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Abstract

This dissertation studies some matrix results and gives their generalizations in the con-
text of semisimple Lie groups. The adjoint orbit is the primary object in our study.

The dissertation consists of four chapters. Chapter 1 is a brief introduction about the
interplay between matrix theory and Lie theory.

In Chapter 2 we introduce some structure theory of semisimple Lie groups and Lie
algebras. It involves the root space decompositions for complex and real semisimple Lie
algebras, Cartan decomposition and Iwasawa decomposition for real semisimple Lie algebras
and Lie groups. They play significant roles in our generalizations.

In Chapter 3 we introduce a famous problem on Hermitian matrices proposed by H.
Weyl in 1912, which has been completely solved. Motivated by a recent paper of Li et al.
[34] we consider a generalized problem in the context of semisimple as well as reductive Lie
groups. We give the gradient flow of a function corresponding to the generalized problem.
This provides a unified approach to deriving several results in [34].

Chapter 4 is essentially a brief survey on some generalized numerical ranges associated
with Lie algebras. The classical numerical range of an nxn complex matrix is the image of the
unit sphere in C" under the quadratic form. One of the most beautiful properties is that the
numerical range of a matrix is always convex. It is known as the Toeplitz-Hausdorff theorem.
We give another proof of the convexity of some generalized numerical range associated with

a compact Lie group. The Toeplitz-Hausdorff theorem becomes a special case.
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Chapter 1

Introduction

This dissertation is a study of some matrix results and their generalizations in the
context of semisimple Lie groups. It is universally believed that matrix theory has many
applications in various branches of mathematics and sciences. Matrix theory has a close
relationship with the theory of Lie groups. For example, the general linear groups GL,(C)
and GL,(R) are Lie groups. Roughly speaking, a Lie group is a smooth manifold which
is also a group and in which the group operations are smooth. The tangent space at the
identity of a Lie group has a Lie algebra structure, which captures most information about
the Lie group via the exponential map. The classical Lie groups are matrix groups. This
close connection between matrix theory and Lie theory is beneficial to both fields: matrix
theory provides various results which may lead to new developments of Lie theory and, in
turn, Lie theory often provides unified approaches to matrix results and thus inspires deeper
understanding of them.

The main tools in this dissertation are some important decompositions of Lie algebras
and their counterparts for Lie groups. These decompositions are Cartan decomposition and
Iwasawa decomposition which are corresponding to Hermitian decomposition (algebra level),
polar decomposition (group level), and QR decomposition in matrix theory. They exist for
semisimple Lie algebras and Lie groups as well as for reductive Lie algebras and Lie groups.

These decompositions reflect the rich structures of Lie groups. For example, if G is a
connected semisimple Lie group with Lie algebra g and if 6 is a Cartan involution of g, then
g = t P p is a Cartan decomposition, where £ and p are the +1 and —1 eigenspaces of 6,
respectively, and the Killing form B on g induces a positive definite symmetric bilinear form

By on g defined by By(X,Y) = —B(X,6Y). The bilinear form By, together with adjoint



orbits in g, enables one to do fruitful analysis on the Lie group G via the exponential map
from g to G.

In matrix theory, any complex n x n matrix is an element of gl,,(C), the Lie algebra
of the general linear group GL,(C) and the Lie bracket is given by [X,Y] = XY — Y X.
If we define a Cartan involution 6 of g by 6(X) = —X* for all X € g, the corresponding
Cartan decomposition is just the Hermitian decomposition and By is (up to a positive scalar
multiple) the usual inner product given by By(X,Y) = tr XY™

The following is the structure of this dissertation. In Chapter 2, we introduce some
structures of semisimple Lie groups and Lie algebras for future reference. They are root
space decompositions for complex and real semisimple Lie algebras, Cartan and Iwasawa
decomposition for real semisimple Lie algebras and Lie groups. In Chapter 3, we consider a
generalization of a famous problem on sum of Hermitian matrices proposed by Weyl in the
context of semisimple as well as reductive Lie groups, where we will derive the gradient flow
and provide a unified approach to several results in [34]. Chapter 4 is essentially a brief survey
on some generalized numerical ranges associated with Lie algebras. The classical numerical
range of a complex square matrix is the image of the unit sphere under the quadratic form.
One of the most beautiful properties is that the numerical range of a matrix is always convex.
We give another proof of the convexity of a generalized numerical range associated with a
compact Lie group via a connectedness argument. The main tools are a connectedness result

of Atiyah [1] and a Hessian index result of Duistermaat, Kolk and Varadarajan [16].



Chapter 2

Structure Theory of Semisimple Lie Groups and Lie Algebras

In this chapter, we introduce most notations in the dissertation and summarize some
structures of semisimple Lie groups and Lie algebras for later reference. Since a Lie group is
simultaneously a smooth manifold and a group such that the group operations are smooth,

we begin with smooth manifolds, for which our main references are [32] and [50].

2.1 Smooth Manifolds

A topological manifold of dimension n is a second countable Hausdorff topological space
of which every point has an open neighborhood that is homeomorphic to an open subset of
R™. Let M be a topological manifold of dimension n. A chart on M is a pair (U, ), where
U C M is open and ¢ is a homeomorphism of U onto an open subset of R". Recall that a
map F : U — V, where U and V are open subsets of R™ and R™, respectively, is said to be
C* or smooth if each of the component functions of F' has continuous partial derivatives of

all orders. A smooth structure on M is a collection of charts {(U,, ¢a) : @ € I} such that

(1) UUa:M7

ael

(2) @ao0 gpél is C* for all a, 8 € I, and
(3) the collection is maximal with respect to (2).

A topological manifold with a smooth structure is called a smooth manifold, or simply
manifold unless otherwise specified. A chart on a manifold is said to be smooth if it is
an element of its smooth structure.

Let M and N be manifolds. A continuous map F' : M — N is said to be smooth if for

every p € M, there exist smooth charts (U, ¢) containing p and (V, ¢) containing F'(p) such
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that F(U) C V and the composite map ¢ o F'o o~ ! is C® from ¢(U) to ¢(V). If N = R,
F is called a smooth function on M if for every p € M, there exists a smooth chart (U, ¢)
containing p such that F o™t is C*. Let C*°(M) denote the set of all smooth functions on

M. A linear map v : C*(M) — R is called a derivation at p € M if it satisfies

v(fg) = f(p)v(g) +g(p)o(f),  Vf,ge€ C™(M).

The set T,(M) of all derivations of C*°(M) at p forms a vector space called the tangent space
to M at p. Elements of T,,(M) are called tangent vectors at p.
Let F': M — N be a smooth map and let p € M. The differential of F' at p is the linear

map dF, : T,(M) — Trq)(N) defined by

dF,(v)(f) =v(foF), Yo e T,(M),Vf e C°(N).

The rank of F' at p € M is the rank of dF,. The smooth map F' is an immersion if
rank ' = dim M at every p € M. A submanifold of M is a subset S C M endowed with
a manifold topology and a smooth structure, i.e., S is a smooth manifold in its own right,
such that the inclusion map ¢ : .S — M is an immersion.

The tangent bundle T'(M) of M is the disjoint union of the tangent spaces at all points
of M. The projection map 7 : T(M) — M is defined by sending each vector in T, (M)
to p € M. The tangent bundle has a natural topology and smooth structure that make it
into a manifold such that 7 : T(M) — M is a smooth map. A wvector field on M is a map
X : M — T(M) such that X, := X(p) € T,(M) for all p € M. The set of smooth vector
fields on M forms in the obvious way a vector space over R; it is also a module over the
ring C*°(M): if X is a vector field on M and f € C*°(M), then X f € C*°(M) is defined by
X f(p) = X,(f). Note that a vector field X on M is R-linear on C'°(M) and satisfies

X(f-9)=(Xf)-g+f Xg, Vf,geC™(M).



In other words, X acts as a derivation of the R-algebra C°°(M). In fact, derivations of
C*(M) can be identified with smooth vector fields: A function X : C*°(M) — C*°(M) is a
derivation if and only if it is of the form X (f) = X f for some smooth vector field X on M
(32, p.86]. If X and Y are smooth vector fields on M, then X oY : C*°(M) — C°(M) need
not be a smooth vector field in general, but the Lie bracket [X,Y]:= X oY — Y o X always
is. The space of smooth vector fields on a manifold has the structure of a Lie algebra over

R.

2.2 Lie Groups and Their Lie Algebras

A vector space g over a field F with a product g x g — g, denoted by (X,Y) — [X,Y]
and called the Lie bracket of X and Y, is called a Lie algebra over F if the following three

conditions are satisfied:

(1) The Lie bracket is bilinear.

(2) [X,X]=0forall X €g.

(3) The Jacobi identity [X, [V, Z]] + [V, [Z, X]] + [Z,[X,Y]] = 0 holds for all X,Y,Z € g.
An example of a Lie algebra is the general linear algebra gl(V') consisting of all linear oper-
ators on a vector space V' with the Lie bracket defined by

[X,Y]=XY —YX, VX,V €gl(V).

Let g and b be Lie algebras. A linear transformation ¢ : g — b is called a homomorphism
if
P([X,Y]) = [p(X),p(Y)], VXY €g.

It follows from the bilinearity and the Jacobi identity that the linear transformation

ad : g — gl(g)
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given by ad X(Y) = [X,Y] for all X,Y € g is a Lie algebra homomorphism, called the
adjoint representation of g. A subspace s of g is called a subalgebra if [X,Y] € s for all
X,Y € s; it is called an ideal if [X,Y] € s forall X € gand YV € s.

A Lie group G is both a smooth manifold and a group such that the mapsm : GXxG — G
and i : G — G defined by multiplication and inversion are smooth. For example, the set
of all nonsingular complex matrices forms a Lie group, called the general linear group and
denoted by GL,(C). Any closed subgroup of GL,(C) is a Lie group, called a closed linear
group.

Let G be a Lie group. For each g € G, the left translation L, : G — G defined by
L,(h) = gh is a diffeomorphism of G. A smooth vector field X on G is left-invariant if X is

L ,-related to itself for every g € G, i.e.,

XoL,=dL,0X, Vgedg.

If we regard X as a derivation, left-invariance is expressed by

(Xf)oLy=X(foL,), VfeC%(G).YgeGC.

The space of left-invariant smooth vector fields on G is closed under the Lie bracket, and
is therefore a Lie algebra g, called the Lie algebra of G. The map X — X, is a vector
space isomorphism of g onto T,(G). If X,, Y. € T.(G), let [X,, Y] denote the tangent vector
[X,Y].. The vector space T.(G), with the composition rule (X,,Y.) — [X,, Y.], forms a Lie
algebra which is identified with g.

