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Abstract

Let G be a simple graph and f(v) a positive integer for each vertex v of G. Form G“
by replacing each v by a set F(v) of f(v) vertices, and each edge uv by complete bipartite
graph on bipartition (F(u), F'(v)). Can we partition G/ into paths of length 2 which are

gregarious, that is, meet three different F'(u)’s?
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Chapter 1

Introduction

Let G = (V, E) be a simple graph and f : V — N, where f(v) is a positive integer for
each vertex v of G. Form the graph G/ by replacing each v by a set F'(v) of f(v) vertices,
and each edge uv by a complete bipartite graph on bipartition (F'(u), F'(v)). Our question
is: “Can we partition G/ into paths of length 2, P;, which are gregarious, that is, each vertex

of P is in a different F'(u)?”

Example 1.1. Let G = (V, E) be a graph where |V| = 5 and f : V(G) — P such that
f : (U17U27'Z)3,U4) — (2737272>

G
V1 V2
2 3

Figure 1.1: Example of Gregarious Path Decomposition

Each color represents a different class of Ps’s.



1.1 History of the problem

Non-Gregarious Case:
In a recent paper [3], the complete solution is given for a decomposition of any complete
multipartite graph into paths of lengths 3 and 4. Dr. Hoffman & Dr. Billington introduce

13

the problem “what if we try to solve the same problem with gregarious paths?”

Previous work in Gregarious Decompositions:

1. In [5], Dean G. Hoffman & Elizabeth Billington give necessary and sufficient conditions
to decompose a complete tripartite graph into gregarious 4-cycles. They use the notion
of gregarious decompositions as “a cycle is said to be gregarious if its vertices occur in

as many different parts of the multipartite graph as possible”.

2. In [6], Dean G. Hoffman & Elizabeth Billington give the necessary and sufficient con-
ditions for gregarious 4-cycle decompositions of the complete equipartite graph K, ()
(with n > 4 parts of size m) whenever a 4-cycle decomposition (gregarious or not) is
possible, and also of a complete multipartite graph in which all parts but one have the

same size.

3. In [7], Benjamin R. Smith give necessary and sufficient conditions for the existence of

a gregarious 5-cycle decomposition of the complete equipartite graph K, ).

4. In [8], Elizabeth J. Billington, Benjamin R. Smith & D.G. Hoffman give necessary and
sufficient conditions for gregarious cycle decomposition of the complete equipartite

graph K, (with n parts, n > 6 or n > 8, of size m) into both 6-cycles and 8-cycles.

5. In [9] Jung R. Cho & Ronald J. Gould give necessary and sufficient conditions for the
existence of decompositions of the complete multipartite graph K, into gregarious
6-cycles if n = 0,1, 3 or 4 (mod 6) . They used the method of a complete set of

differences in Z,,.



6. In [10], Jung R. Cho gives another proof of the problem of decomposing the complete

multipartite graph K, into gregarious 6-cycles for the case of n =0 or 3 (mod 6).

7. In [11], Benjamin R. Smith gives necessary and sufficient conditions for the existence
of gregarious k— cycle decomposition of a complete equipartite graph, having n parts

of size m, and either n = 0,1 (mod k), or k is odd and m =0 (mod k).

8. In [12], Elizabeth J. Billington , Dean G. Hoffman & Chris A. Rodger give necessary and
sufficient conditions for decomposing a complete equipartite graph K, () with n parts
of size m into n-cycles in such a way that each cycle meets each part of K, ,); that is,
each cycle is said to be gregarious. Furthermore, they give gregarious decompositions

which are also resolvable.

9. In [13], Saad I. El-Zanati, Narong Punnim & Chris A. Rodger give necessary and
sufficent conditions for the existence of Gregarious GDDs with Two Associate Classes

having block size 3.

Definition 1.2. Let G = (V, E) be simple graph and h : E — P. Define G"l on vertex set

V as follows: if u, v € V and uv = e € E then put h(e) edges in between u and v in G,

Example 1.3. Let’s use the example 1.1 and define h(v;v;) := f(v;) f(v;).

2
G
V3 el
V1 V2
2 3
Vg
2

Figure 1.2: Example of G/ and G

In G, any P; will be a gregarious path of length two.



Chapter 2

Tutte’s f-Factor Theorem

2.1 Tutte’s f—Factor Theorem

Definition 2.1. Let G = (E, V) be a graph. G is called a k-regular graph if for every v € V,

deg(v) = k for some k € N.

Definition 2.2. Let G = (V, E) be a graph, then
1. A factor of a graph G is a spanning subgraph of G.
2. A k—factor is a spanning k—regular subgraph.

3. Given a function f: V(G) — Z, an f—factor of a graph G is a spanning subgraph H
such that dgy(v) = f(v) for allv € V.

Example 2.3. Let G = (V| E) be a graph with f : (v, vs,v3,04,05,06) — (3,1,1,2,3,2),

then we can get the f — factor:

) f — factor
'UI. ‘=q)2 3 . 1
G Us V6 G 3 2
V4 U3 2 - 1

Figure 2.1: Example of an f-factor



Definition 2.4. If f : V(G) — Z, define f : V(G) — Z by f(v) = degg(v) — f(v).

Example 2.5. From the previous example f : (vy,vg, vs, v4, vs,v6) — (0,2,2,1,1,2)

f — factor

Figure 2.2: Example of an f-factor

Definition 2.6. Let S, T C V(G), with SNT = ), then A(S,T") = the set of edges with one end in S

and the other end in 7.

Figure 2.3: Definition of \(S,T)

Definition 2.7. B = (S,T,U) is a G — triple if

1. S,T,U C V(G),

2. SUTUU =V(G)



3. 5SNT=SNU=TNnU=10

»,

Figure 2.4: Example of a G-triple

Definition 2.8. Let G = (V, F) be a graph and f : V' — P be a function.
Then define f(S) = Zf(s) for any S C V.

seSs

Definition 2.9. By a component of B, we mean a component of G \ (SUT).

Figure 2.5: Component of B

1. If ¢ is a component of B, let J(B, f,c) = f(c) + N, T).
2. cis called odd or even according to if J(B, f,c) is odd or even.

3. k(B, f) = # of odd components of B.



Theorem 2.10. [4] G has an f — factor, iff for each G — triple B = (S,T,U)

KB, [)+ A5 T) < [(S)+ f(T)

»,

Figure 2.6: Tutte’s f-factor Theorem

2.2 Applying Tutte’s f-Factor Theorem

Definition 2.11. The line graph of a graph G, written L(G), is the graph whose vertices
are the edges of G, with ef € E(L(G)) whenever e and f are different edges of G having at

least one vertex of G in common.

Let G = (V, E) be a simple graph and f : V — N, where f(v) is a positive integer for
each vertex v of G. Then, let h : E'— P where h(vv;) :== f(v;) f(v;). In this way we can get

G/ and G with given G and f.



el

b1bo
= b3bs

Figure 2.7: GI and Gl

Now, if we have a gregarious decomposition of G/ into Ps’s (denoted by G/ =N Py), then
getting decomposition of Gl into Py’s (denoted by G < P) is trivial.

So GF & Py = G — Py,

The opposite direction is not true, but it will still give us some of the necessary conditions

for G < Ps. We can apply Tutte’s f-factor theorem to solve GI" — P;.

el e12 T €23
Bs
e
B e B
- 2 2 ess = LM(G) 24 ¥ T2
e,
By
€24 T3 €34

Figure 2.8: GI" and LI"(G)

In G| assume that there are e;j = b;b; edges in between any pair of sets of vertices
B; and B; where |B;| = b; for any 7. Firstly, get the line graph of G, L(G), then blow the
edges of L(G) in such a way that for each vertex e;; € V(L(G)), deg(e;;) is b;b; in the new
graph, LIM(G@). In L"(G), each edge will represent a P in GI"l. For example, in figure 2.8,

x1 represents the number of P3’s passing through sets By — By, — Bs in G,



Therefore, if we find each z;, we can find the P; decomposition of GI"1. To find the z;’s,
we will use Tutte’s f-factor theorem. Start with G, get L(G), let M be a sufficiently large
number, then get LM (G) by replacing every edge of L(G) with M edges (fig. 2.9). So if we

find an h—factor of LM (G) such that h(e;;) = b;b;, then we can get GI — P;.

