 61, for more about this tower and see [3] for more details on the one point

description of this tower).
Let Py be the unique point at which all the x,» have zeros and P, be the point at which

all have poles. Then from Leonard [3] page 2572, we have the divisors of z4» to be given by

(7)) = (=¢")P + 35 D =d)Py+ D D (PR

1<i<(m+2)/2 J (m+2)/2<i<(m—n+1) J

+ b D@ Piy A ()P (8.12)

(m—n+1)<i<m+1 J

for 0 <n <m/2 and

(zgn) = (—¢")-P + Z Z Pij+ Z Z 2(m D) _n)-Pi,j

1<i<m—n+1 j m—n+1<i<(m+2)/2 j

+ > Y @" )Py (@B (8.13)

(m+2)/2<i<m+1 J

form/2 <n <m+1.
The choices for local parameters are tp := 1/xp for P = Py, or P = P;; with ¢ <
(m+1)/2, and tp := xgm for P = Py and P = P,, j for i > (m + 1)/2. Now the following

change of variables

$q<i71>+22ﬂ:i+1(‘1—1)‘1j71 = T; H l‘gq_l) + 1, 1 S 1 S m. (814)
j=i+1

puts equation ( 8.11) into type I form.

Now take ¢ = 2, and m = 2, and with respect to the pole orders, define

Y1 =T, Yo =1, Yai=T2, Yo :=(ya+1), yr:=vyi(y2+1)(ya+1)
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Then we get the following equations

YiYe + Y F e+ 1+ 5 =0

Yaya + Y3 + yays + Yo + s = 0,

from which we have the following type I integral equations.

Y2+ ysys + Yo + Y5+ 2 =0

Y2 + yryo + Yrya + Y7 + Yoys = 0.

Now take ¢ = 3, and m = 2, and with respect to the pole orders, define

Y1:=To, Y3 =21, Yo' = Ta, Y21 := y3(3/3 +1), yos:= y1(y§ + 1)(93 +1)

Then we get the following equations

Yiys + s +yiys + i+ 2y =0

Ysys + U5 + Ysys + Y3 + 2yg = 0

from which we have the following type I integral equations.

Yo, + y2ys + 2unys + ya1 + 2ys +y5 + 2y8 = 0

Yas + YasYsy + YasY21Ys + YasYo + 2Y2sYa + Yas + 22y = 0

Now take ¢ = 3, and m = 3, and with respect to the pole orders, define
Y1 =Ty, Y3:=T1, Yo i=T2, Yor i =1T3, Y3 = yg(y§7 +1),

yrs = ys(vs + 1) (va; + 1), yro :=v1(v5 + 1)(vs + 1)(y3; + 1)
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Then we get the following equations

Yiys +yt s +u 205 =0
Ysys + U3 + ysys + y3 + 2y = 0

YaYsr + Yo + Yoysr + Yo + 2y5; = 0, (8.18)

from which we have the following type I integral equations.

Yos + Yo3Yar + 2Yealar + Yoz + 2Yar + Yar + 2yar =0
3 2 3 4 2 6 _
Yrs + YrsYss t YrsYesYar + YrsYar + 2Y7sYar + yrs + 2ye3Yar = 0
3 2 3 2 3 4
Yrg T Yr9Y7s + 2Y79Y75Y63 + YroYr5Yar + Yr9Yss + Yr9Ye3Yar + YroYar

+2yr9Yar + Y19 + 2Y7sYes + 2YrsYesyor + 2yrsysy = 0

8.1.3 Example 3

Consider the tower

y—1 29-1
> = (8.19)

See [16], page 61, for more about this tower. We can write the divisors for the first level of

the tower with ¢ = 2 as follows

le(y) = —2P1 +2P2 + OP3 + 0P4
le(y - 1) = —2P1 —H)PQ + 1P3 + 1P4
le(CL’) = 1P1 —|—1P2 + —2P3 + 0P4

div(z —1) =0P; 40P, + —2P; + 2P,
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For ¢ = 3, and considering the first level of the tower, we get

le(y — 1) = —3P1 +2P2 + OP3 + 1P4
le(l’) = 2P1 + — 3P2 + 1P3 + OP4

div(z —1) =0P; +—3Py+0P;3+ 3P,

In general for the first level and any ¢, we can write

IS ST R 1

divy) = —q¢ q 0 0
div(y-1) = —¢ 0 1 g-—1
div(x) = ¢g—1 1 0 —gq
div(x-1) = 0 0 ¢ —q

In general for the second level and any ¢, we can write

Py Py Pj Py Ps
div(zy) = —¢ ¢ 0 0 0
div(ze —1) =  —¢ 0 1 q¢g—1) ¢
div(z) = ql¢=1) ¢ 0 —¢ 0
div(z; — 1) = 0 0 ¢ - q(g—1)
div(zg) = ¢—1 1 0 g(¢g—1) —¢
div(zg — 1) = 0 0 ¢ 0 —q
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We now generalize the above for any level, n, of the tower and any g¢.

