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Abstract

In this thesis we give a new solution to the intersection problem for Steiner triple systems,
using results that were not available when the original solution was given. In particular
we show for each pair (n,k), where n = 1 or 3 (mod 6) > 19 and k£ € {0,1,2,....,.2 =

"(”6_1)}\{x — 1,z — 2,2 — 3,2 — 5}, the existence of a pair of Steiner triple systems (S,T})

and (S,T») of order n with the property that |7} NTy| = k.
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Chapter 1

Introduction and outline of the thesis

A Steiner triple system (STS) of order n is a pair (X,T) where T is a collection of edge
disjoint triangles (or triples) which partitions the edge set of K,, with vertex set X.

Example 1.1 (two triple systems of order 7).

4T 6
6 3 - !

5 4

It is immediate that the two triples in this example have exactly one triple in common,

1
namely i which we will denote by {1, 2, 3}.
3 2



In this thesis, we will be looking at the intersection problem for Steiner triple systems.
It is well-known that the spectrum for Steiner triple systems is precisely the set of all

n=1or 3 (mod 6) [3] and that if (X,T) is a triple system of order n, |T'| = @.

Hence the following problem:

THE INTERSECTION PROBLEM: For each n = 1 or 3 (mod 6), determine the set of
all k such that there exists a pair of STS(n) having exactly k triples in common.

The two triple systems in Example 1.1 have exactly one triple in common; namely

{1,2,3}.

Now, it turns out that a necessary condition for a pair of STS(n) to have k triples in

common is k € I(n) ={0,1,2,...,x

in Chapter 2. It also turns out that except for n = 9, this necessary condition is sufficient.
Denote by J(n) = {k such that there exists two STS(n) having k triples in common}. The
following Theorem is due to C.C. Lindner and A. Rosa [5].

Theorem 1.2 J(n) = I(n) for all n = 1 or 3 (mod 6), except for J(9). In this case

J(9) = {0,1,2,3,4,6,12} [4]. O

The following is an example showing J(7) = I(7) = {0, 1,3, 7}.

Example 1.3 (J(7) = I(7)).

235

346
457

561
672

713

a

In general we will denote the triangle A by {a,b,c}.
b
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715

— %}\{x— 1,2—2,2—3,2—>5}. This will be proved
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Any STS(7) intersects with itself in 7 triples.



Chapter 2

Necessary Conditions

In this section we show that a necessary condition for a pair of triple systems (S,77) and
(S,T3) of order n to have k triples in common is for k € {0,1,2,3,4,...,x = @}\{w —
1,2 —2,2—3,2—>5}. A partial triple system of order n is a pair (S,P) where P is a collection
of edge disjoint triples of the edge set of K, with vertex set S.

Example 2.1 (partial triple system of order 6)

A.A.
\.&/_\

Two partial triple systems (S,P;) and (S,P,) are said to be balanced provided P; and

P=

P cover the same edges. Let P; be the collection of triples in Example 2.1 and P, be the
following collection of triples.

Example 2.2 (partial triple systems of order 6)

A.A.
AN



Then P, and P, are balanced. It is also the case that P, and P, are disjoint, that is, they
have no triples in common.

Now let (S,71) and (S,73) be a pair of triple systems of order n. Then the partial triple
systems (S,71\ (71 NT3)) and (S,73\ (T3 NT3)) are balanced and disjoint. We will show that
there does not exist a pair of balanced and disjoint partial triple systems containing 1,2,3,

or 5 triples. It follows that |17\ (71N7T2) | ¢ {1,2,3,5} and so |11 NTy| ¢ {@ =z—1,z—

2,2 — 3,2 —5}. It follows that [T} NTs| € {0,1,2, .., "% =g} \{z — 1,2 — 2,2 — 3,7 — 5}
is a necessary condition for a pair of triple systems to have x triples in common.

To begin, if (S, P;) and (S, P,) are balance and disjoint, every vertex must belong to
at least 2 triples in both P, and P,. Suppose {x,y, 2} € P; and is the only triple containing
x. Then x has degree 2 in P;. Now, in P, we must have a triple of the form {x,y,a} since

the edge {z,y} has to be covered. However, if a # z, then the edge {z,a} must be covered

in P, so x has to have degee at least 4.

a

Now let (S, P;) and (S, P) be a pair of partial balanced and disjoint triple systems.
Since every vertex in P, must have degree at least 4 we cannot have |P | = || € {1,2,3}.