M

€12 €23

€24 €34

Figure 2.9: LM(G)

Theorem 2.12. LM (G) has an h — factor for all sufficiently large M | iff for each

L(G) — triple B = (S,T,U) where T is independent and A\(T,U) =0,
k(B,h)+h(T) < h(9).

Proof. Let M be a sufficiently large number. From Tutte’s f-factor theorem, for all

L(G)-triples B = (S,T,U):

k(B,h) + Apm(S,T) < h(S)+ h(T)
k(B,h) + MM.(S,T) < h(S)+ Mdegr(T) — h(T)

B(B,h) +h(T) — h(S) < M(degs(T) — A(S,T))

Here, degp(T) = AL (S,T) for any L(G)—triple since degy(T) = Zdeg(t) and
teT

AL(S,T) = number of edges in between S & T'. In addition, when deg,(T) > Ap(S,T)

the inequality holds since we can choose M sufficiently large and the left hand side of the



inequality doesn’t depend on M. So the only problem is when degr(T) = A.(S,T). Which
means 7' is independent and there is no edge in between T' & U (A (T,U) = 0). So the

condition we need to check for each L(G)—triple reduces to:
k(B,h)+h(T) < h(S)

when 7T is independent and AL (7, U) = 0. O

Example 2.13. Let G be the underlying graph in Figure 2.8. Let’s find the necessary
conditions for G" to have a gregarious P3 decomposition. We need to check

k(B,h)+ h(T) < h(S)

for all L(G) triples B = (S,T,U) where T is independent and A\, (T, U) = 0.

S

®

Figure 2.10: Example of how to apply Tutte’s f-Factor Theorem

where deg(e;j) = b;b;. So we can get conditions:
1. b1by + bgby < babs + baby
2. blbg < bgbg + bgb4

3. b3by < babs + Doy

10



Therefore the necessary condition to decompose GI" into gregarious P’s is:
blb2 + bgb4 < b2b3 + b2b4

since 1 is stronger than 2 and 3.

In summary, if we have a gregarious decomposition of G/ into Py’s (G/ < P3), then
getting a decomposition of G" into Py’s is trivial (G < P3). So Gf =N Py = GM — Py
The opposite direction is not true (G — Py % Gf =N P3, see the following counter

example), but it will still give us some of the necessary conditions for G < Ps.
Example 2.14. Let G = S5 be a tristar and define f : V(G) — P by
[ (a,v1,v9,v3) — (2,1,1,1).

Gf
Sg G[h]

Figure 2.11: Counter Example

G/ doesn’t have a gregarious P decomposition since both vertices in the root have odd
degree. On the other side, GI" has a gregarious Py decomposition, each color gives a different

gregarious Pj.

11



Chapter 3

Parity Balanced Bipartite Graphs

Let a, b € P and e € N | and let €,, ¢, € {0,1}. We say the simple bipartite graph
G on bipartition (A, B), where |A| = a and |B| = b, with e edges, is parity balanced with
parameters (a, b, e, €,, €,) if
Vu € A, deg(u) = ¢, (mod 2), and further Vv € A, |deg(u) — deg(v)| < 2,
Vu € B, deg(u) = €, (mod 2), and further Yo € B, |deg(u) — deg(v)| < 2.
We will give necessary and sufficient conditions on the parameters (a, b, e, €,, €) for the

existence of such graphs.

3.1 Introduction
All the graphs are simple, i.e., they have no loops or multiple edges. Let P be the set
of positive integers and N be the set of non-negative integers.

Definition 3.1. The integer vector (xy, xa, ..., 2;) is said to be balanced if |x; — x;| < 1
for all 1 < i, 5 < t. Two vectors are equivalent if one can be obtained from the other by

permuting the entries.

Definition 3.2. Let G be a bipartite graph on bipartition (A, B). If for allv € A, degg(v) =

dy and for all w € B, degg(w) = ey, then we will call G a (dy, e;) — regular bipartite graph.
The following lemmas are proved in [1], p. 399.

Lemma 3.3. Let v and w be balanced vectors with the same number of coordinates. Then,

for some vector w’ equivalent to w, v + w’ is balanced.

Lemma 3.4. Let a, b € P, and let e < ab be a non-negative integer. Then there is a bipartite

graph G on bipartition (A, B) with both (degg(v) |v € A) and (dege(y) |y € B) balanced.

12



3.2 Bipartite Graphs with Four Degrees

The theorems we will be proving here can be proven by using the Ryser-Gale theorem

([2], p. 185), but the proof is much harder.

Theorem 3.5. Let aq, as, by, by, dy, da, €1, 5 be non-negative integers. Then:
There is a simple bipartite graph on bipartition (A, B), where A consists of a; vertices of
degree dy and as vertices of degree dy, and B consists of by vertices of degree ey and by vertices

of degree ey, if and only if

(%) a1dy + asds = brey + baes
1. aydy < ai1by 4 beesy, or, equivalently, bie; < a1by + asds
2. aid; < arby + byeq, or, equivalently, boey < a1by + asds
3. biey < ashy + aydy, or, equivalently, asds < agby + boes
4. byey < asby + aydy, or, equivalently, asdy < asby + biey
5. either a; =0, or d; < by + by
6. either as =0, or dy < by + by
7. either by =0, or e; < a1 + as
8. either by = 0, or e5 < a; + as

Necessity:

Proof. Each side of (x) counts the total number of edges, hence they must be equal. Condi-
tions 5 - 8 come from the fact that maximum degree of any vertex is less than the number

of vertices in the other part. Now for conditions 1 - 4:

13



Figure 3.1: Bipartite Graph with Four Degrees

For i = 1, 2, let A; (resp. B;) be the vertices of degree d; (resp. ¢;) in A; (resp. B;). In
addition, let’s assume that there are x edges in between vertices of A; and B;. If we look at

the other pairs, we will get:

By By

Ay x ard; — x

agdg — b1€1 +x
AQ b1€1 — X =

b2€2 — (lldl +x

Table 3.1: Distribution of the edges

Using table 3.1, we can get the following inequalities:

0< T <abh
0 < aldl — T < a1b2
0 g b1€1 — X < a2b1

0< agdy —bier +x < aghy

14



So, we can get:

0 <=z
a1d; —arby <z
bieq —asb; <z
bieg —aqdy < x

NN N

VAN

arby
ayd;
biey

a/2b2 — (leQ + b1€1

We can get sixteen inequalities on the variables (a1, as, by, be, dy, da, €1, e3) from above since

we have x in the middle of all of the four inequalities. If we use the left side of the first

inequality and right sides of the all them, then we can get:

o o o
NN N

o
N

From the second one:

ard; — arby <
ayd; — arby <
ayd; — arby <

ard; — arby <

a2b2 — a2d2 + 6161

aby
ady

biey

ayby
ayd;
biey

a2b2 — a2d2 + blel

= agdy < agby + bieq,cond. 4 v

=d; <b+by
=0 < a1b1
= a1d; < a1by + bieg,cond. 2 vV

= a1d1 + CLQdQ < CL2b2 + b1€1 -+ a1b2

If we use (%), we will get a1d; + asdy = biey + boes < ashy + bieg + aqbs, so this reduces to

e < ai + as.

15



From the third one:

bie; — asb; < a1by = e < ar+a
bier — asby < a1dy = bie; < agsby + aq1d; ,COl’ld. 3V
bier — asxb; < bieq = 0 < agb;

bier — agby < asby — asdy +bier = dy < by + by

From the fourth one:

bie; — asdy < a1by = bie; < arby + asds,cond. 1 vV
bie; — axdy < aydy = bier < ardy + aqds

bie; — asds < bie = 0 < aqds

bier — asdy < agby — asds + bie; = 0 < aghs

In the second equation, if we use aid; 4+ asdy = bie; + boes, then we will get

bie; < biep + baey = 0 < baes.

16



Sufficiency:

Proof. Assume there is bipartite graph (A, B) satisfying the necessary conditions and there
are r edges in between the vertices of A; and Bj like in figure 3.1. Therefore, we can find
the number of edges in between other vertices using the remaining edges like in table 3.1.

Now using the construction in [1] on pg. 399,

1. distribute x edges on a; vertices with balanced degrees.

2. distribute ayd; — x on ay vertices with balanced degrees.

