MixED GROUPS WITH DECOMPOSITION BASES AND GLOBAL k-GROUPS

Except where reference is made to the work of others, the work described in this thesis
is my own or was done in collaboration with my advisory committee. This thesis does
not include proprietary or classified information.

Chad Mathews

Certificate of Approval:

Overtoun Jenda
Professor
Mathematics and Statistics

H. Pat Goeters
Professor
Mathematics and Statistics

William Ullery, Chair
Professor
Mathematics and Statistics

Peter Nylen
Professor
Mathematics and Statistics

Stephen L. McFarland
Dean
Graduate School



MixED GROUPS WITH DECOMPOSITION BASES AND GLOBAL k-GROUPS

Chad Mathews

A Thesis
Submitted to
the Graduate Faculty of
Auburn University
in Partial Fulfillment of the
Requirements for the
Degree of

Master of Science

Auburn, Alabama
August 7, 2006



MixED GROUPS WITH DECOMPOSITION BASES AND GLOBAL k-GROUPS

Chad Mathews

Permission is granted to Auburn University to make copies of this thesis at its
discretion, upon the request of individuals or institutions and at their expense.
The author reserves all publication rights.

Signature of Author

Date of Graduation

iii



VIiTA

Michael Chad Mathews, son of Michael Brett and Tammy Elaine Mathews, was
born on October 27, 1981 in LaGrange, Georgia. He is a 2000 graduate of Heard County
Comprehensive High School in Franklin, Georgia. In the fall of that year, he entered the
University of West Georgia and received the degree of Bachelor of Science in Mathematics
on May 6, 2004. In August of 2004, he began his graduate study in the Department of

Mathematics and Statistics at Auburn University.

iv



THESIS ABSTRACT

MixED GROUPS WITH DECOMPOSITION BASES AND GLOBAL k-GROUPS

Chad Mathews

Master of Science, August 7, 2006
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38 Typed Pages

Directed by William Ullery

This thesis is devoted to proving assertions made without proof by Paul Hill and
Charles Megibben in their fundamental papers regarding knice subgroups and the Ax-
iom 3 characterization of global Warfield groups. The main theme throughout is the
relationship between the notions of a global k-group and a group with a decomposition
basis. Most of our results involve properties of the auxiliary notions of primitive element

and *-valuated coproduct in both the mixed and torsion free settings.
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CHAPTER 1

INTRODUCTION

Throughout this thesis, G will always denote an additively written abelian group
and we shall only consider such groups. We do not exclude the possibility that G is a
nonsplit mixed group. By this we mean that G may contain elements of both finite and
infinite order and the torsion subgroup of GG is not necessarily a summand.

Our main goal in this thesis is to provide the justification for many of the basic
facts that were stated by P. Hill and C. Megibben in [7, 8] without proof. Indeed, unless
explicitly stated to the contrary, most of our results appear there.

We conclude this brief introduction with an outline of the remainder of the paper.
In chapter two, we state the definitions and provide the notation that will be used
throughout. Chapter three consists of various properties of decomposition bases leading
up to the proof that a group with a decomposition basis is a k-group. In chapter four,
we discuss torsion free groups with decomposition bases and we show that a torsion free
group is completely decomposable if and only if it has a decomposition basis. In chapter
five, we show that every torsion free separable group is a k-group, and we use this fact

to provide an example of a k-group without a decomposition basis.



CHAPTER 2

PRELIMINARIES

This chapter is devoted to providing some basic results needed for the remaining
chapters. The terminology and notation used here is due to Hill and Megibben [7, 8].

Let O denote the class of ordinals with the symbol oo adjoined as a maximal
element with the convention that o < oo for all & € Ou. If 2 € G, we write |z|, for the
height of z in G at the prime p. So |z|, = a if x € p*G and = ¢ p*T'G, while |z], = o
if x € p®G for all a € Oy. If P is the set of rational primes, a height matriz is a doubly
infinite P x wg matrix M = [m,, ;] where my,; € Ox and my,; < mp 41 for all p € P and
i < wp. By a height sequence, we mean any sequence @ = {«; }i<w, Where o € Oy and
a; < o for all i < wy. Thus the p-row M, = {my;}icw, of a height matrix M is a
height sequence. We shall write ||z|| for the height matrix of z in G; that is, ||z| is the
doubly infinite matrix indexed by P x wo and having |p‘z|, as its (p,i) entry. Similarly,
||z||, will denote the height sequence of x at p. We shall sometimes affix a superscript
to p-heights and height matrices in order to emphasize the group in which the heights
are computed.