Py Py Py Py . P, Pnia Ppia Pois
(zn) = " —q" 0 0 0 0 0 0
(zn — 1) = 0 -q" " "Ha—1) ¢""Hg—-1) ... a*(q—1) q(q—1) (g—1) 1
(T(n—1)) = q¢"71 g lg-1) —q" 0 0 0 0 0
(@(n—1)—1) = 0 0 —q" a""Mg—-1) ... a®(g—1) a*(g—1) a(g—1) q
(T(n—2)) = ¢"2 " %q-1) ¢""Hg-1) —-q" N 0 0 0 0
(Z(n—2)y—1) = 0 0 0 —q" .- a*(g—1) a*(g—1) a*(g—1) a®
(z2) = a* a?(g—1) a*(g—1) a*(qg—1) —q" 0 0 0

(zg — 1) = 0 0 0 0 o —q" " Ma—-1) ¢" (-1 ¢"?
(1) = q q(q — 1) a*(g—1) (g —1) A ) —q" 0 0

(z1 — 1) = 0 0 0 0 . 0 —q" " Yg—-1) ¢!
(z0) = 1 (@—1) a(g—1) ?@—-1) ... ¢""*(q-1) " a-1) —q" 0
(wg — 1) = 0 0 0 0 0 0 —q" q"

The following change of variables

m—1

Togm —(g—1)qti-D = Ti(Tm — 1)? H (x;—1), 1 <i<m. (8.20)
j=i+1

puts equation ( 8.19) into type I form.

For example take ¢ = 2, and m = 2, and with respect to the pole orders, define
ya=x0+1, ys =z +1)%,  y7 = za(x1 + 1) (w0 + 1)°
Then we have the following from ( 8.19)

Yo +YsYs+Ys +Ys +y; =0

Y3Ys + Y3y + YrYels + YeUs + YeYs + Yeys + s +yi =0

From which we have the following type I integral equations.

Y2+ ysys + Yo + Y5+ i =0

Y2+ yrye + Yrya + Y7 + ysys = 0
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Take ¢ = 2, and m = 3, and with respect to the pole orders, define

yg = To+1, yi2:= $1($0+1)27 Y14 1= $2($1+1)(360+1)2, Y15 1= $3($2+1)($1+1)($0+1)2-

Then we have the following from ( 8.19)

Yo + Y12Ys + Y12 + Ys + yz = 0
Yiiyi2 T Yi4Ys + Y1ayiays + Yi2Ys + Y12¥s + yioys + Y8 +ys =0
yfsym + yf5y12 + ?Jf5y§ + Yisy14Y12 + y15y14y§ + y14y12y§ + Y1aY12Ys + Y14Y12

+y14y§ + y14y§ + y14y§ + y1zy§ + ?Juyg + y1zy§ + yé‘ + yg =0

from which we get the following type I integral equations.

Yty + Y12ys + Y12 + yg’ + y§ =0
yﬁ + Y14Y12 + Y14Ys + Y14 + leCUS =0

935 + Y15Y14 + Y15Y12 + Y15Ys + Y15 + Y1aY12 + yl4y§ =0

Take ¢ = 3, and m = 2, and with respect to the pole orders, define

Yo =20 — 1, Y12 = 21(20 — 1)27 Y16 1= Ta(x1 — 1) (2o — 1)2‘

Then we have the following from ( 8.19)

Y2y + 2u1092 4 241990 + Y +ye = 0

2y35y12 + YisYs + YicY12Ys + 25Ys + Y12y5 = 0,
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from which we get the following type I integral equations.

Yis + 2y12Y5 + 21299 + Yo + yg = 0

Yis + Y16Yia + Yieyi2ys + 2Y16Ys + 2Y16Yo + 2U1s + Yiols + YiaYs + 2y12ys = 0.