So we will get two balanced vectors with the same number of entries.

Balanced Distrubution of x edges on a; vertices

I

+

Balanced Distrubution of a;d; — x edges on a; vertices

—

PN

1 less 1 more Equal

Balanced Balanced Balanced

Figure 3.2: Adding balanced distributions

At the end, we will have one of these three cases from figure 3.2 and all of them will still
have balanced distributions since both distributions were balanced to begin with. However,
the first two cases are impossible, since we have a balanced distribution of a;d; edges on a4
vertices, this means that each vertex will be incident with d; edges. In the same manner we

can prove that we can distribute the remaining edges with the desired degrees. O]

17



3.3 Parity balanced Bipartite Graphs

Definition 3.6. Let a, b € P and e € N | and let ¢, ¢, € {0,1}. We say the bipartite graph
G with e edges on bipartition (A, B), with |A| = a and |B| = b, is parity balanced with

parameters (a, b, e, €4, €) if

1. Vu € A, deg(u) =€, (mod 2) and further Vv € A, |deg(u) — deg(v)| < 2.

2. Yu € B, deg(u) = ¢, (mod 2) and further Vv € B, |deg(u) — deg(v)| < 2.

Example 3.7. Let |[A|=a =6, |B|=b=5,e=14,¢, =1 and ¢ = 0.

deg =3

Al=a=6 |Bl=b=5

Figure 3.3: Example of a parity balanced bipartite graph

Definition 3.8. If A and B are disjoint sets, we denote K4 p to be the complete bipartite

graph on bipartition (A, B).

Definition 3.9. Let K4 p be a complete bipartite graph on bipartition (A, B). A bipartite
complement of a bipartite graph G on bipartition (A, B) with edge set F is the bipartite
graph G’ on bipartition (A, B) with the edge set E’ where E' = E(K4 p)\E.

Fact 3.10. If G is a parity balanced bipartite graph with parameters (a, b, €, €, , €,), then

G’ is a parity balanced bipartite graph with parameters (a, b, ¢ = ab — e, €, ,¢,) where

Y a’

€a+ €, =b (mod 2) and €, + €, = a (mod 2)

18



Example 3.11. The bipartite complement of G is G’ with parameters (a = 6, b =5, ¢’ =
ab—14=30—14 =16, ¢, =0, ¢, = 0):

A B

deg =4 R /7
deg =4
e =0 }}‘X\Q‘f{éx\ I

7
SIS
AN

Al=a=6 |Bl=b=5

Figure 3.4: Example of a bipartite complement

where €, +€, =14+0=1=5 (mod 2) and ¢, + ¢, =0+ 0=6 (mod 2).

Theorem 3.12. Let a, b€ P, e € N, ¢4, e, €,, €, € {0, 1},

€a+e,=b (mod 2), e + ¢, =a (mod 2).

Then, there is a parity balanced bipartite graph G on bipartition (A, B) with parameters
(a, b, e, €4, €) if and only if

€0 <e<ab— e’aa , b < e < ab— e;b, and all of these are congruent (mod 2), with the

following exceptions:

19



e a b €a | €, | € | €
2 2 01011010
2 3 0111010
3 2 010|011
odd > 3 odd > 3 0O]1]0]1
010|011

2 odd > 3 even > 3
0101110
01111010

even > 3 odd > 3
1101070
1111111

even = 3 even = 3
01011010
2 2 0]01]01]0
2 3 1101070
3 2 0]01]11]0
odd > 3 odd > 3 10|10
ab—2 0]01]1]0

odd> 3 even > 3
0101|011
1101070

even > 3 odd > 3
01111010
1111111

even = 3 even = 3
01011010

Table 3.2: Exceptions for Theorem 3.12

20




Necessity:

Proof. For any u € A we have degg(u) + deger(u) = b so degg(u) + deger(u) = b (mod 2)
where degg(u) = €, (mod 2) and degy (u) = €, (mod 2) by definition, and ¢, + ¢, = b
(mod 2) follows. In the same way, we can get €, + ¢, = a (mod 2).

To get e,a < e < ab— e;a and b <e < ab— e;b, if one of ¢, e;, €b, e;, is 1, then we have to
have enough edges in either G or G'.

Finally, to get €,a, e, ab — €,a, e,b, ab — €,b all congruent (mod 2);

e= Z dege(u) = ae, (mod 2),and

€a +ueiAE b (mod 2) = ae, + ac, = ab (mod 2) = ae, = ab — ae, (mod 2).

In the same way we can get the other conditions. For the exceptions, it is easy to prove
that there is no parity balanced bipartite graph with parameters given in table 4.1. Figure
3.6 shows all possible parity balanced bipartite graphs with 2 edges and and the ones with

ab — 2 edges will be bipartite complement of these graphs. O
Sufficiency:

Proof. We can use theorem 3.5 for this proof. Define n, m, q., 74, @, 75 € N by,
e=2n+¢e,a =2m+ b

n=aq,+rqe, m=>bq +1p

0<r,<a—-1,0<r,<b—1.

So e = 2aq, + 2r, + €,a = 2bqy + 21, + €,b.

€ —€,0—2r, €—€,a T, € — €,0 o th e—eb
" = = - — = . In the same way, ¢, = )
q 2a 2a a 2a Vo @ 2b

Now let’s translate this problem into“bipartite graphs with four degrees” since we already

know NASCs for those graphs (figure 3.5).
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a=a—r, bp=b—rm,
dy = 2q, + €, e =2q,+ &
Ay =Ty bQZT’b

dy =2q, + €, +2 € =2q, + € + 2

Figure 3.5: Translating PBBG to a BGwFDs

Note that (*) holds since:

(@ —74)(2q0 + €0) + 7a(2q0 + €0) = (b —75) (295 + €) + 76(25 + €)

Case 1: Assume ay = 0 = by, then we will get a (di, e;)—regular bipartite graph. Since
as = 0, and by = 0, we only need to prove 1, 5 and 7 in theorem 3.5. Let’s start proving

conditions 5 and 7 which say:

d < bi+by

20+ €, < b—rp+1y=0>

and
€1 g a1 + a2
2p+ €6, < a—ro+T14=2a
) . e — €,a — 2r, e 2r,
So for 5 if we prove 2q, + ¢, < b, we are done. Using 2g, = ——— = — — ¢, — ;
a a

e 2r, e 27, 27, .
we can get 2q, + €, = — — €, — €g = — — <b-— < b. We can prove 7 in the

a a a

same way.
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Now, let’s prove 1:

ard; < arby + baeg
a1d1 < a1b1 since b2 =0
d < b

2q, + €, < b and we just proved this in 5

Case 2: Assume as = 0 and by # 0 (az # 0 and by = 0 is just the symmetric case). Since
as = 0, we only need to prove 1, 2, 5, 7 and 8 in theorem 3.5. 5 and 7 are the same as in

Case 1. 1 and 2 will reduce to 7 and 8, respectively since ay = 0. So just proving 8 is enough

which says:
€9 < aj + ao
2+ 6 +2 < ap=a since ap =0
2
So 2qb:§—eb—%,using this:
2 2 ;2
2qb+eb—|—2:g—eb—%—l—eb—l—Qz%—%+2<a—eb—%+2<a+2.

The only problem is when a = 2q;, + ¢, + 1, then ¢, + e; =a=2q+¢e+1 (mod 2).
So €, = 1. In this case:
e 27y e 2n ;21
2pt+eap+2=-—g——+a+2=-——+2<a—¢¢——+2<a+ 1
b b b b b
Case 3: We can assume as # 0 # by. Let’s start proving conditions 5 through 8 in theorem

3.5. So 5 and 6 say:

d < bi+by

20 +€, < b—rp+1y =0
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and

dy < by +0bo

2qa+€a+2 < b—Tb+Tb:b

If we prove 2q, + €, + 2 < b, this will cover both cases. However, this is the same as (8) in
Case 2, just switch a and b. We can prove (7) and (8) in the same way.
Now let’s prove conditions 1 through 4 of theorem 3.5.