A smooth map ¢ : G — H between Lie groups G and H is called a smooth homo-
morphism if it is also a group homomorphism. The differential dp : g — b between the
corresponding Lie algebras g and b is a Lie algebra homomorphism, called the derived ho-

momorphism of .



Let G be a Lie group with Lie algebra g. A one-parameter subgroup of G is a smooth
homomorphism ¢ : R — G. It is a consequence of the theorem of existence and uniqueness
of solutions of linear ordinary differential equations that the map ¢ +— d¢(0) is a bijection of
the set of one-parameter subgroups of G onto g [23, p.103]. For each X € g, let ¢x be the
one-parameter subgroup corresponding to X and define the exponential map exp : g — G
by exp(X) = ¢x(1). It follows that ¢x(t) = exp(tX) and that the one-parameter subgroups
are the maps t — exptX for X € g. The exponential map for a closed linear group is given
by the matrix exponential function [29, p.76]. An important property of the exponential
map is its naturality: if ¢ : G — H is a smooth homomorphism, then ¢ o exp, = expy odp.

A submanifold H of G is called a Lie subgroup if H is a Lie group with binary operation
being that induced by the binary operation on G. A Lie subgroup of G is called a closed
subgroup if it is a closed subset of GG. The following theorem shows a one-to-one correspon-

dence between connected Lie subgroups of a Lie group and subalgebras of its Lie algebra

23, p.112, p.115, p.118].

Theorem 2.1. Let G be a Lie group with Lie algebra g. If H is a Lie subgroup of G, then the
Lie algebra b of H is a subalgebra of g. Moreover, h = {X € g:exptX € H for allt € R}.

Each subalgebra of g is the Lie algebra of exactly one connected Lie subgroup of G.

For each g € G, let I, be the inner automorphism of G defined by x +— gzg~'. The

derived homomorphism of I, denoted by Ad g, is an automorphism of g. We thus have

exp(Ad(g)X) = glexp X)g™',  Vge G VX ey

In the special case that G is a closed linear group, we have Ad (¢)X = gXg¢~!. Since exp has
a smooth inverse in a neighborhood of e € G, if X is small Ad (¢g)X is smooth as a function
from a neighborhood of e to g. That is, g — Ad g is smooth from a neighborhood of e into
GL(g). Moreover Adg o Adh = Ad (gh) because I, o I, = I,,. Thus the smoothness is

valid everywhere on GG. Therefore Ad : G — GL(g) is a smooth homomorphism, called the



adjoint representation of G. The derived homomorphism of Ad is the adjoint representation

ad : g — gl(g) of g [29, p.80]. Consequently we have

Ad (exp X) = exp(ad X), VX eg.

The group Aut g of all automorphisms of g is a closed subgroup of GL(g), hence is a Lie
subgroup of GL(g). The Lie algebra Derg of Autg consists of all derivations of g [23,
p.127]. Since ad g is a subalgebra of Der g, it corresponds to a connected subgroup Int g of
Aut g [23, p.127], which is generated by exp(ad g) and called the adjoint group of g. Since
exp(ad X) = Ad (exp X) for all X € g, we have Intg = AdG if G is connected. The Lie
algebra g is said to be compact if G is compact or, equivalently, the adjoint group Int g is
compact.

The symmetric bilinear form B on g defined by

B(X,Y)=tr(adXadY), VX,Y eg

is called the Killing form, which is associative in the sense that

B([X,Y],Z) = B(X,[Y,Z]), VX,Y,Z¢€g.

If 0 is an automorphism of g, then

ad(cX)=coadX oo *

and thus B(oX,0Y) = B(X,Y). In particular, B is Ad G-invariant.
A Lie algebra g is Abelian if [g, g] = 0; it is simple if it is not Abelian and has no nontrivial
ideals; it is solvable if D*g = 0 for some k, where D% = g and D*"'g = [D*g, D*g]; it is

nilpotent if Cg = 0 for some k, where Cyg = g and Cy19 = [Crg, g; it is semisimple if its



(unique) maximal solvable ideal, called the radical of g and denoted by Rad g, is trivial (or,
equivalently, its Killing form is nondegenerate); it is reductive if its center 3(g) = Rad g (or,
equivalently, [g, g] is semisimple). A Lie algebra is semisimple if and only if it is isomorphic
to a direct sum of simple algebras. A Lie group is called semisimple (simple, reductive,
solvable, mnilpotent, Abelian) if its Lie algebra is semisimple (simple, reductive, solvable,

nilpotent, Abelian).

2.3 Complex Semisimple Lie Algebras

Let g be a complex semisimple Lie algebra. An element X € g is called nilpotent if
ad X is a nilpotent endomorphism; it is called semisimple if ad X is diagonalizable. Since g
is semisimple, it possesses nonzero subalgebras consisting of semisimple elements, which are
Abelian and are called toral subalgebras of g [27, p.35]. The normalizer of a subalgebra a of
gis

Ny(a) ={X € g:ad X(a) C a};
it is the largest subalgebra of g which contains a and in which a is an ideal. A subalgebra §
of g is called a Cartan subalgebra of g if it is self-normalizing, i.e., h = Ny(h), and nilpotent.
The Cartan subalgebras of g are exactly the maximal toral subalgebras of g [27, p.80]. All
Cartan subalgebras of g are conjugate under the adjoint group Int g of inner automorphisms
27, p.82].

Let h be a Cartan subalgebra of g. Since b is Abelian, ad jh is a commuting family
of semisimple endomorphisms of g, which are thus simultaneously diagonalizable. In other

words, g is the direct sum of the subspaces

0o ={X €g:[H,X|=a(H)X forall H € b},

where « ranges over the dual h* of h. Note that go = h because b is self-normalizing. A

nonzero « € h* is called a root of g relative to b if g, # 0. The set of all roots, denoted by



A, is call the root system of g relative to h. Thus we have the root space decomposition

0="boEP g

a€A

The importance of root space decomposition lies on the fact that A characterizes g com-
pletely.

The restriction of the Killing form on § is nondegenerate and is given by
B(H,H') =Y a(H)a(H'), VHH €.
aEA

Consequently we can identify  with h*: each a € h* corresponds a unique H, € h with
a(H) = B(H,, H) for all H € b, and there is a nondegenerate bilinear form (-, ) defined on
h* by (o, ) = B(H,, Hp) for all a, € h*. The following is a collection of some properties

of the root space decomposition [27, p.36-40]:
(1) A is finite and spans h*.
(2) f o, € AU{0} and o + B # 0, then B(ga,g93) = 0.
(3) If « € A, then —a € A, but no other scalar multiple of « is a root.
(4) If « € A, then [g4, 9_o] is one dimensional, with basis H,,.

(5) If « € A, then dimg, = 1.

2(8,a)

2(B, a)
(a,a> A

(@, a)

(6) If o, B € A, then € Z and 8 —

2.4 Real Forms

Let g be a complex Lie algebra. Then g can be viewed as a real Lie algebra gg, called
the realification of g. A real form of g is a subalgebra gg of gr such that gr = go P igo;

in this case, g is called the complezification of gy. Let gy be a real form of g. Each Z € g

10



can be uniquely written as Z7 = X + 1Y with XY € go. A map o : g — g given by
X+1iY — X —iY (XY € go) is called a conjugation of g with respect to go. It is easy to

see that

(2) o(aX) =ac(X) for all X € go and o € C,
(3) o(X+Y)=0(X)+0o(Y) for all X,Y € go, and
(4) o[ X, Y] =[0X,0Y] for all X,Y € g,.

Thus ¢ is not an automorphism of g, but it is an automorphism of the real algebra gg. On
the other hand, if o : g — g satisfies the above properties, the set go of fixed points of ¢ is a
real form of g and o is the conjugation of g with respect to go. Hence there is a one-to-one
correspondence between real forms and conjugations of g.

Let By, B, and Br denote the Killing forms of the Lie algebras gg, g, and gg, respectively.
Then [23, p.180]

Bo(X,Y)=B(X,Y), VX,Y €g

Ba(X,Y) =2Re B(X,Y), VX,Y € gs.

Consequently gg, g, and gg are all semisimple if any of them is.
Every complex semisimple Lie algebra has a compact real form [23, p.181]. The compact

real forms of complex simple Lie algebra are list in [23, p.516].

2.5 Cartan Decomposition

Let g be a real semisimple Lie algebra, g¢ its complexification, o the conjugation of
gc with respect to g. A direct decomposition g = € @ p of g into a subalgebra £ and a

vector subspace p is called a Cartan decomposition if there exists a compact real form u of

11



gc such that o(u) Cu, £=gnNuand p = gNiu. If uis any compact real form of gc with a
conjugation 7, then there exists an automorphism ¢ of g¢ such that the compact real form
©(u) is invariant under o, which guarantees the existence of a Cartan decomposition of g.
In this case, the involutive automorphism 6 = o7 is called a Cartan involution of g. The

bilinear form By of g defined by

By(X,Y)=—B(X,0Y), VX,Y €g

is symmetric and strictly positive definite. The following theorem establishes a one-to-one
correspondence between Cartan decompositions of a real semisimple Lie algebra and its

Cartan involutions [23, p.184] [39, p.144].

Theorem 2.2. Let g be a real semisimple Lie algebra with the direct sum of subspaces

g==2tPp. The following statements are equivalent.
(1) g =¢t®p is a Cartan decomposition.
(2) The map 0 : X +Y — X =Y (X € £, Y € p) is a Cartan involution of g.

(8) The Killing form is negative definite on € and positive definite on p, and [¢, €] C ¢,
[p,p] C & [Ep] Cp.

Let g = €& p be a Cartan decomposition. It follows that € and p are the +1 and —1
eigenspaces of 0, respectively, and that £ is a maximal compactly embedded subalgebra of g.
Moreover, £ and p are orthogonal to each other with respect to both the Killing form B and
the inner product By.

In the special case of g being a complex semisimple Lie algebra, if u is a compact real
form of g, then ggr = u @ iu is a Cartan decomposition [23, p.185].

The group level of Cartan decomposition is summarized below [23, p.252] [29, p.362].

12



Theorem 2.3. Let G be a noncompact semisimple Lie group with Lie algebra g. Let g = €®p
be the Cartan decomposition corresponding to a Cartan involution 6 of g. Let K be the

analytic subgroup of G with Lie algebra €. Then

(1) K is connected, closed, and contains the center Z of G. Moreover, K is compact if

and only if Z s finite. In this case, K is a maximal compact subgroup of G.

(2) There exists an involutive, analytic automorphism © of G whose fixed point set is K

and whose differential at e is 6.
(3) The map K x p — G given by (k, X) — k exp X is a diffeomorphism onto.