Take ¢ = 3, and m = 3, and with respect to the pole orders, define

Yor = xo—1, Y36 := ﬁl(l‘o—l)z, Yag = Iz(xl—l)@o—l)Qa Ys2 1= $3<$2—1)(x1—1)<x0—1)2'

Then we have the following from ( 8.19)

Yas + 2u36Ya7 + 2ys6Yar + Yar + Yar =0
2928936 + yi’sy; + y48936y§7 + 29:%6937 + 936937 =0

3 93 3.2 9 2 9 2 9 4 2 2
Ysolas + 2Ys0Ys6 T YsalYar T 2Ys2Ya8Yze + 2Ys52Y48Y36Yar + 2Y52Ya8Yar t YigYse

+YisY36Yar + YisYar + 2YaslseYar + 2UasyseYar + Yasyor + Yaglayr + YasYay = 0

from which we get the following type I integral equations.

Yas + 2UseYar + 2yseYar + Yar + Yoy = 0

3 2 2 2 4 2 2 2 3 _
Yug + YasY3g + Yasgy3eYar + 2YasYar + 2YagY2r + 2Y36 + YsYar + YszgY2r + 2Ys6Yar = 0
sy + Ysalis + UsalasUss + 2Usalaslar + Ysalas + YsalseUar + Ysalr + 2Usalor + 2Yaslag

+3/48y92,6 + 2y483/36y§7 + Ya8Y36Y27 t+ 2y48y§7 =0

8.1.4 Example 4

Consider the tower

(-2, -1)=1 (j=1,....,n—2), (8.21)

J J
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where

l’]+3
ZL’j—l

(8.22)

Zj =

See N.D.Elkies [25], page 4, for more about this tower. From the above two equations we

get that
8(25 — )(wjsr +1) — (xj11 — 1) =0 (j=1,...,n—2). (8.23)
We can write the divisors for the first level of the tower over any field of positive characteristic

q > 0 as follows;
P P P P

div(ze—1) = =2 0 1 1
divizg+1) = =2 2 0 0
div(z; —1) = -1 -1 2 0
div(zy+1) = -1 -1 0 2
For the second level the divisors are
div(zz—1) = -4 0 2 1 1
div(zz+1) = -4 4 0 00
div(zy—1) = =2 =2 0 2 2
div(zo+1) = -2 =2 4 0 0
div(z; —1) = -1 =1 =2 4 0
div(z;+1) = -1 =2 -1 0 4
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We now generalize the above for any level, n, of the tower.

P P, Ps P, ... P, P, Py Pu,s
(Tpy1—1) = =27 0 o=l on=2 0 4 2 1 1
(Tnp1+1) = —27 2" 0 0 ... 0 0 0 0
(v, —1) = —-2n=t —on=l ¢ on7L = g 4 2 2
(xp+1) = -2 —on71  on 0 ... 0 0 0 0
(Tp_1-1) = —202 —2n=2 _on=l o .. 16 8 4 4
(Tp_1+1) = —2n72 —on=2 _on=l on 0 0 0
(z3—1) = —4 —4 -8 —16 2" 0 0 0
(r3+1) = —4 —4 -8 —16 ... 0 gn—1l  gn-2  gn-2
(rg—1) = -2 -2 -4 -8 ... —2n7l om 0 0
(ra+1) = -2 -2 -4 -8 ... -2t o onl onol
(r1—-1) = -1 -1 -2 -4 ... —2n72 _on-l gnm 0
(r1+1) = —1 -1 -2 -4 2n=2 _on-l 2n

The following change of variables

m—1
Tagniym a0 = (Tmar +1) [[ (7 +1), 1<i <m, (8.24)
Jj=t

puts equation ( 8.23) into type I form. Let GF[3] represent the finite field of characteristic
3.

Take m = 2, and with respect to the pole orders, define

yo = a3+ 1, ysi=aa+ (e + 1), yri= (v 4+ 1)(ve +1)(w3 +1).
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From equation ( 8.23) we have the following type I integral equations.

Yo+ veya +yi +2y5 +ya =0

Y2 + yrye + 206y + Yeya + 296 + 205 + 2 + 2y, = 0

Take m = 3, and with respect to the pole orders, define yg := x4+ 1, y12 := (x3+ 1)(xg +
1), yia:= (22 + 1)(xs + 1)(zs + 1),
Y15 = (1 + 1)(29 + 1)(23 + 1)(z4 + 1). From equation ( 8.23) we have the following type I

integral equations.

Yty + y12ys + ys + 205 +ys =0
Yia + Y1ayia + 2y10Y3 + Yi2ys + 2y12 + 298 +y3 +2ys =0

Y2 + Y15y + 2y1ayio + Y1ayz + Yiays + Yia + Yioys + 2y10Ys + y1o + ys + 202 +ys = 0
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