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Abstract

A brief historical account of the development of special atom spaces is presented followed
by the introduction of two new function spaces, Ay(p, @) and By(p, ), which are general-
izations of previous special atom spaces utilizing arbitrary measures rather than Lebesgue
measure of intervals. Known definitions relating to normed vector spaces are extended to
apply to the new function spaces of arbitrary measure. The properties of the new function
spaces are discussed including the relationship between the spaces as well as the relationship
of the spaces with well known function spaces such as Lebesgue spaces, L,, Lip(u, ) and
A, a).

Major results include Hélder-type inequalities for both Ag(u, ) and By(p, o). In the
case of By(u, a), the dual of By(u, ) is determined and a Representation Theorem for the
weighted bounded linear functionals of By(j, o) is presented in detail. However, for A,(u, o)
we mention that the dual follows the same idea of the theorem for By(u, ). That is, that
we only need to estimate [|xal 4, for a p-measurable set A. Indeed we show there is
a positive constant M such that ||yl Apa) = M pu*(A). The duality and representation
theorems for A,(u, ) follow easily. Interpolation of Operators Theorems are presented
on sublinear operators which map B(u, 113) into weak L, and A(y, ]—1)) into weak L, spaces.
Finally, we present the multiplication operator on As(u, o) and By(u, o) for ¢(t) = ¢, and

show under some conditions this operator is bounded on those spaces.

i



Acknowledgments

I have many people to thank for their support and help with this dissertation. The
people listed in the following paragraphs are at the top of a very long list of people who
supported my efforts in some way.

First, I would like to thank God. God has blessed me in more ways than I can list and
I strive to be his servant.

[ am especially thankful for my advisor, Geraldo de Souza. Without his guidance and
understanding I doubt I would have finished my PhD. His sage advice helped me deal with
my absence from high level mathematics for so many years. I am grateful for the work of
Professor Abebe and Professor Govil, the remaining members of my committee. All of my
professors have been understanding in dealing with an Air Force pilot who still wanted to
work on a PhD in mathematics. Thank you to Professor Khodadadi for volunteering to act
as the outside reader for my dissertation.

Eddy Kwessi, Huybrechts Bindele, and Dan Brauss provided useful insight on many
occasions and were good friends during my time at Auburn.

A very special thank you to my parents, Paul and Dolores Alfonso, whom I can never
repay for all of their love and support over the years. Their constant reinforcement of the
importance of an education has driven me to achieve. I would also like to thank my sister
Sheryl, and my brother Dean as well as my extended family who have always supported my
endeavors.

Finally, and most importantly, I am thankful for my lovely wife, Kristal, and our son
Tony. Both have had to endure many nights without me as I struggled with some problem

or issue. Your love, patience, and understanding made this dissertation possible.

il



Table of Contents

Abstract . . . . . . e ii
Acknowledgments . . . . . . .. iii
1 Introduction and Historical Background . . . . . .. ... ... ... ... ... 1
1.1 A Major Question in the 20th Century . . . . . . . .. ... ... ... ... 1
1.2 Special Atom Space . . . . . . . .. 3
1.3 Generalizations of Special Atom Space . . . . .. .. ... ... ... .... 5)
2 Definitions and Comments . . . . . . . . . . ... 8
2.1 Basic Definitions . . . . . ... oo 8
2.2 Definitions of Ag(p, o) and By(p, ) . . . . o oo oo 11
2.3 Functional and Operator type Definitions . . . . . . . . .. .. .. ... ... 12
2.4 Definitions of Lip(u, ), A(u, ), Lorentz spaces and some results . . . . . . 14
3 Properties of Ay(p, ) and By(p, ) . . . oo 17
3.1 Basic Properties . . . . . . . . .. 17
3.2 Completeness and L, Inclusion . . . . ... ... ... ... ... ... ... 22
3.3 Relationships within By(p, o) and Ag(p, ) . . . . oo oo o000 26
4 Major Results . . . . . . . . . 29
4.1 Holder-Type Inequalities . . . . . . . . . . . .. ... ... 29
4.2 Duality and Representation . . . . . . ... ... 0oL 34
4.3 Interpolation of Operators . . . . . . . . . . ... .. ... ... ... ... 38
4.4 Multiplication Operator on L(p,1) . . . . . . .. ... ... .. ... .... 43
5  Comments on the dual of Ag(p, ) . . . . . ..o o 47
5.1 Relationship between Lip(u, ) and A(p, ) . . o oo oo o000 A7
5.2 Closing Arguments . . . . . . . . . .. 48

v



Bibliography . . . . . . .

Appendices . . . ...
A Vector Space proof . . . . . . ..
B Verification of minimum in proof of Theorem 4.4 . . . . . . . . ... ... ...



Chapter 1

Introduction and Historical Background

This dissertation will introduce and explore the properties and applications of two new
function spaces, denoted as Ay(u, @) and By(p, o). This dissertation begins with historical
background motivating these spaces, followed by several definitions which streamline the
introduction of the new function spaces. We will be presenting several theorems regarding
the properties of the new function spaces as well as the relationship with other known

function spaces.

1.1 A Major Question in the 20th Century

In 1923, Frigyes Riesz introduced a new function space he named after G.H. Hardy

following a paper written by Hardy in 1915, see [32],[26]. The space is defined as:

Definition 1.1 (Hardy’s Space H?(D),0 < p < o00) F € HP(D) < F is analytic in the
1

G 1/p
complex unit disc, D and ||F||gr = sup —/ |F(re'?)|Pdo < 00.
0<r<1\ 27T

-
Hardy’s Space, in turn, is related to another function space, namely Lebesgue space which

Riesz had introduced previously in 1910, see [33]. The definition of Lebesgue Space follows:

Definition 1.2 (Lebesgue Spaces [?,0<p< oo ) f € LP[—m,7w| < f is a Lebesque-
measurable function and || f||» = (/

—T

T

1/p
|f(t)|pdu(t)) < 00, where |1 is a measure on

[—m, 7).

Recall that if A = {x € [—m, 7] | f(z) # g(z)} and u(A) =0, then || f||zr = ||g||zr. Although
both the Hardy’s Spaces and Lebesgue Spaces are defined for p > 0, we are only concerned

with the case p > 1.



During the first half of the twentieth century, a well known fact was that for 1 < p < oo,
H?(D) = LP|—m,w]. This follows from the fact that the Hilbert Transform of f, which is

< M||f|l» for 1 < p < 0o, M a constant.

denoted by f, is invariant on L?, and ||f|.»
Thus, since the dual spaces of LP were well known, the dual spaces of H?(D) were known
for 1 < p < oo. However, for p = 1, H'(D) is not equivalent to L'[—7, 7] since we have
functions f in L'[—n, n] such that f does not belong to L'[—,7]. Thus, the dual space of
H'(D) became a major question in harmonic analysis in the middle of the 20th century. The
search for a solution for the dual space of H'(ID) led to several new areas of study, including
the origin of special atom spaces.

Charley Fefferman first solved the question of the dual space of H'(D) in 1971, see [24].
Fefferman solved the problem by using the space of functions of Bounded Mean Oscillation
(BMO), introduced by F. John and L. Nirenberg in 1961, see [28]. Here is the definition of
BMO for reference:

Definition 1.3 (Functions of Bounded Mean Oscillation (BMO))

g € BMO[—m, 7| < g is periodic and ||g||pypo = .supm /|g — gr|dt < o0,

where gy = |]| /

Fefferman demonstrated that BMO was equivalent to the dual of H' (D) with equivalent
norms, see [24]. Following this discovery, in 1974 R.R. Coifman provided a new character-
ization of H'(D), what is now referred to as the “Atomic Decomposition of H'(D).” Coif-
man’s characterization of H'(D) introduced the concept of atoms in his definition of ReH!
which has come to be known as the Space of Atoms. In his paper, Coifman proved that
H'(D) = ReH" with equivalent norms, hence the dual of ReH" is equivalent with BMO,
see [1]. The definition of atom follows along with the definition of ReH!, the Space of Atoms,

as these definitions led directly to the introduction of Special Atom Spaces.

1
Definition 1.4 (Atom) An atom is a function which is either a(t) = 5. ora: [—m, 7] = R
T

satisfying:



e supp a C I C [—m, 7]

1
d |a’(t>| < m7Vt < [_ﬂ-vﬂ-]

where supp a is the support of the function a, and I s an interval.

Definition 1.5 (Space of Atoms ReH') ReH' = {f : [-m 7] — R,periodic; f(t) =
oo o0 oo
Z Crn i (1), Z lem| < 00}, e € R, | f|gert = mfz |cm | where the infimum is taken over
Zzll:llpossible re%?ésentations of f, and the a,,’s are at(;nT;; supported on intervals I,, C [—m, ).
Notice that in Definition 1.4, the concept of atom is in general terms. The next logical
question is what specific function satisfies all the requirements to be an atom? Specifically,
can a real-valued function be found on [—7, 7] that is supported in an interval in [—7, 7],
which is bounded by one over the Lebesgue measure of the interval, and when integrated

over the interval results in zero? The answer to this question was the beginning of Special

Atom Spaces.

1.2 Special Atom Space

G. S. de Souza was struck with this question when he was presented with the definitions
of atoms and ReH'. G.S. de Souza provided the answer to this question when he defined

Special Atoms as part of his PhD dissertation, see [15].

Definition 1.6 (Special Atoms - de Souza - 1980) Special atoms are defined as either
1

b(t) = o 0T b:[—m,m] = R given by b(t) = r}\[XL(t) —xr(t)),I =LUR, L, R are halves
7r

of intervals I C [—m, 7]

Utilizing the above definition, de Souza introduced the first Special Atom Space, By, in 1980.