For any k € K, Adk leaves B invariant because Adk € Autg; Adk also leaves ¢
invariant because £ is the Lie algebra of K and hence Ad k leaves invariant the subspace of
g orthogonal to £, which is exactly p. If X € g, write X = X + X, with X, € tand X, € p

and we see that

AdK(O(X)) = Ad (k) Xe — Ad (k) X, = 0(Ad (k) Xe) + 0(Ad (k) X,) = 0(Ad (k) X),

i.e., Ad k commutes with 6. Hence Ad k leaves By invariant as well.

2.6 Root Space Decomposition and Iwasawa Decomposition

Let g be a real semisimple Lie algebra and g = € & p a Cartan decomposition with
the corresponding Cartan involution. The bilinear form By endows g with the structure of
a finite-dimensional inner product space. For any X € g, with respect to By, the adjoint of
ad X is —ad 6(X) [29, p.360]. If X € p, then ad X is represented by a symmetric matrix
with respect to an orthonormal basis of g. Thus the elements of p are semisimple with real

eigenvalues. Let a be a maximal Abelian subspace of p. The commutative family ad a is

13



simultaneously diagonalizable. For each real linear functional « on a, let

0o ={X€g:[H X|]=a(H)X for al H € a }.

It is easy to see that 0(gs) = g-o and [ga, 95] C Gats. If @ # 0 and g, # {0}, then « is
called a root of g with respect to a. Let 3 denote the set of all roots. The simultaneously
diagonalization is expressed by g = go®ED,, 5, da, Which is called the root space decomposition
of g with respect to a.

For each root «, the set

P,={X€a:aX)=0}

is a subspace of a of codimension 1. The subspaces P, (o € X) divide a into several open
convex cones, called Weyl chambers. Fix a Weyl chamber a, and refer it as the fundamental
Weyl chamber. A root « is positive if it is positive on a,. Let X denote the set of all positive
roots. If a € ¥* and X € g,, write X = X, + X, with X, € ¢ and X, € p. Since [¢,p] C p
and [p,p] C ¢, for any H € a we have (ad H) X, = a(H)X, and (ad H)X, = o(H)X, which
imply (ad H)?’Xe = a(H)*Xe, (ad H)?*X, = a(H)*X,, and 0(X) = X; — X, € g_,. For

a € X7, define

b, ={X ct:(adH)’X = a(H)*X for all H € a},

Po={X €p:(ad H)*X = a(H)*X for all H € a}.

Let m be the centralizer of a in &, i.e.,

m={Xect:ad(X)H =0 for all H € a}.

The following result [36, p.107] is helpful in deriving the Hessian of a smooth function on K

(see Lemma 4.5).
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Lemma 2.4. (1) t=m® Z t, andp=ad Z po are direct sums whose components

aext aext
are mutually orthogonal under By,

(2) 9 B 9o = Lo B Py for all « € BT, and
(8) dimg, = dim¢, = dimp,, for all o € XF.

The space n = @ .5+ ga is a subalgebra of g. If X € @+ g—a, then
X=(X+0(X)) —0(X)et+n.

Since go = (go N¢) @ a, we see that g = £+ a+n. Applying 6 we conclude that g = €S adn,
which is called Twasawa decomposition of g [23, p.263] [29, p.373].

The following theorem summarizes the group level of Iwasawa decomposition [29, p.374].

Theorem 2.5. Let G be a semisimple Lie group with Lie algebra g. Let g =t S adn be a
Twasawa decomposition. Let K, A, and N be the analytic subgroups of G with Lie algebras
¢, a, and n, respectively. Then G = KAN and the map (k,a,n) — kan is a diffeomorphism
of K x A x N onto G.

2.7 Weyl Groups

Let the notations be as in Section 2.6. Let m and M be the centralizers of a in € and in

K, respectively, and M’ the normalizer of a in K, i.e.,

m={Xect:ad(X)H =0 for all H € a}
M={ke K:Ad(k)H = H for all H € a}

M ={ke K :Ad(k)a C a}.

Note that M and M’ are also the centralizer and normalizer of A in K, respectively, and

that they are closed Lie subgroups of K. Moreover, M is a normal subgroup of M’, and
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the quotient group M’/M is finite because M and M’ have the same Lie algebra m [23,
p.284]. The finite group W (G, A) = M'/M is called the (analytically defined) Weyl group
of G relative to A. For w = m,M € W(G,A), the linear map Ad(m,) : a — a does
not depend on the choice of m,, € M’ representing w. It follows that w +— Ad (m,) is a
faithful representation of W (G, A) on a. Thus we may regard w € W (G, A) as the linear map
Ad (my) :a = aand W(G, A) as a group of linear operators on a. The Weyl group W (G, A)
also acts on a* by w-a = aow™! for all o € a*. The Killing form B is nondegenerate on a,

and thus it induces an isomorphism of a* and a by A — H) such that

MNH) = B(H,, H), VAiea" VH €a

This isomorphism induces an action of W (G, A) on a* as follows. If we denote H,.\ = w- H),

for all A € a*, then for all H € a

(w-A\)(H) = B(Hy.\, H) = B(w - Hy, H) = B(Ad (my,)Hy, H)
= B(Hy,Ad (my) "H) = A(Ad (m,,) ' H)

= (Ao Ad (my)™")(H)

So the Weyl group W (G, A) acts on a* by w- A = Xo Ad (m,) ' :=Aow™
For each root «, the reflection s, about the hyperplane P, = {X € a: «(X) = 0}, with
respect to the Killing form B, is a linear map on a given by

2a(H)

sol) = H =200

H,, VH € a,

where H, is the element of a representing «, i.e., «(H) = B(H,, H) for all H € a. The
group W(g,a) generated by {s, : @ € ¥} is called the (algebraically defined) Weyl group

of g relative to a. When viewed as groups of linear operators on a, the two Weyl groups

W(G, A) and W(g, a) coincide [29, p.383].
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Chapter 3

Gradient Flows for the Minimum Distance to the Sum of Adjoint Orbits

This chapter introduces a famous problem on the sum of Hermitian matrices proposed
by Weyl. Motivated by a recent paper of Li et al. [34], we study Weyl’s problem in the
context of semisimple as well as reductive Lie groups and give the gradient flow of a function
corresponding to a generalized problem. This provides a unified approach to several results

in [34].

3.1 Introduction

Given the eigenvalues of two n x n Hermitian matrices A and B, a famous problem of
Weyl [52] is to give a complete description of the eigenvalues of C'= A+ B. The problem is
completely solved and one may see [14, 17, 31] and their references for historical development.
Its extension to compact Lie groups is given in [41, Theorem 9.3] and in particular the
determination of singular values of the sum of two rectangular complex matrices is given in
[41, p.447-450]. The solution of Weyl’s problem and the result in [41] are not easy to be
used as a checking tool for concrete matrices. For example, 10 x 10 Hermitian matrices yield
too many inequalities [34], according to the Littlewood-Richardson rule. If we denote by
S(H) the unitary similarity orbit of a Hermitian matrix H, then Weyl’s problem is to find

necessary and sufficient conditions for

S(C)c S(A)+ S(B) ={UAU ' +VBV~':U,V € U(n)}
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in terms of the eigenvalues of A, B and C'. The set inclusion is equivalent to

min  |[UAU '+ VBV = C||p =0,

U,VeU(n)
where || - || is the Frobenius norm on C,,x,,.
Given complex matrices Ag, Ai,..., Ay, Li et al. [34] studied the more general prob-

lem of finding the least squares approximation of Ay by the sum of matrices from orbits

S(AL), ..., S(Ay), ie.,

min{|| X7 + -+ Xy — Ao|lr: (X1,..., Xy) € S(A1) x --- x S(An)}, (3.1)

where the orbits S(A;), ¢ = 1,..., N, are induced by some equivalence class on matrices such
as unitary similarity, unitary equivalence, and unitary congruence. In each case, by Fréchet
differentiation they derived the gradient flow of a corresponding smooth function, which was
then used to design an algorithm to solve the respective optimization problem.

Motivated by the results in [34], we ask whether there might be a unified approach for
studying these problems. The purpose of this chapter is to present such an approach in the
context of semisimple as well as reductive Lie groups. Examples are given to illustrate our

results and their relations to those in [34].

3.2 Formulation

Let G be a connected semisimple Lie group with Lie algebra g. Let g = €@ p be the
Cartan decomposition corresponding to a Cartan involution 6 of g, where £ and p are the
+1 and —1 eigenspaces of 0, respectively. The Killing form B of g induces a positive definite
symmetric bilinear form By on g given by Byp(X,Y) = —B(X,0Y) for all X,Y € g. Note
that By|xey = —B and By|pxp) = B, and that £ and p are orthogonal under both B and By
29, p.359]. Given X € g, we have the unique decomposition X = Xy + X, with X, € £ and

X, € p. Let K be the analytic subgroup of G’ with Lie algebra €. Note that K is compact
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if and only if G has finite center [29, p.362]. We remark that simple classical groups have
compact K [23, p.446-455]. Though K may not be compact in general, Ad K (or simply
Ad K) is compact in the adjoint group Intg = Ad G and each Adk € Autg is orthogonal
with respect to By. Both £ and p are Ad K-invariant, i.e., Ad (k)¢ = ¢ and Ad (k)p = p for
all k € K.

We cast Problem (3.1) in the context of semisimple Lie groups as follows. Given

Ap, Ay, ..., Ay € g (not necessarily in p), find

N
min ;Ad<ki)Ai — Ao, (32)
where the norm || - || is induced by By, i.e., || X||? = By(X,X) for all X € g. In other

words, we want to find the (minimum) distance between A, and the sum of the orbits
Ad(K)A;,i=1,...,N. The sum Ad (K)A; +--- + Ad (K)Ay is a union of orbits since it
is invariant under Ad K. The minimum is justified since Ad K is compact. Problem (3.2) is
very difficult in view of the nontrivial solution to Weyl’s problem, which is corresponding to
50, (C) = su(n) @ isu(n) with A, B,C € p and p = isu(n) consisting of Hermitian matrices.
The solution of O’Shea and Sjmaar [41, Theorem 9.3] is very involved, which is essentially
corresponding to a complex semisimple Lie algebra g = €@k, i.e., p = €. Both are restricted
to Ag, A1, -+ Ay € p. Our goal is not to solve Problem (3.2). Instead we provide its gradient
flow and related results. Since the general case does not differ much from the N = 2 case,
our focus will be on this simpler case.