For two height matrices M and N, we write N < M if n,; < m,; for all primes p
and i < wg. We define the product kM of the positive integer k and the height matrix
M = [my,] to be the height matrix having as its (p, i) entry my,j4; where j = |k|%. We

say that M and N are quasi-equivalent and write M ~ N if there are positive integers



k,l such that N < kM and M < IN. Notice that M ~ N implies that M, = N, for all

primes ¢ for which ¢tk and ¢ 1.

Lemma 2.1. For all x € G and positive integers k, ||kz| = k||x||.

Proof. We claim that ||p™z| = p"||z|| for all primes p and positive integers n. Indeed,

n+1 n—1

"zl = {[p"x|p, |P" " 2lp, ...} = " {|2|p, [P|p, - - -, [P 2]p, [P"T|p, .. .}

=p"zllp = @"[l=)p,

and if ¢ is a prime different from p, ||p"z||, = ||z|lq = "z |4-

Now if & = 1, the result is clear. So suppose k > 1 where k = p{'py?---p;'~ for
distinct primes p; and positive integers n; with i € {1,2,...,7}. We proceed by induction

on r. If r =1, then we are done by what we have shown above. So suppose r > 1. By

the induction hypothesis,

py? - - prrz| = py? - prr ||z

Then again making use of the preceding paragraph, we have

[kz]| = py*llpe® - pirall = py* (P2 -+ Pl = K] B

With each height matrix M and group G, we associate the fully invariant subgroups

GM) ={x € G : |z| > M} and GIM*) = (x € G(M) : ||z| =~ M). (We make



the exception that if M ~ 33, where oG is the height matrix with all entries co, then
G(M*) = tG N G(M). Here tG denotes the torsion subgroup of G.) For each prime
p and each height sequence @ = {;}icw,, we define G(@*,p) to be the subgroup of G
generated by those elements z € G such that |piz|, > «; for all i but |p'z|, # «a; for
infinitely many 4. Finally, we define the fully invariant subgroup G(M*,p) as G(M*,p) =
G(M) N (G(M*) + G(M,;,p)).

Observe that if x is a generator of G(M*) (in the case M ~ 30) or of G(a@*,p), then
so is mx for every nonzero integer m. Thus, for example, if y € G(M*) and M ~ 30,

y=x1+x2+ -+ x, with ||z;]] > M and ||z;|| » M for all i.

Proposition 2.2. The following results hold for all height matrices M, positive integers

k, and primes p.
(1) G(kM) = kG (M)
(2) G((kM)*) = kG(M™)
(3) G((kMy)*,p) = kG(My, p)
(4) G((kM)*,p) = kG(M*,p)

Proof. (1) First observe that for a given prime p and group G, we have that

G2O2pGDp’GD---Dp°GD---

That is, p®G D p*T1G for every ordinal a. Since G is a set, there is a smallest ordinal

X such that p*G = p*1G. Now, if z € G, |z|, = oo means that x € p®G for all a > .

4



So if r is a positive integer and if |z|, = oo, then
re p)\+rG _ pr(p)\G)

which implies that there is a y € p*G such that p"y = 2. In particular, |y|, = co.

We claim that G(p"M) C p"G(M) for all primes p and positive integers r. We
proceed by induction on r. For the case where r = 1, if x € G(pM), then = = py
with |y|, > mypo and |ly|lq = ||pz||; for all primes ¢ # p. But then [Jy|| > M so that

x € pG(M). To finish the claim, note that
G(p'M) = G(p(p'"'M)) € pG(p' ™' M).

Then by induction, we have that pG(p"~1M) C p"G(M). Hence, G(p"M) C p"G(M) as
claimed.
Now, if k = py*p5? - - - pi» where p; is a distinct prime and r; is a positive integer for

each i, then our argument above yields
G(kM) = G(p;* (k/p;")M) C p;*G((k/p;")M) C p;*G(M).

Therefore,

G(kM) € ﬂp?G(M) = (HPT)G(M) = kG(M).



Finally, if € kG(M), then x = ky for some y € G(M). But then Lemma 2.1 gives

2]l = [lkyll = kllyll = kM.

That is, x € G(kM).
(2) We need to separately consider the cases where M ~ 50 and M ~ 0.
Case 1. Suppose M ~ 30. Then, by definition, k(G(M*)) = k(G(M) NtG). Observe

that kM ~ 50 and so

G((kM)*) = G(kM) NtG = kG(M) NtG.

Now the fact that k(G(M) NtG) C kG(M) NtG is clear. So suppose x € kG(M) NtG.