For 1, we need to prove:

ard; < arpby 4 baey

(a—714)2¢s +€a) < (a—1)(b—1p) +76(2q5 + € +2)

First, suppose r, < b — 2q, — €4, then we get:

(@ —74)(2¢s +€a) < (a—1a)(b—1p) +76(2q5 + € + 2)
(a—71)(2qs + €. —b+1) < 1620+ € +2)

(@a—r1a)(ry — (b—2q, —€)) < 15(2qp + € + 2)

So 1, — (b—2q, — €,) < 0 and the inequality is automatically satisfied since a —r, > 0, 7, >
0, 2qp + €, + 2 > 0.

So we can assume 1, > b—2qg, —€,+ 1. In addition, recall that e = 2n+e¢e,a = 2aq,+2r,+¢€,a.
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Need to prove:

ardy < arpby + bees
(a—71.)2¢ +€) < (a—1)(b—1p)+76(2q0 + € + 2)
2aq, + a€q — 14(2q, + €) < ab— ary — bro +rory + 15(2q5 + €5+ 2)
2aq, + a€q — 14(2qa + €4) + 2rq — 21, < ab — ary — bro + o1y + 15(2q0 + €, + 2)
(2aq, + a€q + 2ry) — ra(2q, + €4 +2) < ab—ary — bry + 1oy + ru(2g, + € + 2)
e+7ryb—(2q, +€,+2)+r(a— 2+ e +2) —rery < ab

So if we show e + r4(b — (2¢a + €4 + 2)) + 15(a — (2q + €, + 2)) — 147 < ab , we are done.

Using r, = b — 2q, — €, + 1, we can get r,(b — (2¢, + €, + 2)) < 1413 SO

e+ra(b— (2¢a+ € +2)+1(a— g+ e, +2) —rary, < e+rry+ro(a— (2 + €+ 2)) — oy

= e+rb(a—(2qb+6b+2))

where we can use, e = (b —13)(2q, + €) + 75(2q5 + €, + 2).

= e+nryla— 20 +e+2))
= (b—70)2q + &) + r(2qs + €5 + 2) + rp(a — (25 + € + 2))

= (b—1)(2qp + €) + ary

here using the fact that 2¢, + €, < a (which we just proved in 7), we will get:

= (b — Tb)(2qb + Eb) + ary

< (b—=rmp)a+ar, =ab.
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Now let’s prove 2:

(lldl < a1b2+b1€1

(a—71.)2¢ +€) < (a—r)ry+ (b—15)(2q0 + €)

First suppose 2q, + €, < 1, then we get:

(a—71.)2¢ +€) < (a—r)ry+ (b—15)(2q0 + €)

(@ —74)(2qs +€a—11) < (b—13)(2qp + €).

S0 2q, + €, — rp, < 0 and the inequality is automatically satisfied since a —r, > 0, (b—ry) >
0, 2q5 + €, > 0.

We can assume 2q, + €, + 1 > r,. We need to prove:

ardy < arby + biey
(a—714)2q, +€) < (a—ra)ry+ (b—15)(2q + €p)
204, + acq — 14(2qs + €4) < ary — rarp + 2bgy + bey — 1(2q, + €)
2aq, + a€q — 14(2qa + €4) + 2rq — 21, < ary — o1y + 20qy + bep — 14(2q, + €) + 21, — 21
(2aq, + a€q + 21,) — ra(2qs + €4 +2) < ary — rary + (2bgs + bep + 21) — 1(2q, + € + 2)
e—14(2q, + €. +2) < ary—ryrp+e—1(2q + € + 2)
rary + 1520 + 60 +2) < ary +7r.(2q0 + €4 + 2)

If we show r,ry + 75(2q + € + 2) < ary + r4(2¢, + €4 + 2), then we have shown (2). Using

2q, + €4+ 1 = 1y we can get 7,1y < 74(2q, + €, + 2). In addition, we can use the previously
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proved fact in 8 that 2¢, + ¢, + 2 < a. So

ray + (200 + € +2) < 70(2q0 + €0 + 2) + (25 + € + 2)
< 70(2¢ + €0+ 2) + 1pa

= ary + 714,29, + €, + 2)

The proof of 3 is exactly the same as the proof of 2, if we switch parts A +— B.

Now, let’s prove the last condition, 4.

We need to prove boes < asbs 4 aidy, or, equivalently, asdy < asbs + bye.

bres < aghy + ardy
m(2gp + € +2) < rery+ (@ —14)(2¢0 + €)
(2 + & +2—714) < (a—714)(2¢0 + €4)

which is equivalent to

a2d2 é CLQbQ + b1€1
Ta(2qa +€a +2) < raro+ (0 —10)(20 + )

ra(2¢0 +€a+2—1p) < (b—1p)(2qp + ).

First, assume 2q, + €, + 2 < 1y or 2q, + €, + 2 < 1.
Then byey < ashs + a1dy or asdy < asbs + bieg will be automatically satisfied.
So we can assume 2q, + €, + 2 > 1, and 2q, + €, +2 > 1 = 2q, + €, + 1 = 1.

If we turn back to the problem and use the fact, which follows from 8, that 2¢, + ¢, + 2 < a,
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then:

(2 + 6 +2) < mpa
= 1o+ (a—1)m

< 1yt (a—714)(2q, + €4+ 1)

So the only problem is when r, = 2q, + ¢, + 1. Similarly, we can assume r, = 2q, + €, + 1.

Need to show:

baea < ashy + aidy
m(2q + e +2) < Tary + (@ = 74)(2¢0 + €4)
2+ ea+1)2p+ea+2) < 2u+te+1)2p+ea+1)+ (a—170)(2¢0 + €)
2¢a+ea+1 < (a—71,)(2q0 + €0a)
I < (a—re—1)(2¢, + €a)
1 < (a—ro—1)(rp,—1)

Here r, > 1 since 7, # 0 # 1,. In this case both are positive and we can assume a —r, > 1
since 0 < r, < a. Therefore, we only need to prove r, # 1 or a — r, # 1. First, suppose

r, =1, then r, =2¢, + ¢, +1 =150 q, =0 and ¢, = 0.

e =2aq, + 2ra+ ae, = 2bqy + 21y, + bey
2r, = 2bqy + 2 + bey
22+ e+ 1) = b(2q +€) +2
22 + &) = b(2qy + )
0 = (b-2)2¢+e)

0 = (b—=2)(r,—1)
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Therefore, in this case, either b = 2 or r, = 1. If r, = 1, then e = 2r, = 2 and this is
not possible since when e = 2 there are only two bipartite graphs with 2 edges (see figure

3.6) and both of them have either by = 0 or ay = 0 = by, which contradicts the assumption

asg 7£ 0 7£ bg.
We can get the exceptions in table 4.1 with parameters (a, b, e = 2, €,, €, €, €,) easily since

no other bipartite graphs exist with 2 edges but the ones in figure 3.6.

/@@z@

Figure 3.6: Bipartite graphs with 2 edges

Now, assume b = 2 where r, = 1 and r, > 2.

A B

dy =0

Figure 3.7: Exception for b = 2

There are only two vertices in B and dy = 2 which means every vertex in as will be adjacent
to the vertices in B. This implies b; = 2, and by = 0, and contradicts the assumption by # 0.

So we finished proving the case where r, # 1. Therefore we can assume r, > 2.
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Now assume a = r, + 1:
If r, =1, then a = 2 and it will be the same case as b = 2. Assume r, > 2, so a > 3 where

Ta:2q1)+€b+1:a—1.

e = 2bqgy+ 21y + bey
= b(qu + éb) + 27"b
= bla—2)+2r

= ab—2(b—ryp)

On the other side,

e =2bqy, + 2r, + bey, = 2aq, + 27, + ae,
(b—715)(2qp + €) +15(2qs + €, +2) = 2aq, +2(a— 1) + ae,
(b—rp)(a—2)4+ar, = a(2q, + €, +2) —2
b—rp)(a—2)4+ar, = a(rp+1)—2
(b—m)(a—2)+ar, = arp+a—2
(b—rp)(a—2) = a—2

b—rp—1)(a—2) = 0

We know a > 3, b = 1, + 1, which means e = ab — 2(b — 1) = ab — 2, which is the bipartite
complement of the exception e = 2. So we proved 1, # 1 or a — r, # 1. This completes the

proof. O
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Chapter 4

Results

4.1 Complete Multipartite Graphs

4.1.1 Complete Tripartite Graph

Theorem 4.1. For a complete tripartite graph K (A, B, C) with |A| = a, |B| = b and |C| = ¢,

assume a = b > ¢, then the NASCs are:

1. 2| (ab+ ac+ be)

2. ab < ac+ be

Figure 4.1: K(A, B,C)

Necessity:

Proof. 2| (ab+ ac+ be) comes from the fact that the total number of edges must be divisible
by 2 since there are two edges in P;. For ab < ac + be:
We have three kinds of paths, let z, y, z be the number of the paths C — A — B,

A — B — C and A — C — B respectively, then
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r+y = ac

r+y = ab
y+z = bc
So
1
r = §(ac+ab—bc) = be < ac+ ab
1
y = é(ab—l—bc—ac) = ac < ab+ be
1
z = i(ac—l—bc—ab) = ab < ac+cb
So if we have ab < ac + cb, the other two follow easily since a > b > c. O
Sufficiency:

Proof. Let A, B, C be sets of size a, b, ¢ respectively. Assume the necessary conditions are
satisfied, then we can find proper z, y, z. Find subgraphs S; of K(C, A) and S, of K(A, B)
with x edges, as in Lemma 3.4, so that their degrees agree on A (thus S; U Sy is a union
of = gregarious paths). Do the same for y paths in K(A,B) U K(B,C) and z paths in
K(A,C)U K(C, B). Now we take the union of these three collections of paths, taking care
to rename vertices as in Lemma 3.3. Thus the resulting graph will be the required complete

tripartite graph. O

4.2 Star Multipartite Graphs

Definition 4.2. A star is a tree consisting of one vertex (called the root) adjacent to the

all others. So a star multipartite graph S = (A; By, B, ..., B,) has |A| = a non-adjacent
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vertices in the root which are adjacent to all the other sets of vertices (B, Bs, ..., B,) where

| B;| = b; for any i.

Theorem 4.3. Let S = (A; By, Ba, ..., By) be a star multipartite graph and assume
by >by>--->b,. The NASCs are:

L 2| (bi+ba+---+0y)

2.0 <by+b3+---+0,

Figure 4.2: Multipartite Star S(A; By, B, ..., B,,)

Necessity:

Proof. Let v be a vertex in A. So all the gregarious paths passing through v have both ends
in ByUByU---UB,. So2|(by+by+---+4b,). For the second condition, the number
of the vertices in any b; should be less than the number of remaining vertices, because if
you fix a vertex, say v in a, then the gregarious paths passing through v gives a one-to-one
matching in between vertices. So the number of vertices in any part, b;, should be less
than the sum of the number of vertices in the remaining parts. So for any 1 < ¢ < n,
bi <bs+---+bi_1+b1+--+b,. Therefore, if by < by + b3+ - -+ b, is true, then for any

1<e<n, b;<bs+---+b_1+ b1+ -+ b, is also true since by > by = -+ = b,,. O
Sufficiency:
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Proof. First, take any vertex v in a, then find the gregarious decomposition of (v; by, by, ..., by,).
Afterwards, we put the copies of this decomposition on the remaining vertices in A (every

vertex in a has the same degree). To find the gregarious decomposition of (v; by, by, ..., b,):
1. take a P3; between the first (biggest) two parts.
2. reorder (by — 1, by — 1, ..., b,) so it is non-increasing.
3. repeat steps 1 and 2 until there are no edges left.

Now we need to prove that in each step the graph we get still satisfies the necessary
conditions. The proof of the first condition is easy since we start with an even number of
vertices and in each step we just remove two vertices, so in the next step we should still have
an even number of vertices.

Now we need prove that in each step we preserve the second condition. We will use
induction. Assume that in the k' step we have (bgk), bgk), e bff)). For k = 1 the second
condition holds since (bgl), b(zl), e bﬁf)) = (b1, by, ...,b,) and
forany 1 <i<n, b;<by+---+b_1+b1+---+0b,.

To use induction, assume the condition holds for k:

for any 1 <7 < n, bgk) < bgk) +--~+b§li)1 —i—bz(i)l T

So, we need to prove it holds for & + 1:

for any 1 <7 < n, bgkﬂ) < békﬂ) +-- 4+ bgﬁl’l) + bgﬁl) e A
Fixi, 1 <2< n.

Case 1: bl(-kﬂ) = bgk) —1:

If we remove one vertex from b¥, there exists an m with 1 < m < n such that b — bE—1.

k+1

In addition, b; = 0} for any j except j =m, i. So,

D = 1 < b b 1 ®

i

< BTV D D)

34



Case 2: bl(-kﬂ) =M.

Since we removed two vertices in each step, there exist bz(,k) and b((lk) such that b]g,k) > b((]k) > bgk).
If b > 2, then b\ = 2 < pFT 4 pFHY 4.

If bl(-k) =1 and bék) = bﬁ,’“) = 1, then we should have at least one more b = 1 since we have

an even number of vertices in each step. So

b§k+1) 1

N

béqul) + bl(]kﬂ) + oD 4

/N

k k k
B — 14+ 0% — 1+ + -

/N

1—14+1—1+1+4---

N

14---

Note that the following are equivalent:
1. There is a gregarious P3 decomposition of S(A; By, By, ..., By,).
2. There is a loopless multigraph with degree sequence (by, b, ..., by,).

3. The complete multigraph K (B, Ba, ..., B,) has a perfect matching.

4.3 Cycle Multipartite Graphs

4.3.1 Even Cycles

Theorem 4.4. For an even cycle multipartite graph C(By, ..., Bay,), the NASCs are:
1. biby + b3by + + - + bap 102y = babz + babs + - - - + bapby

2. for any 1 < 1 < 2TL, bibi—l—l < bi—lbi + bi+1bi+2
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Figure 4.3: Multipartite Even Cycle Cs,

Necessity:

Proof. For any 1 < i < 2n let z; be the number of gregarious paths that have their middle

vertex in B;. Then,

T+ T2 = blbg

i) + rs = bzbg
Top—1 + Tan = bop_1boy
Top +T1 = bayby

If we add the first, third, fifth, ..., and (2n — 1) equations, we get,

T1+Tog+ -+ Toy = blb2+b3b4+"'+b2n,1[)2n
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and if we add the second, fourth, sixth, ..., and (2n)" equations and rearrange the x,’s, we

get:

$1+$2+"‘+$2n = bgb3+b4b5—|—"‘+b2nb1

So these two equations give the first condition. For the second condition, let z; = x and

x > 0, then:

To = blbg — X
r3 = b2b3 — X9
Ty = b3b4 — T3
Top = b?n—len — T2n-1

and if we get all equations in terms of z,

Ty = blbg—l'
r3 = bgbg—b1b2+l’

Ty = b3b4 — bgbg + b1b2 — X

Top, = bap_1b2y — bop_2boy_1 4+ -+

If we use z > 0 and the equations we have above, then we get:

bibi-i-l g bi_lbi + bi+1bi+2 for any 1 < 1 < 2n. ]

Sufficiency:
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Proof. If the necessary conditions are satisfied, we can find all the x;’s for 1 < ¢ < 2n, then

we use the same technique that we used in the proof of Theorem 4.1 to find gregarious a P

decomposition. O

4.3.2 0Odd Cycles

Theorem 4.5. For an odd cycle multipartite graph C(By, ..., Bayt+1), the NASCs are:

1=2n

1. 2| Z bibii1 (# of the edges)
=1
2. fOT’ any 1 é 7 é 2n + 1, bf['bi+1 < biflbi + bi+1bi+2

3. foranyl <1< 2n+1,

bit1biya + bigabirs + -+ + bijon_2bitiyron—2 < bibip1 + bipobips + -+ + bitonbiv1)+on

where the subscripts of the b’s are taken (mod 2n + 1).

Figure 4.4: Multipartite Odd Cycle Co,14

Necessity:

Proof. The first condition comes from the fact that the total number of edges is divisible by

2. To get the second condition, for any 1 < ¢ < 2n 4+ 1 let ; be the number of gregarious
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paths that have their middle vertex in B; . Then

T+ Ty = blbz

T + T3 = b2b3
Ton + Tont1 = bapboniy
Topt1 +T1 = bopt1by

To find zq;

(+)x1 + 22 = biby

(—)xa+x3 = babs

(_)x2n+$2n+1 = b2nb2n+1

(H)Tont1 + 21 = bapt1bs

then we get

biby — babs + bsby — - -+ — bapbopi1 + bopt1by
2
biby + bsby + - -+ 4 bap1by — (babs + - -+ + bapboni1)
2

ry =

Using the same technique we can get all the x;’s along with condition 3 since each x; > 0.