In Section 3.3, we derive the gradient flow of a smooth function associated to Problem
(3.2). In Section 3.4, we show that several results in [34] can be recovered from our general
results. In Section 3.5, we consider the special case when N =2 and A; € p and A, € &, for
which the minimum and the maximum are given. Finally, some remarks are made for local

and global extrema in Section 3.6.
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3.3 Gradient Flow

Let the notations be as in Section 3.2. We first define the gradient flow of a smooth
function on the analytic Lie subgroup K of G. It has a bi-invariant Riemannian structure [23,
p.47] induced by the unique bi-invariant Riemannian structure ¢ on G such that Q. = By
23, p.148 #5]. More precisely, for each k € K, the right translation Ry : K — K defined
by Ri(h) = hk is a diffeomorphism. Its derivative at the point A € K is denoted by
dRy, : Th(K) — Thi(K), where T),(K) denotes the tangent space of K at h. The Riemannian

structure on K is given by

(U V)i = Q(U.V) = Bo(dR; (U), dR; (V) = —=B(dR, ' (U),dR, (V)

for all U,V € Ti(K). Note that this structure is bi-invariant since

UV = —B(Ad(k™)dR (U), Ad (k™ )dR, (V)

= —B(dL;'(U),dL; Y (V).

We simply write (U, V) for (U, V') if there is no danger of confusion. With respect to this
Riemannian structure, if ¢ : K — R is a smooth function, the gradient Vi, € Ti(K) of ¢
at k is given by

der(V) = (Vr, Vi, Ve Tp(K). (3.3)

Since (-, ) is nondegenerate, Vyy, is well defined and thus we have the gradient vector field

Ve : K — Ti(K). So the gradient flow of ¢ becomes

ak _ o, 4
i Vi (3.4)
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Now we return to Problem (3.2) and focus on the simpler case when N = 2, i.e.,

min |Ad(F)A+Ad(R)B—C|, AB,Ceq. (3.5)

kheK

The general case is similar. Note that for any k,h € K

|Ad (k)A+ Ad (h)B — C|?

IAd ()A* + [|Ad () B||* + [|C|]* + 2By (Ad (k) A, Ad (h) B)
—2By(Ad (k)A, C) — 2B4(Ad (h)B, C)
= [AIP + IBI? + [|C|I* + 2By(Ad (k) A, Ad (h) B)

—2By(Ad (k)A,C) — 2By(Ad (h)B, C).
Thus Problem (3.5) is equivalent to the problem of finding

min f(k, h), (3.6)

kheEK

where the smooth function f: K x K — R is defined by
f(k,h) := Ba(Ad (k)A,Ad (h)B) — By(Ad (k)A,C) — By(Ad (h)B,C). (3.7)

Apply the previous discussion on K x K. The tangent space T n)(K x K) of K x K at the

point (k, k) is endowed with a bi-invariant Riemannian structure given by
(U,V) = =Bg(dR; )y U, dRy V), UV € T (K x K), (3.8)

where the Killing form By ) is naturally induced by B. With respect to this structure, the

gradient V f(; ) of f at the point (k, k) is given by

df 1) (V) =V fn), V), Ve Tun(K x K). (3.9)
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The gradient flow of (3.7) becomes

d(k, h)
dt

=~V fkn- (3.10)

Theorem 3.1. The gradient flow of f defined in (3.7) is given by

d(k, h)
dt

= (—dRuw[0(C — Ad (h)B), Ad (k) Als, —dRu [0(C' — Ad (k)A), Ad (h)Bly), (3.11)

or equivalently,

dk

= = —dRiy[0(C — Ad (h)B), Ad (k) A} (3.12)
% — —dRy[0(C — Ad (k)A), Ad (h)Bls. (3.13)

When A, B,C € p, the gradient flow becomes

d(k, h)
dt

= (dRy[C — Ad (h) B, Ad (k) A], dRy)[C — Ad (k) A, Ad (h)B]). (3.14)

When A, B,C € ¢, the gradient flow becomes

d(k, h)
dt

= (=dRy[C — Ad (h) B, Ad (k) A], —dRy)[C — Ad (k)A,Ad (h)B]).  (3.15)

Proof. Each element V' € T »)(K x K) is of the form V = dRy ;) (X,Y) for some unique
(X,Y) € (£,%). The curve e!™Y)(k, h) passes through (k, h) with tangent vector V. Note
that B([X,Y],Z) = B(X,[Y,Z]) for all X|Y,Z € g [23, p.131], and that ¢ and p are
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orthogonal under B. We have

FonV) = S| jeO0 1) = ] (ke )
- %‘t_o{B‘)(Ad (k) A, Ad (¢”'h) B) — By(Ad (¢¥k) A, C)

— By(Ad (™ h)B,C)}
— —B([X,Ad (k)A],0Ad (h)B) — B([Y, Ad (k) B], 0Ad (k) A)
+ B([X,Ad (k)A],6C) + B([Y,Ad (h)B],6C)
— —B([Ad (k)A, 0Ad (h)B], X) — B([Ad (h)B,0Ad (k)A],Y)
— B([0C, Ad (k)A], X) — B([0C, Ad (h)B],Y)
— — By ([0(C — Ad () B), Ad (k) AJ, [0(C — Ad (k)A), Ad (h)B], X @)

= (dRgn ([0(C — Ad (h) B), Ad (k) A, [0(C' — Ad (k) A), Ad (h) B), V) by (3.8)

Thus

V feny = (AR [0(C — Ad (h)B), Ad (k)Ale, dRy [0(C — Ad (k)A), Ad (h)Ble) (3.16)

and the gradient flow takes the desired form (3.11). The results for A, B,C € pand A, B,C €
t follow from the facts that p and £ are Ad K-invariant, and that [p,p] C ¢ and [¢, €] C € [29,

p.359], and that € and p are the +1 and —1 eigenspaces of 6, respectively. O
Similarly we have the following result for the general case.

Theorem 3.2. The gradient flow of the smooth function associated to Problem (3.2) is given

by the following system of differential equations

dk;
dt

= —dRy,,»[0(Ao — Y Ad (k;)A)), Ad (k) Ale, i=1,... N. (3.17)
J#i
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Remark 3.3. The above results in this section are also true for reductive Lie groups (proofs
are skipped), which are members of the Harish-Chandra class [29, p.446]. More precisely, a
reductive Lie group is a 4-tuple (G, K, 6, B), where G is a Lie group, K is a compact subgroup
of G, 0 is a Lie algebra involution of the Lie algebra g of G, and B is an Ad G-invariant,

f-invariant, nondegenerate symmetric bilinear form on g such that
(1) g is reductive, i.e., g =3 @ [g, g], where 3 is the center of g and [g, g| is semisimple,

(2) g==t®p, where t and p are the +1 and —1 eigenspaces of 6, respectively, and ¢ is also
the Lie algebra of K,

(3) ¢ and p are orthogonal with respect to B, and B is negative definite on £ and positive

definite on p,
(4) the map K x expp — G given by multiplication is a diffeomorphism onto,

(5) for every g € G, the automorphism Ad g of g, extended to the complexification g© of

g, is contained in Int g©, and
(6) the semisimple connected subgroup G, of G with Lie algebra [g, g] has finite center.

Example 3.4. Let G be a semisimple Lie group with finite center, let B be the Killing form
on the Lie algebra g of G, let 6 : g — g be a Cartan involution, let g = £ & p be the Cartan
decomposition with respect to 6, and let K be the analytic subgroup of G with Lie algebra
t. Then (G, K, 0, B) is a reductive Lie group.

Remark 3.5. The gradient flow method has been used for other studies. For instance,
a variety of algorithms in numerical analysis can be approached through gradient flows
on adjoint orbits associated with semisimple Lie groups [9]. The recent review [43] gives
a comprehensive account on the foundations of gradient flows on Riemannian manifolds
including new applications to quantum control. See also [3, 8, 12, 24, 47]. See [53] for some

study involving the sum of adjoint orbits associated with a compact connected Lie group.

24



3.4 Examples

In this section, we show by examples that several results in [34] can be recovered from
our general results. Fréchet derivative is the main tool in [34] to derive various gradient
flows. Our approach in Theorem 3.1 is intrinsic, i.e., no ambient space is required as in

Fréchet differentiation.

Example 3.6. Consider the reductive group G = GL,(C) with Lie algebra g = g, (C)
and 6(X) = —X*. Then g = €@ p is just the Hermitian decomposition with ¢ = u(n)
consisting of skew-Hermitian matrices and p = iu(n) consisting of Hermitian matrices. Let
the nondegenerate symmetric bilinear form be defined by B(X,Y) = Retr XY for all X|Y €
g. Now By(X,Y) = Retr XY™* and the norm induced by By is the Frobenius norm. Problem
(3.5) is then

min ||UAU* +VBV* —C||p. (3.18)
U,VeU(n)

By Remark 3.3 (we cannot directly apply Theorem 3.1 since gl,,(C) is not semisimple) the

associated gradient flow becomes

% = —dRy[0(C — Ad(V)B),Ad (U)Ale = [(C" = VB*V"), UAU],U,
‘Z_Z = —dRy[0(C — Ad(U)A), Ad (V) By = [(C" = UA™U"), VBV™:V,

which are exactly the formulae in [34, Section 2.4].

Example 3.7. Consider the group G = U, , [29, p.115], whose Lie algebra is

X, Y
Uy g = X € u(p),X2 c u(q),Y c Cqu

Y* X,

25



Let 0(X) = I, ,X1,, where I, , = (—1,) ® I,. Then we have

/

X; 0
b = 1 X1 €u(p), X2 €u(g) ¢,
0 X
0 Y
p — . Y G Cqu 3
Y* 0
U 0 i
K = U(p) x U(q) = :UeU(p), V" €U(g)
0 v
The group action of K on p is given by
. 0 A U 0 0 A Uus 0 0 UAV
A= — = ,
A* 0 0 v A* 0 0 Vv (UAV)* 0
under which the orbit of A € p is the set
. 0 UAV
Ad(K)A = :U € U(p),V € Ug)
(UAV)* 0

We set B(X,Y) := Retr XY. For A, B,C € p, the minimization problem

Join |Ad (k)A+ Ad (h)B — C|| (3.19)
is equivalent to
min )||UAV—|—XBY—C’||F, (3.20)

U,XeU(p),V,YeU(q

which is studied in [34, Section 3.1]. So we want to minimize the function

Ff(U,V,X,Y) = Retr (UAV(XBY — C)* — XBY C").
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Then from (3.14) the associated gradient flow to the minimization problem (3.19) becomes

dk . ) A
— = ARy [C = Ad (h) B, Ad (k) A], (3.21)
% = dRy[C — Ad (k)A, Ad (h)B]. (3.22)

Set k=UdV* h=X®&Y*e€ K. Then (3.21) and (3.22) become

% = 2{(UAV)(C — XBY )}y Ul

dv'*

= —2{(UAV) (C = XBY )}y V",
X

dd_t = 2{(XBY)(C — UAV) u X,

Ay

= —2{(XBY)"(C ~ UAV)}up) Y™,

which match the formulae in [34, Section 3.1].