Then x = ky for some y € G(M) and nx = 0 for some positive integer n. But then

nky =nx =0

which implies that y € G(M) NtG. Thus, x € k(G(M) NtG).

Case 2. Suppose M ~ 0. If z € G((kM)*), then

r=a1+ax+---+ay

where a; € G(kM) and ||a;|| = kM for i = 1,2,...,n. Then a; € kG(M) and a; = kb;

where b; € G(M) and [|b;]| = M. So b; € G(M*) which implies that a; € kG(M*).



Hence, G((kM)*) C EG(M™*). On the other hand, if x € kG(M*), then x = ky for some
y e G(M*). So

y=br+ba+--+0by

where b; € G(M) and ||b;|| » M. But then

x =kby + kby +---+ kb,

with kb; € G(kM) and || kb;|| = kM. Therefore, kb; € G((kM)*) and z € G((kM)*).

(3) Let x € kG(M,,p). Then z = ky where y € G(M,;, p). That is,

y=ai+as+-+a

where for j = 1,2,...,7, |lajll, > M, and |p'a;|, # my, for infinitely many i < wo.
Then,

z =kay + kas + --- + ka,

where for j = 1,2,...,r, |ka;|, = klla;ll, > kM, and |p'ka;|, # myp+e for infinitely
many i < wy with e = |k[5. Hence, ka; € G((kM,)*,p) for each j, which gives that
2 € G((KM,)",p).

For the reverse inclusion, let p¢ be the largest power of p that divides k. That is, e is
again equal to |k:\%. Observe that it is enough to show that G((p°M,)*, p) C p°G(M,, p).

Let = be a generator of G((p®M,)*,p). Then |z, > p°M, and |p'z|, # my it for



infinitely many 7 < wg. So we have that \pi:v]p > My ite > @ + e for all . It then follows
that

zep TG =p(p'G)

and & = p°y for some y € p'G. But then ||y||, > M, and |p'y|, # m,; for infinitely many
i. Thus, x € p°G(M,, p).

(4) Let z € G((kM)*,p). Then = = aj + az where

a1 € G((EM)*) = kG(M*)

and

az € G((kMp)*,p) N G(EM) = k(G(M,,p) N G(M)).

So a1 = kb where by € G(M*) and az = kby where by € G(M,;,p) N G(M). But then

x = kb + kby = k(bl + bQ)

where b1 + by € G(M*) + (G(M,;,p) N G(M)). Hence, v € kG(M*,p). Similarly, if
x € kG(M*,p), then z = ky where y € G(M*,p). So y = a1 + az where a1 € G(M™*)
and az € G(My,p) N G(M). Then x = kai + kaz where kay € G((kM)*) and kaz €

G((kMy)*,p) NG(kM). Thus, x € G((kM)*, p). O



Definition 2.3. Call an element x € G primitive if for each height matrix M, prime p
and positive integer n, nz € G(M*, p) implies that either ||z|| = M or |p'nz|, # m,; for

infinitely many 7 < wy.

If {A;}ier is a family of independent subgroups of the group G, then the direct sum
A = @, Ai is said to be a valuated coproduct in G provided that if a = ), ; a; with
a; € Aj, then |al, = A;crlail, = min{|ai|p}ier for all primes p. This concept can be

equivalently written as AN G(M) = @,.;(A; N G(M)) for all height matrices M.

Definition 2.4. Given a family of independent subgroups {4, };cs of the group G, we say

that the direct sum A = @, ; A; is a *-valuated coproduct in G if ANF = @, ;(AiNF)

i€l
for each fully invariant subgroup F' of the form G(M), G(M*), G(M;,p) or G(M*,p).

We call a group G simply presented if it can be presented by generators and relations
where each relation is of the form max = y or mz = 0 with m a positive integer. By
a global Warfield group, we mean a direct summand of a simply presented group. In
the mixed setting, it is well known that a summand of a simply presented group is not
necessarily simply presented.

A collection C of subgroups of G is called an Axziom 3 system if it satisfies the

following conditions.
(0) 0 eC.

(1) If {Nl‘}ie[ C C, then Zie[ N; €C.



(2) For each N € C and countable subgroup A of G, there exists M € C such that

N+ AC M and M/N is countable.

Furthermore, we say that G satisfies Griffith’s version of Axiom 3 if there exists a
collection C of subgroups of G satisfying conditions (0) and (2) above with (1) replaced
by the statement that C is closed under unions of ascending chains.

A subgroup N of G is a nice subgroup if for each prime p and ordinal «, the cokernel

of the inclusion map (p*G + N)/N — p*(G/N) contains no element of order p.