Condition 2 is the same as the even cycle case. O]
Sufficiency:

Proof. After finding z;, constructing the gregarious P3 decomposition is the same as for the

even cycle case. O]
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4.4 Path Multipartite Graphs
Theorem 4.6. For a path multipartite graph P(By, B, ..., B,), the NASCs are:
1. b3 > by and b,,_5 = b,
2. biby + b3by - - - + bp_1bp = babs + bybs + - - + b1l
3. forany2 <1< n—2, bbb <b_1b; + biy1biso
where k is the largest even number such that k < n and | is the largest odd number such

that | < n.

I

Figure 4.5: Multipartite Path P,

|
o
|
o
|
@
I
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Necessity:

Proof. For any 2 < i <n— 1 let x; be the number of gregarious paths that have the middle

vertex in B; .

o)
To + T3

T3+ Xy

Tp—2 + Tn—1

Tn-1

b1bs
babs

b3y

bn72bn7 1

bnflbn

The first condition comes from the fact that x3 = bobs — x9 = babg — b1by = by(bs — by). So we

get by > by since 9 > 0. We can get b, > b,,_» in the same way. We can find the remaining

x;'s easily.

If we add the first, third, fifth,... , and (k — 1) equations, we get,

Lo+ T3+ Tp1 =

blbg + bgb4 + -+ bkflbk

and if we add the second, fourth, sixth,... , and (I — 1) equations, we get:

Tot+x3+ -+ Tp1 =

b2b3 + b4b5 + -+ blflbl

So these two equations give the second condition. The third condition is the same as the

condition in the cycle case.
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Sufficiency:

Proof. 1f the necessary conditions are satisfied, we can find all the z;’s for 2 < i < n — 1,
then we use the same technique that we used in the proof of Theorem 4.1 to find gregarious

a P3 decomposition. O

4.5 Some Tree Multipartite Graphs

Definition 4.7. Let T(C4,...Cy,; A1, Ag; By, ..., B,) be a multipartite graph such that two
multipartite stars S(A;;Cy,...,Cp) and S(Ag; By, ..., B,) are attached to each other via

putting a complete bipartite graph on bipartition (A;, As). See figure 4.6.

Figure 4.6: T(Cl, . Cm; A17 AQ, Bl, ey Bn)

Definition 4.8. Define T'(A;, Ay, As; By, ..., By,) by using definition 4.7 as T'(Ay; Ag, As; By, ..., By).
See figure 4.7.
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Figure 4.7 T(Al, AQ, A3, Bl, Cey Bn)

Lemma 4.9. Let G = (E,V) be a graph. There is an orientation of G such that for all

veV, |out(v) —in(v)| < 1.

Proof. We can assume that G is connected.

Case 1: If all vertices have even degree, then there exists an Euler trail, we can orient the
graph this way.

Case 2: If GG has some vertices with odd degree, make an extra vertex u and connect all
those vertices to u, then find an Euler trail on G U {u} and remove the edges at the end.
For all v € V, we still have |out(v) — in(v)| < 1 since we remove one edge from each vertex
with odd degree .

G

Figure 4.8: Orientation of G
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Theorem 4.10. [14] Let A, B, I be finite non-empty sets, let f : B x I — N be such that for
allt € B, Y .., f(t,i) = |A|l. Then the edges of K(A, B) can be partitioned into spanning
subgraphs G;, i € I, such that for each v € I, G; is balanced on A, and for each t € B, the

degree of t in Gy is f(t,1).

Proof. 1f |A| = 1, then the proof is trivial.

Now suppose |A| = 2. Let A = {s1,s2}. Form a graph H on vertex set I as follows:

For each t € B, H has an edge e;: If f(t,i) = 2, (and so f(t,7) = 0 for all other j € I) then
e; is a loop at vertex i of H. If f(t,i) = 1= f(t,j), i # j, (f(t, k) = 0 for the other k € I),
then e; joins the vertices ¢ and j in H.

Orient H so that at each vertex of H the indegree and outdegree differ by at most 1
using Lemma 4.9. For each t € B, if ¢; is directed from 7 to j in the oriented H, place the
edge between ¢ and s; in G, and the edge between ¢ and s, in G; (see example 4.11).

If |A] > 3, then partition the edges of K(A, B) into spanning subgraphs G; whose
degrees on B are given by f (this is certainly possible by the sum condition on f). If
everything is balanced on |A|, then we are done. Otherwise degrees in some G; differ by 2 or
more. Fix ¢, and let s1, s be two vertices in A, whose degrees differ by 2 or more in G;. So
use the previous case where |A| = 2 on this graph to find the balanced distribution. Using
this method repeatedly for each unbalanced pair of vertices of GG; in A, finally we can get
the balanced distribution on A. Afterwards, we can repeat the same process for the other
G, for each j € 1.

Now we need to prove that this process will stop after finitely many steps. Let Vi =
(a1,...,a;...,a4,...,a,) be a integer vector with fixed sum > a; = a. So the shortest
integer vector with respect to the Euclidean metric with the fixed sum of the entries is the

balanced one. To see this assume a; > a; + 2, then if we balance a; and a;, we get
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Vo= (ar,...,a; +1,...,a;—1,...,a,) and |Vo|> < [V4|? — 2 since,

Va2 = 4+ (ai+1)2+ 4 (a;— 1)+ +a?

= ai+-+al+2+1+-+al—2a;+ 14 +a

= (ai+-+al+ - Fa 4+ +a)+2(a —a;)+2

= [V +2(a; — a;) +2

N

VA2 +2(=2) + 2

N

Vif* -2

This means that when we balance a pair of entries in the vector at a time, the vector gets
shorter, and after finitely many steps we will find the shortest one. This completes the

proof. O]

Example 4.11. Let G be a bipartite graph on bipartition (A, B) where A = {s1, s2} and
B = {vy,v9,v3,v4}. Let I ={ blue, red}. We want to get and blue balanced on
A without changing the color census on B (see the first picture in Figure 4.9). Then using
the method defined in Theorem 4.10 build a graph H (see the second picture in Figure 4.9)
and orient H so that |in(w) — out(w)| < 1 for every vertex w in H. Finally, we can swap

edges of G with respect to the orientation on H to get a balanced coloring on A.
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V2 V2

U1
S1
V2
V1 U1
Vg4 V4
U3
52
V3 V3
V4 .
G H Oriented H
U1
S1
V2
U3
52
V4

Colors are balanced on A

Figure 4.9: An Example for Theorem 4.10

4.5.1 Necessary And Sufficient Conditions for T(A;, Ay, As; By, ..., B,)

Theorem 4.12. For a graph T(Ay, As, As; By, ..., B,) assume b, < --+ < by < by, the
NASCs are:

~

. 2| ]az(ar +ag) + az(by + b+ - - +by)]
2. a1 < as

3. ajas + biag < aglag + by + b+ -+ by,)
4. asaz < arag + az(by + by + -+ +by)

5. If

® ay+ (by + -+ +by,) is even, then ajas is even.

e ay+ (by + -+ by,) is odd, then ajas — as is even and non-negative.
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Necessity:

Proof. Let G =T(Ay, Ay, As; By, ..., By,). Condition 1 comes from the fact that the number
of edges is even. We can get conditions 2 - 4 using Tutte’s f-factor Theorem on L(G).
L(@) is union of a complete graph on n + 1 vertices and an edge attached at the vertex
AyAs. If we check all the possible L(G) triples B = (S,T,U) where T is independent and
AMT,U) = 0 from theorem 2.12, all will reduce to the the following three cases in figure
4.10. We need to check k(B,h) 4+ h(T) < h(S) for each case. From the first picture in the
figure 4.10, we will get asaz < ajas which gives condition 2. From the second picture, we
get ajas + byag < asas + beas + - - - + byaz which gives condition 3. From the last picture, we

get asaz < ajas + azby + azby + - - - 4+ azb, which gives condition 4.