Example 3.8. Consider the simple Lie algebra g = sp,(R) and let §(A) = —AT for all

A € g. Then we have

(

A Ay T T
ﬁpn(R) = ZA2 = AQ, Ag = Ag, Al,AQ,A3 - Rnxn
Ay —AT
.

U, U

K = O UT U U U = 1, UTUs = U UL, Ur, Us € Ry
—U, U,
A, A

P o= DO AT = —AL Al = Ay, AL Ay € Ry
—-Ay A
A, A

p o= P iAT =4y, A = A, AL Ay ER,,,
Ay —A
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As in [44], we identify K with U(n) through the map v : K — U(n) defined by

The map v preserves matrix multiplication as well as addition. We identify ¢ with u(n) in
the same way. Let S denote the space of n X n complex symmetric matrices. We identify p

with S via the map § : p — S defined by

Ay Ay
d = Ay +14;.

Ay —A

Note that U~ = UT for all U € K and that for all A € p,

-1
uv, U A A U, U
5(Ad (U)A) _ 5 1 2 1 2 1 2
—UQ U1 AQ _Al _UZ Ul

= (U +iUy)(Ay 4+ A, (Uy +iUy) "

Hence with these identifications, the adjoint action of K on p corresponds to the map A —
UAUT for A€ S and U € U(n).

For A, B,C € S, the minimization problem [34, Section 4.1]

min | UAUT + VBV — (|

UVeU(n)
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corresponds to Problem (3.5) with g = sp,(R) and A, B,C € p. The associated gradient

flow is given by (3.14):

% — —[Ad(U)A,C — Ad (V)BJU
= (UAUTC - CUAUNU, (with C=C —-VBVT)
C;—‘; — _[Ad(V)B,C — Ad (U)A]V

= —(VBV'C—CVBV")V, (withC=C—-UAU").

Remark 3.9. The results in [34, Section 4.1] are for all A, B,C € C,,x,,. When A, B,C € S,

our results in Example 3.8 match [34].

3.5 Special Case: Acp, Bet

We now consider the special case of Problem (3.5) when A € p and B € ¢, or vice versa.
The consideration is mainly motivated by [34, Section 2.3] in which the reductive gl,,(C) is
studied. We first consider the semisimple case and then make a remark on the reductive
case. Let a be a maximal Abelian subspace of p. Let W, = M’/M be the Weyl group of G

relative to a, where

M ={ke K:Ad(k)H = H for all H € a},

M ={ke K:Ad(k)H € a for all H € a}.

Since M’ and M have the same Lie algebra [23, p.284], W, is a finite group. For each
w=k,M € W,, Adk, : a = ais independent of the representative k,, € M’ so that we may

regard W, as a subgroup of GL(a). The root space decomposition of g with respect to a is

9=009 ) ga;
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where 3. is the root system and

0o ={X €g:adH(X)=a(H)X for all H € a}

for a € a*. The hyperplanes P, = {H € a: a(H) = 0} for a € 3 divide a into finitely many
open convex cones, which are called Weyl chambers. The Weyl group acts transitively on
the Weyl chambers. Fix a Weyl chamber a, and refer it as the fundamental Weyl chamber,
whose opposite Weyl chamber is then —a,. A root « is called positive if it is positive on
a,, and a positive root is called simple if it is not the sum of two positive roots. The set of
simple roots is denoted by A. For each root « the reflection s, about the hyperplane P, in

a, with respect to By, is a linear map given by

———=—H,, forall H€q,

where H, € a is the element representing «, i.e., «(H) = By(H, H,) for all H € a. It is
known that the Weyl group W, is generated by the simple reflections s, for « € A [29,
Proposition 2.62, Theorem 6.57]. For each w € W, define the length of w to be the smallest
integer [ such that w can be expressed as a product of [ simple reflections. There is a unique
element of maximal length [28, Section 1.8], which we denote by w, and call the longest
element of W,. This element is also uniquely characterized as the element in W, that sends
the fundamental Weyl chamber a, to —a,. So it is also known as the opposition element [42,
p.88]. For example, when g = s[,,(C) and a consists of diagonal matrices in p = isu(n), let
a, be the set of diagonal matrices with non-increasing diagonal entries of zero trace. Then
we have

wy(diag (a, ag, . .., a,)) = diag (an, .. .,a2,a1) € —a,.

There is another Weyl group associated with K that is different from the Weyl group

W, of (g,a). By the proof of [30, Proposition 2.3], we have K = K(Z, where K is compact
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semisimple and Z is the center of K. Let T be any maximal Abelian subgroup of K, and
t its Lie algebra. The Weyl group of (K, Tj), defined to be the quotient of the normalizer
of Ty in K modulo T}, acts by automorphisms of Ty, hence by invertible operators on t,
and the maximal Abelian subalgebra t = t; & 3 of €, where 3 is the Lie algebra of Z. We
therefore define in this way the Weyl group W, for a fixed maximal Abelian subalgebra t of €.
A fundamental Weyl chamber (t5); in ¢y gives a corresponding fundamental Weyl chamber
t. = (t); @3 in t. The longest element w; of W, is the one that sends the fundamental Weyl
chamber t; to —t,.

Let the notations be as above. Note that p = Ad (K)a [29, p.378] and the Weyl groups
defined above can be viewed as subgroups of Ad K. Since A,C — 6C € p, there exist
K',u € K such that Ad (k')A € ay and Ad (u)(C —6C)/2 € ay. Since B,C + 6C € ¢, there
exist h',v € K such that Ad (h')B € t, and Ad (v)(C' +0C)/2 € t,.

Lemma 3.10. Let X,Y € a (respectively, t). Suppose that wy - X and Y are in the same
Weyl chamber and that we - X and 'Y are in opposite Weyl chambers. Then

IV —wr - X[ < Y —w- X[ <Y —wp - X

for all w € W, (respectively, W;).

Proof. Note that W, and W, can be viewed as subgroups of Ad K. The Killing form is
Ad K-invariant, so it is both Wg-invariant and Wi-invariant. Thus the By-induced norm
|| - ||, which is convex, is also both W-invariant and Wi-invariant. The lemma then follows

from [25, Corollary 3.10, Proposition 2.8]. [

For the special case when A € p and B € ¢, the minimization problem (3.5) has a

solution. The following result extends [34, Theorem 2.1].

Theorem 3.11. Let A€ p, Bet, and C € g. Let k', u € K such that Ad (k')A € a, and
Ad (u)(C—0C)/2 € ay, and let ', v € K such that Ad (h')B € t. and Ad (v)(C+0C)/2 € t,.
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Then

and

where w, and wy

min [|Ad (k)A + Ad (h)B — C|?

kheEK
= ||Ad (v ')A+ Ad (v 'H)B — C|]? (3.23)
= JJAd(u'K)A — (C —00)/2|?

+[|Ad (v R)B — (C + 60) /2|?

max [|Ad (k)A + Ad(h)B — C||?

kheK
= Ad (v Hw; - Ad (K)A+ Ad (v Yt - Ad(W)B - C|? (3.24)
= |JAd (v Hw ' - Ad (KA — (C —0C)/2|* +

|Ad (v Hw - Ad (W)B — (C +6C) /2%,

are the longest elements of the Weyl groups W, and Wy, respectively.

Proof. Since £ and p are orthogonal under By and £ and p are invariant under Ad K, we have

So

IAd (k)A + Ad (h)B — C|?
= (A (k)A — (C — 6C)/2) + (Ad () B — (C + 6C)/2)|)?

= [[Ad(k)A — (C —00)/2|]* + ||Ad (h)B — (C + 6C) /2.

min [|Ad (k)A + Ad (h)B — C||?

k,heK

: o o 2 : . 2
min [[Ad (k)A — (€= 0C) /2| + min[|Ad (h) B — (C +6C) /2]
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and

max ||Ad (k)A + Ad () B — C|?

kheK

_ o . 2 - 2
= max [[Ad (k)4 — (C = 0)/2]]” + max [ Ad () B — (C +6C) /2]

Noting that W, C Ad K and Wy C Ad K and that the longest Weyl group element maps a

Weyl chamber to its opposite chamber, the result then follows from Lemma 3.10. O

Example 3.

12. We would like to use sl,(R) = ¢@p with n = 2m > 2 to illustrate Theorem

3.11. Here £ = so(n) and p is the space of n X n real symmetric matrices of zero trace. Thus

K = S0(n).

We may choose [7, p.219]

0 (0%} 0 7%
_ D---P tap,..., 0, €ER
—Q O — Oy, 0
\
(
0 (0%} 0 7%
_ DD :le"‘zgm—12|am|
—a; 0 -y, 0

= {diag(a,...,q,) :a1,..., GR,Zaizo}
i=1

= {dia’g(ah”‘aan):al > Zanazaizo}-
i=1

The Weyl group W, acts as the symmetric group S, on a, i.e.,

diag (ov, ..., ) = diag (ao(1y, - - - s Qo(m)), T € Sy

and the Weyl group W, acts on t in the following way

—Q 0

0 (07 0 iao(l) 0 :toza(m)
PP — PP

—Qpy 0 F0s(1) 0 Fo(m) 0
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in which the total number of sign changes on o’s is even and o € S,,.

Suppose C' € sl,(R). According to the Hermitian decomposition and the spectral de-

composition of real symmetric and skew symmetric matrices,

C:U @@ " U_l_l_Vdiag(fla"')fn)V_l

for some UaV € SO(?’L), A > 2 Im—1 > ’gm|> and fl > 2 fn-

Let A€ pand B € £. Then
A = Zdiag (a1, ...,a,)Z "

and

(3.25)

(3.26)

(3.27)

for some Z,W € SO(n), by > -+ > by_1 > |bw|, and a; > -+ > a,. The Killing form of

sl,(R) [23, p.180, p.186] is B(X,Y) = 2ntr XY. Since (X) = —X T,
Bo(X,Y) = —B(X,0Y) = 2ntr XY '

and

1X]|? = 2ntr XX T,

a scalar multiple of the Frobenius norm. By Theorem 3.11

i A+ hBRT = C|? =2 — a4+ 2 —bi* ).
omin AR+ hBRT = O n<Z|f a;* + ;m bjl)

(3.28)

Note that the scalar multiple 2n is not in [34, Theorem 2.1] because the Frobenius norm is

used there.
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The longest element of W, sends
diag (aq, ..., ) — diag (ay, ..., a1)

and the longest element [42, p.88] of W; sends

0 (071 0 Oy,
©---D
—Q1 0 — Oy 0
(
0 —Q 0 —Qpy
DD if m is even
a0 O, 0
%
0 —oy 0 — Q1 0 o'
DD <) if m is odd
(03] 0 Ay —1 0 — Oy 0

So

max : kA +hBh™! — C|?

k,heSO(n
(
2”(2?:1 |f5 — &n—j+1|2
+2370 1g; + bil?) if m is even
_ (3.29)

2n(3 "5 1fi — an—jn]?