We now show that we cannot have
1. |P,N P| =5, and
2. P, and P, are balanced

To begin, |S| must be at least 6, otherwise we could not cover 15 edges. However, since

a maximum partitioning of K contains 4 triples, we cannot have |S| = 6.



Construct the following incidence matrix

1234...... ) n
t
ty
1, ifiet,
[= 1 ] {0 otherwisg.
ty
ts

Then I contains 15 ones. Since each vertex belongs to at least 2 triples we must have
2n < 1580,n§§, and son = 7.

It is now clear that I looks like

1 2 3 4 5 6 7

t 1 1
ol 1 1 1

311 1 1 1 1
ty 1 1 1
ts 1 1

This is to say exactly one vertex belongs to 3 triples and the rest to 2 triples. It follows

that P; looks like




These edges cannot be covered by 5 disjoint triples, and so, we have the following result:

Lemma 2.3 A necessary condition for a pair of triple systems (S,7}) and (S,73) of order
n to have k triples in common is for k € {0, 1,2,3, ..., % =zp\{z—1,2—2,2—3,2—5}.

0

In [5] this was shown to be sufficient for all n = 1 or 3 (mod 6), except for n = 9. In
this case the intersection numbers are {0,1,2,3,4,6,12} [4].

The object of this thesis is a different and much simpler proof of the intersection problem.
We will first sketch a proof of the original solution. We then give a new construction using

results which were not available when the original paper was written.



Chapter 3

The Original Construction

This chapter will give a brief sketch of the original solution of the intersection problem
[5]. The interested reader is referenced to the original paper for details. The original solution

uses the following two constructions.

The 2n + 1 Construction: Let (S,T) be a STS(n) and (X,F), F = {F, Fy, ..., F,,}, a

1-factorization of K, ; with vertex set X, where X NS = ). Let S* = S U X and define a

collection of triples T™* as follows

1. T c T*, and

2. let a be any 1-1 mapping from S onto {1,2,3,...,n}. For each € S and each

{a,b} € F,, place the triple {z,a,b} in T*.

Then (S*,T*) is a STS(2n + 1)

=
|




The 2n + 7 Construction: LetF' = {Fy, Fy, ..., F},} be a collection of n 1-factors of K7

with vertex set X. Further let K = K, 7\F and K; and K5 two partitions of K into n + 7
triples, where K7 N Ky = (). Now let (S,T) be a STS(n) with vertex set S, such that

SN X = 1. Set S* = SU X and define a collection of triples T* as follows:
1. TcT,
2. K; C T*, where i = 1 or 2 (but not both), and

3. let a be any 1-1 mapping from S onto {1,2,3,...,n}. For each € S and each
{a,b} € F,, place the triple {z,a,b} in T*. Then (S*,T*) is a STS(2n + 7).

Fla FQa Fq:oz Fna

AN
SN
Kn+7: — LI | eee — A =K;
A\
AN
AN

The Original Construction

1. Ad hoc constructions are used to solve the problem for all n < 33. So we can assume

n > 37.

2. Every m = 1 or 3 (mod 6) can be written in the form 2n + 1 or 2n + 7, where n = 1

or 3 (mod 6).

3. The proof uses induction. So assume we have solved the intersection problem for all

n=1or 3 (mod 6) < 33.



4. If n = 1(mod6) we use the 2n 4+ 1 Construction:

Let (S,71) and (S,T3) be any two STS(n), F a 1-factorization of K1, and o and

1-1 mappings from S onto {1,2,3,...,n}. Then,

=
=
=
@

Fy na 15 P

REREAE

|
)

)
NEEn

T

InN
IR

= |T' NTy| + > |Fia N Figl. A bit of reflection shows that I(2n + 1) = J(2n + 1).

5. If n = 3 (mod 6) use the 2n + 7 construction.

Let (S,71) and (S,7%) be any two STS(n), F a collection of n 1-factors of K7, and «

and 8 1-1 mappings from S onto {1,2,3,...,n} Then,

Fl:y F2[y Frm' Flﬁ FQﬂ Fnﬁ
|z o I 7
S O (/I T P S VOSSO I U/
| ‘AA | “AA
K, K

=Ty N1y + > |Fia N Fig| + |K; N Kj|. As with the 2n 4+ 1 Construction it is quite
easy to show that I(2n +7) = J(2n + 7).
With the original construction out of the way we can now proceed to a completly

different and new construction.
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Chapter 4

The intersection of quasigroups

Two quasigroups (Q,o0;) and (Q,02) are said to intersect in k products provided their
tables agree in exactly k cells.