Definition 2.5. A subgroup N of G is a knice subgroup if the following conditions are

satisfied.
(1) N is nice in G.

(2) To each finite subset S of G, there corresponds a (possibly empty) finite set of
primitive elements {x1,x2,...,Zy} such that N @ (x1) ® (z2) © -+ @ (z),) is a

«-valuated coproduct that contains some positive multiple of (S).

A subset X of independent elements in a group G is said to be a decomposition basis
if each z € X has infinite order, G//(X) is a torsion group, and (X) = @, x(z) is a
valuated coproduct in G.

The importance of the notions defined above is revealed by the following theorem.

Theorem 2.6 (Hill and Megibben [8]). For an arbitrary group G, the following condi-

tions are equivalent.

(i) G satisfies Axiom 3 with respect to knice subgroups.

10



(ii) G satisfies Griffith’s version of Aziom 3 with respect to knice subgroups.

(iii) G is the union of a smooth chain (Gqa)a<r of nice subgroups such that Go = 0 and,
for each a, either Go+1/Gq is cyclic of prime order or else Goy1 = Go @ (x4) 8

a valuated coproduct in G with xo an element of infinite order.

(iv) G is a direct summand of a simply presented group, and hence a global Warfield

group.

(v) G has a decomposition basis and satisfies Aziom 3 with respect to nice subgroups.

We call a group G a (global) k-group if the trivial subgroup 0 is a knice subgroup.
Since 0 is a nice subgroup of every group G, GG is a k-group if and only if to each finite
subset S of G, there corresponds a (possibly empty) finite set of primitive elements
{z1,22,...,2,} such that (z1) ® (x2) ®- - & (z,) is a *-valuated coproduct that contains
some positive multiple of (S). Notice that it is immediate that every torsion group is a
k-group. Also, by Theorem 2.6, every global Warfield group G satisfies Axiom 3 with

respect to knice subgroups, and hence is a k-group.

11



CHAPTER 3

MiXxED GROUPS WITH DECOMPOSITION BASES

In this chapter we show that a mixed group G with a decomposition basis X is a

k-group (Theorem 3.5).
Proposition 3.1. If G has a decomposition basis X, then each element of X is primitive.

Proof. Suppose that x € X and that nx € G(M*, p) for some positive integer n, height
matrix M and prime p. Assuming that ||z|| ~ M, we need to show that |p‘nz|, # my;
for infinitely many i < wp. Because G(M*,p) = G(M) N (G(M*) + G(M,,p)), we can
write

nr=ay+ag+---+a+by+by+---+bs

where, for [ =1,2,...,r, a; € G(M) with ||a|| » M and, for j =1,2,...,s, ||bj||, > M,
with [p'b;|, # my,; for infinitely many 1.

Select a positive integer k so that all ka; and kbj are in (X). Then, forl =1,2,...,r,

ka; = cix + cppzy + - +

and, for j =1,2,...,s,

]{ij = djl’ + dj71931 + -+ dj,tl't

12



where x,21,...,2; are distinct elements of X and, for all [ and j, ¢, ¢4, ..

dj,dj1,...,d;j; are contained in Z. Since z has infinite order and z,z1,..

independent elements of G,
knx = kai + kag + - - - + ka, + kby + kby + - - - + kb,

implies that
' S
Z c+ Z d; = kn.
=1 j=1

In particular, there is at least one ¢; or d; that is not 0.

We claim that ¢; = 0 for all [. Indeed, if ¢; # 0 for some [, then

ka; = cpx + e + - ey

., ¢y and

., Ty are Z-

and the fact that (z) @ (x1) ®- - - @ (x;) is a valuated coproduct imply that ||ka;|| < ||c;z]|.

Recall that we are operating under the assumption that ||z|| ~ M. So, if we select a

positive integer m such that ||z| < mM, then

laall < [lkarl| < llez|| = (el < (alm)M

with |¢;m > 0. Moreover, we know that M < ||a;|| and we obtain the contradiction that

|la;|| ~ M. Therefore, ¢; = 0 for all [, as claimed.

13



We now know that > ;_; ¢; = 0 and can conclude from condition (f) that

Let p® be the largest power of p that divides kn. Then, there is some d; that is not
divisible by p¢*!. After reindexing if necessary, we may assume that d; is not divisible

e+1

by p®T". Since

piknby = dip'nx + d1,1pin$1 +-+ dup"nxt

for all i < wp, and since (z) ® (z1) @ -+ @ (x¢) is a valuated coproduct, we have that

|pe+ib1‘p = ‘pik“bl ’p < |d1pina:|p < |pe+in$’p-

Because [p®*iby|, > mypeyqi for all 4, and |p“Tby|, # myp et for infinitely many values
of i, we conclude that [p*Tnz|, # myey; for infinitely many values of i. Therefore,

Ip‘nz|, # m,; for infinitely many i, and the proof is complete. O
Lemma 3.2. tGNG(M) C G(M*) for every height matriz M.