By was the beginning of a series of spaces which eventually led to the new spaces introduced



in this dissertation. In his 1992 work on wavelets, Yves Meyer referred to By as de Souza’s
Space and the name has subsequently remained, see [31]. The definition of de Souza’s Space

1s:

Definition 1.7 (Special Atom Space - de Souza’s Space B; - 1980)

By = {f : [-m m — R, periodic; f(t) = Zcmbm(t),z || < oo} where by, are special

m=1 m=1
atoms and c,, € R for all m € N. The norm is given by ||f||s, = mfz |em|, where the
m=1

infimum is taken over all possible representations of f.

Note here that the norm ||f||p, makes de Souza’s Space a Banach space. One useful result
after the discovery of B; was the analytic characterization of B;. In fact, even before de
Souza was working on his space, mathematicians were working to solve another problem. In

order to formulate this problem, define the following function space J:

Definition 1.8 (Function Space J) F e J< F:D — C with
1 ™
\F|l; = / / |F'(re)|dfdr < oo, where D is the complex unit disc and F' is the derivative
0 -7
of F.

The open problem was how to characterize the boundary value of J. That is, for F' € J,
what is lin%ReF (re?)? In 1983 de Souza and Gary Sampson answered the question with the
r—r

following theorem, see [8]:

Theorem 1.1 (Analytic Characterization of B,) f € B[—m, 7] < f(0) = lirr%ReF(rew)
rT—

1 s 1 us

wz’th/ / |F'(re)|dOdr < co. Moreover, ||f]|5, %/ / |F'(re)|dOdr = ||F||;. That
0 -7 0 -7

is |[flle, = 1 Fls-

Following this discovery, de Souza’s space was further generalized in several iterations dis-

cussed in the next section.



1.3 Generalizations of Special Atom Space

The first generalization of de Souza’s space was with the introduction of a weight to the
bound of the special atom. The result was a generalization of By to B, given in the next

definition.

Definition 1.9 (Generalization B; to B,,1/2 < p < o0)

feB, & f(t)= i Cnbm (1) with Y Jem| < 00
m=1

m=1
1 1
where by (t) = 5 by (t) = T

(XL (1) = XRw ()], I = Ly U Ry, m # 1

A norm for B, is defined as ||f||p, = mfz lem|, where the infimum is taken over all
m=1
possible representations of f.

Note in the above definition for p = 1, B, reduces to the original B;. B, was then generalized

to the space C:

Definition 1.10 (Generalization to C,1/2 <p < 00,0 <¢<1)

- e 1
feCls f(t)= mE_lcmbm(t) with mE_l lem|? < 0o where by(t) = 5
1
b (1) XL (1) = XRp ()]s L = Ly U Ry m # 1. A norm for C1 is defined as

- |1,,,| 177

[ fllca = 'mfz | |? where the infimum is taken over all possible representations of f.

m=1
Note that for 0 < ¢ < 1, || f|[cg is not a norm in the usual sense. Again, one can easily see the
generalization that for ¢ = 1, C’; = BP. The spaces, B, and C}, are very important spaces
in harmonic analysis since they are the boundary characterizations of spaces of analytic
functions in the disc called Besov spaces. While B, is still a Banach space, C} is a complete
metric space for 0 < ¢ < 1. Also, the duals of these spaces are Lipschitz spaces. For these
results, and a more complete summary of the above spaces, see [18],[19],[5],[16],[13],[17], and
[36].

Work continued around B, and C}, resulting in weighted special atom spaces B,. The

weighted special atom spaces are formed by replacing the bound in the special atoms, |/]

5



with a weight function p(|I]) where p satisfies certain conditions, see [4], [3]. Note that if
p(t) = t7 then B, reduces to B,. In 2006, de Souza utilized arbitrary measure in his latest
iteration. He defined the spaces A(u, ) and B(u, «) using a finite measure p in place of the
original Lebesgue measure of intervals, see [21]. The definitions of A(u, ) and B(u, a) are
included below as these spaces are integral to the new function spaces at the heart of this

dissertation.

Definition 1.11 (A(p, ) Given a finite measure space ([—m, x|, A, ), forn € N and o €
(0,1], let A,,, By, and X,, be u—measurable sets in A such that A,|J B, = X, An(\Bn =0
and p(A,) = u(By). Define the space A(u, o) as

n=1

Ap, ) = {f Hemml > R =

0.3l < oo}

Where ¢, € R, by(t), bi(t) = é, and b, (t) = uaé{n)[XAn@) —xB, ()], n # 1. For

/L([—TI’JI’

f € A(pu, ) define a norm as

11l ey = > Jeal
n=1

where the infimum is taken over all possible representations of f.

Definition 1.12 (B(u,«)) Given a finite measure space ([—m,w|, A, p), for n € N and

€ (0,1], let B, be u—measurable sets in A. Define the space B(u, ) as

B(u, o) = {f D= 2 R f(t) = chbn(t)az |enl < OO}

Where ¢, € R, by (t) = ﬁ, and b,(t) = = (B )[XBn( ),n# 1. For f € B(u,«) define a

norm as

11 Bua) = infz |nl
n=1



where the infimum is taken over all possible representations of f.

Note that || f|lague) and || f|/B.e) are norms in the usual sense. As one can see, the
space A(u, ) is a generalization of previous special atom spaces using arbitrary measure
and arbitrary measurable sets rather than Lebesgue measure of intervals. The space B(u, «)
is a slight variation and not a clear generalization since the “atoms”in B(u, ) consist of
the characteristic function of one p-measurable set. If one recalls the definition of atom,
Definition 1.4, B(p, «) is not a linear combination of true atoms since the integral of b, in
the definition of B(u, ) will not necessarily be zero. However, one interesting result is that
A(p,a) € B(p,«). In fact, in 2009, de Souza and Miguel Pozo proved that A(u,«) and
B(p, ) are equivalent as Banach spaces with equivalent norms, see [6]. The spaces A(u, «)
and B(u, o) became much more intriguing later that year when de Souza showed that both of
these spaces are characterizations of the Lorentz spaces L(p, 1) for p > 1. Note f € L(p, 1)

if || fllopa = fo% f*(t)t%_ldt < oo, where f* is the decreasing rearrangement of f, see

>~

comments following Definition 2.10. Indeed, de Souza showed that for p > 1, A(u,1/p)
B(p,1/p) = L(p, 1) with equivalent norms, see [9]. The main result in this dissertation is a
further generalization of A(u,«) and B(u, «), utilizing different “norms”which are defined
as weighted metrics. The remainder of this dissertation will define and explore A,(u, o) and

By (11, @), beginning with several useful definitions, including the definitions of A,(p, o) and

B¢(:uv Oé).



Chapter 2

Definitions and Comments

In order to concisely define our new function spaces, we will introduce several new defi-

nitions in this section. Many of the following definitions are extensions of known definitions

and are noted as such. We will include examples and comments for clarification as appro-

priate. For the remainder of this dissertation, we shall assume that any function denoted by

the symbol ¢ is defined and finite for real numbers in its given domain.

2.1 Basic Definitions

The first definition provided below defines a class of functions which we will utilize

throughout this dissertation.

Definition 2.1 (Class Cy functions) We define Cy to be a class of functions

¢ :[0,00) = [0,00) satisfying the following conditions:

»(0) =0, ¢ is strictly increasing and continuous
P\ - x) < E(N)d(x) for some function £y : RT — R
d(x +y) < ko(p(x) + ¢(y)) for some constant ky > 1

o(r) = 00 as x — 00

In order to illustrate Class Cy functions we present the following Lemma.

(2.1)
(2.2)
(2.3)

(2.4)

Lemma 2.1 (Class C, is not empty) For a € (0,1] the real functions ¢1(t) and ¢o(t)

defined by ¢1(t) =t* and ¢o(t) = In*(t + 1) on [0,00) are in the Class Cy functions.



Proof. Let a € (0,1]. First, consider ¢;. ¢1(0) = 0 and ¢; is clearly continuous. Now
¢ (t) = at®*! > 0 so ¢ is strictly increasing and property (2.1) is satisfied. For property
(2.2) of Class Cy functions let A € RT, then ¢1(At) = (A)* = A*t* = A\*¢,(t) and we have
€5, (A) = A% Property (2.3) follows directly from the inequality (¢ + s)* < t* + s%, since

1t +s) =+ 9)* <t*+ 5= ¢1(t) + ¢1(s). This inequality is simple to prove:

(t+8)*=@t+s)t+8)  =tt+s) 1 4st+s) <ttt f 55270

since (t + 8)* ! <¢* P and (¢t + s)*7! < 571 Thus, (t + s)* < t* + s®. The final property
is clearly true and ¢, € Cl.

The proof for ¢ is slightly more involved. Property (2.1) is clear since natural log
is strictly increasing and continuous with ¢9(0) = In“(1) = 0. In order to prove prop-
erty (2.2) We break A into two cases with a = 1. First consider the case A > 1. Let
g(t) = An(t + 1) — In(At + 1), then ¢'(t) = t% - %H and ¢'(t) = 0 occurs only at t = 0.
Since ¢'(t) > 0, g(t) is strictly increasing and ¢(0) is a minimum we conclude g(0) < g(¢) for
all t > 0. Thus, we have ¢g(0) =0 < g(t) =Aln(t+1) —In(t+1) = In(A+1) < Aln(t +1).
Second we consider the case A < 1. For ¢t > 0 we have A\t +1 < (A + 1)t + 1 and from the
previous case we then have In(At +1) <In((A+ 1)t +1) < (A+1)In(t+1) since A+ 1 > 1.
Combining the two cases and the trivial case A = 1 we conclude In(A\t+1) < (A+1)In(t+1)
for all A > 0, that is s,(A\) = A + 1. Finally consider o # 1. We now have ¢o(\t) =
In“(t+1) < (A+1)In(At+1))* = (A + 1)*In*(t + 1). Setting &,(A) = (A + 1) property
(2.2) is proved. Since property (2.4) is clearly true, all that remains is to prove property
(2.3). Since ¢o(t +s) = In*(t + s + 1), letting o = 1 we have ¢o(t +s) = In(t + s + 1).
Now utilizing logarithmic properties we see ¢5(t) + ¢2(s) = In(t + 1) + In(s + 1) = In((¢ +
D(s+1) =In{ts+t+s+1) > In(t+s+1) = ¢t + s) since ts > 0. Letting o # 1,

Gt +s)=In"(t+s+1) < (In(t+1)+In(s+1))* <In*(t+ 1) +In*(s + 1) = ¢o(t) + P2(s)



by the third property proved above for ¢;(t) = t*.0

The following definition is an extension of a normed vector space which is applicable to

the spaces introduced in this dissertation.