237 g5 + b 4 g — bl?)) i m is 0dd

However when we view C € s[,,(C) = su(n) @ isu(n),

C = iUdiag (g1, Gm1|9ml, =|9ml, —Gm_1, ., —g1) U7 !

+leag (fh s 7fn)V_1
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for some U; € SU(n). Similarly view A € isu(n) and B € su(n) so that A = Zdiag (a4, ..., a,)Z "

as before and
B = ledlag (bl, c ,bm_l, |bm’, —|bm|, _bm—la cey —bl)Wl_l
for some W, € SU(n). By Theorem 3.11 or [34, Theorem 2.1],

min ||kAk™' +hBh = C|?
k,heSU(n)

n m—1
— o (Z 15— ail® +200 " |g; = bi” + | [gm| — [bw] |2)) . (3.30)
J=1 j=1

Clearly (3.30) is smaller than or equal to (3.28) because of the triangle inequality | |g,,| —
1bim| | < |gm — bm|. Indeed SO(n) C SU(n) is the underlying reason.

The two Weyl groups W, and W, for sl,,(C) are equal to S,. So by Theorem 3.11 or [34,
Theorem 2.1],

max : kA~ +hBh ' —C|?

k,heSU(n
n m—1
= 200 _1fi = anjs1 P+ 200 lgs + 51> + (gl + [B])?) (3.31)
= =1

which is independent of the parity of m.
In conclusion, given C € g = €@ p C gc, A € p and B € ¢, where gc = u @ iu
(u=2tdip so that A € u and B € u) is the complexification of g, it may not be true that

the corresponding extrema given in Theorem 3.11 are the same for g and gc.

Theorem 3.13. Let C € Ry, A € R,«, be symmetric with eigenvalues ay > --- >
a, and B € R, y, be skew symmetric with eigenvalues +iby, ..., +ib,, when n = 2m and
+iby, ..., %ib,, 0 when n = 2m + 1. Let A, B,C have decompositions (3.26), (3.27) and

(3.25) respectively, with fy > --- > f, and
1.0y > >bp1>bpl and gy > -+ > gm-1 > |gm| when n =2m
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2.01>--2>2bp>0and g, > -+ > gn >0 whenn =2m+ 1.

Let || - || be the Frobenius norm on R, ,. Then
{|kAE™ '+ hBh™' = C|* : k, h € SO(n)} = [(o, Lo).

1. If n =2m, then
b= Ifi—a;P+2> lg; — bl (3.32)
i=1 j=1

and

(

Z?:l | f5 = njia]* 42 Z;nzl lg; + 01> if m even
Lo= S0 1 = e 2 + 20575 g + 02 (3.33)

+|gm — bm|?) if m odd

2. If n=2m+ 1, then

bo = D Ifi—aP+2) g — bl
=1 =1

Lo = D> |fi—anjl? +2) lg; + b
P =1

Proof. Note that the subspaces of symmetric matrices and skew symmetric matrices of R, .,

are orthogonal with respect to the inner product (X,Y) =tr XY . So
|kAE™ + hBh™' — O|? = |[kAk™ — (C+CT) /2| + |hBR™ — (C — CT) /2|
Hence

_ : -1 _ T 2 . -1 _ AT 2
o= min [[kAK —(C+CT)/2+ min [hBhT —(C = CT) 2|
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Consider n = 2m. For the first term using (3.28) (dropping the scalar 2n and with B = 0
and C — CT = 0 in mind) and for the second term using [34, Theorem 2.1] (with A = 0
and C'+ CT = 0 in mind), we have ¢y. Similarly from (3.29) we have Ly. The odd case is

simpler. ]

Remark 3.14. Theorem 3.11 is also true for reductive Lie groups with connected K (so
the Weyl group W, is defined). For example, the reductive group (GL,(C), U(n), 0, B) with
0(X)=—X*and B(X,Y) = tr XY yields [34, Theorem 2.1].

The reductive group (GL,(R),0(n),0, B) with §(X) = —XT and B(X,Y) = tr XY
has non-connected K = O(n). Now £ = so(n) and p is the space of n x n real symmetric

matrices. Though K = O(n) is not connected, O(n) = SO(n) U SO(n) where

SO(n) = diag (—1,1,...,1)SO(n)

is the set of orthogonal matrices with determinant —1. So we cannot apply Theorem 3.11
directly. But the problem can be solved by two approaches. The first approach is to use
O(n) = SO(n)USO(n) and apply Example 3.12. The second approach is to use O(n) C U(n)
and apply [34, Theorem 2.1] as follows.

We only consider even n since the odd case is similar. Let A € p, B € tand C € gl,(R).
Then

0 0 Gm
C=U N @D g U+ Vdiag(fi,..., f)V ! (3.34)

—g1 0 —gm 0

for some U,V € O(n), g1 > -+ > gmn >0, and f; > -+ > f,. Moreover

A = Zdiag (a1, ...,a,)Z " (3.35)
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and
B=W @D Wt (3.36)

for some Z, W € O(n), by > --- > b, > 0, and a; > --- > a,. Since O(n) C U(n), by [34,
Theorem 2.1]

k,heO(n k heU(

= Z i — a;* + 22 l9; — bil*,
j=1 j=1

min ||l<:Ak +hBh ' = C|* > min |[kAk™' +hABL' = C|?

where || - || denotes the Frobenius norm. Clearly the right side is attainable so we have
Juin |kAE™ + hBh™' — C||*> = ; \f; — a2+ 22 lg; — bj|>. (3.37)
Similarly
kAE™' +hBh™' — C|* = = G| +2 + by, 3.38
khme%}(in I + I ;’fg n—ji1|” + j21|g]+ il (3.38)

The outcomes are identical to those [34, Theorem 2.1] if we view A, B,C € gl,,(C).
The following summaries the above discussion and asserts that the set {||[kAk~! +

hBh™' — C||* : k,h € O(n)} is connected though O(n) is not.

Theorem 3.15. Let C € Ry, A € R,«, be symmetric with eigenvalues ay > --- >
a, and B € R, «, be skew symmetric with eigenvalues +iby, ..., +ib,, when n = 2m and
+iby, ..., +iby,, 0 whenn =2m+1 (by > --- > b, > 0). Let A, B,C have decompositions

(3.35), (3.36) and (3.34) respectively. Let || - || be the Frobenius norm on Ry, x,. Then

{|kAE™ + hBh™" = C||* : k,h € O(n)} = [¢, L],
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where
o= > I —alP+2) g — bl
j=1 j=1
L o= Y 1fi =gl +2D g + b~
j=1 j=1

Proof. We only deal with the even case n = 2m (the odd case is simpler). We have already

established (3.37) and (3.38). Let
S = {||kAk™" + hBh™' — C|]* : k,h € O(n)}.
The set S contains
Sy = {||kAk™ +hBh — C1|* : k,h € SO(n)}

in which A, By,C, are A, B,C as in (3.35) (3.36), (3.34) respectively and in addition
U, Z,W € SO(n) (we can also assume V' € SO(n) otherwise replace V by Vdiag (—1,1,...,1)).

Now S is an interval since SO(n) is compact connected, i.e., S; = [¢1, L1]. By Theorem 3.13

G=> 1= +2> lg = b =1t
=1 j=1

and

. > i s = an—jal? + 2300 gy + b if m is even
1 =

Z?:l |f] - an_j+1|2 + Q(Z;n:zl |gj + bj|2 + |gm - bm|2) if m is odd

The set S also contains

Sy = {|[kAsk™" + hBoh™' — Co||* : k, h € SO(n)} = [€, L]
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in which Ay, By, Cy are A, B,C as in (3.35) (3.36), (3.34) respectively except the last block
Bs is the negative of the last block of B and in addition U, V, Z, W € SO(n) as before. Again
by Theorem 3.13

n m—1
b= "1 = ail? + 200" |g; = bil* + g + bl
j=1 j=1
and

. Do i = an—ja P+ 2370 g+ by)? if m is odd
2 pu—

S 1= an P 20075 195 + 052 + |gm — bml?)  if m is even

Note that Ly > ¢y > ¢ so S; and S5 intersect. Moreover L = L; € S if m is even and

L =1Ly¢eSyif misodd. We then have the desired result. O

3.6 Global Extrema

The gradient flow we obtained in Section 3.3 could be used to design an algorithm to

solve Problem (3.5) as the following coupled discretized gradient system alike [34]:

kms1 = kmexp{—an[0(C — Ad (h,,)B), Ad (k) Ale}, m=1,2,...

hims1 = by exp{—PFm[0(C — Ad (k) A), Ad (hy)Ble}, m=1,2,...

where «,,, 8, > 0 are the steps. But the gradient flow method has pitfalls of local minima.

We now consider a special case: B = 0 and A,C' € p. So the problem is to study

the distance between C' and the adjoint orbit Ad (K)A of A. Such problem would have a

unique local minimum except for a measure zero set of A and C. Since B =0 and A,C € p,
Problem (3.5) becomes

21%1}(1 I|Ad (k)A — C], (3.39)
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which is equivalent to the problem

max B(Ad (k)A, C). (3.40)

keK

Let a be a maximal Abelian subspace of p. Since p = Ad (K )a and the Killing form B is

Ad K-invariant, we may assume that A, C' € a. Define a smooth function fc 4 : K — R as
fea(k) = B(Ad (k)A, C).

This induces a function fou : K/K4s — R since K/K4 ~ Ad(K)A [49, p.214], where
Ky :={ke K :Ad(k)A = A} is the centralizer of A in K.

The set of non-regular elements in a is of measure zero, since it is the union of finite
many hyperplanes in a. If C'is regular, then fq 4 is a Morse function on K/K 4. If in addition
A and C are in the same Weyl chamber, then fc 4 has a unique local minimum and local
maximum (which are global minimum and maximum) [49, Proposition 4.4].

As an example, consider G = GL,(C). Without loss of generality we may assume that
A = diag(ay,...,a,) and C' = diag(cy,...,¢,) with a; > -+ > a, and ¢; > -+ > ¢,. Then
(3.40) becomes

max tr CUAU". (3.41)
UeU(n)

It is well known that for (3.41) the global maximum is )", a;¢;. The permutation matrix
group {P, : 0 € S,} C U(n) is part of the critical set of fc 4. For each o0 € Sy, > | a;co, is
a critical value of fc 4. Under the assumption that A and C are regular, ie., a; > --- > a,
and ¢; > -+ > ¢,, the optimization problem (3.39) has a unique local (global) minimum [12,

Theorem 4.1]. A similar result is true for GL,(R).
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Chapter 4

Convexity of Generalized Numerical Ranges Associated with Lie Algebras

This chapter is essentially a brief survey on some generalized numerical ranges associated
with Lie algebras. The classical numerical range of a complex square matrix is the image of
the unit sphere under the quadratic form. One of the most beautiful properties is that the
numerical range of a matrix is always convex. We give another proof of the convexity of a
generalized numerical range associated with a compact Lie group via a connectedness result

of Atiyah and a Hessian index result of Duistermaat, Kolk and Varadarajan.