Proof. We may assume that M ~ 0, since otherwise tGNG(M) = G(M™*) by definition.
Now, if x € tGNG(M), then = € G(M) and there is a positive integer n such that nz = 0.

Note that ||z|| = M. Indeed, if it were the case that x| ~ M, we obtain

50 = [[0]] = [lnz|[ ~ |lz|| ~ M,

14



contrary to the assumption that M ~ 5. So, we have that € G(M) and ||z|| ~ M.

Consequently, € G(M*). O

Lemma 3.3. If x € G(M) for some height matriz M and if n is a positive integer, then

the following conditions are satisfied.
(a) If nx € nG(M*,p) for some prime p, then x € G(M*,p).
(b) If nx € nG(M*), then x € G(M™*).

Proof. To prove part (a), we have by hypothesis that nx = ny for some y € G(M*,p).
Since both z and y are in G(M), x —y € G(M). Moreover, z —y € tG because

n(x —y) = 0. Therefore, by Lemma 3.2, z —y € G(M*). Then,

zey+G(MY) CG(M”,p)

because y € G(M*,p) and G(M*) C G(M*,p). The proof of part (b) is similar. For

again we have that z —y € G(M™*). But then

z €y + G(M*) C G(M*)

since y € G(M™). O

Proposition 3.4. If G has a decomposition basis X, then @ cx(z) is a *-valuated

coproduct.

15



Proof. Suppose that y € @, x(r) and write

Y =121 + Caxo + - - + T,

where x1,x2,...,7; are distinct elements of X, and ¢; € Z for j = 1,2,...,t. We need
to show that if y € F', where F' is one of the fully invariant subgroups of the form G(M),
G(M*), G(M,,p) or G(M*,p), then each c;z; is in the same F'. We consider, in turn,
each of the four natural cases.

Case 1. F = G(M). This case is clear since, by definition, @, x(z) is a valuated
coproduct.

Case 2. F = G(M*). If M ~ 0, then y € G(M*) implies that y € tG. Then y = 0
since each nonzero element of @, .y (z) has infinite order. It then follows that each

cjrj =0 € G(M*). Therefore, we may assume that M ~ 56 and write

y=a1+az+---+ar

where for i = 1,2,...,r, ||a;|| > M and ||a;|]| » M. Now select a positive integer k so

that ka; € (X) for all i. Thus, for each ¢ we have

ka; = diyxy + digxs + -+ digre + dj 21 + -+ df oz,

16



where x1, xo, ..., x; are as above, x1,x2,...,T¢, 21, ..., 25 are distinct elements of X, and
all d;; and d;; are in Z (for j = 1,2,...,t and [ = 1,2,...,s). Note that the inequalities
EM < ||kai|| < ||d;jx;|| imply that, for all ¢ and j, d; jo; € G(kM) and ||d; jx;|| ~ kM.

Thus, each d; jx; is in G((kM)*) = kG(M*). Therefore, since ||c;z;|| > |ly|| > M and
k’Cj.I‘j = Zdi,jxj S k‘G(M*),

i=1

Lemma 3.3(b) implies that cjz; € G(M™) for all j.

Case 3. F' = G(M,,p). In this case we have that
y=ai+az+--+ar

where for i = 1,2,...,7, ||aill, > M, and |p®a;|, # mp. for infinitely many e < wy.

Select a positive integer k such that ka; € (X) for all . We then have
ka; = d; 121 + diowo + - - -+ di gy + d2712’1 + -+ dgvszs,
where the notation is the same as that in Case 2. For a given j, observe that
T
> dij = ke (1)
i=1

Now temporarily fix j, and after reindexing if necessary, we may assume that j = 1.

Thus, the proof in this case will be complete once we have shown that ciz; € G (MI’,k , D).

17



Let p/ be the largest power of p that divides kc;. Then condition (f1) implies that

pf 1 does not divide d; 1 for some 7. For such an i,

‘prreai’p = |p°keraily < [perdiixi|p < !PHeClZCﬂp

for all e < wp. From this we conclude that |[p°ciz1]|, # mp. for infinitely many e.
Moreover, |lc1z1ll, > [|lyll, > M,. Hence, civ1 € G(M,),p).