Definition 2.2 (Weighted Metric Space) Let X be a vector space. X is said to be a
weighted metric space if there is a given real valued function || - ||x called a weighted metric

on X satisfying:

lzllx >0 if = #0 (2.5)

|lz||x = 0 if and only if x =0 (2.6)

IA\2||x < &L(ADz||x for all scalars A, &, a function on RT (2.7)
|z +yllx < ko (|zllx + lyllx) for allz,y € X, ky > 1, a scalar (2.8)

Note if one replaces (2.7) and (2.8) by (2.7): ||Az]lx = |A|||z]lx and (2.8): ||z + y||lx <
x|l x + ||y||x for all z,y € X, then || - || x is a norm in the usual sense.

Note: for convenience, we will use the typical symbol for norm throughout this disser-
tation although in many cases our representation is not actually a norm. This distinction
will be pointed out where appropriate. Wherever a metric satisfies the four above restric-

tions, we will refer to this metric as a weighted metric. The next definition defines a useful

relationship between weighted metric spaces.

Definition 2.3 (Weighted Continuous Space Inclusion) Let X and Y be two weighted
metric spaces, one says that X s weighted continuously contained in Y if:

1. X CY and
2. There are constants M,k > 0 and a function £ : [0,00) — [0,00),£(0) = 0 such that
1flly < MEK]fllx)-

10



Note if £(t) = ¢, then the above definition is the usual definition for continuously con-
tained normed spaces. For convenience, we will now define Weighted Generalized Special
Atoms. This definition provides us a type of shorthand notation which we utilize throughout

the remainder of this dissertation.

Definition 2.4 (Weighted Generalized Special Atoms for arbitrary measure)
Given a finite measure space ([—m, 7], A, p), forn € N, let A,,, B,,, X,,, and E be u—measurable
sets in [—m, 7| such that A, | B, = Xp, An () Bn =0 and p(A,) = u(By,). Fora € (0,1], we
define the weighted generalized special atoms of Type I and 11, b1 : [—m, 7] — R as follows:
1 iy L 1

w([—m, w])’ X, (t) — x5, (1)], b, (t) = (B x5, ()], n#1

byt () =
where xg is the characteristic function of E.

Definition 2.5 (Completeness) A Weighted Metric Space X is said to be complete if and

only if every Cauchy sequence in X converges to an element in X.

2.2 Definitions of A,(u, @) and By(u, «)

Armed now with the above definitions, we can now define the two new spaces Ay (u, o)

and Byg(u, ), which are the foundation of this dissertation.

Definition 2.6 (As(u, o)) For a € (0,1], let (b},)n>1 be weighted generalized special atoms
of Type I and (¢y,)n>1 be a sequence of real numbers, p a finite measure on sets in a o—algebra

of [-m, 7] and ¢ € Cy. We define the space Ag(u, ) as:

gl 0) = {f ] S RIS = 3 k), 3 dlenl) < oo}

For f € Ay(p, ) we define a “norm” as

1£ |y (u0) = Inf Y S(Jca])
n=1

11



where the infimum is taken over all possible representations of f.

Definition 2.7 (By(u, @) For a € (0,1], let (bi1)u>1 be weighted generalized special atoms

of Type I1 and (cp)n>1 be a sequence of real numbers, p a finite measure on sets in a

o—algebra of [—m, | and ¢ € Cy. We define the space By, ) as

By(p, 0) = {f Jemr] SR =3 b (1), Y d(le) < oo}

For f € By(p, ) we define a “norm” as

1F 113y wer = inf Y é(]eal)
n=1

where the infimum is taken over all possible representations of f.

The word “norm” in the previous two definitions is in quotations since in many in-
stances, || ||4,(ue) and || - || B,(u,q) Will not turn out to be norms. However, we will show that
this “norm” is, in fact, at all times at least a weighted metric.

We point out here for ¢(t) = t, Ay(p, o) and By(u, o) reduce to the spaces A(pu, «)
and B(u,a), which de Souza introduced in 2006, see [9]. Thus, considering the previous
discussion, we see that A,(u, a) and By(u, ) are indeed generalizations of all the spaces
derived from the original de Souza space. The next definitions further generalize linear

functionals and operator norms to meet the needs of subsequent proofs.

2.3 Functional and Operator type Definitions

A few operator-type definitions need extension for the purposes of this dissertation.
Namely, we extend the definitions of bounded linear operators , operator norms, and dual

spaces to suit our purposes.

12



Definition 2.8 (Weighted Bounded Linear Functional) Let X be a weighted metric
space, we say that v is a weighted bounded linear functional on X if ¢ : X — R such that:

1. ¢ is linear

2. There are constants M,k > 0 and a continuous function & : [0,00) — [0,00),£(0) = 0

such that for all f € X, |U(f)] < ME (k|| fllx)-

Note: If £(t) = ¢ then the above definition is the usual definition for bounded linear func-

tionals.

Definition 2.9 (Weighted Operator Norm) Let X be either Ay(u, ) or By(u, ) and
¢ be a weighted bounded linear functional on X. We define the weighted operator norm, ||¢||

as follows for f € X:

ol = sup—1 2L
20 07 (Kol fllx)

Again, note that if ¢(t) =t and ks = 1, the weighted operator norm reduces to the usual
definition of operator norms (or equivalent characterization of operator norms.) We now will
extend the traditional definition of the dual space of a normed space to the weighted metric

space equivalent.

Definition 2.10 (Dual Space of a Weighted Metric Space) The space of all weighted
bounded linear functionals on a weighted metric space X is called the dual of X and is denoted

by X*.

The final definition of this section is a special case of a definition given by de Souza and
Bloom in [3] relating to operators. In order to formulate this definition we must first define
the decreasing rearrangement of a real valued, measurable function f. Let f be a real valued

measurable function on 7', then for y > 0 let

m(f,y) =m(fl,y) = {z € T,[f(x)] > y}|
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where | -| denotes the Lebesgue measure on T. m(f,y) is known as the distribution function

of f. Now we can define the decreasing arrangement of f, denoted by f*, as

fH(8) = inf{ylm(f,y) < t}.

Armed with the previous definition we can now define restricted weak type r operators.

Definition 2.11 (Restricted Weak Type r Operators) Let i1 be a finite measure. We

say that an operator T is restricted weak type r if for any u-measurable set A in [—m, 7]
1 * 1
tr (Txa)" (t) < Mp~(A)

where M is an absolute constant and x is the decreasing rearrangement of T'x a(t).

2.4 Definitions of Lip(u,a), A(u, ), Lorentz spaces and some results

Here are the definitions of three well known spaces for later reference. We will see that
Lip(p, o) and A(p, o) are not only related to each other but have relationships with A, (p, o)
and By(f, ) as well as their duals. The Lorentz spaces are useful in interpolation of operator

theorems.

Definition 2.12 (Lip(p, «)) For a € (0,1] and v a finite measure on sets of [—m,w| the

space Lip(p, «) is defined as

Lip(, ) — {g e ] S R ﬁ

[ stwauto)| < a1

where B is a p—measurable set in [—m,m|. A norm is defined on Lip(u,a) as

1
9] Lip(u,0) = sup
p(p,0) B MQ(B>

/ g(t)du<t>]

14



Note: the space Lip(u, ) is a generalization of the traditional Lipschitz « spaces usually
denoted by Lip,. Lip, is the set of all continuous functions f on [—m, x| such that for

e (07 1]7 )—f (=)

(e}

a constant. To see the generalization to Lip(u, «),
take u as the Lebesgue measure on [—m, 7], X = [,z + h], and f a differentiable function,

thus we have:

z+h

f( dlu ha

[ s | - Lt =S

—‘/f d“‘ ezl ' e

If the function f above is not differentiable, take G(x) = [*_f(t)dt. Then G(z + h) =
ff:h f)dt = |G(z + h) — G(z)| = fzﬁh f(t)dt and we see:

fdu

/ " ‘ ’(Hf;)a—a(x)'

0 | 0] = |-

G.G. Lorentz originally introduced this space in 1950, see [30],[29]. The next space we
introduce, A(p, ), is a natural generalization of the traditional second difference Lipschitz

a space usually denoted by A,.

Definition 2.13 (A(u, «)) Fora € (0,1] and p a finite measure on sets of [—m, m| the space
A(p, @) is defined as

M) = {g: [

[ stwanto - [ stanco| <t}

where A, B and X are a p—measurable sets in [—7,m| such that AlUB =X, ANB=10. A

e (X)

norm is defined on A(p, ) as

1
9llacua) = sup - ———s
(k20 AUB=X,ANB=01" (X)

[ stoauto - [ g(t)du(b‘)‘

A, is defined as the set of all continuous functions f on [—m, x| such that for a € (0, 1],

fla+h)+f(z—h)—f(z)
(2h)«

< C where C'is a constant. To see the generalization to A(u, «r), take u
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as the Lebesgue measure on [—m, 7|, X = [z — h,z + h], and f a differentiable function. Let

A= [z —h,z|] and B = (z,x + h] then:

1 / ! . 1 T / B oth /
2 (X) /A f@)du(t) — /B f (t)du(t)‘ = TR /H F0duo) / f(t)du(t)’
:@%a”@%—ﬂw—M—f@+nyfﬂw%:V@+h%+g%2m‘2“”.

If the function f above is not differentiable, one can make a similar argument as in the
Lip(u, o) case. de Souza and M. Pozo introduced the space A(p, ) in earlier works, see [6].
The spaces Lip(u, @) and A(p, «) endowed with their respective norms are Banach

Spaces. The proofs of these facts are simple using standard techniques. In fact, A(u, «)

Lip(u, o) for a € (0,1), see [6].