S S
S T T T
a1ag
azas3 asas3 a1az .
b2 as b2a3 a20a3
b1 as
bnag bna3
U U U

Figure 4.10: How to get conditions 2 - 4

For condition 5, we need to consider all the types of paths we have and the degree of any
vertex in Az. Firstly, the degree of any vertex v in As is deg(v) = as + by + -+ + b,. Let xq
be the number of paths passing through the sets of vertices A, — Ay — A3 so x1 = ajas.
In the same way, y; : Ay = A3 — B, for any 1 < ¢ < n, and w;; : B; = A3 — B,
for any 1 < i < j < n. Here, both y; and w;; have their middle vertices in Ajs, so if
deg(v) is even, then x; must be even. If deg(v) is odd, then we should have enough z; type
paths which means ayas > a3. That gives ajas — az non-negative. To see that ajas — az is

even, consider the vertices in Az and distribution of aias edges on As. There are «;’s for
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as i 1
1 <7 < a3 such that Z(xi = aias where each a; = 25; + 1, an odd number. 5; = a 7
2 o —1 1.1:1
Z B; = Z : 5 = §(a1a2 — az). Therefore ajay — ag is an even number. O

i=1 i=1
Sufficiency:

Proof. If the necessary conditions are satisfied we can find proper z, ¥;’s and w;;’s. In
between pairs of sets (A;, A2) and (As, B;) for any i, we can find balanced edge distributions
with the required numbers as we did for the sufficiency case of the Theorem 4.1. The
only problem is finding a construction for (As, A3) since we need to find a parity balanced
distribution of z; edges on Az with respect to the parity of as + (b1 + - - - +b,) (see condition
5 in Theorem 4.12). We also need to find a balanced distribution for the remaining y;’s. To
be able to find this special distribution we can use theorem 4.10 and choose the degrees on

As to get balanced degrees on As. n

4.5.2 Necessary And Sufficient Conditions for T(Cy,...,C,,; Ay, As; By, ..., B,)

Theorem 4.13. For a graph T(Ch,...,Cn; A1, Ag; By, ..., By) assume ¢, < -+ < 3 < ¢
and b, <+ < by < by, and let C =C1UCU---UC, and |C|=c¢, B= B UByU---UB,,

|B| =0 and dy = ¢+ ag, do = b+ ay. The NASCs are:

~

2| ar(er + a4+ o) + arag +az(by +be 4+ - -+ by)]
2.0 <as+ (a4 +cy) and by < ay+ (ba+ -+ -+ by)
3. aje; + aghy < aj(co+ -+ + ¢p) + aras + ag(be + -+ - + by)
4. arag < ar(cr+ e+ -4 cm) Faa(by +ba+ - +by)

5. If

e di and dy are even, then ajas s even.
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e d; is even and dy 1s odd, then either both ay and as are odd, both even or ay s

odd and ay even. In addition, ca; — as > 0.

e di is odd and dy is even, then either both ay and as are odd, both even or ay s

even and ay odd. In addition, bas — a; > 0.

e di and dy are odd, then both a; and as are even. In addition, ca; — as = 0 and

bag — a > 0.

with the following exceptions:

d; dy ap Qo g &by

2 2 any ¢; with 1+ (by+ -+ +b,) <by <2+ (ba+---+by,)

even | even | even 1 any ¢; with 1+ (by+ -+ +b,) < by <ay+ (ba+---+by)

1 | even |any by with 1+ (co+ -+ +cp) <cr<as+ (a4 -+ )

odd 1 any ¢; with 1+ (by+---+b,) < by <ay+ (ba+ -+ +by)

even | odd

1 even any c¢; with by =1+ (by+ -+ + by,)

+
1 | odd |any by with 1+ (co+--+¢n) <cr<as+(c2a+ -+ )

odd even

even 1 any by with ¢; =1+ (ca+ -+ + )

Table 4.1: Exceptions for Theorem 4.13

Necessity:

Proof. Let G = T(C4,...,Cy; Ay, Ag; By, ..., B,). Condition 1 comes from the fact that
the number of edges is even. We can get conditions 2 - 4 using Tutte’s f-factor Theorem on
L(G). L(G) is union of two complete graphs on m and n vertices attached at the vertex
Ay Ay, Tf we check all the possible L(G) triples B = (S,T,U) where T is independent and
AMT,U) = 0 from theorem 2.12, all will reduce to the the following three cases in figure 4.11.
We need to check k(B,h) + h(T) < h(S) for each case. From the first picture in the figure

4.11, we will get ¢; < ag+ (ca+ -+ -+ ¢,,) and in the same picture if we replace B’s with C’s
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and C’s with B’s then we get by < ay + (by + -+ - + b,) which gives condition 2. From the
second picture, we get ajc; + agby < ay(ca + -+ - + ¢m) + aras + az(by + - - - + by,) which gives
condition 3. From the last picture, we get ajas < ay(c1+ca+- -+ cm) +az(by+ba+---+by)

which gives condition 4.

Figure 4.11: How to get conditions 2 - 4

For condition 5, we need to consider all the types of paths we have and the degree of any
vertex in A; and Ay . Firstly, the degree of any vertex vy in A; is:

dy =deg(vy)) =as+c1+--+ep =ay+c

and the degree of any vertex vy in A is:

dy = deg(ve) =ay +by + -+ + b, =ay +0b.

Let z; be the number of paths passing through the sets of vertices C; — A; — A, for any
1<i<mandletxzzzlxi. In the same way, y; : B; — Ay — A; forany 1 < j < n
and y = Z;’L:1 yj. So x +y = ajag. In addition, we have w;; : C; = A; — C; for any
1<i<j<mand 2z : By = Ay — By for any 1 < k <1 < n. Here w;;’s have their middle
vertex in A; and zy;’s have their middle vertex in Ay, so we have four cases with respect to
the parity of d; and dy. So the parity of z and ds, and y and x; must be consistent (see
figure 4.12).
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Figure 4.12: Types of paths

Case 1: If d; and dj are even, then y and x are even so ajas is even since = + y = ajas.
Case 2: If d; is even and dj is odd, then y is even and x = ay (mod 2) and = > as. So we
can get ca; — as > 0 since ca; > x. To get either both a; and ay odd, both even or or a; is

odd and as even, see:

rT+y = aias
r+y = ajay (mod 2)

r = ajay (mod 2) since y is even

Case 3: If d; is odd and d, is even, then this is the same as case 2, just replace as with a;.
Case 4: If d; is odd and d; is odd, then y = a; (mod 2) and y > a;, and x = ay (mod 2)
and z > ao. We can get ca; — as > 0 and bay — a; > 0 in the same way as in case 2. To get

both a; and as even, see:

rT+y = aias
r+y = ajay (mod 2)

a;+ay = ajaz (mod 2) since r =ay (mod 2) and y =a; (mod 2)
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aj + az = ajay (mod 2) is only satisfied when both a; and ay are even.

Note that theorem 4.12 is a special case of theorem 4.13. In theorem 4.13, if we get

o =c3 =+ = ¢, = 0 and replace ¢; with ay, a; with as and ay with a3 we will get exactly
the same conditions as in theorem 4.12. O
Sufficiency:

Proof. If the necessary conditions are satisfied we can find proper z;’s, y;’s, w;;’s and vy’s.
First we find a proper z and y then we will find w;;’s and vy;’s since we have more restriction
on = and y. In between pairs of sets (C;, Ay) for any 1 < ¢ < m, and (A, B;) for any
1 < 7 < n, we can find balanced edge distributions with the required numbers as we did for
the sufficiency case of theorem 4.1. The only problem is finding a construction for (A, As)
since we need to find a parity balanced distribution of x +y edges on A; and A, with respect
to the parity of d; and dy (see condition 5 in theorem 4.13). To find this parity balanced
distribution, we will use theorem 3.12.

Case 1: Assume d; and ds are even, then y and x are even so ajas is even since x+y = ajas.
So there are three cases for (aj,as): (even, even), (even, odd) and (odd, even).