Case 4. F = G(M*,p). In this case we have that y = a; + ag where a1 € G(M*) and
ag € G(M,,p) NG(M). Select a positive integer k such that ka; € (X) for i = 1,2. We
then have

ka; = d; 121 + dijpxo + - - -+ di g + d;7121 +-- 4+ d;,sz&

where the notation is the same as that in Cases 2 and 3. For i = 1, Case 2 says that
each dy jz; € G((kM)*). While for i = 2, Case 3 implies that each dg jz; € G((kM),, p).
Further observe that c;z; € G(M) for all j because ||c;z;|| > |ly|| > M. Thus, for

j=1,2,....1,

kcjxj = dy jx; +dojx; € GkM)N(G((kM)*) + G((kM);,p))

=G((kM)*,p) = kG(M",p).

Therefore, Lemma 3.3(a) shows that c;z; € G(M*,p) for all j. O

Theorem 3.5. If G has a decomposition basis X, then G is a k-group.

18



Proof. We first note the fact that 0 is always a nice subgroup. Now, if S is a finite subset
of G, there is a positive integer k such that ks € @, x(z). Then k(S) C @, x(x). So

for all s € S, we have that

ks € (x1) ® (z2) ® - & (Tm)

for some distinct x1,z9,. ..,z € X. Then, by Propositions 3.1 and 3.4,

k(S) C (21) @ (22) D -~ © ()

where the coproduct is a *-valuated coproduct with each x; primitive. O

19



CHAPTER 4

TORSION FREE GROUPS WITH DECOMPOSITION BASES

In this chapter we show that a torsion free group has a decomposition basis if and
only if it is completely decomposable (Theorem 4.3). We also show that a k-group of
finite torsion free rank has a decomposition basis (Theorem 4.5). As a result, we are
able to give an example of a torsion free group that is not a k-group.

A torsion free group G is of rank 1 if G is isomorphic to an additive subgroup of
Q and has the property that if x,y € G are nonzero, then mxz = ny for some nonzero

m,n € 7.

Definition 4.1. A torsion free group G is said to be completely decomposable if it is a

direct sum of rank 1 subgroups.

Lemma 4.2. If A is a subgroup of a group G and if p and q are relatively prime integers,

then pANqA = (pq)A.

Proof. Clearly (pg)A C pA N qA. For the reverse inclusion, suppose that x € pA N gA.
Then, x = pa; = qas where aj,as € A. Since (p,q) = 1, rp + sq = 1 for some r,s € Z,

which implies that

a1 = rpaj + sqa; = rqaz + sqa; = q(ras + sai) € qA.
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But then,

r = pay € p(qA) = (pg)A. O

If N is a subgroup of a torsion free group G, define N, = {x € G : nz € N for some
nonzero integer n}. Observe that N, is a pure subgroup of G and is the smallest pure

subgroup of G that contains N.

Theorem 4.3. A torsion free group G has a decomposition basis X if and only if G is

completely decomposable.

Proof. Suppose that G is a torsion free abelian group and that X is a decomposition
basis for G. Observe that each (z), with x € X has rank 1. For, suppose y,z € ().
Then my € (z) and nz € (x) for some nonzero integers m,n. So my = lz and nz = rz

for some nonzero integers [, 7. But then

(rm)y = (rl)z = (In)z.

Next we claim that the sum ) (x). is direct. Indeed, if for some 1 € X and y € G

we have that

yelohn Y (o).

zeX\{z1}
then there are a finite number of distinct elements x9, s, ...,z € X\{x1} such that
y € Zf:2<xz>* Thus,
k
y=a =) a
i=2
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where each a; € (x;).. Now select a positive integer n such that na; € (x;) for all i.

Then, since @, x () is a direct sum,

Since G is torsion free and n # 0, y = 0. We conclude that - v (2)s = @, x ()«
Since each (z). with € X is torsion free of rank 1, this part of the proof will be

complete once we have shown that G = @, x(x).. For a given y € G, the fact that

G/(X) is torsion implies there is a positive integer n, distinct x1,z9,...,2x € X and

c1,C,...,c, € 7 such that

ny = c1x1 + cax2 + - - - + Cp L.