Definition 2.14 (Lorentz Spaces) A measurable function f belongs to the Lorentz space

L(p,q) if 1
_(a [T ( . z>q dt\ s
= |- t)tr | —
1= (2 () 9) <0
forp € (0,00),q € (0,00) where f* is the decreasing arrangement of f.

For ¢ = oo, the space L(p, 00) is weak L, space and L(p, p) is the usual Lebesgue space L,.
Depending on the choices of p and ¢, || f||,; may not be a norm since the triangle inequality
may fail. However, under certain restrictions on p and ¢, ||f||,, is & norm and in this case

L(p, q) is a Banach space, see [3].
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Chapter 3

Properties of A,(p, @) and By(u, o)

In this chapter, we will examine the spaces Ay (u, o) and By(, @) in more detail includ-
ing the relationship these spaces have to each other, other known spaces, as well relationships
within the spaces themselves. The first few theorems present basic properties of these spaces.
The first theorem is the fact that both of these new spaces are indeed vector spaces. Subse-
quent theorems present facts regarding the completeness of Ay(u, @) and Bg(u, ) and their
relationship to L, spaces. The final subsection demonstrates the relation of the new spaces

among their own variants.

3.1 Basic Properties

The first theorem illustrates the simple fact that A,(u, o) and By(pu, o) are indeed vector

spaces.

Theorem 3.1 A,(p, ) and By(u, o) are vector spaces with the usual definitions of addition

and scalar multiplication for reals.

A complete proof of Theorem 3.1 is relatively straightforward and is in Appendix A. Proof
of closure under addition for By(u, «) is provided below, using a technique which will be
repeated in further proofs.

Proof. Let u,v € By(p, ) then for all n € N there are real numbers c¢,,,, ¢,, such that:

w=> e, bi(t), D o(ley,]) < oo
n=1 n=1

v=> e bil(t), > ey, ]) < oo
n=1 n=1

17



Now consider u + v:
oo

u+v= Z (Cunbiay, () + €0, by (1))

n=1

We introduce new variables and generalized special atoms of type II to re-index the above

equation:
Cum s m even bt (), m even
d=1q " SO S
Copyrs M odd byt (t), modd
2 2

Then u+v =Y >_, d,bil(t). Clearly all that remains to show is that > >, &(|d|) < oo.
This is clear since Y °_, ¢(|dn]) = D02 d(lcu,)+Drey ¢(|co,|) < 00. Thus u+v € By(p, )
and By (p, @) is closed under addition.O

Our next theorem states the property mentioned earlier that the “norms” of the spaces

are weighted metrics.

Theorem 3.2 (Weighted Metric) The functions || - ||, (ua) and || - [|a,(ue) are weighted

metrics on By(p, o) and Ag(p, o), respectively.

We provide the proof for By(p, ). The proof for A,(u, o) is analogous.

Proof. Proof of (2.6) (||z||x = 0 if and only if z = 0):

(<) Since ¢ € Cy, we know ¢ is non-negative which implies || ||, . .) = 0. Let f € By(p, )
such that f = 0. Then one possible representation of f is letting all coefficients ¢, be zero.
Hence, ¢(|c,|) =0 for all ¢,’s so >~ 7 | ¢(|¢,|) = 0. This implies 115, ) = O-

(=) Let f € By(p, @) such that |[f]| 5, (,.0) = 0- Let fi be a representation of f, then fi(t) =
Yoy Cnbit (t). Define dy = Y707 &(|cn,|). Now either f = 0 and the proof is complete or
there exists a sequence of representations of f, { fi}%2, such that di, — 0 as k — oco. Consider
the second case where f # 0 and such a sequence of representations of f exists. Then for
all n € N, |¢,, | — 0 as k — oo: Else, assume for some m € N, |¢,,, | is bounded below by
some § > 0 and @(|¢p,|) > 0. Let € = %, then Y2 &(|cn,|) = é(|cm,|) > € > 0 for all
k. This contradicts our original assumption that || f|| By(ua) = V- Thus the coefficients in the

sequence of representations of f all converge to zero and hence f = 0.
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Proof of (2.5) (||z||x > 0if = # 0):

This follows directly from (2.6) and the fact that ||f||B¢(u7a) > 0 for all f € By(u, ).
Proof of (2.7) (|| \z||x < &u(JA])||z]|x for all scalars X, &, real-valued function):

Let A € R, and f € By(p, «) then f(t) => 7 ¢,bif(t) and

=\ Z b (1) Z AcnbE (1)

SO

Mg

II
bn

||)\f||B¢(u,o¢) = |)\CTL|

B¢(u,a) n=1

applying property (2.2) of ¢ we have

Y o(Aeal) =Y &(AD(eal) = E(IAD) D d(leal)-

Thus, taking the infimum over all representations of f in the above inequality we conclude

M N5, 0y < EoUAD 11 3, 11 -

Proof of (2.8) (|lz + yl|lx < kw (||z]|x + ||yllx) for all z,y € X, k, > 1, a scalar):

Let f,g € Bg(p,@). Then (f + g)(t) = 2207, ¢(r+9)ab(f 1y, () where c(s1), € R. Now let

¢ > 0. By definition of || - ||, (u,a) there are sequences of real numbers cy, , ¢, and atoms by, ,

by, such that

F(t) = epbi(t) and g(t) = Y e, by (1)
n=1 n=1

and for the constant k4 given in (2.3) we have

€

o0 ¢ o)
> 0lles) < 1l + g and 30 0(1cnl) < Ngllnymer + 5
n=1 n=1
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Combining the above equations and multiplying by ky:

ko (Z o(lesl) + Z¢(|an|)> < ks (I flBs(uc) + 191184 (100) + €.
n=1 n=1

Notice now that (f + g)(t) = >_02, ¢, b7 (£) + Y2, 4,055 (t) which can be re-written as

> ) cry b, (), if n even
2

(f+9)t Z

n=1 Cnn b (t), ifn odd.

gn +1

Therefore, taking the infimum below over all representations of f + g we have

) , n even e

00 00 ¢ Ctn 00
| f+0llBoner = nf D& (lerigl) <D Q " = ollep D+ olleg,))-
n=1 ¢ 447> , n odd n=1 n=1

Applying property (2.3) of ¢ and continuing above

> dlen N+ dlleg,|) < ks <Z ¢(lerl) + Zcb(\cgn\)) < ks (1f oty + 191 s n00) e
n=1 n=1 n=1 n=1

Since € was arbitrary we conclude

1f + 9llae) < Ko (1 Bo000) + 19l B5000)) O

The next theorem introduces the interesting result A,(u, o) C By(u, o).

Theorem 3.3 (Inclusion) For all ¢ € Cy, Ay(i, ) € By(p, ). Moreover, ||f|B,(ua) <

285 (5=) 11f 1144 (s

Proof. Let f € Ag(u, «), then for all n € N there are ¢, € R such that

= cabi(t), where Y d(len]) < o0
n=1 n=1

20



Re-writing f(¢):

IOEDY m (X, (1) = x5, (1))
e X () o X (1)
B ; 1 (Xn) ; pe(Xn) -

Now, since A,NB, = ) and pu(A,) = p(By,) we have p(X,) = (A, U Bn) = p(An) +p(By) =

2u(A,) = 2u(B,). Substituting into previous equation we have:

v Xt  eaxs, ()
10 =2 G~ 2= Gu(B)e

1 (S e eaxm (1)
o (Z ERPD <u<Bn>)a> |

We introduce two new variables to re-index the above equation:

Bm, m even —Cm, M even
Dm = Pm
Amsi,  m odd cmi1, m odd

2 2

Substituting and noting that D,, are p—measurable sets we have:
meDm fo: m
t -

Finally, we have

8

Cn

:Z¢(2—a

m=1 n= n=

)+ >l

)

) =2 ¢

Cn
2a
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Applying property (2.2) of Cy functions

2> o5z <23 () oltnd = 26 (57) D e <

So, we have f(t) € By(p, ) and Ay(p, o) C By(p, o).

Taking the infimum over all representations of f of both sides of the above inequality gives

1A By ey < 286 (55) 114y (ua) -0

3.2 Completeness and L, Inclusion

In this section, we will provide a proof that Weighted Metric Spaces are complete in
the sense of Definition 2.5 if and only if every absolutely summable series in the space
is summable. This property of Weighted Metric Spaces is very useful in several proofs
presented. The relation of the spaces Ay(p, a) and By(u, o) to the Lebesgue spaces, L, is
then examined. This relationship with L, spaces is vital to the last theorem presented in

this section which demonstrates the completeness of A,(u, ) and By(u, ).

Theorem 3.4 (Completeness of Weighted Metric Spaces) Let X be a weighted met-

ric space. Then X is complete if and only if every absolutely summable series is summable.

The proof given below is an adaptation of a proof given by Royden, see [34].

Proof. (=) Let X be complete and (f;) be an absolutely summable series of elements of X.
Then » 7%, || fillx = M < co. Let € > 0 then there is an N € N such that 3 7% v || fil x < &
where k,, is the constant from Definition 2.2. Let s, = > . ||fillx be the partial sum of

(f:), then for n > m > N, we have

Hsn - SmHX =

Zfi

<k Yy fillx < kw X Ilfillx <€
X i=m i=N
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and hence (s;) is a Cauchy sequence in X and must converge to an element f in X since X
is complete. Therefore, n}ggo Yo fi=finX.

(<) Let (f.) be a Cauchy sequence in X. Then for each integer k there is an integer ny
such that || f, — fmllx < 27F for all n,m > n;. Hence, we choose ny such that ng,; > ny
and obtain the subsequence (f,,) of (f,). Let g1 = f, and gx = fn, — fn._,, then for k > 1

we have a series (gr) whose k' partial sum is f,,, but ||gx[|x < 27%1. Therefore, we have

S llgellx < llgillx + D27 = [lgillx + 1
k=1 k=2

and (gx) is absolutely summable. Thus, there exists f € X such that (f,,) — f in X.