4.1 Classical Numerical Range

Let C™ (resp., R™) be the vector space of all n-tuple complex (resp., real) numbers.
Let C,x, denote the set of all complex n x n matrices. The (classical) numerical range of
A € C, «, is the set

W(A) ={2z"Az:2 € C", 2"z = 1} C C,

which is the image of the unit sphere in C™ under the quadratic map x +— x*Ax. Toeplitz-
Hausdorff theorem [48, 22] asserts that W (A) is convex for all A € C,«,, which perhaps
is the most interesting property of numerical range. See [13] for an interesting geometric
proof. The following is a collection of some other nice properties of numerical range, for

which proofs and references can be found in [18, 26].

Proposition 4.1. The following statements hold for all A € C,,.,,.
(1) W(A) is compact.
(2) 0(A) C W(A), where 0(A) is the spectrum of A.
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(3) W(A+al)=W(A)+afor all a € C, where I € C,y,, is the identity matrix.
(4) W(aA) = aW(A) for all a € C.

(5) W(U*AU) = W(A) for all U € U(n), where U(n) is the unitary group.

(6) W(A) = convo(A) if A is normal, where convo(A) is the convex hull of o(A).
(7) W(A® B) = conv (W (A)UW(B)) for any B € Cyyxj with k£ € N.

(8) W(S) C W(A) for any principal submatrix S of A.

(9) If A € Coys has eigenvalues Ay and Ay, then W(A) is an elliptical disk with A\; and Ay

as foci, and minor axis of length y/tr (A*A) — |\;]2 — | A%

4.2 Generalized Numerical Ranges

There are many generalizations of the classical numerical range motivated by theo-
ries and applications in the last decades [20, 33]. Halmos [21] introduced the notion of

k-numerical range of A € C,,«,, for 1 < k < n, which is defined by
k
Wi(A) = {Zx:‘Axl . x1,...,x) are orthonormal in (C”} .
i=1

He conjectured and Berger [2] proved that Wy (A) is always convex. Westwick [51] further
generalized the k-numerical range to the c-numerical range of A € C,,,, for ¢ € C" defined
by

W.(A) = {z”: cix; Ax; : x1,...,T, are orthonormal in (C”} .

i=1
Westwick proved that W.(A) is always convex if ¢ € R" and fails to be convex if ¢ € C”
in general. Let ¢ = (ci,...,¢,)" and C = diag(ci,...,c,). Then one sees that u € W,(A)
if and only if p € tr (CU*AU) for some U € U(n), where U(n) denotes the unitary group.

This observation motivates the definition of C'-numerical range of A € C,,.,, for a general
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C € C, xn defined by
We(A) ={tr (CUTAU) : U € U(n)}.

This notion was first introduced by Goldberg and Straus in [19]. Note that Ws(A) is the
image of the unitary orbit

U(A)={U"AU : U € U(n)}.

under the linear functional on C,, represented by C. Clearly W¢(A) = Wyu(C) and
We(A) = We(U*AU) for all U € U(n). Cheung and Tsing [11] proved that Wea(A) is

star-shaped.

4.3 Generalized Numerical Ranges Associated with Lie Algebras

4.3.1 Compact Case

Let C' € C,,«, be Hermitian and let A € C,,»,,. Let A = A; + 1A, be a Hermitian

decomposition, where A; and A, are Hermitian. Then W¢(A) can be identified with

We(Ar, Ay) == {(tr CU* AU, tr CU*A5U) < U € U(n)} C R2.

Note that U(n) is a compact connected Lie group, whose Lie algebra u(n) consists of all

n x n skew Hermitian matrices. If B € C,,«,, is Hermitian, then iB,iC € u(n) and

tr (CU*BU) = tr (BUCU*) = —tr (iB)U(iC)U*.

Thus one can assume that A;, A2, C' € u(n) when concerning convexity of We(Az, As).
Westwick’s proof uses the idea of Hausdorff’s connectedness argument. He considered
the function fp : U(n)/D(n) — R given by fp([U]) = tr CU*BU, where B,C € C,x,

are Hermitian, D(n) is the subgroup of diagonal matrices in U(n), and [U] = D(n)U for
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U € U(n). He showed that f5'(c) is connected for any ¢ € R. Rais [40] pointed out that
there is a gap in Westwick’s proof since the eigenvalues of C' and B are assumed distinct.
Motivated by Westwick’s paper, Rais [40] considered a generalized numerical range
associated with a compact Lie group. The following is Rais [40] consideration. Let K be
a compact connected Lie group with Lie algebra €. Let (-,-) be any Ad K-invariant inner

product on ¢, i.e.,

(Ad ()X, Ad (k)Y) = (XY), VX,V €tVkeK.

For any Xi, Xy, C' € &, the C-numerical range of the pair (X7, X5) is defined by

Weo(X1, Xo) = {({(X1, Ad (k)C), (Xa, Ad (k)C)) 1 k € K}.

Tam [46] proved that W (X7, X3) is convex in R?. One may also consider the joint C-

numerical range of X, ..., X, € € defined by

We(Xi,. ... X,) = {((X1,Ad(K)C), ... (X, Ad (E)C)) : k € K}.

Tam'’s result is best possible in the sense that We (X7, ..., X)) fails to be convex in general
if p > 3 [6]. The main ideas in Tam’s proof are applying a connectedness result of Atiyah [1]
and using the symplectic structure of the co-adjoint orbit. Then the connectedness of the

fibres of the map m¢ : Ad (K)X — R defined by

7e(Y) = (C,Y), VY € Ad(K)X

is established. The convexity of W (X7, X3) then follows through rotation.
Very recently Markus and Tam [37] gave another proof of the convexity of W (X7, Xs).

Without using symplectic technique, they proved the connectedness of the fibres of the map
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fox : K — Rfor all C, X € € defined by
fex(k) =(C,Ad(k)X), VkeK.

The fibre connectedness result in the compact group K of Markus and Tam is clearly stronger
than the fibre connectedness result in the adjoint orbit Ad (K)X:
AMOY_Ad(K)X

urel

X /
R

since the map Ad ()X : K — Ad (K)X is continuous.

K
fe

We shall give a third convexity proof (see Remark 4.10) via a connectedness result of
Atiyah [1] and a Hessian index result of Duistermaat, Kolk and Varadarajan [16].

It is worthwhile to note that one may further assume that K is semisimple when con-
cerning the convexity of W (X7, X3). Since K is compact, we have K = ZgK, = K7, [29,
Prop 4.29] and ¢ = ¢, @ 3, where K is semisimple with Lie algebra £, Z, is the identity
component of the center Z of K, and 3¢ is the Lie algebra of Z. Since Ad Z is trivial and
Ad K acts trivially on 3, for any A = A, + Ay with A, € & and Ay € 3 and for any k = k,2
with ks € K and zy € Zp, we have Ad (k)A = Ad (ks)As + Ap. Thus

WC(XbXZ) = {(<X157 Ad <k3)05>, <X257 Ad (k5)05>) : ks € Ks} =+ C,
where ¢ € R? is a constant and X, Xs,, C; € &,.

4.3.2 Complex Semisimple Case

Tam [45] considered a generalized C-numerical range in the context of complex semisim-
ple Lie algebras. Let g be a complex semisimple Lie algebra and let € be a compact real form

of g. Then g = €@t is a Cartan decomposition of g with a corresponding Cartan involution
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0. The Killing form B induces an inner product By on g defined by
By(X,Y)=—-B(X,0Y), VX,Y €g.

Let G be a connected complex Lie group with Lie algebra g and let K be the analytic
subgroup of G with Lie algebra . Given X,C € g, the C-numerical range of X is defined
by

We(X) ={By(C,Ad (k)X) : k € K}. (4.1)

Note that the usual C-numerical range is for the reductive Lie algebra gl,(C) and that the
compact case is essentially a special one with X € €. Tam [45] conjectured that for any
X € gand f € g*, the dual space of g, the set f(Ad (K)X) is star-shaped with respect to
the origin.

The adjoint orbit Ad (K)X depends only on Ad ¢ K, the analytic subgroup of the adjoint
group Int g corresponding to ad 48, and thus Ad (K)X is independent of the choice of G. Let
t be a maximal abelian subalgebra of €. Then h = t @ it is a Cartan subalgebra of g. Let

g=bho @ga be the root space decomposition of g with respect to b, where
a€cA
0o ={X €g:[H,X]=a(H)X for all H € b},

A={aebh’:a+#0and dimg, # 0}.

Since B(ga,83) = 0 whenever o + 8 # 0, we have the orthogonal projection 7 : g — b.
Cheung and Tam [10] proved that 7(Ad (K)X) is star-shaped in h with star center 0 for all
X € g. They further affirmed Tam’s conjecture for the complex simple Lie algebras of type
B [10]. The conjecture is valid for simple Lie algebras of type A [11], D, Es and E; [15]; it

remains unknown for type C, Eg, Fy and G..
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4.3.3 Real Semisimple Case

Li and Tam [35] generalized C-numerical range in the context of real semisimple Lie
algebras. Let g be a real semisimple Lie algebra. Let G be a connected real semisimple Lie
group with Lie algebra g. Let g = € ® p be the Cartan decomposition of g corresponding
to a Cartan involution #, where £ and p are the +1 and —1 eigenspaces of 6, respectively.
The Killing form B is positive definite on p and negative definite on €. Let K be the
analytic subgroup of G with Lie algebra €. For C, X;,..., X, € p, the C-numerical range of
(Xi,...,X,) is defined by

We(Xi, ..., X,) = {(B(C,Ad(k)X1), ..., B(C,Ad (k)X,)) : k € K}. (4.2)

Since Ad (K)X is independent of the choice of connected G, so is (4.2). Li and Tam [35]
proved that W (X7, Xs) is convex for all classical real simple Lie algebras except sly(R). They
also investigated W (X7, Xo, X3) case by case for each classical real simple Lie algebra. It

would be nice if we can show the convexity results of [35] in a unified way.

Remark 4.2. Reductive Lie algebras have similar structures with semisimple ones (see

Remark 3.3). Thus the C-numerical range (4.2) is also well defined for reductive Lie algebras.