€1,.,€2

Let n = pi'py®---p;* be the prime factorization of n. Since @,y (z) is a valuated

coproduct,

e; < ‘pjjy’pj = |ny’pg‘ < |Cixi‘pj

fori=1,2,...,kand j =1,2,...,t. We then have that
CiTi € p;jG N (x;) C pij N(x)s = p;'-j ()«

Therefore, for each i,
t

cx; € ﬂ pjj ()«
j=1
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so that ¢;z; € n{x;). by repeated applications of Lemma 4.2. Hence,

ny:nal+na2—|—...+nak:n(a1+a2+...+ak)

with a; € (z;), for i =1,2,... k. Since n # 0 and G is torsion free, it follows that

y=ai+a+-+a, € Pl

and we conclude that G = @ x ()«

Conversely, suppose that G is completely decomposable. Say G = @,.; A; where
each A; has rank 1. In each A;, select a nonzero element x;. Now set X = {x;};c;. We
claim that X is a decomposition basis for G. To see that G/(X) is torsion, suppose that

g € G. Then there is a finite subset {i(1),i(2),...,i(n)} C I with

g = ai(1) + i) + 0+ Ai(n)

and a;;) € Ay for j = 1,2,...,n. For each j, there are nonzero integers kj,l; with

7)
kjai(j) = lja:l-(j) which implies that kjai(j) S <X> NOW, let k = lcm{kl, k‘g, ey kn} Then
k has the property that kg € (X) and hence G/(X) is torsion. Finally, since @@,; A; is

a valuated coproduct in G, @, ;(z;) is valuated. O

Definition 4.4. The torsion free rank of a group G is the cardinality of a maximal

Z-independent subset of G consisting only of elements of infinite order.
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Theorem 4.5. If G is a k-group of finite torsion free rank, then G has a decomposition

basis.
Proof. Let {a1,as,...,a;r} be a maximal Z-independent subset of G consisting of ele-
ments of infinite order. Since G is a k-group, there are primitive elements x1, za, ..., x, €

G with N = (21)®(x2)®- - -®(z,,) a *-valuated coproduct such that there is some nonzero
integer m with ma; € N for ¢ = 1,2,..., k. Observe that if g is any element of G, there
is some positive integer | with lg € (a1) ® (az) ® - - ® (ax). Hence, G/N is torsion. We

conclude that {z1,z9,...,z,} is a decomposition basis for G. O

One consequence of Theorem 4.3 and the last result is that any torsion free group of
finite rank cannot be a k-group unless it is completely decomposable. For an example,
let p1,p2, p3 be distinct prime numbers and let

o = ZI1/p1] @ Z[1/p3] ® Z[1/ps]
(1,1, 1)) '

It is known that G is a torsion free group of rank 2 that is not completely decomposable.

For example, see [1]. Hence, G is not a k-group.
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CHAPTER 5

TORSION FREE SEPARABLE GROUPS

In this chapter we show that a torsion free separable group is a k-group (that does

not necessarily have a decomposition basis).

Definition 5.1. A torsion free group G is called separable if every finite subset of G is

contained in a completely decomposable direct summand of G.
Lemma 5.2. If G = A ® B, then for every prime p and ordinal o, p*G = p*A @ p*B.

Proof. Clearly p®A @ p*B C p“G. So it suffices to prove the reverse inclusion. We
proceed by transfinite induction on «. If & = 1, then x € pG gives that x = py for some

y € G. Now write y = a + b where a € A and b € B. Then

x=py=pla+b)=pa+pbec pAdpB CpG.

Therefore, pG = pA ® pB. We finish the proof by considering two cases.

Case 1. a = 3+ 1 for some 3. By induction, p°G = p® A @ p®B. The base case then
provides that p(pG) = p(p®A) @ p(p°®B). That is, p*G = p*A © p°B.

Case 2. o is a limit ordinal. Then p?G = p®A @ pPB for all 8 < a. Now if z € p?G for
each 0 < « (that is, if z € ﬂﬂ@lpﬁG = p®G), then © = ag + bg where ag € pPA and

bgepﬁB. Also, x € A® B and so x = a + b for some a € A and b € B. Then for all 5,
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a+b=ag+ bg implies that

a—aﬂ:bg—bEAﬂBZO.

Therefore, a = ag € pPA and b= bg € pPB for all 3 < . Hence, a € p*A and b € p*B

results in z € p®A & p*B. O
Corollary 5.3. If G = A® B, then A® B is a valuated coproduct.

Proof. If x = a+ b where a € A, b € B and |z|, = a for some prime p and ordinal «,
then

z € p*G=p*A®p*B

by Lemma 5.2. Writing x = a1 + by with a; € p®A, by € p*B we have that |ai|, > «
and |b1], > a. Now if both |ai], > a and |bi|, > «, then a < |(a1 + b1)|p, = |z[p, a

contradiction. We conclude that |a1|, = a or |b1|, = a. Therefore,

|$|p = min{\aﬂp, ‘b1|p} = |al‘p A ‘b1|p' O

Observe that Corollary 5.3 says that if G = A @ B, then G(M) = A(M) & B(M)

for every height matrix M.
Proposition 5.4. If G = A® B, then A® B is a *-valuated coproduct.