Finally, we show lim f,, = f. Since (f,) is a Cauchy sequence, for ¢ > 0 there is an N € N
n— oo

such that || f, — fullx < 5 for all n,m > N. Since f,, — f, there is a K € N such that

for all k > K we have || f,, — f|lx < 5~ Take k so large that k > K and n; > N, then

w

€

an - fHX S an - fn;c +fnk - fHX S kw(”fn - fnkHX + ”fnk - f”X) S kw(i + %) = €.

Since € was arbitrary, we have lim f,, = f and X is complete based on Definition 2.5 .0
n—oo

The Lemma below will be used in several subsequent proofs.

Lemma 3.1 Forn € N, let ¢, be real numbers and ¢ € Cy such that Y~ ¢ (|c,]) < o0,

and let k4 be the constant from property (2.3) of Cy functions, then

Z len| < 97 (kqﬁz(b(‘cn’))

where ¢~ is the inverse of ¢.
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Proof. Let n, ¢,, ¢, and k, be as above in the statement of the lemma. Choose N € N.

Then, since ¢ is continuous, well defined, finite, strictly increasing, and ¢(0) = 0, we have

S el = 6 <¢ (iu)) <! (ké;asucnn) .

n=1 n=1

Taking the limit as N — oo of the above inequality gives the desired result.O
It is interesting to note that if one chooses ¢(t) = ¥ for p € (0,1), then ¢~ (t) = tr and

ks =1 (see Lemma 2.1), applying Lemma 3.1 gives a well known inequality

e 00 %
S el < (w)
n=1 n=1

The following theorem presents the aforementioned relationships between Ay (11, @), By (p, @),

and L, spaces.

Theorem 3.5 (L, Inclusion) Forp > 1 and o < i, Ay(p, o) and By(p, o) are weighted

continuously contained in Ly[—m, 7).

Proof. First, consider one weighted generalized special atom of Type II (where B is a

p—measurable set in [—m, 7]):

b 1

O (1) = s [ alepant)

bII p :/7r
|| ||Lp . MO‘(B)

Let My, = (u'P%([—m, «1]))}/P, then for any weighted generalized special atom of Type IT

we have |[bM||, < M.

Now let f € Bs(u, ), then for n € N there are ¢, € R such that
FE) =D eabii(t), D dlleal) < oo
n=1 n=1
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Taking the L, norm of f we have:

Az, =

oo
g cnbit
n=1

L

00 00
< lenbit iz, = leal 31,
» n=1 n=1

00 00
< Z |Cn|Ma,p = Ma,p Z |Cn|
n=1 n=1

Now, by Lemma 3.1 we know

Z|Cn| < ¢_1 <k¢z¢(|cn|)> .

Combining this with our previous inequality,

1£1lz, < Map Y leal = [ £llz, < Mapo™ <k¢z¢(|0n|)> :
n=1 n=1

Finally taking the infimum of the above inequality over all representations of f we have:

1112, < Map6™ (Ko 13, )

In other words, By, (u, «v) is weighted continuously contained in L,[—m, 7]. Now consider g €
Ag(p, ). Using Theorem 3.3, g € By(u, ) such that [|g]|,(ue) < 28 (55) 194, 40), and
we have A,(u, o) weighted continuously contained in L,[—m, 7]. Indeed, there is a constant
M, such that ||g||r, < Ma o~ <k:¢ ||g||B¢(M,a)) and we have the following relation between
L, and Ag(u, o):

_ _ 1
oty < Moo~ (ks gl ) < Mg (1626 () llagur )

We now have all of the tools needed to demonstrate that A,(u, o) and By(u,a) are
complete weighted metric spaces. We will provide the proof for the B,(u, ) case since the

Ay(p, o) case is similar.
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Theorem 3.6 (Completeness of Ay, ) and By(p, ) Foroa € (0,1) the spaces Ag(pt, )

and By(p, o) are complete.

Proof. In order to demonstrate the completeness of By (p, ), we apply Theorem 3.4. To this
end, let (f,) be an absolutely summable sequence in By (i, ), then Y2\ || full B, () < 00
Let ¢,,, € R such that f,(t) = >, ¢, b0 (t) with 37 | ¢(|cn,,|) < oo for each n € N.
We must show that > >, f, converges in By(u, o). By definition of |||, (u,q), for all € >0

there is a representation of f, such that

€

Z Olcnnl) < 1 fnll Byua) + on
m=1
for each n. Let f(t) = .7, fu(t), then f(t) =37 > cp,. bt (t) and

co o0 00 00 c 00
1 ey < DD & Iennl) <D I allBoguay + D o = D allByuay + € < 0.
n=1 m=1 n=1 n=1 n=1

Applying Theorem 3.4, we conclude that By(u, o) is complete.O

3.3 Relationships within B,(u, «) and Ag(u, «)

The following discussion presents two theorems regarding the relation of these spaces
for different measures, alpha values and base functions ¢. Theorems for both spaces are
presented below while the proof is given for only the By(u,a) case. The proof for the

Ay(p, o) is again analogous.

Theorem 3.7 (Relationship of A, spaces) Given Ay, (11, 01) and Ag, (12, a), if as <
a1 and there exists ki, ko € RY such that ¢1(t) < kida(t), and pi(E) < kopo(E) for all
1, po—measurable sets E C [—m, 7| then Ay, (p2, ) C Ay, (p1,011). Moreover, there exists

a constant M € R™ such that ”f||A¢1(u1,a1) < M|]f||,4¢2(u27a2).
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Theorem 3.8 (Relationship of By spaces) Given By, (f11, 1) and By, (p2, a2), if as <
oy and there exists ki, ko € RT such that ¢1(t) < kido(t), and pi(E) < kopo(E) for all
1, po—measurable sets E C [—m,w| then Bgy,(pa, a2) C By, (1, a1). Moreover, there exists

a constant M € RT such that || f||,, (u.a1) < M| fl B, (42.0)

Proof of Theorem 3.8.
Let By, (f11, 1), Bg,(p2, a0) and ki, ko € RY be given such that as < ay, ¢1(t) < kigo(t),

and 1 (E) < kapo(E). Let f € By, (u2, ) then

= el (t) and > a(len|) < 00
n=1 n=1

Substituting the definition of weighted generalized special atom of Type II we have:

s )
U (B s ()
- ; " <M§2(Bn)) 11 (By)

Now, we have:

uit(Brn) kS ust(B, o1 (a1—a o oo
KB S (B D= kgl (Ba) < R ) (),
2 n 2 n

Let My = ky' (ug) @1 =92 ([—, ]).
Utilizing conditions (2.1) and (2.2) on Cy:

’VL
'I’L a2

Z%

Z¢1 n| B.) Zéfh Milen|)

<3 60 (M) (Jeal).
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Continuing the above inequality and using the fact that ¢; < k1o,

Do (M)d(enl) = €5, (M) D d1(leal) < Eoy (Mi)k1 D da[eal):

So,
- 15" (Bn)
2 e i) <

Thus, f € By, (p1,01) and By, (u2, a2) € By, (g1, 0q) Finally, letting M = k&, (M;) and

taking the infimum of both sides of the above inequality over all representations of f we

conclude ||f||B¢1(u1,oc1) < M||f||B¢2(u2,a2)-D
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Chapter 4

Major Results

Armed with the basic properties of Ay(u, ) and By(p, &) we am now able to prove
deeper results. This chapter discusses the duality of the new spaces as well as interpolation

of operator theorems.

4.1 Holder-Type Inequalities

To find the dual spaces of Ay(u, ) and By(p, o), a first step is to find a Holder-type
inequality for each space. Essentially, we desire to find a function space X associated with

B, (p, o) such that for g € X and f € By(u, o) we have a result similar to:

\/_:gw <f>dﬂ<t>] < llgllx 711500

Similarly, we would like to find a function space Y to couple with A,(u, ) for a Holder-type
inequality.
Consider the case for By(u, ). As in previous proofs, we first consider one weighted

generalized special atom of Type II. For g in our arbitrary function space X we then have:

[ o] | frowo]

Thus, in order to establish our desired inequality we would like a function space X for g which

b
pu(B)

Gantt| =

will provide the bound above. Recalling the definition of Lip(u, ) given in Definition 2.12,
we see that Lip(y, o) is the desired candidate space to couple with By (u, o). Similarly we find
that A(u, ) given in Definition 2.13 is the desired candidate space to couple with Ay(u, «).

The next two theorems and proofs validate the above choices for the desired inequalities.
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Theorem 4.1 (Holder’s-type inequality for B,(u,«)) For f € By(p, ) and g € Lip(p, o)

the following inequality holds for ac € (0,1):

\ [ o \ < N9l iptear - 67 (kL Fll s 000)

where kg is the constant given in condition (2.3) of Class Cy functions.

Proof. Let f € By(p, ) be a weighted generalized special atom of Type II, that is f(t) =
b (t), and let g € Lip(u, ). Then, by the argument in the previous paragraph and the

definition of Lip(u, «), we have:

[Lsosommo|=| [ s ae] - g

Now, let N € N and fy be a finite combination of Type II weighted generalized special

/ g(t)du(t)‘ < Nl

atoms. Then, fy(t) = SN | ¢,b2(t) and we have:

n=1

\ / T;g(t)fN(t)du(t)\ - | / :g@ >t

N
Sl s 0] < X el = s 3l
n=1

Applying Lemma 3.1 gives the result:

\ / ’ g(t)fNu)du(t)' < gl zingey - 67" <k¢2¢<|cn|>) .