We begin with the notation of Morse function [38]. Let M be a manifold and f : M — R
a smooth function. A point p € M is called a critical point of f if the differential map
dfp : T,(M) — Ty (R) is trivial. If p is a critical point of f, the Hessian H, of f at p is a

symmetric bilinear form on 7,(M) defined by

Hy(v,w) = V,(Wf), Yo, w € T,(M),

where V' and W are vector fields extended by v and w (i.e., V,, = v, W, = w), respectively,

and where W f € C*(M) is defined by (W f)(q) = W,(f) for all ¢ € M. It is symmetric
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because

VoW f) =W (V) = [V, W]p(f) = 0

where [V, W] is the Poisson bracket of V' and W, and where [V, W],(f) = 0 since p is a
critical point. It is well-defined because V,(W f) = v(W f) is independent of the extension
V' of v, while W,(V f) is independent of W. If we choose a local chart about p, the Hessian
can be represented by a real symmetric matrix. The index of H,, referred to as the index of
f at p, is the maximal dimension of a subspace of T,(M) on which H,, is negative definite, or
equivalently the number of negative eigenvalues of the matrix associated with H,. A smooth
function on a manifold is called a Morse function if its Hessian is nondegenerate at every
critical point. A Morse-Bott function [4, 5] is a smooth function on a manifold whose critical
set is a closed submanifold and whose Hessian is nondegenerate in the normal direction.
Equivalently, the kernel of the Hessian at a critical point equals the tangent space to the
critical submanifold.

Now let a be a maximal Abelian subspace of p and let g = ¢ ® a ® n be a Iwasawa
decomposition of g. Let G = KAN be the corresponding Iwasawa decomposition of G. Let
W = W(G,A) = M'/M be the Weyl group of G relative to A, where M’ and M are the
normalizer and centralizer of A in K, respectively. For C, X € p, we consider the smooth

function fo x : K — R defined by
fex(k) = B(C,Ad (k) X). (4.3)

The C-numerical range We(X,Y) with C,X,Y € p is convex if every fibre fg () with
¢ € R is connected (or empty) in K. Since p = UpexAd (k)a and B is Ad K-invariant, we

can assume that C, X € a.

Example 4.3. Let g = sl5(R) and G = SLy(R). Up to a multiple of 4, the Killing form
is given by B(X,Y) = tr XY for all X, Y € g. Let the Cartan involution # be defined by
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O(X)=—X" for all X € g. Then

ca,beR
—c 0
cosf sind
K =S0(2 0 eR
—sinf cosf
a 0 1 0 01
Let a = caeR ). Pick C = X = €a Y = € p.
0 —a 0 -1 10
cosf sind
For k = , we have fox(k) = tr(CkXk™') = 2cos20. Thus the fibre
—sinf® cos6
10 -1 0
fex(2) = , is clearly not connected in K. In fact, the C-numerical
01 0 -1

range of (X,Y") is not convex. More precisely, We(X,Y) = {(2c0s26,2sin26) : § € R} is a

circle on R2.

For each X € a, let Kx and Wy denote the centralizers of X in K and in W, respectively.
It is obviously that M C Kx, which guarantees that the notion KswkKx makes sense for

w € W. The following two lemmas show that fc x is a Morse-Bott function.

Lemma 4.4. ([16, p.314-316], [49, p.214]) The critical set of fc x is

Kex = {k € K :[C,Ad (k)X] = 0}

= U KcU)KX
weW

= U KeowKx
weWe\W/Wx
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where the second union is disjoint and over a complete set of double coset representatives.

Lemma 4.5. ([16, p.317] [49, p.216]) Let k = ux,v with v € K¢, v € Ky, and z,, a

representative of w in K. The Hessian H}, of fo x at k € K is given by

Hy(dL(Z), dLi(Z))
d2
2
= =Y aX)(w-a)(O)||Fa(Ad (v)Z)|]2, VZ et (44)

aext

—ofC’X(k exptZ)

t=

where dLy : ¢ — Ti(K) denotes the differential at the identity of the left translation Ly :
K — K given by Li(h) = kh and F, : ¢ — &, is an orthogonal projection. In particular,

fe.x is a Morse-Bott function and its index at £ is

> dim g,. (4.5)
aeXt a(X)(w-a)(C)>0
Remark 4.6. For each a € X7, define ¢, = {Z € £ : Ad(v)Z € ¢,}. On each subspace
£ of ¢, depending on the value of a(X)(w - a)(C), exactly one of the following three cases
happens for the Hessian: (1) positive definite, (2) negative definite, (3) trivial.

Noting that Adv : € — & is nonsingular and that ¢ = m ® @ t. (see Lemma 2.4), we

aext
see dim €’ = dim ¢, = dimg, and € = Ad (v " )m @ @ €. The index of fc x is then
aext
> dim €% = > dim g,,.
€St ,a(X)(w-a)(C)>0 aeX T a(X)(wa)(C)>0

The following example shows the explicit expression of the Hessian of fo x for sl,(C).

Example 4.7. Let g = s[,,(C) be viewed as a real semisimple Lie algebra. The Killing form
of g is given by B(X,Y) = Retr XY for all X,Y € g up to a scalar multiple of 4n. Let
the Cartan involution § on g be defined by (X) = —X* for all X € g. Then £ = su(n),

K = SU(n), and p consists of Hermitian matrices in g. Let a C p be the subspace of (real)
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diagonal matrices. The root space decomposition of g with respect to a is

g=(a®ia)® @CEU’
i)
where E;; is the matrix with 1 at the (7, j)-entry and O elsewhere. The root system is
Y ={e;,—e; : 1 <i%#j<n}, where ¢; € a* sends A € a to the i-th diagonal entry of
A. The Weyl group W is isomorphic to the group P, of permutation matrices. Let a, C a
be the fundamental Weyl chamber consisting of all diagonal matrices whose diagonal entries
are in descending order. The set of positive roots is then X7 = {e; —¢; : 1 < i < 57 < n}.
For each a = ¢; —¢; € 1, ¢, = {cE;; —CE;; : ¢ € C}. Pick C = diag(cy,...,¢,), X =
diag (x1,...,2,) € a. The centralizers K¢ (resp., Kx) of C' (resp., X) in K consists of
all matrices in SU(n) that commute with C' (resp., X). The critical set of fo x is thus
Ko x = KeP,Kx. For each k = UPV with U € K¢, P € P,, and V € Ky, the Hessian of

fox at kis
=Y (w-a)(CQ)a(X)|Fa(Ad(v)2)?,  Z € su(n)

= 80 Y (POP™ ) — (POP™) )i — ) - [(VZV )y

i<j

The index of fo x at k is

i<g,(PCP~1)ii—(PCP~1) ;) (zi—x;)>0

The following lemma of Atiyah is crucial.
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Lemma 4.8. [1, p.4] Let f : M — R be a Morse-Bott function on a compact connected
manifold M. If neither f nor — f has a critical manifold of index 1, then f~!(c) is connected

(or empty) for every ¢ € R.

The above lemmas enable one to focus on the computation of the index

Z dim g,

aeXt a(X)(w-a)(C)>0

of fox in (4.5) and the index

Z dim g,

€St ,a(X)(w-a)(C)<0

of —fe x. If neither of them is 1, the convexity of W (X,Y') follows for real semisimple Lie
groups G with finite center (in which case K is compact). As an application, we have the

convexity of the C'-numerical range for compler semisimple Lie groups.

Theorem 4.9. Let G be a complex semisimple Lie group viewed as a real Lie group, and
let g = €@ p with p = i€ be a Cartan decomposition of the (real) Lie algebra g of G. Then
the C-numerical range W (X,Y) defined in (4.2) is convex for all C, X, Y € p.

Proof. Note that K is compact since £ is a compact real form of g. Since g is complex
semisimple, each g, has even dimension over R [49, p.217] and thus the indices of fo x and
—fo.x are both even. By Atiyah’s lemma fc’;((c) is connected for all ¢ € R. Rotating

We(X,Y) anti-clockwise by an angle 6 € R yields We (X', Y”), where
(X, Y") = (cos X + sin Y, —sin X + cos0Y) € p x p.

It follows that the intersection of W (X,Y') with every straight line is connected, whence

We(X,Y) is convex. O
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Remark 4.10. Since p = i€ in Theorem 4.9. It is essentially the same as the compact case

discussed in Section 4.3.1. This gives a third proof of Tam’s result in [46].

The following example shows that the index condition is sufficient but not necessary for

convexity of C-numerical range.

Example 4.11. Let g = sl3(R) and G = SL3(R). Let the Cartan involution 6 be defined
by (X) = —XT for all X € g. Then £ = s0(3), K = SO(3), and p is the space of all
traceless symmetric matrices. Let a C p be the subspace of diagonal matrices. The root

space decomposition of g relative to a is

g=ad @ RE;.
1#]
The root system is ¥ = {e; —e; : 1 <1i # j < 3}. The centralizer M of a in K consists of
diagonal matrices in SO(3), and the normalizer of a in K consists of generalized permutation
matrices in SO(3) whose nonzero entries are either 1 or —1. Thus the Weyl group W = M'/M
is isomorphic to the group P; of permutation matrices. Let a, C a be the fundamental Weyl
chamber consisting of all diagonal matrices whose diagonal entries are in descending order.
The set of positive roots is then 3T = {e; — eg,e9 — €3,e7 — e3}. Now pick C, X € a, and
consider the map fox : SO(3) — R as defined in (4.3). Obviously K¢ = Kx = M. By
Lemma 4.4, the critical manifold of fo x is Ko x = KW Kx = M'. Because a(X) > 0 and
dim g, = 1 for all @ € ¥, the index given by (4.5) is equal to the number of positive roots
sent to positive roots by the w € W under consideration. Since W and Wi are trivial, each
Weyl group element can appear for some k € K¢ x. Therefore we have the following six

cases for the index of fr x with the notations that a; :=e; — ey, 0 1= €2 — €3, a3 := €1 —e3.
1 00

Case l: w=|0 1 0. Since w-a3 =aq, w-ay = a9, W - az = a3, the index is 3.

0 01

95



Case 2: w =

Case 3: w =

Case 4: w =

Case 5: w =

Case 6: w =

0
1

0
0

1
0

. Since w - = —aq, W+ y = a3, W+ 3 = (o, the index is 2.
. Since w - a1 = @z, W g = —aQg, W - a3 = a7, the index is 2.
. Since w - = —aw, Wy = —Qq, W - a3 = —a3, the index is
. Since w- a1 = ao, Wy = —ag, w- a3 = —aq, the index is 1.
. Since w-a1 = —ag, W g = qq, W a3 = —Qo, the index is 1.

Now dim K = dim SO(3) = 3. This shows that for g = sl3(R) the condition of Lemma

4.8 is not satisfied, but W (X,Y) is still convex [6].
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