Proof. Suppose x € F where F is one of the fully invariant subgroups G(M), G(M™*),

G(M,,p) or G(M*,p). We need to show that z € (AN F) @ (BN F). We consider, in

26



turn, each of the four natural cases.
Case 1. x € G(M). Corollary 5.3 provides that the coproduct is valuated.

Case 2. x € G(M™*). If M ~ &5, then G(M*) = tG(M). So since G(M) = A(M)®B(M)

we have that tG(M) = tA(M) @ tB(M). More precisely,
G(M*) = A(M*) & B(M*) C (AN G(M*)) & (BN G(M*)).

If M = &, then x = x1 + o + -+ - + x, where ||a;|| > M and ||z;]| » M. Also, for
each i, x; = a; + b; where a; € A and b; € B. We claim that ||a;|| »~ M for all i. Indeed,
if ||a;|| ~ M, there are positive integers k,l such that M < klja;|| and ||a;|| < IM. But
then ||z;|| < ||ai|| < 1M and ||x;]| > M. That is, ||z;|| ~ M, a contradiction. Therefore,

llai|| = M, and by symmetry, ||b;|| » M. We now obtain

l‘:i(ai—i-bi) :iai_‘_ibi EA(M*)@B(M*)

i=1 =1 i=1

C(ANGM™) & (BN G(M*)),

as desired.

Case 3. x € G(M,,p). If x € G(M,p), then x = 1 + 22 + -+ + ¥, where each z;

has the property that ||z;]|, > M, but |p'z;|, # my,; for infinitely many i. Now write

xj = aj + bj where a; € A and b; € B. Then

lajllp AMNOjllp = llzjllp, > Mp
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gives that both ||a;||, > M), and ||b;||, > M. Hence, for all i < wy,

P’ ajlp A 1D°bilp = P2,

gives that both |p’a;|, # m,; and |p'b;|, # m,; for infinitely many i. Therefore,

v € A(M;,p) ® B(M;,p) € (ANG(M,p)) @ (BN G(M;,p)).

Case 4. x € G(M*,p). In this case,

G(M",p) = G(M) N (G(M,,,p) + G(M™))
= (A(M) & B(M)) N [(A(My,p) & B(M,,,p)) + (A(M*) & B(M"))]
= (A(M) & B(M)) N [(A(My,p) + A(M")) & (B(M,, p) + B(M"))]
C (A(M) N (A(M,p) + A(M7))) & (B(M) N (B(M,, p) + B(M")))
= A(M",p) & B(M", p)

C(ANG(M*,p))® (BNG(M*,p)). O]

Corollary 5.5. Let G = A® B with A torsion-free of rank 1. If 0 # a € A, then (a)® B

18 *x-valuated and a is primitive in G.

Proof. Observe that {a} is a decomposition basis for A. Then by Proposition 3.2, a

is primitive in A. So if na € G(M*,p), it must be that either M ~ [la|* = ||a|® or
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Mp,i 7 \pina\? = ]pina]]? for infinitely many i. Thus, a is primitive in G. Finally, note

that since A @ B is x-valuated, (a) @ B must be as well. O
Theorem 5.6. If G is a torsion free separable group, then G is a k-group.

Proof. Suppose S = {x1,x2,...,x,}is afinite subset of G. Then S C C where G = C&B
for some B and completely decomposable C' of finite rank. Write C = A1 ®As®--- P A,
where each A; is torsion free of rank 1. For each i, select a nonzero a; € A;. Then there
is a positive integer k such that kz; € (a1) ® (a2) & -+ @ (am). Observe that repeated
applications of Corollary 5.5 then gives that each a; is primitive and that the coproduct

is x-valuated. O

Example 5.7. We claim that G = HNO Z is a k-group that does not have a decom-
position basis. We note that G is indeed a k-group since by Theorem 139 of [4], G is
separable, and by Theorem 5.6, torsion free separable groups are k-groups. Now, if G
had a decomposition basis, it would be a direct sum of rank 1 groups by Theorem 4.3.
Then Proposition 96.2 of [3] (due to Mishina [15]) provides that each rank 1 summand
of G is isomorphic to Z. This would mean that G = []y Z is free, a contradiction in
light of Corollary 52 of [4] which states that [, Z is not free for any cardinal o > .

Hence, G does not have a decomposition basis.

We conclude by noting that Example 3.1 of [6] provides an example of a torsion free

k-group that is not separable.
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