Taking the infimum of the above inequality over all representations of fy, we conclude

bII t)

Cn

[ o0 0] < ol 67 (5 1100 (@)
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In order to extend equation (4.1) as N — oo take f € B,(u, ), then there are real coefficients
¢y such that f(t) =307 ¢,br(t) with Y7 & (|cn|) < 0o. Now for N € N define fy(t) =

n=1

SN b (1), then fy € By(p, ) and it is clear that lim fy(t) = f(t).

n=1 n—00

Let ry = |7 _g(t) fn(t)du(t), then ry € R since from equation (4.1) we know

il < lolaipues & (o 130

Consider the sequence (ry). Let M € N such that N > M, then

S / ") = Far(®) g(O)dut)

and
e = ] < ollgipger <& (Ko I = Furllp o) -
Also,
N N
[ fx — fM”B¢(,u,a) = Z Cabyy < Z ¢ (lenl)
n=M+1 By (11,0) n=M+1

Since 7, ¢ (|en]) < 00, we know ZnN:MH ¢ (len]) = Oas N, M — oo, and hence || fy — farll g, o) =
0as N, M — oco. Having ¢ € Cy, we know ¢(0) = 0 and ¢ is strictly increasing and it follows

that:

e = 131l < gl - 6 (Ko i = Farllp o) = 0 85 N, M = oo,

Thus, (ry) is a Cauchy sequence in R and convergent in R since R is complete. In other words,
A}im TN = A}im J7_g(t) fn(t)du(t) exists. We now demonstrate that this limit is independent
— 00 — 00

of the sequence (fx) converging to f. To this end, let (hy) be a sequence of functions in

By (1, o) that converges to f. Then we must show:

™ ™

lim [ g()hn()du(t) = lim [ g(t) fn(E)du(t).

N—oo o N—oo [_
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Consider then,

i | [ (00 = ) 900 < Jim lallpi 67 (ko L = il 1)

N—oo

We next examine ||fx — hnllg, ,.0):

1y = il gy = 13 = £+ 1 = vl oy < B (18 = Fllgy ey + 17 = Bl ) -

Since || fn — f||B¢(“’a) — 0 and ||f — hN||B¢(/,L,a) — 0 as N — oo, we have

lim \ IR g(t)du(t)' 085 N > oo,

N—o0

and we conclude that the limit as N — oo is independent of the sequence used to converge

to f in By(u, ). Hence, we define

s [ stvatrano = [ st

With this result, we can now take the limit as N — oo of equation (4.1) to obtain our final

result:

dn | [ xttatoao| = | [ rwaoan)| <
i gllzipgnar - 67 (i 1531y ) = N ziptua) - 67 (s 1Ly ) -2

Theorem 4.2 (Holder’s-type inequality for A,(u, a)) For f € Ag(p, o) and g € A(p, @)

the following inequality holds for o € (0,1):

'/_ ’ < lgllague) - " (Kol l £l 4y (u0))

where kg is the constant given in condition (2.3) of Class Cy functions.
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Proof. Let f € Ay(u, ) be a weighted generalized special atom of Type I, that is f(t) =
br(t), and let g € A(u, ). Then there are p-measurable sets X, A, B € [—m, 7] such that
X=AUB, ANB =0, n(A) = u(B), and we have

’/:g@f(t)d“(t)‘ - ’/:g(t)bl(t)du(t)‘ _

1
p(X)

(X, () = xB,()]g(t)du(t)| =

[ stauto - [ g(t)du<t>' < 9llageen
A B

Now, let N € N and fy be a finite combination of Type I weighted generalized special
atoms. Then fy(t) = SN ¢,bL(t), and we have:

n=1

' | sta(outy ’ /st cnbl Oau(t) =S cn [ g Odu(0)] <
Sled| [ g(t)bw)du(t)' < S leall9lague) = 19l 3 leal.

Applying Lemma 3.1 and taking the infimum over all representations of fy gives the result

[ o0 0] < el 67 (ks ) (4.2

In a similar fashion to the previous proof, we can show that if a sequence (fxn) converges

to fin Ay(p, @), then A}im J7_g(t)fn(t)du(t) exists and is independent of the choice of the
—00

sequence used to converge to f in A,(u, ). Thus, for such a sequence (fn) and g € A(p, «)

we define:
]\}1_1}1 f n(t / f(t)

Taking the limit as N — oo in equation (4.2) above provides our desired result:

\ / \ < Ngllaguey - 6~ (ksllFllasgean) -0
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The following Lemma is useful in applying the Holder’s-type inequality in Theorem 4.1

in the search for the dual of By(u, o).

Lemma 4.1 Let b™(t) be a weighted generalized special atom of Type 11, then for a € (0,1)

6™ 5, ) = 0.

Proof. Let a € (0,1) and p = é, then for f € By(p, ) by Theorem 3.5, f € L, with
e, <ot (k¢ ]\f|]3¢(%a)) since M, , = 1 in this case. Now let f be a weighted generalized

special atom of Type II, then

U, = 1, = [ (229 = s [ i =1

—Tr

By the definition of |||, (,a) We have

P[0, <07 (Ko 6™,y ) < 67" (Ro(1))

Taking ¢ of both sides of the above inequality we obtain

II 1
1) by [y < bot1) = G2 <

‘bII HB¢(,u,a) S ¢(1)

In other words, HbIIHB¢(u,a) ~ $(1).0

We can now examine the duality of A,(u, ) and Bg(pu, o).

4.2 Duality and Representation

Perhaps the most significant result of this dissertation is the following theorem regarding

the dual of By(p, ). In fact, the dual of By(p, a) is a characterization of Lip(u, «).
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Theorem 4.3 (Duality and Representation for By(u, «)) ¢ is a weighted bounded lin-
ear functional on By(u, «) if and only if there is a unique g € Lip(p, o) so that for all f €
By(pt, ) we have o(f) = ["_ f(t)g(t)du(t). Moreover, ||¢|| is equivalent to ||| Lip(ua)- That
is there are absolute real constants c; and co such that ca||g|| Lip(ua) < ¢l < allgllLipue)-

In other words, the dual space of By(u, ) is equivalent to Lip(u, ). That is Bj(p, o) =

Lip(p, a).

Proof. Let g € Lip(p, ). Define ¢, : By(p, ) — R by @g(f) = f_ﬁﬂ f(t)g(t)du(t) for
f € By(p, ). By Theorem 4.1, ¢, is a weighted bounded linear functional since |p,| <

9!l Lipuey - @ (Ksl|f]]B,(ue)) and the integral operator is linear. Now, define 1 as follows:

Y Lip(p, ) — Bj(p, ), 9= v(9) = @y

Then 1 is one-to-one:

Let g1, 92 € Lip(i, o) such that ¢(g1) = 1(g2), then for f € By(u, ) we have

/f 01 (1) (1) /f go(1)dpu(t :»/ F(0) (91() = go(8)) du(t) = 0

Hence, we conclude that g, (t) = g2(t) almost everywhere which is sufficient for our purposes
by the definition of ||| Lip(u,a)-

It remains to show that 1 is onto:

Let » € Bj(u, ), then we must show that there is a unique g € Lip(y, o) such that ¢(g) =
or in other words, ¢ = ¢,. For any p-measurable set E in [—7, 7], define A\(E) = ¢(x&).
Note that by this definition A is a signed measure, see [34]. We show that A\ << p. That
is, we show that if u(E) = 0 then A(E) = 0. By the definition of weighted bounded
linear functionals, Definition 2.8, there are constants M, k > 0 and a continuous real valued

function £ with £(0) = 0 such that

AE)] = lo(x)] < ME (kIIxellg, o) -
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Since xg(t) = p*(F) ;‘f(%)), we have ||XEHB¢(;L,a) < ¢ (u*(FE)). Now due to the continuity of

¢ and & if p(E) — 0 then k¢ (u*(E)) — 0 which combined with the above inequality implies

AE)| < ME (Xl ) < ME (k6 (1 (E))) = 0 as u(E) 0.

Therefore, if ©(E) = 0 then A(F) = 0 and we have A << p. By the Radon-Nikodym

Theorem, there is a y-measurable function g such that A(E) = [ p9(t . Thus,

otce) = [ adn(t) = [ xe(O(tdute) and ¢ (M’%ZE)) - / ' ﬁgg@)dmw

by the linearity of . Hence, ¢ (b)) = ["_b™(t)g(t)du(t) for any weighted generalized special

atom of Type II. Now let fy be a finite linear combination of Type II atoms, then there

N
n=1

are real coefficients ¢, such that fy(t) =>. ", ¢,br(t) and we have

N
=0 (Z Cnbil > chgo bII ch/ bII )
n=1

_ / TS e B (g dp(t) = / " F®)g(t)du(t

llm(pr = hm/ fn(t) wu(t).

SO

Now, let f € By(p, ). Then f(t) =7, ¢,br(t) and similar to previous proofs, we define
the sequence (fx) by fy(t) = SN ¢,bI(t). It is clear that (fy) — f as N — oo. Since

@ is a weighted bounded linear functional, we have A}im o(fn) = ©(f). So, by a similar
—00

argument to the proof of Theorem 4.1 we conclude:

=t [ fttutt) = [ 1090,
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Thus, all that remains to show is that g € Lip(u, a). That is, we must show ﬁ | [ g(t)dut| <

K for some constant K. Consider then

1
pe(E)

o0(0) = | [ xeo@in| = | [ 2D gau(n)] = o (D)
B pe(E) ) —r 1(E) pe(E)

Again, using the definition of weighted bounded linear functional, we can continue the above

B¢(,LL,O<)>

equation with constants M,k > 0 such that

() <M (’“’

Finally, applying Lemma 4.1 we have

xEe(t)

pe(E)

b
ne(E)

/Eg(t)du(t)‘ < M¢ (k H Zf((;))

) < M (kao(1)) < K

By (p,a)

where K and ky are positive constants. Thus, g € Lip(u, o) and ¢ = ¢,. All that remains
to show is ||¢|| = |l@gll = |9]| Lip(u.e)- By Definition 2.9, for g € Lip(u, o) and f € By(p, )

we have

_ |(Pg(f)‘
ol = sup G T

By Theorem 4.1

g (f)]
kol f11B(n0)