Example 4.1 (Two quasigroups of order 4 intersecting in 6 products).

ol 2 3 4 o1 2 3 4
1)1 ]3[4 |2 1)1 (4|23
214213 213 121 |4
312 14 |31 312 (314 |1
413 |1 |24 404 1132

In [2] H.LL Fu proved the following theorem.

Theorem 4.2 (H.L. Fu[2]) If n > 5, there exists a pair of quasigroups having k products
in common if and only if & € {0,1,2,....,n*}\{n? —1,n* —2,n*> —3,n? —5}. O

Let Q = {1,2,...,2n} and let H = {hy, ha, ..., h,} be a partition of Q into 2-element
subsets (called holes of size 2).

Let (Q, o) be a quasigroup with the property that (h;, o) is a subgroup for every hole
h; € H. Then (not too surprisingly) (Q, o) is said to be a quasigroup with holes H.

Two communitive quasigroups (Q,o;) and (Q,o02) with the same holes H are said to

intersect in k£ products provided their tables agree in exactly k cells above the holes.

11



Example 4.3 (Two communitive quasigroups of order 6 with holes intersecting in 8

products)
off1 2 3 4 5 6 o1 2 3 4 5 6
Ll1]2]5 |64 |3 i1 ]2]6 |5 |43
202 (1 1(6 |53 |4 202 |1 |5 |63 |4
31516 (3 [4]2 1 316 (513 |42 |1
416 |5 (43|12 405 |64 [3]1 ]2
51413 |21 |5 |6 Slals 1|25 |6
63 |41 )26 |5 6|3 |4 116 |5

The following theorem is due to C.M Fu [1].

Theorem 4.4 (C.M Fu [1]) If 2n > 10, there exists a pair of commutative quasigroups of
order 2n having the same holes intersecting in k products if and only if
ke{0,1,2,.,za=2n(n—D}\{r -1,z —2,2 -3,z —5}. O

The results in Theorems 4.2 and 4.3 were obtained many years after the original solution
of the intersection problem for Steiner triple systems. We can now use the results in these

two theorems to give a new and much easier solution to this problem.

12



Chapter 5

The 6n + 1 Construction

In this chapter we will give a 6n + 1 Construction along with the results in Theorems
4.2 and 4.4 to give a new solution of the intersection problem for all 6n + 1 > 19. We will
give two examples before giving the general construction.

Example 5.1 (n = 19)
Write n =306+ 1. Let |@Q| = 6 and set S = {oo} U (Q x {1,2,3}). Let (S,77) and (S,T»)
be two STS(19)s defined by:

S5 Yy

({oc}UQ,T1)
({oc} U Q,Tha)

({0} U@, T13)
STS(7)

and

n{0,1,2, ..., 36 }\
{35,34,33,31}

09 b

({oc} U Q, Twy)

({oo} U Q, To3)
STS(7) (Q,02)

13



It is a straightforward computation to see that any number n € {0,1,2,...,57}\
{56,55,54,52} can be written in the form |71 N To1| + |T12 N Toe| + |T13 N Tos| + [(Q,01) N
(@, 02)]-

Example 5.2 (n = 25)

Write n = 308+ 1. Let |Q| = 8, set S = {oo} U (Q x {1,2,3}), and proceed exactly as in
Example 5.1
The solution for 6n + 1 > 31

Write 6n 4+ 1 = 3(2n) + 1(2n > 10), let |Q| = 2n, and set S = {oo} U (@ x {1,2,3}). Let
(S,T7) and (S, T,) be STS(6n + 1) defined as follows:

|
(STv) e )

For each hole
hi = {a,y} 12 a b 2n

1
2
a Xy = yx

quasigroup
¢ (Q,0;) with
b holes hy, ha, ..., hy

2n H:

Where (Q,01) is used between levels 1 and 2, (QQ,05) is used between levels 2 and 3, and

(Q,03) is used between levels 3 and 1.

14



(S.Ty) s D

For each hole

hi = {z,y} %112 d c 2n
1
2
d 1 Xy = yx
quasigroup
¢ (Q,0;) with
. o, holes Ay, ha, ..., by

Where (Q,07) is used between levels 1 and 2, (QQ,05) is used between levels 2 and 3, and

(Q,03) is used between levels 3 and 1.