If a; and ay are both even, then we need to find a parity balanced bipartite graph
(PBBG) with pararameters (a = a1,b = as,e = x,¢, = 0, ¢, = 0) with bipartite complement
(@ =a1,b=as,e=ab—z=uy,e, =0,¢ = 0) so that the distribution of z on A, has even
parity (e, = 0) and the distribution of y on A; has even parity (¢, = 0). We can we can find

such a PBBG since the necessary conditions of theorem 3.12 are satisfied.

cate, = 040=0=b (mod2)ande,+e=0+0=0=a (mod 2)
o < e<ab—éea=0<z<aay
ab < e<ab—eb=0<x<aay
ca = ab—ca=e=x=gb=ab—eb=0 (mod 2)
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For the exceptions in table 4.1 the only problem concerning this case is when a = a; =even,
b=uay=cven,e=a0=2,¢,=0,¢, =0, ¢ = 0,6 = 0. We can solve this problem by
choosing © > 4 since a; > 2 and a, > 2 in the exceptions. In the case of a; = 2 = ay,
we will not have any y’s which means we need to put a gregarious P3; decomposition of
star multipartite graph on S = (Ay; Bs, Ba, ..., B,). The first condition of theorem 4.3 is
satisfied since 2 | b = by +by+...+ b, (d; =even= a; +b and a; is even so b is even). For the
second condition of theorem 4.3, we can get by < 2+by+...+b, from condtion 2 of theorem
4.13. From here we get two exceptions: by =1 +by +---+b, and by =2+ by + --- + b,.
So T'(Cy,...Cpn;2,2; By, ..., B,) doesn’t exist when either by = 1 + by + -+ + b, or by =
24 by+ -+ by.

If a; is even and ay is odd, then we need to find a PBBG with pararameters (a =
aj,b = as,e = x,¢, = 1,6, = 0) with bipartite complement (¢ = a1,b = ag,e = ab—x =
y, e, = 0,¢, = 0) so that the distribution of = edges on as has even parity (e, = 0) and the
distribution of y edges on a; has even parity(e, = 0). We can we can find such a PBBG

since the necessary conditions of theorem 3.12 are satisfied.

¢ate, = 140=1=b (mod2)and ¢, +¢,=0+0=0=a (mod 2)

o < e<ab—éea=a <z <aay
ab < e<ab—eb=0<x<aay
o = ab—ca=e=x=gb=ab—eb=0 (mod 2)

If we check the exceptions in table 4.1, then we see (a = even > 4,b = odd > 3,e = 2,¢, =
1,6, =0,€, = 0,¢, = 0). However, in this case e = > a; and a; > 4 so we don’t have any
exception for e = 2. There are other exceptions coming from x > a;. If ap = 1, then we don’t
have any y’s which means we need to put a gregarious P3 decomposition of a star multipartite
graph on S = (Ay = 1; By, By, ..., B,,). The first condition of theorem 4.3 is satisfied since

2| b=0b+by+ ...+ b, (dy =even= a; + b and a; is even so b is even). For the second
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condition of theorem 4.3, we can get by < a3 + (bs + ... + b,) from condition 2 of theorem
4.13. From here we get exceptions when 1+ (by + -+ +b,) < by < ay;+ (ba+---+0b,). So
T(Cy,...Cn; A1, 15 By, ..., By) doesn’t exist when 1+ (by+- - -+b,) < by < a;+(by+---+by).

If a1 is odd and as is even, then this case is the same as the previous case, just switch
ay with a;.

Case 2: If d; is even and ds is odd, then y is even and z = ay (mod 2) and = > ay. So
there are three cases for (a1, a3): (even, even), (odd, odd) and (odd, even).

If a; and ay are both even, then x and y are both even. We need to find a PBBG with
parameters (a = aj,b = ag,e = x,¢, = 0,6, = 1) with bipartite complement (a = a;,b =
as,e = ayjas —x = y,€e, = 0,¢, = 1) so that the distribution of x on A, has odd parity
(ep = 1) and the distribution of y on A; has even parity (e, = 0). We can we can find such

a PBBG since the necessary conditions of theorem 3.12 are satisfied.

¢ate, = 0+40=0=0 (mod2)and e +¢,=1+1=0=a (mod 2)

o < e<ab—éea=0<z<aay

N

eb e<ab—eb=ay <z < aja—ap

€q ab—eca=e=x=gb=ab—e,b=0 (mod 2)

If we check the exceptions in table 4.1, we see that we don’t have any exception for this case.

If a; and as are both odd, then x is odd and y is even. We need to find a PBBG with
parameters (a = a1,b = az,e = x,¢, = 1,6, = 1) with bipartite complement (a = a;,b =
as,e = ajas —x = y,e, = 0,¢, = 0) so that the distribution of x on A, has odd parity

(ep = 1) and the distribution of y on A; has even parity (¢, = 0). We can we can find such
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a PBBG since the necessary conditions of theorem 3.12 are satisfied.

€+ €, 0+1=1=b (mod2)ande+e,=1+0=1=a (mod 2)

VAN

€l e<ab—ea=a; <x<aa
ab < egab—egbéaggaygalag

cga = ab—ca=e=z=gb=ab—eb=1 (mod 2)

If we check the exceptions in table 4.1, then we see (a = odd > 3,b = odd > 3,e = 2,¢, =
l,e/, =0,¢ = 1,¢;, = 0). However, in this case e = z > max{ai,as} and ay,a2 > 3 so we
don’t have any exception for e = 2. There are other exceptions coming from = > maz{a,as}.
If ap = 1, then x = a7 = ajas so we don’t have any y’s which means we need to put a
gregarious P3 decomposition of a star multipartite graph on S = (Ay = 1; By, By, ..., By).
The first condition of theorem 4.3 is satisfied since 2 | b = by + by + ... + b, (dy =odd=
a; + b and a; is odd so b is even). For the second condition of theorem 4.3, we can get
by < aj+(ba+...+b,) from condition 2 of theorem 4.13. From here we get exceptions when
1+ (by+---+by) <by<ar+(ba+---+by). SoT(Ch,...Cp; A1, 1;By,...,B,) doesn’t
exist when 1+ (bg 4+ -+ +b,) < by < ay+ (ba+ -+ + by).

If a; is odd and ay is even, then x and y are both even. We need to find a PBBG with
parameters (a = aj,b = ag,e = x,¢, = 0,¢, = 1) with bipartite complement (a = a;,b =
as,e = ayjas —x = y,€e, = 0,¢, = 0) so that the distribution of x on A, has odd parity
(ep = 1) and the distribution of y on A; has even parity (e, = 0). We can we can find such

a PBBG since the necessary conditions of theorem 3.12 are satisfied.

€ate, = 0+40=0=0 (mod2)and e +¢,=14+0=1=a (mod 2)

o < e<ab—ea=0<z<aa
ab < e<ab—eb=ay <z <aay
ca = ab—ca=e=r=gb=ab—eb=0 (mod 2)
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If we check the exceptions in table 4.1, then we see (a = odd > 3,b = even > 3,e =
2/¢, = 0,¢,, = 0,¢, = 1,6, = 0). However, in this case e = = > as and as > 4 so we
don’t have any exception for e = 2. There is an exception coming from x > as. If ¢y = 1,
then ©x = ay = ayas so we don’t have any y’s which means we need to put a gregarious P;
decomposition of a star multipartite graph on S = (As; By, Bs, ..., B,). The first condition
of theorem 4.3 is satisfied since 2 | b = by + by + ...+ b, (dy =odd= a; + b and a; is odd so b
is even). For the second condition of theorem 4.3, we can get by < a; + (by + ...+ b,) from
condition 2 of theorem 4.13. From here we get exceptions when by = 1+ (by + -+ - + b,). So
T(Cy,...Cp; 1, Ag; By, ..., B,) doesn’t exist when by =14 (by + -+ -+ by,).

Case 3: If d; is odd and ds is even, then this case is the same as case 2, just switch a; and
as.

Case 4: If d; and dy are both odd, then z,y,aq,as are even and y > a1, * > ay. We
need to find a PBBG with parameters (a = a;,b = as,e = x,¢, = 1,¢, = 1) with bipartite
complement (a = a1,b = az,e = a1as —x =y, €, = 1, ¢, = 1) so that the distribution of x on
A, has odd parity (¢, = 1) and the distribution of y on A; has odd parity too (¢, = 1). We

can we can find such a PBBG since the necessary conditions of theorem 3.12 are satisfied.

€ate, = 141=0=b (mod2)ande,+e¢=1+1=0=a (mod 2)
cea < e<ab—ea=a; <r<aay—a
ab < e<ab—eb=ay <z <aja—ay
ca = ab—ca=e=x=gb=ab—eb=0 (mod 2)

If we check the exceptions in table 4.1, we see that we don’t have any exception for this

case. O
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