2o (NI < MlgllLipa) - 67" (Ksll fllByuer) = o ( ) < llgllzinue

and taking the supremum above over all f € By(u, ) such that f # 0:

|909(f)|
sup
720 O (Rl £l By ()

7S 1911 2p(s- (4.3)
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1 (1)
Now let E be a p-measurable set in [—m, 7| and let h(t) = MXE(t). Then h(t) €

o =9 (67 (57)) = 52

(see Lemma 4.1). Thus, we have the following:

By(p, @) and

O / o~ (52) xe(g(t)au(r) | |
Ot (hollbl 3y00) | ue(E) & (ks 1Al 3, n)

o) wm J st

Let K, = ¢! <@) and take the sup above over all h € By(p, ) such that h # 0 gives the

/Eg(t)du(t)‘ : @ A <%)) u“?E)

1
¢
kg

result

a(h)] K, ) ’
T g pony) — 1 (E) [EQ“) ()|

Taking the sup over all p-measurable sets in [—7, 7] gives us |log|| > Kil|g||Lip(u.a) and

combining this equation with equation 4.3 we obtain our final inequality:

K1||g||Lip(u,a) < gl < ||9||Lip(u7a)
and we have [y = |[g]] ip(u,0) -0

4.3 Interpolation of Operators

The final theorems we will present are interpolation of operator theorems which extend
sublinear operators from B(p, %) into weak L, spaces to sublinear operators from By (u, o) to
Lorentz spaces and similarly from A(yu, %) into weak L, to sublinear operators from A, (u, )

into Lorentz.
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Theorem 4.4 (Interpolation of Operators for By(u,a)) If 1 <ps <p <p; and T a

sublinear operator such that:

1 1
T: B(u, p—) — L(p1,00) and T : B(pu, p—) — L(py, 00)
1 2

and T is both restricted weak type p, with constant M, and weak type ps with constant M,

_ p(p2—p) .
then forq > 1 and t = oor ) -

1 . o —
T By, ) = Llpoa) with [Ty < OMIME0™" (koll fll 0.

where C, kg are constants with k, the constant given in condition (2.3) of Class Cy functions.

Proof. Let T be a sublinear operator that meets the conditions stated in the theorem above

and let f be a special atom in By(u, %), then there is a p-measurable set B in [—m, 7| such

fo) = ) _ (w}(B)) ( () ) |
wr(B) \ ur(B) ) \pi (B)

Therefore, f € B(u, 1) with || fl| s, 1) < p71 »(B). Similarly, f € B, L) with [|f| 5, 1) <
P2

H) 2 -

that

1

wur2 7 (B). Also, from the conditions of the theorem we have:

TH @) = | T[22 *t<11 TB*t<M
(Tf) () ((up(B)»()_m(B)(X)()_ o>

and similarly,

Now for ¢ > 1 by Definition 2.14:

Bty = [ (@pren)
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We split this integral for some o € (0,00) to be determined later. So we get the series of

inequalities:

IN

Bestg, = [ (o) S [ (o) S
/OU (Mmplltz(B)t’l’Y%Jr /:o (MzuiZ’(B)ﬁ)q% .

T/ 011 1_1N\adt SV W] 1_a1N\edt
M{J/ (Iupl p(B)tp p1> ?—|—Mg/ (Iupz p(B)tp p2> ?:
0 o

Mfump(B)/ tnglldtJngqu;(B)/ v e Lt

0 o

Continuing the algebra above:

Py, e

q(p2 —p) Ar—ooq(p2 —p)

a(p—p1) Pp1 a(p1—p) (lI(P—Pz))
= Mqu( PP1 ) B)————0 rm —I—Mq,u PP2 B
! B —p) ? (B)

g

a(p—p1) (p1—p) (p—p2) (p2—p)
_ flu(qz;pfl )(B)&aqglp n Mgﬂ(m;p;z )(B) bp2 pp2 (—qu’%ap ) '
q(p1 — p) q(p2 —p) a(p2 — p)

since ps < p. So to summarize above inequalities up to this point

a(p—p1)

Pyrppe < aau(“5m
q

(p1—p) (p—p2) (p2—p)
)(B)%Uiq i) Mgﬂ(”;pé’z )(B)ﬂgiq o
q(pr — p) q(p — p2)

Due to the fact that o was arbitrary we can now let ¢ = C'u(B) where C' is a constant to
be determined. We now define the function g(C) below in order to find a minimum for the

above bound:

g(C) = M%) (B)ﬁwm)"%“ + M) (B)— P2 (o)) e
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For simplification purposes let A; = % and Ay = q(ﬁ;) we continuing above:
a(p—p1)+a(p1—p) a(p1—p) a(p—p2)+a(p2—p) a(p2—p)
EHTngq < g(0) = Mfu( P51 )(B B)A,C v M§u< s ) B)A,C
q

Notice that the exponents in the p(B) terms above are zero so

a(p1—p) a(p2—p)

gquuqug( ) = MIA,C o+ MIA,C o

p2P1

It can be shown (see Appendix B) that C' = (%) """ minimizes ¢(C). Thus, plugging this

value for C in above:

papy N\ LEL= P2p1 —
]\41 P pp1 ‘]\41 pr— PP
Pirgpe, < moay | (52 MiA, | (=2
2yl ((M) ) + M ((M) )

We note here that 2221=p) _ 2ie2=p) _ 1 4 if we let t = 2LP2=P) thep ] — ¢ = 22(1=P)  Thyg
p(p1—p2)  p(p1—p2) p(p2—p1) p(p1—p2)°

expanding the previous inequality and substituting ¢t we have:

p2(pP1—Pp) pa(pP—p1) p1(P2—p) 1+p1(p p2)

_”Tqu < AM q(1+p(172*1’1)>M§(F(F2*Pl)> +A2Mf<p(p2*p1))M2< p(pa— p)) _

AlM{J(l—H_l)Mg(l_t) + AQMftMg(l_t).

Since ¢ > 1 we now have

513, < L0+ AN = TSl < (0 40)) " hapagf! )
Now let €' = (%(/h + A2)> * then IT ||y < CMEM ™ where C, My, My, t are all constants.
Now for 1 < ¢ < p < o0, ||||pq is @ true norm. Let h € By(u, %), then there are real coefficients

¢y, such that h(t) = > 07 ¢, bt (t) with Y ¢(|cn|) < co. Now utilizing the sublinearity of

n=1
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T and the properties of norm:

IThllpg = b,

TZ cablt

oo o0
<Nt =D leal [ T0F],,, <
pg n=1 n=1

pq

> lenlCMiME Y = CMiagY Z|Cn| < MM <k¢2¢(|cn|)>
n=1 n=1

n=1

by Lemma 3.1. Taking the infimum above over all representations of f we have
1- t
1Tkl < CMIME 67 (ko [y 001)) -

and we conclude 7" : By(u, ]lj) — L(p, q) as desired.0 The next theorem is the interpolation

theorem for A,(u, o).

Theorem 4.5 (Interpolation of Operators for Ay(p,«)) If 1 <p, <p <p; and T a

sublinear operator such that:

1 1
T : Au, p—) — L(p1,00) and T : A(u, p—) — L(ps, )
1 2

and T s both restricted weak type p; with constant My and weak type py with constant M,

p1(p2—p) .
then for g >1 andt = opapr)

1 . .
T A¢(M,5) — L(p, q) with |Tf||,q < C,M!M}~tp~! <k¢>‘|f”B¢(u,%))

where Cy, ky are constants with kg the constant given in condition (2.3) of Class Cy, functions.

Proof. Let T be a sublinear operator that meets the conditions stated in the theorem above
and let f be a special atom in A,(y, %), then there are p-measurable sets X, A, B in [—m, 7]

such that A|JB =X, A B =0, and pu(A) = u(B) with



Then since A(p, -) € B(u, ) for i = 1,2 we have

Tl = T( ! <xA<t>—xB<t>>) < T(";““’) ¥ T(XIB“)) -
pr (X) p 1 (X) /1l 1 (X)) |l
T(uf(A)_xf@)) . T(MB)_xlB(t))‘ -

X)), N\ w3 /1, "
w7 [ xalt) wBNF . [ xst)
(m >) T<u;<A>> pq*(mm) T(#;(m) .

Now since u(X) = 2u(A) = 2u(B) by Theorem 4.4 we have:
N N
sl < (5)" a4 (3) caiag = cpria

where C), = 9"5(C'. The remainder of the proof is identical to the proof of Theorem 4.4.0

We now take a slight detour to discuss an interesting side result.

4.4 Multiplication Operator on L(p, 1)

One interesting result of the research for this dissertation involves a special case of the
Lorentz Spaces (see Definition 2.14), with ¢ = 1. Recall in Chapter 1 that de Souza showed
that the Lorentz space L(p,1) is equivalent to B(pu, %) for p > 1 with equivalent norms,
see [9]. We use this fact to characterize all functions g so that the multiplication operator
T, defined by T, f = ¢ - f maps L(p, 1) into L(p, 1) and is bounded.

We first review the motivation for this result. Given the linear multiplication operator
T, defined above, we would like to characterize all functions g so that for f € L(p,1),
|75 fll 2wy < C|l fllL1) where C'is a constant. To this end, recall that for f € L(p, 1), then
there are constants ¢, and p-measurable sets B, in [—7, 7| such that f(t) => | ¢,xB, (t)

with Y~ || ,u% (B,) < oo since L(p, 1) is equivalent to B(pu, %) Thus we consider a generic
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p-measurable set B in [—m, 7]. We note first that for a function g we have:

glt), ifteB e, ittenum)
xs(t)g(t) = and thus  (xp(t)g(t))" =
0, if ¢ is not in B 0, otherwise

where * denotes the decreasing rearrangement of a function. As a result, for Tyxp = x5 - ¢

we have:

g 1 g 1 wB) 1
/<%m@Wme:/<m@WWwﬂwwaA (9(6))" £ du(t) =

—T —T

; 1
»(B) - —
u()W<B)

The above equation leads to our next definition which provides the means to solve the

w(B) )
A (g(6))" 5 dp(t).

characterization required.