As in the above two examples it is easy to see that any number
m € I(n) can be written in the form
ST N To| + [(Q,01) N (Q,01)] + [(Q,02) N (Q,02)| + [(Q,03) N (Q,03)]. We will illistrate
this with an example.

Example 5.3 (Two STS(31)s intersecting in 87 triples).
1. Take |Ty; NTy| =7, for i =1,2,3,4,5;
2. [(Q,01) N (Q,01)| =40 between @ x {1} and @ x {2}; and
3. [(Q,02) N (Q,02)] = 12 between @ x {2} and @ x {3}.

4. (Q,03) N (Q,03)] =0 between @ x {3} and @ x {1}.

Then Z |T11 n T2Z’ + ‘<Q701) N (Q7 Ol)‘ + |(Q702) N (Q702)| + ’(Q7O3) N (Q703)| =

354+40+12+0 =287

15



Summary Examples 5.1, 5.2, and the 6n+1 > 31 Construction gives a complete solution
of the intersection problem for all 6n + 1 > 19. As previously mentioned, the case of

6n + 1 = 13 is handled by an ad hoc construction in the original paper][5].

16



Chapter 6

The 6n + 3 Construction

It is well known that 1(9) = {0,1,2,3,4,6,12} and I(15) = J(15). So we will begin
with examples for 21 and 27, which cannot be done in general with the 6n + 3 Construction.
Example 6.1 (n = 21)
Let Q be a set of size 7 and set S = Q x{1,2,3}. Define two STS(21)s (S,77) and (S,T3) as

follows:

o1 v

(Q,01) a quasigroup
of order 7.

09 b

(Q,02) a quasigroup
of order 7.

Then if k € {0,1,2, ..., TON\{69, 68, 67,65}, k = |T1y N To1| + |Tia N Toa| + [T13 N Tos| +
(Qu01) N (Qu0).

Example 6.2 (n = 27)
Let Q be a set of size 9 and set S = @ x {1,2,3}. Define two STS(27) (S,7}) and (S,T3) and

proceed as in Example 6.1

17



The solution for 6n+3 > 33 Write 6n+ 3 =3+ 3 e2n and let Q be a set of size 2n

with holes H = {hy, ha, ..., h,} of size 2. Set S = {001, 009,003} U (Q x {1,2,3}) and define
two STS(6n + 3)s, (S,71) and (S,T3) as follows:

Any STS(9)

STS(9) containing { ooy, 009, 003}

;1 2 Yy 2n

Xy=yx quasigroup (Q,0;)
with holes H = {hy, ho, ..., hn}.

Where (Q,01) is used between levels 1 and 2, (QQ,05) is used between levels 2 and 3, and

(Q,03) is used between levels 3 and 1.

18



GOl e
o T || T | T / Ton
(%) ao|e® o)

Any STS(9) > /

STS(9) containing {oo1, 009, 003 }

il 2 b 2n

®

e

xy=yx quasigroup (Q,o;).
with holes H = {hy, ho, ..., hn}.

Where (Q,01) is used between levels 1 and 2, (Q,05) is used between levels 2 and 3, and
(Q,03) is used between levels 3 and 1.

Now, let m € 1(6n+3). Then m = |T1;NTo |+ [(T1:NTo)\ {001, 002, 003} +|(Q, 01)N
(@, 01)|(between levels 1 and 2) +|(Q,02) N (Q, 02)|(between levels 2 and 3)+|(Q,03) N
(Q, o3)|(between levels 3 and 1).

We illustrate this construction for 6n + 3 = 33.

19



Example 6.3 (A pair of STS(33) intersecting in 102 triples).

Take |71, N 12| = 0 each |(71;\{o01, 002, 003} = 0 (this is simply a pair of triple systems
of order 9 having just the triple {007, 002,003} in common, [(Q,01) N (Q,01)| = 40 between
levels 1 and 2 and 2 and 3, and |(Q, 03) N (Q, 03)| = 22 between levels 3 and 1.

Summary In this chapter we have given a complete solution of the intersection problem

for all n = 3(mod 6) > 21.

20



Chapter 7

Concluding remarks

In this thesis we have given a new solution to the intersection problem for Steiner triple
systems using results that were not available when the original solution was obtained. In
particular we have given a new solution for all n = 1 or 3(mod 6)> 19. Our solution is much

simpler than the original solution and has the added benefit of not using induction.
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