Definition 4.1 (X?) Given a finite measure space ([—m, 7|, A, ), for B € A, define the

space XP as:

X { mra] SR | — fm<@w“w@ M}
P = e — - » <
g Thh f

where M 1s an absolute constant. For g € XP define a “norm” as

1 w(B) e 1]
llxe = sup — / (9(t))" 5 du(t).
wBZour (B) Jo

Utilizing this new space we now present our theorem.

Theorem 4.6 (Characterization of Multiplication Operator on L(p,1))
For1 <p < oo, T, : L(p,1) = L(p,1) defined by T,f = g - f is bounded if and only if

. 1
g € XP. Moreover, ||Ty|| = ||g||xr, and X? C L(p, 1) with ||g||cp1) < (27)7] 9] xe-
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Proof. (=) Assume T} is bounded so there is a constant C' such that for f € L(p, 1),

||Tgf||L(p,1) S C||f||L(p,1) Let B & ./4 and f(t) = XB(t) Then

™ ™

/ " (us(g(t) 5 du(t) < C / (es(t)* 5 dpu(t) = C / Mo (D) dpt) =

—Tr —Tr —Tr

wB) . N
C/ v~ du(t) = pCur (B).
0

So
T ) w(B) ) 1
[ Gentg) e = [ a0ttty < o0t ()
Thus,
[ et <50

and taking the supremum above we conclude ||g||x» < pC and thus g € X?.

(<) Now let g € XP. First consider xp(t) where B € A. Then

™

m L N n(B) L
el = [ (Txo®) 67 dut) = [ Ca®a®) 6 aut = [ g 06 au)

—T —T

) 1 n(B) 1 ) 1 n(B) 1
B —— [ 08 ) < 1 B) s —— [ 06 auto).
0 uB)#opr (B) Jo

We conclude

1
ITyxsllLen < lgllxep? (B).

Now let f € L(p, 1) then there are constant ¢,, and sets B, in A such that f(¢t) = > 7, ¢, xa, (t)

with Y07 | ey ,u%(Bn) < 00, then

oo o o0 1
1Tof s = 1T D enxs, Olleen < D lenl 1Tyxs, Ollen < leal lgllxepr (B) =
n=1 n=1 n=1

> 1
lgllxe Zl lenl 7 (B) < Nlgllx2 1 £l g, 2y
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where we obtained the last inequality above by taking the infimum over all representations of
fin B(u, %) Thus since B(u, %) is equivalent to L(p, 1) with equivalent norms we conclude

that T, is bounded. Note that since x| (t) € L(p,1) and || X[—rx (Ol = (27‘(‘)%,

then b(t) = ( 1);X[—rr,7r](t) € L(p,1) with [|b]|zp1) = 1. Thus for g € X?, TyX[-ra =
2m) P
X[—mq(t) - 9(t) = g(t) € L(p,1) and X? C L(p,1). If we take f(t) = 1 on [—m,«] then
1 1 :
1 lewy = @m)r and |lgfllpy = lglleey < @m)7llgllxe. Thus, X7 C L(p,1) with

1
191l ) < (2m)7[|gl[x»B.
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Chapter 5

Comments on the dual of As(u, )

This chapter examines the possible dual of A4(u, ). As we have seen in Theorem 4.3,
Lip(p, o) is equivalent to the dual of By(p, o). While we have not proved that the dual of
Ay(p, ) is A(p, o), we will show that this is most likely the case due to several factors. We

start by formalizing the relationship between Lip(u, ) and A(u, «).

5.1 Relationship between Lip(u, ) and A(u, @)

The following theorem demonstrates the connection between Lip(u, o) and A(p, o) and

is due to de Souza and Pozo, see [6].

Theorem 5.1 (Equivalence of Lip(u, ) and A, «)) Fora € (0,1) the spaces Lip(p, o)
and A(u, ) are equivalent as Banach Spaces. That is, there are positive constants M, N such

that

M|gll i) < N9llamey < NGl Lipgua)-

In order to prove Theorem 5.1 we provide another Theorem also by de Souza and Pozo,

see [6].

Theorem 5.2 (de Souza and Pozo) Let (2, A, ) be a finite positive, nontrivial measure

space and o € (0,1) with f: Q — R such that f € L'(Q, A, i), then

o fO)du(t) = [, FOdp)] [, F®)dut)] sup Jalf@)ldu(t)

sup ~  qup S
C.DEAL(CAD)£ pe(CAD) AcAap(ay£o  He(A) AcAap(azo  MHA(A)

We now prove Theorem 5.1. Although one can use Theorem 5.2 for the complete proof, we

will provide the argument for one side of the inequality in Theorem 5.1.
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Proof. Let g € Lip(u,«) and A, B, X be p-measurable sets such that A(1B = 0 and
X = AlJB. Consider then:

L
pe(X)

/ g(t)dmw\ "

[ attauo - [ s < 25 ( [ atwauto]) -
1 (A)

() <uazA) /Ag(t)du(t)D + z:EB)) (/HEB) ‘/Bg(t)du(t)’) < 219l Lipue0-

Taking the sup of the above inequality over all y-measurable sets A, B, X such that A B =

»

) and X = A{J B gives the result

191 aGra) < 2019/l Lipgu.0)-

For the other side of the inequality, apply Theorem 5.2 with C'( D = (.0

5.2 Closing Arguments

Given the Holder’s-type inequality for A,(u, ) in Theorem 4.2, the dual of A,(p, )
is in fact A(u, ). In order to see that we need an estimate for |[xalla(,a) Where A is a
p-measurable set in [—7, 7]. Indeed using Theorem 1 by F.F. Bonsall along with the Closed
Range Theorem for quasi Banach spaces one can show that [|xalla(ue) < Mpu®(A), see [37].
Thus, along with the fact that A(u,«) and Lip(u, ) are equivalent as Banach spaces, it
seems reasonable that the spaces A,(p, a) and By(p, ) are equivalent (recall the dual of
By(p, @) is Lip(p, o). Recall also that de Souza showed that the spaces A(u, o) and B(pu, o)

are equivalent so the extension to A,(u, ) and By(u, o) as equivalent spaces is logical.
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Appendix A

Vector Space proof

This appendix provides the remainder of the proof of Theorem 3.1 which states A, (u, o)
and By(u, o) are vector spaces. We will provide the proof for By(u, ). The proof in the
Ay(p, @) is analogous. Closure under addition was proved following the statement of Theo-
rem 3.1.

Proof. Let u,v,w € Bg(p,a) and a,b be real scalars. Then by definition, u,v,w
are all linear combinations of weighted general atoms of Type II. Thus, associative and
commutative properties are true by properties of summations. Also, the identity element for
addition is zero which is in By(u, o) by setting all coefficients to zero. Clearly av € By(p, «).
Since v € By(u, ), there are real coeflicients ¢, such that

)
v=2 cubly(®) Z é(lew, )
n=1

Hence,

av = Zacvnbn and Y d(lacy,|) <Y Eollal)dllen,|) = Eslla) Y d(len,]) < oo
n=1 n=1 n=1

by property (2.2) of Cy functions and therefore av € By(u, ). The distributive properties
are clear due to properties of summations: for any scalars a, b, we have a(v + w) = av + aw
and (a + b)v = av + bv since we are dealing with the summation operator which is linear.
Now the identity element for scalar multiplication is 1. Again, it is clear that 1 € By(u, o),
since ( )
e) _ M\—7T, 7))
,u([ m 7T-])bl M([—WJT]) L.

Finally, we show that for v € By(u, o), there exists a w € By(p, ) such that v +w = 0. Let
v € By(p, ) then similar to above we have real coefficients ¢, such that

v = Z cvnbII Z (e, )

Now, let

o

w = Z —Cy, by ()

n=1
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then w € By(4, @) and

vt w =Y e, bI(t) + Y =, () =D (eh, — cu,) BI(E) = 0.
n=1 n=1 n=1

Therefore, we conclude that By(u, «) is indeed a vector space over R.O
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Appendix B

Verification of minimum in proof of Theorem 4.4

p1P2

This work will prove the assertion in the proof of Theorem 4.4 that C' = (%) TP s
a minimum of g(C'). Recall that

a(p1—p) a(p2—p)

g(C) = MfAlC pP1 —f—MgAQC pp2

with
A =P and A= P2
q(pr — p) q(p — p2)

Note that ¢(C) can be re-written as
g(C) = MIA,CA7 + MIA,C™ %,

Taking the derivative of g(C')
’ . q 1 19 q 1 1 9
g (C) = MlAl—CAl + M2A2 —— | C A2
Ay A
Setting ¢'(C') = 0 leads to
1 1 q 1 1
MicH ™ = MiCT AT = (—) =C R TICT A =0T

. 1 1.
Consider — yramly v

L dpemp) e mp) a2 —p) A pa(p—p1) a2 =)
Ay Ay bDp2 pp1 pPp1pP2 p1p2

M, 7 a(p2—p1) M\ p2—r1
—— = (" »ip = (C=|— .
(M2> o (M2)

It remains to show that this value for C is indeed a minimum. We now take the second
derivative of g(C):

g0y =z (- 1) et ag (- -1) o
1

Substituting above
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pP1P2

Now if ¢"(C') > 0 at C' = (%) "7 as desired we would have

1 1 _9 1 1l _9
q - A q o Ay
M (A1 1)0 >M2( i 1)0 -

MY/ 1 1 ~Logya- L 1 ~i_oL 1 M\

So we must show A% —1> —A% —1or A% > —A%. If we show this inequality then one can
P1P2

work backwards through the above inequalities showing ¢”(C) > 0 for C' = (%) "7 which

guarantees this value of C' is the minimum of g(C'). Now % > pi)—;p since py < p < p1, which
P1P2
implies that 2222~ 2®2=P) which is equivalent to —+ > —-. Therefore C = (%) BT
pp1 pbp2 1 2 2

the minimum of ¢(C').0
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